- sE-

www.20file.org



www.semeng.ir

www.20file.org



www.semeng.ir

CONTENTS

Part A.

Ordinary Differential Equations

Chapter 1 First-Order Differential Equations. . . ............. R |
1.1  Basic Concepts and Ideas, 2

12 Geometrical Meaning of y' = f(x, ¥). Direction Fields, 3
1.3 Separable Differential Equations, 6

1.4 Modeling: Separable Equations, 7

1.5 Exact Differential Equations. Integrating Factors, 9

1.6  Linear Differential Equations. Bernoulli Equation, 12

1.7 Modeling: Electric Circuits, 14 -

1.8 Orthogonal Trajectories of Curves. Optional, 15

1.9 Existence and Uniqueness of Solutions. Picard Iteration, 16
Chapter Review, 17

Chapter 2 Linear Differential Equations of Second
andHigherOrder................................21

2.1 Homogeneous Linear Equations of Second Order, 22

2.2 Second-Order Homogeneous Equations with Constant Coefficients, 23

2.3 Case of Complex Roots. Complex Exponential Function, 24

2.4 Differential Operators. Optional, 25

2.5 Modeling: Free Oscillations (Mass—Spring System), 25

2.6 Euler-Cauchy Equation, 26

2.7  Existence and Uniqueness Theory. Wronskian, 27

2.8 Nonhomogeneous Equations, 28

2.9  Solution by Undetermined Coefficients, 29

2.10 Solution by Variation of Parameters, 32

2.11 Modeling: Forced Oscillations. Resonance, 33

2.12 Modeling of Electric Circuits, 34

2.13 Higher Order Linear Differential Equations, 36

2.14 Higher Order Homogeneous Equations with Constant Coefficients, 37

2.15 Higher Order Nonhomogeneous Equations, 38

Chapter Review, 42

Chapter 3 Systems of Differential Equations, Phase Plane,
QualitativeMethods.............................. 45
3.1 Introductory Examples, 46
3.3  Homogeneous Systems with Constant Coefficients. Phase Plane,
Critical Points, 47
3.4 Ciriteria for Critical Points. Stability, 50
3.5  Qualitative Methods for Nonlinear Systems, 51
3.6  Nonhomogeneous Linear Systems, 52
Chapter Review, 54

Chapter 4 Series Solutions of Differential Equations.

Special Functions........... e et et iece e ]
4.1  Power Series Method, 60
4.2 Theory of the Power Series Method, 60

www.20file.org



www.semeng.ir

43 Legendre’s Equation. Legendre Polynomials P,,(x), 63
4.4  Frobenius Method, 64

4.5 Bessel’s Equation. Bessel Functions J,(x), 68

4.6 Bessel Functions of the Second Kind Y, (x), 70

4.7 Sturm-Liouville Problems. Orthogonal Functions, 72
4.8  Orthogonal Eigenfunction Expansions, 73 -

Chapter Review, 75

Chapter 5 Laplace Transforms. .. .. e 79
5.1 Laplace Transform. Inverse Transform. Linearity. Shifting, 80

5.2  Transforms of Derivatives and Integrals. Differential Equations, 81

5.3  Unit Step Function. Second Shifting Theorem. Dirac’s Delta Function, 84

5.4 Differentiation and Integration of Transforms, 85

5.5 Convolution. Integral Equations, 85

5.6 Partial Fractions. Differential Equations, 86

5.7  Systems of Differential Equations, 88

Chapter Review, 93

Part B. Linear Algebra, Vector Calculus

Chapter 6 Linear Algebra: Matrices, Vectors, Determinants.
Linear Systems of Equations ....................... 97
6.1  Basic Concepts. Matrix Addition, Scalar Multiplication, 98
6.2  Matrix Multiplication, 100
6.3  Linear Systems of Equations. Gauss Elimination, 102
6.4  Rank of a Matrix. Linear Independence. Vector Space, 105
6.6 Determinants. Cramer’s Rule, 108 '
6.7 Inverse of a Matrix. Gauss-Jordan Elimination, 110

6.8  Vector Spaces, Inner Product Spaces, Linear Transformations. Optional, 113
Chapter Review, 116

Chapter 7 Linear Algebra: Matrix Eigenvalue Problems .......... 120
7.1  Eigenvalues, Eigenvectors, 121

7.2  Some Applications of Eigenvalue Problems, 123

7.3  Symmetric, Skew-Symmetric, and Orthogonal Matrices, 125

74  Complex Matrices: Hermitian, Skew-Hermitian, Unitary, 126

7.5  Similarity of Matrices. Basis of Eigenvectors. Diagonalization, 128

Chapter Review, 131

Chapter 8 Vector Differential Calculus. Grad, Div, Curl
8.1  Vector Algebra in 2-Space and 3-Space, 136

8.2  Inner Product (Dot Product), 137

8.3  Vector Product (Cross Product), 138

8.4  Vector and Scalar Functions and Fields. Derivatives, 141
8.5 Curves. Tangents. Arc Length, 144

8.6 Curves in Mechanics. Velocity and Acceleration, 150

8.7 Curvature and Torsion of a Curve. Optional, 152

8.8  Review from Calculus in Several Variables. Optional, 153
8.9  Gradient of a Scalar Field. Directional Derivative, 154
8.10 Divergence of a Vector Field, 155

8.11 Curl of a Vector Field, 157

Chapter Review, 158

sesereseees 135

www.20file.org



www.semeng.ir

Chapter 9 Vector Integral Calculus. Integral Theorems . .......... 161
9.1 Line Integrals, 162

9.2 Line Integrals Independent of Path, 163

9.3  From Calculus: Double Integrals. Optional, 165

9.4  Green’s Theorem in the Plane, 167

9.5  Surfaces for Surface Integrals, 168

9.6  Surface Integrals, 170

9.7  Triple Integrals. Divergence Theorem of Gauss, 173
9.8  Further Applications of the Divergence Theorem, 174
99  Stokes’s Theorem, 176

Chapter Review, 178

Part C. Fourier Analysis and Partial Differential Equations

Chapter 10 Fourier Series, Integrals, and Transforms
10.1 Periodic Functions. Trigonometric Series, 184

10.2 Fourier Series, 185

10.3  Functions of Any Period p = 2L, 186

10.4 Even and Odd Functions. Half-Range Expansions, 188
10.5 Complex Fourier Series. Optional, 189

10.6 Forced Oscillations, 189

10.7 Approximation by Trigonometric Polynomials, 190
10.8 Fourier Integrals, 191

10.9 Fourier Cosine and Sine Transforms, 193

10.10 Fourier Transform, 194

Chapter Review, 195

ceseeseess.. 183

Chapter 11  Partial Differential Equations. ................
11.1 Basic Concepts, 198

11.3 Separation of Variables. Use of Fourier Series, 199

114 D’Alembert’s Solution of the Wave Equation, 200

11.5 Heat Equation: Solution by Fourier Series, 201

11.6 Heat Equation: Solution by Fourier Integrals and Transforms, 202
11.8 Rectangular Membrane. Use of Double Fourier Series, 203 4

11.9 Laplacian in Polar Coordinates, 204

11.10 Circular Membrane. Use of Fourier—Bessel Series, 205

11.11 Laplace’s Equation in Cylindrical and Spherical Coordinates. Potential, 206
11.12 Solution by Laplace Transforms, 208

Chapter Review, 209

cess. 197

-

Part D. Complex Analysis

Chapter 12 Complex Numbers and Functions.
Conformal Mapping. . ..............covvvn. ... 213
12.1 Complex Numbers. Complex Plane, 214
12.2  Polar Form of Complex Numbers. Powers and Roots, 215
12.3 Derivative. Analytic Function, 216
12.4 Cauchy—Riemann Equations. Laplace’s Equation, 217
12.5 Geometry of Analytic Functions: Conformal Mapping, 218
12.6 Exponential Function, 220
12,7 Trigonometric Functions, Hyperbolic Functions, 222
12.8 Logarithm. General Power, 224

www.20file.org



www.semeng.ir

12.9 Linear Fractional Transformations. Optional, 225
12.10 Riemann Surfaces. Optional, 226
Chapter Review, 226

Chapter 13 Complex Integration ............ovuuunneunnn.... 231
13.1 Line Integral in the Complex Plane, 232

13.2  Cauchy’s Integral Theorem, 233

13.3 Cauchy’s Integral Formula, 234

13.4 Derivatives of Analytic Functions, 234

Chapter Review, 235

Chapter 14 Power Series, Taylor Series . ................... ... 237
14.1 Sequences, Series, Convergence Tests, 238

14.2 * Power Series, 238

14.3  Functions Given by Power Series, 239

14.4  Taylor Series and Maclaurin Series, 239

14.5 Uniform Convergence. Optional, 241

Chapter Review, 241

Chapter 15 Laurent Series, Residue Integration. ... .. Ceeseeeaaa 243
15.1 Laurent Series, 244

15.2  Singularities and Zeros. Infinity, 244

15.3 Residue Integration Method, 245

15.4 Evaluation of Real Integrals, 246

Chapter Review, 247

Chapter 16 Complex Analysis Applied to Potential Theory......... 249
16.1 Electrostatic Fields, 250

16.2  Use of Conformal Mapping, 250

16.3 Heat Problems, 251

164 Fluid Flow, 251

16.5 Poisson’s Integral Formula, 253

16.6 General Properties of Harmonic Functions, 253
Chapter Review, 254

Part E. Numerical Methods

Chapter 17 NumericalMethodsinGeneral.....................257
17.1 Introduction: Floating Point. Round-off, Error Propagation, etc., 258

17.2 Solution of Equations by Iteration, 259

17.3 Interpolation, 261

17.4  Splines, 263

17.5 Numerical Integration and Differentiation, 265

Chapter Review, 266

Chapter Summary, 884

Chapter 18 Numerical Methods in Linear Algebra............... 269
18.1 Linear Systems: Gauss Elimination, 270

18.2 Linear Systems: LU-Factorization, Matrix Inversion, 270

18.3 Linear Systems: Solution by Iteration, 271

18.4 Linear Systems: IlI-Conditioning, Norms, 273

18.5 Method of Least Squares, 274
18.7 Inclusion of Matrix Eigenvalues, 276

18.8  Eigenvalues by Iteration (Power Method), 277
18.9 Tridiagonalization and QR-Factorization, 279

www.20file.org



www.semeng.ir

Chapter Review, 281

Chapter 19 Numerical Methods for Differential Equations. . ....... 283
19.1 Methods for First-Order Differential Equations, 284

19.2 Multistep Methods, 286

19.3  Methods for Systems and Higher Order Equations, 288

19.4 Methods for Elliptic Partial Differential Equations, 289

19.5 Neumann and Mixed Problems. Irregular Boundary, 291

19.6 Methods for Parabolic Equations, 292

19.7 Methods for Hyperbolic Equations, 293

Chapter Review, 294

Part F. Optimization, Graphs

Chapter 20 Unconstrained Optimization, Linear Programming ..... 299
20.1 Basic Concepts. Unconstrained Optimization, 300

20.2  Linear Programming, 301

20.3 Simplex Method, 302

20.4 Simplex Method: Degeneracy, Difficulties in Starting, 304

Chapter Review, 306

Chapter 21  Graphs and Combinatorial Optimization . ........... 309
21.1 Graphs and Digraphs, 310

21.2 Shortest Path Problems. Complexity, 311

21.3 Bellman’s Optimality Principle. Dijkstra’s Algorithm, 312
214 Shortest Spanning Trees. Kruskal’s Greedy Algorithm, 313
21.5 Prim’s Algorithm for Shortest Spanning Trees, 314

21.6 Networks. Flow Augmenting Paths, 316

21.7 Ford-Fulkerson Algorithm for Maximum Flow, 316

21.8 Assignment Problems. Bipartite Matching, 317

Chapter Review, 318

Part G. Probability and Statistics

Chapter 22 Data Analysis. Probability Theory ................. 321
22.1 Data: Representation, Average, Spread, 322

22.2 Experiments, Outcomes, Events, 324"

22.3 Probability, 325

22.4 Permutations and Combinations, 325

22.5 Random Variables, Probability Distributions, 326

22.6 Mean and Variance of a Distribution, 327

22.7 Binomial, Poisson, and Hypergeometric Distributions, 328
22.8 Normal Distribution, 329

22.9 Distributions of Several Random Variables, 330

Chapter Review, 330

Chapter 23 Mathematical Statistics. . . .. I X X
23.2 Estimation of Parameters, 334

23.3 Confidence Intervals, 334

23.4 Testing of Hypotheses, Decisions, 335

23.5 Quality Control, 336

23.6 Acceptance Sampling, 336

23.7 Goodness of Fit. x2-Test, 337

23.8 Nonparametric Tests, 338

www.20file.org



www.semeng.ir

23.9 Regression Analysis. Fitting Straight Lines, 339
Chapter Review, 339

www.20file.org



www.semeng.ir

CHAPTER 1

First-Order Differential
Equations

In this chapter we begin our program of studying ordinary differential equations and
their applications. This includes the derivation of differential equations from physical
or other problems (modeling), the solution of these equations by methods of practical
importance, and the interpretation of the results and their graphs in terms of a given
problem. We also discuss the questions of existence and uniqueness of solutions.

We start with the simplest equations. These are called differential equations of the
first order because they involve only the first derivative of the unknown function. Our
usual notation for the unknown function will be y(x) or y(r).

Numerical methods for these equations follow in Secs. 19.1 and 19.2, which are
totally independent of other sections in Chaps. 17-19, and can be taken up immediately
after this chapter.

Prerequisite for this chapter: integral calculus.

Sections that may be omitted in a shorter course: 1.7-1.9.
References: Appendix 1, Part A.

Answers to Problems: Appendix 2.

www.20file.org



www.semeng.ir

10.

11.

12.

1. FIRST-ORDER DIFFERERTIAL EQUATIONS
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1.2. GEOMETRICAL MEANING OF y’ = f(z, y).DIRECTION FIELDS
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1. FIRST-ORDER DIFFERERTIAL EQUATIONES
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1.2. GEOMETRICAL MEANING OF y' = f(z,y).DIRECTION FIELDS
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Moo T e L2222 22222227274
N P o br e e e s - A4
2
V- - PP AT AP b g P \/f/././f/////‘/‘/’
- P S s s o 02 04 06 [} : 12 14 16 18 2
(A A AN AN AV AV S A AN AV AN AV drare
L VAV AV A SV Y O A SV Y S SV AV 4
¥ = = -3
NN NN 19. Yawgolets exactdl & ool ol A4 B
[T ] D T B T R S T M R
1

3, = oo FHPro AAA g g HE FaAY

17. direction field8 22jxd, 27| A BA o] ZE 89 Y& Fg3eA o £33 A7) gt
87} 3.13¢] 7R AR ¢ 4 Aet(3.13=10.8) direction field& TR =3 & oW AR H H44
AAA 2o 22A §E B 102 £ AA Heldn = 271X wel 7} o gA Wat=
BH4HE FE oF 0.5% Fol £%371 3.132.82 UHFHA g Yro BdFEc}.

AHEE 47 sl FHA 1YL v=3.13 THA

#ois] 13 direction field. 20: computer§ o]&3] direction field§ T3t A

d], o8 packageF matlabo g 12]& example &
Aedh (¥ =2y 3%)
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1. FIRST-ORDER DIFFERERTIAL EQUATIONS

[x,y)=meshgrid(-3:0.3:3);
yl=x.* y;

x2=1./sqrt(1+yl.” 2);
y2=y1l./sqrt(1+y1.~ 2);
quiver(x,y,x2,y2,0.5,’

A

N~

e
Pt
/'//,,,,,_,
1770w
1170 creeA
11777707
11177777

LANS NS~
AANS S S -
ANS S m
VNSNS~
NSNS

o ——— ——— =

ERS Y

SRR NENENCSE NN

.
Fom = mm s~y
b~~~ =~~~y
M~ ~~sssaay
F~~~ssaahy
Fsssaaawyy
et}
ey
ey
ey
B ey

b~

°
~
N

1.3. Separable Differential Equations

. pagel5 example29} H$AY HEATE AUAUA2

2, yol Wl Eohg HEASE Bold Al ¢ W &
sic.

.y = ——?iai, ydy = —25zdz
Yy
2 25 2
[viv == [2500, 4 = -2+ (=)
L /d_y - /dz
1+40.01y2 1+0.01y2

10 arcta.n(l) =z+e,

. d_y = —3z2%dz, / /—— 3z2dx

——=—:r +ec y=

3+c

w_s, YENE
Y 2

Injy| =

. —/E§==/kdn-—=km+p
yl Yy

y:

! =2
—+c, y=tce s, y=ce 7 (c= A4F)

kz+c
2y
. y2+y — n| |—ln|:z:|+c
:i:c:t: . cT
;-1'1':*“’ y=1¢—cx’ VST G eE A

2o wg (L =uAgolg)
¥ =zul+u
v+ u=zru? +u(——ui]$}~s}tﬂy =u'z +u)

) d:
u—uz,/u /dz,— =z+c

cz
=Tre y_x+c’ i g

‘:IH

10.

11.

12.

13.

14.

15.

www.20file.org

dz
T
=lnlz|+¢c, y=z(n|z|+¢)

Y =14y, vz+u=1+u, /du:

u=Inlz|+¢, ¥
z

1
¥y =u+ o u’x-+—u=u+l
u
d 2
/udu: = -u—=1n|:c|+c
x 2

2 = 22%(In|z| + ¢)

(y+4z=vAYsd ¢ +4—v

v =2

, v —4 =12 /da:

1

Earctan(g) =z+c v= 2tan(2z+c)

y = 2tan(2z +¢) —

- —~———— dx, — [siny dy =
sy /z /smy y /dx

cosy=zx+c¢

/ydy:—/mdz,y2=~—z2+c

2 +y? =4 (HAE 29 @)

d; dz .
/y _a: —Inly] =Inlz|+c
1
y=c y=-4—
|z I’ |}
/ysdy=~/z3dz,y4=—z4+c
x4+y4=1

/ /2(Z+1)e =

~2(z+ Ve +2 / e (3272)
1
2(:5 +2)e T +c

telr—ﬂdl

—2(z+2)e T +¢ y
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16.

17.

18.

19.

20.

21.

22.

1.4. MODELING:SEPARABLE EQUATIONS

1
2(zx +2)e—= 42

lij—iyz = /dz, 3 arctan(2y) =z +c¢

1 1
v=3 tan(2z +¢), y = 3 tan(2r)

/’ dy _/ dz
siny ~ J cosh?zx

—coty =tanhx +¢, —coty =tanhz

d
/—T=—/2tdt, Injr|= -2 +¢
-

y:

r=2.5t3_t2
L d—f:—R/dt, Lin|I|=-Rt+c

I=Ipe RH/L

Y =22 (u—-1)% +u
wrtu=z2(u—- 1% 4u, o =z(u—1)°3

2
/(u—1)3 ‘/xdz’ _%(“_1)—2:%“

——1)* =-z2+5
v =u+3z3cos?u

u'z +u=u+ 323 cos? 2

u, ' =3z2cos?u

sec® u du = /3x2 dz, tanu = 2% + ¢

tan(g) =z -1
z

¥ =u+zsecu, v’z +u=u+zsecu

u =secu, [ cosudu= [dz, sihnu=z+c

sin(g) =z-1
z

23.

24.

25.

26.

4
y —2u+—,uz+u—2u+—
u

uz=u+ii—=u +4

u
u du dzx 1
= [ =, Zin|u? =
/u2+4 /:c 5l 44

u? + 4 = cz?, (E)2 +
z

v=z+y—2% X33}
v’=l+y’

dv
— o =2 -
1—-v =v /l—vzh‘/dz
v

1 1+w 14
=In =z+ec,
2 l 1] + 1—-v
hz+y— = ce?®
3—xz—y

y+2r=v AFstd y +2 =1
1—-2v ,

T
/1+vdv=3/d:1:, v+—1]2——3z+c
(y +2z)?
2

Jd
o
22
o
3]
bru
iy
A
P

w

v —2=

v

y+ 2z + =3z+c¢

() @ +y? =c9 FHg vlEsd y = -
dert
(b) zy = co] ol g u¥sid y = _% g o=
.
(c) y=oaz9) FdE v|EsH ¢ =0 & A&}
(d) (@)% () AN (a)9) 71%7]‘- y =
T T

=== = ()8 71g7le Yy =a

'E‘% F3hd -1 o] "i ’il-u-‘?l"’% .

(e) <92} family of curves & }1}2} differential
equation 2 THsl=d Erl5sich (29
2] A EA)

2
=

1.4. Modeling:Separable Equations

- Al g = ky, y(1) = 2y(0)

Ed9, y = cel?,

y= celn2t
ce3In2

39 ¥& 273 el =23 = 8.

c
dFL FE 27z c 9 27 )

cek =2c % #¥ k=1In2

42§ Fibe 24
HEEE aft 87, £5 v = 10+ at, o5 AYE
s = 10t + Etzol el 5025¢ 2kmE @Y ¥ o] F

5.2, 2000 = 10 - 50 + gsozol 4Y s o2 8E

00
=10+ 3—20_050 = 70 ( meter/sec)
1.5

b %7} 158k, dale Al7he, 2000 = 10t + —2—t2
o2 HE o 454% T8 BE o]|F £5= 10+ 1.5 x

JEE Y Lrv

45.4 ~ 78.1 (meter/sec)

INHEE a =Tt
$Ev=1? (27]4EE0)
olFAE s = -ta 10&2Fe 2oty A-e - (km)

FY MEE g = 9.8m/sec 5 23so} 7?1-1’4
a=Tt—g, v==t>—gt, s= %t3 - gtzs_i—‘?-e-],
o] 5AH 2= ¢ 676 (m)

,&% page 190“;(1 y(t) = yoekt, k= —0000121013
= y(3000) _ ¢—3000x0.000121 r, 0.716

Yo
2822 71.6%

AL sty = ky, y = ce* o4 W3}7j7}t 100] 2.
=z

k= —In2

10

= —0.06931
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10.

11.

12.

13.

14.

15.

. a=

1. FIRST-ORDER DIFFERERTIAL EQUATIONS

ekt = 0.012 R, t=

In 2’01 ~66.4 (%) |

. 1000)1 4] A|ZHstd 1023 500] 531 1033 25, 10§;_L

& 125, 108F 6.2, 102% 3.1, 102% 1.5, 1023
0.70]2.2 oF 60&-l| A 70Fto]7} AU A o|}.

_ 1t —108
10-3
s = 103+ %tz =103-1

( meter)
av |4

d_:_E

dV dp

v P
In|Vl=—lnlp|+¢ V=2

p
&9 7eiel B & page 22 (10-b) 4
vk

=9. 106m/sec2

9-

1078 4 —— (10 3)2—55

2
r= R+ 10000 M 8} £ =& voe} 5}
_UW_ R
2 2 2R+1800 2
v gR U gR
— =L 4 O I o0 A eto sy
22 T :.2 R-I-IOOO(>l ol =7l goe
o _9R° of 3=
2~ R+1000 20 Ik,
29R
vo= Holx R—flOOO = 10.39(km/sec) .} #
opgtc}.

¥ = ky, 23 y(t) = cek*

y(0) = 0.01, y(4) = 0.03°.2 2.¢)
=Iin3

y(t) =0.0le=a ¢

AE W9 ok AAS F49 e o, AzE ute 54
2t 3, AA = ~kAAz ( ke vlsAl4) 7F 4.

Az = 00" A’ = kA7l 3. (A(z)e Labdoz
2o z7olke] W skoln)
dT
— =kT-22)
dT

— = [kdt, T =22 kt
T-22 / +ee
T(0) = 5, T(60) = 122 2§
c=-17k = 6_10— In E = —0.00884
21.9 =22+ ceFtz Rt~ 5802

& 239 oolat s,
A FALE 239 - A2 ke

Az":‘@
0"3-

2
oY ¥(0) =100 2238,

= 100~ z00t
2 39 oF & 741 (Ib)

,/dy=—4/:cd:t

y> = —4z® + ¢ (449)

y=0-

m‘d

r_ Az

<

16.

17.

18.

19.

20.

FoHFRE)Y WAL r, 395V, AYolF Az} 3}
s S = kA
2¥ 4, chain rules] 93]

v _dVdr
dt ~ dr dt a4,
V= 3xrdelng — v =4rr? = A
dr
=, AT _ka
aEg r(t) =kt+c
r(0) =1, r(2) = ;22 k, c& 75,

") = -5t +1% B
¥ o] 0.05cm 7+ & AlzHe
0.05 = —%t*}- 18 &d,
t=38(A4%) & dxct

/ dy dz

FYNEE g HAwe g
normal ¥ EL gcosa
upZA| 7} 0.20 oj= 2

AT =

y—c:c

= WFHEL gsing,

—’t’ = gsina — 0.20g cos & = 3.203

2

28 EE v=23.203t s= 3.203%
&3ox A7} 10022
= {/2-10/3.208 = 2.50

I822 £33+ 3.203 - 2.50 = 8.01(m/sec)

In2 M

(a) y(t) = ceFtol A Wzt7) ty =

ek = 0.2, cett = 0.05 2RE
In0.2
=02 _ ;62
In2
WYIlE ty = ——e = 1.5

(b) y(t1) =1, y(t2) = y22 4

k= Iny; —Inys
T ot —to
MR ety = ._M

Iny: —lnys

(c) A 772 A gt 2YHe vz s
AL, 771 AT E ALY 4 Qi

(a) Emv2 =mgh % dex}.

(b) =ol hdd, B acte] $u el Yol& B(h)z} 3
d, ¥37t Eeloe e AL A7 ot
—B(h)Aholth G, AR 2 ulgto A T &
TR wA st e e A7tEetd AvAt
& A2 Alzbgkd,

—B(h)Ah = AvAt
Pas R AtAE_ Ura At - 0 22 Hsid,

, A
h = —m‘u = —B_(hj - 0.600/2gh(t) =

A
—26. 563(h)\/‘
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10.

11.

1.5. EXACT DIFFERENTIAL EQUATIONS.INTEGRATING FACTORS

(c) /\/_=—2656——/dt
:-1328—t+c

(d) E = (1/100)% 0] 2 &2,
Vh = —13.28(1/100)%t + ¢

h(0) = 1500] 5.2 ¢ = 12.25

0= —0.001328t + 12.258 =9, t = 99245
(e) A7} AR A7t AANER he o we Sojs

t}.

B7t AXE b7t ZelX B2 b o W S
£

1.5. Exact Differential Equations.Integrating Factors

. du = 2xdz + 8ydy =0

. du =2zdx —-2ydy =0

2
du = ?Eezz/ydz - E':--e’az/i'/dy =0
y y?
d 2zdx 2ydy 0
Ldu=-— — =
($2 + y2)2 (Z‘Z + y2)2

. du = -3z% sec?(y? —z%)dz 4 2y sec?(y? —z3)dy = 0

. du = cosx cosh ydz + sinz sinhydy = 0

d
—2ry=2z= —z?
TY = 2 = .

oy
u= [20ydz +k(y) = 2%y + k(o)
‘;— =22 4k =208 REk =0, k= A=

Y
u= x2y =c

8
u= [ —yzr 2de +k(y) = % + k(y)
@=l+k’= l.‘li-‘;‘-&] =0, k=24
8y =z x
U= g =cC
2

a . . .

™ sinhzcosy = —sinhzsiny

= 5;(- cosh z sin y)

= /sinh zcosydz + k(y) = coshz cosy + k(y)
du
By
=0, k=44
u =coshzcosy =c¢

= —coshzsiny + k' = —coshzsiny o 2 2¢

i}
%630 = 3e30 = ESre”
u= [e®dr+k(6) = *r + k(6)
g% = 3¢39, + k= 37’6399__?_-‘?-5“

=0, k=44

u—esor"c

ﬁe—wr — —23_29 — 53;6—29(__7.2)

u:/ “2rdr 4+ k() = Se™r? + k(0)

www.20file.org

12.

13.

14.

15.

%— =—e"Wp2 4k = 6_20(—7‘2) ORNE]

K =0, k=44

u=—e 2,2 ¢

a8 8

a—y(coty +22) = —csc?y = 2%(—:1:csc2 u =

1
/coty—i—:z2 dz + k(y) = xcoty + §$3+k(y)
Bu

6—=—zcsc2y+k' —zesclyo g BE
Y
K =0 k=2 b
1
u:xcoty+§z3=c

P=32 Q=x

_ 9.0 -9,
P, = 8y3y =6y #1= 725" Qz (not exact)
1
'};(Qx_Py):@(l"Gy) R(y) (vl &4)

v
>— (integrating factor)

— L
u=/Fsz+k(y)::/3e Svdzx + k(y)
1
= 3ze” 3 +k(y)
ou _ i +K =FQ= Zeo% 2 M)
oy y? y?
=0, k=44

-l
u=3ze 3 =¢

F(y) = exp f R(y)dy = =

1 _1
y(1) = 5 2 ¥E 3ze 3 =3¢ 3
P=2y"cos2z, Q = —y~2sin2z
Py = ~2y~%cos 2z = Q, (exact)

= /Pd:c +k{y) = ‘2y‘1/cos 2zdz + k(y)
=y 'sin2z + k(y)
Ou -2 . / -2
- =-Y ‘sin2z+k' =Q=-y
dy
=0 k=%

“lsin2z=¢

u=y
y(m/4) =3.8 & Be| y—

sin2z & ¥

L
3.8

lsin2z =
P=z%+y? Q=-2zy
Py =2y # -2y = Qy ( not exact)

1 2
6(Py -Qz) = ”E
F(z) =exp/ — %d:c =z72

u= /Fde+k(y) = /1 + 27 2y%dx + k(y)
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16.

17.

18.

19.

20.

1. FIRST-ORDER DIFFERERTIAL EQUATIONS

2
=x—y;+k(y)
2
O _ W popo=-2 2 ay
Jy T T
=0, k=A%
2
U= - "—=c¢

T
2

y(1)=2i-='ra1z—yz—=~3

P=ye?, Q=2y+e°
Py = e* = Qz (exact)
u= [yetdo+ k(y) = ye* + k(w)

?:erd,.k':Q:?y—{—eIi—‘?-E‘l
Y

K =2y, k=gy>
u=ye +y?=c
y(0)=-12 2ejye® +4° =0

P=(z+1)e* —e¥, Q = —ze¥
P, = —e¥ = Q (exact)

u= [ Qdy+k(z)=—ze¥ + k(z)

—g}f:—-ey—%k’:P:(x-{—l)e”—e’-‘E_—‘?—E-]
z

K = (z+1)e%, k = ze”
u=—ze¥ 4+ ze* =¢

y(1) =02 B¢l —zeV +ze®=e~1

P =2sinwy, Q@ =wcoswy
Py = 2wcoswy # 0 = Qz { not exact)

1
5(Py —Qz)=2
F(z) = exp /2d.’L‘ =2

u= /Fde + k(y) = sinwye® + k(y)

du

e

weoswye®® 2 Ve k' =0, k= A4

u =sinwye?® =¢

y(0) = iy 2 sinwye?® =1
2w

= wcoswye?® + kK = FQ

P =2sin2zsinhy, @ = —cos2zcoshy
Py = 2sin2x coshy = Q; (exact)
u= /Pd:r + k(y) = —cos 2z sinhy + k(y)

2]
2 _ ~cos2zcoshy + k' =Q 2 2§

Ay
=0, k=44
u = —cos 2z sinhy =¢

y(0) =1 2 ¥E] - cos2zrsinhy = —sinh1

P= 2zye”2, Q=e"
P, = 226"’ = Qq (exact)
u= /e‘”zdy + k(z) = e”zy + k(z)

o
ou _ 2xe’2y+k’ =P 2 5§
oz

k=0, k=24

21.

22.

23.

2
u=€e"y=c

y(0) =22 ¥ ey =2
9

(kz+1ly) =k o]z
ox

i(a':l:-{-by) =b1
By

b=k o o exact.
b=k% 71935z 4

u= /az + bydz + k(y) = %zz + bzy + k(y)
ou =br+k =kz+ly 2 2¥

By

l
E=1ly k= —y?
y 2

l
u = %zz + bxy + Ey2

T =s+t, y=s—tA el 3 s+t =c o Yejr}
it 2822 example 18] curve 52 st 4+t =¢
curve §¢ UsEY ( L

g8 &7 =¥olth. Ho YH& B B,

101 T _sinZ 1 0
( 1 -1 )=‘/§( g?xf-f— ccs;sng4 )( 0 -1 >
olB®, y& WAF AP FHo=2 T Hsn o
AL V2H gt B deldd ¢ & gt 19
22 s* +1* = ccurveS | Yo Hef page 27
example 1 2 solution curve £ 71§ & 4 Y=}

-
Z

8 I}
— Y =2y= —21- o
3yy y=2%y=z"2z yolm=

y+= integrating factor
—y-zyd =dayd = 2z . zydolem
Ay oz

zy® & integrating factor
—y- 2%y’ =622y = 2z .z%ySolm g
Sy 8z

z2y% = integrating factor
P=y, Q=2z, F=y

w= /F‘sz +k(y) = vz + k(y)

OL = 2ay+ K = FQ =20y 2 3¢
Yy

K =0, k=2a%
u:y2:c=c
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24.

25.

26.

27.

28.

29.

30.

1.5. EXACT DIFFERENTIAL EQUATIONS.INTEGRATING FACTORS

P P
Gy =T s ety elmz e

integrating factorelxm o|71& F& o}L #E T3
Hy = czd ded 2t y = 02 #7} ofuc).
y = 0& F =09 Z$l, integrating factor F &
& d= sl 4] Checking solution o] $8% o]#
<, FE 38 g dE 4 5o 99 9™y g&
ol gt F =04 o] 2 THF= Agol AL 4+ 9
7} wjEolc}.

8 I}
—e®siny = e cosy = — €% cos
By y y=o y

u= /e’ sinydz + k(y) = e® siny + k(y)
% =e®cosy+ k& =efcosy T 2
Y

=0 k=214
u=¢e"siny=c

7] .
B_yy cos(z 4+ y) = cos(z + y) — ysin(x + y)

i) 8

b—;[y +tan(z + y)] cos(z + y) = p cos(x + y) +
sin(z +y) = —ysin(z + y) + cos(z + y)
u=ysin(z+y)=c

E)
a—y—(a + Dyz?y® = (e + 1)(b + Dzoyb
= %(b + Dzzoyb
u= /(a + Dyz®ydz + k(y) = "1+ 4 k(y)

Z—Z =(b+ 1)’z + & = (b+ 1)tz 2 2y

K'=0, k= a2
u= yb+1za+l =c

P=3(y+1), Q= -2z, F=(y+1)/z*
(FP)y = (FQ)z = 6(y + 1)z=*
u=(y+1)2z"3=¢

P=2y+zy, Q=2z, F=1/zy
(FP)y =(FQ): =0
u=/FPd:c+k(y)=
=2In|z|+z + k(y)
X _K=FQ=2z3y
By y
k=2Inly|
u=2ln|z|+z+2In|yj=c
u = (zy)%e® = ¢

2
z + ldz + k(y)

P =2cosy, Q= ~tan2zsiny, F =cos2z
(FP)y = (FQ)z = —2cos2zsiny
u=sin2zcosy = ¢

www.20file.org

31.

32.

33.

34.

35.

36.

37.

38.

11

P =2coshzcosy, Q@ = —sinhzsiny
Py = —2coshzsiny, Q, = —coshzsiny

1
F(Qz‘Py)z %ta.ny

1 1
F(y) = exp/a tanydy = exp(-—i In|cosy|)

1
= Ty (—7/2 <y <m/2d] A4z %)

siny .
(FP)y = (FQ)z = —coshz——2_ °]= 2 Fi integra:
veosy factor

u= /Fsz +k(y) = 2/ cosh z./cos ydz + k(y)
= 2sinhz\/cosy + k(y)

Ou . siny

— = —sinh K= L

3y sin m\/coTy + FQ 7 3¢

E=0k=4%

Yuts) : 2sinhz,/Cosy = ¢

24 315 ShAA N 2 Fg T, F =42
gute s x?yd =C

P:2€05y+4:1:2, Q = -—zsiny

1 1
6(139‘@:):;

1
F(z):exp/—dw:x
Qukef : x?cosy + 2% = ¢ L

A 333} nlAIIAI 2 FE Fald, F =2
Uuta) : e2F cosy = ¢

P=2ztany, Q =secly

1
5(Py—Qz)=2I /o - o .
F(:c):e22 . =
";_J\ﬂ-iﬂ:ez2ta,ny=c -l
D
I;=y+1,Q=—(a:+1) ' A
6(Py"‘Qz)=x+1 y .
F(z) = (z +1)~2 T T
y+1 y .

-3 ‘\'} ¢ e I = y
A Wb i ,

h Ea
P=22Y% 0 —sinhy p

z C s
1 1 -l
5(Py‘Qz)= z
Flz)==x

duks] : zcoshy =¢

A7tz who s Eele EAE gl & Sof
Y +y+4=0 o} zdz +ydy =0 S £
&2 o]}, exact equation o] &5t by
2 Z 53k

kil
=
=
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13.

14.
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1. FIRST-ORDER DIFFERERTIAL EQUATIONS

1.6. Linear Differential Equations.Bernoulli Equation

. 2ayA ablnc — cl:olnao]_g_

e~ {(hte) [/eh"’crd:c + c]

=ectee~h [/ehrdx + c] =eh [/ehrdz + c]

Y —y)e® = (yemTY = e

ye % = —4e™% + cy = —4 + ceT

(¥ +2y)e®* = (ye®*)' = 2.5¢%

ye?® = 327 4oy = &3 4 cem %"
- +3zy)e2 (yez” ) =0

ye¥®’ =¢, y=ce3®

22 12
(¥ +zy)eT =(ye 7)Y =4ze7
22 22 22

yez =4e? +c, y=4+ce” 7

- (¢ +ky)erT = (yebe) =1

ye*® =z +¢, y = (z+ c)e k=

(yr + 4y)e4z — (ye4= )/ = cos zei=

ye® = [cosze®dz = 1 cosze® + L sinzet +c
y= {rcosz+ & sinz +ce4*

p= —%, r =z2e®
h= [pdr = —2Inz, et = z~2

y=e *[fetrdr + c] = 2%[f 2~ 2(z%e*)dz + ¢]
=z2(e* +¢)

(¥ +y)e® = (ye*) =tanz
ye* =c—Injcosz|, y = e *(c—In|cosz|)

y_ —/cotzd:c, Inly—2|=In{sinz|+¢
y=csinz+2

p=2, r=at

h= [pdz =3lnz, et =23
y=c"3[f23z %z + c]=2"3(lnz +¢)

(yl + ysinm)e— cosT — (ye— COSI)I = 1
ye—COSI =z+c’ y P (z+c)eCOSI

_ g _ _ sinhbz
P=2 T= 03
h= [pdz =2Inzx, e* = 22

sinh 5

y=gz2[f2? xd z + c} = 272(} cosh 5z + ¢)
(v +4y)ed® = (ye“x)’ = 20e%®, y = e~ 4% (5¢%% 4-¢)
2=5+c & BE c=-3, y =e"7(5¢%4* - 3)
p=—(1+4+3z", r=x+2
h=—-z—-3Ilnz,et =e%z-3

y=e*z3[f e =z 3(z + 2)dz + ¢]
fe®z %z = —e "z~ 2 -2 e "2"3dx & o] &

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

4 9o A& Aasid,

y=czde® —z, 27NEAN c=1

d
L /2 tanh 2zdz
y—1
Inly—1| =Incosh2z +¢, y=1+ccosh2z,c=3
(secz)’ =secztanzolf, y = csecx, c = —2
(¥ + 3y)e3* = (ye3%) =sinze3®

y = e 3% [ sinze3®dz + ¢|
3::
—e"“[—(Bsmx——cosz)+c],c-0
(' +62%y)e?” = (ye?°) = 4
— o223, 1 -
y=e (- +c),c=1

Jrte-
14942

p:%, r=8z3 h=4lnz, et = z*
y=z 48 [2Tdz4+c=2t+cx % c=1

/dz, arctany =z, y =tanz, ¢c=0

¥ =0, 0+p(z)0=0

y=cyi°lgl 89 ¢ = cy)
V+py=cyy+pcy =cly +py1) =00l y o
Al 87} .

(y1+92) +p(vr+y2) =vi +pv1 +v5 +py2 =0

-

Vit+pyi=1, yp+py2 =008
(v1 +y2) +p(v1 +y2) =9 +py1 + 95 fpyz=r

ntem=r, ¥y tpyz=rol2g
(y1—y2) +p(y1—y2) = (¥ +py1) - (Wh+py2) =0

(ey1)' + pleyr) = ey} + o) =cr

Y +py1 =71, Yh+pyz =12 0|28

(y1+y2) +p(y1+y2) = ¥) +pyr+vh+py2 = ri+72

Hegegols;

d 1
———-y—=/d:z, ——In{ro —poy| =z +¢
To — poy Po

ro — poy = ce” PO%, y = —(rg + ce”PO%)
0

page 34 (4) o8

h = poz, et = ePoz,

y = e PO%[ [ ePO%rodr + ¢] =

= A3} AW

7o -poz
+ce

3L u=1 2 59
!
u-—2u———y——2_—y+2y=—g—_—1
¥2 y2 2
°I"i“"“’c}’§4]°] k= -r-*l] 309 F4 o2 £d,
u=1+ce?®, ¥ = (3 + ce?®)~1
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32.

33.

34.

35.

-36.

37.

38.

39.

40.

1.6. LINEAR DIFFERENTIAL EQUATIONS.BERNOULLI EQUATION

u=y’ 2 5
w+2u = 2yy +2y% = 2y(y' +y) = 2y(—z/y) =
-2z

(u' + 2u)e?® = (ue?*) =
u=e"2%[-2 [ ze?Fdz+c] =

—2ze?*
f—ztce™?, y=Ju
u=y %z 5

u—u=-3y~ty —y 3 = 3y~ (y' + 1y) = 221
uv=e"[fe~*(2z — 1)dr +¢] = ce® — (2z + 1)

/cotydy_/

6e¥ ~ 2z =

y’ dy
' 4+ 2z = 6e¥ 74 w|RrE= ‘_i; £ ey

(z' + 22)e?¥ = (ze?¥) = 6e3¥
ze?¥ = 2e% + ¢, z = 2e¥ + ce~ W

T z=14csiny

1 d
y~2(sinh 3y ~ 2zy) = - = @
y o dy
'+ 23; = -—17 sinh3y
o714 v &g & € by

z =y~ ?[f y*(sinh 3y)y‘2dy +d
= y"z(% cosh 3y + ¢)

u +2a:u—2yy +2:cy =2y(y + zy) =2z
u=e""(f2ce* dr+c=1+ce~?", y=u

u=y’ 2 £
v+ (1-L)u=ze
u=zge ?[[ Le*ze*dr + ¢ =

y=vu

Eol2E £FEY FE& Azto] Autd 1 Ib/galz
A9 4§ Azlolch. a8zz g FEx
1 lb/galz dAs A FHelx watel 239 <
£ 1000 b 2= g D zolch A nw,
y' = 50(1 4+ e~01t cost) — 0.05y

y = e 03[ [ 005501 + €01t cost)dt + ]

= ~0.05¢[90g0.05¢ 4 e~ 0-08¢

= D020 157 (0.05)

0.05cos t) + ¢]

50e—0-1¢ 0.05¢
= 1000 4 [ ———— 0.05cost -
+[1+(0.05)2 cost) +ce ]

Z712 70 28 ¢~ —800 o x|ut colf BAIG o] AT
o] Ay AT 9 of y= 10000] P& < 4 slt}.

cxe™* + %:z:ez

(sint

(sint—

yV4+y=1- cos(vrt/12)

y=e"*[fet(l —cos T)dy + (]

41.

42.

43.

44.

45.

46.

47.

48.

49.
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= e *[e*(1 - 0.936 cos I}
c=1.936

—0.245sin T£) + ¢]

T _ kT - 60), T(0) =
1.474 133} o] Ed,
T = 240e70-053% 1 60g o137 | t = 102 mim & F
R =

300, T(10) = 200 &

A4 3042 A3} (p,ro] A5
o(t) = —— B(l — e~kt/m)
y(0) =0olm 2, &85
u) = V=B ma— emkermy)
V= Verit = 127} S ATt

terie = 2l I_—WW—*B) = 17.2
ojAl Hig oy £AE Faid,
Y(terit) = 105(m)E A=t}

HEECESEIEL)

W~ B i 9l m = W/goel2 2 mo) 1000/9.8
“J'%‘ %ﬂ'ﬂﬂ’ j_i)]/l'i terit = 24-8°l 5‘1, y(tcrit) =
149 meter 7} ¥ic}.

w=y — cXJel 23

w’ = z3w? + 2~ lwel Bernoulli equation & 213
u=1/w AP Ed,

u=1 [-——:c5 +¢c]

y=w+tuv, y—ﬂ!+v o <&

w = —pw + g(w? + 2wv)<) Bernoulli equation &
42 5 U

°o“\"|;% “]v".’-%l-?;',

vV=v+ay —y [y =y +y" - 1)y "
0=y"(z-1/y'*)olzz2,

y'=0d A% y=ar+b

z — 1/y'2 =09 A$=y= 9x1/2 te2 dm
Aol digisid,

ab=1, c = 0BAES Px}.

oAl

46 3} o] ok wlEsld,

y’ =y +zy' +y"9(y'), 0= y”(z +9(y')) = ¥
"=0Q AL y=cz+g(c) & I3

1+g(y ) =00 WAL .

y= ar+b -‘3] z’éﬁ% _b/a: y’éﬁ%
8 Hol7t 12 ¥E b= —a/V1+a?
&,y =o0z+—a/VI+a? (47H9] A A g.)

bol i 1AHEd

Foixl ute] Yeig uFo] EA O FIshe whge
3wk diEged o ne EatAuRy Ty
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1. FIRST-ORDER DIFFERERTIAL EQUATIONS

1.7. Modeling:Electric Circuits

vt A5 esen 592,
vt A5t ol ye dAY § B aAY,
AvE w2 guksta, ¥ + Ay = B, y(to) =
o e He KUl Ao AE y(t) = §
ol7] wj Eolct.
dol Y y(t) > Betm s, o' = B— Ay < 0ol2z
yE A2 BH(d714 A > 098 AR
Zaggeln ofHz A gonz tl_i’noloy HE
At 2222 lig ve finy =54l y2
A EA SR, 2 3HE 00] ohm <k Hrek (00] bz
9 limy & €4 5 gioh)
B~ lim ¢/ B
. _ t—roo -~
oA lim y= —22— ==

od
B
a
¥

o 9 ¢ & A
y(t) < £ 2 A9 ohrixz 29 4 oot

. arctan?}t §7tggolBE Lo| F7tsld 6% F7}. o

AL o2 Lol A4 a5 e AL 7l

I(ry) _ Ra-1/e) N
Tioo) = X 5 =1-1/e~0.63

A4 1Y Fo] Fx

l—e @t =05§ $q,t=122

. e R’/10=1_099 =001 2 2| R =46 (ohms)

L I(1074) = £(1 - e~ 1/(00)) = 0252, L ~0.34

I,& 98l ¥4, RA+wLB, —wLA+ RB=E,

€ 2o el oz Y H,

A= -wLEo/(R? +§:2L2), B = REo/(R?*+w?L?)
0

VAT BZ = N TR A/B=wL/R

€ dech olA AAYS AT

Acoswt + Bsinwt = vAZ + BZsin(wt — §),

— 8 = arctan(A/B)& o|-&3}H page 45 (6)2} A3}

o v 4 sk

(a) I= e;at( T 01_1) e(c:—l)t: + c)
(b) e"¥ (£ +0)

(a) LI' + RI = E()Y A& F71& v¥reld E,
AL 7] I(a) gtol & 7749 27|x2He] Hu
2 I+ jumprt gtk 2822 E9 jumpe Idut
jumpE 7}A &t}

(b) &4 919 Azt A8 HF 4254
I=1-1et

2 ggRee I =cemtaul, 19 A& s
1—%6*4205_41-‘,‘-&10:64—%

(c) A& axFte I= %0. + (I — ERQ.)C—Rt/L
2 gy EHE Ce"R(t_a)/Lo‘_]E“ IER Y LIEE
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E E, -
c=E0 4 (I — Baye—Ra/L

I = __RLCC—-t/(RC)

2EoC
w0 5 (—sinwt + wRC coswt)

1+ (wRC)
E' = wEgcoswt& o g
wEsC
I0)=c+ —2~ _ _gojmz,
O =e+ T GRroy = 01=%
wEeC
I(t = =07 _(_e—t/(RC)
(t) 1+(wRC)2( e + coswt +
wRC sinwt)

Eo=Er+Ec=RQ +% & 24

Q(t) = EoC + ce™t/(RO)

V(t) = % = Eo + %e_t/(RC)
V({0)=02 ¥¥

V(t) — Eo(l _ e—t/(RC)) — 24(1 _ 6—0‘025t)

0 <t <2009 F7F;

page 46 (7) A& v P8,

RI'+RI+ 4§ =0, (200-8)I' +3I=0

I(t) = ¢(200 — £)3% 7% 4 9=z I(0) = lo]=g,
I{t) = (200 — t)3 /2008

200 < tQ) F7+;
page 46 (8) A& Ew, Ir(t) = ce”t/(RC)g =y
12(200) = I(200) = 0 o]B.2 I(t) =0

S wlEa upz Foo) Aot .
Q' =-5zQ Q= Qoe /D

e~ t/(RC) = 0,01, t = RC1n 100 = 4.605RC

10Q'+10Q = 303, (Q'+Q)et = (Qe?) = 3e~2t
Q= e"(——%e"21E +¢c)

Z27127 Q(0) =0223H,

Q — %(e_‘ _ e—3t)

Q=3B ¥ —e7t) =02 AL T3,

t=13 =0.549

Q(0.549) = 0.577

v|uhe 20Q" 4 10Q = 30e~3%0] S| 3, 4 173 7
< Hyes T3,

Q=06(e"t/? —e~3)g A3,

Qt t="28d4 izt 0.349 & slxich
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19. 2Q' 4+ Q = 4c0s2t + sin 2t + 8cos 4t + sin 4t

= 2(sin 2t)’ + sin 2t + 2(sin 4t)' + sin 4t% WA},
E48 Qp =sin2t +sin4t g d ).

homogeneous equation 2Q' +Q =0 9] #&

Qn=ce ¥olmz, dubsie 9 gol
1
Q=Qp+Qp =sin2t +sindt + ce”z*

20.

10.

11.
12.
13.

14.

1.8. ORTHOGONAL TRAJECTORIES OF CURVES. OPTIONAL 15

a8 B 2 steady state AE] 9] =
@ = sin 2t + sin 4t

(a) I = Q'o] B2 page 46 (7) = 3¢, RI+5 =E§&

Q

(b) Kirchhoff 43| 494 RQ' + 2 = £ &

AZee £ 108 ()% 2& olf2 E o jump
J& Qe J/R jumpE Lo (Q =1)

(c) 0<t<2 33
+I=to]n £7]xAL (a)ell «l*ﬂ I0)=o0
=t-14+e? I(2Q=1+e2

2t

Iy + Iz =003 Ev}b t = 204 -29) jump® 7} =
2, (b)ell & I2(2) = -1 +e2

ol 2% wFsle g FaH I = (1 —e?)et

v = 3y/z °l°iy =—2z/
222 4 3y
y = —y/z °Iﬂiy’ =z/y &

<@

ju
[0
a:

£
V=-2y/zelnzy =L §Ed -2’ =

¥ ‘VW °|-"—iy'=;%y"z € &4

24 (y—c)P=c?

24+ 2yy =0, i = ~z/y ol2Z

Y =y/r & dF Fegos B y=cxE Jx=}

Foil A& AAstd (22 - 1)/y+y=2c
st 2zfy — (22 - 1)/ ~ 1}y =0 & 2=
ghoh. ol Ao y'eiAle] —1/y'& i ste orthogona
trajectory4 v]u}
Wk 41- L =08 deoh .
2y’ 2

- = £(2)ge ogd nwe 9,

(:v+c)2+y2 -1¢&7¢ 4 gk

zy = cE& v| &3 y+ oy’ = 08 J=1}.
a8B2 ¢ =z/yE Ed 2’ —y? = c 2H 24
ol y =+zd #F49 curvegg dect.

4z+2yy =0, ¥ = -2z/y, v =y/2z, y=cyT
y7} g = ¢} orthogonal trajectory 2, y2] 7]£7|

Y (1,4')E Vg = (92,95) & FHsich. (Hrksind
agddEs SHHA 3 0}7] WE)

Cauchy Rieman equation ; uz = vy, uy = ~vs
ush v7h sie] A wEYctn S,
dv = 0|4 dy/dz = —vzfvy o|T oL t}A|

uy/uz & Zo8g A 239 Agd g3 v ul
orthogonal trajectory

o] ¥} © 2 u = e” cosy2} orthogonal trajectory &
T34,

vy =uz = e“cosy oA v =e"siny + k(z)

vy = e®siny + k' = ~uy = e®siny T R

K =0,k= %

a8z g v=e*siny=c

ded
1.8. Orthogonal Trajectories of Curves. Optional
2 2
Y 15.
- =1
a? + a? -4
16.
i 17.
' 18.
19.
"\ 20.
(z—c)+(y-c®)?=4
y + ¢ = cosh(z - ¢)
2y —1=0
yl — 2ce22 = 2y 21.
yl
. arctany = ¢, —— =1
y=z+g, T+ o2
22.
.Y =c+l, y=(c+ =y
» 23.
.z 2y=0—°4 ok v, ¢ =4y/z
L= o e, 20/ (1-2?) 42047 = 0
Yy = 2zy o] 2 & orthogonal trajectory= 24.
¥y = —Q%I;% wEc). wWePaygoezs Ed
= ce_!’2
Y=-yelezy =28 Edy’=2c+4c
y=1/zele2y =-z & Edy=-1a2+c
2
Y=%clzzy=-2 g gda?+ L =c
V=5 o282y =2y & B9 Infy| = -2z 4 ¢
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1. FIRST-ORDER DIFFERERTIAL EQUATIONS

Fe| 5-9ide] Go 549
Ykl = el

483 4502 Wikl 1

(a) ¥ iAol —1/y' & wigiste whg(example 1),
g2 gradient& o] &3t uhH (¥4 23), Cauchy Rie-
man equationg o] &&= WHH(EA 24) Sol sl

(b)trajectory® Fabd y = cz® /b Qlw) a2/ 9
Zkol v d g B

(c)trajectory= y = cxa?/v?

1.9. Existence and Uniqueness of Solutions. Picard Iteration

oj® @57t EAEA Foi v}y 7]
B, 0=0-y =4-1=40]22 2¢.

Ae wE

y = crte Foix Wt £712AE H5Y} 2
Aoz 3os Be 87t B 28y f(z,y) =
ty/z = (0,0) A 2ANN D] ohith 2R
ol A AU4 B WA} ohrich

. theoreml} £7 |f(z,v)| < K & wEUeh

235 2 4 genz Lo yuyge —"rttﬂom

o = min{a, %) =a

Ezger dusls Hed, y=cz(z - 2)
(a)y(O) =k#0ory(2) =k#0 ol 7} gict.
A4 1 ey A & Qo
(b)y(0) =0 or y(2) =0 o] T3] B2 &

() (a)(byd s} AR-Z Assid FdE 7t EA
flz,y) = 222:_ 21% z =0 or £ = 204 Qo] o}

veEg Th:orem 1 3 29 W} opich.

% solution si7} Re| & HellA whvid, 2 HA 3
7t A HER BE

LY =y ifly>0) T R y=ce* /2 (c > 0)

a7 R R y = cem" /2 (c < 0)

. flz,y) =r(z) —p(z)y Bd3s] 4%

%f(z,y) = —p(z) £ B8 A& 2emz S
Hee x18 BEw.

ly—1<b = yu gt (14 b)?

2YBE § = gy ol 2 A 1/4

o] 4le] 4 theorem2} 2 A& &8+ optimaldt o &
1/40jt}. &, theoremof] oJsi A EAE Y= F
7+ |z — 1[ < 1/4

28y AR d& FHEH y =
lz— 1] < 144 &7t EAPe.

1/(z-2)2A 73

|y| < bﬂl*‘l 14329 Hoygte
L= b o Huge 1/2
a2 2 2 optimal ¥ ax 1/2

1+ b2

(a) Lipschitz condition & @4 B} stz o] 24
B} g F2HAA 4Roletm oldEE M. £
Ao 2o E 2AE 444 Lipschitz condi-
tione 2 ofshAlsld fddgelE ALY+ A T
A7t 29kF gl = Aeld.

11.

12.

13.

14.

15.

(b) If(z,1) — f(z,y2) = |siny1 — sinyz|
= 2|sin 12—;—“||cos ﬂ%ﬂ‘ < 2|y2‘2‘y1| 1

= |y2 — y1] ]2 2 Lipschitz condition -& &3t}
a

2gsz %-:— =004 Edetx AT HU4 3

4g 48€ 4 o

(c) linear equationd| A& f(z,y) = r(z) — p(x)y
7t dold r(z),p(z)7h Aol Hrh (y7h 0UH
o 14w & Azdstd ¢ 4 sl 28d 248 fe
Lipschitz condition £ 4t&3 A =Ho. &, linear
equationsf A= f8 Q&4 AL A HAYE
BAYH ¢ gt A9t YdiH 2 2 nonlinear equa-
tionel A= fo] A&Avto 2z FUYAS LAY &
st

yo=1
y1=1+f021d1:=1+z:

y2=1+f0”1+:cda:=1+:c+§

=14 [Fltc+ide=1+a+% +5
e® 2] series A7) 7} gtEo] Zr}.

[

yo=10
Yntl = fo T+ yn(x)dzel 28,

_12 :3 L+l = o 3
Yn =Sy + 3y + o+ Gy o] it yn & H
¥ e* —x — 19} series 7| & 4~ P},
yo = -1

12
nm=-1+2% -~z
3
v=-l+-z+%
ys=—1+-z+%

: _ z"+1
yn———1+ x+(n+1).
o]BZ yp & M ~1 - zo] P

y0=17 y1=1+$) y2=1+I+172+':1§13,"'
Fdey=1/1-2)

yo =0 .
_[= 3 — 2
yl—f02:c—:z:d:z: z —’TG
yz-——fox +2:cdx_z —f—ﬁ
[T 7 2 8
ys = [y — 5 +2zdz =1° - %3

olzz Fdl y = 2o £4.
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CHAPTER1. REVIEW 17

solution2 y = 022 ExstAqt f = /y7} (1,0)0
A Lipschitz 7} oly2 g H UM%, picard itera-
tion®] +Y AT B 4 gl

18.

19.

F#+ y = 230} = picard iteratione] |8 Fod,
1, 1+3lnz, 1+3Inz+ (Inz)?, .- & A

y=vo+ [, flzx)dz |22 .

Chapterl. Review

- HGAS b 2 v P A E T

. ordinary differential equationg w]&3l= EYH4

7} hbel vl ubg 2hsl partial differential equation
< vlEsts SYAFTL 570 ol wpibg P

C Wb vabg e Sk i E TElm, S4de &

71247 wEEE g 2ol

v = f(z,y),y(zo) = yo WA f7} (zo,y0) 1ol A
dgold o7t EARE U, 5lf77zw<1(aco,yo) o
N Qw1 sl FUsth.

Ao EAGH A UHE AE Fohe YA B o}
Jeh, Lol B Hex EAAHE HYAE ol S
9 % 3ok

. Wa¥2y, integrating factor & o}-8¢ &, linear

equation®] UwkA el #¥, picard iteration ¢ &
2y

S uDEe o] FolH TRY YW 2EE F 5 3o

Mixing Problem, Velocity of escape, law of cool-
ing,Atomic waste disposal,, Electric Circuits $%

E7] ojg)¢ vjdtelelx direction fieldE =229 &
o 2ol AZE 5 U

bl olel o3 $¥EAA iteration
methods HZsl7] Hetm f454A] 2qlc. (S35
computer§ o] &3 x| H )

Fo}Zl curvey 2] Othogonal trajectory& F&= &
A= A7145 Voltage potential}e] A, 54 o2k,
AR Fof o] 4" & g}

Ep = LY, Ec = § [} I(t)dt #As} Kirchhoff
voltage law off 7}4l.

wltol kel 4 vehte FAY olfE FU2EH
F=masta=F, v="59 A st s3ch

AFFEAQ Fohd FaE de hE S0 BaE
ol sted], w3717} ol BeBE o] ASPaTal
F7ht 448 HE).

direction field& 3.2] 4} picard iterationo] o]-2
& 4 glAm, o] wel iEAd whyge g = Finite

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

difference method 1} Finite element method S o]

et

linear equation
(v +4y)e?® = (ye**) = 17e** sinz
y=ce % _cosz +4sinzx

ey
d 1
/——y—:/dz,—ln 2y =z+c
ay + by? a |2by +2a
1
y=

S 25ydy = [ 9xdz, 2542 =922 + ¢

Haedey

W _ / dz ctany = — arct +
A1 $2+1,ar Yy = —arctanz + ¢
tan Zhf A elof] 23

tan(arctan z + arctany) = Tty =c
1—xy
w4 22, [tanxdz = 2 [ cot 2ydy .

—In|cosz| =In|sin2y]+c, coszsin2y =¢

o
(%(22:3”2 coshy + 1) = 5—6”2 sinhy o]|2 2 exact
T

equation. &&= e’ coshy+zr=¢c

y = uz X o] 2|} y’ =u'z+u§ ujbe] oigishd,

42%u(v'z + u) = v?2? — 22, dur'c = —(3u? +1)
4dudu dr 2 2

3ul+1= c:c_s/z, 3y2 +2% = T

y=uzX el A8 v = u'x 4+ ug vl Diglsid,
z{zu +u) = zut+z?secu, v’ =secu, sinu = z+c
y = zarcsin(z + ¢)

Integrating Factor method

P =3zre¥ +2y, Q=z%V+2z

%(Py -Qz)=1, Flz)=ezp[l/zdz =2
u = [ Qzdy + k(z) = z3e¥ + 22y + k()
du

a—=3xzey+2my+k’=Pz§_-‘=}-E] k= A4
z

Answer : z8e¥ 4 2y =¢

FA 233} 7ol Integrating Factor & 3}%

2 2
F=¢e®, Answer:e® tany=c
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25.

26.

27.

28.

29. ¥

30.

31.

32.

33.

35.
36.
37.

. Bernoulli equation u =y

1. FIRST-ORDER DIFFERERTIAL EQUATIONS

wWagey, / /ta.nhzd:c
Injy|

=Incoshz + ¢, Answer : y = wcoshz

kil

H, / /dz
V1—y?
1
arcsiny = z + ¢, Answer : y = sin(z + Z7r)

— pyR P2 oy — 1 — 1
u_zyxl%,u_u,u_—m,y_m

linear equation (y' + 4zy)e?=” = (ye=’y =1
Answer iy =e=22"(z+¢), c= —4

T £yl f9coszdr = [ —cosydy
Answer : 9sinz = —siny +¢, c=0

(2z + e¥)y = e¥ = (ze¥), °] 2 E exact equation
Answer : ze¥ + 22 =6

integrating factor F & F-sjof gc}.
P:3$2y7Q~2z7p(Qz"Py)——
Fly) = expf sy =y, F§ Fo% ulwol] Faidd

exact equatlonOI 22 HE Y 5 gt
Answer 1 z3y? = 9

W4 Fey, ftanhydy = [ 42,

Incoshy =Inx +¢, coshy = c:c,c = %

Bernoulli equation u = y? X3
u' + 2zu = 2yy’ + 20y? = 2y(y’ + 1y) = 2yzy~?
=2z o]B = ud] HAF UIHJ linear equation
(u' + 21:u)e“’2 (uez )’ = 2ze®
&=’ =f2:l:ez dr =e®” +¢

u
Answer : V1 +ce-=2, c=3
2 A8,

'
, 2%y 12,y
u_“"_ys_yz_"ya(y'*'fy)
__2 3_ (1 ion )
= ysy = -2 (linear equation
u=ce* +2, Answer 1y = ———
V2 —e*
y=ce 3
y:ce_"'2
y = ce* — 0.1cos 10z ~ 0.01 sin 10z
TIT T T T T T T I T T T T T YT T ITTT
ll'lllllllllllllllllllllllll
PN NN
ll!lllllllllllllllllll!Illll
/llIIIIIIIIIIIIIIIIIIlVllll/
| S A A A N I B B B A A I I B B A B I O AV I B A
L R A A I B B N O A A A I B O Y B S R AN I S O
IIII//I/IIIII//IIIII/////III
z/ll//l//lll/////lll/I////Il/
I////_////I//——//Il///-a//l!
I N A
=~u,//,\\\\‘///_\\\\_//,_\\\\-/
R IR B T T Tt ENENNRNENE
] R T T T Tt N N O R O N N O N N A ST AR
AR I T 75 U5 T T T U N O O O S AR SR SRR
AR DR B T T T T U Y SR S SO S U U Y
.4\\\\\\\\\\\\\\\\\\\\\\\\\\\\-
\\\\\I\\\\\\\I\\\\\\\\\I\\\\
\\\\\\\\\\\\\\\\\\\\Il\l\\\\
-l\l\l\\\\\\\\\\\I\\\\\\\\\\\\
A T T T S T S O S T S S O S O A S S B S
N I T 0 T T T T T T T O A T O B S
S N B B e N
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38.

39.

40.

41.

42.

43.

44.

y:

Yy =2zolBZ trajectory-—] ojuko
—%, y= ———ln|x[+c

Y = —3y/z°] 2% trajectory?] mjupe

y =3I—y, y=+/02/3+c¢

Y = ~zxyolB & o|B T trajectorye wuju}e

v =1/(zy), y=2nfz[+c
EA 41 A9} 2082 trajectory: ce~T /2

Yo =1ynt1(z) = 1+ [ 2yn(z)dzel o,
94 1,1+22,14 2z + (22)?/2,--- & der}.

Yo =2, yn+1(w)—2+f(fl—yn(x)dz°ll EL
$492,2-z,2-z+1 z‘ ,2—z4 1 5T —%:1:3
€ At Fele y—l“l"f_I

45 ' = ky, y(1) = 1.54(0)
y=cer, ceF =15c2 By ek =15
2=t Ae 2= g gy
2=(L5), t= 8% » 17
SRR E At e Azke B n 27
46. T' = k(T - 100), T(0) = 20

47.

48.

49.

HyRegos B9, T(f) = 100 — 80eFtg 3
T'(1) = 100 — 80e* =51.5% %6 k= —0.5
99.9 = 100 — 80e0-% 7} H= x]zhe D800 o 154

y=ce"t,%%}=09i%’-ﬂe’:=0.9
t
/2= 2B Azre 1/2= e

e
1/2=(09), t= 542 ~66
ohR7hx 2 0.01 = Kol Ajzhe BOOL 437

LI + RI = E, I(0) = 0& &

I(t) = 21— e £

steady state % = % o] 100]o]o} 3lB.2 R = 4.8

9.99 = 10(1 — e~ 2107 Yo oy o} 8422 L = 0.007

7R EA| 13¥ o) M capacitor & Ht EozbAl 494
A

=2
T 9222 299 capacitors= 0.99Eq7F 235
.
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50.

51.

52.

53.

54.

55.

CHAPTERI1. REVIEW

tof Bl E =02 RCY=2o|ng, RI'+1/C =02
&3, tmw Iox %2F (zw/xw) olzz
g £r1zA02 A4 R
I=Ioet=2)/ (RO g g & a1t

A7 el g £2FY ke y(t)f—‘% #d y= Y (1) =
201_9_‘-01: - “}‘7]' Y, y(o) = 80%
UPEVF}E} ol A& zrmi

=500 — 420e~0-04o)m 2 A 7to] xjuim o]EH O
i HaE £F02 }EHA =}
500 —420e~ 004t = 500.0.95¢] A7t F3ld 70.5%

500

v=at+10%, v(107%) = a107% +10¢ = 106 = 2.}
a= 104(106 104) =99 - 108
s=21%2 4 104 ojmz
8
s(10~ ) = 29:10_(10-4)2 + 104 . 104 = 50.5

x“lﬁfﬂl_ potential S Hell s=Aojo g

? +2y% =1, 2= + 2?) = 1o FAl $AQ

curvesE & 7’;1- ¢ A} (orthogonal trajectory )

-‘%— Fdol y = —x/(2y)E UEFTZZ trajectory:=
= 2y/z& WE P} solutiong F3lH y = cz?

de oo FAWEgoT Huszz zy = cg
orthogonal trajectory& F3sbw =}

zy = ¢ty = —y/z& WEIEZ trajectoryE
YV =z/yg 5t ol RS EH y? -2 =

/(y—axy—b = [k

1

- g o] 83
e " e (e B
HEE F3id,
In(y — &) —In(y — a) = (b — a)(kt +¢)
y-b _ celb—a)kt
y—a
Heieyoz Zd,
Jrdr = [ —a%sin20d8, r? = a2 cos 26
z,y%] solution curveE& T3y,

8.9598

270
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CHAPTER 2

Linear Differential Equations
of Second and Higher Order

The ordinary differential equations may be divided into two large classes, namely,
linear equations and nonlinear equations. Whereas nonlinear equations are difficult
in general, linear equations are much simpler because their solutions have general
properties that facilitate working with them, and there are standard methods for solving
many practically important linear differential equations.

We first consider linear differential equations of second order—homogeneous
equations in Secs. 2.1—2.7 and nonhomogeneous equations in Secs. 2.8—2.12. Higher
order equations follow in Secs. 2.13—2.15.

We concentrate on second-order equations for two main reasons. First, they have
important applications in mechanics (Secs. 2.5, 2.11) and in electric circuit theory (Sec.
2.12). Second, their theory is typical of that of linear differential equations of any order
n (but involves much simpler formulas), so that the transition to higher order n needs
only very few new ideas.

Numerical methods for second-order differential equations are included in Sec.-
19.3, which is independent of the other sections in Chaps. 17—19 and can be studied
after Sec. 2.12 (or after the end of this chapter) if desired.

(Legendre’s, Bessel’s, and the hypergeometric equations will be considered in
Chap. 4.)

Prerequisite for this chapter: Chap. 1, in particular Sec. 1.6.

Sections that may be omitted in a shorter course: 2.4, 2.7, 2.10, 2.12, 2.13-2.15.
References: Appendix 1, Part A.

Answers to problems: Appendix 2.
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10.

2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER

2.1. Homogeneous Linear Equations of Second Order

. P(z,z,2') = 09] dxjujufe] Aty

gty de
dz dy dz dy

F(y,z, Z—;z) = 021 Yulo] Ut

ol

v =208 $9, 7 = zo|222 = qie®, y =
c1e” +c2

y = 3_-1-‘572157. =3zolmzgdAuyoz o
omq 2oz E9 2 = ar’/? 2¢ B3}
W, y= s’ + o

! / dz

Y =202 %37 = & =§ Azstd

Y/ =2z olBR AL Axupel yzz' = 222
o2 Hoxch

yz' = 2z, dz 2%2’ z=cy? olm B

Zz
vy = ey?, %g = adz, —L=ciz+cg DT

< |

_z 2= 1
“ sin?zx sin? z

sinz cosz
y2 = y1/Ud:c = ——(—-cota:) = -

sinx cosT

:LE*l“iy—C1y1+C2y2_c1———+cz
! ! d 2 =
Y =228 32 = o A 2+ehd,

y' =2z 0|22 W A2 Udxjw]uiel

2z +e¥z® =0 2.2 "ot}

2 +ev¥z2 =0, —%é— =e¥dy, L=ev+
!

y :;5,—_1'_71, (e¥+e)dy=dz, e¥+ay=az+c2

o ! — dz _ _ d — 1
y .-z_";’_i-‘.:—“&:cz +z=0, 7’_—7’, z=c1y
¥ =cg, y=clnjr|+c

page 70 (9)o] ol

—5z 1 1
_ 1 ] 5
U_(—zr)z‘exp(—/ = dz)_zsz ==

ye =1 | Udr = z%In|z|

y = c1z° + c22° In|x|

Y =222 %37 = Z—z =§ Azsid,
y' =7'z 0|22 WAL dRual
Zz4+(14+y 122 =002 "Hojxlg}

2+ 14y =0, & =—(1+y V)dy
z= EL;——!’ =1y, ye¥dy = cidx

(y—1)e¥ =crz+c2
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11.

12.

13.

14.

15.

16.

17.

page 70 (9);11 28
1
= T2 cosa)? &P (‘/ zd’”)
1

-1 2
= = =sec?z

z—lcos?zx
y2 = y1 fUdz =z~ /2 cosztanz = ¢~/ 2sinz
y=c1z~2cosz + cpz—/2sinz

page 70 (9)ell =l&

1 —2z
U:-I——Eexp(/—-l_xzdx)
1 1 1
= — exp(—In(l - z2)) =
s exp(=In(l - ) = =
Ug JE842 vvd
1
po L, 2 12
2?2 41 z-1

IsEg y=cz+ea(-1+ %zln zt
T —

va=1, y(0) =2, v(0) =2

vy’ =1, y(0) =2, y'(0) =2
z—yz]#_hsﬂkizz =1, 20)=2<& &4

zdz = dt, z2=2t+c,z=:l:\/2t+c

2(0) =2 ol282z=2t+4

¥ =V2t+4, y(0) =22 -r-Ei y& JEaA B

y=3@+9 -2, 40 =2, y(6) =14
Yy = ,y(O)"'2 y(O)-?

2=y AP 2/ =z, 2(0)=2 2
z=cet z = 2et N
Y =2 , y(0) =2 = 2

y = 2¢*, y(6) = y'(6) = 807

¥ =2y, y(0) =0, y'(0) =1

z=y ABHA 2’ =22, 2(0)=1 & &7
z=ce?®, 7z =e2*

Y =€, y(0)=0%< =4 y=%62’—%

y" \/1+y’§,

y(-1) =y(1) =0

z=y YA 2 = V1 + 22

dz L
——— =dz, sinh™‘z=z+0y
1+ 22

Yy = z=sinh(z + ¢1), y = cosh(z +¢1) + c2
AAZZL 2 HE
y(—1) =cosh(c1 — 1)+ ¢z =0 =cosh(e1 + 1) +c2
cosh(cy — 1) = cosh(ey + 1) 4
e ~1f=le1+1] o]2=2
¢1 =0, WatA ¢co = —~cosh 1

= coshz —cosh 1

cosz, sin3zr} v AL
dent3jo g
y=c1c083z +cosin3z2 F1 S Fabd .
y(0) =c1 =4, y(0) =3co = —6 oju =

y =4cos3z — 2sin3x

9t& 3} 3 linear indepen-
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19.

10.

11.

12.

13.

14.

2.2. SECOND-ORDER HOMOGENEOUS EQUATIONS WITH CONSTANT COEFFICIENTS

- y=cie % fcoze TR £ 3 S Fabd

0 =ci=1, yY(0) =-c1+c2 =0 olmz2
y=e T+ge T

y=cz" V2 46282 2 231 88 Tabd
yl)=c1+c2=3
y(1) = —%cl + %cz =257 3¢

20.

23
a=1 e =2 y=z71/2 4232

(a)homogeneous linear equation N 113} yo 7} &)
By +y2 ® s da.

{b){c)(d) homogeneous linear equation ol 4 &) 3
olvt 45wl oAl 7t SAgt FL g o g &7}
7 e

2.2. Second-order Homogeneous Equations with Constant Coefficients

422 4+4)-3=0& =9 )\ =
222 y=c1ed +cpem$®

1_3
2772

A2 4320 +256=02 EH A=—16 (z3)
2 B2 y=(c1 +car)e 167

2X* —9A=0%& Ed A1=0,2
2:
2882 y=c;+coe2 .
R O(L
_C?
A —8=0& EWA=+/8 =

IRz y= cle‘/gz + cpe— V32

M 4+9r+20=08 B A=—4,-5
2B BE y=c1e 4 4 cre 5%

16A% — 72 =0 & 9 A =+n/4
3888 y=cei®+ cze” 57

S 97 -30A24+25=0¢ EW A= $(337)

3
3322 y=(c1 + czx)e%”

S 10A2 4602 —4=0¢ 2" A=-1,04

BB R y=cie~T + ce04®

A +2%A+k? =08 Fd A= —k(532)
252 y=(c1 + cax)e k"

/\2+)\—6=0§-§€ A=2,-3

IEE e y = 1% + cpe~3
27124 y(0) = 10, y'(0) = 0% VEHE S
y = 6e%% 4 4¢32

M+a+4=02 29 2= -2(33)
2322 ditsle vy = (c1 + cax)e 2%
S4eE y = (1+3z)e 2=
AMNo1=0¢g8d \=+1

IR YuhllE vy =c1e® +c2e” %
E4dey=3e®
8BAZ-22~1=0¢ B® A=-1/4]/2
2HEE #E y=03e1i% —0.5e3"

A -25=0¢ Fd A=+
o=z Sﬂ%yze“%’—e%’

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

30

M422X+117=0¢ =9 A= -1.3,-0.9
2382 s y=2el3

7 ~} A_(_)_»'E
g) cle “‘l‘C;C
N —k?2=0¢ Z9 =1k
A2 Hey=GRett  blehs o0 )

N2 -443=08 W A=—1/2,3/2 =t 130 e,
—iz .

Zr = e & AUTINE 447} ol 1. ’

2222 linear independent

0¥+ 2 E §49 linear dependent.
2
Pz = mp € AUTAAAE 445} ok

2B &linear independent
In(z*) = 4Inz o] 2.2 linear dependent
linear independent

linear independent

-

z7t kgl FZel2E ziz| = z -z = 22 linear
dependent
%‘;—' = '—:—I = %1 °| 2% linear independent

sin2x = 2coszsinz o] =2 linear dependent

A A 9 e oAb A5l A o] 7] B Foff o} o
|7} glet.

f,97t Ie)A linear independentz}¥ subinterval
Jol & linear dependentd4 Sict. o & So 223
zlzle ASAA 4] %euE linear independento)
At 3 He U A 522 linear dependento)

()23 A9 BA; M+ X2 = —a, MAg = b

(b)y” +ay’ =0

(DX +eX=08& E5 A=0,-¢

Yy =c1+ce™ %"

i)y = zx1%

Z = —az, z=c1e"%*

Y =c1e7?* g HBad y =cire% oy

£ 2347} YA
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10.

11.

12.

13.

2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER

(c) =27t F2o] ol 2 ze~ 2" 87} ohc}.

(d) y//
o
e(k+m)z _ ekz

— @@k +m)y + k(k +mly = 09 #F

A} T ML 002 BuE w4

e 5T kALY “&7%‘*4 ¥’ —2ky +k%y = 0o] H 3,
elktm)z _ gk ze(k+m)x

lim ——————— = lim ———— = zeb® 7}

m—0

et (’:ﬂ”‘“ﬂ FHAA Eil‘%.H ’@Elvs Arh)

2.3. Case of Complex Roots. Complex Exponential Function

A2 220 42=0& EH A=1%:

a2z Ydutdle y = e®(Acosz + Bsinz)

A? 4+ 472y = 08 B9 A =21

a2z dutsis y = (Acos(2rz) + Bsin(2nz))
AA2+4r+10=0¢ Zd A=-1,3

222 y=e 7%(Acos(3z) + Bsin(3z))

2
A4 2%A+K2+4=02 BHA=—k+2
2888 y = e 5% (Acos(2z) + Bsin(2z))

case I1 2502 + 40X + 16 =0 &
a8B2 y = (c1 + cox)e™ " ss

Zd A=-08

case I N2 +A—-12=0¢ 24 3,4
2B ER y=c1e3T 4 cpe 4

. case IIL 1602 —8A+5=0¢ Bd A=%+1i

2822 y = ei®(Acos(kz) + Bsin(iz))

case III A2 +4X+(44+w?)=0¢& &9 A = —2twi
I8 B2 y = e ?®(Acos(wz) + Bsin(wz))

casecase IN2 — 972 =0 & B9 A\ =437
a8BEREy= 18377 4 cpe— 37T

case III A2 —2v/204+25=02 &4 A\ = \/-Z-i%z
aydBg y= eﬁ’(A cos(712=:c) + Bsin(%x))

case I A2 —2v/2+2=0& EH X =2
2¥EZ y=(a —J{-czcl:)e‘/Ez

case I1I

A +2kA+ (k2 +k72)=0& BH A=kt 1i
aeee y= e ¥ (Acos(}3) + Bsin(3))
9N +6A+1=0& B A=-1

aEE Ysey = (o + caz)e” 57
7127 y(0) = 4,4'(0) = —13/3& WEH§=
Ay = (4 3z)e” 37

Jjn
s

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

432 +160+17=0¢ Ed A =—-2+ 14
Efdley=—tecos %
MN-25=0g Zd X =45
E4dE y = 25 —2e757

A2 404X0+0.29=0¢ " A= —-02+0.5;
S48 E y = e 02%(cos(0.52) — 25in(0.5z))

A2 -X-2=0& 28 2=-1,2
_1_1__~ s :36—:5_7622:

,\2—2A+(47r +1)=02& =

E

Ed A=1+2mt
+ y = e*(—2cos(2nz) + 3sin(2rz))

AN 4+4=0< FH A==2

o=z gubslEy = (Acos(2r) + Bsin(2z))

AAzAE WHHEe E5HE Foid,

y(0) =A =3, y(n/2) = —A=-3 o]E8 B=7F
o 9t S8 = y =3cos2z + Bsin 2z

A -25=0% EWA=45
Yubsl sy = 1657 + coe™ "
AAZRAE AF3E= E58E Fiid,
y(2) = 1€’ + 2710 = cosh 10
y(=2) = c1e71% + cpel® = cosh 100 2 B ¢]
y=3€% + 1e=5% = cosh 5z

M 4r22+2=
AAZAE

0& EdA=—-1%:

W& EFdlsy=e""cosz
A2—8X-3=0¢ EHA=-1,3
73711&71% &5l =.'5—¢-81ll:— ¥
=) 3d

«)y(P) =y(P) =0 e y =02
y1,Yy27} boundary problem

y' +ay +b=0, y(P1) = K1, y(P2) =
gx g

-y y' +ay' +b=0, y(P) =0, y(P2) =0 ¢
o Aok A5 7hgol 8l y1—y2 =00l y1 = y2
oebA 8= Fdsic

ol 2} 3}
Kool %8

y = e~ % cos(wt + 6) &) FHL cos(wt + §) 7} £19)
Holm 2 y& cos(wt+d)e] F7] 2” g ad = sixlz
FHES teot 9} gt
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2.5. MODELING:FREE OSCILLATIONS(MASS-SPRING SYSTEM

25

2.4. Differential Operators.Optional

- (D? + 3D)(cosh 3z) = (cosh 3z)" + 3(cosh 3z)’

= 9cosh 3z + 9sinh 3z = 9¢3°

(D? + 3D)(e™* + e2)

— (e—z + 622)11 + 3(5—1 + eZz)l

=e7% +4e2® — 3¢77 4 62T = 10e2% — 2¢~

(D? + 3D)(10 — e~3%)

= (10-e732)" 1 3(10 —e=3%) = —0e~3% . gp—3=
=0

(D —4)(32% + 4z) = (322 + 4z)' — 4(3x2 + 47)
=6r+4~122% - 162 = —12z2 — 10z + 4
(D—-4)4e*=) =0

(D — 4)(cos 2z — sin2x) = 2sin 2z — 6 cos 2z

(D~-2)(D+1)=D?>-D-—-20jluz
(D% — D ~2)(e2z) = 0

(D? — D — 2)(ze?*) = 3¢2=

(D2 =D —2)(e==)=0

(D? — D — 2)(ze~=) = —3e~%

- (D+5)2=D?+10D +25 ojm

(D?+10D +25)(5z +sin 5z) = 25(2+5z 42 cos 5z)
(D? + 10D + 25)(ze5%) = 20(1 + 5z)e®*
(D? +10D + 25)(ze~5%) =0

AZ_A-2=0& EH A=-1,2
Y = c1e”% + cpe2®

9 +6)1+1=02 E¥ —1/3
y={(a +cza:)e"’%’

10.

11.

12.

13.

14.

A2 -4 =08 =9 A=0,4

¥ =c1 + coe?®

25/\2—1=0—§—%% A=+
1 _1
y=c1e5% - cpe” 5%

A4 2kA 4 k2 =08 ZW A= —k

y = (c1 + cazx)e~kz

A2+7F(7T—1)—-7l‘3:0-%%ﬂ‘f_} A:7r,—1r2
y=c1e™ + cpe="E

6402 +16A+1=0C = \ = —

y=(c1+ czx)e"é“’

22242=0¢ =9 A=0,-1

i
y=c1+cge 2

10X+ 120 +36 =02 =W A= —0.6
y = (c1 + cpx)e~0-6

L

—

cy1 +y2] = (D? +aD + b)(cy1 + y2)

{ey1 +y2)" + aleyr +y2)' + bleyr + y2)
cyy +u5 +alcy] +yh) + bleyr + y2)

(cyy + acyy +beyr) + (v + ay)y + bya)
=¥y +ay) +by1) + (¥4 + ay}y + bys)
=¢(D? +aD +bjy1 + (D? +aD + b)y,

= cL{y1] + L{yo]

o]z & L2 linear operator .

rn

2.5. Modeling:Free Oscillations(Mass-Spring System

- ATEE YT os)

¥ = /u2 + (vo/wo)? cos[wot — arctan (vo/{yowo))]

wo=4/L& = 300 = 22.14
frequency; f = §2 = 3.52{Hz]
period = + =1/3.52 = 0.284 [sec]

Fdsl FA7F 9 frequency 7} Fold Folzm, Al
£ A(k7t & £44) 09 frequencys} A FHolc}.
b B !

2md ) 2] frequency= %, /Ek_ = _2*/75 &

m m

o2 A7} Fujs} =ld frequency: v2ul 7} ©c}.

%A Yohfrequency & /Lot egpg weo
k _ W/soo

m W/g

le2 2d.

www.20file.org

6.

- () fl;@z

B2 F7 dASH dE AL 24

A 4540 Hooked 4§ kat 512l ¥ Fol us)
2R g4Ho] Fold Zele F/kd], RWix &
FAAA Foid Aol F/ky, $HA 25 &
old Lol Ffkyol28 F/k = F/ky + F/ko
AHER 1k =1/k + 1/ky = 1/8 + 1/12 23|
k=438

1 20 __

=1/ % =0.3183
(i) /2 = L. /45 = 0.4775
(iii) WH A% §4 89 Hooke}4 & kit 3tah. 1
ol y7t Eoid e £4H e BAYL by + koyol 2
ol AL kyst Foemg k=k) +ky =20445 =65
L./ = L /8 _ 5738

5 = 0.

27V 'm =~ 27

- mE& AUl Aapolgt 51, y& AWUTs} Fof] Sof

7t Zolzta sl Eof o7t $3 0.3%7y.

Y9 27]E ok slWu 29 dalo] s 0.32ryys}
3, (v& ¥ lkgd g SHo2A o 9800
nt) Yool wake Zolgt W YPojmz Pele
—0.327y7.
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10.

11.

2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER

oA &l A 2 WA o3 yr my” = —0.3%nyy
€ &5

£589) A9 S2o] of WHAE Az

k = 0.3%27yc]n= w% = 0.3%27y/me| S I period
= 27/wo

olZlo] 2 0]BER wo =7

ol 7% = 0.3%ry/mo| £ & mg AFstd V.

m = 0.32y/7 = 281 (kg)

. %FY Fo|7t A S Ag ¥ Holztz A @

Zo] Y Mol yuF Seted FET M 2yt =
3 ol FAI £ XIS HE

¥Ezuc gt o AL (0.012x2)v(ve &
1kgw 2Hg-3le $H 2.2 4 o 9800 nt).

222 ye my” = -2(0.01)°ryy & BHU (Y
o] wpgko| o] o Nidjo]l2E T4 R F)

$53 A= B3ro] Aw,(k = 2(0.01)27yl
A%) wg = k/m = 2(0.01)27y0} 3 (m = lo]=2)
frequency = wo/(27) = —Vz((’f:)z’"’ =0.4

y" + wdy = 09l system o} 4] frequencys 52.

()™= x (5940])! =mL#’ = —mgsinb
=54 mgs FAAE

sinf x~ 8 oj=.2mLb"’ = —mgh

wi = £ o]2 = frequency: 517; g/L

8 w 1
(b) (a)sll 2#l frequency = 5=
periodE 1/0.498 ~ 2%
leycle o] 227} Aejmg 1854 30 ExA U

%8 = 0.498

(c) Hooke ¥ Aol oj&f mg = kso
so=1 OIE.E—:T =g

w=,/L = /5= /0800 = 31.3

(g = 9800 cm/sec?)

dutsl= y = Acos31.3t + Bsin 31.3t
Z7127 y(0) = 0,4(0) = 10
(gAde y& 022 Fed)

y = 0.319sin 31.3t

(d)8" +13.690 = 0
6(0) = 30°, ¢'(0) = 20° & =d
6 = 30cos v13.69¢t + 5.45in /13.69t (°)

yo=y(0) =c1+c2

vo =¢'(0) = —(a — B)c1 — (a + B)e2
= —~a(e1 + c2) + Ble1 — c2)

= —ayo + fc1 —e2) 0|22
c1+c2=1yYo

12.

13.

14.

15.

16.

17.

18.

19.

c1—ce=vo/B+ayo/B = FE
a1 =[(1+a/B)yo +vo/Bl/2
ca = [(1 — o/Byyo — vo/B]/2

y7t 0& B3hste AZHE Aoz Fod,

y(0) =c1+e2=00]=2"

y(t) =c1 (e_(a“ﬁ)t — e_(a+5)t)

= et (Pt — e~ Bt

y(t) = 00] eBt = &=t o]ofo} sl 7} 0] ofr]
W a4 4 et

Yo =y0)=c
vg = y(O) =¢3 —ac; & «‘?—E‘]
€1 = Yo, €2 = Vo + Yo

Oc] E& &5 t7} slojof jhc}.
(—aci — acat +c2)e™* =02

shetet= 5~ Loz

SLojojo} gt

!
!
}

R~ rﬂ‘d w2
v B

y = e ¥(—sint +cost) =0
sint = cost, t = § +nr(n & BF)

y = Ce™*t cos(w*t — § Z-delta)
¥y = —Ce % (acos(w*t — §) + w* sin(w*t —8) =0
acos(w*t — §) = —w* sin(w*t — §)
tan(w*t — §) = —a/w”
w*t — § = arctan(—a/w*) + nr(ne FAF)

- arctan(—a/w*) + & +5n

w* w*

a2z Fge Jrutch vehde.
oy I AloleiE .
FHHAME & cosgtel 1 o] H= HefMe ygtd
e~ gta Zoh. 22 g et o Hizt] 7} 300) 8t
27 780 =1/2 8 £33 2.
a= 557;0]_‘3.3_
-305% =In}, c= % In2=%1n2=0.023

TR A yge e *olm I A TP AlolE
A 164A 2n/w* d & 422 Sy g8 F
Z& Aol wle e2?m/wToltt. olAe AdT S
A = 27 [w*

e"tcosty AL a=1, w*=1lojmz A=1lolz =
ol He FEL A 15¥ 9 € o/2%F 3
Fgolrz t = 3—4’5 +ar(n & JF)

page 89 (9) w* s} cof FAAA c7t AXAH w* b =
olxjm & frequencyi %to}Aict.

2.6. Euler-Cauchy Equation

- (B) ol F2E ML 2HRL (a—-1)2 =4b

—l—a _
y = :5_2—(12: Inz +1)

T nz — o) (el WYsHE BE

yll_.___z

ot
b

oy A
1@L'\)fm9\’\‘g'm
._:)W»_e ,(051*‘\(7

2.

ml—5m+6=0% Edm=2,3
y=c12? + coxd
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2.7.

EXISTENCE AND UNIQUENESS THEORY. WRONSKIAN

27

3. mP-m—-20=0% Edm=—-4,5 E7|1z27o2RE y =2z — Lz?
y=c1z~% + cpzb
15. (Zi—l)m+§:0—%%gim -2(z2)
2 —0e = —0 _ _5
4. m—-ic- Ti:_—c- (;—'21 EH m= 0,—-1 Oéti}s“ y\_(.m_-f an:c):c_ 2 é:; W= 3
y=eate z712A02 8 y=2-nz)eF 4% s
. m24 (48 _ 24=0& Edm=—18&x ——= Ot g
5 m_+(10 13m+3_2f8 0& 2dm=-18(58) 16. m2+9=0& S m = +3i A
y=(a+clnz)z etsiEs y = Acos(3Inz) + Bsin(31nz)
xR y=2 )
6. m?2~2m+2=0¢& EAm=1%i ENRAL2HE y = 2eos(3lnz)
y = z[Acos(ln z) + Bsin(ln z)] 17. m2—4m+4=0& Ex m= 2(53)
) A=y = (c1 + e Inz)z2
7. m?+1=08 Ed m=di 571;]_7431—',*(-;1;/:2%2)1”
y = [Acos(Inz) + Bsin(ln z)] b
18. m?4+2m+1=0¢ Ed m=-1(F2)
=0%
8. m?2=90 Elml 1)n_0(2§— Z) dbsl = y = (c1 + conz)z-?!
'y—(CI +colnzx 17]7<7-|_°_i—|—-E1y:(3—1n9:)1:_1
2 12 _ 3_pge= -1 _3
9. mi+ (% Um+3=0&Edm=-3,-3 19. v(5) = c1 +c2/5 = 30
y=c1z7 7 4z 2 v(10) = ¢ + ¢c2/10 = 300 & &
c1 =570, c2 = ~2700, v(r) = 570 — 2700/r
10. m2-03m—-0.1=0¢ Ed m= 02,05
y=c12792 4 ¢p205 20. z=¢t2 AYslH t=1Inzx
d a2
y=F = 2 E7)8A.
2 — b — dt dt
11.m—-71'n+2+1.25-—0—%§hm—~;i:z ,:d_y:d_yﬂ_ el
y= xi[Acos(lnz) + Bsin(ln z)] e~ ’j Ll dz  dtdr Y =
> (heos@hy) b —— V' =) 4yt Ry
12. m? —12m+036—0~%€mlm—0(%‘-:’- (@
y=(c1 +c2ln )08 - dt dz’® ly zZ
=y -y
1B.m2+6m+9=0% Ed m=-3(52) ol A& HJXJ'SMIBH‘:JKM
y={c1 +c2lnz)z—3 0=2%" +azy’ +by = y** — y* +ay® by
= y“ + {a—1)y* +by
14. m?2~3m+2=0¢ Ed m=1,2 A AA 52 v]g ok 28 2 2 Euler-Cauchy
dubsl e y = c17 + cpz? AL AFAS G A 45 Hge] shss
2.7. Existence and Uniqueness Theory. Wronskian
Az Aoz Az Az
- € € = _ (A1+22)z = & ze
LW=1 aemes ageres | = 02— 6 W=l (14rz)ere
1 e* _ .2z 1 z — oAz
2. = 0 e =e” € A 14Xz =€
3. cos3zr =¢, sin3z = s X7|. 7. cos(2inx) = ¢, sin(2lnz) = sz F7|.
w e—oz/2¢ e—ex/2g _ zhe ks
7| eme#/2(~Lc - 35) e~22/2(~25 4 3c) prt=le—2gk~1ls  ppr-lg g ogr—lc
- c s R = gp2p—1 ¢ s = 2g20~1
=em —%c—35 ~%s+3c =3e7%* ue—2s  ps+2c
LW= ™ ™2 8. coswz = ¢, sinwz = s X 7|.
’ T mpz™i—l mpgme-l W= e %c e~%g
= (mg — my)z™1+m2-1 T e ®(—c—ws) e F(—s+wc)
—_ p—2z c s — ~2z
5 W= x4 ziinz = g7 =€ —c—ws —s+we | Y€
: 4z 428%Inz + 23
9. 30} o] 21 WA A] A2 —~6A 4 9 = 0o] character-
istic equation ¢l AbgrAj4= w)u}
y// —6y' +9y=0
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11.

12.

13.

14.

15.

16.

2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER

3z 3z

€
3e3%

ze
(1 + 3x)e3

5,~57b sl 2344 m?2 — 5 = 02 BxyAe

2 7} Al Euler-Cauchy vjw}

z2y! +zy —5y=0
z5 x5

W= 5z% —5¢z6

27} 329 243444 m? —4m +4 = 0& BEWH
A} 2 2 71 A= Euler-Cauchy wju}

22y —3zy +4y =0
z? z2lnz

W= = b

= —10z"1

— — 3
W—‘ 2z 2zlnz4z | °
2z -2z 2=z -2z
cosh2z = €4 sinh2z = £—=f—ojmg

cosh 2z,sinh 2z €2%,e~2% 9} 7+& w}zJ Al 9 basis.
2, —27} #2l 244" A] A2 — 4 = 00} characteristic
equation ¢l A=A =y

y'—4y=0
cosh 2z sinh 2z
W= 2sinh 2z 2cosh 2z =2

2,1/2 7} #2444 m? — Zm+1=0& wxv
QAo g 7tx]=Euler-Cauchy wju}

V' ~3y +y=0

IZ $1/2
2z %1‘1/2

0,-27F 8l 28994 A2 4+ 2) = 00] characteristic
equation ¢! AbAS u]wb

W =

_ _3.3/2
= 2.7:

yll + 2yl — 0
1 e—ZI _
W= I 0 —2e-2 | =2

£2miE& T2 7R 2394 A2 4 42 = 0o]
characteristic equation 1 At5Al4 vy}t

' +anly =0
cos2nx sin2nz
W= l —27sin2rr  2wcos2mx | 2

+ig o2 JtAE 2394 m? 41 =08 nxy
Ao g 7}xEuler-Cauchy »)%}
xzyn +zyl +y= 0

17.

18.

cos(lnx) sin(ln ) 1
W= _1 sinlnz) Lcos(lnz) |~ =

T T

-je 2oz AR 2R M’ - =02 »
zupgAl o 2 712 =Euler-Cauchy o)yt

1:2y” +:l:y' _ %y: 0

£3/2 z—3/2 B
I L '
(2) y1, Y27} basisel® yi(xo) = y2(zo) = 00)
g
Y2 0 0 l
W(zo) = = =0
=0 =l )

2
o]2. g Theorem 2yl oj&8] XEx € I &l
W = 00] R}, o] AL yi,y27} basisgt= £
Aol Eéolo).

(b) FHME ¥ = 00122 (a)9} 22 ojF=E

y1,y25 Z2& Aol A4 FHY F 9l

(© Wiz, z2)=| *} *

!
1 %2
a11y1 + a12y2  a21y1 + a22y2 |
a11y'1 + a.12y'2 azly'l + a22yh ‘

—| ¥ ¥ air  az21
yll y’2 a2  a22
a1l ai2
=Wy, y2
(v1,92) az1 a2
o|BZ2 21,227} basisY WS FEAHL
ay1 Q12
# Dol c}
a21  a22 l

(d)

7z = coshz = %ez + %e‘x

zo =sinhz = %e’ - %e"

1 1 1 M
1 2 l=~§7ﬁ0

2 2
o]B 2 coshz,sinh zX. basis o]t}.

(e) c1e® + c2e™® = ¢ coshz + ésinhz
= 36i(e® +e72) + 1éz(e® —e7%) 2 3
a1 =3(G + &) e = (G~ @)

2.8. Nonhomogeneous Equations

A2 -1=0& Ed A A=H1lojl2"

homegeneous WA A ol #l= y, = c1€% + cze™%
ey =yp +yp =c1€® +c2e” % + 737

. homogeneous ¥A Al 9] = A1} 23, dubsy

Y=y +Yp =C1e” +coe”" 4 ¢73% — 3¢7
= (c1 — 3)e® + c2e”% + e 3%ojm 2 FA 199 A
s} 2o}

A243042=0L EH A=—-1,-20¢]EZ
homegeneous ¥4 = y, = c1e™% + cpe™ %%
Aty =yp+yp = cre~T4coe 224222 —62+7
A -_22+5=0L2 Ed A=1%2o]lmZ
homegeneous ¥ Al 2] &=

yr = €*(A cos 2z + Bsin 21)

YubslE y = yn +yp = €®(A cos 2z + B sin 2z) + 3

CA2430—4=0& ZH A=—4,10]2%

homegeneous ¥} 48] &= y, = c1e™*® + cpe®
dubslE y =yp +yp = c1e” % + 26 —cos 2z

A —4A+4=0¢ EH A=2(52) olnz
homegeneous WA Al 9] = yp = (c1 + c2z)e??
AutelE y = yn + yp = (€1 + c22)e?® — %ez sinx

MN+1=0% Zd A=diolog
homegeneous W} 2| 2] &= y;, = Acosz + Bsinz
dutsl= y =y, +yp = Acosz + Bsinz + In(nz)
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12.
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14.

2.9. SOLUTION BY UNDETERMINED COEFFICIENTS 29

8M —6A+1=0¢ EdA=1L 1oz

homegeneous % A 2] sf= yh = cle% +02e%’
=y =yp+yp = c1e4” +Cze2 + = ¢i_°t+ez

A2+A=0¢ EW A=1+i

U Ey=yp +yp = Acosz + Bsinz + 2z
¥y(0)=A=-1,y'(0)=B+2=8 2 %%
A=-1, B=6y=—cosz+ 6sinz + 2z

A2 —-1=09 8 £1 2 ¥¢ dutas

y=cie® +cze % —~cosz
y0)=c1+c2—-1=0
Y(0)=c1—cp=-02¢ =

c1 =04, c2 =06, y=0.4e* +0.6e % —cosz

b= y = c1€% + cae” T + ze®
y(0) =c1+c2 = —

Y0 =c1—c2+1=0% =4
c1=0,co=-1, y=ze®* —e~%

M +4=09 8 £2 2 2E ditsje

y = Acos2z + Bsin2z + 3x cos 2z
y(0)=A=18, y(0)=2B+3=5 % =d
A=1.8, B=1, y=1.8cos 2z +sin 2z + 3z cos 2z

Euler-Cauchy Equation;
m?—4m+3=0& Edm=1,3
dwtsisy=ciz+cez3 +Inzx

y(1) =c1+c2 =0, ¥(1) = c1+3co+1 =1 2 2§
cp=c2=0, y=Inz

Euler-Cauchy Equation ;
dubsl & y = c17 + c2x? + 3¢®

15.

16.

yl)=c1+c2+3e=2+3e
¥ (1) = ¢1 + 2¢c2 + 3e = 3¢ & 2§
c1=4, cg = ~2, y =4r — 222 = 3¢

A2 +ax+4=09 & -2(3T) 023y

b= y = (e + czm)e‘zz —e 2ZIng
¥(1) =(c1 +c2)em2 =2

¥ (1) = cpe~2 — 2(c1 + c;;)e"2 —e™2

=(-2c1 —ca—1)e"2 = 22 2 B§

a=0c=1 y=(z—Inx)e 2

(2) homogeneous equation o Uwls| y, = 3
Yobd, 58 3§ i 7 52 o
nonhomogeneous equation ¢ 2 u}a) 7} o of

xic}.

(b) ypsty* o) = yp
tion 2} 3

y*+= homogeneous equa-

(¢} ¥p — yp= homogeneous equation 2] =

{d) yr2} 4,7} homogeneous equation ¢ < u}a)
2 et chacjas 2 5 T

(e) Yt y=c1x + c22? + 3e*
£7]273e] y(0) =3, y'(0) = c1 +3
=7oERae 42 ARHAT ek BAH
A et
Fy=4r+ oz’ + 36" BF &7\ £
9 #ojch. aEE HE HUshA wot
o]Ze] %44 Hej(page 97 Theorem 1)2)
W7k ohd o) fr
V' -3+ By =09 A% -2, 5 5
z =064 ol oh)7] W Eolct.

2.9. Solution by Undetermined Coefficients

A2 +4 = 09 & £2iZ 2 homogeneous equa-
tione] dulsf= yp = Acos2z + Bsin2x

page 105 Table 2.1 Basic rule o @&}

yp = Kcos3z + M sin3z¢l S8 yp, & 32X

Yp = —3K sin 3z + 3M cos 3z

Yl = —9cos 3z — 9M sin 3z

Yy + 4yp = —5K cos3z — 5M sin 3z
=sindz 2 ¥¢ -5K =0, -5M=1

Yp = ——51- sin 3z

I3 BR y=yp+yp = Acos2z+B sinZz—ésin 3z

A2—1==0¢ 8 £1= %€ homogeneous equation 2}
At = yp, = c1€® +c2e~®
Sum rule s#}Modification rule (e*= homogeneous
equation®] sjojo2) of wtet y, = Kze® + Me2* 9l
ET58E At
yp = K(1 4 z)e® + 2Me?®

s = K(2+ z)e® +4Me2®
y;,’ —yp = 2Ke® + 3Me?® = 2¢% 4 6e2® T g
K=1, M =2, yp = ze® + 2¢2*

2B y=yp +yp = c1° + cge™ % 4 ze - 22
A2 £ 33X = 09 3 0,-32% ¥El homogeneous
equation?] Yubsl= yp = 1 + e 37
Basic rule of w2} y, = Kcosh4z + Msinh4zdl =
T8 yp & A
Yp = 4K sinh 4z + 4M cosh 4z
Yp = 16K cosh4z + 16M sinh 4z
» +3yp = (16K + 12M) cosh 4z
+ (16 M + 12K)sinh4z = 28 cosh4z 2 2§
16K + 12M =28, 16M + 12K =0
AL EH K =4,M=-3
I8Emg Yud s
Y=yn+yp=c1+c2e 3% + 4cosh4dzr — 3sinh 4z

—A—2 =09 3§ -1,28 ¥H homogeneous
equation®] d¥tElE= yp, = c1e™T + cpe??
Modiﬁca.tion rule (e?*& homogeneous equat:oxp]

#olog) o wa} y, = Kze??Ql S48 8 &x.
Yp = K(1 + 2x)e2=
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2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER

y = K(4 4 4z)e*®
Yy — ¥p — 2yp = 3Ke¥® =3e?® 2 3¢
K =1,y, = ze**

dutslE y = c1e”T + cze?® + ze?®

. A% 4£2X410 = 098] & —143i2 %-€] homogeneous
equation®| Yutsl= yp = e~ *(Acos3z + Bsin 3z)
Basic rule o we} y, = Koz? + K1z + Kodl £4
& A
yp = 2Kz + Ky, yp = 2K>

o+ 2y}, + 10y, = 10K22? + (4K + 10K1)z +
2K + 2K1 +10Ky = 2522 + 3 = 2§

10Ky = 25,4K2+10K1 = 0,2K3+4+2K1+10Kg = 3
017).!—% %ﬂd K2 = %1 Kl = _17 KO =0
Yp = %172 -
a2z dubdles
y=e"*(Acos3z + Bsin3z) + 2z —z

. 322 +100+3 =09 & -3,-1/3% homoge-
neous equation®] Yu¥tsl= vy = c1e73% 4 coe” 3=
Basic rule 3} Sum rule o @t y, = K1z + Ko +
Kcosz + Msinzgl E48E A}
yp = K1 — Ksinz + Mcosz
Yp = —Kcosz — Msinz
3y +10yp+3yp = 3K12+3Kp+10K; —10K sin z+
10Mcos:r =9z +5cosz & F-E
3K, = 9,3Ko + 10K; =0, —10K = 0,10M = 5
o]AL EH K1 =3, Ko=-10, K=0,M = %
Yp =3z-—10+-§-sinz
asez gitsis
y=c1e73% 4 coe” 3’+3z-—10+ 3 sinz
.A24+A-6 =09 # —3,22 3&| homogeneous
equation®] YuMHE yp = c167 3% + coe®®
Basic rule off @&t y, = K3z3 + Koz? + K1z + Kol
s & 2
y;, = 3K3z? + 2Ksx + K1
y;,’ = 6K3zz + 2K2

» + Yp — 6yp = ~6K3z® + (3K3 — 6K32)z? +
(6K3+2K2—6K1)r+2K; —6Ko = —62% + 32 +
6z 2 ¥
—6K3 = —6,3K3 —~6K2 = 3,6K3+2K2—6K; =
6,2K2 —6Ko =10

olZig& ¥d K3 =1, K: = K]
Yp =23
28 BE e y = c1e73% 4 26?428

=K0=O

- A2 4+62+9 =109 8 —3(F3)E &} homogeneous
equationg] ¥l y, = (c1 + cox)e™37

Basic rule of we} yp = e *(Kcosz + Msinz)ql
EFHE 2A

yp =€ *{(M — K)cosz — (M + K)sinz}

yp = e~ *(—2Mcosz + 2K sinz)

¥p + 6yp +9yp = e"*{{4M + 3K)cosz + (3M —
4K)sinz} = 50e" " cosz Z F¥E

4M + 3K =50,3M —4K =0

AL EHK=6,M=8

yp = e~ *(6cosx + 8sinzx)

10.

11.

12.

13.

282z dutsE
y=(c1 +c27)e™ 3% + e~F(6cosz + 8sinz)

A2 42X —35 =09 3 —7,52 Xe] homogeneous
equation®] YWHalE yp = cre” 7" + c2e>®
Modification rule 3 Sum rule ¢ o}a}

yp = cxe’® + K cos5z + M sin 519 48§ 2 A}
¥, = c(1 + 5z)e®® — 5K sin 5z + 5M cos 5z

¥y = ¢(10 + 25z)e5® — 25K cos 5c — 25M sin bz
vy + 2y, — 35y, = 125 + (10M - 60K ) cos 5z —
(60M + 10K) sin 5z = 12ce’® 4 37sin5z & 3§
12¢ = 12,10M — 60K = 0,60M + 10K = -37
°]7)‘!%%‘5 C:17K— 107M___5_

Yp = ze>® — 5 cos5z — £ sinbz

I3 EE dubsle

y=c1e” 7" + c2e5® + ze5% — - cos5z — & sinbz

22— % =02 8 —1/2,3/22 %¥| homogeneous
equation®] utslE vy, = cle_%z + cze%’:
Basic rule off Wz} y, = K cosh2z + Msinh2z¢ &
+HE FA
Yp = 2K sinh 2z + 2M cosh 2z
Yp = 4K cosh 2z + 4 M sinh 2z
Yp — Yp — %yp = (%K — 2M) cosh 2z + ({%M -
2K)sinh2z = 21sinh2z 2 3§
LBr-oM=08M-2Kk=21
o]ﬂ% -Eml K=32 M=%
Yp = 5 % cosh 2z + 2 sinh 2z
asz=z ‘3—-1"}'5“*:
y=cie 2”+cze%’+ cosh 2z + 52 smh2:c
AZ 4 10X + 25 = 098] #f —5(F )= 2¢ homoge-
neous equation?] Yulsj= yp = (c1 + caz)e™ 5%

e~5%, ze~5% sthomogeneous equation4 Hojm g
Modlﬁcatlon rule o] wet y, = cxle %% B4 E
A
yp = ¢(2z — 5z%)e™5®

;,’ = ¢(2 — 20z + 25z2%)e~ 5%

»+ 10yp + 25yp =2ce~5% = ¢~ 5% g g

c= 2) Yp = —$ 6—5213‘\:1 oéal'sﬂt
y={(c1+cox+ 2 zz)e‘s"

A2 +3X—18 = 09 & 3,—6% & homogeneous
equation®] ksl yp = c1€3% + c2e~5%
3z =

sinh3z = L‘LQI_L e3*%= homogeneous
equation?] #jo]j= 2 Modification rule o] u}gt

yp = Kze3® + Me™32] B48& 24

= K(1 + 3z)e3® — 3Me—3=

5y = K(6+9z)e3® + 9Me~3"

4 + 3y, — 18y, = 9Ke3® — 18Me~3*
=9sinh3z = 232 — §e=3= 2 R¢
k= %,M = %, Yp = %;(:e32 + %e":‘h
a2z ditsle
y= CleBz + 026—62 + 1 1:63: + 1 —3:

A2+ 8A+ 16 = 09] o —4(F2)% %& homoge-
neous equation®} ¥t y, = (c1 + coz)e™**
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14. A2

15.

16.

17.

18.

2.9. SOLUTION BY UNDETERMINED COEFFICIENTS

4z —4z
cosh4r = St o5 e~*%,z¢~4" homoge-

neous equation?] sjojm 2 Modiﬁca.tlon rule of ut
g yp = Ke'® + Mz%e~47 Q) 5485 24

Yp = 4Ke'® + M(2z — 422)e~4*

¥y = 16Ke'® + M(16z% — 16z + 2)e~*4®

Yy + 8y, + 16yp = 64Ke'® + 2Me 4 =
64 cosh 4z = 32e%* + 32¢~4= 7 ng

64K = 32, 2M = 32

Yp = le‘“’ +16z%e74* 18 o 2 Yt

y= (c1 + caz)e 4% + Let* 4 162264

—424+20=09 & 2+ 4i82 X¥ homogeneous
equation®] U¥tslE y, = e®®(Acos4x + Bsin4dx)
Basic rule o] &} y, = K cosz + Msinzgl E4 8
5 2x).
yp = —Ksinz + Mcosz
y;,’ ~Kcosx — Msinz
~ 4y, + 20y, = (19 — 4M)cosz + (19M +
4K) sinz = 377sinz & 2.
19K —4M =0, 19M + 4M = 377
o]AEL EH K =4, M=19
yp = 4cosz + 19sinz
a3HoE Yuksie
y = e?*(Acosdx + Bsindz) +4cosz + 19sinz

homogeneous equation2] Yuls)=

Y = c1e” 2% + coe7®

Basic rulee] we} yp, = Ksz? + K323 + Kpz? +
Kiz+ Ko?l 5588 o9 y, = ot
nonhomogeneous equation?] duts =

y=cie"** cze%’ +

y(0)=c1+c2 =4

¥ (0) = —2¢; + %Cz =-8& &4

c1=4,c2=0, y=4e™2% 4 g4

homogeneous equation?] Yuls]=
yr = €3%(Acos 2z + Bsin 2z)
Basic ruleo] wa} y, = ce37ql
Yp = e3z

nonhomogeneous equation?] Yutsf=

y = €3%(A cos 2z + Bsin 2z) + €37
y0)=A+1=2,/(0)=3+2B+3=4 & =4
A=1,B=-1, y=e3(cosx —sinz) + 3¢

S4uE o

homogeneous equation®] YUwulsj=

yp = c18%% 4 cpe~ 22

e~ 2%= homogeneous equation?] & o|= 2 Modifi-
cation rule o W} y, = cze™2* + Kz + Kodl &
8§ 22w yp = £ - Lze?*

nonhomogeneous equation?] utsj=

y= CleZz +cze“2’ + % — i_xe—Zz
y(0)=ci4+c2=0

V(0 =2c1—-2c2+1-5=0% Zd

1 1
1= —1g:¢2= 1§

y= —1—5823 + 11_68_22 + % —_ %26_22
homogeneous equation?] Yuls]=
yn = Acos3z + Bsin3z

19.

20.

21.

22,

23.

25. A&

31

cos 3z+= homogeneous equation®] & ¢|= 2 Modi-
fication rule o} wa} y, = (K cos 3z + M sin 3z)1l
=54 § o

» = 6(—Ksin3z + 3M cos3z) — 9z(K cos 3z +
M sin 3z)
Yp + 9yp = 6(—K sin 3z + M cos 3z) = 6 cos 3z
EFH K=0,M=1, yp =csin3z
nonhomogeneous equation?] Yuks=
y = Acos3z + Bsin3z + zsin 3z
y0)=A=1,3y(0)=3B=0g =49

= ¢0s 3z + zsin 3z

homogeneous equation2] duta]=

Yn = (c1 + coz)e0-6=

€=0-67 £¢=0-62 o] homogeneous equation®] & o}=
E Modification rule of me} y, = cz2e=06%q) =
FHE How yp = 2% 7062

nonhomogeneous equation] <4}

y= (Cl + C2x)e~0.6z + 252062

y(O) =c¢; =0, y'(O) =c2—06c; =12 o
y=(z+ 222)8_0'62

homogeneous equation?] Yulsfj=

yr = (1 + cz)el-4=

el4% zel4%o] homogeneous equation®] #o]m.2
Modification rul o] e} y, = cz?el 4T gl E4as
o y, = g2el e

nonhomogeneous equation] <4

y = (c1 +cz)el4® 4 g2et-dn

¥y(0)=c1=0, y’(0) =c2+1.4c1 =0 & E%
y==z el-4z

homogeneous equation®] dytsj=
Yh =c1 +coe” "

44(e”®) & homogeneous equation®] #ojm 2
Modification rul o] wa} y, = z(Koz? + Kiz +
Ko)al 588 #od yp = j2°+ 22
nonhomogeneous equation®] yt&=

y=oc1 +coe %+ %:1:3 + 2z

Y0 =ci+ecp =8, y¥(0)=—co+2=-1 ¢ &4
y=5+3e""+ 1%+ 2z

homogeneous equation®] ubsj=

yh=¢e" %z(A cos 3z + Bsin 3z)

Basic ruled)] w2} yp, = Ko + ce %% E58 &
Byp=4+e”

nonhomogeneous equation?] Uutsje

y= e_%z(Acos3z+ Bsin3z) +4+e"*
y0O)=A+4+1=7
Y(0)=~4+3B-1=-2g &d
A=2,B=0, y=2"%%cos3z +4+e-*

()7}
#e 3

%0

ze*Q) AF= yp = (a + bx)e* Y e E4
3 o %t}

Z9E 2H9 Wz = I o4
0.2¢"5% o} & Balste A2 ¥
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2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER

2.10. Solution by Variation of Parameters

A% —4A+4 =09 § 2(5F2)5 L&l homogeneous

equation®] basist y; = €27,y = ze?®

W \ 027 2T
2¢2% (14 2z)e?=

page 108 F-4 (222"1] oet yp & "1"3}‘.‘32 )

z T X T

Yp = —ezz/x:u erz+:vezz :Tze—x—

= —e?®1 4 ze%® In |z

azzz ditd:=

Y=Yn+Yp = (c1 + c2z — z + zln|z])e?®®

= e4'.t

. homogeneous equation®] basis¥e
y1 = cos 3z, y2 = sin 3z
cos 3z sin 3z
W= _3sin3z 3cos3z | O
page 108 F-2](2)°l we} y, & 73l
sin 3z
Yp = —Cos 3z 3 sec 3zdzx

s 3z

sec zdz

tan 3z A T
=—cos3:c/ 3 dx+sm3:c~§

1
oy 3zln|cos3z| + g sin 3z

. homogeneous equation$} basis:=
yp=e % yp=ze®

e~ = ze T
W= | —e~% (1—z)e™®
page 108 34(2)el et v, & Fshdd

e * _
Yp = -—e“”/ 5o € cosxdr
phen

— e—2:

- e~ % _
+ ze "/——5—56 * coszdz
o

= —e *{zsinz — /sin zdz} + ze “sinz

=—e"®cosz

. homogeneous equation?} basis=

Y1 = cos 3z, y2 =sin3z, W =3
page 108 FA(2)q) whet yp & o}

Yp = —cCos 3z

T
csc 3zdzx

+ sin 3z / c0533:c csc 3zdzr
T " . .
=-3 cos 3z + 5 sin 3z In | sin 3z|

. homogeneous equation?} basis=
Y1 = €%, yo = ze®
e* re®
W=l e (1 + z)e®
page 108 %""-‘(2)% e}l yp & 73
_ _zf[zee z [ €° €
Yp = —e /eh x—sdx+a:e eTx;:?dz
1

1 -
== - — g lezz_z le::

z 2

. homogeneous equation$] basis=

y1 =e** cosz, yp = e2Tsinz

W = etz cos T
2cosz —sinzx

— e2z

sinzx
2sinz +cosz

— pdx

10.

11.

12.

page 108 F4](2)o] w2} y, & F519

e“Fsinz
yp = —€2® cos Tez” csc zdz
e E
2z
! e** cosz
+e¥sing | ———e*F csc zdz
1
e z

= (—zcosz + sinzIn|sinz|)e®*

. homogeneous equation®] basis:=

Y1 = €%, y2 = xe®, W =

page 108 FA|(2)e] w2} yp & 51

Te® 3 e* 3
Yp = —52/62—2322e’dz+ze’ 531‘58‘%@
= —3e’/z%d2+3xe’/x%dx= %z%e’”

homogeneous equation®] basis=
1= e—-3z7 Y2 = ze—-3z’ W = e—Gz
page 108 T4 (2)ef ate} yp & Tolwd

—3z -3z
_ 3z [ e 16e
= —e —_—— ez
Yp /6_62 22+ 1

-3z —3z
e 16e
+ze“3“’/—————dz
e=%z g2 .41
= ~8¢7%% In|z? 4 1| 4 16ze 3% arctan

homogeneous equation?] basise
V=€, yy=ze %, W=e =
page 108 F41(2)ol we} y, & Fobel

-2z -2z
Te 2e
Up = ~e_2z/—.__dz

e—4z 2
-2z -2z
_ e 2e _ -
+ze”? [T dr = 272 p|g| — & 2"
e—4z g2

homogeneous equation®] basise
y1 = e %cosz, y2 =e Tsing, W = e~ 22
page 108 3-4(2)°l et yp, & T3l

-2 cos e~ Tsinz
Yp = —e T ==

e—2z
. e"*cosz , _
+e % sm:c/—~—T4e Z sec® rdr
=

4e™% sec® zdx

=—e Tcosx +4e Tsinztanz

cos?
_zCOS 27

cos T

m? —5m +6 =09 8 2,3 ©2 X&| homogeneous

equation?] basisi y; = z2, y2 =13

z? g3

4

2z 3z
23 22

Yp = —:1:2/—4212:_6dz+a:3/—421:1:_6dm
T T

2 s, —7_1 4

21
= g0 = -z
6 7 2

= —2e

=T

m? —2m = 09 & 0,2 °©2 2& homogeneous
equation® basis<= y; =1, yp = z2

2
W:lz

0 2z =2z

z? 1
= —~J —(3 z 2 T
Yp /29:( + z)zedr + /——22(3+:c)ze dz

www.20file.org



www.semeng.ir

13.

14. m?

15. m?

16.

2.11. MODELING: FORCED OSCILLATIONS.RESONANCE

1 1
= —51'36: +z2. 5(9: +2)e® = z%e”

m24+(§-1)m-2 =098 1,-2 o2 3¢ ho
1

mogeneous equation®] basisz= y1 =22, y2o =172

W
8
N

|
g oo~ 8
[
[N
—
)
L+
|
(=2
8
N
-
i
|
[
|
|
—
N
]
[\
|
8
It

—5m+6=09 3 2,3 2 & Y& homogeneous
equation®} basisi= y; = 22, y2 = 23, W =zt
3 2
z z
Yp = —12/771:2 sin zdz + a:a/—47a:2 sinzdz
z z

= —2%(Tsinz — Tz cosz) — 7z cosz = —7z? sinz

-3m+2=09 & 1,2 2% ¥ homogeneous
equation®] basis: y; =z, y2 = z?

W:lx:c 2

1 2z |TF

z? x
2
Yp = —T zcoszdr + T cos TdT
z2? z2

= —z(zsinz — [ sinzdzr) + z?sinz = —zcosz

m2 -1 =092 8 £1 22 ¥ & homogeneous equa-
tion®] basis= y; ==z, y2 = z~!
T T 1 _ 2

33

1, 1 ., 1 _,
=—=r 4+ - ‘==
6 2 37

17. m? —9 =09 8 +3 22 2& homogeneous equa-

18.

tion9 basiss y1 = 23, yp =23
3 -3
z z
W = = —6z~ 1
3z% ' -3z—4 bz

Yp = —13/ —— 483:3d1:+:c_3/ —48z%dx

= 813/1(13: — 8z~ 3

= 8:1:31:— = 8:1:“3ﬁ
2 8

(a)variation method;

Y= 6_33,3/2 = e_z7w = 26_4z

Yp = —e‘3”/—€~z—65cos2xdz
Lo 2e—4z

z'dz

=4z% — 2% = 35

_ e—-3z
+e 1/26—42 65 cos 2zdx
= — 082z + 8sin 2z

undetermined coefficients method;

yp = Kcos2z + Msin2z2 $3 yp7} WAL gt
E3A K,M< A3l

b 0 2 source ro] Zhekgk Rokduwl= Fxje
ol Ztdsich. AAE HEE soksted vl
A vl A Algulagt sbd = 7] £l

(b)z2 %Yol = undetermined coefficients method 2
Yp 78} 3, 3523/2eT BB o] = variation method & o]
A ypTRTHE Hahd Yl 88 4& S o
(c) nonhomogeneous Euler-Cauchy u}34)of} A
source rol r = roz*¥Elgln ¥ o y, = cx’j%
"I Hhell =i qlstd,

22y +azy +by = (k(k—1) +ak +b)ex® = rozF o]
22 AFE vlaHA & FYE 4+ k. F unde-
termined coefficients method 2 E48S ¢ 4 ¢}

o}

2.11. Modeling: Forced Oscillations.Resonance

yh = cre”t + czePolmz A)zte] Aubw 02
= 7]'5" 1828 steady Ate]9 = E43
yp = Acos2t+ Bsin2t & 2o gr}. yp, & w4
o didsl Ay A,BE #od yp, = —cos 2t + 3sin2t

yn = e t(Acos2t + Bsin2t) o] A7to] A}
W 022 Ztth 28 2g steady AEo e B3
Yp = Acos3t+ Bsin3tE o\ "t} y, & WA
o glald A, BS 3ew y, = 1.5c08 3¢t + sin 3t

yn = e t(Acosv3t + Bsin3t) ojlmz A7
o] Al 022 zic}. 28= R steady Arefel
£ 58 yp = Acos0.2t + Bsin0.2t5 #o
" gk y® $RA oA A4, BE zow
yp = —0.02525 cos 0.2t + 0.25sin 0.2t

yn = cie~t 4 cpe3t o]mE A|7te] AW 00T
Ztth. 2B & steady Atefe] sl Sum rule of o

gt £33 yp = Aicost 4 Bysint + Azcos3t +

Bysindt fed Utk y® AN s

A1,Bl,A2,Bza sow y, = [5cost + Lsint +
cos3t+ = sin 3t

yn = e 54 (Acos Lt + Bsin Lt) ojmz A7te]
Aud 022 ok 38 B2 steady AH Y] sl &
T8l yp = Ce* & ’§l’°:?‘; ek ypE A Ao g g8
MCEReHy, =%

yn = e_%t(Acos @t + Bsin —‘/.L,Et) olmz x|zt
o] Autd 022 zich 222 Z steady Aejd] =
yp = Acost + Bsint& é‘%_‘?.‘."; . Z/pg" HFZ) A off
HlslA A, BE #om yp = Scost+ Ssint

Basic ruleo]| o2} y, = Acos4t + Bsindte] 3e) 9
Ype o y, = —6cos 4t — Tsindt
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34

10.

11.

12.

13.

14.

. characteristic equation A2 4

2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER

y=yp +yp =cre”t +coe 2 —6cosdt — Tsindt
Basic ruled] @2} yp = Acos0.5t + Bsin 0.5t 3
e ypS How yp = 4c0s0.5¢

¥ =yn + yp = Acos V3t + Bsin /3t + 4cos 0.5¢

Basic ruled]] @z} yp, = Acoswt + Bsinwte] el
ypE Fod yp = (1 - w?) Lcoswt
y=yn +yp = Acost+ Bsint+ (1 —w?)~ coswt

Basic ruleo} w2} y, = Acost + Bsinte] 3jej ]
Yp& o yp = — 3 cost + 2sint
Y= yn+yp = (cr +cat)e™ — %cost+2sint

Basic ruleel] w2} yp, = Acos2t + Bsin2te] &<
ypE o yp, = —0.4cos2t + 3.25in 2t
y=yn+yp = cre"t+coe~3t —0.4cos2t+3.25in 2t

Sum ruleof] @2} yp = ct+ Acost+ Bsinte] Fej 2]
yps Fod (AsTt homogeneous equa.tion o & o]
22 cHilel ct) yp =t +-——cost +3 Lsint
y=yrtyp=ciet+ec +t+——cost+ —smt

Basie ruleo} wgl yp,& F3bd yp = sint

Y = Yn + Yp = Acos 5t + Bsindt +sint

y(0)=A=1,y(0) =5B+1=12 %¢
y = cos 5t + sint

Basie ruled} @e} yp, & T3l

yp = 0.2cost + 0.4sint

y=e t(Acost+ Bsint) + 0.2cost + 0.4sint
y(0)=A4+02=12
Y(0)=B-A+04=14 2 %¢

y = e t(cost+2sint) +0.2cost + 0.4sint

15.

16.

17.

19.

Basie rules] oz} yp, & 735l

yp = —16cos2t — 13sin 2t

y= cle_%t + cze_%t + —16cos 2t — 13 sin 2
y(O) = +cz — 16 =-16

¥(0) = —-01 - §C2 —26 =-26 & %g

y= —16cos2t — 13sin2t

Basie ruledi] @&l y, 5 F3p
yp = —6.4 cos 0.5¢ + 26.8sin 0.5¢
y=e *(Acost+ Bsint)

—6.4cos 0.5¢ + 26.8sin 0.5t
y(0)=A—-64=-54
yY(0)=B—-44+134=94 2 2§
y=e"4cost — 6.4cos0.5t + 26.8sin 0.5¢

Sum ruleOi] u}a} Yp o ;F-zs]-mi
Yp = smt — 15 sin3t — 105 sin 5¢
y= Acos2t+ Bsm2t+

- E sin 3t — W sin St
y0)=A=1
y(o)_2B+‘—ﬁ‘ 105 = 35 ;-'T'H
y=cos2t+ 3 1z sin3t — 5z sin5¢

sm t

sm t—

_____F 2

(a)C*(w) = 5 2. 2.0
N T

B2 9 g A% 3 % Ha

A =m?(w?)? + (% - 2m2wd)w? + m2uw}

olm g A———w2°ﬂ \’4!51] 24 ol g g A&

c“—2m“cw 2
W? = — _;n_f__a—wo 2o Ao Ax H401 d
o oA E Ad HUHE A = Awd — Ly & A

.28ER C*(w = 7—2-—2"”’
D" E’ ( maX) c 4m2w%—-c2 -

229 A
AL

2.12. Modeling of Electric Circuits

. LI" + RI' + 1/Cl A ¥4 35§ v Weh.

—4L/C >0 = overdamped
R?2 —4L/C =0 = critically damped
R? —4L/C <0 = underdamped

Rcritzva/C

Ext+fs =00l 3 4
< o, 8% 7?""4; 29 F —C°] °}-’F- o =2
o g —£o] $40l22 a8} B SFold 2E
21y = cle"“ + cpePts R|7bol Aubd 002 zich.
a=pd ALE I = (c1 +cat)ete 0°§_7}'E}-
5 :L°l HZE atwid ALE $29 ¢ 20=—£o)
FolB8 ay SFoli I = “‘(Acoswt +
Bsinwt)@!)‘l 022 zith 1882 Ro] kql 7
Solle & I =1, + Ipe A7e] Avid 2 3ich

o . _ __Ey -
Iy = Ipsin(wt — §) e} 4| amplitude Ip = JRZ452 <
S =04 o HAHE #evh S =wl - Jzolm2

www.20file.org

C = b- 9w Ioe o7t Aok

. LI" + RI' + ;1 = B’ X 92 &

I +2I' + 2] = 50cost
steady state current= FA 2¥o] o3 [, & T3
). Basir ruleo]| 2}8] I, = Acost+ Bsint
I, = —Asint+ Bcost, I) = —Acost — Bsint
Iy +2I, 4 21, = (—A + 2B + 2A) cost

+ (=B —~2A+2B)sint = 50cost & }E
A+2B=50,B—-2A=00}22A=10,B=20
Ip = 10cost + 20sint

. 2I'" + 8I' + 101 = —800sin 5¢

I, = Acos 5t + Bsin5t& 734
I, = ~5Asin5t 4 5B cos 5t
I;,’ = —25A cos 5t — 25B sin 5t
21 + 81, 4+ 101, = (40B — 40A) cos 5t
+ (—40B — 40A)sin 5t = —800sin 5t 2 3§
40B —40A = 0, —40B — 40A = —800 o] =&
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10.

11.

12.

2.12. MODELING OF ELECTRIC CIRCUITS

A=B =10, I, =10cos5t+ 10sin5t

I" +4I' 4 50001 = Qo|=.2 I, =0

31" + 40I' 4 7501 = —2500 sin 100t

$A% +40X 4 750 = 09] &) —50,-30 2 2 %E

In = cre~ 59 4 cpe—30t

Basic ruleo)| 93 I, = Acos 100t + B sin 100t

I, = —~100Asin 100t 4 100B cos 100t

I] = —1002 A cos 100t — 1002 B sin 100t

317 + 401, + 7501, = (4000B — 4250 A) cos 100t
+ (—4000A — 4250B) sin 100t

= -2500sin100t 2 ¥8 A= 2%, B= 13(;*9

I =c1e7 %0 4 pye—30t 4 —15(;"—9 cos 100t + 34 x09 sin 100t

. I + 41" + 201 = 340 cos 4t

A2 44X 4+20=09] & —2:+4i 2 BE
I, = e~ 2t(cy cos 4t + c2 sin 4t)
Basic ruleo] ¢]8] I, = Acos4t + Bsin4t
I;, = —4Asin4t + 4B cos 4t
I] = —16Acos4t — 16Bsin 4t
IJ +4I, 4201, = (4A + 16 B) cos 4t
+ (4B — 16A)sin 4t
=340cos4t & 8] A=5,B =20

I = e~ 2%(cy cos 4t + co sin 4t) + 5 cos 4t + 20sin 4¢

. 0.1I" + 101" + 340I = e~*(330 cost — 9.8sint)

0.1A%2 + 10X + 340 = 0] & —50 4 30i & ¢

Iy, = e~ %%%(cy cos 30t + co sin 30t)

Basic rulee 2]s] I, = e~ !(Acost+ Bsint)

I, = e t[(B —~ A)cost ~ (A + B)sint]

Ij = e t[-2Bcost+ 2Asin{]

I3 + 1001, + 34001, = e*[(3300A + 98B) cost
+ (33008 — 98A)sint]

= e t(3300cost — 98sint) 2 X8| A=1,B=0

I = e™%0t(¢1 cos 30t + c25in 30t) + e~ ? cost

WA A2 1017 + 801 + 2501 = 2405 cos 10t

Basic ruleo] oj&} duts) & 314

I = e *(Acos3t+Bsin3t)— 3 cos 10t+ 3 sin 10t &
dech 27127 e] I(0)=Q(0)=0%1d page 119
("ol @d LI'(0) + RI(0) + &Q(0)=E(0)=0
o]m2J'(0) = 0% =t

Iy=4A-%=o0

I'(0) =3B-4A+88 =9 OI“iA =3,p=-1
I=e"%(2cos 3t— D sin 3t) — 2 cos 10t+ £ sin 10t

wRja e 21" +8I' +10I =0

St I = e %(Acost + Bsint)

£71270] I1(0)=Q(0)=0 Ud| page 119 (1)} £
8 2I'(0) + 8I(0) + 55 Q(0) = E(0) = 10
o]m2]'(0) = 5% ded.
I0)=A=0,I'(0)=B-—-2A=50|l2%
A=0,B=5 I=5e 2tsint

g ALe 051" + 31 4+ 12.5] = —60sin 5t
dubs]= I = e~3%(Acos 4t + Bsin4t) + 4 cos 5¢

13.

14.

15.

16.

17.

18.

