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The first tvpe of integral we will consider is a trigonometric integral on
an interval of length 2@; that is, an integral of the form

a+2n
[ Sleos sin @) d6

where flcos#,sin#) is some combination of cos(#) and sin(#).

To illustrate the method, we take as an example

D 16
[ — .
Jo o 2+ cos(d)

To compute this integral using residue calculus techniques, the first step
is to replace the sines and cosines with complex exponentials using the
formulae (see Week 3)

i0 —i6 i —if
cos() = % sin(#) = %

The above integral then becomes

/’2" el
A —

Now we make the complex substitution z

2 = €&
# ranges from 0 to 2w, the variable z clearly traverses the curve z

& =

W so dz = ie?df. Since

e? 0 < # < 27, which is the unit circle |z| = 1 traversed once anti-
clockwise. The integral then becomes

{ d=/(ie')
Joo 2+ et 4 Ze—?

which we can write in terms of z = ¢ as
{ dz/(iz)
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This simplifies to

?{ 2l =
Joog diz+ iz i

2?{ iz
ci- Jzl=1 ;2 +1;+‘|‘

To summarize so far, we have converted a definite integral of a real

or

trigonometric expression into a contour integral of a rational expression
on a closed contour. Now we use residue calculus to compute this
integral.

The first step is to factorize the denominator
P 4dz4 1= (242 \/?){: +2+«/§)

s0 our integral becomes

where

/) (z+2-V3)(z+2+V3)

At this point we could use partial fractions if desired, but we’ll use
residue calculus instead. The function f(z) has singularities at —2 +
V3 and —2 — /3, but the contour |z| = 1 only goes around the first
singularity. Since our contour is simple and anti-clockwise, we can
compute the integral using the residue theorem as

2
;QT.'-.!'RHS(_{; 2 +V3).

To compute the residue we have to see what kind of singularity [ has at

2 4+ /3. The denominator of [ clearly has a simple zero at —2 + V3
(one can only divide out one power of z 4+ 2 — /3 before becoming
discontinuous), so [ itself has a simple pole. Thus we can use the
formula

Res(f; z) = lim f(2)(z — z)
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so that our integral is equal to

%Q;r.r-é lim _f(z)(z+2 "/?)

2 —24+F

1
fy -"1']'? ]i"l _—
za—24yT z + 2 4+ ‘\/g

_2?7
_«/E

Thus we have computed

/2“ do 2
Jo 2+cosf 3

e Note that even though complex numbers made an appearance during
the middle of our computation, they disappeared at the end. This has
to happen, of course, since if one integrates a real function on a real
interval one can only get a real number! If our computation of this
integral ended up with an i somewhere then we know that we've made
a mistake.

o This technique only works when vou integrate on an interval of length
27, or of some multiple of 27. For instance, it cannot directly handle

/‘” df
Jo 2+ cost
T

because when one makes the change of variables z = € one only
ends up with a semi-circle instead of a circle - not a closed contour!

% instead, but that has its
1/2

the integral

(One can try the change of variables z = ¢
own problems because one starts encountering expressions like p.v.z
which have non-isolated singularities).

o However, sometimes one can handle these expressions by a svmmetry
argument. For instance, the function cos # is symmetric around @ = m,
so the above integral is equal to half of the integral from 0 to 27. Thus

[" clf! W
Jo 2+cosf Na
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