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PROBLEM 11.CQ1 

A bus travels the 100 miles between A and B at 50 mi/h and then another 
100 miles between B and C at 70 mi/h. The average speed of the bus for the 
entire 200-mile trip is: 

(a) more than 60 mi/h 

(b) equal to 60 mi/h 

(c) less than 60 mi/h 

 

SOLUTION 

The time required for the bus to travel from A to B is 2 h and from B to C is 100/70 = 1.43 h, so the total time 
is 3.43 h and the average speed is 200/3.43 = 58 mph. 

   Answer: (c)  
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PROBLEM 11CQ2 

Two cars A and B race each other down a straight 
road. The position of each car as a function of time 
is shown. Which of the following statements are 
true (more than one answer can be correct)? 

(a) At time t2 both cars have traveled the same 
distance 

(b) At time t1 both cars have the same speed 

(c) Both cars have the same speed at some time t < t1 

(d) Both cars have the same acceleration at some 
time t < t1 

(e) Both cars have the same acceleration at some 
time t1 < t < t2 

 

SOLUTION 

The speed is the slope of the curve, so answer c) is true. 

The acceleration is the second derivative of the position. Since A’s position increases linearly the second 
derivative will always be zero. The second derivative of curve B is zero at the pont of inflection which occurs 
between t1 and t2. 

  Answers: (c) and (e) 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

5 

 

PROBLEM 11.1 

The motion of a particle is defined by the relation 4 210 8 12x t t t= − + + , where x and t are expressed in 
inches and seconds, respectively. Determine the position, the velocity, and the acceleration of the particle 
when t = 1 s. 

 

SOLUTION 

 4 210 8 12= − + +x t t t  

 34 20 8= = − +dx
v t t

dt
 

 212 20= = −dv
a t

dt
 

At 1s,t =  1 10 8 12 11x = − + + =  11.00 in.=x   

 4 20 8 8= − + = −v  8.00 in./sv = −   

 12 20 8= − = −a  28.00 in./sa = −  
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PROBLEM 11.2 

The motion of a particle is defined by the relation 3 22 9 12 10,= − + +x t t t  where x and t are expressed in feet 
and seconds, respectively. Determine the time, the position, and the acceleration of the particle when v = 0. 

 

SOLUTION 

  3 22 9 12 10x t t t= − + +  

Differentiating, 2 26 18 12 6( 3 2)

6( 2)( 1)

= = − + = − +

= − −

dx
v t t t t

dt
t t

 

 12 18= = −dv
a t

dt
 

So 0=v  at 1 s=t  and 2 s.=t  

At 1s,=t  1 2 9 12 10 15= − + + =x  1.000 st =   

 1 12 18 6= − = −a  1 15.00 ft=x  

  2
1 6.00 ft/s= −a   

At 2 s,=t  

 3 2
2 2(2) 9(2) 12(2) 10 14= − + + =x  2.00 s=t  

  2 14.00 ft=x   

 2 (12)(2) 18 6a = − =  2
2 6.00 ft/s=a  
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PROBLEM 11.3 

The vertical motion of mass A is defined by the relation 10 sin 2 15cos2 100,x t t= + +  
where x and t are expressed in mm and seconds, respectively. Determine (a) the position, 
velocity and acceleration of A when t = 1 s, (b) the maximum velocity and acceleration of A. 

 

SOLUTION 

 10sin 2 15cos 2 100= + +x t t  

 20cos 2 30sin 2= = −dx
v t t

dt
 

 40sin 2 60cos 2= = − −dv
a t t

dt
 

For trigonometric functions set calculator to radians: 

(a) At 1s.=t  1 10sin 2 15cos 2 100 102.9x = + + =   1 102.9 mmx =   

 1 20cos 2 30sin 2 35.6v = − = −  1 35.6 mm/s= −v   

 1 40sin 2 60cos 2 11.40= − − = −a  2
1 11.40 mm/sa = −  

(b) Maximum velocity occurs when 0.a =  

     40sin 2 60cos 2 0t t− − =  

   
60

tan 2 1.5
40

t = − = −  

   12 tan ( 1.5) 0.9828t −= − = −  and 0.9828 π− +  

 Reject the negative value.   2 2.1588t =  

      1.0794 st =  

      1.0794 st =  for vmax

  
max 20cos(2.1588) 30sin(2.1588)

36.056

v = −
= −  max 36.1 mm/sv = −  

 Note that we could have also used  

  2 2
max 20 30 36.056v = + =  

 by combining the sine and cosine terms. 

 For amax we can take the derivative and set equal to zero or just combine the sine and cosine terms. 

  2 2 2
max 40 60 72.1 mm/sa = + =  2

max 72.1 mm/sa =   

so 
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PROBLEM 11.4 

A loaded railroad car is rolling at a constant velocity when 
it couples with a spring and dashpot bumper system. After 
the coupling, the motion of the car is defined by the 
relation 4.860 sin16tx e t−=  where x and t are expressed in 
mm and seconds, respectively. Determine the position, the 
velocity and the acceleration of the railroad car when  
(a) t = 0, (b) t = 0.3 s. 

 

SOLUTION 

 4.860 sin16tx e t−=  

 
4.8 4.8

4.8 4.8

60( 4.8) sin16 60(16) cos16

288 sin16 960 cos16

t t

t t

dx
v e t e t

dt

v e t e t

− −

− −

= = − +

= − +
 

 

4.8 4.8

4.8 4.8

4.8 4.8

1382.4 sin16 4608 cos16

4608 cos16 15360 sin16

13977.6 sin16 9216 cos16

t t

t t

t

dv
a e t e t

dt

e t e t

a e t e t

− −

− −

− −

= = −

− −

= − −

 

(a) At 0,t =  0 0x =   0 0 mmx =   

 0 960 mm/sv =  0 960 mm/sv =    

   2
0 9216 mm/sa = −   2

0 9220 mm/sa =   

(b) At 0.3 s,t =  4.8 1.44 0.23692

sin16 sin 4.8 0.99616

cos16 cos 4.8 0.08750

te e

t

t

− −= =
= = −
= =

 

  0.3 (60)(0.23692)( 0.99616) 14.16x = − = −   0.3 14.16 mmx =    

 
0.3 (288)(0.23692)( 0.99616)

(960)(0.23692)(0.08750) 87.9

v = − −
+ =  0.3 87.9 mm/sv =    

  
0.3 (13977.6)(0.23692)( 0.99616)

(9216)(0.23692)(0.08750) 3108

a = − −
− =   2

0.3 3110 mm/sa =   

   or 23.11 m/s    
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PROBLEM 11.5 

The motion of a particle is defined by the relation 4 3 26 2 12 3 3,x t t t t= − − + + where x and t are expressed in 
meters and seconds, respectively. Determine the time, the position, and the velocity when 0.a =  

 

SOLUTION 

We have 4 3 26 2 12 3 3x t t t t= − − + +  

Then 3 224 6 24 3
dx

v t t t
dt

= = − − +  

and 272 12 24
dv

a t t
dt

= = − −  

When 0:a =  2 272 12 24 12(6 2) 0t t t t− − = − − =  

or (3 2)(2 1) 0t t− + =  

or 
2 1

s and s (Reject)
3 2

t t= = −  0.667 st =   

At 
2

s:
3

t =  
4 3 2

2/3
2 2 2 2

6 2 12 3 3
3 3 3 3

x
       = − − + +       
       

 2/3or 0.259 mx =   

 
3 2

2/3
2 2 2

24 6 24 3
3 3 3

v
     = − − +     
     

 2/3or 8.56 m/sv = −   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

10 

 

PROBLEM 11.6 

The motion of a particle is defined by the relation 3 29 24 8,x t t t= − + −  where x and t are expressed in inches 
and seconds, respectively. Determine (a) when the velocity is zero, (b) the position and the total distance 
traveled when the acceleration is zero. 

 

SOLUTION 

We have 3 29 24 8x t t t= − + −  

Then 23 18 24
dx

v t t
dt

= = − +  

and 6 18
dv

a t
dt

= = −  

(a) When 0:v =  2 23 18 24 3( 6 8) 0t t t t− + = − + =  

  ( 2)( 4) 0t t− − =  

     2.00 s and 4.00 st t= =   

(b) When 0:a =  6 18 0 or 3 st t− = =  

 At 3 s:t =  3 2
3 (3) 9(3) 24(3) 8x = − + −  3or 10.00 in.x =   

First observe that 0 2 s:t≤ <  0v >  

  2 s 3 s:t< ≤  0v <  

Now 

At 0:t =  0 8 in.x = −  

At 2 s:t =  3 2
2 (2) 9(2) 24(2) 8 12 in.x = − + − =  

 

Then  2 0

3 2

12 ( 8) 20 in.

| | |10 12| 2 in.

x x

x x

− = − − =
− = − =

 

Total distance traveled (20 2) in.= +  Total distance 22.0 in.=  
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PROBLEM 11.7 

The motion of a particle is defined by the relation 3 22 15 24 4,x t t t= − + +  where x is expressed in meters  
and t in seconds. Determine (a) when the velocity is zero, (b) the position and the total distance traveled when 
the acceleration is zero. 

 

SOLUTION 

 

3 2

2

2 15 24 4

6 30 24

12 30

x t t t

dx
v t t

dt
dv

a t
dt

= − + +

= = − +

= = −

 

(a) 0 whenv =  26 30 24 0t t− + =  

 6( 1)( 4) 0t t− − =   1.000 s and 4.00 st t= =   

(b) 0 whena =  12 30 0 2.5 st t− = =  

 For 2.5 s:t =  3 2
2.5 2(2.5) 15(2.5) 24(2.5) 4x = − + +  

 2.5 1.500 mx = +   

To find total distance traveled, we note that 

0 when 1s:v t= =  3 2
1

1

2(1) 15(1) 24(1) 4

15 m

x

x

= − + +
= +

 

For 0,t =  0 4 mx = +  

Distance traveled  

From 0 to 1s:t t= =  1 0 15 4 11 mx x− = − =  

From 1s to 2.5 s:t t= =  2.5 1 1.5 15 13.5 mx x− = − =  

Total distance traveled 11 m 13.5 m= +  Total distance 24.5 m=   
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PROBLEM 11.8 

The motion of a particle is defined by the relation 3 26 36 40,x t t t= − − −  where x and t are expressed in feet 
and seconds, respectively. Determine (a) when the velocity is zero, (b) the velocity, the acceleration, and the 
total distance traveled when 0.x =  

 

SOLUTION 

We have 3 26 36 40x t t t= − − −  

Then 23 12 36
dx

v t t
dt

= = − −  

and 6 12
dv

a t
dt

= = −  

(a) When 0:v =  2 23 12 36 3( 4 12) 0t t t t− − = − − =  

 or ( 2)( 6) 0t t+ − =  

 or 2 s (Reject) and 6 st t= − =  6.00 st =   

(b) When 0:x =  3 26 36 40 0t t t− − − =  

 Factoring ( 10)( 2)( 2) 0 or 10 st t t t− + + = =  

 Now observe that         0 6 s:t≤ <  0v <  

         6 s 10 s:t< ≤  0v >  

 and at 0:t =  0 40 ftx = −  

 6 s:t =  3 2
6 (6) 6(6) 36(6) 40

256 ft

x = − − −
= −

 

 10 s:t =  2
10 3(10) 12(10) 36v = − −  10or 144.0 ft/sv =   

 10 6(10) 12a = −  2
10or 48.0 ft/sa =   

 

Then  6 0

10 6

| | | 256 ( 40)| 216 ft

0 ( 256) 256 ft

x x

x x

− = − − − =
− = − − =

 

Total distance traveled (216 256) ft= +  Total distance 472 ft=   
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PROBLEM 11.9 

The brakes of a car are applied, causing it to slow down at a 
rate of 10 m/s2. Knowing that the car stops in 100 m, 
determine (a) how fast the car was traveling immediately 
before the brakes were applied, (b) the time required for the 
car to stop. 

 

SOLUTION 

  210 ft/s= −a  

(a) Velocity at 0.=x  

  

0

0

0

2
0

2
0

10

( 10)

0 10 (10)(300)
2

6000

fx

v

f

dv
v a

dx

vdv dx

v
x

v

= = −

= − −

− = − = −

=

 

 2
0 77.5 ft/s=v   

(b) Time to stop. 

  

0

0

0

0

0

10

10

0 10

77.5

10 10

ft

v

f

f

dv
a

dx

dv dt

v t

v
t

= = −

= − −

− = −

= =

 

 7.75 sft =   
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PROBLEM 11.10 

The acceleration of a particle is directly proportional to the time t. At 0,t =  the velocity of the particle  
is 16 in./s.v =  Knowing that 15 in./sv =  and that 20 in.x =  when 1 s,t =  determine the velocity, the position, 
and the total distance traveled when 7 s.t =  

 

SOLUTION 

We have constanta kt k= =  

Now 
dv

a kt
dt

= =  

At 0, 16 in./s:t v= =  
16 0

v t
dv kt dt=   

or 21
16

2
v kt− =  

or 21
16 (in./s)

2
v kt= +  

At 1 s, 15 in./s:t v= =  21
15 in./s 16 in./s (1s)

2
k= +  

or 3 22 in./s and 16k v t= − = −  

Also 216
dx

v t
dt

= = −  

At 1 s, 20 in.:t x= =  2

20 1
(16 )

x t
dx t dt= −   

or 3

1

1
20 16

3

t

x t t
 − = −  

 

or 31 13
16 (in.)

3 3
x t t= − + +  

Then  

At 7 s:t =  2
7 16 (7)v = −   7or 33.0 in./sv = −   

 3
7

1 13
(7) 16(7)

3 3
x = − + +  or  7 2.00 in.x =   

When 0:v =  216 0 or 4 st t− = =  
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PROBLEM 11.10  (Continued) 

 

At 0:t =  0
13

3
x =  

 4 s:t =  3
4

1 13
(4) 16(4) 47 in.

3 3
x = − + + =  

Now observe that  

 0 4 s:≤ <t  0>v  

 4 s 7 s:< ≤t  0<v  

 

Then 4 0

7 4

13
47 42.67 in.

3
| | |2 47| 45 in.

x x

x x

− = − =

− = − =
 

Total distance traveled (42.67 45) in.= +  Total distance 87.7 in.=  
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PROBLEM 11.11 

The acceleration of a particle is directly proportional to the square of the time t. When 0,t =  the particle is  
at 24 m.x =  Knowing that at 6 s, 96 mt x= =  and 18 m/s,v =  express x and v in terms of t. 

 

SOLUTION 

We have 2 constanta kt k= =  

Now 2dv
a kt

dt
= =  

At 6 s, 18 m/s:t v= =  2

18 6

v t
dv kt dt=   

or 31
18 ( 216)

3
v k t− = −  

or 31
18 ( 216)(m/s)

3
v k t= + −  

Also 31
18 ( 216)

3

dx
v k t

dt
= = + −  

At 0, 24 m:t x= =  3

24 0

1
18 ( 216)

3

x t
dx k t dt

 = + −     

or 41 1
24 18 216

3 4
x t k t t

 − = + − 
 

 

Now 

At 6 s, 96 m:t x= =  41 1
96 24 18(6) (6) 216(6)

3 4
k
 − = + −  

 

or 41
 m/s

9
k =  

Then 41 1 1
24 18 216

3 9 4
x t t t

  − = + −  
  

 

or 41
( ) 10 24

108
x t t t= + +   

and 31 1
18 ( 216)

3 9
v t

 = + − 
 

 

or 31
( ) 10

27
v t t= +   



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

17 

 

PROBLEM 11.12 

The acceleration of a particle is defined by the relation 2.a kt=  (a) Knowing that 8 m/s= −v  when t  = 0  
and that 8 m/s= +v  when 2 s,=t determine the constant k. (b) Write the equations of motion, knowing also 
that 0x =  when 2 s.=t  

 

SOLUTION 

 2

2

a kt

dv
a kt

dt

=

= =

 (1) 

0, 8 m/s= = −t v   and  2 s, 8 ft/s= = +t v  

(a) 
8 2

2

8 0
dv kt dt

−
=   

    31
8 ( 8) (2)

3
− − = k   46.00 m/s=k   

(b) Substituting 46 m/s  into (1)k =   

 26= =dv
a t

dt
  26=a t   

0, 8 m/s:= = −t v  2

8 0
6

v t
dv t dt

−
=   

 31
( 8) 6( )

3
− − =v t  32 8= −v t   

 32 8= = −dx
v t

dt
 

2 s, 0:= =t x  3 4

0 2
2

1
(2 8) ; 8

2

t
x t
dx t dt x t t= − = −   

 

4 4

4

1 1
8 (2) 8(2)

2 2

1
8 8 16

2

   = − − −      

= − − +

x t t

x t t  41
8 8

2
= − +x t t  
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PROBLEM 11.13 

The acceleration of Point A is defined by the relation 1.8sin ,a kt= −  where a and t are 
expressed in 2m/s  and seconds, respectively, and k = 3 rad/s. Knowing that x = 0 and 
v = 0.6 m/s when t = 0, determine the velocity and position of Point A when t = 0.5 s. 

 

SOLUTION 

Given:  
2

0 01.8sin  m/s ,     0.6 m/s,    0,     3 rad/sa kt v x k= − = = =  

0 0 0 0

1.8
1.8 sin cos

tt t
v v a dt kt dt kt

k
− = = − =   

1.8
0.6 (cos 1) 0.6cos 0.6

3
− = − = −v kt kt  

Velocity:  0.6cos  m/sv kt=  

0 0 0 0

0.6
0.6 cos sin

tt t
x x v dt kt dt kt

k
− = = =   

0.6
0 (sin 0) 0.2sin

3
− = − =x kt kt  

Position:  0.2sin  mx kt=  

When  0.5 s,t =  (3)(0.5) 1.5 rad= =kt  

  0.6cos1.5 0.0424 m/sv = =  42.4 mm/s v =   

  0.2sin1.5 0.1995 mx = =  199.5 mm x =   
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PROBLEM 11.14 

The acceleration of Point A is defined by the relation 1.08sin 1.44cos ,a kt kt= − −  
where a and t are expressed in m/s2 and seconds, respectively, and k = 3 rad/s. 
Knowing that x = 0.16 m and v = 0.36 m/s when t = 0, determine the velocity and 
position of Point A when t = 0.5 s. 

 

SOLUTION 

Given:  
21.08sin 1.44cos  m/s ,         3 rad/sa kt kt k= − − =  

0 00.16 m,        0.36 m/sx v= =  

0 0 0 0

0 0

1.08 sin 1.44 cos

1.08 1.44
0.36 cos sin

1.08 1.44
(cos 1) (sin 0)

3 3

0.36cos 0.36 0.48sin

t t t

t t

v v a dt kt dt kt dt

v kt kt
k k

kt kt

kt kt

− = = − −

− = −

= − − −

= − −

  

 

Velocity:   0.36cos 0.48sin  m/sv kt kt= −  

0 0 0 0

0 0

0.36 cos 0.48 sin

0.36 0.48
0.16 sin cos

0.36 0.48
(sin 0) (cos 1)

3 3
0.12sin 0.16cos 0.16

t t t

t t

x x v dt kt dt kt dt

x kt kt
k k

kt kt

kt kt

− = = −

− = +

= − + −

= + −

  

 

Position:   0.12sin 0.16cos  mx kt kt= +  

When  0.5 s,t =  (3)(0.5) 1.5 rad= =kt  

 0.36cos1.5 0.48sin1.5 0.453 m/sv = − = −  453 mm/s v = −   

 0.12sin1.5 0.16cos1.5 0.1310 mx = + =  131.0 mm x =   
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PROBLEM 11.15 

A piece of electronic equipment that is surrounded by 
packing material is dropped so that it hits the ground with a 
speed of 4 m/s. After contact the equipment experiences an 
acceleration of ,a kx= −  where k is a constant and x is the 
compression of the packing material. If the packing material 
experiences a maximum compression of 20 mm, determine 
the maximum acceleration of the equipment. 

 

SOLUTION 

 
vdv

a kx
dx

= = −  

Separate and integrate. 

 
0 0

2 2 2 2
0

0

1 1 1 1

2 2 2 2

f f

f

v x

v

x

f f

vdv kx dx

v v kx kx

= −

− = − = −

 
 

Use 0 4 m/s, 0.02 m, and 0.f fv x v= = =  Solve for k. 

 2 2 21 1
0 (4) (0.02) 40,000 s

2 2
−− = − =k k  

Maximum acceleration. 

 2
max max : ( 40,000)(0.02) 800 m/sa kx= − − = −  

 2800 m/sa =   
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PROBLEM 11.16 

A projectile enters a resisting medium at 0x =  with an initial velocity 
v0 900 ft/s=  and travels 4 in. before coming to rest. Assuming that the 
velocity of the projectile is defined by the relation 0 ,v v kx= − where v is 
expressed in ft/s and x is in feet, determine (a) the initial acceleration of 
the projectile, (b) the time required for the projectile to penetrate 3.9 in. 
into the resisting medium. 

 

SOLUTION 

First note 

When 
4

ft, 0:
12

x v= =  
4

0 (900 ft/s) ft
12

k
 = −  
 

 

or  
1

2700
s

k =  

(a) We have 0v v kx= −  

 Then 0( )
dv d

a v kx kv
dt dt

= = − = −  

 or 0( )a k v kx= − −  

 At 0:t =  
1

2700 (900 ft/s 0)
s

a = −  

 or  6 2
0 2.43 10 ft/sa = − ×   

(b) We have 0
dx

v v kx
dt

= = −  

 At 0, 0:t x= =  
0 00

x tdx
dt

v kx
=

−   

 or 0 0
1

[ln( )]xv kx t
k

− − =  

 or 
0

0

0

1 1 1
ln ln

1 k
v

v
t

k v kx k x

  
 = =   − −   

 

 When 3.9 in.:x =  ( )2700 1/s 3.91
900 ft/s 12s

11
ln

1 ft2700
t

 
=  − 

 

 or  31.366 10 st −= ×   
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PROBLEM 11.17 

The acceleration of a particle is defined by the relation / .a k x= −  It has been experimentally determined that 
15 ft/sv =  when 0.6 ftx =  and that 9 ft/sv =  when 1.2 ft.x =  Determine (a) the velocity of the particle 

when 1.5 ft,x =  (b) the position of the particle at which its velocity is zero. 

 

SOLUTION 

 
vdv k

a
dx x

−= =  

Separate and integrate using 0.6 ft, 15 ft/s.x v= =  

 

15 0.6

2

15 0.6

2 2

1
ln

2

1 1
(15) ln

2 2 0.6

v x

xv

dx
vdv k

x

v k x

x
v k

= −

= −

 − = −  
 

 

 (1) 

When 9 ft/s, 1.2 ftv x= =  

 2 21 1 1.2
(9) (15) ln

2 2 0.6
k

 − = −  
 

 

Solve for k. 

 2 2103.874 ft /sk =  

(a) Velocity when 65 ft.=x  

 Substitute 2 2103.874 ft /s and 1.5 ftk x= =  into (1). 

  2 21 1 1.5
(15) 103.874 ln

2 2 0.6
v

 − = −  
 

 

 5.89 ft/sv =   

(b) Position when for 0,v =  

 

21
0 (15) 103.874 ln

2 0.6

ln 1.083
0.6

x

x

 − = −  
 

  = 
 

 

   1.772 ftx =   
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PROBLEM 11.18 

A brass (nonmagnetic) block A and a steel magnet B are in equilibrium in a brass 
tube under the magnetic repelling force of another steel magnet C located at a 
distance x = 0.004 m from B. The force is inversely proportional to the square of 
the distance between B and C. If block A is suddenly removed, the acceleration 
of block B is 29.81 / ,a k x= − +  where a and x are expressed in m/s2 and m, 
respectively, and 4 3 24 10 m /s .k −= ×  Determine the maximum velocity and 
acceleration of B. 

 

SOLUTION 

The maximum veolocity occurs when 0.=a                   
2

0 9.81
m

k

x
= − +  

                 
4

2 6 24 10
40.775 10 m 0.0063855 m

9.81 9.81m m
k

x x
−

−×= = = × =  

The acceleration is given as a function of x. 

 
2

9.81= = − +dv k
v a

dx x
 

Separate variables and integrate: 

 
0 0

2

20

2
0

0

9.81

9.81

1 1 1
9.81( )

2

v x x

x x

k dx
vdv dx

x
dx

vdv dx k
x

v x x k
x x

= − +

= − +

 
= − − − − 

 

    

 

2
0

0

4

2 2

1 1 1
9.81( )

2

1 1
9.81(0.0063855 0.004) (4 10 )

0.0063855 0.004

0.023402 0.037358 0.013956 m /s

m m
m

v x x k
x x

−

 
= − − − − 

 
 = − − − × − 
 

= − + =

 

Maximum velocity:  0.1671 m/s=mv  167.1 mm/s=mv    

The maximum acceleration occurs when x is smallest, that is, 0.004 m.=x  

  
4

2

4 10
9.81

(0.004)
ma

−×= − +  215.19 m/s=ma    
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PROBLEM 11.19 

Based on experimental observations, the acceleration of a particle is defined by the relation (0.1a = − + sin x/b), 
where a and x are expressed in m/s2 and meters, respectively. Knowing that 0.8 mb =  and that 1 m/sv =  
when 0,x =  determine (a) the velocity of the particle when 1 m,x = −  (b) the position where the velocity is 
maximum, (c) the maximum velocity. 

 

SOLUTION 

We have 0.1 sin
0.8

dv x
v a

dx
 = = − + 
 

 

When 0, 1 m/s:x v= =  
1 0

0.1 sin
0.8

v x x
vdv dx

 = − + 
    

or  2

0

1
( 1) 0.1 0.8 cos

2 0.8

x
x

v x
 − = − −  

 

or  21
0.1 0.8 cos 0.3

2 0.8

x
v x= − + −  

(a) When 1 m:x = −  21 1
0.1( 1) 0.8 cos 0.3

2 0.8
v

−= − − + −  

 or 0.323 m/sv = ±   

(b) When max, 0:v v a= =  0.1 sin 0
0.8

x − + = 
 

 

 or 0.080134 mx = −  0.0801 mx = −   

(c) When 0.080134 m:x = −  

 
2
max

2 2

1 0.080134
0.1( 0.080134) 0.8 cos 0.3

2 0.8

0.504 m /s

v
−= − − + −

=
 

 or max 1.004 m/sv =   
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PROBLEM 11.20 

A spring AB is attached to a support at A and to a collar. The 
unstretched length of the spring is l. Knowing that the collar is 
released from rest at 0x x=  and has an acceleration defined by the 

relation 2 2100( / )= − − +a x lx l x , determine the velocity of the 
collar as it passes through Point C. 

 

SOLUTION 

Since a is function of x, 
2 2

100
 

= = − −  + 

dv lx
a v x

dx l x
 

Separate variables and integrate: 

  
0 0

0

2 2
100

fv

v x

lx
vdv x dx

l x

 
= − −  + 

   

  

0

0
2

2 2 2 2
0

1 1
100

2 2 2

 
− = − − +  

 
f

x

x
v v l l x  

       
2

2 2 2 20
0

1
0 100

2 2

 
− = − − − + +  

 
f

x
v l l l x  

            

2 2 2 2 2 2
0 0

2 2 2
0

1 100
( 2 )

2 2
100

( )
2

fv l x l l l x

l x l

= − + − − +

= + −
 

  2 2
010( )fv l x l= + −   
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PROBLEM 11.21 

The acceleration of a particle is defined by the relation 0.8a v= −  where a is expressed in m/s2 and  
v in m/s. Knowing that at 0=t  the velocity is 1 m/s, determine (a) the distance the particle will travel 
before coming to rest, (b) the time required for the particle’s velocity to be reduced by 50 percent of its 
initial value. 

 

SOLUTION 

(a) Determine relationship between x and v. 

  0.8 0.8= = − = −vdv
a v dv dx

dx
 

 Separate and integrate with 1m/s=v  when 0.=x  

  1 0
0.8

1 0.8

v x
dv dx

v x

= −

− = −

   

 Distance traveled. 

 For 0,=v              
1

0.8

−= 
−

x  1.25 m=x   

(b) Determine realtionship between v and t. 

             0.8= =dv
a v

dt
 

       
1 0

0.8
v xdv

dt
v

= −   

      
1

ln 0.8 1.25ln
1

   = − =   
   

v
t t

v
 

 For 0.5(1 m/s) 0.5 m/s,v = =  

             
1

1.25ln
0.5

t
 =  
 

 0.866 s=t   
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PROBLEM 11.22 

Starting from x = 0 with no initial velocity, a particle is given an acceleration 20.1 16,a v= +  
where a and v are expressed in ft/s2 and ft/s, respectively. Determine (a) the position of the 
particle when v = 3ft/s, (b) the speed and acceleration of the particle when x = 4 ft. 

 

SOLUTION 

  2 1/20.1( 16)
vdv

a v
dx

= = +  (1) 

Separate and integrate. 

  
20 0

0.1
16

v xvdv
dx

v
=

+   

  

2 1/2

0

2 1/2

2 1/2

( 16) 0.1

( 16) 4 0.1

10[( 16) 4]

v
v x

v x

x v

+ =

+ − =

= + −  (2) 

(a) 3 ft/s.v =  

                         2 1/210[(3 16) 4]x = + −  10.00 ftx =   

(b) 4 ft.x =  

 From (2),         2 1/2( 16) 4 0.1 4 (0.1)(4) 4.4v x+ = + = + =  

                 

2

2 2 2

16 19.36

3.36ft /s

v

v

+ =

=  1.833 ft/sv =   

 From (1),                        2 1/20.1(1.833 16)a = +  20.440 ft/sa =   
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PROBLEM 11.23 

A ball is dropped from a boat so that it strikes the surface of a lake 
with a speed of 16.5 ft/s. While in the water the ball experiences an 
acceleration of 10 0.8 ,a v= −  where a and v are expressed in ft/s2 
and ft/s, respectively. Knowing the ball takes 3 s to reach the 
bottom of the lake, determine (a) the depth of the lake, (b) the speed 
of the ball when it hits the bottom of the lake. 

 

SOLUTION 

 10 0.8
dv

a v
dt

= = −  

Separate and integrate: 

 
0 010 0.8

v t

v

dv
dt

v
=

−   

 0

0

1
ln(10 0.8 )

0.8

10 0.8
ln 0.8

10 0.8

v

v

v t

v
t

v

− − =

 − = − − 

 

 0.8
010 0.8 (10 0.8 ) tv v e−− = −  

or 0.8
0

0.8
0

0.8 10 (10 0.8 )

12.5 (12.5 )

t

t

v v e

v v e

−

−

= − −

= − −

 

With 0 16.5ft/sv =                           0.812.5 4 tv e−= +  
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PROBLEM 11.23  (Continued) 

 

Integrate to determine x as a function of t. 

        0.812.5 4 tdx
v e

dt
−= = +  

 0.8

0 0
(12.5 4 )

x t
tdx e dt−= +   

       0.8 0.8

0
12.5 5 12.5 5 5

tt tx t e t e− −= − = − +  

(a) At 35 s,t =  

 2.412.5(3) 5 5 42.046 ftx e−= − + =  42.0 ftx =   

(b) 2.412.5 4 12.863 ft/sv e−= + =   12.86 ft/sv =   
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PROBLEM 11.24 

The acceleration of a particle is defined by the relation ,a k v= − where k is a constant. Knowing that x = 0 
and v = 81 m/s at t = 0 and that v = 36 m/s when x = 18 m, determine (a) the velocity of the particle when  
x = 20 m, (b) the time required for the particle to come to rest. 

 

SOLUTION 

(a) We have  
dv

v a k v
dx

= = −  

 so that v dv kdx= −  

 When 0, 81 m/s:x v= =  
81 0

v x
v dv kdx= −   

 or 3/2
81

2
[ ]

3
vv kx= −  

 or 3/22
[ 729]

3
v kx− = −  

 When 18 m, 36 m/s:x v= =  3/22
(36 729) (18)

3
k− = −  

 or 219 m/sk =  

 Finally 

 When 20 m:x =  3/22
( 729) 19(20)

3
v − = −  

 or 3/2 159v =  29.3 m/sv =   

(b) We have  19
dv

a v
dt

= = −  

 At 0, 81 m/s:t v= =  
81 0

19
v tdv

dt
v

= −   

 or 812[ ] 19vv t= −  

 or 2( 9) 19v t− = −  

 When 0:v =  2( 9) 19t− = −  

 or  0.947 st =  
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PROBLEM 11.25 

A particle is projected to the right from the position 0x =  with an initial velocity of 9 m/s. If the acceleration 
of the particle is defined by the relation 3/20.6 ,a v= − where a and v are expressed in m/s2 and m/s, 
respectively, determine (a) the distance the particle will have traveled when its velocity is 4 m/s, (b) the time 
when 1 m/s,v =  (c) the time required for the particle to travel 6 m. 

 

SOLUTION 

(a) We have 3/20.6
dv

v a v
dx

= = −  

 When 0,x = 9 m/s:v =  (1/2)

9 0
0.6

v x
v dv dx− = −   

 or 1/2
92[ ] 0.6vv x= −  

 or 1/21
(3 )

0.3
x v= −  (1) 

 When 4 m/s:v =  1/21
(3 4 )

0.3
x = −  

 or 3.33 mx =   

(b) We have 3/20.6
dv

a v
dt

= = −  

 When 0,t = 9 m/s:v =  (3/2)

9 0
0.6

v t
v dv dt− = −   

 or (1/2)
92[ ] 0.6vv t−− = −  

 or 
1 1

0.3
3

t
v

− =  

 When 1 m/s:v =  
1 1

0.3
31

t− =  

 or 2.22 st =   

(c) We have 
1 1

0.3
3

t
v

− =  

 or 
2

2

3 9

1 0.9 (1 0.9 )
v

t t

 = = + + 
 

 Now 
2

9

(1 0.9 )

dx
v

dt t
= =

+
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PROBLEM 11.25  (Continued) 

  

 At 0,t = 0:x =  
20 0

9

(1 0.9 )

x t
dx dt

t
=

+   

 or 
0

1 1
9

0.9 1 0.9

t

x
t

 = − + 
 

 

1
10 1

1 0.9

9

1 0.9

t

t

t

 = − + 

=
+

 

 When 6 m:x =  
9

6
1 0.9

t

t
=

+
 

 or 1.667 st =   

 An alternative solution is to begin with Eq. (1). 

 1/21
(3 )

0.3
x v= −  

 Then 2(3 0.3 )
dx

v x
dt

= = −  

 Now 

 At 0, 0:t x= =  
20 0(3 0.3 )

x tdx
dt

x
=

−   

 or 
0

1 1

0.3 3 0.3 9 0.9

x
x

t
x x

 = = − − 
 

 which leads to the same equation as above. 
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PROBLEM 11.26 

The acceleration of a particle is defined by the relation 0.4(1 ),a kv= −  where k is a constant. Knowing that  
at 0t =  the particle starts from rest at 4 mx =  and that when 15 s, 4 m/s,t v= =  determine (a) the constant k, 
(b) the position of the particle when 6 m/s,v =  (c) the maximum velocity of the particle. 

 

SOLUTION 

(a) We have 0.4(1 )
dv

a kv
dt

= = −  

 At 0,t = 0:v =  
0 0

0.4
1

v tdv
dt

kv
=

−   

 or 0
1

[ln(1 )] 0.4vkv t
k

− − =  

 or ln(1 ) 0.4kv kt− = −  (1) 

 At 15 s,t = 4 m/s:v =  ln(1 4 ) 0.4 (15)k k− = −  

 6k= −  

 Solving yields 0.145703 s/mk =  

or 0.1457 s/mk =   

(b) We have 0.4(1 )
dv

v a kv
dx

= = −  

 When 4 m,x = 0:v =  
0 4

0.4
1

v xvdv
dx

kv
=

−   

 Now 
1 1/

1 1

v k

kv k kv
= − +

− −
 

 Then 
0 4

1 1
0.4

(1 )

v x
dv dx

k k kv

 
− + = −    

 or 42
0

1
ln(1 ) 0.4[ ]

v
xv

kv x
k k

 − − − =  
 

 or 
2

1
ln(1 ) 0.4( 4)

v
kv x

k k

 − + − = −  
 

 When 6 m/s:v =  
2

6 1
ln(1 0.145 703 6) 0.4( 4)

0.145 703 (0.145 703)
x

 
− + − × = − 
 

 

or 0.4( 4) 56.4778x − =  

 or 145.2 mx =   
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PROBLEM 11.26  (Continued) 

 

(c) The maximum velocity occurs when 0.a =  

 max0: 0.4(1 ) 0a kv= − =  

 or max
1

0.145 703
v =  

 or  max 6.86 m/sv =   

An alternative solution is to begin with Eq. (1). 

 ln(1 ) 0.4kv kt− = −  

Then  0.41
(1 )ktv k

k
−= −  

Thus, maxv  is attained as t   ∞  

 max
1

v
k

=  

as above.
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PROBLEM 11.27 

Experimental data indicate that in a region downstream of a given louvered 
supply vent the velocity of the emitted air is defined by 00.18 / ,v v x=  
where v and x are expressed in m/s and meters, respectively, and 0v  is the 
initial discharge velocity of the air. For 0 3.6 m/s,v =  determine (a) the 
acceleration of the air at 2 m,x =  (b) the time required for the air to flow 
from 1x =  to x 3 m.=  

 

SOLUTION 

(a) We have 

0 0

2
0

3

0.18 0.18

0.0324

dv
a v

dx

v vd

x dx x

v

x

=

 =  
 

= −

 

 When 2 m:x =  
2

3

0.0324(3.6)

(2)
a = −  

 or 20.0525 m/sa = −   

(b) We have 00.18vdx
v

dt x
= =  

 From 1 m to 3 m:x x= =  
3

1

3

0
1

0.18
t

t
xdx v dt=   

 or 
3

2
0 3 1

1

1
0.18 ( )

2
x v t t

  = −  
 

 or 
1
2

3 1

(9 1)
( )

0.18(3.6)
t t

−
− =  

 or 3 1 6.17 st t− =  
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PROBLEM 11.28 

Based on observations, the speed of a jogger can be approximated by the 
relation 0.37.5(1 0.04 ) ,v x= −  where v and x are expressed in mi/h and miles, 
respectively. Knowing that 0x =  at 0,t =  determine (a) the distance the 
jogger has run when 1 h,t =  (b) the jogger’s acceleration in ft/s2 at t = 0, 
(c) the time required for the jogger to run 6 mi. 