35

z7|270] I(0)=Q(0)=04d# page 119 (1")d
o8 0.5I'0) + 31(0) + 12.5Q(0)=E(0)=12
ol Z2I'(0) = 24¢ 3=t}

I(0)=A+4=0, I'(0) = 4B — 34 = 24 |22
A=-4,B=3

I= e—3‘( 4cos 4t + 3sin4t) + 4 cos 5t

wgale 101" + 101 = 10

dulsj= I = Acost + Bsint+ 1

101'(0) + IOQ(O) = E(O) =02 2¥ I’(O) =0
I(O) =A+1= 0,1,(0) =B=0 0]51[ =1—cost

b AL 27" 4 200001 = 0

Aulsi= I = Acos 100t + Bsin 100t

21'(0) +20000Q(0)=E(0)=1102.2 3¢ I'(0)=55
I(0)=A=0,1'(0)=100B=55 o] =& [=0.55sin 100t

kg Ale 27" + 200 =0

gub#] = I = Acos 10t + Bsin 10t + m— cos 4t

2I'(0) +200Q(0)=FE(0)=02 2 & I’(O) 0
1(0)=A+2=0,I'(0)=10B=0 0|2 =

I= “0 (cos 4t — cos 10t)

DEELELET

t
Q(t) = Q(0) + /OIdt = 0.0055/0
= 0.0055(1 — cos 100t)
ii) mhabol] ojs) A;
2Q" + 20000Q = 1109} Yutsj=

Q= Acos 100f + Bsin 100t + 2(1)(1)&)

sin 100tdt

Q(0) = A+ 55585 = 0,0 =I(0) = Q'(0)=1008
33-’?‘5‘1 Q = 5532-(1 — cos 100¢)
9 Axst AR -

(a)2=%) 9} Alo] o2 3be] damping constant’} 1}
ehtn gA] sl 2ubgAle] dadte] Ao vehdel
T-l

(b)I”+RI’+EI=E’9+ my" +cy’ +ky=110cos 5t&
slasfd R=2=R=10,C=2=2%
E' = 10 cos5¢ = 55cos 5¢, E = 11sin5¢

(a)lp = Kei“’“, I, =
I = (w)?KeWwt =
LI + RI, + &Ip
=FEowewt
I, = Kevt = ——E"ﬁ;ﬂ(cosut +isinwt)®} A4
e §—r+%7 coswt + Fﬁ‘:i%g sinwt

= —ETE%I(S coswt — Rsinwt)
(b) K = =Pz = ey = 12
()" +I' + 3 = 5¢* % &}
I=ce'z 59,I' =ice®,I" = —ceit
I" 4+ 7' 43I = (2 +1i)ce™ =5e't 2 3¢
c= 2——2—1 I=(2~1i)e't
12 4B B 9cost+sint

iwKetwt
—szei““’
=(—w?L + iwR + -é.—)Kei“’t

www.20file.org
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2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER

2.13. Higher Order Linear Differential Equations

. 44 viubo|: 477} B 5 mjute] & o)}

1 =z =z z3
0 1 2z 3z2

W= 0 0 2 6z =12#0
0 0 o0 6

o] ®. & basis

y=cot+az+cxrl+cazrios £ 22 E
Zohe A8 Fod

1 0 0 o co 1
0 1 0 0 c1 _ 0
0 0 2 0 c2 - -1
0 0 0 6 c3 30

oz y=1-1z%+52°

. 3z w|¥tolx 377} ZF wlute) 5‘“°]‘4

e< e~ e2z 1 1
W=1| e® —e % 22 |=¢2* 1 -1 2
e eTT  4e?® 1 1 4

= —6e2% #£ 0 o] B Z basis.
y=c1e® +c2e”% +¢c3e2® 2 £3 A2 AL AF

ste #E Foial

1 1 1 c1 - -2
1 -1 2 c2 = -5
1 1 4 c3 —11

2 ZHEy = eT — 3e27

. 3% u]abol 3 3747 25 wjuke) sfojc).
1 T z?
W=e9] _3 1—-3z 2z — 322
9 —6+9z 2-— 124 922
= 2e~9% £ Qo] 2 Z basis.
y=(co+caz+exte 3z £3 2rzde 4x
= & e

1 0 0 co 4
-3 1 o0 c1 = ~13
9 -6 2 c2 46

o2 HEy = (4 — zaz2)e™ 3

. 3% ujdtolx 3747} 25 vte] sfo|t}.

1 cos T sinz
W=|0 -sinz cosz |=cos?z+sinz
0 —cosz —sinz
=13# 0 o}]2 2 basis.
y=c1+cpcosr+c3sinz® FI X7 EHE UE
e #e 734

(35 3)(5)-(2)

o2REy=12+4+3cosz

. 4% vjubelx 477 =% wlute] & olc).
@9_]/(3- cCOST = c,sinz =sE _\3_:._7]‘5‘}331‘:]'

c s c s
_ c—s c+s —c—5 c—s
W= —2s 2¢ 2s -2c

—-25—2¢ —-25s+4+2c —~-25+4+2c 2s+4+2c
= 32 # 0o]= = basis.(Wx &Gl ATt 00] ofr]e]

www.20file.org

= QA NA 0e] of]ch)
y=c1e® cosx+cre* sinc+cze T cosr+cge Tsin
253 A7 2AE 45 HE Tk

1 0 1 0 cy 0
1 1 -1 1 e | | 2
0 2 0 -2 c3 - 0
-2 2 2 2 C4 4
o z8Ey=(e"+e *%)sinz
. 4x% vltol: 47F 7} BF wluke] g o}

coshz sinhzx cos T sinz

sinhz coshz -—sinz cos T
"~ | coshz sinhz —cosz —sinz
sinhz coshz sinz —cosz

=4 # 00|22 basis.(Wx @He 2t 0o] ojr]ol T
A A4 00] ohfc}.)

y=ci coshx + casinhz + c3¢cosz +c4sinz & 53
£7124& W58: 8 T

1 0 1 0 c 1
0 1 0 1 c2 . 1
1 0 -1 0 c3 - 1
01 0 -1 c4 1
o 22 ely =coshz +sinhzx
- 37 m|pelm 3747 B 5 vlube & o|c.
iz z!
=10 1 —z72 | =2:"3:£0 o] 2 basis.
0 0 2778
y=ca+tcrtcr iz 531 272HE ¢S5t
g Fabd

1 1 c1 4 M
1 -1 c2 = —8
0 2 c3 10

o28Ey=2-3z+5z"!

. 43 upibol:m 4747} B % v]ubel s)olx).

cosz sinz cos 2z sin 2z
w=l|" sinzx cos T —2sin 2z 2cos2x
—cosr —sinx —4cos2z —4sin2z
sinz —CcoszT 8sin2x —8cos2z

= 18 # 0o} =2 basis.(Wx &F {1t 00] ojr]e]
= A A 00] obyt}.)

y=ci1cosx+casinz + c3cos2x +cq5in2z8 F 1
2727 ¢ HESE HE Topd
1 0 1 0 c1 1
0 1 0 2 c2 _ 1
-1 0 -4 0 ¢3 - -1
0 —1 0 —8 cq —4

2 Z2BEy=cosz + & 5 sin 2z

.4z “l‘%}°l-x- 47t 25 ulte] gl

1 cos T sinz
2 -2 ~—sinz cos T
W= .
4 4 —cosz -—sinz
8 -8 sinz —CoST

= —100 # 0o] 2.2 basis.(Wx gFo| 41t 0o] o}y
ojx A A 0c] o}rict.)
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10.

11.

12.

13.

14.

15.

2.14. HIGHER ORDER HOMOGENEOUS EQUATIONS WITH CONSTANT COEFFICIENTS

c1€%® +c2e7 2% LezcosT+eysinzE B3 272 A
< Ese §E i

1 1 1 0 ¢y 4
2 -2 0 1 c2 . —4
4 4 -1 0 c3 - 16
\8 -8 0 -1 c4 4
o2y =2(e** +e"2%) ~4cosz
coS T sinx sin 2z
W=| —sinz cos 2cos2z
—cosx —sinzx —4sin2z
z=0
1 0 0
=1 0 1 2 |=-4#00]2%
-1 0 -4

linear independent

2

7w cos?z + wsin? z = 7 o] T2 linear dependent

In(z?) = 2Inzo] 2% linear dependent

cosh2z 1 1 1
W= 2sinh2zx 1 -1 2
i 4cosh2z 1 1 4
8sinh2zx 1 -1 8 | _
z=0
1 -1 2 1 1 1
=1 1 4 14+4]1 -1 2
1 -1 8 1 -1 8

=12 — 48 = —36 # 0o] =& linear independent

sinh 3z = 1e3® — le=3%0|m 2 linear dependent
2 3 P

(z +1)? — (z — 1)2 = 4z} .2 linear dependent

16.

17.

18.

19.

20.

37

- Inz (Inz)? 1 1
z~! olnz 1 -1
W = _1_2 2 l—jn x 1 1
20.=3 9 3:5:]::2:0 Inz 1 -1 -
0 0 1 1
{1 0 1 -1
- -1 2 1 1
2 -6 1 -1
1 0 -1 1 0 1
= -1 2 1 —{ =1 2 1
2 -6 -1 l 2 -6 1
=2-10= —8 # 00]Z & linear independent
Fgrd €t FFoE FHN  glomsz
cosz,sinz,19 YAEHE =A}sld el
cos T sinx 1
W=| —sinz cosz 0 |=cosz?+sinzg2
—cosz —sinz 0

=1% 0 o]= 2 linear independent
02 & ¢4 linear dependent

A=A 4~ viubol el characteristic equationo] B =
LA 224 8 Fog dfBHSEE 2749 O &
Aol Goh(2 53 oAl AT 22 FAo| EAstx]
#ech)

(a) (Dk-0+0-y1 =08 2tF3lE 0o] ofd kv}
EXstez gd 0¢5E 2t AP
linear dependento]t}.

(2)2% = go}.(22 £ 28 3 L ol f)
(3)2ds 2¥a @oh(AE Tl T/Se
y=0°] 31& FX glt}) .

(b) 45l BAE Az %A linear depen-
dent& #F¥ 4+ A=, linear indepen-
dent& %= st2]" Wronskian & ZA}#jof gt
c}.

2.14. Higher Order Homogeneous Equations with Constant Coefficients

. )\4_16:0%%‘& A==£2,12{ o)l2 7

y = c1e®® + c2e7 2% 4 Acos2z + Bsin2z

A3 ONF2TA427T=0 & =

A= —3(4%%) olm g
Y= (01 + cax + 6312)6—31

LAt -2X24+1=0% £d

A=-1F3),HFD) oluz
y = (c1 + c2x)e™ " + (c3 + caz)e”

St +222+1=0¢ =49

A=i(FZ),—HFD) olnz
y = (c1 + caz) cosx + (c3 + caz)sinz

A 222 A 42=0¢ EH A=-1,1,20]m"

y =c1e”% 4+ coe® + cze?®

10.

M52 +4=0%& B9 A =+i,42i 0|22
y = Aj cosz + Az cos2z + Bj sin 2z + Bj sin 2z

N -X-A+1=0¢ By
A=-1L1ZFZ) olmR
y=cre"* + (c2 + c3z)e®

A3 -3A+2=0¢ Ed A= ~-2,1(F2) ojuz

y=c1e” % + (c2 + c3z)e”
16X - 432 +9=02 F8 A=%},25 ojmz
y= cle%z -{—cze—%z +C3e%’ +C4e_%z

M +6X2+1104+6=0¢ =d
A=-1,-2,-3 ojnz
y=c1e % 4 cpe 2% + ¢3¢~ 3%

www.20file.org
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11.

12.

13.

14.

15.

16.

17.

2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER

A =00] 08 45202 JlA B g ks
y=ard +bx?+cx+1

y0)=a=1

¥ = 3az? + 2bz + ¢,y (0) = c =16

vy’ = 6ax + 2b,y/(0) = 2b = -4

Yy =6a,y""(0) =6a =24 2 R¥
y=423 - 222 + 16z + 1

M_3X2430-1=(A-1)P¥=0L 1235228
7tx 22 dtd e y = (az? + bz + c)e”

y(0) =c=2

¥ = (az? +bz + ¢ + 2ax + b)e®

YO0 =2+b=2,b=0

¥ = (az? + ¢ + 20x 4 20z + 2a)e”
¥'(0)=24+2a=10, a=4 0|22
y:(422—|-2)6z

A X2 A4+ 1=00] 1(ED)H-1& 222 7HA=
2 dutgle y = (a +bx)e® +ce”*
y0)=a+c=2

¥V =(a+bz+b)e® —ce”®, y(0) =a+b—-c=1
¥ = (a+ 2b+ bx)e® +ce™®

Y0 =a+2b+c=032 2¥
e=2,b=-1¢=0, y=(2—x)e*

Ayksf =

y=-ci1e® +ce" T+ Acosz + Bsinz
y0)=c1+ec2+A=~1
y’(0)=c1—cz+B=7

¥'0) =ci+eca—A=-1
y""(0)=c1+c2~B=7& d¥s) Ed
y=3e® —4e™*

Adutal = c1e® + coe~ + cze~ 5%

yO =c+catez3=5

¥(0)=¢c1 —cp —5c3 =0

y"'(0) = c1 4+ c2 +25c3 = 1258 Ay =
y=%e® — Ze7 + 557 = 25sinhx + 552

dutsi=

y = Ajcosz + By sinz + Az cos3x + By sin3z

y(0) = A1+ A2=0, y(0) =B1 +3B2=0

y'(0) = —A; — 94 =32

y'"(0)=-B) —27B; =0 & d4gs ==
=4cosx —4cos3x

y1 = e *cosz,y; = e~ Tsinx

y3 = ze T cosz,ys = ze " Tsinzeta & Yitsl =
y = Ay + Byz + Cys + Dy4

0l Ao v EASFEL,

18.

20.

W1, 997,900 = (1,-1,0,2)

(y21y,2)y,2,sy’2”)}z=0 = (07 1: _272)

(3,95, %%, 95 )| .o
= (zy1, 2y + y1, 2v) + 2y, 3y + zy)!
=(0,1,-2,0

oyl

y47y47y4;y4 )|z=0
= (zy2,7y) + y2, 2y + TY5, 3yy + vy’
=(0,0,2,—6) ojm g

y(0) =a =1

yY(O0)=-1+b+c=1

y"'(0) = —-2b—2c+2d = -2

¥"(0) = 2+2b— 6d = 28 AYstd

a=c=1b=d=0

Answer :y = (1 +z)e " cosz

)I:c=0

)|:c=0

dubslE (c1 + c2z + caz?)e™ 2
Y0 = =1,y0)=-2+co=~2,c0=0
¥ (0) =4+2c3=6,c3=10]2F
y=(1+z2)e 2
(a) e*%q) &% Zgtciwd characteristic equa-
tion & XA — A\ 22 UFoH vyt H4E
@& 5 AUk

(b) y2 =uyiol™
Yy = u'yr +uy
vy =u'y1 + 2u'y] + uyf
ylzll - ul”yl + 3,ulllyl1 + Sulylll + uyllll
y27t Y 2HL
0 =y’ + p2yh + p1yh + poy2
— u///y1 + 3uuy/1 + 3ulylll + uylll
+p2(uy1 + 2u'y) + uyf
+p1(x'y1 + uyi) + pouya
HAAE Fesd
yiu" + (3y] + pay1)u”’
+ 3y + 2p2y} + 1)’
+ (v’ + p2yy + p1y} +poyr)u =0
e} Aol A yio] Hel=2 ubx|ul 32 Qo]
o} 2828
2" + 3y} +payn)2’
+ (3yy + 2p29t + p1y1)z = 0 2 zo}l sy
u = [z(z)drol: y2 = uy1 22N N2 &
#ly & 78 + 3o
(© v~ 3y + =8y — =g =0
22" +(3-3)2' +(0-2+8-z)z =0 ¢ 2
2z ~22=0,2"'—2=0
z =c1€% 4 coe~ %
y2 =z [ zdz = z(c1€® + c2e™% + ¢3)

2.15. Higher Order Nonhomogeneous Equations

A3 43041 -0 & FH A= -1(337)

yn = (€1 + c2z + c3z?)e~®

Sum ruleo| wa} y, = Ce® + K1z + Ko E58 5
T8

yp = Ce® + K1,y =y, = Ce”

yp' + 3y, 4 3y, +yp = 8Ce”™ + K1z + 3K1 + Ko

www.20file.org

=8"+z+3 2 X C=1,K1=1,K¢=0
Yy=yr+uyp=(c1+coz+ecaz®le *+e* 4z

y=z"o| YA L gEsty
mm—-1)m-2)+m(m-1)—2m+2=0
md—2m? - m —-2=0, m=-1,1,2


www.semeng.ir

2.15. HIGHER ORDER NONHOMOGENEOUS EQUATIONS

yn = 127! + cox + caz?
ol 4| page 140 (7)ol o8] E44) y,& T3
n=z"ly =z,y3 =2%,r =lng

T z z2

W=| -z72 1 2z |=62"!
2¢=% 0 2
0 z z2

Wi=]0 1 2z |=g?
1 0 2
z=1 0 g2

Wo=| ~z=2 0 2z |=-3
22783 1 2
1 x 0

Wis=| —z72 1 0 |=2z"1
2273 0 1

3
Y=yYn+yp = cla:‘l+czx+caz:2+3'8—lnx—3—72x3

- A4 2;‘]/‘1 r=Inzfdle) r =275¢] Bgo|c}.
Yp = ;yi/%rdz
= x—l/(;_:x—sdm+z/6:1 5dz
+12/—(2i%:—1:c‘5d:c = —-1}5:::_2

1
y=cz"! +coz +c3z? — Em—z

AR F2AZ A 2=09 HE —2,-1,1

Basic rule o @} yp, = Ko+ K1z + Kox? + K339

HE Bod y, =223 — 322 + 152 — 8

Answer 1y = c1e7%% 4 ¢cpe™ % + cse® + 2z3 — 322
+ 15z -8

A AT 4 =09 HE1,2,-2

Basic rule of og y, = Ce~%al #& o
Yp =2e~°%

Answer : y = c1e® + cpe2® + ¢ze~ 2% 4 22

. A% —6X2 +12) —8 =00] 352 28 slxuze
n= e2z’y2 = :z:e2z,y3 — I2e2x

1 z z2
W =¢b2| 2 2z +1 222 + 2r
4 4z4+4 422 +8rx+2
1 =z z?
=eb7| 0 1 2z = 2¢8=
0 4 8z+2

0 =z T

Wi=e®| 0 1 2z = etz y2
1 4 8z+2
1 0 z?

Wy=e* 0 0o 2z = —2et%y
0 1 8z+2
1 = 0

Wi=el®| 0 1 0 |=et=
0 4 1

r= x%ez ojm &

2ebz 2¢6z
4z 2z
9 2. [€FT2e
+ z‘e / 5oz x
ZCZI;Z% _zCZ.th—g- +(L‘2€22%1‘%
T 2 1, 174 8
=(s— <+ Z)xZe®T = ——z7e%®
G-5+3) 105" ¢

8
dutdl = y = (Cl + coz + 6322 + 1—05-:1:%)@2”

7. mm~1)(m ~2) +3m(m ~ 1) =0
m(m—1)(m+1) =0 o2 3¢
=Ly =gz,y3 =z7!

1 z gzt
W=|0 1 -—z=2%2 =238
0 0 2z73
0 z z—}
Wi={0 1 —z72%2 |=_92z-1
1 0 238 .
1 0 z~t
Wo=10 0 —z-2 |=g"2
0 1 273
1 =z 0
Wes=|0 1 0 |=1
0 0 1
r= % ol
Wi o [~2z—1e 2
Wrd::_ )221__3 xdx——/:ce dz
=(1-1z)e
72 ¢ .
/—VT/—sz—/2x—3 = dr = =¢
Ws _ 1 e* _ 2 2
Wrdx_/zz_sx _—/zedz

= %(zz -2z + 2)e® .
o] page 140 (7)ol o3 yp, & A4tatwm,

3
w;
Yp = E Yi / —rdz
=1 w

1 1 2 1
- _ £ Zop el —9 ZVeT = Z,pT
(1-z)e* + 2ze + 2(z + zz)e are

€
il y=c1 +coz +ezz ! + -

8 dm(m—-1)(m-2)+3m—-3=0
(m—-1)(4m? —8m+3) =0 oz H¥
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2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER

1 3
y1=$,’!/2:1‘f,y3=1¢23
T T2 T2z
1 -1 3 1
W= 1 3T 2 572
1 -8 3 -1
(] —3T 2 3T 2
1 3
0 Lz2 _l.3
2 1 2 1
=1 1z72  32z2
1. -3 3 -1
0 —le 2 Zziz
le _lzg 1
=—| 2 2% |=_1
1.-3 3 -1 1
—ZI Z:l:
1 3
0 T2 T2
1 1
Wi=jo %x‘ﬁ %E =z
3 1
1 —fz72 3273
3
z 0 Tz
3,1 1.2
Wa=1}11 0 522 = —32
1
0 1 32z7z
1
T x2 0
1 1
Wa=|1 1z72 0 |=-322
_3
0 —%a: 2 1
5
r=g2 ol g
3
W; d
Yp = E :yi ET T
= w

1 1

—4 (z/x%dx - —:r:%/a:‘lda: - —x%/:c3d:c>
2 2
4 H )

A2 4 3A2 432 41=00] 332 ~-1& 7Ix=g
yr = (co + 1T + cax?)e™*

Basic rule o @z} y, = e"*Acosz + Bsinzgl
FHE F3lH yp = e “cosz

y = (co + 1T -+ c2z2? + cos z)e~*
y(0)=co+1=2,y¥0)=c1 —co—1=10
y¥'(0) =2¢c2 —2c1+co=—1 2 ¥¥
co=1,60=2,ca=1, y=(14+2z+z24cosz)e"*

E
=

mim—-1){m—-2)+m-1=09 8§ 1352)ozy
8 y1 = z,52 = zlnz,ys = z(ln)?

z zlnz z(ln z)?
W=|1 Inz+1 (Inz)?+2Inz
o i 2(lnz)l + 2
z zhz z(lnz)? 1 Inz (lnz
= 0 1 2lnzx =| 0 1 2In
0 —i— 2(lnx)% +% 0 1 2lnz
1 lnz (Inz)?
=0 1 2lnz | =2
0 0 2
_ | zinz  z(lnz)? | _ 2
Wi = 1 2z | = z(lnz)
_ z z(lnz)? |
Wz =— 0 2lna = —2zlnz
z zlnz
W3 = 0 1 =z

»

11.

12.

r:% ojE g
3
Wi
= i | —=rd:
w=Su s
2
= g/(lnxfdm—xln:c/lnzzdx—i— z—(l—n;—)/ld:c

= g[z(ln z)? — 2/ In zdx}

2 2
—zhhz(zlnz — z) + 2’(lnz)”
=Z[z(In)? — 2(cInz — z) — 2Inz(zInz — z)

+ z(ln z)?}
y=ocaz+cexrlnz + czz(lnz)® + 22

vV =a+l=Ly(l)=c1+c2+2=3
yv'(1)=co+2c3+2=3 5 2¥
c1=0,c=1,c3=0, y=zlnz +z?

m(m —1)(m —2)—3m(m — 1)+ 6m —6 =09 &
1,2,3 o 2 2g]

y1=%,92 :$27y3 =z3

T iL‘2 1E3 T .’1}2 133
W=|1 2¢ 322 |{=|0 =z 222
0 2 6z 0 2 6z
S i :
|z T _ .4 — z T — 93
W= z  2z? =z", Wp= 0 2z2 I— 2z
2
N — 2
W3—‘ 0 z =z
r = 24z2 o]m 2
3
w;
= i | —rdzx
Yp Z;yﬂ/‘y
4 3 .
_ T 2 o [—2z 2
_1/5;—5242 dx+:c/2$3 24z°dx
+§/$2mﬁm
2:1:33 ,
:122%——24::2I—+12:c3—z——=r5
y =1z + cax? + caz® + 28
y0)=ec+ecztez+1=1
vY(O))=c1+2c2+3c3+5=3
y"'(0) = 2c2 +6¢3 +20 =14 = ¥ E
c1=1,c0=0,c3=-1,y=z—2%+4°

A 41002 49 =09 &) +i,+3i & e
yn = A1cosz + Bysinz + Az cos 3z + By sin 3z
Basic ruleo]| g} y, = Acoshz + Bsinhzgl &4
HE Rod yp =y =yp olmR
¥y’ + 10yy + 9yp = 20Acoshz + 20sinhz

= 40sinhz 2 ¥
Yyp = 2sinhz
y=Ajcosz+ Bysinzx

+ A2 c0s3z + By sin3z 4+ 2sinhx

y(0) = A1+ A2 =0,y(0) =B;1 +3B2+2=6
¥(0)=—A; —9A5=0
y'"(0)=—B; —27B2 +2=—26 & 2§
Al =A2=0,Bi=By =1
y =sinz 4 sin3x + 2sinhz

www.20file.org



www.semeng.ir

13. A3

Yyn = €1 + c2e%® + cze™2®
Basic rule o} Wzl yp, = Acosz + Bsinzql E43)
& #Hod y, = —2sinz + coszE AL 4 gk
y=c1+ coe?® +c3e" 2% + —2sinx + cosz

y0) =c1+ecz+eca+1=3

y’(O) =2c2 ~2¢c3 —2= -2

y'(0) =4dco +4c3— 1= -1 % 2§
c1=2c2=¢3=0, y=2—2sinz+cosz

2.15. HIGHER ORDER NONHOMOGENEOQOUS EQUATIONS 41

— 42 =09 8 0,42 = 2§

15. (D — 1)(D? — 2D + 2D)(D? — 4D + 5)y = e®ql

3

S AdF Elyp = Zyl/—-rdzi T yp7t

ceyeirt & é"é’ﬂ&‘a‘:}
characteristic equation®] #{7} 1,1 +£14,2 + jo]B =2
y1 =e%,y2 = e*cosz,ys = e¥ sinz,

ys = e?®cosz,ys = e sinzE £33 HUA

Y
Y/
W=| Y78 ARSHE (Y = (y1,92,05,04,35))
YIII
y4)
Y' Y Y Y
YI YII YI YI
WI — YI/ + Y/l + YII/ + Y/l
y' Yy’ vy Y(4)
y(4) y(4) Y4 Y4
Y Y Y
Y’ Y’! Y’
+ vy vy — y"
YIII YIII Y/II
y(3) Y (5) 7v ) 4+
Y
Y/
=70 Y | = TWelmg(-- 32L& 3xu|Ro3t
YIII
y(4)

) W =ce™olt}. 7] 4 7L

2(1,144,2+4)59

e, olg duksteld, A5 A Su]e] Wron-
&9 el "ot

skian ce** (s

ohRILA] o) R 2 y2,¥3, ¥4, U5
(D? — 2D +2)(D? ~ 4D + 5)y = 09} sjolm g

Y2 Y3 va
7 7 '
—_1 Y2 Y3 Y
Wi =
v: Y3 Y
ylzll yéll yl4[l

(BFE L5 c2

W,
y1/~w1—rdx = ce®

5t}

6z
e’z

e
——e%dz = ce”

& & F Ak (Tl 352U AEE o] A9
d DA F9E 4 i)

22 1y

/%—rda:+y3/

W,
-v—Vgrda: = ce*

& Bolx. wA Wa, Wag Aitsl 2,

Y1, Y4, Y57}

Ly = (D ~1)(D?

—4D +5)y = (D3 -

5D2+9D —

5)y=0%} soj=z

yIII ygl y/4/l y,5”
2% Y4 Ys
- ¥ ) s
vy vy vy
53//1/ - 9111 + 5y1 yZ - 9y4 + Sy4
n Y4 Ys Y3
/A v5
oY v W vy
0 0 0wy —5y5+9y;—5ys
Yr Y4 Ys
=Ly v vy vs | = —e¥Lyselm bt
vi vi vy

AE Axstd Wi = 52 Ly,9de 4 4 9o, (Heja
A Lol z@A gt B2

A9 ?ﬂ’&éﬂ}?— o] &3t
W —e’* L
—2rdx = /—i—7£ “dr = —/e_ILyadx
e T

5z
/%rd / Lyz edz = /e_’Lyzdz g

=}
€ 53z 'r'r'—u—‘?'“i}y =yY2 - Ys, Y3 = y3 + 128
o] &3}, /Wrdx: ——/e ?Lysdz

=e ®Lys - /e"(Lyg)’dz

=e *Lys — [ e~ *(Lys + Lyz2)dz

w- w.
=e *Lys +f—‘7V3rdz— /W?’-rd:c 2 X
= e "Lys o2 wlRIAZ ol R

e~ FLypolt}.

[
[ =

s|%§|€

o} & y2/-—rdz +y3/%rdx

= e "(y2Ly2 +yaLyz)Ldl,
T =yaLyz +ysLys& vl&sind
T' =y Lys + yo Lyh + v Lys + ys Ly}
= (y2 ~ y3)Ly2 + y2(Ly2 — Lys)
+ (y3 4+ y2)Ly3 + y3(Lys + Ly2)
= 2(y2Ly2 + ysLy3) = 2T o] 2.2 T = ce?%o|t}.

ayEg yz/——rd:c-i-ys/—rd:c = ce 9
< Fla
y4/vKV-rd: + yS/—v‘;’—frdzE shRztA] whgo g
ce®7t & & & 9

ol el A & ups} ol A wlubel A ro] x|
%4 Y Z$+= variation of parameters& o]2-8 £
THE THEY cryele] HE FLEZ cryeo &
T $3 EQtcie F ¢ F Aok 2822 Basic
ruled]] AF yp = cr2 51 EF5HE T e
AG4E decha sA.
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11.
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2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER

Chapter2. Review

. homogeneous equation of| 4 #]2] §+& o} 7 =

= e e et es gt §S Fabe ideas)
a2 gt

ulube] A4atE 2 a st

- o= it o e AT E I¥HE lin-

ear dependent1¥ x] ¢ o= linear independent.n]
8} 2] basist= linear independento]ofo} §ic}.

7} He2lE AAEA lin-
ear independente] ¥-& 7tet3] dof =T AL,
dubd e nre 452 Wronskian & ZAbsf ok
gt

. o} 22 2] mechanics FAlA 7 A 2HE F =

ma = my"'o} 7|1% 27 vl EYE YL WA o]
vehdr] HE.

. el A2l FEZ linear independentE of7|st&=A

AZ A42] H¥to] A linear independent& of 7)3}
= e Ag HS 1Yol 22 T o4 A
linear dependentolt}. 12 B 2 o}F 2ju]7} ¢lci.

AF FAEANANE Fo1d 271G S BARNES
& 5t 8 (particular solution)g F#j o} gr}.

n — 14 =¥F7xe] g5 4E
o}Zl n x n¥Be] PZPA. linear independent B-F
wx]=dl {433, homogeneous equation 2} ba-
sisE 2 X 548 & T3} variation of parameters
method formular o) &£ ebdc}.

. A4A 4w A3t Euler-Cauchy 83 A)

y(") + an_l(m)y("_l) + an_z(z)y(n—z) + - 4
az(z)y" + a1(z)y’ + eo(x) = r(z)d wiwellA
an—1(x), an—2(x), az(z), a1(x), ao(z), r(x)7} Fo
% F7 I} A continuous o] Foixl uv|utg& T3
Z71GEAE FAR F IdA #4845 7Hxd

o4& Eof r(z) = e*7} homogeneous equation 2 3|
7} = basic rule yp = ce®H Ao} yp = ze*2 F
I EFEHE 3= Y& Modification rule o] & gtc}.

n
W;
= i | ——rd
¥p ;yszr z
nWitypWot - +yn_1Wn1+ynWn =0
y{[W1+y12W2+"'+y:7,_1Wn—-l +y;Wn=0
y'l'Wl +y’2'W2 Fotyl _ Wa1+yiWa =0

WTOW 4+ Wl + 40 PWa =0
yPTOWL 4 g U 0T, =W
& ol gate yp7t S5t H& T 4 sk

13

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

linear equation o} ¢} g 7]|u|&

FATE e A4 FEE A AL FEHES
7tAe A3t ded F AZE 7hale A$E over-
damping o, £2& 7}Al= #$+= critical damping
of & 32¢ 7}x& 7%+ underdampinge] & 3¢
t}.

input source £} frequency w7} system2} frequency
wo = 1/% o 7}7h-&w solutiong] &7} 2 ampli-
tude & 7Ixl9 FF 3+ A& resonance(FH)olet
.

4XNT 4+ 24X+ 37 =09 ) -3+ JiZ ¥
y=e"3%(Acos 3z + Bsin }z)

232 —3X—2=09 3 2,-1 2 2

yn = c1e?® + cpe” 3% & o3 Basic rules] g}
vp = K2z + K1z + Ko 1 548 & 7F3td

yp = 22308 WEthy = c1e? +ore” 37422 -3

m2 —9=09 & £3 22REy=crzd+cpz?

m? —4m+4 =09 & 2(FZ)= L¥
yn = (c1 +c2 ln:lt)l‘z% A3 yp = cd EFHE 7
S yp =38 Btk y=(c1 +colnz)z? +3

A —4x2 - A4+4=09 & 1,-1,4 = 2

yn = c16% + coe” % + cae® & 3T Basic rule o,
2 yp = Ce?"Q] 8§ 2ow yp = —5e°F dedl.
y=rci1e® +cae” T + czel? — 5e2z

m(m — 1)(m — 2) — 9m{m — 1) + 33m — 48 = 09}
& 2,46 22XE y=cyx? + cax? + cazb

A —2rA+ 72 =08 & v & 2

yn = (€1 + cax)e™

e™ 9} ze™ 7} homogeneous equation 2} sfo]x.
& Modification rule o we} y, = Cz2e™ < #&
oy, = 2%e™ & derh y = (1 +car+z?)e™

M2 4+2=09 & —1+iz B¢
yr=e"*(Acosz + Bsinz)

Basic ruled] w2} y, = e *(a cos 2z + bsin 2z) Q) &
E ZodH yp, = —e"Tcos2z o] BB
y=e"*(Acosz + Bsinz — cos 2z)

A +4r+4=09 = —2(FD)

. y1 = e~ yp = ze~2¢ 2 %3 variation of param-

eters method& WA y, & 3o
r=0 W =ete(15% B4 159 %%)

Yp = -—y1/%vzrdz+y2/ywlrdz

-2z ,—2z -2z ,—2z
_ ze € _ e €
= —¢€ 2z —— —dx+ze 2z e dx
e—4z 2 e—4x 2

=—e @ injz| - e % ol g
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25.

26.

27.

28.

29.

30.

31.

32.

33.

CHAPTER2. REVIEW

y = (c1 + caz — In|z])e™2*

A =522 +4 =09 o +1,422 By

Yr = c1€” + coe™% + c3e?® 4 cpe— 27

Basic ruleo] w2} y, = Acos2z + Bsin2z #&
oy, =cos2x o]lm B

y = c1€® + c2e”% + c3e2T + cge™ 2% + cos 2z

AB—2 =09 8 0,£12 8 y, = c; +coe® +cze—?
sinh x7} homogeneous equation & #jo]2 2 modi-
fication rule ¢ u}z} yp = Czsinhzgl & sto o
Yp = -é—:c sinhzo]lBZ 2

¥y =c1+ cze® +c3e”% + %z sinhx

M43 +30+1=09 & —1(352)2 g

yn = {c1 + caz + cax?)e™ o] 1 Basic ruleo] we}
Yp = Acosc+ Bsinze] $|& tod

Yp = —2cosx —2sinz o]|= &2

y = (1 + c2z + c3x?)e™% — 2cosz — 2sinz

NM+A+1=09 8 -1+ iz 2y

yp = e_%’(Acosgz + Bsin -‘4—31)011 Sum

rulee]| Wl yp = Ajcosz + By sinz + A cos 2z +

Bysin2zQ] $j& o

Yp =sinx — 3cos2z + 2sin2z o] B 2

y= e"%’(A cos 32§x + Bsin 32§z)
+sinz — 3cos2z + 2sin 2z

m? — L4m 4 0.49 = 02] & 0.7(52) c2xyg
yr = (c1 + c2lnlz)z® 7ol yp = col B2 How
v =(c1+c2ln|z]}z®7 + i

c= gt = 2

049 — 7

A? -4+ 4=09 H&= 25D)
y1 = e, yy = ze?* g %11 variation of parameters

method& H A y, & Ao
r=<2 W =et*(159 24 159 %)

Yp = —ylfy“l,rdx +y2/%rdz

2T L2x 2z 2z
ze* e e“Te
= —eh/ = —dz + ze*® o —dz
e g e z

= -’z + ze?? In|z| o2z
¥ = (1 + cox + zln|z|)e?®

455 WP A e characteristic equatione] e}
Basic rule off ujg} duts) g Faidd

y = Acos4r + Bsindzr + e*
¥(0)=A+1=6,4(0)=4B+1=-2 g By
A=5B= —%, y=>5cosdz — %sin4x+e’

AA 4 WA characteristic equation®] &9}
Basic rule off we} dutal & 7ot

y=c1€% + 262 + 3cosx +sinz

y(O) =c1+c2+3=1,/(0)=¢c; +2c2 +1 = —6
Z ¥e y=23e® —5e?* + 3cosx +sinz

Euler-Cauchy w49 vy x v} 4 A} variation of
parameters method 2 dulsi-& ¢34y
y=c17% + coz® — 22sinwz

www.20file.org

34.

35.

36.

37.

38.

39.

40.

41.

43

y(1)=ci+ca=5
Y(1)=21+3c2+7 =5+ 2 2y
y =102? -~ 523 — 22sinnx

A4 A 4wk 4] 9} characteristic equatione} s} —24
wiZ $8 dubd s y = e" 22 (4 coswz + Bsinwz)

¥0)=A=1,y/(0)= —24+wB=w-—-2 & Fg

A=B=1, y=e 2 (coswz + sinwz)

AAlg WA el characteristic equation?] &%}
Sum rule o) @2} Yuts) S Faiw

y = Acos2z + Bsin2z + e~ 2% 4 22

y(0) = A+1=2,/(0)=2B~2=2

Z 5B y=cos2z + 2sin 2z + e~ 2% 4 z2

A5 A S WG9 characteristic equatione] 9}
Basic rule o otg} Juts)s aid

y=c1e® + c2e3* + 2cosz +sinz

y(0) =« +e2+2=2,Y0)=c1+3c2+1=1
E ¥ c=c=0, y=2cosz+sinz

Euler-Cauchy #Aale] nx WY A3 variation of
parameters method2 d¥lsf & 73}

y=ci1z+ coz=! + 223
y(D=c1+e2+2=~1,y'(1)=c; — cp + 6=11

2 Rejy=z -4z~ 223

A A 4 w3 A 2] characteristic equation )] & 1(x
)12 R Qs y= (¢ + caz)e® + cze” %
¥ =c+e3=2,4(0)=cr—c3=1

¥'(0) =2co+c;+e3 =02 2y
aa=2c2=-lic3=0, y=(2—1zx)e®
Euler-Cauchy %4 4le] Bx w443 variation of
parameters method 2 Uyls]& 3=

Yy =12 + cox? + ¢c3z3 — 51;

v =a+ec+ezs-1=5
Y(1)=c1+22+3c3+ =13

¥ (1) =2c2+6c3—1= 10, & ¥&
c1=-3,¢2=10,c3=—3, y=—3z 4 102 — 3% - =
A5A4 Y He characteristic equations] &}
Basic rule of] u}2} YutsiE Faiw

y={(c1+cox +c3z?)e ™% —2cosz — 2sinz

y0) =c1~2=-1,9(0)=cy —c; ~ 2= —3
y¥'(0)=2c3—2c24+c1+2=5 =2 HE
c=cz=1,c2=0 y=(1+z%)e~* —2cosx — 2sinr

I" + 20001 + 2501 = 110 - 415 cos 415t
Ip = Acos415t + Bsind15tg 532 I,& stow
I3 + 20001} + 2501, =

[(—415% + 250)A + 415 - 2000B] cos 415¢

+ {(—415 + 250) B — 415 - 20004] sin 415¢
=110 - 415 cos 415t 2 3|
A = —0.01093, B = 0.05273
Ip = ~0.01093 cos 415t + 0.05273 sin 415¢
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42,

43.

44.

45.

46.

2. LINEAR DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER

A2 4+ 2000 + 250 = 02} 3 —1999.87, —0.125008
2 Mg I = c1e1999-87t 1 ;) o—0.125008¢

301" + 501" + 401 = 800 cos 4t
I, = Acosdt + Bsin4ti =3 I,§ 3o
I, = —11—0- cos4t+ s1n4t

WA 0 <t <0.01F7k; IV 4 20017 + 640017 = 1600
AutsE I = ce 180 4 cpe—40t 4 0.25
I1(0)=c1+¢2+0.25=0, I} (0)=—160c; — 40c2=0

o 22E I = 0.0833¢~ 160t _ 0,3333¢~40¢ 4 0.25
t}-& 0.01 < tQl F7k;15 + 2001, + 640012 =0
Gl Iy = c1e7160¢ 4 cpe— 10t

I2(0.01)=c1e~ 1€ + c2e~%4=1,(0.01)
I5(0.01)=—160c1 e~ 1-6—40cze~0-4=1{(0.01) & %¥
I = —0.3294¢160¢ { 0,1639¢ 40t

Zo]%| mass-spring system2] %3 A} &

4y"" + 20y’ + 10y = 100sin 4t

RLC-circuits] QA& LI" + RI' + L1 = E'ol=2
2 L=4,R=20,c=0.1,F = —25cos 4t #3g
t}.

41" +20I' + 2I = 100 cos 10to] =2

41”7 +20I' + 2] = 10020t g F o}-2 I8 445
Hsid "ok I = Kel%2 51

I' = 10Kiel® [ = —100K !0

41" + 201 '+ 2I=(-398 + 2001)Ke1°’t—100e‘°“

47.

48.

49.

50. w

Kel0# = (-0.2006 — 0.10081)(cos 10t + i sin 10¢)
oln 2 Kellito] Al4=m = _0.2006 cos 10t+0.1008 sin 10t

v +2y +6y=sin2t+2cos2t
Yp = Acos2t 4+ Bsin2t2 £33 y,& 318
Yp = isin2t

0.125y"" + 1.125y = cost — 4sinte] Yt =

y= Acos3t+ Bsin3t+ cost — 4sint

Z7|2A y(0)=A+1=0, y’(O)—3B 4=0
ogHE y = —cos3t + 2 3 8in3¢ + cost — 4sint

wo=\/;=3

A2 42046 = 09 & —1 % V6iz 3E ulsle
y = e (Acos V5t + Bsin v/5t) + 3 sin 2t
27zAy0)=A=1 y’(O) VEB—A+4+1=0
osgRgy=e" COS\/_t+ 3 sin2t

= £ = 240]3 page 116 (15)o] 95
=2(24~w?)d W], & w = 4¢ ] # o} amplituded
e}, e a1 w9 amplitude: page 116 (16)¢]
B _ﬁzﬁfﬁ = 0.5597} it}

AMZ ¢’ + 4y + 24y = 10cos4te] Yuss F
sl 2w, Basic ruleof] wa} y = e 2¢(Acos2v5t +
Bsin2v/5t) 4 0.25cos 4t + 0.5sin 4t o AA
# 2] amplitudex v0.25% + 0.52 = 0.559.2 A} page
1169 Ao} o xjge}.

2
Wo
42—
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CHAPTER 3

Systems of Differential
Equations,

Phase Plane,
Qualitative Methods

Systems of differential equations occur in various applications (see Secs. 3.1 and 3.5).
Their theory (outlined in Sec. 3.2) includes that of a single equation. Linear systems:
(Secs. 3.3, 3.4, 3.6) are best treated by the use of matrices and vectors, of which,
however, only modest knowledge will be needed here (see Sec. 3.0).

In addition to actually solving linear systems of differential equations (Secs. 3.3,
3.6), there is a totally different approach, namely, the powerful method of discussing
the general behavior of solutions in the phase plane (Sec. 3.4). This is called a
qualitative method because it does not need actual solutions (which would make it
“quantitative”), which for many practically important systems cannot be obtained
analytically.

The qualitative method also gives information on stability. This concept is of general .
importance in engineering science (for instance, in control theory). It means that,
roughly speaking, small changes of a physical system at some instant cause only small
changes in the behavior of the system at all later times.

Phase plane methods can be extended to nonlinear systems (Sec. 3.5), for which they
are particularly useful.

Notations for variables and functions. For the unknown functions we shall write
Y1 = y1(8), y2 = yo(?) (or sometimes y; = yy(x), y, = ¥2(x)). This seems preferable to
suddenly changing the independent variable x in ¥y = f(x) (Calculus!) and in y = y(x)
(Chaps. 1, 2) into a dependent variable (x, = x31(1), x5 = x5(1)), as it is sometimes done
in systems of differential equations.

Prerequisites for this chapter: Secs. 1.2, 1.6, Chap. 2.
References: Appendix 1, Part A.
Answers to problems: Appendix 2.
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3. SYSTEMS OF DIFFERENTIAL EQUATIONS,PHASE PLANE,QUALITATIVE METHODS

3.1. Introductory Exampleé

1. example 12} A7} Su7} S 28 eigenvaluel Fuj

7} ¥ 3 eigenvector: WE gith. 2o g Gt

_ 1 1 —0.08¢
y=c1j 4 ]+Cz[ 1 ]e .

E271273 o8 ¢1 = 75,c2 = —T5

e —0.01 0.02
. example 12] A7l A = [ 0.01  —0.02 ]g_ =},

A9 eigenvalue
X —0.01 - X 0.02

0= det(A —AD = t 001  —0.02—A !

=A% 4+ 0.03 2 &€& A\; =0,A2 =—0.03

eigenvectors x(l)z[ (11 ],X(Z):—_[ }) }i =g

(A~ \Dx(M) =09 A Yoz
—0.01 +0.02a=0°|22a=20.5

(A —2Dx® =09 Rn Yoz R
0.0240.026 =0 ol22b= -1

W= ! @ !
= [ gy o= 1, |

Yulsie y = Clx(l) + c2x(2)e—-0.03t
27)1&Ao] ¢1 + ¢2=0,0.5¢1 — c2=150 o]|o&
¢y = 100,¢c2 = ~100
11 ]e—o.ost

1
Answer 1y = 100.[ 05 } — 100 [ _

. example 18] A7} Ful7t H22 £4 19 Az}l 5
o 5tk

. 11(0) =2c1 +co+3=28
I(0) =c1 +08c2 =14 2 ¥El ¢; = 10,c2 =5

. Nh{(0)=2c1+c2+3=9
I2(0) =¢1 +0.8¢2 =0 & BE| ¢; = 8,c0 = ~10

C R A WEd D S RS

Iy =041 — 2 whdch R84 494 w9y
Qelstd I = ~1.617 4+ 1.06]2 + 4.8 ojm2utA 4]
IEAINES 12 [ -4 4

[ 1 ]—A[ I ]“"[ 48 ]’A_[ -1.6 1.06 ]

o] =t} A9 eigenvalue2 -—1.5,—1.44, Zt7e]

eigenvectorg x{1) = 1 ] ,x(® = [ 1 ]

0.625 ~ ] 0.64
olx, B4 [3,0]T & wigglenz Qildge
[ 2 } :clx(l)e—l.St+c2x(2)e—l.44t+[ g ]
. system 22 wpitolA F = wh;
n=vyv2=y= 549,

AR
[ s ] v2 |’ 10
A9 eigenvalue= 0 = det(A — AI) = A% -1
2R A =1A=-1
A1 = 18] eigenvectorZ x(1) = [l,a]TE_ =

—1 1 1

_ 1) — — )

e I R

a= l,x(l) = [1,1]T

10.

11.

npR7ER] 2 Ag=—19eigenvectore z(P=[1,-1]T

ageg [g: ]:cl[ i ]e‘+cz[ _11 ]e"

y=y1 = cret + caet

Ay&=A 4 wlupe] characteristic equation§ o]-23}
€ W : :
Mo1=0HA=1,-1% 38 y=ciet +cze”t
£ Astes 4R ¥

n=yy =y 2 F4, [
Y1 :A[w ] Al O 1
{y’z] v2 |7 -2 =3
A 2] eigenvalue 0 = det(A — AXI) = A% + 3\ + 2

ZXREH N =-1A=-2
A1 = —19) eigenvector® x(1 = [1,0]T 5 59

(A+I)"(1)=[ _12 _12 ] [ ¢1L ]

a=-1,x1=01,-17
w}@7bR) & Ap=—28eigenvectory z(P=[1,-2]T

Y1 1 —t 1 —ot
aseg [ v2 ]-—61[ 1 ]e +c2[ o e

y=cie b +coe”?

I

0 2oz 3E

Y1 =y,y2 = yli "l:"a)

v |_ Y1 101
PSS
A9 eigenvaluex 0 = det(A — AI) = A2 -9
2 RE A =3,A2=-3
A1 = 39] eigenvector® x(1) =[1,qd]7 2 59 .
(A —3DxM) = [ "93 _13 ] [ 1 } =02o28H

a
a=3,x(1=101,3]T
b7} R 2 Aa=—39eigenvectore z(2)=[1,-3]T

v |_ 1] s i -3t
a8 E= [ vo ]—01[ 3 ]e +cz[ 3 le

y = cie® + cpe~3t

n=yy= ¥z 54,
oA ¥ A=[0 .

[ vh ] [ ) ]’ 1 2

A9 eigenvalue: 0 = det(A —AI) = A2 - 12X -1
ZEEMN=4)d=-1

1
A1 = 49] eigenvector® x(1) =[1,q]T 2 54

(A—4I)x(1):[ _14 11 ] [ ! ]:05’_1%51

a
e =4,x1) ={1,47
ul &7t A 2 )\z:—%zleigenvector—‘;— 2(2)2[1, —;}]T

28 [ v }:01[ 1 ]e‘“-}- cz[ 11 }e"%t
Y2 4 vy

1
= cret + coe" 1t
Yy

4

1 =y,y2 =y 2 54,

L =l Al ]

www.20file.org



www.semeng.ir

12.

14.

3.3. HOMOGENEOUS SYSTEMS WITN CONSTANT COEFFICIENTS.PHASE PLANE,CRITICAL POINTS

A 2] eigenvalue: 0 = det(A ~ AI) = A2 — 4\
ZHE A =0, =4
A1 = 02 eigenvector® x(1) ={1,a]T &2 %

Ax(l):[g i][1}=09_i—‘?—51

a
a=0,x1 ={1,0]T
ohR7kx) 2 Ao=42)eigenvectors z(2)=[1,4]T

asze | U ]=al g va| | ]

y=c1+ cze‘“

n=yy=v,y3=y"2 F4,

v} Y1 01 o
Yy |=A| y2 |,A=1 0 0 1
Y3 ¥3 2 1 -2

A2} eigenvaluey 0 = det(A — AI)
= =2A3-2A24 242 2 2E A\1=1,A2=—1,A3=—2
A1 = 19 eigenvectorg x(1) = [1,a,b]T 2 5

-1 1 @0 1
(A-DxWM=| 0 -1 1 a |=002%
2 1 -3 b

Ba=b=1x1=[1,1,1]T

w}A LAl 2 Ap=—12]eigenvectore (2 =[1,-1,1]T
A3=—2¢eigenvectors z(3=[1,—-2,4]T

a8Eg

Y1 1 1 1
Y2 |=c1 1 et 4co -1 e t4ecs —2 e~
v3 1 1 4

y= clet + cze‘t -+ cse"%

(a) yi:=m19) gPez R m1 9 HA
y2i=m22] YNH2E e mao] HAojmR
A Az o] Fojid Hol=yiol FHA
Ax o] Tojyd HolE y2 —yrolth.
B2 myol ZEET e P AN &
=z g Y-k FHA 2= 9
T owboirgke] Y ko(yz — v1)9 olz 7
A 282 os olHE miyls Bt g
mao] 48T Qe & —k(y2 —y1)olx
ol moyy o Ack.5
miyy = ~kiy1 + k2(y2 — 1)
mayy = —ka(y2 —y1)

47

2 ER yy = —5y1 + 22
¥z = 2y1 — 2y2

b)) y = [y,32]"2
Aoz viehy

" _ _[ -5 2
y —Ay,A—[ 2 _o

y =xe¥tz £y’ = wlxe¥t = Axevt S
UEHEZ Ax = w?x & s xE= A
eigenvalue¥} eigenvectoro|c}.

A 2] eigenvalue} eigenvectorg F3lhd
A= ~1,xM =[1,2]7

23 (a)9] WHAE YLy

Ay =—6,x3) =[2,-1]To|m=
y={1,21TetzEry=1,2]Te it &=
y= {2, _I]Te'i\/gtf‘c_{:__y — [2’ _1]Te—i\/§t

o] & superposition principle o o}sf 9uls}

<

=[1,2]7 (c1€® + cae™t)

+12, —1]T (cae?V®t 4 chemiVBE)y} Eh:}
Aei® = cosx + isinzg o| & v 2w
= (1,2} (a1 cost + by sin t)

+ (2, —1]7 (a2 cos VBt + by sin /6t)

‘< o]ﬂ

() 1 =y, 22 =9],23 =y2,24 = Y2 5w

2 0 1 0 0 2
2 | 1 -5 0 2 0 22
2 | 0 0 0 1 23
EA 2 0 -2 0 z4

9] 3% 9] eigenvalued} eigenvector& 739
A =4,2(0) =[—-4,1,-2:,2)7
A = —4,2) =[4,1,24,2]7
A3 = iv6,23) = [2iv6, 12, -iv6,6]T,
As = ~iv6,2(%) =[-2iv6, ~12,iv6,6] T
duts e
[21,22,23,24) 7 = c1z(Veit 4 cpz(Deit
+ 032(3)ei\/gt + c4z(4)e—i\/§t

[z1,23]T = [1,2]T (G1€® + Gae™ ™)
+ (2, 1] (Ge*VE + Gue— V)
(51=—’i61,6'2=icz,€3=i\/f—3¢:3,c1=—i\/f_ic4)o]

=2 (b)e) Aas} Yot

3.3. Homogeneous Systems witn Constant Coeflicients.Phase Plane,Critical Points

L1 EA4 3 59

vl n _[2 2
FER A R

N ES R
det(A - D) =| 27 _1_/\‘_>\ A-12
=02 2XE A\ = -3, 2=4
Ap = —39} eigenvector& x1) = [1,0]T & 51

5 2 1

(1) = — cen
e 2 21[ 1] o snn
a= —-%, x(1) = [2,—5]T

o} 7HA] 2 Ap=42eigenvectore x(2)=[1,1]T
222 gy = 2016”3 4 et

y2 = —5c1e7 3 + cpett

{1z ][} 2]
3. =A A=
[1/2 y2 |’ 3 -1

det(A - AI) =22 ~4 =002 ¥

A1 =2,A2 =2

A1 = 29 eigenvectorg x(1) =[1,a]T 2 9

(A -2Dx( = { ‘31 _13 ] [ i ] =0 °83¥
a=1, x(1 =[1,1}7

sh7hR] 2 Ap=—29eigenvectore x(2)=[1, 3]

a5 ¥y = c1e2t + cpe™2t
Yz = cie?t — 3cpe— 2t
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3. SYSTEMS OF DIFFERENTIAL EQUATIONS,PHASE PLANE,QUALITATIVE METHODS

gJ-al3]ael1 3
4'[1/'2]_ y2 |’ 1 6

det(A — AI) =
AL=3A =9
A1 = 39} eigenvector® x4 =[1,0]" & 59
(A - 3D)x() = [ : g ] [ ! ] —0oz2y
a=-3%, x(=[3,-1]7

up @712 2 Aa=99eigenvectory x(2=[3,1]T

828 i1 = 3c13t + 3cpe¥t
y2 = —c1€3t + cpe¥

A2 122+ 27 = 022 B¢

(i l=alnla-[ 7

det(A —AI) =22 -2)+2=022 %
AM=14+4A2=1-—1¢
A1 = 1+ i2) eigenvector® x(1) ={1,0]T 2 5
(A—(1+i)I)x(1)=[ T ] [ ! ]-_—o ozng
a=—i, xV =[1,-4T
ol 7HR 2 Ap=1 — i2jeigenvectors x(2=[1,4]7
y=a [ 1 ]e(1+i)t +eo [ 1 ]e(l—-i)t

—2 1

1 .. 1 .
=ef{es] _; [(cost+isint)+ca ; J(cost—isint)}
— ot c1+c2 c1i—coi | .
= ([ —cii+eat ]COSt+[ c1+c2 ]smt)
olF ¢1 +c2 = A,c1i —c2i = BE 9

y1 = et(Acost + Bsint)
y2 = et(~Bcost + Asint)

a]=alnla=[7 2]

det(A — M) = A2 +12) + 36 = 02 2 3§
A= —6(33)
A = 69} eigenvector® x() =[1,a] T2 $9

(A+61)x(1)=[ 2 ] [ ! ]:ogi-?—ei

a=-1, x¥ ={1,-1]T

o} 4t eigenvector7} glomg
(A +6Du =x(Uel ug Fof gr.
ZdsiA u=[0,a]" 2 54

—2 —27[0]_[ 1 wey 0
SRR Y
old y = cix(Me 8 4o (x(Vte=6t fue=6t) o|mz

Y1 = c1 + cote” 6t
- - 1y,—
y2 = —c1e~ % — ot + 3)e 6t

RS EEE]
¥, |=A{ y2 |, A= —10 1 —14
v5 y3 -4 -14 -2
A 9] eigenvaluex
det(A — AI) = A% + 922 + 324X — 2916=0 223
B A1=—18,22=9,A3=18
A1 = —182] eigenvector& x = [1,a,b]T 2 S
28 -10 -4 1
(A+18Dx=| ~10 19 -—14 a |=0 2
-4 14 16 b
2R a=b=2x1=01,2,2]7

10.

11.

sl ®7}x] 2 Ag==92)eigenvectors x(#=[2,1,-2]T
Az=182]eigenvectore x(3)=[2, -2, 1]T
a#E=z y1 =cre~ 18t 2C2¢29it + 2¢zel8

= 2cle‘18t + c2e9t — 2¢zel®

= 2¢c1e” 18 2628 4 cze 18t

PEAEER
vy |=A| y2 |, A=} 0 -4 2

yﬁ Y3 0 1 -5

A 9] eigenvaluex

det(A —AI) = —(A+3)(A+4)(A+5)+2(A+3)=0
228 M =-3(FT)\2=—6

A1 = —39] eigenvector® x = [1,a,b]T = %

0 -1 2 1
A+3Dx=(0 -1 2 a |=0 224H
0 1 -2 b

~a+2b=00juz, x) =1,0,0]7 x(@=[1,2,1]7
A3=—62jeigenvector= x(3=[1,1,-1]7
2822y = (c1 + c2)e™3 4 cae O

y2 = 2c2e~ 3t 4 36t

y3 = c2e=3t — cze—6t

a1+ ez He

Fx 9rt)

¥ n -1 -4 2
yo |=A| y2 | A=} 2 5 -1
Y3 ya 2 2 2

A 9] eigenvaluex

det(A —AI) = =23 + 6)‘2

L2 Re M=3(FT)Ae=
A1 = 39] eigenvectorg x = [1,qa,b]

b}
-4 -4 2

(A = 3D)x= |: 2 2 :l [
2 2 -1

Tz 54
1
a :| =0
b -
oZ2RE] 2420 —b=00]2%
x(1 =1{1,0,2]7 x@=[1,~1,0]T
Az=02]eigenvector= x(3)=[-2,1,1]T
382z y1 =(a+ c;;,)est — 2c3
y2 = —c2e%t +c3
y3 = 2c1€% +ca

— 9A=0

A= [ g _21 ]e] cigenvalue —3, 4

7+7} 9] eigenvector& [2,-5]7,(1,1]T
DI E y1 = 2c1e7% 4 cpett
Y2 = —5c1e~ 3 4 cpett
v1(0) = 2¢1 + €2 = 0,92(0) = —5c1 + 2 = —7
282BE ¢ =1,c0 =2
y1 = 2673 — 2e*, yp = —5e~ 3t — 2¢tt

0
A= [ X
Z+7}e) eigenvector [1,1]7,{1,-1]7
dutslE y1 = cref +cze™?
y2 = cret —coet
y1(0)=c1 + c2=1,32(0)=c1 — c2=0
S7Y¥E ¢ =c2 = %
y1 = cosht,y2 = sinht

(1) ]9—1 eigenvalue- 1,-1
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12.

13.

14.

15.

16.

17.

3.3. HOMOGENEOUS SYSTEMS WITN CONSTANT COEFFICIENTS.PHASE PLANE,CRITICAL POINTS 49

4 1

7+t ¢ eigenvectore [1,2]7,[1,—2]7
gubslE y1 = cred +czet

y2 = 2c1€3 — 2¢0e~t
y1(0)=c1 + c2=4,y2(0)=2c; — 2c2=4
22RHa=3c=1
y1 = 3e3 + et yo = 63 — 2e¢
a=| 2
z}z}o) eianvector% (2,17, [5,-1T
A 11 = 2c1e” 5 + Seget

Y2 = —cle"% - coet
y1(0)=2c;1 + 5¢2=10,y2(0)=—c; — c2=—5
2E2FH g =50c=0

Y1 = 106—%,1/2 = —be” 2
2
A= [ 1
3

zt7}e] eigenvector [3,-~1]7,[3,1]7
Qs £ 11 = 3cre’ + 3cpe®

A= [ 11 ]2] eigenvalue2 3,—1

_5§ ] 2] eigenvalue2 — % 1
2

g ]a; cigenvalue 1,3

y2 = —cret + cze®t
y1(0)=3c1 + 3c2=0,y2(0)=—c1 + c2=2
22¥H a=-lca=1

y1 = —3et + 33y, = et + %

-5 1
ztz}e] eigenvector [2,1]7,[1,1]T
s y1 = 2e1e”% +cpe”

y2 =c1e % + cpe= %
¥1(0)=2c1 + ca=—1,y2(0)=c1 + c2=1
LERE=-2,c0=3
y1 = —4e7% + 3674, yp = —2e7 + 3¢~

A= [ -4 10 ]9—] eigenvalue& —9, —4

¥ = —%yl + ‘2%53/2
vy = %yl - 510%112
ubAg Al o] 3 & o] eigenvalue2 —0.04,-0.12
ztz}e} eigenvector [1,2]7,[1,-2]7
Qs y; = c1e~ 004t | pe—0.12t

y2 = 2c1e~0-04t _ ¢, =012t
y1(0)=c1 + ¢2=100, y2(0)=2¢; — 2c2=200
2 gHE ¢; =100,c0 =0
y1 = 1006—0'04t,y2 — 2006—-0.0415

page 43 F4 9| kirchhoff current lawel] &j#& 27|
el U7tz Eoloe AFS ¢& Ocjmz Ry
# RC-32oHd AYRo] 2 AFE L1 — I20]
c}. wtebA] kirchhoff voltage lawel] ¢|#] RC-3 2 9}
voltage drop & & [+ R(I —I2) =0 (1)
s7hA 2 $HM RL-8 24

LI+ R(I— L) =0 (+2)7} 49 ¢t (x1)41 & o]
¥od Lh+RUI 1) =0

q7lef (+2)4§ WYt

R =R -th=RENL-D)- %N

2 2
=(T-dh-Th

18.

20.

aHE2 AF L, o) vjgae
1= (5~ o - 1a
=25 - 2575 9.

o] R =3,L =4,C = Loloz w49 gy

I |
e

|
PSRN

] ol 1 eigenvaluex= —1,-3

7t2t9] eigenvector&(1, -3]7,[3,~1]T
Yl y1 = cre™t + 3cpe 3t
y2 = —~3cre~t — cpe 3t

A 1786 ol Ao g

A | B/L-1/(RC) -R/L

- R/L —-R/L
det(A ~AI) = A2 + Zxd + A& = 0023
A= —355 TV imer — 15012 % 449 eigen-

valueg 7}1d g B2 41
o > s el L > R0

example 4;
- L 1 —2it
y_cl[ 2 ]e +c2 Y €
= [ 1, ] (cos 2t + isin 2t)
2i
+c2 [ ! , ] (cos 2t — isin 2t)
—2i

_ [ c1+c2 c1i— cat

2¢311 — 2¢21 ] cos 2t + [ —-2¢1 — 2¢c2 ] sin 2t
c1+ex=A,c1i—c2i = Bg %

A B .
_[ 23]c032t+[ —24 ]sm2t .
¥+ =47+B?
example 5;
v=c [ t ]e(—1+i)t e [ —1i ] e(—1-i)t

=etcy [ : ] (cost + isint)

+etey [ _11 ] (cost —isint)

=et ([ €1 +cz ]cost+ [ cit— e ]Sint)
c11 — Cat —C1 — C2

c1+cr=A,c1i—ci = BE 549

A B
ot i
y=¢e ([ B }cost+{ A ]smt)

13 129 IAE FHEZ U,
y1 = e *(Acost + Bsint)
=+ A2+ B2e~tcos(d — t)
y2 = e ¢(—Asint + Bcost)
= VAT ¥ BZe~tsin(d —t)
(6 #(A4,B)8 974)22 2] =2 6—t: H
% 0,77 =93 +13 = (A% + B?)e~? = coe?
(co = e~%5(A% + B%))
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3. SYSTEMS OF DIFFERENTIAL EQUATIONS,PHASE PLANE,QUALITATIVE METHODS

3.4. Criteria for Critical Points. Stability

. p=3,¢=2,A =10}2 2 unstable node

dubalE y1 = cret, y2 = coe?t

! 7 2t
Y. . , 2¢coe
im —12 = 1—/% = lim
(v1,¥2)=(0,0) y; to—ocoy] to—co cyet
. 2¢co .
= lim —Zef = 0=const ¢] 2 Z improper node.
t——o00 (4]

. ¢= —90|=2 % saddle point

(saddle point+ 34} unstable 9})
Akl y1 = 1673 4 cpelt
Y2 = —bc1e™3t + cpedt

. ¢ = —30|2. g saddle point

dutslE y1 = cre™t + cpe®t
y2 = —cre”t + cpedt

. p=—12,9=27,A=360] 2 2 stable attractive node

sl E y1 = c1e73 + cpem %
y2 = —3c1e7 3 + 3coe~ 9t

Vol i %2

lim = = n
(y1,92)—(0,0) y;  t—=c0
9c1e~ 3t — 27cqe 9t

t—o0 —3c1e~ 3t — 9cpe—9t

m 9¢1 — 27cpe6t 3=const o] =2
= 1 ———— = —3=2COIL -
t—oo —3¢; — 9coe—6t

improper node

p=—4,9=8, A=—160] 2.2 stable attractive spiral
dutsl= y1 = e" (A cos 2t + Bsin 2t)
y2 = e~ (B cos2t — Asin2t)

. p=0,g=9,A = —360}]2. 2 center

(centeri= 814} stable )
Uyt y1 = (2A+ 6B) cos 3t + (2B — 6A) sin 3t
y2 = 10A cos 3t + 10B sin 3t

p=0,qg =902 center
dntd]l= y3 = Acos3t -+ Bsin 3t
y2 = 3B cos 3t — 34sin 3t

. ¢ = ~100] 2.2 saddle point

dutslE y1 = c1e7 5t + 4cge?
y2 = —c1e~ 5t 4 3cqet

g = —400] 2 2 saddle point
b=y = 3c1e7 10 - pgedt
y2 = dere— 10t _ et

p=—2,q=1,A = 00| 2 & stable attractive node

A=[ . 2 ],det(A—,\I)z(/\+1)2=0

2 2 3¢ eigenvaluey —1(F )4, eigenvectore
[0,1]7 sttt & o)t}. 2222 degenerate node.

(A+Du=1[0,1]T& ¥5st= ug gowd [-1,07
a3 EE Yutsle

11.

12.

13.

14.

15.

16.

17.

18.

19.

—a[2era([ e[ 3]

g = —20]2 & saddle point
YutslE g1 = c1eCVEE 4 cre(2+VB)

y2 = —\/gcle(z"\/g)t + \/gcze(2+\/g)t

A+ § =09 8 £1iz ¥q y=Acosf + Bsint
Y1 =y,y2 = y’il ki .
Y1 =y2,¥5 = —5¥1 °I2E -ty = yay)
Aead -4y =yi+c
2822 (y,y')9] trajectoryEL BHUE
dutsl = y = ¢) + cge” %t
n=yy=y= 54
Vi = y2,¥5 = —ay2 o] 22y} = —ay,
HESH y2 = —ay1 +c ( HYF U E)
dntsl= y = e~ t(Acost + Bsint)
0 1
o] 2 2 stable attractive spiral

(10) p=2,¢ =1,A = 00] 22 unstable node
(11) ¢ = ~1o}= & (unstable ) saddle
(12) p=0,9 = 40|22 (stable) center

(18) p=—-2,9=2,A = —40| 2.2 stable attrac-
tive spiral .

A1Zte] whgo] ulH =& trajectory] ubaFat wp@ch,
% stable improper node o4 unstable improper
node= B}fw}.

0.1 1

-4 01 ]°‘W
p=02,9=4.01,A <0 o]= & unstable spiral 2
syl

centeroj B2 A = [

A+01I= [

a b -
—a ]3- il

ga = —-a2 —bc>0,Ap = —4ga <0
- [ a+k b _

A_[ e _auk | ol==pa =12k,

gz =k —a®—bc>0,A; = Ap <0

2322 k < Oold stable attractive spiral®,
k > 00]= unstable spiral® u}@Ac}.

. b 1+6

A= [ —44p b | C1EE

p=2b,g=3b+4,A=4(b+1)}{b—4)

spiral point;A < 0o]o{o} 3lm 2
-1<b<4

saddle;g < Oe]ojo} stmz b < —4

node; ¢ > 0,A > Qojojo} 3}m 2
-3<b<-lord<b
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3.5. QUALITATIVE METHODS FOR NONLINEAR SYSTEMS

51

3.5. Qualitative Methods for Nonlinear Systems

. limit cycle F¥ 2] B E trajectorys} A7} 0 (7}
3 7t Heol glek)ola, center F9 9} § trajec-
toryx FwWe RE trajectory2} ez} 0o o]
(7} 7t FH o] ExgT)

. y=Acost+ Bsint,y = Bcost — Asint o]2 &
radius=1/y% + ¢/ = VAZ + B2

- nES " b Eol EzHe W A(5Y
0)oli, y2 534 uhd W& AR7} 71F AP L £
o] Aej( £ FHo).

wave RoFe| trajectory = A7t HAE st1 Y=
AHE Jetd=d yo & shie Z2 b A4-e

S35t €7bolch.

. example 13} Wi g critical point (nw,0) Fofj4]
no} #4o}w saddle, no] F4 ol centers} ).
=y =0,y =y -yl =0 BE
(0,0)54 (1,0)
(0.0 ¥7 = y2,4p = y1 — ¥? = yiolmZ
A= [ (1) é ]011 g = —1< 0°]2 % saddle.
(LO)AAM (y1-1) =y2,95 = —(m1 -1 —(11-1)* =
0
~( - 1)el2z A= [ 10
g=1>00]EZ center.

e (y1,v2)E

o}3 p =0,

¥y =v2 =0,15=—y1 —y}=0 & & (0,0),(-1,0)
(0,0)1M yp = —y1 —yi ™ —y1 o]E2
A= [ _?1 (1) ]°I_17p =0,q =1 o] @ Ecenter
-1L,O)ANN 1 =y +12 59
Vi'=y2, v=—(11 — 1) — (51 — 1=~ 2 & 1y o]
0 1
22 A= [ 1 0
- ¥ =2 =0,yp=2y? — 11=0 & &+ (0,0),(2,0)
(0,0)ell 4 g4 ~ —y1 o] = Zcenter
(2,004 h =y —~ 22 5
Yo=5(1 +2)? - (1 +2)’=in’+ i ~
saddle

o]i g = —1 < 00| B .2 saddle

i olBZ

- ¥} =2 = 0,yh=y} — =0 & &9 (0,0),(%1,0)
(0,0)o1 A 5 ~ —y1 o} = Zcenter

(1,004 g1 =y, — 12 S

vo=(1 + 1) — (%1 + 1)=01% + 3512 + 241 ~ 241
o[22 saddle. »}@7}R 2 (—1,0)| M X saddle

{0,0)0ll A g5 &~ 9yy o= =2

A= [ g (1) ]OI_T'_q=—9<0 ol= Zsaddle
3,00 X i =y1 —322 Fd
¥o=9(1 + 3) — (51 + 3)3=-413
~ —18y; o]E. & center.

- 9517 — 183

10.

11.

12.

13.

14.

wA7ER 2 (—3,0)o % center

v1 =y2=0,y5=—4y1 + 53 —y}=0 & =
critical point (0,0), (£1,0),(£2,0)

(0,0)ell 4 y5 ~ —4y; o] = Zcenter

(1,0)l M 91 = 1 — 12 59 y) » 61 o] E sad-
dle. vt#7}A 2 (—1,0)e) 4 £ saddle

(2,004 1 = y1 — 22 2 yh & 247, olnz
center. ot&7}A] 2 (~2,0)9] A T center

¥y =y2 = 0,95 = —cosy=0 & &
(% + 2nm, 0) ( %+2n7r 0)(ne e 4 )
sinz =z — % +$5—— '+ olm

("+27W 0)°ﬂ A 11 —y1—(" +2n7r) =

yh = —cos(y1 + ) =siny1 & 71 o] 22 saddle.
(=% +2nm,0)el ] 41 = y1 + (% — 2nm)2 59

¥y = —cos(th — §) = —sinyi & —yj1 o| = Z center
I=yy2=y 2 Fdy| = yz,yg =4y -y}

W Fahd, y2y22 (4y1 — 3 )yl

oy Hysiy 2 2 =2yt — Lyt te

Vi=y2,1y5 +y3 =0
FRA Mg 122 v y1—2+yz =0

¥ =ve® AU Gelgw 2 =4
Fd HESW yr = £ (HFHF)

damping term o] Eei7bd F71d Al d™ cen-
terg-2 spiralZ ¥lF o] o] FH o 2 Jlrjo] 7 A
oo}
Vi=y2=0,y5=4y1 ~y}—y2=0 & & (0,0), (£2,0)
°lB & critical point & &g}
1

(0,0)°]]A1 y’2 & 4y1 —y2 °|EEA = [ 2 1 ]o]
I qg=-4<0 o]B% saddle
(2,0)ol A y1=y1 —28 5 yh & — 81 —y2 0| B2

0 1
Az[_s ]011p=—1q=8>0A:

-31 <
o) (-2

Oolm 2 spxral ( centerel| A sprialZ ul# g}
,0)ell & vpEk7} x| 2 sprial@ wldc).
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3. SYSTEMS OF DIFFERENTIAL EQUATIONS,PHASE PLANE,QUALITATIVE METHODS

16. (a) vh=p(l —ydys —y1 ~ —y1 + py2 0|2 (b) 4 =7t ztow negative damping, $%7 3
0 1 = positive damping.
A= [ -1 pu ]OI_TL p=pe=1LA= Ra;)leigh equatif))n%g o] §-33
2 _4olm2u > 29 9 unstable node, Y"=—p{-2Y"?Y" + (1 - 1y2yyny
0 < p < 29 wj= unstable spiral, 4 = 09 +Y'=
+ center, =2 < u < 049 @& stable Y ~p(l =YY" +Y' =0o0]ng
attractive spiral, p < —24 o] stable at- Y’ = y2 %9 Van der Pol equation o] Slcl.
tractive node .
T u — 0o|® page 181 (11)on ol&) 4} iso- (©) ¥ =v2, 95 = —(winr +ﬂy§)
cline & 98¢ At AHdEe] Ao} W F5h y '% —(w0y1 + By} )yl
o H&shd 1} = -(w2—1 +,3—41) +c
(8 > 0ol 23 FMo] 5“4)
3.6. Nonhomogeneous Linear Systems
1. y7t ()9 sigtd y — y(® = homogeneous equa- yp = —usint + vcost
tione] #olmg wads] yr y = y) 4 yllzmo) = Aucost+ Avsint + [10cost, 0] oj=2
=58l oF & 7 homogeneous equationo} n7) 2} —u1 =3v1 — 4vg,v1 = 3u; — 4ug + 10
ﬂly(l),y@)’_._ (n)_%xx. n=2W ez R E HE —uz =v1 —2v2,v2 = u; —2uzS A =
L2735 dAAE,E ayW 4y 4. e y™ up = —T,uz = 3,01 = 1,08 = —1
22 FAE ¢ dRev) sk Aok a23eg dultsls y; = cre t+coe2t —7cost+sint
¥y = (y1,92,- ,yn)i‘_i . o y2 =cie t+ %czeZt —3cost—sint

yWe y1(0) = (1,0,0,-- ,0) A= F,

(2)\- y(2)(0) (0 1,0,- ,0)‘% sl %, 5. A= [ ?{ _13 ]_‘;] eigenvalue2 —4,40] 31
: 7+7}2) eigenvectore (1, -7]7, [1 1]
Y™ e yM(0) = (0,0, ,0,1)& YEHEE Yp = ucos3t+ vsin3tT £33 E4HE o
n=23 (3% 28 EAA e A A F4 sHssin), ¥p = [sin3¢,3 cos 3¢] T
7* = 41 (0)y™) +12(0)y P + - +ya(O)y(M oz Al g1 = cre ¥ + cpett +sin3t
5 y(P)2 homogeneous equation?] 8oz y(*) g} y2 = —Tere~ 4 + coe?t + 3cos 3t
£712300] 4o IU22 3% 24 /YUY Felel 3
44 yW e gWe e giolm, depy yMe 6. A= [ 41 ] cigenvalue s 2. 5ol .
yW,y® . yMe azagoz 2A1 4 9o 2 3|8 & 250l
z7+7b9] eigenvector [1,-2]7,{1,1]T
2. Az[ 0 2 ]2] eigenvalue& —2,20]1 Yp=u+vt: £3 S5 F o
20 QukslE y1 = c1e?t + coeSt — 0.18 — 0.4t
ztzte} eigenvector [1,-1]7,[1,1]T y2 = —2c1€?* + c2e5 + 0.32 + 0.6¢

old yp =u+ vtE £33 ESHE Foy

— Ny — T —
Yh=v=A(u+vt)+[t1]T ojlzz 7. A= [ 2 1 ]3] cigenvalue® —10] 3

v1 = 2(uz + vat) + t,v2 = 2(uy + vit) + 1. -1 0
v1 = 2u2,2v24+1=0,2u1+1 = vp,v3 =0 & =9 eigenvector2 [1, I]Ti-]-u]- o).
v=ur=0,v2=—},u1 =% -1 1] _[1 e mow w1 0T
az2z Yutge -1 1 |%"F |1 dug oy u=[-1,0]
= 1 -2t Lt ot —‘% Yp=ue'Z $31 E44§ Fow
Y—C1[_1]e +c2[1]e + —%t y;=uet=Auet+[0’et]T 2 2g
0 1 . —2up tur=ui,—uy+1=uy & &9
3. A= 1 0 4] eigenvalue2 —1,10]31 uy = %,UZ =3
77} 9} eigenvector [1,-1]7,[1,1]7 e g1 =e"Her — ez +eat) + gt
oldl yp =ue¥s T3 E484E Bow y2 = e7*(c1 + cat) + et
v, = 3ue® = A(ue®) +[1,~3]Tedt ojuz
3uy =u2+1,3uz =u1 -3 & E u; =0, uz = -1 8. A= [ 2 4 ]9] eigenvalue 4, —4o] 31
2222 dide 0
1 —¢ 17, 0 3t 77}t eigenvector [1,1]7,[1,~1]T
y=ea| J; |et+er| | |+ _1 |¢ Yp=u+vi+wt’E £3 ESHE gow
0 4
- ’ = 2
4. A= [ :;) _; ]2] eigenvalue2 —1,20]3 Yp=vt2wt= [ 4 0 ](“+Vt+“’t )
2+7k9] eigenvector [1,1]7,[1, 1]7 + [ ) 016 ) ] czny
Yp =ucost+vsint2 £33 EFHE Fod — 16t
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10.

11.

12.

3.6. NONHOMOGENEOUS LINEAR SYSTEMS

v = 411.2,‘02 = 4u1 +2,2w1 = 4’02,2’(1)2 - 4'Ulv
0=4w,,0 =4w; — 16 & &

wy =4,w2 =0,v1 =0,v2 = 2,u; =uy =0
aez DHE 1 = cret! +cpe™* 4 422

Y2 = cret — coe~ 4t + 2t
yi(0) =ci+c2=3,y2(0) =c1 —c2 =1 0.2 4¥
C1 = 21‘:2 =1

0

a=|]
Z+7+e] eigenvector [1,1]7,[1,-1]T
yp=ue¥2 £3 543§ o
}’;:2u62t={ (1] é ] ue?t + [ _63 ] et o 23
2u; =u2+6,2u2 =u1 -3 & EH u; =3,u2 =0
222 AW y1 = crel + cpet + 3¢

y2 = cret —cge™t
y1(0)=c1 +¢c2 +3 =11, 42(0)=c1 —c2 =0
2E2HECc =cp=4
2822 8§l y1 = 8cosht + 3¢, y, = 8sinht

(1) ]9—] eigenvalue2 1, —1e|3

4 -8

A=[2 -

]21 eigenvalue-& 2, —40] 3.

77} o] eigenvectore [4,1]7,(1,1]7
¥p =ucosht+ vsinhtz $3 Ef8& o
yp=usinht 4 vcosht

2cosht
cosht 4+ 2sinht
cosh3le vg = 4u) — 8ug + 2,v2 =2u; —6us +1
sinh3-& u; = 4vy — 8vg,us = 2u) — 6uy + 2
A8 9 vi=ue=0,v1=2,v2=1
o8Bz Jdubsl = y; = 4c1e?t 4 coe~ 4 + 2sinht

y2 = c1e2t + cpe~ 4t +sinht

y1(0)=4c1 + c2 = 0,y2(0)=c1 +c2 =0
o2=z28Eey=¢c2=0
2 EBZ &+ y1 = 2sinht,y2 =sinht

0 5
A‘[—s 0

7zt ¢ eigenvector [1,4)7,[1, =47
homogeneous equation 2] Yuls=

- 1 sit 1 —5it
Y~01[ i ]e +02[ - ].e

= [ Cl.+cz. ]c055t+[ it —cat ]sinSt

€11 — C21 —C1 —C2
Yp=u+vtE $3 E5HE Rod y, = [3t,-4]7
a2 g Yutsls y1 = Acos 5t + Bsin 5t + 3t
y2 = Bcos5t — Asin 5t — 4

n{0)=A=1y0)=B~-4=-2 2 ¥%
= y1 = cos 5t + 2sin 5t + 3t

Y2 = 2cos 5t —sin 5t — 4

-3
az]7

77t} eigenvector-& [1,~-1]T,[4,—5]7
equation2] 9wl 9]+ et7} homogeneous equation
9] 8] vtehb= 2 modificationel] whe}

Yp = ute! +veltz £33 EFdE Fod

=A(ucosht+ vsinht) + [

]9—1 eigenvalue2 5i, —5i0| 3

_64 ]9—] eigenvalue2 1,20} 3

13.

14.

15.

16.

17.

53

vp = ute! + uef 4 vet
= Autet + Avet + { —56 ] etz g
u=Au,u+v=Av+([5-6".
ue Ag} eigenvectoro] 22 u = q[l, —1]T-§o|_7_
| 4 4 _ 5 | | a—5
o T
47t 3l 2w o 5(a - 5) = —4(~a + 6)& =5
okt a=1elxn AT vEv=[1,01Toz 3
=29 yp = [te! + e, —tet]T
Ykl = y1 = cref + 4cpe?t 4 tet +- et
y2 = —c1et — 5cae?t — tet
y(0) =c1+4c2+1=19
y2(0) = —c1 —5co = ~23 22 8Ec; = —2,c0 = 5

A= [ _04 (1) ]3] eigenvalue-2 27, —2jo} 31

Ztz}+ o} eigenvectore [1,2i]7, {1, -2i]T
homogeneous equation 2| uisje

_ L] a2 1 —2it
y—cl[%]e +c2 2 e

c1+c2 1t — ¢at .
= " R 2
[ 2¢11 — 2¢91 ]cos t+[ —2¢1 — 2¢o ]stt
Yp =

ucost + vsint® F£31 ELHE Fod

¥p = [4cost,sint]T

aER Yubel= y1 = Acos2t + Bsin2t +4dcost
y2 = 2Bcos2t — 2Asin2t + sint

u(0)=A+4=5,1(0)=2B=2 2 3¢

A=B=1

A= [ 1 ‘11 ]3] eigenvalue2 3, —lo]lm

7zte] eigenvectore [2,1]7,{2,-1]7 .
Yp=u+vt4+wt’s $3 E44E god
Yp = [tz, —t]T
282 e 1 = 20163 + 2cpe™ 4 2
Y2 = 01€3t - C2e_t -t
¥1(0) = 2¢1 + 2¢2 =2
y20)=c1—~cp=~1288EHc = 0,c2 =1
5 4
a=[] ]
zt2t 9] eigenvector [4,1]T,[1,-1]T
Yp=u+vi+twt’z £3 E45E o
yp=[t2 = 5,47
a8leg duts]E y; = 4c1e% + cpet + 82 -5
y2 = c1e% — coet — ¢
1(0) =4c1+c2—5=0
p0)=ca—-c2=023%He=cp=1

]21 eigenvalue2 6,10] 1

vE e 4wy

a+mv=a| 1 |- 7 |an s zaao

22 o FFSHAAYL, Y A4 217} G o] Ex)
37 dom g v stz YA g

AUA HzAMLI{+Ri([1 —I2)=E
FHA B2oA (I —1)R1 + 2R2+1/C [I; =0
S AE vl R Fad
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18.

- 2xe A$E A€ &Y,

3. SYSTEMS OF DIFFERENTIAL EQUATIONS,PHASE PLANE,QUALITATIVE METHODS

R2 R? 1 E
(Ri+ Ry =—Fh+(F -5+ R
ol 3 zof FoiA ghEL jdstd

Ii = =211 + 21> + 200

Ié = —-%Il + %Iz + 40

[ —g % ]21 eigenvalue —0.9 £ v/0.41
~5 5
z+7} o] eigenvector2
[2,1.1 4+ v0.41]T,[2,1.1 — V0.41]T
yp =uZ $i 48§ Fod y, = [100,0]7
a2z 2 gitsle
Il — 2616(—0.9+\/0.41)t + 2626(_0‘9_‘/0'41)t + 100
Ip = (1.1 4+ v0.41)c e(~0-9+V0.41)t
+ (1.1 — V0.41)ege(~0-9-V0.41)¢

WYL

I = —2I) + 21> + 440sint

Iy = —2I + }12 +88sint2 ul@ch.

Yp =ucost+ vsint® ¥ EF8E gow

19.

20.

yp=—1% [ 3:’42 ] cost+ 3 [ ff;g ]sint
170 FANA ¢; = 17.948,c2 = —67.948

Ry B2 MLiI{+ Ri(li —I2)+ Rely = E
FUA 2ol M Laly + Ri(lz — 1) =0
3z o Foixl gE2 Hstd
N=-3L+31+125 I)=11 - I

_3 5
[ 13 jl ]9,] eigenvalue —3,-1
zzte] eigenvector& [1,2]7,(5,-2]7
Yp =UE F31 558§ Fow y, = 500, )T
a8ez sl
I =c1e” 2% + 5cye” 2t 300
Iy = 2cie™ % — 9cpe™ 5t 4 500
I;(0) = c1+5ca+ 200 =0, (0

EEda=-F,=-3

= 2¢1—2¢9+ 20 =0

Chapter3. Review

nonhomogeneous linear
system2 y' = Ay + goliA] g7} 0o} opd WAl g
23} 1, nonlinear system2 y' = Ay +g 3sj2 3
2 A W B dil

nx¢] linear equationg y; = y,y2 = v,ys =
Yy, oy =y V2 59 449 linear system o
2 g & o

linear system2] # (y1,y2)2l A3 & trajectory,
y1-y2H B < phase planeo] e}t e}

. Y1 = c1,¥2 = c27} Y o, phase plane & H

(c1,c2)= T2 ojRo] trajectoryd o] FL
critical pointg} € }. critical point+= A7} B3 8- o]
FE Belex 2 8 FHY #9 R ok L A
€ ol# st ¢ Fo3c

. node:FH o X E trajectory’} (A& 7HAHA)

B % Eol e Ay 2% JrhE critical point.
saddle: 5 w3ke] Eof ¢ & trajectory} 5 uhgko]
U 7he trajectory”} gl+= critical point.
center:F% o] R E trajectory?} closed curvegl
critical point.
spiral: ¥ & & trajectory7} (F A& 71x1#] ¢t
HA) BE S e A} 2% UrlE critical point.

. stability= 3 3 g (critical point)e] duh} G gt

e Ae THET

. ¥ = F(y)¥e} 9] nonlineart Aol F(y)& 54

A THAA Ayz A B E FE=AE T
Yot

. undamped pendulum; 6" +ksin8 =0

6 = 04 AN A &} linearization:8"’ + kf = 0

10.

11.

12.

13.

14.

15.

damped pendulum; 8" + cf’ + ksinf =0
8 = 0% el A9 linearization:8" + ¢ + k6 =0

phase planeo] trajectoryS& ¥ & w3t}
undamped pendulumé®} center§2 damped pen-
dulumel] 4= spiral2 u}#c}.

¥4 =7]7t & 2™ negative damping(y’ ] A 471 &
F)ololA X7t BEsHm yo| 37|17t =29 posi-
tive damping(y' el A7} akg)olojA &5 o] W
€ ¥ system & B} olF Eo| Van der Pol
equation; ¥’ — u(l — y?)y’ +y = 00] U=, o] W
Z A} o] phase portraite] 4] & limit cycle o] 1}l el

y'=AyHatA Al o} 4 A2 eigenvalue) 9} eigenvectorx &
Fad, y = xerE 7t gz,

y'=AyWA A4 Ast nxndd @ n7) 9 linear inde-
pendentq] eigenvector x(1),x(?) ... x(®) 7} =4
3l o] 7% basis of eigenvectorsg} g}, o] 2 o] &)
s 7l ol -85 & eigenvalue A1, Aa,- -, Aq ol o}
),y = clx(l)e)‘lt—{-czx(z)e)‘?t-}-- etenx(Mernt o

WA BE e Y.

A7l 2x249 A% eigenvalue A8} eigenvector x7} 3t
vt EA5 (A - ADu = x3) ug o} YutsE
cixeM + ep(xter + uert)T T £ gk

saddle point o4+ Fulgke] }rle trajectoryed
F4Heke] ol trajectory7} la 1 2] 9] trajec-
toryS2 g2 Autth node o A= trajectory
Fol 5 Fo2AU 25 Ui

54 4 143 .
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16.

17.

18.

19.

20.

21.

22.

CHAPTERS.

A= { g 2 ].4 eigenvalueg —1,6

zt7+9] eigenvector& (1,-1]7,[4,3]T
e y1 = cre” H4eze%, Yo = —ecre 7t +3c0et
g=—6<0 o=z saddle

-3

A= [ 4 _21 ]9—] eigenvalue2 —5,1

z+z} 9] eigenvector [1,-1]T,(1,2]7
ksl y1 = cre™ +coet,ya = —cre % + 2cpet
g=-5<0 o] =2 saddle
0 -2 . o e
A= 2 0 2] eigenvalue2 +2i
zt 28] eigenvector [1,—14]7,[1,4]T

Ay = { _11 ]eZit+02 [ 1 ] e 2t
icy — icy

:[ c1 +c2

= [ —AB ]c032t+[ ﬁ ]sith
p=0,9=4>00°]2F center

¢ +c2

—icy +ica ] cos 2t + [

} sin 2t

~2

A= [ - _56 ]s} eigenvalue —4 + i

Z+7+9] eigenvector [—2 —4,1}7

SR

y=e ¥ (Cl [ —21_ ‘ ] et +cp [ _21+ :

J-244,1)7

)

p—r [ ~2(c1 + e2) — i(c1 — ¢2) ] cost
c1 +c2
e~ [ —2i(c1 _.Cz) +‘CI +e2 ] sint
c1i — cat

=¥ ([ _ZA/; B ] cost + { —ZB;;_ A ]sint)

p=-8,¢=17,A = —4 o] & stable spiral

A= [ —16 _14 ]3] eigenvalue2 —1, -2
z+7}+9] eigenvector 1,-2]7,[1, —3]7
Lutd =

y1=c1e”" + e, yo = —2cie7t — Bepe

p=-3,9=2;A =1 o]2 2 stable attractive node

2
[
9| eigenvector [4,3]7
LS
4c1e% 4 cpe™ 2t gy = 3¢, €5t
g=-10 <0 o]= & saddle

A

i

‘; ]94 eigenvalue2- 5, —2

z+ 7[17—1]1-

Zal

te)
E A

2¢

=
il

— cge”

A= [ i ‘11 ]3] eigenvalued 3,1

Z+ 79} eigenvector [2,1]7,{2, —1]7T
b=

y1 = 2163 + 2c2e7t, yp = 13 — coe~t
g = —3 <0 o]=% saddle
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4 -2
9] ei 2. )
13 -8 ] 9] eigenvalue —141

2,5 +4]T

.|

7t7}9] eigenvector [2,5 — 4] T
kel

rme (] o2, Jo ] 42, )

_ 2(c1 +c2)
_ -t
T [ 5(c1 + c2) —i(c1 — ¢2) cost
_ 2i(c1 — c2)
t
te [ 52(01 - cz) +c¢1+c2 sin ¢

24 2B
— ot :
=e ([ 5 B ]cost-}—[ 5B l ]smt)

p=-2,g=2,A = —4 o]=2. 2 stable spiral

A= [ _22 _23 ]94 eigenvalue2 1,—20]3

7t7+9] eigenvector [2,—1]7,[1,-2]T
equation®] e gl etv} homogeneous equation
9] #of el = 2 modificatione] =g}
yp = ute +velZ 31 S5 gow
¥p = ute! + uet + vet
= Aute! + Ave® 4 [1, 1]Tetz =g
u=Au,u+v=Av+[11]T.
ue A9 eigenvectoro|Zg u=af2,-1)T Zojz
1 2 1 20 —1

(A—I)v:[ _9 _4]v:u—-[ 1 ]:[ —a—1 jl&{
#H7b sleEid as 220 — 1) = —a — 18 wrE 4 of .
}E2a=1c3 Pt vE v=[,0T22 3=
d yp = [2tet + et, —tet]T
b= g1 = 2c1et + coe~ 2t + 2tet L et

y2 = —cyet — 2cpe™ 2t — tet

2 .
A= [ 1 9 }94 eigenvalue2 1, —1o|3
7t2k9] eigenvector& [3,—-1]7,[1,—-1]T
equation®] el ¢l e~ !} homogeneous equa-

tion & #lo Vel 2 8 modificatione] wa}

yp=ute t+ve l% T3 E44F o
yp = —ute™? + ue~? — ve~?
=Aute™t + Ave~t +[-2,0]Tetg 2

—u=Au,u—-v=Av+[-20T.
us A eigenvectore]| 2.2 u = qafl,~-1]T Zolz

(A+I)v:[ 22 ] v=u—[ S ]=[ at2 ]4
H7F glozd o —(a +2) = -3¢ W= F 3t
E2a=103 At vE v=11, 0]T°i ze=d
yp =[te7t +e7t, —te~t]T
durgj e gy = 3C1et +eoet fte~t et

y2 = —ciet — cpe~t — te—t

-

homogeneous equatione] Uulsj= Fx) 2297 2
o yp =ucost+vsintg £33 E44§ Fog
yp = [cost —sint, 0]T

A= [ 2 0 ].4 eigenvalue2 4, —4

77t e] eigenvector [1,-1]T,[1,1]T

Yp=utvitwtlon 23 E4HE o
T

yp =[-1— 82, —4¢
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31.

32.

3. SYSTEMS OF DIFFERENTIAL EQUATIONS,PHASE PLANE,QUALITATIVE METHODS

—1-—8¢t2
— 4t

dutdl & y1 = cre ¥ + cpett
y2 = —cre” 4 4 coett

det(A — A)=X2 — p\ + ¢=00]4] saddle o]z}
v 272 RE ¢ < 00lz wety As AME

o& H3e Algeigenvalue2 71Xk 13z
A=P [ ’\01 f ] P-lo2 yz3is} sHssich.
A2=P['\§ ]P"IOIDEAZ"

0 A2

p=tr(A%) =27 + 22 > 0,9 = det(A2) = 23X >
= (4 A)? — 4NINE = (A2 — X3)? 2 0 oo}
4} unstable node.

p=A1+A2=—-1,g=A1A2 = —12 o|Z Zsaddle

AR H2lA 5 [Lidt+I) -T2 =0

FaR gzl L -Lh+ 51, =0

A AL olEdA Helstd

Ii = —-23]4[1 - %Iz,[; = %Il - 4512

g Ale] 382 eigenvalue—1, —4

7t7}e] eigenvector [1,-4]7,[4,-1]T o)z

Y I = [ A ]e—*+cz[ 4 ]e—4t

E7|ZALEZHE 1 = 3’62 = %
A szAd R(Ii - I) + LI} = E
SR H2elld R(I2 — L)+ & [I2dt =0
FAA AL w4 Aelahe
I = ———(11 L), =-8n+(B-L)n+E
szl 77 $AEE o HHAL
IL=-%I + 3I + 169sint
Iy=-35- 12% +169sint

=8| -1 1
A=3 [ -1 -3
vectore [1,—1]7 {1} Bo|ct.
(A +50u=(1,-1]7<l u§ sht Fowd (2,07
22 2.2 homogeneous equation®] Yuls]=

D o

1 5t 1 5
J=¢ e e 1 |tt 6

Jp = ucost + vsint2 T3 E4HE fow
Jp =[—19cost + 62.5sint,6cost + 2.5sint] T
aYdEz dutge

= (c1 + cot + %cz)e‘st —19cost + 62.5sint
Io = —(c1 + cat)e™ 5 + 6cost + 2.5sint
L0)=c1+2%c2-19=0
I5(0)=—¢1 +6 =0 228 Ec; =6,cp =325

].‘L] eigenvalue2 —50| 3 eigen-

+# 319 formulac] Foj& FX & disisid

I{ = ~0.111 +0.1/3 + 10,15 = —0.11; — 0.9]3 + 10
¥ 39 eigenvalue= —-0.1127, —0.8873

i A ] eigenvector—— [1 -0.127}7, (1, -7.873] T
Jpo=u2 53 E$8§ gow J, = [100,0]7

, ‘:—l""iﬂ\—: I = cle——O 1127t + 026—0.887315 + 100

Iy = ~0.127¢1e~0-1127¢ _ 7 873, —0-8873¢
£27)127 L2 HE oy = ~101.6,c2 = 1.64

33.

34.

¥) = —1o5¥1 + Tag Y2
Yh = 151 — Ta5Y2
v A & 3 9 eigenvalue2 —0.03,-0.15
27} 9] eigenvector [2,3]7,{2,-3]T
O\‘-_Jt\'}sﬂ'é 1= 2018—0.01“ + 2C2€_0'15t
y2 = 3c1e~ 003t _ 3cpe—0:15¢
y1(0) = 2¢1 + 2¢2 = 0,y2(0) = 3¢1 — 3c2 = 90
22 XEcy =15,c0 = ~15

A= [ _01 (1) ]2{ eigenvalued +3

2} 7} 9] eigenvector& [1,4]7,[1, —4]T

1 . 1 .
yzcl[l]ezt+02[—i]e—zt
=[ _c1+?2 ]cost+[ w1~ ]sint
1C1 — 1C2 —C1 —¢C2

° 2 ¥.g} homogeneous equation & Yuts) =

cost sint
y_A[ —sint ]+B[ cost ]
vpE e WHF
Undetermined coefficients method;

yp=u+viz 5

Yo=v=Au+Avt+[t,0]7 c]mz
v = ug2 vt +t,v2 = —u; — it 2 ¥
vp=-Lum=u=0u =1, yp=[1,-¢7

Variation of parameters method;
cost
—sint

|
=[]
o || o]

tsint +cost—1
—tcost +sint

homogeneous equation®] basis+= [

cost  sint

=] Y =
== [ —sint cost
cost

“"/Y ‘gdt = /[sint
- [ Lt Ja=

tsint

y —Yu—[ cost  sint ] [ tsint+cost—1
P T | —sint cost —tcost + sint
| l—cost | _ 1 cost
—[ —t+sint ] _[ —t ] _[ ~sint ]

Diagonalization method;
A 2] eigenvector7} [ i ] ,[ _11 ] olm g

X:[l
7

. ]ou deted X-LAXE vzl

i 0

0 —i ]
z2=X"ly2 £33y =Xz,y = Xz'& WA o
dsld Xz' = AXz+g

X-1g oo Fald 2/ =Dz + X~ lg.

ot ARz D=X"'AX = {

- 1 - t t
e T e
Alg g4z Zojrd z’1:i21+%, z,2=—‘i22+%

ol A z1,z2° ¥ Y X linear equationg £,

(2] —iz1)e™ i = (z1e7) = Lemit
(zl2 +iZ2)elt (Zzezt)l ___ezt

1
—(it+1
S+ 1)

. t
z; = e"/—e"”dt =
2
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CHAPTERS3.

Lt . 1
2o =e” i [ Zettdt = 5(—it +1) o]mz

2
1 1 1 41 1
=Xz = — 3 R . =
Yp z 2[1 —z][—zt+1] [—t]

A e Aste dASAT AU wpgo] A4
zteate.
v2 = Oy — 3} = 0& Ed
(0,0),(1,0),(—1,0)
(0,0)1 M y5 ~ y1

0 1
A:[ o1
(1,090 4 1

0
A=[ 2 @ }71’:0,4=2>0°]Eicenter

(=1,0) A% wl@7}2 Z center

critical point&

,§=—1<0 o]2 & saddle
y1~ 12 F9d ¢y & 24

I

y2 = 0, —tany; = 0 & & critical point:
(n7,0) (n& e A=),

tan2=z+?3i+%z5+...°|_u_§_

(nm,0) A 1 =y1 — w2 59

¥y = —tanyy = —tanyi & —i
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A:[O

1
1 0 },P=0,q= 1> 0 o]2 Z center

—4y2 = 0, sinys = 0& & critical pointe
(2nm,0), (7 + 2n7,0) (n& d2je) F4).

sinz =z — Z—?-}-’é‘—!.g....o]_\l;_
(2nm,0)l M y1 = y1 — 2nnE S
Yy =sinyy=singi ~ 41

0 -4
A= [ o~
(7 + 2n7,0)) X 1 = y1 — (7 + 2n7w) 2 59
yh =siny: =sin(§ +7) = —singy ~ -7

0 -4
A‘[—1 0

] yPp=0,g=4>0 ]2 = center

] ,§ = —4 <0 ol2 2 saddle

2y +2y3 = 0,—8y; = 0 & 9 critical point=
(O,O): (O,—l)
(0,0) 4 3y ~ 2y»
0 2
A= [ -8 0
(0, -1)4M g2 =y2 + 18 59 ¢} ~ -2

A:[ 0 -2

yp=0,0=16 >0 o|= 2 center
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CHAPTER 4

Series Solutions
of Differential Equations.
Special Functions

If a homogeneous linear differential equation has constant coefficients, it can be solved
by algebraic methods, and its solutions are elementary functions known from calculus
(e%, cos x, etc.), as we know from Chap. 2. However, if such an equation has variable
coefficients (functions of x), it must usually be solved by other methods. Legendre’s
equation (Sec. 4.3), the hypergeometric equation (Sec. 4.4), and Bessel’s equation
(Sec. 4.5) are very important equations of this type. Since these and other equations
and their solutions play a basic role in applied mathematics, we devote an entire chapter
to two standard methods of solution and their applications: the power series method
(Secs. 4.1, 4.2), which yields solutions in the form of power series, and an extension
of it, called the Frobenius method (Sec. 4.4).

The study of those solutions (and of other “higher” functions not discussed in
calculus) is called the theory of special functions. Hence Chap. 4 will give the student*
a chance to become familiar with some of the methods in this area. This will include
a discussion of Sturm-Liouville theory (Secs. 4.7, 4.8) based on orthogonality of
functions, an idea whose significance to mathematical physics and its engineering
applications can hardly be overestimated.

COMMENT. This chapter can also be studied directly after Chap. 2 because it uses
no material from Chap. 3.

Prerequisite for this chapter: Chap. 2.

Sections that may be omitted in a shorter course: 4.2, 4.6—4.8.
References: Appendix 1, Part A,

Answers to problems: Appendix 2.
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4. SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS. SPECIAL FUNCTIONS

4.1. Power Series Method

. obzi e A 1uio|]x1 k:axl 39l 73.7.

= ao(1+3z+ 522+ L a3+ izt +-..) = age?

. y=ao+a1z+ a2z’ +a3z® +agzt + .-

¥y = a) + 2a2z + 3azz? + dagxd + - ,

y = kyOIEi a1 = kao’ a2 = k_‘;l' = %aos
ka K3 ka k

4
a3 = 73 = 4—00,

x3+k—z +--

= Ta’Os a4 =1
y -—ao(1+ka:+

- A 2o A kA —29d A
2 3
Y= ao(1—2x+(_22) 3:2-{-(_32!) z3
= ape~ %

4
+("42!) 1:4+)

. y=ao+ a1z + a2z’ + asz® + agzt + - -

¥ = a1+ 2a2z + 3agx? + dasx® +

(1 — )Y = a1 + 2a27 + 3a3z® + 4daszd + - -+
— a1z — 2a22% — 3a3zd + - -

y=(1-xz)y ojBZR

ag = a1, a1 = 2a2 — a1, a2 = 3az — 2a2,

a3 = 4a4 — 3a3, -+ °E-‘1’-El

ap =a1 =a2 =4a3 = -

y=ao(l+z+a?+ad+2t+..)= 22

. y = apt+a1z+arz?+azzd+aszi+asz®+asrl+- -

¥y =a; +2asz+3a3z2 +4aq23 +5a52% +6az5 + -

2zy =  2a0z+2a172+2a22% +2a37% +2a425 + -

Y =2zy o222 0=a;=az3=as=---

az = ag, a4 = Zaz = 50.0,

as = 2a4 = La0,--- 2 3¢

y=ao(1+z2+%z4+%z6+ --)=aoe°"2

= ap + a1T + a27? + a3z® + agzt + - --

vy = a1 + 2a27 + 3a3z? + dagxd +---

(1 4+ 2)¥ = ay + 2027 + 3a322% +4aqx3 + - -
+ a1z + 20322 + 3azzxd 4 -

y=Q1Q+z)y clzx

ap = a1, a1 = 2az + a1, a2 = 3a3 + 2az,

a3z = 4a4 + 3a3, -+ 2.2 H¥

0O=a2=a3 =, 222 y=ao(l +1z)

Y= ao+ar1z+azx?+azrtaszttasa®taezb+ -
¥y = a142a22+3a31% +4as7° +5a57% +6a625 +

Ty = a0z + a122 + a2z + azz? + agz® + - -
yY=zyol22 0=a; =a3=0as5=
— 1 1 11
az = ?001 0,41--1. Za2 - 420'01
as = g4 = gz 300, E H¥

10.

11.

12.

13.

- EA4 88 EolAAAN k=

. 1.2
+11 4+__1:6 ”.)___aer.’t

y=a0(1+ 83l

"= ky WA,
y = ap+ar1z+a2z’+azz® +aszt+asz5+asaz®+- -
v = a1+2022+3a32%+4a42% +5a52* +6as5 4
Yy =2a2 +3- 2a3x +4-3a42? +5- 4a57°
+6-5agz + -

"'=kyolng "%-r‘?}t-a = %aqo,
a4 = £502 = a0, a6 = Fzas = & ao,
4% a3 = fa1, a5 = Fraz = l;?al
a8z y=ao(l+ iz +ﬁz4+’g—?z6+ )
+ar(z+ E2d + K E225 4 .. -)
k=223 Agelmz
=ao(l+1(22)2 + (22)* + & (22)5 +---)
+ 82+ (20 + (2)5 +--)

= ag cosh 2z 4 % sinh 2z

322} A9olmg

y=uao(l — $(32)% + £ (3x)* - £(32)° +---)
+ 28z - £(8x)* + §(3z)° )

= ap cos 3z + S} sin 3z

y'=ao+a.1:1:+a2:c2+a3z3+a4z4+...
y = a1 + 202 + 3a3z® + 4a423 + -

¥ —y°l"§.a1—ao, a2 = 4 = lao,

a3 = % = 3a0, a4—°4=4ia -2 RE

¥ =oeo(l+z+ 32 + $2° + fzt + ) = age”
y =ape® +c¢ )

y = ao+a1ztasz?+azzd+asrttasritagztt- -
Y = a1+2a27+3032% + 40423 + 5052 +6as2% + -
3z%y = 3a0z? +3a1z3+3a2x4+3a3x5+3a4a:6 4

v = 322y olB, 20=0=a4=a7="
O—a%~a5—as— g8 =90,

1 .
ag = 3a3 = 3a0,a0 = $as = a0, T ¥H

y=ao(l+2%+1z®+ 2% + -+) = age®’

£4 8¥ %°|3}Xd°|l:1 k= I;’J HAgolzz
y=ao(l+ 3z 2+14—.:c4+%7:c5+~-)
+ai(z+ 32 + Lz +---)
= agcoshz + a3 sinhz

power seriest= Y W7 & A2z gkowd
Sdofl MubA| etk

formal%

4.2. Theory of the Power Series Method

oo
. y=_ anzelet ¥4,

n=0
oo 00
—2zry = Z ~2anz"t! = Z —2an-1z™
n=0 n=1

)
y = Z nanx Z(n 4 1)an+1z"011
n=0
= —2:cy olm2 2+ A45E vlnsd

a1 =0,~2an-1=(n+1l)an+1(n > 1) & 3¢
2E 4% a1,a3,05,- - 0ol gL 99 F

stalel n = 2% — 1& thdshd,
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4.2. THEORY OF THE POWER SERIES METHOD

agg = -—%az(k_l)(k > 1)& uEgc}.

azk = _%a2(k—1) = (—") 1 )az(k 2)
D) ><——>ao Ry
oA y = Zazkl‘ Zao
k=0
oo 2\k
-z g2
=a0k2: ( ') = age z
k=
Y= aaz",
n=0
B o0 oo
y = Z napz" e Z(n + L}ant1z”
n=i n=0
oo
Y= an_12",
n=1
(z-2)y = Z napz™ — 2 Z(n +1ant12™

n=0
= Z("an ~2(n+1)ant1)z"
n=0
(x—2)y =zyol=g 7 A4S2 sjasid,

—2a1 = 0,ap-1 =nan —2(n + L)apyi1(n > 1)
ohA] 2 ay :0 Gyl = ’“‘"_—“n_—_l(n >1)

2(n+1)
a2 = 3% = —tao, a3 = 22 = — Lo,
‘14=§g'31—az“0 as = 24322 = saq,
ag = 22504 = 2ssa°v T
ol y =ao(1— z? - La3+ 5T + gt 4 )
(=] [~
Sy= ety = > napzn?
n=0 n=0

oo
zy -3y = Z(na,1 —3an)z™ =k & g
n=0

—3apg =k, nap — 3a, = O(n > 1)
k
2#=2 a0 =—2, an = 0(n #3)

- k+a =8
y= 3 3
o0 o0
L y= Z anz™, y' = Znana:"_1
n—O n—-O

Z(n —lap—1z"

z2y ~Z napz"
n=1
(1-2%)y = a1+z {((n+1)ans1—(n~1)an—1)z™

n=1
(e o] oo

2ry = Z 2anz"t! = Z 2a,-1z"

= n=1

n—
(1-2%)y =2zy ojm22t A4S ¢ vlmaiw

a1 =0,(n+1)any1 — (n— Dan—1 = =2an_1(n>1)
thA|2wE a1 =0, an+1 =an- l(n > 1)

y=ao(l +z%+ 2% +26 +- )——_‘;—7

oo oo
5.y=Y anz", y = Z(n+ Dap+1z"
n=0 n=0

61

= i(n +1)}(n + 2)ap422™

n=0

¥ -3 +2y =
oo

Z {(n+1)(n+2)ant2 ~ 3+ Danss + 2a5)z"
n=0
" -3y +2y=0ojmz
3

2
a. = ——a —_—— >0
M R T G Dy (n 20
17
az:.é.al._ao, a3=a2—§a1=gal_ao,...

Yy=ao +a1$+(ga1—ao)xz+(ga1—ao)m-3+...
AAZE an = AT Qo)) o] 519 GRS

NEIER 227 ST Y= WAy = cre® +cge?? 9}
2 dde=d ¢ F i

. y—Zanm s xy—Zan 22"

n=2

(4z? — 2)y = 2(40.”_2 —2an)z"™ — 2(ag + a12),

n=2

- 4Iyl =-4 Z nanxnv

oo
= Z(n + )(n + 2)an42z™.
n=0
" — 4y + (42? - 2)y
= 2a3 + 6asz — 4a1x — 2(ap + a1z)
o

+Z ((n+1)(n+2)an+z—4nan+4an_2—2an)z"
n=2
¥’ —4ry + (422 —2)y = 00| 2% ag = a2,01 = a3,
(4n + 2)an —dan.2 (n >2). -
(n+1)}(n+2)
HEY; agy = bki(s;c'r:-“d,z)b 4b
+2)bp — 4bx_y
k>1
(2k + 1)(2k +2) (k> 1)
Z3E by = 1bo, b3 = bo, - & Aok
AAE by = Tﬁ-’?—%ﬂ ’@ﬂ-’il% il aidc

An42 =

bo = b1, br4r =

5y AR R agryy = 2 F,
(8k + 6)cr — dep—1 (k> 1)
(2k + 2)(2k + 3)
23E e = joo,b3 = 3.CO, € det
a882y = ao(l + 2 +%—-+ <)
+ai(z + 23 +2.+’3— )
= (ao+a1:l:)(1+$2+ﬁ+%*!' ) =(a o+a1:c)e’2

Co =C1,Ck41 =

Ly = Zanz , ¥ Z(n+1)(n+2)an+2z".

=0
¥ +4y = Z ((n+ 1D)(n+2)ant2 + 4an)z™
n=0
y'+4y=00°lmzg,
Gny2 = an (n>0)

n+2)(n+1)
n =2k 3%;

— —4 __ —4 —~4
On = =1 %n—2 T Ra=1) (ho2)(n=3) In—4
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10.

11.

4. SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS. SPECIAL FUNCTIONS

L= E g
FEAYE 2w Z azez?* (2k),
(= 1) _
Z (2k)' = ag cos 2z
u]-il-7]-1]_§ n=2k+1d A$E=ap, = g%ﬁﬁalﬂ.‘l
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4.3. LEGENDRE'S EQUATION. LEGENDRE POLYNOMIALS Pp (=) 63
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4.4. FROBENIUS METHOD
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Z (m47+2)(m +7 + Damyaz™H+2

m——2

+ Z(m+7,)a 2:m-(-1'+2_<}_ Z am zm+r+2

m=0 m=0
oo

—_9 Z am+2x’"+’+2

m=—2

m=-29 W,r(r—1)ap —2a0 =0, r =—-1,2

AAA &; r=-—1d o,

m=—1 ® —2a; =003

(m + 1)mam42 + (m — 1)am + am ~ 2am42
=0(m > 0) Jsd am+2=—m—2‘)‘am°|.‘l
Z20=0a2=a4=0a¢g=":--

y =27 {ao +as(z® + 172, brz*)} Wejelal,
BFeA a3 =002 god, y; =21

=94 &; 2% 148 reductlon of order o|-&
p=z, — f pdz = —

- T
- 1 z? (-1
—=z2e k.. p2k+2
U=z =z Z k 2) Z 2"/&:'
u= /de = °° ( 1) 2k+3
2’°k'(2k+3)
OO
_ _ (=bk 2% +2
Y2 =uy1L = ,;)2’%!(219-}-3)2

o0
y=2z" E amz™ o8 S
m=0

zy” +3yl +4z3y
oo
Z (m+r+1)(m+r)ampaz™t"

m=~1

16.

67

o0 oo
+3 D (mAr+)amnz™ T 44 Y apmoge™t

m=-~—1

—14 o} r(r — 1)ag + 3rap =

m=3

0, r=0,-2

A d; r = 04 @, m = 0,1,29 9= Bz
3a1 = 0,2a3 4+ 6a2 = 0,6a3 + 9az = 0.
(m +1)mam41 +3(m + 1)amy1 +4am—_3 = 0.

T fml = —mam 3 (m>3)olmng
Qgpta = m%k(k > 0),
Qg = (izf_f_llyao
Z _=pF =2 Z (=1)* (22)2R+1
(2k + 1)' (Qk + 1)!
=z~ sm(a:z)
=44 &; 24 18 reduction of order o} &
p= %; ~ [pdz=-3Inz
U= z4 1 E3
sin2(z2) 3 — sinZ(x?)
u_/ zdr _1/dt__ 1 t(2?
=) sn?@?) " 2/ sin2e . 2°° @)
Y2 = uyr = —Err"z COS(IL‘Z)
@)zl -z} +{c—(a+b+ L)x]y’ — aby
oo
= Z (m+7r+1)(m+r)amprz™t"
m=-—1
oo
- Z (m+r)(m+7r—Dapz™ "
m=0
(o]
+ec Z (m+71+Damprz™F"
m=-1 .
o o) [=]
—{a+b+1) Z (m+r)amz™" —ab Z amz™t
m=0 m=0

m 14 9, r(r — 1)ap + crag = 0 2.3 B¢
r1=0,m2=1-c

1 =04 o ;

(m + 1)mam+l - m(m - 1)am -+ C(TTL + 1)am+1
—(a+b+1)mam —abam =0 (m > 0).

(m +1)(m +c)am+1 — (m +a)(m + b)am = 0.

c#0,—-1,-2,-.-0]9d
(M+a)(m+b)
—_— L > 0).
= o Dm0 20
dnrge
(a+m)(b+m)(a+m~—l)(b+m—1) a-b
Am 415 e ag
(m + 1)(c + m) m(c+m — 1) 1.¢

a =1% FH m > 184
_afe+1) - (a+(m—-1D)bb+ 1) (b+ (m~—1))
- mle(c+ 1)+ (c+ (m — 1))
2=z (16)8 A3 deot

(P)art b7t £& Fgolw ame AR IRE = 00)

_(m+a)(m+b)
am | (m4+1)(m+c)
FEWAL |z < 1.

—-1(m— ) olunzg
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4. SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS. SPECIAL FUNCTIONS

(c) F(-n,b,b; —x)

E(—n)(—n+1)---(~n+m-—1 m
_1?;1( JCRDEHCER S5
n(n —1)-- —(m+1)

_1+Z T(,: Jgm

($19] B4 o] A nof 8] 4Y o))
nzF(1—n,1,2;z)

- o~ (1-n)@2-n)---(m-n) .,
_m:[1+mz=:1 i@ +m—1) T

=na- 3 MO B o
m=1 :
=nz — m2=1 ( mﬁ— 1 ) (—z)mH1
:_.oc n _;L-"‘:I—(l——:z"
() )

— z — . 2
arctanz=r— % + % - +.. a:F(2, ,2, x)

arcsinz =z + 353

5 1-3-5 74 ...
+245:c +34e7% t

_ 1.3 @m=1) om \
’“*ZW =eF(h 4,37
ln(l‘*‘x)=$—"—+———:+-~~=.1:F(1,1,2;——z;)
o2+ S+ % 4231 )

(d) r2 = 1~cold (a)e] A3} el mejdd m+1—cE

s A g3y

('m +2-— c)(m + 1)am+1
—(m+1l—c+a)(m+1l—c+blam =0 (m>0)

€ A3 AL r = 0% AN ca,buj A 7

Z2-ca—-c+Lb—c+1q H$9 gomz

y2=z' " °Fla~c+1,b~c+1,2—¢z).

17.

18.

19.

20.

_ dy dzy_ 1 d?y
dat to — 1) dz’ dt? (tz—t1)2m,
(t —t1)(t2 — t1) = z{z — 1)(t2 — tl)z,
Ct+D=C[(t2—t1)l‘+t1]+D.

o] A& (18)ell ‘“°J'6|>‘5,

(t—t1)(¢ —tz) Yy(ct+ D)—— + Ky

dt2 . D
¢ d
-z(:c—l) Y 1(Ca +1—+~ 2 4 ky.
iy O E
LA (15):414 ~22 T~ C=a+b+1,

to — 1
K = abal H$-ojt}.
c=3,a=4,b=1d A%eln c7t 47t opymz
£ 169 y1,y27} basiso|t}.

1
y=AF(},%, %;z)+31ﬁF(%,1, o)
=A(l-=z)"1+BzzF(3,1,3;2)

(A B 5ol 4 16(c)e AAE o] &)

c=3,6a=2,b=2 A$olmg y; = F(2,2,3;1).
crb 47} oA ut A 16(d) e} H3Alo]
(m—1)(m+1)emt1 —m?am =0 (m > 0) o]mz
0=a)=ay=a3=---0loj4 yp =z~ 2.

N FEF, yo= —27 o] BE y), 2+ linear inde-
pendento]ej A basise]t}.

2828 y=AF(2,2,3;z) + Bz~?

c= 4,a._—2 b=1< 73—?—01!:}
y = AF(— 21,4,x)+Bz4F
= A(l - 8:1:+

74,4’x)
2)-i-Bz‘l(l —z)4

c=3,a=-1,b= -2 F$olc},

1
y= AF( 1 _21 2»$)+BI§F(—%,_’3’%;$)

4.5. Bessel’s Equation. Bessel Functions J,(z)

. u:%,y:AJ%(z)+BJ_%_(m)
. dy d’y
z=gy =A%y =02y
T =2y dz 'Y dz2

2y, —
d2+zdz+(z -3y =0

y = AJy(2) + BJ_,(2) = AJ,(Az) + BJ_,()\z)
(7t J47t opd o)

.1'2~zy—2z——,y"—2 +(2 )2

(2y+4 —)+2z—+(4z )y:O
d
d;’+z—+(z - Fy=0

y= AJ%(zz) + BJ_%(xz)

www.20file.org

..A(1+4z)+Bz2F(-§, 3,%:2)
1 dy 1 dy 1 d%y
o ;— o= -4 albadi. A
V=2 2ﬁdz’y 4zﬁdz+4zdzz
1 dy 1 d2y dy
g = 2z =0
zd(z 423 dz ' 422 dz o2 T +(z 360Y
z2d12/+z—y~+(z )y—O
y——AJI(\/_)“‘BJ_L(\/_)
gz(z—y +4 )+18z ~ + (3622 — 16)y =
dy
d2+zd—+(z %)y:O
y_.AJg(:z:2)+BJ_§_(z2)
1 dy 1 d%y ldy 1
2
— —_ —— =0
z(dz4z3d‘(zi 422 dz2 )+22d *1 rtd
22 Yy
d—2+zz—+zy._0 y = Jo(v/7)
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7.

10.

11.

12.

13.

14.

15.

4.5. BESSEL'S EQUATION. BESSEL FUNCTIONS J, (=)

@':—u')x—:}(u'z—Zu)
4

!
! wT-2u . pr__
y=u/z?y = L2 4 =

T
" _2
U T -4u z-4+6u Su'z—10u K3

4 2wedou v g

z? ”+xu +(z® ~4u=0

u=Jy(z), y =z 2J2(x)
u
= z, f = +_‘;
y=u/z,y =u'Vz NG
'
"o— v u
\/E+\/_ —41\5
!
LW VE+ = — ) + Lz + Duvz =0
NZ3 4z\/" 4 1
2?u” +ou' + Lz - Du=0
1 du 1 du | 1 d%u
— T II= —_— i
VE=zu 2\/Ec'dz’u 42\/—dz+4zd22
1 du 1 d%u z du
Yoog— ot — —Z)u=0
2(2423 dz = 422 dz2) 2dz+ (z )u
z2d—z+z +(z ——)u-'O

u_AJl(\/—)-f-BJ 1(\/_)
v = VE{AT, (VA) + BI_y (v@)}

8122 ”+27:1:y +(9:c3 +8)y
:~18x3u+54:1:3u +81:1:3u”+9z3u+271'3u
+(9:c3 +8):c3u—0

2 " 1 1 _
+ zu’' +(9:c3 au=0 ,
1 du du d“u
z3 =z,u':%z"2—,u”_—§z 5— +éz‘4————
dz dz dz2

Sl WY,
2 du 1 du

AL U S B

92dz 9° 322 T 3dz 81
223—2+a?;—+(z —-l)u—O

u= AJ%_($3)+BJ_%_(1:3)
y= z%{AJ% (x¥) + BJ_%(::;%)}

y' = 32%u + 234y = 6zy + 6220 + 23u’’
22w +zu’' + (22 - u =10

u = J3(x), y = z3J3(x)
(25)% (27)9l <18 w2 E gt

S B I & (et

= 22 (ml)? —ﬂ; 22m=1(m — 1)Im!
_ (_1)m+1$2m+1 _
=2 22m+ 1t o —J1(z)
— m!(m + 1)!
(zJ1) = zJo, :l!Ji +Ji==zJo, J| =Jo ~ z=4J

iamH | = 22mtnmi(n + m)!
am 22m+24n (m 4+ Di(n + m + 1)!
1

= LT E y rr—— — 0 (m — o0)

(26)l M v =149 o Jo(x) = 2271y (z) ~ Jo(x)

69

16. (12)ell A 27487t 2t Aztapd Jo & 1 - 0.2522
17. (26)l o8
Js(z) = 2J2(2) — Ji(x), J2(z) = 2J1(x) — Jo(x)
€AY J3(2) = (F - Di(z) — 2Jo(z)

18. (12)o] FgFFolA &3t 3 ’\]-°|-4 3.7]4 a7}
2(m+1)/22(m+1) ((m + 1)|) 2
z2m [22m ()2 22(m T 1)2 olx
20<z<2d g m = 088 aygz Fojr}.1
222 Leibniz testo] 284 0 < z < 29 w=
Mo(z) - 1] < 2%/22(1!)? < 1|22 Jo(z)& ol
o}

95 2<z<8d e m=1d B2 m)F5o]

2z, )2 , "
[Jo(2) — (1~ 22(11)2 24(21)2)! = 26(3|)2 ’
82 83
otV8) = 0 =~ oo + 3ie - ) <
84
sz 211 o@D Frelx So(VB)E ol

:LEL‘:’_E_ Jo(x)e} Swish zero 29} 8a}olo) =xj
gt}

19. (25)H v—-19 o, (z="~DJ, ;) = —g=-1,
(26)°“ 9‘1'3“ Ju—l = .’E_V(E"J,,)' = I/:E_IJ,, + ‘lez
Adx Alefl i sid,
vz~ Jy + 7Y = = (-1,

— 30y v, + (—v+ DzJ, + 220" = —22J,
2J +xJ) + (22 -2, =0

20. Jo ¢ zeroatolel= Rolles) &ejel &) J; = 0al
Ho] EAGet. (25)e) s J, = —JyolmE Jool
zero Atolel = J19 zerov} Hel® st Exjgc).o}
& bRz 204 98 (@h) = ado olm
zJi(z) = 0 & Ji(z) = 00|mZ (J1(0) = 04))
J18) d4% zerodfolol & zdo(z) = 0% Hol ExG
o} J1(0) = 0o 3 J1 8} <<% zerorlo| o] Hojmz
°]d & 04o] ohch. 222 o] el A Jo(z) = 00]
.

21. z7} kgro)d Jnu(z) = 03} 23" J,(z) = 02 3.
Jn 2] zero Atojol= Rolle Flo 28 (z7"J,)

i

0 Heol EAPct. (25) A& (z~"J,)
—z7 " Ip410lB2  Jnppa(z)=090 Ho] EmM3
o WlE Jp419 zero Alejefi: (24)o) ofs)

(z™t 1) = 2" ,0l22 J, = 081 Ho| &x)
Wk 2822 Jo9 943 zero Alojol Jui1 9
zero7t B shiut &R g,

22. ©|Eabw (24)4 o] H}.

23. W gahd (25)A0] Bk

24. wl&ae (27)4]0] W}

25. f.]3(a:)d:r = le(a:)dx —2J2(z) (&A 24,0 = 2)
JN(z)dz = —Jo(z) + ¢ (£ 23,0 =0)el=g
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26.

27.

28.

Ly=uvz,y =u T+

4. SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS. SPECIAL FUNCTIONS

J Ja(x)dz = —Jo(z) = 2J2(x) + ¢

J22hde = 2202 +c (34 220 =2)

Jzdodz =zJ1 +c (A 22,v =1)

[ z3Jodz = [ 2%(zJo)dz = z%(zJ1) — 2 [ 2% J1dz
=xz3J, - 22202+ ¢

[ Js(z)dz = [ Ja(z)dz — 2J4(z) (BA 24,0 = 4)
[ J3(z)dz = —Jo(z) — 2J2(z) + ¢ (FA} 25)
J Jsdz = —Jo(z) — 2J2(z) — 2J4(z) +¢

(a) FAE 948 W(z) = pg(L — z)o|lx =z ojst
9 ¥3e Apte Y BAY A T oA
Wolt}.

Fatge) 2L glome AYTY L£a4¥2
Wset et aelmz FeTe 34 Wel ¥, & T9
S E; F(l') =Wtanf, = Wu,

7t z olstel F&ol FAHEs= Yol (fz+ cable
o gl urgrel g ue] A9 Ax)

°I7‘ﬂ e 88 Azg A4ty Aze 4de ¥
&; F(z)- F(z + Az) & AzFy = Az(Wug)z
ola Fr&l A 2w 2]} 2

pAzus = Ax(Wuz)s & St}

A uee = g[(L — z)uzls-

z@ulct F714 A 5] A=

u(z,t) = y(z) cos(wt + 6)2 A,

ugr = ~wy(z) cos(wt + 98),

9l(L — D)uzls = g[—¢' + (L — z)y"'] cos(wit + 5) ol =.
2 (L-z)y' -y +X2y =0, (A =w?/g) & dErt

(b) s=2\VL -z 2 54,

dy 2 d?y 4X?  dy 4t
l_________A2, n_-3 2 _ & 7
y ( )y dsfi2 s21dds 53
Loay -y + Xy =22 + =¥ 4yl =
(L—2)" —y + Xy = X5 + ——= 4]

v7t AFnel A9 Jo3# J_,2 linear dependento]
D2 First kind Bessel342 & basis& 45 47} ¢
t}. 212 4] Second kind2] Bessel Function Y, 2 A
et Jo& z = 00X Aol X Yo d x = 0ol 4
LIZiS 1=

. n=25, y=AJs(z) + BYs(z)

5r = ——5-——, ! = 5——
T =2z Y e
d’y

4z 2—-{-42——+(42: -9y =0
y= AJa (52) + BJ_ 3(5:1:)

2¢E’
u’ u
—— T4 —— — —
vz VI 4dz/T
Wi+t puE=0
NN

29.

v =0¢] Bessel WA 4jo]3 s =0 o} (z =LY o)

dAfolog  y(x) = Jo(s) = Jo(2w+/(L — z)/9).
(B =LY w9 =L 1 2 7tgye})

(c) y(0) = 0 o|22Jo(2w+/L/g) = 0olojok &
o 2322 wE 2w\/L/g7t Joo zerodt S& 3ol
oo} g}

2w~/Lfg7} Jo2} R zero (2 2.405)7} 5= wel
@ y& 73‘!‘;'*_’4] normal mode, S¥#A zero’} H&
wol] Bi y& SHA normal mode, --- & ¥}
AW normal mode 2] 1 T x;

z7} 04 LaA #F7tste $<¢ 2w /(L —2)/9=
Jool AR®iA zero 2405004 0o2 Fislme
Fig 1032} g oA 2.4056) 4 Oxfole] Xeokz}
(VI -zl & S22 @gxju) slssich opzist
A2 FHA normal mode] ZH;|EE Joo| SHA
zeroof| 4] 0ol 2] % ok} w]sz3lct.

cable®] Zo]7} 2 meteryd = A WA normal mode?)
frequency+=;

2= —2:2'402/9 = ————4"2'4,____20/59_8 = 0.424 [cycle/sec]
u}#7}x] 2 10meter cabled =+ 0.19 [cycle/sec] .

vv 4+ 2u'v +uw” + pu'v 4+ uv') + quu
=vu!" + (20 +pv)u’ + (v +pv' +qv)u L2 EE
d d
2v' +pv =0, b _p2z’ v = exp(—— J pdz)
v
Bessel%}xdéMl/ﬂp— ]“iv—e oz _ -
v’ +1(v" + 1y —{; (1-% )v)u .
=z zu"’ + (31"5 - —;—.1:"% +(1-5)272)u=0
2//+(1 1:—V2)u—0
v= 1%_! o, v’ +u=0
u=Acosz+ Bsinz, y = ——(Acosa:+Bsmz)

(29)(30)2) kst YAt

[N

z2u’ (e -LHu=0
203 o u = x;d—u ' —lx‘%d—u+xd2u
3 d‘ ’ Jdtu dz’ d_2 dz = dz?
1 38 3 au _
'2-.’E2d—z+ d2+ 2—+($ '——)’U. 0
o+ @2 (a2 - D =0

dz
zza—zt—;-+zd—u + (22 —l)u—O

u=AJ%(§I2)+§BJ_§_(§Z2) \
y= \/E(AJ%(%:cz) +BJ_;§(§zz))

Wi E e L T=0
VI dzT -
?u” v + (2t - Flu=0
du du d°u
1.2 r_ "o _ 2
sl =z = — U= — -—
2 ’ dz’ dz dz?
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4.6. BESSEL FUNCTIONS OF THE SECOND KIND Yo (=)

)u=0

u = ATy (}2%) +BJ_%(% z?)

Y= \/E(AJ% %272) + BJ_%.(%mz))
1

u”\/:?+~u—

vz 4:1:\/_
:I:Zu"+:l:u’+(k2

+k%zu/T=0
)u=0
%kx%=z u’=kz%3—:,u”=lkx 3 d: +
+k2 3% +kz
(g
d22+ —~+(z —l)u—O
u_AJ%(akz2)+BJ_;3_(§k:c2)
=ﬁ(AJ%(§kr%)+BJ_;(§kw%))

3 du gdu

Lig} +(k2 3 _

+((32)2——) —

o’
" — k2 2 0
viVE VT 41:\/_ u/ =

22" + zu! 4 (k2z? ——)u—-O

d
llca: =z u’=kx—1i,'u. =k—-+k2:c2

dz
k2 43_“_*_% 2d_+(k2 4 _
22

2zzg+zd—u+(z ——,—)u—O

u= AJ%( zkz?) 4 BJ_%( 1kz?)
y = Va(AJ (3k2%) + BJ_3 (3k22))

)u=0

F4

" u u

YV T e
xzu”+1‘u'+(k2$6—
du
el

+ k2z%u/z =0
%)u =0
du

3kz® = z,u' = ka? = 2kxd—

k2z GT +3Ilca:3-—+(l<:2 6 _ )u=0
)u =0

u= AJ%(gkze') + BJ_%(—a-km?’)

y= \/E(AJ%(%kﬁ) + BJ_%(gkza))

1 =3 1
. y=ciu,y _—:cTu+x4u,

y'=-5a FTut+l z—u +z4u” € sk,

faiu

1 B
16:1:4u+ 2z4u +:c4u"+ 1:4u+

T K2z 4du

d?u
k2z—
:c dz?

l)'u=0

0

d?u
dz?

d2

5

10.

11.

12.

13.

14.

15.

71

u= AJ%(m%) +BJ_1(z%).
4
y= x%(AJ% (z%) + BJ_%(x%f)).

y=z"u,y = vz lu + v,
Y =v(v— 1)z¥ " 2u + vzt~ 1y + vy
H4lstd,
v(v — 1)z¥u + 2uz¥Hly 4 v 2yl
+(1-2v)(vz* utz¥Flu )+ (2 +1-12)zvy = 0
2" + v’ + 12 (22 — 12)y = 0.
v—ld_u
dz’ .
"= -2t L e T g g,
: 2
v(v - 1)1:"(—13- + u2x2"d—— + vz ,%E
Z
+ VZ(:EZV _ Z)u = 0.
d?u d
2;{— +z£ + (22 —v)u=0.
u = AJy(z¥) + BY, (z¥)
y=z"(AJy(z") + BY, (z"))

S,V =z, =vx

z

Yo(z) = 2(In iz +9) + o(z)d & ol R

page 230 (6)9 YpAlel4 wlxw summation &
2 ofz)elx, Jo(x) 1+ O(x2)°l2£i (o%t
o3t gae 1m 25— o, tim 22—y
Yo(z) 2[(1115 + 7+ 0@E)(Ing + v) +
o(z)]2 & & 9t} ady) hm zlnz Qol=

2 z
2 340___"(’ Wag+7) _ lim i ’m z
7) =450 =004 O(z®)(In § +7) = o(z)olf-%
2HEE Yo(z) = Z(ln z+7)+0(¢)°lt}

2(ln 52 +7) =0 & Tad r~ 1.12

V2/(xz)sin(z - 1r) =0 @ & Faim
/4 =0.79,57/4 = 3.93,9/4 = 7.07

-

H(I)S!I- H(Z) °] linear independentel€ Rojd g
o HY = kHP eha, 1, + 1Y, = kJ, — kiY,.