 

SOLUTION 

(a) We have 0.37.5(1 0.04 )
dx

v x
dt

= = −  

 At 0,t = 0:x =  
0.30 0

7.5
(1 0.04 )

x tdx
dt

x
=

−   

 or 0.7
0

1 1
[(1 0.04 ) ] 7.5

0.7 0.04
xx t

 − − = 
 

 

 or 0.71 (1 0.04 ) 0.21x t− − =  (1) 

 or 1/0.71
[1 (1 0.21 ) ]

0.04
x t= − −  

 At 1 h:t =  1/0.71
{1 [1 0.21(1)] }

0.04
x = − −  

 or 7.15 mix =   

(b) We have 

0.3 0.3

2 0.3 0.7

0.4

7.5(1 0.04 ) [7.5(1 0.04 ) ]

7.5 (1 0.04 ) [(0.3)( 0.04)(1 0.04 ) ]

0.675(1 0.04 )

dv
a v

dx
d

x x
dx

x x

x

−

−

=

= − −

= − − −

= − −

 

 At 0,t = 0:x =  
2

2
0

5280 ft 1 h
0.675 mi/h

1 mi 3600 s
a

 = − × ×  
 

 

 or 6 2
0 275 10 ft/sa −= − ×   

(c) From Eq. (1) 0.71
[1 (1 0.04 ) ]

0.21
t x= − −  

 When 6 mi:x =  0.71
{1 [1 0.04(6)] }

0.21
0.83229 h

t = − −

=

 

 or 49.9 mint =  



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

37 

 

 

PROBLEM 11.29 

The acceleration due to gravity at an altitude y above the surface of the earth can be 
expressed as 

6 2

32.2

[1 ( /20.9 10 )]
a

y

−=
+ ×

 

where a and y are expressed in ft/s2 and feet, respectively. Using this expression, 
compute the height reached by a projectile fired vertically upward from the surface 
of the earth if its initial velocity is (a) 1800 ft/s, (b) 3000 ft/s, (c) 36,700 ft/s. 

 

SOLUTION 

We have 

( )6

2

20.9 10

32.2

1 y

dv
v a

dy
×

= = −
+

 

When  00,y v v= =  

provided that v does reduce to zero, max , 0y y v= =  

Then  

( )
max

0

6

0

20

20.9 10

32.2

1

y

v y
v dv dy

×

−=
+

   

or  

max

6

2 6
0

20.9 10 0

1 1
32.2 20.9 10

2 1

y

y
v

×

 
 − = − − ×
 +
 

 

or  
max

6

2 6
0

20.9 10

1
1345.96 10 1

1 y
v

×

 
 = × − + 
 

 

or  2
0

6

2
0

max

20.9 10
64.4 v

v
y

×

=
−

 

(a) 0 1800 ft/s:v =  2

6

2

max (1800)

20.9 10

(1800)

64.4
y

×

=
−

 

 or 3
max 50.4 10 fty = ×   

(b) 0 3000 ft/s:v =  2

6

2

max (3000)

20.9 10

(3000)

64.4
y

×

=
−

 

 or  3
max 140.7 10 fty = ×   
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PROBLEM 11.29  (Continued) 

 

(c) 0 36,700 ft/s:v =  2

6

2
10

max (36,700)

20.9 10

(36,700)
3.03 10 ft

64.4
y

×

= = − ×
−

 

This solution is invalid since the velocity does not reduce to zero. The velocity 36,700 ft/s is above the 
escape velocity Rv  from the earth. For Rv  and above. 

 maxy ∞   
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PROBLEM 11.30 

The acceleration due to gravity of a particle falling toward the earth is 2 2/ ,a gR r= −  where r 
is the distance from the center of the earth to the particle, R is the radius of the earth, and g 
is the acceleration due to gravity at the surface of the earth. If 3960 mi,R = calculate the 
escape velocity, that is, the minimum velocity with which a particle must be projected 
vertically upward from the surface of the earth if it is not to return to the earth. (Hint: 0v =  
for .)r = ∞  

 

SOLUTION 

We have 
2

2

dv gR
v a

dr r
= = −  

When ,

, 0
er R v v

r v

= =
= ∞ =

 

then 
20

2
ev R

gR
vdv dr

r

∞
= −   

or 2 21 1

2 e
R

v gR
r

∞
 − =   

 

or 
1/2

2

2

5280 ft
2 32.2 ft/s 3960 mi

1 mi

ev gR=

 = × × × 
 

 

or 336.7 10 ft/sev = ×   
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PROBLEM 11.31 

The velocity of a particle is 0[1 sin ( / )].v v t Tπ= −  Knowing that the particle starts from the origin with an 
initial velocity 0 ,v  determine (a) its position and its acceleration at 3 ,t T=  (b) its average velocity during the 
interval 0t =  to .t T=  

 

SOLUTION 

(a) We have 0 1 sin
dx t

v v
dt T

π  = = −  
  

 

 At 0, 0:t x= =  0
0 0

1 sin
x t t
dx v dt

T

π  = −  
     

  0 0
0

cos cos
t

T t T t T
x v t v t

T T

π π
π π π

      = + = + −      
      

 (1) 

 At 3 :t T=  3 0 0
3 2

3 cos 3T
T T T T

x v T v T
T

π
π π π

 ×   = + − = −    
    

 3 02.36Tx v T=   

  0 01 sin cos
dv d t t

a v v
dt dt T T T

π π π    = = − = −   
    

 

At 3 :t T=  3 0
3

cosT
T

a v
T T

π π ×= −  0
3T

v
a

T

π=   

(b) Using Eq. (1) 

 At 0:t =  0 0 0 cos(0) 0
T T

x v
π π

 = + − =  
 

 At :t T=  0 0 0
2

cos 0.363T
T T T T

x v T v T v T
T

π
π π π

    = + − = − =    
    

 

 Now 0 0
ave

0.363 0

0
Tx x v T

v
t T

− −= =
Δ −

 ave 00.363v v=   
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PROBLEM 11.32 

The velocity of a slider is defined by the relation sin ( ).nv v tω φ′= +  Denoting the velocity and the position  
of the slider at 0t =  by 0v  and 0 ,x  respectively, and knowing that the maximum displacement of the slider  
is 02 ,x  show that (a) 2 2 2

0 0 0( )/2 ,n nv v x xω ω′ = +  (b) the maximum value of the velocity occurs when 
x 2

0 0 0[3 ( / ) ]/2.nx v x ω= −  

 

SOLUTION 

(a) At 00, :t v v= =  0 sin (0 ) sinv v vφ φ′ ′= + =  

 Then 2 2
0cos v v vφ ′ ′= −  

 Now sin ( )n
dx

v v t
dt

ω φ′= = +  

 At 00, :t x x= =  
0 0

sin ( )
x t

n
x

dx v t dtω φ′= +   

 or 0

0

1
cos( )

t

n
n

x x v tω φ
ω

 
′− = − + 
 

 

 or [ ]0 cos cos( )n
n

v
x x tφ ω φ

ω
′

= + − +  

 Now observe that maxx occurs when cos ( ) 1.ntω φ+ = −  Then 

  max 0 02 [cos ( 1)]
n

v
x x x φ

ω
′

= = + − −  

 Substituting for cosφ  
2 2

0
0 1

1
n

v vv
x

vω

 ′ −′  = +
 
 

 

 or 2 2
0 0nx v v vω ′ ′− = −  

 Squaring both sides of this equation 

  2 2 2 2 2
0 0 02n nx x v v vω ω ′ ′− + = −  

 or 
2 2 2
0 0

02
n

n

v x
v

x

ω
ω

+′ =  Q. E. D. 
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PROBLEM 11.32  (Continued) 

 

(b) First observe that maxv occurs when 2 .nt πω φ+ =  The corresponding value of x is 

  
max 0

0

cos cos
2

cos

v
n

n

v
x x

v
x

πφ
ω

φ
ω

′   = + −  
  

′
= +

 

 Substituting first for cosφ  and then for v′  

  ( )

( )

max

2 2
0

0

1/222 2 2
20 0

0 0
0

1/24 2 2 2 4 4 2 2 2
0 0 0 0 0 0 02

0

1/222 2 2
0 0 02

0

2 2 2
0 0

0 2
0

1

2

1
2 4

2

1

2

2

v
n

n

n n

n n n
n

n
n

n

n

v vv
x x

v

v x
x v

x

x v v x x x v
x

x x v
x

x v
x

x

ω

ω
ω ω

ω ω ω
ω

ω
ω

ω
ω

′ −′
= +

′

  + = + −     

= + + + −

 = + −  

−
= +

 

  
2

0 0

0

3
2 n

x v

x ω

   = −  
   

 Q. E. D. 
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PROBLEM 11.33 

A stone is thrown vertically upward from a point on a bridge located 40 m above the water. Knowing that it 
strikes the water 4 s after release, determine (a) the speed with which the stone was thrown upward, (b) the 
speed with which the stone strikes the water. 

 

SOLUTION 

Uniformly accelerated motion. Origin at water.  

  
2

0 0

0

1

2
y y v t at

v v at

= + +

= +
 

where 0 40 my =  and 29.81 m/s .a = −  

(a) Initial speed. 

  0y =  when 4 s.t =  

  

2
0

0

1
0 40 (4) (9.81)(4)

2
9.62 m/s

v

v

= + −

=  0 9.62 m/s=v   

(b) Speed when striking the water.  ( at 4 s)v t =  

  9.62 (9.81)(4) 29.62 m/sv = − = −  29.6 m/s=v    
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PROBLEM 11.34 

A motorist is traveling at 54 km/h when she observes 
that a traffic light 240 m ahead of her turns red. The 
traffic light is timed to stay red for 24 s. If the motorist 
wishes to pass the light without stopping just as it 
turns green again, determine (a) the required uniform 
deceleration of the car, (b) the speed of the car as it 
passes the light. 

 

SOLUTION 

Uniformly accelerated motion: 

  0 00 54 km/h 15 m/sx v= = =  

(a) 2
0 0

1

2
x x v t a t= + +  

 when 24s, 240 m:t x= =  

  

2

2

1
240 m 0 (15 m/s)(24 s) (24 s)

2

0.4167 m/s

a

a

= + +

= −  20.417 m/sa = −   

(b) 0v v a t= +  

 when 24s:t =  

  

(15 m/s) ( 0.4167 m/s)(24 s)

5.00 m/s

18.00 km/h

v

v

v

= + −
=
=  18.00 km/hv =   
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PROBLEM 11.35 

A motorist enters a freeway at 30 mi/h and accelerates uniformly 
to 60 mi/h. From the odometer in the car, the motorist knows 
that she traveled 550 ft while accelerating. Determine (a) the 
acceleration of the car, (b) the time required to reach 60 mi/h. 

 

SOLUTION 

(a) Acceleration of the car. 

  

2 2
1 0 1 0

2 2
1 0

1 0

2 ( )

2( )

v v a x x

v v
a

x x

= + −

−
=

−

 

 Data: 0

1

30 mi/h 44 ft/s

60 mi/h 88 ft/s

v

v

= =
= =

 

  0

1

0

550 ft

x

x

=
=

 

  
2 2(88) (44)

(2)(55 0)
a

−=
−

 25.28 ft/sa =   

(b) Time to reach 60 mi/h. 

  

1 0 1 0

1 0
1 0

( )

88 44

5.28
8.333 s

v v a t t

v v
t t

a

= + −
−

− =

−=

=  1 0 8.33 st t− =  
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PROBLEM 11.36 

A group of students launches a model rocket in the vertical direction. Based on tracking 
data, they determine that the altitude of the rocket was 89.6 ft at the end of the powered 
portion of the flight and that the rocket landed 16 s later. Knowing that the descent 
parachute failed to deploy so that the rocket fell freely to the ground after reaching its 
maximum altitude and assuming that 232.2 ft/s ,g =  determine (a) the speed 1v of the 
rocket at the end of powered flight, (b) the maximum altitude reached by the rocket. 

 

SOLUTION 

 

 

 

 

 

(a) We have 2
1 1

1

2
y y v t at= + +  

 At land,t  0y =  

 Then 1

2 2

0 89.6 ft (16 s)

1
( 32.2 ft/s )(16 s)

2

v= +

+ −

 

 or  1 252 ft/sv =   

(b) We have 2 2
1 12 ( )v v a y y= + −  

 At max, 0y y v= =  

 Then 2 2
max0 (252 ft/s) 2( 32.2 ft/s )( 89.6) fty= + − −  

 or   max 1076 fty =   
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PROBLEM 11.37 

A small package is released from rest at A and 
moves along the skate wheel conveyor ABCD. 
The package has a uniform acceleration of 
4.8 2m/s  as it moves down sections AB and CD, 
and its velocity is constant between B and C. If 
the velocity of the package at D is 7.2 m/s, 
determine (a) the distance d between C and D, 
(b) the time required for the package to reach D. 

 

SOLUTION 

(a) For A  B and C  D we have  

  2 2
0 02 ( )v v a x x= + −  

 Then, at B 2 2

2 2

0 2(4.8 m/s )(3 0) m

28.8 m /s ( 5.3666 m/s)

BC

BC

v

v

= + −

= =

 

 and at D 2 2 2 ( )D BC CD D Cv v a x x= + −  D Cd x x= −  

 or 2 2 2 2(7.2 m/s) (28.8 m /s ) 2(4.8 m/s )d= +  

 or  2.40 md =   

(b) For A  B and C  D we have 

  0v v at= +  

 Then A  B  25.3666 m/s 0 (4.8 m/s ) ABt= +  

 or 1.11804 sABt =   

 and C  D 27.2 m/s 5.3666 m/s (4.8 m/s ) CDt= +  

 or  0.38196 sCDt =  

 Now, for B  C, we have      C B BC BCx x v t= +  

 or 3 m (5.3666 m/s) BCt=  

 or 0.55901 sBCt =  

 Finally,  (1.11804 0.55901 0.38196) sD AB BC CDt t t t= + + = + +  

 or  2.06 sDt =   
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PROBLEM 11.38 

A sprinter in a 100-m race accelerates uniformly for the first 35 m and then runs 
with constant velocity. If the sprinter’s time for the first 35 m is 5.4 s, determine 
(a) his acceleration, (b) his final velocity, (c) his time for the race.  

 

SOLUTION 

Given: 0 35 m,x≤ ≤   constanta =  

 35 m 100 m, constantx v< ≤ =  

 At 0, 0 when 35 m, 5.4 st v x t= = = =  

Find: 

(a) a 

(b) v when 100 mx =  

(c) t when 100 mx =  

 

(a) We have 21
0 0

2
x t at= + + for 0 35 mx≤ ≤  

 At 5.4 s:t =  21
35 m (5.4 s)

2
a=  

 or 22.4005 m/sa =  

   22.40 m/sa =   

(b) First note that maxv v= for 35 m 100 m.x≤ ≤  

 Now 2 0 2 ( 0)v a x= + − for 0 35 mx≤ ≤  

 When 35 m:x =  2 2
max 2(2.4005 m/s )(35 m)v =  

 or max 12.9628 m/sv =  max 12.96 m/sv =   

(c) We have 1 0 1( )x x v t t= + − for 35 m 100 mx< ≤  

 When 100 m:x =  2100 m 35 m (12.9628 m/s)( 5.4) st= + −  

 or  2 10.41 st =   
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PROBLEM 11.39 

As relay runner A enters the 20-m-long exchange zone with a 
speed of 12.9 m/s, he begins to slow down. He hands the baton to 
runner B 1.82 s later as they leave the exchange zone with the 
same velocity. Determine (a) the uniform acceleration of each of 
the runners, (b) when runner B should begin to run. 

 

SOLUTION 

(a) For runner A: 2
0

1
0 ( )

2A A Ax v t a t= + +  

 At 1.82 s:t =  21
20 m (12.9 m/s)(1.82 s) (1.82 s)

2 Aa= +  

 or 22.10 m/sAa = −   

 Also 0( )A A Av v a t= +  

 At 1.82 s:t =  2
1.82( ) (12.9 m/s) ( 2.10 m/s )(1.82 s)

9.078 m/s
Av = + −

=
 

 For runner B: [ ]2 0 2 0B B Bv a x= + −  

 When  220 m, : (9.078 m/s) 2 (20 m)B B A Bx v v a= = =  

 or 22.0603 m/sBa =  

 22.06 m/sBa =   

(b) For runner B: 0 ( )B B Bv a t t= + −  

 where Bt  is the time at which he begins to run. 

 At 1.82 s:t =  29.078 m/s (2.0603 m/s )(1.82 )sBt= −  

 or 2.59 sBt = −  

 Runner B should start to run 2.59 s before A reaches the exchange zone.  
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PROBLEM 11.40 

In a boat race, boat A is leading boat B by 50 m 
and both boats are traveling at a constant 
speed of 180 km/h. At 0,t =  the boats 
accelerate at constant rates. Knowing that 
when B passes A, t 8 s=  and 225 km/h,Av =  
determine (a) the acceleration of A, (b) the 
acceleration of B. 

 

SOLUTION 

(a) We have 0( )A A Av v a t= +  

 0( ) 180 km/h 50 m/sAv = =  

 At 8 s:t =  225 km/h 62.5 m/sAv = =  

 Then 62.5 m/s 50 m/s (8 s)Aa= +  

 or 21.563 m/sAa =   

(b) We have 

 2 2 2
0 0

1 1
( ) ( ) 50 m (50 m/s)(8 s) (1.5625 m/s )(8 s) 500 m

2 2A A A Ax x v t a t= + + = + + =  

 and 2
0

1
0 ( )

2B B Bx v t a t= + +  0( ) 50 m/sBv =  

 At 8 s:t =  A Bx x=  

                          21
500 m (50 m/s)(8 s) (8 s)

2 Ba= +  

 or 23.13 m/sBa =   
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PROBLEM 11.41 

A police officer in a patrol car parked in a 45 mi/h speed zone observes a passing automobile traveling at a 
slow, constant speed. Believing that the driver of the automobile might be intoxicated, the officer starts his 
car, accelerates uniformly to 60 mi/h in 8 s, and, maintaining a constant velocity of 60 mi/h, overtakes the 
motorist 42 s after the automobile passed him. Knowing that 18 s elapsed before the officer began pursuing 
the motorist, determine (a) the distance the officer traveled before overtaking the motorist, (b) the motorist’s 
speed. 

 

SOLUTION 

 

 18( ) 0Pv =  26( ) 60 mi/h 88 ft/sPv = =  42( ) 90 mi/h 88 ft/sPv = =  

(a) Patrol car: 

 For 18 s 26 s:t< ≤  0 ( 18)P Pv a t= + −  

 At 26 s:t =  88 ft/s (26 18) sPa= −  

 or 211 ft/sPa =  

 Also, 21
0 0( 18) ( 18)

2P Px t a t= + − − −  

 At 26 s:t =  2 2
26

1
( ) (11 ft/s )(26 18) 352 ft

2Px = − =  

 For 26 s 42 s:t< ≤  26 26( ) ( ) ( 26)P P Px x v t= + −  

 At 42 s:t =  42( ) 352 m (88 ft/s)(42 26)s

1760 ft
Px = + −

=
 

   42( ) 1760 ftPx =   

(b) For the motorist’s car: 0M Mx v t= +  

 At 42 s, :M Pt x x= =  1760 ft (42 s)Mv=  

 or  41.9048 ft/sMv =  

 or  28.6 mi/hMv =   
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PROBLEM 11.42 

Automobiles A and B are traveling in adjacent highway lanes 
and at 0t =  have the positions and speeds shown. Knowing 
that automobile A has a constant acceleration of 21.8 ft/s  and 
that B has a constant deceleration of 21.2 ft/s ,  determine  
(a) when and where A will overtake B, (b) the speed of each 
automobile at that time. 

 

SOLUTION 

 

2 2

0

0

1.8 ft/s 1.2 ft/s

( ) 24 mi/h 35.2 ft/s

( ) 36 mi/h 52.8 ft/s

A B

A

B

a a

v

v

= + = −
= =
= =

 

 

Motion of auto A: 

 0( ) 35.2 1.8A A Av v a t t= + = +  (1) 

 2 2
0 0

1 1
( ) ( ) 0 35.2 (1.8)

2 2A A A Ax x v t a t t t= + + = + +  (2) 

Motion of auto B: 

 0( ) 52.8 1.2B B Bv v a t t= + = −  (3) 

 2 2
0 0

1 1
( ) ( ) 75 52.8 ( 1.2)

2 2B B B Bx x v t a t t t= + + = + + −  (4) 

(a) 1 overtakes  at  .A B t t=  

 2 2
1 1 1: 35.2 0.9 75 52.8 0.6A Bx x t t t t= + = + −  

 2
1 11.5 17.6 75 0t t− − =  

 1 13.22 s and 15.0546t t= − =  1 15.05 st =   

 Eq. (2): 235.2(15.05) 0.9(15.05)Ax = +  734 ftAx =   

 
 
 
 

A overtakes B 
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PROBLEM 11.42  (Continued) 

 

(b) Velocities when   1 15.05 st =  

 Eq. (1): 35.2 1.8(15.05)Av = +  

 62.29 ft/sAv =  42.5 mi/hAv =   

 Eq. (3): 52.8 1.2(15.05)Bv = −  

 34.74 ft/sBv =  23.7 mi/hBv =   
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PROBLEM 11.43 

Two automobiles A and B are approaching each other in adjacent highway lanes. At t 0,=  A and B are 3200 ft 
apart, their speeds are 65 mi/hAv =  and 40 mi/h,Bv =  and they are at Points P and Q, respectively. Knowing 
that A passes Point Q 40 s after B was there and that B passes Point P 42 s after A was there, determine (a) the 
uniform accelerations of A and B, (b) when the vehicles pass each other, (c) the speed of B at that time. 

 

 

SOLUTION 

(a) We have 2
0 0

1
0 ( ) ( ) 65 mi/h 95.33 ft/s

2A A A Ax v t a t v= + + = =  

 (x is positive ; origin at P.) 

 At 40 s:t =  21
3200 m (95.333 m/s)(40 s) (40 s)

2 Aa= +  20.767 ft/sAa = −   

 Also, 2
0

1
0 ( )

2B B Bx v t a t= + +  0( ) 40 mi/h 58.667 ft/sBv = =  

 (xB is positive ; origin at Q.) 

 At 42 s:t =  21
3200 ft (58.667 ft/s)(42 s) (42 s)

2 Ba= +  

 or 20.83447 ft/sBa =  20.834 ft/sBa =   

(b) When the cars pass each other 3200 ftA Bx x+ =  

 Then 22 21 1
(95.333 ft/s) ( 0.76667 ft/s) (58.667 ft/s) (0.83447 ft/s ) 3200 ft

2 2AB AB AB ABt t t t+ − + + =  

 or 20.03390 154 3200 0AB ABt t+ − =  

 Solving 20.685 s and 4563 st t= = −  0 20.7 sABt t>  =   

(c) We have 0( )B B Bv v a t= +  

 At :ABt t=  258.667 ft/s (0.83447 ft/s )(20.685 s)Bv = +  

  75.927 ft/s=  51.8 mi/hBv =   
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PROBLEM 11.44 

An elevator is moving upward at a constant speed of 4 m/s. A man standing 10 m 
above the top of the elevator throws a ball upward with a speed of 3 m/s. Determine 
(a) when the ball will hit the elevator, (b) where the ball will hit the elevator with 
respect to the location of the man. 

 

SOLUTION 

Place the origin of the position coordinate at the level of the standing man, the positive direction being up. 
The ball undergoes uniformly accelerated motion. 

  2
0 0

1
( ) ( )

2B B By y v t gt= + −  

with 2
0 0( ) 0, ( ) 3 m/s, and 9.81 m/s .B By v g= = =  

  23 4.905By t t= −  

The elevator undergoes uniform motion. 

  0( )E E Ey y v t= +  

with 0( ) 10 m and 4 m/s.E Ey v= − =  

(a) Time of impact. Set B Ey y=  

  
2

2

3 4.905 10 4

4.905 10 0

t t t

t t

− = − +

+ − =
 

 1.3295t =  and 1.5334−   1.330 st =   

(b) Location of impact. 

 

2(3)(1.3295) (4.905)(1.3295) 4.68 m

10 (4)(1.3295) 4.68 m (checks)
B

E

y

y

= − = −
= − + = −  

  4.68 m below the man  
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PROBLEM 11.45 

Two rockets are launched at a fireworks display. Rocket A is launched with an 
initial velocity 0v = 100 m/s and rocket B is launched t1 seconds later with the 
same initial velocity. The two rockets are timed to explode simultaneously at a 
height of 300 m as A is falling and B is rising. Assuming a constant acceleration 
g = 9.81 2m/s , determine (a) the time t1, (b) the velocity of B relative to A at the 
time of the explosion. 

 

SOLUTION 

Place origin at ground level. The motion of rockets A and B is 

Rocket A: 0( ) 100 9.81A Av v gt t= − = −  (1) 

  2 2
0 0

1
( ) ( ) 100 4.905

2A A Ay y v t gt t t= + − = −  (2) 

Rocket B: 0 1 1( ) ( ) 100 9.81( )B Bv v g t t t t= − − = − −  (3) 

  

2
0 0 1 1

2
1 1

1
( ) ( ) ( ) ( )

2

100( ) 4.905( )

B B By y v t t g t t

t t t t

= + − − −

= − − −  (4) 

Time of explosion of rockets A and B.   300 ftA By y= =  

From (2), 2300 100 4.905t t= −  

  24.905 100 300 0t t− + =  

  16.732 s and 3.655 st =  

From (4), 2
1 1300 100( ) 4.905( )t t t t= − − −  

  1 16.732 s and 3.655 st t− =  

Since rocket A is falling, 16.732 st =  

Since rocket B is rising, 1 3.655 st t− =  

(a) Time t1: 1 1( )t t t t= − −  1 13.08 st =   

(b) Relative velocity at explosion. 

 From (1), 100 (9.81)(16.732) 64.15 m/sAv = − = −  

 From (3), 100 (9.81)(16.732 13.08) 64.15 m/sBv = − − =  

 Relative velocity: /B A B Av v v= −  / 128.3 m/sB Av =   
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PROBLEM 11.46 

Car A is parked along the northbound lane of a highway, and car B is traveling in the southbound lane at a 
constant speed of 60 mi/h. At 0,t =  A starts and accelerates at a constant rate ,Aa  while at 5 s,t =  B begins to 
slow down with a constant deceleration of magnitude /6.Aa  Knowing that when the cars pass each other 

294 ftx =  and ,A Bv v=  determine (a) the acceleration ,Aa  (b) when the vehicles pass each other, (c) the 
distance d between the vehicles at 0.t =  

 

 

SOLUTION 

 

For 0:t ≥  0A Av a t= +  

 21
0 0

2A Ax a t= + +  

0 5 s:t≤ <  0 00 ( ) ( ) 60 mi/h 88 ft/sB B Bx v t v= + = =  

At 5 s:t =  (88 ft/s)(5 s) 440 ftBx = =  

For 5 s:t ≥  0
1

( ) ( 5)
6B B B B Av v a t a a= + − = −  

 2
0

1
( ) ( ) ( 5) ( 5)

2B B S B Bx x v t a t= + − + −  

Assume t > 5 s when the cars pass each other. 

At that time ( ),ABt  

:A Bv v=  (88 ft/s) ( 5)
6
A

A AB AB
a

a t t= − −  

294 ft :Ax =  21
294 ft

2 A ABa t=  

Then 
( )7 5

6 6
21

2

88

294
A AB

A AB

a t

a t

−
=  

or 244 343 245 0AB ABt t− + =  
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PROBLEM 11.46  (Continued) 

 

Solving 0.795 s and 7.00 sAB ABt t= =  

(a) With 5 s,ABt >  21
294 ft (7.00 s)

2 Aa=  

 or 212.00 ft/sAa =   

(b) From above 7.00 sABt =   

Note: An acceptable solution cannot be found if it is assumed that 5 s.ABt ≤  

(c) We have 

2 2

( )

294 ft 440 ft (88 ft/s)(2.00 s) 

1 1
12.00 ft/s (2.00 s)

2 6

ABB td x x= +

= + +

 + − × 
 

 

 or 906 ftd =   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

59 

 

 

PROBLEM 11.47 

The elevator shown in the figure moves downward with a constant velocity 
of 4 m/s. Determine (a) the velocity of the cable C, (b) the velocity of the 
counterweight W, (c) the relative velocity of the cable C with respect to the 
elevator, (d) the relative velocity of the counterweight W with respect to 
the elevator. 

 

SOLUTION 

Choose the positive direction downward. 

(a) Velocity of cable C. 

 2 constantC Ey y+ =  

 2 0C Ev v+ =  

 But, 4 m/sEv =  

 or 2 8 m/sC Ev v= − = −  8.00 m/sC =v   

(b) Velocity of counterweight W. 

 constantW Ey y+ =  

 0 4 m/sW E W Ev v v v+ = = − = −  4.00 m/sW =v   

(c) Relative velocity of C with respect to E. 

 / ( 8 m/s) ( 4 m/s) 12 m/sC E C Ev v v= − = − − + = −  

 / 12.00 m/sC E =v   

(d) Relative velocity of W with respect to E. 

 / ( 4 m/s) (4 m/s) 8 m/sW E W Ev v v= − = − − = −  

 / 8.00 m/sW E =v   
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PROBLEM 11.48 

The elevator shown starts from rest and moves upward with a constant 
acceleration. If the counterweight W moves through 30 ft in 5 s, determine 
(a) the acceleration of the elevator and the cable C, (b) the velocity of the 
elevator after 5 s. 

 

SOLUTION 

We choose positive direction downward for motion of counterweight. 

 21

2W Wy a t=  

At 5 s,t =   30 ftWy =  

 21
30 ft (5 s)

2 Wa=  

 22.4 ft/sWa =  22.4 ft/sW =a   

(a) Accelerations of E and C. 

 Since constant 0, and 0W E W E W Ey y v v a a+ = + = + =  

 Thus: 2(2.4 ft/s ),E Wa a= − = −  22.40 ft/sE =a  

 Also, 2  constant, 2 0, and 2 0C E C E C Ey y v v a a+ = + = + =  

 Thus: 2 22 2( 2.4 ft/s ) 4.8 ft/s ,C Ea a= − = − − = +  24.80 ft/sC =a   

(b) Velocity of elevator after 5 s. 

 2
0( ) 0 ( 2.4 ft/s )(5 s) 12 ft/sE E Ev v a t= + = + − = −  5( ) 12.00 ft/sE =v   
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PROBLEM 11.49 

Slider block A moves to the left with a constant velocity of 6 m/s. 
Determine (a) the velocity of block B, (b) the velocity of portion D of 
the cable, (c) the relative velocity of portion C of the cable with respect 
to portion D. 

 

SOLUTION 

 



 

From the diagram, we have 

 3 constantA Bx y+ =  

Then  3 0A Bv v+ =  (1) 

and  3 0A Ba a+ =  (2) 

(a) Substituting into Eq. (1) 6 m/s + 3 0Bv =  

 or  2.00 m/sB =v   

(b) From the diagram constantB Dy y+ =  

 Then 0B Dv v+ =  

 2.00 m/sD =v  

(c) From the diagram constantA Cx y+ =  

 Then 0A Cv v+ =  6 m/sCv = −  

 Now / ( 6 m/s) (2 m/s) 8 m/sC D C Dv v v= − = − − = −  

  / 8.00 m/sC D =v  
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PROBLEM 11.50 

Block B starts from rest and moves downward with a constant 
acceleration. Knowing that after slider block A has moved 9 in. its 
velocity is 6 ft/s, determine (a) the accelerations of A and B, (b) the 
velocity and the change in position of B after 2 s. 

 

SOLUTION 

 

 

 

 

From the diagram, we have 

  3 constantA Bx y+ =  

Then  3 0A Bv v+ =  (1) 

and  3 0A Ba a+ =  (2) 

(a) Eq. (2): 3 0A Ba a+ =  and Ba  is constant and  

 positive A a  is constant and negative 

 Also, Eq. (1) and 0 0( ) 0 ( ) 0B Av v=  =  

 Then 2
00 2 [ ( ) ]A A A Av a x x= + −  

 When | | 0.4 m:AxΔ =  2(6 ft/s) 2 (9/12 ft)Aa=  

 or  224.0 ft/sA =a  

 Then, substituting into Eq. (2): 

 224 ft/s 3 0Ba− + =  

 or 224
ft/s

3Ba =  28.00 ft/sB =a  
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PROBLEM 11.50  (Continued) 

 

(b) We have 0B Bv a t= +  

 At 2 s:t =  224
ft/s (2 s)

3Bv
 =  
 

 

 or  16.00 ft/sB =v  

 Also 2
0

1
( ) 0

2B B By y a t= + +  

 At 2 s:t =  2 2
0

1 24
( )  ft/s (2 s)

2 3B By y
 − =  
 



 or  0( ) 16.00 ftB B− =y y  
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PROBLEM 11.51 

Slider block B moves to the right with a constant 
velocity of 300 mm/s. Determine (a) the velocity 
of slider block A, (b) the velocity of portion C of 
the cable, (c) the velocity of portion D of the 
cable, (d) the relative velocity of portion C of the 
cable with respect to slider block A. 

 

SOLUTION 

 

From the diagram ( ) 2 constantB B A Ax x x x+ − − =  

Then 2 3 0B Av v− =  (1) 

and 2 3 0B Aa a− =  (2) 

Also, we have constantD Ax x− − =  

Then 0D Av v+ =  (3) 

(a) Substituting into Eq. (1) 2(300 mm/s) 3 0Av− =  

 or  200 mm/sA =v  

(b) From the diagram ( ) constantB B Cx x x+ − =  

 Then 2 0B Cv v− =  

 Substituting 2(300 mm/s) 0Cv− =  

 or  600 mm/sC =v   
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PROBLEM 11.51  (Continued) 

 

(c) From the diagram ( ) ( ) constantC A D Ax x x x− + − =  

 Then 2 0C A Dv v v− + =  

 Substituting 600 mm/s 2(200 mm/s) 0Dv− + =  

 or  200 mm/sD =v   

(d) We have /

600 mm/s 200 mm/s
C A C Av v v= −

= −
 

 or  / 400 mm/sC A =v  
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PROBLEM 11.52 

At the instant shown, slider block B is moving 
with a constant acceleration, and its speed is 
150 mm/s. Knowing that after slider block A 
has moved 240 mm to the right its velocity is 
60 mm/s, determine (a) the accelerations of A 
and B, (b) the acceleration of portion D of the 
cable, (c) the velocity and change in position of 
slider block B after 4 s. 

 

SOLUTION 

 

From the diagram ( ) 2 constantB B A Ax x x x+ − − =  

Then 2 3 0B Av v− =  (1) 

and 2 3 0B Aa a− =  (2) 

(a) First observe that if block A moves to the right, A →v  and Eq. (1) .B →v  Then, using  

 Eq. (1) at 0t =  
 02(150 mm/s) 3( ) 0Av− =  

 or 0( ) 100 mm/sAv =  

 Also, Eq. (2) and  constant constantB Aa a=  =  

 Then 2 2
0 0( ) 2 [ ( ) ]A A A A Av v a x x= + −  

 When 0( ) 240 mm:A Ax x− =  

  2 2(60 mm/s) (100 mm/s) 2 (240 mm)Aa= +  

 or 240
mm/s

3Aa = −  

 or  213.33 mm/sA =a  
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PROBLEM 11.52  (Continued) 

 

 Then, substituting into Eq. (2) 

  240
2 3  mm/s 0

3Ba
 − − = 
 

 

 or 220 mm/sBa = −  220.0 mm/sB =a  

(b) From the diagram, constantD Ax x− − =  

 0D Av v+ =  

 Then 0D Aa a+ =  

 Substituting 240
mm/s 0

3Da
 + − = 
 

 

 or 213.33 mm/sD =a   

(c) We have 0( )B B Bv v a t= +  

 At 4 s:t =  2150 mm/s ( 20.0 mm/s )(4 s)Bv = + −  

 or  70.0 mm/sB =v   

 Also 2
0 0

1
( ) ( )

2B B B Bx x v t a t= + +  

 At 4 s:t =  0

2 2

( ) (150 mm/s)(4 s)

1
( 20.0 mm/s )(4 s)

2

B Bx x− =

+ −

 

 or  0( ) 440 mmB B− =x x  
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PROBLEM 11.53 

Collar A starts from rest and moves upward with a constant acceleration. Knowing 
that after 8 s the relative velocity of collar B with respect to collar A is 24 in./s, 
determine (a) the accelerations of A and B, (b) the velocity and the change in position 
of B after 6 s. 

 

SOLUTION 

 

 

 

From the diagram 

 2 ( ) constantA B B Ay y y y+ + − =  

Then 2 0A Bv v+ =  (1) 

and 2 0A Ba a+ =  (2) 

(a) Eq. (1) and 0 0( ) 0 ( ) 0A Bv v=  =  

 Also, Eq. (2) and Aa  is constant and negative B a  is constant and  
 positive. 

 Then 0 0A A B Bv a t v a t= + = +  

 Now / ( )B A B A B Av v v a a t= − = −  

 From Eq. (2) 
1

2B Aa a= −  

 So that /
3

2B A Av a t= −  
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PROBLEM 11.53  (Continued) 

 

 At 8 s:t =  
3

24 in./s (8 s)
2 Aa= −  

 or  22.00 in./sA =a   

 and then 21
( 2 in./s )

2Ba = − −  

 or  21.000 in./sB =a   

(b) At 6 s:t =  2(1 in./s )(6 s)Bv =  

 or 6.00 in./sB =v  

 Now 2
0

1
( ) 0

2B B By y a t= + +  

 At 6 s:t =  2 2
0

1
( ) (1 in./s )(6 s)

2B By y− =  

 or  0( ) 18.00 in.B B− =y y  
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PROBLEM 11.54 

The motor M reels in the cable at a constant rate of 100 mm/s. Determine (a) the 
velocity of load L, (b) the velocity of pulley B with respect to load L. 

 

SOLUTION 

 
Let xB and xL be the positions, respectively, of pulley B and load L measured downward from a fixed elevation 
above both. Let xM be the position of a point on the cable about to enter the reel driven by the motor. Then, 
considering the lengths of the two cables, 

  
3 constant 3 0

( ) constant 2 0
M B M B

L L B L B

x x v v

x x x v v

+ = + =
+ − = + =

 

with                     100 mm/s

33.333 m/s
3

16.667 mm/s
2

M

M
B

B
L

v

v
v

v
v

=

= − = −

= = −

 

(a) Velocity of load L.   16.67 mm/sL =v   

(b) Velocity of pulley B with respect to load L.  / 33.333 ( 16.667) 16.667B L B Lv v v= − = − − − = −  

    / 16.67 mm/sB L =v   
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PROBLEM 11.55 

Block C starts from rest at t = 0 and moves downward with a constant 
acceleration of 4 in./s2. Knowing that block B has a constant velocity of 3 in./s 
upward, determine (a) the time when the velocity of block A is zero, (b) the 
time when the velocity of block A is equal to the velocity of block D, (c) the 
change in position of block A after 5 s. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

Use units of inches and seconds. 

Motion of block C: 0

20 4 where 4 in./s

C C C

C

v v a t

t a

= +

= + = −

 

Motion of block B: 3 in./s; 0B Bv a= − =  

Motion of block A: From (1) and (2), 

  
2

1 1
3 (4 ) 3 2 in./s

2 2
1 1

0 (4) 2 in./s
2 2

A B C

A B C

v v v t t

a a a

= − − = − = −

= − − = − = −
 

 

 
 

From the diagram: 

Cord 1: 2 2 constantA B Cy y y+ + =  

Then 2 2 0A B Cv v v+ + =  

and 2 2 0A B Ca a a+ + =  (1) 

Cord 2: ( ) ( ) constantD A D By y y y− + − =  

Then 2 0D A Bv v v− − =  

and 2 0D A Ba a a− − =  (2) 
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PROBLEM 11.55  (Continued) 

 

(a) Time when vB is zero. 

  3 2 0t− =  1.500 st =   

 Motion of block D: From (3), 

  
1 1 1 1

(3 2 ) (3) 1
2 2 2 2D A Bv v v t t= + = − − = −  

(b) Time when vA is equal to v0. 

  3 2t t− = −  3.00 st =   

(c) Change in position of block A ( 5 s).t =  

  

2
0

2

1
( )

2
1

(3)(5) ( 2)(5) 10 in.
2

A A Ay v t a tΔ = +

= + − = −  

   Change in position 10.00 in.=   
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PROBLEM 11.56 

Block A starts from rest at t = 0 and moves downward with a constant 
acceleration of 6 in./s2. Knowing that block B moves up with a constant 
velocity of 3 in./s, determine (a) the time when the velocity of block C is zero, 
(b) the corresponding position of block C. 

 

SOLUTION 

 

The cable lengths are constant. 

 
1

2

2 2 constant

( ) constant

C D

A B B D

L y y

L y y y y

= + +

= + + − +
 

Eliminate yD. 

 
1 22 2 2 2 2 2( ) constant

2( 2 ) constant

C D A B B D

C A B

L L y y y y y y

y y y

+ = + + + + − +

+ + =
 

Differentiate to obtain relationships for velocities and accelerations, positive downward. 

 2 0C A Bv v v+ + =  (1) 

 2 0C A Ba a a+ + =  (2) 

Use units of inches and seconds. 

Motion of block A: 6A Av a t t= +  

  2 2 21 1
(6) 3

2 2A Ay a t t tΔ = = =  

Motion of block B: 3 in./sB =v 3 in./sBv = −  

  3B By v t tΔ = = −  

Motion of block C: From (1), 

  2

0

2 6 2( 3) 6 6

6 3

C A B

t

C C

v v v t t

y v dt t t

= − − = − − − = −

Δ = = −
 

(a) Time when vC is zero. 6 6 0t− =  1.000 st =   

(b) Corresponding position. 

  2(6)(1) (3)(1) 3 in.CyΔ = − =  3.00 in.CyΔ =   



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

74 

 

 

PROBLEM 11.57 

Block B starts from rest, block A moves with a constant 
acceleration, and slider block C moves to the right with a  
constant acceleration of 275 mm/s .  Knowing that at 2 st =  the 
velocities of B and C are 480 mm/s downward and 280 mm/s to 
the right, respectively, determine (a) the accelerations of A and B, 
(b) the initial velocities of A and C, (c) the change in position of 
slider block C after 3 s. 

 

SOLUTION 

 
From the diagram 

 3 4 constantA B Cy y x+ + =  

Then 3 4 0A B Cv v v+ + =  (1) 

and 3 4 0A B Ca a a+ + =  (2) 

Given: ( ) 0,Bv =  

  2

constent

( ) 75 mm/s

A

C

a =

=a  

At 2 s,t =  480 mm/sB =v  

  280 mm/sC =v  

(a) Eq. (2) and constantAa =  and constantCa = constantBa =  

 Then 0B Bv a t= +  

 At 2 s:t =  480 mm/s (2 s)Ba=  

 2240 mm/s orBa =  2240 mm/sB =a  

 Substituting into Eq. (2) 

 2 23 4(240 mm/s ) (75 mm/s ) 0Aa + + =  

 345 mm/sAa = −  or 2345 mm/sA =a  
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PROBLEM 11.57  (Continued) 

 

(b) We have 0( )C C Cv v a t= +  

 At 2 s:t =  0280 mm/s ( ) (75 mm/s)(2 s)Cv= +  

 130 mm/sCv =  or 0( ) 130.0 mm/sC =v  

 Then, substituting into Eq. (1) at 0t =  

 03( ) 4(0) (130 mm/s) 0Av + + =  

 43.3 mm/sAv = −  or 0( ) 43.3 mm/sA =v   

(c) We have 2
0 0

1
( ) ( )

2C C C Cx x v t a t= + +  

 At 3 s:t =  2 2
0

1
( ) (130 mm/s)(3 s) (75 mm/s )(3 s)

2C Cx x− = +  

 728 mm=  or 0( ) 728 mmC C− =x x  
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PROBLEM 11.58 

Block B moves downward with a constant velocity of 20 mm/s. 
At 0,t =  block A is moving upward with a constant acceleration, 
and its velocity is 30 mm/s. Knowing that at 3 st =  slider block C 
has moved 57 mm to the right, determine (a) the velocity of slider 
block C at 0,t =  (b) the accelerations of A and C, (c) the change in 
position of block A after 5 s. 

 

SOLUTION 

 
From the diagram 

 3 4 constantA B Cy y x+ + =  

Then 3 4 0A B Cv v v+ + =  (1) 

and 3 4 0A B Ca a a+ + =  (2) 

Given:  20 mm/sB =v ; 

 0( ) 30 mm/sA =v  

(a) Substituting into Eq. (1) at 0t =  

 03( 30 mm/s) 4(20 mm/s) ( ) 0Cv− + + =  

 0( ) 10 mm/sCv =  0or ( ) 10.00 mm/sC =v   

(b) We have 2
0 0

1
( ) ( )

2C C C Cx x v t a t= + +  

 At 3 s:t =  21
57 mm  (10 mm/s)(3 s) (3 s)

2 Ca= +  

 26 mm/s orCa =  26.00 mm/sC =a  

 Now constant 0B Ba= → =v  
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PROBLEM 11.58  (Continued) 

 

 Then, substituting into Eq. (2) 

 23 4(0) (6 mm/s ) 0Aa + + =  

 22 mm/s orAa = −  22.00 mm/sA =a   

(c) We have 2
0 0

1
( ) ( )

2A A A Ay y v t a t= + +  

 At 5 s:t =  2 2
0

1
( ) ( 30 mm/s)(5 s) ( 2 mm/s )(5 s)

2
175 mm

A Ay y− = − + −

= −

 

 or  0( ) 175.0 mmA A− =y y   
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PROBLEM 11.59 

The system shown starts from rest, and each component moves with a constant 
acceleration. If the relative acceleration of block C with respect to collar B is 
60 2mm/s  upward and the relative acceleration of block D with respect to block A 
is 2110 mm/s  downward, determine (a) the velocity of block C after 3 s, (b) the 
change in position of block D after 5 s. 

 

SOLUTION 

 

 

 

 

From the diagram 

Cable 1: 2 2 constantA B Cy y y+ + =  

Then 2 2 0A B Cv v v+ + =  (1) 

and 2 2 0A B Ca a a+ + =  (2) 

Cable 2: ( ) ( ) constantD A D By y y y− + − =  

Then 2 0A B Dv v v− − + =  (3) 

and 2 0A B Da a a− − + =  (4) 

Given:    At 0,  0;t v= =  all accelerations constant;  

 2
/ 60 mm/sC Ba = , 2

/ 110 mm/sD Aa =  

(a) We have / 60 or 60C B C B B Ca a a a a= − = − = +  

 and / 110 or 110D A D A A Da a a a a= − = = −  

 Substituting into Eqs. (2) and (4) 

 Eq. (2): 2( 110) 2( 60) 0D C Ca a a− + + + =  

 or 3 2 100C Da a+ =  (5) 

 Eq. (4): ( 110) ( 60) 2 0D C Da a a− − − + + =  

 or 50C Da a− + = −  (6) 
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PROBLEM 11.59  (Continued) 

 

 Solving Eqs. (5) and (6) for Ca  and Da  

 240 mm/sCa =  

 210 mm/sDa = −  

 Now 0C Cv a t= +  

 At 3 s:t =  2(40 mm/s )(3 s)Cv =  

 or 120.0 mm/sC =v  

(b) We have 2
0

1
( ) (0)

2D D Dy y t a t= + +  

 At 5 s:t =  2 2
0

1
( ) ( 10 mm/s )(5 s)

2D Dy y− = −  

 or  0( ) 125.0 mmD D− =y y  
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PROBLEM 11.60* 

The system shown starts from rest, and the length of the upper cord is adjusted so 
that A, B, and C are initially at the same level. Each component moves with a 
constant acceleration, and after 2 s the relative change in position of block C with 
respect to block A is 280 mm upward. Knowing that when the relative velocity of 
collar B with respect to block A is 80 mm/s  downward, the displacements of A 
and B are 160 mm downward and 320 mm downward, respectively, determine  
(a) the accelerations of A and B if 210 mm/s ,Ba >  (b) the change in position of 
block D when the velocity of block C is 600 mm/s upward. 

 

SOLUTION 

 

 

 

From the diagram 

Cable 1: 2 2 constantA B Cy y y+ + =  

Then 2 2 0A B Cv v v+ + =  (1) 

and 2 2 0A B Ca a a+ + =  (2) 

Cable 2: ( ) ( ) constantD A D By y y y− + − =  

Then 2 0A B Dv v v− − − =  (3) 

and 2 0A B Da a a− − + =  (4) 

Given: At  

0 0 0

0

0

( ) ( ) ( )A B C

t

v

y y y

=
=
= =

 

All accelerations constant.  

At 2 st =  

 / 280 mmC Ay =  

When / 80 mm/sB Av =  

 0( ) 160 mmA Ay y− =  

 0( ) 320 mmB By y− =  

 210 mm/sBa >  
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PROBLEM 11.60*  (Continued) 

 

(a) We have 2
0

1
( ) (0)

2A A Ay y t a t= + +  

 and 2
0

1
( ) (0)

2C C Cy y t a t= + +  

 Then 2
/

1
( )

2C A C A C Ay y y a a t= − = −  

 At 2 s,t = / 280 mm:C Ay = −  

 21
280 mm ( )(2 s)

2 C Aa a− = −  

 or 140C Aa a= −  (5) 

 Substituting into Eq. (2) 

 2 2 ( 140) 0A B Aa a a+ + − =  

 or 
1

(140 2 )
3A Ba a= −  (6) 

 Now 0B Bv a t= +  

 0A Av a t= +  

 / ( )B A B A B Av v v a a t= − = −  

 Also 2
0

1
( ) (0)

2B B By y t a t= + +  

 When / 80 mm/sB A =v : 80 ( )B Aa a t= −  (7) 

 160 mmAyΔ = : 21
160

2 Aa t=  

 320 mmByΔ = : 21
320

2 Ba t=  

 Then 21
160 ( )

2 B Aa a t= −  

 Using Eq. (7) 320 (80) or 4 st t= =  

 Then 21
160 (4) or

2 Aa=  220.0 mm/sA =a   

 and 21
320 (4) or

2 Ba=  240.0 mm/sB =a  

 Note that Eq. (6) is not used; thus, the problem is over-determined. 
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PROBLEM 11.60*  (Continued) 

 

(b) Substituting into Eq. (5) 

 220 140 120 mm/sCa = − = −  

 and into Eq. (4) 

  2 2(20 mm/s ) (40 mm/s ) 2 0Da− − + =  

 or 230 mm/sDa =  

 Now 0C Cv a t= +  

 When 600 mm/s:Cv = −  2600 mm/s ( 120 mm/s )t− = −  

 or 5 st =  

 Also 2
0

1
( ) (0)

2D D Dy y t a t= + +  

 At 5 s:t =  2 2
0

1
( ) (30 mm/s )(5 s)

2D Dy y− =  

 or  0( ) 375 mmD D− =y y  
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PROBLEM 11.61 

A particle moves in a straight line with the acceleration shown in the figure. 
Knowing that it starts from the origin with 0 14 ft/s,v = − plot the v−t and x−t 
curves for 0 15 st< < and determine (a) the maximum value of the velocity 
of the particle, (b) the maximum value of its position coordinate. 

 

SOLUTION 

 

Change in v = area under a−t curve. 0 14 ft/sv = −  

0t =  to 2 s:t =  2
2 0 (3 ft/s )(2 s) 6 ft/sv v− = = +  2 8 ft/sv = −  

2 st =  to 5 s:t =  2
5 2 (8 ft/s )(3 s) 24 ft/sv v− = = +  5 16 ft/sv = +  

5 st =  to 8 s:t =  2
8 5 (3 ft/s )(3 s) 9 ft/sv v− = = +  8 25 ft/sv = +  

8 st =  to 10 s:t =  2
10 8 ( 5 ft/s )(2 s) 10 ft/sv v− = − = −  10 15 ft/sv = +  

10 st =  to 15 s:t =  2
15 10 ( 5 ft/s )(5 s) 25 ft/sv v− = − = −  15 10 ft/sv = −  
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PROBLEM 11.61  (Continued) 

 

Plot v−t curve. Then by similar triangles Δ’s find t for v = 0. 

Change in x = area under v−t curve 0 0x =  

0t =  to 2 s:t =  2 0
1

( 14 8)(2) 22 ft
2

x x− = − − = −  2 22 ftx = −  

2 st =  to 3 s:t =  3 2
1

( 8)(1) 4 ft
2

x x− = − = −  8 26 ftx = −  

3 st =  to 5 s:t =  5 3
1

( 16)(2) 16 ft
2

x x− = + = +  5 10 ftx = −  

5 st =  to 8 s:t =  8 5
1

( 16 25)(3) 61.5 ft
2

x x− = + + = +  8 51.6 ftx = +  

8 st =  to 10 s:t =  10 8
1

( 25 15)(2) 40 ft
2

x x− = + + = +  10 91.6 ftx = +  

10 st =  to 13 s:t =  13 10
1

( 15)(3) 22.5 ft
2

x x− = + = +  13 114 ftx = +  

13 st =  to 15 s:t =  15 13
1

( 10)(2) 10 ft
2

x x− = − = −  15 94 ftx = +  

 

(a) Maximum velocity: When t = 8 s,  25.0 ft/smv =   

(b) Maximum x: When t = 13 s,   114.0 ftmx =   
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PROBLEM 11.62 

For the particle and motion of Problem 11.61, plot the v−t and x−t curves for 
0 15 st< < and determine the velocity of the particle, its position, and the 
total distance traveled after 10 s. 

PROBLEM 11.61 A particle moves in a straight line with the acceleration 
shown in the figure. Knowing that it starts from the origin with 

0 14 ft/s,v = − plot the v−t and x−t curves for 0 15 st< < and determine  
(a) the maximum value of the velocity of the particle, (b) the maximum 
value of its position coordinate. 

 

SOLUTION 

 

Change in v = area under a−t curve. 0 14 ft/sv = −  

0t =  to 2 s:t =  2
2 0 (3 ft/s )(2 s) 6 ft/sv v− = = +  2 8 ft/sv = −  

2 st =  to 5 s:t =  2
5 2 (8 ft/s )(3 s) 24 ft/sv v− = = +  5 16 ft/sv = +  

5 st =  to 8 s:t =  2
8 5 (3 ft/s )(3 s) 9 ft/sv v− = = +  8 25 ft/sv = +  

8 st =  to 10 s:t =  2
10 8 ( 5 ft/s )(2 s) 10 ft/sv v− = − = −  10 15 ft/sv = +  

10 st =  to 15 s:t =  2
15 10 ( 5 ft/s )(5 s) 25 ft/sv v− = − = −  15 10 ft/sv = −  
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PROBLEM 11.62  (Continued) 

 

Plot v−t curve. Then by similar triangles Δ’s find t for v = 0. 

Change in x = area under v−t curve 0 0x =  

0t =  to 2 s:t =  2 0
1

( 14 8)(2) 22 ft
2

x x− = − − = −  2 22 ftx = −  

2 st =  to 3 s:t =  3 2
1

( 8)(1) 4 ft
2

x x− = − = −  8 26 ftx = −  

3 st =  to 5 s:t =  5 3
1

( 16)(2) 16 ft
2

x x− = + = +  5 10 ftx = −  

5 st =  to 8 s:t =  8 5
1

( 16 25)(3) 61.5 ft
2

x x− = + + = +  8 51.6 ftx = +  

8 st =  to 10 s:t =  10 8
1

( 25 15)(2) 40 ft
2

x x− = + + = +  10 91.6 ftx = +  

10 st =  to 13 s:t =  13 10
1

( 15)(3) 22.5 ft
2

x x− = + = +  13 114 ftx = +  

13 st =  to 15 s:t =  15 13
1

( 10)(2) 10 ft
2

x x− = − = −  15 94 ftx = +  

 

when t = 10 s:   10 15 ft/sv = +  

    10 91.5 ft/sx = +   

Distance traveled: t = 0 to t = 105 

 t = 0 to t = 3 s: Distance traveled = 26 ft 

 t = 3 s to t = 10 s Distance traveled = 26 ft + 91.5 ft = 117.5 ft 

    Total distance traveled = 26 + 117.5 = 143.5 ft  
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PROBLEM 11.63 

A particle moves in a straight line with the velocity 
shown in the figure. Knowing that 540 mx = −  at t = 0, 
(a) construct the a t−  and x t−  curves for 0 t< < 50 s, 
and determine (b) the total distance traveled by the 
particle when 50 s,t =  (c) the two times at which 0.x =   

 

SOLUTION 

(a) slope ofta v t= −  curve at time t 

 From 0t =  to 10 s:t =  constant 0v a=  =  

  10 st =  to 26 s:t =   220 60
5 m/s

26 10
a

− −= = −
−

 

  26 st =  to 41s:t =   constant 0v a=  =  

  41st =  to 46 s:t =  25 ( 20)
3 m/s

46 41
a

− − −= =
−

 

  46 s:t =   constant 0v a=  =  

 

 2 1x x= + (area under v t−  curve from 1t  to 2 )t  

 At 10 s:t =  10 540 10(60) 60 mx = − + +  

 Next, find time at which 0.v =  Using similar triangles 

 0
0

10 26 10
or 22 s

60 80
v

v

t
t=

=
− −= =  

 At 22

26

41

46

50

1
22 s: 60 (12)(60) 420 m

2
1

26 s: 420 (4)(20) 380 m
2

41s: 380 15(20) 80 m

20 5
46 s: 80 5 17.5 m

2

50 s: 17.5 4(5) 2.5 m

t x

t x

t x

t x

t x

= = + =

= = − =

= = − =
+ = = − = 

 
= = − = −
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PROBLEM 11.63  (Continued) 

 

(b) From 0t =  to 22 s:t =  Distance traveled = 420 ( 540)− −  

  = 960 m  

 t = 22 s to 50 s:t =  Distance traveled | 2.5 420|

422.5 m

= − −
=

 

 Total distance traveled (960 422.5) ft 1382.5 m= + =  

     Total distance traveled 1383 m=   

(c) Using similar triangles 

 Between 0 and 10 s:   0 1( ) 0 10

540 600
xt = −

=  

  0 1( ) 9.00 sxt = =   

 Between 46 s and 50 s:  0 2( ) 46 4

17.5 20
xt = −

=  

  0 2( ) 49.5 sxt = =   
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PROBLEM 11.64 

A particle moves in a straight line with the 
velocity shown in the figure. Knowing that 

540 mx = −  at t = 0, (a) construct the a t−  and 
x t−  curves for 0 50 s,t< <  and determine (b) 
the maximum value of the position coordinate of 
the particle, (c) the values of t for which the 
particle is at 100 m.x =  

 

SOLUTION 

(a) slope of ta v t= − curve at time t 

 From 0t =  to 10 s:t =  constant 0v a=  =  

  10 st =  to 26 s:t =   220 60
5 m/s

26 10
a

− −= = −
−

 

  26 st =  to 41s:t =   constant 0v a=  =  

  41st =  to 46 s:t =  25 ( 20)
3 m/s

46 41
a

− − −= =
−

 

  46 s:t =   constant 0v a=  =  

 

 2 1x x= + (area under v t− curve from 1t  to 2 )t  

 At 10 s:t =  10 540 10(60) 60 mx = − + =  

 Next, find time at which 0.v =  Using similar triangles 

 0
0

10 26 10
or 22 s

60 80
v

v

t
t=

=
− −= =  

 At 22

26

41

46

50

1
22 s: 60 (12)(60) 420 m

2
1

26 s: 420 (4)(20) 380 m
2

41s: 380 15(20) 80 m

20 5
46 s: 80 5 17.5 m

2

50 s: 17.5 4(5) 2.5 m

t x

t x

t x

t x

t x

= = + =

= = − =

= = − =
+ = = − = 

 
= = − = −
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PROBLEM 11.64  (Continued) 

 

(b) Reading from the x t− curve max 420 mx =  

(c) Between 10 s and 22 s 

 100 m 420 m (area under  curve from ,  to 22 s) mv t t= − −  

 1 1
1

100 420 (22 )( )
2

t v= − −   

 1 1(22 )( ) 640t v− =  

Using similar triangles 

 1
1 1

1

60
or 5(22 )

22 12

v
v t

t
= = −

−
 

Then  1 1(22 )[5(22 )] 640t t− − =  

 1 110.69 s and 33.3 st t= =  

We have 110 s 22 st< <   1 10.69 st =   

Between 26 s and 41s: 

Using similar triangles 

  241 15

20 300

t− =     

 
 2 40.0 st =   
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PROBLEM 11.65 

During a finishing operation the bed of an industrial planer moves alternately 30 in. to the right and 30 in. to 
the left. The velocity of the bed is limited to a maximum value of 6 in./s to the right and 12 in./s to the left; the 
acceleration is successively equal to 6 in./s2 to the right, zero 6 in./s2 to the left, zero, etc. Determine the time 
required for the bed to complete a full cycle, and draw the v−t and x−t curves. 

 

SOLUTION 

We choose positive to the right, thus the range of permissible velocities is 12 in./s 6 in./sv− < <  since 

acceleration is 2 26 in./s ,0, or 6 in./s .− +  The slope the v−t curve must also be −6 in./s2, 0, or +6 in./s2. 

 

Planer moves = 30 in. to right: 130 in. 3 6 3t+ = + +   1 4.00 st =   

Planer moves = 30 in. to left: 230 in. 12 12 12t− = − − +  2 0.50 st =   

Total time 1s 4 s 1s 2 s 0.5 s 2 s 10.5 s= + + + + + =   total 10.50 st =   
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PROBLEM 11.66 

A parachutist is in free fall at a rate of 200 km/h when he opens his parachute at an 
altitude of 600 m. Following a rapid and constant deceleration, he then descends at 
a constant rate of 50 km/h from 586 m to 30 m, where he maneuvers the parachute 
into the wind to further slow his descent. Knowing that the parachutist lands with a 
negligible downward velocity, determine (a) the time required for the parachutist to 
land after opening his parachute, (b) the initial deceleration. 

 

SOLUTION 

Assume second deceleration is constant. Also, note that  

200 km/h 55.555 m/s,

50 km/h 13.888 m/s

=
=
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PROBLEM 11.66  (Continued) 

 

(a) Now area under  curve for given time intervalx v tΔ = −  

 Then 

  1
55.555 13.888

(586 600) m m/s
2

t
+ − = −  

 
 

  1

2

 0.4032 s

(30 586) m (13.888 m/s)

t

t

=
− = −

 

  2

3

 40.0346 s

1
(0 30) m ( )(13.888 m/s)

2

t

t

=

− = −

 

  3 4.3203 st =  

 total (0.4032 40.0346 4.3203) st = + +   total 44.8 st =   

(b) We have  initial
initial

1

2

[ 13.888 ( 55.555)] m/s

0.4032 s

103.3 m/s

v
a

t

Δ
=

− − −=

=

 

   2
initial 103.3 m/s=a   
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PROBLEM 11.67 

A commuter train traveling at 40 mi/h is 3 mi 
from a station. The train then decelerates so 
that its speed is 20 mi/h when it is 0.5 mi from 
the station. Knowing that the train arrives at 
the station 7.5 min after beginning to decelerate 
and assuming constant decelerations, determine 
(a) the time required for the train to travel the 
first 2.5 mi, (b) the speed of the train as it 
arrives at the station, (c) the final constant 
deceleration of the train. 

 

SOLUTION 

Given: At 0, 40 mi/h, 0; when 2.5 mi,t v x x= = = = 20 mi/h;v =  

 at 7.5 min, 3 mi; constantt x= = decelerations. 
The v t−  curve is first drawn as shown. 

(a) We have 1 2.5 miA =  

  1
40 20 1 h

( min) mi/h 2.5 mi
2 60 min

t
+  × = 

 
 

  1 5.00 mint =   

(b) We have 2 0.5 miA =  

  220 1 h
(7.5 5) min mi/h 0.5 mi

2 60min

v+ − × × = 
 

 

  2 4.00 mi/hv =   

(c) We have final 12

(4 20) mi/h 5280 ft 1 min 1 h

(7.5 5) min mi 60 s 3600 s

a a=
−= × × ×

−

 

  2
final 0.1564 ft/sa = −   
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PROBLEM 11.68 

A temperature sensor is attached to slider AB which moves back 
and forth through 60 in. The maximum velocities of the slider 
are 12 in./s to the right and 30 in./s to the left. When the slider is 
moving to the right, it accelerates and decelerates at a constant 
rate of 6 in./s2; when moving to the left, the slider accelerates 
and decelerates at a constant rate of 20 in./s2. Determine the time 
required for the slider to complete a full cycle, and construct the 
v – t and x t−  curves of its motion. 

 

SOLUTION 

The v t−  curve is first drawn as shown. Then 

 

right

2
right

left

left

12 in./s
2 s

6 in./s

30 in./s

20 in./s

1.5 s

a

d

v
t

a

v
t

a

= = =

= =

=

 

Now 1 60 in.A =  

or 1[( 2) s](12 in./s) 60 in.t − =  

or 1 7 st =  

and 2 60 in.A =  

or 2{[( 7) 1.5] s}(30 in./s) 60 in.t − − =  

or 2 10.5 st =  

Now cycle 2t t=  cycle 10.5 st =   

We have (area under curve from  to )ii i i iix x v t t t= + −  

At 2 s:t =  2
1

(2) (12) 12 in.
2

x = =  

 5 s:t =  5 12 (5 2)(12)

48 in.

x = + −
=

 

 7 s:t =  7 60 in.x =  

 8.5 s:t =  8.5
1

60 (1.5)(30)
2

37.5 in.

x = −

=

 

 9 s:t =  9 37.5 (0.5)(30)

22.5 in.

x = −
=

 

 10.5 s:t =  10.5 0x =  
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PROBLEM 11.69 

In a water-tank test involving the launching of a small model boat, 
the model’s initial horizontal velocity is 6 m/s, and its horizontal 
acceleration varies linearly from 212 m/s−  at 0t =  to 22 m/s−  at 
t 1t=  and then remains equal to 22 m/s−  until 1.4 s.t =  Knowing 
that 1.8 m/sv =  when 1,t t=  determine (a) the value of 1,t  (b) the 
velocity and the position of the model at 1.4 s.t =  

 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Given: 0 6 m/s;v =  for 10 ,t t< <  

for 2
1 1.4 s 2 m/s ;t t a< < = −  

at 20 12 m/s ;t a= = −  

at 1t t=  2 22 m/s , 1.8 m/sa v= − =  

The a t−  and v t−  curves are first drawn as shown. The time axis is not 
drawn to scale. 

(a) We have 
1 0 1tv v A= +  

  2
1

12 2
1.8 m/s 6 m/s ( s) m/s

2
t

+ = −  
 

 

  1 0.6 st =  

(b) We have 
11.4 2tv v A= +  

  2
1.4 1.8 m/s (1.4 0.6) s 2 m/sv = − − ×  

   1.4 0.20 m/sv =   

Now 1.4 3 4 ,x A A= + where 3A  is most easily determined using 
integration. Thus, 

for 10 :t t< <  
2 ( 12) 50

12 12
0.6 3

a t t
− − −= − = −  

Now 
50

12
3

dv
a t

dt
= = −  
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PROBLEM 11.69  (Continued) 

 

At 0, 6 m/s:t v= =  
6 0

50
12

3

v t
dv t dt

 = − 
    

or 225
6 12

3
v t t= + −  

We have 225
6 12

3

dx
v t t

dt
= = − +  

Then 1
0.6

2
3

0 0

0.6
2 3

0

25
(6 12 )

3

25
6 6 2.04 m

9

tx
A dx t t dt

t t t

= = − +

 = − + =  

   

Also 4
1.8 0.2

(1.4 0.6) 0.8 m
2

A
+ = − = 

 
 

Then 1.4 (2.04 0.8) mx = +  

or 1.4 2.84 mx =   
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= Δx = 6 m 

 

 

PROBLEM 11.70 

The acceleration record shown was obtained for a small 
airplane traveling along a straight course. Knowing that x = 0 
and 60 m/sv =  when 0,t =  determine (a) the velocity and 
position of the plane at 20 s,t =  (b) its average velocity 
during the interval 6 s 14 s.t< <  

 

SOLUTION 

 

Geometry of “bell-shaped” portion of v t−  curve  

 

The parabolic spandrels marked by * are of equal area. Thus, total area of shaded portion of v t−  diagram is: 

     

 
(a) When 20 s:t =  20 60 m/sv =   

 20 (60 m/s) (20 s) (shaded area)x = −  

 1200 m 6 m= −  20 1194 mx =   

(b) From 6 s to 14 s: 8 st t t= = Δ =  

 
(60 m/s)(14 s 6 s) (shaded area)

(60 m/s)(8 s) 6 m 480 m 6 m 474 m

xΔ = − −
= − = − =

 

 average
474 m

8 s

x
v

t

Δ= =
Δ

 average 59.25 m/sv =   
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PROBLEM 11.71 

In a 400-m race, runner A reaches her maximum velocity Av  in 4 s with 
constant acceleration and maintains that velocity until she reaches the 
half-way point with a split time of 25 s. Runner B reaches her 
maximum velocity Bv  in 5 s with constant acceleration and maintains 
that velocity until she reaches the half-way point with a split time  
of 25.2 s. Both runners then run the second half of the race with the 
same constant deceleration of 0.1 2m/s .  Determine (a) the race times 
for both runners, (b) the position of the winner relative to the loser 
when the winner reaches the finish line. 

 

SOLUTION 

 Sketch v t−  curves for first 200 m. 

  Runner A: 1 24 s, 25 4 21 st t= = − =  

  1 max max
1

(4)( ) 2( )
2 A AA v v= =  

  2 max21( )AA v=  

  1 2 200 mA A x+ = Δ =  

  max max23( ) 200        or        ( ) 8.6957 m/sA Av v= =  

  Runner B:         1 25 s,        25.2 5 20.2 st t= = − =  

  1 max max
1

(5)( ) 2.5( )
2 B BA v v= =  

                          2 max20.2( )BA v=  

                    1 2 200 mA A x+ = Δ =  

                                                               max max22.7( ) 200        or        ( ) 8.8106 m/sB Bv v= =  

Sketch v t−  curve for second 200 m. 3 3| | 0.1v a t tΔ = =  

2
3 max 3 3 3 max 3

1
200        or        0.05 200 0

2
A v t vt t v t= − Δ = − + =  

     ( )2
max max 2

3 max max
( ) (4)(0.05)(200)

10 ( ) 40
(2)(0.05)

v v
t v v

± −
= = ± −  

Runner A:           max( ) 8.6957,Av =       3( ) 146.64 s        and        27.279 sAt =  

Reject the larger root. Then total time       25 27.279 52.279 sAt = + =  52.2 s At =   
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PROBLEM 11.71  (Continued) 

 

Runner B: max( ) 8.8106,Bv =  3( ) 149.45 s        and        26.765 sBt =  

Reject the larger root. Then total time 25.2 26.765 51.965 sBt = + =  

  52.0 s Bt =   

Velocity of A at 51.965 s:t =  

  1 8.6957 (0.1)(51.965 25) 5.999 m/sv = − − =  

Velocity of A at 51.279 s:t =  

  2 8.6957 (0.1)(52.279 25) 5.968 m/sv = − − =  

Over 51.965 s 52.965 s, runner  covers a distance t A x≤ ≤ Δ  

  ave
1

( ) (5.999 5.968)(52.279 51.965)
2

x v tΔ = Δ = + −  1.879 m xΔ =   
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PROBLEM 11.72 

A car and a truck are both traveling at the constant 
speed of 35 mi/h;  the car is 40 ft behind the truck. 
The driver of the car wants to pass the truck, i.e., 
he wishes to place his car at B, 40 ft in front of the 
truck, and then resume the speed of 35 mi/h.  The 
maximum acceleration of the car is 25 ft/s  and  
the maximum deceleration obtained by applying 
the brakes is 220 ft/s .  What is the shortest time in 
which the driver of the car can complete the 
passing operation if he does not at any time exceed 
a speed of 50 mi/h?  Draw the v t−  curve. 

 

SOLUTION 

Relative to truck, car must move a distance: 16 40 50 40 146 ftxΔ = + + + =  

Allowable increase in speed: 50 35 15 mi/h 22 ft/smvΔ = − = =  

 

Acceleration Phase: 1 22/5 4.4 st = =  1
1

(22)(4.4) 48.4 ft
2

A = =  

Deceleration Phase: 3 22/20 1.1 st = =  3
1

(22)(1.1) 12.1 ft
2

A = =  

But: 1 2 3:x A A AΔ = + +  2146 ft 48.4 (22) 12.1t= + +  2 3.89 st =  

 total 1 2 3 4.4 s 3.89 s 1.1s 9.39 st t t t= + + = + + =  9.39 sBt =   
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PROBLEM 11.73 

Solve Problem 11.72, assuming that the driver of the car does not pay any attention to the speed limit while 
passing and concentrates on reaching position B and resuming a speed of 35 mi/h in the shortest possible time. 
What is the maximum speed reached? Draw the v t−  curve. 

PROBLEM 11.72 A car and a truck are both traveling at the constant speed of 35 mi/h;  the car is 40 ft 
behind the truck. The driver of the car wants to pass the truck, i.e., he wishes to place his car at B, 40 ft in 
front of the truck, and then resume the speed of 35 mi/h.  The maximum acceleration of the car is 25 ft/s  and 
the maximum deceleration obtained by applying the brakes is 220 ft/s .  What is the shortest time in which the 
driver of the car can complete the passing operation if he does not at any time exceed a speed of 50 mi/h?  
Draw the v t−  curve. 

 

 

SOLUTION 

Relative to truck, car must move a distance: 

 16 40 50 40 146 ftxΔ = + + + =  

 

 1 2 2 1
1

5 20 ; 
4mv t t t tΔ = = =  

1 2:x A AΔ = +  1 2
1

146 ft ( )( )
2 mv t t= Δ +  

 1 1 1
1 1

146 ft (5 )
2 4

t t t
 = + 
 

 

 2
1 1 2 1

1
46.72 6.835 s 1.709

4
t t t t= = = =  

 total 1 2 6.835 1.709t t t= + = +  8.54 sBt =   

 15 5(6.835) 34.18 ft/s 23.3 mi/hmv tΔ = = = =  

totalSpeed 35 mi/h, 35 mi/h 23.3 mi/hmv v= = +  58.3 mi/hmv =   
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PROBLEM 11.74 

Car A is traveling on a highway at a constant 
speed 0( ) 60 mi/h,Av =  and is 380 ft from 
the entrance of an access ramp when car B 
enters the acceleration lane at that point at 
a speed 0( ) 15 mi/h.Bv =  Car B accelerates 
uniformly and enters the main traffic lane 
after traveling 200 ft in 5 s. It then continues 
to accelerate at the same rate until it reaches 
a speed of 60 mi/h,  which it then maintains. 
Determine the final distance between the 
two cars. 

 

SOLUTION 

Given: 0 0

0 0

( ) 60 mi/h, ( ) 1.5 mi/h; at 0,

( ) 380 ft, ( ) 0; at 5 s,

 200 ft; for 15 mi/h 60 mi/h,

constant; for 60 mi/h,

0

A B

A B

B B

B B

B

v v t

x x t

x v

a v

a

= = =
= − = =
= < ≤
= =
=

 

First note 60 mi/h 88 ft/s

15 mi/h 22 ft/s

=
=

 

The v t−  curves of the two cars are then drawn as shown. 

Using the coordinate system shown, we have 

at 5 s, 200 ft:Bt x= =  522+( )
(5 s) ft/s 200 ft

2
Bv  =  

 

or 5( ) 58 ft/sBv =  

Then, using similar triangles, we have 

 
1

(88 22) ft/s (58 22) ft/s
( )

5 s Ba
t

− −= =  

or 1 9.1667 st =  

Finally, at 1t t=  

 /
22 + 88

(9.1667 s) ft/s
2

[ 380 ft (9.1667 s) (88 ft/s)]

B A B Ax x x
  = − =   

  
− − +

 

or / 77.5 ftB Ax =   
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PROBLEM 11.75 

An elevator starts from rest and moves upward, accelerating at a rate of 1.2 m/s2 
until it reaches a speed of 7.8 m/s, which it then maintains. Two seconds after the 
elevator begins to move, a man standing 12 m above the initial position of the 
top of the elevator throws a ball upward with an initial velocity of 20 m/s. 
Determine when the ball will hit the elevator. 

 

SOLUTION 

Given: At  0 0;Et v= =   For 0 7.8 m/s,Ev< ≤ 21.2 m/s ;Ea = ↑  

 For  7.8 m/s, 0;E Ev a= =  

 At  2 s, 20m/sBt v= = ↑  

The v t−  curves of the ball and the elevator are first drawn as shown. Note that the initial slope of the curve 
for the elevator is 21.2 m/s ,  while the slope of the curve for the ball is 2( 9.81 m/s ).g− −  

 

The time 1t  is the time when Ev  reaches 7.8 m/s.   

Thus, (0)E Ev a t= +  

or 2
17.8 m/s (1.2 m/s )t=  

or 1 6.5 st =  

The time topt  is the time at which the ball reaches the top of its trajectory. 

Thus, 0( ) ( 2)B Bv v g t= − −  

or 2
top0 20 m/s (9.81 m/s )( 2) st= − −  

or top 4.0387 st =
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PROBLEM 11.75  (Continued) 

 

Using the coordinate system shown, we have 

10 :t t< <  21
12 m  m

2E Ey a t
 = − +  
 

 

At top:t t=  
1

(4.0387 2) s (20 m/s)
2
20.387 m

By = − ×

=

 

and  2 21
12 m (1.2 m/s )(4.0387 s)

2
2.213 m

Ey = − +

= −

 

At [2 2(4.0387 2)] s 6.0774 s, 0Bt y= + − = =  

and at 1,t t=  
1

12 m (6.5 s) (7.8 m/s) 13.35 m
2Ey = − + =  

The ball hits the elevator ( )B Ey y=  when top 1.t t t≤ ≤  

For top:t t≥  2
top

1
20.387 m  g ( )  m

2By t t
 = − −  

 

Then, 

when B Ey y=  

 

2 2

2 2

1
20.387 m (9.81 m/s ) ( 4.0387)

2
1

12 m (1.2 m/s ) (  s)
2

t

t

− −

= − +
 

or 25.505 39.6196 47.619 0t t− + =  

Solving 1.525 s and 5.67 st t= =  

Since 1.525 s is less than 2 s, 5.67 st =   
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PROBLEM 11.76 

Car A is traveling at 40 mi/h when it enters 
a 30 mi/h speed zone. The driver of car A 
decelerates at a rate of 16 ft/s2 until 
reaching a speed of 30 mi/h, which she 
then maintains. When car B, which was 
initially 60 ft behind car A and traveling at 
a constant speed of 45 mi/h, enters the 
speed zone, its driver decelerates at a rate 
of 20 ft/s2 until reaching a speed of  
28 mi/h. Knowing that the driver of car B 
maintains a speed of 28 mi/h, determine 
(a) the closest that car B comes to car A, 
(b) the time at which car A is 70 ft in front 
of car B. 