(K —1)J, — (k4 1)iVs = 0. o} 4 J,,Y, & linear
independente]l® 2 £ —1=0,(k+1)i =0, 2 4.

I(z) =it (iz), I (z) = i~V J¥ (iz) &

(z:c)zJ"(z:z:)+(za:)J’ (iz)+ ((iz)% —v?) Ju (iz) = 04}
443,

—2?(—i)I}} (z)+izi* 1 I (z)+(—22 —12)i¥ I, (z)=0.
21 (z) + =T (z) — (z2 + v}, (z) = 0.

(13)A2& 539 (20) 2.2 %5 v}per).

L(z)7} real g2 4 149 (13)0. 2 5gf whad.
E (13)4eH v > 1Y g T(m+v+1) > 0oln
E AFEo] BT foloi I, > 00] 1 zerox ¢l

ol Fadsic}.
A v < —1d = zero 7t ENY X Sl o
EEA I _3d A%
* s 1
xr 2 xr2
Ig=—g—T+ 53—+ o2z
fo27El(-3) 23T(3)
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4. SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS. SPECIAL FUNCTIONS

. =%
lim I_s3(z) = lim —g——=-00
z—0+ T2 z—0t 2-21‘(_%)

(shukste T(-3) = —2Fg§) =~2/7 <0)

I_s(z0) = 0% ¥4 zo7t EAU

t}g, ool ofd g oA 1/THSIHS 0 o]l2 B

o0 -
x2m. n

I_p(z) = Z 22m-nmil'(m —n + 1)

m=0

& r2m—n

B mz___:n 2m-nmil(m —n+1)

facd 1.25+n
_§J225+n(5+n)!1‘(s+1) (m=s+n)

i g2s+n
= = In(x).

2
g 22547 (s + n + 1)s!

16. I.e} I_,7} sjo|x homogeneous equationo]= g

K,x 33| 87 Aot

4.7. Sturm-Liouville Problems. Orthogonal Functions

. Case 3;
r{a) = 0|3 y2 y' 7} ¢ = a°ll 4} bounded S o 3l
222 page2369] (8)el4 FHA £ Oclx A

val®)  7® \ [ b\ _
A ( ym(®) Y ) ) ( Iz ) = 07 =t
bd ol (f )€ bnze e gwAe 0ol
2, 4By (b) — Y (Byn (b) = 06122 (8)8) 2
A &% Oo|th.
Case 4; Case 33 w37k 2 4 YW A o) 07} obd

& 7tx =z WP o] 0o] Hef (8)9] AUA &34
A Zo} Oojct.

- ren) gt Ap)zm = c{lrym) +(g+Ap)ym} = O]
2 zme £712A (2)F ym T opAA Z 2S5

. obel £ 59l A Lo] 19 A4

c A== (r>0) L A

YWt & y = c1e¥7 + cpe™ V7.

y(0) = c1 +c2 =0, y(L) = c1e’L + coe™L =
cl(e"L - e_”L) =00 28E ¢c; = ¢y =00]B 2 &
¢l eigenvalue2 gic}.

A =0 FAdtsle y = a1 +cexojm FARA
& E3= 1,02+ 080)|B 2 0L eigenvaluer} o}
Y}

A=v? (v>0)d A4

duts] y = Acosvz + Bsinve

y(0)=A =0, y(L) = BsinvL = 02 2 3¢}
vL=n4+nr (n=0,1,2,3,---) '

aglez A= {(v+ n7r)/L)2 (n=0,1,2,3,---),
yn(z) = sin ((7 + nw)z/L)

n # moletd,

% foL YnYmdz = fol sin(r + nn)t - sin(w + mn)tdt

= —1 [5 cos ((n + m)nt) — cos ((n — m)nt)dt
sin ((n + m)wt)  sin ((n —m)nt)

[ (n+m)yxr  (n—m)r

=0 o]= 2 {y,}& orthogonal set.

[N

0

S A=l A Al y = cret” + ez VT
y(0) =c1 4+ c2 =0, ¥ (L) =veye’t —vepevL =
ucl(e”l‘ +e VL) = 002%E ¢; = ¢ = 0o]BE

2l eigenvalue2 gic}.
0d A% ddtdls y = c1 + cazolm AAZA
Z3tE 1,000 0ol 2 0 eigenvalues} o}

g I

r

v (v>0)d A%

Bl y = Acosvz + Bsinvx

=A=0, y¥(L)=vBcosvL = 022 3¢
=% +nr(n=0,1,23,---)

2822 A= (3 +nm)/L)? (n=0,1,2,3,---),
yn(z) = sin ((§ + nm)z/L)

< e > L o > do
e g

<
~S
)

n # molgtd,

% foL Ynymdz = fol sin(% + nm)t - sin(§ + mx)tdt

= _% 01‘30S ((n +m + 1)wt) — cos ((n — m)nt)dt
sin ((n + m+ 1)wt})  sin ((n — m)wt) !

[ (n+m+1)x B (n —m)w ]0

=0 0|2 & {yn}2 orthogonal set.

D=

. 4,595 sbAztA 2 F42] eigenvalue gt

A=0d B¢ ity =a tezel AARAL
EEE dle y=1o] EA Ut

A=02 (v>0)9 HS

Jul#] & y = Acosvr + Bsinvz

y(0) = y(2n) 28] A = Acos2nv + Bsin2ny

¥ (0)=y'(27) 2 %-¢} Bv=—Avsin27v + Bv cos2nv
AdA e AE Fet1 FUR ] BE Fs WE ol
W, A2 + B2y = A2 cos 2nv + B2rcos2nv o]|B 2
cos2nv =1, 2y =2nw (n=1,2,3,---)

18 B2 eigenvalue& A =n? (n =0,1,2,3,---) ol
i, eigenfunction &+ n =0« @ yo =1, n # 04 ul
Ynl = COSNZT, Yn2 = sinnz F7} X4 o|}.

E 27 yniyn2dz = L [27 sin2nzdz = 0ol 4,549
sl R 0 #£ mad W ARgs F& %
2 g uF formulag o}£3}d eigenfunctiong ol
orthogonal§$ ¥4 4= gl

td_y_tl ’

T=e, L =€y ::cyd )

0=(zv') +rz~ty = () 4 ret
(:;/)+ z~ly dx(dt)t ety

_ Y ¢ —t d°y _
=g + Ae y.&i—‘,’-ﬁd—tz—%—)\y(t)—o.

AAZAL Y0 =0, L) =y()e=00lzz
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4.8. ORTHOGONAL EIGENFUNCTION EXPANSIONS 73

A 5l M L =19l 7 -9 2} 4. 413l a=—m,b=mk=0,c= 723l ZAe
eigenvalue A = (X + nr)? (n =0,1,2,3,---),

Yn(z) = sin ((§ +n)In|z|) 15. / Pr(cos 6) P, (cos 6) sin 0d9—/ Pr(2) P (z)dx

8. y=e u, ¢ =e (v —u). . =0 (cosf =z x%)
(7YY + (A + Dy=(e*(u' —u))" +e*(A+ 1)u
= e*(u' —U+U"—u')(+e’()\+)1)u = eTu! + 16. (a) arccosz =y g 3}, cosy =z, 0<y<n)
e*du S ZREu” + Au = 0,u(0) = u(r) =0 o] 2 Tp = cos0 =1, T1 = cos(arccos z) = z,
FA 4904 L =12l A$-9} 2ot Tz—cos2y=2cos:y—1=2z2—1,3
A=n2(n=1,2,3,---),yn(z) = e~®sinnz T3 = cos3y = 4cos® y — 3cosy = 4x3 — 3z.
( )'yn() Up = siny :m_l
- - 2 \/l zz
0. (&) + (A + )z 3y = 0 Yy _ e
x—lyll_x—2yl+(A+1) 3y =0 U, = % 2\/___L_M__2U01_2$’
2 1" !
y —zy + ()‘ + 1)y 0 (Euler_cauchy Eq ) U sin 3y sin 2y cos y+cos 2y smy
Z2WYAEm2-2m+(A+1) =0, m = 1+/= -UV:II’ ””‘TU . yi-=*
Az—uz(u > 0)Y o, A& y=c1ztt + cpzl- ", vs linay 2 S, is;riossu siny
y(1)=c1+cz=0,y(e)=clel+"+cze1”"=0 o2y T Vit Yy
81—02 Oojm 2 &9 eigenvalue glr}. =UpTy + T3Uy = 823 — 4z.
=0 o, °‘Hl-sﬂ—- y={c1 +c2lnz)z,
(1) =1 = 0,y(e) = coe = 00|22 eigenvaluer} arccos ¢ = y, — —34& = = dy A gl o)
obuict. 1 vi-z
A= (> 0)d W, m=1%+uvi JZ, cos(n arccos z) - cos(m arccos z)/v1 = 2%z
b= y = z{Acos(vInz) + Bsin(vnz)], =Jg cosny-cosmydy =0 (n #mY o )
y(1) =A=0,y(e) = Bsinv =0 © 2 3¢
v=nr(n=1,23,-) (b) Ly = e(ze™®) = e"(1 ~2)e™® = 1 — 1,
= (n7)? (n=1,2,3, ), yn(z) = zsin(nrinz) Ly = 5-(2%e™®)" = £.(2 — 4z + 22)e~"
=1-2z+z2%/2,
10. y'Eo| example 1] eigenfunctiono|c}. Lz = Ez—(a:"3 *“’)’” = f—(G — 18z + 922 — z8)e~=

11.

12.

13.

¥ + 2y =0,4/(0) =0,y'(x) =0 =1-3¢c+3cz _%xs

yEe°l ¥4 619 eigenfunctionS 3 - A}s}c}.

742y =0,(0) = y(2L),¥'(0) = ¥ (2L) T
Yy + Ay =0,9(0) = y(2L),y'(0) = ¢’ (2 m m
e =3 ( ™) @ e

A==k (k > 0)Y A4; Yubsl = y=c1e*® +cpe=he. r=0
¥{(0) =c1+c2 =0, — e Rem_ gz 0al
y(l) +y1(1) - Clek(l +k) +Cze_k(l _ k) = 0. ;a mT ( o"‘T"@‘OI nzt Q’T)
c1 # Oojabed e?* = 1zkojg k > 0ol=z Hue o 4™ —o

1¥ch 23 $He 127 Hoby ol A& DEHEkE e N

EAsA gech 2822 $49 eigenvalue g3 &, lim B¥F) g me [ . e_z)]oozo
a4 7tA & 0% eigenvalues} ojiicy. Tzoo  eZ 7 ldzm o

A=k2 (k> 0)d 39

o] Al Hinto] BRAY5E, (k< ne
dutsl e y = Acoskz + Bsinkz ‘oo] l“jr\’—}-r—l 3 d( nd = )
y(0) = A =0, Joo e 2k Lyde = = I ~(z"e™")dzx
y(1) +9'(1) = Bsink + Bkcosk =0 o2 ¥g} X . d"'l ~
k= —sink/cosk = —tank. =-n e ldn 1(:1:” x)dz
tanIa A= 28 W tank = —k 2] mA ok % k! an— -
kme §+mr+6m (6m — 00U & 5 ook = =0T s e

k-1 o

bk 1 = (- l)k [E—m(:c"e_z) =0

/ L Un (ct+k)ym (ct+k)dt = / yn(2)ym (z)dx 0
=0 (ct+k=z AY)
4.8. Orthogonal Eigenfunction Expansions

Po,P1,Py,--+ ,Pn C {na polynomial}o|z P, & ot 282 E 70x* — 8422 + 309 Fourier-Legendre
& orthogonal 4] linear independento]= g Series= Po, Py, P2, P3, P42 o] %o Xt}
Po,P1,Pa,--- ,Pn& {n# polynomial}¢] basise] 7024 ~ 8422 +30 = 34 _ an Pa(z),
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10.

- fz) =
- f@)=

. l*Po,I—Pl,z —1P0+ Pz,

4. SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS. SPECIAL FUNCTIONS

an = 2L (1 (702 — 8422 + 30)Pp (z)dz.
a1 = a3 =0 (Hukstd 71§59 H¥olzz)

ap = 16,02 = —16,a4 = 16.
—4Py(z) + 2P1(z) — 4P2(z) + 8P3(x)
$Po(z) -

$P2(z) — 35 Pa(2)

3"31’1+ Pa,l‘ =1Po+4P2+ 35 P4

cos 527t $¥F, Port12 7185l 2R agey1 = 0.

a0 = 1 f1, cos Zzdz = 0.6366,

az =2 fllcos Zz-1(3z% ~ 1)dz ~ —0.6871,

a4 = 9 9/t cos é(35x —~30z2+3)dr ~

ap = 123 [2 cos Tz L (69328 — 9452* + 31522
- 15)dz ~ —0.0013,

ao = % 1, e?dz = sinh1 = 1.1752,

ay = %f_ll e -zdr = %(a: — l)ezll_1 = 1.1036,
a2 = %fil e® - 2(3z% — 1)dzx

=2 [(3:1:2 - 1)(2"’[1_1 - 6f_11:cezd:c]

—_ 1

=32 [2(6 —e 1) —6(z — 1)e:|_1]

= 5sinh 1 — 15¢~! = 0.3578,
ao-—:%f()la:dz-—~,al 2f0 :%,

1

a2=§folz--;1-(3:t ~1)dz = 2 357
az=7% foz 3523 —3z)dz = (1 ~1)=0
as = £ [ z- L (352 ~ 302 + 3)dz = -
as = 3 [y = 1(632° — 7023 + 15z)dz = 0
a6 = lfi Jo =+ A(6932% — 94524 + 31522 — 15)dz

= 256

- 7t 285, Popga2 71840l 22 agrqy = 0.

f(z) = 0.5Pp(z) — 0.9375P2(x) + 0.5273P4(xz)
+0.1333Ps(z) — 0.4910Ps(z) + - - -

. (¢) am = 72?3—7 fa zJo(amoz)dz

= m—u— Jom0 tdo(t)dt

= s e Ol =

P S
(amo) amoJ1(amo)

(a) daiA Hen+1 = :cHen ~ He, & 93

22

Hep, =[(— 1)"6756—7]'

0.0518,

11.

22 d® _z2 g2 dntl _12_
(—1)“(236 2 d:l,‘_"'e 2 ez dz'"'—‘H 2 )

=zHe, — Hepq1.
2322 He) =z, Hes =2 — 1,
Hesz = z(z? — 1) — 2z = 2% - 3g,
Hey = x(z% —3z) — 322 +3=2%-622 +3

2
(b) e* 7 =  Toan()r oI,

an(x) n' dt" (etz__)lt-o

n

22 ar 22
"!an(x) =e? (—1)"dz—n€ 7|,_, = Hen()

2 2
(c) Ed;(etx—!?) =tet*~ 7

= Z;L.O=0 an(:c)t"+1 =
2822 a) =an-1, Hel,

o g an (x)t™.
=nHen-1

(d) (2)°] HztAlel ojsf Hen& nit thgtajoloz
p(z)E A So] Frlste Sxuc o W 002
7tek f22 oopHenHemd:CA gtel Agksict.
p(z)=e” .
/ pHenHemdzr = (~1) / Hem-————(e‘_z‘)dz

dnl
— n+1/ Hldnl(—T)dI

% ol3 n > mojd,

n—1
=(- 1)"+1m/ Hem-1 0 (™ F )ds
o gnmm =2

—_ .= (— + -5 —

== (=" "‘m!/_codzn_m(e 2 )dz =0
(e) A2AL (a) #=.
He), = (zHen —Hept1) = Hen +zHel, —He

= Hen +zHel, — (n+ 1)Heyn
ael=2 Hel! —zHel, + nHen, =0.

22 »2

w=~%fe " Tyte Ty =-fwte Ty
w/l f.ty

=—jw—Fu Y+ .
Fw— = V)+H(-5y +y")e” T

—tw+ —4—w+(~my +y”)e"£42“

= —%w + % - nw.

282z w4+ (n+ % - %zz)w =0

F(—3w+e”

A4 477" Theorem 12 =& W& sl eigen-
functionE 2 orthogonal@ ¥at ofria} completed}
7| % 3s}r}. complete orthogonal set {fn}& d.2w,
dole} 1§ Series f = Y anfno2 FAY &
d=dl, Seriesz A W f& THE FY (& o
F& SAgtolv fE Sz JHA vl A]) & @
o basis ¥4 fnEANI Ao s FHstd Y
T Ut
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10.

11.

12.

CHAPTER4. REVIEW

75

Chapter4. Review

T84 4342 power serieszl o} YA How =
Sdz B 4% 3,11, -’f—%“&?éc'l dod P47t "ot
thapAlolme B 9] power: 7}A 4 ¢l
o2y & 4 powers seriese] §¥ &+ .

. Power series 327 s anz™ & YA He 5L F

gFdez s 5z ART £ ?J‘:l- a4 e
o 79& ztx| ¢ od Power series &= 34" gl 4
dell AvkA ghect

S BEUFE Y=Y 0z E S WHAL UE

e AT an TS Tl A4S F= WHE Power
series methodz} il “|€_—“J’§*—l—4 Aggol Y
Hold dutd o g LY ¢ gl Wolnz F28
I, & power seriest 7| 284 o) 9] §H4o gk =

Fdol7] W Eo BT LY 4 ubel g}
power series ¥l 4 L P2 A& ul2 ofy A
< At A Asine dubdo 2 ol (&
Eof zerogtE7l F714 5%)

Bessel & 4] o] Frobenius method & &3} U %
Holxn F 8% oojc}.

Hax 4o ALE 12 Y& o, WA A5t 8
Aoy M A Ho]E 2 power series method &
ARG o, AS Aol A gkAint YL E
FHE 9 HHHo] He Fxebd, &4 powers
7}&l power series® A}-£-3}+ Frobenius method &
Age 4 gl

v7} Agold J,,J_, 9t 2 & basisE

T 4 gk
¥4 x Fd3s] power seriesojr}. Legendre poly-
nomial o] power series method 2 & A& 4olc}.

gt o g (22 +azx+ b}y + (cx+b)y +ky =0
oA y"'e] ALt M2 e F & M o, o] 4A
Al 9} #= hypergeometric functiono 2 T#H & 4
At

indicial equation o] FFtol7} ohd =& 714 uj
(& o} v7t A7} obd Bessel WHA), 5ol
d 52 7HE o (v7t F o Bessel A, 1]
3 F2E 7H2 = (v} 0] Bessel 934 )

S={fo, f2,--+ , fa}el ¥FEo] orthogonal 3ic}=
y=r oofid ALEL o = [Pyfrdez 74
Ak & fistel Aoz ¥4t FYA

(ry') +(g+2p)y = 0t HAZA kry(a)+koy(a) =
0, Liy(b)+l2y(b) = 08 RF3}t= (y = 00] o} ) 37}
EA e AL 1 8 E F3te £ 8 Sturm-Liouville
problem o}g} jtc}. o] problem 3] &2 pel] wh# or-
thogonals}c}.

Legendre equation (1 — z2)y" —2zy’ 4+ n(n+1)y =
08 wtE3l3: A Z orthogonalsich, Ppol4] no} &

www.20file.org

13.

14.

15.

16.

17.

18.

FH nite] $F, nol F5d nY sgsolm,

Po,Pl,-- »Pn & n# o]3t9] F3+E A9 basis
olt}. E, complete 7] wjFeo] Fourier-Legendre
series 3.7 00 Pp2 LEAL PSS L THY £ g
=5

Jn 8 zeros-&

aln,a2nya3n7"'°'a}' 3ld,
Jn{oanz), Jn(aznz), Jn(aznz), - EL <
z < 1olA p=z@Fol 3 orthogonalsl»t}

orthogonal seto] completesitid ¥ & Q&uts
ol A3l Fourier series3 X ¥ Y 4 9t}

Frobenius method o] 4 y = 2" 3°%°_jamz™o 2
3 ulE A A o] s ofl ol el 4] o] x] &= Seriese]]
A ‘F Aol A =0 o %A AL indicial equa-
tion e]2} %tr}. indicial equation& B-A 42 & & 7}
2 +X 3ok (45 S Euler-Cauchy 3% 4])

Euler-Cauchy eq.
m=2,-3 Y1

indicialeq : m2 + m -6=10
=(z~2)%y2=(z-2)73

o]
y= anz, ¢’ =

i (n+1)(n + 2)an422™.

n=0 n=0
w1 = 1 n
'ty = > (v 4 1)(n+2)ans2 + Zan)as
n=0
1
An+2 an (n > 0)

T Tint2)nt 1)
n =2k 34+

— =1 _ =1 - -
In = fmlns 1)% 2= Ta(n—1) 4(n= Z)tn —3ydn—4
= £—;:Lao °I"i ZArAgE B4,

_ (=1)*
azkz?® = ag Z k)
AL 1= 26410 AE an = Gl arolz
= EFAYE 1Y,

2, i (—1)* ( )2k+l = 2a; sin =
« 2k +1)!'2 2

JE{“iyl —cosz, y2=sin—§-

y—ZanI H

"+ 4:z:y + (422 +2)y
= 2a2 + 6a3z + 4a1x + 2(ap + a17)
oQ

+Z ((n+1)(n+2)an+2+4nan+4an_2+2an)m”
n=2

Y +4zy + (422 +2)y = 00)m 2

ap = —az,a1 = —a3,

(4n + 2)an + 4an—2
(n+1)(n+2)
HEY; agy = bp B -‘1:-‘5]; b
{8k + 2)by, + 4b_; (k> 1)
Ck+1)(2k+2) © =

23E bo = 1bo, b3 = —bo,- - & F&rh

2k _
(5) =ag cos &

On42 = — (n > 2)

bo = —b1, bpyy = —
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19.

20.

21. v=

22,

23.

24.

25.

4. SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS. SPECIAL FUNCTIONS

AAR b = (-1)F g5 gl B HEU.

1

a8E2 4 = Z( D= =e
58 “}*“7}‘111 Qok41 = Cp B FH,

4
(8k + 6)cy + 4ck—1 (k> 1)

(2k + 2)(2k + 3)

238 c2 = jc0,b3 = —grc0, - & A}
2828 yp =ze~°

€0 = —C1,Ch41 = —

Euler-Cauchy eq.

31
43

indicial eq : m2 —m + T% =0

m = =@+Dip=(@+i

444 A4 1543 59.

V32 Bessel eq. y1 = J 5(2),92 = J_ 5(z)
444 A4 3 5.

444 £4 643 54.

(o]
y= Z amz™tT o2 5w
=0

(z+ 1):c2 " —(2z+Vzy + (2 +1)y

= Z (m+r)(m+71—-Dapzmtr+!

m=0

oo
+ D (m+r+1)(m+r)amprz™

m=-—1

o0
-2 Z (m + r)amz™ !

m=0

Z (m+r+1amprzmt !

m=—1
) )
+2 Z amzm+r+1 + Z am+1zm+r+l'
m=0 m=-—1

m=-19 9, [rr—-1)—r+1a=0,r=1

A 8 (r=14 o) ;

(m+1)maem + (m+2)(m+ am41 —2(m+1am
—(m+2)em+1 +2am +amp1 =0 (m>0).

(m? —m)am +(m+1)2am41 =0 (m>0) 0|22

0O=a1 =az=a3=":-- ol{ y1 ==z
Sk B H
. 2x41 _ _ 1 ___l
p= (z+1)z ::+l
U= _lz_e—fpd:: — ln(:+1)+lnz_1+
T

yz—-y1fUd:c—zf1+zdx—:c +zln:z:

o0
y= Z amz™tT o2 2oy
ms=0

(% +22)y" + (2 - 2y ~ (2z +2)y
oo
Z (m “+r+4+ 1)(m + r)am+1:z’"+r+1

m=-1
o0

+2 > (m+r+2)(m+ 1+ Damgz™

m=-—2

26.

27.

28.

29.

30.

31.

oo
Z am(m+r)c™ !

m=0
o
-2 Z (m4+r+ 2)am+zzm+"+1
m=-2
o0 oo
-2 Z am:c’"+’+1 -2 Z am+1zm+'+1.
m=0 m=-1

=-29 4, {2r(r—-1)—2r]ag =0, r=10,2
A o (r=24d =)
m= -1 o}, 2ap + 12a; — 6a; — 2ap = 00| 3,
(m+3)(m+2)am4+1 +2(m+4)(m+3)ami2 +(m+
2)am —2(m+4)am+2—20m —2am4+1 =0 (m > 0).
s, a1 = 00] 3,
2(m 4+ 4)(m + 2)am+2 + (m + 1)(m + 4am+1
+mam =0 (m>0)olEg
0=ga1=a2=a3 =--oloj4 y1 =z
AR o ;
p=3 -;221 —1— 2z+2
U= Zrexp(f —22”—_!1}122; - ld:c) L ((=?
=(z72+4+2z73%)e" % = -—(z‘z —zy
y2=y1 [Udr = —e~*

+2z)e~7)

Jo cosnzcosmzdz
L J5 cos(n + m)x + cos(n — m)zdz
_1 [sin(n+m)z + sin(n—m)z]: =0 (n#m)

-2 n+m n—m
Orthonormal set-& \/;, \/ % cosnz (n=1,2---)

ff’{_‘}’u sinnwz sinmwzdr = L [T sinntsinmidt
;—j 7 cos(n+m)t—cos(n—m)tdt=0 (n % m)

Orthonormal set2 /% sin nwz (n=1,2---).

Legendre polynomial®] Ats=u} & 4] orthogonal.
Orthonormal set2

z,1/5(322 ~ 1), \/1(s2* — 30)

¥+ 2y =0,35(0) = y(5),4'(0) = ¥'(3) 9 eigen-
function& 2 A} orthogonal #}t}. Orthonormal set-&

%, —j—; cos 4nzx, \/L; sin4nz (n=1,2,3---)
4.7 example 1 (page 234)3 5.

59| eigenvalueg gjch.
A=0% A% gty =c1 + c2z0l2
“}5‘-'3']'1:' e y=1o] EAYU}

=v? (v>0)d A%,
%%ﬁ]é y = Acosvz + Bsinvzx
y(0) = y(2L)2%-5 A= Acos2Lv + Bsin2Lv
¥y (0)=y'(2L)2 %-¥} Bv=—Avsin2Lv+Bvcos2Lv
AN Ag Fsla T BE Fs ¥4 ofs)
W, A2 4+ B%v = A%cos2Lv + B2vcos2Ly o]|B 2
cos2Lv =1, 2Lv =2nw (n = 1,2,3,---)
222 eigenvalue (2%)2 (n =0,1,2,3,--) ¢}
2, eigenfunction en=0duy =1 n#0d
Yn1 = €05 Bz, yno = sin Tz FIEAHo|r}.

BAAERDNE
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32.

33.

34.

CHAPTER4. REVIEW

A = 04 v Euler-Cauchy eq.o]iL
e e gk Az =2z (A >0)22 ARsd,
2y + a2y + (Wa? - 1)y

= Zzy+z + (22 - 1)y =0.
v = 1¢] Bessel eq. 0|3 y(0) = 028284 z = 004
d4oln 2 y(z) = J1(Ax)

(1) =0 °] g s J]_-—l %4 zeros.

2BIZE A = any (J19 nHA o
yn(z) = Ji(aniz) (n=1,2---)

¥4 zero)o| 3L

z=z+ 5 A% 28,

2
SL 4w =0, 40) =0, y(m) =0
4.7 example 1 (page 234)3} & ol
A=v? (v=1,2,3,---), y(z) =sinvz
22 vit F5Y 9 yo(z) = cosvr, vit ¥4y
] ¥ (z) =sinvz

nxte] A f(r)E
(°=17l*1 am = 2l f_ f(z)Pm(z) dz)
3P1 + 4Pa + & Ps,
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AAzAE 45

m=0 aran(I) 2 Z¥".

35.

36.

37.

38.

39.

40.

77
z8 = 1Po+ P2+ P4+2i3§1‘P6

F-8grolaL 4xpH A o|mng Py, Py, P42} A4ut T3t
o "ol Answer: 8(Py — Py + Py)

ol 64 Al olm2 Py, Py, Py, Pso) Al4ut
st =k, Answer: —16Pg

4.6 EA 6N k=29 7¢.
Answer : y =z [AJ %(% 78/2) 4 BJ_;(%zsﬂ)]
3

d: 2
2z =z, _2—y,y _22dy

dz dz?
d?
z—-g+z—;-+(z -1y =0

y = AJ,(z)  BY,(2) = AJ,(22) + BY,(22)

4.6 A 1084 v =29 A5
Answer : y = 2?(AJy(z?) + BY2(z?))

v= %, y=AJ%(z)+BJ_%(z)
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CHAPTER 5

Laplace Transforms

The Laplace transform method solves differential equations and corresponding initial
and boundary value problems. The process of solution consists of three main steps:

Ist step. The given “hard” problem is transformed into a “simple” equation
(subsidiary equation).
2nd step. The subsidiary equation is solved by purely algebraic manipulations.

3rd step. The solution of the subsidiary equation is transformed back to obtain the
solution of the given problem.

In this way Laplace transforms reduce the problem of solving a differential equation
to an algebraic problem. This process is made easier by tables of functions and their
transforms, whose role is similar to that of integral tables in calculus. Such a table is
included at the end of the chapter. ’

This switching from operations of calculus to algebraic operations on transforms is
called operational calculus, a very important area of applied mathematics, and for the
engineer, the Laplace transform method is practically the most important operational
method. It is particularly useful in problems where the mechanical or electrical driving
force has discontinuities, is impulsive or is a complicated periodic function, not merely
a sine or cosine. (For another operational method, the Fourier transform, see Sec. 10.10.)

The Laplace transform also has the advantage that it solves problems directly, initial
value problems without first determining a general solution, and nonhomogeneous
differential equations without first solving the corresponding homogeneous equation.

In this chapter we consider Laplace transforms from a practical point of view and
illustrate their use by important engineering problems, many of them related to ordinary
differential equations.

Partial differential equations can also be treated by Laplace transforms, as we
show in Sec. 11.12.

Section 5.8 contains a list of general formulas and Sec. 5.9 a list of transforms
F(s) and corresponding functions f(¢).

Prerequisite for this chapter: Chap. 2.

Sections that may be omitted in a very short course: 5.4-5.6.
References: Appendix 1, Part A.

Answers to problems: Appendix 2.
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10.

11.

12.

13.

14.

15.

16.

17.

5. LAPLACE TRANSFORMS

5.1. Laplace Transform. Inverse Transform. Linerity. Shifting

11
£(2t+6) =2 +6-

.C(a+bt+ct2)—a +b +c

by
1 + cos 2wt
2

s
= £(cos? t—— . -
(cos? wt) 4—232_*_4“‘)2

cos? wt =

1
s+b

C(e""bt) = e°
3t 4 ,—3t
L(ef cosh3t) = L(e ee e ™
1 1
5(5 4 s+ 2)
L(sin{wt + §)) = L(sinwt cos § + coswt sin §)
= COs 6—2—-——5 -+ sind s
§° 4+ w

= —L(e‘“ + e—-2t) —

2+ 2
sm4t 1 4
L 2t 20)=°L =——
(sin 2t + cos 2t) = L{ 37116
L) =I5 e”‘f(t)dt
= [y et (—t + 1)dt
= [y e°tdt — [y testdt
1 e~* e 1
=—2(e=% —-1) = (—-— — il
Sle )= (==~ st
1l e 1
T s s? 52
L(f(8) = [ ke stdt
—s8 —4s
= k(= eetff) = k(- - )
s s

L(f()) = [§ ke~tdt
= k(- Ze=*!)

)

LUf(t)) = [y e*ttdt + [Ze*t(—t + 2)dt
1 e e % 2% 22

52 s 52 s s
L(f(t) = [Festhtdt

L(f(t) = [y esttdt + [Zeotdt

—8C

1
=k(——-e
s s

L((®) = J3 4= + D

L) = 3 e 21t

(01s+09)
32+324 0.9
— -t | Y .
(2+34)+ 0( 2+324)
= 0.1 cos(v/3.24t) + sin(v/3.24t
) NERT (v3.24t)

5 5
18. £-1 =1 2 _ 2
( 25) (s+5 s—5)
= —2—(e—5‘—e5‘)
-85 - 3
19. LY (————r=)=L"
(52 ) 2+s+1)
=—4ezt+3 t
3 1
s—4 5 5
20. £t =LY (- - 2
3(52—41 (s+2 s—2)
_2,-2t _ 1,2t
= 2e 2e
22 2
21. L (____8._%3_2_§t5
6 51
60 + 652 +5%. 60 6 1
22. LT (——M——— 226 4 Dpd 4 42
( s7 )= 6! +4! +2
s 1 ]
23, L7 ) = e L (e
(L232+n27r2) L2 (32+(_n_£r_)2)
L2 cos( ) :
1—73
24. L1
((3—3)2(3—1)(s+2))
1
=[,_1 —_
( s—3+s—1+s+2)
=_2e3t+et+e—2t
5 L2
25. l(zk =1 +k2) Si=y0ke k2t
s4+65—18
26. LYW (—Mm—
( ;o )6 18 )
=c-1 -
(s—3 4 - 353 s5—-3s4)
JEDEDEINE
— 3t c—l 9 B —— —_——
€ +2 2(s+521+33-;s42 s—~3) )
— 3t 3. = _t__t2____ 3t 4 = Zt t2 t3____ 3t
62+g:34 9e +9+3+ + ge
=€+ -4t
3e +9+3 +
1
27 LY (— o0 ———
((s+\/§)(s-—\/-))
i
= £~ L TR
s+\/_ \/_
:———_——-——-1 e\/_t R e\/gt
V2+V3 \/_+\/_
1
28. -1 2 2
(s2+1 s+1 3—1)
— t =t ot
sin +2e +2e
29. L(t%e~3t) = 2
(s+3)3
30. L(e®tcosBt) = [;° e *te™t cos ftdt
=[5 e+t cos Btdt

www.20file.org



www.semeng.ir

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

. sY +2Y =

5.2. LAPLACE TRANSFORMS 81

2t _ =2t
L(5e% sinh2t) = L(5e2t S
2

5 5
=L(Zedt - =
(2e 2)
_51 51
T 3s-4 25

L(2e~t cos? %t) = L(e™*(1 + cost))
_ 1 s+1
Ts4+1 0 (s+1)2+1

—t

. et —e
L(sinhtcost) = E(—T— cost)

1 1
= -Q—E(et cost) - E.C(e‘t cost)

1 s—1 1 s+1

T2(G-1)2+1 2(s+1)2+1

L((t+1)%et) = L{(t? + 2t + 1)et)

2 2 1

_(s-—1)3+(s—1)2+s~1
_1((5+1)2) e~ it

—-1(( 3)4) - eStt3

- 3 o 3

£ l(s2+63+18)—c 1((s+3)2+9)

4

1(——)“ (m)

- et(e2t _ e—zt)

s 1
LY (—F )= 5t cost
((s+§)2+1)
2 2
£ ) =LY )
s2+s+1 (s+32+1%
=4e_%‘sin—t
2
£y ot
a) cosht:iﬁ—‘z_lt-l] et<et,t>0

= cosht < et

42.

43.

44.

45.

b)AFHE 2

n=09d 1<et,t>00)ng HY

n—-1 \I}W}xl 7HEen &, < (n— 1)'et

f@t) =nlet —t" = /() = nlet — ntn-
n((n—1)lef —"~1) > 0ol £(0) =n! >0 o| ™A

71&717} )FolBg f(t)e ¥4 08t =)

L=HEF(s) + G(s)),

Whereﬁ(f(t)) = F(s), L(g(t)) = G(s)
LHLF@) + L(g(2))

= L7HL(B) +9(t))

= f(t) +9(t)
~HF(s)) + £7HG(s))

L7HeF(s)) = L~HL(f(2)))

= LTHL(ef (D)) = ci(t) = cL™Y(F(s))

= coswt
m = sinwt
C(f(et)) = [3° e=stat
t =ct= L(f(ct)) = f5° e~ et f(t’) at/

= L(F(- ))/c

Tt

5

= L(coswt) = o .
nEHA 4= 5, F, ft) =

3A =o] Laplace gtol oo7t &

O Feial
7] < Mekg g
o ol Aol Wt
.

5.2. Transforms of Derivatives and Integrals. Differential Equations

10

s241
10

;’“m

LY (= 2 )
s +1 S+3
= —cost+ 3sint + e~ 3¢

3
2s+4

sY —1-5Y =

T G-5@s+d 5 s
= y(t) = —ebt — ge"‘“

6

11 11
. sY -+ Y = —— =
It T 100

1005Y + 25 + 20Y = L
s

_ 1 25
"~ (100s +20)s  (100s + 20)

1 _1, 1 _1
t)——e 5t — — 75

FU) - e e
s2Y — sy(0) — y'(0) — sY +y(0) — 2Y
=52Y —85—7—3sY +8—2Y
=(s2-5-2)Y —8s5+1

8s—1
Y= ——
= s2—-5~2
L7YY) = y(t) = 3e~t + 5¢2t

s2Y — 5y(0) — ¥ (0) + asY — ay(0) — 202Y
= 52Y — 6sasY — 6a — 2a2Y
=(s® + as — 2a®)Y — 65 — 6a
_ 65 4 6a
" (s +2a)(s —a)
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10.

5. LAPLACE TRANSFORMS

-1 — 26—-20.1: + 4e0t

(s+2a a)
s2Y - sy(0) —y (0) +Y
=5%Y —3s—-4+Y )

s

— (52 —d =
=(s?+1)Y —-3s 4_s2+1

_ 2s +3s+4

T (s2+1)? 5241
= y(t) = 3cost + (4 +t)sint
szY—sy(O)—y’(O)—4sY8+3Y
— (g2 —— 2
=(s —4s~1—63)y_32 5
Y

- (5-3)(s—1)s2 (s—3)(s—1)s
8 26 2

= 2 EA
L35 -2
§

s2 s—1 s-—3
$_ e %
Ly _ __- 4+ 3
( 30 o i 5) 4 8
= y(t) = §+2t—‘9—€t+§€3t—§€3t+4€t+4€t—'g

10 10
=2t+ —e + —edt
9
s2Y — sy(0) + lY
25

1 1
= s2 2 —Y = —253
s°Y + 53—’:-25 2 §

1 i
24 _)YW=—"—25
(% + 250 = 553 — 25
25s

2 4 1
s+ 35

T 2553(s2 -}i %)
y(t) = ~25 + §t2

s2Y — sy(0) — y'(0) + 25Y — 2y(0) — 3Y
=(s2+25-3)Y -2s+10= ——

s+2
Y= 6 2s — 10
(s+3)(s—1)(s+2) (s+3)(s-1)
_ 2
1( sil—- )+ 1(.s+3 s—l)

1
= y(t) = ——e73t — —2~e —2e"2%

2
a) Laplace transform
Aoz wigch
b) Ae 1,2 & vl e] g oz whpe 98
£33 Fel 32 Laplace Mol HYYY =F
<+ &
<)
L(f') = [5° et f' (D)t
= foeT s fi()dt + [ et f/ (t)dt
= fe™oHg + sfletf(t)dt + fTHP +
s [ et f(t)dt

& v A A o] digHd B

= SL(f) + f(a— 0)e=%% — (0) — f(a + O)e=*°
: SL(f) — £(0) ~ e=%(f(a + 0) ~ f(a — 0))

d

F+0) = £~ 0) = -1,1(0) =0

= L(f)= —=

11.

12.

www.20file.org

SL(f)=(1—e® —se"2%)/s?

a)

L(cos?t) = L(1 ~sint) = % - ;Z?fT‘i)
b)

f(t) =cos?t, f(0) = 1,

f(t) = —2sintcost = —si1212t
E(fl) = -—[,(sin2t) = —‘3—2“_—*::1-
=sL(f) - f(0) =sL(f) -1
sC(f)=1— ;25‘:_‘2
="erg*s

¢)

L(cos? ) = (LT 2,

_l s T 2
—2_s+§(32+4 T s s(s2+4)
a)

f(t) = tcoswt, f(0) =0
F'(t) = coswt —wtsinwt = f/(0) =1
F(t) = ~wsinwt — wsinwt — w?t coswt
= —2wsinwt — w? f(t)
= L(f") = s2L(f) -1
52 +w2 - wzﬁ(f)

2w? s2—w

2 2 — 1 — = —
(3 +w )‘C(f)""l 32+w2 82+w2

= —2w

2 2
52 — w?
L(f) = ———=
()= Gy
b)
L(sinwt — wt cos wt)
w 5% —w?

TYTrw?)?

T2 tw?
2(1.)3

R

= LY

<)

L(f") = L(coswt —

m = 2w—2(sinwt -
wtsinwt) = sL(f)
s(s? — w?)
s s3 — sw?
s2tw?  (s?+w?)

m - w[,(ts sm]wt) =

= wl(tsinwt) =
T (52 +w?)?

= L(tsinwt) =

£
d)
L(sinwt + wt cos wt)

52 — w2

w (32 + w2)2

sw?
(s +0?)?

1.
) = —tsinwt
2w

5
(2 + w?)2

T w2
_ 252w
- (.92 +w2)2

wt cos wt)
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5.2. LAPLACE TRANSFORMS

= L£7Y(
e)

f(t) =tcoshat, f(0) =0

f!'(t) = coshat + atsinhat, f/(0) = 1
F"(t) = asinh at + asinh at + a2t cosh at
L(f") n s2L(f) -1

52 1,
m = E(sm wt + wt cos wt)

=a(— 2L(f)
2a2 1
= E(:)_*_Zz(sz “w?)? + (5% - a2)
s2+a
NCEH

L(f’) = L(cosh at) + L(atsinh at)
= —( — s+a)+a.£(tsmha,t)

=sL(f) = M

(s? -
1 s(s?+a?) 1, 2s
= L{tsinhat) = = T ol

B 2as
T (s2 - a2)2

-1
(s2+4s

=L (——
s(s+4)
=fot e 47dr
1

)
)

s(s—2)
1
s2(s —2)

y(t) = =1 — 2t 4 2t
1

C R 1

= [T —si dr = —(1 - t
Ie — sinwrdr w2( cos wt)

1 1
s ren) = o

1.
— sinwt =
w

1
s(s2w?)

- LY — coswt)

= sint
s241

1 t .
———— = [“sinTdT = 1 — cost
oTED) Jo sintdr

1 1 1
= f(‘: 5(621- - l)dT = —§t+ :1-62’ —_

)

Lol M

17.

18.

19.

20.

83

1

t .
—_—— = [l —cosTdT =t —sint
s2(s2 +1) Jo

t . _ 1,
s2(s2 + 1) = fo 7 —sinTdr = §t —1l+4cost
1
-1 _ 1.
L (s5+s3)_ 1+2t + cost
1 1
= ety Tet
32—11 tz .
gL 1
— o = Jol—seTT+eT)dr = —14 —¢~t
oo (3 3¢ tae 't
e
—e
2
= LN 5 )2—1+ e + e
s(s? 1)
ls—1_ 1 1
s2s+1  s(s+1) s2(s+1)
1
= et
s+1
s ffeTar=1 e
s(s+1) 0
1 t
= ffloeTdr=t+et—1
(s+1) Jol-eTTdr=t+e
£t =2—1t—2et
G
9 s+1 _ 9 + 9
s2524+9  s(s2+9)  s2(s2+9)
~——— => 3sin 3t
s2+99
ta o
e = 3sin37dT = 1 — cos 3t
s(s?+9) Jo 3sin3rdr
o = [f1—cos3rdr =1 1sin3t
32($2+9) 0 - 3
9 s+1 1
-1 — .
=L (3—252+9)—1—cos3t+t—gsm3t.
71'5 4. "
3 T mesinmw
i R
ST = [y wtsinwrdr = 73(1 ~ cos nt)
5
—__W t.3 _ .3 2
s2(s2 + n2) = [y 73(1—cosn7)dr = n%—n2sinxt
w® t 3 o . 4 w3 5
53(s2 + 72) = Jo 7®-n?sinmr T tt 4w cos mt—
ki
75

3
tT 2 -
54_(.92_-*-7r_2) fO —2‘—7" + wcoswAT — WdT =
3

LAY .
~7rt+?t +sin#wt
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11.
12.

13.

14.
15.

16.

17.
18.

19.

20. y
21.
22.

23.

24.
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5. LAPLACE TRANSFORMS

5.3. Unit Step Function,Second Shifting Theorem,Dirac’s Delta Function

Second shifting Theorem & 27] s Wy nd
tu(t—1) =t —-Du(t—-1) +u(t-1)
a3oz gEets HEe
e“"‘(;lg +1)
2e”°
8
2¢°
eﬁs(2s_3 +2572 +571)
e 2yt — 3) = e~ 2(t=3)e=6y(t — 3)
€ ol g3

e—3s—6
s+2

—4e""’s

s§+1
2A—u(t—1)) =2 —[(t—1)2 +2(t = 1) +1u(t-1)
& ol &34
2578 —e7%(2573 42572 4571
w(1+e_%)

s 4w
1 —e )1 —u(t—2))
=1—e"t—(1—elt- 2)e‘2)u(1§ —2) & o] g3td

1 1 e—2
8 s+1 s(_ -

(1_61—52
s—1
ZFoiA e [u(t — 27) — u(t — 4x)]sint
= u(t — 2m) sin(t —27) — u(t — 4m) sin(t — 4m) o|c}.
:LE‘] oag ‘a.t_ (e_z""’ - 6-4"5)01\'2}-.

~103L——,——1——l(:1§ :
4u(t — 2) — Bu(t — 5)
$(t—3)u(t - 3)2
5739 gL Lojct.agmzg (s~ 1)7%9 Sy
e et Golm e Gune
3et73(t — 3)%u(t — 3)o|}.
[1+u(t —n)]sin3t
s24254+2=(s+1)2+1olE=Z, ojRY A4 o
HY-L e~ tsinto|r}. second shifting Jej& »
e~ (t=2m) gint u(t — 27)
cos(1rt)u(t -2)
=3e3 (cos 3t + sin 3t)
1 L(et — 1)3¢5t
_?-rg-,% ¥4 u B vebdd
r(t) =411 —u(t — 1)] + 8u(t - 1)

<)

=4t —[4(t—1) —4Ju(t —1) 2822

4e toe"2t42t-3 if 0<t<1
(4—8e)e t+ (3?2 —1)e 2t +4 if t>1
sm3t+smt if 0<t<nm

sm3t ift>w

r(t = 4et[l — u(t — 2)] = 4et — 4eet~2u(t — 2)
y =

2et + e2t — 2¢3t if 0<t<?2

{(1+4e-2)e2f+( 2-2"%e¥  if t>2

_ —sint if 0<t<2m
'y’{et—ésinzt if t>or
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26.

27.

28.
29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

y = 2cos4t + u{t — ) sin4(t — x)

sint if O<t<w
y=40 if m<t<2mw
—sint if t> 27

ifo<t<l

3e~2tsint
e~ %(3sint+ e2sin(t—-1)) if t>1

3e73t _ 2¢t 4 2¢t
3e~3t - 2et 4 2¢t

+i(-e3tE 4ot h)

if o<t<i

if t>3

y=
y=
y
ifo<t<l
: +(1 - —ez)e“z”

—(1— 3ed)e3t if 1<t<?2
Li(1—le?4et)e 2t
—(1——e + e8)e3¢ if t>2
+4 if 0<t<4n
(t—4m)R
L—2—+( E,)e-—rz‘ if t>4r
t
—Lcost+Rsint+e‘%— .
Y= I RT if 0<t<2n
=Rt y_ .
Le™C X_L;-}-_Rr Zf t>2nw
sI+1=0=0 ojmg
__Jjl—cost if 0<t<1
4 cos(t—l)—-cost if t>1

v= u(t—-a)OI"i Zo]xl Al .
s1+§=§— —o|ch.agnz Yo

__ jsint if 0<t<a
" \sint —sin(t—a) if t>a

-,

et —cost+sint) if O0<t<mw
y= -12-[—(1 +e~™)cost
+(3 — e~ ")sint) if t>w
—t__—1.01s
OO% ojmg
o if t<1

100e—0-1(¢-1)
100[e —0.1(t—1) _ o—0.1(t-1. 01)]

if 0<t<1.01

= —0.1106e~0-1¢ if t>1.01
if t<1
_Ol(t 1) if 1<t.<2
e—0-1(t—1) _ o—0.1(t—2) if t>2
if t<3
= 5_58—041(t—3)
=5(1 — 1.3499¢-%1t) if t>3
{0 if t<2
10e{t—2) _¢—0.1(t—2) i
(10e 90012 ) if t>2
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5.5. CONVOLUTION.

INTEGRAL EQUATIONS 85

5.4. Differentiation and Integration of Transforms

=1 fot [coswt + cos(2wT — wt)]dw
i t—sin{—wt

= Lltcoswt + .S_‘_’L‘”%(_w_)](t)

= Ltcoswt+ 5= sinwt

1 -
stsinwt

. eot x gbt — fOt eaTeb(t—T) g, — ebt fOt ela—b)r g

_ gat_ bt

~ a-b

et—t—1
. fot(t - 1) 2u(r — 1)dr = flt(t —7)2dr

- =3-1)® if t>1
0 zf t<1
1 (- e~ 2(t=3) )y (¢ — 3)

6x et = J6e 37dr = —2¢=3t 1 2
et—t—1
eot 4 g0t — f €8T ea(t—T)dr = eat ft dr = tedt

1
i L cos2t

coswt * coswt S T 43} o] M s
1 1
it.cos wt + 35 Sinwt
tsinwt
2x

u(t —a) xe?t = ft e2(t—T)dr = 2t ft e~ 2Tdr
=12t -1) if t>a

0 1.f t<a
wt—sin wt
w
e~ 3t & ft =37 e2(t—T) gy — 2t ft e~ 5Tdr
— 1 (CZt —3t)

. y_cost—c052t

23.

24.

25.

26.

27.
28.
29.
30.
31.

“;1—1)7 12. (6)el N
= 1 _
—(225) = —52_—15“)7 I (s2+6.-.z+1o)2 d8 = rorye = £(£)
233_-_t67r s olth.o] -2 HHP-L e 3tsinto[m g, te~3tsint
(s2-72) . (e41)(2042) 13. 2t~1(et ~ cost)
+1 8 428+2-(s4+1)(25+2 .
(o) = - (5725 42) 14. {in(s +a) — In(s + b)) = 37 - o Auge
_ s%42s e~ot _ e‘b‘OIE} azBaz (1)) .—]
= Z42s49)2 e—be_e
32—.w2
(Z+w?)? 15. 3t sin2t
m(;zj_z) ds —‘2_,%:37 16. arccotf = [ Tz ds
_—4(s? +4)";+1632(52+4) _ 1222—1:? olm HEv|zete] I SHYBL sinnt ojck. 2
- (s%+4)4 T (s%44) HEZ (6)oz 2
2542 — —=T
(—32_’_—‘;—;*_—2)2- smt‘rrt
( ) —s24w? 253 —6w?s 18 n!
E’f 52+u2 ds( Fw)? T (TFwD)3 © (s—a)nFI
14263t 20. (b)
3y _ _ __6s lb=1-2t+ 142
(37—9) (35—9)§ O]E.i 12 = 1_3t+§t2_lt3
Ltsinh3t 3 2. 7§
feos i lg=1-4t+3t% — 243 4 L4
ls=1—5t+5t2—— +—t4— oot’
5.5. Convolution. Integral Equations
t 20. Foix Ao|
. 1*sinwt=f(fsinw‘rd1-=-—@%‘i’lf)=1—_23§ﬂ YiY=s20clmg
. sinht y=1t—sint
. <} 2 (Example)13} u]sslc}, 21. y = {1+ 3cos2t) + t[cos(2t — 2) — 1u(t ~ 1)
Jo cosw sin(wt — wr)dr 22. Foj%l Ao}

(s +3s4+2)Y =14 1=
+1
- 3?3 +3Z+2) el}.

y=%(1 €7 2)+ 3 (2671 — =20 1)y (g1

ol g

-

y = e *(cost + sint) + [-2cost + sint +
e~ (t=27)(2 cos t + sin t)]u(t — 2n)
q = 3t g2t
1{[(8'*'a)zl(o)*H/'(O)]Q} = —4e% 4 5e2t o]z g
rxg=12e3% ~4e? 42t if 0<t<2
y = —2e3t + 22t 4 2¢t if0<t<2
rxg=2(1-e"4)edt
+4(e™2 ~ 1)e?t if t>2
y=—(2+2e"4)edt
+(1 +4e~2)e? if t>2
= [t —cos(t — 1) — sin(t — DJu(t - 1) + [—t +
2 cos(t -2)+ sm(t - 2)Ju(t — 2x)
g=et—e"
TRqg=
demt—e 2 2t -3 if 0<t<1
fol Tq(t — T)dT + ff 8q(t ~ T)dT
=(4-8e)e t+(Be2-1)e 2t +4 if t>1
et
Y =252 -457%Y,)Y = m,y =sin2t
cost
Y——}; Pt Y = 755y = V2sin V2t
sinht
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__1 Y — 1 —_
Y=gmptamY=my=t
cosht
(a)

t—7T=p% ¥Fod,dr = —dpojt}.7&
frg= [y f(r)g(t — 7)dr
= [ 9(p)f(t—p)(—dp) =
(b)

(a)E ol &-3td

(frg)rv=vx(f*g)

= fov(@) o F f(r)g(t —p — T)drdp

(= Jo £(1) fs 7 9t — 7 — pu(p)dpdr = f * (g % v)

M 2o galel B Bfolch.

pE A%y

Jo 9@ f(t—p)dp =g+ f

5.6. Partial Fractions.

6 __ 1 1
G+2)(s—4) s+2 s-—4
= f(t) = —e—2t +e4t

s¥2+2s2 42 2

S S B — 2t t
s3(s2+1) 3241 +cos
52 +25% +2
FIGET —)fo 27 + cos TdT
— t2 +sint

s2+9.9-—9__ s24+95—9

3-9s  s(s+3)(s—3)
_1.31 371
T s 25-53 233—3
f)y=1- Ee—“ + Ee:“ =1+ 3sinh 3t
s _ 1 _ 1

(s+1)2 s+1 (s+1)?
flt) =et—ett

2s% 258
s4—81  (s2+9)(s+3)(s —3)
11 11 n s
‘2s+3123—31 249
= f(t) = —2-e"3t + -2—e3‘ + cos 3t
—3s2+6s—4

(s2—2s5+2)2

s 25 —2

s2—-25+2 s2-2s+42 (s2-2s5+42)2
_ s—1 2(s —1)
T(s-12+41 0 ((s-1)2+1)2

s -+ cost
241
——— —+sint
241

2 — tsint
(52+1)2

= f(t) = et cost + eltsint

www.20file.org

10.

11.

(d)

5.379] (8)ell o8} L(§) = lojmZ

~(C()5 * ) = L)L) =1-L(f) = L(f)
€

t > k2t 8tx}. 03} kateloff ohg- A1 wtE e (7} &
A gt

(e * P = [§ Lt - 1)dr = f(t - )

oA k — 0elg} b‘l-‘ﬂ,

t—0, fi{t —t) — 8(t)

olE2 FojA Ao] APl

®
s?Y = sy(0) — ¢'(0) + w?Y = L(r)9} A&
= SO 1O iz + S

Differential Equations

sf+3(s+1)2 1 +3
si(s+ 1) 7 (s+1)3 st

t2 1
= f(t) = e t— 4 =43
)y =ets 42

ZYAYE ol &8 FAE
&,
—75%+145-9 = (5-2)3 ~
(s—2)3—(s 2+1)2
————2-5 3 ——5(3_12) = f(t) = tet — %tzezt

s—29 WYREo 2 He

(s—2)2-2(s—2)—1

F(s) =

53 + 652 + 145
(s +2)4

1 + 2 _ 12

T 542 (s+2)8 (s+2)4

= f(t) = e—2t +e—2tt2 - 28_2tt3

=e72(1 4 ¢2 - 2t3) -

1
s4 + 4at

T s44+2a282 + 4a"i -

4q2s2

(s2 + 2as + 2a2)(s2 — 2as + 2a2)
&3St g7
(s2 + 2as + 2a2)

— 1 [ s+ 2a
8a3 L(s + a)? + a2
= f(t) =
W(e““‘(cos at + sin at) — e**(cos at — sin at))
—at

—grt g
s2 — 2as 4 2a2

-5+ 2a ]
(s~ a)? + a2

e — eat e-—at + eat
——(cos at sin at
403 ( 2 + 2

1
m(cosh atsin at — sinh at cos at)

s
s + 4at
1 1 1 1

T 4052 +2as+2a2 ' 4a s2 — 2as + 242
=l )

" 4a
=

&=

(s +a)? +a? +

1 _
e

(s —a)? +a?

atSinat 4 eutsmat)
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1 at _ ,—at

=53 sin at(e———;—)
= L sin at sinh at
" 2a2

52
s% 4+ 404
_ s s 1
- 14a s2 4+ 2as+2a2 ' 4a s? — 2as + 2a2

s

;E T (+a)f+a? + (s—a)2+a2)
ity = 4—(—e"“‘(cos at — sinat) + e**(cosat +
sin at))

1 at _ ,—at at —at
= —(cosate + sinat te

2a 2

=5 (cos atsinh at + sin at cosh at)
a

s3

S4+a4

1 s+a +1 s—a

T 2524 2s5+2a2 252 —2as + 2a2
_1 s+a 1 s—a
:>2(s-!-zzn)2+a2 2(s—a)? +a2

1 1
)= Ee““ cosat + —e®*t cosat

= cos at cosh at

K
:Kppz _wg(sz Y2 52 +p2)
o(t) = — (smwot sir;pt)
a) % == A + further fractions(K(s)) a4

simple root °l7l g Eol K(a) # Oojt}. okl
s—a% F83 s > aq B

(s—a) E ; = A+ (s - a)K(s)
- (s —a)F(s)

= A = llm_g—ya ——G(s‘)—

b)

E(il . Am Am—l

G® - Goam T oot

(s —aym-1

s—
(s —a)™F(s)

0) =Am +(s—a)Am_1+ -
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+(s—a)™ 1A + (s — a)™ K(s)

— a\m
= Am = lims_yq (s=a)™F(s)

(G(s)
s d (s—a)"F(s)
Am-1 = lims—q E(_Fs)—)
what7bx 2 A bshe )
_ 1 i d™™ " [(s —a)™F(s)
A = (m —kK)! lims—a dsm—k [ G(s) ]
a)
£(f)

=Jo e st f(t)at

fOP e_"tf(t)dt + f:P e““f(t)dt +.--
fP —stf(t)ydt + fP ‘“(‘+P)f(t)dt+---
=[5 et S0t 4 e [ et foyas
+€—25p fP —stf t)dt + -

— fP _Stf(t)dt(l +e 5P 4 e—2sp + - )

= Jp et f ()

b)
1

L) = =7 STl emstsinwtdt
f"/“’ —st sinwtdt =Im f"/“’ e steiwtgy
= (52 (emensr )
= /

wle™s™/w 41)
L=+

(=22

c)

sinwtF 0 | A 7/w 72| —sinwtd n/well A 2r /w7t

A Az Fr17k 2 fwd MBS
w 1+ e“/“’ w

24 w2ers/w 32 + w? ems/2w _ e-—1rs/2u

_ w  cosh(ws/2w)

" 52 4 w? sinh(ws/2w)

2—7s/2w + ems/2w

f®
Sy estae

flt) = St fo0<t<p ft+p) =

t 1
D ,—st — —st|p
ffe stdt-—;€ slo‘*‘;

P 1,
—e SP_ZE(C P —1)

k ke—Pps
=>L(f)=— - A=)
e)

kt k ke=Ps
C(;) = ;;24]-—1 L(f) =

s(1 ~ ePs)
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5.7. Systems of Differential Equations

.si=-Yi1+Y;
SY2 = —-Yl - Y2

>Y =
2 (s+1)2+1
s+1
YiI=—————
! (s+1)2+1

= y1(t) = e~ tcost, ya(t) = —e~tsint

. 8Y1 +3 =6Y1 + 9Y>
sYs+3=Y; 46Y>

=

(s —6)Y1 =9Y> -3
(3—6)Y2=Y1~3

=
(s—6)((s—86)Y2+3) = (s—6)?Y2+3(s—6) = 9Y>—3
=
—3s+15 2 3
Y, = = -
2T G er_9 -9 s5_3
6 3
=TTt s
= 8 8

y2(t) = —2e% — e3¢, y; (t) = —6€° + 3e3¢

.87 —3=-Y; +4Y,
SY2—4:3Y1—2Y2
=

(s+1)Y1 —4Y> =3
-3+ (s+2)Y2 =4

4s + 13 45+ 13
Y, = 3 =

s24+3s—~10 (s—2)(s+5)
3 1
T 5—2 s+5

1 (s+2)(4s+13
o bt 1y

3" s2+4+3s5—10
3422 4 1
;s2+3s-—-10_s—2 s+5

y1(t) = 4€? — 7%, yo(t) =3 + 5

. sY1+3=5Y1+Y.
sYo —7=Y) +5Y>

=
y1(t) = 25 — 5e%t, ya(t) = 265t + 5ett
2s
. s+ Yo = ————
1+ Y2 Tl
Yi+sYa=1
= 2
s s
Y = —
2T P oDGs+0)
_ s —s s
T(s2-1)(s2+1)  s2+1
1
Yi=1-sY =
=: 2 s2 41

y1(t) = sint, ya(t) = cost

6.

10.

—5s
2Y1 —s—1+Ya =
§°Y1 — s + Yo 825+4
2y +s—1+Y) = —n
s°Yz2 + s +" 214

=

y1(t) =sint + cos2t, ya(t) = sint — cos 2t

21 —2s—3=Y; +3Y,

32Y2 —s—~2=4Y; —
5 —

(82 - I)Yl —-3Y2=25+3

—4Y1 + %Yo =s+ 2~

s—1

Y2=(52—1)(5+2—3—if 8s + 12

s%(s2-1)—-12 §2(s2-1)-12
=s—2 .

1 s 4
Y] = —~(~— D
! 1 4(43—2+s+ s—l)
:-Z(~3—2_s—1)
=

yi(t) = e +ef, ya(t) = 2

$2Y; — 3s = —5Y12Y>
s2Ys — s = 2Y] — 2Y2
=

(s +5)Y; —2Y> =3s
—2Y1+(s2+2)Ya =5
=

353 +8s s 2s
=3 2 =3 + 3
(s24+1)(s2+6) s241 s2+6
Ya = 5% 4+ 11s 2s s

:>_ (s2 + 1)(s%2 +6) =52+1_s"’+6

y1(t) = cost + 2cos 6t
y2(t) = 2cost — cos V6t

sY1 — 24 sYs =

1 §¥2 321_1
sYo — 14 sY3 =

851 1

sY3+sV1 —1= ——+

3en s—1 " s+1

3 1

Ys 1 1

= 25(s—1) + 2s(s+1) s(s2—1)
_ 2s 2

—s(s"’—l)=sz—1

1 1 2 1
Yo = - — =
s s(s—1) s2-1 s+1
1 2 1
Y =-— =
T s+1+5(s2—1) s—1

y3(t) = ZSinhty yz(t) = e‘ta yl(t) = et

2sY1 —sY2 —sY3 =0

4 2
sYi+sYo= = + -
3 9
sY2+Ys = — + -
s s
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14.
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=
vi(t) =12, ya(t) =t + 2t, ya(t) = ¢ — 2¢

1 -8
SY1=—Y2+——6

s s

1 -8
sYa=Yi+- -2
= s s

1 e *

= l—e % -~
! 1—+—s2(1e .19+ s)
=(l1—-e"° 1--
(-t

£t [1 e (1- —)] =sint— [} sintdt
=sint+cost—1 ojm g
y1 = sint+cos t—l—u(t—1)[sin(t—1)+cos(t-1)—1]

1
Y, = (l—e s)—sYl—(l——e‘s)( 3
y2 = 1 —cos t+sin t—u(t—1)[1—cos(t— 1)+sm(t 1)}

2s 2s
Y1+Ys = —_—
31—; 2T e s2+1
s
— 1 - —2rs
Yi1i+sYe=1

e——21rs

1 2526—27rs

1.92—{-1_ s4—11 .
— Y p—2ms
Ty1 © [s2+1+s2—1
256—271-5
= 4+ ————
241 s1-1

s —27s
e —_—
32+1+ [52—-1

]

s
52+ 1]
y1(t) = sint — u(t — 2x)[sin t + sinh(t — 21)]
sint ifo<t<anr
—sinh(t —27) ift>2n
y2(t) = cost + u(t — 2x)[cosh(t — 27) — cos ]
cost fo<t<or
cosh(t —27) ift> 27

g

5Y1 —3=2Y) —4Ya + e+

s—1
sY, :Y1—3Y2+e‘5+15—_—1
Hy W,
5(Y1—Y2)-—3=Y1—Y2
i = Y2+-3—

SPES Tumi Aol SELLT

Y. =

(s + 2)(s -1)
e/3
s+ 2)

— e—2t43]

(s+ 2)(s - 1)
1 1

= — +e—s( 2

§—1 s+2 1 s~1
va(t) = e + cult — )¢

Y1=Y2+

°]Ei 1 = y2 + 3¢t
e—$
sY1 +4 =2Y; +4Y, + 64(—— +

sY2+4=Y; +2Y,
=

)

15.

89

—4s—8 64(2+ 5 — s%)e*
Y = -

s(s —4) s3(s — 4)

— -5
Y2 = s(isjs 643(;(:?:)
=

y1(t) = —6e? + 24 u(t — 1)(—18 + 10e¥t—4 _ 8t +
16t2)

y2(t) = —3e* — 14 u(t — 1)(7 + 5ett—1 — 4t — 842)
(a) example 1;

sY; = —0.02Y; + 0.02Y>
sY2 = 0.02Y; — 0.02Y5 + 150

_?_lﬁ);ﬂ /&]o“ /\-‘ Ys = (0.02Y1 + 150)

srooz Ot

02-1
AR Aol s, V) = — 2
AR Ao s, 1y (510,02 — 0022

y1(t) = 0.02 - 150¢—0-02¢ 0—10— sinh 0.02¢

1— —0.04¢
=150—°%

150(s + 0.02)
(s +0.02)2 — 0.022

y2(t) = 150e~9-92¢ ¢osh 0.02¢ = 150

2 =

14 e—0.04¢

example 2;
sY1 = —4Y] +4Y, + -]2
S

sYo = —1.6Y; + 1.2Y5 + 11—8
S

Aree aAEd,

4.85Y; — 125Y5

= 4.8(—4Y7 +4Y2) — 12(-1.6Y7 + 1.2Y3) = 4.8Y;
4. 83 Y
2= 125 + !
LR ‘““J‘ﬁ“g" "
s
Y —4Y) + ———Y] + =
s¥Y; = 1+ 35112} +
12(3s + 1.2) 3 15 8

. 5(35+2.4)(s+2) = .;+ 35+24 s+2

I (t) = 3+ 5¢—0.8t _ge—2¢
4.8-12 12 4
4(35+24)(s+2) 35424 s+2
Iz(t) — 46—0.815 _ 46—2t
3.14 9] vhy2 #Y9l eigenvectorg T ot 3:

Laplace @& o83t Wi Y] ogigde 7
ok g}

Yo =

(b) 3.38 (8);
[ zj; }:[ —13 —13 } [ z; ]’y1(0)=a,y2(0)=b
AT

[){;]:m[sig s~{1-3][2]

_ 1 [a(s+3)+b]
T (s+3)2—1| b(s+3)+a

y1 = ae~3* cosht + be~ 3t sinh ¢
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yz = be~3t cosht + ae~3 sinht

(c) 3.62 (3);
s—2 4 il A+84
“1osws U 7L AN e

KE

1 [ s+3 ][ (a33+103+4)/33
s24+s5—2 8—2 (bs® + 352 +93+2)/s

83(32+s—2)[ 4 4 (3 +a - 2b)s®

S 1. —2t
:sz+s—2] g(e +2¢7%)

1 1,
:52+s—-2] 3le e

l:"l

E_l

-2t)
1 ] 1 et
ls(s2+s—2)} 3 o€

B T Y
—3(e+2e 2)

C—l —ztdt

1 1
L) —————— | ==
_32(32+s—2)] 3

w2t lemm 3y 2 L
3

2 2 3 4 2

i, 1 _, 3,°3 9
+ 3(':;+ g° AL
va(t) = (ef +2e7%) +

1
+ (et + _2_e~2t

16. Alzel £ €2 Audrke Lafolct.

y1+ —y2+12

I

s+0.16
0.16

100 100

~0.04
s+0.16

b6l
Y2

J-

- 0.04
54 0.16

18 +1.92/s
1.92/s + 1505 + 6

150

1
(s + 0.16)2 — 0.082 [
1

= (5+0.16)2 —0.082 [
=

1
y1 = 18(e~0-16¢ 508 sinh 0.08¢)

1
+1.92 [fe—0-16t ___gsinh 0.08td¢
s Jo 008

016
192

(6—0 .08t __ —0.24!)

ft —0.08¢ __

= 100 37 5¢—0-08¢
i Eivd SRR

e—0-24t g4

— 62.5¢70-24
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12/s ]

]

as? +(3a—4b)s -2s —-2s+4]
+ 352 —6s

12/s
150

J

]
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y2 = 100 — 75¢70-08t 4 125,024
, 8 2
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L(f) = shL(f) = s"LL(f) = 7 F(0) =+ =
F=1(0)

Laplaceti@e HE o2 T Y7 wiFo BEd& ¢
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s
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CHAPTER 6

Linear Algebra: Matrices,
Vectors, Determinants
Linear Systems of Equations

Linear algebra includes the theory and application of linear systems of equations
(briefly called linear systems), linear transformations, and eigenvalue problems, as they
arise, for instance, from electrical networks, frameworks in mechanics, curve fitting
and other optimization problems, systems of differential equations, and processes in
statistics.

Linear algebra makes systematic use of vectors and matrices (Sec. 6.1) and, to a
lesser extent, determinants (Sec. 6.6). This requires the study of properties of matrices
as a central task by itself.

A matrix is a rectangular array of numbers. Matrices occur in various problems, for
instance, as arrays of coefficients of equations. Matrices (and vectors) are useful because
they enable us to consider an array of many numbers as a single object, denote it by
a single symbol, and perform calculations with these symbols in a very compact form..
The “mathematical shorthand” thus obtained is very elegant and powerful and is suitable
for various practical problems.

The definitions of matrices and vectors and related concepts are given in Sec. 6.1,
together with a discussion of the two basic algebraic operations for matrices, addition
and scalar multiplication. Matrix multiplication follows in Sec. 6.2, where we also
define special matrices and the operation of transposition of a matrix or vector.

The remaining sections center around linear systems of equations. This includes
the Gauss elimination (Sec. 6.3), the important role of rank (Secs. 6.4, 6.5, 6.7), special
vector spaces (Sec. 6.4), the basic existence and uniqueness problem for solutions (Sec.
6.5), determinants and their use in linear systems (Cramer’s rule, Sec. 6.6), and the
inverse of a matrix and its calculation by the Gauss—Jordan method (Sec. 6.7).

The last section (6.8) on vector spaces, inner product spaces, and linear
transformations is more abstract.

Applications to practical problems are shown throughout the chapter.

NUMERICAL METHODS in Secs. 18.1-18.5 can be studied immediately after
the corresponding material in this chapter.

Eigenvalue problems for matrices follow in Chap. 7.

Prerequisite for this chapter: None.

Sections that may be omitted in a shorter course: 6.5, 6.8.
References: Appendix 1, Part B.

Answers to problems: Appendix 2.
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6. LINEAR ALGEBRA: MATRICES, VECTORS, DETERMINANTS. LINEAR SYSTEMS OF EQUATIONS

6.1. Basic Concepts. Matrix Addition, Scalar Multiplication

0 6
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0 6
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A+B+C Ao B5(d9 27 d8).
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18.

19.

6.1. BASIC CONCEPTS. MATRIX ADDITION, SCALAR MULTIPLICATION 99

= [(ull tovi) +win (uiz +vi2) + w2
T (w1 +va) twar (uoz + va2) +wae
(u13 +v13) + w13] _ [un + (v11 + w11)
(u23 +v23) +was]| ~ [u21 + (v21 + wai)
u12 + (v12 + wi2) wiz + (vis + w13)]
uzz + (v22 + wa2) ugs + (vos + wo3)
=U+(V+W).
211 +0 a12+40
A+0= [021 +0 a2+0
_ [au a12 ala] _
T lear a2z ags| T
A+ (—A)
_ [en1 +(-an) a1z+(—a12) a1z + (—a23)]
" la2n +(~a21) a2+ (—a22) azs + (—a23)

a1z +0
az3 +0

[0 0 o
=lo o o] =0
(A +B)

_ felaar +b11)  c{arz +b12) efars + 513)]
T le(a21 +b21)  c(azz +ba2)  cazs + baz)
[ca11 +chin  carz +cbyz  carz + Cb13]
lcaz1 + cba1  cazz + ¢bas  cagzs + cbas
=cA + ¢B. |
C(kau
c(kA) = [c(kagl)
- [(Ck)an
T i(ck)az

1A = [1“11
laz;

c(kaiz)

c(ka13)]
C(ka22)

c(ka23)

(Ck)al2 (Ck)a13 _
(ck)azz (ck)azs = (ck)A.
1a13] - [au a12 a13]
lazs azy az2 ao3

laj2
la22

(A+ B)T
a1y + b1y
a21 + b2y
az1 + b3y
a41 +ba1
ay; + b1y
= ja12 + b1z
a13 + bis
=AT +BT.
cayl
caz1
Ca31
ca4l

caill
cayz
Ca13

=cAT.
(2) B = AT 2 s BE j,k o W) bjx = ay;
olth. @by A = AT ol RE 5k of B8 o5 =
bjx = ax; Y& i) wade] A= —AT ojdd B
€ g,k ol 8 ajr = —bjp = —ai; Y& vjYc}
(b) A=C+CT & 8" Z& j,k o s a5 =
ik +ckj o1, B = AT 2 59 B E jk o oty

a13 + b13
az3 + bas
az3 + bzz
a43 + ba3
a3y + b31
a3z + bz2
az3 + bas

a1z + bz
az2 + baz
a3z + baa
as2 + by2
a2 + ba1
az2 + baz
a3z + bas

ag2 + baa

a4 + b41:|
a43 + bas

T
cay3

€a23
caz3
caaz
cas1
cas2
caz3

caiz
ca22
ca32
ca4>
ca21
caz2
caz3

(CA)T =

caqy
€a42

ca43

20.

bjk = axj = ckj + ¢jk = ajx olck. gty A = AT
7t sle] C+CT= uiy (symmetric) " o|c}; o}
Wele A = C-CT & #i%. 23" ZE 5k of
of 5 Gjkx = Cjk — Ckj o]_‘,-r__’B = AT g3 )
ZE jk ol A bjk = ax; = cxy ~ ¢ = —ay
olt}. @t A = ~ATo] 510 C — CT e
(skew-symmetric) g @olt}; ol S = %(C + CT),
T= %(C_CT) gBAHC=S+To H=u S
Y WLPolw T &= A Yoo x5 1-8 9 &
¥ A B & o534 Fo] mAZI.

-2 25 0 2.5
A=A+OB= [2~5 8}+ [—2.5 0]'
(C) N=aA+iB+cC+ - +mM olztd NT —
aAT+bBT+cCT+...+mMT ojt}. el B
i FHolw NT = gA+bB+cC+--.+mM =N
ol Sl N = oA #ido] o} wbdof 2% gjufy
PHo)d NT = —gA-tB—-cC—---—mM = —N
o]l ol N & e %) §Zo| si}.
(a) A¥x 3 (node) ol 4] 7}A] (branch) lo] W7}z
7tA 2,30] S 2t} SWHA oA 7}x] 24,57 o}
Zreh AR e 7Hx] 3o} Urt JhA] 5,62 Sof
2. 1=

1 -1 -1 0 0 [0
A= [0 1 0 1 1 0 ]

0 0 1 0 -1 -1

-1 1 0 -1 -1
1 -1t 0o 0o o0 }

0 0 1 0 1

1 0 0 0 -1 1 -1

-1 1 0 0 0 ] 0

0 0 0 1 1 0 0

0 -1 1 0 0 -1 1
(c) A2 22w ehgst 2o} d

(d) s = (mesh) of] 7}A 1, 2, 4 7} Ql=d] 7}A
4 9t ©}& ¥ (orientation) & 7}xlc}. T 9} 7}
7| 4,5, 6 o] Jed 7Hx 5 g O F& bR A
WA ol 71x) 2, 3,5 71 gl vtA 29 O E &
ZERth WA ool 7}x] 1, 3, 6 o] Sl=dl 7}A 6 ut
oE ¥ shAch weky,

T 1 0 -1 0 0

0 0 0 1 -1 1
M= 0 -1 1 0 1 0
1 01 0 o 1
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100 6. LINEAR ALGEBRA: MATRICES, VECTORS, DETERMINANTS. LINEAR SYSTEMS OF EQUATIONS

6.2. Matrix Multiplication

1. Ba g9 ¥5(¥st 49 27 og);

aTB=[1 4 3|B=[ 8]
aB Ao 5 (4 49 27 o).
34
2. Ca= |:15 ;
11]
(34 248
C2a=C |15| = {237];
|11 102
[248 2618
C3a=C 237} = [1794}.
102 1105
56 30 24
3. C2= |30 45 9};
24 9 14
4 6 2 56 30 24
CTC=1|6 0 3|C=1{3 45 9
2 3 -1 24 9 14
56 30 24
cceT = [30 45 9] = C2,
24 9 14

34
4. Ca= |15(;
11

Cd B9 5 (93 99 =27 &)
dC=1{3¢ 24 17].
5. a¥’d o S5 (W 49 27 GE);
aTdT = 16;
da = 16;
4 3 0
ad= |16 12 o0].
12 9 0
5 20 15
6. 5aa” = |20 80 60];
15 60 45
5aTa = 130;
(aT-d)B=[-3 1

13 -6 -3
7.BBT=B{2 0 O]:[—S 4 2

-3 2 1 s 2 1
4 -6

TR - .

B'B = [—6 14]’
26 —54

BBB= (-12 28 |.
-6 14

8. aTBBTdT = [-20 16 8)dT = -32;

dBBTa= {34 -12 —6]a=-32;
8 2
CB= |12 -15|;
4 -1
8 12 4
TOT —
ror=[3 N L)

9.

10.

28 15 12
;C?-C=|15 225 45|-C

12 45 7

24 9 10
=l9 25 15|;

10 15 8

1 15 -15

24 9 10
=19 225 15};

1 3 1
C(iC-N=C|3 -1 15

10 1.5 8
C-CT=0(3x3).
(a) A7t mxnold AT= nxmoelmg AAT= mxm
R} (square) WHo|ch; B = AAT e £
BT = (AAT)T = (AT)TAT = AAT =B o|=z
B A A Yolch; qieke] AB7L o o)
BA = BTAT = (AB)T = AB 7 sHof A9}
BEe ¥ 7}5 (commute) sith; ytglg A}t Br}
2% 7tesid (AB)T = BTAT = BA = AB 7}
sjo] AB7L A Zelth; Avl diFo|HA A A
d #dold AT = Ast AT = —Asl 4Ysinz
A=AT =-Asl 5o 2A = 0¢ A} waby o
Aol A i Fe WP 43y Tolr}.

(b)A:[(l) g]=>A2=A;
B:[(l) g]:>B2=0;
A:[(l’ (1)]=>A2:1.

(¢) Uy + Uz, U1 Uy, U= 4212} (upper triangu-
lar) $Zo|t}; Ly + Ly, LiLo, L}x a4tz (lower
triangular) #&o|c}; W] Uy + Ly, ULy & 4
A7 YEE st YHE o)

1 2 1 1
Ul—[o 3]7U2—[0 1]’

1 0 1 0
Ll’—[2 3]7L2‘[1 1]’

2 3 1 3
U1+U2=[0 4],U1U2=[0 3],

2 2 5
U1+L1=[2 6],U1L1=[6 g],

2 0 1
L1+L2:[3 4],L1L2=[5 g],

Az s WA (transpose) YL sHAtz Wy
olm2 HY3 YAH o UHE AL & 4 gir}.

(d)A:[; Z]’B:[s 6],AB:[19 22],

78 43 50
1 3 5 7
T _ T _
ol R
19 43 19 43
T _ TAT _ .
(AB) [22 50}’B A [22 50}’
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11. p=

12.

13.

14.

6.2. MATRIX MULTIPLICATION

mxn Y8 A%t nxm §d B tjs] C= AT,
D=BT,E=AB,F=ET, G = DC 3 #4d,

ZE gkl WA g = D djex = Y bjau,

=1 =1

n n
ek = Zajzbtk, fix = exj = Zakzbzﬂ} x| o]

=1 1==1

9ik = fijr °lB2, BTAT =G =F= (AB)T o}
(e) AB # BA: .
1 2 3 10 11 12
A= [4 5 6] B= {13 14 15:|,
9 16 17 18
138 174 210
AB = |171 216 261
204 258 312

84 201 318
BA = 90 216 342

231 366

AB = o,A;eo B#0,BA #0:
11 -1 .1 1
A=|2 2 2 ,B=|1 -1 0],
3 3 3 0 0 -1
6 0 0 4 4 4
AB=[0 0 Ojl,BAz[—l ~1 —1],
0 0 0 -3 -3 -3
AC=AD,A#0,C#D:
11 1 2 1 0
A:[z 2 2,C=[2 2 2},
3 3 3 90 0 2
3 0 0
D=[1 3 3],
0 0 1
4 3 4 4 3 4
AC:[S 6 8/,AD=|8 & 8].
12 9 12 12 9 12
85
44920
62|, v=Ap= [ ]
[30] 30940
Negz Tz
A [0.8 0.2] Noll A
= 65 0.5 TeA
x]ﬁ_l:x}‘A,j:O,l,...;xo:[é],
X1 = [o.s] X2 [o 74] [0.722]
0.2) 0.26]° 0.278|"
. 24 & 0.26, 32 & 0.278.
0.5 0.5
A“[o.z 0.8]’
x}'+1=x]7.1A,j=0,1,...;xo= g;,
< = |049] . _ [0427] _ _ [0.081
1= 10.91)> *2 = |0.973|" ** = |0.9010|"
F5o2 wTsez
A [ 0.9 0.1 ] FEo A
= ]o.002 0.998 v EE ol 4

_;-"+3=x A3 j=0,3,...;xo=[

1200
98800’

15.

_ 26 23.0 20.72
- X2003 = [22], X2008 = |23.2], X2013 = [23.92].
16.
17.

18.

101
o = [115] _ [171 _ [1684
3 = lo9sss|’ ¥ T |99429|° X0 = |gg316|
i = | 17661 _ [1825 _ 1868
12 = 199234|> *15 = |gg175(* X18 = |gg132 "

oy = | 18997 [1921
21 = 199101 **4 = |99079]

g FEAL £ S
Iz Iz =
Tej} A 0.8 01 0
1ol A [0.1 0.7 0.1] =AT
-4 f0.1 0.2 09

30
xj4+5 = ATx;, j = 1998,2003, .. .; X1908 = 20} ,
50

52 53.8
10 vicle] w3lEg B4 "o
x1008 = 30 20 50]7,

X2003 = [26 22 52]T
x2008 = [23.0 232 53.8]7
[
[

55.36

X2013 = <

2072 2392 55.36]7
X2278 = [12.5001 25.0000 62.4999] T
X283 = (125 25.0 62.5]7

y=[125 25 625]7

yTA =125 25 625);

08 0.2
A= [0.5 0.5]’
xo=[1 17, x =013 077,

x2 = 139 0.61]7, X3 = [1.417 o0.583]7,
xs = [1.4285 0.5715]7,

xo = [1.4286 0.5714]7;

y=[# %.yTa=[¥ 71"

X0 = [1 0] , X1 = [08 02]

x2 = [0.74 0.26]7,x3 = [0.722 0.278)7
xe = [0.7145 0.2855]7,

x7 = [0.7143  0.2857]7
y=[¢ 3"yTA=[3 3"

r1cosf — z28inf
(2) Ax = [1:1 sin 6 + z cos 0] =g,
y1 =T1¢088 ~ x28inf, yo = z1sinf + z3cosd &
de} gt Fo|x 4% W (linear transforma-
tion) & gHo= FAo 2 4 M= WYL
Yl
(b) $87 AEe &ch WA k=1 o5 Fds}u}.
ol k=nd o g}z s}d, AT = AmA o]
22 dgg deg.
Antl [ cosnfcosf ~ sinnfsin g

—cosnfsinf — sinnbcosd

cosnfsinf + sinnfcos

cosnb#cosf —sinnfsinb|’
A71A 47 g 3 FAE J43d 9 Ae g
7} ol dc}.
Antl — [cos(n +1)8

—sin{n + 1)@
sin(n + 1) ]

cos(n + 1)8
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6. LINEAR ALGEBRA: MATRICES, VECTORS, DETERMINANTS. LINEAR SYSTEMS OF EQUATIONS

adEz k=n+1 49 dx AYsinz 534 H cos(a + B) = cos ecos 8 — sin asin 8,
Yo o3 c}go] BE Ad4 n off s APy sin{a + B8) = sinacos 8 + cos asin 3.
An = [cos nd —sin ne] [3 0 0}
" |sinn® cosn@ |’ dD=j0 1 0},y=Dxo}4
© [cosa ~ sin a] [cosﬁ —sin B] ' 0 0 1
sina cosa | |[sinf cosf Y1 =3z1, y2 = T2, y3 = 373 & AETh
__ [cosacos B —sinasin g A4 (scalar) @& 2 E whgfoz e AFUE
- [sinacosﬂ+cosasinﬂ ol Ay &<l
—cosasinf —sinacos 8 (e) 478 71 3¢ AU 0 UF, x2 5% Aoz
—sinasin 8 + cosacos 8" ¢ wE, 13 F& AR ¢ UF AL

ety Az Y4 g FAL G ol Yt

6.3. Linear Systems of Equations. Gauss Elimination

6 6 4|2 13 12| -6
3 —34 0 -—14j ~70}’ 7. -4 7 {-73
. z=—3,y—5 11 -13| 157
[0 4 l —2. 0] 13 12| -6
—32 8.1 =10 139 —973
- 1.2 —2.0 0 301 —2107
o -3.32| 6.64 13 12| —6
. z=10,y=-2.0. = |0 139| —973}|,
3.0 —05 06 ., [o4 12| 06 o ol o
1.5 0 9.5! 11.4}’ G.z=6,y=-—7
rg z= 04 y— 1.2 4 -8 31} 16
7 —-12 4 8. {-1 2 —sl-21
) 8 0 3 -6 1| 7
—5 2 —-9 26 4 -8 3 16
2 8 =10 0 —17| —68
=l0 7 —12 0 0 -5|-20
-5 2 —9 25 4 -8 3|16
[2 = {0 0 1} 4 ) .
= 10 —12 0 0 00
Y 44 —13 52 . 87 F35 wo (z =2y + 1,z = 4).
2 8 0 4 3|8
=10 7 -12 9. 12 0 -1|2
0 o —223 892 3 2 0]}5
G.2=2,y=0,z=—4 2 o -12
11 -1 9 =10 4 3|8
.10 8 6)— 13 2 0]5
11 -39 =0 4 38
= |0 8 - 0 4 3|4
0 6 —8| 58 ’2 0 ~1] 2
11 -1| 9 =10 4 3| 8],
=10 8 6 -6}, 0 0 0]|-
0 0 -50|250 <. 3117} R
d.z=1,y=38,z=-5. w. |13 91 11.7] 0
; 13 (11 ; " {-09 63 -81{0
- 1 -7 9]0
-9 2 -1/ 5 = [0 0 ol o
4 1 0 4 . #7t F438 g (z =Ty - 92).
= |0 -17 4} -12 7 —4 -—2|—6
0 17 —4| 56 11. [15 2 11 3
4 1 0 4 7 —4 -2| -6
= g —;7 3 ;}12 = [0 78 39’ 117]
3. 7t 438 g} (z =0,z =3 -2y).
. A7t it ( )
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6.3. LINEAR SYSTEMS OF EQUATIONS. GAUSS ELIMINATION 103

12 [12 —26 34l 18] M -1 3 -3/ 3
—30 65 —85|—46 |0 5 =5 -5 -5
12 —26 34| 18} 0 3 -10 11}-10
0 0 o0f-2 0 7 -16 11| -16
=}, si7t gich ) M -1 3 -3 37
0 5 5 -—10|0 0 1 -1 -1}-1
13. [2 -3 -3 62 Tlo o -7 14|-7
4 1 1 —2|4] 0 0 -9 18|-9]
2 -3 -3 6|2 1 -1 3 -3 37
=10 5 5 -10{0 0 1 -1 -1}-1
4 1 1 —2|4] Tlo o 1 -2 1
2 -3 -3 6 |2] 0 o o o0f o]
= {0 5 5 —10{ 0 . &7} F3] go (w=0,2=3z,y=2z+1).
0 7 7 —14|0] 17. 84: -1 - I+ I3 =0,
2 -3 —3 6 |2] A 324l + I3 = 16,
= |0 5 5 —10{0{, st 3 &: 41 + I3 = 32,
_0 0 0 0 ()_ ‘—d‘. 1122,12:6,13:8.
2. &7t 743 g (w=1,z = —y + 22). 18. GH: ~L1+ 12+ 13=0
2 =2 4 0] 07 oW 32121, — 83 =24
14. |-3 3 -6 5|15 A 3246 + 121, = 36
[1 -1 2 oo L R .
b 9. = , Ia = , I3 = .
9 —2 4 o0l 2 11 11 11
19. 583: -1+ L +I3=0
= [0 0 0 10 30] A #2: —LR, + 3Ry =0
0 o 0 0fo0 3 32 LR = Ey
2. #7t 3 g (w =2 —2y,2 =3). 1 1\ Eo Eo
0 10 4 -2|-4 3. 11=(—R—+1—2~)Eo,12=§—,13=R—.
1 2 1 2
15 |73 -1 1242 20. (F=2E vex|)
1 1 1 0,6 A I+ L+I13=0
8 -34 16 -10| 4 AR Ig—-I1 — Iz =0
M1 1 1 o016 ST+ I, =0
L= -1m 1 22 2R [ —L+I,=0
0 10 4 -2|-4 2 812: —Rol — Ryl + R3ls = 0 .
L 8 -34 16 -10| 4 i 32 Rol — RiIh + Rz 14 =0
1 1 1 0 6 W 3 R + ReI> = Ey
|0 -4 4 212 olAl Riz = 3L, Roz = £= ol stm 9} 99 4%
0 10 4 -2} -4 Mg 1ol ol 89 Io, I, Iz, Is, I & ch3t 2ol
10 —-42 8 -—10|—44 Qe
B R R 1
L1 oors Io:(72:3+72132+§’L;+R—3)Eo+(R12~Rm3)1
1o o 48 -4| 72 - (1 + Ra2)(1 + Ras) ’
0 0 -4 -16|-104 L= e~ 1 - 7y + Rial
ol 1 1 0 6 1+ Rys’ 14 Ri2
L |0 -1 4 2 20 %—Rzgl 24T
8 g 408 —136 ;{1276 TR TR
- — B R = = 2
. -'w=4,:€=0,y=2,z=5 o] & R% - Rlsa 5 Ri2 = Re3 of® oh-g3f 2ol
2 3 1 -11f 17 =R R
6 |5 -2 5 -4 ;E+R1 5
1 -1 3 -3 3 E&‘I I_Eg’*'RHI
3 4 -1 207 Il_1+R12’ >~ 1% R
1 -1 3 =31 3 % —~ Ryol %g.+1
5 =2 5 —4| 5 I3 = , Ig = .
= o 3 1 —1l 1 1+ Ri» 14 Ro ) .
HA 2ol 29 Ao o] stz He)std o}
13 4 -7 2|7 28 i,
1 -1 3 -3| 3 Ri+ Ry
o 3 -0 11]-10 (R°+TW)I=0=”:0;
60 5 -5 =5| -5 W2 1 =0 0|4 Io, I, I, I3, I 7} o3} 7o}
0 7 —16 11| -16 "}
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21.

22.

23.

6. LINEAR ALGEBRA: MATRICES, VECTORS, DETERMINANTS. LINEAR SYSTEMS OF EQUATIONS

R R 1 1
o= B "R YRz VR g
(1 + R12)(1 + Rz3) ’
Ey Eg
Ro Roy
Iy = ,I = ’
YT 1% R ? 14+ Ry
Ey Ey
R R
Ja = 3 , s = 3 .
T 1+R. ' 1+Rgz
FHA 2 oA fd A o] & dYstn FEehd o
+& dev
Rzs — Ri2

—_— - FEp=0= Ris =R
(1 + Ri2)(1 + Rz3) 0 12 i

=& =R
I=0 < £ = .
(2% 23)
Az BE ARAA Y AP5Y g AE A4
BE
HAA: 600 +400 — 7 — x4 =0,
$AY: x; + 22 — 800 — 800 = 0,
#8AY: 3 + x4 — 600 — 1000 =0,
2314: 1000 4+ 1200 — z2 — z3 = 0.
o]& £ z; = 1000 — 24, z2 = 600 + x4,
23 = 1600 — x4 & Jdo =z 2 o] FU5A g},
(A% 2d)
Dy =8; o4 40—2P1—P; =4Py—Py+4 7} V3o 31,
vlX7t&R 8 Dy = Sp oA 5Py —2P2+16 =3P, — 4
7t &, A4y WA 4 6P =36, —5P1 +5P; =
20 & vk ol§ EFH, AL =6, P2 =10 & Jdx
D3y =851 =18, Dy = S =26 & d &1}
(32 #A)
(a) § mgto] A BAE WSt
R F YL oA agshd Y YHo) "} - F
A E (reflexivity);
A YL AP B & A=z, 133 S H
Aod B oA A& dc}: AF$ (symmetry);
Ao YE& Pl BE L2 B 9 Yg5& 2P
3t C & d9lenz, 2 AL 25 A o J&3id
C & A&t} : Fol& (transitivity).
(b) & el & W A W& date Ho] FA B
AE W53l
o el ohE 2] 0wl visid ey PHo] e}
TYE;
Ao 33 (A o 2§ (5 HA) o A5 (o)
WS sl B & dgjleng, B o 3 ¥ (1 HA)
G (GUA) A (—c)lEHdH A E L
ot A S
A2 3 g o E Yo A5 uE deld B &
B 2] 3 gl & H A5 wjE vl C &
Lo2, 2 APEL EF A FE3P C & A
Fol &
(c) WL 0obd 2 A5 W& dte Hol T2 &
AE &t
el 1 6lE 51 de] PHo] M} : FUE;
A @ gL oold & (c) = 45 WE st B &
dderz, B ade ()M adAEded
e K

i 2

!
od

32 K

a8

AP oold 2 A4 g st B & 1
B & P20otd 3 45 WE 3ted C & I
222, 3RS EF A HEsd C & d=d

Fol&.

24.

(d) #ell B FAx T A jct.
Hel F FAE 71E d4abol HAU 45 o] doix
€ Aolx #4748 7)1 d4ate] A $AlnE A3t

t}.
(12 ¥49)

(a) A7t 4 xn golet 53, ol o] Y& 23
W& a, az, a3, a4 2 A &,

ax
A= |22
ag
a4
oliLa; (i=1,...,4) ¥ 1 xn BPolr}. 2,
oy
E A = |23,
az
La4
F Ay
— a3z
E2A = —5a; + a3 |’
L a4
Cay
EzA = | 22
az
|8a4

o slmg, 7247 S W AU 9e 286 7]
2 Q4 A ol RAH Bel -5 0§ ke 7l
2 4, A e 8 v s 7B dabelch

T
v = [‘U1 U2 v3 114] s
T
Eiv=[nn vz v vy,
T
Esv = [vl vz —5v1 +v3 1)4] ,
T
Ezv = [U1 v2 vz 81}4] H
a11 @12 @13
a o a
A = |02 22 a23)
az] as2 as3
a41 Q42 Q43
a11 a1z a3
a a a
ElA. — 31 32 33 ,
az1 022 a23
la41 a4z  aq3
ai ai2
a a
EsA = 21 22
—5a31 +a31  —5ai12 + a3z
L a41 as2
a1l a1z a3
a a a
EsA = | %2 22 23 |
a31 a3z a3z
8as1 8as2 Bags
a)
a .
A= |72 :4x2a;(i=1,...,4)
az
ay

B = E3E:E A = E3E, |23
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az3
—5a13 + a3z |’

a43
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6.4. RANK OF A MATRIX. LINEAR INDEPENDENCE. VECTOR SPACE

a) aj
az asg
=B, —5a; + ay —5ay + as
as 8ay
a1 ai2
a3 asz2 .
—5a11 +a21  —5ai2 +azl’
8a41 8a4o
ay
az
C =E;E:E3A =EE;
ag
[ 8ay
ay [ a
ag —b5a; + ag
= E] =
—5a; + a3 as
8ay L 8ay
aii aiz
=5a11 +a31  ~5aiyz +az2| .
- a2 as2 ’
8a4 8aq2
B#£C

(b) I, o S¥i% 95 Aes 9 n@std Ey, L,
o A Wel WA Wel -5 v E she By, L, o
WeA W 8 o) S4By ofck;

25.

105

Aol 718 A4 ¢ W AlYsd M & dttT &
Z. o)A 2 712 d4te I, of Hgstd dejxle ]
E YL E S Ao Fat= AL o] YY) dayy 7

€ d4¢ Hgsle Zlojlmg M=EA & a1}
11 a1z a3
(€) A= la21 a2 azs} )
a31 a3z a3
[ 1 0 0] @
Ej=|-ma 1 0,m21=—2—1(‘%}a11¢0)
|l o o 1] on
M1 0 0] a
Ez=| 0 1 0|,ma=22(gay #0)
[—m31 0 1] a11
1 ] 0]
E; = |0 1 0|, may = 232 ~Ms1012
0 —map 1 a2z —maie;z
(& az2 —moais #0);
1 0 0
E =E3E;E; = —ma; 1 0].
' m3amo1 —~m31 —m3z 1

(Fhea 27%)

pivoting o] g0 33 Foll 0 o] WA= A$ o
o4 AP 5 g Hol E £ Q= TAE F 7
e}

6.4. Rank of a Matrix. Linear Independence. Vector Space

cu=[1 0 0,v=[1 1 0,w=[1 1 1]
olgt Fx. whek o A% a,b,¢ 7t AdoiA autbv+
cw=079ctn st oldes=[0 0 1) gz
&, ueg =0, ves =0, wez = 1 o] JYat}. wet
4 0=0e3=(au+bv+cules =c & d=c}. =3
ez = [0 1 O]T gt3 8t uez = 0, ves = 1 o]
Aged. getd 0 =0ex = (au+ bv+cwlez = b
Edehvhridz e =1 0 0] gz ow
ue; = 1 o] HYP3c}. dely 0 = 0e; = (au +
bv+cw)ey =a & deth. HFa=b=c=0 qto]
au+bvtew =0 & HEA 7= 57} HEE Fof
A A Wej= da 59 (linearly independent) o]t}
cu=[7 -3 11 —6],v=[-56 24 -88 48]
olgt st v = —8u st yPY}. el a=8,b=1
old au+bv =0 & E5=2 Foizl £ ez o
% %4 (linearly dependent) o}t}.

cu = [-1 5 0], v 16 8 -3], w =
[-64 56 9] o2} sw 6u+v=1[0 8 -3,
—64u+w=[0 -264 9] o|c} Wty a=—16,
b=3,c=1lcldau+bv+cew=0 & HE3leg
FoiZ A el A3 T4l

cu =1 -1 1, v=11 -1, w =
[-1 1 1},p=[0 1 0]clgsdviw=2p
ojch. e} a =0,b=1¢c=1d= ~2 o]d
au+bv+ew +dp =02 5322 Fojzl v o
B d& Fold

.u=[2 —4],v= 1 9, w=]s3 5] o]z} 3
utv=wolth. @tgfxfa=1,b=1,c= —1 o]y
au+bv+cow =0 & WFsng FolA 4 P
Azt F4o|r}.

www.20file.org

10.

o, w=[5 5 1]
, b= L,e=04¢ \‘I",
BHEHER Foijzl A W

ozt 3t 74 @
au+bv +cw = 0
€ €A F&oin

=1 9 9 8,v=1[2 00 3sw=
2 0 0 8] olgt £x. wref o A4 a,b,c 7}
dAd au+bv +cw = 0 7} Hdz A o)

u=[1 2 3],v=10 o
2
=2

[

—

He =100 0 1 ]E]—.T.’_s]»mlue;;_g
vez = 0, wez = 0 o] HYPdd. w4 0 =
Oes = (au +bv + cu)es = a & et =3
e1=[1 0 0 ]Ta}iﬂtﬂvelzz,we1=2
°oJEZ 0 = Oe; = (au + bv + cw)e; = 2b + 2¢
& dech shtRz e = [0 0 0 1T @
T 3 ves = 3, wey = 8 o] HYdd. wabAy

0=0eg = (au+bv+CW)e4 =3b+8¢c & dech
9714 dojx & AYWYA 2b+2c =0, 3b+8¢c = 0
ldfleb=c=0c¢ch. Za=0b=c=0 ato]
autbv+ew =0 UFA 7= AF7 HEE Fo
T A e 44 5ot

= 0 _Z]’ vV o= [0 % —%], w =
0] ol st&d 2v + 3w = 4u o|c}. up
a=4,b=-2,c=-3ol"d qu+tbvtcw=0
REHZE Foj A MeE Uzt Folgh,

8 —4 8 -4
[—2 1{=|0 0 ]
6 -3 0 0
. Al (rank)E 1.
m? £ n?ol2g m,nF oA st 0o] ofc}. gho}
me] 0e] opjw

m n p m n P
[n m ;J”[o m?2 —n? p(m—n) °13,

—
""""Al»—

o i &


www.semeng.ir

106 6. LINEAR ALGEBRA: MATRICES, VECTORS, DETERMINANTS. LINEAR SYSTEMS OF EQUATIONS

nol 0°] ohi

R R

711

7

11. —20 —17 —15

9
o.
0
12. 1
1

3 -1 5

13. [2 -4 6|=>

10 0 14

4 0
14. {5 7
0 6

-1 5
-10 8
0 0

15.

®
o ow
PR
® 0 0o
oo v m
oo mwn

|
—
)
|
=)

16.

oo~ ocoow~
COoO oM O ®N
=)

o
e
o
o

17.

o»—-wco'f‘“
©
' ocowooo
| I
ool Lo
— = 00 DD K=
LSw
P @
-
c N

-3 2 -18
—27
0 0 153

o O O W
(=]
et
[+

18.

19.

20.

21.

22.

k£0Qa,v=[0 0 kKT £ xAdntv=k
2 gEsAnt w = 2v = dwr + w3 = 2k £ k
7t o] £2HE WFEA Yeth k=0 A 9, F
Qe v,w 7} 27E ¢E5¥dHE, u = av + fw &
BE j=1,23 0 U8 u; = av; + Bw; °]BE,
dugy +uz = 4(avg + Bw2) + avs + fws = a(dve +
v3)+B(4we+w3) = a0+ﬁ0 =0o] s *ﬂ—‘ﬂé—
Yrhu=[1 0 0] =0 1 —47 ozt 3t
A F Wes FoiA 2-‘_73_'.% &gt ol A A5 a,b
ol sl qutbv =07t Ak st ey =1 0 O
2l siw, equ=1,e;v =0 o] ©c}. @z} ¢ =0 o]
H3,v7t0el oz b=0¢ ded. 2322
F HEE 44 Sgolch w7t Fo43 21 £ UEY
o3 3 Al o] WEjo] ta] x = win+ wev T £,
71 = w1, T2 = wy, 3 = —dwe = w3 7} ©H}f. F
Z27% 2tEste Hee u g v o dA Z¥ (linear
combination) 2.2 vtebd 4 gjcl.
. k=0 old I49Q (dimension) 2 | W&l F3t
(vector space) o|x 7|x (basis) = {1 0 O]T
[0 1 —4)7 olch 22X wow WE Fro| of
Yt
= 9 v,w 7t 22¢ ¢#E539E, u = av + fw
= 2E7=123 A8 u; = av; + fw; °|BE,
2u; +3us = 2(avi +Pwi)+3(avz+fws) = a(2v1+
3v3)+8(2w; +3w3) = a0+50 = 0 o] Hoj 2HL
sgchu=[0 1 0 ,v=[3 0 -2]7 oz
&l F W s Fold & W&ot ol AF a,b
of hel aut+bv =07 Hebu st ea =0 1 0]
Zt 8lH, ecu=1,e2v =0 o] Mt} @zt a =0 o]
H3,v7t0ol o2z b=0< d&dh 282E
F e 94 SHolch w7t Fold 241 U5
o 3t of HeEle) t# x = wou+ Fwrv 2 4,
Ty = w1, T2 = w2, T3 = —Jw1 = w3 7t Wk &
2L WFsE Aejs u gt v o U AR
ehd £ gloh.
2. 2 A4 dy I3
710 1 0,3 0 -2

v=[0 1 0 0 0f £ zA¢ BssxTw=
—-vewtws=-1<0o] Ho] RAHEL WF3A
e
. HEl F3te] ohvct.
v=[t 1 1 T szngadssgw=—v
EE A&l %4‘-°IP—E EZRE HFHA ged.
. HE F7bo] ohict.

HWe v,w 7t £22& wEchE, u = av + fw
REEj=1,...,n o A3 u; = av; + fwj o}
» 53 =1,. n—2°ﬂ‘=ﬂbﬂ*“]v1—w3~0
2 u; =0 (J = 1,...,n — 2) & d=

o - 1 0%, v=[ - 0o 17
. F dels FolA 2AE UHAP. oA
a,b o disf au + bv = 0 7} ®Hd3 A
0 -~ 1 0l e &8, eu=1ev =20
o @2t a = 00] 3, v 7} 0 of oll=
256=0% ded azlzz F dYel= 48 59
olth; w 7} Folxl A& wEFctm & o] HH
f &l X = waru+wuv 2 59,25 = 0 = wy
(.7 = 1’--'7n—2)7 Tpno1 = Wn-1, Tn = Wn °| ¥

o & 24E UEHE At u v o U AYe

T

I:Irlr-{nv.ﬂ.r]r

o

Tn

u

2 0 g9

www.20file.org



www.semeng.ir

23.

24.

25.

26.

6.5. SOLUTIONS OF LINEAR SYSTEMS 107

2 vl $ glch
- 2 34 g 3z
71;1 o - 1 0] 0 -~ 0 1]".
T Al M dele dgoln 2 He o A5 WE
v}W U A= Afolrhu=1 oz 3tA. o] WeE
Fold 2208 #5352 0 o] oz F2 93 5
Holoh w 7} Foid 27¢ ¢E¥ o, x = wiu g
T, 21 =w; o] foh. & 2AE ¢EEE Y= u
o A Aoz e 4 gich
T 139 e F 714 1
5 9E v,w 7t 21 & B5¥dE, u = av + fw
v 287 =123 48 u; = av; + fw; o=
2, 3u1 — 2uz + uz = 3(av1 + Bwi) — 2(avs +
Bwz2)+(avs + fws) = a(3vy — 2v2 +v3) + B(3w) —
2w +w3) = a0+ B0 = 0, 4u; + 5uz = 4{av; +
Bwi) + 5(avz + Bwy) = afdvy + 5v2) + B(4w; +
S5wz) = a0 + B0 = 0 o] sHo] £HE WEgc},
u=[5 -4 -23]7 olg} sx. o] WEl= Fejnl
2-‘.73.—% HHER 0 o] ohy2g T2 dA Yoo
w 7t FolA =2& ‘&é’% &, x = fwiu 2 F
H, T = w1, 22 = —3w1 = w3, T3 = —%wl =
—3wy +2(=fw1) = w; ol Wr}. F 22 VF5
t 48 u e 92 dgoz e £ Qg
T 1 AY 9 T2 718 5 4 —23]T.
v=[1 1"t zd¢ ¥5sAt w=2v £ =S
AE9 Adigte] 271 o] 2AL Estx] gt
5 e F3he] ofc).
a)
az
ag:l
at].

10 0 0
(a) A = [0 10 0} =

01 0 0

al a 3
A a,b of W& aa; +baz = 0 7} A3 A
1:[ 0 0 0] 2 sld, e1a; = 1, e1a2 =0
o] gt} HH’—M e = 0 o] ¥1, ag 7} 0 o] oy
ER2 b =0 ¢ ded ® dee 97 %%oln}-
0-a;j+1-as—1- a3_.0°]=§_zq] HE = dx &
oleh. wetA A of AfE 2 ot} (F o), 'E—A—y—abon

o8 aal +ba? ~07|—£lt+:i'.s}-x]— et=[1 0 0
2 89, ejal =1, e1a% = 0 o] Hch ety a =0
ol fx,a? 7} 0 o] 0B b=02 Jec}t. 5 WH
t A2 5qoit. 0-al +0-a2+1-a® =0 ojm = 4
HElE= A2} $40)t). 0-al +0-a2+1-a3+1-a? =0
ol vl el 4 F4olth. et A 9 Ag=
2 olc} (He 1).
(b) rank A = rank AT (g¢] 1), (AB)T =
rank AB = rank BTAT,

A} PP Y3 Ao 7)!—’:‘-7} 2t ol dxt B ol
| AG7 Yo £t Hed ol do] o oz
dx A5l Aoh. o o] dx EPolwd
ol X2} vt tA 2 Yol Y HHo] Fc);
A FPof ohd o] @AY o] gt Yo A
TE 83 A AR F 5 ¢T Polu} odo A
F7F o] 3R} At ajebd Wol ol odo] U F
o] X}

T T

2 a

Q.II

BTAT

www.20file.org

27.

28.

29.

30.

00 0 1
(C)A_[o 0 o 1}’3”

(==
[ = B )
= e R e B oo}

0 0 0
AB:[O 0o o)
rank A =1, rankB = 2, rank AB = 0.
(d) (c) o 2 s Hgsix.
m=2,n=4,p=23,
ra=1,rg=2,r=0,

TA+rB—n=-1<r=0<min{ra,rg} =1;
1 0 0 0
A:[é (1) g],B: 0 1 0 0,
0 0 1 0
1 0 0 O
AB_[O 10 0}’

A =2, TB=3,r=2,
TA+7B—n=2=r=min{ra,rg }.

1 0 0 1
5 _ 1 2 |0 0

il 0 il RS

rank A =1, rank B = 1,

rank A? = 1, rank B2 = 0.
(8 22)
718 A4 3 Yol o E P A4 wE "—15‘}71‘4' ¥
BE Mz aPstAY & Yol 0 old 445 Faie
Holnz =z WEol s Y T3} %3 g
"3"3?}4- wekA] ol e FA F oYYy Y Fp
(*334 ‘lé 37
A%7} 10|22 0 o} We) shbE Wt g
. #Fu A 2 -1],

dFR A1A: 4 -1 3)7.
(33 o4 F7)
A7t 20122 dx 3 WE £AE Pl "
u=[3 1 4],V=[0 5 8] elet s}, uto} of
q A4 a,b 7t gleid au+bv = 0 7 Sicha w44, o
71X e = [1 1] O]T et1 3lH ue) =3, ve; =0
o] AP} wetr 0 = Oey = (au + bv)e; = 3a,
éa=0%§w‘-:-"+ el v £ 0 7} ohzz

b=0ol Ut g4 § AeE U SYojok
u=[3 0 -3 1T, v=[ 5 4 27 q
% £A. Wof ol 4% a,b 7 lolH au+bv =0

7b dox A 7] e = [0 1 0 o] #
2 89 equ = 0, exv = 5 o YUY} @WetA
0=e0 =ez(au+bv) =56, & b=0¢& der}.
ME uE 07} ohyng a=0 o Hc} wety 5 ¥
BE 9& SYolnt
g. #$IXA 71A: 3 1 4],[0 5 8],
2274:3 0o -3 17,1 5 4 2T

(—‘?—% )

={(3300) z €R},

W= {(z,y,0) : z,y e R}.


www.semeng.ir

6. LINEAR ALGEBRA: MATRICES, VECTORS, DETERMINANTS. LINEAR SYSTEMS OF EQUATIONS

6.6. Determinants. Cramer’s Rule
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& dech.
= zy y oz oy 1
7 Ty1 Y 1 oy 1
Toy2 Y3 T2 Y2 1
1
1
1

=0

- =

8 8
[LTCENTIETUR PR U RN

T3ys Yi T3 U3
Tays Yi Ta Y4
Tsys yi Ts  Us

8 8

6.7. Inverse of a Matrix. Gauss-Jordan Elimination

2 0 —-1|1 0 0
5 1 010 1 o}
0 1 3j0 0 1
2 0 —~1|1 0 0
>0 2 5 |-5 2 0}
0o 1 3]0 o0 1
2 0 -1l1 o0 o0
= |0 2 5 |-5 2 o}
o 0 1|5 -2 2
2 0 0|6 -2 2
= |0 2 0[|-30 12 —10]
o o0 1|5 -2 2
1 0 03 -1 1
=10 1 0|]-15 6 -5,
0 0 1|5 -2 2
2 0 1173 -1 1 1 0 0
{5 1 o} [—15 6 —5] = [o 1 0}.
0 1 3 5 -2 2 0 0 1
1

|
2 U
3
| |
o
c.ln"'
=

2

1 2 541 0 ©

0 -1 20 1 0

2 4 110 0 1
1 2 5]1 0 0
= [O -1 2|0 1 0
60 0 1|-2 0 1
1 2 011 0 -
=10 -1 0}4 1 -
0 0 1}]-2 0 1
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1 0 0
=10 -1 0

0o 0 1

19 2 -9
4 1 -]
-2 0 1
1 0 0{19 2 -9
[0 1 0f-4 -1 2], .

0 0 1]-2 0 1

5 19 2 -9
2 —4 -1 2| =
11} |-2 0 1

¢

1
N O
|
w L

—
(=N
o = o
- o O
—

19 2 -9
. -4 -1 2}.
-2 0 1
3 -1 5[]1 0 0
2 6 40 1 0}
5 5 9o 0 1
3 -1 5|1 0 0
=10 20 2|—2 3 0]
0 20 2|-5 0 3
3 -1 5|1 0 0
=10 20 2{-2 3 of.
0 0 0{-3 -3 3
2. dgdo] ExelA gl
-7 0 01 0 0
.]0 8 130 1 0
0o 3 s5lo o0 1
-7 0 011 0 0
=0 8 13lo 1 o
0 0 110 -3 8
-7 0 0f1 o0 0
= {0 8 0|0 40 —104
0 0 10 -3 8
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6.7. INVERSE OF A MATRIX. GAUSS-JORDAN ELIMINATION
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6. LINEAR ALGEBRA

: MATRICES, VECTORS, DETERMINANTS. LINEAR SYSTEMS OF EQUATIONS

12.

13.

14.

15.

16.

4 -1 -5{1 0 0 17. det A = —0.1,
15 1 -510 1 0 A1; =-03, A12 =0, A;3 = 0.1,
5 i 4 910 0 1 A21 = 0, A22 = —0.5, A23 - Os
4 -1 =531 0 0:| Asz1 = 0.1, Az = 0.1, A33 = 0.1,
=0 19 55|-15 4 0 3.0 -1
0 21 61|-5 0 4 A-l= [o 5 1.
4 -1 -5| 1 0 0 10 -1
=0 19 55|-15 4 0} 18. det A = —8,
0 0 4 |220 -84 76 Al = —4, A2 = —24, A13 = 23,
4 -1 =511 0 0 Az =0, Az = 8, A2z = —6,
= {0 19 55 |-15 4 0 A3y =0, A32 =0, Az3 = -2,
0 0 15 —21 19 0.5 0 0
4 -1 0] 276 —105 95 A"t=1 3 -1 0|
= {0 19 0]-3040 1159 —1045 —-2.875 075 0.25
o o0 1| 55 —21 19 19. det A = —0.5,
4 -1 0|276 -105 95 An = —05, A1z = -05, A1z = -1,
=10 1 0|-160 61 55 Az = =05, Az = —1, Ags = L5,
0o 0 1| 55 —o1 19 A3y = —1, Agz = —1.5, Azz = —1.5,
4 0 0f116 —44 40 A-1 = 1 ; z .
=10 1 0]-160 61 —55 5 3 3
0 0 18 -21 19 20. det A = —48,
L0 0)29 -1l 10 An = -12, A2 = 12, Ai3 = -6,
= {0 1 0]-160 61 —55|¢ 24, Apy = 0, Ags = 0, Agg = —12,
0 0 1]85 -21 19 Asy = —12, Asp — —4, Ass = 2,
29 —11 10 ERCE
(A?)~1=|-160 61 —55} o] R}, b, A-l=|-1 o li )
| 55 —21 19 ¢y
3 -1 1 21. (a) det H; =2723—! = 0.0833,
A-l= [—15 6 —5} olzz, L[4 -6
5 -2 2 Hy = |—6 12]’
20 -11 10 det Hz = 2-43-35-1 = 4.6296 x 10~4,
(A~1)2 = |-160 61 —55] ojc}. 9 -36 30 g
| 55 —21 19 H;'=|-36 192 -—180]|,
%, (A1 = (A71)%7 4 eeh 30 —-180 180

(A= g 44d)
I = IT = (AA-Y)T

= (A.— 1 )TAT 0151,

det Hy = 2-83735-37-1=1.6534 x 10~7,

16  —120 240  —140
(AT)=! = (AT 7} "} H-lo |—120 1200 2700 1680
(A 9ho) 444) 4 T | 240 2700 6480 —4200(’
#Y A7t Hold AT = A o|ch. B = A1 o]}, |-140 1680 4200 2800

AB=103,I1=17 =(AB)T = BTAT = BTA

det Hg = 2-103-55-57-3=3.7493 x 10~12,

& et ggq BT = A~ =B 7} " 5 o3 r 25 —300 1050
B 4YAE g Hojct. —300 4800 —18900
(J929) 993) H;!'= 11050 —18900 79380
C=A"1lo9,I=A"1A=CA o]2g,C"1 = —1400 26880 —117600
Agded. 5 (A=At | 630 —12600 56700
det A =1, —1400 630
A1y =3, A12 = —15, A13 =5, 26880  —~12600
A21 = —1, A2 =6, Az = -2, —117600 56700 |,
Az1 =1, Az = —5, A3z =2, 179200 —88200

~88200 44100

3 -1 1
Al=-15 6 -5|.
5 -2 2

det Hg = 2-143-95-57-511-1=15.3673 x 10~ 18,

36 —630 3360
det A = —40, —630 14700 —88200
A1 =2, Aj2 =0, Az = —12, —1_ | 3360 —88200 564480
Az; =0, Azz = =20, Az3 =0, He™ = —-7560 211680 —1411200
Azy = =8, A3z =0, A3z = 8, 7560 —220500 1512000
—2772 83160 —582120

—0.05 0 0.2
A-l= 0 0.5 o |.

0.3 0 =02
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6.8. VECTOR SPACES, INNER PRODUCT SPACES, LINEAR TRANSFORMATIONS. OPTIONAL

—7560 7560 —2772
211680 —220500 83160
—-1411200 1512000 -582120
3628800 —396900 1552320 |°
—396900 4410000 —1746360
1552320  —1746360 698544

= 4.8358 x 10~25,

det Hy = 2-183-115-57-7171-313-1

r 64 -2016 20160
-2016 84672 —952560
20160 —952560 11430720
Ho1 = | —92400 4656960 —58212000
8 T} 221760 —11642400 149688000
—288288 15567552  —204324120
192192 10594584 141261120
| —51480 2882880 —38918880
—92400 221760 —288288
4656960 —11642400 15567552
—58212000 149688000 ~204324120
304920000  —800415000 1109908800
—800415000 2134440000  —2996753760
1109908800 —2996753760  4.2499 x 10°
—776936160 2118916800 —3.0301 x 10°
216216000  —594594000 856215360
192192 —51480 7
—10594584 2882880
141261120 —38918880
—776936160 216216000 |
2118916800  —594594000 |’
—3.0301 x 10° 856215360
2.1754 x 10°  —618377760
—618377760 176679360 |

113

49 —1176 8820

-1176 37632 -3175220

8820  —317520 2857680
H;' = |-29400 1128960 —10584000

48510  —1940400 18711000
—38808 1596672  —15717240
12012 —504504 5045040
—29400 48510 ~38808
1128960 —1940400 1596672

—10584000 18711000 —15717240

40320000  —72765000 62092800

~72765000 133402500  —1152597660

62092800  —115259760 100590336

~20180160 37837800 —33297264
12012

—~504504

5045040

~201801601

37837800

~33297264

11099088

det Hg = 2—243~145-67-711-513~3
= 2.7371 x 10733,

YA SolEx A9 82| Fuyghe A
(b) det Hz = & =0.0889,

1 2 15 225 —3.75
H,” = {—4{75 4754] - [—3.75 11.25]’
det Hz = 5.16 x 104,
3.5156  —16.4062 14.7656
H;' = |-16.4062 137.8125 —1476562],
14.7656  —147.6562  172.2656

HIAE 25T 9P Y ¥ Aughe AR

6.8. Vector Spaces, Inner Product Spaces, Linear Transformations. Optional

- F HE v,w 7t 2A1E BEedE, u = ov + fw
= B8 7 = 1,2,3 o ujs u; = av; + Bw; o]
28, ur —3uz + 2uz = av; + Bw; — 3(&1)2 +
Bwsz) + 2(avs + Bws) = ofv1 — 3vg + 2uz) +
B(wy — 3wz +2w3) = a0+ 50 = 0 7} Hof =7
esdchu=2 0 -1)7,v=(0 2 37
oz 8. ¥ Helx Fojn 2AE BEU. oA
A4 a,b o] A8 au+bv = 0 7} sdz A
e1=[1 0 0]asid,eju=2ev=00 ¥
o. @zt 2a=0,F a =0 o] 3, v 7} 0 o] o}1]
m2b=08 dEch 1822 T HHE U4 S0
th w7t Feldl AL St 5t o] HE| o o)
8 x = Jwiu+ Jwov B $9, 21 = wy, 72 = wy,
T3 = %‘w1 (=1 + -é—wg -3 = %(—wl + 3wz) =
3(2ws) = w3 7t ot & 2AL PE}E YHEu
2tv o dx Ay 27 e 4 )}

. 9E 375 144 2; v1A

2 o -1 0 2 37
cv=[1 1 1 1] sz asaxgtw=—v
£ RE 4yl $40lmz 2AE BEGK ot

& W F2to] o,

SR 4H v,w 7} 27E wEs,

3. 2R Esle e u & G A uo,ur,ug, u3

oAf Ml u = uo + wix + uox?® + uzzd® FE T
F2 2 vehdeh F 9E v,w 7t 20 L sy,
av + fw = a(vo + v1z + v22? + vaz?) + Blwo +
w1z + w2z? + wazd) = (avo + fwo) + (av1 +
Bwi)z + (avz + Bwz)z? + (avs + Buws)z® & 4|
32 ol 3l chatalo] Ho 2L WEYU); up = 1,
u =2, up = 2%, uz = 2% ojz s o Y&
Foixd 24 5P} olA A% a,b,c,d o o3l
aup + buy + cuz + duz = 0 7} "tz &, 13
da+tbr+cz?+de® =08 g3, A4 vz 9
Ha=b=c=d=02 Jd&c}t 28zz 4 4
B 4% 5ol w 7t FoiA 24E BEUG 2
Btat. o WeEl= kel Wy vl WEle A AP
woup + wiwy +wouz +wauz o Boh. F AL 9
3= HE = uo, ur, up, uz o U Aoz e
9 & gl
. de] F2 A4 4 714 1, 7, 22, 23,

av + fw =
a{vicosz + vzsinz) + f(wycosz + wasinz) =
(av1 + pwi) cosz + (avs + fwe)sinz o]=g =4
£ w5k u = cosz, v = sinz B A = 9
He FoiA 27 58, old AS q,b o dis
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6. LINEAR ALGEBRA: MATRICES, VECTORS, DETERMINANTS. LINEAR SYSTEMS OF EQUATIONS

au+bv =0 7} Fck3 s1A. 28H =0 o o3
b=0& A2, =1 of el a =02 At
sz 5 AgE 98 EPolch w 7t Folxl =4
AE P A of WElE ol 4 Feld F weie
dxt BY wiu+wev o Aok & TAL BE
el ust v o] U Aoz \+F+‘:Jé T ot

o wlg 7 F4Y 2; 71A cosz, sinzx.

rlerM—lgL

. Z2AL UEse qe u & 9% AF v, uz,us o

gl u= [“‘ “] o] yehdth £ HE v,w
us U3
7t 2AL WS, av + fw = a[”l ”2} +
—v2 U3

rie

s [ wy wz] _ [ avy + Bw1  avs + ﬂwz]

—ovp — fwe  avz + fws

44 A9 3oz xae YRechw = | ).

=

A MR EL T E R

FolZ AL wHYP}. olA AF a,b,c o o
au) + bug 4+ cus = 0 7} ¥z A 23"

Z =02 P,a=b=c=0S& d=}. 1
g A dele 94 Eolch w 7 Fold 2Ad g
ERchD sA. o] WE= Aol G A e
Az A wiw + wouz +wauz & Zoh & 2A
< W& el w, ug, uz & YA FYPeE o}
eld & g}

_fx*_f—‘—'g_h,rlr
c- s

. e F7 234 35
o B 90
o oo 1y’ [-1 ol
. RZAE UHse WY u & {3 AF ui,uz,us,

Uy Uz U3
uq,us,u6 o Hal u = |uz uq
U3  Us Us
el 98 v,w 7 2AE 453", av + fw =

v v2 U3 w w2 w3
alvz vse vs|+Plwr ws ws
vz Vs Vg w3 Ws We

[avl +Bw1 avy+Pwr ows+ ﬂws]

2ol v

ove + Pwz  ave + Pws  avs + Bws
ovz + fwz  avs + Pws  ave + Pwe

Al Aoz S el

0 0
,up = {0

0

0
0
0 0
0 ,U4=|:1
1 0
1
0

0
U5=0
1 0 0

25 Fo{f 27¢ wEYh ofA A4 a,b,c,de, f
o d}s] auy + buy + cug + dug + eus + fug = 0

< 9

0
01,
0
0

0y,
0

0 0
0 1] ol stAL
1 0

=

w

|
[ T 1

==
coococoo
comR oOrRO

oo

=1

=3

Il
coo

e f ¢
a=b=c=d=e=f=0% 9% 41*’—1“1”
HEIES U SPolth w 7t Folzl 2L BEY
o2 st o] Hel: el A Holgt Al Hele g A

a d e
7t fdkx siah 289 [d b fl =0% <3,
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3l wiuy +wauz + wauz + weug + wsus + weug
gl e & 2-4& HEsE WE = up, ug, us, ug,
us, ug o YA Aoz eld & Qi)

3. dE F2h 24 6

1 0 O 0 0 0 0 0 0O
714 {0 0 0}, [0 1 0|,10 0 0},
0 0 0 0 0 0 0 0 1
0 1 0 0 0 1 0 0 0
1 0 0}, [0 o o, [0 o 1f.
0 0 0 1 0 0 0 1 0
AL wEse Wy u = JAYd A4 v, vz, us o

U3 -

=
Wel u = [‘“ ”2] Zol vehdch 5 98 v, w

} £AE BEHE, av + fw = a [”‘ “2] +

3 —U
8 w1 wp | _ jevi+pfwr awe+Buwz |
w3 —wi ov3z + fws  —ovy - fwyj -
1 0
9 muE wEeh w = |, _J, w =

] olzh st Al MElE
A& w5} o)A A a,b,c o W& aus 4+
=07t Atk . 2w [‘; _"a]zo
—g—ogL,a—bzczo%oé%c} EEEERU
HE 9A SHolth w 7t £ojd xUE WY
stab. o] WElE el A o Al Wej Ui A<l
wiu) + wouz + wauz & Foh F 2H1E U=
HElE uy, uz, uz o Y& AL e § g}
. e F7H A4 3;

- [1 0] [o 1] [0 0}
0 —1j°|0 o|'{1 o}

- 2RE UEIE HE u E A B v, ud, us, ug

A ed w = 2] g e,

ug u3 Ug
= g v,w 7} 2HE gFsd, av + fw =
o 2v1 —u 31}1] + ﬂ[Zwl —wi 3w1:l _

v2 v3 v4 w2 w3 wy
2(avy + fwi) —(avi + fwi) 3(avi + Bwi)
avy + Bwe avs + Bws avy + Bws

o RN & 2 -2 3] o av; + Pwy © o
z <

ou_ooou_ooo
"B = o1 o™ T o 0 1

0

A v HdelE Foixl 2HL ‘&—%‘—ﬂ"—l-- o] &)
,bye,d off 3] au; + bus + ¢

9z sa. 2@ [2,;’ 5 3;] —0¢ <
F,a=b=c=d=0& =} 212 Z u ¥¥
£ o4& Solth w7t FoiA AL UHF Pt 8
A o] WElE Sbellq oy A Wele U Ay
wiuy + wauz +waug + weuy & Zrh. & 24L g
ol HelE uy, ug, uz, ug o I AP Z
3 5 gt

e 3 A aon [0 LS

0 0 0f (0o 0 0] O 0 O
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10.

- 11

12.

13.

14.

15.

16.

17.

18.

19. a=

20.

21.

6.8. VECTOR SPACES, INNER PRODUCT SPACES, LINEAR TRANSFORMATIONS. OPTIONAL

E 94711 & usgad o] i
g tL—’—% }XI“J, —u & BE Yo -lojmg
< HE3A g
. #E Fzol obuich.
u 7F ¢4 ¥4 (unit matrix) o], |zt Y47l 25
lolnz A% HEsxT, —u o B2t Yax 25
-lojn2 27 wEsA ¢ger)
<. HE F2e] ol
=0 0% v=1[ 17 ez s#1. = 9y
Foll 2AL TEIr) o|A AF a,b o &
au+bv =0 7k gk, [o 3]T = 0 o Hof
a=b=0¢ deg 172z T wWes dF =
oltbu=[1 0], v=[1 17 oz &z ¥
HEE ol ZHE HEULh oA A% a,b o o
#aut+bv =07 A, [a+b b]7 =0 of 5o}
a=b=0¢ gt 122z 5 et 9a 5ol
hu=[1 07, v=[-1 1]7 oz sx. 5 9
B Foia 271 45} oA A4S a,b o s
au+by =07 Wk, [a — b BT =0l Hefa=
b=0¢ et 1?‘—1“3_ PG KL
g { 9q7. T 97,n YTy
{1 o7 [-1 17}
(%d4)
wof EohE A% o,...,c, o Had Foix o
Hv & €4 ddd aag) + - + chapy =
dagy+--+cham & det F (a - c)aqy +
w4 (en —c)n')ag) 7F HA 1A 43} FYelm
Eoa-d=--=cn—cp =00 R} gety Fo
AN v e ZEe FUsih
a=[04 13 —22]7, (a,a) = aTa =
llal| = 2.5865.
a=1[2 0 3 0 8]
llal| = v77. :
-1 _y7
2 3

a=1[3 3

llall = /2.
a=[2 3 -3]7,
llal} = v38.
a = [3 2
llall = v33.
a= [6 1
llall = v62.
2 0 3 0 g ,b=[3 2
{a,b) =aTb =0, & Wel= 4= (orthogonal).

[3 ~4] o $5oj=2 3v; —4v; = 0 o|t} ot
#4 v =k[4 3]7 olm, @9 (unit) Wejolmz
25k2 =1 o] Ho] k =+ ojt}.
g.ov==x[¢ 3T

v:[v1 Vg vs]T 7}a=[1 2 O]T
" v +2v2 =0 olgts 2AE ded. F AF a,b
o tiel [~2¢ o b5]7 Q WEE 25 ad 5o
o 5 W v,w 7t £10& HE5E, u = av + fw
= B8 5 = 1,2,3 of s uj = ovj +)3UJJ' o]
22, u +2u2 = avy + fwi + 2(avz + Pwz) =
afvy + 2v2) + B(w1 + 2w2) = a0 + B0 = 0 7} 5]

2z
s |

fr =

6.69,
(a,a) = aTa = 77,

(a a) = 18>

(a,a) = aTa = 38,

-2 4 O]T, (a,a) = aTa = 33,

0 S]T, (a,a) = aTa =62,

o o]

-2 4 0]

22.

23.

24.

26.

115

EAE HEw}
% [~2 o b]; WE FRrelch.
a=[04 13 22T, b=[2 3 -5

lal| = 2.5865, ||b|| = v/38, (a,b) = aTb = 15.7,

(a b) = 15.7 < 15.944 < 2.5865/38 = ||aHHb||
=04 13 -22",b=[2 3 357

a+b=[24 43 —7.2]T, llal| = 2.5865,

iIbll = V38, la + b|| = v/76.09 < 8.723,

[lall + {[b]| = 2.5865 + /38 > 8.75,

[la+bl| = \/76 09 < 2.5865 + /38 = laf] + |ib|}.

a=[2 )7, b=[1 3,

a+b=[3 4]T,a—b: n 27,

liall = V5, |[b]| = V10, [la+b|| = 5, |la~b|| = V5,
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CHAPTER 7

Linear Algebra:
Matrix Eigenvalue Problems

Matrix eigenvalue problems concern vector equations of the form
¢)) A = X

where A is a given square matrix. All matrices in this chapter are square: 2 X 2,
3 X 3, or n X n. Furthermore, X is an unknown vector and A an unknown scalar. Our
goal is to solve (1). Obviously, x = 0 is a solution, giving 0 = 0, but this is of no
practical interest. We want solutions x # 0. These are called eigenvectors of A. We
shall see that such x # 0 exist only for certain values of A. These values are called
eigenvalues' (or characteristic values) of A. Geometrically, solving (1) means we are
looking for x for which the multiplication by A has the same effect as the multiplication
of x by a scalar, A, giving a vector AX, with components proportional to those of X,
and A as the factor of proportionality.

We shall see that eigenvalue problems are of greatest importance to the engineer
and physicist, and they make up a beautiful chapter in linear algebra. Of course, this
is not obvious from (1) and thus needs further explanation.

In Sec. 7.1 we explain the basic concepts and show how to systematically find
eigenvalues and eigenvectors. Typical applications follow in Sec. 7.2. Sections 7.3 and
7.4 concern properties and eigenvalue problems of symmetric, skew-symmetric, and
orthogonal matrices and their complex counterparts (Hermitian, skew-Hermitian, and

unitary matrices). In Sec. 7.5 we show that diagonalization of matrices also leads to
eigenvalues.

Numerical methods in Secs. 18.6-18.9 can be studied immediately after the
corresponding material in the present chapter.

Prerequisite for this chapter: Chap. 6.

Sections that may be omitted in a shorter course: 1.4,77.5
References: Appendix 1, Part B.

Answers to problems: Appendix 2.
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7.1. EIGENVALUES, EIGENVECTORS

7.1. Eigenvalues, Eigenvectors
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7. LINEAR ALGEBRA: MATRIX EIGENVALUE PROBLEMS
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7.2. SOME APPLICATIONS OF EIGENVALUE PROBLEMS 123
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7.4. COMPLEX MATRICES: HRRMITIAN, SKEW-HERMITIAN, UNITARY
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Ao )= 7 ]
vi=[0 17,

0 0
A-o=[g 4]
T
Y2 = [5 _%] )
x; =Py = [3 G]T, Ax; = 5x,,
x2 =Py = [-2 I]T, Axy; =0x2 = 0.
po1_ [0:28 —0.96
0.96 0.28 |’
< 3.008 —0.544
_p-~1 _
A=PTAP= [5.456 6.992 ]

JA— D =X2 ~10A+24, A\; =6, Ay = 4,

5 -2.992 —0.544
A—s6l= [ 5456 0.992 ]
L [-2992 -0.544

0 o |
ni=[2 -1,
4 —0.992 —0.544
A-d= { 5.456  2.992 ]
_, [-0992 0544

0 o |

ya=[17 -31]7,
x; = Py; = [—10 —5]T, Ax) = 6x3,
xz =Pyz = [~25 —25]7, Axp = 4xs.