 

SOLUTION 

Given:              2
0

/ 0 0

2

( ) 40 mi/h; For 30 mi/h 40 mi/h, 16 ft/s ; For 30 mi/h, 0;

( ) 60 ft; ( ) 45 mi/h;

When 0, 20 ft/s ;

For 28 mi/h, 0

A A A A A

A B B

B B

B B

v v a v a

x v

x a

v a

= < ≤ = − = =
= =

= = −
= =

 

First note  40 mi/h 58.667 ft/s 30 mi/h 44 ft/s

45 mi/h 66 ft/s 28 mi/h 41.067 ft/s

= =
= =

 

At 0t =  

 

The v t−  curves of the two cars are as shown. 

At  0:t =  Car A enters the speed zone. 

 1( ) :Bt t=  Car B enters the speed zone. 

 :At t=  Car A reaches its final speed. 

 min :t t=  A Bv v=  

 2( ) :Bt t=  Car B reaches its final speed. 
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PROBLEM 11.76  (Continued) 

 

(a) We have final 0( ) ( )A A
A

A

v v
a

t

−
=  

 or 2 (44 58.667) ft/s
16 ft/s

At

−− =  

 or 0.91669 sAt =  

 Also 1 060 ft ( ) ( )B Bt v=  

 or 1 160 ft ( ) (66 ft/s) or ( ) 0.90909 sB Bt t= =  

 and final 0

2 1

( ) ( )

( ) ( )
B B

B
B B

v v
a

t t

−
=

−
 

 or 2

2

(41.067 66) ft/s
20 ft/s

[( ) 0.90909] sBt

−− =
−

 

 Car B will continue to overtake car A while .B Av v>  Therefore, / min( )A Bx  will occur when ,A Bv v=  

 which occurs for  

 1 min 2( ) ( )B Bt t t< <  

 For this time interval 

 

0 1

44 ft/s

( ) [ ( ) ]
A

B B B B

v

v v a t t

=
= + −

 

 Then       at min :t t=  2
min44 ft/s 66 ft/s ( 20 ft/s )( 0.90909) st= + − −  

 or min 2.00909 st =  

 Finally 
min min/ min

0 final
min final

0 final
0 1 0 min 1

( ) ( ) ( )

( ) ( )
( )( )

2

( ) ( )
( ) ( ) ( ) [ ( ) ]

2

A B A t B t

A A
A A A

B A
B B B B

x x x

v v
t t t v

v v
x t v t t

= −

 + = + −    
 + − + + −    

 

 
58.667 44

(0.91669 s) ft/s (2.00909 0.91669) s (44 ft/s)
2

66 44
60 ft (0.90909 s)(66 ft/s) (2.00909 0.90909) s ft/s

2

(47.057 48.066) ft ( 60 60.000 60.500) ft

 + = + − ×  
  

 + − − + + − ×  
  

= + − − + +

 

 34.623 ft=  / minor ( ) 34.6 ftA Bx =   
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PROBLEM 11.76  (Continued) 

 

(b) Since /( ) 60 ftA Bx ≤  for min ,t t≤  it follows that / 70 ftA Bx =  for 2( )Bt t>  

 [Note 2 min( )Bt t ]. Then, for 2( )Bt t>  

 
/ / min min final

final final
2 min 2 final

( ) [( )( ) ]

( ) ( )
[( ) ( )] [ ( ) ]( )

2

A B A B A

A B
B B B

x x t t v

v v
t t t t v

= + −

 + − − + −    

 

 or 70 ft 34.623 ft [( 2.00909) s (44 ft/s)]

44 41.06
(2.15574 2.00909) s ft/s ( 2.15574) s (41.067) ft/s

2

t

t

= + − ×

 + − − × + − ×  
  

 

 or  14.14 st =  
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PROBLEM 11.77 

An accelerometer record for the motion of a given part of a 
mechanism is approximated by an arc of a parabola for 0.2 s and 
a straight line for the next 0.2 s as shown in the figure. Knowing 
that 0v =  when 0t =  and x = 0.8 ft when t = 0.4 s, (a) construct 
the v t−  curve for 0 ≤  t ≤  0.4 s, (b) determine the position of the 
part at t = 0.3 s and t = 0.2 s. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

 

Divide the area of the a t−  curve into the four areas 1 2 3 4,  ,   and .A A A A  

1

2

3

4

2
(8)(0.2) 1.0667 ft/s

3
(16)(0.2) 3.2 ft/s

1
(16 8)(0.1) 1.2 ft/s

2
1

(8)(0.1) 0.4 ft/s
2

A

A

A

A

= =

= =

= + =

= =

 

0Velocities: 0v =  

 0.2 0 1 2v v A A= + +  0.2 4.27 ft/s v =   

 0.3 0.2 3v v A= +  0.3 5.47 ft/s v =   

 0.4 0.3 4v v A= +  0.4 5.87 ft/s v =   

Sketch the v t−  curve and divide its area into 5 6 7,  ,  and A A A  as shown. 

0.8 0.4 0.4
0.8        or        0.8

x t t
dx x vdt x vdt= − = = −    

At 0.3 s,t =  0.3 50.8 (5.47)(0.1)x A= − −  

With 5
2

(0.4)(0.1) 0.0267 ft,
3

A = =  0.3 0.227 ft x =   

At 0.2 s,t =  0.2 5 6 70.8 ( )x A A A= − + −  

With 5 6
2

(1.6)(0.2) 0.2133 ft,
3

A A+ = =  

and  7 (4.27)(0.2) 0.8533 ftA = =  

0.2 0.8 0.2133 0.8533x = − −  0.2 0.267 ft x = −   
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PROBLEM 11.78 

A car is traveling at a constant speed of  
54 km/h when its driver sees a child run into 
the road. The driver applies her brakes until 
the child returns to the sidewalk and then 
accelerates to resume her original speed of  
54 km/h; the acceleration record of the car is 
shown in the figure. Assuming 0x =  when  
t 0,=  determine (a) the time t1 at which the 
velocity is again 54 km/h, (b) the position of 
the car at that time, (c) the average velocity of 
the car during the interval 1 1s .t t≤ ≤  

 

SOLUTION 

Given:     At  0, 0, 54 km/h;t x v= = =  

 For 1,t t=  54 km/hv =  

First note 54 km/h 15 m/s=  

(a) We have b av v= + (area under a t−  curve from at  to )bt  

 Then                      at 2 s:t =  15 (1)(6) 9 m/sv = − =  

  4.5 s:t =  
1

9 (2.5)(6) 1.5 m/s
2

v = − =  

  1:t t=  1
1

15 1.5 ( 4.5)(2)
2

t= + −  

 or  1 18.00 st =  

(b) Using the above values of the velocities, the v t−  curve is drawn as shown. 
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PROBLEM 11.78  (Continued) 

 

 Now x at 18 st =  

  18 0x = + Σ (area under the v t−  curve from 0t =  to 18 s)t =  

  
15 9

(1 s)(15 m/s) (1 s) m/s
2

1
+ (2.5 s)(1.5 m/s)+ (2.5 s)(7.5 m/s)

3

2
(13.5 s)(1.5 m/s) (13.5 s)(13.5 m/s)

3

[15 12 (3.75 6.25) (20.25 121.50)] m

+ = +  
 

 
  
 + +  

= + + + + +

 

  178.75 m=  18or      178.8 mx =   

(c) First note  1

18

15 m

178.75 m

x

x

=
=

 

 Now ave
(178.75 15) m

9.6324 m/s
(18 1) s

x
v

t

Δ −= = =
Δ −

 

 or  ave 34.7 km/hv =  
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PROBLEM 11.79 

An airport shuttle train travels between two terminals that are 1.6 mi apart. To maintain passenger comfort, 
the acceleration of the train is limited to ±4 ft/s2, and the jerk, or rate of change of acceleration, is limited to 
±0.8 ft/s2 per second. If the shuttle has a maximum speed of 20 mi/h, determine (a) the shortest time for the 
shuttle to travel between the two terminals, (b) the corresponding average velocity of the shuttle. 

 

SOLUTION 

Given:  2
max max1.6 mi; | | 4 ft/sx a= =  

  2
max

max

0.8 ft/s /s; 20 mi/h
da

v
dt

  = = 
 

 

First note  20 mi/h 29.333 ft/s

1.6 mi 8448 ft

=
=

 

(a) To obtain min ,t  the train must accelerate and decelerate at the maximum rate to maximize the  

 time for which max .v v=  The time tΔ  required for the train to have an acceleration of 4 ft/s2 is found  
 from  

  max

max

ada

dt t
  =  Δ 

 

 or 
2

2

4 ft/s

0.8 ft/s /s
tΔ =  

 or 5 stΔ =  

 Now, 

 after 5 s, the speed of the train is  5 max
1

( )( )
2

v t a= Δ       since constant
da

dt
 = 
 

 

 or  2
5

1
(5 s)(4 ft/s ) 10 ft/s

2
v = =  

 Then, since 5 max ,v v<  the train will continue to accelerate at 4 ft/s2 until max .v v=  The a t−  curve  
 must then have the shape shown. Note that the magnitude of the slope of each inclined portion of the 
 curve is 0.8 ft/s2/s. 
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PROBLEM 11.79  (Continued) 

 

 Now at 1 max(10 ) s, :t t v v= + Δ =  

       2 2
1

1
2 (5 s)(4 ft/s ) ( )(4 ft/s ) 29.333 ft/s

2
t

  + Δ =  
 

 or  1 2.3333 stΔ =  

 Then  
1

at 5 s: 0 (5)(4) 10 ft/s
2

7.3333 s: 10 (2.3333)(4) 19.3332 ft/s

1
12.3333 s: 19.3332 (5)(4) 29.3332 ft/s

2

t v

t v

t v

= = + =

= = + =

= = + =

 

 Using symmetry, the v t−  curve is then drawn as shown. 

 

 Noting that 1 2 3 4A A A A= = =  and that the area under the v t−  curve is equal to max,x we have 

  

2

10 19.3332
2 (2.3333 s) ft/s

2

(10 ) s (29.3332 ft/s) 8448 ftt

 + 
  

  
+ + Δ × =

 

 or 2 275.67 stΔ =  

 Then  min 4(5 s) 2(2.3333 s) 275.67 st = + +  

  300.34 s=   

 or  min 5.01 mint =  

(b) We have ave
1.6 mi 3600 s

300.34 s 1 h

x
v

t

Δ= = ×
Δ

 

 or  ave 19.18 mi/hv =  
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PROBLEM 11.80 

During a manufacturing process, a conveyor belt starts from rest and travels a total of 1.2 ft before 
temporarily coming to rest. Knowing that the jerk, or rate of change of acceleration, is limited to ±4.8 ft/s2 per 
second, determine (a) the shortest time required for the belt to move 1.2 ft, (b) the maximum and average 
values of the velocity of the belt during that time. 

 

SOLUTION 

Given:          At  max0, 0, 0; 1.2 ft;t x v x= = = =  

          when  2
max

max

, 0; 4.8 ft/s
da

x x v
dt

 = = = 
 

 

(a) Observing that maxv  must occur at 1
min2 ,t t=  the a t−  curve must have the shape shown. Note that the  

 magnitude of the slope of each portion of the curve is 4.8 ft/s2/s. 

 

 We have             at :t t= Δ  max max
1 1

0 ( )( )
2 2

v t a a t= + Δ = Δ  

  2 :t t= Δ  max max max max
1 1

( )( )
2 2

v a t t a a t= Δ + Δ = Δ  

 Using symmetry, the v t−  is then drawn as shown. 

 

 Noting that 1 2 3 4A A A A= = =  and that the area under the v t−  curve is equal to max,x we have 

  max max

2
max max max max

(2 )( )

2

t v x

v a t a t x

Δ =

= Δ  Δ =  
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PROBLEM 11.80  (Continued) 

 

 Now 2max 4.8 ft/s /s
a

t
=

Δ
 so that 

 or 

3 22(4.8  ft/s ) 1.2 ft

0.5 s

t t

t

Δ Δ =
Δ =  

 Then  min 4t t= Δ   

 or  min 2.00 st =  

(b) We have max max

2

2 2

(4.8 ft/s /s t)

4.8 ft/s /s (0.5 s)

v a t

t

= Δ

= × Δ Δ

= ×

 

 or  max 1.2 ft/sv =   

 Also ave
total

1.2 ft

2.00 s

x
v

t

Δ= =
Δ

 

 or  ave 0.6 ft/sv =  
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PROBLEM 11.81 

Two seconds are required to bring the piston rod of 
an air cylinder to rest; the acceleration record of the 
piston rod during the 2 s is as shown. Determine by 
approximate means (a) the initial velocity of the 
piston rod, (b) the distance traveled by the piston 
rod as it is brought to rest. 

 

SOLUTION 

Given: a t−  curve;  at  2 s, 0t v= =  

1. The a t−  curve is first approximated with a series of rectangles, each of width 0.25 s.tΔ =  The area  

 (Δt)(aave) of each rectangle is approximately equal to the change in velocity vΔ for the specified  
 interval of time. Thus,  

  avev a tΔ ≅ Δ  

 where the values of avea  and vΔ  are given in columns 1 and 2, respectively, of the following table. 

2. Now 
2

0
0

(2) 0v v a dt= + =  

 and approximating the area
2

0
a dt under the a t−  curve by ave ,a t vΣ Δ ≈ ΣΔ the initial velocity is then 

 equal to  

  0v v= −ΣΔ  

 Finally, using 

  2 1 12v v v= + Δ  

 where 12vΔ  is the change in velocity between times t1 and t2, the velocity at the end of each  
 0.25 interval can be computed; see column 3 of the table and the v t−  curve. 

3. The v t−  curve is then approximated with a series of rectangles, each of width 0.25 s. The area  

 ave( )( )t vΔ  of each rectangle is approximately equal to the change in position xΔ  for the specified  
 interval of time. Thus 

  avex v tΔ ≈ Δ  

 where avev  and xΔ  are given in columns 4 and 5, respectively, of the table. 
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PROBLEM 11.81  (Continued) 

 

4. With 0 0x =  and noting that 

  2 1 12x x x= + Δ  

 where 12xΔ  is the change in position between times t1 and t2, the position at the end of each 0.25 s  
 interval can be computed; see column 6 of the table and the x t−  curve. 

 

(a) We had found  0 1.914 m/sv =   

(b) At 2 st =   0.840 mx =   
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PROBLEM 11.82 

The acceleration record shown was obtained during 
the speed trials of a sports car. Knowing that the car 
starts from rest, determine by approximate means 
(a) the velocity of the car at t = 8 s, (b) the distance 
the car has traveled at t = 20 s. 

 

SOLUTION 

Given: a t−  curve; at  0, 0, 0t x v= = =  

1. The a t−  curve is first approximated with a series of rectangles, each of width 2 s.tΔ =  The  

 area ave( )( )t aΔ of each rectangle is approximately equal to the change in velocity vΔ  for the   
 specified interval of time. Thus,  

  avev a tΔ ≅ Δ  

 where the values of avea  and vΔ  are given in columns 1 and 2, respectively, of the following table. 

2. Noting that 0 0v =  and that 

  2 1 12v v v= + Δ  

 where 12vΔ  is the change in velocity between times t1 and t2, the velocity at the end of each 2 s  
 interval can be computed; see column 3 of the table and the v t−  curve. 

3. The v t−  curve is next approximated with a series of rectangles, each of width 2 s.tΔ =  The  

 area ave( )( )t vΔ  of each rectangle is approximately equal to the change in position Δx for the  
 specified interval of time. 

 Thus, avex v tΔ ≅ Δ  

 where avev  and Δx are given in columns 4 and 5, respectively, of the table. 

4. With 0 0x =  and noting that 

  2 1 12x x x= + Δ  

 where 12xΔ  is the change in position between times t1 and t2, the position at the end of each 2 s  
 interval can be computed; see column 6 of the table and the x t−  curve. 

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

119 

PROBLEM 11.82  (Continued) 

 

 

(a) At 8 s, 32.58 m/st v= =  or 117.3 km/hv =   

(b) At 20 st =   660 mx =   
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PROBLEM 11.83 

A training airplane has a velocity of 126 ft/s when it lands on 
an aircraft carrier. As the arresting gear of the carrier 
brings the airplane to rest, the velocity and the acceleration 
of the airplane are recorded; the results are shown (solid 
curve) in the figure. Determine by approximate means (a) 
the time required for the airplane to come to rest, (b) the 
distance traveled in that time. 

 

SOLUTION 

Given: a v−  curve: 

  0 126 ft/sv =  

The given curve is approximated by a series of uniformly accelerated motions (the horizontal dashed lines on 
the figure). 

For uniformly accelerated motion 

  
2 2
2 1 2 1

2 1 2 1

2 ( )

( )

v v a x x

v v a t t

= + −
= + −

 

or  
2 2
2 1

2 1

2

v v
x

a
v v

t
a

−
Δ =

−
Δ =

 

For the five regions shown above, we have 

Region 
1, ft/sv  2 , ft/sv  2, ft/sa  , ftxΔ  , stΔ  

1 126 120 −12.5 59.0 0.480 

2 120 100 −33 66.7 0.606 

3 100 80 −45.5 39.6 0.440 

4 80 40 −54 44.4 0.741 

5 40 0 −58 13.8 0.690 

Σ     223.5 2.957 

(a) From the table, when 0v =   2.96 st =   

(b) From the table and assuming 0 0,x =  when 0v =  224 ftx =   
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PROBLEM 11.84 

Shown in the figure is a portion of the experimentally 
determined v x−  curve for a shuttle cart. Determine by 
approximate means the acceleration of the cart (a) when 

10 in.,x =  (b) when 80 in./s.v =  

 

SOLUTION 

Given: v x−  curve 

 

First note that the slope of the above curve is .dv
dx  Now 

 
dv

a v
dx

=  

(a) When 10 in., 55 in./sx v= =  

 Then 
40 in./s

55 in./s
13.5 in.

a
 =  
 

 

 or  2163.0 in./sa =   

(b) When 80 in./s,v =  we have 

 
40 in./s

80 in./s
28 in.

a
 =  
 

 

 or  2114.3 in./sa =   

Note: To use the method of measuring the subnormal outlined at the end of Section 11.8, it is necessary 
that the same scale be used for the x and v axes (e.g., 1 in. = 50 in., 1 in. = 50 in./s). In the above 
solution, vΔ  and xΔ  were measured directly, so different scales could be used. 
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PROBLEM 11.85 

Using the method of Section 11.8, derive the formula 21
0 0 2x x v t at= + + for the position coordinate of a 

particle in uniformly accelerated rectilinear motion. 

 

SOLUTION 

The a t−  curve for uniformly accelerated motion is as shown. 

 

Using Eq. (11.13), we have 

 0 0

0 0

(area under curve) ( )

1
( )

2

x x v t a t t t

x v t t a t t

= + + − −

 = + + × − 
 

 

 2
0 0

1

2
x v t at= + +                 Q.E.D.   
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PROBLEM 11.86 

Using the method of Section 11.8 determine the position of the 
particle of Problem 11.61 when t = 8 s.  

PROBLEM 11.61 A particle moves in a straight line with the 
acceleration shown in the figure. Knowing that it starts from the 
origin with 0 14 ft/s,v = − plot the v−t and x−t curves for 
0 15 st< < and determine (a) the maximum value of the velocity 
of the particle, (b) the maximum value of its position coordinate. 

 

SOLUTION 

 

 

        0

0

0

14 ft/s

x

v

=
= −

 

when  8s:t =  

 
0 0 1

2 2

( )

0 (14 ft/s)(8 s) [(3 ft/s )(2 s)](7 s) [(8 ft/s )(3 s)](4.5 s) [(3 ft/s)(3 s)](1.5 s)

x x v t A t t= + + Σ −

= − + + +
 

 8 112 ft 42 ft 108 ft 13.5 ftx = − + + +   8 51.5 ftx =   
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PROBLEM 11.87 

The acceleration of an object subjected to the pressure wave of a 
large explosion is defined approximately by the curve shown. The 
object is initially at rest and is again at rest at time t1. Using the 
method of section 11.8, determine (a) the time t1, (b) the distance 
through which the object is moved by the pressure wave. 

 

SOLUTION 

 

 

(a) Since 0v =  when 0t =  and when 1t t=  the change in v between 0t =  and 1t t=  is zero. 

 Thus, area under a−t curve is zero 

  

1 2 3

1

1

0

1 1 1
(30)(0.6) ( 10)(0.2) ( 10)( 0.8) 0

2 2 2
9 1 5 4 0

A A A

t

t

+ + =

+ − + − − =

− − + =  1 2.40 st =   

(b) Position when t = t1 = 2.4 s 

 

0 0 1 1 1 2 1 3 1
2

( 0.2) ( 0.733) ( 0.8)
3

1 2
0 0 (9)(2.4 0.2) ( 1)(2.4 0.733) ( 10)(2.4 0.8) (2.4 0.8)

2 3

19.8 m 1.667 m 8.533 m

x x v t A t A t A t
 = + + − + − + − 
 
 = + + − + − − + − − −  

= − −  9.60 mx =   
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PROBLEM 11.88 

For the particle of Problem 11.63, draw the 
a t−  curve and determine, using the method 
of Section 11.8, (a) the position of the 
particle when 52 s,t =  (b) the maximum 
value of its position coordinate. 

PROBLEM 11.63 A particle moves in a 
straight line with the velocity shown in the 
figure. Knowing that 540 mx = −  at 0,t =  
(a) construct the a t−  and x t−  curves for 
0 50 s,t< <  and determine (b) the total 
distance traveled by the particle when 
t 50 s,=  (c) the two times at which 0.x =  

 

SOLUTION 

We have 
dv

a
dt

=  

where dv

dt
 is the slope of the v t−  curve. Then 

from  0 to 10 s:t t= =  constant 0v a=  =  

  10 s to 26 s:t t= =  220 60
5 m/s

26 10
a

− −= = −
−

 

  26 s to 41 s:t t= =  constant 0v a=  =  

  41 s to 46 s:t t= =  25 ( 20)
3 m/s

46 41
a

− − −= =
−

 

  46 s:t >  constant 0v a=  =  

The a t−  curve is then drawn as shown.  

(a) From the discussion following Eq. (11.13), 

 we have 0 0 1 1( )x x v t A t t= + + Σ −  

 where A is the area of a region and t  is the distance to its centroid. Then, for 1 52 st =  

 

2

2

540 m (60 m/s)(52 s) { [(16 s)(5 m/s )](52 18) s

[(5 s)(3 m/s )](52 43.5)s}

[ 540 (3120) ( 2720 127.5)] m

x = − + + − −

+ −
= − + + − +

 

 or  12.50 mx = −   

 
 
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

126 

PROBLEM 11.88  (Continued) 

 

(b) Noting that maxx  occurs when ( )0 0 ,dx
dtv = = it is seen from the v–t curve that maxx  occurs for 

 10 s <  t < 26 s. Although similar triangles could be used to determine the time at which maxx x=  
 (see the solution to Problem 11.63), the following method will be used. 

 For 110 s 26 s,t< <  we have 

 

1

1 1

2
1 1

540 60

1
[( 10)(5)] ( 10) m

2

5
540 60 ( 10)

2

x t

t t

t t

= − +

 − − −  

= − + − −

 

 When max :x x=  160 5( 10) 0
dx

t
dt

= − − =  

 or 
max1( ) 22 sxt =  

 Then 2
max

5
540 60(22) (22 10)

2
x = − + − −  

 or  max 420 mx =   
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PROBLEM 11.CQ3 

Two model rockets are fired simultaneously from a ledge and follow the 
trajectories shown. Neglecting air resistance, which of the rockets will 
hit the ground first? 

(a) A 

(b) B 

(c) They hit at the same time. 

(d) The answer depends on h. 

 

SOLUTION 

The motion in the vertical direction depends on the initial velocity in the y-direction. Since A has a larger 
initial velocity in this direction it will take longer to hit the ground. 

   Answer: (b)  
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PROBLEM 11.CQ4 

Ball A is thrown straight up. Which of the following statements about the ball are true 
at the highest point in its path? 

(a) The velocity and acceleration are both zero. 

(b) The velocity is zero, but the acceleration is not zero. 

(c) The velocity is not zero, but the acceleration is zero. 

(d) Neither the velocity nor the acceleration are zero. 

 

SOLUTION 

At the highest point the velocity is zero. The acceleration is never zero. 

  Answer: (b) 
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PROBLEM 11.CQ5 

Ball A is thrown straight up with an initial speed v0 and reaches a maximum elevation h before falling back 
down. When A reaches its maximum elevation, a second ball is thrown straight upward with the same initial 
speed v0. At what height, y, will the balls cross paths? 

(a) y = h 

(b) y > h/2 

(c) y = h/2 

(d) y < h/2 

(e) y = 0 

 

SOLUTION 

When the ball is thrown up in the air it will be constantly slowing down until it reaches its apex, at which 
point it will have a speed of zero. So, the time it will take to travel the last half of the distance to the apex will 
be longer than the time it takes for the first half. This same argument can be made for the ball falling from the 
maximum elevation. It will be speeding up, so the first half of the distance will take longer than the second 
half. Therefore, the balls should cross above the half-way point. 

  Answer: (b) 
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PROBLEM 11.CQ6 

Two cars are approaching an intersection at constant speeds as shown. What 
velocity will car B appear to have to an observer in car A? 

(a)  (b)  (c)  (d )  (e)  

 

SOLUTION 

Since vB = vA+ vB/A we can draw the vector triangle and see 

   

/B A B A= +v v v   Answer: (e) 
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PROBLEM 11.CQ7 

Blocks A and B are released from rest in the positions shown. Neglecting friction between all surfaces, which 
figure below best indicates the direction α of the acceleration of block B? 

(a)
  

(b)
  

(c)
  

(d)
  

(e)
  

 

 

SOLUTION 

Since /B A B Aa a a= +  
 we get 

   

  Answer: (d ) 
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PROBLEM 11.89 

A ball is thrown so that the motion is defined by 
the equations 5x t=  and 22 6 4.9 ,y t t= + −  where 
x and y are expressed in meters and t is expressed 
in seconds. Determine (a) the velocity at t 1s,=  
(b) the horizontal distance the ball travels before 
hitting the ground.  

 

SOLUTION 

Units are meters and seconds. 

Horizontal motion:   5x
dx

v
dt

= =  

Vertical motion:   6 9.8y
dy

v t
dt

= = −  

(a) Velocity at t = 1 s. 5

6 9.8 3.8
x

y

v

v

=
= − = −

 

      

2 2 2 25 3.8 6.28 m/s

3.8
tan 37.2

5

x y

y

x

v v v

v

v
θ θ

= + = + =

−= = = − °  6.28 m/sv =   37.2°  

(b) Horizontal distance: ( 0)y =  

  

22 6 4.9

1.4971s

(5)(1.4971) 7.4856 m

y t t

t

x

= + −
=
= =  7.49 mx =   
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PROBLEM 11.90 

The motion of a vibrating particle is defined by the position vector 
3 210(1 ) (4 sin15 ) ,t te e t− −= − +r i j  where r and t are expressed in 

millimeters and seconds, respectively. Determine the velocity and 
acceleration when (a) 0,t =  (b) 0.5 s.t =  

 

SOLUTION 

 3 210(1 ) (4 sin15 )t te e t− −= − +r i j  

Then 3 2 230 [60 cos15 8 sin15 ]t t td
e e t e t

dt
− − −= = + −r

v i j  

and 3 2 2 2 2

3 2 2

90 [ 120 cos15 900 sin15 120 cos15 16 sin15 ]

90 [ 240 cos15 884 sin15 ]

t t t t t

t t t

d
e e t e t e t e t

dt

e e t e t

− − − − −

− − −

= = − + − − − +

= − + − −

v
a i j

i j

 

(a) When 0:t =  

  30 60 mm/s= +v i j  67.1 mm/s=v   63.4°  

 290 240 mm/s= − −a i j  2256 mm/s=a   69.4°  

 When 0.5 s:t =  

  

1.5 1 130 [60 cos 7.5 8 sin 7.5]

6.694 4.8906 mm/s

e e e− − −= + −
= +

v i

i j  8.29 mm/s=v   36.2°  

  

1.5 1 1

2

90 [ 240 cos7.5 884 sin 7.5 ]

20.08 335.65 mm/s

e e e− − −= + − −

= − −

a i j

i j  2336 mm/s=a   86.6°  
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PROBLEM 11.91 

The motion of a vibrating particle is defined by the position vector 
(4sin ) (cos 2 ) ,t tπ π= −r i j  where r is expressed in inches and t in 

seconds. (a) Determine the velocity and acceleration when 1s.t =  
(b) Show that the path of the particle is parabolic. 

 

SOLUTION 

 
2 2

(4sin ) (cos 2 )

(4 cos ) (2 sin 2 )

(4 sin ) (4 cos 2 )

t t

t t

t t

π π
π π π π

π π π π

= −
= +

= − +

r i j

v i j

a i j

 

(a) When 1s:t =  

  (4 cos ) (2 sin 2 )π π π π= +v i j  (4 in/s)π= −v i   

 2 2(4 sin ) (4 cos )π π π π= − −a i j  2 2(4 in/s )π= −a j   

(b) Path of particle: 

 Since ;x y= +r i j  4sin ,x tπ=  cos 2y tπ= −  

 Recall that 2cos 2 1 2sinθ θ= −  and write 

   2cos 2 (1 2sin )y t tπ π= − = − −  (1) 

 But since 4sinx tπ=  or 
1

sin ,
4

t xπ =  Eq.(1) yields 

   
2

1
1 2

4
y x

  = − −  
   

 21
1

8
y x= −  (Parabola)  
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PROBLEM 11.92 

The motion of a particle is defined by the equations 10 5sinx t t= −  and 10 5cos ,y t= −  where x and y are 
expresed in feet and t is expressed in seconds. Sketch the path of the particle for the time interval 0 2 ,t π≤ ≤  
and determine (a) the magnitudes of the smallest and largest velocities reached by the particle, (b) the 
corresponding times, positions, and directions of the velocities. 

 

SOLUTION 

Sketch the path of the particle, i.e., plot of y versus x. 

Using 10 5sin ,x t t= −  and 10 5cosy t= −  obtain the values in the table below. Plot as shown. 

t(s) x(ft) y(ft) 

0 0.00 5 

2

π
 10.71 10 

π 31.41 15 

3
2

π
 52.12 10 

2π 62.83 5 
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PROBLEM 11.92  (Continued) 

 

 

(a) Differentiate with respect to t to obtain velocity components. 

  10 5cos and 5sinx y
dx

v t v t
dt

= = − =  

  2 2 2 2 2(10 5cos ) 25sin 125 100cosx yv v v t t t= + = − + = −  

  
2( )

100sin 0 0. . 2
d v

t t N
dt

π π π= = = ± ± ±  

 When 2 .t Nπ=  cos 1.t =  and v2 is minimum. 

 When (2 1) .t N π= +  cos 1.t = −  and v2 is maximum. 

  2 2
min( ) 125 100 25(ft/s)v = − =   min 5 ft/sv =   

  2 2
max( ) 125 100 225(ft/s)v = + =   max 15 ft/sv =   

(b) When min.v v=  

 When 0,1,2,N =   10(2 ) 5sin(2 )x N Nπ π= −  20 ftx Nπ=  

   10 5cos(2 )y Nπ= −  5 fty =   

   10 5cos(2 )xv Nπ= −  5 ft/sxv =   

   5sin(2 )yv Nπ=  0yv =   

   tan 0,y

x

v

v
θ = =  0θ =   
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PROBLEM 11.92  (Continued) 

 

 When max .v v=   (2 1) st N π= +   

   10[2 ( 1)] 5sin[2 ( 1)]x N Nπ π= − − +  20 ( 1) ftx Nπ= +   

   10 5cos[2 ( 1)]y Nπ= − +  15 fty =   

   10 5cos[2 ( 1)]xv Nπ= − +  15 ft/sxv =   

   5sin[2 ( 1)]yv Nπ= +  0yv =   

   tan 0,y

x

v

v
θ = =  0θ =   
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PROBLEM 11.93 

The damped motion of a vibrating particle is defined by 
the position vector /2

1 1[1 1/( 1)] ( cos 2 ) ,tx t y e tπ π−= − + +r i j  
where t is expressed in seconds. For 1 30 mmx =  and  
y1 20 mm,=  determine the position, the velocity, and the 
acceleration of the particle when (a) 0,t =  (b) 1.5 s.t =  

 

SOLUTION 

We have /21
30 1 20( cos 2 )

1
te t

t
π π− = − + + 

r i j  

Then 

/2 /2
2

/2
2

1
30 20 cos 2 2 sin 2

2( 1)

1 1
30 20 cos 2 2 sin 2

2( 1)

t t

t

d

dt

e t e t
t

e t t
t

π π

π

π π π π

π π π

− −

−

=

 = + − − +  

  = − +  +   

r
v

i j

i j

 

and 

/2 /2
3

2 /2
3

2 1
30 20 cos 2 2 sin 2 ( sin 2 4 cos 2 )

2 2( 1)

60
10 (4 sin 2 7.5 cos 2 )

( 1)

t t

t

d

dt

e t t e t t
t

e t t
t

π π

π

ππ π π π π π

π π π

− −

−

=

  = − − − + + − +  +   

= − + −
+

v
a

i j

i j

 

  

(a) At 0:t =  
1

30 1 20(1)
1

 = − + 
 

r i j  

 or 20 mm=r   

  
1 1

30 20 (1) 0
1 2

π     = − +    
    

v i j  

 or 43.4 mm/s=v   46.3°  

  260
10 (1)(0 7.5)

(1)
π= − + −a i j  

 or 2743 mm/s=a   85.4°  
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PROBLEM 11.93  (Continued) 

 

(b) At 1.5 s:t =  0.751
30 1 20 (cos 3 )

2.5

(18 mm) ( 1.8956 mm)

e π π− = − + 
 

= + −

r i j

i j

 

 or 18.10 mm=r   6.01°  

 

0.75
2

30 1
20 cos 3 0

2(2.5)

(4.80 mm/s) (2.9778 mm/s)

e ππ π−  = − + 
 

= +

v i j

i j  

 or 5.65 mm/s=v   31.8°  

 
2 0.75

3

2 2

60
10 (0 7.5 cos 3 )

(2.5)

( 3.84 mm/s ) (70.1582 mm/s )

e ππ π−= − + −

= − +

a i j

i j

 

 or 270.3 mm/s=a   86.9°  
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PROBLEM 11.94 

The motion of a particle is defined by the position vector  
r (cos sin ) (sin cos ) ,A t t t A t t t= + + −i j  where t is expressed in 
seconds. Determine the values of t for which the position vector 
and the acceleration are (a) perpendicular, (b) parallel. 

 

SOLUTION 

We have (cos sin ) (sin cos )A t t t A t t t= + + −r i j  

Then ( sin sin cos )

(cos cos sin )

( cos ) ( sin )

d
A t t t t

dt
A t t t t

A t t A t t

= = − + +

+ − +
= +

r
v i

j

i j

 

and (cos sin ) (sin cos )
d

A t t t A t t t
dt

= = − + +v
a i j  

(a) When r and a are perpendicular, 0⋅ =r a  

  [(cos sin ) (sin cos ) ] [(cos sin ) (sin cos ) ] 0A t t t t t t A t t t t t t+ + − ⋅ − + + =i j i j  

 or (cos sin )(cos sin ) (sin cos )(sin cos ) 0t t t t t t t t t t t t+ − + − + =  

 or 2 2 2 2 2 2(cos sin ) (sin cos ) 0t t t t t t− + − =  

 or  21 0 or 1 st t− = =   

(b) When r and a are parallel, 0× =r a  

 [(cos sin ) (sin cos ) ] [(cos sin ) (sin cos ) ] 0A t t t t t t A t t t t t t+ + − × − + + =i j i j  

 or [(cos sin )(sin cos ) (sin cos )(cos sin )] 0t t t t t t t t t t t t+ + − − − =k  

 Expanding 2 2(sin cos sin cos ) (sin cos sin cos ) 0t t t t t t t t t t t t+ + − − + =  

 or  2 0 or 0t t= =   
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PROBLEM 11.95 

The three-dimensional motion of a particle is defined by the position vector r = (Rt cos ωnt)i + ctj + (Rt sin 
ωnt)k. Determine the magnitudes of the velocity and acceleration of the particle. (The space curve described 
by the particle is a conic helix.) 

 

SOLUTION 

We have ( cos ) ( sin )n nRt t ct Rt tω ω= + +r i j k  

Then (cos sin ) (sin cos )n n n n n n
d

R t t t c R t t t
dt

ω ω ω ω ω ω= = − + + +r
v i j k  

and 

2

2

2 2

( sin sin cos )

( cos cos sin )

( 2 sin cos ) (2 cos sin )

n n n n n n

n n n n n n

n n n n n n n n

d

dt

R t t t t

R t t t t

R t t t R t t t

ω ω ω ω ω ω

ω ω ω ω ω ω

ω ω ω ω ω ω ω ω

=

= − − −

+ + −

= − − + −

v
a

i

k

i k

 

Now 

( )
( )

( )

2 2 2 2

2 2 2

2 2 2 2 2

2 2 2 2 2

2 2 2 2

[ (cos sin )] ( ) [ (sin cos )]

cos 2 sin cos sin

sin 2 sin cos cos

1

x y z

n n n n n n

n n n n n n

n n n n n n

n

v v v v

R t t t c R t t t

R t t t t t t

t t t t t t c

R t c

ω ω ω ω ω ω

ω ω ω ω ω ω

ω ω ω ω ω ω

ω

= + +

= − + + +

= − +
+ + + +

= + +

 

or ( )2 2 2 21 nv R t cω= + +   

Also, 2 2 2 2
x y za a a a= + +  

 ( )
( )

( )
( )

( )

2
2 2

2
2

2 2 2 3 4 2 2

2 2 3 4 2 2

2 2 4 2

2 sin cos (0)

2 cos sin

4 sin 4 sin cos cos

4 cos 4 sin cos sin

4

n n n n

n n n n

n n n n n n n

n n n n n n n

n n

R t t t

R t t t

R t t t t t t

t t t t t t

R t

ω ω ω ω

ω ω ω ω

ω ω ω ω ω ω ω

ω ω ω ω ω ω ω

ω ω

 = − − + 

 + − 
= + +

+ − + 

= +

 

or 2 24n na R tω ω= +   
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PROBLEM 11.96 

The three-dimensional motion of a particle is defined by the position 
vector 2( cos ) ( ) ( sin ) ,1At t A Bt tt= + ++r i j k  where r and t are 
expressed in feet and seconds, respectively. Show that the curve 
described by the particle lies on the hyperboloid (y/A)2 − (x/A)2 − 
(z/B)2 = 1. For 3A =  and 1,B =  determine (a) the magnitudes of the 
velocity and acceleration when 0,t =  (b) the smallest nonzero value 
of t for which the position vector and the velocity are perpendicular 
to each other. 

 

SOLUTION 

We have 2( cos ) ( 1) ( sin )At t A t Bt t= + + +r i j k  

or 2cos 1 sinx At t y A t z Bt t= = + =  

Then 
2

2cos sin 1
x z y

t t t
At Bt A

 = = = − 
 

 

Now 
2 2

2 2cos sin 1 1
x z

t t
At Bt

   + =  + =   
   

 

or 
2 2

2 x z
t

A B
   = +   
   

 

Then 
2 2 2

1
y x z

A A B
     − = +     
     

 

or 
2 2 2

1
y x z

A A B
     − − =     
     

             Q.E.D.  

(a) With 3A =  and 1,B =  we have 

  
2

3(cos sin ) 3 (sin cos )
1

d t
t t t t t t

dt t
= = − + + +

+

r
v i j k  

 and 
( )2

2
1

2

2 3/2

1
3( sin sin cos ) 3

( 1)

(cos cos sin )

1
3(2 sin cos ) 3 (2 cos sin )

( 1)

t

tt td
t t t t

dt t

t t t t

t t t t t t
t

++ −
= = − − − +

+
+ + −

= − + + + −
+

v
a i j

k

i j k
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PROBLEM 11.96  (Continued) 

 

 At 0:t =  

2 2 2

3(1 0) (0) (0)

x y zv v v v

= − + +

= + +

v i j k  

 or  3 ft/sv =   

 and 3(0) 3(1) (2 0)= − + + −a i j k  

 Then 2 2 2 2(0) (3) (2) 13a = + + =   

 or  23.61 ft/sa =   

(b) If r and v are perpendicular, 0⋅ =r v  

 2

2
[(3 cos ) (3 1) ( sin ) ] [3(cos sin ) 3 (sin cos ) ] 0

1

t
t t t t t t t t t t t

t

 + + + ⋅ − + + + = 
+ 

i j k i j k  

 or 2

2
(3 cos )[3(cos sin )] (3 1) 3 ( sin )(sin cos ) 0

1

t
t t t t t t t t t t t

t

 − + + + + = 
+ 

 

 Expanding 2 2 2 2(9 cos 9 sin cos ) (9 ) ( sin sin cos ) 0t t t t t t t t t t t− + + + =  

 or (with 0)t ≠  210 8 cos 8 sin cos 0t t t t+ − =  

 or 7 2 cos 2 2 sin 2 0t t t+ − =  

 Using “trial and error” or numerical methods, the smallest root is 3.82 st =   

 Note: The next root is 4.38 s.t = 
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PROBLEM 11.97 

An airplane used to drop water on brushfires is flying 
horizontally in a straight line at 180 mi/h at an altitude of 
300 ft. Determine the distance d at which the pilot should 
release the water so that it will hit the fire at B. 

 

SOLUTION 

First note 0 180 km/h 264 ft/sv = =  

Place origin of coordinates at Point A. 

Vertical motion.  (Uniformly accelerated motion) 

 21
0 (0)

2
y t gt= + −  

At B: 2 21
300 ft (32.2 ft/s )

2
t− = −  

or 4.31666 sBt =  

Horizontal motion.  (Uniform) 

 00 ( )xx v t= +  

At B: (264 ft/s)(4.31666 s)d =  

or 1140 ftd =  
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PROBLEM 11.98 

A helicopter is flying with a constant horizontal velocity of 
180 km/h and is directly above Point A when a loose part 
begins to fall. The part lands 6.5 s later at Point B on an 
inclined surface. Determine (a) the distance d between 
Points A and B, (b) the initial height h. 

 

SOLUTION 

Place origin of coordinates at Point A. 

Horizontal motion: 0

0 0

( ) 180 km/h 50 m/s

( ) 0 50 m
x

x

v

x x v t t

= =
= + = +

 

At Point B where 6.5 s,Bt =      (50)(6.5) 325 mBx = =  

(a) Distance AB. 

 From geometry      
325

cos10
d =

°
 330 md =  

 Vertical motion:     2
0 0

1
( )

2yy y v t gt= + −  

 At Point B 21
tan10 0 (9.81)(6.5)

2Bx h− ° = + −  

(b) Initial height.  149.9 mh =   
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PROBLEM 11.99 

A baseball pitching machine “throws” baseballs with 
a horizontal velocity v0. Knowing that height h varies 
between 788 mm and 1068 mm, determine (a) the 
range of values of v0, (b) the values of α corresponding 
to h = 788 mm and h = 1068 mm. 

 

SOLUTION 

 

 
 

(a) Vertical motion:  0 1.5 m,y =  0( ) 0yv =  

  2 0
0 0

1 2( )
( )         or        

2y
y y

y y v t gt t
g

−= + − =  

 At Point B, 02( )
        or        B

y h
y h t

g

−= =  

 When 788 mm 0.788 m,h = =  
(2)(1.5 0.788)

0.3810 s
9.81Bt

−= =  

 When 1068 mm 1.068 m,h = =  
(2)(1.5 1.068)

0.2968 s
9.81Bt

−= =  

 Horizontal motion:  0 0 00,  ( ) ,xx v v= =  

   0 0        or        B

B

x x
x v t v

t t
= = =  

 

 

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

147 

PROBLEM 11.99  (Continued) 

 

  With 12.2 m,Bx =   0
12.2

we get        32.02 m/s
0.3810

v = =  

 and  0
12.2

   41.11 m/s
0.2968

v = =  

 032.02 m/s 41.11 m/sv≤ ≤  or 0115.3 km/h 148.0 km/hv ≤≤   

(b) Vertical motion:   0( )y yv v gt gt= − = −  

 Horizontal motion:  0xv v=  

  
0

( )
tan

( )
y B B

x B

vdy gt

dx v v
α = − = − =  

 For 0.788 m,h =  
(9.81)(0.3810)

tan 0.11673,
32.02

α = =  6.66α = °  

 For 1.068 m,h =  
(9.81)(0.2968)

tan 0.07082,
41.11

α = =  4.05α = °  
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PROBLEM 11.100 

While delivering newspapers, a girl 
throws a newspaper with a horizontal 
velocity v0. Determine the range of 
values of v0 if the newspaper is to 
land between Points B and C. 

 

SOLUTION 

Vertical motion.  (Uniformly accelerated motion) 

 21
0 (0)

2
y t gt= + −  

Horizontal motion.  (Uniform) 

 0 00 ( )xx v t v t= + =  

At B: y: 2 21 1
3 ft (32.2 ft/s )

3 2
t− = −  

or 0.455016 sBt =  

Then x: 07 ft ( ) (0.455016 s)Bv=  

or 0( ) 15.38 ft/sBv =  

At C: y: 2 21
2 ft (32.2 ft/s )

2
t− = −  

or 0.352454 sCt =  

Then x: 0
1

12 ft ( ) (0.352454 s)
3 Cv=  

or 0( ) 35.0 ft/sCv =  

 015.38 ft/s 35.0 ft/sv< <  
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PROBLEM 11.101 

Water flows from a drain spout with an initial velocity of 
2.5 ft/s at an angle of 15° with the horizontal. Determine 
the range of values of the distance d for which the water 
will enter the trough BC. 

 

SOLUTION 

First note 0

0

( ) (2.5 ft/s) cos 15 2.4148 ft/s

( ) (2.5 ft/s) sin 15 0.64705 ft/s
x

y

v

v

= ° =
= − ° = −

 

Vertical motion. (Uniformly accelerated motion) 

  2
0

1
0 ( )

2yy v t gt= + −  

At the top of the trough 

  2 21
8.8 ft ( 0.64705 ft/s) (32.2 ft/s )

2
t t− = − −  

or  0.719491 sBCt = (the other root is negative) 

Horizontal motion. (Uniform) 

  00 ( )xx v t= +  

In time BCt  (2.4148 ft/s)(0.719491 s) 1.737 ftBCx = =  

Thus, the trough must be placed so that 

  1.737 ft or 1.737 ftB Cx x< ≥  

Since the trough is 2 ft wide, it then follows that 0 1.737 ftd< <  
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PROBLEM 11.102 

Milk is poured into a glass of height 140 mm and inside 
diameter 66 mm. If the initial velocity of the milk is 1.2 m/s at 
an angle of 40° with the horizontal, determine the range of 
values of the height h for which the milk will enter the glass. 

 

SOLUTION 

First note 

 
0

0

( ) (1.2 m/s) cos 40 0.91925 m/s

( ) (1.2 m/s) sin 40 0.77135 m/s
x

y

v

v

= ° =
= − ° = −

 

Horizontal motion. (Uniform) 

 00 ( )xx v t= +  

Vertical motion. (Uniformly accelerated motion) 

 2
0 0

1
( )

2yy y v t gt= + −  

Milk enters glass at B. 

 

2 2

: 0.08 m (0.91925 m/s) or 0.087028 s

: 0.140 m ( 0.77135 m/s)(0.087028 s)

1
(9.81 m/s )(0.087028 s)

2

B

B

x t t

y h

= =
= + −

−

 

or 0.244 mBh =  

Milk enters glass at C. 

 

2 2

: 0.146 m (0.91925 m/s) or 0.158825 s

: 0.140 m ( 0.77135 m/s)(0.158825 s)

1
(9.81 m/s )(0.158825 s)

2

C

C

x t t

y h

= =
= + −

−

 

or 0.386 mCh =  

 0.244 m 0.386 mh< <   
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PROBLEM 11.103 

A volleyball player serves the ball with 
an initial velocity v0 of magnitude 
13.40 m/s at an angle of 20° with the 
horizontal. Determine (a) if the ball 
will clear the top of the net, (b) how far 
from the net the ball will land. 

 

SOLUTION 

First note 0

0

( ) (13.40 m/s) cos 20 12.5919 m/s

( ) (13.40 m/s) sin 20 4.5831 m/s
x

y

v

v

= ° =
= ° =

 

 

(a) Horizontal motion. (Uniform) 

 00 ( )xx v t= +  

 At C 9 m (12.5919 m/s) or 0.71475 sCt t= =  

 Vertical motion. (Uniformly accelerated motion) 

 2
0 0

1
( )

2yy y v t gt= + −  

 At C: 

2 2

2.1 m (4.5831 m/s)(0.71475 s)

1
(9.81 m/s )(0.71475 s)

2
2.87 m

Cy = +

−

=

 

 2.43 mCy >  (height of net)  ball clears net   

(b) At B, 0:y =  2 21
0 2.1 m (4.5831 m/s) (9.81 m/s )

2
t t= + −  

 Solving 1.271175 s (the other root is negative)Bt =  

 Then 0( ) (12.5919 m/s)(1.271175 s)

16.01 m
x Bd v t= =

=
 

 The ball lands  (16.01 9.00) m 7.01 mb = − =  from the net   
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PROBLEM 11.104 

A golfer hits a golf ball with an initial velocity of 160 ft/s at an angle of 25° with the horizontal. Knowing that 
the fairway slopes downward at an average angle of 5°, determine the distance d between the golfer and Point B 
where the ball first lands. 

 

 

SOLUTION 

First note 0

0

( ) (160 ft/s)cos 25

( ) (160 ft/s)sin 25
x

y

v

v

= °
= °

 

and at B cos 5 sin 5B Bx d y d= ° = − °  

Now Horizontal motion. (Uniform) 

 00 ( )xx v t= +  

At B 
cos 5

cos 5 (160 cos 25 ) or
160 cos 25Bd t t d

°° = ° =
°

 

 Vertical motion. (Uniformly accelerated motion) 

 2 2
0

1
0 ( ) ( 32.2 ft/s )

2yy v t gt g= + − =  

At B: 21
sin 5 (160 sin 25 )

2B Bd t gt− ° = ° −  

Substituting for Bt  
2

2cos 5 1 cos 5
sin 5 (160 sin 25 )

160 cos 25 2 160 cos 25
d d g d

   ° °− ° = ° −   ° °   
 

or 22
(160 cos 25 ) (tan 5 tan 25 )

32.2 cos 5

726.06 ft

d = ° ° + °
°

=

 

or 242 ydd =   
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PROBLEM 11.105 

A homeowner uses a snowblower to clear his 
driveway. Knowing that the snow is discharged 
at an average angle of 40° with the horizontal, 
determine the initial velocity v0 of the snow. 

 

SOLUTION 

First note 0 0

0 0

( ) cos 40

( ) sin 40
x

y

v v

v v

= °
= °

 

Horizontal motion. (Uniform) 

 00 ( )xx v t= +  

At B: 0
0

14
14 ( cos40 ) or

cos 40Bv t t
v

= ° =
°

 

Vertical motion. (Uniformly accelerated motion) 

 2 2
0

1
0 ( ) ( 32.2 ft/s )

2yy v t gt g= + − =  

At B: 2
0

1
1.5 ( sin 40 )

2B Bv t gt= ° −  

Substituting for Bt  

 
2

0
0 0

14 1 14
1.5 ( sin 40 )

cos 40 2 cos 40
v g

v v

   
= ° −   ° °   

 

or 
21

2 2
0

(32.2)(196)/ cos 40

1.5 14 tan 40
v

°
=

− + °
 

or  0 22.9 ft/sv =   
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PROBLEM 11.106 

At halftime of a football game souvenir 
balls are thrown to the spectators with a 
velocity v0. Determine the range of values 
of v0 if the balls are to land between Points 
B and C. 

 

SOLUTION 

The motion is projectile motion. Place the origin of the xy-coordinate system at ground level just below Point A. 
The coordinates of Point A are 0 00, 2m.x y= =  The components of initial velocity are 0 0( ) cos 40 m/sxv v= °  

and 0 0( ) sin 40 .yv v= °  

Horizontal motion: 0 0 0( ) ( cos 40 )xx x v t v t= + = °  (1) 

Vertical motion: 2
0 0

1
( )

2yy y v t gt= + =  

    2
0

1
2 ( sin 40 ) (9.81)

2
v t= + ° = −  (2) 

From (1), 0 cos 40

x
v t =

°
 (3) 

Then  22 tan 40 4.905y x t= + ° −  

 2 2 tan 40

4.905

x y
t

+ ° −=  (4) 

Point B:  

0

2

0 0

8 10cos35 16.1915 m

1.5 10sin 35 7.2358 m

16.1915
21.1365 m

cos 40
2 16.1915 tan 40 7.2358

1.3048 s
4.905

21.1365
16.199 m/s

1.3048

x

y

v t

t t

v v

= + ° =
= + ° =

= =
°

+ ° −= =

= =
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PROBLEM 11.106  (Continued) 

 

Point C:    8 (10 7)cos35 21.9256 m

1.5 (10 7)sin 35 11.2508 m

x

y

= + + ° =
= + + ° =

 

 0
21.9256

28.622 m
cos 40

v t = =
°

 

  
2 2 21.9256 tan 40 11.2508

4.905
t

+ ° −=      1.3656 st =  

 0
28.622

1.3656
v =        0 20.96 m/sv =  

Range of values of v0.  016.20 m/s 21.0 m/sv< <   
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PROBLEM 11.107 

A basketball player shoots when she is 16 ft from the 
backboard. Knowing that the ball has an initial velocity v0 
at an angle of 30° with the horizontal, determine the value 
of v0 when d is equal to (a) 9 in., (b) 17 in. 

 

SOLUTION 

First note     0 0 0 0( ) cos 30 ( ) sin 30x yv v v v= ° = °  

Horizontal motion. (Uniform)    00 ( )xx v t= +  

At B:  0
0

16
(16 ) ( cos 30 ) or

cos 30B
d

d v t t
v

−− = ° =
°

 

Vertical motion. (Uniformly accelerated motion) 2 2
0

1
0 ( ) ( 32.2 ft/s )

2yy v t gt g= + − =  

At B:  2
0

1
3.2 ( sin 30 )

2B Bv t gt= ° −  

Substituting for tB 
2

0
0 0

16 1 16
3.2 ( sin 30 )

cos 30 2 cos 30

d d
v g

v v

   − −= ° −   ° °   
 

or  
2

2
0

1
3

2 (16 )

3 (16 ) 3.2

g d
v

d

−=
 − − 

 

(a) 9 in.:d =  
( )

( )

29
122

0
91

123

2(32.2) 16

3 16 3.2
v

−
=

 − − 

 0 29.8 ft/sv =   

(b) 17 in.:d =  
( )

( )

217
122

0
171
123

2(32.2) 16

3 16 3.2
v

−
=

 − − 

 0 29.6 ft/sv =   
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PROBLEM 11.108 

A tennis player serves the ball at a height h = 2.5 m with an initial velocity of v0 at an angle of 5° with the 
horizontal. Determine the range for which of v0 for which the ball will land in the service area which extends 
to 6.4 m beyond the net. 

 

 

SOLUTION 

The motion is projectile motion. Place the origin of the xy-coordinate system at ground level just below the 
point where the racket impacts the ball. The coordinates of this impact point are 0 00, 2.5 m.x y h= = =  The 

components of initial velocity are 0 0( ) cos5xv v= °  and 0 0( ) sin 5 .yv v= °  

Horizontal motion: 0 0 0( ) ( cos5 )xx x v t v t= + = °  (1) 

Vertical motion: 2
0 0

1
( )

2yy y v t gt= + =  

    2
0

1
2.5 ( sin 5 ) (9.81)

2
v t t= − ° = −  (2) 

From (1), 0 cos5

x
v t =

°
 (3) 

Then  22.5 tan 5 4.905y x t= − ° −  

 2 2.5 tan 5

4.905

x y
t

− ° −=  (4) 

At the minimum speed the ball just clears the net. 

  

0

2

0 0

12.2 m, 0.914 m

12.2
12.2466 m

cos5
2.5 12.2 tan 5 0.914

0.32517 s
4.905

12.2466
37.66 m/s

0.32517

x y

v t

t t

v v

= =

= =
°

− ° −= =

= =
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PROBLEM 11.108  (Continued) 

 

At the maximum speed the ball lands 6.4 m beyond the net. 

 

0

2

0 0

12.2 6.4 18.6 m 0

18.6
18.6710 m

cos5
2.5 18.6 tan 5 0

0.42181s
4.905

18.6710
44.26 m/s

0.42181

x y

v t

t t

v v

= + = =

= =
°

− ° −= =

= =

 

Range for v0.  037.7 m/s 44.3 m/sv< <   
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PROBLEM 11.109 

The nozzle at A discharges cooling water with an initial 
velocity v0 at an angle of 6° with the horizontal onto a grinding 
wheel 350 mm in diameter. Determine the range of values of 
the initial velocity for which the water will land on the 
grinding wheel between Points B and C. 

 

SOLUTION 

First note 

 
0 0

0 0

( ) cos 6

( ) sin 6
x

y

v v

v v

= °
= − °

 

Horizontal motion. (Uniform) 

 0 0( )xx x v t= +  

Vertical motion. (Uniformly accelerated motion) 

 2 2
0 0

1
( ) ( 9.81 m/s )

2yy y v t gt g= + − =  

At Point B: (0.175 m) sin 10

(0.175 m) cos 10

x

y

= °
= °

 

 0: 0.175 sin 10 0.020 ( cos 6 )x v t° = − + °  

or 
0

0.050388

cos 6Bt v
=

°
 

 2
0

1
: 0.175 cos 10 0.205 ( sin 6 )

2B By v t gt° = + − ° −  

Substituting for Bt  

 
2

0
0 0

0.050388 1 0.050388
0.032659 ( sin 6 ) (9.81)

cos 6 2 cos 6
v

v v

   
− = − ° −   ° °   
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PROBLEM 11.109  (Continued) 

 

or 
21

2 2
0 2

(9.81)(0.050388)

cos 6 (0.032659 0.050388 tan 6 )
v =

° − °
 

or 0( ) 0.678 m/sBv =  

At Point C: (0.175 m) cos 30

(0.175 m) sin 30

x

y

= °
= °

 

 0: 0.175 cos 30 0.020 ( cos 6 )x v t° = − + °  

or 
0

0.171554

cos 6Ct v
=

°
 

 2
0

1
: 0.175 sin 30 0.205 ( sin 6 )

2C Cy v t gt° = + − ° −  

Substituting for Ct  

 
2

0
0 0

0.171554 1 0.171554
0.117500 ( sin 6 ) (9.81)

cos 6 2 cos 6
v

v v

   
− = − ° −   ° °   

 

or 
21

2 2
0 2

(9.81)(0.171554)

cos 6 (0.117500 0.171554 tan 6 )
v =

° − °
 

or 0( ) 1.211 m/sCv =  

 00.678 m/s 1.211 m/sv< <   
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PROBLEM 11.110 

While holding one of its ends, a worker lobs a coil of rope over 
the lowest limb of a tree. If he throws the rope with an initial 
velocity v0 at an angle of 65° with the horizontal, determine the 
range of values of v0 for which the rope will go over only the 
lowest limb. 

 

SOLUTION 

First note 

 0 0

0 0

( ) cos 65

( ) sin 65
x

y

v v

v v

= °
= °

 

Horizontal motion. (Uniform) 

 00 ( )xx v t= +  

At either B or C, 5 mx =  

 0 ,( cos 65 ) B Cs v t= °  

or ,
0

5

( cos 65 )B Ct
v

=
°

 

Vertical motion. (Uniformly accelerated motion) 

 2 2
0

1
0 ( ) ( 9.81 m/s )

2yy v t gt g= + − =  

At the tree limbs, ,B Ct t=  

 
2

, 0
0 0

5 1 5
( sin 65 )

cos 65 2 cos 65B Cy v g
v v

   
= ° −   ° °   
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PROBLEM 11.110  (Continued) 

 

or 
1

2 2
0 2

,

,

(9.81)(25)

cos 65 (5 tan 65 )

686.566

5 tan 65

B C

B C

v
y

y

=
° ° −

=
° −

 

At Point B: 2
0 0

686.566
or ( ) 10.95 m/s

5 tan 65 5 Bv v= =
° −

 

At Point C : 2
0 0

686.566
or ( ) 11.93 m/s

5 tan 65 5.9 Cv v= =
° −

 

 010.95 m/s 11.93 m/sv< <  
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PROBLEM 11.111 

The pitcher in a softball game throws a ball with an initial velocity v0 of 72 km/h at an angle α with the 
horizontal. If the height of the ball at Point B is 0.68 m, determine (a) the angle α, (b) the angle θ  that the 
velocity of the ball at Point B forms with the horizontal. 

 

 

SOLUTION 

First note 

 0 72 km/h 20 m/sv = =  

and 0 0

0 0

( ) cos (20 m/s) cos

( ) sin (20 m/s) sin
x

y

v v

v v

α α
α α

= =
= =

 

(a) Horizontal motion. (Uniform) 

 00 ( ) (20 cos )xx v t tα= + =  

 At Point B: 
7

14 (20 cos ) or
10 cosBt tα

α
= =  

 Vertical motion. (Uniformly accelerated motion) 

 2 2 2
0

1 1
0 ( ) (20 sin ) ( 9.81 m/s )

2 2yy v t gt t gt gα= + − = − =  

 At Point B: 21
0.08 (20 sin )

2B Bt gtα= −  

 Substituting for Bt  

 
2

7 1 7
0.08 (20 sin )

10 cos 2 10 cos
gα

α α
   

= −   
   

 

 or 
2

1 49
8 1400 tan

2 cos
gα

α
= −  

 Now 2 2
2

1
sec 1 tan

cos
α α

α
= = +  
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PROBLEM 11.111  (Continued) 

 

 Then 28 1400 tan 24.5 (1 tan )gα α= − +  

 or 2240.345 tan 1400 tan 248.345 0α α− + =  

 Solving 10.3786 and 79.949α α= ° = °  

 Rejecting the second root because it is not physically reasonable, we have 

 10.38α = °   

(b) We have 0( ) 20 cosx xv v α= =  

 and 0( ) 20 siny yv v gt gtα= − = −  

 At Point B: ( ) 20 sin

7
20 sin

10 cos

y B Bv gt

g

α

α
α

= −

= −

 

 Noting that at Point B, 0,yv <  we have 

  

7
10 cos

7 9.81
200 cos10.3786

|( ) |
tan

20 sin

20 cos

sin 10.3786

cos10.3786

y B

x

g

v

v

α

θ

α
α

°

=

−
=

− °
=

°

 

 or 9.74θ = °  
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PROBLEM 11.112 

A model rocket is launched from Point A with an initial 
velocity v0 of 75 m/s. If the rocket’s descent parachute does 
not deploy and the rocket lands a distance d = 100 m from 
A, determine (a) the angle α  that v0 forms with the vertical,  
(b) the maximum height above Point A reached by the 
rocket, and (c) the duration of the flight. 

 

SOLUTION 

Set the origin at Point A. 0 00, 0x y= =  

Horizontal motion: 0
0

sin sin
x

x v t
v t

α α= =  (1) 

Vertical motion: 2
0

1
cos

2
y v t gtα= −  

 2

0

1 1
cos

2
y gt

v t
α  = + 

 
 (2) 

 
2

2 2 2 2
2

0

1 1
sin cos 1

2( )
x y gt

v t
α α

  + = + + =  
   

 

 2 2 2 2 4 2 2
0

1

4
x y gyt g t v t+ + + =  

 ( )2 4 2 2 2 2
0

1
( ) 0

4
g t v gy t x y− − + + =  (3) 

At Point B, 2 2 100 m, 100 cos 30 m

100 sin 30 50 m

x y x

y

+ = = °
= − ° = −

 

 
2 4 2 2 2

4 2

1
(9.81) [75 (9.81)( 50)] 100 0

4

24.0590 6115.5 10000 0

t t

t t

− − − + =

− + =
 

 
2 2 2252.54 s and 1.6458 s

15.8916 s and 1.2829 s

t

t

=
=
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PROBLEM 11.112  (Continued) 

 

Restrictions on α : 0 120α< < °  

 2 21
2

100 cos 30
tan 0.0729

50 (4.905)(15.8916)

4.1669

x

y gt
α

α

°= = =
+ − +

= °

 

and 
2

100 cos 30
2.0655

50 (4.905)(1.2829)

115.8331α

° = −
− +

= °

 

Use 4.1669α = °  corresponding to the steeper possible trajectory. 

(a) Angle α . 4.17α = °   

(b) Maximum height. max0 atyv y y= =  

 

0

0

2 2
0

max 0

2 2

cos 0

cos

cos1
cos

2 2

(75) cos 4.1669

(2)(9.81)

yv v gt

v
t

g

v
y v t gt

g

α
α

αα

= − =

=

= − =

°=  max 285 my =   

(c) Duration of the flight. (time to reach B) 

 15.89 st =   
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PROBLEM 11.113 

The initial velocity v0 of a hockey puck is 105 mi/h. Determine (a) the largest value (less than 45°) of  
the angle α for which the puck will enter the net, (b) the corresponding time required for the puck to reach  
the net. 

 

 

SOLUTION 

First note 0 105 mi/h 154 ft/sv = =  

and 0 0

0 0

( ) cos (154 ft/s) cos

( ) sin (154 ft/s) sin
x

y

v v

v v

α α
α α

= =
= =

 

(a) Horizontal motion. (Uniform) 

 00 ( ) (154 cos )xx v t tα= + =  

 At the front of the net, 16 ftx =  

 Then 16 (154 cos ) tα=  

 or enter
8

77 cos
t

α
=  

 Vertical motion. (Uniformly accelerated motion) 

 

2
0

2 2

1
0 ( )

2
1

(154 sin ) ( 32.2 ft/s )
2

yy v t gt

t gt gα

= + −

= − =
 

 At the front of the net, 

 2
front enter enter

2

2

1
(154 sin )

2

8 1 8
(154 sin )

77 cos 2 77 cos

32
16 tan

5929 cos

y t gt

g

g

α

α
α α

α
α

= −

   
= −   

   

= −

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

168 

PROBLEM 11.113  (Continued) 

 

 Now 2 2
2

1
sec 1 tan

cos
α α

α
= = +  

 Then 2
front

32
16 tan (1 tan )

5929

g
y α α= − +  

 or 2
front

5929 5929
tan tan 1 0

2 32
y

g g
α α  

− + + = 
 

 

 Then 
( ) ( )

1/22
5929 5929 5929

front2 2 324 1
tan

2

g g g y
α

 ± − − +  =  

 or 

1/22

front
5929 5929 5929

tan 1
4 32.2 4 32.2 32 32.2

yα
    = ± − − +    × × ×     

 

 or 2 1/2
fronttan 46.0326 [(46.0326) (1 5.7541 )]yα = ± − +  

 Now front0 4 fty< < so that the positive root will yield values of 45α > °  for all values of yfront.  
 When the negative root is selected, α increases as yfront is increased. Therefore, for max ,α set  

 front 4 ftCy y= =  

 Then 2 1/2tan 46.0326 [(46.0326) (1 5.7541 4)]α = − − + +  

 or max 14.6604α = °  max 14.66α = °   

(b) We had found enter
8

77 cos

8

77 cos 14.6604

t
α

=

=
°

 

 or enter 0.1074 st =   
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PROBLEM 11.114 

A worker uses high-pressure water to clean the inside of a long drainpipe. If the water is discharged with an 
initial velocity v0 of 11.5 m/s, determine (a) the distance d to the farthest Point B on the top of the pipe that the 
worker can wash from his position at A, (b) the corresponding angle α. 

 

 

SOLUTION 

First note 0 0

0 0

( ) cos (11.5 m/s) cos

( ) sin (11.5 m/s) sin
x

y

v v

v v

α α
α α

= =
= =

 

By observation, maxd occurs when max 1.1 m.y =  

Vertical motion. (Uniformly accelerated motion) 

 

2
0 0

2

1
( ) 0 ( )

2
1

(11.5 sin ) (11.5 sin )
2

y y yv v gt y v t gt

gt t gtα α

= − = + −

= − = −
 

When max at , ( ) 0y By y B v= =  

Then ( ) 0 (11.5 sin )y Bv gtα= = −  

or 211.5 sin
( 9.81 m/s )Bt g

g

α= =  

and 21
(11.5 sin )

2B B By t gtα= −  

Substituting for Bt  and noting 1.1 mBy =  

 

2

2 2

11.5 sin 1 11.5 sin
1.1 (11.5 sin )

2

1
(11.5) sin

2

g
g g

g

α αα

α

   
= −   

   

=

 

or 2
2

2.2 9.81
sin 23.8265

11.5
α α×= = °  
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PROBLEM 11.114  (Continued) 

 

(a) Horizontal motion. (Uniform) 

 00 ( ) (11.5 cos )xx v t tα= + =  

 At Point B: max and Bx d t t= =  

 where 
11.5

sin 23.8265 0.47356 s
9.81Bt = ° =  

 Then max (11.5)(cos 23.8265 )(0.47356)d = °  

 or max 4.98 md =   

(b) From above 23.8α = °  
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PROBLEM 11.115 

An oscillating garden sprinkler which 
discharges water with an initial velocity 
v0 of 8 m/s is used to water a vegetable 
garden. Determine the distance d to the 
farthest Point B that will be watered and 
the corresponding angle α when (a) the 
vegetables are just beginning to grow, 
(b) the height h of the corn is 1.8 m. 

 

SOLUTION 

First note 0 0

0 0

( ) cos (8 m/s) cos

( ) sin (8 m/s) sin
x

y

v v

v v

α α
α α

= =
= =

 

Horizontal motion. (Uniform) 

  00 ( ) (8 cos )xx v t tα= + =  

At Point B: : (8 cos )x d d tα= =  

or 
8 cosB

d
t

α
=  

Vertical motion. (Uniformly accelerated motion) 

 

2
0

2 2

1
0 ( )

2
1

(8 sin ) ( 9.81 m/s )
2

yy v t gt

t gt gα

= + −

= − =
 

At Point B: 21
0 (8 sin )

2B Bt gtα= −  

Simplifying and substituting for Bt  

 
1

0 8 sin
2 8 cos

d
gα

α
 

= −  
 

 

or 
64

sin 2d
g

α=  (1) 

(a) When 0,h =  the water can follow any physically possible trajectory. It then follows from  
 Eq. (1) that d is maximum when 2 90α = °  

 or  45α = °   

 Then 
64

sin (2 45 )
9.81

d = × °  

 or  max 6.52 md =   
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PROBLEM 11.115  (Continued) 

 

(b) Based on Eq. (1) and the results of Part a, it can be concluded that d increases in value as α increases  
 in value from 0 to 45° and then d decreases as α is further increased. Thus, maxd occurs for the value  
 of α closest to 45° and for which the water just passes over the first row of corn plants. At this row,  
 xcom 1.5 m=  

 so that corn
1.5

8 cos
t

α
=  

 Also, with corn ,y h=  we have 

 2
corn corn

1
(8 sin )

2
h t gtα= −  

 Substituting for cornt  and noting 1.8 m,h =  

 
2

1.5 1 1.5
1.8 (8 sin )

8 cos 2 8 cos
gα

α α
   

= −   
   

 

 or 
2

2.25
1.8 1.5 tan

128 cos

gα
α

= −  

 Now 2 2
2

1
sec 1 tan

cos
α α

α
= = +  

 Then 22.25(9.81)
1.8 1.5 tan (1 tan )

128
α α= − +  

 or 20.172441 tan 1.5 tan 1.972441 0α α− + =  

 Solving 58.229 and 81.965α α= ° = °  

 From the above discussion, it follows that maxd d= when 

   58.2α = °   

 Finally, using Eq. (1) 

  
64

sin (2 58.229 )
9.81

d = × °  

 or  max 5.84 md =   
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PROBLEM 11.116* 

A mountain climber plans to jump from A to B over a 
crevasse. Determine the smallest value of the climber’s initial 
velocity v0 and the corresponding value of angle α so that he 
lands at B. 

 

SOLUTION 

First note 0 0

0 0

( ) cos

( ) sin
x

y

v v

v v

α
α

=
=

 

Horizontal motion. (Uniform) 

 0 00 ( ) ( cos )xx v t v tα= + =  

At Point B: 01.8 ( cos )v tα=  

or 
0

1.8

cosBt v α
=  

Vertical motion. (Uniformly accelerated motion) 

 

2
0

2 2
0

1
0 ( )

2
1

( sin ) ( 9.81 m/s )
2

yy v t gt

v t gt gα

= + −

= − =
 

At Point B: 2
0

1
1.4 ( sin )

2B Bv t gtα− = −  

Substituting for Bt  

 
2

0
0 0

1.8 1 1.8
1.4 ( sin )

cos 2 cos
v g

v v
α

α α
   

− = −   
   

 

or 2
0 2

2

1.62

cos (1.8 tan 1.4)

1.62

0.9 sin 2 1.4 cos

g
v

g

α α

α α

=
+

=
+
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PROBLEM 11.116*  (Continued) 

 

Now minimize 2
0v  with respect to α. 

We have 
2
0

2 2

(1.8 cos 2 2.8 cos sin )
1.62 0

(0.9 sin 2 1.4 cos )

dv
g

d

α α α
α α α

− −= =
+

 

or 1.8 cos 2 1.4 sin 2 0α α− =  

or 
18

tan 2
14

α =  

or 26.0625 and 206.06α α= ° = °  

Rejecting the second value because it is not physically possible, we have 

 26.1α = °   

Finally, 2
0 2

1.62 9.81

cos 26.0625 (1.8 tan 26.0625 1.4)
v

×=
° ° +

 

or 0 min( ) 2.94 m/sv =   
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PROBLEM 11.117 

The velocities of skiers A and B are 
as shown. Determine the velocity of 
A with respect to B. 

 

SOLUTION 

We have /A B A B= +v v v  

The graphical representation of this equation is then as shown. 

Then 2 2 2
/ 30 45 2(30)(45) cos15A B = + − °v  

or / 17.80450 ft/sA Bv =   

and 
30 17.80450

sin sin 15α
=

°
 

or 25.8554°α =  

 25 50.8554°α + ° =  / 17.8 ft/sA B =v  50.9°  

Alternative solution. 

 

/

30 cos10 30 sin 10 (45 cos 25 45 sin 25 )

11.2396 13.8084

A B A B= −
= ° − ° − ° − ° °
= +

v v v

i j i j

i j  

 5.05 m/s 17.8 ft/s= =   50.9° 
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PROBLEM 11.118 

The three blocks shown move with constant velocities. Find the velocity of each 
block, knowing that the relative velocity of A with respect to C is 300 mm/s upward 
and that the relative velocity of B with respect to A is 200 mm/s downward. 

 

SOLUTION 

 

 

 

 

From the diagram 

Cable 1: constantA Dy y+ =  

Then  0A Dv v+ =  (1) 

Cable 2: ( ) ( ) constantB D C Dy y y y− + − =  

Then  2 0B C Dv v v+ − =  (2) 

Combining Eqs. (1) and (2) to eliminate ,Dv  

  2 0A B Cv v v+ + =  (3) 

Now  / 300 mm/sA C A Cv v v= − = −  (4) 

and  / 200 mm/sB A B Av v v= − =  (5) 

Then  (3) (4) (5)+ −   

 (2 ) ( ) ( ) ( 300) (200)A B C A C B Av v v v v v v+ + + − − − = − −  

or   125 mm/sA =v   

and using Eq. (5) ( 125) 200Bv − − =  

or   75 mm/sB =v   

 Eq. (4) 125 300Cv− − = −  

or   175 mm/sC =v   
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PROBLEM 11.119 

Three seconds after automobile B passes through the intersection shown, 
automobile A passes through the same intersection. Knowing that the 
speed of each automobile is constant, determine (a) the relative velocity 
of B with respect to A, (b) the change in position of B with respect to A 
during a 4-s interval, (c) the distance between the two automobiles 2 s 
after A has passed through the intersection. 

 

SOLUTION 

 

 
45 mi/h 66 ft/s

30 mi/h 44 ft/s
A

B

v

v

= =
= =

 

 Law of cosines 

 
2 2 2

/

/

66 44 2(66)(44)cos110

90.99 ft/s

B A

B A

v

v

= + − °

=
 

 

 /B A B Av v v= +  Law of sines 

   
sin sin110

42.97
66 90.99

β β°= = °  

                     90 90 42.97 47.03α β= ° − = ° − ° = °  

(a) Relative velocity:  / 91.0 ft/sB A =v   47.0°  

(b) Change in position for 4 s.tΔ =  

  / / (91.0 ft/s)(4 s)B A B Ar v tΔ = Δ =  / 364 ftB A =r   47.0° 

(c) Distance between autos 2 seconds after auto A has passed intersection. 