05 1

-1 _

P = [1.5 2]’

A —25 12
-— Pp—1 —_

A=P7AP= [—50 25]’

|A — AL} = A% — 25, \; =5, A2 = -5,
. —-30 12 -30 12
A“sl‘[—so 20]:[0 o}’
yi=[2 57

?

A45I= [-20 12] N [—20 12],

-50 30 0 0
va=[3 8]7,
x; =Py; = [2 1]T, Ax; = 5x3,

x2=Py2:[—2 4]T,sz=—-5x2.
P-l=[-7 5-10 7],

« ~29 20

— Pp-1 —

A=pP AP_{_42 29],
JA=AI =221, A1 =1, = 1,

A-1= [—30 20] - [—30 20]’

—42 28 o o

Y1 = [2 B]T) v
. o [-28 20] _ [-28 20
A“—[-u 30]:[ 0 o]’
va=[s 77,

x1 =Py; = [——1 —I]T,Ax1=x1,
X2 = Pys = [0 l]T, Axos = ~x,.

5 0 -—
.Pl=1]l0 1 o],
-3 0 2

) 355 —42 560
A=P-lAP=1| o0 1 o |,

—225 27 -355

A —XI| = —A3 4 A2 4+ 250 — 25, A\; =5, A = 1,

A3 = "'5:
350 —42 560
A-sI= { 0 —4 0
—225 27 —360
350 —42 560 350 0 560
= [0 -4 0|=>]|0 -4 o],
0 0 0 0 0 o
ni=[ 0 -5, ‘
354 —42 560
A-I= [ 0 0 0
—-225 27 356
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354 —42 560] [2124 0O
=> [ o o o } =|o o
o 3 -8 |0 36
y2=[14 -2 -9]7,
360 —42 560 ]
Atysi=| o 6 0
—225 27  —350]
360 —42 560 360
= [ 0o 6 0 ] = [0 6
o 6 0 0 o
ya=[14 o -9}7,

—l]T, Ax; = 5x3,
—3]T, AX2 = X2,

-—3]T, Axs = —-5x3.

1
3 >
2

- 18X 48,

A=PlAP= [0

0
A — A = —A3 4+ 10X
A1 =8, d2=23=1,

) -7 2 1 -7 0
A-8={0 -1 3|1=}0 -1

N =N

[N

0 2 -6 0o o

vi=[1 3 17,

) 0 2 1 0 2 1

A-1=|0o 6 3/ =10 o of,
0 2 1 0 0 0

ya=[t 0 0T, ya=[0 1 -2/7,

)

x; = Py; = [3 1
X2 = Py = [0 1 , Axs = x2,
x3 = Py; = [1 0 —2]T, Ax3 = x3.
. |A—/\I|=A2—9,/\1=3, Az = =3,

-3 3 -3 3
A—M_L& _]:[0 J,
X1 = [1./\/5 l/mT,
A+3I=[3 3z}=>[3 3;]’

1]T, Ax; = 8x3,
)T

-3z 3 0 0
x2 = [1/v2 i/v3T,

XTx =0, %] %3 =1, %2 x2 = 1.

L JA=AL = A2—8A+14, Ay =442, Ao =

V2 1+ ]
A—(4+\/§)I=[1_i _\/—2—]=>[ 0
xi=[1/vVZ (1-i)/2]7,

V2 141 V2
A—(4—\/§)I=[1_i \/2—]:[0
x2 = [-1/vZ (1-i)/2)7,

X x2=0,%Tx; =1, X x2 =1L

CJA = AT =A% ~ 26, A1 =0, A2 = 26,

i1 i1
A‘OI"[—l i]i[o 0]’

x1=[1/v2 —i/v2)T,

3304
0

-8

7
31,
0

41-2,

141
0 2

10.

11.

12.

13.

) - 1 - 1
A—Zzl_[_l _i}=>[0 0],
x2 = [1/vZ_i/v3)",
XTx2=0,%Xfx1 =1, X x2 = 1.
[A = AL = A% +3)A—10, A1 = 2, A2 = —5,

sl e

—42 14 0 o0
x1=[1 3]T,

14 7] -4 7
A+51_[—42 21]:[0 0]’
x2=[1 2]T,

1] ey 2 1
x=fy o= [T 4
D=X"iAX =

2 0
0 -5|°
|A — AL = A2 —3X, A1 = 3, Ag =0,

-1 1 -1 1
A—M_[Q _4¢[0 J,
xi=[1 17,

2 1 2 1
A‘OI—[z 1]:>[0 0]’
xe=[1 -2]7,

1) e 12 1
e R 1 F
2 0
_x-1 _
D=X"1AX=| I
[A = AIl = A2 — 50 — 150, A; = 100, Az = —50,

143 77 —143 77
A—-lOOI_{ 13 —7] [ 0 o]’
xi =7 13]7,

7077 777 N
A+500= [13 143] = [o o]’

xp =11 -1]7,

7 1] ., 1 [-1 -1
X= [13 __1],}{ T —150 [—13 7 ]’
100 0

—x-1 —
D=X AX_[O _50].

A = AI| = =A% + 1222 + 96) — 512,
A1 =16, Ag =4, A3 = -8,

0 0 0 0 0 0
A—-16I= |48 -—24 0 [=> {48 -—-24 0
2

84 —24 -1 0 72 48
(o o o0
= |144 0 -—48f,
[0 72 -4
x=[ 2 37,
12 0 0] [12 0 o0
A—41=1{48 -12 o|=]|0 -12 0
84 —24 o} [o —24 o]
12 0 0
>0 -12 0],
o 0 o
x2=[0 o 17,
24 0 0 24 0 0
A+sI=1l48 0 0 $|'O 0 0],
84 —24 12 0 —24 12
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X3=[0 1 2] ,
1 0 0 1 0 0
X=1i2 0 1 ,x-lz[l -2 1],
3 1 2 -2 1 0
16 0 0]
D=X—1AX=[O 4 0.
0 0 -8

|A — ALl = -3 + 1.5A2 + 1.5A — 1,
ALl =2,A2=0.5, 3 = -1,

—45 -3 3] [-45 -3 3
A-2I=[-45 -6 6]=> 0 -3 3}
-6 -6 6/ [0 -6 6
—45 0 0
=0 -3 3],
0 o0 0
xi=[0 1 17,
-3 -3 3
A—-05I= [—4.5 -45 6]
-6 -6 75
-3 -3 3 -3 =3 0]
= [0 0 3] = [0 0 3,
9 0 15 0 o o
x2=[1 -1 0,
-15 -3 3 -15 -3 3]
A+I=|-45 -3 6|=] o 6 -3
-6 -6 9 0 6 —3]
-3 0 3
= [0 6 -3,
0 0 0
xs=[2 1 27,
0 1 2 -2 -2 3
X=11 -1 1|,X"1=]-1 -2 2],
1 0 2 11 -1
2 0 0
D=X"1AX = [O 0.5 0].
0 0 -1
[A=AI} = —A3+225), A1 =15, A2 = 0, A3 = —15
f_10 10 -—10
A-15I=}10 -10 -20
5 -5 —25
(~10 10 -10
=>]0 o —30]
| 0 0 -60
(10 10 0
=>]0 o —30],
0 0o o
xi=[1 1 0],
5 10 -—10 5 10 —10
A—OI:[lO 5 —20]@[0 -15 _0]
5 -5 -10 0 —15 0
5 0 —10
=>]lo -15 o |,
0 0 0
x2=[2 o 17,
20 10 -10 20 10 —10
A+151=1{10 20 -20{= [0 30 —30
5 -5 5 0 -30 30
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16.

17.

18.

20 0 0
=10 3 -30{,

0 0o 0
xs=[0 1 17,
1 2 o L [Fro-2 2
X=1 0 1}, X1=—-j-1 1 -1l
001 1 Sl o1 22
15 0 0
D=X"'AX=10 0 o |.
0 0 -15
—-11 42
A‘[42 24]’

JA — A} = A% — 13X — 2028, A\; = 52, Ay = —39

—63 421 [-63 42
A“521_[42 —2s]=”[0 0]’
x1=[2 3]7 Vi3,

28 42]  [28 42
A+391‘[42 63] [o 0]’

x2=[3 —2]7 /Vis,
b )
VI3 13 ~2] ly2)’
z1 = (2y1 + 3y2)/V13,

z2 = (3y1 — 2y2)/V13,
52y% — 39y3 = 156,
2 2

x =Xy =

H-% =143y
7 3
A= 3

[A— A =22 — 14X 440, A; = 10, A = 4,
A-10I= [_3 3]=> [_3 3],

3 -3 0 0
X1 = [1 1]T/\/§, v
3 3 3 3
A—4I=[3 3]=> [0 0],
x2=[1 -1)7/v3,

1 J1 1 y1:|
=Xy = —
i \/5[1 —1][y2’
z1 = (y1 +y2)/V2,
T2 = (11 — y2)/ V3,
10y3 + 4y2 = 200,
2

¥ v

0t 56 = L EH.
41 -12

A= [—12 34 ]’

[A — AT} = A2 — 75X 4 1250, A; = 50, Ay = 25,

_[-9 -12]  [-9 -12
A—501_[_12 -16]:>[o o]’
x1=[4 -3]T/s,

16 -12]  [16 —12
A—%I_[—m 9}:>[0 0]’

114 3] [y
=Xy =—
¥EAE ["3 4] [yz]’

z1 = (4y1 + 3y2)/5,
z2 = (—3y1 +4y2)/5,
50y3 + 25y2 =0,
(y17y2) - (070): ﬂ' ;§~

’
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19.

20.

21.
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9 -3
=% 5]
JA — AT = A% — 10X, A\; =10, Az = 0,
-1 -3]_ [-1 -3
N
x1=[3 -1)7 V1o,
9 -3]_[9 -3
A-0I= [—3 1 }"’ [o 0 ]
x2=[1 3]7 V10,
1 [3 1][w
=Xy = —— s
== T [—1 3] [yz]
= (3y: +y2)/V10,
z2 = (1 + 3y2)/V10,
10y? = 40,

n=£2, PP 5
4 6
A=l 3
[A =Xl = A2 —17TA 416, A\; = 16, Ao =1,
-12 6 -12 6
A—161_[6 ~3]:>[0 0],
x1=[t 2]T/V3,
3 6 3 6
A_I_[e 12]”[0 0]’
x2=1[2 -1}7/V5,
sk A
V5 [2 —1f |y2)’
A (yl + 2y2)/\/5y

z2 = (251 — v2)/V5,
16y} + y3 = 16,

2
v+ %=1, 5.
32 30
A_[—so 7 ]

|A = 2| = A2 — 39X\ — 676, A; =52, Ay = —13,

4.

x =Xy =

22.

131
_[-20 -30]_ [-20 —30
A‘521—[—30 —45]:’[ o 0 }
X1 = [3 _2]T/\/I§1
45 —30]_ [45 —30
A+131_[_30 20]:[0 0],

Xz = [2 3]T/\/i§,

¥ = = ._.1_ 3 2 1
== )
21 = (3y1 + 242)/ V13,

z2 = (=231 + 3y2)/V13,

52y? — 13y2 = -52,

2 - %=1, 234,

(a) A 7.2.16 (c) #*=x.

(b) C= AB, D = BA,

Cij = Zalkbkji ij = E bzkak_]:
n n

trace C = ch = Z Z aipby;.
trace D = Zd“ = i i birag;
i:l N i=1 k=1
= Z Zakibik = trace C,

£, trace AkB;l:ztrlax:e BA;

A=PlAPoj" A 9 A £ 22 342 & 7}
atetd (a) o 28l trace A = trace A & d=v}. o
2HA] AbA} (similar) 82 2H-& trace & 7pAic).
() A=P-1AP, A=PAP!, A = PAP-!,

A =P2AP-2,

(@) 2A A €HE w7n Hod, X A4 2o o
S 2F dej e €4 € vhypd "o

Chapter 7 Review

Ax = x & UF3E 0 old He x 7} EXsts 4
4+, A& 2AAE sn x § 2% dejzta g
2AAE 5 4G4 (characteristic polynomial) £}
Zeol2g BE W L I/ AE 7HAh
A=002x2),A-X=X2, 2 =X=0,

xi=[1 0T, xa=[0 117

A=[(1) _Ol],IA——)\II=/\2+1,/\1=i,A2=—i,

xi=[-1 T, xe=[i -1)7

A=l g],|A—AI|=A2—iA,A1=0,A2=i,
xi=[0 1T, %=1 q.

W44 $85 (algebraic multiplicity) & 25444
o 329 58 FEE, 715H (geometric) FHEE
I FA g 4 5P A dele) A5 E D
et 5 gho] YXstAl edod W HA 3 AHAte B
2 H2de e 4 gl

I HEE o] FeiF siAolch; 1K HE Y $7} &
43 2 o He 5 9.

6.

A DRA A,

WA §Y: AT = A, 357 25 A%,
G A WL AT = — A, {537} 0 o] A} 34,
M B9 AT = A ,"vs’rilﬁl gl 1;

Hermitian 82: AT = A, 25A7} 2.5 Ag
skew-Hermitian 3§ d: A T = —A, IFA7} 0 o)A
v &35

unitary 3 4: AT = A7l nfAe Buge] 1.

A 7.3.8 oA A FHo| N2 & TFHA | Y
I Hele Andch adepd oy Yo A za
gt A dEE #E 5 gl

y An 2 7bAE, Y b4 p(A)
= kmA™ +kp 1 A™TL 4o 4k A kol o TR

e p(A) = kmA™ +hm1 AT 4+ k1A 4k
ol A ¢ 22 3 YW & 1A,

5 4
A= 12

[A—XI} =22 —7TA 46, =6, A2 = 1,
-1 4 -1 4
A‘GI‘[1 —4]:{0 o]’

X3 = [4 I]T,
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12.

13.

14.

15.
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4 4] _[4 4
A_I_[l 1]=>[0 0]’

xz=[1 —l]T;
208 204
— A3 2 —
B=A+A +A+I_[51 55],

|B ~ AI| = A2 — 263X + 1036, A\, = 259, Ap = 4,

-51  204] _ [-51 204
B"2591‘[51—204 ]:[0 o]’
x1=[4 17,

204 204] _ [204 204
B_4I_[51 51] [o 0]’

xa=[1 -1]7.

Markov 33 & ol st A A2 EEWPHE F
= 2qieh

SYYY DHAE 4 B DHAY G457} Woh
|A =X =X —BA+6, A\ =3, A2 =2,

A—3l= [—0.5 0.5 ] = {—0.5 0.5],

0.5 —0.5 o 0
x=[ 17,

0.5 05] _ [05 05
A_QI—{O.s o.s]ﬁ[o 0]’

x2=[1 -1]7.
JA =X =22~ 16, A1 =4, A2 = —4,

~32 16] _ [-32 16
A—4I_[—48 24] [ 0 0]’
xi=[1 27,

~24 16] _ [-24 16

’ A+4I—[~4s 32] [ 0 o]’
x2=[2 3]

JA—=AI| = A2 -0.25A—0.125, A\; = 0.5, A2 = —0.25,

~0.15 0.3 ~0.15 0.3
A-05l= [ 0.3 —0‘6] [ 0 0 ]
x1=[2 17,

06 03] _ [06 03
A+0.251 = [0.3 0.15] [ o 0 ]
x2=[1 -2]7

|JA=AT| = —A3+4+4A2—3), A1 =3, 2 =1, A3 =0,

-2 -1 0 -2 0 0
A-3I=j0 -3 0/=j0 -3 0f,
0 -3 0 0 0 0

17,

0 -1 0 0 -1 0
A-I=10 -1 Ool=1|0 o0 0},
-3 2 0 0 2

07,

0
1 -1 0 3 0 -3
A-0I=]|0 0 O0f=|0 O 01,
0 -3 3 0 -3 3

x3={1 1 1
[A = AL = =A% + 2% +4) — ¢,
A1:27A2=1)A3=:—21

2 -6 - 2 -6 -6
A-2I=1|0 -4 0[(=>1]0 —4 0
1 -1 -3 0 4 0
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16.

17.

18.

3 0 -6
=>[o -3 o},
o 0 o
x2=[02 0 17,
6 -6 —6] [6 —6 —6
A+2I=[O o 0 =>{0 o o
1 -1 1 0 0 12
6 —6 0
=>1{0 o of,
[o 0 12}
xs=[1 1 0.

[A = 1| = —A% + 1527 + 9\ — 135,
A1 =15, A2 = 3, Az = -3,

[-6 —10 2 -6 -10 2
A-15I=|-6 -10 2 |=|0 0 0
6 -2 14 0 -12 -12

x1=[2 -1 1

6 -10 2 6 -10 2
A-3I=}|-6 2 2= 1|0 -8 4

0 8 —4
24 0 —12
=10 -8 4}, i
o o o
xx=[1 1 27,

r12 —-10 2 12 -10 2
A+3l=|-6 8 2]:{0 6 6
1 6 -2 4 0 6 6
36 0 36
= |0 6 6],
0 0 0
xs=[1 1 -1]7.
JA -2 =22 —10A+21,A; =7, Ao =3,

1 -1 1 -1
a-m=[3 2= ]
x1=[1 17,

_ 5 -1 5 -1
A-3l=|s —1]:>[0 0]’
x2=[1 5|7,

_fr 1] oy _J125 —0.25
x_[l 5],)( ‘[—0.25 0.25]’
D=X“1AX=[(7) 0].

[A — X[ = =23 + 18A% + 81A — 1458, A; = 18,
A2=9,A3 = -9,
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~12 -3 6
-21=|(0 0O

~25 0 0

0
~54|,
0

~12
—~54
—27

xi=[2 1 07,

(6 6 ~12 6 6 12
A-9I=|4 1 =-2|=|0 -9 18
-4 8 -16 0 36 -—-72
18 0 0
=0 -9 18],
0 0o o
xx=[0 2 1]7,
[24 6 —12 24 6 —12
A+9I=1|4 19 -2|=1{0 108 0
-4 8 2 0 54 0
24 0 —-12
=1{0 108 0|,
0 0 12
X3:[1 Q]T,

18 0 0
D=X"1AX={(0 9 o0].
0 0 -9

- JA = AT = =23 — 3)2 4 108),
A1 =9, A2 =0, A3 = —12,

17 11 3
A-9I=| 4 -10 3]
-4 10 -3
17 11 3
=10 -126 63
| 0 126 63
[-2142 0 1071
={ 0o -126 63|,
| o 0 0
xi=01 1 27,
-8 11 3 -8 11 3
A—0I=]4 -1 3:{0 9 9]
-4 10 6 0 9 9
[—72 0 -72
=0 9 9 ]
[0 0o o
x2=[1 1 -1]7,
4 11 3 4 11 3
A+19I={4 11 3 =>[0 0 0}
-4 10 18 0 21 2
84 0 -—168
=lo o o |,
0 21 21
xs=[2 -1 1]7,

20.

21.

22.

23.

11 2 0
X=(1 1 -1|,Xx1=—-]_3
sl
9 0 o
D=x-1Ax=[o 0 o
0 0 -12
2 6
A=ls —7]’

[A = AL =A% +5X~50, A = 5, Ag = —10

R
x1=[2 1)7/v5,

12 6] [12 6
A+1OI_[6 3]=>[0 0],

x2=[1 -2]7/v5,

12 1 yl]
=Xy = — R
x=xv= 2} L] [n
z1 = (2y1 + y2)/V5,
T2 = (y1 ~ 22)/V5,
5y? — 10y2 = 10,
2

B-vi=1 %434

9 -3
A= [~3 17]’

JA - X =22 — 261+ 144, A\; =18, A, = 8

-9 -3 -9 -3
A= [0 o )

X1 = {1 —3]T/\/§,

_ _ 1711 3]fmn
x=Xy=% [*3 1] [yz]’
1 = (y1 + 3y2)/V5,
x2 = (—3y1 + y2)/V5,
18y? + 8y2 = 72,

2 2
¥ ¥2 —
7+ % =1, 84

5 12
A_[12 —5]’

[A — 2L} = A% — 169, A\; = 13, A2 = —13

12 -18/7 [0 o
x1=[3 2|7 /v13,

18 12 18 12
A= (8 9 [ 1]

x2=[2 -3]7/Vi3,

_ .1 13 21[n
=xv==l 5[]
z1 = (3y1 + 2y2)/V13,
z2 = (2y1 — 3y2)/V13,
13y? - 13y2 =0,
vityi=0, 5 24,

74 32
A= [3.2 2.6]’

wol i B

A=A =22 10049, A1 =9, A =1
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-1 2 -16 3.2 _ qT

A_91=[3%26 —36.4]=>[ 0 30]’ a=fdn
T s,+1={" Y|t 1

x1=1[2 1] /V5, 4 i 1 0 0}’
A_I= [6.4 3.2] [6.4 3.2]’ xa=[1 -17,

32 16 0 0 IS: —AIl =A2 —1,0; =1, Ap = —1
x2=[1 -2]7/VvB 0 o). o -2
’ 12 1w S:-I=1, —2]”[0 _o]
"=xy=ﬁ{1 -2] [yz]’ =0 07,
71 = (251 +y2)/V5, 2 0
NP (y1 — 2y2)/V/5, S:+1=1lg o

1- [

9‘!2/1 +y?;l2 =9, X2 = [0 1]T,
yi+F =1, g S.g, =1t © S
Sz = AL =A2~1, \ =1, = -1 = T g —if T W

-1 1 -1 1 —i 0
S, —I= 1 _1]=>[0 0], Sysz= [Ol i] =“isz»
=0 17, 2 _[1 0] _.

. S2 = =11,
s.+1=[t Yot 2 0 1
S § R | 0 o Sz_[l o]_il
X = [1 __1]T’ v 0 1 »
|Sy—X[|=/\2—1,A1=1,A2=—-1 §2 — 10 =il

-1 —i -1 —i =01 '
S, —-I=|. =
v K ——1] [0 0]’
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CHAPTER 8

Vector Differential Calculus.
Grad, Div, Curl

This chapter deals with vectors and vector functions in 3-space and extends the
differential calculus to these vector functions. Forces, velocities and various other
quantities are vectors. This makes the algebra and calculus of these vector functions
the natural instrument for the engineer and physicist in solid mechanics, fluid flow,
heat flow, electrostatics, and so on. The engineer must understand these fields as the
basis of the design and construction of systems, such as airplanes, laser generators,
thermodynamical systems, or robots. In three dimensions (as opposed to higher
dimensions), geometrical ideas become influential, enriching the theory, and many
geometrical quantities (tangents and normals, for example) can be given by vectors.

As a preparation, in Secs. 8.1—8.3 we explain the basic algebraic operations with
vectors in 3-space. Vector differential calculus begins in Sec. 8.4 with a discussion of
vector functions, which represent vector fields and have various physical and
geometrical applications. Then the basic concepts of differential calculus are extended
to vector functions in a simple and natural fashion. In Secs. 8.5—8.7 we shall see that
vector functions are useful in studying curves and their applications as paths of moving
bodies in mechanics.

We finally discuss three physically and geometrically important concepts related to
scalar and vector fields, namely, the gradient (Sec. 8.9), divergence (Sec. 8.10), and
curl (Sec. 8.11). (Integral theorems involving these concepts follow in Chap. 9 on
vector integral calculus. The form of these quantities in curvilinear coordinates is
given in Appendix A3.4.)

We shall keep this chapter independent® of Chaps. 6 and 7.

Prerequisites for this chapter: In Sec. 8.3 we shall make elementary use of second-
and third-order determinants.

Sections that may be omitted in a shorter course: 8.6—8.8, 8.12.

References: Appendix 1, Part B.

Answers to problems: Appendix 2.

'Readers familiar with Chap. 6 will notice that our present approach is in harmony with that in
Chap. 6. The restriction to two and three dimensions will provide for a richer theory with basic
physical, engineering, and geometrical applications.
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17.

18.
19.

20.
21.
22.

23.

24.
25.
26.
27.
28.
29.
30.

31.

32.

33.

© 0 Ne G W

8. VECTOR DIFFERENTIAL CALCULUS. GRAD, DIV, CURL

8.1. Vector Algebra in 2-Space and 3-Space

3,4,0, jvl|=5.
~1,4,3, |v| = V26.
1,2,3, |vi = V14

—10,2,—6, |v| = 2v/35.
—4,4,0, |[v] = 4v2.

a,bc, fv| = Va2 + b2 + %
0,—18,0, |[v| = 18.
—2,0,-2, |v| = 2v2.

. Q:(3,3,0), [vi=Vv13.

Q:(0,0,1), |v| = V13.

. Q:(0,0,0), |v| = VT4.

. Q:(3,-1,-2), |v|=0.

. Q:(1.25,1,-45), [v|= 3.
. Q:(3,~1,86), |v| = V46.
.at+c=c+a={7,-1,0]
. —a =

[~3,2,-1], 3a = [9,-6,3], —3a =
[-1.5,1,-0.5].
(a+b)+c=[3,11+c=1{7,2,0,a+(b+tc)=
a+[4,4,-1] = [7,2,0].

la+b|={[3,1,1}| = V1L, |a| + |b| = vVId +3.
da+ 8c = [12,-8,4] + [32,8,—8] = [44,0,-4],
4(a+2c) = 4[11,0,~1] = [44,0,-4].

(1/la)a = [3/v14,-2/VT4,1/V14), (1/[b))b =
[0,1,0].

6a — 12b = [18,-12,6] — [0,36,0] = [18,—48,6],
3(2a — 4b) = 3[6,—16,2] = [18, —48,6].

5a — 4b + 3¢ = {27,-19,2]

4 15: (4) (2) (2% HH).

FA 17: (4) (b) (Ag HA).

2 19: (6) (a) (2w HA).
p+q+u+v=[8-3,8], |[p+q+u+v|=VI37
p+a+u=1{0,0,0], lp+q+ul=0.

p+qtu [0)_1())0]’ ]p+q+u|=10.
p+q+u=[—6,-10,—14], |p + q +u| = 2V&3.
p+4q+u=[12,0,16], |p + q+ u| = 20.
p+q4+u=0,p=—q—u=[-1,-6,0}.
2<|p+q| 10,12 < {4p — 3q| < 36, WL A3
o} 4= glt}. derive!
w=p+q+u+v=][5-1,p3+177} zy Bde]
Festeid 2 Aol golof ¥t & p3 + 17 = 07}
5 o] p3 = —170|¢}.

%. p=[0,0,-17].

P= [pl;O’O]s q= [0, QZ,O]; u= [0,0,u3]°]€} 8}&}.
a#d p+a+u+v+w=[p1+3,q2+9,us— 3ol
at, Sﬁ'% 5—7\4_—0—1"?‘&] P +3 =0, ¢12+9 =0,
ug — 3 = 08 deo. getd pp = -3, 2 = -9,
usz = 3ojt}.

%. p=[-3,0,0], g =[0,-9,0], u=[0,0,3].

i

w = [0, ~u],
u={[fcosa, fsing], v=[—fcosa, fsinal,
u+v+w=0,2fsina=w, f=Jcsca

www.20file.org

34. (a)

OA=a,OB=b,0C=a+b s, OP & 0C d
Jestmz OP = Ma +b) olth. OP = OA +4P
q o, 94 AP & AB o B9sz AB = OB —04A
=b-aolng, AP = u(b — a) oltt. Wty OP
=ANa+b)=atub-a)elz A =1-p %
A:uo]ﬁi,k:u:%o]qé,ﬁzéw’
AP = 1AB ot 2822 F A4S A2 o5 ¥

OM =10A=1a,0N=10B=1bon,0Q &
OC o B9stmz 00 = A(a+b) o|ct. OQ = OM
MO o W, 94 MQ £ MN o ®sgsiz MN
ON —OM = lb—a) o=z, AQ = £(b - a)
t}. ajebA OQ = Ma+b) = La+ £(b—a) olm
=1l-lpga=ipelmg, A={,u=3}
2,00 = 10C old. 5 4 W9 3¢ L& 4%l
£ azde 31 2 YEae Aol ik

(c) OP = L(a+b) = OM +ON ol=z, (a) & %
8§ Apa® DOMPN = 43iw OQ = }(OM +0M)
= Ll(a+b) = 10C 7l Bt & 2 @8l $3E Av
AEele A e 3:1 2 ulishe el Aok

(d) a+b+c+d=0¢]22 a+b=~(c+d) o]t}
CD = %c+%d o] 11, AB = %a+ %b = ——;-c— —%d
ojmg BA = CD. nasinz std BC = 4D &
o3z} slo] A}z OABCDE %9 Apdsolch.

(e) 374 FANA 7t BXF 22 vrte WElE Fo
WE Vi, .en, Vo B TR QEY 5 AE Abole] Z
& 2n/n o\ %, 2 BN HL WHL 7 —2n/n olt}. o]
A vi o BHel ve & $717. W F Hol o] FE
zto] m—2m/n o] Wt oY Aoz H T & ol
n thzteo] RSl 4 A n AWk gL Bol
o} et vi4-+ve =0 & Aeth

(f) B9 SwA e U} FXHE A, B, C, D # 3
T olo] H2HE AW BXHE E, F, G, H 2 3
7. AB =a, AD = b, AE = c %4, I3 A4 e
AG = a+b+c,ﬁ=b+c—a,fé=a+b—c, D
= a+c—bold. dety 2 TR A4S $HE M,
., Ma@ s 3 A Mels 22 AM, = {4
= %(a"{"b"]"C), m2 = mg —7_'3}3 = %ﬁ +E
:a+%(b+c—-a), mg =W3 ~EA= %ﬁ
+AE = c+ %(a—{-b—c), m4 = DM, -DA
=1DF 4AD =b+ (a+c—b) 0|2z 2% 2&
Holth. & Y KA T AAHLS BHAA W
.
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10.

11.

12.

13.
14.
~15.
16.
17.

18.

19.

20.

21.

22.

23.

24.

. [a+b|—][3 3, —3]|—3f lal+lb|

8.2. INNER PRODUCT (DOT PRODUCT)

137

8.2. Inner Product (Dot Product)

a-b=b-a=-8.
lal = \/ﬁ; [2a] = |[2’6»4]| = 2\/ﬁ: lef =
[4a| = [[4,12, 8]|= 4V/14, 4]a| = 4V/14,
la— b} ={[-1,3,7]| = V59.
a:(2b +3c) =a-[16,—6,—7] = —16,
2a-b43a-c=2-(=8)+3-.0 = —16.
2b - 5¢ = [4,0,-10] - [20, —10, 5] = 30,
10b-¢c =10-3=30.
(a=b)-b=[~1,3,7-b=—-37,a-b—b-b = —37
a-(b-a)=a-[1,-3,-7] = —22,
a-(a—b)=a-[-1,3,7] = 22.

V2L

V14 +v29.
a-(b+c)=a-[6,-2,—4] =

(a-b)e= —8c =[-32, 16,~8].

v—wtu el &Aook el dutgoz v

7t A siA ged.

A 1 2 gy,

A 4 A,

A 5 Aol o Y, 2 YA

] 6: £ A

Il
g

™~

o
o
s

d=1{2,4,0}, W=p- -d =28

d=106-9,0, W=p-d=0.

d={2,-2,0, W=p-d=0.

d =[-2,-8,-6], =p-d=-82.
83t Y3 SAol= Arl 30w Yaja de
0 o}3,  HE|7} o] T 7ho] 90° ¥} a® S49

‘2—!°| "o
=(p+q)-d =p-d+q-d o] =3 ¥ (resultant)
°l Ll °=_]t Z—fz%°l ?ﬂ' g9 ’il’-"q' Eig= s

cosy = gy = i = 5
o, v = 19.1066°.

b-a=[21,1],c—a=[0,-1,2],
cos'y_(b—a) {(c—a) 1 1
lb—allc—al  V6v5 V30

o, vy = 79.4803°.

b+c=[4,2,3],

cos _a-(b+c) 6 i
" Jallbrel T Vevas | vE

<. v =38.0160°.

a+b=[4,3,1),

e _atblc_ 6§
7= T VEeVs | Vim0

la + bllc|
. v = 58.2486°.
Adz-y=14 W8 a=[1,-1], Jd r -2y =
—12 y9e b =(1,-2],
F A4 alel 9 74,
sy 2P _ 3 3
lallb]  v2vE V10

. v = 18.4349°,

A4 32+5y = 08 Woe) a=[3,5, JH 40— 2y =
19‘] ‘ﬂ‘ﬂlﬁl b:[4:—2]y

T AA atele] 7,

www.20file.org

25.

26.

217.

28.

29.

cosy = a-b 2 1
lallbl \/ 125  Vio
=}t v = 85.6013

55“‘ $+y+z=1"] Eﬂ‘ﬂla a=[1)171]’

BH z+2y+32=6 9 Yol b=1,2,3],
Fw atol 9} 7 v,

a-b 6 V6

057y = ———

lallbl \/‘\/ﬁ__f?'
. v =222
B z—y—0—4 HHE a=[1,-1,0],
B z-z=19 yde b=[1,0,-1],
5 % 4°I$4 zZ ey,
0s Y = a ! ==
lallbl Vavz 2
<. v = 60°.
BC=a=[-3,0,3, CA=b = [1,-2,-4],
AB=c=[4,2,1),
COs LA = b-e L_é
CPblle] T VALLAL T
coséB:—ig=-——9———=—3—,
alle] 3\5\@ \/&E
coséC:—2
[al|b] 3\/_\/_ \/—

o LA =55150°, LB = 62.425°, /C = 62.425°.
BC=a=[-350),CA=b~

[ 17_770]:
AB=c= [4,2,0],
cos/A—_PC 18 9
T bllel T 5v3-2v5  5v10°
cosAB——a.c— 2 =1
T allel T V3d-2v5 \/Tﬁ’
cos LC = ab _ 32 )
lallb] ~ V31-5v2 5\/
. LA =55.3048°, /B = 85.6013°,
£C = 39.0939°.
A(1,2,3), B(3,5,7), C(2,0,9), D(4,3,13),

Tlalbl T T V2eval | viigs'
cos £C c-d 20 20
O = — = — = — s
felid] V2941 V1189
s /D b-c 20 20
C = - = = .
iblle]  v29v41 = 1189
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30.

31.

32.

33.

34.

35.
36.

37.

38.

10.
11.
12.

8. VECTOR DIFFERENTIAL CALCULUS. GRAD, DIV, CURL

o. /A =54.5484°, /B = 125.4516°,
/C = 125.4516°, ZD = 54.5484°.

cosy = ab 3 p=|ajcosy=3
lalib] ~ V35
cosy = a'b _ 1 = |ajcosy = !
7T Talibl T svE' P 3
cosy = ab _ = |al cos =2
7= bl Vasavi” T
a-b 14

cosy = =— s
7= albl NERTE

= |ajcosy = ——F—=.
p=lajeosy=-=%
cos _2b 0 =0, p=|alcosy=0
=Tl T Viaves . P ="
a-b 4.6

Cosy = ——— = —==, p = |a|cosy = 4.6.
7= bl 77 P la| cosy

la+bi2=(a+b)-(a+b)= |a)? 4+ 2a - b + |b|?
< lal? +2|aljb] + |b|* = (la] + [b])?,

w2k Ja+ bl < [a] + [b| ol¢k.

la+b|? =(a+b) - (a+b)=la]®+2a-b+]b]?

la=bl2=(a—b)-(a—b)=|a]®*—2a-b+ Ib|Z,

@etAl a+bf? +a - bj? = 2(jaf? + b?) olck.

(a)a-b=5a; —5=0,a1 =1.

(b) Az 2AAA a-b=25a1 —2a2 =0,01 = 2k,

az = 5k (k & AF) & dedh. @4 deolnz

la|? = 20k2 = 1 o el k = :i:-—12—9 S . @

7%
2t a = [2,5]/v29 olt}.

(c)b= [bl,bz,bgl, a= [2,1,0], a-b = 2b;+ba =0,
Z, 261 + b2 =0 & UE3}E Al a o £l
= Wy v,w 7} 2HAE B, u = av + fw
' REj =123 ¢ A8 u; = av; + Pw; °|=
2, 2u; + uz = 2(av; + fwi) + (owz + fw2) =

a(2v1 +v2) + B(2w1 + w2) = a0 + B0 =0 7} = o
27 S5y} ot WE F3deldt
(d) Hd z—4y=3 2 o] :a=[1,-4],

AN 3z +cy=2829 e : b=[3,q,

a-b=3-4c=0,c=3.

(e) B z+ 2y + 32 =6 9 Hde :a=1{1,2,3],
Ho z+cey+2=09 ¥y :b=[l,¢1]
a-b=2c+4=0,c=-2.

Hb-c=0, FHel= AE 57,
bl =25¢} =1, q1 = 3,

lc]=25¢2 =1, ¢2 = ¢,
a=[a1,a2,a3},a-b=0,a-¢=0,

(421 - 3a2)/5 =0, (3a1 +4a2)/5 =0,
a1 =az =0,a=1[0,0,1},
{a,b,c}: A7 (normal) 2w 7[A.

(@) AR ¥ BAFE THHE FHE dehilE

el a, bzl std F L4 4F atb,a-b =

ZW o] 5 WHol £7o]2Z (a+b) (a—b)

=[a]?—|b]? =0 ¢] HAc}. ZF |a| = [b] & 2A H

geel Aol FAZYYE ek

(h) A7 deld shg AA7F £AY @ o YAz

e e EHE AS. @ Helr) o Fbel S5k

AE HIY B4 .

8.3. Vector Product (Cross Product)

. axb=10,0,8)],bxa=][0,0,-8],

a-b=1,b-a=1.
bxc={8,12,-13],c x b = [-8,~-12,13],
b-c=0,c-b=0.

.axc=[8,-4,-1],laxc| =9,

lexal=1[-8,4,1]} =9,a-c=8.

. bxd—dxb = [4,6,9]—[-4,—6,~9] = [8,12,18].
. 3a x 5b = 5a x 3b = 15a x b = [0,0,120].
.bxb = [0,0,0], (b~-c)x(c—b)=[0,0,0],

b-b=13.
(a+b) x ¢ =[-2,4,0] x ¢ = [16,8,—14],
axc+bxc=[8,—4,—1]+(8,12,-13]

= [16,8,—14].
(b-d)xa=[-9,9,-2] xa=[4,-2,-27],
bxa—dxa=[0,0,—8] —[—4,2,19]

= [4,-2,-27].
(axb)xc=[0,0,8 x c = [~24,16,0],
ax(bxc)=ax[812,-13] = [-26,13, —4].
(a+b) x (b+a)={0,0,0].
(a-b)e =[2,3,4], (ax b) -c = 32.
(axb) x b =[0,0,8] x b = [~16,-24,0],
ax (b xb)=ax[0,0,0] =[0,0,0].

13.

14.

15.

16.

17.

18.

19.

20.

ijk=i-Gxk=i-i=1,
Gk j)=i-(kxj)=i-(=i)=-L
(bxc)-d=[8,12,~13] - d = ~62,
b-(c x d) = b - (34,20, —32] = —62.
(ax b) - (c x d) = [0,0,8] - [34,20, -32] = 256,
(bxa)-(dxc) = [0,0,—8]-[-34, —20,32] = —256.
(abcy=a-(bxc)=a-[812,-13] = 32,
(a—b b—c c)=(a—b)-((b—c)xc)
[4:070] ) ([—57 -1, —'4] X C)
= [4,0,0] - [8,12, —13] = 32.
(b ady=b-(axd)=b-[4,-2,-19] = 16,
(abd=a (bxd) =a-[469 =16
(3a 2c 4d) = 3a-(2c x 4d)
=[3,6,0] - [272, 160, —256] = 1776,

24(a ¢ d) =24a-(cxd)

= 24a - [34,20, —32] = 1776.
A4 1: 2% HA
4 5 Ao 2¥, 3 Y
A 7 A HE
4 9,12: 2% Pl yYstA et
w =[3,0,0], r = (2,2,2],
v=wxr=[30,0 x[22,2] = [0,-6,6],
Ivi = 6v2.

www.20file.org
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21.

22.

23.

24.

25.

26.

27.

w = [079:0]: r= [314:8]7

v=wxr=[0,9,0] x
[v| = 9/73.
r=QA=1[-3,4,0,p

m=r X p = [0,12,6].

=[2,1,0],
m=r X p = {0,0,-11].
r=@=[~2’~270]yp
m=r X p = [-20,20,0].
r=QA=[-3,-1,2], p=[3,-1,2],

8.3. VECTOR PRODUCT (CROSS PRODUCT)

3,4,8) = [72,0,-27],

=[0,0, 10},

r=QA=[-4,-7,5, p =[3,0,-6],

AL, B4, £422)?:9(9213}) Dpa2,0), AB=a= 2,7 A= -b=(4,2],
coseA= allbl = 23275 7
sin ZA = —lﬁ,

AABC = _fa||b|sin £4 = 6.

29. A(1,3,2), B(3,-4,2), C(5,0,-5),

AB=a=(3,-3, BD=b=[8,2),
DC=c=[-3,3,CA=d =[-8,2],
cos LA = ad 18 = i
T alld] T 3v2-2v17 V34’
5
sin A = —,
\/134
AABC = §|a||d|sm LA=15
b-c 18 3
cos£LD = — = = R
[blle]  3v2-2v17 V34
sin4D = .

ADCB = -2—|b[|c|sin£
. DABCD = 30.

A(1,1,1), B(4,4,4), C(8,-3,14), D(11,0,17),

s p p s e B B FE R

D =15.

/ﬁ_a_2—70 A—é b=4,-3,-7],
AABC = —2-|a>< bl = 1|49, 14 22]1 = %\/_‘1

30. A(1,3,0), B(2,0,8), C(0,2,2),
BC =a=[-2,2,-6],

TA=b=1,1,-2,
AB =c=1,-3,8],
axb 1
= oxb = 3 =(13.5,~9,18],
r=[z,y,2],
n-r=e¢,
c=n-[1,3,0] =

\/3—’
:c—lOy 4z = —28.

31. A(1L,2,1), B(4,2,-2), C(0,8,4),
BC =a=[-4,6,6),
CA=b={1,-6,-3.75],
AB=a=[3,3,3, BD=b=[7,-4,13], '@=C:b[3°‘§25]
DC=c=[-3,-3,-3, (ﬁl d [~7,4,-13], n= 2% s 1185, 9,18,
AABC = tlax d| = = v B9
= ?,ax l—1§|[—51,13,33]| —35 446, r=[z,y,2],
n-r=c,
ADCB = 51bx of = |[~51,18,33]| = - V/44s. c=n.[,2,1=0,

t. OABCD = 3v/448.
28. A(2,1), B(4,-1), C(8,3),

13.5z — 9y + 182 = 0.
32. A(1,1,0), B(-2,0,2), C(-2,0,-3),
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8. VECTOR DIFFERENTIAL CALCULUS. GRAD, DIV, CURL

OA=a=[1,1,0], 0B =b =[-2,0,2],
w =c= [_270a _3]v
V=|ab c)l=la-(bxc|=10.
33. V = ([4,9,-1] [2,6,0] [5,—4,2])| = 50.
34. A(1,3,6), B(3,7,12), C(8,8,9), D(2,2,8),

mzaz

DB=b=

W=1c=[6,6,1],
§

35.

36. ((4,2,9] [3,2,1] [—4,6,9) =220 #0 o=z A ¥

£ 9% Sqolct.

37. ([3,5,9] [73,~56,76] [—4,7,—1]) =0 o]=2 4

e % T4l

38. (a) lax b|?

a|?|b}? sin? v = |af?|b|?(1 — cos? v)
a|?[b[? —|a]?|b|? cos® v)
(a-a)(b-b) —(a-b)?
lax bj = y/(a-a)(b-b) —(a-b)?;
a-b=0o]4 |axb|=+/(a-a)(b-b) = |al|b|.
(b) 712 HElo A& 7 2A
ix(ixj) =ixk=-—j,
ix({ixk)=ix(-j)=-k,
ix(xk)=ixi=0,
ix(ixj)=ixk=i,
ix(ixk) =jx(~j) =0,
ix(ixk)=jxi= -k,
kx(ixj))=kxk=0,
kx(ixk)=kx(-j) =i,
kx(jxk)=kxi=j,
b =b1i+ b2j + b3k,
c = c1i+ e2j + c3k,
d = dii+ d2j + dsk,
a=Db x (¢ x d) = a1i+ azj + azk,
ay = ba(c1dz — cady) + ba{c1ds — cadi)
= (badz + badz)c1 — (baca + baca)dy
= (b -d)ey — (b-c)d,
ag = bi(—~c1d2 + cad1) + b3(cads — cad)
(b1d1 + badz)cz — (b1cy + bse3)ds
(b-d)cz — (b-c)d2,
bi(—cids + c3d1) + bz2(—cads + c3dz)
= (b1dy + bad2)ez — (bicy + bzca)ds
=(b-d)es — (b-c)ds,
@zt b x (e xd) =(b-d)c —(b-c)d.
() (axb)x (cxd) =[(axb)-dlc —[(axb)-c]d
=(a b d)c~(a b c)d.
(d) (axb)-(exd) = (cxd)-(axb) = ([exd] a b)
=(a b [cxd])=a-[bx(exd)]
=a-{(b-d)c—(b-c)d]
=(a-c)(b-d) ~(a-d)(b-c).
(e) B4l 4 Fold B& Mz w7 2 3o
~1 & FHFE= A& ol &3d FAY A4Sl (d)
M x ejn] ALg-3gict.
a1 a a3
(abec)=Ibp b b3
[+3 c2 c3

it

i

o

as

by be b3
ay a2 a3
€1 ¢2 c3

=—(b a ¢,
aj a2 a3 ai a2 as
(abec)=|bp by bygi=-|c1 c2 cs
c1 Cc2 c3 b1 bz b3
=—(a c b),
(abc)=~—(b ac)=(b c a),
(abc)=—(a c b)y=(c ab).

www.20file.org
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8.4. VECTOR AND SCALAR FUNCTIONS AND FIELDS. DERIVATIVES

8.4. Vector and Scalar Functions and Fields. Derivatives

L. f(2,4) = 100, f(0.5,—3.25) = 44.5,

2. $34 (isobars) : 922 4 4942 = ¢,
¢ = 26,52,78,104, 130, 156, 182, E}4.

)

2 2 2
3. F 88 +hL =13 &+ 4 =14

4. §24 (isotherms) : In(z2 4+ 32) =c, 22 + y2 = €°,
c= _57 —47 _37 _27_]-,07 1,273y 'ﬂ

5. $&4 rarctan L =¢, y = ztanc,
c=-n/3,~n/4,—x[6,0,x/6,w/4,x/3, /2, X A.

e

6. T4
7. $eAd iy =c¢=0,510,15, B4,

10.

z 12 1
oA =¢, |z — —~ 2=,
=E z2 4 y2 ( 2c) ty 4¢2

c=0,%},+5,+1 +1, 4.

oift

2( 1)2 1
=c, z°+ Yy — — = —

Yy
A
® T2 4 o2 2c 4c2’

c=0,+%,+5,+1,+1, 9.

(b) 322y —y°

/\ O

P I

(c) coszcoshy = ¢, ¢ = 0,410, £20.

www.20file.org
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142 8. VECTOR DIFFERENTIAL CALCULUS. GRAD, DIV, CURL

NNV AN

~7

ATV~

() [z~ 1?2 +9?) =c, (z -1+ =

c=-1n2,0,in2,In3,ln4,In5.

I

11. 4z4+3y—z=c¢,c=0, Hd.

12. 22 +3y2 =¢, c =3, e} 7| 5.

13. 422 + 32 + 922 = ¢, ¢ = 36, ellipsoid.

4. 22 +y2—z=¢,c=0, 35" TE4.

17. v=1i4]j, B2 G 22 e,

V7777777
SIS
N PO
(T
A7
V22727777
M2 77
VIZr77 777
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8.4. VECTOR AND SCALAR FUNCTIONS AND FIELDS. DERIVATIVES

18. v=zi+yj, 914 Hejo} 22 .

WS W N Ly

)

19. v=y%i+].

2. v=1Lli+ %j.

23. (a) v =[z,x3].

() v=1[2, 1]

(©) v = (2% +y?)" [z, ~y].

“.\ ~ ’
PRENEENTI R
LENERE 54
N : Neo
DS
AN
S RN
e ;x-.
A2 i _\,.",..«1, N
PN B
-, PN ,\.
154 l...{.._. I\

24. @ B9 vl EeAA doixE A Eolr
u=[t,0,t%], v =[0,¢,0], w = [-1,0,¢],
v ={1,0,24, v/ = [0,1,0], w' = [0,0, 1],
u-v=0,u-v=0u-v =0,{u-v) =0
uxv=[-13,0,8], u x v=[~22,0,4,
ux v =[—t2,0,1], (ux vy = [-3t2,0,21],
(u v w)y=2t3, (0’ v w)=3¢2,
(u v w)y=282, (u v w)=1¢2,
(u v w) =612,

ki

www.20file.org
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144 8. VECTOR DIFFERENTIAL CALCULUS. GRAD, DIV, CURL

25. u = [y?,22,2%], gﬂ =[0,0,21], 28. u = [e* cos y,e* siny, 0],
T u
a = e T g
o = [21,0,0], 2 =[0,22,0]. ge = [Teovteinn
Y Z u ,
26. u = [cos Tyz,cos Tyz], % = [—e® siny, e® cosy, 0.
g—u = [~yzsin zyz, —yzsin zyz], 29. 15: [cos z coshy, — sin zsinh y],
T
Ou . . b [—sinz coshy, — cos zsinh y],
M = [—zzsinzyz, —zzsinzyz], gz
8u . . 2= [coszsinhy, —sinz cosh y].
= [~zysinzyz, —zysin zyz]. Oy
d 1
—|= 2 2 ¥
27. u = [zy,yz, 21), gﬂ = [y,0,2], 30. u= [2 In(z* 4 y*),arctan 2,0],
du 6u$ a_“ _ T -y 0
a—y=[1,2,0],5—z-=[0,y,$]- gz B S A v i
u y T
= ———0].
oy [x2 +y? 2% +y?

8.5. Curves. Tangents. Arc Length

1. A:(4,2,0),a=(4,2,0),b=i+j=[1,1,0],
r(t)y=a+tb={4+¢2+¢0].

4. A:(1,1,1),a=(1,1,1), b= [-1,1,—1],
rt)y=a+tb=[1~¢1+t1-1t.

2. A:(-1,3,8),a=(-1,3,8), b=3,1,0],
r(ty=a+tb=[-1 +3t,3+¢,8].

5. A:(2,3,0), a=(2,3,0),

B: (57_1:0)a b = (5,-1,0),
3. A:(3,1,5), a=(3,1,5), b= [4,7,—1], c=b-a=(3,-4,0],

r(t)=a+tb=[3+4t,1+ 75— t. r(t) =a+tc = [24 3t,3 — 4¢,0].

www.20file.org
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8.5. CURVES. TANGENTS. ARC LENGTH

. A:(0,0,0), a=(0,0,0),
B:(4,4,1), b=(4,4,1),
c=b—a=[4,4,1],

r(t) = a+ tc = [4t,4t, 1.

. A:(1,2,3),a=(1,2,3),
B:(3,2,0), b = (3,2,0),
c=b—-a=[2,0,-3},

r(t) =a+tc=[142t2,3 - 3t].

. A:(a,b,c), a=(a,b,c),
B:(a+4,2=bc—1),b=(a+4,2—bc—1),
c=b-a=[4,2-2b~1],

r(t) =a+tc=[a+4¢tb+ (2 — 2b)t,c—¢].

r(t) = 3+ 2,0, 2z =ty = 3+2,z =
y=2+2,2=0,zy o] Q& A& TA.

0,

10.

11.

12.

13.

r(t) = [3cost,4sint,t],

T =3cost,y = 4sint,z =1,
2 ;

%;-%%2- =l,z=arcta.n%,

B 715 2o gl Al

5 b A b Ao m oa e =B

r(t) =[0,5cost,5sint],
=0,y =>5cost,z = 5sint,
=0,y + 22 = 52,

yz Bde ol BAE 54 4.

r(t) = [a + 2cos 2t, b — 2sin 2¢, 0],
T=a+2cos2t,y =b—2sin2t,z =0,
(z-a)? +(y-b)?=2%2=0,

zy FHel U= 54 (a,0,0), YA F 29 4.
r(t) = [cosht,sinht,0],

r = cosht,y =sinht,z =0,

22 —y?2=1,z=0,

zy Hael gle HFA.

www.20file.org
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8. VECTOR DIFFERENTIAL CALCULUS. GRAD, DIV, CURL

14. r(t) = [3+6cost,~2 +sint, 4],
x=3+6cost,y=—2+sint,z =4,
z—3)2 " 2 _ _

E (22 =1,2=4,
Y z =4+ 3l ©HY.

15. WiAlA Wik ¢t = —t 2 Agstd AA PaFo] R}
16. t=et >00j22 >0 229 Jehdoh
17. r(t) = [0,3cost,3 + 3sint], Y.

19. r(t) = [cost,sint,sint], €} 4.

www.20file.org

21 (a) () = [t,£3,0], (1) = [1,3¢2, 0],

_ 2
u(t) = W[l,i"t ,0],

(b)t=1,r(1)=[1,1,0] = P,
F(1) = [1,3,0], u(l) = ok(1,3,0],

() q(w) =r(1) + wr'(1) = [1 + w,1 + 3w,0].

22. (a) r(t) = [2cost,2sint, 0],
r'(t) = [-2sint, 2 cost, 0],
u(t) = [-sint,cost, 0],
(b) t= T, 2(3) = [V3,v3,0] = P
F(5) = [V, V0], u(F) = -2,
(©) q(w) =r(F) + wr'(3)
= [VZ - wv2,v2 + wv3,0].

1
V2

0],
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8.5. CURVES. TANGENTS. ARC LENGTH 147

23. (a) r(t) = [cost,2sint, 0],
r'(t) = [~sint, 2cos t,0],
u(t) = L [—sint,2cost,0],

Vsin? tHdcos? t
(b)t=2%,r(Z)=[4,v3,0]=P
r(Z) = [-%3,1,0, u(%) = [, 2,0},

Vi VT
(©) qw) = r(Z) +wr'(Z) = [} —w L, V3+w,0].

24. (a) r(t) = [2cost,2sint,t],
r'(t) = [-2sint,2cos t, 1],
u(t) = ﬁ{—2sin t,2cost, 1],
(b) t =0, r(0) =[2,0,0] = P,

r'(0) = [0!2v 1], u(0) = o, %7 715=]7
(c) q(w) = r(0) + wr'(0) = [2,2w,w].

25. (a) r(t) = [cosht,sinht,0],
r'(t) = [sinht,cosht, 0],
u(t) = Eg%ﬁ[sinht cosh t,0],
(b) t=1n3, r(ln3)={$,%,0]= P,
r'(In3) =[3,%,0], u(ln3) = [ﬁ,%f,o],
(¢) q(w) = r(In3)+wr'(In3) = [g %

4,5

26. (a) r(t) = [t,12,%), r'(t) = [1,2t,3t%],
u(t) = e[l 26,37,
®t=1,r1)=[1,1,1]= P,
r'(1) =[1,2,3], u(l) = [k, &, A=
(c) q(w) =r(1)+wr'(1) =

27. r(t) = {t,cosht], r'(t) = [1,sinh ], .
r' -r/ =1 +sinh?t = cosh?¢,
= fol Ve dt = fol coshtdt = sinh 1.

i v /

6 &1 o2 63 o4 o5 o8 67 e o 1

28. r(t) = {acost,asint,ct],
r'(t) = [—asint,acost, ¢,
- =a2 +02,

r(0) = [a,0,0],r(27) = {0,0, 2n¢],
L= [ Vi rdt = [I"Va¥ ¥ 2 dt

=27va? + 2. .
20. r(t) = [t,t%,0], '(t) = [1, 3¢%,0],
r' v =1+ $t, r(0) = [0,0,0],r(4) = [4,8,0],
L= [V Fdt= [} /1+3tdt
= £(10v10 - 1).

www.20file.org
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148 8. VECTOR DIFFERENTIAL CALCULUS. GRAD, DIV, CURL

30. r(t) = [acos®¢,asin® 4],

r'(t) = [3asintcos? t,3acos tsin? 1],

r -r' = 9a2sin tcoszt— a? sin? 2t,

l=4 [V x dt=4f(;'/2 $|a|sin 2t dt = 6a.

-

31. r(t)—[t f(t)], () =01, @)
=14 f

z~/ \/r’—r’dt /\/1+f’2dt
=f \V1+y'2dz.

32. r(t) = [p(t) cost, p(t) sint],
r’(t) = [p’(t) cost — p(t)sint, p'(t) sint + p(t) cos t],
o= p4p 2

=/a \/r’_r’dt /Wdt
/B Vo + 2 a6

3
= [ e2+p?ds,
ds = Vp? + ¢ 2do,

=(p* + p'2)d02 = p2do? + p'2dg?
— pzdgz +( )2d92 _pzdgz +dp ;
p’ = asiné,
p? + p'? —2a2(1—cos9) 4a2sin %

z—/%r \/p2+p’2d0—/ 2a

sm df = 8a.

www.20file.org

33. r=af,a=1,0<60<4r.

r=ae?,a=1,b=1,0<6<

e

z=4cos®t, y =4sindt
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8.5. CURVES. TANGENTS.

_ 3asin28 o=
" cos30+sin30 "

__ 2asin?6
~ cosf

www.20file

ARC LENGTH 149

- &8 04 -a4 @2 0 02 04 05 a8 1

=g 0= 1, —175° <0 < —95°,
—85° <6< —5°,5° < 0 < 85°, 95° < § < 175°.

z = 2cost+ cos2t, y = 2sint — sin 2t.

.0rg
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.
|
\
1
.u.u-uuun:‘:ru:

8.6. Curves in Mechanics, Velocity ahd Acceleration

1. r(t) = [3t,-3t,2t],
v(t) =r'(t) = [3,-3,2],
a(t) = V,(Q -ZV[O’O,O]’
auan(t) = ﬁv(t) =[0,0,0],
Anorm(t) = a(t) — awa(t) = [0,0,0].

2. r(t) = [sint,0,0],
v(t) = r'(t) = [cost,0,0],
a(t) = v/(t) = [-sint,0,0],

Acan(t) = %v(t) = [—sint,0,0],

Bnorm(t) = a(t) — acen(t) = [0,0,0).

3. r(t) = [0,0,5t?],
v(t) = r'(t) = [0,0,10¢],
a(t) = V’(t) = [0,0, 10]’
Aran(t) = %}‘;’v(t) =[0,0, 10},
Anorm (t) = a(t) — awan(t) = (0,0,0].

www.20file.org

4. r(t) = [2cos2t,~2sin 2t, 0],
v(t) = r'(t) = [-4sin2t, —4cos 2t,0],
a(t) = v'(t) = [~8cos2t,8sin2¢,0], .
Aean(t) = -‘a%v(t) = [0,0,0),
@norm (t) = a(t) — Atan (t) = [_8 cos 2t, 8sin 2t, O].

5. r(t) = [bcost, bsint,c),
v(t) = r'(t) = [~bsint,bcost, 0],
a(t) = v/(t) = [~bcost, —bsint,0),
Ataa(t) = %v(t) =[0,0,0],
Anorm(t) = a(t) — asan(t) = [~bcost, —bsint,0].
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7. r(t) = [et, e,

8.6. CURVES IN MECHANICS, VELOCITY AND ACCELERATION 151

. r(t) = [cost,sin2¢],
v(t) = r'(t) = [-sint, 2 cos 2¢],
a(t) = v'(t) = [-cost, —4sin2t, 0],
1 . .
a-v 5sin2t — 4sin4t
) = —v({t) =27
2eaa(?) v.v ® sin? ¢t + 4 cos2 2t

Bnorm(t) = a(t) — acan(t)-

®),

~

o]

44 08 24 92 6 02 o4 Q8 04 1

v(t) =r'(t) = [ef, —e™t],
a(t) = vl(t) = [et’e—t],

. -3t _
Bean(t) = %v(t) = [

et _e~t ¢ et
e g 28 g2t ¢ g—2¢ |
2et 2et

anorm(t) = a(t)—at,n (t) = [

05 1 15 2 25
- (a) r(t) = [2cost + cos 2t, 2sint — sin 2t],
v(t) =r'(t) = [-2sint — 2sin2¢, 2 cos t — 2cos 2¢],
a(t) = v'(t) = [~2cos t—4 cos 2¢, —2sin t-+4 sin 2],
Vv = (-2sint — 2sin2t)2 + (2 cost — 2 cos 2t)?
= 8(1 + sintsin 2t — cos t cos 2t)
= 8(1 — cos 3t) = 16sin® 3¢,
a-v = 12(costsin 2t + sintcos 2t) = 12sin 3¢

= in 3¢t 3t
= 24sin 5 COs o,

a-v
Aean(t) = —.—vv(t) = %cot %v(t),

€2t + o2t g2t § g3t |’

Anorm(t) = a(t) — acan(t).

(b) r(t) = [cost + cos 2t,sint — sin 2¢],
v(t) =r'(t) = [—sint — 25sin 2¢, cos ¢t — 2 cos 2t),
a(t) = v'(t) = [~cost — 4cos2t, —sint + 4sin 2t],
v-v={(-sint -~ 2sin2t)2 + (cost — 2 cos 2t)?
=5+ 4sintsin 2t — 4 costcos 2t
=5 — 4 cos 3t,
a-v = 6(costsin2t + sin t cos 2t) = 6sin 3t,

a-v 65sin 3t
an(t) = —v(t) = ———— (1),
atan(t) . v 5—4c053tv()
anorm(t) = a(t) — Atan (t)
(¢) r(t) = [cost,sin 2¢, cos 2t], .

v(t) = r'(t) = [~sint, 2 cos 2¢t, —2sin 21],
a(t) = v/(t) = [—cost,—4sin 2t, —4 cos 2t],
v-v=4+sin?t,

a-v =sintcost = 1sin2t,

a-v H
Aran(t) = r;v(t) = u;ﬁﬁv(t);
anorm(t) = a(t) - atan(t)'

(d) r(t) = [ctcost,ctsint, ct],
v(t) = r’ = [ccost — ctsint,csint + ctcost, cl,
a(t) = v/ = [—2csint — ctcost,2ccost — ctsint, 0],
v-v = (ccost — ctsint)? + (csint + ctcost)? + c2

= C2(t2 4 2),
a-v=ct, .

-V

Acan(t) = %__v(t) =55V,

Anorm(t) = a(t) — acan(t).

www.20file.org
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10.

8. VECTOR DIFFERENTIAL CALCULUS. GRAD, DIV, CURL

a0

r(t) = [Rsinwt + wRt, Rcoswt + R,
v(t) =r'(t) = [wRcoswt + wR, —wRsinwt],
a(t) = v'(t) = [~w?Rsinwt, —w? Rcos wi],
t="T =A%y 3 43,
,-(2%1) = [2nwwR, 2R},
v(2"T7") = [2wR, 0],
a(ZnTvr) =o, _szL
t=CtUT 5 =gy ghe] HA,
r(Z220%y = (90 + 1)wn R, 0],
V(20T = 10,0),
a(ntmy = 19, 0).

[

r(t) = [cost,2sint],
v(t) =r'(t) = [—sint,2cost],

11.

12.

13.

14.

15.

16.

a(t) = v'(t) = [-cost,~2sint],
v.v=sin?t+4cos?t =1+ 3cos?t,
a-a=cos?t+4sin®t =1+ 3sin?¢,
jvie 0,7 o ol £5 U of o]}
lal= 0,74 wf Fdojx +7 U of o]t}

a-v = 3sintsint,
3sintcost

a-v
B () = ;—-—;v(t) T sin?t44cos?t
Anorm(t) = a(t) — atan(t)-
r(t) = [Rcoswt, Rsinwt, 0],
W= [0,0,w],
v=w Xr = [-Rwsinwt, Rwcoswt, 0] =r’,
a=v=w xr+wxr=wxv
=wx(wxr)=(w-rjw—(w-w)r
= —w?r = [~ Rw? cos wt, — Rw? sin wt, 0].
r(t) = t?b, b(t) = [cost,sint], v = r’ = 2tb+t?b’,
b’(t) = [—sint,cost],b-b' =0, |b| = |b/| =1,
a=v' =2b+4tb’ +t2b",
b'(t) = [—cost,—sint] = —b,
a=(2-t3)b +4tb/,
Coriolis acceleration= 4tb’.
A9 3 WAEF= R,
FH AEE=w = 27 year— 1= 1.9924%1077 sec™?,
T3 A4 x=|v] = Rw = 30km/sec,
2 714 5= |a] = Rw? = 5.9772 x5 km/sec?.
R =3.85x 10% m,
w = 27/(2.36 x 10%) sec~1= 2.6624 x 106 sec™1,
|v] = Rw = 1.0250 x 103 m/sec,
la] = Rw? = 2.7290 x 10~3 m/sec?.
R = (3960 + 80) mi = 4040 mi = 21331200 ft,
g = |a] = Rw? = 31 ft/sec?,
v =|v| = Rw = Rg = 2.5715 x 10* ft/sec.
R = (3960 + 450) mi = 4410 mi, .

w = 2n rad/min = Z rad/min,
100 50

v = {v| = Rw = 277.1 mi/min,

g = |a| = Rw? = 17.41 ft/sec?.

v(t),

8.7. Curvature and Torsion of a Curve. Optional

r(t) = [acost,asint], r'(t) = [—asint,acost],
r - = a?, s(t) = fot VIrdt = at, t = £,
r(s) = [acos £,asin £}, r'(s) = [—sin£,cos 2],
r'’(s) = [~Lcos &, ~Lsin 2], x(s) = [r"(s)| = L.
dr ,dt dr ds —
. S = — = r — = -, — = r'-r,
uls) = g , 45 at’ dat )
du Il(dt> ,dt e /y—1 /dt
—-— =r| - r—=r'(r-r +r—,
ds ds + ds? ( ) ds?

dt _d (dt) dt
ds? "~ dt \ds/ ds
1
= —%(r’-r’)'%2(r’ o) )72
— —-(r' . rll)(rl _r/)—z’
du g Wy —1 Il W ! 1\—2
=T (S RIS o 6 R L TE AR o Ik
du du

E = (ru . r")(r’ . r/)—2

_2(rl . r”)(r’ . rl)—3 + (r/ . rl)—S(rI . r/l)2

www.20file.org

— (!‘" _ru)(r/ . r/)-z — (r/ .rll)2(rl . rl)—3’
K(t) _ \/(r' N r’)(r” N ru)g‘_ (r’ . r”)2 '
(r'-r')2
r(t) = [t,y()], ' = [L,¥'], ¢ =[0,9"],

=1 +y12’ v = ylyll’ . = y/12’
V@ +yDE?) - ('y)? w2
K= = = T
(1+y%)2 (1+y)3
..z
T = acost, y = bsint, — + Y - 1, g}y,
. a b2 -
r’ = [—asint,bcost], r’ = [—acost,—bsint],
r' -r' =a?sin?t 4 b cos?t,
r' . r" = (a? — b?)sintcost,
' ' =a?cos?t + b2sin? t,

k = ab(a? sin?t + b2 cos?t)™ 3.

LM,y =2,y =2, k=2(1+4%) "%
A3, y=cz7l,y = —cx7?, y" =2cx73
K = 2lcziz?(c? + z4)~ 5.

5t
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10.

11.

12.

8.8. REVIEW FROM CALCULUS IN SEVERAL VARIABLES. OPTIONAL

T =acost,y = bsint,z = ct,
z? +y? =a?,z = carctan ¥,
4 71F 24 s 4,

r' =[~asint,acost,c], 1" = [~acost, —asint, 0],
rl.rI:a2+c2, r'-r”:O, . :az,

k = |al(a® 4+ %)~ 1.

z =cosht,y =sinht, 22 —y2 =1, #T A,

r’ = [sinht, cosht], r" = [cosh¢,sinh t],

r' ' =cosh2t, r' - r' =sinh 2, v . v/ = cosh2t, 13

% = cosh™3 2¢.

r=t,y=12, y? = 23, semicubical parabola,

=1, 8¢3), ¢ = [0, 37 5],

14.

r-r=1+ %t, r-r = %, r' .r = %t‘l,
k=2t 3(1+ )73
T=-p b’*—p‘gd;(uxp)
=-p-(fuxptux Lp)
=0-(p u £p)=(u p Lp).
T=(up £p)=(u LLu L(ldy) 15.
=@ pdu (EDEut L)
=@ fu fu=SEr G L)
r’:d%r, & = Vo, %:—:(r’ r')_%,
sr=drii=rg, 16.
Lr=i@En= g He

=r($)2 4 d(ehd,
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a3
= £(dyr) = S0 (L)? 4 4 (L) dtyat

— rm(gt )3 +3I‘” d (d.: )(gt )2
—(az M,
(r-r')®
( )1 l(irl rl)(rll II) (l‘ .rll)2 b
= B (&)0( o)
(rl r" rI/I)
. r’)(r" . r”) — (r' . ru)z :

bl z

. r(t) = [z(t)’y(t)!c]a r' = [:c',y’,O],

' — [zll’yll’o], rII/ = [xlll’ylll’O]’

« ' "y=0,7=0.

r(t) = [acost,asint,ct],

r' =[~asint,acost, ],

r” = [~acost, —asint, 0],

r'"" = [asint, —acost,0)],

( - III) — azc’

r I_a +C /_rllzo’rl/.r/I:aZ
= c(a + cz)“

): [t,t%,¢%], r' = [1,2t, 3¢2],
v =10,2,6¢, ' [o,o,s}.,
( o)y =12, ¢ . r' =14 442 4 9t
v e =4t 41863, ¢ v = 4 + 3612,

T= 3(1 + 9t2 —+—9t4)*

p=bxu, dsp-dsbxu+b><——u
=-—7—p><u+b><1~:p——r(—b)+n( u)
= —ku+ 7b.

8.8. Review from Calculus in Several Variables. Optional

Cw=r24y?, z =t y=e 4,
_d___awd:+6wd
dt T 8z dt By dt
= 2(2? + %)~ Fde +y(e? +y2)" B (~4)et
= 4(e8t + e~8) 5 (8t e8t). 8.
w=r/y,z—y(t) y—h(t),
dw _ Bwdz +
dt — 8z dt 6y dt
=y7lg'(t) ~ =y~ (8) = ¢'/h — gh' [h2.
w=2z¥, r =cost, y =sint,
dw _ 6wd:+6wd
dt — 8z dt 8y dt
= yz¥~(—sint) + z¥Inzcost 9
= (cost)*" ¢(cos tIncost — cot t). :
=zy+yz+zzx,x =1,y =cost, z = sint,
d__awdz+6w_1+8wdz
dt — 8z dt By dt 8z dt
=(y+2)+ (z+2)(—sint) + (y + z) cos t
=2cos®t+ 2cost— 1.
w= (22 + y? +22)"%,z=cost,y=sint,z:t,
d_w_awdz_*_awgl_i_a_wd_z_
dt — 8z dt ' By dt T Bz dt
= —z(z? +y2+z2)_%(—sint)
—y(acz+yz+z2)"%(:ost—z(:r2+y2+:¢2)_’;l 10.
= —t(1+12)~}
w=zl4+yd, z=utv,y=u—v,
dw _ dwad dw dy _ —
3‘3—%£+5‘;}5%_—2z+2y—4u,
Sw _ 8w d a — —
=+ a;’g,% 2z — 2y = 4v.
w=2zy, T=e*cosv, y = e*sinv,
Qw — Swdz | Jw by
8u ~ Bz du Oy du

= ye¥ cos v + ze¥ sinv = 2% sin 2v,

fw _ dwdz , Bw By

dv T Bz Bv 8y v v
= y(—e“ sinv) + ve* cosv = e2* cos 2v.

w=z —4.1;2y2+y4,:z=uv,y=u/v,

dw __ 8w Jz Sw Oy

du T 6:6u+6y8u
= (42% — 8zy®)v + (—822y + 433) /v
=4ud(v? — 44 v,

Sw _ dw Bz + dw 9y

v — Oz 8v 8y Ov

= (42% — 8zy®)u + (—82z2y + 433)(—u/v?)
= 4ut(v3 ~ %),
w= %(:c2 +y?+ zz)",
a:—-u +v2, y=u? -2 z = 2uv,

awaz dw Oy Bw B8z
Bu Bzau+6y6u+826u

=—z(z +y +22)722u —y(z? +y? +2%) 22y
—z(z? + y? +22) 22y = —u(u? 4 v2)~3,
Sw 8 <] Bw 8
& = 8s o0 T 62,05%'*' 57 50
—a:(:c +y +22)"22y
—y(z? +y +22)“2( —2v)—z(z® +y? +22)~ 224

Q)QJ

QJ

= —v(u? +v2)"3.

ow __ ik 8z __ 8 8f 8
oHE-gmgn-dogn
8'__ ok _ 8
&y = 5563 5y3y+3£—_35+—5£5§’
f=ad+ P+ =g =2 442,
%1"2——3$ + 2z - 2z = z(3z + 422 + 4y?),
g—f =3y? + 2z - 2y = y(3y + 422 + 4y2).
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8. VECTOR DIFFERENTIAL CALCULUS. GRAD, DIV, CURL

8.9. Gradient of a Scalar Field. Directional Derivative

1. f =z? y2) Vf = [2z,—2y], 6.

Vf(_'ly 3) = ['_21 '—6]'

B ke
DRSNS APt St e

N N

~F

2 1 e e e g e ]
R AP B R alat ettt s

FRE U S e

2. f==y, Vf=[y,z],
VvF(,1) = [1,1].

3. f=In(z?+4?), VS = [2z,-2y)/(z? +4?), 10.

V£(2,0) = [1,0].

PR IIRR

WA e A
R I

PO S SE S

P -
R S
NN ]
R e
NN

i
| ‘,._
{

Al

,*‘:“‘-"’?"

.
) P, N

= (2% +¢? +22) 19. f=

Vf=(z +7 422}z, -y,
V§(2,1,3) = [-2,-1,-3]/14V14.

www.20file.org

A 11. T

12.

R 13.

4. f=2%+9y%, Vf = [2z, 18y],
V£(—2,2) = [—4,36). 14.

"

15.

16.

17.

18.

20.

21.
22.
23.
24.
25.
26.
27.

f =e®siny, Vf =[e®siny, e® cosyl,
Vf(in2, ;7) = [V2,v2].

T = z/(z* +y%),
—VT = [2z2,2yz, —z? — ¥?]/(z? + ¥?)?,
—VT(0,1,2) = [0,4/25,~1/5].

. T =sin(z + z),

-VT = [ cos(z + z),0, — cos(z + 2)],
_VT( 82 1, 3) = [—1/\/5101 _1/\/—2—]‘

. T =coszcoshy,

~VT = [sinz cosh y, — coszsinh g},
~VT(%,1) = [cosh 1,0].
T = arctan ¥,
~-VT = [y! —I]/(zz + y2)’
—VT(3,4) = [4/25, —3/25).
=z/y,
—-VT = [-1/y,2/y°],
—~VT(8,—~1) = [1,8].
T =¢€* z?~y? sin 2zy,
VT = —2¢2°~¥* [zsin2zy + ycos2zy, -
z cos 2zy — ysin 2zy),

—-VT(1,1) = [-2(sin2 + c0s 2), —2(cos 2 — sin 2}].
P oA e B 2717t A Q oA Z7]n
A e ¥e 27| F P oA o A
z = 1500 — 3z — 5y%, Vz = [—6z, —10y],
Vz(—0.2,0.1) =[1.2, —1]
f=3e-y-3,9f=(3,-1, Vi(22) =[3,-1],
n= [%, %]
f=z24+y—1,Vf=[2z,1], VF(1,0) = [2,1],
n = [2,1]//5.
f=z2 —+—y2 — 25, Vf=[2z,2y], Vf(3,4) = [6,8],
n={$ 4]
a:c+by+:cz+d Vf=1lab,d,
= [a,b,¢]/VaZ + b2 + .
Vz?+y? -z,

[x/\/:r2 +y2 y/\/$2 + y ’_1])
Vf(e 8,10) = .5-Un=[}8,-1)/V2
f o= 2?2 +y% + 222 — 26, Vf = [2z,2y,42],
V£(2,2,3) = [4,4,12], n =[1,1,3]/V11.
v = [2z,4y,82] = Vf, f = 22 + 2% + 422,
v = [yz,z2z,zy] = Vf, f = zy=.
v = [zy,2zy,0] & ZRA L 7L A @ect
v = [yez,e",l] =V/{f, f =e*y+z.
v=[L,2, "B =V, f = ay/z.
v= (2 +4*)7 z,y4) = Vf, f = ; In(a® + 7).
(2) T(z,y) = z® — 35y? = ¢, c = 0, +5, %10, % 15.

kq..
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28.

DN e

8.10. DIVERGENCE OF A VECTOR FIELD

(b) T(z,y) = sinzsinhy = ¢, ¢ = 0, +0.5, +1.

Lt

(c) T(z,y) =e®cosy=¢, c=0,+1,+2.

L7

V(f9) =[(f9)=, (f9)y, (f9):]
={fz9, 149, f29) +[f9z. foy, fa:]
= fVg+gVf;
V™) =)= (F)y (F):]
=t o, nfr iy nfrolf,)
=nfrrivy;
V{£/9) =(F/9)=:(F/9)y,(f/9):]
= [fz/g,fy/g,fz/g]
—[f9z/9%, fay /9%, F9:/9°]

8.10. Divergence

. v={z,y,z],divv=14+1+1=3.
cv=[22,4%,2%, divy = 20+ 2y+ 22 = 2(z+y+2).
. v = e®[cosy,siny],

divv = e* cosy + e® cosy = 2¢% cos y.

. V= [vl(y’z)rv2(z1 2),03(z, y)]:

: - 8y [ Ovz _
divv= 3} + 52+ 52 =0.

- v=(2%+97)7 ~y,7],

divv = (22 + y?) 222y — (22 + y2) 222y = 0.

v =(2% + 3P +22)732[z,y, 2],

divv = (22 4+ y? + 22)=5/2(y2 4 22 — 222)
+(z2 + y2 + 22)—5/2(1.2 + 22 _ 2y2)

+(z2 + yz + 22)_5/2(1:2 + y2 — 222) =0.
v = [e®,ye”%,2z sinh 2],

divv =€+ e % 4+ 2sinhz = 2¢°.

v = zyz{z,y, 2],

divv = 2zyz + 2zyz + 2zy2z = 6xyz.

29.

30.

31.

32.

33.

34.

35.

155

=(1/¢%)(gVf ~ fVg);

V3(fg) = (f@)e= + (f9yy +(f9)z2
= (fe9+f92)a+(fy9+f9y)y+(fz9+f92):
= fexg+ 2f29z + f9z= +fyyg + 2fy9y
+fgyy + fzzg + 2fzgz + fgzz
= gV2f 4 2Vf.Vg+ V2. '
f=22+4% Vf = [22,2¢], Vf(1,1) = [2,2],

a=[2,—4], |a| = 25,
1 2
Daf(191) = Ea'vf(]wl) = —%‘

/=2~y Vf = [1,-1], V{(45) = [1,-1],
a= [2’ 1]7 lal = \/5,

1 1
Daf(4,5) = ma-vm,s) =
Vf = (1.2 + y2 +z2)—3/2[_z, -Y, _ZL

3
V£(3,0,4) = [_ﬁg’o"ﬁ ’
a=[1,1,1], |a| = V3,
1 7

Daf(3r 074) = Ea . Vf(370)4) = _m'

f=In(z? +y?), Vf = [2z,2y]/(2? + y2),
V£(4,0) =[1/2,0], a = [1,~1], j]a] = V2,
1 1
Daf(4, 0) = I—;Ta - Vf(4, 0) = m
f=zyz, VI =[yz,zz,3y],
V§i(-1,1,3) = [3,-3,~1),a=[1,-2,2], |]a| = 3,

1 7
Daf(_l, 173) = Eia' V.f(_l’ 1,3) = '5

f=x%+3y? + 422, Vf = [2z,6y,82],
Vf(1,0,1) = [2,0,8],
a=[-1,-1,1], |a| = V3,

1
Daf(1,0,1) = I——Ia-Vf(l,O, 1) = 2v3.

a
f=e®cosy, Vf = [e” cosy,—e®siny, 0],
Vf(2,7,0) =[—e?,0,0], a=[2,3,0], |]a| = V13,

2

Daf(2,7,0) = éa-Vf(Zw,O) = —‘2/—61_5.

of a Vector Field

9.

(a) v=1{1,0], divv =0.

P T D W S G S S |

(b) v={[z,0], divv = 1.
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10.

11.

8. VECTOR DIFFERENTIAL CALCULUS. GRAD, DIV, CURL

) U S S

i

(C) v= [1:1 —y]a

I

NN W D S S AP

(e) v=[-z,—y], divv = -2
AYE)
RN

b o
N~
XN
[V 2200 20 2 T S S Y. S

) v=(*+v*)"-v,3],
divv =0, (x,y) # (0,0).

s A b

V=wXr=|wz — W3y, W3T — W12, W1Y — waT],
divv =0.

v =[y,0, 0] divv = %ﬁ = 0, incompressible,

v_[dt’dt’dt]’
dx d
F=nE=0F=0
$=ty+C1,y—C2,Z—C3,
r(t) = [cat +c1,¢2, c3),

r(0) = [c1,¢2,¢3),

www.20file.org

12.

13.

M. f=

15.

16.

17.

r(1) = [e1 + ¢2, ¢2, €3],
AA 12 FEAA7} Ldo] FYahaHolw A F 14
715e = i

5 —a
v_[:cOO] divv=32=1,

v—[dt’dt’dt]’
dr __. dy __0

at =T , dt 13 =0
T = Cle yYy=12¢C2,2 = C3,
r(t) = [c1et, c2, €3],
r(0) = [c1,¢2,¢3),
r(1) = [c1e,¢2,¢3],
AR 1) FEAA I AH edd AFHAAR et
(a) div (kv) = (kv1)z + (kv2)y + (kv3):z
=kviz + k'U2y + kvs, = kdivv.
(b) div (fv) = (fv1)s + (fv2)y + (fv3):
= fz:vl + fy'v2 + favs
+fvig+fvay+fus, = fdivv+v-Vf.
(c) div(fVg) = (f9z)z + (foy)y + (f92)=
= fogz + fygy + f29:
+fgr:: + fgyy + fgzz
= fV2g+ VS - Vg
(d) div(gVf) = gV?f + Vg - V/,
div (fVg) — div(¢V f) = fVZg — gV?f.
o4& 53 #al.
f =¥, v = [az, by, cz],
v = [eze®¥?, bye®Y*, cze®V?],
div (fv) = a(l + zyz)e®¥® + b(1 + zyz)e™¥*
+¢(1 + zyz)e®¥®
=(a+b+c)(1 + zyz)e®¥?,
divv=a+b+c,
Vf = [yze®V?, z2e™¥*, zye™¥?],
fdivv = (a + b + c)e*¥=,
v-Vf=(a+b+ c)zyze™¥?,
div(fv) = fdivv+v-Vf;
f= (22 +y2 + 22)—3/2) v = [z’y’z]y
Vi = —3(x2+y? +22)"5/2(z,y, 2], divv = 3,
div(fv) = fdivv+v-Vf=0;
f= z? _y2, g= e:t+y,
= [2z,—2y], Vg = [e*1¥, =17},
Vg = (2%~ y?)e=t¥[1,1],
div (fVg) = (27 + z°% — y?)e=+¥
+(~2y + 2% — y?)e=tv
=2(z? —y? + z - y)e=tV,
V32g = 2¢=t¥,
szg — 2(12 _ y2)ez+y,
Vf-Vg=(2zx — 2y)e=ty,
div(fVg) = fV3g+Vf-Vg;
(¢ ~9)/(z+v)
=[l-z4+y,~1-z+yl/(z+y)%
2f=(z~3y—2+3z—y+2)/(z +y)°
=4(z - y)/(z +y)>
[ =4z? +9y% + 22,

= [8z, 18y, 22],
V2f=8+18+2=28.
f=e%**sin2y,

Vf = [2€2% sin 2y, 2¢2* cos 2y},
V2f = 4e% sin 2y — 4e2* sin 2y = 0.

f=zy/z,
Vf=1[y/z,z/z,—zy/2%],
Vif = 2zy/23.
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18.

19.

10.

11.

12.

8.11. CURL OF A VECTOR FIELD

20. f=2z— /22492,

f =cosh? z —sinh? y,

V f = [sinh 2z, —sinh 2y],

V2 f =2cosh 2z — 2cosh 2y.

f = arctan(y/x),

Vf=[-y,2]/(z% +y?),

V2f = (2zy — 2zy)/(z? + %)% = 0.

157

Vf = [_$($2 + y2)-1/2, _y(m2 +y2)_1/2’ 1]’
V2f — (—372 _y2 +2:2—$2 _y2 +y2)(x2 +y2)—3/2
. (12 +y2)-—1/2_

8.11. Curl of a Vector Field

. V.f = [.fz’flnfz]y

divv = v1, + v2 + v3,,

curlv = [vg, — v2,,v1, — va,,v2, — 1),

V2f= fz:z +fyy +f12y

VF(P) # 0 ol A P oA @&gtol 75 =7
7tk Wae] "o} divy & FEA 9 Yo
ik curlv & WEF v o PP ARG
V2f = div (Vf).

. v =2y,5z,0], curl v = [0,0, 3].

v =1(z? +y% +22)[1,1,1],
culv=[y—z,z —z,z — y].
v = [v1(x), v2(y), va(2)],

curlv:[%‘?—%},%—%’;&,a—’f—%]
= [0,0,0].
- v=(2? +y? +22)732[z,y, 2],
curlv

= =3(z® + 9% +22)"5/2[yz — yz, 22 — 32,2y — TY]
=[0,0,0].

- v =[siny,cos 2,0], curl v = [sin 2,0, — cos vl
V= z:yz[:r,y,z],

curl v = fzz% — zy?,29® — y22,422 — 222].
v=1[24%,0,0] = [«', ¢/, 2],

curlv = [0,0, —4y],

div v = 0, incompressible,

' =242,y =0,2' =0,

z=2ckt+c1,y =2,z =c3,

r(t) = [2cZt + c1, c2, c3).

V= [0,0,23] = [-’B',y',zl],

curlv = [0, -3z2, 0],

div v = 0, incompressible,

' =0,y =0,2' =az3,
T=c1,y=ce,z=ct+cg,

r(t) = [e1, c2, 3t + c3].

v = [secx,cscx, 0] = [2, 3, 2'),

curlv = [0, 0, — csc z cot z],

divv =secztanz,

7’ =secz,y =cscz,z =0,

coszdz = dt, sinz =t +¢1, T = arcsin(t 4 ¢1),

Yy =cscx = sy =In(t+c1) +c2, 2 = c3,

r(t) = [arcsin(t + cll), In(t + 1) + c2, cs)-
v =y, -z,0] = [zlay,:zl]»

curlv =[0,0,~-2],

div v = 0, incompressible,

7l = y:yl = _zyzl = 07

' =y = —z,x=crcost +co sint,

y=1z' =—~c1sint+cacost, z = c3,

r(t) = [c1 cost + casint, —cy sint + ¢ cost, c3].
v=[-1y,4z,0) = [',y, '],

curlv =[0,0,17/4],

13.

14.

15.

16.

divv = 0, incompressible,

= —%y’y, = 41‘)3, = 01

' = —%y’ = —Z,T = c¢3 cost + casint,
y = —4x' = 4¢; sint — 4cp cost, z = cs3,
r{t) = [c1 cost + casint, dey sint — 4cp cost, c3].
v= [xsyv -—Z] = [z,’yl:z’]’
curlv = [0,0, 0], irrotational,
divv =1,
xl =m7yl = ysz’ = -z,
T = ciet,y = cpet, z = czet,
r(t) = [c1et, czet, czet].
(A w=u+v, wj =u; +v;,5=1,2,3,
curlw = (w3, —ws,,wi, — w3y, way — wiy]
= [u3y + v3‘y = U2z — V2,,
U1, + V1, —uU3p — V3,
U2z + V2 — ULy — V1)
= [u3y T U2, ULy — U3y, U2y — uly]
+ [v3y —U22,V1; — U3g,V2; — Uly]
= curlu + curlv.
(b) divcurly = div [vay —vaz,v1; —wsg,ve, ~v1y]
= (v3y - ”22): + (vlz - ”3:)11
+ ('02; - Uly)z
=V3zy — V2z: + Viyz — V3zy ~
+va,, — V1, = 0. ’
(©) curl (fv) = [(fva)y — (fv2)z,(fv1)z — (Fva)z,
(fv2)z — (fv1)y]
= [fyvs + fvzy — fovs — fug,,
fzv1 + fv1, — fzvuz ~ fusg,
fzv2 + fo2; — fyv1 — fur,)]
=Vfxv+ feurlv.
(d) curl VS = curl {fs, fy, f.]
= [fzy - fl/z!fzz - fzz,fyz - f-‘ly]
=0.
(e) div (u x v) = div [u2vs ~— uzvo,usv; — u1vs,
U1V — uvi|
= (u2vs —u3v2)s + (uav: —uv3),
+(u1v2 — u2v1),
= U22V3 + UV ~ U3 V2 ~ UBV2,
+usyvL + uzgviy, —u1,v3 — UV3y
+urzv2 +uive, —uz,v; — ugvy,
= (u3y —u2; ) + (U1, — us)ve
+{uzy —u1,)v3 —u1(vsy — v2,)
—uz(v1; — v3g) — ua(ve, ~ v1,)
=v-curlu—u-curlv.
curl (fu) = curl [zy?z, zyz?, z2y2]
= [22z — 2zy2, zy® — 2zyz, y2? — 2zyz].
curl v = [0, 0, 0],
curl (fv) = curl [zy?22, 2%y22, 22y 2]
=1[0,0,0].
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17.

18.

10.

11.
12.

13.

14.
15.

. V() = A!im

8. VECTOR DIFFERENTIAL CALCULUS. GRAD, DIV, CURL

ux (curlv) =ux0=0,

v X (curlu) = v x [-1,-1,-1]

=[xy ~ zz,2y — yz, —yz + 2%].

u x v = [zyz — 222, Tyz — 2y?,TY2 — Y22,

curl (uxv) = [zz—22—zy,zy—2%—yz,yz—y% —zz].

Chapter

. HMEE 279 BEE JhAE ooldh; 2 e 272

AP Folrh HE ¥4 F5gtel HE A P50l
ok He AL od G Fois Hel Ppoloh; 2
Zrel e Fgol 2 e Yol A A2
od oo PP 2zl gojrh

a= [2,_170]7 c= \/57 V(.’L‘,y,Z) = [ziyv'z]a
f(@,y,2) =22 +y% + 22

a-b = |a||blcosy = a1b; + a2b2 + azbz; ALl
A vl ZE}; WA, dot product.

a x b =.[a2bz — asbz,a3by — a1b3,a1b2 — a2b1],
la x b| = |a|lb|siny; £& At Ay P3E 71
I 37 e FHEE ojFoiX e HYPaHye HAA
Hel g et

= HE|7} 90° ojwd Aol g} FAL o] g5
A Moji} gl o] Wb A Jebd 7] gt

i, k7 28 pate] A8 wEke T e EF02 W
g HEAojm, 9 Ak 1y wIg F dFK o
2 9¥gs XA o}y

.bxa=—(axb),ax(bxc)#(axb)xc, &

2 p A Al dad el 4tz B HAL
obell ARstAl At

48 5 ol shist defelAY M2 £HY o
WA o] 0 olch £ He| F o]= shirt JE oA
Ax e Fd o 2Ao] 0 ot

caxbxcgod:-ZgdAd ¢ A ¢Foleonz

494 fitha-bck ok £ UA HE AQets}
Ao yHe okstnz Fol9 4 ok (a-b) xc
© 2zehel MEe AR E sorEe B & s}
VE+AD -V o cne e £

t—0 ’ -

5, £9, 152§ zﬂﬂt‘—} FAde FE, FE WAL
A bl 2.
r(t) = [cost,sint] o|®H, r'(f) = [—sint,cost] o]=
2 g dgste £ 58 JHAAR, 9 f(t)] =1
2 YAt
Daf = —1—a-Vf.

|al

Vf= [f:hfy:fz],

divv = v1, +v2y +v3;,

curlv = [vay — v2,,v1; — V32,25 — V14),

sz = f:z +.fyy +fzz,

Vi(P) # 0 ol A P o4 @53l 743 =2A
F7tsle whgko] Rl divy £ AT A9 A F
Feich; curlv & Held v o ddAL PP
V2§ = div(VS).

feurlv, fv, vx v, vx Vf, v x (curlv), div(fv),
curl (fv).

(4a+5b)-6c = [~13,39, —8]-[24, —36,0] = —1716.
3b x 6¢ = [-15,21,0] x {24,—36,0] = [0,0, 36],
18c x b =[72,-108,0] x b = [0,0, —36].

19.

20.

v - (curlu) = —yz — zz — zy,
u-(curlv) =0.
u-(curiu) = —-y—2z -z,

u x (curlu) = [z — z,y — 2,z — y].

8. Review
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16.

17.

18.

19.

20.

21.

22.

23.

24.
25.

26.

27.

28.

29.
30.

31.

32.

33.

34.

35.

axd = [16,~60,—6],

a-d=0.

(2a b 3c) = —-24,

6(b a c)=24.

(ax b) x c = [14,10,26] x ¢ = [156, 104, —124],
ax (bxc)=ax]{0,0,2] =[2,-6,0]. '
(b—2¢c) x d =[—13,19,0] x d = [266,182, —184],
d x (2c — b) =d x [13,—-19,0] = [266, 182, —184].
(1/la))a = 1/v14[3,1,~2],

(1/lehe = 1/v/52[4, -6,0].

(d 4a c) = —1696,

{c 4d -a) = —1696.

axa=[0,0,0],

(a x b) x a = [—46,106, —16].

(c-d)(c xd—d xc) = 30(-84,—56,58] —
(84,56, —58]) = [—5040, —3360, 3480].

la+b| = |[-2,8,—2]| = 6v'2, |a[+[b] = V1d+VT4.
lc —d] = |[-5,-7,—14]] = 330, |[c| - |d]| =
V278 — 2V13.

— ab _ _ 8 —_ .4

COSY = Tallb] = ~/Aav7d V258"
o. v = 104.3916°.
cosy = e = ___62 —__31_

Bljc VT2.2v13 V962
. v = 178.1524°. ,
p+q+u=0,p=—-q-u=[1,2,-7. -
d=1[2,8,0, W=q-d=-12.
cosy= &b - __12 __ 2

fafib] = 2v5-3v2 — V10’
p = lalcosy = 2v/2.
cosy = ﬁl—l";[, p1 = |ajcosy = 47—,';?,
pz = |b| cosy = TT?1 pP1 = D2, lal = !b|1
5+ e Z717r e A4
r=[-1,2,0], p={3,8,0],
m=r X p ={0,0,—14].
m=rxp=0, |m|=|rx p|=|rilp|siny =0,
Ir|=0,|p| =0,sin7=0,
fel=0, Ip| =0, v =7/2,37/2;
A7} oAtk Yol 0 ol Ark Wsh A7t +5 ¢ o).
A(2,1,8), B(3,2,9), C(2,1,4), D(3,3,10),
=a=[-1,-2,-2],
=b=[0,-1,-1],
=c=[-1,-2,-6),
V= %I(a b c)| = %
A(l: 1’ 1)7 B(5707 —5)’ C(37270)1
=a=[-2,2,5)],
TA=b=[-2-1,1],
AB =c=[4,-1,-6],

__axb _ _1 —
B = faxel = s 56
r={z,y,2},n-r=gc,
c=n-[1,1,1] = 5/v149,
Tx — 8y + 6z = 5.

SEE|

3
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36.

37.
38.

39.
40.
41.
42.

43.
44,

CHAPTER 8 REVIEW

r(t) = [3cost, —2sint, %t],

v(t) =r'(t) = [-3sint,—2cost, %],

a(t) = v'(t) = [-3cost,2sint,0],
v-v=09sin?t+4cos?t+1/4,

t=mn/4, r(n/4) = [3/\/57 _2/\/5: /8],
v(ﬂ'/4) = ["'3/\/—2-1 _2/‘/51 1/2]: |V| = 3\/5/2)
a(n/4) = [_3/‘/5) 2/‘/5’ 0].

vf = [y,-'l? -2z _y]) V.f(270> 7) = [0) —'5)0]'
sz = Zf[y,.’t - z,—y]

= [2y2($ - 2)72:'/(1 - 2)2: —2y2(:c - Z)],

(VH) x(Vf)=0.

divv =1, divw = —2y.

curlv = [-2,—4, -2}, curl w = {2y, 62, 4z].
div (V) = 0.

div (V(z? f)) = div [32%y — 2zyz, 23 — 222, —z2y]
= 6y — 2yz.

V(divw) = [0,-2,0].

(Vf) v=—4zy+ 2y + 2zz — yz — 222,

45.

46.

47.

48.
49.

50.

159

1

Dyf(2,3,1) = mv(2,3,1) -V£(2,3,1)
-1 (3.1, 3] = —
Dwf(1,1,0) = mw(l, 1,0)- V£(1,1,0)
= mlo, 1, 1] M [1, 1, —1] =0.
curl (V(£2))
= curl [2y%(z — 2), 2y(z — z)%,—23%(x — 2)] = O.
div (curl v) = 0, div (curlw) = 0.

[(curlv) x w] - w

= [4z? — 6y?, 2y - 622,2y% + 422 — 42?]-w

= 122222 — 189222 ~ 122222 + 47292 + 6y222
=2y + 2y% 4 4y?2% — 4x2y? = 22 — 2yt — 8y222.
(VA xv]-v

= [422— 22— 3z2+2yz, -2y ~dzy—yz, dyz—2zy] v
=0.
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CHAPTER 9

Vector Integral Calculus
Integral Theorems

In this chapter we shall define line integrals and surface integrals and consider some
of their basic engineering applications in solid mechanics, fluid flow, and heat problems.
We shall see that a line integral is a natural generalization of a definite integral, and a
surface integral is a generalization of a double integral.

Line integrals can be transformed into double integrals (Sec. 9.4) or into surface
integrals (Sec. 9.9), and conversely. Triple integrals can be transformed into surface
integrals (Sec. 9.7), and vice versa. These transformations are of great practical
importance. The corresponding formulas of Green, Gauss, and Stokes (Secs. 9.4, 9.7,
9.9) serve as powerful tools in many applications as well as in theoretical problems
(for instance, in potential theory; see Sec. 9.8). We shall see that they also lead to a

better understanding of the physical meaning of the divergence and the curl of a vector
function. -

Prerequisites for this chapter: elementary integral calculus and Chap. 8.
Sections that may be omitted in a shorter course: 9.3, 9.5, 9.8.
References: Appendix 1, Part B.

Answers to problems: Appendix 2,
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9. VECTOR INTEGRAL CALCULUS, INTEGRAL THEOREMS

9.1. Line Integrals

Lr()=1t,48,0<t <1, ¢ =[1,4],

F(r(t)) = [16¢%, —f],
/ F(r)-dr = / F(r(t)) - o' (¢) dt
C 0

1
(1682 — 4t2) dt =

.r(t)g[t4t2],0<t<1 r’ =[1,8],

F(r(t)) = [16t4, —t2]
F(r) - dr = / F(c(t)) - £ (t) dt
C 1]

1
(16t* — 8t3)dt = 6/5.

o
. r{t) = {2cost,2sint], 0 < t < /2,

r’ = {-2sint, 2 cost],
F(r(t)) = {4sintcost, 16 sin® t cos? ],

w/2
/ F(r)-dr= / F(r(t)) -r'(t) dt
(e} [}
w2
= / (—8sin® tcost + 32sin® tcos® t) dt
0

= /l[-—832 +325%(1 — 5%)] ds = 8/5.
0

L) =[2-¢,4,0<t<2, ¢ =[-1,1],

F(r(t)) = {2~ t)tz, (2 -8)%%),
/ F(r) - dr = [ F(r(8)) - ©'(£) dt
C 0

= /2[—(2 ~ Ot + (2 - 1)%t%) dt
0

= /l[—ssz +3252(1 — s2)}ds = —4/15.
[

L r()=[,1/8,1<t <4, ¢ =[1,-1/t?),

F(r(t)) = [(t - 1/t)2 1/t -1)?,
/ F(r)-dr = / F(r(t)) - £ (2) dt

=/ (- 1/D2(1 - 1/£2) dt
1

4
= / (12 — 3 — 3/t — 1/t4) dt = 2671/192.

1
. {t) = [¢3, t3] 0<t <1, ¢ =[2¢,3¢t7),

F(x(t)) = [e*’, — *31,
/ F(r) - dr = / F(r(t)) - v/ (¢) dt
C 1]

1 2 3
(2tet” — 3t2e ) dt = 0.

[\]
. (t) = [cost,sint,2¢], 0 < ¢ < 2x,

' = [—sint,cost, 2], F(r(t)) = [4t,cos t, —sint],
/ F(r) - dr = / F(r(t)) - '(t) dt

=/ (—4tsint + cos®t — 2sint) dt = 97.

0
. r(t) = [2cost,t,2sint], 0 < £ < 27,

r' =[-2sint,1,2cost],
F(r(t)) = [2cost—t t — 2sint,2sint — 2 cost],

/CF(r) -dr = /0 F(r(t)) - r'(t)dt

10.

11.

12.

www.20file.org

27
= (—4sintcost + 2tsint 4 ¢ — 2sint
0

+4sintcost — 4cos? ) dt = 272 — 8.

. or(t) =[t,t2,4],0 <t <1, ¢ ={1,2¢,1],

F(r(t)) = [e, e—f’l, e},
F(r) - dr = / F(r(t)) - r'(£) dt
C (4]

1
= / (¢t +2te=t” +et)dt=2e —e~1 1.
0

r(t) =[t,t2,83], 0 <t < 2, v’ = [1,2¢,3¢2],
F(r(t)) = [cosh ¢, sinh £2, et’],
2

/ F(e) dr = / RCOROP

- / (cosh t + 2t sinh ¢ + 3:2et*) dt
0
=sinh2 + cosh4 + e — 2.

Foid ¥4 (AL Y4) & Tl FAS A

€ web HE3he Fof 4ol
(a) r(t) = [cost,sint], 0 < t < 7,
r’ = [—sint,cosd],

F(r(t)) = [~ cos?¢,costsint],

F(r)-dr= / F(r(t)) -r'(t) dt
c 0
i 4
=/ 2cos?tsintdt = —;
0 3
r(p) = {cosp,~sinp}, -7 <p <0, A&,

v’ =[~sinp,—cosp],
F(r(p)) = [~ cos® p,— cospsinp},

[ @ -ar= [ TEGO) oI
C — 0

4
= f 2cos? psinpdp = 3’

1]
r(p) = [cosp?,sinp?}, 0 < p < /7,
' = [-2psin p?,2p cos p?],
F(x(p)) = [~ cos? p?, cos p? sin p?],
v
[ Fw-ar= [RCe) o ap
C [v]

v 4
=/ 4pcos? p?sinp?dp = 5

by @) =[], 0<t <1, ¢ =[1,nt™ 1],
F(r(t) = [-t? t““]

/ JF(e)-dr = / REORICE

t n . n-—1
=/0(—t2+nt2 Ydt = IR
() n = oo o], /CF(r) - dr - %;
r(t) ={£,0, 0 <t <1, ¢ = 1,0},
F(r(t)) = [—t”,ﬂl,‘

/ F(r)-dr:/ F(r(t)) - r'(t) dt
C 1 0
:/ —t2dt = ——

(d) F?: [v,0}, r(t) = ter],0<e <,
¥ = (e 1, B(e(0) = [,

A
fid
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13.

14.

15.

16.

- R} 20

9.2. LINE INTEGRALS INDEPENDENT OF PATH

1
/ F(r) - dr = / F(r(t) - v (t) dt
C 1)
! 1
thdt = —— - 0, n — .
n41

r(t) z t3t,o<t<2 ¢ =[,3,r
ds/dt =V ¥ =
f F(r)ds = [ Fe(9)(ds /dt) de

/ 10v/10¢? dt= 80v/10/3.
r{t) = [2cost,2sint], 0 < t < 7/2,
r' = [-2sint,2cost], ¢ - ¥ =4,
dsfdt = V1" - ¥ =2, f(r(t)) = 16cos3tsint,
w/2
/ F(r)ds = / F(r(t))(ds /dt) dt
C 0

/2
=/ 32cosd tsintdt = 8.

r(t) 2 [cost,sint, 2t], 0 < t < 4,

v’ =[-sint,cost,2), ¢’ - ¢ =5,
ds/dt = VT’ -1 = /5,

F(r(t)) = cos?t +sin? t 4 4t? = 1 + 4¢2,

47
f fr)ds = f Fe(8))(ds /dt) dt
C 1]

4

= V5(1 + 4t2) dt = /5(4n + 256m3/3).
0

r(t) =[t,£,62,0 <t <3, ¢ =[1,1,2t],

¥ or' =24 42, ds/dt = V' ¥ =2 1482,
V2 + 42,

fr(t)) =v2+ 13:2 pragv: 2
/ f(r)ds = / F(r(®)(ds /dt) dt
c 0

3
= [ (2 + 4¢2) dt= 42.
0

- =10,
V10, f(r(t)) = &2 + 9t2 = 102,

17.

18.

19.

20.

r(t) = [t,cost,sint], 0 < t < m,

r' =[1,—sint,cost], r’ - v’ =2,
dsfdt =Vt -t =73,

F(x()) =1+ cos?t +sin2t =2,

] flr)ds = / F(r(t))(ds/dt) dt
(o4 x 0
/ 22 dt = 2v/2x.

r(t) = [t,cosht], 0 <t <2, v = [1,sinht],
r-r =1+sinh®t = cosh? ¢
ds/dt = /v’ - ' = cosht, f(r(t))

/ f(r)ds = f Fe(®))(ds/dt) dt

1 —sinh?¢,

= / (1 - sinh®t) cosh t dt= sinh 2 — % sinh®2.
)
r(t) = [cos® t,sin®#], 0 < t < 7,
r' =[-3cos? tsint, 3sin?tcos ],
r'-r’ = 9sin® tcos?t,
ds/dt = v/r' - v’ = 3sintcost,
F(r(t)) = cosSt +sintcost,
k.4

IO [ FOe(£))(ds /dt) dt

(coss t+sintcost)3sintcostdt = 37/8.
r(t) ={3cost,2sint], 0 <t<m,
r/ = [-3sint, 2cost], ' - ¢’ —95m2t+4coszt,
dsfdt = Vv -t = \/9sin® t + 4cos? t,
f(r(t)) = v/144cos?t + 324sin%t
=6v/9sin®t + 4cos?t,
J)s = / 7)) (ds/at)

6(9sin®t + 4 cos? t) dt = 39x.
)

9.2. Line Integrals Independent of Path

AlZ T Ego] N2 FUY A2 S
Al AGee Afe g (RE).
2o} oE : ARAF BHo] HE FUY FEE
dH 4 AP Asr} pag (wuE, 34).
wd Qelof g8 F2 o g=sEAFE 494 2H.
= [e® cosy, —e* siny, 0], curl F = 0,
f=ecosy=>Vf=F,
(3,7/2,0)
[ Ry de = sia,m/2,0) -
(0,7,0)
F =[322,0,6z2], curl F = 0,
f=3222 = Vf=F,

(4,0,3)

/ F(r)-dr = f(4,0,3) — f(~1,0,5) = 183.
(-1,0,5)

F

= [cos x cos 2y, —2sin z sin 2y, 0], curl F = 0,
f=sinzcos2y = Vf=F,

(7/4,0,0)
/ F(r)-dr

(%/2,—x,0)
= f(“/410v0) _f('”/2:_7r90) = 1/\/5_ 1
F

= [2zsin 7y, 122 cos 7y, 0], curl F = 0,
f=z?sinwy = Vf=F,

f(O,7,0) =1.

www.20file.org

(4,1/2,0)
/ F(r)-dr

(3,3/2,0)
= f(4,1/2,0) — £(3,3/2,0) = 25.

F = [3y,3z,2z2], curl F = 0,

f=coszz+siny=>Vf=F,
{0,7,1

f F(r)-dr
(m,w/2,2)

= f(0,7,1) — f(m,7/2,2) = 1.

= [yzsinh zz,coshzz,zysinh zz], curl F = 0,
f=ycoshzz = Vf=F,

163

{0,0,0)
= f{4,1,2) — 7(0,0,0) = 16.
. F=eo-y+s® [1,-1,22), curl F = 0,
=er-v+:® 4 Vf=F,
(2,4,0)
/ F(r)-dr
(0,—1,1)
= £(2,4,0) — f(0,~1,1) =e~2 —e2 = —2sinh 2.
F = [-zsinrz,cosy, ~zsinzz], curl F = 0,
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10.

11.

12. F=

13.

9. VECTOR INTEGRAL CALCULUS, INTEGRAL THEOREMS

(1,1)
/ F(r)-dr

(0,2,3)

= f(1,1, 1) — f(0,2,3) =cosh1l-—2.
(a) F = [z%y, 2237,

r(t) =[t,1"],0 <t <1, ¢ =[1,nt""1),
F(r(t) = [t~+2,27%+1),

/ F(r) - dr = / F(r(t)) - ' (t) dt
on? +9n +1

n+2 n e
/(t +2 4 opgd Ydt = (n+3)(3n+1)

(d) r(t) = [t,08], 0 < t < 1, ¢ = [1,b);
r(t) = [1,(1—-b)t—142b), 1 <t <2, ¢’ =[0,1—b],

F(r(t)) = [bt3,20%83}, 0 <t < 1,
F®) =[(1-b)(t—-1)+b, 2((1 —b)t—1+2b)2],
1<t<2,

2
f F(r) - dr = / F(r(t)) - (1) dt
C1 1]
= / (bt3 + 263t3) gt
0
2
+/ 2(1 — b)((1 — b}t — 1+ 2b)2 dt
1
1,,1 2
= —— - - <bH <
5t +3b+32,08b<,

o S h = -1_ 2 [ X
1 ¥¢5Eb ﬂéwﬂﬂvﬂﬁs\/-ﬂ- E 7HAl .
@r@®) =t 21,0<t<c, ' =[1,1],
r(t) =[t,1],e<t <1, ¢ =1,0],
F(r(t)) = [283, %3, 0<t <,
F(r(t)) = [2,2t], c <t <11,
1

f F(r) - dr = / F(c(t)) - (1) dt

T (e yias e

1
_—Ec —c+—— 0<c<1,

°l Yrec=19 9 5]‘“?.1’ & 7txich
= [2xy?,22%y,1], curl F = 0

"—1*°] HEo T3,
f=:§2y2+z = Vf=F,

f P ey dr
(0,0,0)
= f(a,b,c) - f(o’oao) = a2b2 +c.
[y, —2x,2}, curl F = [z,0,—-z — 1] # 0,
HEo| FR &,
C:r(t) = [at,bt,ct], 0< t < 1, ¢ = [a,b,¢],
F(r(t)) = [bt, —act?,ct],
1

/ RORE / RO

1
=/ (abt — abet? + c2t) dt = ab/2 — abc/3 + c2/2,

C : #(t) = [at, b2, ct],0<t<1 £ =
F(r(t)) = [bt?, —act?, ct],

/ RORS / :F(i-(t)) o dt

= {a, 2bt,c],

1
= / (abt? —2abct® +c?t) dt = abf3—abe/2+c2 /2.
4]

F =sinh z2(2,0, —-z],
curl F = [0, 2sinh zz + 27z cosh z2,0] # 0,
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14.

15. F =

16.

17.

31—5’:01 Az 9&,
C:r(t) = [at, bt,ct], 0 <t < 1, ' =a,b,¢],
F(r(t)) = sinh actz[ct 0, —at],
/ F(r) . dr = / F(r(t) -/ dt =0,
C:7(t) = [at?,bt,et],0 <t < 1, ¥
F(#(t)) = sinh act®[et, 0, ~at?],
1

/ JF(E)-dr = / RICORE

= [2at, b, c],

1 1
= / act? sinh act® dt = §(cosh ac—1).

0

F = |yz,zz,zy], curlF = 0,
HEol A2 ¥,
f=zyz =>Vf=F,

(a;b,c)
/ F(r)-dr

(0,0,0)
= f(a,b,c) — £(0,0,0) = abc.
[O) y62z, —Zey]a
curl F = [~ze¥ — 2ye?*,0,0] # 0,
Aol Az o4&,
C:r(t) =[at,bt,ct), 0 <t <1, = [a,b,c],
F(r(t)) = [0, bteet, —cteb?],
1

/CFl‘(r) cdr = /OF(r(t)) r'dt
= / {(b2te?et — c2tebt) dt

= b"’(2ce2c — €26 +1)/(4¢?) — c?(beb — b + 1)/b2,
C:#(t) = [at, bt%,ct], 0 < t < 1, ¥ = {[a, 2bt, ¢},
F(F(t)) = [0,bt2e2¢, —ctebt’],
1
/ F(r)-dr= / F(r(t)) -’ at
¢, 0
(262362t — c2tebt?) gt -
0
= b%(4c%e2® — 6c%e® + 6ce?® — 3e2° + 3)/(4c?)
—c(e® — 1)/(2b).
F = [3(z + y)%,6(z + v)3, 1],
curtF = [0,0,6(z + y)] # 0,
HEol Az 9E,
C:r(t) = [at, bt,ct], 0 <t < 1, ¥ = [0,b,],
F(x(t)) = [3(a + 5)*¢2,6(a + 5)2£2,1),
1

/ F(@)dr = / REORE

= /1[3(a +b)%(a + 2b)t2 + ¢} dt
0 ‘

=(a+b)%(a+2b) +e,
C: #(t) = [at, bt,ct?],0 < £ < 1,
F(r(t)) = [3{a + b)2t2 6(a + b)zt2 1},

RORE / RLORZ

= la, b, 2¢t],

i

= / [3(a + b)%(a + 2b)t? + 2ct] dt
o

= (a+ b)2(a + 2b) + c2.

F = cos(z + yz)[1,2,9], curlF = 0,

HEo] Az ¥,

f=sin(z+yz) = Vf=F,

(e,b,¢)
/ F(r) - dr

(0,0,0)
= f(a,b,¢) — f(0,0,0) = sin{a + bc).
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i8. F =

9.3. FROM CALCULUS:

[ve®y,2ze%¥, e22],
curl F = [0,0,(1 + zy)e=¥] # 0,
Hieol 424 &,

DOUBLE INTEGRALS.

1

=/ (Sabt?esbt” 4 ce2et) gy
]

= 5e2/3 + e2° /2 — 13/6.

C:r(t) =[at,bt,ct], 0<t<1, ¢ = {a,b,¢], 19. 2'—‘ [Ie:’;y:ez]g“ru" =0,
F(r(t)) = bt abt2’2 + abt? _2ct *o 2o +#,
(e(2)) = [bte ate, %7}, f—xe)+y = Vf=F,
F(r)-dr= | F(x(t)) -r'dt (ab.c
./ ) ./ (&) - / F(r)-dr
7 (0,0,0)
o(3abte“b‘ + ce2et) gt = f(a,b,c) — £(0,0,0) = ge® + b2.
(3eab €%)/2 — 2, 20. F =[~2z,2sinhy,coshy], curl F = 0,
C (1) = [at, bi2,ct], 0 <t < 1, # = [a,2b%,d, Aol 2o 73,

P(F(t)) = [bt%e abt® 2ateabt 2ct]
/ F(F)-dr= / F(E(t) - ' dt

f=-22+zcoshy = Vf=F,
(a,b,c)
/ F(r) -dr

(0,0,0)
= f(aybv C) - f(0y070)

9.3. From Calculus: Double Integrals.

_<_1:<40<y<2 K ar 7ty
2

[} 0
0<r<4,0<y<2, Z‘.}A}Z}Q,

:/ (:c2+y2)dydx—/(2zz+ ~)dz = —

Sy$3—y<z<y,x—l7-¥%7-}*§,

/Z/y (z? +y2)d$dy—/( 2¥34+2y%) dy = 54.

~3<z <3 jel <y <3, A7 44y,

N (z? +y) dy dz
/2.

—/ /‘z(zz+y2)dydz+/ / (z2+y*) dydz

=/-3 [(3+2)zz+9+—3-] dr
3[(3 z)z? + 9—-? dz = 54.

S 0<y<n/4,0<z <y, A2t By,

/"/4 ”smy
w/4 rcosz
/ / zydydx
sxnz

L 0<y<2,0<z <y, 47 43y,
/ / sinh(z + y) dx dy

= / {cosh(2y) — coshy) dy = % sinh 4 — sinh 2.

.o<:<2 ,0<y <z, Az} A2y,

/ / sinh(z + y) dy dz

= / (cosh(2z) — coshz) dz = % sinh4 — sinh 2.
0

/(zz+y2)dxdy—/(—+4y)dy——5—

x/4
—/ sinydy =1-1/v2.
. 0<:c<7r/4 sinz <y <cosz, N1&)x Az,

9.
60

160
3

13

11.

1<a:<5 0<y<z? maeyx Ay,
// (14 2z)e=+¥ dy dx

:/ (1 + 2z)(e®+=* —e*)dz = &30

n/4 pcosy
/ / 2 sinydz dy

3 L cos? ysinydy = 1/16.
)
<z<3,0<y<y,

V= //(4:2+9y2)dydz

=/ (822 + 24) dz = 144.
4]

O

L 0<z<1,0<y<1-42,

1 p1—z?
v:/ / (1 —22)dydz
Jolo

:/ (1 - 22)? dz = 8/15.
o
0<z<a,0§y§z,

e f/ f(z,y)dzdr/fwb

/hz/bdx hb/2,
—-ffh :/cbf(z,y)dzdy
//z zdydz

= / 222 /82 dx = 2b/3,
v= 5 [f wensay

www.20file.org

= —a? + ccosh b.

—~9e% —e? te.
10. 0<y<w/4,0<z<cosy, §1a]% ApEsg,
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15.

16.

17.

18.

9. VECTOR INTEGRAL CALCULUS, INTEGRAL THEOREMS

o b rhzfb
=@fJ} ydyde

:/ hz?/b3 dz = h/3.
0<2<a0<y< Vi,

Ff(z,y)dzdy

e pva2—x2 a
=// dyd:p:/ VaZ —zldx
o/ o 0
=1 [a2 arcsinf+z\/a2——:c5]a
-2 1 a z=0
z= ﬁ/f zf(z,y)drdy

Vai-z2
2/ / zdydz
7ra

=7m zvaZ — z2 dx = 4a/(37),
=XZ// yf(z,y)dzdy
=m2// az_tzydyda:

- 7ra2_/ (a2 — %) dz = 4a/(37).

05r§a0§9§7r/2

M=// f(z,y) dz dy
/ /"/zrzwdr—/orﬂﬁdr—-)ra/

M/f 2 (z,y) dz dy

= 2// r2 cos 9 df dr
7'(0.

= / 2 dr = 4a/(37),
0

wa?
§= %f/ yf(z,y)dzdy

n/2
= 7ra2./ / r?sin 6 df dr

—;/ r2dr = 4a/(37).
ra 0
0<z<b,0<y< hz/b,

I // v?f(z,y)dzdy

h:/b
f / y? dydz

/ h32%/(36%) dz = bh?/12,
0

=],

<

bh

I, = 2 f(x,y) dz dy

R
b phz/b
:] / 2 dydz
9/ o

=/ hz®/bdx = hb3/4,
0

Io = Iz + I, = hb(h? + 3b%)/12.
0<z<b0<y<h—2hlz—b/2|/b

I = //R V2 f(z,y)dzdy

= ma?/4,

19.

20.

www.20file.org

b ph—2hjz—b/2|/b
=/ / y2dydz

o/ o

b c2he 2Zhohs
=// zdym// iy

H 8hiz 3 a 2
= bh3/12,
e

L
=// a:dydm+/ /%— 2 dy dz

:/ 2h13/bd:c+/ 2haz?(1 — z/b) dz
o} b/2

= Thb3 /48,
Ib=I:+1I,= hb(4h2 + 7b%)/48.
—h/2<y< h/2, S5ty — 2t <z < b

1,=[/ ¥ (s, y) dz dy

/h/z /THJ— 2 de d
= Y
—hy2d 850y

h/2
= [, e —anht @t Bl
= (a + b)r3/24,
n=f 210 e dy
= /h/z 2 +22 dz dy

h/2 —adb .
R/2 2 fb—a a+b
= - — d
/_h,zs(zh v ) v
= h(a + b){a? + b?)/48,

Ih=1I +I,, _h(a+b)(2h2+a +b2)/48.
0<y<h, =2 5% y——<x<—y+

I:z// v2f{z,y)dedy
._/ TH? Cydzdy
=/0 [(b—a)y/h+a]dy

= (a + 3b)h3/12,
z? f(z,y) dz dy

=2 f(z,y)dz dy
2h z—b/2

z2dy dz

i
;\.
'\Q
|
’

03\ 2n Y7 g
= h(a + b)(a? + b2)/48,
Io=1Ic+1Iy,
= h{4ah? + 12bh? 4 a3

B _ 3
=/‘gb a.+a+b) dy

+ a®b + ab? + b3)/48.

y+_L


www.semeng.ir

9.4. GREEN’S THEOREM IN THE PLANE

167

9.4. Green’s Theorem in the Plane

. OF2/8r — 8F1 /8y = y2e® —~ z2e¥,

% F(r)~dr=// (curlF) - kdzdy
—/ / (y%e® ~ z2e¥) dy dx

_/ [9¢® — (¢® - 1)2?] dz

= 9e2 8¢3 —19/3.
. 0F2/0x — 8F\/8y =1 - 6y,

ch(r) -dr://R(curlF) -kdzdy
:/;1/11(1—6y)dyd1:
:/_12d1'=4.

. OF/0r —0F /8y = —-1—1= -2,
f F(r)-dr:/ (curlF) - kdz dy

1/2 Vija—z2 12
/1/2/ Vija=z2

—2dydx

1/2 p2r 1/2
:/ / —2rd9dr=/ —drrdr = —x/2.

. 0F3/08z — 0F) /8y = 6zy? ~ 6xy? =
f- F(r) -dr = // (curl F) -kd:dy =0.
R

= [cos zcosy, — sinz sin v},

an/az — 8F1 /0y = —coswsiny + coszsiny = 0,

F(r) -dr:// (curlF) -kdzdy = 0.
o} R
. OF3/8x — 8F\ [0y = —sinz — cos y,

F(r) - dr_// (curl F) - kdz dy

=// (—sinz — cosy) dy dz

= (———a:sm:c—sm )d:z
0

==1-x + wcosl.
. 8Fy/8z — 8F) /8y = bxty,

f F(r)-dr= // (curlF) -kdzdy
c R
5 V25-z2
= / / 5zty dy dz
-5J 0
5 pw
= / f 576 cos? 9sin 6 df dr
9/ o

:/ 2r8dr = 156250/7.
0
. 8F,/8z —~ 8F1/8y = —coshz — sinhy,

f F(r)-dr:[f (curl ) - kdzdy
_//Sz( coshz — sinhy) dy dz

( 2z coshz — cosh 3z + cosh x) dz
= 2(cosh 3—cosh 1) +sinh 1— (14 sinh 3+4sinh 9)/3.

10.

11.

12.

13.

14.

15.

16.

17.

18.

- OF2 8z~ OF [y =e¥/z+ 2 — e¥ [z =2,

(curlF) - kdz dy

}{ F(r)-dr://

/ / 2dyd:r,—./ 2(1 —2%)dz =16/5.
6F _163‘”4
Zz 7;— = 4z sinh 2y — 2z sinh 2y = 2z sinh 2y,

f F(r) -dr _/ {(curl ¥) - kdz dy

/ / 2zsinh 2y dydz

/ z(coshx? — coshz)dr = (1 — e 2)/4.
o
r=a(l —cosf), 0< 0 < /2,

big

1 2 @ (3 2
A== rdB:—/ (1 —cos6)?do
2/ ¢ 2/ '
= (3n/8 = 1)a2.
r(t) = e[t —sint,1 — cost], 0 < t < 2,
t'(t) = afl — cost,sint),

A = lf (zxdy — ydz) = l/ (zy' — yz')dt

27
= ——/ [(t —sint)sint — (1 — cost)2] dt = 3mwa2.
T=1+2cos8, 0§€<7r/2

A:l}{ r2d9=1/2(1+2cos9)2d9——+2
2J ¢ 2J o 4
Vw = [e,e¥], V2w = e + €9,

?{Cg—nds_/f V2w dr dy
//(e‘ +e¥)dydr = /(e=+e-1)d:c

=e2 42 -3

Vw = [sinhz, 0], V2w = coshz,
a—wds—/ V2wdz dy
R

2y 2
=/ / coshzdxdy:/ sinh 2y dy
ol o o
= (cosh4 - 1)/2.
Vw = [e* siny, e® cos g},

Vi = e® siny — e“siny = 0,

awds // V2wdzdy = 0.
con R

Vuw = [6zy, 322 — 3y +2y], Viw = 6y—6y+2 = 2,

1-z2
—-ds—// Vzwdzdy / / 2dy dzx
con -1 1—z2
:/ 20v1 — 22 dz = 107.
Vw = [5:::4y+y z°4+5xy%), V2w = 2023y +20zy°,

}(_ds—/[ V2w dz dy
con R

1—:2
= / / 20zy(x? + y?) dy dz
o/ o

1

1l

www.20file.org
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19.

. z=ucosv,y = usiny, 2 + y% =u?, ¥g,

. :::ucosv,y =usinv,z = cu,

. T=ucosv,y =usinv,z = u?,

N =ry X ry = [-2u? cos v, —2u? sinv,4].
.= aucosv,y =businv,z = u?,
2
z . o
+ b2 = z, elliptic paraboloid,
2 42

9. VECTOR INTEGRAL CALCULUS, INTEGRAL THEOREMS

1 pnf2 ~ ~ ~
=/ 20r5 cos O sin 6.6 dr 2. F =[P, ), divF = 22 02 0P OFy
oJ o 9z Oy oz Ay
1
:/010 Sdr =5/3 // ddemdy_// (an apl) ddy
a Jw 6 Sw
oz waa: w :f (F1d1:+dey =fc(—F2dx+F1dy)
= (@‘ ruZ? ( ) A%Yds=§ Fonds;
oz az2 f z——~+ 15} A= f nds;
Swr &%w 32 aFQ oF
= (E + (61‘2 312) // curlF - kdl‘dy_// ( _ ) dId
(?ﬂ

d;
:f (F‘lda:+F2dy)=f (F1-—+F2—g) ds
c c ds ds

=f F -r'ds;

F:[C%z, 3y}, divF =4, crlF -k =0,
r(s) = [2cos §,2sin £],

r'(s)=[— sm§,cos2],

n(s) = [cos §,sin §},
F-n=14cos? § —6sin® § = 10coss+4,
F.r' = —20cos §sin § = —10sins,

27 p2
// didezdy:/ / 4r dr df = 16w,
R 4 0 s]

s
F nds—/ (10coss + 4} ds = 16m,

// curlF - kdzdy = 0,

4
]{ F<r’ds=/ — 10sinsds = 0.
c 0

9.5. Surfaces for Surface Integrals

r=u,y=v Jd,
v=c:z=c, FEHAA, v =2y =cz, $EA,
ry = {1,0,0}, r» ={0,1,0),

N =r. xr, =[0,0,1].

v=c:z?+y?=cf, 4,

v = cz 1y = ztancy, A4,

ry = [cosv,sinv, 0}, ry, = [~usinv,ucoswv,0],
N=ry, xr, =1{0,0,u].

z +y2_12/c 'ﬂ%x
u=e¢r:x +y2—c2/c .z =ccy, K,
v=cp: = b =i A4,

coscz sinca ¢’
rx = [cosv,sinv, ¢}, ry = [~usinv,ucosv,0),
N =ry X ry = [—cucosv, —cusinv, u].

z? + y? = 2, paraboloid of revolution,

u=cy :z? +y2 =cf,z :c%, d,
v=cp:y=zxtancy, z = x?sec?cy, LEA,

ry = [cosv,sinv,2u], ry = [—usinv,ucosv,0],

— . — 2 — 2
u—'cl-'a_2+b_2—cle—C])E"'ﬂ:

www.20file.org

b 1

v=cpiy= —xtancs,z = —Ez'z sec? cp, TEA,
a a

ry = [acosv,bsinv, 24,

ry = [—ausinv,bucosv,0},

N = ry X ry = [-2bu® cos v, —2au? sinv, abul.

. T=acosvcosu,y = bcosvsinu,z = ¢sinv,

2 2
z z .
=+ iz +Z_ =1, ellipsoid,
b 1:2 2

u=c¢:y=—ztanc),——5—+ 5 =1 N

iy =~ b osta T 2 , BHY

) 2 y

v=cs:2=csincy, — + = = cos? ¢z, B},

2

ry = [—acosvsinu, bcosv(?osu,o],

ry = {—asinvcosu, —bsinvsinu,ccos v},
N=ry Xry

= [bccos2 v cos u, ac cos? v sin u, absin v cos v)].

. £ =aucoshv,y = businhv,z = u?,

2

¥ z, hyperbolic paraboloid,
a? b2 ) "

z ¥
u=c): Zé-—b—z =C§,Z:C%, 224,

b 1
v=cz:y=—ztanhcy,z = —2:2sech2cz, XEA,
a a
r, = [acoshv, bsinh v, 2u],
ry = [ausinhv,bucosh v, 0],
N =ry X ry = [~2bu? cosh v, 2au? sinh v, abu].

. z =asinhucosv,y = bsinhusinv,z = ccoshu,

2 2
T z—z + 2—2 = 1, hyperboloid,
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10.

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

9.5. SURFACES FOR SURFACE INTEGRALS

1.2 y2
u=¢; :z=ccoshey, —2+—2=sinh2c1,EH=l_,
& 2 b 2
b z z
v=c2:y:—xtanc2’_2__z—i_=1’ =
a ¢ a? cos? ¢y

A\j)

ry = [acoshucos v, bsinhusin v, csinhv],
ry = [—asinhusinv,bsinhucos v, 0],
N=r, xr,

= [~besinh? u cos v, —acsinh? usinv,
absinh u cosh u].

- T=acosv,y = bsinv,z = u,

2 2
a—2+§—2j1,s}za 1%,
u=c1:z—2+z—2 =1,z=c;, &9,
U=1C2:%T=acoscy,y=bsincy, A,
re =[0,0,1], r, = [—asinv,bcosv,o],
N=ryxr, = [—-bcosv,—asinv,()].
T =uUCOSV,y = usinv,z =,

22 + 9% = v?,z = arctan %, helicoid,

u=c1:z? +y? =2,z = arctan g, helix,
z
b
V=¢z:y=-—ztanez,z = ca, A4,

3

ry = [cosv,sinv,0], ry = {~usinv,ucosw,1]
N =ry xry = [sinv, - cosv,u].

drawn!

r{u,v) = [u,v,u),

ru =[1,0,1}, ry = [0,1,0],

N=ry xry =[-1,0,1].

r{u,v) = [8u,6v,4 — 4y — 4v],

ry =[8,0,~4], r, = [0,6, —4],

N =r, xr, = [24,32,48).

r{u,v) = [2cos v, $sinv, u],

ry ={0,0,1], ry = [~2sin v,3cos v, 0],

N =ry xry =[-3cosv, —2sinwv,0].

r(u,v) = [cos v cosu, cos vsin u,2sinv],

ry = [—cosusin u,cos v cosu, 0],

ry = [-sinvcosu,—sinvsinu,Qcosv],
N=r, xr,

= {2 cos? v cos u, 2 cos? vsin u, sin v cos o).
r{u,v) = [2cos v cosu,2cos vsin u + 1,2sinv — 2],
ry = [~2cosvsinu,2cos vcosu, 0],

ry = [—2sinvcosu,—-23invsinu,2cosv],
N=r, xr,

= [4cos? vcos u,4 cos? vsin u,4sinv cosv].
r(u,v) = [cosh v,sinh v, u],

ru =[0,0,1], ry = [sinhv, coshv, 0],

N =ry X1y = [ coshv,sinh v, 0].

r(u,v) = [2ucosv, usinv, 2u),

Ty = [2cosv,sinv,2), r, = [—2usinv,ucos v, 0]
N =ry X ry = [~2ucosv, —4usin v,2u).
r(u,v) = [ucos v, usinv, 9u?),

Ty = [cosv,sinv, 184], ry = [~usinv,ucosv,0],
N =ry X ry = [-18u? cos v, —18u? sinv, u].
A4 2: 44 () 2 ),

=4 3: 43 (Y2 Bx);

+A 4 44 (A ¥ deg);

A 5 W (i) 2E ).

’

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

169

r(u,v) = [ucosv, usinv, 9u?),
ry = [cosv,sinv,18u], ry = [-usinv,ucos v, 0],
N =ry X ry = [-18u% cos v, —18u?sin v, u}. A}
ry 2 7t 5 2% ZAH 4 =const. 2} v =const.
o BYHE2 £ FTHo] 2y e 2n =2
Ty - Ty = o]},
r(u,v) = [u,v, f(u,v)),
Ty = [1:0,fu]7
ry = [0) 1) fv]y
N=ryXxr, = [“fu;“fvy 1]-
9(z,y,2) = 42% + 32 4 922 _ 36,
Vg = [8z,2y,182],
[Vgl = 2(162% + 42 4 8122)1/2,
A
= (1622 + y% + 8122)“1/2[41:,3;,92].
9{(,y,2) =4z — 4y + 7z + 3,
Vg=1[4,-4,7], Vgl =9,
n=5oVe =447
9(z,y,2) = 52y — z,
Vg = [Sy, Sz, —1],
[Vgl = (2522 + 2592 + 1)1/,
1
7 A
= (2527 + 2592 + 1)~ /2[5y, 52, —1].
9(z,y,2) = 47 + 22 — a2,
Vg =10,2y,2],
IVl =12(y2 + 2242,

n=——Vg

Vgl
= +22)712{0,y, ).
g(:l:,y,z):::2~y2+zz—1, N

Vg = {2z, -2y,22],
Vgl = 2(22 + 42 + 22)1/2,
1

n=.—Vg
|Vol

— (:[32 + y2 + 22)_1/2[1, -y, Z].
g(r,y,z) = x2 + y2 + 22 - 363
Vg = [2z,2y, 22],
Vol = 2(z? + 2 + 22)1/2,

1

n=.-—VvVg
IVl

= (2% + 9% +22)72[z,y,2).
(a) N(P) = ru(P) x ry(P) & o) 53,
T FEE oo @A,
" —r(P): A5y 9] W,
(r* —r(P))-N(P) =0,
(x* = r(P)) - (ru(P) x ry(P)) = 0,
(r* ~r(P) ru(P) ry(P))=0;
ol £ = r(P)+ pru(P) + qry(P) o},
(F—r(P) ru(P) ro{(P))
= (pre(P) + gry(P) ru(P) ry(P))
= p(r.(P) ru{P) ro(P))
+9(ru(P) ru(P) ro(P))=0oj=z,
r* =f =r(P) +(11793u (P)+ gqry(P) o]t}
Vg
n = =1L (r* —r -n(P) =0,
(®) n(P) = ZHZL. (6 = 1(P)) - n(P)
(r* - r(P))-Vg(P)=0.
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(C) g(I7y:z) =z-= f(I7y) = 0>
Vg(P) = {~f=(P),~ fy (P}, 1],
(r* —r(P)} - Vg(P) =0,

~(z* ~ 2(P))fz(P) — (y* —y(P) fy(P)
+(z* ~2(P)) =0,

27 —2(P) = (2" —=(P))f=(P)+ (v* —y(P)}fy(P).

9.6. Surface Integrals

-y = [1>032]7 Ty = [Oy 1,3],

N =ry xr, =[-2,-3,1],
F(r) = [31"2)”2)0]3
F(r) -N = —6u® — 3v2,

//SF -ndA = /fRF[r(u,v)] - N{z,v) dudv
= /Z/l_l(‘s“z ~ 30%) dv du

2
(—12u2 — 2) du = —36.