    Auto A travels for 2 s. 

  66 ft/sAv =  20° 

  (66 ft/s)(2 s) 132 ftA Ar v t= = =  

   132 ftA =r  20° 
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PROBLEM 11.119  (Continued) 

 

  Auto B 44 ft/sB =v  

   (44 ft/s)(5 s) 220 ftB Bt= = =r v  

   /B A B A= +r r r  

  Law of cosines 

    

2 2 2
/

/

(132) (220) 2(132)(220)cos110

292.7 ft

B A

B A

r = + − °

=r  

    Distance between autos = 293 ft  
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PROBLEM 11.120 

Shore-based radar indicates that a ferry leaves its slip with a 
velocity 18 km/h=v  70°, while instruments aboard the ferry 
indicate a speed of 18.4 km/h and a heading of 30° west of south 
relative to the river. Determine the velocity of the river. 

 

SOLUTION 

 

 

 

 

 

We have / /orF R F R F F R R= + = +v v v v v v  

The graphical representation of the second equation is then as shown. 

We have 2 2 218 18.4 2(18)(18.4) cos10Rv = + − °  

or 3.1974 km/hRv =  

and 
18 3.1974

sin sin 10α
=

°
 

or 77.84α = °  

Noting that 

   3.20 km/hR =v  17.8°  

Alternatively one could use vector algebra. 
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PROBLEM 11.121 

Airplanes A and B are flying at the same altitude and are tracking the 
eye of hurricane C. The relative velocity of C with respect to A  
is / 350 km/hC A =v   75°, and the relative velocity of C with respect 
to B is / 400 km/hC B =v   40°. Determine (a) the relative velocity of 
B with respect to A, (b) the velocity of A if ground-based radar indicates 
that the hurricane is moving at a speed of 30 km/h due north, (c) the 
change in position of C with respect to B during a 15-min interval. 

 

SOLUTION 

(a) We have /C A C A= +v v v  

 and /C B C B= +v v v  

 Then / /A C A B C B+ = +v v v v   

 or / /B A C A C B− = −v v v v  

 Now /B A B A− =v v v  

 so that / / /B A C A C B= −v v v  

 or / / /C A C B B A= +v v v  

 

 

 

 The graphical representation of the last equation is then as shown. 

 We have 2 2 2
/ 350 400 2(350)(400) cos 65B Av = + − °  

 or / 405.175 km/hB Av =  

 and 
400 405.175

sin sin 65α
=

°
 

 or       63.474α = °  

 75 11.526α° − = °  / 405 km/hB A =v  11.53°  
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PROBLEM 11.121  (Continued) 

 

(b) We have /C A C A= +v v v  

 or (30 km/h) (350 km/h)( cos 75 sin 75 )A = − − ° − °v j i j  

 (90.587 km/h) (368.07 km/h)A = +v i j  

 or 379 km/hA =v  76.17° 

(c) Noting that the velocities of B and C are constant, we have 

 0 0( ) ( )B B B C C Ct t= + = +r r v r r v  

 Now / 0 0[( ) ( ) ] ( )C B C B C B C B t= − = − + −r r r r r v v  

 0 0 /[( ) ( ) ]C B C Bt= − +r r v  

 Then 
2 1/ / / / 2 1 /( ) ( ) ( )C B C B t C B t C B C Bt t tΔ = − = − = Δr r r v v  

 For 15 min:tΔ =  /
1

(400 km/h) h 100 km
4C Br

 Δ = = 
 

 

 / 100 kmC BΔ =r  40° 
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PROBLEM 11.122 

Pin P moves at a constant speed of 150 mm/s in a counterclockwise sense along a 
circular slot which has been milled in the slider block A shown. Knowing that the 
block moves downward at a constant speed 100 mm/s determine the velocity of 
pin P when (a) 30 ,θ = ° (b) 120 .θ = °  

 

SOLUTION 

 /P A P A= +v v v  

 100 ms ( ) 150(cos sin )mm/sP θ θ= − + +v j i j  

(a) For 30θ = °  100 mm/s ( ) 150( cos(30 ) sin(30 ) )mm/sP = − + − ° + °v j i j  

  ( 75 29.9038 )mm/sP = − +v i j  

   80.7 mm/sP =v  21.7°  

(b) For 120θ = °  100 mm/s ( ) 150( cos(120 ) sin(120 ) )mm/sP = − + − ° + °v j i j  

  ( 129.9038 175 ) mm/sP = − + −v i j  

   218 mm/sP =v  53.4°  

 

Alternative Solution 

 

(a) For 30 ,θ = °  / 7.5 in./sP Av =   30° 

  /P A P Av v v= +  

 Law of cosines 

 
2 2 2(150) (100) 2(100)(150)cos30

80.7418 mm/s
P

P

v

v

= + − °
=

 

 Law of sines 

  
sin sin 30

111.7
150 80.7418

β β°= = °  

    80.7 mm/sPv =   21.7° 

 
 
 
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

183 

PROBLEM 11.122  (Continued) 

 

(b) For 120 ,θ = °  / 150 mm/sP Av =   30° 

 Law of cosines 

  
2 2 2(150) (100) 2(100)(150)cos120

217.9449 mm/s
P

P

v

v

= + − °
=

 

 Law of sines 

  
sin sin120

36.6
150 217.9449

90 90 36.6 53.4

β β

α β

°= = °

= − = ° − = °
 

   218 mm/sPv =   53.4°  
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PROBLEM 11.123 

Knowing that at the instant shown assembly A has a velocity of 9 in./s and an 
acceleration of 15 in./s2 both directed downward, determine (a) the velocity 
of block B, (b) the acceleration of block B. 

 

SOLUTION 

 Length of cable = constant 

 /2 constantA B AL x x= + =  

 /2 0A B Av v+ =  (1) 

 /2 0A B Aa a+ =  (2) 

 

 

Data: 215 in./sA =a  

 9 in./sA =v  

Eqs. (1) and (2) /2A B Aa a= −  /2A B Av v= −  

 /15 2 B Aa= −  /9 2 B Av= −  

 2
/ 7.5 in./sB Aa = −  / 4.5 in./sB Av = −  

 2
/ 7.5 in./sB A =a   40° / 4.5 in./sB A = −v   40° 

(a) Velocity of B. /B A B A= +v v v  

 Law of cosines: 2 2 2(9) (4.5) 2(9)(4.5)cos 50Bv = + − °  

 7.013 in./sBv =  

 Law of sines: 
sin sin 50

29.44
4.5 7.013

β β°= = °  

 90 90 29.44 60.56α β= ° − = ° − ° = °  

 7.01 in./sB =v   60.6°  
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PROBLEM 11.123  (Continued) 

 

(b) Acceleration of B. Ba  may be found by using analysis similar to that used above for .Bv  An alternate 
method is 

 

 /B A B A= +a a a  

 2 215 in./s 7.5 in./sB = ↓ +a   40° 

 

15 (7.5 cos 40 ) (7.5 sin 40 )

15 5.745 4.821

5.745 10.179B

= − − ° + °
= − − +
= − −

j i j

j i j

a i j

 

 211.69 in./sB =a   60.6°  
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PROBLEM 11.124 

Knowing that at the instant shown block A has a velocity of 8 in./s and 
an acceleration of 6 in./s2 both directed down the incline, determine 
(a) the velocity of block B, (b) the acceleration of block B. 

 

SOLUTION 

From the diagram /2 constantA B Ax x+ =  

Then /2 0A B Av v+ =  

or /| | 16 in./sB Av =  

and /2 0A B Aa a+ =  

or 2
/| | 12 in./sB Aa =  

Note that /B Av  and /B Aa  must be parallel to the top surface of block A. 

(a) We have /B A B A= +v v v  

The graphical representation of this equation is then as shown. Note that because A is moving 
downward, B must be moving upward relative to A. 

 We have 2 2 28 16 2(8)(16)cos 15Bv = + − °  

 or 8.5278 in./sBv =  

 and 
8 8.5278

sin sin 15α
=

°
 

 or 14.05α = °  

 8.53 in./sB =v   54.1°  

(b) The same technique that was used to determine Bv  can be used to determine .Ba  An alternative method 
is as follows. 

 We have /

2 2

(6 ) 12( cos 15 sin 15 )*

(5.5911 in./s ) (3.1058 in./s )

B A B A= +
= + − ° + °

= − +

a a a

i i j

i j

 

 or 26.40 in./sB =a   54.1°  

* Note the orientation of the coordinate axes on the sketch of the system. 
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PROBLEM 11.125 

A boat is moving to the right with a constant deceleration of 
0.3 m/s2 when a boy standing on the deck D throws a ball with an 
initial velocity relative to the deck which is vertical. The ball rises 
to a maximum height of 8 m above the release point and the boy 
must step forward a distance d to catch it at the same height as the 
release point. Determine (a) the distance d, (b) the relative velocity 
of the ball with respect to the deck when the ball is caught. 

 

SOLUTION 

Horizontal motion of the ball:  0 ball 0( ) ,     ( )x x xv v x v t= =  

Vertical motion of the ball:  0( )y yv v gt= −  

2 2 2
0 0

1
( ) ,     ( ) ( ) 2

2B y y yy v t gt v v gy= − − = −  

At maximum height,  max0        and        yv y y= =  

   
2 2 2

max

0

( ) 2 (2)(9.81)(8) 156.96 m /s

( ) 12.528 m/s

y

y

v gy

v

= = =

=
 

At time of catch,  21
0 12.528 (9.81)

2
y t= = −  

or  catch 2.554 s        and        12.528 m/s= =yt v  

Motion of the deck:  2
0 deck 0

1
( ) ,     ( )

2x x D x Dv v a t x v t a t= + = +  

Motion of the ball relative to the deck: 

   

/ 0 0

2 2
/ 0 0

/ 0 /

( ) ( ) [( ) ]

1 1
( ) ( )

2 2

( ) ( ) ,     

B D x x x D D

B D x x D D

B D y y B D B

v v v a t a t

x v t v t a t a t

v v gt y y

= − + = −

 = − + = −  
= − =

 

(a) At time of catch,  2
/

1
( 0.3)(2.554)

2D Bd x= = − −  0.979 m d =   

(b)   /( ) ( 0.3)(2.554) 0.766 m/s        or 0.766 m/sB D xv = − − = +   

   /( ) 12.528 m/sB D yv =    / 12.55 m/sB D =v   86.5°  
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PROBLEM 11.126 

The assembly of rod A and wedge B starts from rest and moves 
to the right with a constant acceleration of 2 mm/s2. Determine 
(a) the acceleration of wedge C, (b) the velocity of wedge C 
when 10 s.t =  

 

SOLUTION 

(a) We have /C B C B= +a a a  

 The graphical representation of this equation is then as shown. 

 First note 180 (20 105 )

55

α = ° − ° + °
= °

 

 Then 

2

2

sin 20 sin 55

0.83506 mm/s

C

C

a

a

=
° °

=

 

 20.835 mm/sC =a   75°  

(b) For uniformly accelerated motion 

 0C Cv a t= +  

 At 10 s:t =  2(0.83506 mm/s )(10 s)

8.3506 mm/s
Cv =

=
 

 or 8.35 mm/sC =v   75°  
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PROBLEM 11.127 

Determine the required velocity of the belt B if the relative velocity 
with which the sand hits belt B is to be (a) vertical, (b) as small as 
possible. 

 

SOLUTION 

A grain of sand will undergo projectile motion. 

 
0

constant 5 ft/s
x xs sv v= = = −  

y-direction. 22 (2)(32.2 ft/s )(3 ft) 13.90 ft/s
ysv gh= = = ↓  

Relative velocity. /S B S B= −v v v  (1) 

(a) If /S Bv  is vertical, 

 
/ 5 13.9 ( cos 15 sin 15 )

5 13.9 cos15 sin 15

S B B B

B B

v v v

v v

− = − − − − ° + °

= − − + ° − °

j i j i j

i j i j
 

 Equate components. 
5

: 0 5 cos 15 5.176 ft/s
cos 15B Bv v= − + ° = =

°
i  

 5.18 ft/sB =v   15°  

(b) /S Cv  is as small as possible, so make / toS B Bv v⊥ into (1). 

 / /sin 15 cos15 5 13.9 cos15 sin 15S B S B B Bv v v v− ° − ° = − − + ° − °i j i j i j  

 Equate components and transpose terms. 

 /

/

(sin 15 ) (cos15 ) 5

(cos15 ) (sin 15 ) 13.90
S B B

S B B

v v

v v

° + ° =
° − ° =

 

 Solving, / 14.72 ft/sS Bv =  1.232 ft/sBv =  

 1.232 ft/sB =v   15°  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

190 

 

PROBLEM 11.128 

Conveyor belt A, which forms a 20° 
angle with the horizontal, moves at 
a constant speed of 4 ft/s and is 
used to load an airplane. Knowing 
that a worker tosses duffel bag B 
with an initial velocity of 2.5 ft/s at 
an angle of 30° with the horizontal, 
determine the velocity of the bag 
relative to the belt as it lands on the 
belt. 

 

SOLUTION 

First determine the velocity of the bag as it lands on the belt. Now 

 

0 0

0 0

[( ) ] ( ) cos 30

(2.5 ft/s)cos 30

[( ) ] ( ) sin 30

(2.5 ft/s)sin 30

B x B

B y B

v v

v v

= °
= °
= °

= °

 

Horizontal motion. (Uniform) 

 00 [( ) ]B xx v t= +  0( ) [( ) ]B x B xv v=  

 (2.5 cos 30 ) t= °  2.5 cos 30= °  

Vertical motion. (Uniformly accelerated motion) 

 2
0 0

1
[( ) ]

2B yy y v t gt= + −  0( ) [( ) ]B y B yv v gt= −  

 21
1.5 (2.5 sin 30 )

2
t gt= + ° −  2.5 sin 30 gt= ° −  

The equation of the line collinear with the top surface of the belt is 

 tan 20y x= °  

Thus, when the bag reaches the belt 

 21
1.5 (2.5 sin 30 ) [(2.5 cos 30 ) ] tan 20

2
t gt t+ ° − = ° °  

or 21
(32.2) 2.5(cos 30 tan 20 sin 30 ) 1.5 0

2
t t+ ° ° − ° − =  

or 216.1 0.46198 1.5 0t t− − =  

Solving 0.31992 s and 0.29122 st t= = −    (Reject) 
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PROBLEM 11.128  (Continued) 

 

The velocity Bv  of the bag as it lands on the belt is then 

 
(2.5 cos 30 ) [2.5 sin 30 32.2(0.319 92)]

(2.1651 ft/s) (9.0514 ft/s)
B = ° + ° −

= −
v i j

i j
 

Finally /B A B A= +v v v  

or / (2.1651 9.0514 ) 4(cos 20 sin 20 )

(1.59367 ft/s) (10.4195 ft/s)
B A = − − ° + °

= − −
v i j i j

i j

 

or / 10.54 ft/sB A =v   81.3° 
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PROBLEM 11.129 

During a rainstorm the paths of the raindrops appear to form an angle of 30° with the vertical and to be directed 
to the left when observed from a side window of a train moving at a speed of 15 km/h. A short time later, after 
the speed of the train has increased to 24 km/h, the angle between the vertical and the paths of the drops 
appears to be 45°. If the train were stopped, at what angle and with what velocity would the drops be observed 
to fall? 

 

SOLUTION 

 rain train rain/trainv v v= +  

Case : 15 km/hTv = ; /R Tv  30° 

Case :                             24 km/hTv = ; /R Tv  45° 

 

Case :  ( ) tan 30 15 ( )R y R xv v= −  (1) 

Case :  ( ) tan 45 24 ( )R y R xv v° = −  (2) 

Substract (1) from (2) ( ) (tan 45 tan 30 ) 9

( ) 21.294 km/h

R y

R y

v

v

° − ° =

=

 

Eq. (2): 21.294 tan 45 25 ( )R xv° = −  

                            ( ) 2.706 km/hR xv =   
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PROBLEM 11.129  (Continued) 

 

                                     

3.706
tan

21.294
7.24

21.294
21.47 km/h 5.96 m/s

cos7.24Rv

β

β

=

= °

= = =
°

 

  5.96 m/sRv =   82.8° 

Alternate solution 

Alternate, vector equation /R T R T= +v v v  

For first case, / 115 ( sin 30 cos30 )R R Tv −= + − ° − °v i i j  

For second case, / 224 ( sin 45 cos45 )R R Tv −= + − ° − °v i i j  

Set equal 

 / 1 / 215 ( sin 30 cos30 ) 24 ( sin 45 cos 45 )R T R Tv v− −+ − ° − ° = + − ° − °i i j i i j  

Separate into components: 

 i: / 1 / 215 sin 30 24 sin 45R T R Tv v− −− ° = − °  

  / 1 / 2sin 30 sin 45 9R T R Tv v− −− ° + ° =  (3) 

 j:                                               / 1 / 2cos30 cos 45R T R Tv v− −− ° = − °  

   / 1 / 2cos30 cos 45 0R T R Tv v− −° + ° =  (4) 

Solving Eqs. (3) and (4) simultaneously, 

                                                            / 1 24.5885 km/hR Tv − =  / 2 30.1146 km/hR Tv − =  

Substitute / 2R T −v  back into equation for .Rv  

 24 30.1146( sin 45 cos 45 )R = + − ° − °v i i j  

 2.71 21.29R = −v i j  21.4654 km/hr 5.96 m/sR = =v  

 1 21.29
tan 82.7585

2.71
θ − − = = − ° 

 
 5.96 m/sR =v  82.8°  
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PROBLEM 11.130 

As observed from a ship moving due east at 9 km/h, the wind appears to blow from the south. After the ship 
has changed course and speed, and as it is moving north at 6 km/h, the wind appears to blow from the 
southwest. Assuming that the wind velocity is constant during the period of observation, determine the 
magnitude and direction of the true wind velocity. 

 

SOLUTION 

 wind ship wind/ship

/w s w s

= +

= +

v v v

v v v

 

Case  

 /9 km/h ;s w s= →v v  

Case  
 /6 km/h ;s w s= ↑v v  

 

2 2

15
tan 1.6667

9
59.0

9 15 17.49 km/hwv

α

α

= =

= °

= + =

 

 17.49 km/hw =v   59.0° 
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PROBLEM 11.131 

When a small boat travels north at 5 km/h, a flag mounted on its 
stern forms an angle 50θ = ° with the centerline of the boat as 
shown. A short time later, when the boat travels east at 20 km/h, 
angle θ is again 50°. Determine the speed and the direction of the 
wind. 

 

SOLUTION 

We have /W B W B= +v v v  

Using this equation, the two cases are then graphically represented as shown. 

 

With Wv  now defined, the above diagram is redrawn for the two cases for clarity. 

 

Noting that 

 
180 (50 90 )

40

θ α
α

= ° − ° + ° +
= ° −

 
180 (50 )

130

φ α
α

= ° − ° +
= ° −

 

We have 
5 20

sin 50 sin (40 ) sin 50 sin (130 )
W Wv v

α α
= =

° ° − ° ° −
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PROBLEM 11.131  (Continued) 

 

Therefore 
5 20

sin (40 ) sin (130 )α α
=

° − ° −
 

or sin 130 cos cos130 sin 4(sin 40 cos cos 40 sin )α α α α° − ° = ° − °  

or 
sin 130 4 sin 40

tan
cos130 4 cos 40

α ° − °=
° − °

 

or 25.964α = °  

Then 
5 sin 50

15.79 km/h
sin (40 25.964 )Wv

°= =
° − °

 

 15.79 km/hW =v   26.0° 
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PROBLEM 11.132 

As part of a department store display, a 
model train D runs on a slight incline 
between the store’s up and down 
escalators. When the train and shoppers 
pass Point A, the train appears to a 
shopper on the up escalator B to move 
downward at an angle of 22° with the 
horizontal, and to a shopper on the down 
escalator C to move upward at an angle 
of 23° with the horizontal and to travel 
to the left. Knowing that the speed of the 
escalators is 3 ft/s, determine the speed 
and the direction of the train. 

 

SOLUTION 

We have /

/

D B D B

D C D C

= +
= +

v v v

v v v

 

The graphical representations of these equations are then as shown. 

Then 
3 3

sin 8 sin (22 ) sin 7 sin (23 )
D Dv v

α α
= =

° ° + ° ° −
 

Equating the expressions for 
3
Dv

 

 
sin 8 sin 7

sin (22 ) sin (23 )α α
° °=

° + ° −
 

or sin 8 (sin 23 cos cos 23 sin )

sin 7 (sin 22 cos cos 22 sin )

α α
α α

° ° − °
= ° ° + °

 

or 
sin 8 sin 23 sin 7 sin 22

tan
sin 8 cos 23 sin 7 cos 22

α ° ° − ° °=
° ° + ° °

 

or 2.0728α = °  

Then 
3 sin 8

1.024 ft/s
sin (22 2.0728 )Dv

°= =
° + °

 

 1.024 ft/sD =v   2.07°  
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PROBLEM 11.132  (Continued) 

 

Alternate solution using components. 

 (3 ft/s)B =v   30 (2.5981 ft/s) (1.5 ft/s)° = +i j  

 (3 ft/s)C =v   30 (2.5981 ft/s) (1.5 ft/s)° = −i j  

 / 1D B u=v   1 122 ( cos 22 ) ( sin 22 )u u° = − ° − °i j  

 / 2D C u=v   2 223 ( cos 23 ) ( sin 23 )u u° = − ° + °i j  

 D Dv=v   ( cos ) ( sin )D Dv vα α α= − +i j  

 / /D B D B C D C= + = +v v v v v  

 1 1 2 22.5981 1.5 ( cos 22 ) ( sin 22 ) 2.5981 1.5 ( cos 23 ) ( sin 23 )u u u u+ − ° − ° = − − ° + °i j i j i j i j  

Separate into components, transpose, and change signs. 

 1 2cos 22 cos 23 0u u° − ° =  

 1 1sin 22 sin 23 3u u° + ° =  

Solving for 1u  and 2 ,u  1 3.9054 ft/su =  2 3.9337 ft/su =  

 
2.5981 1.5 (3.9054 cos 22 ) (3.9054 sin 22 )

(1.0229 ft/s) (0.0370 ft/s)
D = + − ° − °

= − +
v i j i j

i j
 

or 2.5981 1.5 (3.9337 cos 23 ) (3.9337 sin 23 )

(1.0229 ft/s) (0.0370 ft/s)
D = − − ° + °

= − +
v i j i j

i j

 

 1.024 ft/sD =v   2.07°  
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PROBLEM 11.CQ8 

The Ferris wheel is rotating with a constant angular velocity ω. What is 
the direction of the acceleration of Point A? 

(a)  

(b)  

(c)  

(d )  

(e) The acceleration is zero. 

 

SOLUTION 

The tangential acceleration is zero since the speed is constant, so there will only be normal acceleration 
pointed upwards. 

   Answer: (b)  
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PROBLEM 11.CQ9 

A racecar travels around the track shown at a constant speed. At which point will the 
racecar have the largest acceleration? 

(a) A 

(b) B 

(c) C 

(d ) The acceleration will be zero at all the points. 

 

SOLUTION 

The tangential acceleration is zero since the speed is constant, so there will only be normal acceleration. The 
normal acceleration will be maximum where the radius of curvature is a minimum, that is at Point A. 

  Answer: (a) 
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PROBLEM 11.CQ10 

A child walks across merry-go-round A with a constant speed u relative to A. The 
merry-go-round undergoes fixed axis rotation about its center with a constant 
angular velocity ω counterclockwise.When the child is at the center of A, as 
shown, what is the direction of his acceleration when viewed from above. 

(a)  

(b)  

(c)  

(d )  

(e) The acceleration is zero. 

 

SOLUTION 

Polar coordinates are most natural for this problem, that is, 

  
2( ) ( 2 )ra r r r r θθ θ θ= − + +e e

    
 (1)

 

From the information given, we know 0, 0, 0, , .r r r uθ θ ω= = = = =-    When we substitute  

these values into (1), we will only have a term in the −θ  direction. 

 

  Answer: (d ) 
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PROBLEM 11.133 

Determine the smallest radius that should be used for a highway  
if the normal component of the acceleration of a car traveling at  
72 km/h is not to exceed 20.8 m/s .  

 

SOLUTION 

 
2

20.8 m/sn n
v

a a
ρ

= =  

 72 km/h 20 m/sv = =  

 
2

2 (20 m/s)
0.8 m/s

ρ
=  500 mρ =   
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PROBLEM 11.134 

Determine the maximum speed that the cars of the roller-coaster 
can reach along the circular portion AB of the track if ρ is 25 m 
and the normal component of their acceleration cannot exceed 3 g. 

 

SOLUTION 

We have 
2

n
v

a
ρ

=  

Then 2 2
max( ) (3 9.81 m/s )(25 m)ABv = ×  

or max( ) 27.124 m/sABv =  

or max( ) 97.6 km/hABv =  
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PROBLEM 11.135 

A bull-roarer is a piece of wood that produces a roaring sound when attached to the 
end of a string and whirled around in a circle. Determine the magnitude of the 
normal acceleration of a bull-roarer when it is spun in a circle of radius 0.9 m at  
a speed of 20 m/s. 

 

SOLUTION 

 
2 2

2(20 m/s)
444.4 m/s

0.9 mn
v

a
ρ

= = =  

 2444 m/sna =  
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PROBLEM 11.136 

To test its performance, an automobile is driven around a circular test track of diameter d. Determine (a) the 
value of d if when the speed of the automobile is 45 mi/h, the normal component of the acceleration  
is 211 ft/s ,  (b) the speed of the automobile if 600d = ft and the normal component of the acceleration is 
measured to be 0.6 g. 

 

SOLUTION 

(a) First note 45 mi/h 66 ft/sv = =  

 Now 
2

n
v

a
ρ

=  

  
2

2

(66 ft/s)
396 ft

11 ft/s
ρ = =  

  2d ρ=  792 ftd =   

(b) We have 
2

n
v

a
ρ

=  

 Then 2 2 1
(0.6 32.2 ft/s ) 600 ft

2
v

 = × × 
 

 

  76.131 ft/sv =  

  51.9 mi/hv =  
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PROBLEM 11.137 

An outdoor track is 420 ft in diameter. A runner increases her speed at a constant 
rate from 14 to 24 ft/s over a distance of 95 ft. Determine the magnitude of the total 
acceleration of the runner 2 s after she begins to increase her speed. 

 

SOLUTION 

We have uniformly accelerated motion 

 2 2
2 1 122 tv v a s= + Δ  

Substituting 2 2(24 ft/s) (14 ft/s) 2 (95 ft)ta= +  

or 22 ft/sta =  

Also 1 tv v a t= +  

At 2 s:t =  214 ft/s  (2 ft/s )(2 s) 18 ft/sv = + =  

Now 
2

n
v

a
ρ

=  

At 2 s:t =  
2

2(18 ft/s)
1.54286 ft/s

210 ftna = =  

Finally 2 2 2
t na a a= +  

At 2 s:t =  2 2 22 1.54286a = +  

or 22.53 ft/sa =   
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PROBLEM 11.138 

A robot arm moves so that P travels in a circle about Point B, which is not 
moving. Knowing that P starts from rest, and its speed increases at a constant 
rate of 10 mm/s2, determine (a) the magnitude of the acceleration when t = 4 s, 
(b) the time for the magnitude of the acceleration to be 80 mm/s2. 

 

SOLUTION 

Tangential acceleration: 210 mm/sta =  

Speed: tv a t=  

Normal acceleration: 
2 22
t

n

a tv
a

ρ ρ
= =  

where 0.8 m 800 mmρ = =  

(a) When 4 st =  (10)(4) 40 mm/sv = =  

  
2

2(40)
2 mm/s

800na = =  

 Acceleration: 2 2 2 2(10) (2)t na a a= + = +  

   210.20 mm/sa =   

(b) Time when 280 mm/sa =  

  

2 2 2

22 2
2 2 4 4(10)

(80) 10 403200 s
800

n ta a a

t
t

= +

 
= + = 
 

 

  25.2 st =  
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PROBLEM 11.139 

A monorail train starts from rest on a curve of radius 400 m and accelerates at the constant rate .ta  If the 
maximum total acceleration of the train must not exceed 21.5 m/s ,  determine (a) the shortest distance in 
which the train can reach a speed of 72 km/h, (b) the corresponding constant rate of acceleration .ta  

 

SOLUTION 

When 72 km/h 20 m/sv = =  and 400 m,ρ =  

 
2 2

2(20)
1.000 m/s

400n
v

a
ρ

= = =  

But 2 2
n ta a a= +  

 2 2 2 2 2(1.5) (1.000) 1.11803 m/st na a a= − = − = ±  

Since the train is accelerating, reject the negative value. 

(a) Distance to reach the speed. 

 0 0v =  

 Let 0 0x =  

 2 2
1 0 1 0 12 ( ) 2t tv v a x x a x= + − =  

 
2 2
1

1
(20)

2 (2)(1.11803)t

v
x

a
= =  1 178.9 mx =   

(b) Corresponding tangential acceleration. 

 21.118 m/sta =   
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

209 

 
 

 

 

 

PROBLEM 11.140 

A motorist starts from rest at Point A on a circular entrance ramp when 
t = 0, increases the speed of her automobile at a constant rate and 
enters the highway at Point B. Knowing that her speed continues to 
increase at the same rate until it reaches 100 km/h at Point C, 
determine (a) the speed at Point B, (b) the magnitude of the total 
acceleration when t = 20 s. 

 

SOLUTION 

Speeds: 0 10        100 km/h 27.78 m/sv v= = =  

Distance: (150) 100 335.6 m
2

s
π= + =  

Tangential component of acceleration: 2 2
1 0 2 tv v a s= +  

2 2 2
21 0 (27.78) 0

1.1495 m/s
2 (2)(335.6)t

v v
a

s

− −= = =  

At Point B,   2 2
0 2B t Bv v a s= +         where       (150) 235.6 m

2Bs
π= =  

  2 2 20 (2)(1.1495)(235.6) 541.69 m /sBv = + =  

  23.27 m/sBv =  83.8 km/h Bv =   

(a) At 20 s,t =  0 0 (1.1495)(20) 22.99 m/stv v a t= + = + =  

 Since ,Bv v<  the car is still on the curve. 150 mρ =  

 Normal component of acceleration: 
2 2

2(22.99)
3.524 m/s

150n
v

a
ρ

= = =  

(b) Magnitude of total acceleration: 2 2 2 2| | (1.1495) (3.524)t na a a= + = +  2| | 3.71 m/s  a =   
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PROBLEM 11.141 

Racecar A is traveling on a straight portion of the track while racecar B is 
traveling on a circular portion of the track. At the instant shown, the 
speed of A is increasing at the rate of 10 m/s2, and the speed of B is 
decreasing at the rate of 6 m/s2. For the position shown, determine (a) the 
velocity of B relative to A, (b) the acceleration of B relative to A. 

 

SOLUTION 

Speeds: 240 km/h 66.67 m/s

200 km/h 55.56 m/s
A

B

v

v

= =
= =

 

Velocities: 66.67 m/sA =v  
  55.56 m/sB =v 50° 

(a) Relative velocity: /B A B A= −v v v  

   / (55.56cos50 ) 55.56sin 50 66.67B A = ° ← + ° ↓ +v  

   30.96 42.56= → +  

   52.63=  m/s  53.96° 

   / 189.5 km/hB A =v 54.0°  

 Tangential accelerations: 2( ) 10 m/sA t =a  

  2( ) 6 m/sB t =a 50° 

 Normal accelerations: 
2

n
v

a
ρ

=  

  Car A: ( )ρ = ∞  ( ) 0A n =a  

  Car B: ( 300 m)ρ =  

  
2(55.56)

( ) 10.288
300B n = =a  2( ) 10.288 m/sB n =a 40° 

(b) Acceleration of B relative to A: /B A B A= −a a a  

  / ( ) ( ) ( ) ( )B A B t B n A t A n= + − −a a a a a  

  6= 50 10.288° + 40 10 0° + → +  

  (6cos50 10.288cos 40 10)= ° + ° +  

  (6sin 50 10.288sin 40 )+ ° − °  

  21.738 2.017= → +  
2

/ 21.8 m/sB A =a 5.3° 
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PROBLEM 11.142 

At a given instant in an airplane race, airplane A is flying 
horizontally in a straight line, and its speed is being increased 
at the rate of 28 m/s .  Airplane B is flying at the same altitude 
as airplane A and, as it rounds a pylon, is following a circular 
path of 300-m radius. Knowing that at the given instant the 
speed of B is being decreased at the rate of 23 m/s ,  determine, 
for the positions shown, (a) the velocity of B relative to A,  
(b) the acceleration of B relative to A. 

 

SOLUTION 

First note 450 km/h 540 km/h 150 m/sA Bv v= = =  

(a) We have /B A B A= +v v v  

 The graphical representation of this equation is then as shown. 

 We have 2 2 2
/ 450 540 2(450)(540) cos 60°B Av = + −  

  / 501.10 km/hB Av =  

 and 
540 501.10

sin sin 60α
=

°
 

  68.9α = °  

 / 501 km/hB A =v 68.9°   

(b) First note 28 m/sA =a      2( ) 3 m/sB t =a 60°  

 Now 
2 2(150 m/s)

( )
300 m

B
B n

B

v
a

ρ
= =  

  2( ) 75 m/sB n =a 30°

 Then 

2 2

( ) + ( )

3( cos 60  sin 60 ) + 75( cos 30  sin 30 )

= (66.452 m/s ) (34.902 m/s )

B B t B n=
= − ° + ° − ° − °

− −

a a a

i j i j

i j

 

 Finally /B A B A= +a a a  

  /

2 2

( 66.452 34.902 ) (8 )

(74.452 m/s ) (34.902 m/s )

B A = − − −

= − −

a i j i

i j

 

  2
/ 82.2 m/sB A =a 25.1° 
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PROBLEM 11.143 

From a photograph of a homeowner using a snowblower, it 
is determined that the radius of curvature of the trajectory of 
the snow was 30 ft as the snow left the discharge chute at A. 
Determine (a) the discharge velocity Av  of the snow, (b) the 
radius of curvature of the trajectory at its maximum height. 

 

SOLUTION 

 

 

 

 

 

 

(a) The acceleration vector is 32.2 ft/s . 

  At Point A, tangential and normal components of a are as shown  
  in the sketch. 

2cos 40 32.2cos 40 24.67 ft/sna a= ° = ° =  

 2 2 2( ) (30)(24.67) 740.0 ft /sA A A nv aρ= = =  

 27.2 ft/sA =v  40°   

  27.20cos 40 20.84 ft/sxv = ° =  

(b) At maximum height,    20.84 ft/sxv v= =  

  232.2 ft/s ,na g= =  

  
2 2(20.84)

32.2n

v

a
ρ = =  13.48 ftρ =   
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PROBLEM 11.144 

A basketball is bounced on the ground at Point A and rebounds with a velocity Av  of 
magnitude 2.5 m/s as shown. Determine the radius of curvature of the trajectory 
described by the ball (a) at Point A, (b) at the highest point of the trajectory.  

 

SOLUTION 

 



 

(a) We have 
2

( ) A
A n

A

v
a

ρ
=  

 or 
2

2

(2.5 m/s)

(9.81 m/s ) sin 15
Aρ =

°
 

 or 2.46 mAρ =   

(b) We have 
2

( ) B
B n

B

v
a

ρ
=  

 where Point B is the highest point of the trajectory, so that 

 ( ) sin 15B A x Av v v= = °  

 Then 
2

2

[(2.5 m/s) sin 15°]
0.0427 m

9.81 m/s
Bρ = =  

 or 42.7 mmBρ =  
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PROBLEM 11.145 

A golfer hits a golf ball from Point A with an initial velocity of 50 m/s 
at an angle of 25° with the horizontal. Determine the radius of curvature 
of the trajectory described by the ball (a) at Point A, (b) at the highest 
point of the trajectory. 

 

SOLUTION 

(a) We have 
2

( ) A
A n

A

v
a

ρ
=  

 or 
2

2

(50 m/s)

(9.81 m/s )cos 25
Aρ =

°
 

 or  281 mAρ =   

(b) We have 
2

( ) B
B n

B

v
a

ρ
=  

 where Point B is the highest point of the trajectory, so that 

  ( ) cos 25B A x Av v v= = °  

 Then 
2

2

[(50 m/s) cos 25°]  

9.81 m/s
Bρ =  

 or  209 mBρ =   
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PROBLEM 11.146 

Three children are throwing snowballs at each other. Child A 
throws a snowball with a horizontal velocity v0. If the snowball 
just passes over the head of child B and hits child C, determine 
the radius of curvature of the trajectory described by the snowball 
(a) at Point B, (b) at Point C. 

 

SOLUTION 

The motion is projectile motion. Place the origin at Point A. 

Horizontal motion: 0 0x v x v t= =v  

Vertical motion: 0 0, ( ) 0yy v= =  

  21

2yv gt y gt= − = −  

  
2

,
h

t
g

= where h is the vertical distance fallen. 

  | | 2yv gh=  

Speed: 2 2 2 2
0 2x yv v v v gh= + = +  

Direction of velocity. 

  0cos
v

v
θ =  

Direction of normal acceleration. 

  
2

0cosn

gv v
a g

v
θ

ρ
= = =  

 

Radius of curvature: 
3

0

v

gv
ρ =  

At Point B, 1 m; 7 mB Bh x= =  

  
2

(2)(1 m)
0.45152 s

9.81 m/s
Bt = =  

  
0 0

2 2 2 2

7 m
15.504 m/s

0.45152 s

(15.504) (2)(9.81)(1) 259.97 m /s

B
B B

B

B

x
x v t v

t

v

= = = =

= + =
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PROBLEM 11.146  (Continued) 

 

(a) Radius of curvature at Point B. 

  
2 2 3/2

2

(259.97 m /s )

(9.81 m/s )(15.504 m/s)
Bρ =  27.6 mBρ =   

 At Point C 1 m 2 m 3 mCh = + =  

  2 2 2 2(15.504) (2)(9.81)(3) 299.23 m /sCv = + =  

(b) Radius of curvature at Point C. 

  
2 2 3/2

2

(299.23 m /s )  

(9.81 m/s )(15.504 m/s)
Cρ =  34.0 mCρ =   
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PROBLEM 11.147 

Coal is discharged from the tailgate A of a dump truck with an 
initial velocity 2 m/sA =v 50° . Determine the radius of 
curvature of the trajectory described by the coal (a) at Point A, 
(b) at the point of the trajectory 1 m below Point A. 

 

SOLUTION 

 

 

 

 

 

 

(a) At Point A.    Aa g= 29.81 m/s=  

 Sketch tangential and normal components of acceleration at A. 

 ( ) cos50A na g= °  

 
2 2(2)

( ) 9.81cos50
A

A
A n

v

a
ρ = =

°
 0.634 mAρ =   

(b) At Point B, 1 meter below Point A. 