0
cr=uv,l—u—v,0<u<1,0<v<l—u,

ry =[1,0,-1], ry =[0,1,-1],
N =r, xry, =[1,1,1],

P(r) =[u?,e”,1],
F(r)-N=u? +e” +1,

[/SF -ndA = //RF[r(u,v)] -N(u,v) dudv

1 rl-u
:/ / (u? +e* +1)dvdu
? 0

=/ (1= u)(1+ u2) + el =% — 1] du = e — 17/12.

- rw =[1,0,2}, 1y = [0,1,3],

N =r, xry =[-2,-3,1],
F(r) = [3u?,+7,0],
F(r) N = —6u? — 312,

[/SF -ndA = f/RF[r(u,v)] - N(u,v) du dv
=/2/1 (—6u? — 3v?)dv du
04 -1

2
(—12u2 — 2) du = —36.

. ry =[1,0,0], ry = [0, —sinv,cos v},

N=r, xry ={0,—cosv,—sinv],
F(r) = [sinh(cos vsinv),0, cos® v},
F(r) N = —cos* vsinv,

// F~ndA=// Fr(u,v)] - N(u,v) dudv
S R

4 ™
=/ / —~ cos* vsinvdvdu

—-4J 0

4
=/ ——zdu=—16/5.
-4 5

. ry = [cosv,sinw, 1], ry = [~usinv,ucosv,0),

N =1y X rp = [~ucosv,usinv,u},
F(r) = [ucosv — u,usinv — ucosv,u — usinv),
F(r) N = u?(2sin? v — sinvcosv + cosv — sin v),

//SF.ndA=//HF[r(u,u)].N(u,v) dudo
- /Z/ZWF('.) ‘Ndvdu = /ZZWdu. = 6.

.r= [cosu,asinu,v], 0<u<n/2,0<v<h,

1
ry = [—sinu, Ecosu,O], ry = [0,0,1],

10.

11.
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N=ry Xry = [% cos u,sinu, 0,

F(r)= [% sin® u, cos® u, v3],

F(r)-N= % sin® u cos u + cos® usinu,

/f F¢ndA::// Fir(u,v)] - N(u,v)dudv
—-/ / (—sm3ucosu+cos3usmu) du dv

—/ 17/64dv = 17Th/64.

.r= [cosvcosu cosvsinu,sin},

0<u<n/2,0<v<n/2

ry = [—cosvsinu,cosvcosu, 0},

ry = [—sinvcosu, —sinvsinu,cosv),

N = ry X ry = [cos? v cos u, cos? vsinu,sin v cos v},
F(r) = [0,cosvcosu, 0},

F(r) - N = cos® vsinucosu,

[/SF.ndA = //RF[r(u,v)] - N(u,v) dudv

/2 pw/2
= / / cos? vsinu cosu dv du
0

2
= / gsinucosuduz 1/3.

0
. Ty = [sinhu,coshu,0}, ry = [0,0,1],

N =r, X ry = [coshu,—sinhu,0},
F(r) = [4cosh usinh u,2 cosh? u, 0],
F(r)- N = 2cosh? usinhu,

/ F-ndA =/ Flr(u,v)] - N(u,v) dudv
S R

3 2
= f / 2 cosh? usinh u du dv

-3/ o

32
= / g(cosh32 —1)dv =4cosh®2 — 4.
-3

. Ty = [cosv,sinv, 2u}, ry = [—usinv,ucosv,0},

N =r, X ry = [~2u? cosv, —2u? sinw, v?],
F(r)= [ucosv usinv, u?j,
F(r)-N=

// F-ndA= // [r(u,v)] - N{u,v) dudv
_/ / —uadud‘v_/— — 64dv = —1287.

ry = [cosv sinv,0], ry = [~usinv,ucosv, 3],
N =r, X ry = [3sinv, -3 cos v, uf,

F(r) = [u? cos? v, u? sin? v, 9v?],

F(r) - N = 3u? sinv cosv(cos v — sinv) + uw?,

J[ Fnaa= [[ PN e
- /:/?F(r) ‘Ndvdu = /;247r3u du = 1273,

Sy : r = [acosvcosu,acosvsinu,asinv],
ry = [—ecosvsinu,acosvcosu,0],
ry = [~asinvcosu, —asinvsinu,acosv),
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N = [e? cos? vcosu, a? cos? v sin u, a? cos v sin v},
Sp:r= [acosvcosu bcosvsinu,csinv],
ry = [~acosvsinu,bcos v cosu, 0],
r,, = [~esinvcosu, —~bsinvsinu, ccos v),
= [bccos? v cos u, ac cos? usin u, abcos v sin v],

53 :r = [ucosv,usinv, v],
rsz = [cosv,sinv, 0},
ry = [~usinv, ucosv, 1],

= [sinv, ~ cos v, u].
z::f(x,y)=1—~:c-—y,
OSxSLOSySl—Iv
Sz =—1,f = -1,
IN] —(l-f-f2+f2)1/2 V3,

[[swar=] / Gz, (2, 9)IN(z, 1)| da dy
11—

-1

=/ V3{(1 ~z)cosz + 1 —cos(l — z)] dz
)

= V3(2 —cosl —sin1).

2 = f(2,3) = 3¢ + 43,

1<z<00, 1<y < oo,

fo=3,fy =4,
INl=Q+ 72+ )2 =5,

/ f G(ryan =[ / Gz, v, £(2,4))IN(z, y)| dz dy

o0
—/ / Sye~ I3‘dzdy—/‘ Se~¥dy = 5e!.

—9sinu,5cosu,0}, ry, = [0,0,1],
N=ry xr, = [5cosu S5sinu,0], IN| =5,
G(r) = 625(cos® u + sin* u),

/ G(r)dA / / G(r(u, v))|N(u, v)} du dv

f(cos:t +siny) dydz

ry =|

/ / 3125(cos* u + sin® u) du dv
592/ 0

= / 9375w /4 dy = 937.57.
-0.2

r« = [1,0,347], r,,-[0 1,0],
N =ry, Xry =[-342,0,1}, |N| = (1 + 9u4)1/2,
G(r) = (1 + 9u*)3/2,

/ G(ryda = f / Glr(a, v)IN(w, )| du v

ry = {cosv,sinv,2], ry = [—usinv, ucosv,0],
N=ru Xry =[-2ucoswv, —2usinv,u],
IN| = v5ul,

G(r) = ut — 402,

[ sman=[[owwopmi g

17.

= /7: /:\/g(u5 —4u®) dudv
= /; —5V5/6dy = —5v/5x/3.

zZ= f(xs y) = (9 -z - y2)1/27
—3<2<3,0<y<v9-12,
fe= __I(g -2 y2)—1/2)
fo=—y(9 -2 —y7)~1/2,
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INI= (14 2+ f)Y? =30 — 22 — y2)-1/2,
/ / G(r)dA = / / G(z,y, f(z,))IN(z, )| dz dy

9— :2
=/ / 3dyd:z:=/ / 3r d@ dr
;3 0 oJ o

3mrdr = 27n/2.
3E T02 Be Vel WA FUSY A =
4& 905
S:224+y?=4a? 2= 0,

27r
M = // O'dA—G'/ /rdrde
—/ —d9~na2
M// oz dA
27
2// rcosﬂdrdG_O
wa

/ cxdA

y=
27
= 2// r2sinfdrdd = 0.
e

HAHdy=0,z2=049 a9 P [t,0,0},
99 ‘Q-"’]—ﬂ'ﬂ*’gQ [z.y, ],
=’§‘}°]4 Z o} \/(t—:c)"2 + 2+ 22,
? —t2~21:t+a: +y? + 22,

t=z Yo 12 o Hagre D2 =2 4 22,

I,,:f/sch"’dA—// (¥% + 22) 0 d4;

quz=0,z=0%e 8 P- [0,t,0],
38 A A @ H Q: [z,y,7],

8 Abele] Aol l= /24 (t - y)2 + 22, .
2=t -2yt + 22 + 42 + 22,

t=y 9 12 o H&3e D2 =52 4,2,

= 244 — 2,2 .
I,,—//SO'D dA—//S(z: +2%) 0 d4;
Adz=0,y=09 & 3 P: {0,0,4],

I #2) g 8 H Q: [z,y,2],

T4 Atole) Aol I = \/12+y +(t - 2)?,

12 =12 - 2;t+ 12 + 2 + 22,

t=z Y 12 o Hege D?=2? 142,
Iz=// aDsz:// (=% + y°) o dA;
Hdy=2,2=0%s B9 P: [t,1,0],

=4 Ao do ¢ F Q: [z,y,2],

T Atels] Hoj 1= \/(t—-z)z—i-(t—y)"’ + 22,
=212 —2(x 4 y)t + 22 + y2 + 22,

t= 2ty am?qavwo?—l(z v)? + 22,

IA_//SaD24A=//$ [E(I—y)z-{—z]adA.
IA=1,:/h/s(x2+y2)adA=//SdA
=/o /Odzd9=27rh.

Adz=L,y=099 ¢4 P: 10,2,
FE A Jog 3 Q: [z,5,2],

FA Aol Aol L= \[(t~1)2 + 2+ (z - B)2,
12=t2—21t+.7:2+y2+(z— —)2
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t=z 9 2 o a3 D2 =12+ (z - 2)2,

IA=//SaD2dA=//S [yz +2(z—'§')2] odA
=/2”/h [sin29+(z—'—‘) ] dzdf

_/ (h31n20+ ) dzdf = —(6+h2)

=zt +92,
%___z_ 92 _ ¥
z 1/:[:2_*_312’ ay_ /I2+y2’

R*: 2442 < A2,
Ia=1I, 2// (=2 +y%)odA

- [f e (B ()

27 4 4
L[

A4 4% %!’8( :E g=%
FYE AvkE 44 A § 2 Bl
. a2dd HAd B &= ’-Mr—k,y* 22 EF
et T4 519 d2lel & A Qlx,y, 2] o4 Wi A4
Asiel A P[0,0,t] 9 &4 B 59l A Plk,0,8 Abo]
o Aede AR 1=PQ =22+ + (. - 1),
[=PQ=\Jlz -k +7 + (2~ )" oI5k
Aged, 12 =12 — 2z + 22 +y + 22,
P=2_2:A+(z—k)?+y2+2° °]E.§.7—}7-¥t—z
f=z U {23 D? =x2+9y2, D? = (z—k)2+42
& 7t} det,

/aDZdAsz o(z? +y2) dA,
S S

Ip = //safﬂ dA = //S(f[(x - k)2 +y%]dA

= [/ o(z% + y® + k% — 2kz)dA
s

=IA+k2// adA+2k[/ ocxdA
s s

=1Is+k>M 4 2kzM =I5 + k2M.

2r ph
szf adA:j / dz df = 2%h,
S 4] 0

In=

_ 1 1 h r2x 0
x__ﬁffsadi_—ﬁ/’e/grcos dadz_07
21(

Z= — /asz——— /zdzd@
/2nh2 h /

"H 29y

et qH A = FA 4% Az z 3= Py

A4 2 ag ‘gow gl 2 2 Steiner 2] Fe]of o4,

L=Is+ ﬁ M:’;—h(3+2h2).

(a) r(t) = f(ﬂ(t):v(t)),
"J(t) = ruul(t) + ' (2), (ﬁq )

crf =1y w2 42r, ryu'V 4Ty Ty 2
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= Eu'? +2Fu'v +Gv'2,
b

1= [ JIOTD dt

= /b VEu? + 2Fu'v' + Gv'2 dt.
(b) r1(2) = r(g(t), h(®)), r2(8) = r(p(t), a(t)),

r’1=rugl+l'vh =a,l"2=l’up'+!'vlf=b,
cosy = ry-ry, a-b
Irlies] — Tallbl”

(¢) INP2 = fru x ro[? = |ru]?|ry)?sin® y

= |ruf?frs{2(1 — cos? y)

= |ruPiry|® — [rul?|ry|? cos®y

= lrulzlrviz - (ru ‘ rv)z =EG - F2§

/SdA = //HlN[dudv
/ vEG - F? dudv.

(Du=r, vH= 0, r{u,v) = [ucosv, usinv],

ry = [cosv,sinv], ry = [—usinv,ucosv],
E=1,F=0,G =142,

ds? = Edu? 4 2F dudv + G dv? = du® + 12 dv?

A(S) =

= dr? 4+ r2 d6?
27
A(S)-—// ududv-—f /ududv
27r 2
—-du—‘;ra

(e)r= [(a+bcosv)cosu,(a+bcosv)sinu,bsinv],
re = [—(a + bcosv) siny, (@ + bcos v) cos u, 0],
ry = [~bsinvcosu, —bsinvsinu,bcosv],
E=(a+bcosv)?, F=0, G =b?,
ds? = E du? + 2F dudv + G dv®

= (a + beos v)? du? + b2 dv?,

A(S) = / b{a + beosv) dudv
Z'A'R 2
:/ b(a + beosv)dvdu
0Jo

2%
= 2nab du = 4n2ab;

C: (y—-a)02+z =t?,2=0, 4,
C 9 A4 54 =1{0,a,0],
C 2] Zol = 27b,

C & F4ol BAY of Bl AH 2] Zo] = 27a,
torus A = 27b - 2wa = 4n%ab (Pappus F=}).
() 9715, 98, 34 a3 Adzsing.

r{u,v) = [acosu,asinu, v},

ry = [—asinu,acosu,0},

Ty = [0,0,1},

E=a?, F=0,G=1,

ds® = E du? +2qudv+Gd~u = a? du? + dv?,

27
A(S) = // adudv:/ / edvdu = 2wah;

r(u,v) = [ucosv,usinv, u]

ry = [cosv,sinv, 1],

ry = [~usinv,ucosv,0],

E=2F=0,G=1u?,

ds? = Edu? + 2F dudv + G dv? = 2du® + u? dv?,

A(S) = //R\/iududv = /:"/:\/fududv
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T p2
—_-/2 h_dvz\/f,,hm ds? = Edu® 4 2F dudv + G dv?® = o2 sin 2vdu? +
o V2 a? dv?,
r(%,v) = [acos usinv, asinusinv, acos v},
ru = [~asinusinv,acos usinv, 0), A(S) = // 2|smu|d-udv—‘/- / a?sinvdo du
ry = [acos ucosv,asinucosv, —~asinv),
E=a%sin’y, F=0, G = a2, —/ 2a? du = 4ma?.

9.7. Triple Integrals, Divergence Theorem of Gauss

1. /// odV 7.M=/// odV

/—/ / (=2 + y2 + 22) dz dy dz —//_2/ 2/yzdzdydz

=/22/‘ (222 + 2y + 2/3) dy dz —// 2z/ydyds = /212&1‘16/3
/-

= (1222 +112) dz = 512. 8. Iz=_///T(y +2%)av
2 e b2 pe)2
2. M:/f/ cdV :// / W% + 22)dzdy dz
25 A ;/bg/z ~e/2
~¥
S e S e
2 rl
=[ / (e7v=* —e71-%)dy dz /(b3c+bc3)/12dx=abc(b2+c2)/12.
o/ 0 )
2
=/ (7% —2e7172)dz =2¢=3 e 2 _9e-1 473, 9 I =// T(y2+22)dV
1]

3. M=///Tadv =/;/;/:(y2+22)dzdydx
=/‘2 /1/2/ (sinwzcos wy + 2) dz dy dz =/0/0(ay2+a3/3)dyda:
/

= /l/z(gcosvry+2)dydz =/0204/3d:¢=2a5/3'
7?2 ° 10. I¥3A2 oy, -
= ( +1)dz =8/%2 + 4. 0<:c<h 0<r<z,0<0<2m,
2 R

4 3REE 2A, _ 24,2
0<r<8,0<0<2m -3<2<3,0=r4f3, I"/f/T(y +2)av

2% h px r2x
M= /f/ vdv = / / f 5 /3 dr d dz =/// r3 df dr dz
-3 o/ o/ o
27 h pz
/ / 81/2d9dz_/ 81w dz = 486w =/ / 2773 dr dz
. 0<z are

5 <l-y-z0<y<ioz, 0<z<1, N s 45 /10
M= // cdv */o”/ =7h?/10.
JHr 1. I¥Tz 2,
:// / T ozy de dy dz _ 0<2<h0<r<a,0<0<2m,
o/o Jo . +zz_,.2
-~z
=[ [ Tet-y-zpaa L=l @+
ol o T
1 h ra 2%
=/(z—1)4/2dz=0.1. =/// r3 df dr dx
° ogeg phelo
L 0<T<1,0<y< 122,
6. 0<z<1,0<y<1l-—z <z<zm ___//21"3‘#‘11_
M=/ odV o/ o
- h
1 p1-22 2 =/ wat/2dz = nath/2.
= 4zdzdydx

[}
o Jo 12. 7HHEZ uAA,
0<r<a 0<o<27,0<6 <,

1-z
Z./o/o 22% dy dz ¥? + 22 —r2(sm205m ¢+ cos? 8),
/1

22%(1 — z%) dz = 4/15. Iz=///T(y +z%)av

www.20file.org
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a p2r pw

=// /(y2+22)rzsin9d8d¢dr
97870

=// 2r4(1 4 2sin® ¢)/3 dp dr
0J 0

a
/ 8r*n/3 dx = 8ma®/15.
dwF =2z + 2z,

// F-ndA = // divFdV
/ f / (2z + 2z) dz dydz
—2
/ j 4zdydz—/ 24zdz = 0.
—2J -3 -2

divF =e® + ¢e¥ + €7,

// F-ndA:/// divFdVv

s T
1 gl

:/ / / (e= +e¥ + e*)drdydz
-1 —1/ 1
1

:/ / 2(sinh 1 + e¥ + e*)dy dz
—1d -1

1
= / 4(2sinh 1 + e*) dz = 24sinh 1.

-1

FHER 3XH,
0<r<2,0<0<27,~-2<2<2,
divF = —sinz,

/f F-ndA://f divFdV
S T
2 27 p2
=/ [ / —~rsinzdrdfdz
-2J0Jo0

2 27 2
=/ / —2sinzd9dz=/ —4nsinzdz = 0.
-2J 0 -2

FHEZ 2HY,
0<r<3,0<8<27,0<2<2,
divF = —sinz,

// F‘ndAzf.// divkFdVv
S T
2 p27x 3
:// f — rsinzdrd@dz
oJoJo

17.

18.

19.

20.

2 p2w 2 .
=/ / —95inz/2d0dz=/ —97rsinzdz =
o/ 0 0

9n{cos2 —1).
0<z<1-y—-2,0<y<1-20<z<1,
divF =4,

/f F-ndA:/// divFdV
S T
1 pl—z pl—y—z
=/ / / 4dxdydz
o/ 0 0
1 pl—z
=/ / 4(1 —y —z)dydz
g/ o

2(1 — z)%dz = 2/3.

]
0<z<1,0<y<1-2,0<z<1-2~y,
divF =4z +y -+ wsinwz,

/ F-ndA:/// divF dV

S T
1 pl—z pl—zx-—y

:/ / / (4z + y + msinnz)dzdydz
o/ o 0

:/lfl_z[1+(4:z:+y) 1-z-v)

—cosw(l —z—y)ldydzs

/ [7/6+z/2— 71:2/2-{'113:3/6—— sinm(1—x)] dx
=17/24 — 2/72.
FddEz a4,

0<r<3,0<¢<2m,0<0< T,
divF = 3r2

j/ F-ndA:/// divFaV
S T
3 r27
=// fr4sin0d9d¢dr
0/ 0 0
3 p2w
=/ / 2rt dpdr -
oJ 0

3
4rtydr = 9727 /5.

429 9 AR 28] divF 7 285 sl oE
A sd A4S Agel W AR

9.8. Divergence Theorem: Further Applications

= [_21": _2yv 4Z]y

S :z2=0,0<y<20<2<4,
3

n=[-1,0,0}, = =2z =0,

Sp:z=1,0<y<20<z<4,

n=(1,0,0], = =—2r=-2,
S3:0<2<1,y=0,0<z<4,
a3
n=[07—1>0]7 ~—=2y=0,
n

S1:0<z<1,y=20<z<4,
af

n=[0?170]>%:—2y:_47

Ss:0<2<1,0<y<2,2z=0,
a

n=1{0,0,-1], a£=—4z:0,

Se:0<z2<1,0<y<2,z=4,

n=[0,0,1], == = 4z = 16,
n

DD
n
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L Vf=

[ Za=2 ], 5
:/0/0(—2)dzdy +/0/0(—4)dzda:

+/2/116dxdy:—-16—16+32=0;
V2f0=(i2—2+4=0,

szdV 0.

[21,—2y,0]
S1:z2+y?*<4,2z=0,n=10,0,-1], %:o,
52:z2+y2§4,z:1,n=[0,0,1],—f;-'{=0,

S3:z*+y2=4,0<z<,r= [2cosu,2sinu, v,
ry = [~2sinu,2cosu,0}, ry = [0,0,1],
N =ry X ry = [2cosu,2sinu, 0},
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—[cos 1, sinu, 0},
N

a—f = 4cos? u — 4sin?u = 4 cos 2u,

.//g@n Z//s on
=/0/Z"4cos2ududv=0;

Vif=2-2=0,

// Tv2fdv=o.

. FRSEZ AW,
0<7<2,0<¢<27,0< < /2,
divF =1,

// F-ndA://f divFdv
S T
2 p2x px/2
=/f / r25in6 d6 do dr
oJ 0 [1]
2 2w
:/ / 2 d dr
g [1]

= / 2r2x dz = 21 /3.

0
. FHEF aA™,
0<7r<20<0<27,0<2<3,
divF = 10,

f/ F-ndA:/// divFdv
S T

3 27 pz
=// /10rdrd8dz

ol g Jo

3 p2x 3
= / / 522dfdz = | 10wz2dz = 90x.
0

Q
. z=3rsinfcos¢,y = 6rsinfsing,z = 2rcosb,

0<7<1,0<6<2m,0<8<m,
leF—lO

// F-ndA = /f/ divF dV
=/ /2”/ 36072 sin 6 d§ dp dr
- / / 72072 d dr

= / 1440727 dz = 4807.
. divF = 10 + 322,

// F-ndA=/:// divFdV
S T
1 z v
=/ / /(10+3z2)dzdydx
—1J z/2J 0O
1 z
=/ / (10y + 43) dy da
-1J z/2

1
= / 15(16 + x2?)z?/64 dz = 83/32.
-1

. divF = cosz —siny + sinh z,

//SF-ndA=///TdideV

/2 px pz
:/ / / (cosz — siny + sinh z)dy dz dx
0 0/ z
/2 pz
:/ / [(z — z){cos x + sinh z)
0 0

+cosz — coszldzdx

10.

11.

12.

w/2 1
:/ [sinz — 5(:1:2+2J:)cosx—cosha:+ 1}dz
°

=1-72/8 —sinh —.

- FRE=2 nAH,

0<r<vz,0<8<m0<2<4,
divF = r(cos8 + sin§),

//SF~ndA=//deideV

4 prm op/z

=/// 7%(cos 8 + sin 8) dr df dz
g

=/ / 2%/%(cos 0 + sin 6) /3 d6 dz
o/ o

42
:/ =232 dz = 128/15.
03

1 1
=@yt ) = o

Vf=[z,y2=1,Vif=3,
r-n Vf-n
oS = — =

]l
ﬂ-Vf n=rcosg,

o fff 3]

1
= os pdA.
3_/ san 3//5Tc ¢
r=[acosucosv,asinucosv,asmv],

ry = [~aesinucos v, acos ucosv, 0},

ry = [—acosusinv, —asinusinv,acosv],

N = ryXry = [a2 cos ucos? v, a? sin u cos? v, a? cos v sin v}
IN| = a® cosv, n = fcosucos v, sinu cos v, sin v],

rcos¢ =r-m=a

V(T):l/f rcosq&dA:l/:/ e|N} du dv
2% )
/ / adcosvdvdu = = / 243 du
3 -%

= —7ra3
= [2,0,0], divF = 1,
< flf o= e
= zdydz;
FZ[0.4,0], divF =1,
o [l e
= ydzdz;
FZ[0.0,2), divF =1,
V(T) =///TdV=///TdideV
- //Szd:cdy;
F = iz,y,2], divF =1,

V(T) /f/ av = /// divFdv

3 s(mdydz+ydzd1:+zda:dy).
(a) div (gVg) = Vg - Vg + gV2g = [Vg|?,

i vapav = [ff _div(gVg)av
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. r(u,v) =

. r(u,v) =

9. VECTOR INTEGRAL CALCULUS, INTEGRAL THEOREMS

// (9Vg) -ndA =//Sg%dA.

g

0 Zoo []] e
A={PeT:Vy(P)=0},
B={PeT:Vg(P)#0)},

B, ={PeT: lVg(P)I> b

B, CB,B= U B,, V(B) < Z V(Ba,),

Jlf e [ s ]
/f/ Ivel*av > f/f Vol av
/./ W>“V(Bn) n,

= V(Bn) = 0 Yn,

= V(B)=0=Vg(P)=0,"PEeT
= g(P) = const., VP ¢ T.

() div(fVg —gVJ)
=Vf-Vg4fVig -Vg.-Vf —gV2f
= fv2g —gV2 f 0,

IRGEAE

~

=f[s(ng—gi)-ndA

:// div(_ng—gi)dV'—O

(A h=f~g VIh=V2j_V2g=9,
o or by _ 0

on  on  on

h(P) = const., VP € T,

f(P) = g(P)+const.,YP € T.

(e) B@at Aol A T ol & A Q : (z0,%0,20) o
Aej A hg3t Zol & 4 gl

Tv2f dV = V2 f(xo, yo, o) V(T),

V2 f(x0,30, 20) = V%///Tvvdv
1 af

V(T)./ S(T)and ?
NRT YRA RGP P:(z1,1,5) &€ ZJ5|2 T
P2 FFAINR. 5 P oAAT o oo Fzx
A A= FelA 7bE 2 A= d(T) 71 0 22 7},
Q= AP of vt=a i) geiy et 3
o] V2f(z1,31,21) o) chel HIA} TAE Yol &

ded.
2
V2 f(z1,5,21) = a0 V(T)/./S(T)andA

9.9. Stokes’ Theorem

[v,9,1,0<u<1,0<v< 1,
ry =[1,6,0], ry = [0,1,0],

N=r, xr, =[0,0,1],

curl F(r) = [0,2, 5],

{curl F(r))-N =5,

f (curlF) -nd4 = /:[ (curl F(r)) - Ndudv

—//Sdudv_/de—s

r(t) =[t,0,1,0<t< 1, ¢ = [1,0,0},
r(t)=[L,t-1,1,1<t<2,¢ =0,1,0},
r(t)=[3-¢1,1},2<t <3, =[-1,0,0],
r(t) =[0,4—1¢, l],3<t<4 v =[0,—1,0],

5{ F-dr = [ F(r(t)) - ' (¢) dt

:/odt +/15dt +/2(—1)dt +/40dt=5,
ages, // (curlF)-ndA:f F -dr.

[ucosv usinwv, 0], 0<u<2 0<v <,
ry = [cosv,sinv,0], ry = [——usmu ucos v, 0],
N=ry xry, =[0,0,1],

curl F(r) = [0,0, —2u{cos v + sinv)],

{curl F(r)) - N = —2u?(cos v + sinv),

/ (curlF)-ndA:// (curl F(r)) - Ndudv
—/ / — 2u®(cos v 4 sin v) dv du

:/ — 4u? du = —32/3,

o
r(t) =2t +2,0,0}, -2<t<0, ¢

= [2; 0,0},
r(t) = [2cost,2sint, 0], 0 < t <,

www.20file.org

. r(u,v) =

= [~2sint,2cost,0],
f F. dr—/ F(r(t)) (1) dt

=/ odt —8/ (sm3t+cos3t)dt=—32/3,
-2

aeog, (curiF) -nd4 = f F .dr.

fu, v;sv 2,0<u<4,0<v<2,
ry ={1,0,0], ry = [0,1,2v],
N=ryXr,= [0,-2v, 1],

curl F(r) = [0,6"2,0],

(curl F(r)) - N = —2ve?”,

/S(curlF)-ndA ://

4,2 o
= / / — 2veV" dvdu
2 1}

= / (1 —ef)du = 4(1 — &%),
r(t) 2 [t,0,0,0 <t <4, r =[1,0,0],
) =[4t-4,(t-497,4<t<s,

r =[0,1,2t - §],
r(t) =[10 — £,2,4],6 < ¢ <10, r =[-1,0,0],
r(t) =[0,12 —¢,(12 — t)2], 1<t <12,

© =[0,~1,2¢t — 24],

f F.dr= 12F(r(t‘)) r'(t) dt

iy
0

+ / Ge(t“‘)z[sin(t — 4) + (2t — 8) cos(t — 4)] dt
4

(curl F(r)) - N dudv
R
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10
—/ etdt
6

12 2

+ / e(2=)" [ sin(12 )+ (2t—24) cos(12—1t)] dt
10

= 4{1 — &%),

a8ez, // (curl F) -ndA :f F -dr.

. r(u,v) = [cosi,sinu,v], 0<u< 7r,00 <v<w/4,
ry = [—sinu,cosu,0), ry = [0,0,1],

N =ry xry = [cosu,sinu, 0},

curl F(r) = [0, — cos 2v, 0],

(curl F(r)) - N = —sin ucos2v,

/ (curiF) -ndA = // (curl F(r)) - N dudv

/4
-—/ / —sinucos2vdudv
n/4

—2cos2vdv = —1,

r(t) ={cost,sint, 0,0 <t < x,
v’ =[-sint,cost,0],
R0 = [-1,0,t =7, 5 <£< 2m, = [0,0,1],

£(£) = [—cos(t — 4§7r),—-sin(t - §7r),1 1,

4
r(t) = [1,0, —7r-—t],—7r<t<~g1r,r =1{0,0,-1},
5

5 9 5
—m<t< Z7r r’ = [sin(t— Zw), — cos(t— —7r), 0},

f F.dr = / 2T R(e(t) - P(t) dt

—/ Odt +/ cos2(t — n)dt

+/4 0dt — /9 cos2(— —f)dt = -1,
4
:LEL_E_, // (curlF) - ndA =f F .dr.
S [o4
. r(u,v) = [vcosu,vsinu,v?],
0<u<s<mo<v<i,
ry = [—vsinu,vcosu,0], ry = [cosu,sinu, 2v],
N =ry X ry = {207 cosu, 2v? sinu, —v],
curl F(r) = {—2v?, ~2v cosu, ~2vsinu},
(curl F(r)) - N = 20%(—2v2 cos u — vsin 2u +sinu),

f Sl(curl F) ndA = / / (corl () - Ndudo
= / / 20%(—2v? cos u — vsin 2u + sinu) du dv
(1) [+]
= / 40 dv = 4/3,
r(t) 2 [-t,0,6%], -1 <t <1, ¢ ={-1,0,24],
r(t) ={—~cos(t —1),sin(t — 1),1}, 1 <t < w+1,
= [sin(t — 1), cos(t — 1),0],
*+1
}[ F.dr = / F(r(t)) - () dt

C
:/ 23 dt +/, [sin®(t ~ 1) + cos(t ~ 1)] dt
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= 4/3,
a2z, /f {curlF) -ndA = fCF - dr.

- r{u,v) = [cosvcosu,cosvsinu, 1 +sinv],

OSUSW,—%WS‘USO,
ry = {— cos v sin u,cos v cos u, 0},
ry = {—sinvcosu, — sin vsin u, cos v},
N =r.xr, = [cos® v cosu, cos? vsin ,sinvcos v],
curl F(r) = —2[1 + sinv, cos v cos u, cos v sin u],
(curl F(r)) -N = —2cos? vlcos'u + cosvsinucosu
+ sin v{cos u + sin u)},

/ (curl F) - ndA-// (curl F(r)) - N du dv
/ / — 2cos? vfcosu + cosusinucosu
—-1r

+sinv(cos u + sinu)] du dv
0
=/ 1 —4cos’vsinvdy = 4/3,
-
2
r(t) =[cost,0,1 —sint], 0 < t < 7,
r’ =[~—sint, 0, —cost],
r(t) = [cost, —sint, 1], » <t < 27,
r’ =[—sint, —cost,0],

}{ Fdr = / Z"F(r(t)) F(t) dt
= /:(—cos3t)dt +/2”(— sind t) dt = 4/3,
age g, // (curlF) -ndA4 = f F-dr.

. r(u,v) = [ucosv usinv, 1],

0<u<2,0<v<2m,
ry = [cosw,sinv,0], ry = [~usinv, ucosv,0},.
N =r¢ X1y =1{0,0,u),
curl F(r) = (0,0,9)],
(curl F(r)) - N = 9u,

F- dr_// (curlF)-ndA
C S

2
/[ 9udvdu-/187rudu=367r.
0

= [ucosv,usinwv, b},
0<u<e, 0<v <27,
Ty = [cosv,sinv,0}], ry = [~usinv,ucoswv,0],
N=ry x1, =[0,0,u],
curt F(r) = [0,0,1 — 4usinv],
(curl F(r)) - N = u(l — 4usinv),

F-dr:// (curiF)-ndA

—// u(1 — 4usinv) dv du

27ru du = wa2.

. r(u,v) = [ucosv,usinv,1 + usinv),

0<u<L,0<v< 2,
ry = [cosv,sinv,sinv],
ry = [—usinv,ucosv, ucos |,
N =ru X £y = {0, ~u,u],
curl F{r) = [0,4, -2},
(curl F(r)) - N = —6u,
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f F~dr—/ (curl F) -
—//ZR—Gudvdu

/ — 12nudu = —6x.
0

r(u,v) = [ucosv,v2usinv,

0<u<3/v3 0<v< 2,

ry = [cos v, v2sin v, cos v],

ry = {—usiny, vVZucosv, —usinv],
N =ry x ry=v2u[-1,0,1],

curl F(r} =[1,0,-1],
{curl F(r)) - N = —2/24,

ch'dr =//s(curlF) .

27 b
=/ /ﬁ—zﬁududv
[s] 0

2n -9
= / 7_5 d”U = —9\/571'

r(u,l?) ={u,v,1 —u—v],
0<u<,0<v<1l~uy,
Ty = [1707_1]>

ry =[0,1,-1],

N =r, xrp=[1,1,1],

curl F(r) = [~u»,0,v(1 — u — v)],
(curl F(r)) - N = v(1 — 2u — v), 15.

F dr_// (curlF) -

*/ /1 uv(l—2u~—v)d‘udu

/ (1 —4u+ 3u?)/2du = 0.
[+]

r(u,v) = [u,v,v%], ~e < u

ndA

3 + ucosv],

ndA

ndA

<a,-V<v<V,

V=\/—%+\/§+a2—u2,
. / F(r) -dr = / F(r(2)) -

/ oS / F(x () dt.
CFolA R4 (AR U4) & Bl WA TA | 1p

& oot Ao Ao ARPold.
Az 2 ARYH 2
e 2 Y2 Ane o (BE). 13-

Az A& ARy 2

B8 7 AAEe Bt chad (vBE, 34). 14.
o A oy Fz e dEstexE 4A 2F.
ARE, 98, o5 HE, AHE, 45 AR 15.

// (curlF) -ndA =

5 AN A4oln ol2 et Mel B o, 16.

Jif v -7 ¥

o] $- %_9.#} Ry ‘é“*
div _E:.l. +a.£2. +8F3

T 9z By @ 0z
Z o AR

13.

14.

Ty = [17010]7 ry = [0, 1,24},
N =ry X ry= [0, -2v,1],
curl F(r) = (0,0, 0],

(curl F(r))- N =9,

F-dr = // (curl F) - ndA
C s

o \'’
=/ / Odvdu =0.
—aJ -V

r{u,v) = [u,v,1 —u — 7],
0<u<,0<v<1~u,

ry =[1,0,-1], ry = [0,1,~1],
N =ry xry=11,1,1],

curl F(r) = [0, —3u2,—3v2],
(curl F(r)) - N = -3(u? 4 +2),

F dr_// (curlF) -ndA

//1 u—3(u +v2)dvdu

/ —[Bu? + (1 ~ u)¥)du = -5/4.
r= [goss,—sin 5,0], r' = [~sins, —coss, 0],
F(r) = [sins, cos 5, 0],
2m
F-r'ds = / (—sin%s — cos? s)ds = —2m;

c 0
Fo13 el go] WA dgo] ofrich
[ vrer=18)- i),
A:C g ARH, B: C 9 &Y,

// leFdV—// F-ndA,
[ re0=]] 2o

// (curl F) - ndA:f F.r'ds, .
s c

//S(curIVf)-ndA :fCVf-r' ds = 0.

il

Chapter 9 Review

— dt 9.
10.

ol HE FIT AR
ol A2 FUW AZS

F r' ds,

ndA.

,HEEE Ao n v
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11.

AZof 2 EX ot} wie}t YHE o] gho] v}
7H R Y 8 +3h I AQ (WAY), EdE
Avke flux & A4 (FHR).

dG YRE Bo] 222 E=rj=AS A,

- 2AAY Jos BN Bol YT HT 4 A

3.
2p_ Of ?fi 8%f
V= oz 922 + +3z =6
44, I"*Fﬁ%% Fabe= o el
23 F57t 492 AAAA 0 o] BT 0 o]
o
AAZ AL dolof HEo) 7I5snz HE A
] A Golsies Aol vl s

OF:
SZ=0="2 Rye Azd 23,
dz 8y

2

F=V/ == 2y,
(—3,5)
/ F(r)-dr

(4,2)
= f(=3,5) - f(4,2) = -325/3.
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17.

18.

19.

20.

21.

22.

CHAPTER 9. REVIEW

curlF =0, 2 ¥-o0] Aze T3,
F=Vf, f =sinzy + e?,

(Z.m1)
/ 2 F(r) - dr
(7,1,0)
1
= f(-2—,1r,1) - f(7,1,0) =e.

curl F =-1,0,—z] # 0, H&e| H2o &&,
r(t) ={t,26%,1], 1 <t <2, 1 =[1,4¢,1],
F(r(t)) = [23,,0),

2

/CF(r) dr= /1F(r(t)) o dt

2
=/ (2t + 4t2) dt = 101/6.
1

curl F = {0,0,cos z] # 0,3 %¢) Agd o=,
AR B 2 =0 Ho gle=2, n=[0,0,1],

f F(r)- dr_j/c(curlF)-ndA

2
_]/ coszdzrdy = dy~2
‘3F 2 (""*]ﬂl W), ~2 (*1 Al vhE).
2
3—1_—@—31 +3y #0,

HEol Az HE, oF
1

8F,
F -dr = —_—= - dx d
f (r) -dr //x(ax ay) v
2
// 3r3d9dr—/67rr3dr—247r

S 247 (WAIA 9, —24n (A1) w).
curl F = x[0, sin 7z, cos mx + sin 7y} # 0,
HEol Az &,

r{u,v) = {u,v,u),
0Su<:,0<v<4,

ry =[1,0,1}, ry ={0,1,0],

N =ry xry=1{-1,0,1],

(curl F(r)) - N = n(cos wu + sin 7rv),

fF-dr:/‘/- (curlF) - nd4
c s
= r4
= /2/ m(cos 7u + sin wv) dv du
oJ o
1

24xcos Tudu = 4.

0
s 4 (HAA ), —4 (A4 W)
curl F = {-1,-1,5} #£ 0, J¥o] H2of &,
r(u,v) = [ucosv,usinv,ucosv + 2|,
0<u<2,0<v< 2
ry = [cosv,sinv,cos v],
ry = [~usinv,ucosv, —usiny),
N = ry X ry= [—u,usin 2v,1],
(curl F(r)) - N = u(6 + sin 2v),

F dr = /(curlF) ndA
2n
-—// u(6 + sin 2v) dv du

l27ru. du = 247¢.
B 2hr (GAA ), 247 (214 ).
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23.

24.

25.

26.

27.

28.

29.

30.

curlF = 0, %o} Hzo] 23,
F=V{f, f = 4z%y + sin2z,

/gé)%g) F(r) - dr

1 1 o
=7 7= 7))~ f(1L,0,0) =14+ V2.
s ) ~L0.0 =142
curl F = 0, Y ¥o] A2 23,
F=Vf, f=e"% + cosh?2y,

(1,1,1)
/ F(r) - dr
(=1-1,1)

= f(1,1,1) - f(-1,-1,1) = 2sinh 1.
curlF =0, ¥ o] A2 T3,
F=Vf, f=e"+e¥4e*,

(in2,2,ln2)
/ P(r)-dr

179

(0,1,0)
=f(ln2,2,In2) — f(0,1,0) =e? — e+ 2.
6 AF;
0% 3’—2yer——¢o, 4ol Fzo o,

}{ F(r) - dr—// (B—Q—Gﬂ) dz dy
_// <2ye _—> dy dz

(3& —zln2)dr =3¢ —2In2 - 3.

9. 3¢ —2m2-3 CHAA Y,
—3e% +2In2 + 3 (A4 B3).

curl F =0, A&o] F2o 53,

F=Vff=3a%+

fCF(r) cdr = 0.

curl F = [0)07y2 - Sinhy} ;é 0) z’!’%
r(t) = [t,3¢,4%), 0 <t < 1, ¢’ =11,3,21],
F(r(¢)) = [cosh 3t,9¢3,¢2],

/ F(r) cdr = /1F(r(t)) v dt

Zedv —6'32,

(cosh 3t +20t%) dt = g sinh 3 4 Tg
curlF—[ 1,0,0} £ 0, A¥o] Ao o=,
r(u,v) = [u,v,0],
0<u<1,0<v<u,
ry = [1,0,0], ru—[OIO
N =r. xry=[0,0,1],

(curl F(r)) - N =0,
F~dr=// (curlF) -ndA
// 0dvdu=0.
curl F = [2zy, ~%,0] # 0, = "r’-°l Az 2 E,

r(t) = [cost,sint,3t], 0 < t < 5,

r’ = [—sint,cost, 3],

F(r(t)) = [cos® t,sin?¢t,cos tsin? 1],
n

dre [ 2B .
joF;r) dr-‘/‘0 F(r(t)} -r' dt

= /2(—cosztsint+4sin2tcost)dt =1.
o

ol Az o E,
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3. 0<z<1,0<y<u,

M= // f(:,y)dzdy—//a:ydydz
—:c3d:c..—

Mf/ 2f(z,3) dz dy
=8[/zydydz

/4x4d:_'g,

- M// vf(z,3) de dy

il

Hl

<

32. ~1<z<1,22<y<1,

M= [/ flz,y)dzdy = / / z?ydyds

2/ —I2(1~I4)dz—‘2—1

= // 2(z,y) de dy
—I/ / z3ydydz
1

=/ 1—1:3(1—-1:4)d:¢: 0,
y= M// vi(z,) dody

=—/ / z%y? dy dz
4 —1 2

17 7
=/ -z2(1 ~ 28) dx = —.
14 9

33. 1<z2<2,0<y<Inz,

e [ o= [ s

= Inzdzr =2In2-1,

1
1
=ﬁ// zf(z,y) dady
lnz
- dz
21n2—1/_/ zdy

= / rlnxd:c—gll—lz——a,
2ln2—1 2ln2-1

=3[ e

Inz
= 2In2—1/ / ydydz

(ln2—1)?

= /ln zdr = ———.
41112 2 2in2-1
34. 0<r<a, 0<0<1r

M= [/ f(z,y)d:cdy—-//rdedr

= 7rrdr— a

Hl

8

<

3

T = %//sz(z,y)drdﬂ

35.

36.

37.

38.

www.20file.org

= 2//rcos@dedr——o
wa

g= yf(z,y)drdf
= 2/ / r2sin 0 d9 dr
1ra
=— 2dr— —
wa‘J o 3

-1<z<2,22<y<z+2,

M= f/ f(e,y) dedy = /]
—/ ?(x+2~ :cz)dz—
=M/f 2f(z,y) dz dy
=6_3,/‘_vl/;,2 z3 dy dx
:-z—g-/z_lrs(x+2—-x2)dz=§,
:iff bS(e3) de
/ / 2y dy dx
118

/_1621 (x4 2)%2 — 2%))dz = TR

0<r<a0<0<§

M= // f(xy)d:cdy—//z r3dodr

—1-3 dr = —a

M// :cf(z y)dr df .

z?dydx

20

Hl

3
: .c.
Q
S,,
’s?
NS
;l.

&

= 7ra,4/ / 45in @ d@ dr

= rédr = —.
7I'tl4 0 57"

r=[u,v,2u+50),0<u<?2 ~-1<v<1,
Fu = [170y2]7 Ty = [07175]7

N=r, xry ={-2,-5,1],

F(r) = [u,v,0],

F(r) -N = —2u — 5v,

-/:/SQF .lndA - /[RF[r(u,u)] - N(u,v) dudv

2
=/ —4udy = —8.
o
T

r=[v,2co5u,2sinu}, 0 <u< -, —=<v<

l\)
mlr--l
N

ry = {0,~2sinw,2cos 4], ry = [1,0,0],
N =ry X ry = [0,2c08u,2sinu},

o
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40.
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CHAPTER 9. REVIEW

F(r) = [sinv, 2sinu,2 cos ],
F(r) -N = 4sin2u,

// F-ndA = // Flr(u,v)] - N(u, v) dudv
/ /24sm2ududv

:/ 14dv=4.

2
divF = 20 + 622,

// F-ndA=// divFdVvV
*///(20+622)dzdydz
//(20y+2y3)dydx—/o~—dz=63

div F = 3(z2 + % + 22),

// F-ndA.—./// divFdV
S T
2 /2% pw
=// /3r4sin9d9d¢dr
g (2) © 2 4
X:e
T
=// 6r4d¢dr=/ 121rr4dr=—.—38 .
o/ o 0 5

r=[uu?v),0<u<1, —2<v<2
re = [1,24,0], ry = [0,0,1],

N =r. xry = [2u,-1,0},

F(r) = [0,u2, ~uv],

F(r)-N = -2

3

42,

43.
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45.
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/f F.ndA= // Flr(u,v)] - N(u,v) du dv
__/_2/ —uzdud'u—/ 2—%«11::—%.

r={u,2u,7}, -1<u<1,0<v<3,
ro =1,2,0], ry = [0,0,1],

N=r, xry=[2,~1,0],

F(r) = [e22,0,ve*],

F(r)- N = 2%,

// F-ndA:// Fir(x,v)] - N(u, v) du dv
SS 1 R 3

= f / 2e2* dy dy= / 2sinh 2dv = 6sinh 2.
0/ -1 [

divF =0,

f/sF'“‘M =/f/Tdivpdv —o.

divF = 2z,

// F-ndA = /// divFdV
-—/ /2"/ 2zrdrdo dz
._/ /2ﬂ4zd¢dz-—/ 8mzdz = 16m.

dwF =2,

// F . ndA = /// divFdV
2n
_// / 2r? sin 8 df dp dr
21r
:// 4r2d¢dr=/ 8nr? dr = 72x.
o/ o 0
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CHAPTER 10

Fourier Series, Integrals,
and Transforms

Fourier series! (Sec. 10.2) are series of cosine and sine terms and arise in the important
practical task of representing general periodic functions. They constitute a very
important tool in solving problems that involve ordinary and partial differential
equations. In the present chapter we discuss these series and their engineering use from
a practical viewpoint. Further applications follow in the next chapter on partial
differential equations.

The theory of Fourier serics is rather complicated, but the application of these series
is simple. Fourier series are, in a certain sense, more universal than Taylor series,
because many discontinuous periodic functions of practical interest can be developed
in Fourter series, but, of course, do not have Taylor series representations.

The last four sections (10.8-10.11) concern Fourier integrals and Fourier
transforms, which extend the ideas and techniques of Fourier series to nonperiodic -
functions defined for all x. (Corresponding applications to partial differential equations
will be considered in the next chapter, in Sec. 11.6.

Prerequisite for this chapter: Elementary integral calculus.
Sections that may be omitted in a shorter course: 10.5—10.10.
References: Appendix 1, Part C.

Answers to problems: Appendix 2.

'JEAN-BAPTISTE JOSEPH FOURIER (1768—1830), French physicist and mathematician, lived and
taught in Paris, accompanied Napoleon to Egypt, and was later made prefect of Grenoble. He utilized
Fourier series in his main work Théorie analytigue de la chaleur (Analytic Theory of Heat, Paris 1822),
in which he developed the theory of heat conduction (heat equation, sec Sec. 11.5). These new series
became a most important tool in mathematical physics and also had considerable influence on the further
development of mathematics itself: see Ref. [9] in Appendix |.

www.20file.org



www.semeng.ir

184

10.

11.

12.

- fa{x+ p/aj)=f(ax + p) =f(ax) :

10. FORIER ANALYSIS AND PARTIAL DIFFERENTIAL EQUATIONS

10.1. Periodic Functions.Trigonometric Series.

2w, 27, w, w, 2, 2,1, 1
2‘”7 2?‘”) ky k) n' n
h(z +p) =af(z +P) + bg(z + p)
= af(z) + bg(z) = h(z),
- flztnp)=flz+(n—L)p+p)
=fz+{n-1p)=---= f(z),
- ¥p >0, const = f(z 4 p) = f(z),

f(ax)= F71
p/as] 714 ol

f((x+bp)/b) =f(x/b + p) =Hx/b):f(x/b)=
bpe] F7|g4olt.

cosz : F7| 2w

cosz/2: F7] 4w

cos2zr : F7| w

771
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14.

15.

16.

17.

18.

19.

QI

b
o

3‘1*‘ 7% _10m <z < 10well A Jehg

W

ch.c matlaboilxi vH 1%% :1%1 niﬂ-%"lﬂ}-
for i=-4:4

x=X+2%pi;

f=x;

plot(x,f-2*i*pi);

hold on;

end

x=-10*pi:0.01*pi:-9* pi,

f=x;
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10.2. FOURIER SERIES

plot{x,f+10*pi);

hold on;
x=9%pi:0.01*pi:10*pi;
f=x;

plot(x,f-10*pi);

hold off

UFE 16872 'm > 0'g s shA.
ap=1
an =L [T f(z)cosnzdzr
=1 f,/r"/’z cos nrdzx
Z  ifn=4m+1
= {—% fn=4m+3
0

ifn=4m+2,4m+4
b %ffﬂ_ f(z)sin nzdz

— 1 fﬂ/Z

= 5 J 5y sinnzdz

f(@) =3+ 2(cosz— L cos3z + Lcossz4.-0)

ao—z

an = %fo"/zcosnrd:c
& ifn=4m+1

= ifn=4m+3
0

ifn=4m+2,4m+4
=%fg’lzsinnxdx
= fa=4m+1,4m+3
e fn=4m42

0 Hfn=4m+4
f(a:)=%—4—%(cosx-§c0532+%c0s51+-»-)
%(sinx+%sin2x+%sin3z+%sin5:c+—62-sin6:1:+

o
S

i
N

|~

Qg
T cosnzdz = 0
sinnzdz

fn=2m+1
Hn=2m+2

§+%(sinz+%3in3z+%sin5x+---)

an =
bn

It

|
73 fory ol
P

53

tl
N,
= :IN
A

fz) =
ag =0
an = %f_‘:/z cosnzdzx

~—

[

fﬂ/zcosnzdz
frn=4m+1
frn=4m+3
fn=4m+4,4m+2
bp = —_};f::/zsinnzdz

170 3
— 7 J2 /g sinnzds

it
m—— e, A
Ogl& |
il

_ & iftn=4m+2
0 fn=dm+d,dmt+1,4m+3
f(z):—%(cosr—§c0531+%c0351+-~)

+ %(sin21+%sin3x+%sin51+--~)

10.

11.

12.
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TA TN FA 1274 5} vppe] 2 5y 24
13l 24 18747 £ u| st}

= A4 159 45§,
= & vepd

ag =0
an=-71; fﬂzcosn:cdz:O
bp = %ff”a:sinnzdx
_J-2 ifn=2m42
2 ifn=2m+1
iz :2(sin:c—%sin21:+%sin3:c+—~-)
ag =7
an = %foz"::cosm:da:zD
bn=%f02"xsinm:d1:=-%
f(:c):7r—~2(sina:+%sin2z+%sin3z+---)
2
- op = I
an = £ [T 22 cosnzdr
. ;45 fn=2m42
-% ifn=2m+1
bn =L [7 22sinngdz =0
2
f(z):”T—4(cos:t-—-}00321+%cos31:+-~-)
axZ
a0 = 5~
an = %foz" z2 cos nzdr = ;42-
b = %fz" 2% sinnzdz = (—1)”%'

0
2 ° .
flz) = %+4(cosx+%c052z+%cos3x+~-)
— 4n(sinz — %sin2x+%sin3:c+---)

.ag=0

an = —71; JI, a3 cosnzds =0
bn =L [ 23sinnzdz
2_1yn+l g_qym
=2(= ( n) (ﬂ ) )
2 2 . 2
f(z):2((“’T—%)sinx—(%-%)sm2x+(’-’-—

3
fg)siniiz-f—---)
T

=3

an = ;rl-fo” 2z cos nzdx

_Jo fn=2m+2
-4 ifn=2m+1

— 1= : = 2=yt
an = 3 [ 2zsinnedr = 2"

n
f@)= 3 - Hcosz + Jcos3z+ L cosB+---)
+2(sinx~%sin2z+%sin3r+--~)
ag =0
an = %ffﬂ cosnzdzr — %fo" cosnrdr = 0
bn = %f_oﬂ sinnzdz — 1 [7 sinnzds
{o if n=2m+2

T hr ifn=2m+1

= _4(g 1 1
f(:x:)_~;(smx+§cos3:c+ssm51+ )
ao = -3

= 1 pn/2
an = £ [3 " ~cosnzdr
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13.

14.

15.

10. FORIER ANALYSIS AND PARTIAL DIFFERENTIAL EQUATIONS

0 fn=4m+4,4m 42
= —ﬁ fn=4m+1
7—11- ifn=4m+3
bn = = J/z—sinnzd:r
1 e
—§ ifn=4m +1,4m + 3
=4—mr ifn=4m+2
0 fn=4m+4
=)= ———~(cos:t——-cos$a:+—cos$z+

x(sm::+ 2sm2:c+ 3su13z:+ sin 5z + -

)
)

nn
= A(sin ® lgin 3 lgin$s
f(z) = 14 L (sin Fz+ 3 sin gwz+ ¢ sin Swz+

ag —0
=317 T/zcosnxda:-— f“ﬂcosnzdx
0 fn=4m+4,4m +2
—J 4 e
=9 nr ifn=4m+1
”f; ifn=4m+3
sinnzdr — 3"/2 sinnzdz = 0
1r/2
flz) = %(cos:: -%cos3z+ %cos$:c+~~)
ap =0
an =1 f 2xcosna:dz+ f3”/2(7r—:c)cosnz:dx
_0
zsinnzde+ 1 3"/2 7 —z)sin nzdx
I,
0 1fn=4m+4,4m+2
={-—4= ifn=4m+1
——4 ifn=4m+3
f(z) = 2(sinz — }sin3z + LsinSz+--)
ay -—0
/2
an = ; ~7/2a:cosnxdx—0
by = ; _:/32 zsinnzdz
-1 ifn=d4ma+d
;%; fn=4m+1
% fn=4m+2
—%; ifn_4m+3
f(x) % m:r+ sm2r-—sm3z:+ sindz+---)
10.3. Functions of
.a=0
an = ——fflcosmr:zd:c+f01 cosnmzdr = 0
bn = — [°, sinnwzdz + [} sinnrzdz
- —2+2g—1)"
f(z) = 4(sm T+ 3 sm37r1:+ g cos5mz + ---)
=0
ap = f_(_)l cosnmzdr — fol cosnrzdz =0
br = [°, sinnnzdr — [ sinnrzdz = iﬁ;l)—n
f(z):—%(sinm:-{—%sintiwz-}-%cosfmz—i—-n)
.ap=1
an = 2f0 2cos Zrzdx =0
bn=2f025m2 dr = 2=2(=D"

)
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ap =

6
an = %ff{r?z:rz cosnzdr + L f37r/2 22 cosnzdz

;25 fn=4m+4
_ —11‘1—3; ifn=4m+1
- —;25 ifn=4m+2

4 ifn=4m+3

_ 1 ¢7/2 2 3m/2 7r
n =3 I w27 sinnzdzr + 1 f sin nzdzx
=0
flz) = ———3cosa:—§25cos2x+§§—;cos3x+
fg—cos4:c— &5 cos bz + -~
f(x)el F5A4 s(x) =
S(I) = % + Z:=U (—4m—2+1-5; cos(4m + 1)1
— (3#3);(:05(4771%-3)2
olm g
f(=3-0)+f(-3+0)
s(_%) - % _1_2—1_1__
F(3-0)+f(540)

() = § = 14707050
HBte sina — %sin Tao|ch =2 a32Rd

2G| A5} ol a = ol 42 ol Oolct.
FA 5ol A
f(z) = 2sinz—sin2z+ 2 sin3z— } sindz+Zsin 5z

ol gz g 2w

BEAHE
JE f(@)e(z)dz = f(z)e(z)|Ly — L) f(z)g (z)dz
S5} 71 R4 APeAE HET A4 Fasio

riod p=2L

ag =1
1 r2
=37
b =1 ffz [z|sin Zrzdr = 0
f{z) =1-8(cos Fz+}cos Enzt+ &
ap =0
an = fil 2z cosnnzdz =0

_pyn+l
bp = f_1121:sinn7rzd1: = i——l'-l):—
f(x) = %(sinﬂz— %sin27rz + % sin3xrz +---)

(-1~

|z{cos B zdx = S35

cos Swz+---)

2
.ao:§

an = f1,(1 — 2%) cosnmzdz = %ﬁﬁ
bﬂ = f_ll(l - 12)Sinn1rxdz =0
flz)=

244 1 1
5+ z(cosmr—§ cos2nz+ g cos3mz+---)
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11.

12.

13.

14.

15.

e =1

10.3. FUNCTIONS OF ANY PERIOD P=2L

.ag=1

12(-1)"

1
an = [_; 32% cosnwzdz = 22

bp = [, 32%sinnozds = 0
flz) = 1—%(cos1r:z;—%cos27rz:+—é—cos$1rz+-~)
1

an = 2ffl(% + z) cos 2nwzdz

+2f0 1 +z) cos 2nwzdzs = g——l,%;—:ﬂ

br =2_[0 (2 + z) sin 2nwzdz

+ ZfOE(—% + z) sin 2nwxds = 0

f(z) = 5+ Z(cos 2z + L cos bz + & cos 10mz +

ao=1

n
an = f) zcosnwzds = (—7}3;,—‘

— (="
bp = fo zsinnrrdr = =

'S

f(z) ———,—(cos7m:+ cosS1r:z:+~c055—rz+~-)
+ L(sinmz - sm 2nz 4 1 gsindzz +...)
ap =0

an = fo z cosnnzdz + fl (1 —z)cos nwzdz
~ 2A=D"—2
n 1\'
br = f zsinnmwzds + i1 - z)sinnnzdz
_ 1~§—12
(z) ‘—?(COS 7r:c+ cos 3nz+ & 35 cosbmz4--.)
2 Z{sinmz+ & 3 sin 37ra: + 5 sindrz 4+ ---)
ao =2
an = 2 f§ wsinmz cos 2nnrds = ﬁ;‘_—l
b = 2_[01 7 sinwzsin 2nnedz = 0
flzg) = 2 — 4(3Lcos2nz + 5= cosdnz +
13 35
;7 cos6azr +---)

ap =0
ap = f_l ® cosnmzds = 0
b= f1, % smnwz:dz—( -l - g

fzy=(01- ;!-) sinwz — — - -g—z)sm21r:c+(
—3-—,—) sin3wz +---)

cos(ﬂ’—“—LI) = cos(2ZZ + 2n7) = cos( EE)
Sm(M) = sin( 2% + 2nn) = sin(B12)
2"3; cos(””),sm("”""')t F7] L2 F7) 3o

bp =0,a9 = .YQ.
an =100 fl{ﬁg"m Vo cos 100t cos 100nwtdt
= 50V 217500 €05 100(n + 1)rtdt +
1/200
50Vo [ {/200 cos 100(n ~ 1)mtdt
V(t) =%,k cos 100t + o (L cos 200mt
cos4001rt —+ 5 7 cos 6007t — + + - - )

_ - <t<0
f(t)_{l D<t<n
oletstw 10.2 2] Exlef -—l‘ﬂ HOE! "F AAe
f@) = 2(sint + 3sm3t+ sin5t + - - -)
ol t = nxe} f}“‘
f(z) = f(xz) = 4 sin7rz+%sin37rr+%sin57r:c+

187
).

16. 10.27 9] EX7A, x W4l t5 s
fiy=12= 12« —4(cost — %

€08 2t 4 ~ - )
——— f(t) =%z 2014 i L& Fojn
flg)=322=1-1 (cos7rz~%cos27rz+—- Y.
N —1r<t<0
1 f(t)-{ o<t<n

o]z} 3} 10.2H 2| Exle} _44 f(He 24"ns

F(t) = &(sint + Lsin3t + lsin5t+4--.)

t= 223 5

f(I)_f(")+1—1+4(sm +§sm3’“"+

é sin 2Z% 5” +--)

18. &40 < a < 2Lojg} 7} 51a}.
f(r),cos(",’:—‘),sin(”zz)q 2=
2 AL S o] g3

= (o] f(2)dx
= 21, faL_L flz)dz + 5¢ 2L fa+L flz)dz

& L Heydz+ & [°7F f(2)de

g JEL F(@)de = ag

f:jf f(z) cosnnzdz

Il. faL L f(z) cosnmzdz+ L f°+L f(z)cos nrzdz

L f _p f(z)cos n7r:cd:c+

A fl’ f(z)cosnrzrdz = a,

a+L L f(z)sinnrzdz

i faL_L f(z) sinnmzde+ % fZ‘H’ f(z)sin nwzdz
,,L_L f(z)sinnrrdz+ L ffz[’ f(z)sinnrzdz

}, ffL f{z)sinnwrdz = b, i

ek a=2kL 4+ b o) 0 < b < 2Lolg} & |

I3 f@yas = [ f(w)is

fa+L f(z) cos "WIdI f f(:c) cosnnzdc

[2¥F f(z)sinnrzdz = fb+L f(z)sinnwzdz

2822 a <0 EE 0> 20Y g E YU}

19. ZA59 g4 22(~1< 2 < 1)& ARG
f(z) = ism7r:t: - Zsin2rz + A sindnz -

3x
1 =sindwzx + — — sin5nz

F72L8 #7194

1l

H [SC]

f(a:) cos nrzdr

II o Il

20. 2a:(—1<1< 1)8 N=207% ¢ Z2jo] 2
s thge) 29 =g dech

£2 24t

x=-1,104 B vhs} Zo] BASFAM FAA 34
7 AsA AFeE s WAL B 5 9ot
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11.
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10. FORIER ANALYSIS' AND PARTIAL DIFFERENTIAL EQUATIONS

10.4. Even and Odd Functions. Half range Expansions

24|23, 22 cosnx, cosh z

71 §4: z cos nx,sinh z, ||

LT E NPT obd Yo sinx +cosz
$85iz), €=, sinlx, zsinz, e~ 1%,
Z1g5:zcosz

4R JIREFE obd 5z + 22,67, Inz

. $VEE AYSE o

FHFE 71YFE obig
85
Y5
714
SRFE 7IRFE ohict
FHFE 7IREE o

. (a)

Susel Y3 F4We
g4l g
gae] Aed F+gF
718 T4y Fo185
T2 Vg Folgr
71gso APy
f(x) + f{-x): ¢
f(x) -f(-x):71 ¢
(b)
e*z = coshz + sinhz
1 1 T
iz T issZ T iz
sin{z + k) =sinkcosz + cosksinz
cosh(z + k) = coshkcosh z + sinh ksinhz

(c)

f(-x)=f(x) T f(-x)=f(x} & FTAA UFHsE AL
Bolr}.

(d)

cos® z ¥,

sindz : 7|4

f=0

cos®z = 3 cosz + § cos3z
3 3

sin®z = -isin:c—%sinS:r:

l‘-+2k(cosz——cos3:c+—c055:c—7cos7z+---)

7r——(cos:c+ €053z + 95 cOSBT + - - -)

4 1

(sm:c— §sm$z+ 215 sindz — - - -)
(cosz+9cos3z+——c055:c+ 3

+2(smx+ ~sm3:c+ -)

2
= —2(cosz — 1cos2z+ Lcosdz~ )
36(J sinz — Fysin2z + gysin3z —--)
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k 2k 1 1 —
s+ Z(l-3+5--)=Fk
ot agrgl1-3+%----=
-4 z = wole} st .
2
2+ i+i+a-) =5
ojc}. 13BE

1 1 —
1+3+5+ =%

b

4L
Al g
f(z) = L (sin ZE - 1 sin2ngl + § sin3nzl
— sindrz +---)
A %;r .
flz) =% — 2L (cos % ~ {cos 272
-l-]’;cos 3’1'1“ — 5 cos 432 4” +e0)
f(z) = 21‘2 22201 - ———)sm zz _ 1sin Zzz
(3= bp)endEE — Jantiz 4 ]
AL BF
fa) =%+ Hcosz + Lcos3z + 5z cosbz +---)

Al 34 ’
flzy= 2(sin:c+ 1sin2z+ Lsin3z+ Lsindz+--]

A F
flz) = +;Lg—[( —1)cos &F +ﬁ;cos 2;’
+(§J;:’ 312_) 31: 4. l
el 4 s 2
HOE ZL [( )sm (5 - —g)sin27ra:L
2
NN .
Al '3'-’?-
fla) = [;r:zr(1+eL)°°s +atepz(1-
L)COS 21rz + = +L (1 + eL)cos 37r:: +- ]
A}el
f(I) m(l + CL)Sln— + m(l

L)sm +—§1r—)~r+—1?5(1+8 )SII’I
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10.5. Complex Fourier Series. Optional

- ;A r= 22 432,60 = tan1 £ o}g} 5

Z

z2 =2z +yi = 1(cosf + isin #)o|c}.
_2i voo 1 (2n41)iz

T n=—00 2n-1
- TNoo ="
z Zn=—-oo,n¢0 n € e
1§50 1 e(2n+1)iz
n=—00 2n+l

2 = .
T4 200 iginz

n=—o00,n%0

2 _1yn
TP I Co
. f(x)7} $ g0l

Cn = le,'ffL f(:t.)e ~inxz do |
=3¢ foL F@e T dz + L0, f@)e= o gp
=3 fo f@eTE dr + b (X f(-2)e R da
=2y F@eTE dmt [ f@)e e
=3 [y @ E 4 s

°olth. 2l T T 4e L st AfgolEE, cns
U ol}.

f(x)7} 71350l .

on = gr [5; (@)™t ar

—inwxz

=5 [ flx)e™ T

~inwrz

dz+ 3y [2, f(2)e =i dz

= 2p Jo F@eT I dat g [ f(-2)e F ax

=3 [F fz)e™ T dz - & [ f(z)e "t dzx

L —inwzx inxz
7 fo f(@)e™2 —e L jdz

olth Zd e L —e L £84 e 2E 4ol
D2 cnX 3|4l

It

- A 58 o] ged

f@)=n+ Zi’,‘;_m,n#o %einz

10.

=T+ e+ TR, Seine
=74 2:::1 #(einz — e—inz)

=7+ 3%, 2(2isinng)

EX 8 Z;‘;l —_’—‘3 sinnz

=7 —2sinz+ {sin2z + Isin3z +--.)

- eo= 5 [L f(z)dz = ag

Cntec_p

= % f_LL f(iﬁ)e'""dz + —2-17: f—-LL f(I)ein::dr
= 5p J2, F@)(e~i® 4 einz)as

= ﬁ f_LL f(z)2cosnzdr

= %ff{, f(-T)COSnJ:da: =an

Con=cn) |
= 5p Jp fl@Yieinzdg — -ﬁ f_LL F(z)ien= dx
'21—L f_LL f(z)i(e‘i""— — eiﬂz)dz

= % f_LL f(z)i(—2isinnz)dz

= ‘LITI_LL f(z) sin nzdz = b,

n=m o}

Sl etrmmrar = J7 ldz =27
a3InFEm ojd

ff,, efln—miz gp

i(n—m)r __ e—i(n—m)w)

— 1
= i(n—m) (e
= i(—ni—"—‘yﬁ sin{n —m)r =0

agEg

f:’é{ f(:c)e“i""d:c _ Eiom cn f:r,, ei(n—m)zdz
= 27y,

A A cm = 5 [T fz)e ™=dz o]}

10.6. Forced Oscilations

- 429 kst cof ng

An = 405500 B = o5 ol D= (k- n2)2 4
(en)?olx}.

Cn=VAL+ B} = 40

°|EZ Cnol nelld Hoigte 71 W 22 AL
nx Dol nefj 4 4 gt& 2 Heolth wof ¢ = 0.020]
L k=9clztd ,nx D& n > 39 o 2r}g4ojt.
2Bz nxDeEn=1lojvn=3Y o Hi3zg 7
=

1(9 — 1)2 + 1(0.02 - 1)% = 64.0004

3(9 — 9)% + 3(0.02 - 9)2 = 0.0972

°JE2 nXx Disn=3Y o HAg& tec}
deFe=10.0201T k= 490]W ER nx D n > 7Y
WSS olBR 1< n < 7Y W) Hage g
oh AU PR2 1< n < THN BagSolm, 5
W F22 1 < n < Teld 7(0.02 - 49)2 < 7o
22789 Ao sixet AHA L2} ol Holx
5(49~25)? — 7(49—49)2 = 28800}4}o] B 2 n x DE
n="Tell 4 223 zteo

el £ vist zho] 7} kol v A" ez zpod,
Cne VE ZHAA Huigte 2o ¥7 ot ke v

3 Ax FAHE Cnd n < VE+ LA Hygte 3
<t

- A r'(t) = Z(sinz + Lsin3z + Lsins5z +-- )

JBR ¢yt ey +ky = f:;;‘lsinnz (n=1,3,5,--1)
ojet. o] B y = A/, cosnz + B/, sinnzel 8]

_ .22
An = 2B, = =) oy oy p
(k —-n2)? + (nc)? ot}
Cr = FY5°122 C'n=n-Cyolg}.
et ¢ = 0.020]3 k = 2508} C'n & n = Sefl A
Hegtg e sixig Huighe Cs2) 5uo)c}.

L y= w—,‘_—lsint+Cl coswt + Casinwt

w=05:y=-1.33sint+ C; cos0.5t + Casin0.5¢
w=07:y=~196sint + C; cos 0.7t + Casin0.7¢
w=09:y=-53sint+ C; cos0.9¢ 4 C2sin 0.9¢
w=11l:y=48sint+ Cicosl.lt + Cysinl.1¢
w=15:y = 0.8sint+ Cy cos 1.5t + Cy sin 1.5¢
w=2:y=0.33sint + Cy cos 2t + Cy sin 2¢
w=10:y = 0.01sint+ Cy cos 10t + C2 sin 10t

- y=Cicoswt + Cosinwt

+ rhzcosat + origs cos Bt

L y= ,’Llpli_ﬂ?;sinnt+01coswt+Czsinwt
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6. y = Cicoswt+ Cysinwt + ;}1_—1 sint

+ 5(:21_—9) sin 3t + m sin 5¢
w=0.5:y=Cy¢050.5t + C2sin0.5¢ ~ 1.33sint —
0.013sin 3t — 0.002 sin 5t

w=09:y =C1¢0s0.9t+ C,sin0.9t — 5.3sint —
0.014sin 3t — 0.002sin 5¢
w=11:y=Cjcosl.lt+ Cysinl.1t + 4.8sint —
0.014 sin 3t — 0.002 sin 5¢

w=2.0:y=Cyc082.0t + C2sin2.0t + 0.33sint —
0.02 sin 3t — 0.0025sin 5¢

w=29:y=C1c052.9t 4+ C2sin2.9t + 0.13sint —
0.19 sin 3t — 0.002 sin 5t
w=231:y=Cicos3.1t+ C2sin3.1¢t + 0.125int +
0.18sin 3t — 0.003 sin 5¢ )
w=4.0:y=C;cos4.0t + C2sin4.0t + 0.07sint 4
0.02sin 3t — 0.004 sin 5¢

w=4.9:y=C1c084.9t + C2sin4.9t + 0.04sint +
0.01sin 3t — 0.04sin 5t

w=>5.1:y=C1c085.1t+Casin5.1t + 0.04sint +
0.01sin 3t + 0.04 sin 5¢

w=26.0:y=Cyc086.0t+ C25sin6.0¢t +0.03sint +
0.004 sin 3t + 0.004 sin 5t

w=280:y=C)cos8.0t+ Cysin8.0t +0.02sint +
0.002 sin 3¢ + 0.001 sin 5¢
7. y=Cicoswt + Casinwt + 5T

+—4—(—21—cost+ Q(_W%_)COS3t+" )
8. y = Cjcoswt + Cysinwt + —2' + WT——)COSQt

m cos 4t + -

10.
11.

12.

13.

14.

15.

21149 9573 ).

y = Ajcost+ Bisint + A cos2t + Basin2t
+---4 Ay cos Nt + By sin Nt,

Ap = D((l —n%)an — cnby),

B, =31 (cnan+(1—n)bn)
D=(n?-1)+cn
y = Ajcost+ Bysint+ Azcos3t+ Basin3t+---,
A, = —cnby

n — D H
B !l n !b,.

n

—(1—n2)2+n c?,
b1“lbz—0b3——-b4_0b5 25,-~.
y—A1cost+31smt+A2cos2t+stm2t+-~~,
A — (="

n — neD °?

1)l pn2
B, = SN lom),
D =(1-n%? + (cn)?
I = Aycost + Bysint + Azcos3t + Bzsin3t +
+As cos 5t + Bs cos 5t - -,
_ 80(10—n3)
An = 207D,
B, — 800
n nwD?’
D = (10 — n?)? + 10002
I =1.266cost+ 1.406sint 4 0.003 cos 3t
+ 0.094 sin 3t — 0.006 cos 5t + 0.019 sin 5¢
—0.003cos 7t + 0.006sin 7t + - - -.
I = Ajcost+ Bysint+ Apcos2t+ Basin2t+ - - -,
240(10-n2
An _( 1)nt12000-n")
= (~1)7+! 24%0
= (10 — n?)? + 100n?

10.7. Approximation by Trigonometric Polynomials

9. ZA 3 w =059 o C1 = C; =12 31 23
xg a={nd
1. f(z)= 4(sinz + Lsin3z + }sinbz - )

E* =" fldz—n[20] + T N_, a2 + b2}
2m - A4+ +-)

§ — -—(cosz + 3

c053x+ —cos5z+ -4)
2

Er =% ——2‘-_(1+7+’T+ )
N =1,2:0075
N =3,4:0.012
N =35,6:0.0037
3. f(a:)—-?sm:t—§sm‘21:+ 3sm3a:+
E* = 227 —41r(1+ +3,+;7+~-)
N =1:8104

22222222”
o

G
H
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N =3:3.567
N =4:2781
N =5:2279
fz) =75 - 4(cos:c—— %c082z+ %cos3x+ st
5
E':z’-;———-—mw(1— L+d+-
N =1:4.14,
N =2:1.00,
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N =35:0.10
flz)y = 2(7r ~ 6)sinz + & (-2%#% + 6)sin2z +
Z(32a? —6)sin3c+- -
E* = 277~ w5 (14 n 4 +36~12-1272) + 5 (2474 +
36 —12-227 2)+55(347r4+36—12-327r2)+>..]
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N=2:675
N =3:455
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N =4:326

N =5:266 N=6:219

flz) = 3%(sina: - {sin3z + L sinsz +--9)
E~=%-16(1+§;+g{f.-.)

N =1,2:0.075,

N =3,4:0.012,

N =5:0.0037

(z) = Tf— sm:c+lsin2:c— Eg;sin3a:—%sin4:c---

3
Er= -zt stz ti )

~,

N=1:131,
N = 2:0.525,
N =3:0.509,
N =4:0313,
N =5:0311
f(z) = {ysinz — Jsin2r + Jrsin3z+- -

- _ 1 1 1
Er=gm-mlistwtawt )

N =1:0.054,
N =2:0.0054,
N = 3:0.0011,
N =4:0.00032,

N = 5:0.00012

A [T fldz—n[2e + N a2 +
gtat. of o .
Ejy—Ey = —mla}, +b%,) <0022 Exe
Nell g oot FAL4A
Ey=2r—nlk+F+& ]
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A2 ¥ A o 2o, Problem set 10.3& B |2

(b)

EA4ol A A& Y Ero 2AFE Fad
4.14,1.00,0.38,0.18,0.10,0.060,0.039,
0.027,0.019,0.014,0.011,0.0086,0.0068,
0.0055,0.0045,0.0037,. - -
¥ Examplelofj 4 24
£ Tt
8.10,4.96,3.57,2.78,2.28,1.93,1.67.1.48.1.32,1.20
ades Ed4 fFFdaid Tl Age 1/nod
A A&FFA U Felod A5 1/n%
1/n3f ulsfget.

b2] 2tz Yol
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11.

12.

13.

14.

15.
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10.279] 24 7o) 98 f(z) = 2% (—7 < ¢ < )9
—’r’-zal"l! FEE
= +4(——1—17 cosz + -2-12-c0321(—§1-; cos3z + ---)
Parseval’s identity & 2
202160k + i+ e+
2mt

5

\'ﬂ"’i
’T + 1- + —4- +- o0
102995 24 134 98 f(z) = 1 (=7 <z < M)
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ﬁ—(cos:z:— 3 cos3z + Leossz+---)
Parseval’s identity & 29
(PGt drs g+

)= [l (2% dz =

"4

)=, 1% =2

1822
2
thtdideo =%

10.473 2] FH 13 o8} f(z)o] Felo 4

4(—4-smz—§4—sm3:c+ L sin5z4---)

Parseval’s identity & /Hﬁ

T+ttt )=1 [ () d
1% ix 3

=1 _%(x)2dz + %fgz (7 —x)2dz = =

2=z

SIS SR NI

1% T T 96

A4 f(z) = cos?zelm o 474 WFA

< ol &3t o5t o] A Fejof} F4E L 4

et

f(z) =cos?z =1 +1cos2r

Parseval’s identity & » o

i+3= 1 (7 costzdr

oo

T costzdz = 37"'

4 148 0} @712 f(z) = cosd zebm Fow Azt

B Al AT AL o] &5l thgat o] 4A Fel
F7E 4L & U

f(z) =cosPz = %cosz:+%cos3x

Parseva]’s identityg »

5+ 15 =% Jl, cos®zdz

ez

ST cos®zdz = 3%

10.8. Fourier Integrals

e ¥ f(z) AR f(z) =
0 fz<0
we”% ifx>0

Aw) = L [ f(z)coswzdz

=1 f7° ne~* coswzdz

1

w!+l

B(w) = L [ f(z)sinwzdz

1 (e —_

=Jo meT®
[

oZ41

2=2E Yl A8 f(z) =

sinwzdzx

00 COo$ UIi‘b‘SanI i )
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43 Ze ¥ f(2)E AAHEA. flz) =
{g if0<z<1

0 Hz>1
Aw) = £ [§° f(z) coswzdz
= 2 0 3 cos wzdx
B(wsJ 2 2 [5° f(z)sinwzdz

— 1 7r
= o 3 Sinwzdz
= 0

ageg i o f(z) = f°° sinwcoswz g,

w
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o

@ wiA o

¥4 fz)E 4gsnx. f(r) =
fo<z<w

fzx>nw

) %fa”f(z)cosw:cdm

W
Jo Zcoswzdr

E,—/\_\

S €

W

2 [ f(z)sinwzdr

o 2 sinwzdz
—CoOS W

la“i"é"’—ll"ﬂ A f(z) =
o3 Fe de f(I)a- AR A f(x)
geosz ifjz]< %
0 ifjlz] > %
FHFolmR  (10),(11)%
2 Jo? f(z) coswrdz

=
2772
2 [ % cosxcoswrdr
_ cos(Z)

(w)

'-'aln E
z\ ll

foo (1— cosww)cosw:dw

o gatx. Aw)

Il

l—w
TyEz Zjaﬂ.bﬂ o4 f(l‘) _ oo cos( T 2 )cosw:dw
% f(@) = Te(z > 0)& ABALA Alw)
2 [5° flz) coswzdz
= %fow Ze % coswrdz

2 2 J5° f(z)sinwzdz
0°° ’2'6 2 sinwzdr

= 0

asi=z Fejlef g4 f(z) =

g5 f(z) =

A(w)

= 0

B(w) 2 fo Jf(z)sinwzdz
f Ze* cosz sinwzdz

© cos wzx
f THw? Thet @

Te Tcosz(z > 0)S A2y A
2 [2° f(z) coswadz

oow_z

o 3€ T cosrcoswrdr

w +4
222 gl oy f(r) =
Alw) = £ [ f(z) cos wrdz

_ 2l
= £ [, coswzdz
— Zsmw

f(r)

°°w sinwzx
Is iR dw

fo £ sinwcoswzdw
2 [ f(z) coswzdz
=2 [ 22 coswzdz
— 2(smu + 2cosw

251nu)

W
flz) = 2 2 [ (1 - -—;)smw + 2 cosw] SRRHI
2f0 f(z)coswxdz
= zfo T cos wrdz

2smwa-f 2y coswa — X

(a:) W{w sinwa + ;gcoswa— ;‘,)coswrdw
Alw) = %fow f(z) coswzdx
=2 [*(a® ~ z?) coswardz
— 4(sinaw—aw cos aw
kL

W
flzy =2 [(sinaw — aw cos aw) BELE gy,
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13.

14.

15.
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(:Z) OO sihwa—gw coswa
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=z} = % e 22yl —ecosw + S50 ) sin wrdw
B(w) = 2 [5° f(z)sinwzdz
= —f;fol e™ % sinwzdz
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flz) = e(wI+]) sin wzdw
Si(u)el :Laﬁ—'t“ 2% 256 sich.digle 2
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(o)

AN


www.semeng.ir

10.9. FOURIER COSINE AND SINE TRANSFORMS

A= gsinu_
ks w
2=z Ty wgsi
A = 2(25mw 2cosw _ sinw

(a3)oll S8 HelM e nhriA e "—!»——l A4E A=
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(©)

A 73 vz E9 A(w) =
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Zinee oo g wy
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10.9. Fourijer Cosine and Sine Transform

- fe(w) = \/gfo” f(z) coswzdz
= \/gfol f(z) coswzdx — \/—%’ff f(z) coswzdz
= ;UL\/Z;@sinw —sin2w)
- (3)# r*ﬂ 1& ol gstd
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2 o 'sin 2"“’ cos wzdx
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Felw) = \/guu - w)
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Jo? e coswzdr =
coswz) — 113 [ e® sinwzdz

ftol EAstA o7] WZolth.

;-}_‘_—I[Uimx_.oo e*(wsinwz +
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20.

of Whlell= M3} 4] (8),(9) & 10.118¢] Tables

ol Wostcl 108" HP Ex Wil Felof 3
Abed A Fajof Al el OiE AR TR
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10.10. Fourier Transform

- F) = P I S
= \/ﬂ be""”’dz
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CHAPTER 11

Partial Differential Equations

Partial differential equations arise in connection with various physical and geometrical
problems when the functions involved depend on two or more independent variables,
usually on time ¢ and on one or several space variables. It is fair to say that only the
simplest physical systems can be modeled by ordinary differential equations, whereas
most problems in fluid mechanics elasticity, heat transfer, electromagnetic theory,
quantum mechanics, and other areas of physics lead to partial differential equations.
Indeed, the range of application of the latter is enormous, compared to that of ordinary
differential equations.

In this chapter we consider some of the most important partial differential equations
occurring in engineering applications. We derive these equations as models of physical
systems and develop methods for solving initial and boundary value problems,
consisting of such an equation and additional physical conditions.

In Sec. 11.1 we define the notion of a solution of a partial differential equation.
Sections 11.2-11.4 concern the one-dimensional wave equation, governing the motion
of a vibrating string. The heat equation is considered in Secs. 11.5 and 11.6, the two-
dimensional wave equation modeling vibrating membranes, in Secs. 11.7-11.10, and
Laplace’s equation in Sec. 11.11.

In Secs. 11.6 and 11.12 we see that partial differential equations can also be solved
by Fourier transform or Laplace transform methods.

Numerical methods for partial differential equations are presented in Secs.
19.4-19.7.

Prerequisites for this chapter: Ordinary linear differential equations (Chap. 2) and
Fourier series (Chap. 10).

Sections that may be omitted in a shorter course: 11.6, 11.9-11.12.

References: Appendix 1, Part C.

Answers to problems: Appendix 2.
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. U = —815in9tsin%°].‘x’., Uz =

i1. PARTIAL DIFFERENTIAL EQUATIONS

11.1. Basic Concepts

. u1, u2F second-order equation

[,(u):au"—{-b’u'+cu=0 o #etx s, o] o o}
ol Ayt

L{ciu1 + czuz)

= a(cau1 +eau )+ b{eru] +c2u2)+c(c1u1 +couz)
= c1(au + bu + cuy) + ca(aul + buly + cuz)
=c1L{uy) + czﬁ(ug)

U = 201_—17_, Upz = 2 u}a})ﬂ Utt — Ugg = 0.

16 sin 9t sin £ 4
o2t uye — (16 X 81)uze = 0.

ugy = —16cos4tsin 2zo] 3,
uzz = —4cos4tsin 2z
b uys — duzz = 0.

us: = —c?sinctsinzol 2, uzz = —sinctsinz
@ebA ug — uze = 0.

. ur = —e~tsinzold, uzr = —e~tsinz

gt Al us — uzz = 0.
ur = —4e~ % cos3zol i1, uzs = —%e~ % cos 3z
u:'"a}'"‘ Ut — 4§u::: =0.
up = —9e— 9% coswzol,;_, Ugr = —wle™ % coswz
webd ug — Spuzz = 0.

2.2, .

L up = —wicke W T tsinwro) 3,

2.2
Urr = —wle~ W S tcoswe
e up — Czu:: =0.
Ugz = 00}, uyy =0
A Uze +uyy = 0.
Uzz = €7 sinyol X, uyy = —e*siny
b uzr + uyy = 0.
Uzz = —cOsx sinhye|3, uyy = coszsinhy
mebA ugr + Uyy = 0.

- 2zy — T
27+y7 Uzz = GT1yT) oL, uy = zZ+yZ
u — 2
A=)

b ugs + uyy = 0.

a)Poisson Equation
) Uzz =2 tyy =2 b uzr +uyy =4
iuzz = —y?cos(zy) uyy = —z2cos(zy) weby
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fiJuee = 4v'(z + 2t) — 4w'(z ~ 28) ug,
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11.3. PARTIAL DIFFERENTIAL EQUATIONS

11.3. Separation of Variables, Use of Fourier Series

. Frequency=3% = VT °|B 2 string9] Hols} A4

2/7L
£, Dol Dko) aﬂ‘é = Frequency=
a2, g 2647 5 V2ui7} £t

Zo

. f(z) = 0.0lsin3zolm £7|4 %7} 0 o]2z

u(z,t) = 3.5° , Bnpcosntsinnzo| g § =t}
Bn = £ [T f(z)sinnz dx

= 2 [70.01sin3zsinnz dr

= 28 % (cos(n — 3)z — cos(n + 3)z) da.
42t4q Bz = 00lojm Unixj: F
u(z,t) = 0.01 cos(3t) sin(3z).

0 ol

u(z,t) = k(costsinz — cos(‘2t) sin(2z))

B,=2 2 [y f(z)sinnz dx
= 2 fo (rz — z2%)sinnz dz

B = 2 [70.1z(x? — 2%)sinnz dz

{f Zsinnz dz
+f:(£ a"_"ﬂ)sinnz d:z:}

B, = %{fé %sinna: dz +
1 -

fl’;f(—;z—l)smnx d:c}
By, = —f(;' f(z)sinnz dz

{fo 15 sinnz dr
+f%‘ (=% + 75)sinnnz dz
+f5rl(f5—lo)sinnz da:}
B, = -—{f, (Ez— Dsinnz dz
-I—f%4 (~stz+ $)sinng dz}

zero initial displacement = B, = 0.
Bp = 2 [T g(x)sinnz dz
= % (foi 0.01zsinnz dx

+ J§ 0.002(x — z) sinnz dz)

CAS project

¥z = —Z¥ implies

v w

z ~Av =0
wy + Aw =0.
v(z) = e w(y) = e~ ¥,
wetA u(z,y) = CerTe=Av.
u(z,y) = CerTerv
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= u(z,y) = Ce® +hzgdy’~ky
Vzz _ Wyy

v w
4714 A7k 5l Hewt 2 At

v(z) = Cle‘/x‘"“ + C‘ze_‘/xz
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g4 u(z,y) = Crre -,
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Getd GL 422G =0, A, = Ep7,
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) Go(8) + A2Ga(t) = 22 (1 — cosnz) sinwt.

A= (Gh(t) +

Q)

u(z,t) = Y5 (Bncosint + BlsinAnt +
POFE ) sin 22 wy(s,0) = 022 ¥y
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1
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11.

. frequency — =
27

.a)A=1C=1

11. PARTIAL DIFFERENTIAL EQUATIONS

—2Awsin wt — Aw?t coswt.

ek G (1) + w2Gn = —2Awsinwt = %(1 -
cosnw)sinwtZ el AF Fc}.
eJw(z,t)& w(0,t) = 0% w(L,t) = h(t)7t A&

Cig4z Fod, old wy — Clwzr = k(z,t)7}
delm Av — C2v = k(z,t)elz v(z,0) =
f(=z) - w(:cxo)v v(z,0) = 9(z) — wi(z,0)N AL
9 v=v+wr} Y= ot Do

11.4. D’Alembert’s Solution of the Wave Equation

Yz — ct)d A ¥ AR xTe] tojxm z7t ctY
o A sich. of e Y= A|3ko] Tl wat 4]
2t} C iz ofs) Wgoz she wave 98 vt
W 2e 422 ¢(ztet)e 29 WEE ] waveo|}.

Cc? = % = 500 welr] C = 10v5.

An  10V5
22

cycles per unit time.

- u(0,8) = 3(/(et) + f(~ct) = 0

= flct) = —f(—ct)vtrdetA fE= odd §4 o)t}
uw(L,t) = %(f(L o)+ F(L—ct) =0

f(2L+ct)=f(L+L+ct)=f(L+(.f_t+

= —f(L — (5 +1)et) = ~f(—et) = f(ct)
weby £o) 7% 2Lolt}.

1)ct)

f(z)=0.01sinrz 2, L =1, C=1lol22
u(z,t) = 3,02 | By cos(nnt) sin(nnz),
B, = 2f01 0.01 sin(rwz) sin(nrnz) dzo]t}.

- 5 FAA

Bn =2 [ 0.01z(1 — z) sin(nwz) dzolc}.
- 5 ZA 4

Ba =2 [} 0.01(z — 23} sin(nwz) dzolt}.
. 59 EA AN

Bp, = 2f01 0.01(1 — cos 2xz) sin(nwz) drojc}.

Ggx AC-B2=1>0=

elliptic
by A=C? B =0, C =0 = parabolic
¢)A=C? B=0,C=~1=AC-B2=-C%<

0 = hyperbolic
d) y > 0= AC — B2 = y > 0 ga}4] elliptic
y < 0= AC — B? = y < 0 a2} 4 hyperbolic.

u(z,y) = F(z)G(y)
w2} A} yF,‘I"G + FG” =90.
webA EF_ = —;(—;- = consto]3l const = —1Ydj

G" —yG=04¢ Yeo}.
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2 Uyz = 00'4.

Yz - ct)ol ¥
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o #olch.

z
) +u; 8y2)
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= uz,y)=
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flz+y)+a(z+y)
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z=z+y,v=2
= u(z,y) = f(z +y)z + 9(z +y)

402 -b02=0 = (2a-b)2e+b)=0
v=r+2y, z=x—-2y
= u(z,y) = flz + 2y) + g(z - 2)
Ute = Czu:z - qu
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20.

11.5. HEAT EQUATION: SOLUTION BY FOURIER SERIES

F(z) = Cisinpr + Cy cospz o] FejollA F(0)
Cz = 00lm F'(z) = —-pcospLl. = @

fle 1)

PL woﬂx1 Gelzz 22l P, =
(znz;Ll)ﬂi Folot a3, WY u(z,f) =

3520 { An sin Pz cos PaCt + B, sin P.Ct}) ¥
efeld initial velocity 7} zero |22 Bp& 00
elof ¥rch. initial displacement f(z)& o]23o]

Ap = %fOL f(z)sin Poz do di=x).

a) u{z,t) = F(z)G(t)g} ¥oud
FG"+C?*FUGg =0
F(4) G
= P TTor
= F(z) = Acos fz + Bsinfz + Ccosh 8z +
D sinh 8z
= G(t) = acos CB%t + bsin CB2¢
b) u(z,0) = z(1 - z)
F4)

— gt

GH

— 4 — 34

F TP Tma =6t
u(0,t) = 0, u(L,t) = 0 = F(0) = F(L) =
0 and uzz(0,t) = 0, uz(L,t) = 0. =

F"(z) = —AB? cos fz—B%Bsin Bz+CpB2 cosh Bz +
DpA%sinh Bx.

F'O)=F'"(L)y=0 = A=C=0.

F(L)=0and F"(L) = 0& Bsin LB+ Dsinh L =
0 ¢ —ﬂzBsinLﬁ + DﬂzsinhLﬂ = 007 xg
sinLf = 0o] H& fr = 5, n = 1,2,---0]5)
3, sinhLf = Oolge fr 0 9o govz De

11.5. Heat Equation: Solution by Fourier Series

- YAE AAYE Azkeldl e ARug oz 2ojabe e

DL Akl dl s} Yool 8o} #eel exponential
8A decay s} ¥ oj:, wave ugAlL. ) zkef o
W23 o) 5 YO 2 sin, cosPSo) Ao
2 ZHc

Cnw

olch. A
YA eigen function u;(x,t) = sin Ee-(gf)ztol
28 20E ol Huleg Fo Eaiw,

sin %e_(grn)z;,o < %Siﬂ LZ:, w2k e~ ()20 <

. nAT
tn(z,t) = Bpsin Te"\i‘, An =

SIS C78 Ao wa 02 = Kooz sher

ap
mal conductivity K 7} 842, specific heat o7} =
€ $%, density p7} ¢ 4% decay 7} =1},

. p=10.6, 0 = 1.04, KG= 0.056, L =10

HAN O = exTor ¥ FE 0 elzz
) : Cnx

u(z,t) =32, B, sin(%:f)e"( 70 )2to|1
1

B = [3° f(z)sin(%) dz2 Adge 2 3y

doh. gy

201

0 &% WA Yck webA Fu(z) = Basin ool

2, o W, Galt) = a,,cos(,/cz(%)‘!t) +
bnsm(,/cnl‘i’l)%)o;q.
u(z,t) = ¥= sin EF-(ancos(‘/C%nfﬂ)“t) +

bn sin(, /Cz(gg-)“t)ot.l Z£7]  velocity=0 dms
buol 0 o4& ouistm @y u(z,0) =
Caensin Tl = o(L -~ )7} 9E% 0, g ¥
dot.

Q)F(0) =0, F2(0) =0, F(L) = 0, Fz(L) = 0
FlO)=0 = A+C=0

F:(0)=0 = B4+D=0

F(Ly=0 = AcosBL+Bsin BL+Ccosh BL+
Dsinh L =0

Fr(L) = 0 = —AsinBL + BcosBL +
CsinhBL + Dcosh 8L =0

— A(sin 8L + sinh BL) — D(cos BL — cosh L) = 0
A(cos BL — cosh BL) — D(sin BL — sinh BLY=0
(cos BL — cosh BL)(cos BL ~ cosh BL) +

(sin 8L ~ sinh BL){sin BL + sinh BL)=0

= cosfBLcoshBL =1

d)F(0) =0=F,(0) > A+C=0=B+D
Fzz(L) =0=> —Acos 8L — Bsin 8L+ C cosh BL+
DsinhSL =0

Frzz(L) = AsinfL — BceosfL + Csinh BL +
DcoshL=0

= cosh fLcos BL = —1

1
By, = : 010 sin(0.17z) sin % dr

L
1 . . nwz
B, = s 010 1.04sin(0.27 ) sin %)— dz
. 3o A
1 . nnT
B, = 3 ‘10 (10 — z) sin o dz
. 3oy
B, = 1 102—0.4|a:—5|sinn£ dz
5 10
- A7kl A gl Akl o g
u(z)=0
w0) =U1, w(L)=U:
- U;
= ulz)= UZL 112'*'(]1

- u{z, t) = v(z) + w(z,t),

v(z) = Uz - U

o

we — Czwxz =0

w(0,t) =0 = w(L,t)

> w(z,t) =32, B,sin n—zfe‘Ai‘

z+Urel w(z,t)e ohg-g ¢5Y

www.20file.org
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10.

11.

12.

13.

14.

11. PARTIAL DIFFERENTIAL EQUATIONS

An = °—"LLM Ba& 274z g F

(8)8l F(z) = Acospz + BsinprojA

F3(0) =0, Fy(L) = 0= B =0

Fn(z) = cos - -4 Hejolct.

aebd , ulz, t) = A0+, An s;os(-—)e—*2 ,
onwT

Ap = ——

L

F(z) = C; cospz + Cy sinpz.
F'(z) = —Cypsinpz + Ca2p cos pz.
F'(0)=0 = C2=0

FI(L)=0 = p= %
atebx} Fr(z) = Ancos T::: and Gn(t) = e‘czi"2t
e} 4] u(l,t) = Ag +z An cos ——L—e

Ag, Ane u(z,0)f(2)2 ‘I'E‘ AR}
u(z,t) = Ao + Y ey An cOSNZE
u(z,0) = Ag + Xonwy An COSRT = flz)==z
> Ao=:fiads

_(cn1r)2

—n‘t

2
Ap = p Jo zcosnz dz2 AR.

104044
1
Ao:;f;kdz

2
An = ;f‘;' kcosnz dz2 AX.

10 A
Ag = — [ cos2z dx
Vi

2
A, = ;f: cos2zrcosnz dz2 HA.

084

n=2 5= Z)oosnz doz A3,

—C?wy, = N.;,—c-z, w(0) = 0,w(L) = 0& U=
#e w(z)E FRAE u(z,t) = v(nt) +w(n)=
A v — C?uzz = 0, v(0,t) = 0 = w(L,t)

15.

16.

17.

18.

19.

20.

v(z,0) = f(z)—w(z)old ui AA =& HHA-
ARz RE —uln,t) = uxi), u(0,t) dd
F(z) = Cicospr + Casinpzelsl F(0) = 022
Bg G = 0ol F'(w) + F(m) = Capcospr +
Cysinpr = 028 2¥ tanpr = —p& U5dol
o} 2Hh = Fo 2 olF WFs pt Tl
uz(0,8) = T, —"Bne—*?-f — 0 ast— oo.
uzz. + uyy = 0, ‘U.(O,y) = u(z)o) = u(24sy) =
90, u(z,24) = 20.

Put u(z, y) F(:v:)G(y) wetd F'G+ FG" =02
2RE — —-'E' = —p?

a2} A F(a:) = Cicospz + Casinpzeld F(0) =
0, F(24) = 0. wetq C1 = 0, 24p = n7r H}E}

A} Pn = %% 'T‘a]t‘ Fn(I)
function 2 Zt=th GY(y) — (~’;—Z)2cn(y) =02

2 B Gn(y) = Ane3iY + Bre™ 28 Y, Gn(0) =0

Cas project

AnA v(z,y)& v(0,y) = 0, vy(z,0) = vy(z,24) =
0, v(24,¥) = f(y)7t

S ¥4E s ged ggd u(z,y) = v(r,y) +
wiz,y)7t S w(z,¥F FEW Wz + Wy =
—Vgz — Vyy

w(0,y) = 0 = w(24,y), wy(z,0) = wylz, 24) =
07t g+ w(z,y) & Fod

u(z,y) = F(z)GW)E ¥3 .
EI_, - ..G_" = —k2
F G
= F"4+k?F =0= F(z) = Cicos kz+Casinkz
A7 uz(0,y) = 00]22 Cy = Qol 3L
Fz(a) + hF(a) = —kC1sinka + hCy coska
Ci(hcoska — ksinka)
- tanka= 27 9 k& BT

Fa(z) = coskazd Helx ol knol visl Gol R
22 B4 E Fob.

11.6. Heat Equation: Solution by Fourier Integrals and Transforms

. Cas Project
. u(z, ) = [§°{A(p) cos px + B(p) smpx]e'c P tgp

Ap) = £ [, f(v) cospv dv
B(p) = = [, f(w)sinpv dv
f(z) = T2 ojm 2

A@):% o Ty cosy do
B = = [, oy sinpo do

www.20file.org
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234

Alp) = %ff_‘;o cospu dv

B(p) = %ff"m sinpv dv
. 2“d°ﬂ/‘1

A) = f°° S av

_1 sin py

B(p) = o f— e dv
284

Alp) = - f°° cospv dv
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11.8. RECTANGULAR MEMBRANCE. USE OF DOUBLE FOURIER SERIES

B(p) = —f°°

cu(z,t) = [0 (A(p) cos pz-+ B(p) sin pz)e~C P°t dp,
u(x,0) = J5°(A(p) cos pz + B(p) sin pz) dp = f(z),
Alp) = % J& fv)cospy dv, B(p) =
;r-f:: F(v) sinpv dv.

cos pv dv

. u(z, t)_zc\/__fo L_deu,
e
u(z,t) = TN %e" (—2CV%) dz
== fﬁ 2% dz7} Q).

Cw=zvZY

u(z,t) = % 1%, fla +2C2vT)e=2" dz

= \/—l_—f:: fz+ Cw\/2_t)e_w2_2 dw.

®(z) = =912 dso) A}

i
(’J:_-;—%——g

V2,
_WZ
;/—i;f_,ooe \/2‘dw
= B 2‘]“)

1 .3
N3 f_; e
1 z

= "‘(fg e du IS e’ dw)

=—(\f+fo e )

=—+———f0 % dw

2 VT
1 z
=57t Eerf(ﬁ)

11.8. Rectangular Membrane, Use of Double Fourier Series

. (13)Ael 4 frequency = L L + E—&i ZFo %]
2V a? b?
0= %°IE§ H9 T7t 248 frequencys 5
7ret.
1
. Bmn = %f:(&z — z%)sin ng d:cfoz(Zy -

. ME
y?)sin <Y dvel™ 30U,

f; (43: — z?)sin 72 da
= —-—ﬂ(41: —z2}cos wlo
4(4 — 2.
A2 o TTE 4y
42(4 — 2z) p Mz mnz
= T L G ( T
32 4 mnz

‘(mw)?ﬁwsT"’ (m7r)3(l =07).

- S (az — 22)sin VT 4r 4 J2(2y — y¥)sin -—z—gdy

F HEe Fo2 veldie] Aed Hudg 2
Tz
t= -—-a} ¥od

fo (42: z2) sin =

Xig

dz

4 . 16 .
= = —t— t%)sinmtdt
fD ( - = )sinm

7
2 2
- ch;r(3_¢_ 22 1) sinmtdtel
" 'ﬂ'
32t 32t2
oH-__ =_ —-—% Fourier 7§ §& o9 A<olt}.
- u11(17y7t)

= (B cos(cnv/m? + nZt)+ B}, sin(Cavm? + n2t)

sin(mnz) sin(nny)
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10.

11.

= (Bi1 cos(Cmv/2t) + B}, sin(Cnv/3t))
sin(wz) sin(wy) = nodal line ; g2
ui2(z,y,t) = (B12 cos(cr\/_t) + B}, sin(CrV/5t))

1
sin(7z) sin(27xy) = nodal line ; y = 3 .

eigenvalue Apmn = crvm?Z +nZ,m = 1,2,--- ,n =
1,2,--- o o8 eigenfunction umn(z,y,¥) =
(Bmn €08 Amant + Br,Amnt) sinmrzsinnmye] o
< "t

el Souey Bmasinmzsinny = f(z,y)ol2 2

Bmn = — Jg J§ f(z,y)sinmnsinnydzdymtai 4 ,

| Qe . .
Bmn = — [o J5 siomzsinnydedy
7

. 6xolA

— ' k.3 : -
Bmn = s Jo fo ysinmesinnydzdy

. 6ol A

1
Bmn = — g fo zysinmzsinnydzdy
™

. 6 oA

Blmn. =
=I5 J§ zy(x — =)(w ~ y) sin mz sin nydzdy
™

w(z,y,0) = Yoo ) Yoo Bma sinmesinnyol,
Bmn = = [g [§ f(z,y)sinmzsinny drdyz F
olR.

271457} 0ojmz B:,m = 0ojch.atetA ,
Uz, y,1) =D opoy ~1 Bmn cO8 Anntsin mrzsinna

JAmn = TVmM2 + n2
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12.

13.

14.

15.

16.

11. PARTIAL DIFFERENTIAL EQUATIONS

Bmn =4 fol fol 0.1 sin 3wz sin 47y sin mz sin nydzdy
Bmn =4 _{'01 fol k sin 7z sin 7y sin mx sin nydxdy
Bmn =4 fol fol kzy(1 - z)(1—y) sin mzsin nydzdy

Bpn =4 fol fol k sin? 7z sin® wy sin ma sin nydzdy

u11 = (B cos(Cw‘/ % +1t) + By, sin(lgi)

sin(ny)e] 3 nodal line & rectangular g4 ¢
U3l = (331 COS(Cﬂ'\/ 1+ lt)

+ B3, sin(Crv/2t) sin(nz) sin(my) o] 2
olm nodal line € z =1,z = 23 A4 glc}.

frequency = %,/% + blzol_n_;_ ab = k7} 4

€ = + ol A e A4 02 +52 — 20b =
{a~b)? =09 St a=bd Hojr}.

17.

18.

19.

20.

489 m,nel M=

2,2
&, a’n

2 2

T+ Brel Aokale 44,
+ b?m? — 2abnm = (an — bm)? o} =}o}x|
T 3folnz

an = bm ¥ & o] WH & a,bY & 713 2.

. mwAzT
€0S Amnntsin sinnrys}

. . mne
sin Amntsin

sinnry, /\mnc-/r‘/ mT +n2d o

42l 2] m,nef di& 274 9} c}  eigenfunctiono] gt}
u(a:, Y, t) = ;.:=1 2:;1 Bmn c0S Apptsin mazsinn
m?  n?

T

2 3
sin ——-W sin ——:y sin —— mrz sin n——: dz

yAmn =T
4
Sl tos
199 o4

4 N b
Bmn = — J 5 y(a—2)(b—y) sin ™

Bmn =

. M ;
sin —ydxa

11.9. Laplace in Polar Coordinates

Uz = U;Tgp + ugﬁ
+‘ue(——

Uzz = (‘u,,-.,.r;- + Urg)rz + Urrzz + (ugrTz +
’Ureeaz)g: + u99u

= Ur—

2

o
= urr( ) ure + Sur +uas— +ugbzz

. Ur = UgTyr + UyYr

= uz cos @ + uy sind

Ug = UzTg + UyYs

= uz{—rsin @) + uy(rcos8)

Urr = Uzr COS G + Uy, sin b

= {uzzc080 + urysinf)cosf® + (uzycosf +

uyy Sin 0) sin @

= Uzp €052 @ + 2ugzy SN0 coS 8 + uyy sin? @

ugg = —1Cos fuz — rsinbuy

+ (2xz(—75in 8) + uazy(r cos §))(—r sin 8)

+ (uzy(—7sind) + uyy(rcosB))(rcosd) whatd |
18u 1 8%

vt e TR e

1 8%

r2 862

= Uzz + Uyy

ir )+ l 9%y

o2t 25
Ou 16w 1%
a2  ror 2 602

. u7l— o4 At A ?,}O\ﬂ — =0cj2 g

— UpTz + UgTz + ug(),_- = UrTz
Ugz = (urT:)z: = (ur):T: + UrTzz
=UrrTz + ;lrrzz

T
T2urr+y ur o] Rl b4

2+ z2 +y2
At = s y) ( ,3y)"r

www.20file.org

1
= Upr + —Ur
T

1
Au = ury + —u; = Oo|d
T

ur = ae~ 1967 = Zo] 1 weby
u(r) = alogr + b with constant a and b.

a) up = ™ cosnfo|™

(uz)rr =n(n ~1)r""2cosnfd
(un)r =nr"~lcosnd

(un)eg = —n2r* cosnfoju. 2
Au = n{n — 1)r*~2cosnd + nr*~2cosnf —
n2r"—2cosnd =0

b) r™cosnf,r"sinndr} Laplace equation & gt
3122 u(R,0) = f(6) o] Fourier A7j4]o]
u(R,0) = ao + Y22 ;(encosn® + bnsinng) =
F(8)ol™ r < Rl o s

u(r,8) = ap + E;";l(an(%)" cosnd +
bn(%)” sinn6)7t  Laplace ol®W4 AAz=A
u(R,0) = f(6)7} Ric}.

c) BA a0 + Y07 (an cosnd + b, sinnf) = f(8),
£(6) = —100,—7 < 6 < 0, f(§) =100,0 < 6 < 7
OlSlEE  an, b€ HAYT. {cosnd,sinnd}st

(0,27)2}oj ol A orthonormal system o} =.2
1

a0 = —(fg 100 d6 + f°_-100d8) =0
3

an = l(fo" 100 cosn@ df + [°_—100cosnf do)
T

b = 1( f7 100sinn@ df + f°_—100sinné d6)z
n

ARt o) u(r,0) = ap + 3.0 ;(ant™ cosnf +

bnr™ sinnf)ojc}.

d) u(r,0) = a0+ 3.2, r™(an cosné + b, sinnd)7t
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. frequency — =

- 4N Gl F $PYNE A

11.10. CIRCULAR MEMBRANCE. USE OF FOURIER-BESSEL SERIES

Laplace W} A & gt&sin
u-n(R 0) = (0)
= E,,_, nR"‘l(an cosné + by sinn)ej= 2
#nR"~ = [T _f(f)cosnb dp
mR"“‘bn = [I, f(8)sinnd db& wF3slz, ozt
k] sy @n = lnR"—l fj” f(0) cosnb d0,

iy

by = %an-l I7_ F(8)sinné doolc}.

- u(r,8) = ag + 3.2, (ant™ cos nb + b, r™ sin nf)=

Folxlmg

u(f) =sin® 92 2§
1 on .

ag = 21_7r fo’rsm3 0de

a, = — foh sin® 8 cos nfds
T

by, = L foz" sin® @ sin nfd@
T

10 2
ao=ﬁf0”cos 6d8

_ 10 o
Gn = 71_fo

bn

cos? 9 cosndde

Il

10
= foz" cos? 8 sinnddo
T

1 x2
5 J-n/2

8do
21
— /2
an = i—f fwﬂ_/z 8 cos nfde

ag =

b = - j"frnﬂsmn0d€

ag

1 23 Q
—(fT 6d8 -
o e + 2 —8d8)

1
n= ;(f(;'f?cosned6+ff.,r —6 cos ndde)

11.

12.

13.

14.

15.

205

1
bn = —(Jg 8sinnddd + [°_—6sinnfds)

x&2of A (1,0)of 4 0 o] 3 (-1,0)e4 4] 73t & 7;!*1:1'—}

@A, u(z) = 0,u(1) = 0,u(-1) = 7a) Y=
754
‘U.(I) ——1’ + ——OIC}

TR oA 1002 FEHA o).

up = —const = —kony < 0& %o
1
a0 = 5—(Jg kdf + f27 —kdg) =0

1
an = —(f; kcosnfdg — ffrkcosﬂdG) =0
o

1
bn = ~(fg kcosnbdf — [°_ksin8dd) = 0al o,
w

%, u(r,0) = "2 | bar™ sinnfolr}.
1
ag = 21_71' o 109(m — 0)dé
an =~ 2™ 106(r — 8) cos nddd
1
bn = = f57 106(r - 8) sinnddd 2 o] Fojx & o

"=z +a, ¥y =y+bold
Ups = Uz, Uy~ = Yzo|2E Auy Hex %Ech
z* =zcosa—ysina, y* =zsina+ycosad d=
Uz = Uze (T¥)z + Uy« (¥")z
= Uz« COSQ + Uy» sina
Uzz = (Uz)ze cOSa + (uz)y» sine

= {uz+ coS @ + u,- sin @)z~ cos

+ (uz- cos @ + uye sina),- sina
= Ugeze €087 @ + 2uge . sinacosa + uyvye sin? @
Uyy = Ugrgesin®o — 2ugeyesinacosa +
Uysys SN @ O] B2 Uz tuuyy = tgege +tuynye o] Th.

11.10. Circular Membrane, Use of Fourier-Bessel Series

Com —Tz FUHI and Jo(s)2]

zero JE 014 ety , Ro] A&+ & frequency:=
21},
A1 _ cki _cay 2.40483c¢c
2r ~ 2r 2R 22R
A T
. C? = -1—10].‘_'1 ¢ 3= frequency ﬁ = \/R:;; o]

22 VT= }sz"‘ol HEE 342 Fugo.

FEeiges Hz
371 s Aolc}.

. frequency ¥ vTof u]# g}

. Cas project
@
culr,t) =350 _o(am cos Amt+4by, sin /\mt)Jo(?mr)

G122 ur(r,0) = Lo AmbmJo( S2r) = g(r)e)

www.20file.org

ojo} 3t}
ozt A ) ha
alphom

- 2m oy g

bm R2JZ(Cm)Am I3 ra(r) o Rl
- u(r,t) =

Am = ckm = cam

=% (R 9m7 o
bm = com BT2 () Jo r9(r)Jo( 7 Ydroloz

R=1,c=1,g(r) = lo|
u(r,t) = 32, bm sin amtolamr),

b = —— [R 3 Pdtolh.
™= amd¥am) Jo Tlolamr)dtclet

- nodal line& Am o)t 8} Jo(kmr)ol Al kmro] Joibs

o 0ol & roleh. ahebd] m = 29 B 5 = ffon
A 2712 m = nold n — 1709 x4 nodal
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10.

11.

12.

11. PARTIAL DIFFERENTIAL EQUATIONS

lineo] gjc}.

A (12)2 By E£27i4x0 0 dde u(nt) =
Sm=olam cosz\mt)Jo(alp )y

14 f(r) = 1 —r20]22 f(0) = lelx u(r,0) =
o 0olE2Z 1 ojt}.

Example

1
FG" = C*(Fyr + %F,- + 25 Foa)G

E%"E = l(Fn + %Fr + rl—ZFge) = —kZ.aa}
X G" 4+ A2G =0, where A = Ck
Frr + lFr + —1,;Fea +k2F=0
T T
F(r,0) =W(r)Q(f)= ¥2
WIQ+ IWQ+ SWQ +EPWQ=0
arebd —— wr +—+§; +k2=0
W W k2 = -—%” = consteld] Q¥ of
g el Q0) = Q(2r) = Qi4w)---d 22

& TS sof BB R const = nl¥edopyct 2
Qu + an =0
rEW" 4 rW! + (k2r2 — n®)W = 0|t}

13.

14.

15.

16.

17.

18.

Qn = cosnf, Q;sinnfolx, s = krz2 ¥od

oW _ oW,
Fv Bw
— 2 .
3322 as;k o=

w W 2.2 2
7262+T+(kr_n)w

W 3W
— 2 — n2 p— o
= %2 T % w)W = Ol
W(s) = Jn(s)E &5},

u(R,0,t) = 0 AAZH2Z R Jo(kR) = 0ol5|

< kR=anm kmn = a;n o},
Gmn(t) Amn €08SCkmnt + Bmnsin Ckmpntol
. @dagtd , Umn = (AmncosCkmnt +

Bon $in Ckmnt)Jn (kmnt) cosnf.

158102 RE ur,8,0) = 0& Bmn = 03
B, =0 slv|@ch.
uj o= sin0f = 0ol2% 0 ol ume =

(Amo €05 Ckmot + Bmo sin C Kmot)Jn {kmor) el ct.
u11 = (A11 cos Cki1t+ By sin Ckirt)Ji(k117) cos 6
cos§7} J4¥E ojF: MEL #rh C? = 1olx

k
R =19 Aelo§A frequency s % = an ojt}l. &,
Jigge) Aia 0 1F a1 ¢ 272 \++ "Aole.

11.11. Laplace’s Equation in Cylindrical and Spherical Coordinates. Potential

24 4ol el Wesh ok debd, 11.989) 295 5
.

. z=rcosfsing,y =rsinfsing,z=rcos¢

ur = urcosfsing + ug(—rsinfsing) +
ug(r cos 6 cos @)

tzz = (uz)rcosfsing + (uz)e(—rsindsing) +
(u: )¢ (r cos 6 cos ¢)

= (urrcosfsing + wu,g(—rsinfsing) —
ug(sin #sin ¢)

+  wupg(rcosfcosg) -+
ug(cos 6 cos ¢))

cos 0 sin ¢

+(u,g cos @ sin ¢p—u- sin 0 sin p+uge(—r sin 8sin @)
+ ug(—rcosfsing) + Ugg(rcosfcos¢g) +
1y (—7sin @ cos ¢))

{—r sin #sin ¢)

+(typ cos Osin P41y (cos 6 cos @) +ugy(—rsindsin ¢
+ ug(—rsinfcosd) + ugp(rcosfcosd) +
ug(—7 cos 8 sin ¢))

(r cos 8 cos ¢)

=  urr(cos?@sin?$) + uge(r?sin?fPsin?¢) +
ugg(r? cos? 6 cos? @)

+ 1pg(~2r sin B cos B sin? ¢)

+ u;4(2r cos? B cos psin ¢)

+ ugy(—2r2 cos 6 sin O sin ¢ cos $)

+ ur(rsin® #sin? ¢ + r cos? 6 cos? ¢)

+ ug(—sinfcosfsin®¢ + r2cosfsinfsin?¢ —

ug(cosfcos ) —

www.20file.org

r2 sin 8 cos 8 cos? ¢)
+ ug(cos®Bcospsing + r2sin®fsingeos¢d —
72 cos? 6 sin ¢ cos ¢)

LRI A] WH O uyy,uz. & A4bsted Hiil

1
. Au=upr + ~u, = 00]d v = urolzl Fod
T

1

v(r)=e - :dr <

— g~ logT —

u = Clogr + k with constant C and k

. u(2) =Clog2+k =220
u(4) =Clog4 + k = 140
C(log4 —log2) = —80% ¥¥ C k7} A4t
_C o Su C &u _ 2C -
U——°‘g-——‘r3'a?—r—3°].!—
A ___82 +26'u.
uZC 31‘; 7‘31‘
==+ (——)~0°l‘=}

2
Au=u7r+;ur=0

C
w=S aaa,u= 1 kynorn.
7 T
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13.

14.

15.

11.11. LAPLACE’S EQUATION IN CYLINDRICAL AND SPHERICAL COORDINATES. POTENTAIL 207

w2 = % k=220
u(d) = % k = 140.
c.
Culr) = :g— Uzzr + Uyy + Uzz = 00l Y3
ur = v (r)re = u’(r)—
2
2 -z
waw = (1) 55 + u'(r)r—,;—
N 1'
W5 )’ “ BebA | uze +Uyy + U
z2 492 +z 2(z“ 4y + 22
e e e
=u”(r)+2——=
-

us = CQ(u”_ + 21“1_1)
u(R,t) =0, u(r,0) =
olwf v=ruzt o
Ur = U+ TUr

Upr = Upr + Ur + TUrp
= TUrs2Ur

Yt = TUL = Cz(rurr + 2ur)

C%y,r o2

v(R,t) =0, v(r,0) = rf(r), v(0,t) =0
v(r,t) = F(r)G(1)d o

f(7)

FGI szl’"G
4 F _k2
c?G F
F(r) = Cicoskr + Casinkr

F(0)=0=C; =0
SinkR=0 = kn = " @24 Fa(r) = sin el

3, ol Ga(t) = eI CF¥2de = =0

u(r, ¢) Zn—o Anr™ Py (cos ¢),

Ap = fo F(9)Pn(cos ¢) sin pd¢p

= _2n + fo cos ¢pPp{cos ¢} sin ¢d¢

An = 2n+ ! fo Py (cos ¢) sin pdo

An = 2"+ 22 H1 71— cos? 6)Pa(cos §) sin gde

A, = n + ! fo cos2¢Py,(cos ¢) sin ¢pdo
Aﬂz2 fg(locos3¢—3cosz¢—5cos¢—1)

¢ Pr(cos @) sin ¢pdep

WA oj A FolA point chargeZ %" 22 Fxn
olg R=1444 1 & 25st 344 0 olr}. ol
Ag e e fYstn wepd, 119 4 wE

3}+= exterior potential
Bn
o0 0 ——27 Pn(cos &),

n+1
In + 1 Iy Pr(cos ¢) sin pdg2} _g o A gk

B, =

By
16. u(r,) = Yoo gy Prlcos ),
Bn = 2n + 1 Jo Pr(cosy)sing dp
17. 109 %zal;w
An = n+tl f_‘l wPp(w)dwoel Py (w)
Po(w)e (-1,1)7 7t A] orthogonal 3= A4; =
1, An = 0(n > 1)elth. Wabd, u(r, ¢) = rcos g4 &
grE ¥}, nheb4], xz B A equipotential line &
¢=0A o r=k M ¢ = 22 7HHA cos g 0
o2 7t2 2 r& o0F Jhofln ole x5E HZTAL
2 Zeaygxs] Y€ £
18. An ( ) ( )
55 2n +1) M m 2n — 2m)!
o Zm=ol—1) min —m)!i(n — 2m + 1)
wtebA ( )
559 8 — 2m)!
Ag = 227 m
4 = 24 ._0( 1) mi(4 — m)i(4 —2m + 1)}
55 9( 8! _ i + 4_‘)
16 "4!'50  3!3! 4
19. 8¢} independent ¥t s

20.

21.

u(r, p) =
An =

> o AnT" Pr(cos p)ol X

2 1
—%f —0f(p)Pr(cosp)sing dpdd

fAO< ZE 001, 2 <o <wold 20 olch wt
A’] 3

41
An = "+

f« 20P, (cos @) sing dip
=10(2n + 1) fo P (w)dw
10(2n + 1) f°, Pa(w)dw

Up = — —(
2

=U +
3
A,
1 2 1 8%
e+ frvee + 50

cot¢6u 1 6_23

ré® 3¢ tE 3 sin? ¢ 862
. 2 1 8%u
=7 (u,.-,-- + r—“ur' + ;‘_23—¢§

cot ¢ du 1 %u

r*2 9¢ r*%sin?¢ 68°
=0

u,o,r =1/r,

3 1
Urr = Ure + U + S Urrr
T T

v(r, 6) =u(%,9)°—4 o r* = %E]- ¥3

Up = ——Up=
re

1
Vrr = Ups + Tur‘r‘
T

-y
1 1

w2bA , ver + ~ + — V66
T T

t4 ‘3 12
=7% Upspe + 177 e +T7 Uugy

4 1
™ (upere + T Ure + 211.05)
o 2 ™
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11. PARTIAL DIFFERENTIAL EQUATIONS

cos @sin @

v(r, 8) = 2 ———7} H= a4,
Ty
v(z,y) = m 322
un(r,¢) = Anr™Py(cos )8}
ul(r,¢) = f 45 Prlcos $)
apebA a
Un (1", ¢) = Tn—_:fpﬂ (COS ¢)7 24 (T’ ¢)
= Bp Pn(cos ¢)7} "z}
a)Az k|9 ARee —Ridze —L(D)arz

FoAAR L& uzyaz —uzolch ﬂ?EM Kirchoff

BAN A urpnr —us = RzA:—J;-L(—)AT,OI‘Ji

Az — 0ol 8 dojAir).

b} AF-2] Wil

"z-{—A: —iz = ~-GulAz + Caa—AIi F@dd.

c)—— =Ri +L?
8%

—Uz::R‘lzﬁ-L‘aE

11.12. Solution by Laplace

- wl@t) = £t - Du(t - 2)

t = f"(f - i)u(t - _z_)

Wz = -‘f"(t - —)'u.(t - —) oetd  wy =
Clu,z

w(0,t) = f(t)u(t)

=f{#), t>0.

. C% = ZOIEE £% C = VT sz, 2

rootel W)of ek 5, Aol HobI4 S
Atk

£x & 7

, 0<z<l
0= {3 25S], ano =iz e

%) 2.2 Fig.287 #7 5717} 291 A2 $A2 Holch.

- Wlz,s) = C{u(z,t)}etz g2
L (s Wiz, 5)-1) = Zo 2 W(o,5) = &
Oz 5
5.

wetd , Wz, s) =% s(f e* 5(2::5 + 2z)dz + c)
_s+1 e—="s

T 82 s2

mebA , u(z,t) =t +1— (¢t — z2)o(t — 22), ve &
9 Adggold.

CaWe W= 2
S

w(0,s) =0
W:: + iVV = lz

x 1 s 1
W(I,S) = ;(f:r";—gdz—FC)

www.20file.org

= Riy + L{(~Gu — Cuy) + L(—-Guy — Cuygt)
= R(—~Gu ~ Cut) + L(—Gut — Cug)

Uzz = LCuy + (RC + GL)u: + RGu

d)'"-t = —==Urzx

u(0) = 0,u(l) = 0,u(z,0) = Upal =

. 7T
u(z,t) = 2;";10 Bn SID(T)E t A?l = m
1 .
Bn = —l——-——W fD Uo SID(T')dI

Jo sin®( - Ydz

nZx2

1
e) Uit = —=Uzx
u(0,t) = wu(l,t) = 0,u(z,0) = 0,u(z,0) =
LT
Uo Sm(T)°l—°—3-
u(z,t) = 3 72, BncosAntsin nlﬁ,
nmw
Ap =
" VIC
oehA] ,

B, = 2 fo Ug sm( )sm ——dzi Zo]Xlc},

Transforms

1 1

o — T ns+1 C

::‘((s+1)s2z +0
1

T+ T

W0)=0=C=0

W(z,s) = ———
(2,5) s"’(s+1)jn v
(= + o+ —)
={(-—+ =+ —)z
s s s+1

w(z,t) =z(e™t +t—1)

. u = F(z)G(t)

zF'G = FG' =zt
zF G zt

F ' G FG
ol wl, F(z) =z 7} A& w533,
4
t

14 — = — '+ G =t

+G G=>G+
>G=Cet+t-1
u(z,0) =0=>C=1
u(z,t) = z(e "t +t—1)

-~ C%upr =0

uz(0,t) =0,

u{0,t) = f(t), f(0) =0

sw—C2wz, =0

w(z,5) = C1(s)e F= + Cy(s)e~ Fraiy

limgz o w(z,5) = 0o &) Ci(s) = 0, 283

w(0,s) = F(s)eold
w(z,s) = F(s)eiq?-r#’
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. -ﬂ“s‘°l'—+ A2y Gl el

- 2%

CHAPTER 11 REVIEW

. w(z, t)- FrLl(e” %'-")

= t~ 4Td k=2
fof( 7) \/.__.e T, P
. wo(z,t) = ——— 20\/__ A 3 4c!rd7-
z 23
2C\/7_'=> w 2C( T 2dT)
zcifﬁ 2oV w20 g,
2 3evt —u?
= s [2OVE e~ gy
N
=—2—f°°z —vdw
VT zevr

10.

w(z,t)=f#

209

. .
= 225 e dw— 7OV e aw)

= %(—-\/—; - fﬁm e_‘”zdw)
=1—erf(

20\/" )

1
wo(z,8) = —e

w(z,s) = F(s)swo(z,s) = F(s)(swo(z,s) —
w(s,0))

= P(o)e(20)
6wo

Bwo

= fo f(t-‘r)—d‘r

Chapter 11. Review

Col® W4 WBWE ORI 2 de FUY Fehw

A s e A%e Het shiwt FReE oy
$gX ol s, 274 ol 4be] Wateel Takslol Wy
A& el wgale] ok

. a) Laplace equation: Au = uzz + uyy = f(z,y) &

9] zE, conductivity 4 =.

b) Parabolic equation: u; — Au = f AT 8} A},
4t w4 A, finance %

c) Wave equation : us ~— Au = f S5 wbg4]...

. F=ma®) A¢ Agstgch 35 Byl

- FZ (0, 7)Aol A A vibrating stringa eigen-

value A, = n? 2} eigenfunction u, = sinnzE Z&

o},

T FHIEE AE

el AL s7i7t Lol

- €yl s5urgAl oA Bessel equationo] Xol:,

3214l Laplace 7HHEA S b5t FYdA Le
gendre equatione] ¥.¢ic}.

$PHE by o

Wy g &

oJAe) 4¥olut A2y ol YHE WA
Aol BHE BN E Fl A3t G WaR
& &

R R TEERFESE ST e
A AFAE whyojrt
a) Dirichlet condition: HAZXHo} vjio] g= £
2.

b) Neumann condition : ZA)ZHo] 242 outer
normal® vjE 02 Foi4g o,
c) mixed boundary condition: a)s} b)s} 235 7

]
- -
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12.

13.

14.

15.

16.

i7.

18.

19.

20.

21.

eigenvalue ¢} eigenfunctionE 2 Fo{xl 7} £71=
& BEA|A ok ¥ W A § eigenfunctionE o] 4
Zg4o| Yefolx o] o) 2752742 eigenfunctionS
ol Fourier series® v}e}ul3 olof] = A45Sg 2
<4

>

12t 25

£ &7} decay 3},

3 d-dE4A 4 o]} Fourier transform 2 2.
#8& SUW g Ut

a2 -{n

A A7ty Gl 48 dodef Fold Wuley
Al A4 AL AL elS B Avl2 Y Y
° 2w, .

Laplace W9 $71x] $24& A, smooth 3t
%< ¥4& Laplace e §3 smoothsls st
4ol 93, €4, ul¥ ¢ Laplace H¥std n]io]
delx = 2ol gin}.

W5 S wlFo2 927t ol el syl 5
£ 347} ek

2 EA el A theedch

HUe XNFFA 4= eigenfunctiono 2 Bessel
functione] =3, ol 9 frequency: Jo¥%7}F 0
o] S& F¥o Atdsli=d vibrating stringel A=
sin®47t 0 oj )= Zlof Ado3ict.

ABE PR WERE Foteod Aol A 14
a)pel o} olof chat sl AlZbel Uit decayZ AL
2 exponential #7k8)x, 45 44 AE Aol
WY 24 wlol Hof 42 ¥aT el xYol ek

YA PRI Sel A JHE B A2 o= A
AM2) HFEE g4 E ot

A

Putu=e = u=C;sin3z + Cscos 3z.
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11. PARTIAL DIFFERENTIAL EQUATIONS

uy +u~— %:2

u(z,y) =e V([ e¥ — %zzdy—% C(z))
= e“V(-—%Izey + C(z))

= —%12 + C(z)e ¥

Putu=e* = A243X-4=0
= up(y) = Cre¥ + Cae™%
up(y) = —3. BetA , u(y) = Cre¥ + Coe 4 -3

A2+A=0 = A=0,-1

=  w(z,y) = Ci1(y) + C2(3)e™"

u(0,y) = f(y) = C1(y) + Ca(y)

uz(0,y) = 9(y) = —Ca(y)

=  Ci{y) = fly) - C2(y) = f(¥) — 9(v)
= u(z,y) = f(y) +9(y) — 9(v)e™"

u(z,y) = F(z)G(z)e %:r&néG

'G = 4P G G
F'G=yFG = F =g =k
Fl(z) —kF(z)=0 = F(z)=Ce*=

G —--G=0 = Gy = Ce~logv* = <
v yk

mebd , u(z,y) = y%e""

Laplace equation 2.2 3¢ F'G+ FG' =0 =
FII GII

—F~ =G = const

a) const =0

= u(z,y) = (az + b)(cy + @)

b) const = k% >0

P(z) = Aek* 4 Be*=,
Dsinky

=  u(z,y) = (Ae**+Be~**)(C cos ky+ D sin ky)
) const = —k? <0

u(z,y) = (Acosky + Bsinky)(Ce** + De~*=)

G(y) = Ccosky +

z=—-2z4+y,v=2z+y
w(z,y) = f(-2z+y) + 9(2z + y)

z=-3zt+yv=2z
u(z,y) = f(—3z+y)z + g(-3c +y)

z=z+Yyv==2x
u(z,y) = f(z +y) + g(z)

u(z,0) = sin? z = f(z)
gt — 4uzz = 0. webA ,
u(z,t) = 3 22, B cos(2nt) sin(nz),

Bn = = [y f(z)sinnz dz
=

2
By, = = [y sinSzsinnz dz
"
2 1 1
Bp,= - [M{(Zqg—-lz— = :
n ﬂfo(21l' |z 27r|)smn:cdz

ut — 1.158uzz = 0
u{o,t) = u(100,t) =0

www.20file.org

34.

35.

36.

u(z,0) = sin 0.017z
= u(z,t) = 3%, Basin(Tos)e 0t

nwv/1.158
VA = S
1 100 nET
Bn = % 0100 f(z) sin(To-(-)- dz
1 100 . AT
Bn = E 0 (50 - ]50 - Il) S!n(‘iﬁ(—)‘ dz
1
B, = % fomo(sin3 0.017z) sin(ri—gg dr

Ut — Ugz = 1}
ue(0,t) =0 = ux(n,1)
u(z,t) = 5%, An cos(nz)e > nt

Ap = ;f;f(x) dz,

2
An = ;fo" f(z)cos(nz) dx, n=1,2,--

1
37. Ap = = [y 250cos2z dz,
T
Ap = 2 Jo 250cos 2z cos(nz) dx, n = 1,2, -
7r
1 x 1
38. Ag= = fi(2m — 4|z~ —2—7r[) dr,
T
2 1
An = = fJ(2r — 4z — Ewl)cos(n:r) dz, n =
T
1,2,
39. AAadde) = S o
u(z,y) =Y or; 8n sin(TIZ sinh(l—;’),
1
ap sinh{nn) = : 012 f(@) sin(zz;—x) drg Fo{XZici.
1 12 . AT
40. = —m— 100 —)d:
o 6sinh(n7) 70 sin( 12 Yz
1 12 . AT . AL
41 @n = ———— — sin(—~)dz
@ = Semhmn) S0 SR sin(T5)
2. tR?=1=R= ,/l
w
ki _ an
—~ = — =0.6784
27 R
43. 2™ o
"9r " 2 2xR’ L
R’=1 = R=-——
w 7
231
= —— =0.6748
2v2
A
w M VIFT_ 1
27 2 2
A1 1 1 5
45, — = —4f24 5 =4/~
ar 2Vt 8
R? 2
6. T =1 R= /2
2 T
kiin _ o _ 3.832
2 27R /8w
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47.

48.

R2

= =1=>R=—2-

4 Nz

k12 o1z _ an

27 2rR 47

Au=20

u(To)=;&o, u(r) =uol2g
&%y 20u

Ayu= — ——
67'2+1-6r 0

= u(r)= Cle“f§ 4 L Cp = Cre 2187 1 G,

C.
> ur)= T—;—+Cz

C:

u(ro) = ug = —21 +C2
To
C

u(ri) =u1 = —21- +C2
T

1
1 1

= Gz -3)=uw-u
T T3

CHAPTER 11 REVIEW

49,

50.
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2.2
Tl
> 6= 521

-1 (zo —w)
Cylindrical coordinatesi] 4 &
&u  10u
Ay = ——= + ~— = 00| =
v ar? + r or Ocl=2

C
u(r) = —-rx- + C

C
u(ro) = uo = — + Ca
To

C
U(T1)=u1=-—1—+02
1 17'1
> O(=-—Z)=w-u
oo
> C =2 (2o — u1)
L —To

9(¢) = 4cos® golm
u(r,9) = 3.0 o Anr™ Pn(cos ¢),
A = 2n

2

1 - .
ha Jo F(9)sing dpz A sbgny.
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CHAPTER 12

Complex Numbers
and Functions.
Conformal Mapping

Complex numbers and the complex plane are discussed in Secs. 12.1-12.2. Complex
analysis is concerned with complex analytic functions, as defined in Sec. 12.3. In Sec.
12.4 we explain a check for analyticity based on the so-called Cauchy-Riemann
equations. The latter are of basic importance. They are related to Laplace’s equation
(Sec. 12.4). In the remaining sections of Chap. 12 we study the most important
elementary complex functions (exponential function, trigonometric functions, etc.),
which generalize familiar real functions known from calculus. This includes discussions
of geometric properties of these functions in connection with conformal mapping
(defined in Sec. 12.5).

Prerequisites for this chapter: Elementary calculus.
References: Appendix 1, Part D.
Answers to problems: Appendix 2.
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12. COMPLEX NUMBERS AND FUNCTIONS. CONFORMAL MAPPING

ol Folj A g3 ZE 0,878 LF ALY uirE 2¥sE oz ¥4

1.

10.

11.

Lz~ 22)/(21 + 22) = (2 + 8i)/(6 — 24)

12.1. Complex Numbers.Complex Plane

FAe A el 2 =ixi=(0,1)x(0,1) 9
AL (O0x0—-1x1,0x1+1x0)=(-1,0) ¢
Zo] el 2 = ~1& deoh 2fm B =% xi o]
Ti2=-1olmz ¥ =(-1)xi=(-1,0)x(0,1)
E(-1x0-0x1,-1x14+0x0)=(0,-1) =
—i 7t €g. 4t = 3 xi = (0,-1) x (0,1) =
(0x0~(-1)x10x1+(-1)x0) & A4l
(1,0) = 18 dech it = 123 Y99 Fd+ n
of & ¢ = 19% " = ()" = 1"g Faid
@ 5 93 i? = -1, = ~4,i = 1% ol &3td o
22 AES 4& F ok &, d9] AdS mof i}
3o ™ & mE 42 E UM AT 474 0,1,2,39 o
1,1,—1,—4 7} €}

D+ o 2451

(] \A\
. o 42
-1+ \

-4 o

52

o™ o

. 2122 = (4+30)(2—51) = 8+10+i(6—20) = 18—141.

. (3z1—22)% = (1249i—2+5i)% = 100—-196+280i =

—~96 + 280z.
C 1z = 1/(4 + 3i) = (4 - 3)/[(4 + 3i)(4 — 3i)] =
4/25 — 3/251.

. 25z0/zy = 25/zy22 = (4 — 3i)(2 — 51) = —T7 ~ 261.

. Re(z}) = Re(—44 + 117i) = —44.

7/10 + 11/1064.

. 0T o= (44 32+ 5i) = T+ 268, Tz =

(4 — 30)(2 — 5i) = —7 — 26i.

1/22 = 1/(4 4 38)% = 1/(7 + 24i) = (7 — 241)/625,
1772 = 1/(4 — 39)% = (7 + 24i)/625.

7i/m o= (4 - 3)/(2 +5) = [(4 - 32 -
51))/1(2 + 5i)(2 — 5i)] = (7 — 261)/29, z1/z2 =

12.

13.

14.

15.

16.

17.

18.

19.

20.
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(4+30)/(2—51) = —T/29+26/29% = —7/29 —
26,/29i.

2222275 /(21 70) = [(4 + 30)(4 — 3D))/[(2 - 5i)(2 +
5i)] = 25/29.

1/z = (z — ig)/(a® + y?)ol22 Im(l/z) =
—y/(z* + y*)elet.

A 2% = 2% - y® +i(2zy)d & B 2% = (22)%y
Imaginary$¥-& 2(¢? — y%)(2zy) = 4zy(z? —y?)o
< & $ sdd. a8z Im(2?) = 2zyolUnt
(Im(z%))? = 4z?y? o}

1+ =1—-1+2i4 (1449 = (20)2 = —40]1
A kA (14410 = [(1 +)4] = (—4)* = 2562
e

AA z/2 = 22/(22)ll M BRE AF 2 +3? o
3 24 2? -y —i(2zy)ehe § AUS SR
Re(z/Z) = (2% — 9*)/(=* + y")& & % gt

163 v Aoz $RrE 2o 2AE LSejmz
27t 22 = 28 — 3zy% + i(3z%y — y3) Lol 25t
Re(2? /%) = Re(2%/(27)) = (a3 ~ 32y)/(2? +¥?).

z1,22,238 247 z1 + iy, 22 + ty2, T3 +y3R A
A A z1,22,73, 91, ¥2,¥3% ZHE7| 2 Ao
z1 +z2 = (21 + i) + (22 + iy2) = (21 + 22) +
(y1 +y2) = (2 + z1) + iy + 1) = (22 + iy2) +
(z1+iy1) = z2+21. 2122 = (1 +Hiy ) (z2 +iy2) =
z1T2 ~ y1y2 + Hx1y2 + T21) = zamy ~ your +
Hzay1 + T1y2) = (z2 + y2)(z1 + i) = 2221

(21 + 2z2) + 23 = [{(z1 + 1) + (=2 + iy2)] +
(z3s +iys) = (z1 +z2) +i(ys +y2) + 23 +iyz =
[(z1+z2)+ 3] +i{(v1 +y2) +ys] = [z1+(z2 +23)}+
ify1 +(y2+y3)] = o1 Hiyr + (22 4-23) +i(y2 +ys) =
1+ + [z2 +iye + 23 + dys] = 21 + (22 + 23)-

FAY APYAE ol o} 22 WYAlo g A

z1(z2+23) = (z1 +in )z + 23 +iv2 +iva) =
zi(z2 +23) —y1(y2 +y3) +izi{y2 +v3) +iva(z2 +
z3) = niz2 —yiy2 +Fi(mye Fyize) +oizz —nyz +
i(z1y3 + y123) = 2122 + 2123,

042 = (0,0) + (z,y) = (zr,¥)(= 2) =
(z,9) +(0,0) =z +0.

Zitz, = 41+£231 = 415234, 27+ 722 = (38 —
184)(3 — 5¢) = 41 F 23i.

7172 = 24 + 2441 = 24 — 2443, F1z7 = (38 —
184)(3 — 5¢) = 24 — 244i.

z1/z92 =

T z1z2 = Ooleld zizz = § = Oojch. 19
2 2 F Zizzzizg X Oolt}. I®bd Zzzziza =
(2171)(2273) = 0ol 274 & AFo|ER 7171 = O]
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10.

11.

12.

13.

14.

15.

16.

17.

18.

12.2. POLAR FORM

At 2077 = Ocojch. YWY E WX YT 217 = 0
olzt dx PHsich 11 = z + iy(z, y= A5 3

215

d 2177 = 22 4+ 4 = 0] H3 7,97} Agolzz
=y =00} 3 2=+ iy = Oo}r}.

12.2. Polar Form of Complex Numbers Powers and Roots

. V2(cos(m/4) + isin(r/4)).

. 2v/2(cos(37/4) + isin(3m/4)).

- 5(cos(x + @) + isin(7 + a)), tan(a) = 4/3.
. 10 (cos(0) + isin(0)).

- 3(cos(w/2) + isin(n/2)},3 (cos(37/2) + isin(37/2)].
. (cos(37/2) + isin(37/2)).

. 4(cos(3@) + isin(3a)), tan(a) = 3/4.
. 5‘3/‘5 (cos(w/4) + isin(w/4)).

- YII9 (cos(8) + isin(B)) , tan(B) = 11/7.

@ (cos{m + ) + isin{x + 7)), tan(v) = 7/5.

122 -1

I+
Q
O (M

-

~m/4.
w,arctan(1/10) — «.
+arctan(4/3).
—{37)/4.

—(37)/4.

0+1¢x1.

2+1ix2.

341 x3V3.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.
36.

3+ix3.

() 6618 F4 1540 &t (b) w,
VIV + cos(8))/2 + iv/(T = cos(8))/2)4 4 r
[z]le) rcos(d) = zolmz Vz = w,
E[V1/2([z] + 2) + isign(y)i/1/2(z] — 2)). (¢
VA = V31 41), V048 = +2(3 + 2i),
V23 — 5V/8i = (5 — V/3i).

21/3 (cos(a) + isin(a)) , o = w/12 + 2nm/3.

i a

2(cos(@) + isin{a)), o = 7/6 + 2nx/3.

6 (cos(a) + ¢sin(a)), o = 2nx/3.

V2 (cos(@) + isin(a)),a = 2nn /4 + 7 /4.
(3 4 47).

H(1+ 26), (-2 +9).

(cos(@) + isin{@)) ,a = 2nx/8.

23 g ale) Zo) FA ojsbd L (5 +i% (1 + 37)).
2B A e T FA oA bl § (7 +i% (1 - 70))
2% WP 29 FA  osid

L(346ik (3427 S 2bzke] 8 3 4 4i 2ol
24340 4y e de8 7

22

lz1 + 22| =16 — 3.5i] = +/36+ ~ 6.95. [21[+|22' =
VA2 + 62 + /22 12352 ~ 7.21 4 320 = 10.41.

H$7t BR Sojold Afelmz opwlg AFY A
€ FHstE "k 2 AFAA 2L 22L =9
st 2|z 22|9F 2175 + z2Z19] vlng EA7 A
He} o] £ 2F So] old Afolm R cfa] o]
HFE vlmstd Aok WA A4 ), 22,y1, vl
A 21 = 71+ dy,z2 = 72 + et ¥3
dazf? — (2177 + 2271)? = 2|z122] - (173)? —
(2271)% = —(2173 + z277)? < 0.

a1 £ 22f® = (21 & 22){(z1 £ 22) = FT + 227z 4
2122 + 2271, & 2171 = |21]%, 2273 = |22}20] 22 8
o 5 A% dsig "

28 A% z,yo W8 z =z +yeta 29 |Re(2)] =
o, lIm(2)} = |y} 28z J2f = /22 +y2olch & 3
AL AF L viagony 7¢ F Qi

www.20file.org
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216 12. COMPLEX NUMBERS AND FUNCTIONS. CONFORMAL MAPPING

12.3. Derivative. Analytic Function

1.

45 S04,

-2.5

9. interior:2 H& FAo T A Yo discE F& F
SE A AL AY, limit point: S WA} #

EZE ZAY 4 gl:= A, closure: interior point%}

www.20file.org
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

LUz =

12.4. C-R EQUATIONS

limit point2} §>3§. accumulation point:z gk
Foll A ¢ow 1 JYe) HEST TAY 5 gl .

-3 = 1 -i+1)2+1 = 4~ 2ojnz
Re(f) = 4,Im(f) = —20]5}.

F(7T +2) = 1/(~6 — 2) = (=3 + i)/200}m2
Re(f) = —3/20, Im(f) = 1/200}t}.

F(4i) = =200 B2 Re(f) = —20, Im(f) = 0o]c}.

zof ki(ke o8 A4)E Wsl v £ e gat
lojt}. &, 2 olch.

T 2 ol del f < |7k 443 gYech 2k 002
7td f= 022 2} Aol

27} 022 7bd 29 & 12 7l B4 022 7).
Aol

zo k(2 + i)k kel A5)E dols] wd fo ge
1/(5k)olch k& 022 By o] 7+& 002 4P}
A ek Bdgeld.

u]Ro] 2zol= 2 s 24,

vlio] 8(z —4i)Tolm 2 3ty 8 x 57.

sl¥o] —3(5 + 3i)/zolmz s —3(5 +
31)/(—7 + 241) = —3(40 — 1461)/25.

o}8o] 362% +18i22 ~2z0]m 2 o sbm™ —110+ 70i.
ol ¥o] 42% —4/z%0| B2 Yalsid 17/2(1 — ).

ul 0] 3(3i22 + 62)(i2% + 322)20] =2 T olsiw 0.

12.4. Cauchy-Riemann Equations.

62° — 60z3y® + 30zy?, v, = 625 —
60z3y% + 30zy® u, = 30zly — 6022y3 + 6y°,
ve = —30z%y + 60z%y3 — 6y°7F At uy = vyolx
Uy = —vz°] 2 & analytico}t}.

< uz = 3ig(a® + 4?2, vy = 3iy(2? +y2) /25 9

th. uz # vy o] 22 analytico] olvjc}.

- uz = e¥cosy, vy = e®cosy uy; = —e*cosy,
vz = e cosyst b uz = vyo]i uy = —vgelB R
analytico]c}.

- ur = —5/r8sin(50), vy = —5/r%sin(50) v,

—5/75cos(50), up = 5/r5cos(56)7t AT}, w,
1/rvgel R vr = ~1/rugolo 2 analytico}c}.

- v z,yol A AR 2,59 ol At v 0oz}

%, analytico] ofuid},

www.20file.org

23.

24.

25.

6.

10.
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T2 EAE R 1/37) Gk & 2 = 2i8 A
T Aol A p]RL 00| 2 = 2ie N & B & Er}ole}.

(a) ()& 7P st 2% limees,o Ref(z) = Relo]
2 limzzImf(z) = Imi olgf. =em: g
E AsFst e O 48 £ o] Ay
b, limsszo Ref(z) + ilimeos., Imf(z)
Rel + idml ojm weby lim,,,, f(2)

limz 24 (Ref(2) +ilmf(z))) = Rel + ilml = l
€ dtd- (b) 2 o] FAAL L, moletz 775t
a2 e =1-m|/2> 0ol el AGY 5,67 =
Asted |z —20] S8 > |f(2)~ U <e ol |z~20] <
82 = |f(z) ~m| < e olth. 2% § = min by, bof )
Bhed fz—zo| < dol® |I—m| = - f(2)+ f(2)-m]| <
1F(z) = U +1f(2) = m| < 2eolc}. 9 Alo) o 3t
AE sl@sld ¢ < eF Q) (0) Yy Fojz
€ > 0o dfdted 6 > 07} glofH |z — af < Foju
1£(z) ~ f(a)] < eolT}. zp0} a2 SR8} m2 No| &
At n > No| dahe] |z, ~ af < dojok. n > Noj
Wl |zn - a| < dolm2 [f(2) - fla)] < eolt}.
& limnsoo f(zn) = fla)eln}. (d) v B7b5olmz
p666e] A (4 )ofl lim, oz (2~20) 8 o0} I 0o 7
S A8 Jo] EXstmg Fo Tea 2ok 1A
limz 0 (f(2) = f(20)) = 0% Y=o} fz0)E =@
WOE Fohd vl2 7 o] A4 BED) (o)
22 £P5E 5 PR 2+ k(kE A5)9} 2 + (1S
AR)Z A4 29 Aol ta} 71 27)= 0duo]
dted Fxbof @ A1&Y)E lolth. &, u]RErbsol
(44 Im(z) 2 2 7} Ao} (f) z = z + iys}
w = a+ibol| kst f(z+w)— flw)= 20z + 2byol
% flz+w) = f(w)/z = 2(az + by) f{z + iy) 7} S|
a,b% shitels Oo el A4 I s z = 4,ilz
% o, 247 20, ~2bizhe FYL ZEoh. S HL 2
7Hgoltt.

Il

CAS PROJ

Laplace Equations

ur = (L - 1/r%)cosh, vy = (r — 1/r)costh
vr =(1—-1/r?)sinb, ug = —(r — 1/r) sin 67} Y},
Ur = 1/rvgol v, = ~1/rugo|ng analytico}c}.
ur = 1fr, vy = 1, v» = 0 = ug7t Hch
ur = 1/rvgolR v, = —1/rugo]=F analytico}
o}

- analytic ¥2] $422 B o] =¥ analyticgs

olch.

- uf Tyl o v 1,y9] PHojAnt v Oolc.

%, analytice] opyr}.

ug o g o] 22 1ojxqt v, = Oojt}. =, ana-
lytice] ofvfc}.
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11.

12.

13.

14,

15.

16.

17.

18.

12. COMPLEX NUMBERS AND FUNCTIONS.

uE z,y9) R4olAT v Oolch. &, analytice] of

Y.
uy = 2z, vy = —2zo|t}. &, analytico} ojrjr}.

Ur = UrTz +Uslz = Uy = VrTy + 050 Uy = urTy+
ugly = —vz = —(vrrz + v90z) A7V rz =z /T =
cos®, r, = sin8, 6, = —sind/r, 8, = cosf/r.
Z, urcos6 — ugsinf/r = v.sinf + vgcosf/r ,
u,sin0 + ug cos @/r = —vr cos@ + vgsiné/r &
ot o] FAE Y3 48 "t

(a) 2A-AREA AR us = uy = 022
RE vy = vy = 00lth. & v = v = 0Oo]t}. (b)
A-ALSAA AARA ve = v, = 002 FE)

Uy = Uz = Oojc}t. & u = v = Oojr}. (c) p6702]
@)l 98 up = v. = Oolth. ZH-HS A6l
A% uy = vy = 0clch. F u = v = Oojx}.
(d) ur = up = Oolmz IH-TutFAedl 2J3ts
vy = vg = 0olt}. & u =v = Oo]r}.

7t ul@sbsolng olole] zof tis] f' = Re(f') +
Im(f)olet. p6702] A1 (4)4A Re(f')S (5)el
A Im(fy& 384 f& 788 f = Re(f) +
Im(f’) = ur — iuy7t FEXR 4 (4)oh A
Im(f)& (5)slMd Re(f)& F3td f'& Fstd
' = Re(f') + Im(f') = vy —ivz 7} T A}

u=13—3zy%, v =30y —ylejct F UL u; =
322 — 3y%, uy = —6zy, vz = b2y, vy = 3z° - 3y°
2 FojAr v|d& f = 3z? — 3y? +i(6zy)olTh.

uz = (¥ — 2%)/(2® + ¥*)? ol uzz = [22(2% -
3y)/(? +¥?) 2ol uy = (22 — y?)/(2® +y%)?el
o ouyy = [y - 323}/ (2 + y*)elth &,
Uzz + Uyy = 00]3 ZHRFFojTh uz = vy = (y2 -
) (2 + ¥?)P M v = (—y)/(2® + ¥F) + A(z)o)
o uy = v = (~22y)/(a? +y?)7elM A =08 &
& sith B v = (~y)/(z% +y?)elh

Uzz + uyy = 4 # Ooleh. Z2FE7} obiet.

19.

20.

21.

22.

23.

24.

26.

27.

28.

29.

30.

CONFORMAL MAPPING

Uz = z/(z? + y?) /20|18 uzr = y?/(z? + y?)3/ %0}
ch. A He g2 Fad up, +uyy = 1/(I2+y2)1/2 #
07t 2 23P57t obfel

log¥4& analytico| 3 Arge I F¢3-¥ol. &,
harmonico] c}.

Uzz = U, Uyy = —vo|2E ZH Yol u, =
vy, = —e FcosysjA u = e Tcosy + B(y)
W uy = —v: = e"®sinyol=m2 B = Oolt}. &
u=-e"*cosyolt}.

ur = coszcoshyol® uzr = —sinzcoshyo|
o. uy = sinzsinhyolx wuyy = sinzsinhyel
o Uzr + uyy = Oolm zgggoltt. uz =
vy = coszcoshyed v = coszsinhy 4+ C(x)l

dl, uy = —vz = sinzsinhye] 28 C = 00l}. 5,
v = cosz sinhyolc}.

Vzz +Vyy = 6z — 60122 2 & A&7} opich
vz az(z? — y2)lA vz = 4(32% — y?)

vy = —4y(z? — yP)el A vyy = —4(z? — 3y?)ol
=2 23g57h oo

CUzz +uyy =6(ax +by) =0 F,a=b=200|c} 1

g3 v el

Uzz + Uyy = 6a = 0 &, a =
v = b(z? — y?)/20]}.

Oojc}. z8|xt

Uzz + Uyy = (a® —25)u = 0 &, @ = *bojrt. 2
23 vy = uy = 2565 cos(5y) % vz = ~Tyol4]
v = +e*5% sin(5y)el}.

Upz +uyy = (62 —u =0 &, a = £20]c}. 22) 3
vy = uz = 2 cos(x2x) cosh(2y)%} vz = —uyefl
v = = cos(x2z) sinh(2y)olc}.

(~v)e = —vz = uyol T (—v)y = —vy = uzolB%
ut —v2 conjugate harmonocsejt}.

CAS PROJ

12.5. Geometry of Analytic Functions:Conformal Mapping

. real part

www.20file.org

imaginary part
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12.5. GEOMETRY OF ANALYTIC FUNCTIONS

i

> 8. real part
4. 2 £4& RES 7o) Wy Hygeg.

5. u=22 k2, y= 2zkf Al v? = 4k2(u + k2).

6. real part
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12. COMPLEX NUMBERS AND FUNCTIONS. CONFORMAL MAPPING

10. real part

Eal

imaginary part

R

11. aoj A=t critical pointe] B & 1 o] 2} 2] Ao 4} = con-
formale]c}.

12. 9383 B3 =09 A 28 AT ZE P4 confor-
male]c}.

13. &1, 4i& A AW E 9o 2] 9] Fel 4 conformale]
o (282 Folde] 295 oect.)

14. 2 & 873099 Hel M conformale)d]}.

15. ZE z = —2/b ol2j¢| o)A conformale|c}.
16. (z(t), y(t)) = (3 cos(t), sin(t)).

17. (z(t), u(t)) = (2 cos(t) + 3,2sin(t) — 1)

18. (z(8), y(t)) = (¢, kt?)

19. (z(t), y(t)) = (4 cosh(t), 2sinh(t))

12.6. Exponential Function

1. €237 = ¢2(cos(m) 4 isin(n)) = —e2. 4. 0-95-1.68 — £0.95(c05(1.6) + isin(1.6)).
2. &'+ = e(cos(1) +isin(1)). 5. e~i"/2? = cos(r/2) + isin(m/2) = i.
3. e2m(14i) — g27 6. V2eim/4,

www.20file.org
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10.

1L

12.

13

14

15.
16.

12.6. EXPONENTIAL FUNCTION
5e**,tan(a) = 3/4.
rl/ngi@mn+6)/n
4eim,
em/2 g—in/2,
z=0.
el 235 Fowd z=1/2log,.
ke 2285 Bod z =log3+ i
z = log(4 + 3i) = log 5 + ia,tan o = 3/4.

o] gt
real part

imaginary part

www.20file.org

imaginary part
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20.

10.

. 4cosh(zy + z2) =

12. COMPLEX NUMBERS AND FUNCTIONS. CONFORMAL MAPPING

(a) e is entire (b) (1) z9] 3|F¥2e] 7o F
Sujold e*x Agolnh. (2) 28} A5 FEo) Our}

ad |e7*| < leich (3) &4 . (¢) vz =
ye®V cos(z2/2 — y*/2) — ze*¥sin(z?/2 — y2/2),
uzz = y2eV cos(z? /2 — y?/2) — 2zye™¥ sin(z2 /2 —
¥2/2) — z%e*¥cos(z?/2 — y?/Pelm w, =
ze® cos(z2/2 — y2/2) + ye*¥sin(z?/2 — y?/2),
uyy = 2%V cos(x? /2 — y2/2) + 2zye®Y sin(z?/2 -
¥?/2)—y?e™V cos(z? [2—y? [2)olc). el P4
7t gol ud Ak ur = vyl A v = —e*¥ sin(z?/2—
¥2/2) + F(z)olx uy = —ve A F = Ooit}. (d)
F@E)=uz+ivy: =utiv= f(2)llH v =uz,v =
vzolth. u = a(y)e®,v = b(y)e* 7} HR uz = vyl A
a=Vojth. uy = —vzo4 @’ = —bolna"’+a =00
4} a = ccosy + dsinyde] a(0) = 1,b(0) = o' (0) =
golc}. &, u = e cosy + ie® siny = e* o]t}

12.7. Trigonometric Functions. Hyperbolic Functions

z = v+ iy?t ¥o1 2cosz = &% e =
e~Y(cosx+isiny)+e¥(cosr—isiny) = cosz(e¥ +
e ¥) + isiny(e¥ + e ¥) = 2(coshzcosy +
isinhzsiny), 2sinz = e'* — e7** = e"¥(cosz +
isiny) — e¥{cosx — isiny) = cosz(e¥ — e"¥) +
isiny(ete~¥) = 2(sinh zcosy + i cosh zsiny)

2eiz1+iz2 + ze—izl——izz —
eizl+i1,2 + e—izl—izg + ei11+i22 + e—izl——izz +
e—izl+izz + eiz1—izz — e-l'z1+izz _ eiz;—-izz —
(eiz1 +e-—z’zl)(eizg +e—izz)+(eizl _e—izl)(eizz
ei72) 4sinh(z; + 22) = 2ef41Hi22 _ 2e—i21-i%2
eizl+iz2 _ e-—iz;—izz + eizl-{-izg — e—izl—-izz

e—iz;-{—izg + eizl—l'zz + e—i11+izg _ Eizy—izz —
(eizl _e—-izl)(eizz +e—izz)+(eizl +e—z’z1)(eizg —
e-—izg)_

. 4coshz? — 4sinh z? = (e2** + e~ %7 4 2) — (e¥7 +

e~%% —2) = 4. 4coshz? + 4sinhz® = (%% +
e—21z + 2) + (e2iz + e—2iz _ 2) - 2(e2iz + e—2iz)A

L cos(l 4+ 4) = 1/2(e7 i 4 &) = 1/(2e)((1 +

e?)cost -+ (1 — e?)isinl)

. sin(in) = 1/2(e~* + e*)

. 7hEReE 2® cos(l/2r — in) = —sin(ix) =

1/2(e™" - €).

. 59 A1 AAE 29 1/2cosh3(e® + e7°) -

(1/2)isinh 3(e% — e~ %).

. 9o 219 HAg 29 1/2sinh4(e® + %) +

(1/2)icosh 4(—e5 + e~ %).

. cosz = 1/2(e¥* + e %) = 3iol A €% — Bie'® +

1 = 0& 93 &* = (1.5 VI0)E Qe
z2=15+V10 +in/2,—1.5 + V10 —im /2.

2coshz = (€% +e7 /%) = 098] 2L 2% =19 2

o™ 2iz = im, WA z = 7/2.

11. 2coshz = (e +e~%) = 1o A e* = 1,(1£iv/3)/2¢]
t}. z = 0,+ir/3.

12. 2sinz = {e¥* — e~%%) = 20000§4 olRA oz =t
Zo] £d € = (1000 £ sgrt10% —4)/27} =z
z = —ilog[(1000 % sqrt106 — 4)/2].

13. 2sinz = (** — e~ %*) = 2cosh 3] 4t FA9Y T2
Ao 2 z = —ilog[(cosh 3  sgrtcosh3? — 4)/2].
14. real part
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17. real part

12.7. TRIGONOMETRIC FUNCTIONS

19. real part
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10.

11.

12.

13.

14.

15.

16.

17.

. In{{—4) x (-1)) = Ini =

12. COMPLEX NUMBERS AND FUNCTIONS.

20.

CONFORMAL MAPPING

imaginary part

CAS PROJ

12.8. Logarithm, General Power

In1 =In(e?*") = i2n7. In4 = log4 +In(ei2n") =
log 4 + In(e?™7). In(—1) = In(e27*+7) = i2nm +
7. In(~4) =log 4 4+In(e*?""*+*) = log4 +i2nn + 7.
Ini=In(ef2"+7/2) = 2nn 4 &

2n7w + 7 In(—i) =
2lr — (1/2)r n(-1) = i2mn + 7

CUur=1/rv =1, ug = v, = 0.

elnz — plurgid _. rei?. m(ez) = lnlezl +

iarg(e®) = z + 2nwi.

. logh +inx
- log4 +ia —im,tana = 4/3.

. log V2t w/4.

log(v/100.01) % i8,tan B = —1/100.

- log(v/15.49) £ iy % im, tany = 1.8/3.5.

1.
0.
In(—4) =log4 +ir + 2n7.

1€ A4 vhe A Gool I shE i((1+ 2n)7 —
1).

log§ + ia + i2nn,tan o = 3/4.
Zo] —m/20]B% —i.

gty =237k 20lm

Zho}
e~ 2(cos(3/2) — isin(3/2)).

—3/20|m2

Auigte] 237} 40ln Fo] —30lm 2 e(cos(3) —
isin(3)).
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18.

19.

20.

21.

22.

23.

Ao gke} £ 17} eo]3n Z}o] —zmolm T —et.

real part

(2i)2i = (2ei7r/2)2i — 8210321'—# ol g pn'ncipal
value 2log2.

34—i =  4log3—ilog3

°ojZ.2 principal valueg
—log 3.

(1 + i)l—i — (\/ﬁeirﬂ)l—iﬂ_
£108 V24 /4+i(n/4~log vZ)

/4~ log V2.

3 =

ol= % principal valuex=

r + ,;)—1+i — (\/fe‘-”/“)_l'*'" =
e—!ogﬁ—?r/4+i(—w/4+]og\/§)°ll;._i

valuerx —m/4 + log V2.

principal
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24.

25.

26.

27.

28.

29.

30.

R RAYE sW oz =

12.9. LINEAR FRACTION

(1 + 3i)) = (V10ei*) o)== principal value:
—log V10.(tan a = 3).

(eiﬂ'/2)1/2 o] 2.2 principal valuegs w/4.

(_1)2—41' - (eiﬂ')2—4i = e4w+i2w°]gi principal
valuey 0.

(3+4)M/3 = (elog5+ia)1/301 m 2 principal value
a/3.(tan = 4/3)

(elog v 1.85+i6)i21r °| oz
27 log v'1.85.(tan @ = 4/13).

principal value:=

(—3)8-% = (elo83+imy3~is1m 2 principal valuex=
7« —log 3.

(3) w = cos™'zelm ¥&. 2Y 2z = cosw =
1/2(ef* + e~iW) o] R €2 — 226% 4+ 1 = Qo|r}.
w=7f29 9 FAAYL 0 o]2Z o|AYHAL E
I ko) FES Ay 238 Asd w=—iln(z+

225

VzZZT)elth. (b) w = sin~'ze}3 £ 79 2 =
sinw = 1/2(e?¥ —e~i®) o] 3 2iW _2z¢iw _ ] — 0o]
9w =04 g 2}l 0o]2Z oA g B 1
Fo] FEE HUoh 22F HAsd w = —iln(iz +
V1-2%)elth. (c) w = cosh™zelm ¥4 o
z=coshw = 1/2(e¥ +e~%) o] 3 ¥ —2z2e% 4.1 =
Oolth. w = 02 o sholHTAFAIL Tojmz o)}
AL 3 2 g9 322 A 225 Haw
w = In(z + V22 “1)olet. (d) w = sinh~! 2}
X2 ¥7 2% z = sinhw = 1/2(e” — e~ ¥) o]3
e? —2z¢% —1 = Qojc}. w = 0 wj sho]H AblL 0o
EE oA YN E T 1 o) HEE Yt 218
Hed w=In(z+v2Z + T)ojt}. () z = tanwetm
¥ 1% 2 = tanh(iw) = 1/i(e?¥ — 1)/(e2¥ +1)
o} 2 = (1+iz)/(1~4z)olT}. w = 1/(2i) In((i +
2)/(i = 2}). (f) w=tanh™'z2}z ¥x}. T iw =
tan~lizojch, & BAe oot w = 1/2In((1 +
z}/(1 — 2)). (8) w = sin~!zebm #A}. sin(w +
2n7r) = sinw cos(2n7w)+cos wsin(2nn) = sinweo| T
sin(7 —w) = sin 7 cos(w) + cos 7 sin{—w) = sin weo]
o 2¢8d w+ 20w, 2mr + 7 — wrt 25 sjo|c}.

12.9. Linear Fractional Transformations. Optional

- o3 cwz+dw = 0z+b, 22 Fowd (cw—a)z =

—dw +b. W5d z = (—dw +b)/(cw — a).

(w + 9)/(w + 1)oln
(c + (¥ + 1)3)/(ci + 1 — y)olc}. linear fractional
transformation& & 9 = Yoz F7it.
unit disce] FA= £ 949 FA2 24X 1 (2] < 1)
W Frt & d54Y FAL 9P AEY ¥F
Tox A g5 45l dSelne T BY
o}

C & HE A (w - 1)/w = (z+d)/(z + 1) x

(=1-1)/2.

C(w = 3/4)/(w — 1/2) = (z - 2)/z x 1/2 o]%}

s 22w — 3/2z = wz — 1/22 — 2w + lo]:
wz — z + 2w = lelt}. FiehA Ao

- Silvermann®} Complex Variables 2% (pp47-61).

S ()97 Adsd doE YESAd gEy 2R

o EEs Ex9 RRE UAY 5 el gl A
gls2 %% Linear Transformationelc}. (b)
z =+ iyet 3 UL ez + by + ¢ = 00|}
A w = wy + w2 ¥24d ¢ = wi/(w} + wd),
y = —wz/(w? + wi) oj= 2 o] vy ua)s}
A c(w? + w?) + aw; + bwy = 00] HAc}. ¢ # 0o
ole 9% A 49 WA olt}. (K& s
« Felshd Fcl. (d) (a)ef A TRk (e) —n/23)
AF AFstd A% gigdolc). o7l oA 19 g4
& AR ((—iz)® - 9)/(—i(-i2)* + 1)

- (wHD/{(w=-1) = (2-1)/zx1/20) 2% 2wz +2z =

wz —w

~z+1E B w=(1~-2)/(z+1).
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8.

10.

i1.

12.

13.

14.

15.

16.

oo = 0ojlEE w =

(w—-2-9/(w-3) = (z—-1)/(z 1) xio]mnzg
wz—tw+ (1 -2)z42i—1 = wz—iw—32+3i&
Aelstd w=(~(4+2i)z +i+1)/((¢ - 1)2).

1/(az + b)e] @ejolch.
60— 00,1 10]2fH w=1/zo0)c}.

(w — )/(w — 1/3) x 1/3 = —z/(z — 2)o]=
2 wz—-z—-2w+2 = 3wz + 2§ FPsd
w=z/(22-1).

wf(w — 1/2) = z/(z — i)e]ER w2z — iw =
wz — (1/2)28 Helsid w = —(1/2i)z.

2f(z=-1) x (1 +3i) = w/(w—1) x (=1 +1i) Yeis}
dw=(i—-1)z/(2z — i —1).

w/(w+1) = (z—1)/(z+i)x 1/20) 2 2 2wz+2wi =
wz +z —iw—~ 1% Fed w = (z - i)/(z + 3d).

A (Dol skl w = (z - i/2)/(~(i/2)z — 1).

{az+0)/(cz+d)Ee 27} A4 U A5FL 7hxio] ¥
doF o}, 12|37 ontoe]o]ol lm 2 B ¥} glojM=
<tk & 0, bof o) &) az+b Foluh.(6(c)t wl)

w = (az + b)/(cz + s} v = (ew + f)/(gw + h) S
dAd8d v = (elaz + ) + flcz + d))/(g9{az +
b) + h{cz + d}) = ((ae + cf)z + (be + df))/{(ag +

Ch)2+(bg+dh))°|1‘§€(z f;)s; (; ,{)z}%

ae+cf be+df ofc}
ag+ch bg+dh :

rlo
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w = (az + b)/(cz + d)o} A w = z2] §7} 1ol T
b=c,a=dold Grt.

18.

a=c=d=00]3 b 0oln Yc}.

12.10. Riemann Surfaces. Optional

2= (0 <0< am)7t 144 A% AR Rgo T
YNUE FY E o w=Z=e9/2E 22 B
£ e AANA ATHA B vpAE

Lz = rei(9+2m1r)°‘ el w = zl/n — ei(0+2m7r)/n

+tm=0,1,n-17%A A2 t}& n7je] @& 2.
ARE wHAL 2899 0 < 8 < 2na7tx] e nof
# 3}

Z2 Y2 nol FAYE Aeholh

cw =2tV w= 59w, Zhzt zo) A 49, 5 2=

A HLS w4 1Y £t

. w=1ne® = ifoln2 H4EE we} STt ALA

o "ut.

6.

9.

10.

1& $4 22 -2 polar coordinater |- & wtg
2 2.2) branch cut& 273t 91 28§ FAoez 7
& polar coordinateeh o % wW}3k o 2 o] branch
cut& 87t 7149 branchye 134 2§ ole A
T EE 2 A A4 dAgte 2 o)

. 3 A A7 10| branch pointo] s} sheet= 28

ol}.

. M A polar coordinate® o)&sbwl 1,427}

branch points ¢J-2 v}-&t}. of vi7]e] oAl (4w
3o 29 branch cut$ Ao —1 <z <1l ¥
7h7t & o5t Fol= 242 M= branch oj2 2 o]
TZti A= AA 2 branchr} gict.

—3 — i/27} branch pointo]=] sheet= 5 AFolr}.

+1, +i7} branch pointo] il sheet= 5 Folt}).

Chapter 12. Review

. (224 7))+ (3—28) = 25+ 5i. (224+70)—(3-2i) =

19 + 9. (22 + Ti) x (3 — 2)) = 80 — 23i.
(22 + 74) /(3 — 23) = (52 + 654)/13.
. 25 + 5 = 5v26e',(tana = 1/5). principal

valueE a. 19+ 9 = 21€'8, (tan B = 9/19). princi-
pal values= 8.

. calculusej A= vectore] 1}xAle] 3| 4Hx ¢

284 FAHFAY 24444 2P| P
H ol e FERE AR A ¥ (Y=
$FE A9 7H5). olef nig Xi4e) HA e 9
S22 FERE ol 8% vl o] Fois} shesie}

. Analytic function?] 8 AL z = u + ivefl o

#u, = vy,uy = —va. olF olgdd E ¥4t

analyticl <l o] 4 3¥-§ ¢ 4 o

- ALY BE § F 749 ddolN w2t B4

4§ analytic functiono]z} #c}.

WM £ e AEezsE T Mg oz

o] 2 o o8 BEY u conformalojz} Fcf.
analytic§f-= Jol o] dl8 critical point& 49
¥ 2E FHofA conformalelc}. A2} 71&71§ 7tA
3 Fde 2 Fojgat.

- & 2E FEekg
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8.

10.

11.

12.

13.

14.

15.

16.

Xrgo|B R argumento] g REo| Pos 2§
gt} glct. olzle] Ho) & BstA wET)

. 2€ :ec'n‘i A ojgit}.

harmonic@ el W@ o] &3 AY 5 Ao} 167 3
x.

Linear transformation 5702 %o 2 Qojs)v] 4%
of i@ Haghe] Fuotor A4 s Tz

Zagdd] 530 P& Eoi4 PP E sphere®
+ Aol expended complex planeojc}. linear frac
tional transformationo} ©§# expended comple
planesj o] & Tf2 Yoz vEHADG. £ B
HH e} 42 expended complex planedf 4= ¢
o}

2= f(2)& nHFolzt #9 AAEPEAA ol E ¢
E ey

sin(z) = ~10. sing] gto] Y5olA™ 22| 35
of Oofojo} @rh. & 27k U4role ofwhof A7t $E-
A7 5o

equ2 7/2e0h, AR, 9AFA ol B, ©
2 F9olE, Bslue AAT W Al Ao
olct.

(5 —7i)2 = 25— 49 — 70i = —24 — T0i.
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18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

CHAPTER 12. REVIEW

1+ =((1+92)*=(1-1+2i)* = (20))¢ =16.
\/5‘—_71::

e/ = cos(n/2) + isin(n/2) = i, e~i*/?2 =
cos{—n/2) + isin(—7/2) = —i

(32 + 2i)/(17 — 15i) = 574/514 — 476 /514i.
~4 4 41 = 4e~3i/4,

12 + i = V145¢'  tan a = 1/12.

—25i = 25¢™7/2,

~7.3 = 7.3¢%".

(2.60 + 0.38)%> = 69044 + 1.976i =
51.575315¢', tan a = 1.976/6.9044.

24 =819 2 E 2 +3,43:.

IYYez Wz A5 wE

, Ak
+£Be'* tan o = —4/3.

—19 FYA FWE T oln g YA Fo| 0]F
A B 5E e/ tieit/4,

—16 — 12i% 28402 vy 20ei(@+7) tang =
3/4. & /=16 — 121 = ++/20ei(a+7)/2,

—32i = 32e~1"/2. & /T30 = +4/De~i7/4,
ur = vyoll 4 vy = 3552—3‘_(]0137_1) = 3172y~3/2y2+
f(@)elth vy = —vzojd v= = —3z/negbry +
F'(z)el= 2 analytico} ofvit}.

& 5 1/(2%) - 1/29] 453l ol& ana

lytico] ofric}.

vy = ugefjA v = -2z 4+ 22 + f(y)olt}. v, =
—uyeld 2y = fi(y)elz f(y) = ¥® + eclth
u=-2z+ 422 + 4% +a.

sin(z)#] s R-Fo] Foixl Froloh & HH Aol
u = sin(2z) cosh(2y)olc}.

coshdni = 1/2(e?™ 4 e~ 47y = 1.
ett2i = e%(cos2 + isin2).

Ln(5 - 2i) = In(v29) ~ i, tana = 2/5.

sin(dr — 7if2) = —sin(#xif2) = —1/2i(e~"/2 —
e™/2) = —4.
tan(l + ) = sin(1l + 1)/ cos(l + i)olc}. sin(l

i) = sinlcosi + coslsini = (1/2)sinl(e
e”1) + (~i/2)cosi(e~! — e)2} cos(l + 1)

I+ +
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coslcosé — sinlsini = (1/2)cosli(e + e~1) —

(~i/2)cosl(e™! —e). & j3Ise D

40. real part

41. real part
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imaginary part

ef b b8 5EEF
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46.

47.

48.

wr} analyticolm2 w = —2zsin(z? + 1)
8, &, cirtical pointej4] conformale] o}ir}.
0,£v2nm — 1.

= T AL A JZgc). gebA analytic functione]
2| g Aol o 3 cirtical point3 A4 FEellA= &
A A e}

(w—2)(w—-1/2-13) = z/(z+1) x 28 &
2ol wz + iw ~ 2%z + 2 = 2zw — z — 2ic] A
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w=(z+2+2)/(z — ). =)

49. & Linear fractional transformation transla- 50. w=(az+b)/(cz+d)2| BHAL c22+(d—a)z+b =
tion, rotation, @sldef i@ HYUs| AW, F2uy 022 Fojfdh o] 87} Liol2l™ b = ¢,a = dojw
A AGE 2P ofFo] [t (12.99] A 64 H "o
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CHAPTER 13

Complex Integration

Integration in the complex plane is important for two reasons:

1. In applications there occur real integrals that can be evaluated by complex
integration, whereas the usual methods of real integral calculus fail.

2. Some basic properties of analytic functions can be established by complex
integration, but would be difficult to prove by other methods. The existence of
higher derivatives of analytic functions is a striking property of this type.!

In this chapter we define and explain complex integrals. The most important result
in the whole chapter is Cauchy’s integral theorem (Sec. 13.2). It implies the useful
Cauchy integral formula (Sec. 13.3). In Sec. 13.4 we prove that if a function is analytic,
it has derivatives of all orders. Hence in this respect, complex analytic functions behave
much more simply than real-valued functions of real variables.

(Integration by means of residues and applications to real integrals will be considered
in Chap. 15.)

Prerequisite for this chapter: Chap. 12.
References: Appendix 1, Part D,
Answers to problems: Appendix 2.

Proved without integration or equivalent methods only relatively recently, in 1961 [by P. Porcelli
and E. H. Connell (Bulletin of the American Mathematical Society, vol. 67, pp. 177-181), who make
use of a topological theorem by G. T. Whybum].
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10.

11.

12,

13.

14.

15.

16.

17.

18.

19.

13. COMPLEX INTEGRATION

13.1. Line Integral in the Complex Plane

4 -THO <t < 1).
(4-9t)+i(3 —48)(0 <t < 1).

3cos(8) +4 + (3sin(f) — 2)(0 < th < x).

. 3cos(f) + 25in(0)(0 < th < 2r).

t+i/t(l <t < 4).

L t+it3 (-2 <t < 3).
- Bcos(d) — 3+ i(sin(8) + 1)(0 < 9 < 27).
. 2cosht+isinht(ts AF).

. Rez7} Analytice] ohizz 4 wyg & 47t

Stk FHE AT SuA uhge "
bz = 1+2t+i(1+ 80 < ¢ < 1)o]mz

Jo Rezdz = [ (1 +2t)(2 + i)dt = 4 + 2.
04 M 34+ 4iz she M4l

5% £422 %3 ¥4 VI Y& WAAL 5= o
SEEX

FAol 2is) A 2,y5 Y AAAYTF 27 4,19 7B
Qe VAAVG R @ 97 £ T4

—1+43iollX Usted y =329 & et 1 +3i2

he F4.

2% —p? = 19 #IU9] 2 & WellH (1,0)& 2%,
(cosh(4),sinh(4)) 2 7}= = A4.

Rez7} Avalytico} oh=2 M4 wig & %7 ¢
%5 F4E A AT sz FUA e H
g fydt+ [Z(1+dt=14+2+2=5.

sinz7} AnalyticolZ2 R
sin?

Ui g
z=(1~cos2z)/20]B2 [, sin®zdz = im.

27} Analytice] opzmz s wig & 71 @
o FHE oA stn Seg uhge Qg
JoEdz = [ (t—it?)(~2it)dt = [} (263 — 2it?)dt =
1/2 - 2i/3.

Rez?) Analytice] olZz 3 whye & 47}
Stk fZ"(cos? @ — sin? 6)(—sind + icosf)dd =
JZT(~sinfcos? @ — icos@sin? 0)dg. A 4a wm
=1/3.

Rez?o] Analytice] ohjm2 s W& & 45} ¢
o Jo(z® - ¥*)(E + ig)dze] AL gnt Po] 5
A e o) 3t WY REoz ojoimg
Jo (=) @)dt = —(1/3)i. f1(£2 — 1)dt = —(2/3).

20.

21.

22.

23.

24.

25.

26.

27.

28.
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0= @) (~i)dt = (2/3)i. fPe2(~1)dt = 1/3. =,
—(1+14)/3.

ze*” o) AnalyticelZ 2 s uhyg g}
Je ze’dz=e” —e=e~1_e.

sinhwz7} Analyticol=2 Sy
o & Hre osinhwzdz =
(1/m)cosh(in) 7} Az B 2/x.

wHE Ag
(1/7) cosh(0) —

cosz7b Analyticol22 s wde g
T HEL [ocoszdz = sin(in) — sin(—in) =

H(E)e™™ - em).

e'*7} Analytico]m2 HWm e Agdcd. &
Hre fC’ edrdy — (64(8—31') _ 64(8—1'(3-{—7{)))/4 —
€32 ja(e=12 _ e~12i=4wiy — o

sec?z7} AnalyticelZ2 Sdi® wHe aApgdc)
F HPL [,sec®zdz = tan(ir/4) — 1. A=
(e7r/2 _ 1)/(6"/2 + 1)'

z=1i+5%0 < 6 < 2m)z Bed. [I7fd: =
O“(s/se_—” —6/(25)e™%¥)ise®dg = [27 i(3/5 —
6/(25)e™)d8 = (30w + 6)/5.

Jclkrfi + ka2 foldz = [ [(kyRe(f1) + ko Re(f2)) +
wkiIm(f1) + kaIm(f2))}(dz + idy) DAY Fo o
Al A 1.2 A FolzEm "o

-

M =3, C = v/50] 22 upper boundx 3v5.

CAS PROJ

- ()54 g3t Aol olel M potentialg o]

e YA AHEe A pHY oldr 2
FEY He odd "ok Aol geh. 2 an-
alyticityeb= Rof 20& 2515 ol whd o)
path®] parametrizationg& o| 43l F Wiy uy
< Agde 2ggolets FHE glxul, Yubde
Fo Ui H2E ¥ oF 4 yYoh: Byl
sieh ole A2 E e wWjel o Hesige A
& ek (b) (i) potentialg ol gstwl [, z%dz =
{2¢)°/5 — (—2¢)3/5 = 641/5. Line integralg o|£ &
W [o)), 16e402ieidp = [7/% 32¢590dg = 64i/5.
(i) potential® o]g#pd [ e?*dz = (e2+% —
1)/2.  Line integral& ojgstwl fle(2+4t(1 4
2i)dt = (e*¥4 —1)/2. (c) Rezg Wapad [T (1 +
iecost)dt = 7 — 2:a7} ®rh. Analytic function® 2
z& dsd [ (t+iasint)(1+iacost)dt = (m)2/27}
H3 o] FL aol HEsA gk (d) ImzE 9
st [f isint(icost — asint)dt = —ian/27} 9
o}. Analytic function® 2 2 =59 fy(acost +
isint)(icost — asint)dt = 0o} 31 o] 2 aof 9
314 g=d.
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11.

12.

- Analytico]® H¥-gte] Wstd
EE)FE

T A dg HEe

13.2. CAUCHY’S INTEGRAL

233

13.2. Cauchy’s Integral Theorem

Aarzrg el o] Wol iy line integral g zhzh A Abs
R fo, 2%z = (14+0)°/3-(1~1)3/3, [, z%dz =
(1-93/3-(—1-13)%/3, Jo, #2dz=(-1-1)3/3—
(=140)/3, fo, 2%dz = (~1+1)3/3 - (1+1)3/37}
. &, [ 2dz = Jerrcpacyrc, P42 =0.

1/(z% + 4)9] singularitiest= +2iolt}. £ @ (a)
lz—2] =2 (b) |z—2| = 3 2% ¥} singular
pointE EHslA ooy of AP 0ot

A dT 41 S FALE 5w 1090 Y Koo
dde A w = 1/22 & analyticolt}. TH 1o x|
Al A7y B2 o] Analytic region W 2e )
222 HEF2 Wax gt

(@)l o8] HS ol TEstA| gonl (b)of o
+1, 48 Wiol Zsx) g3 ()l o8 £3is =
¥aba o AT

(1 +1) fg cos[(t + it)]dt2] Al 4te] shortest path in-

tegral.  AAbs}E cos(t + it) = cos(t)cos(it) —
sin(f) sin(it)oll A cos(it) = 1/2(et + et)olm
sin(it) = —i/2(e”! — ef)olmZ AHAsHot BH:

AL ((1 + i)/2) [ cost(e™® + ef)digh ((i —
1)/2) [q sin(t)(e~? ~ e*)dtejc}.

5 714 pathz HEsE A& [ cos(t)dtst
Jo cos(m + ti)idt. cos(m + ti) = — cos(ti)o] =g =
Wy dae fo" — cos(ti)idt.

lusefl 4 analytico] o} (A

)

£ =M dw  "Ape [etdr =
Ji e i 2 gA8m 1 Ase ARHy
& W4 "-gshd 0o] Urh.

fotan(z/2)dz
JoT tan(e¥ /2)ie?ds 2 EASW o)) $HH Yol
(2/2) log |sin(i6)|7t S22 R ¥ 3ke Oojct.

E FAe) AW ARL [ 1/]2%dz = [T ied0 =
07 Yo}

€ FAdd A% H¥Ee [o1l/(rz - 1)dz =
JoT 1/ (me® — 1)ie®do 7 s} ArANE 37
Ao} (1/x)In(ne!? — 1)ojm 2 golt}.

€ FAd Wy "3EL [(1/(Qz - Ddz =
T 1/(26% - 1)ieds b sw REALe 2y
2ol (1/2)In(2e*® — 1)o] = 2 0ol

Fdol g AL [ 7dz = [l ie 049 7}
o "2 0olch.

0y

17.

18.

19.

20.

21.

22.

23.

JZT e¥ie10d(1/4) (et — e?) =o.
. foz" e¥ie0dg = (1/2)(e2™ - &%) = 9.

. [2Tisin8i(cos§ + isinf)ds = 27 (cos(20) —

1)/2d8 = .

- (a) Ce €% 49 dgddolr}. fcsinzdz =
Jo7 sin(e®)iedn. = f271/(2i)(ie 0+ —
ief+ifyag = o. Jo1/(z + 2)d=. Jo Im(z)dz.
Jol/z%dz. [51/(z ~ 1/2)dz.  (b) (i) f(z) =
(22 + 31}/(2% + 1/4) = (3 — 22z8)(1/(z — 0.5i) —
1/(z + 0.5%)) f(2) = 4/(z — i/2) — 2/(z + i/2).
Cauchy Integral formulaol &8 z = ¢'f + 4/2,
Jo7 4™ %iedg = 8x, [2¥2e~WiePdg = 47 o
#A 127 (i) folz + 1)/(22 + 22) = 0.5/ +
0.5/(z 4+ 2) Cauchy Integral formulao] <&
z = ¥ e _ 2 f:" 0.5¢"%ieds = x So
2r. (d) 2(t) = t+iat —t2),0 < ¢t < 1.
fozdz = [§{t +1a(t — 2))(1 + ia(1 — 2¢))dt inte-
grand¥ the derivative of (1/2)(t+ia(t—t2))? o]z},
S0 0. fo Im(z)dz = fJ ia(t —t2)(1 +ia(1 ~ 2t))dt.
Js da(t — t%)dt = ia/6.

Cauchy Integral formulas] 2J#, f|z!=7r 1/(z —
3)dz = [ 3021 1/(z — 3i)dz. f]z+3i]=l 1/(z -
3i)dz = [Z" e~ ¥ie®dp = 2n.

Joln(l = (=1 + ti))ide, f1 In(1 — (1 +t))ids,
Join(L - (¢ + i)dt, [7VnQ — t)idt. mee

Jo In(2 — ti))idt =

f]zlz2 e*/zdz — fl:l=1 €* /zdz singularity7} < sy
of glck. 8z 0.

f—lz zdr = 0, [ cosfie®ds. F2 1}mw fra+
cos(28))/2d6 = /2 and for(i/'Z) sin(20) = 1/2. So
(m+1)/2.

the Cauchy Integral formula® M4, F 9 |z—1| =
Liz+ 1 = 1 B4sd [27 1/(2e9)ie®df = =
and [271/(2¢®)ie*df = 7 s0 [ 1/(z% ~ 1)dz =
27.

By the Cauchy Integral formula, use
two circles |z — 1] = 1/2,|]z| = 1/2,
then foz" 1/(27%e")i0.5¢%dd = & and

27 1/(271€)i0.5¢ df = 7 so Jo1/(z% = 1)dz =
27.

(a) Considering that 1/(z% + 1) = 1/(2i)(1/(z —
i) — 1/(z + 1)), we get flz+i[=1 /(2% + 1)dz =
JoT —ie7"ieidg = [2" df = 7. (b) Considering
that 1/(z% +1) = 1/(20)(1/(z — ¢} = 1/{z + 1)), we
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24.

. C%t jz —if2] =

. o289 Cauchy Integral formulad

13. COMPLEX INTEGRATION

get fi. = L V@R + )z = 2" —ie~0ieifdp =
JZdg =

Jo coth(0.52)dz,(|]z — 0.573] = 1,clockwise Let
z=0.5mi+e*® 0 < § < 27, then sinh has no sin-
gularity inside the circle C. So f coth(0.5z)dz = 0

25.

Jo F(2)dz = f!z_2|=4(223 + 22 + 4)/(2* + 423)dz.
Let z = 24 ¢*,(0 < 8 < 27) then The integrand
f has no singularity inside C, so [ f(z)dz = 0.

13.3. Cauc}iy’s Integral Formula

22/(z4 — 1) = 05(1/(22 — 1) + 1/(22 + 1)) =
0.5{0.5(1/(z — 1) — 1/(z + 1)) — 0.5i(1/(z —
i) — 1/(z + 1))} jiz+1|=1z2/(z4 - 1)dz =
flz+1x=1 —0.25/(z 4+ 1)dz. By letting z = -1 +
e?,(0 < 6 < 2m), [i4qy=y —0-25/(z + V)dz =
J2™ —0.25¢9iei?dg = —mi/2.

By letting z = —i+ €?,(0 < 8 < 27),

L 0.25i/(z + i)dz = [°" 0.25ie~Pieifdp =
|z4il=1 [+]
—%/2.

. Cauchy integral formulao] 2|#], singular point7}

FH U¥d gorz Jege o
FHE £18 TPk B 1

Lapoleiz, AL Y4 singular-
ities7h ek [, gz (/2 + €)% ietdy =
—(1/8)2mi = w /4.

ZFolzl 45} |z + ifw| = labolol = integrand ] sin-
gularity7} et 2 A o] %!% AH-gsted AEAE
AT Dok fl_yympmr € /(w)e‘*’ze*”de w24
(icosl —sxnl)/wfz"ee 9. 2" e ‘do=. ge
%2] Residue theorem$& 294 A4t 7b5. —1/7

. 9] Residue theorem& # 4} 1/2.

. Residue theorem% ¥4 sin(1/3)/81.

10.

11.

12,

13.

14.

15.

16.

17.

18.

19.

. CAS PROJ

(2) Cauchy’s integral formulael] &) &) 27i(—i/2)% =
—nf4. (b} HA] &2 WA= 2mi.

Z B2 2itt £33} &, Cauchy’s integral for-
mulael] &8} 27i/4 =7 /2.

é,lld-‘%— 0t ¥ g{c}l. Cauchy’s integral formulaci
3} 2714 = 8mi.

do ¢

248 62 Xt Cauchy’s integral formulaoj
#] 2alnj

o ey

e* = 2i9] #7} In2 + in/20}2E 0% Foijx F
Aulef] glcd. Cauchy’s integral formulas) £f3j
2mil/(1 — 24).

mie £ F49 WY it Cauchy’s integral for-
mulas]] 28 27xicosh(~n2 — 7).

1+ igto] & ddduyo} gir}. Cauchy’s integyal for-
muladl] o}5] €2 /(24).

igke} & 3 W off glt}. Cauchy’s integral formulaoi]
218 In(i + 1)/(24).

ztzte] t§# Cauchy’s integral formulad = g3},
2mi(1/(z1 — 22) — 1/(22 — 1)) = 0.

Cauchy’s integral formula$ = 234 2ni(tan 1/2+
tan(—1)/(-2)) = 2wmitan 1.

13.4. Derivatives of Analytic Functions

2w 44
o 2® Y2 HMEoz 27i/(3)16cosh(0) =
16/3x1.

2 ef o] Cauchy Integral formula&

2 2
25 Aoz sfMete 2rie® cos 0.

#e) ¢ Cauchy Integral formula§ »
2 453 2mi(1/2)%/(218) = ni/8.

=9 vl

e 9
fo d

.{.‘.

A9 o] 25 Cauchy Integral formula& A}-835fod
27i/(322 x 51).
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-5

u]£" Cauchy Integral formula® #4
2mif(2!) = mi.
. A9 v|2"™ Cauchy Integral formulaZ <&t}

—2%i/(3!).

2n — 13 oj23 Cauchy Integral formulad 23
sino] 0ol® 2 0.

. 2n¥ vj33 Cauchy Integral formula& 2 x}. sinol

0oj= 2 0.
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10.

11

i2.

13.

i4.

15.

16.

CHAPTER 13 REVIEW

- 54 &3 Cauchy Integral formulad Al&3tyd

e37/4 /(43 x (a).

$¥ ol#¥" Cauchy Integral formula§ Al-23}4.
27i/8el/2/(2Y).

@ ©)Ed Cauchy Integral formulag o]L&hd
2mi.

FH o]¥® Cauchy Integral formulag
#wt(—i — (i/2)(e + e~ 1)/2.

ol-%

3 w]$=" Cauchy Integral formulag o]83fo
27iln2.

9 vl 23 Cauchy Integral formulas) of g} —2xi.

¥yl v]Pe Cauchy Integral formulae] 69}
27(—=7 4+ 48)/(1 +3) = w(~3 + 113).

¢ 7| &3 Cauchy Integral formulacf o 3} e~ 4.

17.

18.

19.

20.

235

Cauchy Integral formula®} ¥ u]&df uigl
1.5sin(0.5)/4.
Cauchy Integral formula®] ¥ v&g =g

—2miln 2.

& curvedls] 47} glew2 Cauchy Integral for-
muladj X n =2 2 ¥4 nicosh(16).

(a) 2beF ehjetad RAYE He godol alolA 2] >
Ref o8 bound K7} 9l [f(z)] < Keo}c}. Liou-
ville’s theoreme] &l#} fi& A5Hsol ol 2
olet. (b) dhatlof Hial e 1 3te Hmatetol Au|
Yot F¥35] 2 WS dedsty a1 o) £5 yle
| Y Foil Sucd a4 ¢S § Al (o) efers)
f4 2718 BA4Y). o9 Ar|E Re(z)7} odgrolrk
ol ot F 23] AxrlE sta S35 0of 7}
71 stk (d) e oAby f(z)ef & st ik
X &4 1/f(z)X entire functionojc}. g}z (b)ef
48 1/f(z)= 42 49 el A fAole. o|& Li-
ouville’s theoremef &8 f(z)7} A4 $49YL £
B}A HI ol= Ho 3 REoln)

Chapter 13. Review

. Complex line integral & EA P 2] of AP

€ Aol ol ¥t 1 T THY Aol
T Ao oie FP¥e 2 YA}

potential functiong o]8 8= H o} Cauchy In-
tegral formula§ o] £l FHFoli= Analyticitys}
8 7=y, parametrizationg Abg-ste AP
F AL Yudel $4F o E(Analytico] obd) AF
23

Curvert 744 712 H el Fe] vig 144 EAolz}.
ole 1708 S5 ofs 2 wifoA FHe= vt
gt i 9L g FHL Y=Y
Aolct. oli= Faiof WY HEL o] g H¥ 2
2 vl Fe 8-S Sy

o] Fo] A= FHof i} smoothnessS FFGFor
i Xadd 4oy Fde] SEUEE BA Y.

S 1/z8] HBME 21§ YR HE 08 A=)
- Bgol AN 248 W o ¥ WL dAshe T4

o} o4t line integrale] F 4o} o8] gfeche A
ol independenceof & 7Ardelch &, F4o) Wit
= Aggte wHA gt ol ¥4 Analyticy
W vehtbe dgelr] o] He] AR L o3 o FH
o elE gt

Cauchy’s Integral Theorem-2 Analytic regionof 4
o} H B3] invarianceg 4v3 Aol Cauchy’s
Integral formula= singularity7} 4 3o gle
W, S ¥%E AsHE Aol

Sx o85S ¥ Y2 wSe) ¥o o simply
connectedolch. W ¥-of4 4| st WEHE ol

10.

11.

12.

13.

14.

15.

16.

YA doubly connected t}x] F1ziv] ez Zo
W UYolE vigto] Mok F A9 Wiy W3} 1
F99 wbzo] 9o o]§ triply connectedztzm ¥
t}. B-F M B3 counterclockwisewi 22 Mo o
# clockwiseo] #H¥-& 33 o] multiply connected
domaine] 4 integrand>} Analytice]® Cauchy’s In-
tegral Theoremeo] A3 3Hc}.

-

- ellA Bl S AR S 449 wrt

JHf 9 el 275 4o] Analytico|th. 22) 2 Ana-
lyticol W& ul 28l Analyticolr}.

H¥ol &3t 45Fol s Zetd S(HLsx o
3 AeFahd otz 453 £ A2 Foe
2 elel= & o] Linearity.

ALE LS Qo] 2 HAEsE A4
HEAFPoAT ARz s AU HEo|}

AREE Helge 2 FHANN Y g5 ozt
+4d9 Zo|Z bound¥ ).

ARG G ghefl A FAQ analyticg4 A F452 o)
t}.

FHH2 Agolaizt ¢ e Bifoltt f = u+ive}
¥ Im [, f(z)d: = [oudz — f,vdyoln
Jo Im(z)dz = [ v(dr + idy).

T(64e%® — 48e%)icifgp = T 64ie™0
(4] a

48ie"df = 2176/35 [ (2% — 3z%)dz = (—128)/7 +
64/5 - 128/7 + 64/5 = 2176/35.
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17.

18.

19.

20.

21.

22.

13. COMPLEX INTEGRATION

Analyticel 22 (a),(b)8} Fhe Ak [T (1 -
€?i0)2iei0dg = [T/2 (;e510 _ 93¢3i0 4 icif)dp —

/
0.4:44/31 + 21

Jo sintdt =2, fil sin(x +it)idt = (~1/2) [ (et -
et)dt = (1/2)(e™! + e ~ 2), [Osin(t + d)dt =
(1/2) e~ +e) f,? sint = —(e " l+e), flo sin(ti)idt =
(1/2) [t ~ et)dt = (1/2)(=2 + e~! +e). 8IS
R2¥ v 0.

Jo itcosh(—t2)idt = (sinh(x2))/2.

#4928 2% T¥ste Z4de)mz Cauchy inte-
gral formulael] o}# 4mi.

027'(1 + e#)ieds = 0.

Cauchy integral formulag}
2n1/(3Y) = wi/3.

ol

el o4

23

24.

25.

26.

27.

28.

29.

30.

. Curve7} singularity g X3 s}x gex= 0.

3+ 90 < t < 1) AR UM 2y
S 43 + 99)dt = 3/2 + 9/2:.

Cauchy integral formula®] wnj%
2niicosh(—1)/2 = wicosh 1

Hejel s

Cauchy integral
2xitan(w) = 0.

formulae}l o]y

el o

Curver} —2igh& T#3=2 Cauchy integral for-
mulad] 2]s 8ni.
JT/% 17331940 = (i — 1)

Cauchy integral formula2)
27i1n(24) = —7? + 2rilog 2.

Wl geel ofs

T F4ol #/4ub& L¥sl= 2 Cauchy integral for-
mulael] oJ# 2micos(m)/(7/4)® = —128i/n2.
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CHAPTER 14

Power Series, Taylor Series

Complex power series, in particular, Taylor series, are analogs of real power and Taylor
series in calculus. However, they are much more fundamental in complex analysis than
their counterparts in calculus, because power series represent analytic functions (Sec.
14.3) and, conversely, every analytic function can be represented by power series, called
Taylor series (Sec. 14.4).

Section 14.1 on basic concepts and convergence tests for complex series is similar
to the corresponding material for real series. If you are familiar with the latter, use Sec.
14.1 for reference and begin with Sec. 14.2, a thorough discussion of power series.
Sections 14.3 and 14.4 have been mentioned, and the concluding Sec. 14.5 concerns
uniform convergence of power and other series.

Prerequisites for this chapter: Chaps. 12, 13.

Sections that may be omitted in a shorter course: Secs. 14.1, 14.5.
Reference: Appendix 1, Part D.

Answers to problems: Appendix 2.
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10.

11.

10.

L2
- Bl EEA] AF FAL o] FHUAL o0

14. POWER SERIES, TAYLOR SERIES

14.1. Sequences, Series, Convergence Tests

Lk} Foldl S anol Zabelet stxt Yoo € >
Ocfl i8] N,Mo| ExshH n > N,m > Mol A3
fl—an| < €/2,lk—am]| < e/20]t}. P = mazN, Mo}
2t 3t p > Poll o8 [l—k]| < |l-ap|+|k—ap| <eel
ot e7b A9 folmz =k

bounded, not-convergent.

bounded, convergent with limit 0.

bounded, not-convergent.

bounded, convergent with limit 3.

bounded, convergent with limit 0.

bounded, not-convergent.

bounded, convergent with limit 0.

bounded, convergent with limit —x /3.

deje] e > 0off B} N, Mo} EX4sf- n > N,m >
Mo g8l |l — aen] < €/2,|I" — af,| < /20]
©. P = maz{N,M}olet 3 p > Poll s
A+~ (ap +ap)| < 1 —ap| + |1 —ap] < g0l
th. g7t 2] 9 kFolB Z antay v +HI* 2 FHPT}

z =z +iyel A |z|,lyl < V2?+ylolER 54
of SAeld 1 SR HFFE AACI A4
ot HpR7t FAlold 2 AJFIEE FAoln AFEY

12.

13.

14.

15.

16.

17.

18.

19.

20.

= Aol &, Fdol FAolrt

lim{an41/an) = Hm(20 + 30¢)/(n + 1) = Q]2 2
PR

lim(an+1/an) = lim(n + 1)?/n2(i/2) = i/20]22
Sy

%3 £ nel W& Auge Zziviag
1/vVRT+1<1/(n? —1)o]2 2 g}

1/vndgediAe By Aeg d8shd Al
lim(an41/an) = lim 1/(2(2n+1))2 = 0o 22 4.

lim{ant1/as) = Bm((n + 1)/n)/(3i) = e/(3i)ol
B2 £3. -

S98A gt
CAS PROJ

(@I X7, 0] £ 7 laiolzz 4o $3do] &
dFgdelnz Adssid d(dd FHE 59
et (D)AFE 2gste B45F thEve Holy
dle 348 thErhe Al oA Selw L ¢
o £ e YA AFol A AL g ES
ad 2 wech (c)lanti/an] £ ¢ < 1A zp4p <
g zn41| o] b2} kel O3] FRIFE gaiwd A
t}. (d)gell FstE 47 1/20122 |Ry| < 0.057) =
A k= ne 2/ (n+ 1)2 + 1/(2" 1 (n+1)) < 0.05¢
&4 9] nolr}. (e)4xt &7 wigel.

14.2. Power Series

slg Ryl oaf FAL —i
algBYel sl FAL 3ol £

T

- B2 od FAL 0ol FHUHL 4

&Y A3 FHL Ooln FHUAHL 0.

- HIRA e A FAYL wioln FYAAL |b/al.
- A28 o FAL i - 2012 FYVAL V2

wj& @] s FAL 0ol YA L 1/2Y/3.

HI A g8 FAL 0olm  FPUHAL
26/v/14% + 227.
vl ST ofs] FAE —lolm FFPHL 4

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

@AYo 8 FAUL 0olm FNAF L 2/27.
vl @A o FAL diolT UYL 1/e.

®

& EAAMAY FHLE —woln FHUAL €.
Bl &Rl s T4 00z &

o,
ru:
ol
rle
—

P 3 FAUL 2ol £YPUAL co.
vl Ed el & FAL 0ol YA L V2.
4w 1/3,1604 1/3.

S 1/6,604 1/6.

CAS PROJ

(2)22H<l Aol= glet. (b)(i)dstelet.(i)FP
o 1/kS Faotii)dal swA e A7t A +1
o] ot (o)sleng el sl 2 v]&9 Fdo
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10.

11.

12.

14.4. TAYLOR SERIES AND MACLAURIN SERIES

FHA delgts 29 L 4] Y E A
Als) Et}. ol FA 173 182 Hx st ols ¥ 4 9
o oole YA ¢ £ Az Hx =

239

o} ()24 85} 16¢ vlmsd 2G| 55},
zf Aol 2202 o] A2 E Tupsicl,

14.3. Functions given by Power Series

F 3¢ Tiaadd, Thobde sdse 34
# stk 2" TFoi(a + b)) = Th a0 +
Tio1 b £ Azt Y8 £Pske Fholn
IFE I U FWol22 TR (0 +b;)2 =
Y5210527 +3032, bj2i 7k ek &l Sl M = .

- (logn)/n - 0% Beix i) 2ajge) Yas Ale

s limp oo (logn)/n = limp 0o 1/n=0.

(2/5)% ¢ Bolz =9 uj2y HeZ v £ty
£ 0% FHoz 5.

22 Bohlm $ w2 Aoz vy SEyAe
0& FAez 1.
2—iE ol U vlE=E 7oz vy Sygulye

1 F4H22 1/6.

(z/m)k & Bolm kl v] 8% 2oz vy Sul
2 08 F4eo2 7.

o,

. Cauchy-Hadamard formula & » 4 lim lanti/an| =

(z%)(2)0l=2 0& 340z suuAL 1/V2.

- Cauchy-Hadamard formula§ 29 lim |an+1/an| =

3/52%0]2.2 0& $Ao 2 £y L 1/,/3/5.

- Cauchy-Hadamard formulag 29 lim |an+1/an| =

Oolm® —ig FAoz YA L co.

Cauchy-Hadamard formulaZ » 9 lim lanti/an]| =
0cl22 0% F428 $YuHL .

kd wlgdzios vel 28 408 sgubge 1.

Cauchy-Hadamard formulag& 29 lim [an+1/an| =
4022 02 F4oz YA 1/4.

13.

14.

15.

16.

17.

18.

19.

20.

ki vl2slm By 3, 2F0lmE 08 FA0s 4y
AL 1.

Cauchy-Hadamard formulag »w lim fan41/an] =
0cl22 0% F4o2 +¥uAL .

@) 1/(1-2)=Y202*2 33 =9 433y ©
€ ASE lolZ 57} Foldlo] wat o] 4= &
FHiAeleh £, 1/(1 - 2)2 = 32 (n + 1)27. (b)
/(1—2) = 20 2% & zof hoted 3l o) sed R
t}.

(L+2)P(L)0 oA 27 g 22te] AN FE o,
2" X T = 0,...,7)8] Y2 viehdok. of 27
o Age G T, (”) (,.fn>o11 ol

n
(z + 1P 27 A4l (”’:q)a} ey

EEzol AHM 0= f(2) - f(—2) = T2 gar(l -
(—1)*)2*olmz B8 A 47 Oojct. (A v B4}
o 0& M Dot) F5 kel A A5t
Abebzic.

EE 2o A4 0= f(2) + f(~2) = L2 ar(l +
(—D¥)z*olmz R E #47} Ocjch (B )& s}
™ 0% HaAnd Act) #H4 kell HHHE A5}
REEILE

series expansiong o] &3 (41%) vl W4l sy
ol 4t}

(2)1,2,3,5,8,13,21,34,55,89,144,233 A-g-off 1%, o}-8-
ol 2% 0] =, o} A 1445t M4}, 5 3 o] 34, 4o
= 2%0] A4, F, 540] A}, o)A Aoz AL
(0)f(2) = Fflparzbolztm o9 Absgo] 1o]y
Zhao = 1. 138L ~1+a; = 00|22 q; =1 2%
Fe —1—-14ay = 0o]B 2 gg = 2015 A AL It
t}. (c) references Fxa1A] 2.

14.4. Taylor Series and Maclaurin Series

. cos?] Maclaurin seriesefl ©sbH cos2:2 =

Y oheo 22K (—1)F /((2K)1)2%*

- SUESE A 1/(1 - 24) = TR 24k,

. sin® z = (1 — cos(2z))/28 ¥.3 cose] Maclaurin ¥l

A wielsid 1/2 - 1/2 550 ((—4)% /(2k) 122k,

€2l Maclaurin "7 Ale] chgm o] weigict.
2o L/ (KD (—1/2)k 22

www.20file.org

5.

1z + 3) =

SUF4E Bohsted Felgnh (2 4+2) TP 22 =
Eilo 22 + e, 22

¥EE 1/(1 - 2)& vl¥3e Maclaurin H74AE
T /(1 - 2)? = TRk + 1)2%, 7)o
(2~ 2)& Tad 358 FUh (2-2)/(1-2)% =
2220k + 1)zF — 520 4 (k + 1)25+1

(=/3)/((=iz/3) + 1) =
(—1/3) ZxZoliz/3)k.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

14. POWER SERIES, TAYLOR SERIES

oj2a| fl(z) = 22f(2) + lelth. f(2)
TR oakz® 2 ¥ ASE wlastd ek (£(0)
0—-ap=0)a1 =1, (k+1)agy = 2ai-1{k > 2).
"Bege L5 A4l 00l E549 Afe am =
2/m-2/(m—2)---2/1& FojZct.

ulgsie 2/yme~*olnz wE™ A seriesE
&z f(0) = 0% olgslN HEoz T
%, e = TR (-1DF/(k)22FelH erf(z) =
TR o(—1)F (k! x (2K +1))z%F+1

u]&std sinz/z |22 sing] Aoz REl £
2-¢] Maclaurin A7 A& ch-&34 2ol 78 & YA
Aok, Si(z) = S5 (—1)4 /(K221

o) 23l sinz?elm 2 o]9] AL Fax S(0)
0 o}%, tta] A Ested Maclaurin BHAE 2
o S(z) = % (—1)k/(2k! x (4k + 1))z +1.

e

u) 25w coszZo| B2 o]2] MAAE Fata C(0) =
0& ol %, thAl A HEsted Maclaurin A& A+
t}. S(z) = T2 o(—1)F /((2k+1)! x (4k +3))245F3.

CAS PROJ

VI= 29 AANE f(2) = Do arzh et 2
W f2 = TR0 2% 7t "k ofrlel A ASE slaste
upalo 2 f(z)of @ Maclaurin 37§49 AFE o
2.3} gro] et f(0) = 1|4 ag = 10| 2a0a1 =
0ol A a1& Oojt}. 2aza0 + a? = 1ol 4 a2 = 1/27}
S| 31 2a3a0 + 2a2a1 = 004 a3 = Oolc}. alternat-
ingstAl A4 0o] vhebubA "ot skA R 2 o]HA
T f(z)o AAAE E A EHFE gate AR
sin~lz=2+(1/2)23/3+(1-3/2-4)2%/5+---F
At

el WAFER)TE AgEE (z - 1/62%) =
(ao+a1z+a222+a323+a4z4)(1—1/222+1/24z4)°]
ot Aoz A4 E vEstd a =0, a1 =1, 02 =6,
a3 — 1/2a1 = —1/6 — a3 = 1/3, ag = Oeld}. &,
tang] 487X & z + 1/3230|c}.

Yz = 1/(i-(i—-2) =
TRo(—D +i2)k.

1z = 1/(2~ (2 - 2)) = 0.5/(1 — (1 — 2/2))
Tro(1/2)(1 - 2/2)k.

i"ﬂi —1°“k‘-°" nl'\"i“{k% "1"‘?'5}‘-"; '1: '5a 20: '607
120, 120,0---. 25 = —1 — 5(z + 1) + 10(z + 1)® —

—i/(1 = (i = 2)/9)

Il
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19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

10(z + 1)3 +5(z + )4 + (2 + 1)5.

e = elimerte = enete = R et/ (k) -
3

cos(mz)9] 1/20]4 2 wlEghe Bgujdne] Flo|
Oolx &4W u|Eg wle] & Llo] w2 vehd
oh T80 (— 1)k /(2K (2 — 1/2)2FF1.

Lnze] kd wlge (D -~
Gl 1& FAez e
TR o(=1)F "k — 1)z — 1)k,

1)1z~ %ot}

Taylor series+

coshz® A7AAe| zef4dl z — miE widstd D
cosh(z — wi) = 3024 1/(2kY) (2 — mi)2k.

sinze] m/20f 48] wj ¥ 42 2 1,0,-1,00]
HEHE E372E geve A € F ot o
£ Taylor seriese] =-&3}= TR o (=1F 7/ (2k +
DYz — 7w /2)%.

1/(z + )2 = =i/(2 = (iz + 1))’elc}. 2813 ol&
1/(2 - (iz + 1)) = S32,(1/2)((6z + 1)/2)* o 2e]
A fl%olq. &, 1/(z419)? = 1820 k/2i/25(iz +
1)k-1.

sinhe] A7) Alof o Q)b sinh(2z—1) = X geo(22—
1)2k+1/(2k + 1)!

cos?2z = (1 + cos2z)/20]= 8 w/2e| 9] AL
cos(2z — 7+ 7) = —cosw,w = 2z — 7Y& o4

o TG 5 ek 1/24 52, 22571/ (2k1)(22 - 1) ?F.

=2 = e~le(z=1)" ¢ o] § X% ¥4 2} Taylor se-

riesel thelal Eok. 120 1/(ek!)(z — 1)2k.

(@) (erY = ERe/KEY = e
(cosz) = TRo(-DF2A/2k + D
(sinz) = TR(~1*z%*/(2k)!.  (coshz) =

T2 022K /(2k)!. (sinhz) = Y2227 H1/(2k +
nL (Ln(l + Z))l = ZI‘:°=0(_1)kzk. (b)
(€% +e7#)/2 = 1/233%,((i2)F + (—iz)*)/k".
= z?.—o(iz)k/k! = cosz. (c) sin(z + 7/2)% 0F
9Je)l A{ Taylor expansion. =&z 1,0,-1,02
z2 3. F FFUA FEde] @A HZ
sin(z + 7/2) = 2 (—1)FH1z2RH 2k + 1)L
(d) sin(iy) = (=i/2)(e~¥ — e¥)olch. y # 00] AF
ol® e~V # e¥elth. &, sin(iy) # Oolch
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14.5. Uniform Convergence. Optional

- g9 Foizl FF e oy A4 mo] =)
sted 0.99™+ x 100 < e} A ¥ 4 oo
IZZ=m+1(z - i)kl S Zz=m+1 |(z - z)’k S
Dk=m410:99F < 0.99™+1 x 100. &, [z- 4| <
0.9921 *J 9 A uniformly convergegtt}.

- A9 Foll ok e(<< 1/2)o] W& FAdS mo
EAsted 102 /2m)! < /27 HA ¥ = g
B ka1 225/ < SR 22k /(2K)!
< XRSP10%mH2/(m 4 2)i(1/2)F < e Z,
l2] < 10292l o3 o o} 4} uniformly convergeght}.

- cos® Zre Pk 18 FAY Pk 1/ne] ol 3

A %5122 uniformly convergentojt}.

- 14 <2l <1/20122 [27/(12]2" + 2)] < 1] <
1/2™ ol t}. wjela uniformly convergento]t}.

- (n)2/(2n)! < delzh. (n!)2/(2n)12" < (3/4)"ol22
uniformly convergenteo]t}.

. tanh|z|/(n? + n) < 1/(n? + n) < 1/n%olm
3 1/n?e] Y5t o 2 uniformly convergento]t}.

- e+ < VBUlR-¢] 2l ol 4 uniformly conver-
gento)t},

Chapter
T BTt FEseAE zAse wgomm
lim|anii/an|% limen|}/"e Fat= wy ez

BRFY o] glch. oo Fee UAHE 7 AU F
e e YA s e

- 58 5Eo glol A9 analysisE g wjo] 7 series
expansiong o|4-3t= 397} o2 WY wr} gl
o seriesZ &3 F4>7} power serieso]c}. o] w) F
G seriesyt Yo} Y59} o] AT g pexg T
€ (4714 £A9) 8 E =9 Yasig.

- 2 AN TEFYSE 29 REgoE
FHU. o B £Yshe FAL o) 2y o
2 vhehie] ole] W4 & 7 olet Rieh.

%
Ao

- Aol gt Hatedx T4 £ ojs Ay
43 (absolutely convergence)olz} el F4= =
detxak Ao$gdo] obwd 74349 (conditional
convergence)o| gtstn] Folzl ool £y A
¥ °ol& 2 999 g F54%o|(uniform conver-
gence)#} g},

- S (power series)e] i3} & I 40| 1A
Aok 1 3& Z7el gEol U ¢ Fuoz Ty
¥ 5 3ok el4 gRstaRol HI4E 2 4y

8.

9.

10.

11.

12.

13.

14.

- Cauchy integral formulaoj)

10.

11.

12.

|z| < 5 -9 %ﬂ %4 4 uniformly convergento]
o}.

|z = 1] < 201%-9) 2 9ol uniformly conver-
gento|t}.

31=Dz0] HNojm g oL Tyl Fe 4 uni-
formly convergento]t}.

[z + 4] < 159 23lod ool 4 uniformly conver-
gento]t}.

|z < VBuixg 2394 uniformly conver-
gento]|t}.

CAS PROJ

(a)d el FoiA oks: cofl i AHAS mo] Exj st
Dhem M < €7t A 8 4 9ok [, fml <
2hem Mm < eo]c}. uniformly convergentolc}.
(b)f' =92 f— [G= 757 wp7e] 231 Y239
AL 2h2 S Eolatd Hel. (0)Fe S et
bound F4 & J el 9 bound¥ o} At 2,
(d)Z 4ol compact domainolzts $et. 1t o
M2 Hx Y.

14. Review

Ut A o] g zh=c)

- Analytic functione] dj#} & localdt HF4H R}

HhE 4] S el

- RE33 Ede] vlE Rao) Y BF4 Byo]

T AYEAS A Aso] glet

Taylor seriese= & 3¥4& o}3Alal  remainder
trmo2 EWshe WAlolth. caye Mar &
2zl wel remainder terme] ZAgchw gy P4
£ #PWAYRAA BF52 AW Maclaurin
seriess= 059 ¢] Taylor series& x| ¥ 3}= Lofolr}.
LRARE AL Aget

Avt Fe1A ™ b Taylor’s series7} vh-ac}.
14.44 9] A EL Fx.

04 = Lnzot o8z o=} wabd Maclaurin
series®. 33 4 9ir}.

BFE A 0 S HE S o 82 wh o g
E AARE] FAR ASuRE Bo) Fohs wy

=%
t}.

©

2, 1 ofn
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

14. POWER SERIES, TAYLOR SERIES

HIF5e $Yd M 1 FEUAE ol=7 el
T 2 Y3 e 2 F5Y & T AA
Hel A7 AVi=Ee AREY oprid 4 ot ol
e YAl AR Fug Frixe] Ao 3 ¥F
e AL 987 Arled, olwol cut off errord]
bound& obe Aol Wastel 7l A= A
o} ¥} 2 uniform convergenceo}t}.

Asg5s A9t 42 Ex ol R5ol sloiA B
2ol BT £B40l 474 $9=

R E &4 of o8] Taylor series approximationej 7}
R e B M il ] "1;‘-'1—#%‘2} et stejEtx o]
A sle dAZE e /27 gich

FPubA-L lojct. 2/(1 - 2).

TP L Lot

FA4Li—12 53 $3U7L coolth

F YA ool cos(nz)E vl

F4Z i stz Y-S 4ol

YA 1/20|th. ~1/21n(1 ~ 22).

F4Li2 stn FYWAL 1/sqre2n. 1/(1-27(z —
i)?).

FA¢ 2z &3 $HNAL 5. 1/(1— (2 —28)/(4+
31)).

limanti/an = 00122 $YPUtAL coojr}.

e?% 2] k¥l ] &g 2%z o]m aujo] wi/2& W 3Y5td
—2kolt}. &, T2, —25 (kY (z — wif2)F.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

A55e] AANE TR o] Lsbd T2, 1/k1z4 3

1/(~3+4i—z) = 1/(—3+4i)-1/(1—2/(~3+40)) ]
AANE wlEdeh 3p2,1/(—3 + 4i)(2/(-3 +
41'))i%1 slEsE. X 1/(—3 + 4i)%(z/(-3 +
4i))*~

sinfz = (1 - cos2z)/20]l22 1/2 —
1/2 302 o(—1)* /(2k)122F.
Inzel AAE /(1 —2) = 1/4 - 3 - 2)) =

1/41/(1-(3~2)/4)% ol 4¥r}. 1/(1-(3-2)/4) =
TR o((3—2)/4)k el A Inz = 1/4 3320((3-2)/9)*.

1/2 = 1/(3i—(3i—z)) = —i/3-1/(1 - (3i—z)/3i) &
gtk 1/(1 - (3i — 2)/3) = Li(Gi -
2)[30)F A 1)z = —if3 T52((3i — 2)/30)F.

v o] dof A o] g2 AR ® 1, —41,—-12,244,24,0- -
2% =1—4i(z —i) —6(z — )2 +4i(z — )3 + (z — D).

1/(1-2)9 AAAE $H ol ¥t 2 28 Fabd Aot
1/ - 2P =252, k(k ~1)zF 2,
cosz = cos(z — w/2 + w/2) = —sin(z — 7/2)A A

cosz = — T2 (~1)F(z — 7)%* /(2k)".

sinh(2(z — wi) + 2wi) = sinh(2(z — wi))o]2 2
TLo(2(z — i) /(2k + 1)L

30 +10i5 F4l0.2 £YutHo] 1/2¢ FF AEE
S22k (z — 30 + 10i)k o) 9)c}.

i& 422 V271 YUk,
05 FALZE Tol Y.
~if4% FHo2 FPWAL 1/4.

~13402 FPWAL 0.
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CHAPTER 15

Laurent Series
Residue Integration

A Laurent series is a series of positive and negative integer powers of z — z, by
which we can represent a given function f(z) in an annulus (a circular ring with center
Zp) in which f(z) is analytic. f(z) may have singularities outside the ring as well as in
its “hole.” The series (or finite sum) of the negative powers is called the principal
part of the Laurent series. .

An important special case is a Laurent series converging for 0 < |z — z5| < r, in
“a ring whose inner circle is degenerated to a point.” The principal part of this series
serves to classify the singularity of f(z) at z, (Sec. 15.2). The coefficient of the power
1/(z — zq) of this Laurent series is called the residue of f(z) at z,. Residues are used
in an elegant integration method for complex contour integrals (Sec. 15.3) as well as
for certain complicated real integrals (Sec. 15.4).

-

Prereguisites for this chapter: Chaps. 12, 13, Sec. 14.2.

Sections that may be omitted in a shorter course: Secs. 15.2, 15.4.
References: Appendix 1, Part D.

Answers to problems: Appendix 2.
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10.

11.

12.

13.

14.

15. LAURENT SERIES, RESIDUE INTEGRATION

15.1, Laurent Series

. cosz2| Taylor expansiong o}&3}® cosz/z* =

X0

sin(wz)2] Taylor expansiong o]£3}% sin(nz) =
Z:,;";O(-1)’°7r2k/(2k)!z2’°‘2.

DI Caand /8

R P Lt Nt -1 K

Thio 2 F kL.

Zzo:o(_5)kzk—5.

SR o(~1kem 2k

D) el Z""l(Z'ﬁn=o 1/m!).

/(22 +1) = 1/2(1/(2=9) =1/ (2 +1))el 1/(z+1) =
(=i/2)A/(1 = (z = 9)/20)) = (=1/2) T2((z —
i)/20)F & W shd Wk FYWAL 2.

0.5¢/(z — 1)& ®eolWx e~ 1/(1 - (z — 1)/2)9]
Laurent series§ 73tk e*~1 = 302 (2 — 1)*/k!,
1/(1—-(z-1)/2) = R 275z - 1)kelnz 5 o
F59 Foll 0.5¢/(2~1)& Fa&td Boh. #PUA L 2.

gl A BAe wlEZe —1,0,1,08 &g}
T8 o~ 1R+ (2 — m) 22 /(2)..

A (z - D2+ 2z -1) - 322 FHsgoe
1+4+2/(z—-1)—-3/(z = 1)2.

219] —2ie M) w] Rzt a2 16, —32i, —48, 481,
24, 0--- olm & 16/(z + 20)* — 32i/(z + 2i)° —
24/(z + 29) + 16i/(z + 24) + 24.

sinz = sin(z — n/4 + 7/4) = 1/v2(sin(z — 7 /4) +
cos(z — 7/4)) sin(z — 7/4) = 32 (-F(z ~
w/4)2k+t1/(2k 4+ 1)lelm, cos(z — w/4) =

15.2. Singularities

. z7t Fpold Hok. FETE EF L
. it RS FETE 4

. B kol WE (2k+ r. FEEE 2.

<o} oo

. 420w FEEE L

. 2nw. FEXE= 5.

Thzo(=1)k(z — 7w/ /(2k) o) B2 sinz/(z -
n/4)* = 3226(=1)*((z — w/4)**71/(2k + 1)! +
(z = m/4)** /(2k)))7} et

15. coshzg] wiol] A 2] LB 2 1/2(e™ +
e=™),1/(2i)(e"" — e™)7t molE  behdoh
S50 ol1/2(e™ + =) (1+(=1)F) —i/2(e~ —e™)(1+
(~1)FHD))(z + mi)k.

16. %% = e2(z=9)eobo)| 4} €% /(2 — b) = 320 %P(2 —
byk—1 /KL,

17. 22 — 3iz — 2 = (2 — i)z — 28). 1/(z —
2i) = /21/(1 = (2/20)) = i/23532o(2/20)% o]
Y(z — i) = i/(1 = (2/1)) = iR q(2/i)*elt.
(22 — 3i)/(22 = 3iz - 2) = 1/(z — 9) + 1/(z — 2i)0}
D2 /23R o(2/20)% +i 30 o(z/i)* o).

18. 1/(2—1):1/21/(1—1/2): zozoikzl_k°]_‘f_i
/252 o (2/20)% + T2 ¥ 21"k olc}.

19. 1/(z—28) = 1/21/(1-2i/z) = 52 ;(2i)* 2=k ~1 o]
22 TR thelmE 4 320 (20)Fe—F- Lo

20. 1/(z — i) = 1/{(# + 1) — 2i) = i/21/(31 — (= +
0)/21) = i/23306((2z + 9/20)%3% 1/(z - 2i) =
1/((z +1) - 3i) = i/3L32((z +9)/30)* 9 &, &
i/23%0((z + 8)/20)F +1/3 T2o((z +1)/30)F.

21. CAS PROJ

22. (a)3F°1Z Annulus Ry < |z — 20| < Riel dis
4 F719 Laurent series7} sickz 3txk. f(z) =
E?:—ooak(z - Zo)k = Ef):—oo bk(‘z - ZO)k‘ o
oo F4 ko) s FHel (2 - 20)* & F3t 32 annu-
lusufell 212™ 20& utA e FAHCH s H£st
A [o(z —20)™dz9) ghol m = —14 =l gt 27io]
old (m # —1) 00]ER a_x_y = b_g10] Y&
th k7t 9] Agojng &9 E. (b) tan 22] Maclau-
rin seriesol] zef4l 1/2z8 didstd "ot (¢) vl 28 R
ol ti# Laurent series& T3t H&35tw =},

and Zeros. Infinity

7. £3,+v2i. 22 5= 3.

8. (a) 29 £EE7 nelmz f(2)9 n — 14 w2
HE zodlA Ooldh. &, f'E& n — 24 v|EAX
zooll 4 Oelch. (b) #2l zoollAMe} FEE7} nolm
2 9 zoo| 19| Laurent seriesi= 352, (2 — z0)* =
(z — 20" T 2,(2 — z0)loez THPL} 1/f =
1/(z — z0)"g9(z)°l L g(20) # co,00|t}. (c) +¢
e 79 zool W T Fggkel A kEtzm @
& g(z) = f(2) — k¥ 2. & 222 27 9. o
9 F 2oid AL A5 A = {alf(2) =
Oin some neighborhood ofa}. B = {a|f(z) #
Ofor allzin some neighborhood ofa — {a}}. 2%
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10.

11.

12.

13.

14.

10.

11.

. singular point *le|3 lim,_ 41 F2/(z £ 1)8

- singular point: 2i,—io]3 lim,_,9; z4/(z +17)

. singular

15.3. RESIDUE INTEGRATION METHOD

A zo® 2" S ddy 2 e 99
FAYeE: Y€ £ AYE BE ANl @
< 429 209 2ol 1 E2 § FohtE TA
Tolx A7t FHYPo] ohynz Brl Yo} =
f=kolth. 2.

- F HEE WA A9 EAC e ¥ gol s

"ot g7t S5t vidog F P4 B

22— 1/2% = (24 = 1)/226]m2 +1,+io]A] T2
1e] 2% 231 0ell4 FE 5 29 poleg ZE=r} ol
Fa e A9 29 T3} 2o}

tan(rz/2)¢] Z& Aol 4 pole &5 e
25 FETE Lo

TE7} sinzo]Bn g pole nrolu FELTE TE 1.
A7} cos 20| B2 zero nu+ /20| FEEE B
+= 1.

pole ¢la &l= nw 4 7/do] FHE = 1.

2273 — 271 = (2 — 22)/2%0] 2.2 poled Oojm 2
EE2 #HE V2 FETE 1.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

245
poleZ +2i0]1 FET & 1.

pole taio|3 FET = 2.

—id 4] 29 $EEE 1. pole R} Zaty.
0ol A poleg] FEE = 1.

nr + w/40l A poled] FEx =1,

miof 4] Pole?) 2E T & 1.

f(z) = (1-2%)/2%0 2 re? & i glabad |f(rei?)| <
(1 + r2)/r3elzz fo FAYel r — 007
[f(re®?)] — ocooltt. YwbEozx o)g} e w4
& wEc.

F5E FA(FUA dFsie W)ez sie e ¢
.

ESE Avte oided 98 92w

F3E $402 st 2L annulus.

15.3. Residue Integration Method

. Fiol 4 Residues ztz} 32i.
. cosz/z* 1/3!lim,_,osinz = 0.
- 1/5!1im; 0 32 cos(2z) = 4/15.

- singular pointE A4 kel oA (2k + L)wo|xn

lim, ,(2p41)x —sinz/sinz = —1.

. singular pointi= 00} lim,_,0 1/(—e*) = —1.

- singular pointi= 4 kol wi#lA kx + w/20]3

lim, L gmynsz —1/sinz = (—1)F+1,

F1/4.

~164/3, lim,_, _; z*/(2 — 2i) = i/3.

point=  HEHo At
lim; v r, cos(wz) /(7 cos(mwz)) = 1/x.

Yebdat.

singular pointy 7t o} 3 lim, ¢ €% = —1.

CAS PROJ

12.

13.

14.

15.

16.

17.

18.

19.

20.

F4 ¥ singular pointe 5,-1o]m ztztel
residues —3,4012.2 27i(—-3 4 4) = 27i.

4 W49 singular pointi +1/2e]3 ,zZtzbe)
residuess —1/7olB2 2mwi(—2/7) = —41.

T4 W9 singular point: +1/2¢]3m ztztel
residuei= EF sin(1/2)/20]=.8 27isin(1/2).

F4d WA singular point: £rn/20jm ztzbe]
residues et™/20jm g 21ri(e7"/2 + e—«/z)_

F4 89 singular point: =+1,00|3 ztzte)
residues e¥7/2 —jolm 2 27.—1‘(3"/2 +e-7/2 1).

F4 ul#9 singular point: 0ol residue=
lima0[(z +1)/(2 — 2)]" = —3/40jn = —3ni/2.

F4 J¥9 singular point: i/20] 31 residuex
lim, ,;/o8inhz = (e~1/2 el/2)/20)m 2
wi(e~1/2 — el/2),

24 u¥e singular pointe Oo]2 residuex
lim; 0 ™" /4 cos(4z) = 1/40| 2.2 mi/2.

4 49 singular pointi £24, +4i0] 2 residuex=
T 1/100] 2.2 47i/5.
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15. LAURENT SERIES, RESIDUE INTEGRATION

15.4. Evaluation of Real Integrals

. k+cos(8) =k +(z24+1/2)/2 = (22 + 2kz+ 1)/220}

28 1/(k + cos(8)) = 2z/(2? + 2kz + 1)elc}.
Jo —2i/(2® + 2kz +1)dz7} FahE ARo] 5l &)
o) =l BAAYG] HE(C)ol 22 singular
point {—k + vkI —1)& dg 4o el sich of
7142} residuex —i/(k + VkZ — 1)o|t}. HEE
2m/(k + vk = T)elh.

. 25-24cos(f) =25—12(2 +1/2) = —(12z2 — 25z +

12)/zo) B2 1/(25—24 cos(6)) = —1/(122% ~ 25z +
12)ele}. f,i/(122% — 252 4 12)dz7} Fahe Aol
5} 3 singular point (25 — /625 — 288)/24= &9l ¢
o] 3ol sich. 7|4 residuer i/v/3370] H3
P e —2m/V33T.

. (1+sin(8))/(3+cos(8)) = (22+22—1)/(z% +62+1)

olm2 [, —i(22422-1)/{2(22 +62+1)]dz7} Fot=
A 3o} Ft}. singular point —3+v8= T H Wi ¥l
olch. & 7] A ¢} residuez —i(5 — 4v/2)/(8 — 6v/2)o}
3 0o 49 residuer} io]m 2 27((5 — 4v2)/(8 —
6v2) — 1).

. cos(8)/(3+sin(8)) = (z+1/2)/(6+2—1/2) = (2°+

1)/(2® + 62— 1) fo —i(z2 +1)/[2(2? + 62z — 1)]dz7}
F5te B¥o] =} singular point —3 + V10 &
29 el ek A714 9 residue —iol I OellA
2] residue iojc}. Ezhe 0.

. cos(8)/(17 — Beos(8)) = (—1/2)(z + 1/2)/(4z —

17 + 4/2) = —(1/2)(2% + 1)/(42% — 17z + 4)
Jo(if2)(z? + 1)/[2(42? — 172 + 4)Jdz7} Fsbe A
2.0] =}, o] singular point 1/47} 4 W ¥
o slth. 7] residue= —17i/1200]2 0ol 42}
residuel —15i/1200|t}. &, HE -2 87/15.

.5 — 3sin(6) = (10z — 322 — 3)/(22)0]lmZ

1/(5 — 3sin(8)) = —2z/(32%2 — 10z — 3)elc}h.
Jo 2i/(32% — 10z — 3)dz7} T8t B Eo} Hr}. sin-
gular point (5 — v/34)/3gto] 294 ¥ sich o
714 9] residue’= —i/(2v/34). &, H 82 7/V34.

. Fehe AR (i/2) [o(22 +1)/(62* ~ 1322 +6)dz0]

t}. 99 W -9 singularity= £+/2/30|t}. 18|32
residues A2 &7} ditjoj & HEZE Oojr}.

. Fae "EE [,i(222 + 2 + 2)/[2(42% — 1722 +
C

4)ldzojtt. 299 WF 2 singularityl: 1/4e]ch.
residue= —19i/30c| =2 HE3t2 197/150]4}.

Re] AZwtdst [-R,R|Z o|feid @
Y} AZE w2t AARYgez] HHEE A
2t 1/(1 + 22)%9] singularity Fol4 o] 7
2 Y¥d de AL iolm AH7fA Y residues
lim, 4; =2/(z +i)® = —i/de]ldd. R — oco¥ o,
ubgdol oigk AR | [T iRe’ /(1 + R?e%9)2d0| <
JT R/ + R22d0E 022 7tn A$EHe A¥

10.

11.

12.

13.

14.

15.

16.

17.

18.

& gste Ay oz 7ich residue theorem& 23
2mi(—i/4) = 7/2.

o EAfAMe} 72 HZE Yzbatd of FE el
gl singular pointe 42 4 V2io] 1 residue:
(-1 -9)/[24v2], (1 — 9)/[24V2]ele}. B2 AFuia
o A%z BHAHY HEL R - 0ol w 022 7}
3 Q525 4Ee Pt 202 2t residue
theorem-g & 7/[6+/2).

o EAloA 2 2E H2E Azstd o] AE el 9
= singular point+ eni/atmi/8 = 0,1,2,3 o]t}
residue= 1/[8em"i+7/2}o|m 2 —i/8,i/8,—i/8,1/8
}osm Aeulnel Az BddAe 4¥e R -
ol W 022 7tn A45e A2 st A2
Z 7o}, residue theorem-g #w 0.

o FRje Ao e ARE AAstd ol A2 el Sl=
singular point: o]tk FEE 7t 30]2 % residues
~3i/167 W A4uine Az M) A¥
R oo o 022 7k 444919 A¥e 43t
HE oz 7t} residue theorem$ #-d 37/8.

o cle

ERofAet e A2E Aztetd of HE e 3
singular pointy i,2i0] X residuex /6, —i/3¢]
Asuinel Aaz wkdeiqe] 482 R — o0
o 002 7t3 AFE9 AL dats JEoz
t}. residue theorem& %9 w/3.

RUR

oF EAojAie e HAZE AZsld o A2 Y o
= singular point¥ 1+ 2i0] 1 residues —i/64e]c}.
Azulae A%z RPAHY HEL R - cod o)
022 7ln AeEse] ¥ doie HEo= it
residue theorem-& 29 7/32.

o FAAM 2L ARE AGsd o] AE
e ¢l& singular pointE 7,2i0]3t residues
—i/18,~11i/2880]ct}. Aeujmel HFAZ oA
2] HEL R — oo W 022 7t3 AFFH A
2o gdst= HE e g i} residue theorem& 2w
37 /16.

o A A e A2 E AEld o] AR Yl sl
singular pointi= %,3ie] 1 residuex —i/16,1/480}
o} Zguimel AR oA HELE R —» oY
o 022 7t3 AsHH] 482 d3le APz 3
t}. residue theorem& 29 w/12.

of TR}t 2 ARE Azetd o] HZ el 3
&+ singular pointi o] i residuex —icos(si)/20]
o} uine) Az dtdel Mo J#E R~ o0
o 002 7tn A4S AL dte JE22 T
t}. residue theorem£ 29 7 cos(si).

o ZAo et 2 AZE AAdstE of HE el
9l+ singular pointi (—1 + iv/3)/20] 3 residuex=
—sin(—14+v/3i)/V3olt}. Fujme] Az vl
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19.

20.

21.

10.

11.

CHAPTER 15. REVIEW

A2 HEL R— ood w 002 7} A5E9e o
—E—% < H‘:— P08 7tk residue theoremg »
msin(~1 + v/3i)/v/30]c}.

3 A 2 AZE Azbsid o] Az el
3l singular pointy (&1 + i)/\/iOI_TL residue:
(—1—14)sin[3(1+1)/V?2)/[4v2]%} (1 — i) sin[3(—1+
)/V2)/[4v2]eltt. A5ulme Az wdelAe
HELS R > oY of 002 713 U599 HEL
Hste JE 2.2 7ttt residue theoreme 29 Oojr}.

THN Ao 2 ARE A o] HE Wl 9}
singular point= i0] 3 residuex —icos(2i)/4 +
in(2i)/20c). A%wlme] Azz wPelHe A
2 R = oY 9 022 7t d5E4y H»
2 Y= HE o2 7). residue theoremg 9

7r(e — 3e~2)/40]c}.

r]r u.‘l

L]
<

HE

0,20l A &] residues= Zt2z} i, —iolth. &, mii—2mi = 7.

Chapter
FoiA F5& FAA oA 2 kel s Y8}
= 7EFTFE A5t 7 o] Laurent serieso]t}.

Gl EHFct 18 229 T4 Fx.

Al FFE ol get A Lol9l soln s, Azas,
AF-2IY4E olfahe W Eol sl

AR H £ annulusol 4] Helstd Fedsts

Laurent series& <=t}

=9 AFE 713 F49 ¥-¥o] principal parto|t}.
ol 1 Hel4 2] poled] }4& MAFm HEolA Al
25

-3 HeE TAY u, ¥5gte] Avr SYsiAl o

oy

singularityel ¥ &c}. removable singularity,
pole, essential singularity7} glc}.

T A< WAZE FAdo] ol ohE singularity &
Egsx e o, HEGe 2mi2 b H o] residueo]
t}. o] residued o] &3t AR S Filvlx ot

g 4-gko] 00] == Aof zeroolrt.

- FPHE € o= Bol B4FAL sphered) ol$

A7+ 4 o] expanded complex plane?] 7)deojc}.
- ol A 9] analyticity: sphereZ 8w F3of(®
F)E Zee A el MY o8 b oE o
o}

E&e 2Yo] 9t}

meromorphic function

g ¥rE AR ¥

poleo} 2] 9] singularity7}
3™ "ol 4 analyticel
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22.

23.

24.

25.

26.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

247

0, 2ie) 4 9] residuex 27} /2, —i/20]Th. &, (i —
2mi) /2 = 7 /2.

2,—1 + V3ol 9 residue:= zzt 1/6,—(1 +
iv3)/120t}. &, mil/6—2mi(1+iv/3)/12 = 7/3/6.

—1,1,20 4] ¢ residues 77} 1/4,—-1/4,i/40|c}. &,
-7 /2.

CAS PROJ

(a) [22, flz)e's=dz I3, f(x) cos(sz)d
J2%, f(z)isin(sz)dzol}. AF ASES AT
Hstd "ok (b) [emF Ptizbzg, 2 Aztalx
e=b” Jc e~ (=i e zyg ey :LELTI_ H =
HEE o] g3t HEsle ¥ —r—r—‘_ Jor e dzol}.
E270 A o] H¥ AFREE HAstd At ()

SEel el e e Doleh

8
= e 4

r{x

_°_
T

15. Review

¥+Z entire functione} gt ghct.
pp782-784% Fx
pT84E HE
ol T 271& FoldFolet g A
ﬂ Fedof Ue 1 4L AHue et Hue

AQYT & AL Pols)y ¥

3o v R ol 02
2 7HA e AE Bl ol

C7t WRFHY WAV W, [ 1/zmdze ge
m > Lol Oolct.

simple poleo} A4} ¢] residues= 0o o}x}.

analytice] o} Cauchy’s integral theorem2 %
4 gtk &, ekich

Laurent series& o]&-3}™
residued 7% 4 9}

¥ =xe o

=
i

& 27te] FHE AN AFHoT ¢
A FHAM HE o] 022 7t Sobd

AERA Aol Mo H2E A4T o, AFAA
o5 Solgol WAHE A4, of e
principal value z} $tt}.

E0| Q& +2i0| 2 residue= 1/2. A3t 2ri.
Eo]g& 30| residuey 3.

HABIrL 671,

Eo}Hg 10] % residue= 4. HEZH 8.
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

15. LAURENT SERIES, RESIDUE INTEGRATION

5ol gL 0,X30] & residue —1,~2,3. 2L 0.

Jotdt = 1/2, [idt = i/2, [24(1 + d)dt =
—(1+9)/2. &, §2&0.

Eo] & £1/20] 1 residue: sin(1/2)/8. A&
wsin(1/2)/4.

F4 W¥ol SolHol gich. HEZE 0.

FRi(1 + ti)3e( D gt mmmpo) 1/4e(+t) o} m
2 (e~e"?)/4.

residue cos(w(n — 1)/2)oltt. &, 2nicos(n(n —

1)/2).

residue sin(w(n — 1)/2)e|c}. &, 2nisin(a(n —

1)/2).
Jo z/l2l%dz = [ 1/zdz = foz" —~ie?84dg =0,

0ol A] residue 1€ 7}xjlm 8 HEZFL 273,

Eolgo) glozz 0.

3 4 cos(8) = (2% + 6z + 1)/(22)0] 22 sin(6)/(3 +
cos(f)) = (22 — 1)/(22 + 6z + 1)elc}. [, (22 —
1)/[2(22 + 62+ 1)]dz7t T8t & o] "} singular
point 0,—3 + vButo] ©sig 3ol glc} 749

residuel —i,i. &, &L 0.

13 — 5sin(8) = —(522 — 26z + 5)/(2z)o]E=
1/(13 — sin(8)) = —2z/(52%2 — 26z + 5)o|c}.
Jo 2i/(52% — 262 + 5)dz7} Fahe " & "} sin-
gular point 1/5%ko] ©sjd Wil itk of 7|4

residues —i/12. &, {¥& 7/6.

34 — 16sin(f) = —(1622 — 68z + 16)/(2z)cjo g
sin(6)/(34 — 16sin(f)) = —(1/4)(22 — 1)/(422 —

37.

38.

39.

40.

17z+4)olt}. [ i(1/4)(2% ~1)/[2(422 —172+4)]dz7}
T3t HEe] Ao} singular point 0, 1/4%to] @94
Wi gleh 7149 residues —if16,—i/16. Z,
HEL w/4.

2| = Re} 1=t} [-R,RIZ o|fold v8 7
2% g Aduoggeze HAEE Yhsix
1/(1+22)? o singularity Foll 4} o] A2 )2 9l
ZA& i0o]a Arlol A 9] residues 0olc}. R — 0o o,
‘;’}-ﬂoﬂ ‘Ht‘.‘ ;S.‘_E_‘o: If(;"’ iR262i0/(1+R262i9)2d9| S
JER/(L+ R?)?d9S 022 713 A%asle] Hae
Hil= JE 28 7). residue theorem& »3 0.

2] = RS AZ A3 (R, R]Z o|Foi7 2 7
EE wet AANYgo s HH¥2 Azsiz
1/(1 + 422)2] singularity ZellA] o] Az yiloj
Ade AL /20l Arle A8 residuex —io]t}.
R — oo o, Wtde] g3t HEL 022 7l3 44
599 HEL dsl= A E 22 2. residue theo-
remg »*H 27,

fz| = RS $1ZQ5} [-R, R]2 o ojxl ©q #
2E oo AANAgge o] AARS A7ia
1/(1 + 42%)9] singularity Folld o A2 uj¥of
e AL (1 + 9)/20lz A7) MY residuex=
(-1 —-14)/2,(1 = 4)/20]ch. R — ocodd df, wrele]
A HEL 002 7t AFE5 e 2L gots A
F2o 2 7t} residue theorem$ 29 27.

lzl = Rel s1Zwtds} [-R,Rl2 o]Fejnl 2
BE2E gt AANYgo 2o HHEE Asla.
sinz/(22 + z + 1) 9] singularity Foj| 4] o] Az Y
o QlE A& (—14iv3)/20]3 A 7o) A4 9 residier
—isin[(—1+1iv/3)/2]/sqrt3e]th. R — 0o o, ¥4
of g &L 002 7t AFS90 AL dil:
H¥-2 8 Zbc}. residue theorem$- 2w 27 sin[(—1+
iv/3)/2]/sqrt3.
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CHAPTER 16

Complex Analysis
Applied to Potential Theory

Laplace’s equation V2® = 0 is one of the most important partial differential equations
in engineering mathematics, because it occurs in connection with gravitational fields
(Sec. 8.9), electrostatic fields (Sec. 11.11), steady-state heat conduction (Secs. 9.8,
11.5), incompressible fluid flow (Sec. 16.4), and other areas. (These references are just
for orientation, not as a prerequisite for this chapter.) The theory of the solutions of
this equation is called potential theory, and solutions whose second partial derivatives
are continuous are called harmonic functions.

If in a problem the potential @ in a region of space depends only on two of the three
Cartesian coordinates, say, on x and y, we call it a two-dimensional potential problem.
Then Laplace’s equation becomes

() V20 = &, + ®,, = 0. .

Any such problem can be solved by complex analysis because solutions of (1) are
closely related to complex analytic functions (as we know from Sec. 12.4).! This
transition from real to complex also has the advantage that by the “complex potential’”
F = & + i¥ we can simultaneously handle equipotential lines ® = const and their
orthogonal trajectories (the lines of force or flow ¥ = const).

Furthermore, in solving the Dirichlet problem of finding a potential with given
boundary values we may often use conformal mapping (Sec. 16.2). This concerns
electrostatics (Secs. 16.1, 16.2), heat conduction (Sec. 16.3), and hydrodynamics
(Sec. 16.4).

Poisson’s integral formula for potentials in disks and some general properties of
potentials will be discussed in Secs. 16.5 and 16.6.

Prerequisites for this chapter: Chaps. 12, 13.
References: Appendix 1, Part D.
Answers to problems: Appendix 2.

*No such close relation exists in the three-dimensional case.
On notation. We write ® and later ® + i¥ since u and 4 + v will be needed in conformal mapping
from Sec. 16.2 on.
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10.

3.

16. COMPLEX ANALYSIS APPLIED TO POTENTIAL THEORY

16.1. Electrostatic fields

. ®(z) =20z + 3002 FYHEZ Jephdc),

®(z) = 20z + 300 + i(20y + b).
110(y — z). ®(z) = 110(y — =) — 110i[(y — z) + b].

100(y + 1/2z). ®(z) = 100{y + 1/2x) + 100i[(y +
1/2z) +b].

{100/ In(5)] In(r).

. [220/1n(2/5)} In(r) + 110 — [220/ In(2/5)] In(2).

{10000/ In(10)] In(r).

{20/1n(2)}In(r) + 10 — [20/In(2)]In(2). =1a%=
18 ZE9(concave)Pfolmz 7t Golok Hcl,
r = 3o 4] ¢k 21.9volto]x}.

Klln|z +a| +Injz — q|].

& source?] Jg-L Ao Wzl 9b7) wEol YA
225 st

11.

12.

13.

14.

15.

16.

Klnl(z—c)/(2+c)| = Cetz 3bd |(z—c)/(z+¢)| =
eC/Kolt}. |z — ¢f : [z4cl =eC/K :1olmz o]
olEZ g9 ot}

—50zy + 110.

F(z)=cosTlz=u+ivg ¥29 2 = cos(u+iv)o]
o} (z + iy =)z = cos{u) cos(iv) — sin(u)sin(iv) =
cos(u) cosh(v) + isin(u)sinh(v) ¢}2 2 cosh(v) =
z/ cos(u), sinh(v) = y/sinh(u)7t A}, u = consts
=9 z2/cos?(u) — y?/sin?(u) = lojmz I
A& EAZ. cos(u) = z/cosh(v), sin(u) =
y/sinh(v)2 B3 v = constz 54 g9-¢ T A et

F(z) = cosh™lz = u + w2 o z =
cosh(u + iv)elt}. (z + iy =)z = cosh{u) cos(v) +
isinh(u)sin(v) o]=2 cosh(u) = =z/cos(v),
sinh(u) = y/sin(v)7} "ok v = constz £
z2/cos?(v) ~ y?/sin(v) = lo|mZ #ITHEL =
A%}, cos(v) = z/ cosh(u), sin(v) = y/sinh(u)z
B3 v=constz £ B} Y-& T A%

z3 — 3zy® = 10] 239] A&Helma 220230|1).

CAS PROJ

16.2. Use of Conformal Mapping

M

R REFCREBEEEE

u = e” cos(y), v = eZsin(y) o] & & = ¢2% sin 2yo]
t}. ]9 harmonic conjugate e?® cos2yol: o
A] harmonicelt}. Dy 24pEH 9] stripo]il D*:
(0,1] x [~1,1}o}5 ¥4 US4y 27t o}
<5} o] Rl

@ = sin?(z) cosh?(y) — cosh?(z) sinh?(y). D+ A}
Zela D& [0,1] x [0,(e — e71)/2] o] &59]
A, A5 247 g1 Zo] "

4. & =

e

sin(2z) cosh(y) sinh(y). ®* =constx
(v, )4 AFdoz vehdc. T2z zgwHey
+ sin(2z) sinh(2y) = C2 Jephd}.
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16.4. FLUID FLOW 251

. —i/2Up22.

L AA AAZ AT W3 WRE ke AE ¢ 4
Ao AT =Y L Gy IS dAY
& Bl ot AjY ASPSolh

2l = WU = 0)% |z - ¢] = ¢(Uz = 110)) =}
8l w = (z~0b)/(bz — 1) o]43td 0 — ro,
—2c = —ro& of43H b = 1o, 7o = (1 -
V1—4c?)/2¢E At &, w = (2—79)/(roz—1)7]
g, TRHHEL ¢ = 110/In(ro)Injw|7t Hz
& =110/ In(ro) In|(z — 70)/(roz — 1)}.

8. 12/warg(z).
9. 105 /m (7w — arg(z — 1)).

10 w = (1+it)/(1 —it) = (1 —¢* + 2it)/(1 + ¢2).
(Rew)? + (Imw)? = [(1 - t3)? +4¢2]/(1 +12)? = 1.

1. w = (z — i/2)/(—i/2w — 1). [(3 + 4i)/5 —
i/2]/(~i/2(3 + 4i)/5 — 1] = —1. [(=3 + 4i)/5 —
i/2]/(~i/2(=3 + 4i)/5 — 1] = 1.

12, z=Z2. (X,Y) = ReF(Z%). ZolH 22 7k 8%
2 S Y] 1IAEE e FAUY AZutez vyt
F8 y-&E £ z-2

16.3. Heat Problems

. T =20/dy.
. T =15/2(y—2)+10, T(2) = —15/2z+15/2iz+10.

.T=af+b, £ AL WslT a,bol] A =1,
T = —280/warg(z) + 100& di=c}.

. FEANAY shRIA R sk, T = 105/7arg(z) +
10. .

. T* =100 + 400/7 sin~1(2).

A oz

. 99 5L Figure 3732 S94do 4~
s&d.

S5t B2 ReljA G Loz

. CAS PROJ

8. (a) (Tx —Th)/mwarg(z — a) + T1. (b) To/2(arg{(z —
1}/(z +1)]. (c) AF 2 z-Z(z > o)l T3, o}
A& 22 z-F{r > a)oll A T2 2 tehdh

9. To/2(arg[(cosh™(z) — cosh(in))/(cosh~1(z) + 1)].

10. T = 400/mwarg(z).

11. T = 120/marg(z).

12. 2%+ 9 gJ5id, 8.(b).

13. T =2(Ty — Tp)/warg(z — a) + To.

14. T = 200/marg(z).

16.4. Fluid Flow

=F = K(> 0)e]=& o|= uniform3tA &
#Hog AYPsi= flowsE fepdc). velocity vector:
(K,0), the stream lines& z-&o] R ZE Alo]
3 equi-potential line2 y-&of F#3 BE Adojc}.

. velocity vector7} (1, 1)8 FiX 28 V =1+iolx
V = F!(2)| 4 F(z) =z — izo|x}. )

. e} flows] Wpo] T W2 FojAThd y& & whi
Eflows] 3802 8 4% sich daje Ao glod
e AlA de 2= flowrt z-52 A o] -5
whgko 2 F oA bz} harmonic potential &§4&
EHs3 g}

ZOOETTTTTTET VNN
00TV
TV VNN
ISR R PUVAVANANNY
T LS00 E VAN

144 EREN
N vorsdds i

FrYrres s s 0

IRRAR RN
VAV
VAN NN NSNS

W ewvrerers s VAN R NN

i
I
H
H
i
[
I

PR el o ISR R =

o} - - o P

4. V = 2iz0|BR V = —2y—2ix = ~2(y+iz) = 2izo]
t}. ol 1 FellAl2] velocity’t 2 Hat dH$ ol
= HE S AAWGo 2 /20F A HH 3 20D Fof
conjugate(y& tA)=E ZALE ofvigd.
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6. F(2) =i(z® - 3zy?%) — (32%y — v®). F/(2) = 3i22.
V = —3i(z? — y? — 2izy) = —6xy — 3i(z? — y?).
V7t 256 fysizid s54E0] Oojojof &} &,

10.

16. COMPLEX ANALYSIS APPLIED TO POTENTIAL THEORY

T = %y.

o

2 4 8

~2!

e PSS
PSS

———amm e oo S

~———— s s
Nm———
Nw -
NN
NN Y

——— %\

P N

———— NN
————— N NN

-5

- 2

F(z) = 22

AAAER 7} —aghF 9 3de] dojdd
F)=®+i¥ =z +rd/z

F(z) = 22 +1/22 = 2% — y® 4+ (2% — y?)/(a® +
y2)? + 2zyi — 2zyi/(z? + y?)2.

11.
VAN NN S———
VNN N N ———
NN N N
SN
[Pt
-
LaEaravsd
IR A ars
LAy,
..... AV
g
LI T T Y
AN
- AR NENEN
- R IR RN
PN
e m——
Pem el
PoLIIIIT: 12.
LA A A g g I oy
PP, 13
2 4 8
14.
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ﬁ‘i“:ij,‘ NN NN
PO
WISININ N L e
RN R A R
NAAV LIV
NAN Lt TN S
AN P TINN Y
AR R AN NN R Y
RS AN
“ " ) v z v s
F(z) = cosh™1(z). 18 149 H=x.

174 139 F=x.

() V = F = ¢/(2m)z/|z12. Vi = ¢/(2m)x/(z? +
¥?3), Vo = c/(@m)y/(z? + y¥)elmz VP + V] =
(c/@m))2elx V = ¢/(2n|z{*)zeleh. &, ¢ > 0o]
o radially outwarde]3 ¢ < Qo] radially in-
wardelc}. (b) (a)% slzal® V = iCzZolmz
(2)ol M2} Vol m/2utg 2] AL 43 Yot A
Al wto)ubgk 9] circulating streamline g T ¥ dck. ()
Pzt Bl Al W = (1 + F2) = F{+ F} =
Wi + Wa. (d) F(z) = 1/(2xi) In[(z + a)/(z — a)].
() V = rcosf — 1/r%cos(20) — K/(27)sinf +
i(K/(2n)1/rcos @ — rsinf — 1/7%5in(20). & o]
0o] Hth: AL AFY HFHI 5 O0olat Tl

22 o] 27 WisA 1 "
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. ap =

. ap =

. ap =

16.6. HARMONIC FUNCTIONS

16.5. Poisson’s Integral Formula

- ®(r,0) = a0 + 35, 7 [ncos(nb) + by sin(né))]
ol a0 = 1/(2w) f027r ®(l,a)da = 0.
an = 1/ [Z7sin(a)cos(na)de = 0. b, =
1/7 27 sin(e) sin(na)de = 0& n = 19 uwj o 2t
1. o]22 &(r,8) = rsin(f).

1/(2x) foz"(2 —cos(a))da = 2. a, =
1/n 02"(2 — cos(@)) cos(na)das n = 19 oo
-1 by = 1/m 02"(2 — cos(ax)) sin(na)da = 0 o}
228 ®(r,0) =2 —rcosé.

. ap = 1/(27) foz" cos?(a)da = 1/2. ap =
1/7rf02" cos?(a) cos(na)des n = 290 wojgt 1/2.
bn = 1/ [I" cos?(a)sin(na)de = 0. ojzz

®(r,0) = 1/2 +r?/2 cos(26).

1/(27) [Z7[cos(da) — cos(2a)]da =

an = 1/x 02"[cos(4a) — cos(2a)] cos(na)da

n = 2¢d 9 —-1. n = 49 o 1. b,

1/ [27 [cos(4a) — cos(2a)]sin(na)da = 0 o}
2 &(r,0) = —r2 cos(28) + r* cos(46).

g e o

1/(27) [F[cost(a)lda = 0. ap
1/7 [27 sin(5a) cos(na)de = 0. b =
1/7 [™ sin(5a)sin(na)de = 0. & n = 52 j
1. ®(r,0) = r° sin(56).

. cos(46) = 3/8 + 1/2cos(26) + 1/8cos(46)o] =
2 ap = 1/(27) [Z" cos(da)da = 3/8. a, =
1/7 [27(8/8+1/2 cos(2a) +1/8 cos(4a)] cos(na)da
= n = 29 d, 1/2. n = 49 o),
/8. bn = 1/ fF"[3/8 + 1/2cos(2a) +
1/8cos(4a)lsin(na)da = 0. &(r,0) = 3/8 +
72 /2 cos(26) -+ r /8 cos(46).

- 4sin(30) = 3sin(f) — sin(36). e =
1/(2r) foz" [cost(a)lda = o. n =
1/ [27 4sind(a) cos(na)da = 0. bn =

10.

11.

12.

13.

14.

15.

17 [27 4sin3(a) sin(na)das n = 14 W, 3.
n =34 o, -1. &(r,0) = 3rsin(8) — r3sin(36).

e = 1/(2w) foz" ada = 27. an =
/% O”acos(na)da = 0. br =
l/ﬂfg"asin(na)da = =2/n &(r,0) = 2/x —

S2e1 2r™ /nsin(nd).

a0 = 1/@n) [ ada = 2m. an =

1/7 [2" a cos(na)da = 0. bn =

i

/7 [ asin(na)de = —2/n(-1) &(r,8)
2/® — 3252, 2(—r)™ /nsin(né).

a0 = 1/27)ffde = 1/2. an =
1/7 fg cos(na)da = 0. b = 1/x JJ sin(na)da =

1 + (=1)"*/(nx) &(r,8) = 1/2 +
ey T SIn(MO)1 + (—1)7+1]/(nw).

a = 1/(27) fi:ﬁ Fla)da = 0. a, =

/7 ‘_3://2; F(a)cos(na)da = 0. bp =

/= 3:7; F(a)sin(na)da = 4sin(nw/2)/(n%n).

&(r,8) = 3522 | r™4sin(nn/2)/(n?n) sin(nf).

SESE FARE B 2 (Z-7) —F(2* —2) =
z *—Z2* + T2 =327 — z*F*.

rsin(8)3 r3sin(36)el] W sl A Zz}e] harmonic con-
Jjugate= —rcos(th), —r3cos(36)e]t}. rsin(f) —
ir cos(th) 2} 3 sin(36) — ir® cos(36)7} analytic o]z
B ZH¥Sol

(@ Gyl 7 = 0& wigstd Mk (b) Au =
82u/0r2 +1/r0u/Or +1/r28%u /862 of 7t W& vje]
3l ¥ % harmonic & ¢ 4 et (c) rur = vyl
MO =377 (r/R)*{an sin(n8) — b, cos(nf)). (d)
(N3 (C)8 F =@ +4i¥q gidsid ot

CAS PROJ

16.6. Genaral Properties of Harmonic Functions

ST — 1/2)%)eieifd. = 1/28 FHoz @
WA 19 98 ek [27(e2f - o 4 1/4)ido =
1/2—-1+4i-1/241=12rn/4.

S 02 FAez ¥ WA 19 Y  geo
J2™ 5(ei®)%e=¥4ei0 g = 0.

S1E Yoz @ Mg 19 de wed [(3 +
€%)2idf = 18i.

4.

02" d6 = 27. analytico] o}l yBm 2 Za]le] 9lujs A
wech

r=00Z R=ro22 ¥od "}
1 = &(1,0) = 02" &(1 + cosa,sina)da =

foz"[2 cosa + 2cos ajda = 1.

~-8=9(3,-3) = [7 ®(3+cos, —3+sina)da =
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10.

10.

11.

16. COMPLEX ANALYSIS APPLIED TO POTENTIAL THEORY

2=%(1,1) = 02" ®(1 + cos ¢, 1 + sina)da.
CAS PROJ

(a) (i) maxe (4 + 7i)?olx ming (1 + 3i)20]2
2 2% A ook (i) maxe Afgyel Hd
oo, ming AFREo] Hidu g &, A
A9t bt (b) A2)3e 23Sl o Folm
2 wsA ekect. (c) sin(w/2 +iy) = cos(iy) =
(e¥ + e7V)/20l28 yr7} ARLSFE 2 Fg= AZ
(@) |Fl= DA AA 2 Hdigto] cojch 9t Fol &
o] Wl¥oll griwd |Fix D W3l gtol 45 colr}.
u? + v2 = 0oj] 4} Cauchy-RiemannSAje) = &514
u=Cv7}l 3 ALY {517} 25 Aot

11.

12.

13.

14.

15.

16.

A&-7istgdol st —8 < 2@ < 8o]ct. &, +47}
#o), Hao)3 of e AAL(2V2,2v2) N A Y2}

o (b,7/2)l M Hae (o, —37/2)el A o}

cos(z+1y) = cos(zx) cosh(y)+isin(z)sinh(y). o} A
o grel #F-& (cos(z) cosh(y))? + (sin(z) sinh(y))2.
olth. cosh(2y) + 1/2(cosz) — sin?(z))el=a
y= *lolx z = 0y ““a 3’]"‘“&1 y= 0, z =P7-/2°‘-l
o, &4zkd Zed

w=1d =, #=zte e
A% Hg& D2 ¥od fo o8 D*2 $AXG.

sl

Aael Wl f(z) = & A7shd Dok ol Aol B
# o

«
o

Chapter 16. Review

o R RLo] 2L olEste] o FE FF 4 stk

linear fractional transformations} 1 o]¢]¢| ana-
yticEs, 23 FFEL o] 48 & UL T o) F I
of A45E FE ol o] potentialTA S F& #HY
¢ AU

Exg 2844l 2R Erbesit

Qdd, s dat, sASne) ARl A
HRAE L5 ShEeka $4o) "ok

CSEs SAE VHAE Y4 2RI &

=

o
3 ¥5E AL Z& analyticyd FHFH
F-o] harmonic conjugatee]t}.

. 8225 o] A ¢ 824 o A7 A o BE FHE.

A& Eol TH4L 22Ut 2e Hg ujstm 19
S AL 9 2 Waks ofn|dch. A% o
o] £F ol shvhefl o E u|Fo] FolA7xE Wt

. A%, 23, AR5 ol parts] Ao £9W £E

7t F 23t

Zolxl Beld ST E9 filed7t FolAl Ao Wi
HE82 AYs 2 B o, harmonic(analytic)si ol
T Aol TRt

o}3Lej| 4} 2] potential theory: A A & stable solu-
tionol] Bi ¥ Holch &, FHAH LR FAolvk, A 2F
ol U gH o2 & AolE RolA gt
AAZE A3l Y ¥l A9 potential & Fai& AL
Dirichlet problemeo] @} %c}.
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13.

14.

15.

16.

17.

18.

steady-state-heat flow= &2 AH3te] s ¢HG =
ol ezt Pl X3 o] AElZE & o FH =) o
Hata e 7k flows 2w]glio).

27| Y& A9l potentialg Tt ¥ o
o o] 99g ¥r} b7 A& d9 2= transform4|
214 7 potentialg& Fatn HE AJle AL
3tt}. «§ 7)o conformal mappinge) 7§ =t}

old AAY FEAME 255 FH ¥F3(Cauchy
boundary condition) = ot & A& HEHAE in-
sulate(Neumann boundary condition)A]7}, 4%
o} WA ¥ w} o] 2 mixed boundary value problemo]
2 ¥

maximum principle, uniqueness for Laplace equa-
tion.

10(y — z), —10z — 10iz.
900/ In(10) Inr + 100. 900/ In(10)in(z) + 100.

o}l T oAl AT E o] 2.1 equi-potential lineo]
vh2 o}

T O O T N A A
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19.
20.

21.

22.

23.

24.

25.

26.
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conformal mappinge| ©i& harmonic property:=
BEHG. ¢ = e -v? sin2zy. f = ezz—yz, g =
sin2zy, h = cos(2zy)e} st &, = 2zfg + 2yfhol
I Pzz = 2fg +42®fg + 4zyfh — 4y fg7} A}
&y = —2yfg + 2zfholq yy = —2fg — 4z fg -
dzyfh + 4y fgolx By + $yy =0.

100 — 200/marg(z).

T5E 4202 iyl 059 B vty HA
s "o,

20 — 40/marg(z — 1).

alnr+bolA aln10+b =20, aln5+b = 300}2 2
a=-10/1n2,b=30-10In5/In2. —10/In21n2+
30 —10In5/In2 =30 — 10{In 10/ In2].

15/2(y — z) + 5, ~15i/2z — 15/2z + 5.
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27.
28.

29.
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31.

32.

33.

34.

35.
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R et el P P S A T T U T T e e e

PRI
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S S S

-5 -+ -2 o 2 4 6

p8142| oA 2o o) 22+ 1/(22)2 o M}

Kinz. 43¢ Ave 44¢ 92 o2 tite 3

o] stream lineojt}.

w = (1+1z2)/(1 — iz)2 ¥ p8052] Fig 3729
2L eyt Hoh d oFe yoll A 1000]) 3 &-2f yell 4
Oolt}. 100/marg(w) + 50¢] potentiale] & complex
potential& —100i/7 In[(1 + i2)(1 — iz)] + 50.

w = (14+2)/(1 - 2)2 Fod 20/wrarg(w) + 104
& 4] —~20i/7In[(1 + 2)/(1 — 2)] + 100]c}.

V =2z - 1/23) - £2-1/4 £2-1/445} stagnation
point.

an = [°_—sin(n8)d + [ sin(n8)dd = 2/n(1 —
(=1)7). by = ffw — cos(n@)db+ [ cos(nd)df = 0.
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CHAPTER 17

Numerical Methods
in General

Numerical methods are methods for solving problems numerically (that is, in terms
of numbers) on a computer or calculator (or in older times by hand). The computer
has become very important in engineering work. It provides access to problems so large
that they were out of reach in precomputer times. Much computing today is “real-
time”; it is done almost simultaneously with the process of generating data, for instance,
in controlling ongoing chemical processes or guiding airplanes. Issues of speed, storage
demand, and timing of portions of long programs then become very crucial.

Computers have changed, almost revolutionized, numerical methods—the field as
a whole as well as many individual methods—and that development is continuing.
Much research work is going on in creating new methods, adapting existing methods
to new generations of computers, improving methods—in large-scale work even small
improvements bring large savings in time or storage space—and investigating stability
and accuracy of methods.

The purpose of this chapter is twofold. First, for the most important practical tasks,
including solution of equations, interpolation, integration, and differentiation, the
student should become familiar with the most basic (but not too complicated) numerical
solution methods.? Such methods are needed because for many problems there is no
solution formula (think of a complicated integral or of the roots of a polynomial of
high degree) or in other cases a solution formula may be practically useless.

Second, the student should learn to understand some basic ideas and concepts that
are important throughout the field, such as the idea of an algorithm, rounding errors,
error estimation in general, ill-conditioning, order of convergence, and stability.

In the first section we explain some concepts that are basic in numerical work; this
includes remarks on computing. Each of the other sections of the chapter is devoted
to methods for one of the specific tasks already mentioned. These tasks are important
throughout applied mathematics, regardless of the particular field of application.

Prerequisite for this chapter: Elementary calculus.
References: Appendix 1, Part E.
Answers to problems: Appendix 2.

2This will be continued with those for numerical linear algebra and differential equations in Chaps.
18 and 19.

www.20file.org



www.semeng.ir

258

10.

17. NUMERICAL METHODS IN GENERAL

17.1. Introduction

. 0.2349E2, -0.3029E3, 0.5275E-3, -0.2570E5

-0.89217E2, 0.50000ES6, -0.22137E-2

0.81534

in 58 : 533153 = 6.3698,
in 48 : 23158 - = 6.794,

in 3S: % = 8.15,

in 2S5 : 3gf§5 = impossible,

in 5S : A28 = —61.725,
in 4S : oSt = ~12.35,

in 38 : i = —1.24,

in 28 : lg'_lfo = impossible,

in 58, a2 = 1276.2, b2 = 1267.1, o-2}A
0.81534 35:724435.598 — 6.3001 ,

in 48, 0.8153 3512435.90 — 6,461,

in 38, 0.815 314358 — 5381 ,

in 28, 0.815 ;535430 = impossible

slas R ¢lel EA4(3)xct gtel Wt 27t A
(6)e] Wyoz 2& T

V30ZT—4 = 29.9333, 30 + 29.9333 = 59.9333,
30 — 29.9333 = 0.0667000,

ahebA] £1=29.9667, 22=0.0335000

(Mo wyez & FaW  2=20.9333,

2=0.03340760] Ho] 3| o]zt A ch.