  Horizontal motion: ( ) ( ) 2cos50 1.286 m/sB x A xv v= = ° =  

  2 2Vertical motion: ( ) ( ) 2 ( )B y A y y B Av v a y y= + −  

  
2

2 2

(2cos 40 ) (2)( 9.81)( 1)

21.97 m /s

= ° + − −

=
 

  ( ) 4.687 m/sB yv =  

( ) 4.687
tan ,         or        74.6

( ) 1.286
B y

B x

v

v
θ θ= = = °  

  cos74.6Ba g= °  

  
2 22 ( ) ( )

( ) cos74.6
B x B yB

B
B n

v vv

a g
ρ

+
= =

°
 

  
2(1.286) 21.97

9.81cos74.6

+=
°

 9.07 mBρ =   
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PROBLEM 11.148 

From measurements of a photograph, it has been found 
that as the stream of water shown left the nozzle at A, 
it had a radius of curvature of 25 m. Determine (a) the 
initial velocity vA of the stream, (b) the radius of 
curvature of the stream as it reaches its maximum 
height at B. 

 

SOLUTION 

(a) We have 
2

( ) A
A n

A

v
a

ρ
=  

 or 2 24
(9.81 m/s ) (25 m)

5Av
 =   

 

 or 14.0071 m/sAv =  

   14.01 m/sA =v   36.9°  

(b) We have 
2

( ) B
B n

B

v
a

ρ
=  

 Where 
4

( )
5B A x Av v v= =  

 Then 
( )24

5
2

14.0071 m/s

9.81 m/s
Bρ

×
=  

 or  12.80 mBρ =   
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PROBLEM 11.149 

A child throws a ball from Point A with an initial velocity Av  of 
20 m/s at an angle of 25° with the horizontal. Determine the 
velocity of the ball at the points of the trajectory described by the 
ball where the radius of curvature is equal to three-quarters of its 
value at A. 

 

SOLUTION 

Assume that Points B and C are the points of interest, where and .B C B Cy y v v= =  

Now  
2

( ) A
A n

A

v
a

ρ
=  

or 
2

cos 25
A

A

v

g
ρ =

°
 

Then 
23 3

4 4 cos 25° 
A

B A

v

g
ρ ρ= =  

We have 
2

( ) B
B n

B

v
a

ρ
=  

where ( ) cosB na g θ=  

so that 
2 23

4 cos25 cos
A Bv v

g g θ
=

°
 

or 2 23 cos

4 cos25B Av v
θ=

°
 (1) 

Noting that the horizontal motion is uniform, we have 

 ( ) ( )A x B xv v=  

where ( ) cos 25 ( ) cosA x A B x Bv v v v θ= ° =  

Then cos 25 cosA Bv v θ° =  

or cos cos25A

B

v

v
θ = °  
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PROBLEM 11.149  (Continued) 

 

Substituting for cosθ  in Eq. (1), we have 

 
2

2 3
cos 25

4 cos 25
A A

B
B

v v
v

v

 
= °  ° 

 

or 3 33

4B Av v=  

 

3

3

3
18.17 m/s

4

4
cos cos 25

3
4.04

B Av v

θ

θ

= =

= °

= ± °  18.17 m/sB =v   4.04°   

and 18.17 m/sB =v   4.04°   
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PROBLEM 11.150 

A projectile is fired from Point A with an 
initial velocity 0.v (a) Show that the radius 
of curvature of the trajectory of the 
projectile reaches its minimum value at 
the highest Point B of the trajectory.  
(b) Denoting by θ  the angle formed by 
the trajectory and the horizontal at a given 
Point C, show that the radius of curvature 
of the trajectory at C is 3

min /cos .ρ ρ θ=  

 

SOLUTION 

For the arbitrary Point C, we have 

 
2

( ) C
C n

C

v
a

ρ
=  

or 
2

 
cos

C
C

v

g
ρ

θ
=  

Noting that the horizontal motion is uniform, we have 

 ( ) ( )A x C xv v=  

where 0( ) cos ( ) cosA x C x Cv v v vα θ= =  

Then 0 cos cosCv vα θ=  

or 0
cos

cosCv v
α
θ

=  

so that 
2 2 2

0
0 3

cos1 cos

cos cos cos
C

v
v

g g

ααρ
θ θ θ
 

= = 
 

 

(a) In the expression for 0, , ,  and C v gρ α  are constants, so that Cρ  is minimum where cosθ  is 

maximum. By observation, this occurs at Point B where 0.θ =  

 
2 2
0

min
cos

   Q.E.D.B

v

g

αρ ρ= =    

(b) 
2 2
0

3

cos1

cos
C

v

g

αρ
θ
 

=   
 

 

 min
3

   Q.E.D.
cos

C
ρρ

θ
=    
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PROBLEM 11.151* 

Determine the radius of curvature of the path described by the particle of Problem 11.95 when 0.t =  

PROBLEM 11.95 The three-dimensional motion of a particle is defined by the position vector  
r = (Rt cos ωnt)i + ctj + (Rt sin ωnt)k. Determine the magnitudes of the velocity and acceleration of the 
particle. (The space curve described by the particle is a conic helix.) 

 

SOLUTION 

We have (cos sin ) (sin cos )n n n n n n
d

R t t t c R t t t
dt

ω ω ω ω ω ω= = − + + +r
v i j k  

and ( )
( )

2

2

 sin sin cos

cos cos sin

n n n n n n

n n n n n n

d
R t t t t

dt

R t t t t

ω ω ω ω ω ω

ω ω ω ω ω ω

= = − − −

+ + −

v
a i

k

 

or [ (2 sin cos ) (2cos sin ) ]n n n n n n nR t t t t t tω ω ω ω ω ω ω= − + + −a i k  

Now 

( )
2 2 2 2 2 2

2 2 2 2

(cos sin ) (sin cos )

1

n n n n n n

n

v R t t t c R t t t

R t c

ω ω ω ω ω ω

ω

= − + + +

= + +

 

Then ( ) 1/2
2 2 2 21 nv R t cω = + +   

and 

( )
2 2

1/ 2
2 2 2 21

n

n

R tdv

dt R t c

ω

ω
=
 + + 

 

Now 

22 2
2 2 2

t n
dv v

a a a
dt ρ

  = + = +        
 

At 0:t =  0

(2 ) or 2n n

dv

dt
R a Rω ω

=

= =a k

 

 2 2 2v R c= +  

Then, with 0,
dv

dt
=  

we have 
2v

a
ρ

=  

or 
2 2

2 n
R c

Rω
ρ
+=  

2 2

2 n

R c

R
ρ

ω
+=    
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PROBLEM 11.152* 

Determine the radius of curvature of the path described by the particle of Problem 11.96 when 0,t =  A = 3, 
and 1.B =  

 

SOLUTION 

With 3, 1A B= =  

we have ( )2(3 cos ) 3 1 ( sin )t t t t t= + + +r i j k  

Now 2

3
 3(cos sin ) (sin cos )

1

td
t t t t t t

dt t

 
= = − + + +  + 

r
v i j k  

and 2
2

1

2

2 1/2

1 3( sin sin cos ) 3

1

 (cos cos sin )

1
 3(2sin cos ) 3

( 1)

 (2cos sin )

t

t
d t tt t t t
dt

t

t t t t

t t t
t

t t t

+

  
  + −= = − − − +   

+  
+ + −

= − + +
+

+ −

v
a i j

k

i j

k

 

Then 
2

2 2 2
2

9(cos sin ) 9 (sin cos )
1

t
v t t t t t t

t
= − + + +

+
 

Expanding and simplifying yields 

 2 4 2 2 4 2 319 1 8(cos sin ) 8( )sin 2v t t t t t t t t= + + + + − +  

Then 4 2 2 4 2 3 1/ 2[ 19 1 8(cos sin ) 8( )sin 2 ]v t t t t t t t t= + + + + − +  

and 
3 3 2 4 2 3

4 2 2 4 2 3 1/ 2

4 38 8( 2cos sin 4 sin 2 sin cos ) 8[(3 1)sin 2 2( )cos 2 ]

2[ 19 1 8(cos sin ) 8( )sin 2 ]

dv t t t t t t t t t t t t t t

dt t t t t t t t t

+ + − + + − + + +=
+ + + + − +

 

Now 

22 2
2 2 2

t n
dv v

a a a
dt ρ

  = + = +        
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PROBLEM 11.152*   (Continued) 

 

At 0:t =  3 2= +a j k  

or 
213 ft/sa =  

 
2 2

0

9 (ft/s)

dv

dt

v

=

=
 

Then, with 0,
dv

dt
=  

we have 
2v

a
ρ

=  

or 
2 2

2

9 ft /s

13 ft/s
ρ =  2.50 ftρ =   
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PROBLEM 11.153 

A satellite will travel indefinitely in a circular orbit around a planet if the normal component of the 
acceleration of the satellite is equal to 2( / )g R r , where g is the acceleration of gravity at the surface of the 
planet, R is the radius of the planet, and r is the distance from the center of the planet to the satellite. Knowing 
that the diameter of the sun is 1.39 Gm and that the acceleration of gravity at its surface is 2274 m/s ,  
determine the radius of the orbit of the indicated planet around the sun assuming that the orbit is circular. 

Earth: mean orbit( ) 107=u  Mm/h. 

 

SOLUTION 

For the sun, 2274 m/s ,g =  

and  9 91 1
(1.39 10 ) 0.695 10 m

2 2
R D

 = = × = × 
 

 

Given that
2

2n
gR

a
r

= and that for a circular orbit 
2

n
v

a
r

=  

Eliminating na and solving for r, 
2

2

gR
r

v
=  

For the planet Earth, 6 3107 10 m/h 29.72 10 m/sv = × = ×  

Then  
9 2

9
3 2

(274)(0.695 10 )
149.8 10 m 

(29.72 10 )
r

×= = ×
×  149.8 Gmr = 
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PROBLEM 11.154 

A satellite will travel indefinitely in a circular orbit around a planet if the normal component of the 
acceleration of the satellite is equal to 2( / ) ,g R r  where g is the acceleration of gravity at the surface of the 
planet, R is the radius of the planet, and r is the distance from the center of the planet to the satellite. Knowing 
that the diameter of the sun is 1.39 Gm and that the acceleration of gravity at its surface is 2274 m/s ,  
determine the radius of the orbit of the indicated planet around the sun assuming that the orbit is circular. 

Saturn: mean orbit( ) 34.7=u  Mm/h. 

 

SOLUTION 

For the sun, 
2274 m/sg =  

and  9 91 1
(1.39 10 ) 0.695 10 m

2 2
R D

 = = × = × 
 

 

Given that
2

2n
gR

a
r

= .and that for a circular orbit: 
2

n
v

a
r

=  

Eliminating na  and solving for r, 
2

2

gR
r

v
=  

For the planet Saturn, 6 334.7 10 m/h 9.639 10 m/sv = × = ×  

Then, 
9 2

12
3 2

(274)(0.695 10 )
1.425 10 m

(9.639 10 )
r

×= = ×
×

 1425 Gmr =   
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PROBLEM 11.155 

Determine the speed of a satellite relative to the indicated planet if the satellite is to travel indefinitely in a 
circular orbit 100 mi above the surface of the planet. (See information given in Problems 11.153–11.154). 

Venus: 229.20 ft/s ,g =  3761R =  mi. 

 

SOLUTION 

From Problems 11.153 and 11.154, 
2

2n
gR

a
r

=  

For a circular orbit, 
2

n
v

a
r

=  

Eliminating na  and solving for v, 
g

v R
r

=  

For Venus,  229.20 ft/sg =  

  63761 mi 19.858 10 ft.R = = ×  

 63761 100 3861 mi 20.386 10 ftr = + = = ×  

6 3
6

29.20
Then, 19.858 10 23.766 10 ft/s

20.386 10
v = × = ×

×
 

  16200 mi/hv =   
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PROBLEM 11.156 

Determine the speed of a satellite relative to the indicated planet if the satellite is to travel indefinitely in a 
circular orbit 100 mi above the surface of the planet. (See information given in Problems 11.153–11.154). 

Mars: 212.17 ft/s ,g =  2102R =  mi. 

 

SOLUTION 

From Problems 11.153 and 11.154, 
2

2n
gR

a
r

=  

For a circular orbit, 
2

n
v

a
r

=  

Eliminating na and solving for v, 
g

v R
r

=  

For Mars, 212.17 ft/sg =  

  62102 mi 11.0986 10 ftR = = ×  

  62102 100 2202 mi 11.6266 10 ftr = + = = ×  

Then,   6 3
6

12.17
11.0986 10 11.35 10 ft/s

11.6266 10
v = × = ×

×
 

  7740 mi/hv =  
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PROBLEM 11.157 

Determine the speed of a satellite relative to the indicated planet if the satellite is to travel indefinitely in a 
circular orbit 100 mi above the surface of the planet. (See information given in Problems 11.153–11.154). 

Jupiter: 275.35 ft/s ,g =  44, 432R =  mi. 

 

SOLUTION 

From Problems 11.153 and 11.154, 
2

2n
gR

a
r

=  

For a circular orbit, 
2

n
v

a
r

=  

Eliminating na and solving for v, 
g

v R
r

=  

For Jupiter, 275.35 ft/sg =  

  644432 mi 234.60 10 ftR = = ×  

  644432 100 44532 mi 235.13 10 ftr = + = = ×  

6 3
6

75.35
Then, (234.60 10 ) 132.8 10 ft/s

235.13 10
v = × = ×

×
 

  90600 mi/hv =  
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PROBLEM 11.158 

A satellite is traveling in a circular orbit around Mars at an altitude of 300 km. After the altitude of the satellite 
is adjusted, it is found that the time of one orbit has increased by 10 percent. Knowing that the radius of Mars 
is 3382 km, determine the new altitude of the satellite. (See information given in Problems 11.153–11.155.) 

 

SOLUTION 

We have  
2 2

2
   and   n n

R v
a g a

rr
= =  

Then 
2 2

2

R v
g

rr
=  

 where
g

v R r R h
r

= = +  

The circumference s of a circular orbit is equal to  

 2s rπ=  

Assuming that the speed of the satellite in each orbit is constant, we have 

 orbits vt=  

Substituting for s and v 

 orbit2
g

r R t
r

π =  

 
3/2

orbit

3/2

2

2 ( )

r
t

R g

R h

R g

π

π

=

+=

 

Now orbit 2 orbit 1( ) 1.1( )t t=  

 
3/2 3/2

2 1( ) ( )2 2
1.1

R h R h

R Rg g

π π+ +=  

 2/3
2 1

2/3

(1.1) ( )

(1.1) (3382 300) km (3382 km)

h R h R= + −

= + −

 

  2 542 kmh =  
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PROBLEM 11.159 

Knowing that the radius of the earth is 6370 km, determine the time of one orbit of the Hubble Space 
Telescope, knowing that the telescope travels in a circular orbit 590 km above the surface of the earth.  
(See information given in Problems 11.153–11.155.) 

 

SOLUTION 

We have 
2 2

2
   and   n n

R v
a g a

rr
= =  

Then 
2 2

2

R v
g

rr
=  

or where
g

v R r R h
r

= = +  

The circumference s of the circular orbit is equal to  

 2s rπ=  

Assuming that the speed of the telescope is constant, we have 

 orbits vt=  

Substituting for s and v 

 orbit2
g

r R t
r

π =  

or 
3/2

orbit

3/2

3 2 1/2

2

2 [(6370 590) km] 1 h

6370 km 3600 s[9.81 10 km/s ]

r
t

R g

π

π
−

=

+= ×
×

 

or  orbit 1.606 ht =  
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PROBLEM 11.160 

Satellites A and B are traveling in the same plane in circular orbits around 
the earth at altitudes of 120 and 200 mi, respectively. If at 0t =  the 
satellites are aligned as shown and knowing that the radius of the earth is 
R 3960 mi,=  determine when the satellites will next be radially aligned. 
(See information given in Problems 11.153–11.155.) 

 

SOLUTION 

We have 
2 2

2
andn n

R v
a g a

rr
= =  

Then 
2 2

2
or

R v g
g v R

r rr
= =  

where r R h= +  

The circumference s of a circular orbit is 

equal to 2s rπ=  

Assuming that the speeds of the satellites are constant, we have 

  s vT=  

Substituting for s and v 

  2
g

r R T
r

π =  

or  
3/2 3/22 2 ( )r R h

T
R Rg g

π π += =  

Now   ( ) ( )B A B Ah h T T>  >  

Next let time CT be the time at which the satellites are next radially aligned. Then, if in time CT  satellite B 
completes N orbits, satellite A must complete ( 1)N +  orbits. 

Thus, 

  ( ) ( 1)( )C B AT N T N T= = +  

or  
3/2 3/2( ) ( )2 2

( 1)B AR h R h
N N

R Rg g

π π   + +
= +   
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PROBLEM 11.160  (Continued) 

 

or 

( )

( )

3/2

3/2 3/2 3/2

3/23960 200
3960 120

( ) 1

( ) ( ) 1

1
33.835 orbits

1

B

A

A

R hB A
R h

R h
N

R h R h +
+

+
+

+= =
+ − + −

= =
−

 

Then 

[ ]
( )

3/2

3/2

1/21mi2
5280 ft

( )2
( )

(3960 200) mi2 1 h
33.835

3960 mi 3600s32.2 ft/s

B
C B

R h
T N T N

R g

π

π

+= =

+
= ×

×

 

or 51.2 hCT =   

Alternative solution 

From above, we have ( ) ( ) .B AT T>  Thus, when the satellites are next radially aligned, the angles Aθ  and Bθ  
swept out by radial lines drawn to the satellites must differ by 2 .π  That is, 

  2A Bθ θ π= +  

For a circular orbit  s rθ=  

From above and
g

s vt v R
r

= =  

Then 
3/2 3/2

1

( )

R g R gs vt g
R t t t

r r r r r R h
θ

 
= = = = =   + 

 

At time :CT  
3/2 3/2

2
( ) ( )

C C
A B

R g R g
T T

R h R h
π= +

+ +
 

or 

( )

[ ] [ ]

3/ 2 3/ 2

3/ 2 3/ 2

1 1
( ) ( )

1/22 1 mi
5280 ft

1 1

(3960 120) mi (3960 200) mi

2

2

(3960 mi) 32.2 ft/s

1

1 h

3600 s

A B

C

R h R h

T
R g

π

π
+ +

+ +

=
 −  

=
×

×
−

×

 

or 51.2 hCT =  
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PROBLEM 11.161 

The oscillation of rod OA about O is defined by the relation 3/ sin tθ π π= ( )( ),  
where θ and t are expressed in radians and seconds, respectively. Collar B slides 
along the rod so that its distance from O is 26(1 )tr e−= − where r and t  
are expressed in inches and seconds, respectively. When t = 1 s, determine (a) the 
velocity of the collar, (b) the acceleration of the collar, (c) the acceleration of the 
collar relative to the rod. 

 

SOLUTION 

Calculate the derivatives with respect to time. 

 

2

2

2 2 2

3
6 6 in. sin rad

12 in/s 3cos rad/s

24 in/s 3 sin rad/s

t

t

t

r e t

r e t

r e t

θ π
π

θ π
θ π π

−

−

−

= − =

= =

= − = −




 

At t = 1 s, 

 

2

2

2 2

3
6 6 5.1880 in. sin 0

12 1.6240 in/s 3cos 3 rad/s

24 3.2480 in/s 3 sin 0

r e

r e

r e

θ π
π

θ π
θ π π

−

−

−

= − = = =

= = = = −

= − = − = − =




 

(a) Velocity of the collar. 

 1.6240 (5.1880)( 3)r rr r θ θθ= + = + −v e e e e  

  (1.624 in/s) (15.56 in/s)r θ= +v e e   

(b) Acceleration of the collar. 

 
2

2

( ) ( 2 )

[ 3.2480 (5.1880)( 3) ] (5.1880)(0) (2)(1.6240)( 3)]

r

r

r r r r θ

θ

θ θ θ= − + +

= − − − + + −

a e e

e e

   
 

  2 2( 49.9 in/s ) ( 9.74 in/s )r θ− + −e e   

(c) Acceleration of the collar relative to the rod. 

 /B OA rr=a e  2
/ ( 3.25 in/s )B OA r= −a e  
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PROBLEM 11.162 

The rotation of rod OA about O is defined by the relation 3 4 ,t tθ = −  where 
θ and t are expressed in radians and seconds, respectively. Collar B slides along 
the rod so that its distance from O is 3 22.5 5 ,r t t= −  where r and t are expressed 
in inches and seconds, respectively. When t = 1 s, determine (a) the velocity of the 
collar, (b) the acceleration of the collar, (c) the radius of curvature of the path of 
the collar. 

 

SOLUTION 

Calculate the derivatives with respect to time. 

 

3 2 3

2 2

2.5 5 t 4

7.5 10 3 4

15 10 6

r t t t

r t t t

r t t

θ
θ
θ

= − = −

= − = −

= − =




 

At t = 1 s, 

 
2 2

2.5 5 2.5 in. rad

7.5 10 2.5 in./s 3 4 1 rad/s

15 10 5 in./s 6 rad/s

r

r

r

θ
θ
θ

= − = − = 1− 4 = −3

= − = − = − = −

= − = =




 

(a) Velocity of the collar. 

 2.5 ( 2.5)( 1)r rr r θ θθ= + = − + − −v e e e e  

  ( 2.50 in./s) (2.50 in./s)r θ= − +v e e   

 2 2(2.50) (2.50) 3.5355 in./sv = + =  

Unit vector tangent to the path. 

 0.70711 0.70711t rv θ= = − +v
e e e  

(b) Acceleration of the collar. 

 
2

2

( ) ( 2 )

[5 ( 2.5)( 1) ] [( 2.5)(6) (2)( 2.5)( 1)]

r

r

r r r r θ

θ

θ θ θ= − + +

= − − − + − + − −

a e e

e e

   
 

  2 2(7.50 in/s ) ( 10.00 in/s )r θ= + −a e e   
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PROBLEM 11.162  (Continued) 

 

 Magnitude: 2 2 2(7.50) (10.00) 12.50 in./sa = + =  

 Tangential component: t ta = ae  

  2(7.50)( 0.70711) ( 10.00)(0.70711) 12.374 in./sta = − + − = −  

 Normal component: 2 2 21.7674 in./sn ta a a= − =  

(c) Radius of curvature of path. 

 

2

2 2

2

(3.5355 in./s)

1.7674 in./s

n

n

v
a

v

a

ρ

ρ

=

= =  7.07 in.ρ =  
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PROBLEM 11.163 

The path of particle P is the ellipse defined by the relations 
r 2/(2 cos )tπ= −  and ,tθ π=  where r is expressed in meters, t is 
in seconds, and θ  is in radians. Determine the velocity and the 
acceleration of the particle when (a) 0,t =  (b) 0.5 s.t =  

 

SOLUTION 

We have 
2

2 cos
r

tπ
=

−
 tθ π=  

Then 
2

2 sin

(2 cos )

t
r

t

π π
π

−=
−

  θ π=  

and 
3

2
2

3

cos (2 cos ) sin (2 sin )
2 0

(2 cos )

2cos 1 sin
2

(2 cos )

t t t t
r

t

t t

t

π π π π π ππ θ
π

π ππ
π

− −= − =
−

− −= −
−

  

(a) At 0:t =  2 mr =  0θ =  

 0r =  rad/sθ π=  

 2 22 m/sr π= −  0θ =  

 Now (2)( )rr r θ θθ π= + =v e e e  

 or (2  m/s) θπ=v e   

 and 2

2 2

( ) ( 2 )

[ 2 (2)( ) ]

r

r

r r r r θθ θ θ

π π

= − + +

= − −

a e e

e

     

 or 2 2(4 m/s ) rπ= −a e   

(b) At 0.5 s:t =  1 mr =   rad
2

πθ =  

 
2

2
m/s

2(2)
r

π π−= = −  rad/sθ π=  

 
2

2 2
3

1 1
2  m/s 0

2(2)
r

ππ θ− −= − = =  
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PROBLEM 11.163  (Continued) 

 

 Now (1)( )
2r rr r θ θ
πθ π = + = − + 

 
v e e e e  

 or m/s (  m/s)
2 r θ
π π = − + 

 
v e e   

 and 2

2
2

( ) ( 2 )

(1)( ) 2 ( )
2 2

r

r

r r r r θ

θ

θ θ θ

π ππ π

= − + +

    = − + −    
   

a e e

e e

     

 

 or 
2

2 2 2m/s (  m/s )
2 r θ

π π
 

= − −  
 

a e e   
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PROBLEM 11.164 

The two-dimensional motion of a particle is defined by the relations 2 cosr a θ=  and 2/2,btθ =  where a and b 
are constants. Determine (a) the magnitudes of the velocity and acceleration at any instant, (b) the radius of 
curvature of the path. What conclusion can you draw regarding the path of the particle? 

 

SOLUTION 

(a) We have 2 cosr a θ=  21

2
btθ =  

 Then 2 sinr aθ θ= −   btθ =  

 and 22 (  sin cos )r a θ θ θ θ= − +   bθ =  

 Substituting forθ  and θ  

 
2

2 sin

2 (sin cos )

r abt

r ab bt

θ
θ θ

= −

= − +




 

 Now 2 sin 2 cosrv r abt v r abtθθ θ θ= = − = =  

 Then 2 2 2 2 1/22 [( sin ) (cos ) ]rv v v abtθ θ θ= + = − +  

 or 2v abt=   

 Also 2 2 2 2

2

2 (sin cos ) 2 cos

2 (sin 2 cos )

ra r r ab bt ab t

ab bt

θ θ θ θ

θ θ

= − = − + −

= − +

  

 and 2 2

2

2 2 cos 4 sin

2 (cos 2 sin )

a r r ab ab t

ab bt

θ θ θ θ θ

θ θ

= + = −

= − −

   

 Then 
2 2 2 2

2 2 1/2

2 [(sin 2 cos )

(cos 2 sin ) ]

r Ba a a ab bt

bt

θ θ

θ θ

= + = +

+ −
 

 or  2 42 1 4a ab b t= +   

(b) Now 

22 2
2 2 2

t n
dv v

a a a
dt ρ

  = + = +        
 

 Then (2 ) 2
dv d

abt ab
dt dt

= =  

 

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

240 

PROBLEM 11.164  (Continued) 

 

 so that ( )2
2 4 2 22 1 4 (2 ) nab b t ab a+ = +  

 or 2 2 2 4 2 2 24 (1 4 ) 4 na b b t a b a+ = +   

 or 2 24na ab t=   

 Finally 
2 2

2 2

(2 )

4
n

v abt
a

ab t
ρ

ρ
=  =  

 or  aρ =   

 Since the radius of curvature is a constant, the path is a circle of radius a.  
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PROBLEM 11.165 

As rod OA rotates, pin P moves along the parabola BCD. Knowing that the 
equation of this parabola is 2 /(1 cos )r b θ= + and that ,ktθ = determine the 
velocity and acceleration of P when (a) 0,θ =  (b) 90 .θ = °  

 

SOLUTION 

 
2

2
4

2

1 cos
2 sin

0
(1 cos )

2
[(1 cos ) cos (sin )2(1 cos )( sin )]

(1 cos )

b
r kt

kt
bk kt

r k
kt

bk
r kt k kt kt kt k kt

kt

θ

θ θ

= =
+

= = =
+

= + + +
+

 



 

 
 
 
(a) When θ = kt = 0: 

 
2 2

4

2 1
0 [(2) (1) 0]

2(2)

0 0

bk
r b r r k bk

kθ θ θ

= = = + =

= = =

 

 
 

 0rv r v r bkθ θ= = = =  bk θ=v e   

  
2 2 2 21 1

2 2

2 (0) 2(0) 0

ra r r bk bk bk

a r r bθ

θ

θ θ

= − = − = − 

= + = + = 



 
 21

2 rbk= −a e   

(b) When θ = kt = 90°: 

 
22

2 2 [0 2 ] 4
19

90 0

bk
r b r bk r k bk

kθ θ θ

= = = + =

= ° = =

 

 
 

 2 2rv r bk v r bkθ θ= = = =  2 2rbk bk θ= +v e e   

 

2 2 2 2

2

4 2 2

2 2 (0) 2(2 ) 4

ra r r bk bk bk

a r r b bk k bkθ

θ
θ θ

= − = − =

= + = + =


   2 22 4rbk bk θ= +a e e  
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PROBLEM 11.166 

The pin at B is free to slide along the circular slot DE and along the 
rotating rod OC. Assuming that the rod OC rotates at a constant rate θ, 
(a) show that the acceleration of pin B is of constant magnitude,  
(b) determine the direction of the acceleration of pin B. 

 

SOLUTION 

 From the sketch: 

 
2 cos

2 sin

r b

r b

θ
θ θ

=

= − 
 

 Since constant, 0θ θ= =   

 22 cosr b θ θ= −   

 

2 2 2

2

2

2

2 cos (2 cos )

4 cos

2 (2 cos )(0) 2( 2 sin )

4 sin

r

r

a r r b b

a b

a r r b b

a b

θ

θ

θ θ θ θ θ

θ θ
θ θ θ θ θ

θ θ

= − = − −

= −

= + = + −

= −

  


  


 

 
2 2 2 2 2

2

4 ( cos ) ( sin )

4

ra a a b

a b

θ θ θ θ

θ

= + = − + −

=




 

Since both b and θ  are constant, we find that 

  constanta =   

 

  

2
1 1

2

1

4 sin
tan tan

4 cos

tan (tan )

r

a b

a b
θ θ θγ

θ θ

γ θ
γ θ

− −

−

 −= =   − 

=
=




 

 

   Thus, a is directed toward A 
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PROBLEM 11.167 

To study the performance of a racecar, a high-speed camera is 
positioned at Point A. The camera is mounted on a mechanism 
which permits it to record the motion of the car as the car 
travels on straightway BC. Determine (a) the speed of the car 
in terms of b, ,θ  and ,θ  (b) the magnitude of the acceleration 
in terms of b, ,θ  ,θ  and .θ  

 

SOLUTION 

(a) We have  
cos

b
r

θ
=  

 Then 
2

sin

cos

b
r

θ θ
θ

=


  

 We have 2 2 2 2 2

2 2

2

2 2 2 2 2

2 2 4

( ) ( )

sin

coscos

sin
1

cos cos cos

rv v v r r

b b

b b

θ θ

θ θ θ
θθ

θ θ θ
θ θ θ

= + = +

   = +       
 

= + =  
 



 

 

 or 
2cos

b
v

θ
θ

= ±


 

 For the position of the car shown, θ  is decreasing; thus, the negative root is chosen. 
2cos

b
v

θ
θ

= −


  

 Alternative solution. 

 From the diagram sinr v θ= −  

 or 
2

sin
sin

cos

b
v

θ θ θ
θ

= −


 

 or 
2cos

b
v

θ
θ

= −
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PROBLEM 11.167  (Continued) 

 

(b) For rectilinear motion 
dv

a
dt

=  

 Using the answer from Part a 

  
2cos

b
v

θ
θ

= −


 

 Then 
2

2

4

cos

cos ( 2 cos sin )

cos

d b
a

dt

b

θ
θ

θ θ θ θ θ θ
θ

 
= −  

 
− −= −



  

 

 or 2
2

( 2 tan )
cos

b
a θ θ θ

θ
= − +    

 Alternative solution 

 From above 
2

sin

cos cos

b b
r r

θ θ
θ θ

= =


  

 Then 
2 2

4

2 2

2 3

( sin cos )(cos ) ( sin )( 2 cos sin )

cos

sin (1 sin )

cos cos

r b

b

θ θ θ θ θ θ θ θ θ θ
θ

θ θ θ θ
θ θ

+ − −=

 += + 
 

   


 

 

 Now 2 2 2
ra a aθ= +  

 where 
2 2 2

2
2 2

2 2

2

sin (1 sin )

coscos cos

2 sin
sin

coscos

r
b

a r r b

b

θ θ θ θ θθ
θθ θ

θ θθ θ
θθ

 += − = + − 
 

 
= +  

 

  



 

  2
2

sin
( 2 tan )

cos
r

b
a

θ θ θ θ
θ

= +   

 and 
2

2

2

sin
2 2

cos cos

cos
( 2 tan )

cos

b b
a r r

b

θ
θ θ θθ θ

θ θ
θ θ θ θ
θ

= + = +

= +

  

 

 

 Then 2 2 2 1/2
2

( 2 tan )[(sin ) (cos ) ]
cos

b
a θ θ θ θ θ

θ
= ± + +   

 For the position of the car shown, θ  is negative; for a to be positive, the negative root is chosen. 

 2
2

( 2 tan )
cos

b
a θ θ θ

θ
= − +    
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PROBLEM 11.168 

After taking off, a helicopter climbs in 
a straight line at a constant angle .β  Its 
flight is tracked by radar from Point A. 
Determine the speed of the helicopter 
in terms of d, ,β ,θ  and .θ  

 

SOLUTION 

From the diagram 

 
sin (180 ) sin ( )

r d

β β θ
=

° − −
 

or sin (sin cos cos sin )d rβ β θ β θ= −  

or 
tan

tan cos sin
r d

β
β θ θ

=
−

 

Then 
2

2

( tan sin cos )
tan

(tan cos sin )

tan sin cos
tan

(tan cos sin )

r d

d

β θ θβ θ
β θ θ

β θ θθ β
β θ θ

− − −=
−
+=
−





 

From the diagram 

 cos ( ) wherer rv v v rβ θ= − =   

Then 

 2

tan sin cos
tan (cos cos sin sin )

(tan cos sin )

cos (tan sin cos )

d v

v

β θ θθ β β θ β θ
β θ θ

β β θ θ

+ = +
−

= +


 

or 
2

tan sec

(tan cos sin )

d
v

θ β β
β θ θ

=
−


  

Alternative solution. 

We have 2 2 2 2 2( ) ( )rv v v r rθ θ= + = +   
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PROBLEM 11.168  (Continued) 

 

Using the expressions for r and r from above 

 

2

2

tan sin cos
tan

(tan cos sin )
v d

β θ θθ β
β θ θ

 +=  − 
  

or 

1/22

2

1/22

2

tan (tan sin cos )
1

(tan cos sin ) (tan cos sin )

tan tan 1

(tan cos sin ) (tan cos sin )

d
v

d

θ β β θ θ
β θ θ β θ θ

θ β β
β θ θ β θ θ

 += ± + − − 

 += ±  − − 





 

Note that as θ  increases, the helicopter moves in the indicated direction. Thus, the positive root is chosen. 

 
2

tan sec

(tan cos sin )

d
v

θ β β
β θ θ

=
−
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PROBLEM 11.169 

At the bottom of a loop in the vertical plane, an 
airplane has a horizontal velocity of 315 mi/h 
and is speeding up at a rate of 10 ft/s2. The 
radius of curvature of the loop is 1 mi. The 
plane is being tracked by radar at O. What are 
the recorded values of ,  ,  r r θ   and θ for this 
instant? 

 

SOLUTION 

Geometry. The polar coordinates are 

  2 2 1 1800
(2400) (1800) 3000 ft tan 36.87

2400
r θ −  = + = = = ° 

 
 

Velocity Analysis. 315 mi/h 462 ft/s= =v  

  
462cos 369.6 ft/s

462sin 277.2 ft/s
rv

vθ

θ
θ

= =
= − = −

 

  rv r=   370 ft/sr =   

  
277.2

3000

v
v r

r
θ

θ θ θ= = = −   

   0.0924 rad/sθ = −   

Acceleration analysis. 2

2 2
2

10 ft/s

(462)
40.425 ft/s

5280

t

n

a

v
a

ρ

=

= = =
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PROBLEM 11.169  (Continued) 

 

 

2

2

2 2

2

cos sin 10 cos 36.87 40.425 sin 36.87 32.255 ft/s

sin cos 10 sin 36.87 40.425 cos 36.87 26.34 ft/s

32.255 (3000)( 0.0924)

r t n

t n

r r

a a a

a a a

a r r r a r

r

θ

θ θ

θ θ

θ θ

= + = ° + ° =

= − + = − ° + ° =

= − = +

= + −

  

  257.9 ft/sr =   

 

2

2

26.34 (2)(369.6)( 0.0924)

3000 3000

a r r

a r

r r

θ

θ

θ θ
θθ

= +

= −

−= −

 


 20.0315 rad/sθ =   
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PROBLEM 11.170 

Pin C is attached to rod BC and slides freely in the slot of rod OA 
which rotates at the constant rate .ω  At the instant when 60 ,β = °  
determine (a) and ,r θ  (b) and .r θ  Express your answers in terms 
of d and .ω  

 

SOLUTION 

 

 

 

(a) Velocity analysis: 

 

 

 

 

 

 

(b) Acceleration analysis: 

 

 

 

 

 

 

 

 

 

 

Looking at d and β  as polar coordinates with 0,d =  

 
2 2

,         0

2 0,         

d

d

v d d v d

a d d a d d d

β

β

β ω

β β β ω

= = = =

= + = = − = −

 

   
 

Geometry analysis: 3r d= for angles shown. 

Sketch the directions of v, and .r θe e  

 cos120r rv r dω= = ⋅ = °v e  

  
1

2
r dω= −   

 cos30v r dθ θθ ω= = ⋅ = °v e
 

 
3

2cos30

3

dd

r d

ωωθ °= =  
1

2
θ ω=   

Sketch the directions of a, and .r θe e  

 
23

cos150
2r ra a dω= ⋅ = ° = −a e  

 
2 23

2
r r dθ ω− = −  

 

2
2 2 23 3 1

3
2 2 2

r d r d dω θ ω ω = − + = − +  
 

  

   
23

4
r dω= −   

 

2 21
cos120

2

2

a d d

a r r

θ θ

θ

ω ω

θ θ

= ⋅ = ° = −

= +

a e

 
 

21 1 1 1 1
( 2 ) (2)

2 2 23
a r d d

r d
θθ θ ω ω ω   = − = − − −   

   
   0θ =   
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PROBLEM 11.171 

For the racecar of Problem 11.167, it was found that it 
took 0.5 s for the car to travel from the position 60θ = ° to 
the position θ = 35°. Knowing that 25 m,b =  determine 
the average speed of the car during the 0.5-s  interval. 

PROBLEM 11.167 To study the performance of a racecar, 
a high-speed camera is positioned at Point A. The camera 
is mounted on a mechanism which permits it to record the 
motion of the car as the car travels on straightway BC. 
Determine (a) the speed of the car in terms of b, ,θ  and 

,θ  (b) the magnitude of the acceleration in terms of b, ,θ  
,θ  and .θ  

 

SOLUTION 

From the diagram: 

  12 25 tan 60 25 tan 35

25.796 m

rΔ = ° − °
=

 

Now  12
ave

12

25.796 m

0.5 s

51.592 m/s

r
v

t

Δ
=

Δ

=

=

 

or   ave 185.7 km/hv =   
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PROBLEM 11.172 

For the helicopter of Problem 11.168, it was found that when the helicopter was at B, the distance and the 
angle of elevation of the helicopter were r 3000 ft=  and θ 20 ,= °  respectively. Four seconds later, the radar 
station sighted the helicopter at r 3320 ft=  and 23.1 .θ = °  Determine the average speed and the angle of 
climb β of the helicopter during the 4-s interval. 