4S5 : (6)9 who 2 22 FHEW

V302 -4 = 2993, 30 + 29.93=59.93,
29.93=0.07000,

w2t £1=29.97, £2=0.03500

(7)) whfjo 2 & 73 £,=29.97, 22=0.03337.
25 : (6)e] Wheoz & FHud

V30%Z — 4 = 30, 30 + 30=60, 30 — 30=0.0,

et £1=30, £2=0.0

(M9 oz & Fsbd £1=30, 22=0.033.

30 —

55 : (6)8] Wes & Fand

V1002 =8 = 99.960, —100 + 99.960=-0.04,
—100 — 99.960=-199.96,

w2t A £3=-0.02, £2=-99.98

(Mol Yoz 28 F3d 229 glo] ABZ 2=
99.98, x2=-0.0200.

- V9+12%2 —32 |z|7t Fod 0o g Ez,

A4, VI + 22 +3¢ F8 g VI+ T +328 o
et

cosa — cosb = 2cos(£2'i)cos(“—;—b)°]_‘?_§. a — b7}
obF Agw, ¥Zol4 Series TAE
cosz = 1~ %5 + T 4 ... olER cos(%ﬁ)—g—

1 ety @00 o e U

SELEE

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

a,b2] 3ol A7t g o, £ ¥lE 16 hAhE 5 ol
=2 loga—logbti4l log §, e bhal & & Abg-ch.
2 = 3.14285714285714

25 = 3.14159292035398.
2hA frExA 3xtel R Mol 2 &2 Holx ¢l

»—-qulm

a8

0.3141592654E1

65.43=0.6543E20] 1, 17.0591 = 0.170591E2 o] =
2 452 A 45 0.6543E2 + 0.1706E2 = 0.8249E2
wepA] g [0.82485,0.82494]¢) 3t

(0.141)-1=0 &} 0.14+(1-1)=0.1, 2} R 2N
AAbgtct.

8SZ Alzbabw 0.94999999E1 < z < 0.10499999E2,
0.19499999E2 < y <  0.20499999E2,
0.29499999E2 < z < 0.30409999E2 o]3 X
S = 2(zy + yz + 2zz)o]| B2 0.10407499E4 < 1 <
0.11607498 E4.

first add and then round

the error € of the sum ,

lel == lz+y—E+P)] = |z—F+y—§| < |eaa+ez| <
fer] + [e2] < B1 + B2

FEoMAN g =1l-z+22 - g olgse,
v

. = = 2
— Z+e€) — Tte 1 ==+e ( _ €2 &
ez v A G
vifa_2.2 X
cdots) 24921 ma,
the relative error €, of -:—, ;:,
= _ £
ler} = | 2= ~= |2 -~ Egz < lera] + ler2} <
.Brl +ﬁr2

Tz = 2—21—011, 27} exact valueo] = 2 A 2] 1be] 2j3}
o e (z2)] = |er(z1)|. HetA 1€ 4SE rounds}7| 9
Foll |e(z1)| <0.005. 2B e (z1)] < 3282

ol 24§,

le(@)l = ler(z2)ea| =
35.55 '+ 0-0506 < 0.00001

ler(z1)z2] <

two-decimal table

g fz) |z | fx |z | =)
0] 0.000 | 7 | 0.4375 | 14 | 0.875
1]0.0625 | 8 0.5 15 | 0.9375
2] 0125 | 9 |0.5625 | 16 1.
310.1875 | 10 | 0.625 | 17 | 1.0625
41 025 11 | 0.6875 | 18 | 1.125
5103125 112 075 | 19| 1.1875
6| 0375 {13 108125 20| 1.25

www.20file.org



www.semeng.ir

22.

23. z2

24.

17.2. SOLUTION OF EQUATIONS BY ITERATION

3.94% = 61.1630, 7.5 x 3.942 = 116.4270, 11.2 X
3.94 = 44.128 m}e}A,35% f(3.94) = 61.2 — 116 +
44.1+28=-79

22}, nested forme s Ajarsid, 3.75 - 7.5
—3.75, —3.75 x 3.75 = —14.1, —14.1 4 11.2
—2.9, 2.9 x 3.75 = —10.9, —10.9 + 2.8 = —8.10}
.

o} 1.0E100% do{7}d overflows} Ay dtc}. oje}
A olH¥ WA tha el Wl 22jAl 2
g7 S5t Alg uhEe.

(Essay)

17.2. Solution of Equations

Example 1ol 4 z > 04 9, g1(z)=
el F7hs

F7Hpol ] o
ado} o] X3, Example 204 = > 04

9, 91(0) = e FaFdolnE Frhedel @
{2 x| et
. (1)z0=1.000, 71=0.000, z3=1.000, z4=0.000,

x5=1.0d0, £6=0.000, - --

(2)x0=0.5000, z1=0.8750, r3=0.3300, £4=0.9640,
r5=0.1040, 16=0.9989, z7=0.3376E-3,
3=1.0000,- - -

(3) zo = 2.000, 1 = -7.0000, x5 = 0.3440E3, x4
=-0.4071E8, z5 = 0.6746E22, ¢ = -0.3069E68 - - -

the graph of f(z) = z3 — 5.00z%2 + 1.01z + 1.88

Numerical results

n In Tn ITn Tn

0 | 5.000 | 4.000 | 1.000 | -1.000
1] 4.723 | 4.630 | 2.110 | 4.130
2 14702 | 4.694 | 4.099 | 4.652
3 14.700 | 4.700 | 4.642 | 4.695
4 1 4.700 | 4.700 | 4.695 | 4.700
5 | 4.700 | 4.700 | 4.700 | 4.700
6 | 4.700 | 4.700 | 4.700 | 4.700

. glx) = %(:z:2 +1.01 + 'l-fé),

1, 0.778, 0.806347, 0.798340, 0.800447, 0.799881,
0.800032,  0.799991,  0.800002,  0.7999999,
0.800000(exact)
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25. (a)z +y = 0.90476190476190,

10.

T —y = 0.23809523809524,
zy = 0.19047619047619,
£ = 1.71428571428571, whebA

€round

0.19048E-7
0.52382E-7
0.61905E-7
0.85714E-6

€chop
0.19048E-7

0.47619E-7
0.38095E-7
0.14286E-6

T+y
r—y

8
@ll@cc

€r.chop
0.21053E-7
0.20000E-8
0.20000E-8
0.83335E-9

€r,round

0.21053E-7
0.22000E-8
0.32500E-8
0.50000E-9

rT+y
T—y

8
QIHQ

by Iteration

- 1,4 1
the grape of f(z) = 1——9: + 642 ~ w3z T
g(a:) = 4(1 OdO + 6—14—x4 - 2—31——:5 L7 =3
z = g(z)%: £ z(0) = 3.9901, z(1) = 3.2169,
2(2) = 2.7260, z(3) = 2.4720, z(4) = 2.4720,

2(5) = 2.4019, :1:(6) = 2.3926,2(7) = 2.3917,1:(8) =

2.3916,2‘(9) = 2.3916, --- &4 2.39162.8 4‘—? L=
-1 .

T = osha)

1, 0.64805, 0.82140, 0.73706,

act)

, 0.76501(5S ex-

44934 wtef z = tanz® r = 12 A|zsid §=
1.5708% & xicl.
= T

eZ sin
0.5, 0. 63256 0.56838, - -+, 0.58853 (55 exact)

= ¥z +0.12; 1.02874, ---, 1.0372

(a) T 2 I z = g(z)o] 2ol girbd ¥
h(z) = g(z) — s Hstn 73 I=[a, bz ¥
. 28| F2% el st g(z) -z <0 EE
g(z)—z > Oojch.ate} g{z)—z > 02hd g(b) b > 0,
% g(b) > boltth. o] AL o < g(z) < b FHA =
&olx, wef g(x) —z < 07td g(a) -4 < 0, &
g(a) < aolt}. o] AL a < g(z) < bl 7t o} Bol
o} @2k h(z) =081 o] a < z < bajojof] Hojx
st EX3.

(b)(1)& 12 stepel4 1.56155(6S-value) of 47
.

(2)%= 30stepol A 1.56155(6S-value) of 4= gc}.
(3)2 zo = 156114 -1 Y3tk zo = 2004 F4t
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

17. NUMERICAL METHODS IN GENERAL

e}

(4)2 zp = 1.591 4] Oo) £ shr} zo = 20) 4] W4+ &
o}

(5)% 7stepell A -2.56155(6S-value)oll e}
(6)2 zo = L.5e] A -1] £ st z0 = 2004 L4t
et

(7)& 4 stepoll A} 1.56155(6S-value) o 4% g}

We havz = ¥/c, hence f/(z) =23 ~c=0, f/(z) =
3z2, and

= z5—c —1 c
Tntl = Tn — —3":—'2‘— = 5(2131; + ;%-)
Thus starting z¢ = 2,
zy = 1.91667, zp =
zq = 1.01203, - ..
z3 is exact to 6D.

1.91294, z3 = 1.91293,

We have z = ¥/c, hence f(z) = zF—c=0, f'(z) =
kz*—1 and
kE_¢

x
Tn4l = Tn — —F=T
kzn

= %((k —Dza + _kc—_1>
Tn

Thus starting zp = 1, V2 = 1.414214, ¥2
1.259921, ¥/2 = 1.189207, ¥/2 = 1.148698

Tn4+l = ZTn + h=2 "f“‘:\ﬁy f(xn-!-l) ~ f(xn)
hf'(zn) =0,
Wt Tni =20 — fﬂIé—’:})

+

0.906180

(a) zo = 0.4, 1 = 0.378125, x = 0.377964, =3
0.377964, ---

) &

zo = 5.0, x1 = 1.748, xo = 2.425, 3 = 2.473, .- -
f(2.473)=39.02

o = 5.0, z3 = 4.87727, x2 = 4.80759, 3 =
4.76985, x4 = 4.75015, =5 = 4.74010, ---, wetA]
4.730047 g ¥c}.

21, 21.20870, 21.20575 21.20575; 7o = 20& 2.362
Ao A 87} o FE 207t Stk

4
Tnil = Tpn — & ;—Iz-_ol.u,
thus zo = 2.0, z; = 1.55226, zo = 1.25618,
z3 = 1.00542, T4 = 1.04271, z5 = 1.03722, - --

f(@) = fi(z) — fa(x), T2 = 2.49756, z3 = 2.47209,
- converge to 2.47209.

T3 = 4.48457, £3 = 4.66728,z4 = 4.74888, - - -
to 4.73004.

stop

T2 = 0.577094, z3 = 0.534162,x4 = 0.531426, ---
stop to 0.531390.

23.

24.

25.

T2 = 2.39635, z3 = 2.391573,x4 = 2.39164, ...
stop to 2.39164.

(a) 5 & (a0, f(a0)), (bo, f(bo))& St& HAde 1
HAaje y = ————f(b§3:£§a°)($ — ao) + f(ao)elch. uhe}
A zHdBo| ool 22,

0= -——————f(bgg:;:é“") (co — ao) + f(ao)

0 = (f(bo) — f(ao))(co — ao) + f(ao)(bo — ao)
ag (f(bo)—f(ao))—F(ao)(bo—ao)
e, p = 221 f(bo)—)f(ao)
— a0f(bo)—f(ap0)bo
—  f(bo)—flao)
Algorithm FP(f,ag, bg,N)
False Position Method
This algorithm computes an interval [an, b,] con-
taining a solution of f(z) = 0 (f is continuous),
given f(aobo) < 0.
INPUT : Initial interval [ag, bp], maximal num-
ber of iteration N.
OUTPUT : Interval {an, bn] containing a solu-
tion or a solution cg.
Forn=0,1, 2,---, N —1,do;

anf(ba)—Flan)bn
Compute ¢n = =253y = Flan)
If f(cn) = 0, then OUTPUT c,. Stop.

Else continue.

If fan)f(cn) < 0, then Gnt1 = Gn, bnt1 = Cn.

Else set ap4+1 = ¢n, and bpp1 = by

End.

OUTPUT [an, bn], stop.

END FP.

(b) Newton’s method : zg = 2, z1 = 3.14285714,

To = 2.7641141, z3 = 2.69167585, z4 =

2.68909854, x5 = 2.68909532, -.-, *x5 =

2.68909532 is exact to 9D.

The method of false position : (1)ap = 1, bp = 3,

co = 2.25, ¢1 = 2.62055336, ---, ¢10 = 2.68909532

is exact to 9D.

(2) ap = —1, bp = 40| cgo = 2.68909532.

o] ¥ wpiZ wimsld Fae] whe] 2uf A &

date A& o 5 gles, ® The method of false

position & F7ke] Ao et £ 3= X9 Fol

7} A

(c)z? — 29 A$ 199 = 1, bp = 323 59
n 1 2 3 4 5

cn | 1.025 | 1.0472 | 1.0667 | 1.0837 | 1.0987
n =984 w, ¢, = 1.1892071 % algorithme] B¢},

cosz = V79 H$ a0 = 0, bp = 408 T
n 1 2 3 4 5
cn | 1.0948 | 0.6894 | 0.6512 | 0.6437 | 0.6421

n =144 o, ¢, = 0.641714371 % algorithmo] By
o}
z+lne =29 AS a0 =1, bg = 428 FH
n 1 2 3 4 5

www.20file.org

cn | 1.6839 | 1.5675 | 1.5580 | 1.5572 | 1.5572
n =84 i, ¢, = 1.5571456 2 algorithmo] Zydc}.

(2)Algorithm BISECT(f, ag, bo, N)
Bisection Method
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This algorithm computes an interval [an, b,] con-
taining a solution of f(z) = 0 (f is continuous),
given f(aobo) < 0.

INPUT : Initial interval [ag, bo], maximal num-
ber of iteration N.

OUTPUT : Interval [an, bs] containing a solu-
tion or a solution cg.

Forn=0,1, 2,---, N~1, do;

Compute ¢, = %(an =+ bx)

If f(cn) =0, then OUTPUT c,. Stop.

Else continue.

If flan)f(cn) <0, then ant1 = an, bpt1 = cn.
Else set ap41 = ¢n, and bpy1 = by.

End.

OUTPUT [an, bn], stop.

END BISECT.

(b) Newton method : z¢9 = 22 $3 AlZsid,
n 1 2 3 4 5

Trn | 1.9245 | 1.8448 | 1.7606 | 1.6713 | 1.5764

n = 189 =, , = 0.73908513% algorithmo] &y
c}.
Bisection Method : ag = 0, bp = 2028 =4
n 1 2 3 4 5
cn | 1.0000 | 0.5000 { 0.7500 | 0.6250 | 0.6875
n =334 o, ¢, = 0.7390851332 algorithmo] &}
c}.
{c)em® =Inz8 A$ :a0 =1, bp =208 £o
n 1 2 3 4 5
cn | 1.3974 | 1.3211 | 1.3112 | 1.3100 | 1.3098
n=9¢ 9, cn = 1.3097995% algorithmo] Ev¥c}.
e +z' +z =28 A9 :a0=0,bp=102 =
n 1 2 3 4 5
cn | 0.2689 | 0.3662 | 0.4043 | 0.4194 | 0.4254
n =259 o, cp = 0.429493566 £ algorithmo] &
c}.

26.

17.3. Interpolation

. Lo(z) = -2z + 19, Li(z) = 2z — 18, 19
52 pi(z) = Lo(z) x 9.0 + Li(z) x 95 =
0.1082x + 1.2234, In9.3 =~ p1(9.3) = 2.2297

- e1(z) = (2~ 9.0)(z - 9.5) 53, 9 <t < 9.5 a=
2 €1(9.3) = 23wty

0.00033 < 51(9.3) < 0.00037

uebA} 0.00033 < o — & < 0.00037

whebA] 2.2300 < a < 2.2301

2222 2.2302 4D A F8g Fto|d}.

. 925 ~ 0.8033 , et e~ 025 = (.7788 ojm.2
€ = —0.0245
e~ 075 ~y 0.4872 , Wt =025 = 04724 o]m 2
e——00148( 0.5)(z—1)
z—0.5)(z—1
y Lofz) = (0=0.5)(0=1)

_(z=0)(=z—1)
Li(z) = (og o)(gs 1)

La(z) = G038

a8Eg,

p2(z) = Lo(z)e® + L1(z)e®® + La(z)el
= 0.3096z2 — 0.9418z + 1.

e~ 025 x5 0.7839 , gty € = —0.0051
e~ 075 25 0.4872 , ©etA € = —0.0045

1"t
- e(@) = (z - 9z - 9.5)(z — 11)20— ey
€2(9.2) = 238 9 <t < 1lolmz
0.000027 < 62(9 2) < 0.000050
0.002874 < € < 0.0078125

~1.02)(z—1.04)
. Lo(z) = . cgg 1. 02)(;; 00—1.04) *
(z—1.00)(x~1.04)
Li(z) = (1.o§—1.00)(r.02—1.04)’
(z=1.00)(z—1.02)
La(z) = (.04—1. oo)(f 04—1.02) -
2mz

p2(x) = Lo(x)1.00 + L;(2)0.9888 + L(2)0.9784 =

z? — 2.580z + 2.580.
I'(1.01) = 0.9943, I'(1.03) ~ 0.9835

6. pa(z) = (z% — 20.5z + 104.5) x 2.1972 — 535 (2% —
202 +99) x 2.2513+ £ (z? — 18.52+85.5) X 2.3979 =
—0.0052322 + 0.205z + 0.7759

T 9.4 10 10.5 11.5 12

p(z) | 2.24077 | 2.3029 | 2.3518 | 2.4417 2.482855

Inx | 2.24071 | 2.3026 | 2.3513 | 2.4423 | 2.4849

€ 6.0E-5 | 3.0E-4 | 5.0E-4 | -6.0E-47| -2.1E-3

F7H9.0, 1LO0JAFol 8] & LA Ot of T2 &
o) gte 2 Av} =t

8. Lo =—g(z% —622+11z—6), L1 = (2% — 522 +
6:5),
Lo = ——(:c —4x% +3z), L3 = 6(::: - 3z? + 2z)
w2t pa3(z) = Lo(z) + Li(zx) x 0.765198 4 Lo x
0.223891 + L3 x (—0.260052) = 0.06064483x3 —
0.335187x2 + 0.03974017z + 1
p3(0.5) = 0.9436539372
p3(1.5) = 0.5101158018 -
p3(2.5) = —0.04799286375

~0.5)(z—1
9. Lo(z) = 0.253-.0.'5')'(01.25—15 ,
_ (2-0.25)(z-1
Li(z) = 0.52——0.255((;5—15 ’
_ (£-0.25)(z—0.5)
Lo(z) = 12—0.25)(;-0.5) :
p2(z) = Lo(x)x0.27633+ L1 () X 0.52050+ L2 (z) x
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10.

11.

12.

17. NUMERICAL METHODS IN GENERAL

0.84270 = —0.44304z2 + 1.30896z — 0.02322, L&
2.2 £(0.75) ~ pa(0.75) = 0.70929.

e2(x) = (z—0.25)(z - 0.5)(x — 1) L, 5(0.75) =
—0.005208 " (t)

- f() = A -2

olml, fi¥(t) = SE(-3+212)e™ #0.

getA f7e FGelng

—0.00433 < a — <0.00967

Newton’s forward difference formula
iz f Vi Vi
01}1.00 1.000
-0.0112
111.02 0.9888 0.0008
-0.0104
21 1.04 0.9784
et ¢ = 20 +rh, , v = 59 o, pa(z) =

1.000 + r(—0.0112) + "=l (0.0008) = «2 —
2.580z + 2.580.

p2(1.01) = 0.9943, p2(1.03) = 0.9835, p2(1.05) =
0.9735

Newton’s forward difference formula.
il 5 Vi Vi Vi
0] 1.0 0.94608
0.3786
1{1.5 1.32468 -0.09787
0.28073 -0.01002
2120 1.60541 -0.10789
0.17284
3125 1.77825

r=2l=92(z-1),z=125¢ o, 7 =05

pi(z) = 0.94608 + r0.3786, p;(1.25) = 1.13538,
€= 0.01107

p2(z) = 0.94608 + r0.3786 + T (—0.09787),
p2(1.25) = 1.14761375, ¢ = —0.00116375

p3(z) = 0.94608 + r0.3786 + =71 (0.09787) +
rr=Dr=2)(_0.01002), pa(1.25) = 1.1469875,
€= —53T5E — 4

13.

14.

15.

16.

17.

Newton’s forward difference formula.
iz £ 1V VY VR
010 5

‘ 13
14120 18 6
19 0
2130 37 6
25 0
3|40 62 6
31
4150 93

Wt £ =147, pa(z) =5+ 13r +3r(r — 1) =
3r8 410745 = 3(z—1)24+10(z—-1)+5 = 3z +4z—2

Newton’s divided difference formula.
il z; fj (fi; fi+rl [fiy fix1, fivol
01l 9.0 21972
0.1082
1] 95 22513 -0.005233
0.097733
21 11.0 2.3979
p2(z) = 2.1972 + (z — 9.0)0.1082 + (z — 9.0)(z —
9.5)(—0.005233) = —0.005233z% + 0.2050105z +
0.7759785
Newton’s divided difference formula.
Jj| =z fi Ui, fixal s fi+rs fi+al
0! 025 0.27633
0.97668
1] 0.5 0.52050 -0.44304
0.6444
2 1 0.84270

p2(x) = 0.27633+ (z—0.25)0.97668+ (2 —0.25 1z —
0.5)(—0.44304) = —0.44304z2 + 1.30896z +
—0.02322

r o= 2598, pa(z) = 1.337435 + r0.082266 +
(4 0.012562 + ~tU 420 .000697

r = —2.4, p3(0.56) = 1.160944632

Newton’s divided difference formula.
Jback  Zj | lst Diff | 2nd Diff

-2 0.2 | 0.2227
0.2057

-1 0.4 | 0.4284 -0.0302
0.1755

0 0.6 [ 0.6039

— z-—-0.6

ro= =087 ,(z) = 06039 + r0.1755 +
A1) (_0.0302)
r = —1.5, p2(0.3) = 0.3293, Error=-0.0007

www.20file.org



www.semeng.ir

18.

19.

20.

17.4. SPLINE

Newton’s forward difference formula.
ilz ¥ Vi VY VP Vi Y
0100 0
0.09950
1102 0.09950 -0.00297
0.09653 -0.00289
2 (04 0.19603 -0.00586 0.00022
0.09067 -0.00267 0.00005
3106 0.28670 -0.00853 0.00027
0.08214 -0.0024
4] 0.8 0.36884 -0.01093
0.07121
51 1.0 0.44005

z—0.0
0.2
r(r—1)(r— 2)(r 3)(r— 4)(0 00005)

r=

= 5z, ps(x) = 0.09950r + 271 (—0.00297) + ZT=DC=2) (_,00287) + 2= —2=3) (g 50022) 4

r=0.5, p5(0 1) = 0.04995058593750, r = 1.5, p5(0.3) = 0.14831113281250 , r = 2.5, p5(0. 5) = 0.24228730468750,
r = 3.5, p5(0.7) = 0.32887285156250 , r = 4.5, p5(0.9) = 0. 40486602343750

(Essay)
(a) p1(z)dl =Hsle]
Lo= Z=ZL =19 - 2z,
0—171
—_— Tz —
Lo= 2720 = 18+ 2z

o]m & pi(z) = 1.22396 + 0.10814zolt}. @}
p1(9.2) = 2.21885. 28 =% In9.2 = 2.219160| 2
2 9= 0.00035.

pa2(z)dll sl

(e=2)(z=22) _a
Lo(®) = GoZeyGamay = 1045 = o+,

Li(z) = (z(%_%)x(f?f—% =-132+4 Lz - %:cz,
Ly(z) = (z(:—_;—g%;—f—;i—) =28.5— 3z + 122
ol g

p2(z) = 0.779466 -+ 0/204323z — 0.0051994z2 o] c}.
web A pa(9.2) = 2.21916. 12 =8 2 2= 0.00004.
p2(9.2) — p1(9.2) = 0.00031

(b)difference table e th-&3 2},

17.4.

. (Essay)

- fzi) = Jis f(@i4) = fiyn, -3 = F, @ -

zjiy1 =GE FH,

p(z;) = f;c2G*(142¢;F) + fi+1¢3F2(1-2¢;G) +
kj c2FG + kj +162F62
z=zgjold F = 0<>|_1_, ci(zj —xj41) =1lo]jBZ
pi(z;) = fic}(zj — zj41)* = f.
BZEA z = zj410/H G = 0022 pi(zj41) =
fivr1cd(@ipr — 25)% = fipvhebA (4)7F F5e] 2

Spline
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z | i Vi V%

0.2 | 0.9980
-0.0294

0.4 | 0.9686 -0.0949
-0.1243

0.6 | 0.8443 -0.1842
-0.3085

0.8 | 0.5358 -0.2273
-0.5358

1.0 | 0.000

wetM g = 0.6, z1 = 0.8, zo = 1.09) AS
ton’s formulael] o}s}e
0.8443 + 0.5 - (—0.3085) + 2512080 . (_q.2973) =
0.7185. whe}A ¢ = —0.0004. o 2.7} M7bA] 7
+ FellA 7bg =

= 04, z; = 0.6, zo =
formulael] 23}«
0.9686 + 1.5 - (—0.1243) + 1325 . (_g.1842) =
0.7131. wetA &= 0.0050.
o = 0.2, z1 = 0.4, z2 = 0.6¢] #9$ Newton’s
formulael] o}s}le
0.9980 + 2.5 - (~0.0294) + 2219 . (_0.0949) =
0.7466. o}2}4 2 A= —0.0285.
o2l A extraploation( M= 2] #-$)e] interpola-
tion(RuA} Fyiel A9)uct 247} of A

New-

0.8¢] 7% Newton’s

=3

oz P;(I) fiz

fj+1c§.[2F(1~2cJG)
kj+1c?[2FG+F2}.

;g o, F = Ool=g pifx;) = fja:?-(ZG-f-
2¢;G?) + k‘chz. 2384 2G(1 + ¢;G) = 2(zj —

. j =%i+1 _ . _
z41) (14 4;4_—) = 0. e pi(z;) =
kjc)i*(zjt1 ~ z;)* = kjolch.

st 2 =2;4,9 9, G =008

Pi(zin1) = firacl[2(zja — z;) — 2¢i(zi41 —

2[2G(1 + 2¢;F) + 2¢;G*) +
2¢; F2) 4+ k; c][G2+2FG]

r =
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.’L‘j)Z] + kj+1c?(:l:j+1 - :z:j)2 =kjy1.
9ol "t

aetA (5)7}

pi(z) = fjc;‘?[Z(l +2¢;F)+8¢;Gl+ fj + 1c?[2(1 —
2¢;G)—8¢; Fl4+k;c2[4G+2F)+k;+1c2[4F+2G)]. =
2hA z =2z d o, F=0, ¢ (x,+1—a:;) =19% o}
%‘P“'P (z5) = fJCJ (2— 8)+f]+1c [2+4]—k;c;-4+
k_,+1c_-, ( 2) -66sz+60 fJ+1—4C]kJ —2C_7k]+1
(7)ol 59 "t

Hj&EA z = z;119 o, G =00j22 p;/:zj +1=
SC?fj — chgfj+1 + 2¢jk; + 4cjkjy1. (8)o] F9ol

t}.

p_'il(Ij) = —Gc?fj + 66?fj+1 — dcjk; — 2¢ikj4a,
pj-1(zj) = 6¢3_; fi—1 —6c_, fj +2¢j_r1kj—1 +
dcj_1kjolBE pJ__l(Ij) =pj (z;)2 5-¢

ci—ikj—1 + 2(cj—1 + ¢)kj + cikjq =

3[c?_1 (f(=z5) = flzj—1)) + A(f(zj41 — f(z;))]-
. ¢ =cjo1 = —0]D§_
F(kjo1 + 4k +kjp1) =35 (fivr — fi-1)

k'—l +4k +kJ+1 = 3h(f]+1 f]—l)

C (Mol Asted ajz = §p)(z;) = F(—6c}f(z;) +

66?f($j+1) —d4cjki — 2cjki41) = %(6#2‘(fj+1 -~
£i) = 3 kirr +2k) = F(fir = i) + (k1 +
2k;)

(13)2 ¥¢ P;!(I) = 2052 + 60;3(z — ;) wEty
p_ljl(z.‘i‘l"l) = 2aj2 +60j3(zj+1 —.'IZJ') = 2aj2+6a;3h.
o2l (8)& ol &35t

2f!(fj+1 - 'f-") + %(kj+1 + 2k;) + 6ajzh =
_ff(xJ) f(xJ+1) + k + %kj-l-l- o] A&
Ao ajse 78 + Aok

. This is simple and straightforward.

.o =-1, 2, =0, 22 = 1y o, Zz 1, 0, ]_OJ qua-
dratic interpolation polynomlal pa(x) = z%0|c}. u}

A f(z) —po(z) =2 — 2%, -1 <z < 1ol 4 FHo)
e Fa7 Asted £/(z) - ph(z) = 408 — 22 = 0,
J:=:!:71_2—.

wetd Ao golel & |f(Z) —p2(Z5)| =1
spline g(:c)o!i dHated z > 0 o, f(z) — g(z) =
(-2t +2f)olng Huge Fa) A
f(z)—g'(z) =428 +22-622 =0,z =
whebd o) wol ol ke |£(3
& kel e 25%o|ch

2
_9(2”:% °ol &

. ko =0, k1 =12, ks = 12, K3 = -12, fo =
1, i =9, fa=41, fz =41 ojB 2

a0 =f1=9

a1l = k3 =12

a12 = 3(41—9) 1(12+2x% 12) _6

a13 = £(9 - 41) + 4(12+ 12) =

a} e} pl(:c)-—9+12(z 2)+6(r 2)2—2(x—-2)3
az = f2 =41

10.

11.

12.

13.

14.

15.

asy = ke =12

a2 = 3(41—41) — 3(-12+2x12) = —

azs = 2(41 —41) + §(-12+12) =0

wel A pa(x) =41+ 12(1‘ —4) —6(z — 4)?

=3, Po(w) = 3z%, py(z) = 6zol22 py(2) =
12, p(2) =12

pl(:c) -—36+36:1:—6:c (:z:) = 36— 12z°]‘='§_
Pz(z) = 60 — 1231 Py (z) = “12°|“§- P2(4)
12, pli(4) = —12.
wetA g(z), ¢'(z), 9'(z) 25 S&olth

3% GeAle SASPFE 45Usoln o(o)E 3%
oA o2 o] FelH ?J-‘l.‘li ¢ (z)e & F2eid
54 o|th.(&, piecewise constant function) o2}
A ¢ (z)7t dold ¢ (z)e B A AFeln
wetA g (z) = M(ME 45)2 532 &9 ¢" (z)e
3zt tp3hA] ojrt.

f0:07f1=4)f220
ko=0, k1 =0, k2 =0.

ago = 0, ap1 =0, ao2 =12, agz3 = -8

aip =4, a11 =0, a12 =—12, a13 =8

po(z) =04+ 0(z+ 1)+ 12(x + 1)2 —8(x + 1)% =
4(z+1)%(-2z+1)

pi(z) = 4 4 0x — 1222 + 828 = 4(z — 1)2(2z + 1)
po(—z) = pr(z)e] 22 g(z)E ¥l

ol 2 (12)2 ®H

fo=1, fi =5, fa =17 |22 (12)2 R¥
ko = —2, k1 =10, kp = —14.

a0 =1, apx = -2, ap2 =0, apz3 =1

aio =5, a11 =10, a12 =6, a3 =—4

po(z) =1-2(x+2)+0(z+2)2 +(x+2)° ~
p1(z) = 5 + 10z + 622 — 423

fo =3, fi =5, f2 = 31 ol=g (12)2 3}¥
ko =0, k1 =2, ko = 4.

apo =3, aor =1, a2 = —2, ap3 =1

a10 =795, a11 =95, a12 =4, a13 =0

po(z) =3 +z — 222 + 28

p1(z) =5+ 5(x — 2) +4(x — 2)?

fo=0, fi=1, f2=6, f=10022 (12)2 *
B ko=0, k) =3, ka =6, k3 =0.

@00 =0, ap1 =0, 202 =0, apz =1

a10 =1, a11 =3, a12 =3, a13 = -1

azo = 6, a1 =6, axz =0, a3 = -2

po(z) = 0 + Oz + 0z2 + 2°

pi(z) =1+3(z - 1) +3(x —1)> - (z - 1)
p2(z) = 6 +6(x — 2) + 0(z — 2)2 - 2(x — 2)®

fo = 1) fl =03 f2 = _17 f3 =0 OI—E-E (12)1 %L
B ko =0, ky = -2, kg =2, kg = —6.

aco =1, ao1 =1, ag2 =1, ap3 =0

a10 =0, a11 = -2, a12 = -1, a13 =2

a20 = —1, a21 =2, az2 =1, az3 = —6

po(z) =1+ + 22
p1(z) = =2(z — 1) — (z — 1)% +2(z — 1)3

www.20file.org
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16.

17.

18.
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p2(z) = —142(x ~2) + (z — 2)2 — 6(z — 2)°

fo=10, fi=0,fa=1, f3=0, f1 =00z
(12)2 ¥l ko =0, k1 =0, k2= 3, k3 =0, kg =

aoo =0, ap1 =0, agz = —2, ag3 = 3
a10 =0, an1 = %, a1p = 2, a3=-2
az0 =1, a21 =0, a2 = —3, ag; =3
230 =0, a31 = ~3, azp = ~2, ags = -3

+

po(z) = —§(2+2) + $(z+2)® = 3+ 6z + L2
pi(a) = §@+ 1)+ @+ 12 - §(z+1)° =
1- 922 - 343

pa(z) =1 - §a2 + 823

p3(z) = ~§(z - 1) + £(z - 1)? - 3(z - 1)3
3—6x+ L2z2 323

@2tA po(~z) = p3(z), pi(~z) = pa(z)elmm
g(z)e ol

Il

interpolation polynomial : p(z) =1 - $22 4 $at
fo==1, fi =0, fo = 1 ol2z (12)3 2y
ko=f(-5)=0,ki=2, ky== f(3)=o0

@00 = —1, ao1 =0, ao2 =0, ags = 5
a10=0, an =2, a5 = -2, as= 5

po(z) = -1+ F(z+2)° = 8z + Ba?+ 523

— & 2.2, 8
pi(z) = 2z + Fa2? + 543

f0=0: fl=07 f2=07 f3=1’ f4=0)f5=
0,fe =0cj2g (12)2 2¥f ko =0, k1 =-1, ks =
4, k3 =0, kg4 = —4, ks =1, kg = 0.

@00 =0, ao1 =0, ap2 =1, agz = —1

a10 =0, a13 = -1, a12=-2, a13=3

19.

20.

a20 =0, az1 =4, a2 =7, a3 = —6

a30 =5, az1 =0, a3z = —11, a33 =6

040 =0, a1 = —4, ag2 =7, ag3 = -3

a50 =0, a51 =1, ase = —2, a53 =1

po(z) = (£ +3)2 — (z+3)3 = ~18 — 21z — 822 — 13
pi(z) = —(z +2) — 2(z + 2)2 4+ 3(z + 2)% =

14 + 27z + 1622 + 323

p2(z) = 4z + 1) + 7z + 1)2 — 6(z + 1)3 =
5 —11z2 — 613

p3(z) =5 — 1122 + 623

pa(z) = —4(z — 1) + 7(z - 1)2 - 3z — 1) =
14 — 27z + 1622 — 328

ps(z) = (2 - 2) =2z - 22 + (z - 2)3 =
—18 4 21z — 822 4 23

wetx  po(—z) = ps(z), pi(-z) =
p4(z), p2(~2z) = pa(z)ol B2 g(z)= S o)r}.
interpolation polynomial : p(z) = 5 — 6.8055622 +
1.944442% — 0.13888945.

fo=4, =0, fo=4, f3=80clmz (12)z =
e ko =0, k1 = —8, k2 =32, k3 = 0.

a0 =4, a1 =0, agz =1, ap3 = ~1
010 =0, a11 = -8, a12 = -5, a13 =5
a20 = 4, a1 = 32, ay; = 25, agz3 = —11

pofz) =422 — 23
pi(z) = ~8(x — 2) ~ 5(z —2)% + 5(z — 2)°
p2(z) =44 32(z ~ 4) + 25(z — 4)? - 11(z — 4)3

(b) 2(t) = gt+ 562 — 23, y(t) = L 4+ (3v3 -
D2+ (- 1A
(€) z(t) =t +2t2 — 23, y(t) =t + (3v3-2)2 +

(- v :

17.5. Numerical Integration and Differentiation

- Rectangular ruleg A}-23}o

J & 0.2[f(0.1) + £(0.3) + - - + £(0.9)] = 0.748053

A< J<B, A=hY A;, B=hY B;, A; and

B; being lower and upper bounds for f in the jth
subinterval. wje}A gtg e v 0.681< J <0.808.

-h=1d 9, J; =05

h =059 o, Jo.5 = 0.375
h =0.259 4], Jg.25 = 0.3475

ch=1d w9, J; =05

h =05 o, Jo5 = 0.28125

h=0.25% w, Jo.o5 = 0.2270

wetd s = 1(0.28125 — 0.5) = —0.07292,
€0.25 = 3(0.22070 — 0.28125) = ~0.02018

h=1d 9, 1 =05

k=059 d, Jo5 = 0.60355
h=0.25% 9, Jg.25 = 0.62841
w2t €05 = 1(0.60355 — 0.5) = 0.1035, €005 =

www.20file.org

10.

11.

12.

13.

%(0.62841 — 0.60355) = 0.02486
A 493 vl E kot 248 0 Hi Topact.

- hlgeo+er+ -+ enss + 1| < [(b— a)/nlnu =

(b — a)u, u is round-off unit.
0.693254 exact to 6D : HE3Zt : In2=0.693147

0.693150 exact to 6D : H ¥z} : In2=0.693147

- 0.073930355 exact to 9D : & &3t : 0.073928106

0.073928162 exact to 6D : &£ : 0.073928106
0.785392157 exact to 9D : | &3}t : 0.785398163
0.785398153 exact to 9D : =2zt : 0.785398163

Jo.zs = 0.785392157, Jo.125 = 0.785398153, wt
24 eo.125 & 75(0.785398153 — 0.785392157) =
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

17. NUMERICAL METHODS IN GENERAL

5.996E — 6

ho= 05 2=z O)AAC = -2 ey
—0.000695 < € < —0.000094.

(10)oli A J; = 0.868951, Jo.5 = 0.864956, 12 =2
€0.5 ¥ 2= (0.864956 — 0.868951) = —0.000266.
0.945078781, 0.945832072

0.920735492, 0.945078781

0.46118764

0.471624346

0.91936

0.91973

% x Z(cos(0) + 3cos{0.5%) + 3cos(0.5%
cos(0.5% x 3) = 1.001004923

f* = coszolmE2 M =1, M* =0 ket A
9.3951669592¢ — 04 < ¢ < 0

X 2) +

fllz) = —Zrol22 My = 2, My = 4, o2}
A 5-Digite] JEAL oy |[KMp| =
310708 AEshe 73 A E ne 1830l
FW(z) = Zolmz My =24, Mj = 32, w}e} A
5-Digite] JBH& oo |[KMz| =
$107°8 wEste 7Y F2 2m

12n S

180-(2m)3 <

£ 140]5}.

F7 o, b W, t= ;2 (z— b%) = £ to] U
£ [, 1z wetm, [ f(a)ds = [, f(B)dt x 25
Wzl o = 0, b= Zo]Z n = 50]4, guauss inte-
grationel] 2]&}e§ 1.0000] v}t

fl@)=e™"
1st Step : Ji13 = 1.135335, Jay = 0.93554700}
BE e = m—(Ja - Ju) = -0.06659%,

25. f(z) = z*ol2% fo = 0, fiL = (0.2)*, fa

27. Afo = 0.104, Ay = 0.28, Ay =

Jog = Jo1 + €21 = 0.868951

ond Step : Js1 = 0.88260400]22 €31
527 (Ja1 — J21) = —0.066596 metAl Jaz = J51
€31 = 0.864956, L8| €32 = 7 (Ja2 — J22)
—0.000266, J33 = 0.864690, Thus J33 is exact to
4D.

f(z) = 771: cos(41r:z:)

1st Step : Jin = 0, Jo1 = 0.555360, €21 =
0.185120, J2o = 0.74048

2nd Step : Ja1 = 1.06115, €31 = 0.168597, Jao
1.22975, €32 = 0.003262, J33 = 1.26236

Ja1 = 1.20857, €41 = 0.049142, Jg
1.25771, €42 = 0.001864, Jy3 = 1.25958, €43
—0.00004, Ji4 = 1.25953, Thus, J44 is exact to 5D.

+ I

(0.4)4, f3 = fa = (0.8)* webA, f'(2)
Solmg

f'(0) =0, f(’) ~ —0.048, ¢ = —0.048,

7(0.2) = 0.032, f| ~0.064, e = 0.032,

7/(0.4) = 0.256, f} 2 0.176, € = 0.08,

and in (15) f} =~ 0.25600, ¢ = 0.00

(0.6)%,

26. 0.240 &3 gro] otk € = 0.016

fa — f2

0.5904, Az = fy — f3 = 1.0736

first order : 0.520

A2fy =0.176, AZf; = 0.3104, Delta®fo = 0.4832
second order : 0.08

A3fo =0.1344, A3f) =0.1728

third order : 0.3733

A4 fo = 0.0384 -
fourth order : 0.2053

28. Sec 17.3¢l & A (14)E roll thsle wlE3std

4(=) hf'(z) ~ Afo + Eptalfo +
Bri-Sri g oj7]e) o= zpel® 1 = 06|22
F@) ~E(Afo— 50200+ 203f0--).

Chapter 17 Review

. Newton’s Method, Secant Method 5%

numerical method& A}-8-8= ol f e B -u:*ll«l 73
£ solution formular7} gAY Ut ¥ A=z AA
o2 o8 5 ¢& A7t ¥yl dEelnt

ae A3, 8t SHAY W, o —&F exe} Yo
Relative Error = ,IY-EE&’II-— = 9—
Error Bound 8 : ja—a} <8 B

45 AN o, B AeAF(RELA) o sHE ¥E
Av}(chopping) ¥H& ¥ (rounding)stz] =&el A7
= ¢ #%& rounding errorg} &c}. o] gtol $8% o]
S old zelg olstell A Mg & o, Aol wet
A 001} Ooff k& 71 2 & A7) ““T°“(°] 9=
17.18 e ZAA £83 dF4ch) doietd f&

www.20file.org

4. floating pointE A4 o, FHZ F&

£4% 3 AVt A St of e T2
% 2] sized| E FFE w3}

FE e 244 olsl ki Azt & 7 o,

(1) (k+1)Ael e £1e 25 WUt

(2) wtet k+19A Aele) 471 1/28 0 o kA

#ele & 292 £

(3) TeF k+10 A Aelel 47} /280 29 kdA 2

2o 2o 18 WA ET

(2) =hek k+19m zhejel b 172019 kA zele

Sof 743 77ke BEE Bl ot

x4z A
iy

overflowt A4E A1 e £A7F AFE A
2 % ot £xuct o 2 Fol & WE ek,
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10.

11.

12.

13.

14.

15.

16.

17.

18.

. Solution of equation by iteration :

CHAPTER 17. REVIEW

underflows A4Y g3 st A7 FHE I B
¥ F e ALY o 2L ghol vhe | § Wyt

gtol stablestti= EL initial data®] W3s} =&
o, 2ol &S Ao MWy g e s Ay
o} 8% %€ =S unstablegtz o).

A SE7h weta).

Solution of equation by iteration : (1)Fix point
iteration (2)Newton Method (3) Secant Method
1.Interpolation (1) Lagrange interpolation
(2)Newton’s Divided Difference Interpolation
2.Spline : (1) Cubic Spline

3.Numerical Integration : (1) Trapezoidal Rule (2)
Simpson’s Rule (3) Gauss Integration formula

(1)Fix point
iteration (2)Newton Method (3) Secant Method

Interpolation :
fO: f17 Tt
olc}.

spline interpolation : Fo}& g &7 e e
2 P2 WA FHOZ ofof 4 f(2)BE FHoltt.

z3k zo, T1, -+, Tooll WEted A2t
» fnol FoAH Sl g W, 4 flo)BE A

algorithmo| @ HF e 7} Al4te & =, ohgo FAS
T AU A Qe A4 FA M=,

dAl =219 L HE7HE AR 8 F& stop rulee] F
ssith.

Numerical Integration : (1) Trapezoidal Rule (2)
Simpson’s Rule (3) Gauss Integration formula
FARE ALo] oleie Wk X B4 e w2
¥ wjvich b2 of Abgdc)

adaptive integratione] Azt2 ¥ f(z)2 HIst
& Rl A& step size h& & s1, 4 f(x)2 &
517} &g Lol A= step size A& ZA st A4atst=
HE Welr}. o= Example 6& Fxmshd 3.

HEF) YHAu ol

FY3tE 457} mesh sized] P& vl HE

el e 2 8 st
17.3789] 4(5)& 71 et

simpson rulesjj 4| < & A& A oia] oA
¥ %4 Lagrange polynomial p2(z)& *Hg3tgich.
wetA o)Zl d4le) o8] F& At F4-& Newton
interpolation& o}-&3}ed F3}d He}.

LY 77 [a, bl HEZE THY o, 7
% & 3tel Eoi71A ¢+ A& open formulagty £
23 7 4§ closed formulagty 2 &ck. 2 |24
2 A open formula= Gauss integration formula(4}
11)o) 31, closed formula¥: trapezoidal rule(4] 2)u}

www.20file.org

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

267
simpson rule(2] 7)o|c}.

Bezier curve:= Hemite interpolation polynomial(&
ol p68HT)Z o] FoiF BHOZ n+ 1709 Fel
Aptp(z)e FE dn e W, 2n+1 2= 2
B @ Ao odgals 78 o Al4g

2] oz NE dofAt F o JAY L A7)
# 84 Lagrange polynomial-g w|&3led o5t}

-0.4268E1, 0.8002E4,
0.3333E0, 0.4285E-2

-0.5188E-2, 0.1782E-1,

0.14910E2, -0.91842E-1, 0.30303E4, -0.81818E-1,
0.97656E-3

4.266, 4.38, 4.25, impossible

8.2586, 8.258, 9.90, impossible

24.885 < d < 24.995

26.855 < d < 26.965

relative errors WHalx ¢g=r).

FA o A = raletive errory ol 8] %o},

(6)2] W o=z x1 = 1/2(200 + sqrt200% — 4 x 4) =

0.20002E — 1, zp = 1/2(200 — V2002 + 4 x 4) =
1.9998E2.

(7)2) W o2 71 = 0.20002E — 1, z2 = 1.9998E2.

_ 2
23, 2o Va2 16 4+ 48 F5to —\/ﬁ;%
A Abebeh.
-0.11979406
T4 = 0.7390851, g(zr) = QTizfcosz gy =

0T4zsinz moty |¢/(z)|E 8 o = 0.7390815%-Z o]
A &85 2] o Foll (g’ (0.739085) = 0.038) ]
FH.

-1.895494(zo =
(zo = 2)

—1), O(zo = 0.5), 1.895494

0.641714 (zg = 1)
-2.120601(zo = —1), 2.801386(zo = 1)
0.450184 (z0 = 1)

0.80901(zp = 1),-0.80901(zo = —1)

linear interpolation : p;(x) = 3——_—% X 1+‘1°—:§ x—1=
-2z +1,

p1(0.3) = 0.4

quadratic interpolation : p2(z) = ((’8:—8%;:—22)1 X1+
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39.

40.

41.

42,

17. NUMERICAL METHODS IN GENERAL

! —0!! -—2! -0 —1 1
ooy < —1+ %3-_--—1%—-10) 5oy x0=3(* -3z +

2) + (2? - 2x),

'p2(0.3) = 0.085

r—-0)(z—1

mos-T(cos-ny X (-0.521) +

+0.5)(z—0)
x 0+ <(’;+0.5)(f_0) % 1.175,

p2(z) =

{z40.5)(z—1)
(0+0.5)(0—1)
p2(0.3) = 0.33388.

pa(1.3) = 2.969

fo=0, i =0, fa =40]2%, ko = -1, k1 =
2, ko = 5ojc}. wetA,

ago =0, aps1 = -1, ap2 =0, apz3 =1,

a0 =0, a11 =2, a12 =3, a13 = -1,

2822, po(z) = ~z+ 23, pi(z) = 2(z - 1) +
3(z - 1) — (z — 1)l t}.

fo
ko

17 .f2 = 23) f3 = 450]-‘13'-;
3, k2 = 15, k3 = 3e¢|c}. wtg

I

3, fl
3, k1

www.20file.org

43.

44.

45.

A,

ago = 3, ap1 =3, ap2 = —6, apz =2
a0 =1, a11 =3, a12 =6, a;3 = -1
az0 = 23, a21 =15, a22 =0, azz = —1
ageg,

po(x) = 3+3(z+1)—-6(z+1)2+2(z+1)3, p1(z)
1+ 3(z = 1) +6(z ~ 1)? ~ (z = 1)3, pa(2)
23 + 15(z — 3) — (z — 3)3.

I

0.634226224
—_ 1 1 _ 1
K=—13 X35 = ~30
f'(z) =6z, Wt M2 =6, Mj =0, ~0.02< e <
0.

Jo.s = 0.90266, Jo.25 = 0.90450, €0.25 = 0.00012

n = 3% o, 0.847077059.
n = 5Y uj, 0.84913877.
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CHAPTER 18

Numerical Methods
in Linear Algebra

In this chapter we consider some of the most important numerical methods for solving
linear systems of equations (Secs. 18.1-18.4), for fitting straight lines or parabolas
(Sec. 18.5), and for matrix eigenvalue problems (Secs. 18.6-18.9). These and similar
methods are of great practical importance. Indeed, many engineering or other problems,
for instance, in statistics, lead to mathematical models whose solution requires methods
of numerical linear algebra.

This chapter is independent of Chap. 17 and can be studied immediately after
Chap. 6 or 7.

Prerequisite for this chapter: Secs. 6.1, 6.2, 7.1.

Sections that may be omitted in a shorter course: Secs. 18.4-18.6, 18.9.
References: Appendix 1, Part E. v
Answers to problems: Appendix 2.
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10.

11.

12.

13.

18. NUMERICAL METHODS IN LINEAR ALGEBRA

18.1. Linear Systems:Gauss Elimination

. xy =73, zo =-3.2

zo = (25/42)z;, z1 is arbitrary

z1 = 0.699z2 + 1.2057, x2 is arbitrary

.z =31, T2 = -5.2

z1 = —1.533z2 + 10.667, x2 is arbitrary. Determi-
nant is O(or rnak is 1).

r; =120, z2 =0.3
z, =3, T2 =5, z3 =7

2, =53, 22 =0, z3 = -2.1

.z, = 3.9080, z2 = —1.9980, x3 = 2.5570

zy = —3z3, T2 = 1xs, z3 is arbitrary; rank of
the matrix is 2.

z; = —x3 + 5, 2 = —z3 + 3, 3 is arbitrary; rank
of the matrix is 2.

A] 5x1 + 3x2 + 3 = 2 ¥ 2& FEI, 4
—Azy + 8z3 = —3 opde] -3& FEhE WHA
g wsbd 10z — 6z2 + 26z3 = —5o|ch. L
10z; — 622 + 2623 = 0238 o] ddwtAAl d=
glet.

To, T3 arbitrary,
of matrix is 1.

z1 = 1.80z2 + 0.80x3, the rank

14.

15.

16.

17.

18.

19.

20.

I»—A

T = 15 T2 = %, %12
r1 = 0.142856, z2 = 0.692307, z3 = —0.173912
z1 is arbitrary, t2 = 3z1 — 5, 3 = =521+ 14, the

rnak of matrix is 2.
z1 =15, o0 = —3.5, 3 = 4.5, z4 = ~2.5

z1=4.2, 22 =0, 73 = —1.8, x4 =2.0

(Program)

(a) (iJa# Ltomake D =a—1#0;

(ii)a = 1, b =3

(b) z1 = (33:3 1), z2 = 2( 5z3 + 7), T3 ar-

bitrary is the solution of the first system. The
second system has o solution.

{c) det A=0 can change to det rm A #0 because
of round-off.

@ 1= Pz =
H 2o

2~ Llojmg eo] H¥3 FAd
1oz ¥ & gl222 23 = 1otk E
:(21:1_: ~ 0.

BYUGP =11 = lie’ zo = 11 2: kel € — Qojd
2y =1, x2 = lo|t}h.
(e) exact solution : 1 =1, 2 = —4.

without pivoting : z1 = —4.5, z2 = 1.27(3-digit)
with pivoting : z2 = —6, T1 = 2. 08(3-digit)
without pivoting : z1 = —4.095, z2 = 1.051(4-
digit) .
with pivoting : z2 = —4, z1 = 1(4-digit)

18.2. Linear Systems: LU-Factorization, Matrix Inversion.

.00 0 12 14
‘L"(o.333 1.00>’U'(0 0.333)

1 =~2, 22 =3

1.00 0 -3 6
‘L’(—z 1.00>’U_(0 4)

1 = 4.25, 29 = —3.67

1.00 0 1.8 2.6
'L—<o.2 1.00)’U”(0 3.2)

Ty =3, z2=3

1.00 0 O 2 4
L=| 1 1 0}),U= (0 1 5
5 4 1 0 0 3

1 =~1, z2=2, z3 =—1

1.00 0 0 10 9 4
L={ 1 1 o)l,u={o 4 11
0.5 —0125 1 0 0 0375

z1 = 0.2, 20 =04, z3 =08

1.00 0 O 5 9 2
L=} % 1 of,u={o & 12
iy 0o 0 1€
5 61 61
21=2, x2=0, z3 =7
3 00 3 2 4
L=f2 3 o], u=l0 3 1
4 1 3 0 0 3

zy =174, zo = 23.6, z3 = 30.8

01 O 0 0.1 0 03
1= 0 04 o0 ),U={0 04 02
0.3 02 0.1 0 0 0.1

z1=2, zo=—-1, z3 =4
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10.

11.

12.
13.

Noga e

CHAPTER 23 REVIEW

339

23.9. Regression Analysis. Fitting Straight Lines

y = 6.74074 4 3.0679z.

XD

=2 — 0.55z.

1
— _0.367+0.115z, R = ——— = 8.70.
y +0.15z, B= 5018

Now p

10.

. =255 =

1
=299z, k = ——.
4 ©F= 599
y = 0.32923 + 0.00032z, y(66) = 0.35035.

. y=—120.5 + 9.15z, y(35) = 200.
. qo =6.377, c = 4.30, K = 0.853,

CONF 0,95{ 2.215 < k1 €3.921 }

=, § = T7.475, s2 = 14.9225,
3szy = 14.95, ky = 2.99, qo = 0.067, ¢ = 4.30,
AfE 2, K = 0.35197,

CONF 0,95{ 263 <k1 < 3.34}.

go = 157.65, ¢ = 4.30, K = 1.707,

CONF 0.95§ 7.44 < k1 < 10‘86 }-

Z:c —2:523:J +nz?

Chapter 23 Review N

B2 2 dAAA A AR AF" A

2R zAY gado] He A

2] 2o S & HF B 24 ulgo] Bel
£ A3y

23 A ¥k GH FHolst .

EA B sA TYE APt

2E FX et

Poisson £X.

27y

" A, T2 245 T2 P E TAkR e g 9
3 7Y kg e & AR S F ] HE 7
7t TAE Az
24} (likelihood) #4&
-

BEY A A A FHE A s uigle AL
Az Bt

ARG 59 ToA de= AFAE 72 7H4
o A g HEL T Wy Bd A2 A
HE 7178 Ao £ S AHE B8

7HA - iﬂ"*—l FEo At ofd Ak

Fo &M AEAA 7ELR AY ¥E.

Zo ct}

Fo B}

A2 A ste W) Hg

4. W4 FEE A5 L2 2 A

15.
16.

17.
18.
19.

20.

21.
22.

23.
24.
25.

26. Z
27. T

28.

28 FER A
FE 2GS A A 29 KA F EEE A
2oy A9
HE $X St AF FEXE G2 AE HF.
H¥E EX 57 deiAA gAY el &
‘asl ¢ FEfel gle AL BE A5 HE 7}
7174%101 FZol sl 5o 3 FZollak sle A
UCL, CL, LCL & o]&.
AZ ol et o] BEo] U olatal Ao et e, 7]
zZHic.
A5 L ol4std A vjgow gEHoE AT F
At AF Yol ¥E wlE TE Z7|E 2HY
+X FF.
Ao A zt Hofl o]z AHule] AFY Yol Hazt
s Hde 73t
szy
sz’
s,y
SzSy‘
=Yg F H$E S5 AT #AV YU F #E
7P A BA GelE F5Y 5 A
= 20.325, 52 = 4.551, s = 2.133.
= 0.268, s2 = 1.052, s = 1.026.

N T
ft = 20.325, &2 = g8 =3.082.
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29.
30.

31.
32.

33.
34.

35.
36.

38.

39.
40.

23. MATHEMATICAL STATISTICS

= 0.268, 62 = 0.947.

k=S =0.44, CONFg.05{21.56 < u < 22.44}.
vn -

F7ve] 2 W2 Rk

k= - =30, CONFo99{28.4 <t <344}

CONF .99{27.94 < p < 34.81}. 15% ©f Lt}

AfE 24, - EF o] &,

7
k = 2.06 - 7 = 2.9,
CONF.95{113.1 < p < 118.9}.
CONF ¢.95{29.85 < 02 < 94.84 }.
n—1= 37 Xz“\"i‘ig- OI%,
F(c1) =0.025 = ¢; = 0.22,
F(c2) =0.975 = ¢c2 = 9.35,

2
s2 0.05
ki1 = —1)— = — =0.227
1=-D>- =055 ’
2 0.05
ky=(n—1)>— =~ = 0.005,
> 9.35

CONF 0.95{0.005 < 02 < 0.227}.

. A e = 15.0, dligk = 14.5,

H 95 A5, A7 £LE o8,

- c—15.0 .
P(X <ec =% = 0.05
( N1s.0 ( \/0.0‘25)
=c=14.74 > 145,

74 7\

2
F% AF, T =002, Y5 FEE o],
n

_ c—15.0
(X < chso =& =0.975
(X <chso ( \/olozs)
= c=15.31,

2 F7te B2 T4 :15.0 — 0.31 = 14.69,
= 14.5 < 14.69, 7}4 7}z,
(14.74 - 14.50) — 0.9355.

V0.025
95 AF,n—-1=19, -2 XX o] %,
(T > c)uy = 0.01 = &(T < ¢)up = 0.99

G B

o
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41.

42,

43.

44.
45.

46.

47.

48.

49.
50.

) = ¢ =2.54,
X —
T=2"21t0 _735>c, 714 72
Vo
$+EE HF, n-1=99, t-F £ X ol g,
(T > c)pp = 0.01 = &(T < c)u, = 0.99
_ = ¢ =2.37,
X_.
=X 5.,

v
7H4d 71zt AR ol By
AFE 2, a=5%, c=2.92,
z = 376.3, § = 335.3, 52 = 1009.3, 5% = 869.3,
to =1.64 < ¢, 714 7|7 &%
2.58 - ——”)'02024 = 0.028,
LCL =2.722, UCL = 2.778.
EE 27| n ol F¥sly} giolct
(a) 1 -0)°.
(b) (1.— )% +56(1 — 6)~.
=001, a=1~(1-8)°=585%,
0=15%, B =(1—0)8 =37.7%,
neol F7tdd o & $7h 8 ¢ #49d
202 + 302 + 0% 4202 4- 302

X3 =
0 480
=5.42 < ¢ = 9.49.
7hd A,
Zol7t & r] o Ay, TE £ 1 18,

7Hd  2EE F8 YF

(R toie} g oo HEo 1),
Hel: 2-E P8 glE,
A7 oldke] FL oot g HE
P=(1)" (14184153 +816) = 0.0038,
7H4 717} it M.
y = 0.2 + 0.067z.
y=34-—185z.
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10.

11.

12.

13.

14.

1.

18.3. LINAER SYSTEMS:SOLUTION BY ITERATION 271

1 =8, 29 =0, 3 =—4
1 0 0 0 1 -1 3 2
-1 2 0 0 0 2 -1 0
L= 3 -1 3 o’ U= 0 0 3 -1
2 0 -1 4 0 0 0 4
Ty =2, 29 =-3, 23 =4, 4 = ~1
2 0 0 0 2 1 2 0
1 1 0 0 0 1 1 2
L_2110’U—0011
0 2 1 2 0 0 0 2
1 = 3.5, zo = — — 0.5714, z3 = —0.7143, 74 =
—7.1429
» 15.
—-A : xT(—A)x = —xTAx < 0, not positive defi-
nite.
AT xT(AT)x = (xTAx)T > 0 positive definite. 16.
A+B: xT(A+B)x=xTAx+xTBx < 0 pos-
itive definite.
A-B:xT(A-B)x=xTAx—xTBx 25& & 17
% 4 glt}. not positive definite. ’
Program
(Program) 18,
(8) L = [l;],28]3 U = [y}t sd,
lj1=aj1 ,j:l,-'-,n 19.
—_— a i
wE =78 k=200
k—1 20.

bk =0 — Y lisusk 5=k, ,m;

s=1
ji=1

Ujk = ,-};(ajk - lesusk) )

s=1

k<2

k:.7+171n7.7§2

ol o 2

z1 =4, 12 =3

0
1 0 0 1 -4
L={-4 9 0],U=|0 1
2 12 4 0 0

T1 = 278, 79 = 41, 23 = —16.5
(c) Doolittle method:

1 —4 2 1 2
L=(-4 1 0 12
2 4 0 4

Cholesky factonzatlon

1 0 0 -
L=—430,U—034
2 4 2 0 0 2
3.
3
1
2
1

= ohi N
SNe———

-3.5 1.25
-1

L 5 1

—7 2 35
3g l3
-3 3

0.1224  —-0.4082 0.0612
0.0816 0.0612  0.0408
—0.9184 1.0612  0.0408

0.2222 -0.2222 0.1111
0.1111  0.2222 0.2222
0.2222  0.1111  -0.2222

det(A)=0 not exist inverse matrix.

B} 2 det(A) OcjA|gt round error w-Eof
det(A)£0Y & ek atebd AU
7t EAE ¢ = A =t

(a)-0.00000035,  (b)-0.0001998 (c)—0.00028189
(d)0.002012, ()0.0002

18.3. Linaer Systems:Solution by iteration

9 stepsl| Al sfoll thejE.

n-step z? Ty x5
0 1 1 1
1 3.2 -0.8 4.375
2 2.21 1.135 3.89688
3 2.01425 | 0.94487 | 4.01711
4 2.00418 | 1.00750 | 3.99613
5 2.0004 | 0.99805 | 4.00071
6 2.0001 | 1.00033 | 3.99985
7 1.99999 | 0.99992 | 4.00002
8 2. 1.00001 { 3.99999
9 2. 1. 4.
10 2. 1. 4.

2.

7 steps] 4 8o hopE.

n-step z? 7 z3
0 1 1 1
1 5.5 -9.625 | 5.84375
2 2.84375 | -9.07812 | 5.98047
3 2.98047 | -9.00977 | 5.99756
4 2.99756 | -9.00122 | 5.99969
5 2.99969 | -9.00015 | 5.99996
6 2.99996 | -9.00001 6
7 3. -9. 6.
8 3. -9. 6.
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3. 4 stepod|4 3o ciriEch

n-step z7 z5 x5
0 1 1 1
1 0.4 0.46 0.514
2 0.5026 | 0.49834 | 0.49991
3 0.50018 | 0.49999 | 0.49998
4 0.5 0.5 0.5
5 0.5 0.5 0.5

A Y3t AAA A upEct
9 stepel A 8o e}
n-step z? z3 3
0 1 1 1
-1.8125 § 3.0521 | 3.95
-2.6943 | 2.2157 | 4.6554
-2.5734 | 1.9604 | 4.5587
-2.4974 | 1.9800 | 4.4980
-2.4947 | 1.9998 | 4.4958
-2.4994 | 2.0013 | 4.4995
-2.5003 | 2.0002 | 4.5002
-2.5001 [ 1.9999 | 4.5001
-2.5 2. 4.5

WiV OO W N

5. AwiA AL fuAz, FHA AL AR, AU

Ag A E BE.
9 stepol A 8ol chrEch.

n-step z7 z3 zh
0 1 1 1
1 17.5 2.2778 | 11.0347
2 15.6146 | 4.7172 | 11.8110
3 15.0786 | 4.9493 | 11.9740
4 15.0128 | 4.9928 | 11.9959
5 15.0019 | 4.9989 | 11.9994
6 15.0003 | 4.9998 | 11.9999
7 15. 5. 12.

- 10815 stepel M= & 2, 0, 19 £33 312 gt

n-step z7 z5 x5
0 1 1 1
1 1.33333 | 0.22222 | 1.37037
2 1.72890 | -0.15638 | 1.23320
3 2.02652 | -0.16430 | 1.03709
4 2.09717 | -0.05712 | 0.95426
5 2.05333 | 0.01272 | 0.96021
6 2.00478 | 0.02493 | 0.98850
7 1.98721 | 0.01193 | 1.00455
8 1.99053 | 0.00012 | 1.00627
9 1.99783 | -0.00346 | 1.00260
10 2.00144 | -0.00221 | 0.99978
30 2. 0. - 1.

(8) 1 =0, 22 = 0, z3 = 03] A% 4 stepoll A 3
0.5, 0.5, 0.5¢}) t}c} &}

() (a)s} sl@71A & 5stepeliA] #of thol&c).
et dubd o g Alztsle gl Auglel Yt

(a)ell 4
C=-(I+L)"'U

1 0 0 0 01 01

=- ( -0.1 1 0 (0 0 0.1)

-0.09 -0.1 1 0 o 0

0 -0.100 -0.100
= (0 0.010 —-0.090) .

0 0.009 0.019
@gtA ||C|| = 0.2 < 1. 2822 iterationo] 43
o}

(b)el A
C=-(I+L)"'U

1 0 0 0 1 10
=-{-10 1 0 0 1
99 -10 1 0 0

0 1 10
= |0 -10 -99]}.
0 99 980

wetd SFAE T Rd
A }—)\ - 10 —99

99 —X+980
= A(A% —~ 970X + 1).
wzby Helx sty THAE 18T B2 itera-
tiono} uhAilglc).

oo

9. (Program)

10. 5 stepol| A+ sl chch2 &) F3} 3 12 A steps|
Alof chef &

n-step z7 z3 x3
0 1 1 1
1 5.5 -10.75 8.5
2 2.5625 | -7.75 | 5.5625
3 3.3125 | -9.2188 | 6.3125
4 2.9453 | -8.8437 | 5.9453 *
5 3.0391 | -9.0273 | 6.0391
12 3.0000 { -9.0000 | 6.0000

Gauss-Seidelelj4/{ 5 Step
9.00015,5.99996

2.99969 -

11. 5% A stepell &= #llof] b} 2 2] %8131 1081 A stepe]
A of theiE ).

n-step 7 z5 x5

0 1 1 1

1 3.2 -0.25 4.25

2 2.15 0.825 | 4.16875
3 1.9675 | 1.04687 | 4.02812
4 1.97938 | 1.02219 | 3.99054
5 1.99934 | 1.00043 | 3.99684
10 2 1 4

Gauss-Seidelo] 4] 5 Step : 2.0004, 0.99805, 4.00071

12. A=A A3t AdA A vHEc 54U stepall & 9
off get=x Zata 184 stepell Ao} thotE o).
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13.

18.4. LINEAR SYSTEM :

n-step z7 z5 z3

0 1 1 1

1 -1.8125 | 2.583333 1.7

2 -2.29583 | 2.81875 3.95

3 -2.63593 | 2.14930 | 4.33667
4 -2.51691 | 2.07710 | 4.60875
S -2.53287 | 1.96657 | 4.51352
18 -2.5 2.0 4.5

Gauss-Seidelol] 4] 5 Step : -2.4947, 1.9998, 4.4958

At A3k AEA A T Y2 e, o

1 1/4 1/8
gA=1{1/6 1 1/3) o] Eeh.uje}A I — A
1 0 5/4

ZFHA = A3 — 0.1417A + 0.0667 = 0] sHojm &
+ -0.5196, 0.2598 + 0.24661, 0.2598 - 0.24660]c}.
et A Aeigtel 25 18t o=z 43

ILL-CONDITIONING, NORMS

14.

15.

16.

17.

18.

19.

20.

273

Lito

I—- A9 3/ 05,05,-lo]28 THX2 "ozt
o] 13} &z| ghc}. by Jacobi iterations]A] ur
At}

(9) V128 = 11.3137. (10) 12. (il) 13.

(9) V52 = 7.2. (10) 6. (11) 6.

(9) V322 +1). (10) |2t + 1]. (11) 2t + 1].

(9) 3a . (10) 3a. (11) 3a.

(9) V230491 = 480.0948. (10) 520. (11) 520

(9) V300 = 17.32. (10) 10. (11) 10

18.4. Linear System : Ill-Conditioning, Norms

(5) 24 (6) V218 =14.7648 (7) 12, [§ —1 & 0]
(5) 12 (6) V50 =7.07 (7) 5, [§ # —1]

(6) V082 ¥7.12 + 1.42=7.2808 (7) 7.1,
71— 17

(8)5(6) V5 (7)1, [1111]

(5) 9.3
0.8

(3)24 (6) 12(7) 6, [1111]

(5)1(6)1(7)1,{00010]

. matrix norm :

I} vector norm¥ uf, 4
loo vector norme o, 5

_1)

4 H
condition number :

Iy vector norm¥ o, 4-5 = 20,
loo vector normed =, 54 = 20.

. i (2
mverse matrix '8' 0

matrix norm :
11 vector norm¥ of, 2
loo vector norm< o, 2
-0.75 1.25
1.25 —0.75)’
condition number :
{; vector norm¥ o, 2-2 =4,
loo vector norm% of, 2-2 = 4.

inverse matrix (

matrix norm :
I1 vector normd uj, 22
loo vector norme o, 20

inverse matri 45 6.5
inverse matrix 25 3.5/
condition number :

www.20file.org

10.

11.

12

13.

1y vector norm<¥ wj, 22 .10 = 220,
loo vector norm<ed wji, 20 - 11 = 220.

matrix norm :
1 vector norm¥ =}, 5.5
I vector norm¢ f, 5.5

10 —-60 60
inverse matrix 3 —-12 10 |,
—-12 64 —-60

condition number :
Iy vector norm¥ o, 5.5 - 136 = 748,
loo vector norm<] uj, 5.5 - 136 = 748.

matrix norm :
1y vector norm<) =, 200
leo vector norm<¢ o, 200

—-0.05 0 0
inverse matrix 0 25 0 |1,
0 0 0.05

condition number :
[y vector norm¥ o, 200 - 25 = 5000,
leo vector norm< o, 200 - 25 = 5000.

matrix norm :
l1 vector norm< wjj, 19
leo vector normg o, 21

6 4 3
inverse matrix {4 3 2|,

3 4 2
condition number :
[y vector norm¥ o, 19 - 13 = 247,
loo vector norm< =, 21 -13 = 273.

58
39 |, weba [|Ag]| = 167.
—-167
llAl} = 21, |jz]| = 15, @2k [|A]] - |lo]] = 315. 2

Ar =
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de=z (11)ue) Wes 2ok

4. biyd dl,z1 =1, zo0=1
bodd i, £; = 0.845455, zo = 1.27273

loo vector norm® ¥ condition number§ FT&¥

= k(A) = 200.8. condition numbes Z A}t o7

& 9 &l o 84 & ill-conditioning & 2 Y 4 Y}

15. b1d o, 1 =-2, T2 =4
bod wf, 21 = —144, o = 184

loo vector norm© 2 condition number& T 2
k(A) = 21318, Thus this system is ill-conditioning.

16. The residual is [0.145 0.120]T

17. %={-2.03 4.038]T2 £3 Ak = {5.1994.0999]T. =}

24 residual [0.0001 0.0001]T.

18. (12)wdell &5t
1=|[1j ={[AA~ ] < [|A] JATY]] = w(A).
Frobenius normsd]| 3t«, /n = ||I|| < &(A).

19.

20.

n =2, 3, 4, 5, 64 4, condition number 27,
748, 28375, 943656, 29070279.

(@) lIxlloo =max |z;] < Flox| =

nmax|z;] = n [|x|leo

A (18b)x (18 a)Alez e ng JYgozs 44
dojze}.

(b) To get the first inequality in (19a) consider the
sequare of both sides and then take sqare roots on
both sides. The second inequality in (19a) follows
by means of the Cauchy-Schwarz inequality and a
little trick worth remembering,

Slzjl = 1ol < VE VST = Valixll
(19b)&= (192)3 vnoz Yoz a dojxic.

(c) Let x # 0. Set x = |{x|ly. Then ||y}l =
lIxll/llyll = 1. Also,Ax = Allxlly) = [ix|iAy
since ||x{| is a number. Hence ||Ax[|/{|x]|| = ||Ayll,
and in (9), instead of takin the maximun over all
x # 0, since ||y|| = 1 we only take the maximum
over all y of norm 1. Write x for y to get (10)
from this.

(d) ¥4 1384 & Lga 392 Fdsict

lxlls <

18.5. Method of Least Squares

Ln =4 Fz; =10, Ty; = 1, Tt
38, Y zy; =11
= 2.8462 — 1.0385z.
2.n =5 Yz = 11, Ty = 5 L

39, Y zjy; = -7
y = 3.6757 — 1.2162z.

3.n =5 Yz = 10, Ty; = 83, Fa?
30, Z:Djyj =17.5
= 1.48 + 0.09z.

.=

5 Yz = 220, Yy; = 350, Fai =
19000, ¥ z;y; = 10050

y = 95.2575 — 0.5740t. t = O[min]& 12:00¢) &3
gt

2ttt

y = [0.2171 0.2222 0.2316 0.2495 0.2940]T o] =
En =5, Yx; =220, Jy; = 1.2146, >z =
19000, 3" z;y; = 59.4250

y = 0.2147 + 0.0006t. t = O[min]& 12:000] &%}
Z}.
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6. n =5, Yz; = 2950, Ly; = 7010, Y zF = l.n =5 Yz =23, Yrf = 123, Faf =
1822500, 3" x;y; = 4490000 719, Yzf = 4419, Yy; = 11, T zjy; =
y = —1145.79 4+ 4.32z. 54, Z-’E?yj = 284

y = —8.3571 + 5.4464zx — 0.5893z2.

7. U(i) = 18.7009 + 47.8879 * 4, a}etA R = 47.8879

i 122.n = 5, Yz; = 50, 3z = 563, Yz} =
i 1 6875, Sozd = 88828, T y; = 23100, Y x;u; =
» { 232000, zx;‘.’yj = 2601250

- J y = 1660 + 656z — 32z2.

8. s(F)=0.033 + 0.314F, me}H k = F/s = 3.185. .

13. fit a parabola : 1.8943 — 0.7386z + 0.2071z2
fit a line : y = 1.48 +0.09z

N

9. y(t) = -04+ 0.86t{mi] @etA v =b1.

14. 5.9 —0.05z; 5.9 ~ 0.95z + 0.23z2

10. n=4, Yz; =5, La? =15, Y a? =35, Y=
= 0.9545 — 1.1591z + 0.9318z. | I
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15.

16.

17.

18.

18. NUMERICAL METHODS IN LINEAR ALGEBRA

5 10 30V 8.3
A= (10 30 100) b= (115) a}et
30 100 354 56.3
2.2361 0 0
L = | 44721 3.1623 0 ,U=LT o
(13.4164 12.6491 3 7417)
1.8943
Bz = (—0.7386)
0.2071
bon+b12$1 +b22x +b32z3—2yj
b02$]+b12$ +b221’ +szm =2.7;y;
boZz +b12x3+b221 +bazz5 —Zz Yj
boZz +blz;z +bzzm5+b32z6 *Zw Y

n=6, 3 x; =4, Zz? = 26, Zz? = 64, Zz; =
290, zxf. = 1024, fo = 4226, >y; =
87, Yxjy; = 362, Yzly; = 1298, S ady; =
5282

y = 0.9161 + 0.2262z + 0.2371x? + 1.1630z3.
(29 4y :n =6, Yz; = -025 Yzl =

10.3125, Yy; = —1, 3 z;y; = 3.6250
y = ~0.1522 + 0.3478z

19.

20.

Cubic parabola :

I

n =6, 3z =025 ) 22
10.3125, Yz} —0.1094, 3z}
34.0664, Y x? —0.0303, > af
130.0159, > y; = -1, Yo xjy; = 3.625, Yo z2y;
—3.9062, 3° z;?yj = 21.9297

y = —0.0329 — 1.5429z — 0.109122 + 0.5729z3

Il
It

Il

(Program)

(a) Fn(z) = 3 _ajure 549

j=0
m b
IU—EW::ﬁpu—ZZ%/fWh+
Jj=0 @
Zz%ak/ Y yrdz.
j=0k=0
o] Aol A &ﬂlf—FmH = 0o]ofo} g}, whety
m b
0‘2fabf?!ld$+2zaj/ yjyidz = 0.
s «

ol 4¢ Fesd 2.
(b) A2 [Pyjydz = [P xi+ldzo] 53,

20<z <1y o, [Pyyde = ——, (j =

(Mol WY :n =6, Ta; = ~0.25, Ya? = jl _m“; <idd, fyiwds = s, O
10.3125, >z =  -0.1094, S 2¢ = o b b

3 7 9 . —
34.0664, Yy; = —1, ¥ xjy; = 3.625, Y aly; = éc)1 a TP Jo f@)y;(z)dz (1
—3.9062 sttt
y = 0.0899 + 0.3522x — 0.1408x2

18.7. Inclusion of Matrix Eigenvalues -

. JA=5.1]<05,[A-4.9] < 0.7, |A+6.8] < 0.4.

eigenvalue
0.3865:, —6.7915

4.9957 + 0.3865:, 4.9957 —

. Symmtric matrix; hence we get intervals on the

real axis, 9.7 < A €103, 59 < XA < 6.1, 28 <
A<3.2.
eigenvalue : 10.0082, 5.99751, 2.99429

Symmtric matrix; hence we get intervals on the
real axis,4.98 < X <5.02, 7.98 < A <8.02, 8.98 <
A <9.02.
eigenvalue : 4.99, 4.99, 5.02

IA—i] < 0.5+v2, |A] < V245, |A-(3+4i)] < 2.
eigenvalue : —0.0933282 + 1.061:, —0.403385 —
0.724461, 3.49671 + 4.66356¢

A=51<4, 1N <6, ]A-7<6.
eigenvalue : 4, 9, —

Al <1.3,]A-0.2/ <20, |A-12/<0.1.
eigenvalue : 0.108609 + 0.7424847, 0.108609 —
0.7424847, 1.182781

7.

10.

11.

1 0
. T=1{0 1
0 0

=)

0.01 0
T= ( 1 )i Feod
0
5 0. 0001 0.0001
1 0.01 }. =284 ra-
1 0. 01 5
r=

dius= 1/1009+E £}

); sou
34

10 0.1 -6.8
T-1AT = | 0.1 6 0 |.olw,3& F4lo
-2 g 3
34
< 10¢ F42 2 st 93 gha) ko,
£ 2—-.:—°1 S

T-IAT =

-0 O

g 3=
A &

eigenvalueg 2 E5F real o3 wiZdisste X7}
10~ 3o} 5lo)t}.

0 1 .
o :(1 0)'2-_1 o, eigenvalues : -1, 1

p = maz{|]A : X eigenvalue of A }olEmZ
Al = HsﬁplllAJUH 2 [[Au]] = [[Au]l = []A]
zli=

www.20file.org
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12.

13.

2.

18.8. EIGENVALUES BY ITERATION(POWER METHOD)

Let § = Dy U Dy U---U D, without restriction,
where D; is the Gerschgorin disk with center a;;.
We write A = B + C, where B = diag(a;;) is the
diagonal matrix with the main diagonal of A as
its diagonal. We now consider

A;=B+tC for 0<t<1.

Then Ag = B and A; = A. Now by algebra,
the rots of the characteristic polynomial fi()\) of
A;(that is, the eigenvalues of A:) depend con-
tinuously on the coefficients of fi()\), which in
turn depend continuously on ¢. For ¢t = 0, the
eigenvalues are @11, -- ,ann. If we let t increase
continuously from 0 to 1, the eigenvalues move
continuously and, by Theorem 1, for each t lie in
the Gerschgorin disks with centers a;; and radii
tr; where r; = Z fa;x|. Since at the end, S is

ksj

disjoint from the other disks, the assertion follows.

w2 'A7t LU decomposition 7}5s}cb’E A
& AHgsted Foein.

WA A7} 1 x 1 matrix¥ o= 3o i),

A7t n — 1 X n — 1 matrixd wiz7x LU de-
composition o] Hgdn BxgsdH A =

a wT
(v C)i Fd,(old, ax 1 x 1 matrixe]c}.)

1 0 1 0 a wT
A= <Zi— I) (o C—wi) (0 I)'
@t $ele B = C — vl
domma.ntslﬁglc]-‘— :gb—}rg s}
v,'wjl

Z bij| = Z Jeij —

i=1 t=1

i#J i#j
n—1 Iwi n—1

< D0 feyl+ = YT il
=1 =1

iE g O]

(3

14.

15.

16.

17.

18.

19.

20.

277

< (legil = hwjl) + 28l (o -
wiv,
<lejs = =42 = 1bs;l-

A7} Hermitiane]+
3d

A7} skew-Hermitianoj®t 2 &
normal2 9

A7} unitaryel® He AAT =
normal& g4

33 18 30
AAT = <18 20 36| not normal.
30 36 69

A'Z(AZ)T —
yes.
(ABY(AB)T
in general.
CCT — CTC is symmetic, hence normal.

lvs1)

Ae A= AT, @A normale
-7
= —A7, wey

ATA =1, 94ay

AAATAT = AATAAT = ATAT A4 |

= (AB)T(AB) iff BTA = ABT, no

4 2 28
o, Theorem 1of ojs}w 22 < A <30, 17 < A < 27,
22<A<34 2 (44 Bk @ovt o o

26 2 2
no. { 2 21 4} o4 HXo] |A] < 44.14750]%]

=011 1]T = Az = [29 37 29]T, wetA
Sf\S
=12 1]T, y = Az = [29 37 29]T, waly
5,\537
z=1[232]T, y = Az = [66 95 66]T, wetA
31.7 < A< 33.
¢ =[1217, y = Az = [8 12 §|T, Haiy

6<A<8.

e=1117, y=Ae =777, G 7T <A< 7.

(Program)

18.8. Eigenvalues by iteration(Power Method)

13 _ 145 2 =
7 ) T2 = 73 ) 3 =

i 1 2 3
mg 2 218 26354
m 20 2396 289892
msa 218 26354 3188810
q 10 { 10.99082 | 10.99992
error bound | 3.0 | 0.302752 | 0.027548

g =

()= -
(n)

)= = (@)

www.20file.org

3.

i 1 2 3
mo 2 34 1090
my -2 94 6334
mo 34 1090 48226
q -1 | 2.76470588 | 5.81100917
error bound | 4 | 4.94117647 | 3.23669725

Trp =

1
1], z1 =
1

128.304
T3 = | —122.464
122.48

3.6 19.44
~1.6], z2 = [ -16.16],
2 16.24
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7 1 2 3
mo 3 19.52 902.796
mi 4 128.32 6462.3232
ma 19.52 1 902.7968 46460.7
q 1.33333 | 6.57377 7.15811
error bound | 2.1746 1.74223 0.47378
1 8 88
4. o = (1), ry = (14), T2 = (172),
1 12 144
1040
= (2072)
1728
i 1 2 3
mo 3 404 58064
mi 34 4840 696736
mo 404 58064 8360768
q 11.3333 | 11.9802 { 11.9994
error bound | 2.4944 | 0.44455 | 0.074235
1 2 3 5
5. 0= ! T = ! To = 2 T3 = 8
1)’ 1}’ 2] 3
1 2 3 5
7 1 2 3
mo 4 10 26
mi 6 16 42
ma 10 | 26 68
q 1.5 ] 1.6 | 1.6153846
error bound | 0.5 { 0.2 | 0.0769231
1 7 85
6. zo 1 5 = 15 2y = 149
1}’ 9|’ 97 1’
1 11 145
911
rs = 1843
1073
1471
7 1 2 3
mo 4 476 59860
my 42 5298 669418
ma 476 59860 7541740
q 10.5 11.13025 | 11.18306
error bound | 2.95804 | 1.36886 | 0.9637431
7. z7} LFF0|BR Az = Az = y, "W mo =
2Tz, mi = XzTz, my = A2zTz. 18=s
q=;’g—g~=)\, %:z\z,ﬂ:}a}k] 2 =x2-X=0.
e=0.
1 8
8. zg =11}, z1 = (14), wtetA] Collatz2 g

12
8<A<14 02X $Ee ZAHAF 11E £33
error bound &+ 322 Fu}.

8 88
1 = (14}, zo = [ 172 |, w2} CollatzZ ¥H-E
12 144

11 <A <12.286 o] 2 8¢ 8 THKX5 11.6432
A8l error bound & 0.643°c 8 Fr}.

9. @ = -b.666667, g2 = —6.53818313, g3 =
—6.63628132, -+, 10 = —6.79574654, ---o] =
2 A-TI8 3F{A & -6.80|th. webA o] ZFHF|of
HS$He ZAHEE Vel sl (A - Ty = —6.8y,
Av=02v0|22 0.2 A9 X ol|ch.

10. A2} H A= A = £50]1, o}of YSHE T
A% o G) 2 (_12) olch. 2z=z 500( =
43

o, 2o = 21 +220| 2% x1 = 5(21 — 22) (5)

fq-E]-A—‘ m0:10 ml—xgml =0. n:]»a]- q:
= 25(21 + 22)°o| B2 A &5ted ¢ = Oojc}.

:,/%z—;—qzzd—z—@——O:Szaanﬁrx]

Ho £52] 24 qtell ok ARz #E A 1/
A& £50| 3 opeta] $-87F G 7 error bound+ 7H#+
Fohe AL ¢ F ok

(=2}

i

11. 21, 22, -+, zn$ Theoreme| A2} Zo] Ao A
olgl al&t. o} W, zo = Yo cjzjEtH, Tz = z5-1 =
Zt:j/\z-s_lz]-, y = ATs1 = x5 = ZCj)\;ZjOI\:}.

(¢ 2)\25 1+ )
— ___L o~
wetd g = ™o (c2)\ R S AL

2 e = (Y o = (08 . _ 1
B G A © %2 = 10.030303 )

T = ( 05179487>

( 0. 365775508)

—0. 332868862) 2
1 1
(1), = <~0.4444444), T2
1 0.555555
1 1
(—0.8312757), z3 = (—0.95448310>, T4
0.8353909 0.9546078
1 1
(—0.98837032> , T5 = (—0,997075974)
0.988373865 0.997076073

1
HZ | ~0.999997139 | o 2 Y3t}
0.999997139

—

1
(—0.260013578) :

1l

13. z9 =

1 0.466666667
14. 2o = 1 , Ty = 0%6 , T2 =
1 0.733333333
0.570469799 0.494302767
1 1
0.651006711 |* ** = | 0.58220203 |’ ¢
0.973154362 0.79815518

0.549713932

1
0.618164012 | * "
0.917530024

www.20file.org
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18.9. TRIDIAGONALIZATION AND QR-FACTORIZATION

0.526540958
1

o P
23 | 0508308818 | == THUH

. 52

Py

A

[

P

>

. 52

Py

Ay

Ay

P,

0.864660853

279

15. (Program)

18.9. Tridiagonalization and QR-factorization

0
=0.0488, wztAl vy = | 0.7384226
0.6743383

1 0 0
=10 —0.0905357 —0.9958932 |, 28D 2,
0 —0.9958932  0.0905357

0.49 —0.220907 0.
= [ —0.220907 0.435082  0.1859016
0 0.1859016  0.244918

0
=25.92, g}etA vy = | 0.9238795
—0.3826834

1 0 0
= {0 -0.7071068 0.7071068 |, @iz =z,
0 —0.7071068 —0.7071068

6 5.091169 0
= | 5.091169 9.6 0

0 0 -0.8

0
=13, ge}4 vy = | 0.8816746
0.4718579

1 0 0
=0 -—05547002 —0.8320503 |, 2oz,
0 —0.8320503  0.5547002
7 —3.605551 0
= [ —3.605551 13.46153  3.692308
0 3.692308  3.538462
0
=17, gepy vy = | 2099
0.122
1 0 0 o
0 —097 0 -0.243
“lo o 1 o [|2¥EE
0 -0243 0 097
6  —4123 0 0
| -4123 8706 -2425 —6.823
=l o —2.43 9 1.455
0  —6.824 1455  0.294
0
0
= 5244, et o = | 0o
0.577
10 o0 0
01 0 0
=lo o -0335 —og4a2| THEE
0 0 —0.942 0.335

6  —4123 0 0
4o | 4128 8706 7212 o
0 7.242  2.189 3.876
0 0 3.876 7.105
0
. 8% =45.68, Wely vy = 00?047095
0.3303
1 0 0 0
p= |0 07683 -0las0 —os1a)
0 —0.1480 0.9876  —0.052 |’
0 —0.6214 -0052 0.7818
oz,
0.3  —6.7587 0 0
4 = | 67587 143332 —a5223 —03415
0 45223 2.3487  0.1206
0 —0.3416  0.1206 —3.4019
0
S2 =20.5679, whatH vy = 0.9%93
0.03768
10 0 0
0 1 0 0
P2=10 0 —o9972 —oo7s31 |» THES
0 0 —0.07531 0.99716 .
03  —67587 0 0
4y = | 67587 143532 45352 0
0 453518 2.3342  0.3126
0 0 0.3126 —3.3874
0
- ST =18 wea v = | 1100
0.1196
1 0 0 0
p o |0 ~09428 02357 —0.2357
0 —0.2357 09714  —0.02859 |’
0 —0.2357 -—0.02858  0.9714
ez,
5 42426 0 0
4 = | 42426 6 -1 -1
0 -1 35 15
0 -1 15 35
0
Si=2, gt v = |, 0
; 0.9239
0.3827
10 0 0
0 1 0 0
Pr=16 o _oromi —oomt |0 2HEE
0 0 —0.7071 0.7071
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-42426 0 0
—4. 2426 6 14142 0
14142 5 0
0 0 2
9. 055385 1.43560 0.11043
3.9924  1.2127 )
0 0.7192
1585 0.4409 0
(0 4409 41452  0.1801
0 018013 0.6963
9.1691 0.6397 0.008662
Ry = ( 0 41232 02102 )
0 0 0.6877
9.1893  0.1983
By = (0.1983 41236 o.o3oos>
0 0.03005 0.6871
9.1914 0.2872  0.0006481
Ry = ( 0 41185  0.03505 >
0 0 0.6868
9.1955  0.08883 0
By = (o 08883  4.1177 0.005011)
0 0005011 0.6868
14.2003 —0.055632 —0.0014084
. Ro= ( 0 ~6.30372  0.133267 )
0 2.105288
14. 20039 0.044391 0
B = (o 044391  —6.30462 —0.066795)
~0.066795  2.10423
14. 20046 0.0246825  —0.0002088
Ry = ( ~6.305082 —0.044499)
0 2.10482
14. 2004 -0.01971 0
By = (~o 01971  —6.3052 0.022298)
0.022298  2.1047
14. 20048 —0.01096 —3.0949E ~ 5
Ry = ( ~6.3052 0.01485
0 2.1048
14. 2005 0.008752 0
B3 = | 0.008752  —6.3052 —0.007443>
( ~0.007443  2.1048
7. 0178 0.7481  0.007125
. Ro= ( 3.4569  0.05631
0 -15023
0533 0.2463 0
B = ( 2463 3.4483 —0.04346)
0  —0.04346 -15016
7.0576 0.3665 —0.001517
Ry = ( 0 3.4379 —0.02445)
0 0 -1.5021

By =

10. Ro

il. Ro

B

R; =

By =

Ry =

Bs

7.0661  0.1200 0
(0 1200 3.4358 0.01899)
0.01899 —1.5019
7. 0671 0.1783  0.0003223
= ( 3.4334  0.01068 )
0 —1.502
7.0691  0.05829 0
= (o 05829  3.4329 —0.008306)
—~0.008306  —1.5020
0. 5375 —0.3802 —0.07640
= ( 0.3579  0.2720 )
0 0.1213
0.6463  —0.1471 0
= (-0 1471 0.4201 0.06298)
0.06298  0.1036
0. 6628 —0.2367 —0.01398
= ( 0. 3822 0.07765 )
0.09209
0.6988 —0 08483 0
= (-0 08483  0.3804 0.01517)
0.01517  0.09083
0. 7039 —0.1301 —0.001829
= 0. 3677 0.01880
0.09013
0.7145 —0 04431 0
= (—0 04431  0.3655 0.003719)
0.003719  0.09005
7. 8740 ~9.3694 —1.6907
= 10. 9571 4.2829 )
2.2254
11. 2903 —5.0173 0
= ( —5.0173  10.6144 0.7499) .
0.7499  2.0952
12. 3550 —8.8955 —0.3045
( 7.6988  0.8861 )
0 2.0185
14. 9028 —3.1265 O
( 3.1265  7.0883 0.1966)
0.1966  2.0089
15. 2272 —4.5153 —0.04037
( 6.2084  0.2550
0 2.002
15.8299 —1.2932 0
= (—1.2932 6.1692 0.06249)
0 0.06249  2.0010

12. (Program)
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10.

11.

. Gauss

. Gauss elimination®. 2 <lo} =l

CHAPTER 18. REVIEW 281

Chapter 18. Review

Az = bAe n xn 8%, 1, b WY 9,49 b7}
FAHE o, 2§ FateA

pivot@ ojd f(d)s} = o} H(A)E vFof F=
A& Ly

pivotE 3t o]+ round off errore] ool BT o
A7 4L vl 4 T glon Axol: ulge o
7hebd 4% 87 e o)

£ 7L full matrixe]u} matrix sizes} &2
o] A}§-3}31, Gauss Seidel iteration-& matrix size=
A} sparse matrixy of A}-£-3ict.

4t Z+ei & of Doolit-
tle’s method2}] Ug} o). webA Doolittle’s meth-
odse GaussA AW 2 wyez oA U T3
I I ohg L 79

|- (I +L)~tU]| < 10| Gauss-Seidel iteration&
ki

ill-conditioning : datae]]2} zt& W3l 1o o
+3e e & WaE sHe W, 2 EAE il-
conditioninge] gt 5. %},

condition number(x(A4)) : ||A4]| - }]A}|~!

condition number7} 4% linear system 2 ill-
conditionings o} g)t}.

least squares approximation

Zel1 nAe ®

{(z1,91) -+ (Tn, yn) & ma} A3 p(z)2 2 fittingd
W, 351 (s —p(z;))?ol a7t El% p(z)%e ¥y
of wf, El 7tEEp(z) =bo+ - + bnz™E 27

Asi4, 22 3 =0, i=0, -,m°]°10]: g}, o] Alg
A2} 94 4] o] normal equationejc}. :

Az = Azl 07} ofd A.

eigenvalue= condition numberel] A 5o} glo =g
eigenvalue”} 0¢l] 7}74-2 42 condition number7}
AX 5 wtebAd linear system ill-conditionings] o]
sict.

. Power Method

¥ A9l B7l similarsiois £2 g dHo] Exjst
#g Prl £x5td P-1AP = B°l A & R
23t

sysmetric matrix¢l 7 $ $¥g PZ & o
22 g5 & gl

EE

power method : a simple standard procedure for
computing approximate values of an n x 1 matrix
A.

Thus in this methods starting any vector zg # 0,
compute successively z; = Azg, 3 = Azy ---

of Wy o] AL g A4aA 3} sizest Z sparse
matrixell = H-&¥ ¢ ot Zojch. dHL =¥ 4

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

www.20file.org

A olt.
AHAE T £ R

(Gerschgorin’s theorem)

Let X be eigenvalue of arbitrary n X nmatrix A.
Then for any some integer j(1 < j < n) we have
laji — Al < lej1 +cdots+]aJ,J_1[+|aJ G+1l+|ajnl-
18.79] 4|4 1 F=x.

tridiagonal matrix : matrix having all its nonzero
entries on the main diagonal and in the positions
immediately adjacent to main diagonal.

o2 $Y2 QREAES & o Hpuo)

BY AF QR Fo2 Yelyo] 153 &
A-8-ghet.

T3l

Ty =4, T2 = 2z3
Ty =-2,29=0,23=5
1 =3, x2 =313 + 2

Ty =22, 3 = 3.0, z3 = —0.9

[\e)

1 =4, r3 = -1, 3 =
71 =39, 2 =43, z3=1.8

Doolittle’s methodi} Cholesky’s method <

1 0 0
L= (1 1 0},
1 1 1
11 1
U= (0 1 1) .
0 0 1
21 =4, z2 =-1, 23 =
1.00 0 0
L = (0.75 1.00 0 ), U =
0.25 0.33 1.00
.00 5.00 13.00
( 0 —0 75 2.25 ) .
0 —2.00
ez —22 z2 = 3.0, 3 = —0.9.

48 -8 —6
=1 —8 39 1
29

2.8193  —1.5904 —0.0482
—-1.5904  1.2048  —0.0241
—0.0482 —0.0241  0.1205

-10 -10
-2. 99240 3.18590 2.95784)
—~5.66690 5.96406 5.97097
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1.7 1.9863 2.0002
27. z1=| 1.18 |,z2=]0.9992 |, x3 = | 0.9999
4.0432 4.0016 4.000

28. 17 A& 24W Al 29 A g 3Wog, 3ue
Ag19oz A9 $4E wE.

—1.5067
T, = ( 8.1753 ), To =
—1.0846
—1.9992
( 8.0003 >
—1.0001

3 3.2312 3.1969
29. ;= [1.925), 2o = | 1.7875 ], z3 = { 1.8020
0.45 0.5078 0.4992
30. 2, V2, 1
31. 4, V10, 3
32. 24, /136, 8
33.1, 1,1
34. 2.4, V248, 1.2
35. 22, /186, 11

36. 11

-2.0193
7.9925 |, 3 =
—0.9967

37.

38.

39.

40.

41.

42.

43.

44.

45.

29

9.1
11.5%4.4579=51.2659
8.8x19.15=168.5
9%0.2687=2.4183

y = 2.89 + 0.505z

y = 4.09 + 0.205¢

y =1.95 - 2.217z + 1.067x2

1.5 —2.2361 0
Triangularizd Matrix : (—2.2361 5.8 —3.1)
0 -3.1 6.7
6.5345  —2.8160 0
1 QR-step : (—2.8160 7.0050 —1.0387)
0 —1.0387  0.4604
8.6551 —2.1447 0
2 QR-step : —2.3447 5.0808  —0.05157
—0.05157  0.2640
9.4497 —1.06216 0
3 QR-step: (—1.06216 4.2868 —0.003076)
0 —0.003076 0.2634
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CHAPTER 19 |

Numerical Methods
for Differential Equations

Numerical methods for differential equations are of great importance to the engineer
and physicist because practical problems often lead to differential equations that cannot
be solved exactly by one of the methods in Chaps. 1—5, and 11 or by similar methods.
Also, there are differential equations for which the solutions in terms of formulas are
so complicated that one often prefers to apply a numerical method to such an equation.

This chapter includes basic methods for the numerical solution of ordinary
differential equations (Secs. 19.1—19.3) and partial differential equations (Secs.
19.4—19.7).

Sections 19.1 and 19.2 may also be studied immediately after Chaps. 1 and Sec.
19.3 after Chap. 2, since these sections are independent of Chaps. 17 and 18.

Sections 19.4—19.7 may also be studied immediately after Chap. 11, provided,the
reader has some knowledge of linear systems of algebraic equations.

Prerequisite for Secs. 19.1—19.3: Secs. 1.1—1.6, 2.1—-2.3.
Prerequisite for Secs. 19.4—19.7: Secs. 11.1—11.3, 11.5, 11.11.
References: Appendix 1, Part E (see also Parts A and C).
Answers to problems: Appendix 2.
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284 19. NUMERICAL METHODS FOR DIFFERENTIAL EQUATIONS

19.1. Methods for First-Order Differential Equations

1. true solution : y = 2¢=%-1¢ 5. true solution : y = e
Tn Yn Error Tn Yn Error
0.1 1.98 9.9668E-5 0.1 1.105 0.000170916
0.2 1.9602 1.9735E-4 ’ 0.2 | 1.22103 | 0.000377756
0.3 | 1.940598 | 2.93068E-4 0.3 | 1.34923 | 0.000626181
0.4 | 1.921192 | 3.8686E-4 0.4 | 1.49090 | 0.00092264
0.5 | 1.90198 4.7875E-4 0.5 | 1.64744 0.0012745
0.6 | 1.88296 5.6877E-4 0.6 | 1.82043 | 0.00169011
0.7 | 1.86413 6.5694E-4 0.7 | 2.01157 | 0.00217901
0.8 | 1.84548 7.4330E-4 0.8 | 2.22279 | 0.00275199
0.9 | 1.82703 8.2788E-4 0.9 | 2.45618 | 0.00342132
1.0 | 1.80876 9.1069E-4 1.0 | 2.71408 | 0.00420096
2. true solution : y = sin inz. Since the values 6. true solution : y = 7=
obtained give yo = 1.0110 > 1, y10 comes out Tn Un Error
complex and is meaningless. 0.1 | 0.524969 | 1.0E-5
Tn | Un Error 0.2 | 0.549813 | 2.1E-5

0.1 | 0.15708 { -6.4E-4

0.2 ] 0.31221 | -3.19E-3
0.3 | 0.46144 | -7.45E-3
0.4 § 0.60079 | -1.301E-2
0.5 | 0.72636 | -1.926E-2
0.6 | 0.83433 | -2.531E-2
0.7 1 0.92092 | -2.991E-2
0.8 | 0.98214 | -3.109E-2
0.9 | 1.01170 | -2.401E-2

0.3 | 0.574411 | 3.2E-5
0.4 | 0.598645 | 4.2E-5
0.5 | 0.622407 | 5.3E-5
0.6 | 0.645593 | 6.3E-5
0.7 | 0.668114 | 7.4E-5
0.8 | 0.689890 [ 8.4E-5
0.9 | 0.710855 | 9.4E-5
1.0 | 0.730955 | 1.04E-4

1.0 7. true solution : y = ﬁf
Error
3.t lution : y = —L In Yn
rue solution : y = 1375 02] 0.96 0.0015385
Zn Yn Error 0.4 | 0.86029 | 0.0017712
0.2 1 ~3.199E-4

0.6 | 0.73504 | 0.00025161
0.8 | 0.611571 | -0.0018156
1.0 | 0.50334 -0.003338
1.2 | 0.41388 | -0.0040476
1.4 ] 0.34197 | -0.0041344
1.6 | 0.28476 | -0.0038671
1.8 | 0.23929 | -0.0034458
2.0 | 0.20299 -0.00299

0.4 | 0.9984 | -8.536E-3
0.6 | 0.972881  -0.04503
0.8 | 0.85021 -0.0970
1.0 | 0.55413 | -0.05413
1.2 | 0.24707 0.03960
1.4 | 0.12049 0.03629
1.6 | 0.06472 0.02235
1.8 | 0.037269 | 0.01299

2.0 0.022688 7.615E-3 8. true solution : Yy = tan 2z
Tn Yn Error

0.05 | 0.10050 | -1.7E-4
0.1 { 0.20304 | -3.3E-4
0.15 | 0.30981 | -4.8E-4
0.2 | 0.42341 | -6.2E-4
0.25 | 0.54702 | -7.2E-4
0.3 | 0.68490 | -7.6E-4
0.35 | 0.84295 | -6.6E-4
0.4 | 1.02989 | -2.5E-4
0.45 | 1.25930 | 8.6E-4
5.0 | 1.55379 | 3.62E-3

4. true solution : y = tanz — .
Tn Un Error
0.1 0.00000 3.35E-4
0.2 0.001 1.710E-3
0.3 0.005 4.296E-3
0.4 | 0.014345 | 8.448E-3
0.5 { 0.031513 | 1.4789E-2
0.6 | 0.059764 | 2.4373E-2
0.7 | 0.103292 | 3.8996E-2
0.8 | 0.167820 | 6.1818E-2
0.9 | 0.261488 | 9.8670E-2
1.0 | 0.396393 | 0.161014
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10.

11.

12.

13.

14.

9. true solution : y = Til;f 15. true solution : y = —e=2% 4+ 1
Zn Error of Error of improved Tn Error of Error of improved
Euler’s method | Euler’s methods Euler’s method | Euler’s methods
0.2 -0.03846153 0.0015385 0.1 | -0.0187307531 0.00126924573
0.4 -0.0579310 0.0017712 0.2 | -0.0303200484 0.00207995168
0.6 -0.04928 0.00025161 0.3 | -0.0368116356 0.00255636203
0.8 -0.027085 -0.0018156 0.4 | -0.0397289685 0.00279279434
1.0 -0.0070601 -0.003338 0.5 | -0.0401994435 0.00286040029
1.2 0.005619901 -0.0040476 0.6 | -0.0390502126 0.00281245701
14 0.01204921 -0.0041344 0.7 | -0.0368817645 0.00268850452
1.6 0.0145476 -0.0038671 0.8 { -0.034124359 0.00251756507
1.8 0.0149013 -0.0034458 0.9 -0.031081161 0.00232066052
20| 0.01420116 -0.00299 1.0 | -0.0279611009 | 0.00211274747
The error of y(1) is -0.036, hence comparable to 16. The error is substantially less.
that in Prob.7.The eoor of y(2) is 0.0067, hence Tn Yn Error
twice that in Prob.7 and of the opposite sign. 0.1 } 0.181266667 | 2.57947652E-06
0.2 | 0.329675728 | 4.2258817E-06
87t Bcbs Ae 44 ved@ch 0.3 | 0.451183174 | 5.18985215E-06
Tn Yn Error 0.4 | 0.550665371 | 5.66525951E-06
1.1 0.1 0.00439421018 0.5 | 0.63211476 | 5.79874758E-06
1.2 | 0.203360415 | 0.0122022924 0.6 | 0.69880009 | 5.69813247E-06
1.3 | 0.310868382 | 0.0203308893 0.7 | 0.753397595 | 5.44116939E-06
1.4 | 0.421674001 | 0.0280118014 0.8 | 0.798098391 | 5.09071087E-06
1.5 | 0.534801626 | 0.0350654358 0.9 1 0.834696424 | 4.6882677E-06
1.6 | 0.649419475 | 0.0414875661 1.0 | 0.864660452 | 4.26495382E-06
1.7 | 0.764866364 | 0.0473282279 17. true solution : y — e~0-12%
1.8 | 0.880628896 | 0.0526509326 . I Error
The error is about less 20%. 0.2 | 0.996007989 | -1.27165944E-10
Tn Un Error 0.4 | 0.98412732 7.85976839E-11
1.2 | 0.205493379 | 0.0100693282 0.6 | 0.964640293 | 3.36949801E-10
1.4 | 0.427624023 | 0.0220617797 0.8 | 0.938004999 | 7.92162447E-10 .
1.6 | 0.658699667 | 0.0322073733 1.0 | 0.904837417 | 5.57596858E-10
1.8 | 0.892368066 | 0.040911762 1.2 } 0.865887748 | 4.78398654E-10
A 1.4 | 0.822012235 | -4.21883972E-10
T;‘z Lot ‘Syib“t less 365;1;7(; 1.6 | 0.774141972 | -3.34722927E-09
1.8 | 0.723250253 | -1.04978299E-08
i; %.4930572424’2)261'? 0().2]];1:::955;; 2.0 | 0.670320067 | -2.06498385E-08
. 18. The error of Runge-Kutta is substantially less.
T;:: EEror 1syz:;bout less 82%’?_?2; Tn Error of Error of improved
1.1 | 0.103290244 | 0.00110396624 Euler’s method | Eulers methods
1.2 | 0.213379526 | 0.00218318073 0.2 { -0.00399201066 7.98925458E-06
1.3 | 0.32803516 | 0.00316411183 0.4 | -0.00787268012 1.55762624E-05
1.4 | 0.445615762 | 0.00407004017 0.6 | -0.0114877065 2.18345117E-05
1.5 | 0.564954245 | 0.00491281691 0.8 | -0.0146959283 2.54447733E-05
1.6 | 0.68520607 0.0057009712 1.0 | -0.0173770811 2.482018E-05
1.7 | 0.805753346 | 0.0064412456 1.2 | -0.0194381725 1.82844515E-05
1.8 | 0.926140678 | 0.00713915041 1.4 | -0.0208180418 4.25410799E-06
1.6 | -0.0214898124 -1.85709391E-05
1.8 -0.021461106 -5.10472233E-05
2.0 | -0.0207720845 -9.34521723E-05

19.1. METHODS FOR FIRST-ORDER DIFFERENTIAL EQUATIONS
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19. NUMERICAL METHODS FOR DIFFERENTIAL EQUATIONS

20.
Tn Yn Error Estimate Error
x10° x10°
0.1  1.2003346725 3.0 -0.4
0.2 1.4027100374 3.7 -1.9
0.3 1.6093362546 5.9 -5.0
0.4 1.8227932298 9.4 -11.0
0.5 2.0463025124 13.1 -22.5
0.6 2.2841368531 144 -44.7
0.7 2.5422884689 5.0 -88.4
0.8 2.8296387346 -38.8 -177.6
0.9 3.1601585865 -191.1 -369.0
1.0 3.5574085377 -699.0 -813.0

1. exact solution: y=e* 4z +1
Starting yn

19.2. Multistep Methods

yo=0
y1 = 0.0051708333
y2 = 0.0214025709
y3 == 0.0498584971
=, | predicted | Corrected Error
y* Yn
0.4 | 0.09182 0.09182 1.57286E-7
0.5 0.14872 0.14872 -3.76386E-8
0.6 | 0.22211 0.22212 | -2.73068E-7
0.7 | 0.31375 0.31375 | -5.57891E-7
0.8 | 0.42554 0.42554 | -8.99635E-7
0.9 | 0.55960 0.55960 | -1.30709E-6
1.0 | 0.71826 0.71828 | -1.79029E-6
2. exact solution : y = e*
Starting yn
yo=1
y1 = 1.10517083
y2 = 1.22140257
ys = 1.3498585
T, | predicted | Corrected Error
Ly Yn
0.4 1 1.49182 1.49182 1.57286E-7
0.5 | 1.64872 1.64872 | -3.76386E-8
0.6 1.82211 1.82212 -2.73068E-7
0.7 | 2.01375 2.01375 | -5.57891E-7
0.8 | 2.22554 2.22554 | -8.99635E-7
0.9 | 2.45960 2.45960 | -1.30709E-6
1.0 | 2.71828 2.71828 | -1.79029E-6
3. exact solution : y =tanz+z +1
Starting yn
yo=1
y1 = 1.20033459
y2 = 1.40270988
y3 = 1.60933604
T, | predicted | Corrected Error
y‘ Yn
0.4 1.82272 1.82280 -4.86249E-6
0.5 | 2.04620 2.04631 -1.24163E-5
0.6 | 2.28398 2.28416 -2.42425E-5
0.7 | 2.54203 2.54233 | -4.35021E-5
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Starting yn

Yo =10

y1 = 0.103290239
y2 = 0.213379522
y3 = 0.32803515

4. exact solution : y = (Inz)? — (lnz)

y1 = 3.07245832
y2 = 3.15594681
y3 = 3.24961542

zn | predicted | Corrected Error
y‘ Yn
1.4 | 0.445290 0.445586 | 0.0040997
1.5 | 0.564968 | 0.564917 | 0.0049495
1.6 | 0.685212 0.685164 | 0.0057429
1.7 | 0.805731 0.805705 { 0.0064890
1.8 | 0.926106 | 0.926087 | 0.0071925
. exact solution : y = 0127

Starting yn

yo=1 v

y1 = 0.996007989

y2 = 0.98412732

y3 = 0.964640293
Tn | predicted | Corrected Error

v Yn
0.8 | 0.93801 0.93800 | 5.7006E-7
1.0 { 0.90484 0.90483 | 1.3123E-6
1.2 | 0.86590 0.86589 | 2.1831E-6
1.4 1 0.82202 0.82201 3.1250E-6
1.6 | 0.77415 0.77414 | 4.0739E-6
1.8 | 0.72326 0.72325 | 4.9632E-6
2.0 | 0.67033 0.67031 | 5.7301E-6
. exact solution : y = v8 + 22
Starting yn
yo=3
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zn | predicted | Corrected Error
Y Yn

0.8 3.35260 3.35261 -7.82118E-7
1.0 3.46409 3.46410 -1.27380E-6
1.2 | 3.58329 3.58330 | -1.56472E-6
1.4 | 3.70945 3.70945 | -1.69210E-6
1.6 3.84187 3.84188 -1.69662E-6
1.8 1 3.97995 3.97995 | -1.61590E-6
2.0 | 4.12311 4.12311 | -1.48134E-6

Tz Ad F=

. exact solution : y =tanz+z+1

tan x approaches infinity as z — %ﬂ

(GAS PROJECT)

Yntl = Yn + [ort p(a)dzoleg r = Tptl g
—‘?‘%Y

srtl pa(z)dz = fagr + Va4 + 3r(r +
DV fay1
Yntl = Yn + 204 Po(z)dT = yn + 5 (5fnt1 +
8fn — fn—l)- oju, fapr1 & g8 2 g f;.{..l-g-
2 A

h fo p2(z)dz = h (fa + 1V fn + SV2£n)

=h (fn + ‘;‘(fn - fn——l) + %(fn —2fp-1+ fn—2)
= £(28fn ~ 16fn—1 + 5fn-2)

2hA

Yni1 = Yn + 15(23fn — 16fn—1 + 5fn2)

;+1 = f(xn+1,y;+1)
azBg Feigl Aol .
exact solution : y = =’
Starting y,

yo=1
y1 = 1.01005017

y2 = 1.04081077

zn | predicted | Corrected Error
y* Yn

0.3 | 1.09367 1.09422 | -4.98128E-5
0.4 | 1.17297 1.17362 | -1.11721E-4
0.5 | 1.28339 1.28422 | -1.93718E-4
0.6 1.43253 1.43363 -3.06694E-4
0.7 1.63126 1.63278 -4.66015E-4
0.8 | 1.89504 1.89717 | -6.93969E-4
0.9 | 2.24587 2.24893 | -1.02337E-3
1.0 | 2.71533 2.71978 | -1.50294E-3

12.

13.

14.

15.

exact solution : y = =’
Starting y»
z9 =0, =1

z1 = 0.05, y; = 1.00250313
T2 = 0.1, y2 = 1.01005017

z | (h=0.05) | (&= 0.05) (h=0.1)
Yn Error Error
0.3 1.09417 -1.41926E-5 | -4.98128E-5
0.4 1.17354 -2.4295E-5 | -1.11721E-4
0.5 1.28406 -3.8258E-5 | -1.93718E-4
0.6 1.43339 -5.8241E-5 | -3.06694E-4
0.7 1.63240 -8.7496E-5 | -4.66015E-4
0.8 1.89661 -1.3103E-4 | -6.93969E-4
0.9 2.24810 -1.9667E-4 | -1.02337E-3
1.0 2.71858 -2.9682E-4 | -1.50294E-3
exact solution : y=e* —z — 1
Starting yn
yo =0
y1 = 0.0214
y2 = 0.09181796
zn | predicted | Corrected Error
y* Yn
0.6 | 0.22131 0.22215 -2.7236E-5
0.8 | 0.42460 0.42562 -7.7660E-5
1.0 0.71718 0.71843 -1.4888E-4
exact solution : y =tanz —z + 4
Starting yn
yo =4
y1 = 4.00270741
y2 = 4.02278899
Tn | predicted | Corrected Error
¥ Yn "
0.6 | 4.08035 4.08451 -3.7406E-4
0.8 4.21988 4.23069 -1.0469E-3
1.0 | 4.52785 4.55905 | -1.63812E-3
1.2 | 5.24655 5.36422 7.92805E-3
1.4 | 7.32509 8.06095 0.336930

One step methods ¢l 4| & Runge-Kutta Methods7}
Ao we 42337 T multistep methods®t} v
error7} Ak 4 & W47k AL z3kel eted yR

of vj$ el ¥ wf, 7 3 HA| X
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19. NUMERICAL METHODS FOR DIFFERENTIAL EQUATIONS

19.3. Methods for Systems and Higher Order Equations

1. Computation Result :

z n Y2

0 3 0
0.1 3.6 0.3
0.2 4.2 0.57
0.3 4.812 0.819
0.4 5.447  1.0545
0.5 6.114  1.2828
0.6 6.8241 1.5094
0.7 7.5852 1.7390
0.8 8.4066 1.9758
0.9 9.2976 2.2237
1.0 10.2675 2.4864

The gra

ph of the solution y1, y2

S

5. (RK system)
T 1 v2
0.5 6.21875 1.2734375
1.0 10.7287598 2.57672119

6. Exact Solution :

y1=e % —1x, y2 = —e

z Y1

Error
x108

y2

Error
x108

0.1
0.2
0.3
0.4

0.8048
0.61873
0.4408
0.2703

-8.10
-14.6
-19.8
-23.8

-1.9048
-1.8187
-1.7408
-1.6703

8.30
15.1
20.33
24.53

Error7} 2u] oAt o g Zoj&c}.

7. Solution : y; = 0.3z4, yo = 1.223

T yi

Error
x10%

Y2

Error

x1

04

1.2
1.4
1.6

0.62189
1.15197
1.96505

1.8518
5.1316
10.314

2.07294
3.20126
4.91253

6.63004
15.3715
26.6382

8. Solution : The

Appendix.

solution

is taken

from Ref[l] in

T Y1

Error

Y2

2. Computation Result :

%108
-7.6
-11.7
-9.5
0.3
17.0

1.5
2.0
2.5
3.0
3.5

0.511903
0.224008
-0.048288
-0.260055
-0.380298

-0.558002
-0.576897
-0.497386
-0.339446
-0.137795

z Y1 Y2
0 0 4
0.2 0.8 3.2
04 1.28 2.4
0.6 1.504 1.6640
0.8 1.536 1.0304
1.0 1.435 0.5171
The graph of the solution y1, y2
T =3

T

n

Y2

7w+ 0.2
T+ 0.4
7+ 0.6
7+ 0.8
T+ 1.0

0.198669
0.389494
0.565220
0.719632

0.84790

0.980131
0.922061
0.830020
0.709991
0.568572

3. Exact Solution: yy =e ™ F —z, yp = —e *—1
z n Error y2 Error
x10% x10%
0.1] 08 4837 | -1.9 -48.37
0.21{ 061 8730} -1.81 -87.31
0.3 0429 11.81 | -1.73 -118.2
0.4 ] 0.256 142.2 | -1.656 -142.2
4. Exact Solution : y; = z® — 3z, y2 = 322 ~ 3
T Y1 Error Y2 Error
x10* x108
0.05 1 -0.15 1.25 -3 7.5
0.1 { -0.3 10 -2.99 14.99
0.15 | -0.449 26.24 | -2.95 22.43
0.2 | -0.597 49.96 | -2.91 29.70
0.25 | -0.742 81.06 { -2.85 36.75

10. yn41 = flzn + h) =
142 1" (on) + O(h7)

Flzn) + hf'(za) +

Ynt1 = F(@n +B) = f'(z2) + hf"(zn) + O(h?)

y:{+1 = f(zn+17y;1+1)

Bt Ynt1 = Yza + Ak, + $h2Yz, + O(R%)

Yni1 = You T hYL, + O(h?)
y'l,:+1 = f(zn+1, y:,,+1)

z Yn Yn vy Exact (48) Error
x102 x10? x103
0 0 0 1 0 0
0.2 2 0.2 1.21 2.14 1.4
0.4 | 8.42 0.442 1.463 91.8 7.6
0.6 | 20.19 0.735 1.768 22.21 20.2
0.8 | 38.42 1.088 2.136 42.55 413
1.0 | 64.46 71.83 73.7

11. Airy’s equation : 3" = xy
awrebd fz,y) = 7y FIL h=020]2%
ky = % X 0.2 X f(zn, yn) =0.1zay1
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12.

13.

19.4. METHODS FOR ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS 7 289

k2 =ks =} X0.2X f(Tn + 3 X 0.2,4n + § x 0.2x
(vh + 3k1)) = 0.1(z5 +0.1)(yn + 0.17/, + 0.05k; ).
k4 =1 %x02X f(zn +0.2,yn + 0.2 x (¢, + k2))
= 0.1(.’tn + O.2)(yn + 0.2y;1 + 0.2k2)

T'(3) = (3)T () by (25); now use interpolation
in Table A2, etc.

Solution : y =z — 622 + 3

In Yn Error Y2
x106

0.2 | 2.76161 -7.99662 | -2.36808

0.4 | 2.06565 -46.0698 | -4.54417

0.6 | 0.96970 -103.992 | -6.33632

0.8 | -0.43024 -161.327 | -7.55253

1.0 | -1.99981 -187.457 | -8.00087

14.

15.

T Yn Errorx10°
1.0 | 0.765198 0
1.5 | 0.511819 9
2.0 { 0.223946 -55
2.5 | 0.048241 -143
3.0 | -0.259845 -207
3.5 | -0.379914 -214

(GAS PROJECT)

19.4. Methods for Elliptic Partial Differential Equations

- ul{z, y+k) = ulx, y) + kuy(z, y) + O(k?)

u(z, y—k) = u(z, y) — kuy(z, y) + O(k2)°l5—i;
o] £4l2] ok g 7tz W (5b)7} 1}21}.

u(z, y+k) = u(z, y)+kuy(z, v)+ Lk2uyy (z, v)+
O(k3)

u(z, y—k) = ulz, y)—kuy(z, y)+%k2uyy(z, y)+
O(k3)olm2, o] £42] okizlz) oistw (6b)2] 4]0
v}

‘U.(l'+h, y+k) = u(z, y+k)+huz(z, y+
k) + O(h?) = u(z, y) + ku(z,y) + h(uz(z,y) +
kuzy(z,9))+O(R?) + O(k?) = u(z, y)+ku(z,y)+
huz(z,y) + hkuzy(z,y)) + O(h?) + O(k?)--- R¥
A

u(z_h, y+k) = u(:c, y+k)_h'u==($7 Y+
k) + O(h?) = u(z, y) + ku(z,y) — h(uz(z,y) +
kuzy(z,y))+O(R?)+O(k?) = u(z, y)+ku(z,y) -
huz(z,y) — hkuzy(z,y)) + O(h?) + O(K?)--- £
A 4]

wz+h, y—k) = ulz, y— k) + huz(z, y —
k) + O(hz) = u(z, y) - ku(:z,y) + h(uz(;l:,y) -
kuzy(z,y)) +O(h?)+O(k?) = u(z, y)—ku(z,y)+
huz(z,y) — hkuzy(z,y)) + O(h?) + O(k?)--- A
= A

u(x —h, y— k) = u(z, y+ k) — huz(z, v +
k) + O(h?) = u(z, y) — ku(z,y) — h(uz(z,y) —
kuzy(z,9))+O(h?)+0(k?) = u(x, y)—ku(z,y) -
huz(z,y) + hkuzy(z,y)) + O(h?) + O(k?) - v
A Al

AAdA RAARA -FHAA-AHA A HA A
Bobg 4hk2 U ugy(z, y)7t 2ot

exact solution :
62.5

gzt (w1 w2 uie uzz)T‘r:-

(step 2) (93.75 90.625 65.625 64.062)"
(step 3) (89.0625 88.2813 63.2813 62.8906)"
(step 4)

(87.89063 87.69531 62.69531 62.59766)
(step 5)

uilr = uz1 = 87.5, uyz = ugzz =

3.

4.

(87.59766
(step 6)
(87.52441
(step 7)
(87.5061 87.50305 62.50305 62.50153)7
(step 10)

(87.5001 87.50005 62.50005 62.50002)7
oatA] 352 Mo} 6stepe] 4] exact solutione} Zc}.

87.54883 62.54883 62.52441)T

87.51221

62.51221 62.50610)"

exact solution : u1; = ujs = 146.25, ug) = ugy =
118.75
(step 2) (130 110

(step 3) (141.875
(step 4) (145.156
(step 5) (145.977 118.613 146.113 118.682)7

(step 8) (146.246 118.748 146.248 118.749)T
wtztA] 552 B0} 8stepell 4] exact solutione} e},

137.5
116.563
118.203

114.375)T
144.063
145.703

117.656) 7
118.477)7

exact solution : wuy; = -2, uz; = 2, uys =
—11, u22 = —16
(step 2)

(50.25 44.0625 31.0625 5.03125)7

(step 3)

(19.0313 12.5156 —0.484375 —10.7422)7
(step 4)

(3.25781 4.62891 —8.37109 —14.6855)7
(step 5)

(—0.685547 2.65723 —10.3428 —15.6714)7
(step 9)

(—1.99487 2.00257 —10.9974 —15.9987)7
(step 14)

(~1.99999 2.00000 -11.0000 —16.0000)7
@elA 65% Ho} l4stepoll A exact solution®} 231,
35& Hol Istepolj 4| exact solutione} e},

(step 2)

(50 37.5 37.7165 19.0206)7
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19. NUMERICAL METHODS FOR DIFFERENTIAL EQUATIONS

(step 3)

(18.8041 9.4562 9.6727 4.9987)7
(step 4)

(4.7822 24452 2.6617 1.4933)7
(step 5)

(12767 0.6925 0.9090 0.6169)7
(step 10)

(0.10940 0.10882 0.32533 0.32504)7
(step 16)

(0.10825 0.10825 0.32476 0.32476)7

- o] BAE AlFEe 3 F24E THFL et 4]

Aats @2 [0, 0, 0, T2 £ 2 2A(16 4R
step)R e} o 2| (1194 step) £H ¢}

(step 2)

(0 0 o0.21651 0.27063)7

(step 3)
(0.054127  0.081190 0.297696 0.311228)7
(step 4)
(0.094722  0.101487 0.317994 0.321377)7
(step 5)
(0.104870  0.106561 0.323068 0.323914)7
(step 11)
(0.108252  0.108252 0.324759 0.324759)"

S U2l T w1l =T, uzz =uip = yE 59

A& -3z +y=-200, z— 3y = —100°.2 u}@c}.
wetd o = 87.5, y = 62.5.

. w11 = 92.85714, uas; = 90.17857, uz; = 92.85714,

u1z = 81.25, uss = 75, ugz = 81.25, uz; =
57.14286, uzz = 47.32143, uzz = 57.14286

u11 = 25, uz; = 18.75, uz; = 25, uiz = 31.25,
u22 = 25, ugz = 31.25, uz; = 25, uzz = 18.75,
uzz = 25

P11, Ps1, P31, P33, Poa¥ 25°, Pay, Pz 18.75°,
P;a, Pp3= 31.25°.

uir = 0.0631345, ug1 = 0.4267767, uz3 =
0.4671956, u12 = —0.1742386, uzz = 0.1767767,
uzz = 0.0277919, wuz; = 0.0631345, uzy =
0.4267767, uss = 0.4671956

(a) uil = —uip = —66
(a) By symmetry, we can reduce the problem to
four equations in four unknowns.

Ul = U3l = —uUis = —uzs = —92.92
ug1 = —uzs = —87.45
U2 = U2 = —U4 = —uz4 = —64.22
Uzg = —uz4 = —53.98

u13 = uzz = u3zz =0

(a) Coarse grid : u1; = —u;2 = —66.000 in 6 step.
(b) solution of fine grid :

14.

15.

—-93.45 -—-88.06 —93.26
—64.99 54.84 —64.71
(step 10) | —0.74 —0.82 —0.4548
63.71 53.41 63.91
92.68 87.19 92.78
(step 30)
—92.92 —87.45 —-92.92
—64.22 —53.98 —64.22
—4.96E -5 -552E-5 -3.07TE—-5
64.22 53.98 64.22
92.92 87.45 92.92
(step 50)
—92.92 —87.45 —92.92
—64.22 —53.98 —64.22
—207E -9 -231F -9 -128E-9
64.22 53.98 64.22
92.92 87.45 92.92
First Step :
1st approximation u11 = 0, uz;1 = 0 ,uj
0.2886751, u2o = 0.2886751
2nd approximation :
u11 = 0.0769800, uz; = 0.3079201 ,u;s

0.0769800, u32 = 0.3079201

Second Step :

1st approximation ui;; = 0.1026400, wuo;
0.1026400 ,u32 = 0.3143351, ugzs = 0.3143351
2nd approximation :

uir = 0.1060613, wuz; = 0.1060613 ,ujz
0.3216054, ug2 = 0.3216054
Third Step :

1st approximation wj; = 0.1072018, wuo;
0.1072018 ,u12 = 0.3240289, u2; = 0.3240289
2nd approximation :

uiz = 0.1079241, wuq; =
0.1079241, ug2 = 0.3244946
Fourth Step :

1st approximation wu;; = 0.1081648, wuz;
0.1081648 ,u12 = 0.3246498, uz; = 0.3246498
2nd approximation :

u11 = 0.1082223, wugp; =
0.32472438, us2 = 0.32472438
a2tA 3SE B.e} exact solution :
0.108, u12 = u22 = 0.325

0.1079241 ,uj2

0.1082223 ,u12

upl = u21

po = 1.79 wj, 1st approximation

ui1 = 0, w1 = 0, w2 = 0.3207501, wuog
0.3207501,

2nd approximation

u31 = 0.0859378, uix =
0.0859378, u2o = 0.3179698
p1 =0.077¢ qL

1st approximation

uir = 0.1417933, ug; =
0.3161627, u2z = 0.3161627,
2nd approximation

uj;r = 0.0912449, u;, =
0.0912449, uo = 0.3203910
p1 = 0.308¢ Eﬂ,

1st approximation

0.3179698, wus;

0.1417933, wui2

0.3203910, wu2
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uyy = 0.1319289, u2;0.1319289 =,
0.3164818, uzo = 0.3164818,
2nd approximation

ui2

PROBLEMS. IRREGULAR BOUNDARY 291

16.

0.1008378, ugs = 0.32402849

(GAS PROJECT)

19.5. Neumann and Mixed Problems. irregular Boundary

uiy = 0.1008378, ujp; = 0.32402849, us
1.0000 0 0 0
I = —0.2500  1.0000 0 0
—0.5000 —0.1333 1.0000 0
0 —0.5333 —0.3269 1.0000
—4.0000  1.0000 1.0000 0
U= 0 -3.7500  0.2500 1.0000
0 0 —3.4667  1.1333
0 0 0 —3.0962

ol o|-&3tH s E 4A T¢ 5 Uk

. 0=u01,z=—1,;(1t11 —u-1,1)°l B2 uo1,1 = un
o Bl REA 8% HAZYE ua = un + 30|
2, AL

—4ug) +2u1; =1

ug1 — 4uyl +uz1 = —-0.25+0.75=0.5

uil —4uz1 +uzp = —1

2ug; —4uz; = -2.25—-125—-3=-6.5

gzt s uon = -0.25, 0, u2
0.75, uzy = 2. o] & exact solutionql u(z,y)

o? —y2e g3t Lt

uir =

. uzl = 1.1429, uo; = 1.1429, u;; = 1.4286, ua2
1.4286
exact solution : u(z,y) =z +y

. exact solution : u(z,y) = z%y?

—4 1 0 1 0 0
1 —4 1 0 1 0
0 2 -4 0 0 1
A= 1 0 0 —4 1 0
0 1 0 1 —4 1
0 0 1 0 2 -4
U1l 4
u21 10
u31 8
u= uyz |’ b= 1
u22 —-20
u32 —-103

deta #leE v =1, usn = 3, uar = 9, ui2
4, ugz = 16, ugy = 36.

.b=(2 0 -12 -9 -36 129)7

wil = 57778, up; = 143333, ug
23.2222, w1z = 10.7778, ugy = 28.3333, uss
52.2222

o}

=4

(1l

6.

10.

11.

12.

exact solution : u(z,y) = 9y sin %wx.

-4 1 1 0 0 0

1 -4 0 1 0 0

1 0 —4 1 1 0
A= 0 1 1 -4 0 1

0 0 2 O -—4 1

0 0 0 —4

Uil

u21
w= || p=

ui2

u22 3a+c

u32 3a+c¢
o, a = 8.54733, ¢ = —/243 = —15.5885
webA], uiy = wuoy = 8.46365, uis = uzy =

16.8436, u13 = u23 = 24.9726.

. (GAS PROJECT)

- ug —a?up & (1-a?)uo +ah(l —a) 30 ety o

g ah(l-0)Z b oS AL sy dste 4
of Y&t

2
Yy = %‘Qﬂ-q-_zﬁo]ng_ Zojml = Alg r:‘s],n:}
s 2o
up =uo+aha—"Q+%(ah)zaa_2:2Q+ ...... (1)
up =ug - phaﬂ+;(ph)2a_2u2ﬁ+ ...... (2)

px(1)+ax(2) = (p+a)uo+ 3(a?p+p m)hz——:‘2
272z g BeE ﬂl*hﬂl dsi

82 ~ 2
V 6xu [a(p+a)uA + '—(_UA O] .
Bl st _7Q [W UB + SR YR ~ bpuo]'
ISP PR,
2 ~2 1 1
Viuo Mirlapra ¥4t s Tt
1 1 _ ap+bg
pla+p) uP+p(b+p) vQ abpq uo]
h = 3°I“i, Puojde o = 2, b = 102 29
ala+1) =2, bb+1) =2, 1+a =3, 1+b=2¢]

22 ()8 Farol tech,

Pagell M= a =2, b= 22 i Fd ala +1) =
bb+1) =L atr1=b+1= OIEi (18] P27}
e

uz = 322 - 3y?, ugr = 6z, uy = —6zy, uy, =

—6z, et N, V2u = uzy + Uyy = 0.
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—4 1 1 0
1 —4 0 1
BA=11 o -1 1
2 2
o 2 % 4
Uy -3
u1 12
w= uy2 ? b= 0
U2 -3.5
et uyp = 2.1214, uey = 3.9777, ui2 =
1.5080, ug2 = 1.7893
4. AAAdAHY 22 g vk YW, A =
—4 1 1 0
1 -4 0 1
1 0 -4 1
0o % £ -4
u11 0
I b= -y
Uiz -
u22 —%v
wekA uwiy = {55, uz = 510, wiz =
19.6.
1ou(x, t) = %a(i, fojmz, 4; =
uout(z, )%r,ﬁi- = uouzz(z, t)(3)°. wWetA
of MEE &; = Pizzol AU we = ura 7} S
.
2. Sec 19.4 (6a)9] Ao o}& Hd3] ).
3.
t z=1 =2 =3 =4 =5
0.5 1.05 2 2.3 2.4 2.3
1.0 1 1.67 2.2 2.3 2.2
1.5 0.84 1.6 1.99 2.2 2.1
2.0 0.8 1.41 1.9 2.04 2
t z=6 =7 =8 =9
0.5 2 1.5 0.8 0.45
1.0 1.9 1.4 0.98 0.4
1.5 1.8 14 0.9 0.49
2.0 177 1.35 0.96 0.45
4. The first term in (10), Sec.11.5, gives
exp [~ 155 72t] = 0.1t, t = 100(In 10)/pi® = 23.3
5.
t =02 =04 =06 =028
0.01 0.136 0.15 0.1 0.05
0.02 0.106 0.134 0.1 0.05
0.03 0.087 0.119 0.096 0.05
0.04 0.073 0.105 0.090 0.049
0.04 0.063 0.093 0.084 0.047

-111-9-10, ug92 = TU—IG
a2z 32 =100. gekA v =380

1 0 -4 1
o £ 2 4
un —380

| ua | -190

v=1ue] %= | <190
UuUn9 0

wtebA] w1 = 152, uay = 95, uiz = 133, ugz = 38

16. —4duyy +uo1 +u12 ~2=2

u11 —4ug; — 0.5 =2
agd,a=p=gqg=1, b:—liOIELi

4

1 3

P22 H E —23
3

Buys = 4.
aebd e w1l = —1.5, u21 = —1, uiz = -1

) gty AR e fu —

Methods for Parabolic Equations

6.
t =02 =04 =06 z=0.8

0.01 0.2 0.35 0.35 0.2

0.02 0.188 0.313 0.313 0.188
0.03 0.172 0.281 0.281 0.172
0.04 0.156 0.254 0.254 0.156
0.05 0.142 0.229 0.229 0.142

gkol ’U.(I, t) = ’U.(l - Z,t)% U‘l-ét}»t}- hd

7. uz(0, ) = 00122 uyj —u_y; ~ 28 %%% = 0. g
4 uoj & ugjolth WA of Ag (5)el SAsishe
date e dedh

8. £ 79 8¢ wo} formularE & ¥

uo,j+1 = 5(uoj +u15)
Ui, j41 = %uij + fracld(u;pr; + ui-1,5), 1 > 2
t z=00 =02 z=04

0.01 0 0 0
0.02 0 0 0
0.03 0 0 0
0.04 0 0 0.008
0.05 0 0.002 0.025
0.06  0.001 0.007 0.049
0.07  0.004 0.016 0.073
0.08 0.010 0.027 0.091
0.09 0.019 0.039 0.097
0.10 0.029 0.048 0.089
0.11 0.039 0.054 0.040
0.12  0.046 0.047 -0.002
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10.

11.

12.

293

t =02 =04 z=06 =z=08
0.04 0.1636 0.2546 0.2546 0.1636
0.08 0.1074 0.1752 0.1752 0.1074
0.12 0.0734  0.1187 0.1187 0.0734
0.16  0.0498 0.0807 0.0807 0.0498
0.20 0.03387 0.05482 0.05482 0.03387

t=2d w,c=0,1,2 -, 108 g& 0, 0.6691,
1.2619, 1.7212, 2.0075, 2.1043, 2.0075, 1.7212,
1,2619, 0.6691, 0 .

h=020]22 k=004 wety
t=0.08% o,z =0.2, 0.4, 0.6, 0.82] g+ 0.04533,
0.067233, 0.067092, 0.0393789.

(GAS PROJECT)

19.7. Methods for Hyperbolic Equations

t =06 =08 z=1.0
0.01 0 0 0.5
0.02 0 0.125 0.866
0.03 0.031 0.279 1
0.04 0.085 0.397 0.866
0.05 0.144 0.437 0.5
0.06 0.187 0.379 0
0.07 0.201 0.236 -0.5
0.08 0.178 0.043 -0.866
0.09 0.122 -0.601 -1
0.10 -0.065 -0.520 -0.866
0.11  -0.140 -0.493 -0.5
0.12 -0.183 -0.406 0
t =02 =04 =06 z=038
0.2 0.012 0.02 0.02 0.012

0.4 0.04 0.08 0.08 0.04

0.6 -0.04 -0.08 -0.08 -0.04
0.8 -0.012 -0.02 -0.02 -0.012
1.0 -0.016 -0.024 -0.024 -0.012
1.2 -0.012 -0.02 -0.02 -0.012
1.4 -0.004 -0.008 -0.008 -0.004
1.6  -0.004 -0.008 -0.008 -0.004
1.8  0.012 0.02 0.02 0.012
2.0 0.016 0.024 0.024 0.016
t =02 =04 =06 2z=0.8
0.2 0.048 0.088 0.112 0.072
04 0.056 0.064 0.016 -0.016
0.6 0.016 -0.016 -0.064 -0.056
0.8 -0.072 -0.112 -0.088 -0.048
1.0 -0.128 -0.144 -0.096 -0.032

714 1<t < 2= Ho gl il X5 & 2 2ol
t}.

t =02 =04 z=06 z=0.8
1.2 -0.072 -0.112 -0.088 -0.048
1.4 0.016 -0.016 -0.644 -0.056
1.6  0.056 0.064 0.016 -0.016
1.8 0.048 0.088 0.112 0.072
2.0 0.032 0.096 0.144 0.128

t =02 z=04 =06 z=0.38
0.2 0.075 0.15 0.1 0.05
0.4 -0.05 0.025 0.1 0.05
0.6 -0.05 -0.1 -0.025 0.05
0.8 -0.05 -0.1 -0.15 -0.075
1.0 -0.05 -0.1 -0.15 -0.2

4. Sev 11.4 (14)A ¢} 28te] c =12 £, (6)A A ¢

Fe
uij1 = u(ih,)j + DR) = 3[f(ih + (5 + DR) +
FGh = (G + 1A} (7})

7.

(6)2] L E2&NA

uio,; = 3[F((6 = Dh+jh) + £((i — 1)h — jh)),
wir1; = 5{f((E+ Dh + jh) + f((E + 1h — jR)],
~uijo1 = —5[fh+(§ — DR + f(ih — (j — 1)h)].
Wwizlel oeid (7h)Ale) L 8Fo] Y&}

I

true solution : u(x, t) = 2L [cos m(z—t)—cos m(z +

t)].

T t=10.2
0.2  0.11755705
0.4 0.190211303
0.6 0.190211303
0.8 0.11755705

t=04
0.190211303
0.307768354
0.307768354 M
0.190211303

t z=0.1 z=0.2 z=20.3
0.0 0 0 0
0.1 0.030901699 0.058778525 0.080901699
0.2 0.058778525 (0.111803399 0.153884177
0.3 0.080901699 0.153884177 0.211803399
0.4 0.09510565 0.180901699 0.248989828

t =04 z=105
0.0 0 0
0.1 0.0951056516 0.1
0.2 0.180901699  0.190211303
0.3 0.248989828  0.261803399
0.4 0.292705098 0.307768354

f(z) =1—cos2nz, g(z) =~ x2, k= h = 0.19]
p=in-3

t=10.014 o,

Uiz = %(ui—l,o + uip0) + kgi ,i= 1,2,---n —
1+ (h

ol A AHE #ated u; 0 = f(0.19) = 1 - cos(270.1 x 1),
g¢ = 9(0.13) = (0.13) — (0.1) o ch. weba ()2 %
12 Ui, 1, ,0=1,2,---n — 1-& 3}

t=0.02¢ o,

Uip = Uj—1,j T U415 — U j—1 ,i=1,2,---n—1

ol ez 3yt Ade b3} 2ot
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z t=0.1 t=20.2
0.0 0 0

0.1 0.354491503 0.575016994
0.2 0.766 0.934508497
0.3 1.271 1.1354915
0.4 1.6785085 1.296
0.5 1.83401699 1.35701699
0.6 1.6785085 1.296
0.7 1.271 1.1354915
0.8 0.766 0.934508497
0.9 0.354491503 0.575016994

1.0 0 0

Sec 11.49] (13)A]e] &}8ted, u(z,y) = (f(z + 1) +
fl@ =) + [2H] g(s)dsel s, f(z) = u(z,0)0l22
3l Aol dsiaid ezt Qe Aol ved w@
JEHE g(s)ds m 2kgiol 22 (8)A ol F=hth

= 0.1,

z 0.2, ---, 09¢ =, 4
= 0.346358169,

0.751566667, 1.25206667,

10.

1.65687516, 1.81148366, 1.65687516, 1.25206667,
0.751566667, 0.3463581690] Ht}.

t =0 =02 zz=04
0 0 0.04 0.16
0.2 0.04 0.16 0.36
0.4 0.16 0.36 0.64
0.6 0.36 0.64 1
0.8 0.64 1 1.44
1.0 1 1.44 1.96

t z=06 =08 z=1.0

0.36 0.64 1

0.2 0.64 1 1.44
0.4 1 1.44 1.96
0.6 1.44 1.96 2.56
0.8 1.96 2.56 3.24
1.0 2.56 3.24 4

o] =2 true solution u(z,y) = (x+t)23% A
x| et

Chapter 19. Review

Geometrically it is an approxmation of the curve
of y(z) by a polygon whose first side is tangent to
the curve at xg.

Tayer formulare| 4 y(z + h) — y(z) = hy'(z) +
O(h)2 BAY 4 9L o, O(h?)E local order#}ta
o =

»E.

Euler methodell4] EmA 3le F0AA £47t
O(h)Y o, o] £ &% global ordere| &}z ¥-&1}.

. error estimate = ||true value - calculated valuel|

Fgx & O(h)eltt. B E F7HA71= i L im-
proved euler method”} glo}.

. Tayer Method : f(z + k) = f(z) + hf'(z) +

Sr@4e
npumerical methodefl 4 & 3o x] 328 w23 A&
L=

- yn+19] 32 7] H3hed.

6712 functionZ 2 24 yn+1S 78 whgolrh. A2
(12a)9} (12b) 2l (14)A el

. Euler Method, Runge-Kutta Method

automatic step size contralo]@ e} 2 &7} F oA
tolerance 3t Bt} o] A A 4L E hpo Z7E F
928 x4slE Holoh

Euler Method® B9 ynt1 = Yn + hf(zn, yn)2
2wtz 1 Ay ek o] 48 WS One step
methodgtz ri.

Adams-Bashforth Method& ®9H ynt+1 = yn +

11.

12.

13.

14.

15.

16.

17.

18.

19.

b (55fn — 59fn—1+37fn_2 — 9fn-3)22 ut2 %
o gt ®at opet 2 A9 FE AAE ol f3ted e
Tt W el

improved euler methodelX y;., = yn +
hf(mn,yn)ﬁ.i u] g} yn+1§k'% y;+1§}:£§_ o &5

o Yntl = Yn + %h[f(xn,yn) + f(mn+1:y;+1)]%
et

-

of| & E9o] One step methody self-starting ofgtx
wateh. fulstd JSoll Al i, vlE] Adsol ¥
ol g7 Aol

a8y Muliti step method& non-self startingzh
2 Zshed Austd ALd A 9, =g
f1, fo, f35& AAsol 87] WEolch.

Second differential equatione] 4 y'3o] Y= 4 o]
TAdo] sirh.

space W80 2 & timewtd o 2 & FF ozt vt
& F#lot 32 2 finite dofferences} 29l

five point difference methods.

Because boundary condition.

A4l wek chach

Laplace equation : ADI-method

Parabolic equation : Crank-Nicolson method

Hyperbolic equation : explicit method

1891 9] 3} 23
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CHAPTER 18. REVIEW

20. wave equation : initial displacement u(z,0), initial
velocity u¢(z,0)
heat equation : initial condition u(z, 0)

21. Solution : y = €%

Tn Yn Error

0.1 1.1 0.005170
0.2 1.21 0.011403
0.3 1.331 0.018859
0.4 1.4641 0.027725
0.5 1.6105 0.038211
0.6 1.7716 0.050558
0.7 1.9487 0.065036
0.8 2.1436 0.081952
0.9 2.3579 0.101655
1.0 2.5937 0.124539

In Yn Error
0.01 1.01 5.0167E-5
0.02 1.0201 1.0134E-4
0.03 1.03030 1.5353E-4
0.04 1.04060 2.0676E-4
22. 0.05 1.05101 2.6105E-4
0.06 1.06152 3.1640E-4
0.07 1.07214 3.7283E-4
0.08 1.08286 4.3036E-4
0.09 1.09369 4.8901E-4
1.00 1.10462 5.4879E-4
23. Solution : y = Le™2* + te®

In Yn Error

0.1 0.50526 -4.13114E-4
0.2 0.51959 -7.34721E-4
0.3 0.54241 -9.90473E-4
0.4 0.57336 -1.20038E-3
0.5 0.61227 -1.38007E-3
0.6 0.65911 -1.54182E-3
0.7 0.71405 -1.69530E-3
0.8 0.77734 -1.84822E-3
0.9 0.84942 -2.00687E-3
1.0 0.93083 -2.17639E-3

24. Solution : y = 2e~% + 52 4+ 1

In Yn Errorx10%
0.1 2.8205 -8
0.2 26790 -15
0.3 2.5738 -22
0.4 2.5033 -27
0.5 2.4662 -32
0.6 2.4612 -36
0.7 2.48T71 -39
0.8 2.5429 -42
0.9 2.6276 -44
1.0 2.7404 -46

25. Solution : y = €%

26.

27.

28.

29.

Tn Yn Error(58) Error(9S)
0.1 1.10517 0 8.60E-8
0.2 1.22140 0 1.91E-7
0.3 1.34985 0 3.15E-7
0.4 1.49182 0 4.64E-7
0.5 1.64872 0 6.39E-7
0.6 1.82212 0 8.44E-7
0.7 2.01375 0 1.08E-6
0.8 2.22554 0 1.37E-6
0.9 2.45960 0 1.70E-6
1.0 2.71828 0 2.09E-6

AAZAE 52 R std ol FatA FH Ao

2

z

Solution : y = e 7

Tn Yn Error

0.2 1.02020133 6.1E-9

0.4 1.08328699 7.40E-8

0.6 1.19721701 3.53E-7

0.8 1.37712642 1.344E-6
1.0 1.64871669 4.582E-6

Solution : y = ez +Inz

In Yn Error
1.2 3.98395076 0.000189546
1.4 5.67681876 0.000461198
1.6 7.92400548 0.000846399
1.8 10.8879797 0.001385703
2.0 14.7759806 0.002131595

295

From y' = z + y and the given formaula we get,
with A — 0.2
k1 = 0.2(.’211 -} yn)
k2 =0.2[zn + 0.1+ yn +0.Y(zn + ya)]
k3 = 0.2[zn +0.24yn —0.2(Zn +yn ) +0.4[1.1(zn +
Yn) 4+ 0.1]]
= 0.2[1.24(n + yn) + 0.24]
and from this

Yn41 = Yn + 5[1.328(zn + yn) + 0.128)

The computed values are

Tn Yn Errorx10°
0.0 0 0
0.2 0.021333 69
0.4 0.091655 170
0.6 0.221808 311
0.8 0.425035 506
1.0 0.717509 772
Tn Yn Error
0.1 1.105 0.00017092
0.2 1.22102 0.00037777
0.3 1.34923 0.00062619
0.4 1.49090 0.00092266
0.5 1.64745 0.00127452
0.6 1.82043 0.00169014
0.7 2.01157 0.00217904
0.8 2.22279 0.00275202
0.9 2.45618 0.00342137
1.0 2.71408 0.00420099
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30.

31.

32.

33.

34.

35.

36.

19. NUMERICAL METHODS FOR DIFFERENTIAL EQUATIONS

Solution : y =tanz —x 4 4

Zn yn Yn Error

0.8 4.2234 4.2297 -5.1845E-5

1.0 4.5376 4.5569 5.4813E-4
Solution : y =sinz

In Yn Yn Error

0.8 0.717249 0.717366 -1.03999E-5

1.0 0.841382 0.841496 -2.50596E-5

1.2 0.931975 0.932076 -3.67559E-5

1.4 0.985398 0.985499 -4.93619E-5

Ynt1 = Yn + [or i p(z)dzolnz r = T pH e
54,
JIr+1p1(@)de = fasr + TV i
Ynt1 = Yn + LT P1(z)dz = yn + h(frt1 —
Lfnd1 = fn) = yn+ E(fntr+ o). o9, fop12
& A 3 fr, 22 gAY
[} pr(z)dz = h (fn + 5V f2)
=h (fn + %(fn - fn—-l))
= %(3fn = fn-1)
}eh A
y;‘H_l =Yn + %(3fn - fn—-l)
;+1 = f(l'n-i-l:y;.g.l)
232g Fo4A o] f2}.

Solution: y=e* —z+1

Tn Yn Error Error
as third degree

0.4 0.04977 0.04206

0.6 0.09826 0.12386

0.8 0.16870 0.25684 1.3050E-5

1.0 0.26303 0.45525 1.3137E-5
Solution : y1 = 2cos(2z), y2 = —4sin(2z)

Trn n Y2

0.2 2. -1.6

0.4 1.68 -3.2

0.6 1.04 -4.544

0.8 0.1312 -5.376

1.0 -0.944 -5.481

1.2 -2.0402 -4.7258

1.4 -2.9853 -3.0936

1.6 -3.6041 -0.7053

1.8 -3.7451 2.1779

2.0 -3.3095 5.1740

Tn n Y2

0.2 1 0

0.4 1. 0.008

0.6 1.0016 0.04

0.8 1.0096 0.11211

1.0 1.03202 0.24134
True Solution : 3 = —6€% 4 3e3%, y2 =
_289: - e3:

Tn v Error Y2 Error
0.05 | -5.9234 -9.9468E-4 | -4.2981 -3.3284E-4
0.1 | -10.705 -3.1212E-3 | -6.2680 -1.0434E-3
0.15 | -18.432 -7.3450E-3 | -9.2807 -2.4536E-3

37.

38.

39.

40.

41.

42.

43.

44.

Solution : y; = —cosz + e, yz =sinx + e*
Tn 1 Error y2 Error
0.2 | 0.24134 -1.7151E-6 | 1.42007 6.559E-6
0.4 | 0.57077 -1.9625E-6 | 1.88123 1.412E-5
0.6 | 0.99678 -6.9491E-7 | 2.38674 2.246E-5
0.8 | 1.52883 2.0736E-6 | 2.94287 3.139E-5
1.0 | 2.17797 6.2482E-6 | 3.55971 4.081E-5
Solution : y = 2% — 3z
In Y1 Error Y2 Error
0.1 -0.3 0.001 -3. 0.03
0.2 | -0.597 0.005 -2.94 0.06
0.3 | -0.8850 0.01198 | -2.8197 0.0897
0.4 | -1.1579 0.02191 | -2.6388 0.1188
0.5 | -1.4097 0.03470 | -2.3970
Solution : y = (322 — 1)
Tn Y1 Error | y2  Error
0.1 | -0.485 0 0.3 0
0.2 | -0.44 0 0.6 0
0.3 | -0.365 0 0.9 0
0.4 | -0.26 0 1.2 0
0.5 | -0.125 0 1.5 0

u(Py1) = u(P12) = 105, u(P21) = 155, u(P22)
115

uij = (Yit1,j +Uio1,j + Vi1 + Ui 1) /4022

Fuis) 7)o gre) ol hech.
Py =196, Pip = 7.86, P13 = 29.46

Liebmann’s method’sel] 2] 8td 15 Setp(5S)=| A #
off 4 gt N
u(Pi1) = 267, u(Pa1) = 30, u(Psn)
270, u(P12) = 90, u(P2) = 60, u(Ps2)
90, u(P13) = 30, u(P23) = 30, u(Pss) = 30

i

t r= z=02 =04
0.02 0 0 0
0.04 0 0 0
0.06 0 0 0
0.08 0 0 0.062
0.10 0 0.031 0.108
0.12 0 0.054 0.172
0.14 0 0.086 0.189
0.16 0 0.095 0.188
0.18 0 0.094 0.135
0.20 0 0.068 0.067
0.22 0 0.034 -0.019
0.24 0 -0.009 -0.086
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t =06 =08 z=1.0
0.02 0 0 0.5
0.04 0 0.250 0.8660
0.06 | 0.125 0.433 1
0.08 | 0.217 0.562 0.8660
0.10 { 0.312 0.541 0.5
0.12 | 0.325 0.406 0
0.14 | 0.289 0.162 -0.5
0.16 0.176 -0.105 -0.8660
0.18 | 0.041 -0.345 -1
0.20 | -0.105 -0.479  -0.8660
0.22 | -0.206 -0.485 -0.5
0.24 | -0.252 -0.353 0

CHAPTER 19. REVIEW
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5. $9E z = 0,--- 05758 }& Fohd yeAe

0.59] v sted o & olch.

t

=00 z=01 =02 z=03

0.1
0.2
0.3

0.00 0.08 0.15 0.2
0.00 0.06 0.12 0.17
0.00 0.04 0.08 0.12

t

=04 z=05 =06

0.1
0.2
0.3

0.23 0.24 0.23
0.2 0.21 0.2
0.15 0.16 0.15



www.semeng.ir

www.20file.org



www.semeng.ir

CHAPTER 20

Unconstrained Optimization,
Linear Programming

This chapter provides an introduction to the more important concepts, methods, and
results of optimization. Optimization principles are of increasing importance in modern
engineering design and systems operation in various areas. The recent development
has been affected by computers capable of solving large-scale problems, and by the
corresponding creation of new optimization techniques, so that the entire field is in the
process of becoming a large area of its own.

Prerequisite: A modest knowledge of linear systems of equations.
References: Appendix 1, Part F.
Answers to problems: Appendix 2.
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1.

20. UNCONSTRAINED OPTIMIZATION. LINEAR PROGRAMMING

20.1. Basic Concepts. Unconstrained Optimization

n =04 9, Vf(xo) = Vf(6,3) = (12,18)

n = 19 ®W, Vf(x1) = Vf(3.484,—-0.774)
(6.968, —4.644)

822 Vf(xo) - Vf(x1) = 12 x 6.968 + 18 x
(—4.644) = 0.024 : :

n = 29 W, Vf(xz) =
(2.654,3.984)

a8eg Vf(x1) - Vf(x2) = 6.968 x 2.654 +
(—4.644) x (3.984) = —0.0086. 5%5. dA&8:
gradient= 4%} ojc}.

ANE Fihe tghe ¢'(t) = 081 t = tpelmE
¢ (tn) = [f(z(a))] = V§(z(ta)) - 2'(tn) = 00
ot 28 2(tn) = znt1, Z'(tn) = Vf(zn)elB2
Vf(@n41) Vf(zn) =0.

it

V£(1.327,0.664)

4o 3k o o 3 oK ok ok A oK K ok ok o 3K ok 3K R ok Kok K ok Kok K K

ohg EAYEHe BEE f(z1, z2)7} quadratic func-
tiono| = 2, t}-&-3} Zro] A Abgc}.
f(zy, z2) = azy + bxz + cz1 + dr2 + ez1722 F
ﬂ’
Vi(z1, z2) = (2ax + c + ex2, 2by +d + ex1)
z(t) = (z1,22) —t(2ez1 +c+ex2,2bz2+d+ex) =
(1 — (2az1 + c+ex2)t,z2 — (2bza + d + ex1)t)
_ dfl(2azx1 + c+ ex2) + df2(2bz2 +d + exy)
T 2a(df1)? + 26(df2)2 + 2e(df1)(df2)
o, dfl = 2az1 +c+ exo. df2 = 2bxs +d + ez

n t z1 T2

] 4 0

1 0.13077 3.7385 1.0462

2 0.425 3.11077 0.889231

3 0.13077 3.08180 1.00511

n t T3 T2

0 1 -2

1 0.22368 1.67105 0.68421

2 0.283333 1 0.851974
3 0.22368 1.03311 0.984418
n t z1 T2

0 5 2

1 0.633598 -1.4880 0.97991
2 1.38540 -1.29286 -0.261496
3 0.633598 -1.40147 -0.278573

5.

9.

10.

n t T1 T2
0 0 0
1 0.021511 0.688352 -0.860441
2 0.284722 1.76390346 0
3 0.02151102 1.845162 -0.1015735

f(x) = :v% —zp0lB R

z(t) = x — t[2z1, —1] =[(1 — 2t)z1, ‘T2 + ],
a8eg, g(t) = (1 — 20222 —z5 — ¢, ¢'(t) =
—4(1-2t)z2 ~1=0. o] 2%, 1-2t = —4—;?, t=

3T lgz clz¥eE e,
z(t) = [—ﬁ xz+%+§-{]
oj2X¥E 71 =1, z2 =12 £4
m=[-k 1+i+1]
zo=1,14+2-3+ % +2]
z3=[-%, 14+3-3+2 -1 +2], etc

f(zljz2) =
(2z1,2¢cx2).

z(t) = (x1,z2) — t(221,2cz2) = (z1 — 2tz1, 22 —

2ctza)

g(t) = (z1 — 2tz1)? + c(z2 — 2ctz2)?

g (t) = ~2z1(z1 — 2tz1) — 2c%22(22 — 2ctz2) =0
2.2

et t =

z? + c?x?
zo=[e, Y Wt = gdy, o = (251, ~=L 5
L=

m? + cxaol2g Vf(zi,z2) =

22% + 2c3x3

c+l 7 e+11 ©

B

A4 FousE fate Aol et )
n t T To

0 2 1

1 0.83 -1.33 2.67

2 -0.83 -3.56 -1.78

3 0.833 2370 -4.740

4 -0.83 6.321 3.1605

5 0.83 -4.214 8428

tztol FoAA gomg of WyE H4Y 4 gk

(PROGRAM)
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20.2. LINEAR PROGRAMMING

301

20.2. Linear Programming

- S1& & stk Fe] convex seto] B Z A

. ole. oA E Bo] f =521+ 2728 Fod Huygre
120)3 o] %€ 4% AB3IS| L& Fel A 127} 1}t

- AY AN FSHE SALE wRo E T

www.20file.org

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

A7 BERY. A HE -z + 22 < 58
—z1 + z2 > ~5& upFelof ot ofuf, Hujgl :
£(9,4) = 270 + 40 = 310

EA 10434 S 2w Hah S 2k A
shx wx F(0,10)% A (3,48 ol 4¥ Aol A 3
£+ 2250] ).

AA7 f3slA gfoenz AHuigte ¢
Hag: (3 §) =19

gt : £(9, 6) =360

ok : £(0, 5) =10

F QXY P =1 4 2z, AQERA : 221 + 422 <
800, 521 + 2z2 < 600,

wetx P2l o gh& z; = 50, z2 = 175¢ =, 2250]
t}.

o1& LIAES A%, 28 LoAES A5er ¢ o,
o elo] § = 15z1 + 10z20lm, AP =L
371 + 322 < 100, 371 + 2 < 80. wakA
Bghe 71 =210, 22 = 609 o, 37508 Ztech.

z1=Number of days of operation of kiln I.
zg=Number of days of operation of kiln II.
Object function : f = 400z; 4 600x2
Constraints :

(Grey bricks) 3000z + 2000z < 9000

(Red bricks) 2000z; + 5000z; < 17000
(Glazed bricks) 300z, + 1500z < 4500
HAFgE z1 =1, 22 =39 o, 2200¢ Z=o

z1=the product of B;. zz2=the product of Bs.
Object function : f = 120z; + 100z2
Constraints :

(Copper) 0.5z3 + 0.75z2 < 15

(Zinc) 0.5z1 + 0.25z5 < 10

H gt z3 =15, z2 = 109 w, 2800& &t}

zi=units of A, zo=units of B

Object function : f = 1.5z; + 2z>
Constraints :

(Protein) 0.5z1 + 0.75x2 < 15

(Calories) 0.5x1 + 0.25z2 < 10

A gL 1 =3, z2 =29 1, 8.50¢ Zt=o}.
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20. UNCONSTRAINED OPTIMIZATION. LINEAR PROGRAMMING

1. The normal form is

20.3. Simplex Method

z—30x; — 2022 =0

—z1+22+23=5

2z + 2 + x4 = 10

A% YW B

z oz T2 z3 x4 b

1 -30 ~20 O 0 0
-1 1 1 0 5

L 2 1 0 1 10

-200] 3080} © 27| W2l 29 W& Ao,

Sol Puch A7 w o] FHA A2 pivotdiet.

[z x3 o X3 T4 b

To=

1 -50 0 20 0 100 o1
_ +20 x 32
Ti= -1 1 1 0 5
3 0 -1 1 5 o3
__oé2

50Tk S0l 3, 3k opdo|mz AWM A2 pivoty

2 T1 T2 T3 T4 b 1
1 5
Lo o 1080 s
3 3 3 50
+-3—X053
To= 2 1 20
+3 x 43
| 3 0o -1 1 s

w2} A basic variables : z7, z2,
nonbasic variables : z3, z4

. The normal form is

z—x1 —x2=0

2z1 + 4x2 + 3 = 800
51 + 222 + T4 = 600
A4 Y At

z x T2 I3 T4 b

1 -1 -1 06 0 0
To= 2 4 1 0 800
5 2 0 1 600

600
lo]-lel g ot o=z 194 d& A3, ——e]

32k =7 WEe YA 42 pivoreh

z T % T3 T4 b ]
3 1
1 0 - 0 = 120 1
5 5 L s
T= ) tsxd
o ¥ 1 -5 560 32
-2 xu3
| 5 2 0 1 600 |

16
560/~ < 600/2, pivot 16/5

2z 1 Z2 T3 T4 b 1
3 1
1 0 0 — — 225 o1
16 8 3
+1g X 42
= 16 2
T2 0 — 1 -z 560
5 5
5 0 —g 1 250 33
_%XoéQ_

L
u}2} 4 basic variables : z1, z2,
nonbasic variables : x3, T4
r1 =50, zo = 1754 =, o3t 225

. Matrices with rows 2 and 3 and columns 4 and 5

interchaged.

. The normal form is

z—11—22=0

3z1 +4x2 + x3 = 550
5x1 + 4x2 + 4 = 650
A YR A5

z 1 T2 T3 T4 b
1 -1 -1 0 ©0 0
To= 3 4 1 0 550
I 5 4 0 1 650
550/3>650/5, pivot 5
[z 1 T2 x3 T4 b 1
1 1
1 0 -= 0 = 130 o1
5 5 . ,
= O:
T = s +5 x4
o § 1 -z 160 42
-2 x 43
L 5 4 0 1 650 ]
8
160/ z <650/4, pivot 8/5
[z x1 x2 x3 T4 b 1
1 1
1 0 0 - = 150 d1
8 8 .
+'8‘ X °é2
To= 0 % 1 —% 160
5 0 —% -5 250 o3
-2 x o2

w24 basic variables : z1, T2,
nonbasic variables : =3, z4
z1 = 50, z2 = 1004 =], Fj3t 150

. The normal form is

z—2x1 —x2—3x3 =0
421 + 322 + 623 + 14 = 12
A AZL A3

zZ I x2 T3 T4 b

To= 1 -2 -1 -3 O 0
4 3 6 1 12

z x1 X2 3 z4 b
T;= {1 -2 0 -1 } 4]
4 3 6 1 12
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A A4 YR A
_ 1 1 = :
To= |1 0 2 0 2 6 fz z1 zo T3 T4 Tz Tg b}
4 3 6 1 12] 1 =5 10 20 0 0 0 O©
mebd 71 =3, 22 = 2,23 =29 o, Y6 To= 3 4 5 1 0 0 60
2 1 0 0 1 0 20
. The normal form is 2 0 3 0 0 130
z = 90z1 ~ 50z =0 60/4=15<20/1=20, pivot 4
z1 +3z2 + 23 = 18 [z =1 z2 =3 x4 z5 76 b
Ty +zr24+24=10 23 15 5
3r1 + o+ x5 =24 . 1 > 0 > -3 0 0 -150
AL AAY A} T= 3 4 5 1 0 0 60
[z x1 To X3 24 T5 b 5 0 _8 1 1 0 5
1 —-90 -50 0 0 0 0 4 4 4
To= 1 3 1 0 0 18 L 2 0 3 0 0 1 30
3 1 0 0 1 24 [z I T2 I3 T4 ITs5 Te b
pivot IE in row 4 1 3_3 i) 0 _§ 0 _§ —9295
zZ T1 T2 T3 T4 s b T 21 2
8 1 = —— 4 0 1 0 _— 10
1 0 —= 1 0 -2 10 z 3 3
T = 3 3 2 1 57 35
2 = o0 o0 == > 2
2 -2 2 12 4 12 2
3 L 2 o 3 0o o 1 30
: Lo ! 0 0 1 2 w2t A} basic variables : x3, 3,
pivot 2./3 in row 3 nonbasic variables : z1, z4, x5, g
I T P
Ty= 0 g 1 -4 11 2 9. The normal form is
0 3 0 1 ~3 2 z —10z1 — 10z2 ~ 20z3 — 2024 = 0
3 3 1221 + 8z2 + 623 + 474 + 5 = 120
| 3 00 -5 o 2 321 4 623 + 1223 + 2424 + 26 = 180
w2t basic variables : 13, z2,z3, A4t g Az
nonbasic variables : x4, z5 [z =1 To 3 T4 T5 e b
1 =7, z2 =3 =, N3t 780 Te= |1 —10 —10 -20 -20 0 0 0
= 12 8 6 4 1 0 120
. The normal form is L 3 6 12 24 0 1 180
z—5z1 +20z2 = 0 120/8<180/6, pivot 8
—2x1 4+ 1022 +23=5 [z T  Z2 T3 T4 Ts T b ]
Zﬁ}‘* Ef’;;+ oy 10 1 5 0 —275 ~15 4§ 150
fis : T1=
Z r1 T2 x3 T4 b 12 8 165 4 é 120
To= [} —5 20 0 0 0 -6 0 — 21 I 1 90
o= -2 10 1 o0 5 - is 2 15 ¢ .
2 5 0 1 10 120/6=20>90/? = 12 pivot 5
5/10=1/2<10/5=2, pivot 10 [z 1 22 3 x4 Ts o b
zZ X3 X9 x3 x4 b 5
1 -1 0 -2 0 -10 1 1 =5 0 0 20 0 2 300
—242 Ty= 84 8 0 - 64 2 4 48
T= -2 10 1 0 5 5 5 3 5
1 15 % 0 B 4 2 1 g
3 0 —5 1 —2— d3 L 2 4 |
1 . 84
—3 X 42 pivot —
@2} 4 basic variables : x-, _2 z . ;c z T r b
nonbasic variables : z3,z3, x4 1 2 3 4 5 6
80 5 180 2200
71=0, 22 =3 o, Haz -10 L o0 0o = = 2
N A
. The normal form is 5 _—%— % 5
2z — 5421 + 1023 + 2023 = 0 o 2 L5 25 750
— L 2 7 28 7 7
3:1 iixz++m5zz ;0z4 =60 w2tA basic variables : z;, z3,
2$1 +3;3 +ie_— 30 nonbasic variables : z2, x4, z5, T¢
1 =
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60 1500
y T2 =

1= 105

2200
7

0, z3 = Fres z4 =04 ‘q]y ﬂ—}tgk

10. (PROGRAM)

20.4. Simplex Method : Degeneracy, Difficulties in Starting

www.20file.org

. The normal form is A AGY A
z—6x1 —1222 =0 [z 3 T2 X3 T4 =5 b
Ty +z3 =4 1 -1 -1 0 0 0 0
To 4+ T4 =4 To= 2 3 1 0 0 130
6x1 + 12x0 + x5 = 72 3 8 0 1 0 300
A4 FHYY A | 4 2 0 0 1 140
[z 1 T2 3 x4 x5 b pivot 4
1 -6 —-12 0 0 0 0 [z z1 =22 =3 x4 x5 b
To= 1 0 1 0 o0 4 1 0 X 9 o 1 g
0 1 0 1 0 4 2 41
| 6 12 0 0 1 72] Ti= 0 2 1 0 —— 60
pivot 1 13 3
[z =1 T2 3 T4 s b-‘ ? 0 1 _4_ 195
1 0 —12 6 0 0 24 L 4 2 0 0 1 140}
T)= 1 0 1 0 0 4 pivot 2
0 1 0 1 0 4 [z T1 2 z3 T4 Ts b
Lo 12 -6 0 1 4] 1 0 o L o LI
pivot 1 2 81
fz z T2 I3 T4 s b T= 0 2 0 0 -—5 60
1 0 0 6 12 0 72 13 g
Ty= 1 0 1 0 0 4 0 0 -— 1 Z 0
¢ 1 0 1 0 4 4 0 -1 0 Z 80
|l 0 0 6 -12 1 0 L 3 .
uie}A] basic variables : z1, z2, %5 w}2}4] basic variables : =1, z2, z4
nonbasic variables : z3, 4 nonbasic variables : z3, =5
o1 =4, 33 =49 W, HeAzk 72 21 =20, z2 =30 o, HHgt 50
. The normal form is . The normal form is
z—6z1 — 1225 =0 z —300x; — 500z2 =0
Ti+zr3=4 2z1 + 8z + x3 = 60
T2+ x4 =4 221 +x2 4+ x4 = 30
61 + 1272 4 75 = 72 4zy + 4z3 + 25 = 60
A4 HYY Az At 24l A
'z 1 T x3 x4 x5 b z T2 Tz 4 5 b
1 0 -12 0 O 0 0 1 -—-300 -500 0 0 0 0
To= 1 0 1 0 0 4 To= 2 8 1 0 0 60
6 12 0 1 0 72 2 1 o6 1 0 30
0 1 0 0 1 4 A 4 4 0 0 1 60
pivot 1 pivot 2
[z 21 T2 73 T4 x5 b Z Iy T2 I3 T4 Zj b
1 0 0 6 12 0 712 1 0 —350 0 150 O 4500
T,= 1 0o 1 o o 4 Ti= 0o 7 1 -1 0 30
0 0 -6 -12 1 0 2 1 0 1 0 30
0 1 0 1 0 4 L 0 2 0 -2 1 0
w}e}A] basic variables : z;, z2, x5 pivot 4
nonbasic variables : z3, z4 : 92)1 "502 “63 :;‘:) 0 11755 451700
z1 =4, z2 =449 o, Hoigk 72 7
Tye 0o 1 6 —= 30
. The normal form is %
2= Ty 2y =0 0 2 -5 30
2z1 + 3z2 + 23 = 130 i 2 -2 1 0
3z1 + 8z2 + x4 = 300 pivot 6
4z1 + 2z2 + x5 = 140
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[2 1 X2 z3 T4 Is b 1
1 0 0 l@ 0 E 5500
3 37
Tsm 0o 0 1 6 —25 30
2 0 —% 0 g 20
1
L 0 2 3 0 —% 10 |
w2} 4] basic variables : z1, T2, T4
nonbasic variables : z3, 5
z1 =10, 2 =59 =, gt 5500
. The normal form is
z — 300z; — 500x5 =0
221 + 8xy + 23 = 60
2z 4+ x2 + x4 = 30
4z; + 4z0 + x5 = 60
AL AL A
R 21 Tz =z3 T4 z5 b
1 —-300 -500 O 0 0 0
To= 2 8 1 0 0 60
4 4 0 1 0 60
| 2 1 0 0 1 30
pivot 4
(2 =3 T2 T3 T4 s b 1
1 0 —200 0 75 0 4500
1
Ty = 0 6 1 -5 0 30
4 4 0 1 0 60
0 -1 0 -1 1 0
. - 2 =
pivot 6
(2 T1 I3 z3 T4 Ts5 b 1
1 0 0 200 178 0 5500
6 31
To= 0 6 12 —55 0 30
4 0 —-§ 51 0 40
1
L 0 0 ~= T 1 5 |
w2l 4] basic variables : z1, z2, =5
nonbasic variables : 3, 4
21 =10, T2 = 5% o, Hej3k 5500
. The normal form is
z—x1 — x93 —23=20
4zry + S5x2 + 8x3 + x4 = 12
8z1 + 5zx2 +4x3 + x5 =12
AL AP A
[z z1 =2 z3 x4 z5 b
T 1 -1 -1 -1 0 0 1]
0= 4 5 8 1 0 12
8 5 4 0 1 12
pivot 8
[z 1 z2 z3 x4 x5 b
1 1 3
1 0 _3 -= 0 - ~
T,= 8 8 2
S 6 1 —- &
5 2
L 5 0 1 12
ivot >
PVOt 5

Z X1 T2 X3 T4 s b
2 12
1 0 o 2 3 1 12
To= 2 5 20 2(1 5
0 = 6 1 - 6
5 2
8 0 -8 -2 2 0

u}g}4] basic variables : z1, 2
nonbasic variables : z3, ,z4, 5
21 =0, T2 =24, z3 =04 o, Hozgt 24

. The normal form is

z—6x1 —6x2 ~923 =0
z1+z3+Tc+r4=1
24+ z34+725 =1

A% Y A

zZ X1 T2 X3 T4 T b
To= 1 -6 -6 -9 0 0 0}
1 0 1 1 0 1
[ 0 1 1 0 1 1
pivot 1
[z =1 =z x3 x4 x5 b
T,= 1 0 -6 -3 6 0 6}
1 V] 1 1 0 1
L o 1 1 o 1 1
pivot 1
[z 71 T2 3 x4 x5 b
Ty= 1 3 —6 0 9 0 9
1 0 1 1 0 1
| -1 1 o0 -1 1 o0
pivot 1
(2 T1 =x2 T3 x4 x5 b
Ty= 1 -3 0 0 3 6 9
1 0 1 1 0 1
| -1 1 0 -1 1 o0 .
pivot 1
[z 21 22 z3 T4 x5 b
Ty= 1 0 0 3 6 0 12
1 0 1 1 0 1
0 1 1 0 1 1]

u} 2t A basic variables : 21, 22, 25
nonbasic variables : =3, 74
T = 17 z2 = 1,23 = Ooé q‘? ﬂt’“{k 12

. Fee BAZ HAgE e EAolZz AE

objective function f = —2z; + z29] e F3}
E 7oz vpe] £

artificial variable z¢ & =3¢l &d

z3 = —-5+x1 + 22+ T6

@2t A 2& objective function f& &2 siat.
f=f~Mze =(-24+M)z1 +(1+ M)z — Mz3 —
5M.

The new normal form is

z+ (2 - M)(l:l + (—1 - M):L‘g + Mz3 =-5M

1 +x2—23=395

-r1+z2+T4=1

5x1 +4z2 + x5 = 40

AL FHY Az
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z T 2 I3 T4 Ty Te
1 2-M —-1-M M O 0 -5M
To= 1 1 -1 0 0 5
-1 1 0 1 0 1
L 5 4 0 0 1 40
pivot 1
[z x1 zy x3 x4 x5 ]
1 0 -3 2 0 0 -10
Ti= 1 1 -1 ¢ 0 5
0 2 -1 1 0 6
i 0 -1 5 0 1 15 |
pivot 2
[z z1 z2 z3 T4 s b
1 0 0 l % 0 -1
To= 1 0 R 0
2 2
2 -1 1 0
0 g -]i 1 18
2 J

w}-2}A basic variables : z, :c22, zs5
nonbasic variables : z3, z4

z1 =2, v2 =3,r3 =04 o, Huzt ~1
a2z A FA Y &AL 1ot}

. The normal form is

z—4z; —x0— 213 =0
Ti+Z2+z3t+rs=1
1 +2x2—x3+2x5 =0

A AR A

zZ x1 =2 X3 x4 x5 b
To= 1 -4 -1 -2 o0 0 0
1 1 1 1 0 1
L 1 1 -1 0 1 o0
pivot 1
[z 1 zo z3 x4 25 b
1 -3 0 -1 1 0 1
Ti= 111 0 1
[ 0 0 -2 -1 1 -1
pivot 1
[z x1 22 z3 x4 x5 b
1 -2 1 0 2 0 2
To= 1 1 1 1 0 1
L 2 2 0 1 1 1

10.

pivot 2
z x1 T2 T3 T4 zs b
1 0 3 0 3 1 3
= 1 1
Ta o 0 1 - 0 =%
2 2
2 2 0 1 1 1

w2} A basic variables : 1, z3

nonbasic variables : z2, z4, s

z1=2, 2220, 75 = S0 A, Aehg 3
artificial variable z6& z4 = 71 + 222 — 6 + ¢
2 =]i5d W& objective function® f
221 +x2 — Mzg

=2+ M)zy + ¢! +2M)zy — Mz4y — 6M

The normal form is

z2—(24 M)x; — (1+2M)zxs + Mzq = —6M
221+ 22 +13 =2

T+ 2x2 ~—x24 =6

Ty +z2 45 =4

A4 sHgn A

o

To=
[z T o I3 T4 ZIs e
1 —2-M -—-1-2M O M 0 —6M
2 1 1 0 0 2
1 2 0 -1 0 6
L 1 1 0 0 1 4
pivot 2
Ti=
{Z r T2 I3 s s zs
1 0 —gM 1+ lM M 0 2-5M
1 1 0 0 2
% —% -1 0 5°
pivot 1
To=
[z z1  zo 3 T4 I35 e
1 3M 0 1+2M M 0 2-2M
2 1 1 0 0 2
-3 0 -2 -1 0 2
-1 0 -1 0 1 2

bR E Mo| o} glc}.

Chapter 20. Review

=3 E st=d control
variableo]] Wi ¢t Z70] gl &

unconstraint optimization : #H8& s=v con-
trol variableel o _75_7,'4_01_',’,}\{- A

- HAZE ohtz W, gro) sbg Wol ast: W

o] ~Vf(z)dgolet el ideas} 9lct.

- IVi(=zn)ll

. (1) take initial zo

(2)for n = 1, cdots
z(t) = Xn — tV f(xn)

. slack variables :

find t minimize g(t) = f(z(t))
if Vf(2z(t)) < TOL then stop.
Xnt1 = 2z(t)

end

. object function : function optimized .

- #3tel 7k Ay el AR Aok Yoluh.

object functione]i} constrainte]]
Sojgli W4

artificial variables
strainto] gl w4,

object functiono]i} con-
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10.

11.

12.

13.

14.

15.

16.

CHAPTER 20. REVIEW

ALg-8l= o] A+ basic variablesg T-olo 2 X&)
£ ¥ & 9, artificial variables& A}&3tc}.

2] Gell A v 2715517 o Fof.
a feasible solution at which more the usual num-
ber n-m of variables ae zero . x| 20-4, 6 &

A B W5E 5716 07} oW WgE shiRolch,

basic variableg &7] ojal g w, =, A P
d o o] convex7} o} d of,

17.

18.

T1

T2

0.112403
0.32
0.112403
0.32
0.112403

Ol W N O3

6
4.65116
1.65375
1.28197

0.455813
0.35334

3
-0.372093
0.826873
-0.102558
0.227907
-0.0282675

T1

T2

0.0558264
0.479085
0.0558264
0.479085
0.055826

UL W N~ O3

2
-1.01462
-0.888521
-1.00054
-0.995857
-1.00002

4
3.77669
2.07432
2.06602
2.00276
2.00245

1

Z2

0.05798
0.3632
0.0580

0
-1.0437
-0.7582

-1.011

0

0.2319
1.516
1.5725

19.

20.

21.

0.3632  -0.94153 1.8831
0.0580 -1.003 1.897

Vf(zo) = (18, -4), Vf(z1) = (—0.7858, —3.536)
a2t Vf(zo) - Vf(z1) =5.15E — 14

Vf(zz) = (4.3522, —0.96715), watd Vf(z1) -
Vf(z2) = -1.0755E — 163=

FA A o]f& Sec 20.1 A 1yle] drdo] it}

Gt W~ O3

2(t) = z - tf'(z), t& ¢'(t) = f'(2(1)2(t) = 0%
%oz Ao

Viddled -Vfg g

22.

23.
24.
25.

Hogt2 11 =2, o = 4% d, 502 ZEc)
HUPL 21 =6, 22 = 3¢ u}, 180¢ =1}
FHAigE 1 =3, 72 =69 o, -54 Zte
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CHAPTER 21

Graphs and
Combinatorial Optimization

Graphs and digraphs (= directed graphs) are presently developing into more and more
powerful tools in electrical and civil engineering, communication networks, industrial
management, operations research, computer science, economics, management science,
marketing sociology, and in other areas. An accelerating factor of this growth is the
impact of computers and their use in large-scale optimization problems that can be
modeled in terms of graphs and solved by algorithms provided by graph theory. This
approach yields models of general applicability and economic importance. It lies at the
center of “combinatorial optimization,” a term introduced about thirty years ago for
denoting optimization problems that have pronounced discrete or combinatorial
structures. ’

This chapter gives an introduction to this wide area, which is full of new ideas as
well as unsolved problems—in connection, for instance, with efficient computer
algorithms and computational complexity. The classes of problems we shall consider
include problems on transportation of minimum cost or time, best assignment of
workers to jobs, most efficient use of telephone networks, and many others. These
classes often form the core of larger and more involved practical problems.

Prerequisites: None.
References: Appendix 1, Part F.
Answers to problems: Appendix 2.

www.20file.org
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21. GRPAPHS AND COMBINATORIAL OPTIMIZATION
21.1. Graphs and Digraph

12.

L, > EE oR EAS

13.

0 1 0
0 0 1
1 0 o
M 1 1 1 1
1 0 1 1 1
i1 1 0 0 O
1 1.0 0 0 14. adjacency matrix] i8) jo 49} j8 id d49 @
1+ 0 00 ol i BX|@= j HAFo| A= gl o, 1o a1,
0 1 1 1] A=A & & 0o] §= & adjacency matrixy: o
0 0 0 © AYdo] Hrt.
1 0 0 0
16 0 0 0] 15. }ZF wigko g A% 5} v}rhe digraph.
0 1 1 17
nin — 1)
1.0 1 1 16. 2Azle Aees Hodx C2 = Tiﬁ} ES el
; ; ‘; é atef G7t completed ), 242 e} FE A Crolth.
L ]
0 1 1 17. When G is complete. )
60 0 1
1 1 0 1 1 06 1 0 1 O
000 1 1 1 8.0 1. 1 0 0 0 0
00 0 0 0 00 01 1 00
0010 0 1 0 000 0 1 1
0 1 0 1 0 -1 -1 1 -1
1 0 0 1]
19. 0 1 -1 0
Lo o o 1
Vertex Incident Edges
1 —e1, —e2, €3, —e4
20. 2 e
3 ez, —es3
4 eq
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21.2. SHORTEST PATH PROBLEMS COMPLEXITY

311

21.2. Shortest Path Problems Complexity

o

n— 1A, 2ot o g BAYE sh o vebd 7
ol L, weba Lo B 45 cycled flof Rt

complete graph¢l 7%= one edge.

. The idea is to go backward. There is vi_; adja-
cent to v, and labeled k — 1, etc. Now the only
vertex labeled 0 is 5. Hence A(vg) = s, so that
Vg~ V3 — - — Vg1 — Vg IS a path s — v; that has
length k.

C ey A e Agsia

BA =04 o, v =so]22 Fdsic]

Aozt I — 1o wisted Aldolzta 7pA st 28
| S o vE ke R B2 2 FeA vRd e
Ae vl W A(vi—1) = |~ lojo}. abeby
A(v) = lojc}. ghof ojebd ve) e v 2%
Holz 22w FA4 5 o5l s — vz Az
ZHIE & Flol 2 o|Z & vrt A g REcte )
of Zgoltt.

. No.

10.

11

HP R

12. Delete the edge (2,4)
13. No, (3,4)% et Avte w2 gict.
14. 1-2-3-4-5-3-1, 1-3-4-5-3-2-1

15. Police patrol, track repair crew, farmer’s best route
for seeding his fields. M

16. Let T' : s — s be a shortest postman trail and v
any vertex. Since T includes each edge, T visit v.
Let T} : s — v be the portion of T from s to the
first visit of v and T : v — s the other portion of
T. Then the trail v — v consisting of T» followed
by T1 has the same length as T and solves the
postman problem.

17. 1-2-3-4-5-6-4-3-1, L=25

18. O(m®)+0(m3) = aym3+bym2+cim+dy+asm3+
bym? + cam +dz = am® +bm? + em 4+ d = O(m?)
kO(mP) = k(amP + ---) = kamP + - -- = O(mP)
0.02¢™ + 100m? = e™ + slowly term = O(e™)

19. O(m)el A& 100m, O(m2)ell & 10m, O(m5)e|| 4
£ 2.5m, O(e™)ell e m+4.6

20. algrithm

www.20file.org
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21. GRPAPHS AND COMBINATORIAL OPTIMIZATION

21.3. Bellman’s Opimality Principle Dijkstra’s Algorithm

. The algorithm gives

1L1—0L2—6 L3—20 L4—18
2L2—m1n{L2, L3, L4} 6, k=2

3. L3.-m1n{20 Ly + l33}=min{20, 6 4 14}=20
L4=min{18, L2 + l24}=min{18, 6 + 8}=14
2.Ls=min{L3, L4}=14, k=4

3.L3=min{20, L4+ l43}=min{20,14 +4} =18
2.L3 =18, k=3

a#HA4 7t gL AL 1-2-4-3

. Let 7 be the vertex that gave k its present label L,

namely, L; + ;. After this label was assigned, j
did not change its label, since it was then removed
from TL. Next, find the vertex that gave j its
permanent label, etc. This backward search traces
a path from 1 to k, whose length is exactly L.

. The algorithm gives

1.1y :0,E2:2,E3:6, .i4=8, Z/5=00
2.Le=min{La, L3, La, tildeLs}=2, k=2
3.L3=min{6, Ly +lo3}=min{6, 5}=5
E4—min{8 Lo +124}_—min{8 9}=8
L5-—m1n{oo Lo + 125} =

2. L3—mm{L3, Ly, Ls} 5 k=3

3. L4—mm{8 L3 +l34}=min{8,10} = 8
ﬂszmin{oo, Lz+1l35} =

2.Ls =8, k=4

3.ﬂ5=min{w, Ly+145} =28

2Ly =28, k=5

oA 7Ha S AL 1-2-3-4-5

. The algorithm gives

1L1—0L2—10 L3—-17 L4—
2L2—mm{L2, L3, L4} 10, k=2
3.L3=min{17, L2 + l23}=min{17, 10 + 6}=16
Ly=min{oo, Lg + lp4}=min{oo, 10 + 3}=13
2.Ls=min{L3, L4}=13, k=4

3.L3=min{16, Lq + l43}=min{16,13 4+ 2} =15
2.L3=15k=3

A 7H B A2 1-2-4-3

. The algorithm gives

1.L1=0,Ly=15L03=2,04=10,Ls =6
2.Lz=min{L2, L3, L, tildeLs}=2, k=3
3.Ly=min{15, L3 + l32}=min{15, 2 + 13}=15
Ls=min{10, L3 + l34}=min{10, 2 + 9}=10
Ls—mm{6 L3 + l35}_m1n{6 24+3}=5
2L5_mm{L2, L4, L5} 5, k=5

3. Lg_mln{15 Ls + l25}=min{15,5 + co} = 15
Ls=min{10, Ls + l45}=min{10, 5+4} =9
2Ls =9, k=4

3.Ly=min{15, L4 + l24}=min{15, 9 + 5} = 14
2Ly, =14, k=2

aMA TR B PL 1-3-5-4-2

7. The algorithm gives
1.L1=0,f/2=2, ng:oo,E4=5,f,5=oo
2.L2=min{L2, La, Ly, tildeLs}=2, k=2
3.Lg=min{oo, L + l23}=min{oo, 2+ 3}=5
Ly=min{5, L2 +lp4}=min{5, 2+ 1}=3
Ls—mm{oo, Lo +l25}_m1n{oo, 2+ o0} =00
2L4_mm{L3, L4, Ls} 3, k=4
3. Lg—mm{5 L4+ l43}—°mm{5 3+1}=4
Es:min{oo, L4 + lys}=min{oo, 3+ 4} =7
2.L3=4,k=3
3.Ls=min{7, L3 + l35}=min{7, 4+2} =6
2Ls=6, k=5
A 7HE e AL 1-2-4-3-5

8. The algorithm gives
1., = O,iz = 8, Ly = 10, Ly = o, Iy = 5,
Le = oo
2.L5:min{E2, L3, [_/4, tildeLs, ES}IS, k=5
3.Lo=min{8, Ls + ls2}=min{8, 5+ 2}=7
L3=min{10, Ls + ls3}=min{10, 5+ 6}=10
E4_min{w Ls + ls4}=min{co, 5+ 5}=10
Le=min{oco, Ls + Isg}=min{co, 5+ 2}=7
2L2_mm{Lg, L3, L4, Ls} 7, k=2
3. Lg—mm{IO Lz +l23}=min{10, 7+ 2} =9
L4=min{10, Ly + l24}=min{10, 7 + 8} =10
Le=min{7, Lz + lp¢}=min{7, 746} =7
2Le=T,k=6
3.L3=min{9, Le + le3}=min{9, 7+ 0} =9
L4=min{10, Ls + lg4}=min{10, 7+ 1} =8
2.L4 =8, k=4 M
3.L3=min{9, L4+ l43}=min{9, 8 + o0} =9
2.L3=9, k=3
A bR e AL 1-5-2-6-4, 2-3

9. The algorithm gives
1.Ly = 0,05 = 10, L3 = o0, Ls = o0, L5 = 4,
Le=15
2.Ls=min{L2, L3, L4, tildeLs, L¢}=4, k=5
3.Lo=min{10, L5 + l52}=min{10, 4 + c0}=10
f,3=min{oo, Ls + lsa}=min{oco, 4 + 3}=7
E4=min{oo, Ls + ls4 }=min{co, 4+ 6}=10
Le=min{15, Ls + lss}=min{15, 4 + co}=15
2.L3:min{i2, I:3, 1:4, I:e}:7, k=3
3.Lo=min{10, L3 + l3z}=min{10, 7+2} =9
L4=min{10, L3 + l3g4}=min{10, 7+ 1} =8
Le=min{15, L3 + l3¢}=min{15, 7+ 0} = 15
2Ly =8, k=4
3.Ly=min{9, L4 +ls2}=min{9, 8 +3} =9
Le=min{15, L4 + l4s}=min{15, 8 + 00} = 15
2Ly=9, k=2
3.Le=min{15, Ly + l2¢}=min{15, 9 + 5} = 14
2Le=14, k=6
a8 A 7t B2 2E 1-5-3-4-2-6

10. Algorithm

www.20file.org
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21.4. SHORTEST SPANNING TREES KRUSKAL'S GREEDY ALGORITHM

21.4. Shortest Spanning Trees Kruskal’s Greedy Algorithm

Edge Length Choice

(2,3) 1 1st
(2,5) 2 2nd
(1,3) 3 3rd
(2,4) 4 4th
(1,2) 5
(4,5) 5
(1,4) 6

A shortest path is

1—3—~2<4
5

Edge Length Choice

(1,4) 2 Tst
(4,3) 2 2nd
(4,5) 3 3rd
(3,5) 4 reject
(1,2) 5 4th
(1,3) 6

(1,5) 7

(2,3) 8

(24 20

A shortest path is

3
2—1—4<
5

Edge Length Choice

(3,4) 1 Ist
(1,4) 2 2nd
(2,4) 2 3rd
(2,3) 3 reject
(1,3) 4 reject
(3,5) 5 4th
(4,5) 7

(1,2) 8

A shortest path is

2
>4—3—5
1

www.20file.org

4.
Edge Length Choice
(7,8 2 1st
(2,8) 3 2nd
(5,6) 3 3rd
(3,4) 5 4th
(1,2) 7 5th
(1,7) 8 reject
(6,8) 9 6th
(5,7) 10 reject
(2,4) 11 7th
(3,5) 12
(4,6) 12
(1,3) 13
A shortest path is
—5
7—-8<6 1
2
—3
5.
Edge Length Choice
(1,6) 1 1st
(2,6) 2 2nd
(3,5) 3 3rd
(3,6) 4 4th
(2,5) 5 reject
(1,5) 6 reject
(2,4) 7 5th
(1,4) 8
A shortest path is
1
5—3‘—6<
2—4
6.
Edge Length Choice
(3,4) 2 ist
(2,3) 4 2nd
(2,4) 6 reject
(3,5) 6 3rd
(1,5) 8 4th
(2,6) 10 5th
(4,5) 12
(1,2) 20
(1,6) 30
A shortest path is
2—6
4_
1
ver - Los Angeles

313

7. New York - Washington - Chicago - Dallas - Den-

8. Order the edges in descending order of length and
delete them in this order, retaining an edge only
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10.

11.

12.

13.

14.

15.

21. GRPAPHS AND COMBINATORIAL OPTIMIZATION

if it would lead to the omission of a vertex or to a
disconnected graph.

Yes.

242S €HE Aol7t & A¥H AdE e oy
cleg ol FE EAUE glofw4 LAelE Fohinch

Edge Length Choice
(2,4) 11 Tst
(5,6) 9 2nd
(3,4) 8 3rd
(2,3) 7 reject
(4,5) 6 4th
(1,3) 4 5th
(1,2) 2
(3,6) 1
A longest path is
. 2
1—3—4
5——6
Algorithm

2tk G7t treevt oleld G cycled 73 oz
webA] I cycled| X £ FAH Alol 9 pathe #Fd3t
A et

5 BAR u, vield pathr} FUsA e
u — v = udhs cycleo] glx el treee] Aol
B o] Hel

connected graph Gej|A ¥H A edges tiA] A
dold GE cyceg ZAY vertexe] degreesl 2o}

16.

17.

18.

19.

20.

Al 7ol ateba] Gt treeztd cycled ZHA] o
31, atekA] vertex2] degrees} 19} A-$-+ path®ojc}.

n=2A & g3 4Pt

nEct ZFE vertexE 7}E EE treeof widted A Y
ohz slab. o] W, TS no| o] vertexE 714l treest
sk, (u, v)E Ty edgest sxb. z22{d ToA
(u, v)Z # graph &= disconnectede|x, G1, G2 &
7}7} connected AJF-o] g}t §#t.o] o}, Z+7Zte] graph
G1, G298 vertex& ni, n2el & o], n1, nas nio}
ztow] gieba 7t ol o sl Gy, G229 edged M4
=n—1, ng—1& 2t} ok Go edged 7+
=n1—-14ny—-1+1=n—1lo|c}.

¥ 457Fx

Expand an edge e into a path by adding edges
to its ends if such exist. A new edge attached at
the end of the path introduces a new vertex, or
close a cycle, which is impossible. This extension
terminates on both sides of e, yielding two verteces
of degree 1.

ek 24 (u,v)E Tel A2d 2AMzz gddd
Te d7= glemz Teto] u — vel pathrt o}
welx 2 pathe ZAE (u, v)E Z§eE cycleo]
=t

qtek G7} treegtd oo 9sle] cycled zZh3 94X
$m FA 168 osled n— 1709 TS )
do g Grlcycled ztn X o1, n—1748 T Az
£ 73 gt 4. 13w B E vertex?] degree:
1o} 3, wtebA] & RAjejAle] 8] pathe F L 3ticl wet
A E& 13 o5t G treeo]d).

21.5. Prim’s Algorithm for Shortest Spanning Trees

G7} treedd =

. Step 2614 WA Usl £34x & n— 142 x|

isted HAeg l;; 5 A4} Step 32 n—2¢ 9
updatingg & 3}, ohg HA ol Step 29} Step
3& dkE sl A n — 32 v} n - 399 updat-
ingg 87l wepA olFA e 2 Agehd niAY
ol 19 vlzel 14 2] updatingel 0|22 8 o] ¥ &
%2 g2 (n —2)(n — 1) = O(n?)o|c}.

- Uskell SIAl ¢h= FA A DA He 42 4

Wl A Yrte g cycleo] glc.

. Hd A= E 2+ spanning treed F3 < algorithm&

Holx 3L distance matrixe] TE Y44 & JHL
Zrtol Aok et ojgk BAS T ik o]n|
O(n?)e] At

vertex 1€ 7t 944 graphol 4 713 HE A 2
& 4 sl

6.

Labelling of Vertices

ver-  initial Relabelling
tex label 0 (11) (111)
2 lio =6 I3 =3
3 hz=1
4 o0 I34 =10 l34 = 10 lsg =2
5 lis =15 115 =15 los =9
L | T (1:3):(372))(275)7(574) wt2kA
L=1+349+2=15
Labelling of Vertices
ver-  initial Relabelling
tex label (I) (I1) (111
2 lho=16 g0 =4 Iy =4
3 l13=28 lyz =2
4 lhea=4
5 o] l45 = 14 I35 = 10 I35 = 10
T TE  (10,49).(4.2),(3,5) @A

L=442+444-10=20

www.20file.org
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21.5. PRIM'S ALGORITHM FOR SHORTEST SPANNING TREES 315

8. Labelling of Vertices

vertex initial Relabelling
label 0y (11)
2 l12 =3
3 o0 l23 =4
4 00 00 l34 =3
5 00 o] lgs =5
6 00 lsg = 10 lge = 2
7 00 lo7 =7 I3z =6
8 lig=8 lg=7 log =7
vertex Relabelling
{I11) v v) (viy
2
3
4 lea=1
5 lgs =5 Iss =5
6
7 {37 =6 37 =6 lg7 =6
8 log =7 log =7 log =7 log=7

et T (1,2),(2,3),(3,6),(6,4),(3,5),(3,7),(2,8)
@24} L=3+4+2+414+5+6+7=28

9. Labelling of Vertices

vertex initial Relabelling
label 0] (1)

2 lig=6 lia=6 l1s =6

3 lia=4 Ili3=4

4 lig=2

5 00 l45 = 20 ls3 = 12

6 [e%e) infty leg = 12
vertex Relabelling

(I11) (IV)

2

3

4

5 ls3 = 12 ls3 =12

6 lo6 = 8

w2t T+ (1,4), (1,3), (1,2), (2,6), (3,5); zelm=2
L=2+44+648+12=32

10. Labelling of Vertices

vertex  initial Relabelling
label T (I1)

2 lig =20 U1 =20 lzgg =4

3 o0 ls3 =6

4 o) lsqg =12 l34 =2

5 lis =8

6 lie =30 U1 =30 l16 = 30
vertex Relabelling

(I11) (Iv)

2 l32 =4

3

4

5

6 116 = 30 log = 10

T TE (1,5), (53), (3.4), (3,2), (2,6); 2elmz
L=8+6+2+4+10=30

11. Labelling of Vertices

ver- initial Relabelling

tex label (1) (I1) (1I1)
2 lis=5 li12=5 lig=5 lia =5
3 l1z =6 lI3gq4=2
4 lhig =2
5 lis=7 g5 =3 las =3

w2t Te (14), (34), (4.5), (1,2); zd=z
L=2+2+345=12

12. Labelling of Vertices

ver-  initial Relabelling

tex label (D (I1) (111)
2 lia =7
3 l13 =13 lj3=13 l13 = 13 l13 =13
4 o] log = 11 log = 11 lag =11
5 e} 0o o] l7s = 10
6 o] o0 lge = 9 lge = 9
7 li7 =8 17 =8 lgr =2
8 00 log = 3

ver- Relabelling

tex (IVv) (V) (VI)

l1a =13 sz =12 lzgg =5

2
3
4 log =11 lpg =11
5 lgs = 3

6

7

ek TE (1,2),(2,8),(8,7),(8,6),(6,5),(2,4),(4,3);
2882 L=T+3+24+9+3+11+5=40

13. Labelling of Vertices

ver- initial Relabelling
tex  label 0 (II) (111)
2 lio=5 lzg2=1
3 l1s =3
4 lig=6 la=6 log = 4 log =4
5 o0 oo los = 2
g2t Te  (1,3),(3,2),(2,5),(24); z=z

L=3+1+2+4=10

14. (a) €(1) = 16, €(2) = 22, €(3) = 12
(b)d(G) = 24, r(G) = 12 = €(3), center(3)=12
(c) 20, 14, center {3, 4}
(e) Let T* be obtained from T by deleting all
endpoints (=vertices of degree 1) together with
the edges to which they belong. Since for fixed
u, maxd(u, v) occurs only when v is an endpoint,
€(u) is one less in T* than it is in T". Hence T has
same center as that of 7. Delete the endpoints of
T* to et a tree T** whose center is the same that
of T, etc. The process terminates when only one
vertex or two adjancent vertices are left.
) 94 FAH v d4Y g M 98 Qe 3
nd Fech n ii-‘u’—lﬁi 7P BE e v g e
adahE d(w, vi)e Ed(vh v2)8} FHE R Sigte

2 wg geoh
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10.

11.

12.

13.

21. GRPAPHS AND COMBINATORIAL OPTIMIZATION

21.6. Networks. Flow Augumenting Paths

. T = {4, 5, 6}, cap(S, T)=10+5+13=28

T = {2, 4, 6}, cap(S, T)=20+10+4+13+3=50

. T = {3, 6}, cap(S, T)=114+3=14
. T=1{3, 4, 5, 6, 7}, cap(5, T)=7+8=15
. T ={3, 6, 7}, cap(8, T)=8+4+4=16

. T=1{4, 5, 6, 7}, cap(S, T)=7+10=17

T = {3, 6}, cap(S, T)=14

. One is interested in flows from s to t, not in the

opposite direction.
S = {1, 4}, cap(S, T)=6+8=14

E}Z flow augumenting path 1 -4+ 5 — 2 —
36

A1g =6, Ags =3, Asz =1, A3 =3, Age =7

248 (2,3)3 (5,6)¢ inflow-outflow=00]7] wj &l
flow augumenting path7} ¢let.

flow augumenting paths ;

P, :1-2-4—-5,A12=05, Aag =8, Ags =2,
webd A =2

Py : 1—-2-5,A12=5, Aps =5, wtzb4q A =3
P3 : 1-3-5 A13=4, Azs =9, wet¥ A=4

flow augumenting paths ;

P :1-2-4—6,A10=3, Apg =2, Ayg =3,
detq A =2

Py :1-4—-6,A14=3, Age=3,, FetA A=3

14.

15.

16.

17.

18.

19.

20.

P; : 1—4—-5-6,A14 =3, Asg5 =3, Ase =04,
webd A =3

Py : 1-3—-5—-6,4013 =3, Azs =4, Ass =4,
wetd A =3

flow augumenting paths ;

Py : 1-2—-4-6,A12=1, Aaa=1, Ay =17,
Hetd A=1

P, : 1-3-5—6,A13=1, Azs =1, Az =7,

et A=1

P :1-2-3-5—-6,A12=1, Asgz =1, Azs
1, Ase =7, dtebA A =1

Py : 1-2-3-4-5-6,A012 =1, Az =
1, Az4 =2, Ay5 =6, Age =7, TetAq A =1

flow augumenting paths ;

P, :1-2—-5A12=3, A5 =3, 1 A=3
Py : 1-2—-4-5,A12 =3, Aag =4, Ay5 =3,
Hehd A =3

P3 : 1—-3-5 A13=2, Ags=2, 5zt A =2
P; : 1-3-2-5 A13=2, A3z =4, A5 =3,
b A =2

P; : 1-3-2—-4-5,A13=2, Aza =4, Ann=
4, Ags =3, b A =2

fi2=8, fis =622%H f=14%<& F&.
f=17
flz=2, fis =228 2H f=494& F5¥}.
F=15

PARY o, 55

21.7. Ford-Fulkerson Algorithm for Maximun Flow

125604 Ay = 2, 142504 Ay = 1 whebA,
maximum flow f=6+2+41=9.

. 1-2-4-601 A A = 1;, 1-3-4-60l4] Ay = 1 whebA,
maximum flow f=2+14+1=4.
1246904 A = 25, 1-3-5-614 A = 1 @A,

maximum flow f =4+4+2+1=7.

E o Hagg Fis EA 4

1-2-56]4 A; = 2;, 1-3-5) 4] Ay = 5, 1-2-3-50]| 4]
At =1 @b, maximum flow f =9+245+1=
17.

S$=1{1, 2, 4, 5}, T = {3, 6}, cap(8, T)=14.

6.

7.

8.

No. o]A-& Sec 21.62] 2} 42 ¢ v}h&ch
(2,3)34 (5,6)

Not more work than in Example 1. Step 1-
7 = dAH g w®lssiz flow augmenting path
Py : 1—-2~3—60] v}&r}.

= flow augumenting path&
A scan 1€ 33 labelling 2,48% ¥eolx Ay =
9, Ay = 10& Qgxch. 2 o scan 2¢ 4
cij = c23 = fij = f23 = 1lo]7] = Eo label
33 58 294 92, E fs2 = 00]o4] label 55 &
o 4= ¢t} scan 42 3Pl Az =7, Ag = 3. I E
2 flow augumenting pathi= P2 : 1 —4 —5— 60}
3,A¢ = 30|t wala i o]4t flow augument-
ing pathsg ¢ 4 ¢7] =&l maximum flow

7)1 8iste

www.20file.org
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11.

12.

10.

11.

21.8. ASSIGNMENT PROBLEMS. BIPARTITE MATCHING 317

11 + 3 = 140},

. forward egdes& capacityztx] A}2% 4 9lc}h. ok

3d 2% 4 glohd B 7z labelg 2 $ g7
i Eolct. u]$28}A backward edgeso] &4 & ofit
7}x] o] c}.

Algorithm

Let G have k edge-disjoint paths s — t, and let f
be a maximum flow in G. Define on those paths
aflow f by f(e) = 1 on each of their edges. Then
f =k < f since f is maximum. Now let G* be
obtain from G by deleting edges that carry no
portion of f . Then, since each edge has capacity
1, there exist f edge-disjoint paths in G*, hence

also in G, and f < k. Together, f = k.

21.8. Assignment Problems.

S={1, 4}, T = {2, 3}
S={1, 5}, T={2, 3,4}
No.

Yes. S ={1, 4, 5, 8}

. S={1, 3, 5}, T={2, 4, 6}

. ohd2. 329,520, 72 5 s AE ohvth Wl

4719, 6718, 8218 5-& bipartiteo|c}.

. 5-1—4-3-6-2

. 1-2—-3-7—-5-4

1-4-3-6—7-8
(174)’ (273) 3 (5?7)

(1’5)7 (276)¥ (3’4)

13.

14.

15.

EE E5Y 4L BEH 9ol

(G, T)7} cut seto]7] W&ol (S, T)} edgess}t gl
Goll4 s — tZ ulE 7} pathr} gioh. 28s RE
edges= §-%o] 1o}7] W&o cap(S, T) < g.

et Eos wike] gl ¢7/19] edgeS o) gtolzt
B3 Go& g/l 9 edgert Yl Get slAl. 283 Vol
Gotell4 s — v& 7} direct path7} Exsle 2
S vEY HA¥elgd d1 Vi€ 1 2 g8 TE HE
o Hgtelet sla. 2H s € Vo, t € Violr] wig
o (Vo, Vi)x cut setelt}h. o] cut set& Vool &2
of olsted Goof edgeS e T 4 g} a8z
(Vo, V1)9] 2E egdes= Eocltell 1z wrebA ¢7] 9]
edgeg Zt=th A= (S, T)= minimum cut seto}
o} @ebd cap(S, T) < cap (Vo, Vi) < q. 2852
cap($, T) =¢

2000

Bipartite Matching

12.

13.

14.

15.

16.

17.

18.
19.
20.

www.20file.org

(1’4)’ (376)’ (778)7 (275)
4
5

ningz

Period -
"1 2 3 4
Tt ¢4 3
T2 ¢1 ¢4 c¢3 ¢
T C2 ¢4 «c3

One might perhaps mention that particular signif-
icance of K5 and K3 3 results from Kuratowski’s
Theorem, starting that a graph is planar iff it con-
tains no subdivision of K5 or K3, 3.
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10.

11.

12.

13.

14.

15.

21. GRPAPHS AND COMBINATORIAL OPTIMIZATION

Chapter 21. Review

. graph : two finit sets of vertices and edges, such

that each edge conneced two vertices.

digraph : a graph in which each edge e = (¢, j)has
a direction from its initial point i to its terminal
point j.

tree : a graph which is connected and has no cy-
cles.

cycle : a closed path.

path : the trail whose each vertex may occur at
most once.

$L L oj&3nE BE On2)Yx9 S-Fo] Y3l
=

graph : salesmann peobelm , postman problem
digraph : network

JdEZ

bipartite graph : a graph in which the vertex set
V is partitioned into two sets S and T (without
common elements, by the definition of a partition)
such that every edge of G has one edge in S and
the other in T.

WX 2o A &, 2dsl7] sl AT oHld, 7]
AL g Foof =1} 55

. graphv} digraph& FE A}sl7] 9 3ts.

ford-fulkerson algorithm.

label& Eo|7] $l3l.

. & H3E sted AHE-E . £35 ford-fulkerson al-

gorithel A& olg.
EEFANH LS 2¥ste DA cycled T3t A
A& FAY network® FAY of &=t

7+ -2 spaning treeg F817] YA ¥ edgeE
A3 Y72 9, cycleo] == edges A A3l F3ict.

174 @& path® FHEE AL 104 8 A%
W, ZE A$FeIA 73 B A o} st o}
Y7 A A 7elth.

maximum flowg F& A & o] AHE= 5 o] Z3 3
HE frg Jels Sec 21.69) Fe 4ol

flow augumenting path : a path (s — t) such that
no forward edge is used to capacity and no back-
ward edge has flow 0.

forward edge : an edge in its given direction.
backward edge : an edge opposite its given direc-
tion.

16.

17.

18.

19.

20.

21.

22.

23.

24.

0 0 1 1]
0 0 0 1
1 0 0 O
1 1 o o
0 1 0 1]
1 0 1 O
01 0 1
1 0 1 o
0 1 0 1 0 O
1 01 1 0 O
01 0 1 0 0
1 1 1 0 1 1
0 0 0 1 0 O
Lo 0 010 0
Vertex Incident Edges
1 €1, €3
2 €1, €2, €4
3 €2, €5
4 €3, €4, €5, €6, €7
5 es
6 (44
4

(1’2)7 (174)> (273)5 Ly=2, L3=5,Ls=5

www.20file.org
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25.

26.

27.

CHAPTER 21. REVIEW

A shortest path is

2
1—4<
3—>5

salesman &+ ZE ZAPE st HdAg
cycleg F8of sl postmanEAEe TE ZAE
Holx I At A Aol 4r) 5 walk§ F
s of ¥r}.

WA n=14 o tree7} 17]ejn 2 5| Yt
n=2W £ 4] trees} 1740l 22 Feda] 4Ych.
n=3w}, trees} (1,2)(2,3) 222, (1,3)(3,2), 283
(1,2)(1,3) 2.2 37fojm 2 gt gr}.

n=4u, treev} (1,2)(2,3)(3,4) 28 3, (1,3)(3,2)(2,4)
52 167)0] 22 wt&E3ic).

www.20file.org

28.
29.

30.

31.

32.
33.

34.

319
Tha maxmum flow is f = 7.

By considering only edges with one labeled end
and one unlabeled.

Yes.
Ford-Fulkerson algorithme}] ¥ capacities?} &<

o/ maximum flowd Tt AL A5E ¢

o]c}.

1-2-3-5

(1,8), (4,5), (2,3), (7.8)
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CHAPTER 22

Data Analysis.
Probability Theory

We first show how to handle data numerically or graphically (in terms of figures), in
order to see what properties they may have and what kind of information we can extract
from them. If data are influenced by chance effect (e.g., weather data, properties of
steel, stock prices, etc.), they may suggest and motivate concepts and rules of probability
theory because this is the theoretical counterpart of the observable reality whenever
“chance” is at work. This theory gives us mathematical models of such chance processes
(briefly called “experiments”; Sec. 22.2). In any such experiment we observe a “random
variable” X, a function whose values in the experiment occur “by chance” (Sec. 22.5),
which is characterized by a probability distribution (Secs. 22.5-22.8). Or we observe
more than one random variable, for example, height and weight of persons, hardness
and tensile strength of copper. This is discussed in Sec. 22.9, which will also give the
basis for the mathematical justification of statistical methods in Chap. 23.

Prerequisite for this chapter: Calculus.
References: Appendix 1, Part G.
Answers to problems: Appendix 2.
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22. DATA ANALYSIS. PROBABILITY THEORY

22.1. Data: Representation, Average Spread

* unit(1.0) * unit(0.01)
0 5 2 -05 14
0 6799 3 -04 7
1] 11122 4. 4 -0.1 8
5 01 2
6 0.2 5
7 5

0.9

0B

06

04

02

0 - .
11 I I B
unit(1.0 N
666 '
e

*
1
1| 77 : ;
1 88 * unit(0.1)
— T 1 48 9
. 5 5 49| 1278
© 10 50 { 34569
" 14 51 ) 1235
2 15 52 8
10| T
?
L
2] sk
° 1 2
* unit(1.0) ®
2 | 037889
3 1469 : *
4 1468
T T T ° 1 2 3 4 5 & 7 8 9 W0 1 12 W 4 s
* unit(0.1)
2 10 29
4 11 05
6 6 12 48
8 13 14
9 15 7
10 18 2

12z 3 ¢ 5 & T 8 9 10 11 12 193 1
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13
17
20

gy

22.1. DATA: REPRESENTATION, AVERAGE SPREAD

3

1 2
* unit(0.1)
1 1122
1| 33333 10-
1 | 444444
1] 55556
12F
0.8
06
04
02
00 2 4 L) 10 12 " 1% 1 k- 2 11.
* unit(1.0)
7 379
8 1 122333
8 4455 12.
8 6666
8 777
T 13.
80
|
® 14.
50]
o}
15.
0]
=l 16.
10p
°0 2 4 L] 10 12 " 16 18 20 z 17-
* unit(0.1)
14 5
15 | 000 18.
15 55
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H

0

1 2
* unit(1.0)

2 19 89
6 20| 0111
7 20 3
200
150
50|
¢ 1 2 3 4 5 L3 7
HFS 9.30]1 mediane 100|t}t. EZEHz:

2.54080| 1 interquartile rangei 11.4-7.2=4.20]|
T} .

HgL 16.8750]2 mediand 170}, T EHAE=
0.83450] 7 interquartile range= 18-16=20}c}.

FFL 35.14200|1 mediang

A  9.11340]3  interquartile
28.75=13.750]t}.

HFL 12.60)|3 gy = TO|BEE T — gm = 15.6. EF
HA(AE 9 o)ax)7t 22 Z o] o] mT}.

-1, 0, 301.

NTmin < T1+ -+ Tn < NZmaz ol FHE n2
v "o

fu

3.5355, 1.2010 So]gto] glof x| o B2} o] AT E
Foleh

Qu3 IQRE 7, such 7317] 48 Ado] Yok
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22.2. Experiments, Outcomes, Events

2 A, 2 &bl o} QA L8 ubA L)
st Qubat 270, Pubat 390,

. F49] ABE 93 £FE 1,y8 31 (zy)2 B

3k (1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1),
(2:2), (2,3), (2,4), (2,5), (2:6), (3,1), (3,2), (3,3),
(314)1 (3’5)’ (316)7 (471)’ (4’2)1 (473)’ (474)’ (475)’
(4’6)) (571)’ (572)7 (5)3)7 (574)’ (5’5)7 (516)’ (671)9
(6,2), (6,3), (6,4), (6,5), (6.6).

4R o, dRS FPHH(FRol god AF 5
7hx]), e T,

60) kg W7kxl F4191(die)& A% WAThe o) F
W3l ASE FE Aok &, 399 FE FRAA.

. % Eo] 474 1,2,3,4,5,6,7,8,9,1008A ol vt H¢

7t ot

A U B = {(1,1),(1,2),(1,3),(2,1),(2,2),
(311):(313))(4,4)a(5:5):(676)}- Ac=(1’2), (173)7
(1,4), (1,5), (1,6) (2,1), (2,3), (2,4), (2,5), (2,6),
(3,1), (3.2), (3.4), (3,5), (3,6), (4,1), (4.2), (4.3),
(4,5), (4,6), (5,1), (5,2), (5,3), (5.4), (5:8), (6,1),
(6,2), (6,3), (6,4), (6,5). B°=(1,4), (1,5), (1,6),
(2,3), (2,4), (2,5), (2:6), (3,2), (3,3), (3,4), (3,5),
(3,6), (4.1), (4.2), (4.3), (4,4), (455), (4.6), (5.1),
(5,2), (5,3), (5,4), (5,5), (5:6), (6,1), (6,2), (6.3),
(6.,4), (6,5), (6,6)-

41 2 mutually exclusiveojt}.

mutually exclusiver} ofv2id 159 w7t o=z
vebbs 90 slejof @k A& mutually exclu-
sivee|t}. FAl$izt 378eld (6,6,3)2- AH$7F A7
232 A% mutually exclusive7} o}rc}.

A=(1,1), (2,2), (3,3), (4,4), (5,5), (6,6) . B=(1,1),
(1:2): (1,3), (271), (212): (3y1) . AUB:(171)7 (2a2)a
(8,3), (4,4), (5,8), (6,6), (1,2), (2,1), (3,1), (1,3) .
AN B=(1,1), (2,2) . A°=(1,2), (1,3), (1,4), (1,5),
(1,6) (2,1), (2,3), (244), (2,5), (2:6), (3,1), (3,2),
(3,4), (8,5), (3,6), (4,1), (4,2), (4,3), (4,5), (4,6),
(5,1), (5,2), (5,3), (5:4), (5,6), (6,1), (6,2), (6,3),
(6,4), (6,5). B°=(14), (1,5), (1,6), (2,3), (2,4),
(2,5), (2,8), (3,2), (3,3), (3.4), (3,5), (3,6), (4,1),
(4,2), (4,3), (4,4), (4,5), (4,6), (5,1), (5,2), (5:3),
(5,4), (5,5), (5,6), (6,1), (6,2), (6,3), (6,4), (6,5),
(6,6).

o, {a}, {b}, {c}, {a,b}, {a.c}, {b,c}, {a,b,c}.

11.

12.

13.

14.

15.

16.

gl 60l Yo A= 1714, SHAE 5714, A
HA = 257kA], WA= 125714, b &= 6257}
A, &, 7181714, E°e dAUAAAE 60] viehtx
B AL &, AYo] 6A o]Fo Es H$EL
Aol

L #e2lE 23 FAL Eo] Folsleh. 2. A g 8
T EAH Sof Felglch 3. HEE duw glon
EA4 4 Eo] Folgldh. 4. HEF AR glen &
A4 & ook 5. HE Guw gdon 574
¥ ¢ odid. 6. H2E 13 P g £
Gk 7. #eE M3 EAE & oyl

No defect=7

Both-defect

L-defect=6
=4

intersection of A and B

(D)

AN //
L0y
//// v

& £A} 2ol A AAY mAE 2

union of A and B

7

intersection of complements of AB.

£

&

AA FPAA Aol 542 of= Aoz 2l AP
3tA @ AL Ad £t Ao 431E A4 &
A ¥e AE s A S wed 5,
(A%)e = Acolch. AMAY FatA gt AL o}F
AE goh. 5¢ = 8. o}FAE gt APl E o}FE
3t et 5, TARY YT A Woloh.
AdE £33 A E &5t AT Ao St &3
A dene 2ot F, FAYeld
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22.3. Probability

Fol 44 o 37tx], 5L 47}1x], 64y 57tAjolm
12/36 = 1/3.

Yol 744 671A), 8w} 57}x), 9YUw) 471x], 108
37txjo] =2 30/36 = 5/60]t}.

Z+ Aol dgA duamt U FEL AAlsbd
1/3x1/3=1/9. &,1—1/9 = 8/9.

fuiabgl g BEL 10/30 x 9/29 = 3/29. &,
1 —3/29 = 26/29. wjmsld 8/9 = 232/3617%
26/29 = 234/361. F, v]2UFEY W9 HFo] o
E1=8

(a) 29 %29 o 9/10 x 9/10 x 9/10 = 729/1000.
(b) ¥ =922 =49/10 x 89/99 x 88/98.

60 sttE }ox] S HEL (5/6)% = 125/2180)
=g 1-125/218 = 93/218.

TP TR grtd BAREH v 2%
o AsE 2A e

48.ch 75}'7‘]‘—" i X-3 ¥to] o= 73‘?"1—' (171): (1’2))
(2,1) (3,1), (2,2), (1,3)eleh. &, 94/100 = 47/500]
4¥c} F HFEFold).

- WA e Epolojel] tiat ol =2 0.9%0]c}

(a) (1/2)2 = 0.25.
(1/2)2 =0.25. (d) 50/200 x 49/199.

96/100 x 95/99 x 94/98 x 93/97.

(b) (1/2)> x2 = 05. ()

12.

13.

14.

15.

16.

17.

18.

19.

Aol Hd 252 $EE Pel g 2 Hox
st ojabo] A Z B5Y YES 1 - Plojg}. o)A o)
0.99% ¢} 271§ vletm2 P* < 0.010]3 P2 < 0.19]
t}. &, P < 0.31622777¢}d =},

Aoz Prjolide] eAFse HES 1 - (1 -
0.04)® = 0.125364. &, ©% 2AFsi= BFL
0.874636.

(a) %ol glo2i™ 0.982 = 0.9604. (b) &Fo] 17}
old 0.02 x 0.98 x 2 = 0.0392. (c) 25 Eojw
0.02% = 0.0004.

(a) ¥9 AYolm2 1/2. (b) (1/4)2 x 2 = 1/8.
(c) MlEdd A9 AUA =7t 2 maledt fe-
maleg] 492 v}ref A Absid 100/200 x 100/199 x
99/1983} 100/200 x 99/199 x 100/1982] ¥ 2 glal
A% (1/2)% = 0.25.

4] et

P(A - B) + P(B) = P(A). P(A— B) > 0o]z2
P(B) < P(A).

PANBNC) = P((AN B)NC)ojuz =
P(ANB)P(C|ANB) = P(A)P(B|A)P(C|AN B).

P(A) = 0.5,P(B) = 0.5, P(C) = 0.5, P(AN B) =
0.25, P(BNC) = 0.25, P(C N A) = 0.250]c}. 18
W P(ANBNC) = 0. ge}A (16)9) opx|at ALe 4
HatA ghech A Aol g4 Sgolets o A
F 999 Eo] SYPolte T & Fo|r}.

22.4. Permutations and Combinations

(1234), (1243), (1324), (1342), (1423), (1432),
(2134), (2143), (2314), (2341), (2413), (2431),
(3124), (3142), (3214), (3241), (3412), (3421),
(4123), (4132), (4213), (4231), (4312), (4321).

N (a’) (a'!e)1 (a7i)? (a'70)’ (a'Yu)7 (eii)7 (e7o), (elu)l (i10)7

(i7u)7 (O?u)’ (e’a’)’ (i’a')’ (O?a‘)’ (u,a), (i7e)’ (076))
(n,e), (i,0), (wi), (w0). (b) (ae), (ai), (a,0),
(a,u), (&,i), (e,0), (e;u), (i,0), (i,u), (o,u). (c) (ae),
(a,i), (a,0), (au), (&), (e,0), (eu), (i,0), (i,u),
(o,u), (a,a), (e,e), (i,i), (0,0), (u,u).

. 5070 ol 4] 470E W= Y olD B (50-49-48-47)/(4-

3.-2) o] A 2303007}.

. 7' = 5040.

. 8ol A 3L W 2Fo|mZ (8-7-6)/(3-2) = 56.

6.

10.

11.

. 26%qrael 2ARE

dA 10745 2708 54E B3 8A4F 34 xUTE
Fx de Aol = HE (7] g 10705
2709 A B HEL 1/450| 11 874F 3 & B
%82 1/560| 22 1/(45 - 56) = 1/2520.

97C7/100C100] 2.2 2/2695.

Bs 103749

2A32.
17576000,

. 61/6 = 120.

olFMNe FE F FollM EE 5 £F ddsinz
9.8 =7271x4.

$413 L& BEL 3C3/9C3 = 1/840l3 53] &
4 #82 6C3/9C3 = 5/21¢]x}.
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13.
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15.

22. DATA ANALYSIS. PROBABILITY THEORY

(a) 8C3 = B547lA. (b) 6C3 =
2C1 -6 C1 = 127} K. (d) 2C9 = 17}%].

207}, (c)

20C; = 190. &, 190/365 = 0.52.
CAS PROJ

(a) AL AL nrtxl FHAAE n — 1714, A
AAE n — 27hA. o|¥A Al&sd kiiAe] dge
(n—k+1)7kA. ol & 25 Fald nAdA kAE
A2 A3l Fei¥ e 7H4. (b) o1F 34 A
g AHEr|2 W fA 0 =1 A k7t o]
Hg ddgolE g4 AdUt.n=p-1d ® =&
A kel dalA FHRY Ao 4YPHET 71
Ak ol n = pUd, BE Adg kol Wi 2
o] Yol w54 Bold Ht. k=1 A& pAd
A 1AE ¥ o2z Ad dgisid $5 2y 4
o] AP AYsich k= md of AZA @ 7Y}
Ak =m+1< F 9§ Beld H}. o] Hfoll& mA
& 85 3 A S o & Hol22 mAE §
AT prm-1Cmell 1& SAE Eold 2L 25
A 2L A S-olct. oA 28 Bole Wlol dis] na3)
H, o] FA UE Folle 1S A TE AT a}o]d)
FEI A7 £ 3t 28 44 G2E m+ iR e
Zo] Hed FALY (25 AR Eol7] A) mA) Rz
o o] 18 T3shx] Wakelof ok e & 4 9
ool R AFE 2, pR AEE M HE] FEE
Yolm2 7Hgel 3t po1im-1Cmeolcth. o)A 3%

22.5. Random Variables,
f(1) =1/14, f(2) = 2/7, f(3) = 9/14.

$e W ohARAN 27 = Th_ nCrE A4
2 =R 0sColet. &, k=273,

FO) + j(1)+ £(2) + f(3) = o] =2 Tolate} ko)
e dg & ook

- F(0) + F(1) + £(2) + £(3) + £(4) = 100k = 1614

k = 0.01.
=i k/m! = leld kTl = TR 1/ml
1—k(1+1/2Y).

P(X >4)=0.5. P(X <3)=0.25.

- (2) B4 AR BT Fjd el T2 Aolo|

vis et ¢ = 5.6. (b) 729 F4elm2 ¢ =4. ()
c=2.2.

P(X < ¢) = 0957 5]& £& F(z) = 0.95¢ &
o]Z2 1 - e %1% = 095614 In(0.05)/ — 0.1 =
29.957323. F9} fo aefx e 2tz ohe 2ok

M dehles A2 m+10) R2 FE2FS 9
m7 #Ae] FERY FoA 1,27 gd Al 32 &
o4 qE RAEoid) o|FA pE Eole AR BN
AZEE pym-1Cm +p+m=2 Cm + -+ +m Crr o]

Hi olE pymCmyroltt. () (Z) + (kil)‘%

al/(k!-(a~k)) +a!/((k+1)!-(a—k—1)1)o|c}. B3
st Exhe al(k+1) +al(a—k) = (a+1)lo]m 2%
T k+D!(a—k) = (k+1)!-((e+ 1) — (k+ 1))}
ash 2 (311)olo @ e+ 08 ne 82 2
Adcta Azreta. 29 kol WS FAS 2@y
HE Astal dn A" Fo 4 weisid a2y
WAL ALY Foll oA} He B ASE oS
kA, b8 n— k7l AHg3td AE sd Aget Fo
S vloidE e el avt T4 A kg
233t Fohd Ass Fdsich ozl AFst =

w22 BaAe cleleh (0 (D) (14 apas

zk o) Agolm (rzk S (14 z)9) A 27 kg A

Folet. o7& Fatd 279 A5} fa kol e g
Yohe AL et ZE HHE 5 Tetd 279 A
FE& F¥hE Folok ol (1+2)PHe s A $otx
Z. (f) 2" = Z::O nCg, n2n~1 = EZ:o knCp,
(a+b+c) =3 oiran Y/ (Plgir)aPbic" 5 1 o
|| £ ol k.

Probability Distributions

11.

-----------

nnnnnnnnnn 3

9. [l kz =104 k(112 - 0.92) = 2. &, k= 5.

10. P(X = 0) =7 C2/10C; = 7/15, P(X = 1) =3

C1L7C1/10C; = 7/30, P(1 < X < 2) = 0,
P(0.5 <X <5)=1~P(X =0)=8/15.

150041274 2] A4S BT LE7L DA kool g
ot @ohel A7t 15004127 x) AR e BE
& 15 f(z)dz = 0501 2.2 0.5% = 0.125.
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12.

13.

14.

15.

16.

22.6. MEAN AND VARIANCE OF A DISTRIBUTION

A 9 HEo] lolmE k = 57} et 8749 axle 7}
B39 BEL20.02x5=0.10]22 5007 g &
FF 9] 4= o= 500 x 0.1 = 507 o]}

AA &Fo] lejzzg

qgsted Fobd k = 0.2/(1 -
e 20). P(X >58)=

(e7! —e~2)/(1 —e~20).

kAol Hgow 60 vtedd k — IHAXE=
6o] vtow <tHEch. &, }EFLS (5/6)F1 x (1/6).
koAl sl 1¥E o] FEEE FHuAA visid
1/6 x1/{1—5/6) = 1.

JZ f(z) = 0.475Q z& 2% 0.8.

1748 o] 100 Eol4el W4e 71 HES 05
& 10007 o] o &) A= 5007. P(X <99.5) = 0.375.
P(X < 99) = 0. Fs} fo] 28z % 7zt s 2
c}.

T Y T e e e )

17.

18.

19.

20.

327

AHe Bgol lojz 2 k = 3/80] Wk P(X
c1) = 0.1l A ¢ = 0.80]Z ¢; ~ 0.929. P(X
c2) = 0.99) 4 ¢3 = 7.20| 3 ¢y ~ 1.918.

IAIA

f(z) = 0.4z. 0.2(3% - 2.52)2.75/5 = 5.05.

FAZ X > b X > b X < ¢, X < ¢
X <borX > ¢, X <borX > cojr}.

{(X: X< C{X: X <clolmz |d42H 22.39
189 & Fz3id =t

22.6. Mean and Variance of a Distribution

Ck = 1/808 AR ASEA 20l Fohich ¥

@S (0-1+1-3+2-3+3-1)/8 = 1.5 34
(0%-1+12.3+22.3432.1)/8—1.5° = 3—2.25 = 0.75.

BFL (1+2+3+4+5+6)/6 =35 2
(12422432 4-42+52462)/6—3.5% = 91/6—12.25
2.917.

il

5/36

BEE [CreTTdr = 1. AL [Prledr -
12=1

gL 1/10013m #4412 0.

BFEL4-2=2. AL 42.1=16.

k=6/0.2% = 750. dq& fol.gl f(z)dzolz o] §&
& A Astd B FIS lojoh B4 ~ 0.204—0.404+
0.205 — 02 — 0.005k = 3.75.

10.

11.

12.

L T T S R T Y

fé*“’é_ g o] 2k [1'% f(z)dz = 0.375 - 2 = 0.750]
DZ B94EL 0.250t}

1054 se] Be 0= YL ulech

2 [C f(z)dz > 098 wEse CE Fahd "ot
3 -3¢ +2.18 > & WF3E ¢ FaH ek o] 3
2 o & 1.0729¢|c}. & 1& 422 40.0729.

A g WFro] 7/20122 2074 A=
700} el 7inigto] ..

Js fdzs A4sd Fge 05
0.52 = 0.05.
(X —0.5/4/0.05).

rye 03 -

standardized variable® Z =

Folxl o Azt HEo] 5HA=HE FL 955
Ao wabol @ S%E Tohe EA2 f f=095
dul o) c& b "o} <F 0.8650n}. & Wz &

=22 8650 &.
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13.

14.

15.

10.

11.
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Jolzf(z)dz = 6.
Ssoo00 f(z)dz = 1500,

30000mt o] 2 HEL

37 s 7] e (104204 30440+ 504-60)/6 =
350|ct. & qwlel 3540 =4 Ad P

(a) E(X — p) = B(X) — E(u) = B(X) —p = 0.
(b) ()3 (8)& wimstd (10)o] vhech (2)%4 (9)F
slastd (11)o] Yot} Aol Wy BFe 1 4
4 AAlolth. oo FVEE FEAYl A &
4 AYHEZ 15 TP FRSE Tl dHA
% ol sHssit. () B(XF) = [Po*/(b - a)dx
= (BFF1 — a*H)/[(k + D - o). (@) A¥H

3 #3¢F FL J¥Solth $¥FolEE PR L
0ol z3fE 71@golh & [23f(x)dz = 0. (e)
ooz —1)3 f(z)dw = 11.

x|

s

||||||||||

() hFal g A Z & 4 ek

22.7. Binomial, Poisson, and Hypergeometric Distributions

sCx(1/2)5. sz 1/32, 5/32, 31/32, 31/32¢]t}.
Qt g FFo] 0.75u 7 1 — 0.75% = 0.68459375.

g2 HE o] 09547 1 - 0.9520 = 0.642514080]
Hojx v uh& #E.

o] 470l f(z) = 4%/xle™t. f(0) = e,
F(1) = 4e™4, f(2) = 42/2¢74, f(3) = 43/3le74,
f(4) = 4% /4le™4, F(5) = 45 /5le~1.

p =054 f(z) = 0.5%/zle” 05|t} P(X >2) =
1= f(0) — f(1) =1 —e=05 - 0.5e705,

(1 - 0.02)!% = 0.981% = 0.7385691.
(1 —0.02)100 = 0.98100 — (.13261956.

Haxor 9 29, 198 Hests
15&0]c}.

A7t

J

3o

rlo

EgEo] 0.19MxE, 1007 s HFHoR 0.15
o] B3 0.1%/zle0laxg 1 — 01,

AHE EFFe] 0,1,23Y FEL T-gH o] A
A8t} 15C3/20C; = 91/228, 5C1315C2/20C3
105/228, 5C215C1/20Cs = 15/114, 3C5/20C3
1/114.

i

(a) 10C3/13C3 = 120/286. (b) 3C110C2/13C5 =
135/286. (c) 3C210C1/13Cs = 30/286. (d)

12.

13.

14.

3C3/13C3 = 1/286.

WEol glE BHEL 2F PJEY TFoln Y HF
}F2 09 &,1-0.910

() dGlat = T dH ) d f(y)

30, aket®i f(z;). wetd GR(0) = 33; <k f(z;)
E(X*). G'(0) = ¥;zif(z;) = E(X). 28z
d*G/dtk = [ d*(et®)/dt* f(z)dz = [ zFet® f(z)de.
ek GEN0) = [ztf(zydz = E(XF).
G'(0) = [zf(z)dz = E(X). (b) GH)N(0) =
Yro02FnCep®qnT® = Yok f(a). (c)
G'(0) = pial/(n — 1)) = np = p (d)
G®(0) = p’n(n — 1) — p® = npg. (o)
G(t) = Tr_get®e s [aly® = e~ X(etp)® /ol =
e~here’ 4 = G(0) = e “pe* = p. o =
G®N0) — pu? = e Fper(l + p) — u? = g
f) emCe = MM - )t} = MM -
DYz - DM -1 - (z = D))] = Mpy—1Cz-1.
°ol& ol&dd AR AL FHsiriz .
Boo= Z:Ef(it) = ZzMCIN—MCn—m/NCn
= EMM—IC:L‘—IN“MCn——z/NCn =
My_1Cz1/NCn = Mn/NyCpn/nCrn =nM/n.

(@ +b+ " = i onCila + b)FcrF
= SiooXionl/k(m - k)Y - k/QNE -
DYa'b*=tcn—ko) "t L,k —I,n — k& 22} pgrz
¥ = 3 4o hren B/ [Plgir!]aPbicT. YubH oz
ol B A s Hostd IS 7€ 4 o
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22.8. Normal Distribution

P(X >12) = P(Z > 1) = 0.5 — 0.3413 = 0.1587,
P(X < 10) P(Z < 0) 0.5, P(X <
11) = P(Z < 05) = 0.5+ 0.1915 = 0.6915,

P9 < X < 13) = P(-05 < Z < 1.5) =
0.1915 + 0.4322 = 0.6247.

P(X < 1125) = P(Z < 1.5) = 0.4332 + 0.5 =
0.9332, P(X > 100) = P(Z > —1) = 0.3413 +
0.5 = 0.8413, P(110.5 < X < 111.25) = P(1.1 <
Z < 1.25) = 0.0301,

P(X < ¢) = 0.050} 4 (c—50)/3 = 1.65. ¢ = 54.95.
P(X > c) = 0.016] 4 (c—36)/0.1 = 1.28. ¢ = 48.8.
P(]32] < c) = 0.59 4 ¢/3 = 0.67. ¢ = 2.01.

P(X < ¢) = P(Z < (c—36)/0.1) = 0.584]
¢=136. P(X >c¢)=P(Z <(c—3.6)/0.1) = 0.1}
A (c—3.6)/0.1 = 1.28. &, ¢ = 3.728. P(—c <

X — 3.6 < ¢) = 0.999¢14 ¢/0.1 = 3.29. =,
c— = 0.329.
. P(X <4) = P(Z < —1) = 0.5 — 0.3413 = 0.1587.

P(X <4)=P(Z < ~c1)o]nz &L o] Er}.

P(0.009 < X < 0011) = P(-1 < Z < 1) =
0.6826. =, 1000 x 0.6826 ~ 682.

P(X > 2048) = P(Z > 208/v/1010) = P(Z
0.881) = 0.5 — 0.3106 = 0.1894.

\%

. P(X < 500) = P(Z < 0.2) = 0.5+ 04772 =
0.9772.
P(0 < X <10) ~ &((10—-1040.5)/v/9.9) - &((0—

10 — 0.5)//979) ~ ®(0.159) — &(~—3.337) ~ 0.564.
P(X > 15000) = P(Z > 1.5) = 0.5 — 0.4332 =

0.0668.

P(X < ¢) < 0.05, (c — 1500)/50 = Z = —1.654] 4
c=1417.5.

13.

14.

15.

P(X > ¢) < 0.2, (c— 1000)/100 = Z = 0.856] 4
¢ = 1085.

(a) AFEEIXE #H2P}t (b)) V2rd(—z) =
[T ze™# Pdpolet. W4 2 = —tz wFw
= [l —e /24t = [®e~t/24t o] WeE
22 oM = VoT — f7 e #  2du =1 - &(2).
(€) ¥4 wl &2 (=1/0% + (z — p)? /o )ezp(—(z —
1)?/(20%). HIHE (z - y)z = o2 =,
= pto (d) 2md*(o0) = [ e~v?/2gy
[ e 1212, e —(u2+v2)/2dudv =
02" i re="2/2drdg = 1. (e) Vomo? = [ _(z -
w2em (=W dr = 1/ [ fPutev /2 gdu =
B2 [ (~u)(—ue™* /)du. A7l $EHEL of
gt HEge Faid "k = 67 [°7)
B2. (f) binomial distribution€ normal distribu-
tionell ZbA|71H HFH ¥4 g npapgeltt.
Pnp —ne < X < np + ne)d 2. nprt
Hgoel22 ol P(-ne < X —m < ne)d 2
I 2 el dasl n — ocoold o] & 127
oG (g) p* = 2 fl@)dz = [(az + ) f(z)dz
= a fzf(z)dx +c = ap+ e o2 =
J(@*—p*)? f(:z:)dx—f(cla:+cz—c1,u—cz)2f(x)da:
=c? [(z — p)?f(z)dr = 2o

b7} efgreld P(X < b) = 0.5+ P(0 < X < b), b7}
5o P(X <b)=05-P(0< X <-b). a7t &
Fold P(X > a) = 0.5—P(0 < X < a), a7} €% 0]
WP(X>a)=05+PO0L X< ~a), BF °§—’F ]
HWPa<X<bh)=PO<X<b-P0O<X<a),
bat Pla < X <b) = P(0 < X < b)+ PO <
X < —a), 2% 2Fojd Pla< X <b) = P(0 <
X < —a)—- P(0 < X < =b). k7t 058} =
qPX <¢) =k PO< Z < (c—m)fo) =
k—-05% B3 ¢& F¥. P(X > ¢) = k=
PO < Z < —(c—-m)fe) = k— 058 ¥1
g F@uh k7t 0580k How P(X < ¢) = k&
P(0< Z < —(c—m)/o) = 0.5~k& B3 c& 73}
P(X>c)=ke P0< Z < {c—m)/o) =0.5-kZ
B3 cE 78t 282 P{p—~c< X < p+c) =ke
PO<X<utc)=k/22 ¥31 49 g A&
.

—u2/2d,u —

(—u)(

e~ /2du =
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22. DATA ANALYSIS. PROBABILITY THEORY

22.9. Distrubutions of Several Random Variables

.EFez Ure k=1/30. P(9 < X <13,Y < 10. HFL 54100 = 105, B((X + Y)?) = E(X?) +
1) =1/30, P(X <8,3<Y < 4)=1/15, EY2Y12B(X)E(Y) = 110254 4 E(X2) = 0.22+
52 = 25.004, E(Y?) = 0.5% + 1002 = 10000.25. u}

. P(X>4,Y>4)=0,P(X<1,Y<1)=1/32 gha BALS 11025.254 — 1052 = 0.254.

. k=29 P(X+Y <1)=1/9, P(Y > X) =05. 11. 7z Aol Wz g 1,---,ngt od X A

2 EQelth. Z = X1 + ---Xnd ol¥E-Fo]

- fi(@) = (8 -12)/32. faly) = (8 —)/32. % wZ) = E(Z) = LE(X:) = np. o =

Y(2? ~ 2zp+p?) f(z) = Ya(z — 1) f(z) + u—p?

- fil@) =1/(81 — e1), fa(y) = 1/(B2 — az). =n(n — 1)p? + np — (np)? = npq.

. e 2. 242 0.032/10000. 12. B(X) = p= M/NANA EC X)) = S E(X;) =

nM/N. 2ol dajx= 5P Ao sigl=lnz

- WFE 50X + 49YE FEo FFL 50 - 0.5 + FE 5 gm
49 - 0.05 = 27.45. E((X + Y)?) = E(X?) +
2B(XY) + E(Y?)oj A E(X?) = 0.05% + 0.5 = 13. E1(1,1) = E1(1,2) = E1(2,1) = E1(2,2) = 1/4,
0.2525 E(XY) = 0.5-0.05 = 0.025 E(Y?) = E3(1,1) = E2(2,2) = 1/8, E2(1,2) = E2(2,1) =
0.022 + 0.05% = 0.0029% o sl HALL 0.2525 3/8. E1 3 E¥ marginal distributione] M2 3
2500+25-49-0.025 +492-0.0029—(50-0.54+49-0.05)2. o}

. (a) fi(z) = 1/0.04, fa(y) = 1/0.04. (b) 1x.c} Fo} 4. Flai < X < brya2 <Y < bg) = F(X <
of el Soj7t2 g 0.5. bi,azg < Y < b)) —F(X < a1,a2 < Y < by)

= F(X < b,Y < b)) —F(X < b1,Y < a3)

. (@) fi(z) = 2e-22, foly) = 2e~Wolm Fsld —(F(X < a1,Y <b) ~F(X < a1,Y < a2)).
f7b " &, S¥eich. (b) (a)ell4 Fch (o)

1-— fo fi(z)dz =1 —e% 15. A7+ 5w =
16. Golel s &g sict.
Chapter 22. Review .

- Aoy 142 Axgch SA2EIY LS e HlolE 8. Foixl Algfel aj A D Abde] LAY Wiz 5
9] 271& vﬂ?& detE 4 9dn ErIY T A= dlolE A.

g FAES Lot o7t 4ok AR T A= dloE
2] AA A ﬁ HrtAgE v 44 2dgd. 9. A Aol gt HEo] Ahulzol: ol Ao A
F7t BolE4E 52 ZAR.

- EZE SAS ¥EEL ol Aert o2 F1 £A

ojs 1 ol & 9 7t = A7l st 10. & Fxste] A HEL L] A FFH BAL T
6}— ﬁz‘% wXIs}:u_ o] o] AE weo et =

A 2R Yl AT vlolE & el 252 NS #Uso] wpge.

- A#7tA FjEe] ot 7]ME HEH 24AHEEH 11. 7} <2 marginal £ ol tigt $E-2 Fsled
A)E FE o4t} EE7F dojAd o] & F¥olet ¥k gz a9

HEUTES HE SYo|g} ot

- g8 qAahg B4 diel delA At i &sle o
B YA UYL ASE 25 HFES A7) ) 12, 4 Aol A -5 Fol UYdsle A& wdolet
At dlejel g A stm WA, olrt Ao & e FEE B AL 2¢elel Aot ol JYEE
ARA T 53k A& et 7o BA 7 AU 59 o Ago s M.

- AL A8 &A= ot 1 HHTE AR 13. deigre Aldel s 1 AE Adse(xF e
2 EHAE 2RS F Ug W I A5gE W Y ) dolch old Uy &L AEF TIPS gtk
€zttt olZo] g eHpelr.

4. Sgdse o4EHS7} glet °]a°ﬂ W SPELo

- AR EFe dodA AlEe A ES b o 2olA HgH EAE File 5 1 XY EHE T
olef 1. e del F23% J|Eoz aﬂm FHd A4

o gelstch ojdis ol A4t gl olo ¥
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

CHAPTER 22. REVIEW

A AL BTE FaRYc

S <
Wi HELTYSE Foo] AR A
=
.

TEAYREE S FolQ EX 23
Oo]m ¥4t} 19l X E wt=t A& Tgt

I& AFLELF wol o] &3}

299 B8 7H AW Je WRHE H e 1
Aol el R47} dehs BEEE S} w2 of
g2 gol},

ozl WSS FHoE vyl Tojgy
7b ok webA ZoldEE PFwo R sled &
Atk hypergeometric distribution %= Z£e 24
A4 UY A5E ¥ W dehde Aste] Hg 2 x
oltt.

BEE FohAY AFZ SFol D dolEl) WS
Fohe o ol g3te ol EEYFELE [N o]x F
A1 YHALEE EEHNT(TEYFRE, EEYT

W) o] &3ioh

FHT & i} Ado] FAHE Fahed o) 25
Bao] dailMe 2 EFE BAAge] YA o] AW
t}.

7Fssteh. P(B — 4) = 0ol e}, P(S — E) = 0o]
o "ot

A HEghol 1o]x 4ol 0BTt ZAY e ¢
Fe TELIYTE £ 5 o

A4S it AWe 22 "o 2 A5 U
HES AL Y2 HE 5= g

Hell 3 BEL2 1 Holl s Fold FEUT YL
Y ExE wEch d&5¥FU ASde Fo VEL
0olct.

Aol did A= 500 o] astAwt FEo o
A4 &4 2] B ol '

* unit(1.0)
2 10 49
5 11 001
8 11} 335
10 11 68

28.

29.

30.

31.

32.

33.

34.

35.

331

4 5

NTmin KT1+ -+ Zn < NTmazol4 FHE ne s
e "o

2

wwo] vhebibs 3147} 2474 0,1,2,390 47bA17} gloh.

2E A5 b5 dold. A7) $gL 0.5m.
QEEECREES

SEEEEREES
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36.

37.

38.

39.

40.

41.
42.

22. DATA ANALYSIS. PROBABILITY THEORY

(a) A9 FEo] Ertstd £FFe) 474 0,1,2,3
vrixle] A#{st A2 2F FHo| sHeId
12C3 = 110. (b) 9C3 = 84. (c) 9C23C1 = 108. (d)
9C13C2 = 27. (e) 3C3 = 1.

AAANAY 18§o] lolmz P(¢) = P(S°) =
1-P(S)y=1—-1=0.

niA ] FSoT Po| & HELS (1/2). HF2
S0 K(1/2)F =2.

52C13.

6!/6°.

o4

Tt 185 2 25 ) as .

Fs} f& 27 ogst 2ok

039) 4

08

07|

08}

43.

44.

45.

46.

47.

48.

49.

50.

0.05

k= 1;(1 — e-az). ‘P(;( 231) = (es-l —se';)/(l -
e"?).

HFL 0-1/4+1-1/2+2-1/4 = 1. Fie
02.1/4+1%2.1/2+22-1/4-12=2.

HEge #HFEHPL ofdd [T flz)dr =
Jooem®dn — [PemFdz = 0. S
I 2 f(z)dz — p? =4 -0 = 4.

FEe [l - 22%)dz = 1/3. 24 [)(22% -
223)dz — 1/3%2 = 1/18. 2 [y (z — 1/3)3(1 ~ z)dz =
1/135. =, skewness: 54v/2/135 = 2v/2/5.

1005] {2} AFEL 0.02.
(b) 0.983.

(a) 3C-0.02%0.983-=.

P(X > 83) = P(Z > 1) = 0.5 — 0.3413 = 0.1587,
P(X < 81) = P(Z < 0.33) = 0.5+ 0.1293 =
0.6293, P(X < 80) = P(Z < 0) = 0.5,
P(78 < X < 82) = 2P(0 < Z < 087) =
2.0.2486 = 0.4972.

P(X < ¢) = 09504 (c — 14)/2 = 1.65¢] H1,
¢ = 173. P(X < ¢) = 0.05914 (c — 14)/2 =
—1.657} sl1, ¢ = 10.7. P(X < ¢) = 0.995¢] 4
(c — 14)/2 = 2.58¢] =31, c = 19.16.

5X + 4Yel| uig Faa B4 E(BX 4 4Y) =
5E(X) + 4E(Y) = 5-5.03 +4-0.14 = 25.71.
E((5X +4Y)?) = 25E(X?) +40E(XY)+16E(Y?)
= 25(0.0082 +5.032) 4 40(5.03 - 0.14) + 16(0.0052 +
0.142) ~ 685.8405. V(5X + 4Y) = 685.8405 —
25.712 = 24.8364.
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CHAPTER 23

Mathematical Statistics

In probability theory we set up mathematical models of processes and systems that
are affected by “chance.” In mathematical statistics or, briefly, statistics, we check
these models against the reality, to determine whether they are faithful and accurate
enough for practical purposes. This is done mainly as a basis for predictions, decisions,
and actions, for instance, in analyzing markets, planning productions, buying
equipment, investing in business projects, and so on. The process of checking models
is called statistical inference.

In this process we draw random samples, briefly called samples. These are sets of
data values from a much larger set of data values that could be studied, called the
population. Examples are 10 diameters of screws from a large lot of screws, 100
household incomes in your community, 5 values a die turns up in 5 trials (here the
population is hypothetical, consisting of an infinite sequence of outcomes of trials).
Such an inference from samples to a population holds true, not absolutely, but with
some high probability, that we can choose (95%, for instance) or at least compute.

Methods of statistical inference are based on drawing samples (“sampling,” Sec.
23.1). Most important are estimation of parameters (Secs. 23.2, 23.3) and hypothesis
testing (Sec. 23.4, 23.7, 23.8) with application to quality control (Sec. 23.5) and
acceptance sampling (Sec. 23.6). The last two sections (Secs. 23.9, 23.10) give an
introduction to regression and correlation analysis, which concern experiments
involving two variables.

Prerequisites for this chapter: Chap. 22.

Sections that may be omitted in a shorter course: 23.5, 23.6, 23.8, 23.10.
References: Appendix 1, Part G.

Answers to problems: Appendix 2.

Statistical tables: Appendix 5.

www.20file.org



www.semeng.ir

334

11.
12.

L8 £HE

23. MATHEMATICAL STATISTICS

23.2. Estimation of Parameters

o~

1 m 1IN\ h
el — - - h=——
() () emr=mmys
lnl:—nln\/‘27r—nln0'—h

1
R

=
i
3=
i
8
w,
Il
81

=1
p=z.
b—a st A AE AS, F a7t bR S BE Qo]
Db A E PolH = ——— o] FHF E AT
(b-a)?

747ich.
~ n 1
B_Z:C]_g.

1
lfzg)ﬂ:j
g=1. \
éZ%—Z,F(z)_—_{l_e , 20

z 0, z < 0.
a8 nd Ad g5 Fz) (B2 BE #4) 7 F(z)
$ 2 TAYE G5 A

23.3. Confidence

TAgez Yam 77 B
WAZ 32 F 317] wFolch
2.576 - ——= = 0.773.

100

0|7t 30% Hx Foirdeh.

T 8 olF o] Tte] o} % (¢4 3 wF) of AFIet
412 77 CONF.99{28.45 < p < 33.71 }.

n =8, ¢ = 1.960, T = 10.25, k = 0.832,

A8 £7F CONFg.05{9.41 < p < 11.09}.

415 77t CONF g.05{74.25 < 4 < 75.37}.

EE 378 Lol s 7 Zolsh 2 8.

(a) n= (2 : 1.960:;;)2 ~ 4.

& oA

®)n=(2- 1.960%)2 ~ 16.

n = 290, Ly 0.3, L ~ 0.18, % ~ 0.09, k = 0.832,

a
A8 7+ CONFg.99{16.21 < 1 < 16.39}.
18] F7F CONF ¢.99{15.308 < 11 < 15.692}.

.n—=1=4 F(c)=0995=>c:4.60,

7= 659.2, 52 = 22.70, k = —— = 9.8,
n

A2} F32F CONFo.99{ 649.4 < p£ < 669.0}.
A1 F7+ CONFq.99{62.71 <p<65.29 1.
n = 24000, = 12012, § = — = 0.5005,

n
ol¥ HE WF S 24000 Wel AlgeAd el
Ve gEe Age std, ol M 24000p HA
24000p(1 — p) 9 A £Z 2 TAY & ot
240005 = 12012, 240005(1 — p) = 5999.99,

9.

10.

11.
12.

13.

14.

k:n e Aoy 33 3,
l:pk(l—‘p)n_k7
Ini =kinp+ (n—k)In(1 — p),
k n—k .k
= yk=np,p=—.
p l-p n
1 =pk1(l—p)n~h1...phm (1 — p)n—km.
Inl=(ky+--+km)lnp
+{nm — (k1 + - + km)] In(1 — p).

1 1
(k4 ) = [ = (a4 bl
k14 +km =nmp.

m

1

‘_2+3+2 7
P= Nt

3
I=f= p(l—p)”
lnl_lnp+(z—1)ln(1—p)
-1

3>
i

5 1-p z
. 1
p=_-

I

1

2418 ol p= = o

Intervals

13.

14.

15.
16.

17.
18.

¢t — 12012

€ T2t 2578,
/6000

¢* — 12012 = 2.576+/6000 = 199.5,

412] 77+ CONFg.00{ 11812 < p < 12212},

415 77t CONF g.60{0.492 < p < 0.509}.

c=1096, 7 =87, s =T1.86, k = % =0.742,

48] 77+ CONF .95{86 < u < 88},

A8 371 CONF95{0.17 < p < 0.18}.

n—1=29, Fe:) = 0.025 = ¢ = 2.70,
F(cz) = 0.975 = ¢ = 19.02,

&(c) =0.995 = ¢c=

z = 253.5, 95 = 54.5,

4.5
kl—i;%ZZ—?a‘—'ZOIQ

54.
k2~i;3_ﬁ—(‘)5—2‘ 2.86,
A1%] 7+ CONF.95{2.8 < 0% <20.2}.
’ﬂil"r"\} CONF g.95{23 < 0% < 553}.

7, Fc1) = 0.025 = ¢ = 1.69,
F(cz) = 0.975 = ¢ = 16.01,
T = 17.7625, 7s% = 0.73875,

scy
k1 = —= = 0.437
1 \/;l_ 3
SC2
ko = —= = 0.046,
2= 7

218 77t CONF 0.95{0.046 < o2 < 0.437}.

Zt7b g 120, 198 o}z ¥4+ 36, 100 &1 FF RE.
el 17228 Ao FAl 14(g) ol s 4X; - X2 &
HF4-16-12=52 2 24 16-8+2=130 2 &
7 EEo
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id

19. Z=X+Y & 3g 210 |1
P(208 < Z < 212) = 67%.

Fa4.25 ¢ A &

¢

’

20. 2 1o o8 55 Z = F7 40N, 44N A A

5 ¥Zolch A7 N & 7hupe] Folch.

P(Z < 2000) =
2000 - 40N
2N

& (M) = 0.95,
2VN

> 1.645, N = 49.

23.4. Testing of Hypotheses, Decisions

L T=XTH0 _g1s<c=194, 744 A,
T
2. 7}d :p=0.5.
&%*ﬁ X : 4040 W1} Al o] L2 E

= 2020, ¢? = 1010,

c — 2020
P(X<¢)=®| —— ) = 0.95,
( se) ( 1010 )

¢ = 2072 > 2048,

wetA 7t g 2173 4 gl
3. ¢=6090 > 6019, ¢ = 12127 > 12012, 7} A«
4. V4 1 p = 60.0, el : = 57.0.
9

0'
Ba s, = - =045,
= n 20 60.0
P(X < ¢)p=t0.0 = ® | ——— ) = 0.05,
(X < eJu=c0.0 («m)

¢ =60.0 — 1.645+/0.45 = 58.9 > 3,
webd 7 g 1.

4

5. — =1.8, ¢ =57.8, 7} AH.
n
N 58.9 — 57.0
6. 7(57.0) = P(X < ¢)u=57 = & | ——c—
n(57.0) (X < QJu=s7 ( V045 )

= $(2.83) = 9929,
7. u < 58.69, u > 61.31.
8 Ho&xHF.

9. n=5, n = 200.

n - n

10. 7} : o = 35000, Thek : pu > 35000,

37000 — 35000
5 = 2.00 > ¢ =171,

V25
744 717t AE dAe) ol9e e

11.

12.

13.

14.

15.

16.

17.

18.

19.

744 : p = 50009, et : p # 50009, t-E-E X o] %,
900 — 5000
t= ——20—5— =354 < c=—2.01, 7} 7]z

V50
4 obRI Al g, T : ol

HEHT X 400 ““-4 ZAteld NER A4 F,
—np__300 0% =npg =175, a =5%
c— 300
= 1.645, ¢ = 300 + 1.645v/75 = 314,
V75

#2843 3100l c ¥op 23X 4. 7M1 B5
237t Ei vhob A A g

oFZ
7+4 - i}°l RE, et Zold, X F o],
= —— =211 <c=237, 7} M.

1A o'
n—1=27,Y =

=25, gt : cro < 25,
2 2
27
(n - 1)5_ S
25

PY>c)=a=5% =>c—16.2,

= 1.08572,

y=1.0852 = 1.08-3.52 = 13.23 < ¢,
B 25 AYelnz 74 717 BE FHAE S
zgsle 2ol 9 vl
7t4d Ho: o =08, Wat Hy:0 > 08,
n—1—19,y_(n—1)—-—.-2969
P(Y<c)—1—a—95%=>c—3014>y, .
7Hd A,
7t - 0'1——0'2:"‘“"" 0' >‘72:
? 350
ni—1=5n2—1=6,vp= k= =565,
s2 7 619

PV<c)=1-a=95%, = c=4.39 < v,
7Hd 717 AdA 2] Falel T 2 Y
EAEc =2k

to = VA—a? . = 333> c=1.70,

52 + 52
B 7t v
*% A3
ny+nz —2 = 28,

nlng(nl + ng ——2) T~
n +n2 '\/(nl —~1)s2 + (n2 — 1)s2
= _3.58,

c2 = 2.05 (o = 973%), c2 = ~2.05 (a = 23 %),

to = —3.58 < ~2.05 = ¢ ]2 & 7} 7|7 2R

o] chzch

74 Ho : pp = po, Wt Hy
— ko

Tp= Y.
— oo.

o
n—o0oolHt=

=
714 ¥re 239 336 98 ARH.

debd Zae 2718 27HAAE 24 E date BE
24 FolAe A BAY HAE Rabste ol AF
ek
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23. MATHEMATICAL STATISTICS

o 2(b).

23.5. Quality Control

o 2(a).
. LCL =1—-2.58- ? =0.974, UCL = 1.026.

0.02

. 1+3-——2==1+0.03.
NZ)
(2 25892) ~ 27,
02

V2 =141 93 74, %:1.32@%7;4:;-%&
o] Ao Ze EHE Fo}.
LCL = 3.5—2.58-L304 = 3.464, UCL = 3.536.

LCL =3.5, UCL = 6.5.
FH=EE Hg-EEY Hi.

T

10.

11.

12.

13.

14.

15.

-n g S7HE 2R £E 4] AXAR o = W

st et

. LCL =np—34/np(1 —p), CL = np,

UCL =np + 34/np(1 — p).
BE W@F Z 7t T 27 n o A8 EFFL AFol

W o] Wae] B4 npq olch HAH X = 2 o
2 = P4 — 0.000384 o]c}.

Lot =
UCL "004+30'—00988
utzhx FAo] B Felsn glA] ot
(a) LCL = p — 3/, CL =y, UCL = p + 3,/R.
(b) LCL = g —3/F=-21<0 o]2Z,
LCL =0,CL = p =3.6, UCL =9.3.
4 28 279 4 9] & 28
(a) oF 30%.
(b) < 5%.
23.3 Ao Ml 1o o4
LCL = nup — 2.580+/n, UCL = nuo + 2.580 /1.
B¢ d48d F7h S249 d93. T

{\]

r._'>:’
3

23.6. Acceptance Sampling

0.9825(x = 0.2,¢ = 1),
0.9384(u = 0.4,c = 1),
0.4060(p = 2,¢c = 1)

P(A;6) ~e™® Z (ne) olmg ghEol Zha;

0.9098(p = 0.5,¢c = 1) (1%),
0.7358(u = 1,¢ = 1) (2%),
0.0404(xc = 5,c = 1) (10%).
0.8187(p = 0.2,¢ = 0),
0.6703(u = 0.4,c = 0),
0.1353(p = 2,¢ = 0).

. P(A;8) = e~208(1 +200),

6 = 1.5% = P(A;0.015) = 96.3% = a = 3.7%,
B = P(A;0.075) = 55.8%.
P(A;8) = e=3%9(1 4 306).

. [6e=3%(1 + 306)) = 0 => @ = 0.054,

AOQL = fe~3% (1 4 306) = 0.028.
_,_ (20-200)(19 —208) _ 19.47%,

380
5 (20 — 208)(19 — 206)
- 380

= 14.74%.

10.

11
12.

www.20file.org

. TR 601 — 9)2.

§ HI(2D) AR
0.0  1.00 1.00
02 063 0.64
04 035 0.36
0.6 015 0.16
0.8 003 0.04
1.0 0.00 0.00

(1-6)" +né(1 — )1
208y (202086
pasey = L)

_ (20— 306)(19 — 206)(18 — 208)

6840 !
P(A;0.1) =0.72, P(A;0.2) = 0.49,
A 1A B} Fo &)

1\3 1 1\2 1
1—- = =il == = -
( 2) +3 2( 2) 2
P(A;8) = e~209(1 4 208),
[8P(A;0)] =0 = 0 = 6 = 0.0809,

80P (A;80) = 0.0420.
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23.7. GOODNESS OF FIT. x2-TEST

1 _ _5_
18 (1-0)%, [0(1-0)°)' =0, 6 = =, AOQL = 6.7% 2 (—_—C o °'5> ' <__° 5 °'5> +098
14. 8 =0.05, P(4;0) = 0.98, ik = 0.9859 478
n = 100, np = 5, npg = 5 - 0.95 = 4.75, = ¢ = 4.5+ 2.214/4.75 = 9.325,
) (100) 0.05%0.95100—= weba ¢ e R 9 1} 10 & s o Wo}.
=Nz 15. 7‘37‘# TE T} o] &,
c—-5+0.5> (o-s-o.s) 100 100
~® -® = 0.98, 0.12%0.8819°7% = 229
( Va5 NZ%G ,;0 ( ) "
23.7. Goodness of Fit. y2-Test
— 2 _ 2
Loxg =0 5050) (60 =507 _ 45 c=3a4, 5. x2=10.264 < c = 11.07, 2284 o &.
6. K—1—-1=1,
TRAENA ¥ FA. 13+3+8
2. x% = (ié1<c—384 TR EA. =" 1" —4% = ¢ = 3.84,
- x§ =3 <e=1107, 3% Fasl. X5 = §((13-8)? +(3-8)2+(8-8)?)] = 6.25 > c,
B n /\|7
4. x2 =1.628 +26.582 + 7.426 + 52.250 + 3.945 TRE AT Holrt YA
+2.359 = 94.19 > 11.07, 7}7}.
7. A=F=38704, K —1—1= 10,
s | F@ 7dg 243g A1) 9%
0 | 0.0209 54.38 57 0.1265
1 {0.1015 210.46 203 0.2645
2 | 0.2577 407.29 383 1.4478
3 | 0.4502 525.45 525 0.0004
4 | 0.6541 508.42 532 1.0932
5 | 0.8050 393.56 408 0.5297
6 | 0.8024 253.87 273 1.4410
7 | 0.9562 140.37 139 0.0134
8 | 09823 67.91 45 7.7294
9 09934 29.20 27 0.1664 .
10 | 0.9978  11.30 10 0.1503
5.78 6 0.5498

23.21> x3 =
8 F=59.87,5=1504 K~1—-2=2,

13.5125, T & F&¢ 2 A ¢te] Poisson £E 5 o] glet:=

7t & A

z | 22 @(’;“) AU 29 4 1) 9
58.5 -0.91 0.1812 14.31 14 0.01
59.5 -0.25 0.4028 17.51 17 0.01
60.5 0.42 0.6623 20.50 27 2.06
61.5 1.08 0.8608 15.68 8 3.76

11.00 13 0.36

9.21 > x2 = 6.10,

X5 =1<c=384, T5 A,

10. 502+b 7t Mg 712sr] AR HaY A 4,
2_{)0— > ¢, b> 54/,
o4
50 + b = 60,63,64 (%2 5%, 1%, 0.5%).
, 102 102 10
11. x5 = +E=—<C_384
A FRE ZL A& 7R A% Y4
12. _2('7_‘- m"“?—l’ﬂ' ﬂ),

Zleigt : 9 A=10, <= #=390,
xl"%i 1,

13.

14.

EE&S FE¢ 2ol A EXH dde M-S A

49 49

2= -4 _— =503>3.84,
X =75+ 300 >3
o} 7|7-f

. 732+ 232 +972

0
A RAde) Bl e
n=3-77 = 231.

=18.02 > ¢ = 5.99,
o},

=

1

(a) a; = iO =11.55, K = 20, a = 5%,
A 19, x3 = 24.32 < ¢ = 30.14,

7Ha A,

(b) a = 5%,

AFE 1, x2 = 13.10 > ¢ = 3.84,

www.20file.org
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. P(X=5)=

23. MATHEMATICAL STATISTICS

7t 717
(c) & = 5%,

23.8. Nonparametric

(3)(0.5)® =3.12% < @, 74 717
P(X =4) = (})(0.5)* = 6.25% > a, 7}d AH.
M4 p=0,
571 717 ok 27 A& #HE
_ 16 1 6 1 6 _ 9’
744 7\ &% ‘

- 7t A St B £ Aolrt g,

FEEA o[zt g AFE &7, 89 A,
A7l BEc 7ol 8y 958 &#E

1 8
P=1[1+8] (5> = 3.5%,

744 712 A7V B uh $43kch
745 A St B & Rel7t 9%,
EeelA 08 27, X : k5 A%,

P(X =9)= @ (%)9 =0.2%,

714 717k A 8} B = #ol7} et
=0,k p>0,

1
Z=158,t= 15 =4.06 >c=1.83, 7}4 7|z

Vio
7H: 5 gl o)zt g,
47t 71 Ao} 3 Sl e HE

15 15 15 1\
p= [+ ()< () + (D] (3)* -reom
7444 717zt B 7} of 2 wheld.
7Hd : B uh o] Kolvt gl
T =9.67, s = 11.87,

9.67
t= 377 =3.15>c=1.76, 74 71%4.

15
DX e A%,

744 22 ="ol HY (4 =0),
EF7 1AMk 1) 9 BE

8 .
P= (l +8'(% = 3.5%,

2
7Hd 717 227 UF gA 2= gl

. n=25,

111.1 o] 110.9 ¢} 111.0 el U2 : AR 914 2,
E Al12 o 28

www.20file.org

11.

12.

13.

14.

15.

AHE 1, x2 = 10.62> c =3.84,
744 7.

Tests

P(T <2)=0.117,

7H4d 717t &5

7Hd : A F, Wikt %Y A (37 AE),
E Al2 o}g, n =10,

22 > 19,21,20,18,

19 > 18,

21 > 20,18,

20 > 18,

25 > 18,24,

27 > 26,24 30 > 26,24,

26> 24: FAAY $x 15,

P(T < 15) = 10.8%,

7Hd A,

n =28,

33.4 7} 31.6 o L33,

35.3 o] 31.6 3} 35.0 gtoll }-g,

37.6 o] 36.5 kel & : HA3 oA 4,
E Al12 off os)

P(T < 4) = 0.007,

74 717k v 2§ Fotshd A 50T
7HE 2 24 9, Hi]l: ok 24| (5 AY),
X Al2 o]&, n =6,

2.1>1.9,

2.6>22: X3 ¢x 2,

P(T <2)=2.8%,

7t4d 717

7HE  FA O, Wi}t ke 24 (371 AY),
z gkel S7lsl= €M = Auid,

n =10,

418 > 301, 352, 395, 375, 388,
395 > 375, 388,

465 > 455,

521 > 455,490 : A8 4% 10,
E Al12 of 93

P(T < 10) = 1.4%,

7t 717

7Hd  FA A, A e 4 (T4 A,
E Al2 o] &, n =38,

37 < 40,38 : HAM A 2,
P(T <2)=0.1%,

7+ 717
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