PROBLEM 11.168 After taking off, a helicopter climbs in a straight line at a constant angle .β  Its flight is 
tracked by radar from Point A. Determine the speed of the helicopter in terms of d, ,β ,θ  and .θ  

 

 

SOLUTION 

We have 0 0

4 4

3000 ft 20

3320 ft 23.1

r

r

θ
θ

= = °
= = °

 

From the diagram: 

  
2 2 23000 3320

2(3000)(3320) cos (23.1 20 )

rΔ = +
− ° − °

 

or  362.70 ftrΔ =  

Now  ave

362.70 ft

4 s

90.675 ft/s

r
v

t

Δ=
Δ

=

=

 

or   ave 61.8 mi/hv =   

Also,  4 4 0 0cos cos cosr r rβ θ θΔ = −  

or  
3320 cos 23.1 3000 cos 20

cos
362.70

β ° − °=  

or   49.7β = °   
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PROBLEM 11.173 

A particle moves along the spiral shown; determine the magnitude of the velocity 
of the particle in terms of b, ,θ  and .θ  

 

SOLUTION 

Hyperbolic spiral. 
b

r
θ

=  

  

2 2

2

2 2
2 2

2

2
2

1 1

1

r

r

dr b d b
r

dt dt
b b

v r v r

v v v b

b

θ

θ

θ θ
θ θ

θ θ θ
θθ

θ
θθ

θ θ
θ

= = − = −

= = − = =

   = + = − +   
   

= +



  





 

  

  2
2

1
b

v θ θ
θ

= +    
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PROBLEM 11.174 

A particle moves along the spiral shown; determine the magnitude of the velocity 
of the particle in terms of b, ,θ  and .θ  

 

SOLUTION 

Logarithmic spiral. br e θ=  

  b bdr d
r be be

dt dt
θ θθ θ= = =   

  
2 2 2 1

b b
r

b
r

v r be v r e

v v v e b

θ θ
θ

θ
θ

θ θ θ

θ

= = = =

= + = +

  


 21bv e bθ θ= +    
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PROBLEM 11.175 

A particle moves along the spiral shown. Knowing that θ  is constant and 
denoting this constant by ,ω determine the magnitude of the acceleration of 
the particle in terms of b, ,θ  and .ω  

 

SOLUTION 

Hyperbolic spiral. 
b

r
θ

=  

From Problem 11.173 
2

 
b

r θ
θ

= −   

  2
2 3

2b b
r θ θ

θ θ
= − +   

  

2 2 2
2 3

2
2 2

2

2 2 2

r
b b b

a r r

b b b b
a r rθ

θ θ θ θ
θθ θ

θ θ θ θ θ θ θ
θ θθ θ

= − = − + −

 = + = + − = − 
 

   

      
 

Since constant,θ ω= =  0,θ =  and we write: 

  

2
2 2 2

3 3

2
2

2 3

2
(2 )

2 (2 )

r
b b b

a

b b
aθ

ωω ω θ
θθ θ

ωω θ
θ θ

= + − = −

= − = −
 

  
2 2

2 2 2 2 2 2 4 2
3 3

(2 ) (2 ) 4 4 4r
b b

a a aθ
ω ωθ θ θ θ θ
θ θ

= + = − + = − + +  

   
2

4
3

4
b

a
ω θ
θ

= +   
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PROBLEM 11.176 

A particle moves along the spiral shown. Knowing that θ  is constant and 
denoting this constant by ,ω  determine the magnitude of the acceleration of 
the particle in terms of b, ,θ  and .ω  

 

SOLUTION 

Logarithmic spiral. br e θ=  

  

2 2 2( )

b

b b b

dr
r be

dt

r be b e be b

θ

θ θ θ

θ

θ θ θ θ

= =

= + = +



   

 

  
2 2 2( )

2 2( )

b b
r

b b

a r r be b e

a r r e be

θ θ

θ θ
θ

θ θ θ θ

θ θ θ θ θ

= − = + −

= + = +

   
    

 

Since constant,θ ω= = ,θ θ=  and we write 

  
2 2 2 2

2

( ) ( 1)

2

b b b
r

b

a be b e e b

a be

θ θ θ

θ
θ

ω ω ω

ω

= − = −

=
 

  

2 2 2 2 2 2

2 4 2 2 2 4 2

2 2 2 2 2

( 1) (2 )

2 1 4 2 1

( 1) ( 1)

b
r

b b

b b

a a a e b b

e b b b e b b

e b e b

θ
θ

θ θ

θ θ

ω

ω ω

ω ω

= + = − +

= − + + = + +

= + = +

 

   2 2(1 ) ba b e θω= +   
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PROBLEM 11.177 

The motion of a particle on the surface of a right circular cylinder is 
defined by the relations R = A, 2 ,tθ π= and sin 2 ,z B ntπ= where A and B 
are constants and n is an integer. Determine the magnitudes of the velocity 
and acceleration of the particle at any time t. 

 

SOLUTION 

  
2 2

2 sin 2

0 2 2 cos 2

0 0 4 sin 2

R A t z B nt

R z n B nt

R z n B nt

θ π π
θ π π π
θ π π

= = =

= = =

= = = −

 
 

 

Velocity (Eq. 11.49) 

  
(2 ) 2 cos 2

RR R z

A n B nt
θ

θ

θ
π π π

= + +
= + +

v e e k

v e k

 
 

   2 2 2 22 cos 2v A n B ntπ π= +   

Acceleration (Eq. 11.50) 

  
2

2 2 2

( ) ( 2 )

4 4 sin 2

R

k

R - R R R z

A n B nt

θθ θ θ

π π π

= + + +

= − −

a e e k

a e k

    
 

   2 2 4 2 24 sin 2a A n B ntπ π= +   
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PROBLEM 11.178 

Show that sinr hφ θ=   knowing that at the instant shown, step AB of 
the step exerciser is rotating counterclockwise at a constant rate .φ  

 

SOLUTION 

From the diagram 

 2 2 2 2 cosr d h dh φ= + −  

Then 2 2 sinrr dhφ φ=   

Now 
sin sin

r d

φ θ
=  

or 
sin

sin

d
r

φ
θ

=  

Substituting for r in the expression for r  

 
sin

sin
sin

d
r dh

φ φ φ
θ

  = 
 

  

or sin Q.E.D.r hφ θ=    

Alternative solution. 

First note 180 ( )α φ θ= ° − +  

Now r rr rθ θθ= + = +v v v e e  

With B as the origin 

 ( constant 0)Pv d d dφ= =  =  
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PROBLEM 11.178  (Continued) 

 

With O as the origin ( )P rv r=   

where ( ) sinP r Pv v α=  

Then sinr dφ α=   

Now 
sin sin

h d

α θ
=  

or sin sind hα θ=  

substituting sin Q.E.D.r hφ θ=   
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PROBLEM 11.179 

The three-dimensional motion of a particle is defined by the relations (1 ), 2 ,tR A e tθ π−= − =  and 
(1 ).tz B e−= −  Determine the magnitudes of the velocity and acceleration when (a) t = 0, (b) t = ∞. 

 

SOLUTION 

  

(1 ) 2 (1 )

2

0

t t

t t

t t

R A e t z B e

R Ae z Be

R Ae z Be

θ π
θ π
θ

− −

− −

− −

= − = = −

= = =

= − = = −

 
 

 

Velocity (Eq. 11.49) 

  
2 (1 )

R

t t t
R

R R z

Ae A e Be

θ

θ

θ

π− − −

= + +

= + − +

v e e k

v e e k

 
 

(a) When 00: 1;t
Rt e e A B−= = = = +v e k  2 2v A B= +   

(b) When : 0 2tt e e A θπ− −∞= ∞ = = =v e  2v Aπ=   

Acceleration (Eq. 11.50) 

  
1

2

( ) ( 2 )

[ (1 )4 ] [0 2 (2 )]

R

t t t t
R

R R R R z

Ae A e Ae Be

θ

θ

θ θ θ

π π− − − −

= − + + +

= − − − + + −

a e e k

e e k

    
 

(a) When 00: 1tt e e−= = =  

  4RA A Bθπ= − + −a e e k  

  2 2 2(4 )a A A Bπ= + +  2 2 2(1 16 )a A Bπ= + +   

(b) When : 0tt e e− −∞= ∞ = =  

  24 RAπ= −a e  24a Aπ=   
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PROBLEM 11.180* 

For the conic helix of Problem 11.95, determine the angle that the osculating plane forms with the y axis. 

PROBLEM 11.95 The three-dimensional motion of a particle is defined by the position vector r =  
(Rt cos ωnt)i + ctj + (Rt sin ωnt)k. Determine the magnitudes of the velocity and acceleration of the particle. 
(The space curve described by the particle is a conic helix.) 

 

SOLUTION 

First note that the vectors v and a lie in the osculating plane. 

Now ( cos ) ( sin )n nRt t ct Rt tω ω= + +r i j k  

Then (cos sin ) (sin cos )n n n n n n
dr

R t t t c R t t t
dt

ω ω ω ω ω ω= = − + + +v i j k  

and 

( )
( )

2

2

sin sin cos

cos cos sin

[ (2sin cos ) (2cos sin ) ]

n n n n n n

n n n n n n

n n n n n n n

dv

dt

R t t t t

R t t t t

R t t t t t t

ω ω ω ω ω ω

ω ω ω ω ω ω

ω ω ω ω ω ω ω

=

= − − −

+ + −

= − + + −

a

i

k

i k

 

It then follows that the vector ( )×v a  is perpendicular to the osculating plane. 

 

 ( ) (cos sin ) (sin cos )

(2sin cos ) 0 (2cos sin )
n n n n n n n

n n n n n n

R R t t t c R t t t

t t t t t t

ω ω ω ω ω ω ω
ω ω ω ω ω ω

× = − +
− + −

i j k

v a  

 

( )2 2

{ (2cos sin ) [ (sin cos )(2sin cos )

(cos sin )(2cos sin )] (2sin cos )

(2cos sin ) 2 (2sin cos )

n n n n n n n n n n

n n n n n n n n n

n n n n n n n n

R c t t t R t t t t t t

t t t t t t c t t t

R c t t t R t c t t t

ω ω ω ω ω ω ω ω ω ω
ω ω ω ω ω ω ω ω ω

ω ω ω ω ω ω ω ω

= − + − + +
− − − + +

 = − − + + + 

i

j k

i j k
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PROBLEM 11.180*  (Continued) 

 

The angle α  formed by the vector ( )×v a and the y axis is found from 

 
( )

cos
| ( ) || |

α × ⋅=
×

v a j
v a j

 

Where 

( )2 2 2

| | 1

( ) 2n nR tω ω

=

× ⋅ = − +

j

v a j

 

 

( )

( ) ( )

22 2 2 2 2

1/22 2

1/222 2 2 2 2 2

|( | (2cos sin ) 2

(2sin cos )

4 2

n n n n n

n n n

n n n

R c t t t R t

c t t t

R c t R t

ω ω ω ω ω

ω ω ω

ω ω ω

× = − + +

+ + 

 = + + +  

v a)

 

Then 
( )

( ) ( )
( )

( ) ( )

2 2 2

1/222 2 2 2 2 2

2 2

1/222 2 2 2 2 2

2
cos

4 2

2

4 2

n n

n n n

n

n n

R t

R c t R t

R t

c t R t

ω ω
α

ω ω ω

ω

ω ω

− +
=

 + + +  

− +
=
 + + +  

 

The angle β that the osculating plane forms with y axis (see the above diagram) is equal to 

 90β α= − °  

Then 

( )
( ) ( )

2 2

1/ 222 2 2 2 2 2

cos cos ( 90 ) sin

2
sin

4 2

n

n n

R t

c t R t

α β β

ω
β

ω ω

= + ° = −

− +
− =

 + + +  

 

Then 
( )2 2

2 2

2
tan

4

n

n

R t

c t

ω
β

ω

+
=

+
 

or   
( )2 2

1

2 2

2
tan

4

n

n

R t

c t

ω
β

ω
−
 +
 =
 + 
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PROBLEM 11.181* 

Determine the direction of the binormal of the path described by the particle of Problem 11.96 when  
(a) 0,t =  (b) /2 s.t π=  

 

SOLUTION 

Given: ( )2( cos ) 1 ( sin )At t A t Bt t= + + +r i j k  

  ft, s; 3, 1r t A B− − = −  

First note that be  is given by 

 
| |b

×=
×

v a
e

v a
 

Now ( )2(3 cos ) 3 1 ( sin )t t t t t= + + +r i j k  

Then 

2

3
3(cos sin ) (sin cos )

1

d

dt
t

t t t t t t
t

=

= − + + +
+

r
v

i j k

 

and 
( )22 1

2

2 3/2

13( sin sin cos ) 3
1

(cos cos sin )

3
3(2sin cos ) (2cos sin )

( 1)

t

td t tt t t t
dt t

t t t t

t t t t t t
t

++ −= = − − − +
+

+ + −

= − + + + −
+

v
a i j

k

i j k

 

(a) At 0:t =  (3 ft/s)=v i  

 2 2(3 ft/s ) (2 ft/s )= +a j k  

 Then 3 (3 2 )

3( 2 3 )

× = × +
= − +

v a i j k

j k

 

 and 2 2| | 3 ( 2) (3) 3 13× = − + =v a  

 Then 
3( 2 3 ) 1

( 2 3 )
3 13 13

2 3
cos 0 cos cos

13 13

b

x y zθ θ θ

− += = − +

= = − =

j k
e j k  

 or 90 123.7 33.7x y zθ θ θ= ° = ° = °   
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PROBLEM 11.181*  (Continued) 

 

(b) At  s:
2

t
π=  

2

2 2 2
2 3/2

3 3
 ft/s  ft/s (1 ft/s)

2 4

24
(6 ft/s )  ft/s  ft/s

2( 4)

π π
π

π
π

  = − + +      + 
   = − + −   +   

v i j k

a i j k

 

 Then 
2 1/2

2 3/2

3 3
1

2 ( 4)

24
6

2( 4)

π π
π

π
π

× = −
+

− −
+

i j k

v a  

 

2 2

2 1/2 3/2

2 3/2 2 1/2

3 24 3
6

42( 4) ( 4)

36 18

( 4) ( 4)

4.43984 13.40220 12.99459

π π
π π

π π
π π

2

   
= − + − +    + +   

 
+ − + 

+ + 
= − − +

i j

k

i j k

 

 and 2 2 2 1/2| | [( 4.43984) ( 13.40220) (12.99459) ]

19.18829

× = − + − +
=

v a  

 Then 
1

( 4.43984 13.40220 12.99459 )
19.1829

4.43984 13.40220 12.99459
cos cos cos

19.18829 19.18829 19.18829

b

x y zθ θ θ

= − − +

= − = − =

e i j k  

 or 103.4 134.3 47.4x y zθ θ θ= ° = ° = °   
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PROBLEM 11.182 

The motion of a particle is defined by the relation 3 22 15 24 4,x t t t= − + +  where x and t are expressed in 
meters and seconds, respectively. Determine (a) when the velocity is zero, (b) the position and the total 
distance traveled when the acceleration is zero. 

 

SOLUTION 

 3 22 15 24 4x t t t= − + +  

so 26 30 24

12 30

dx
v t t

dt
dv

a t
dt

= = − +

= = −

 

(a) Times when v = 0. 2 20 6 30 24 6 ( 5 4)t t t t= − + = − +  

 ( 4)( 1) 0t t− − =  1.00 s, 4.00 st t= =   

(b) Position and distance traveled when a = 0. 

 12 30 0 2.5 sa t t= − = =  

 so 3 2
2 2(2.5) 15(2.5) 24(2.5) 4x = − + +  

 Final position 1.50 mx =   

 For 0 1s, 0.t v≤ ≤ >  

 For 1s 2.5 s, 0.t v≤ ≤ ≤  

 At 00, 4 m.t x= =  

 At 3 2
11s, (2)(1) (15)(1) (24)(1) 4 15 mt x= = − + + =  

 Distance traveled over interval: 1 0 11 mx x− =  

 For  1 s 2.5 s, 0t v≤ ≤ ≤  

 Distance traveled over interval 

 2 1| | |1.5 15 | 13.5 mx x− = − =  

 Total distance: 11 13.5d = +  24.5 md =   
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PROBLEM 11.183 

A particle starting from rest at 1 mx =  is accelerated so that its velocity doubles in magnitude between 
x 2 m=  and 8 m.x =  Knowing that the acceleration of the particle is defined by the relation [a k x= − (A /x)], 
determine the values of the constants A and k if the particle has a velocity of 29 m/s when 16 m.x =  

 

SOLUTION 

We have 
dv A

v a k x
dx x

 = = − 
 

 

When 1 ft, 0:x v= =  
0 1

v x A
vdv k x dx

x
 = − 
    

or 2 2

1

2

1 1
ln

2 2

1 1
ln

2 2

x

v k x A x

k x A x

 = −  

 = − − 
 

 

At 2 ft :x =  2 2
2

1 1 1 3
(2) ln 2 ln 2

2 2 2 2
v k A k A

   = − − = −     
 

 8 ft :x =  2 2
8

1 1 1
(8) ln8 (31.5 ln8)

2 2 2
v k A k A

 = − − = −  
 

Now  8

2

2:
v

v
=  ( )

21
8 22
2 31
2 22

(31.5 ln8)
(2)

ln 2

v k A

k Av

−= =
−

 

 6 4 ln 2 31.5 ln8A A− = −  

 4 1
25.5 (ln8 4 ln 2) (ln8 ln 2 ) ln

2
A A A

 = − = − =  
 

 

 
1
2

25.5

ln
A =  236.8 mA = −   

When 16 m, 29 m/s:x v= =  ( )
2 2

1
2

1 1 25.5 1
(29) (16) ln(16)

2 2 2ln
k
 

= − − 
  

 

 

1
420.5 128 102 230.5

2

230.5

k k k

k

 = + − =  
=  21.832 sk −=  
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PROBLEM 11.184 

A particle moves in a straight line with the acceleration shown in 
the figure. Knowing that the particle starts from the origin with 

0 2v = −  m/s, (a) construct the v t−  and x t−  curves for 0 18t< <  
s, (b) determine the position and the velocity of the particle and the 
total distance traveled when  18t =  s. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

Compute areas under a t− curve. 

  
1

2

3

( 0.75)(8) 6 m/s

(2)(4) 8 m/s

(6)(6) 36 m/s

A

A

A

= − = −
= =
= =

 

  
0

8 0 1

12 8 2

2 m/s

8 m/s

0

v

v v A

v v A

= −
= + = −
= + =

 

  18 12 3v v A= +  18 36 m/sv =   

Sketch v t−  curve using straight line portions over the constant 
acceleration periods. 

Compute areas under the v t−  curve. 

4

5

6

1
( 2 8)(8) 40 m

2
1

( 8)(4) 16 m
2
1

(36)(6) 108 m
2

A

A

A

= − − = −

= − = −

= =

 

   
0

8 0 4

12 8 5

0

40 m

56 m

x

x x A

x x A

=
= + = −
= + = −

 

  18 12 6x x A= +  18 52 mx =   

Total distance traveled 56 108= +  164 md =   
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PROBLEM 11.185 

The velocities of commuter trains A 
and B are as shown. Knowing that 
the speed of each train is constant 
and that B reaches the crossing 10 
min after A passed through the same 
crossing, determine (a) the relative 
velocity of B with respect to A,  
(b) the distance between the fronts 
of the engines 3 min after A passed 
through the crossing. 

 

SOLUTION 

(a) We have /B A B A= +v v v  

 The graphical representation of this equation is then as shown. 

 Then 2 2 2
/ 66 48 2(66)(48) cos 155B Av = + − °  

 or / 111.366 km/hB Av =  

 and 
48 111.366

sin sin 155α
=

°
 

 or 10.50α = °  

 / 111.4 km/hB A =v   10.50°  

(b) First note that 

 at 3 min,t =  A is ( )3
60(66 km/h) 3.3 km=  west of the crossing. 

 at 3 min,t =  B is (48 km/h) ( )7
60 5.6 km=  southwest of the crossing. 

 Now /B A B A= +r r r  

 Then at 3 min,t =  we have 

  2 2 2
/ 3.3 5.6 2(3.3)(5.6) cos 25B Ar = + − °  

 or / 2.96 kmB Ar =  
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PROBLEM 11.186 

Slider block B starts from rest and moves to the right with a constant 
acceleration of 21 ft/s .  Determine (a) the relative acceleration of 
portion C of the cable with respect to slider block A, (b) the velocity 
of portion C of the cable after 2 s. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Let d be the distance between the left and right supports. 

Constraint of entire cable: ( ) 2( ) constantB B A Ax x x d x+ − + − =  

2 3 0        and        2 3 0B A B Av v a a− = − =  

2 22 2
(1) 0.667 ft/s         or        0.667 ft/s

3 3A B Aa a a= = = =   

Constraint of Point C:  /2( ) constantA C Ad x y− + =  

   / /2 0        and        2 0A C A A C Av v a a− + = − + =  

(a)  2
/ 2 2(0.667) 1.333 ft/sC A Aa a= = =   

    2
/ 1.333 ft/sC A =a     

  Velocity vectors after 2s: (0.667)(2) 1.333 ft/sA = =v   

   / (1.333)(2) 2.666 ft/sC A = =v   

   /C A C A= +v v v  

  Sketch the vector addition. 

2 2 2 2 2 2
/ (1.333) (2.666) 8.8889(ft/s)C A C Av v v= + = + =  

   2.981 ft/sCv =  

   / 2.666
tan 2,      63.4

1.333
C A

A

v

v
θ θ= = = = °  

(b)  2.98 ft/sC =v   63.4  °   
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PROBLEM 11.187 

Collar A starts from rest at 0t =  and moves downward with a constant 
acceleration of 27 in./s .  Collar B moves upward with a constant acceleration, 
and its initial velocity is 8 in./s. Knowing that collar B moves through 20 in. 
between 0t =  and 2 s,t =  determine (a) the accelerations of collar B and 
block C, (b) the time at which the velocity of block C is zero, (c) the distance 
through which block C will have moved at that time. 

 

SOLUTION 









 

From the diagram 

 ( ) 2 ( ) constantA C A C C By y y y y y− + − + + − =  

Then 2 4 0A B Cv v v− − + =  (1) 

and 2 4 0A B Ca a a− − + =  (2) 

Given: 0( ) 0Av =  

 2( ) 7 in./sA =a  

 0( ) 8 in./sB =v  

 constantB =a  

At 2 st =  0( ) 20 in.By y− =  

(a) We have 2
0 0

1
( ) ( )

2B B B By y v t a t= + +  

 At 2 s:t =  21
20 in. ( 8 in./s)(2 s) (2 s)

2 Ba− = − +  

  24 in./s orBa = −  22 in./sB =a   

 Then, substituting into Eq. (2) 

 2 22(7 in./s ) ( 2 in./s ) 4 0Ca− − − + =  

  23 in./s orCa =  23 in./sC =a  
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PROBLEM 11.187  (Continued) 

 

(b) Substituting into Eq. (1) at 0t =  

 0 02(0) ( 8 in./s) 4( ) 0 or ( ) 2 in./sC Cv v− − − + = = − 

 Now 0( )C C Cv v a t= +  

 When 0:Cv =  20 ( 2 in./s) (3 in./s )t= − +  

 or 
2

s
3

t =  0.667 st =   

(c) We have 2
0 0

1
( ) ( )

2C C C Cy y v t a t= + +  

 At 2
3  s:t =  

2
2

0
2 1 2

( ) ( 2 in./s)  s (3 in./s )  s
3 2 3C Cy y

   − = − +   
   

 

  0.667 in. or= −  0( ) 0.667 in.C C− =y y  
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 PROBLEM 11.188 

A golfer hits a ball with an initial velocity of magnitude 0v  at an 

angle α  with the horizontal. Knowing that the ball must clear the 
tops of two trees and land as close as possible to the flag, 
determine 0v  and the distance d when the golfer uses (a) a six-iron 

with 31 ,α = °  (b) a five-iron with 27 .α = °  

 

SOLUTION 

The horizontal and vertical motions are 

   
0 0

2 2
0

( cos )         or        
cos

1 1
( sin ) tan

2 2

x
x v t v

t

y v t gt x gt

α
α

α α

= =

= − = −
 (1)  

or    2 2( tan )x y
t

g

α −=   (2)  

At the landing Point C:  0,Cy =  02 sinv
t

g

α=  

And  
2
0

0
2 sin cos

( cos )C
v

x v t
g

α αα= =  (3)  

(a) 31α = °  

 To clear tree  A:  30 m,  12 mA Ax y= =  

 From (2), 2 22(30 tan 31 12)
1.22851 s ,         1.1084 s

9.81A At t
° −= = =  

 From (1), 0
30

( ) 31.58 m/s
1.1084cos31Av = =

°
 

 To clear tree B:  100 m,     14 mB Bx y= =  

 From (2), 2 22(100 tan 31 14)
( ) 9.3957 s ,         3.0652 s

9.81B Bt t
° −= = =  

 From (1), 0
100

( ) 38.06 m/s
3.0652cos31Bv = =

°
 

 The larger value governs,  0 38.06 m/sv =  0 38.1 m/s v =   

 From (3), 
2(2)(38.06) sin 31 cos31

130.38 m
9.81Cx

° °= =  

    110Cd x= −  20.4 m d =   
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 PROBLEM 11.188  (Continued) 

 

(b) 27α = °  

 By a similar calculation, 00.81846 s,        ( ) 41.138 m/s,A At v= =  

   02.7447 s,        ( ) 40.890 m/s,B Bt v= =  

   0 41.138 m/sv =  0 41.1 m/s v =   

    139.56 m,Cx =  29.6 m d =   
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PROBLEM 11.189 

As the truck shown begins to back up with a constant acceleration 
of 24 ft/s ,  the outer section B of its boom starts to retract with a 
constant acceleration of 21.6 ft/s  relative to the truck. Determine 
(a) the acceleration of section B, (b) the velocity of section B 
when 2t =  s. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

For the truck,  24 ft/sA =a   

For the boom,  2
/ 1.6 ft/sB A =a 50°  

(a) /B A B A= +a a a   

  Sketch the vector addition. 

  By law of cosines: 

   2 2 2
/ /2 cos 50B A B A A B Aa a a a a= + − °  

   2 24 1.6 2(4)(1.6)cos50= + − °  

   23.214 ft/sBa =  

  Law of sines:     / sin 50 1.6 sin 50
sin 0.38131

3.214
B A

B

a

a
α

° °= = =  

   22.4 ,α = °  23.21 ft/sB =a   22.4  °   

(b)  0( ) 0 (3.214)(2)B B Bv a t= + = +v  

    26.43 ft/sB =v   22.4  °   
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PROBLEM 11.190 

A motorist traveling along a straight portion of a 
highway is decreasing the speed of his automobile at  
a constant rate before exiting from the highway onto a 
circular exit ramp with a radius of 560-ft. He continues 
to decelerate at the same constant rate so that 10 s after 
entering the ramp, his speed has decreased to 20 mi/h, 
a speed which he then maintains. Knowing that at this 
constant speed the total acceleration of the automobile 
is equal to one-quarter of its value prior to entering the 
ramp, determine the maximum value of the total 
acceleration of the automobile. 

 

SOLUTION 

First note 10
88

20 mi/h  ft/s
3

v = =  

While the car is on the straight portion of the highway. 

 straight ta a a= =  

and for the circular exit ramp 

 2 2
t na a a= +  

where 
2

n
v

a
ρ

=  

By observation, maxa occurs when v is maximum, which is at 0t =  when the car first enters the ramp. 

For uniformly decelerated motion 

 0 tv v a t= +  

and at 10 s:t =  
2
10constant n

v
v a a

ρ
=  = =  

 st.
1

4
a a=  

Then  
( )2882

310
straight

ft/s1

4 560 ftt t
v

a a a
ρ

=  = =  

or  26.1460 ft/sta = −  

(The car is decelerating; hence the minus sign.) 
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PROBLEM 11.190  (Continued) 

 

Then at 10 s:t =  2
0

88
ft/s ( 6.1460 ft/s )(10 s)

3
v= + −  

or  0 90.793 ft/sv =  

Then at 0:t =  

22
2 0

max

1/222
2 2 (90.793 ft/s)

( 6.1460 ft/s )
560 ft

t

v
a a

ρ
 

= +   
 

   = − +  
   

 

or  2
max 15.95 ft/sa = 
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PROBLEM 11.191 

Sand is discharged at A from a conveyor belt and falls onto 
the top of a stockpile at B. Knowing that the conveyor belt 
forms an angle 25α = °  with the horizontal, determine (a) the 
speed v0 of the belt, (b) the radius of curvature of the 
trajectory described by the sand at Point B. 

 

SOLUTION 

The motion is projectile motion. Place the origin at Point A. Then 0 0x =  and 0 0.y =  

The coordinates of Point B are 30 ftBx =  and 18 ft.By = −  

Horizontal motion: 0 cos 25xv v= °  (1) 

 0 cos 25x v t= °  (2) 

Vertical motion: 0 sin 25yv v gt= ° −  (3) 

 2
0

1
sin 25

2
y v t gt= ° −  (4) 

At Point B, Eq. (2) gives 

 0
30

33.101 ft
cos 25 cos 25

B
B

x
v t = = =

° °
 

Substituting into Eq. (4), 

 
21

18 (33.101)(sin 25 ) (32.2)
2

1.40958 s

B

B

t

t

− = ° −

=
 

(a) Speed of the belt. 0
0

33.101
23.483

1.40958
B

B

v t
v

t
= = =  

  0 23.4 ft/sv =  

 Eqs. (1) and (3) give 

  
23.483cos 25 21.283 ft/s

(23.483)sin 25 (32.2)(1.40958) 35.464 ft/s
x

y

v

v

= ° =
= ° − = −

 

 
tan 1.66632 59.03

41.36 ft/s

y

x

v

v

v

θ θ
−

= = °

=
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PROBLEM 11.191  (Continued) 

 

 Components of acceleration. 

 232.2 ft/s=a 32.2sinta θ=  

 232.2cos 32.2cos59.03 16.57 ft/sna θ= = ° =  

(b) Radius of curvature at B. 
2

n
v

a
ρ

=  

 
2 2(41.36)

16.57n

v

a
ρ = =  103.2 ftρ =   
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PROBLEM 11.192 

The end Point B of a boom is originally 5 m from fixed Point A 
when the driver starts to retract the boom with a constant radial 
acceleration of 21.0 m/sr = −  and lower it with a constant 
angular acceleration 20.5 rad/s .θ = −  At 2 s,t =  determine  
(a) the velocity of Point B, (b) the acceleration of Point B,  
(c) the radius of curvature of the path. 

 

SOLUTION 

Radial motion. 2
0 05 m, 0, 1.0 m/sr r r= = = −   

 
2 2

0 0

0

1
5 0 0.5

2
0 1.0

r r r t rt t

r r rt t

= + + = + −

= + = −

 

  
 

At 2 s,t =  25 (0.5)(2) 3 m

( 1.0)(2) 2 m/s

r

r

= − =
= − = −

 

Angular motion. 2
0 060 rad, 0, 0.5 rad/s

3

πθ θ θ= ° = = = −   

 
2 2

0 0

0

1
0 0.25

2 3

0 0.5

t t

t t

πθ θ θ θ

θ θ θ

= + + = + −

= + = −

 

  
 

At 2 s,t =  20 (0.25)(2) 0.047198 rad 2.70
3

(0.5)(2) 1.0 rad/s

πθ

θ

= + − = = °

= − = −

 

 

Unit vectors  and .r θe e  

  

 
(a) Velocity of Point B at t = 2 s. 

  
(2 m/s) (3 m)( 1.0 rad/s)

B r

r

r r θ

θ

θ= +
= − + −

v e e

e e




  ( 2.00 m/s) ( 3.00 m/s)B r θ= − + −v e e  

  
2 2 2 2

3.0
tan 1.5 56.31

2.0

( 2) ( 3) 3.6055 m/s

r

r

v

v

v v v

θ

θ

α α−= = = = °
−

= + = − + − =
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PROBLEM 11.192  (Continued) 

 

 Direction of velocity. 

  
2 3

0.55470 0.83205
3.6055

r
t rv

θ
θ

− −
= = = − −

e ev
e e e  

  2.70 56.31 59.01θ α+ = + ° = °  

  3.61 m/sB =v 59.0° 

(b) Acceleration of Point B at t = 2 s. 

  
2

2

( ) ( 2 )

[ 1.0 (3)( 1) ] [(3)( 0.5) (2)( 1.0)( 0.5)]

B r

r

r r r r θ

θ

θ θ θ= − + +

= − − − + − + − −

a e e

e e

   
 

  2 2( 4.00 m/s ) (2.50 m/s )B r θ= − +a e e   

 2 2 2 2 2

2.50
tan 0.625 32.00

4.00

( 4) (2.5) 4.7170 m/s

2.70 32.00 29.30

r

r

a

a

a a a

θ

θ

β β

θ β

= = = − = − °
−

= + = − + =
+ = ° − ° = − °

 

  24.72 m/sB =a 29.3°  

 Tangential component: ( )t t t= ⋅a a e e  

 
( 4 2.5 ) ( 0.55470 0.83205 )

[( 4)( 0.55470) (2.5)( 0.83205)]
t r r t

t

θ θ= − + ⋅ − −
= − − + −

a e e e e e

e
 

 2 2(0.138675 m/s ) 0.1389 m/st= =e 59.0° 

 Normal component: n t= −a a a  

  
2 2

4 2.5 (0.138675)( 0.55470 0.83205 )

( 3.9231 m/s ) (2.6154 m/s )

n r r

r

θ θ

θ

= − + − − −

= − +

a e e e e

e e
 

  2 2 2(3.9231) (2.6154) 4.7149 m/sna = + =  

(c) Radius of curvature of the path. 

  
2

n
v

a
ρ

=  

 
2 2(3.6055 m/s)

4.7149 m/sn

v

a
ρ = =  2.76 mρ =   
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PROBLEM 11.193 

A telemetry system is used to quantify kinematic values 
of a ski jumper immediately before she leaves the ramp. 
According to the system 500 ft,r =  105 ft/s,r = −  

210 ft/s ,r = −  25 ,θ = °  0.07 rad/s,θ = 20.06 rad/s .θ =  
Determine (a) the velocity of the skier immediately before 
she leaves the jump, (b) the acceleration of the skier at 
this instant, (c) the distance of the jump d neglecting lift 
and air resistance. 

 

SOLUTION 

(a) Velocity of the skier. ( 500 ft, 25°)r θ= =  

 
( 105 ft/s) (500 ft)(0.07 rad/s)

r r r

r

v v r rθ θ θ

θ

θ= + = +
= − +

v e e e e

e e


 

  ( 105 ft/s) (35 ft/s)r θ= − +v e e   

Direction of velocity: 

 

 
 

 

2 2

( 105cos 25 35cos65 ) (35sin 65 105sin 25 )

( 109.95 ft/s) ( 12.654 ft/s)

12.654
tan 6.565

109.95

(105) (35) 110.68 ft/s

y

x

v

v

v

α α

= − ° − ° + ° − °
= − + −

−= = = °
−

= + =

v i j

i j

 

  110.7 ft/sv = 6.57°  
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PROBLEM 11.193  (Continued) 

 

(b) Acceleration of the skier. 

  

2

2 2

2

( ) ( 2 )

10 (500)(0.07) 12.45 ft/s

(500)(0.06) (2)( 105)(0.07) 15.30 ft/s

r r r

r

a a r r r r

a

a

θ θ θ

θ

θ θ θ= + = − + +

= − − = −

= + − =

a e e e e   

 

  2 2( 12.45 ft/s ) (15.30 ft/s )r θ= − +a e e   

 

2 2

2 2 2

( 12.45)( cos 25 sin 25 ) (15.30)( cos65 sin 65 )

( 17.750 ft/s ) (8.6049 ft/s )

8.6049
tan 25.9

17.750

(12.45) (15.30) 19.725 ft/s

y

x

a

a

a

β β

= − ° + ° + − ° + °

= − +

= = = − °
−

= + =

a i j i j

i j

 

  219.73 ft/sa =   25.9°  

(c) Distance of the jump d. 

 Projectile motion. Place the origin of the xy-coordinate system at the end of the ramp with the  
x-coordinate horizontal and positive to the left and the y-coordinate vertical and positive downward. 

 Horizontal motion: (Uniform motion) 

  0

0

0

109.95 ft/s (from Part )

x

x a

=
=



  0 0 109.95x x x t t= + = 

 Vertical motion: (Uniformly accelerated motion) 

 
0

0

2

0

12.654 ft/s (from Part )

32.2 ft/s

y

y a

y

=
=

=






  2 2
0 0

1
12.654 16.1

2
y y y t yt t t= + + = −  

 At the landing point, 

  cos30x d= °  (1) 

  10 sin 30 or 10 sin 30y d y d= + ° − = °  (2) 
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PROBLEM 11.193  (Continued) 

 

 Multiply Eq. (1) by sin 30° and Eq. (2) by cos 30° and subtract 

  2

2

sin 30 ( 10)cos30 0

(109.95 )sin 30 (12.654 16.1 10)cos30 0

13.943 44.016 8.6603 0

x y

t t t

t t

° − − ° =

° − + − ° =

− + + =

 

  0.1858 s and 3.3427 st = −  

 Reject the negative root. 

 (109.95 ft/s)(3.3427 s) 367.53 ftx = =  

 
cos30

x
d =

°
 424 ftd =   

  



CCHHAAPPTTEERR  1122  
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PROBLEM 12.CQ1 

A 1000 lb boulder B is resting on a 200 lb platform A when truck C 
accelerates to the left with a constant acceleration. Which of the 
following statements are true (more than one may be true)? 

(a) The tension in the cord connected to the truck is 200 lb 

(b) The tension in the cord connected to the truck is 1200 lb 

(c) The tension in the cord connected to the truck is greater than 1200 lb 

(d ) The normal force between A and B is 1000 lb 

(e) The normal force between A and B is 1200 lb 

( f )  None of the above 

 

SOLUTION 

Answer: (c) The tension will be greater than 1200 lb and the normal force will be greater than 1000 lb. 
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PROBLEM 12.CQ2 

Marble A is placed in a hollow tube, and the tube is swung in a horizontal 
plane causing the marble to be thrown out. As viewed from the top, which 
of the following choices best describes the path of the marble after leaving 
the tube? 

(a) 1 

(b) 2 

(c) 3 

(d ) 4 

(e) 5 

 

SOLUTION 

Answer: (d ) The particle will have velocity components along the tube and perpendicular to the tube. After it 
leaves, it will travel in a straight line. 
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PROBLEM 12.CQ3 

The two systems shown start from rest. On the left, two 40 lb weights 
are connected by an inextensible cord, and on the right, a constant 
40 lb force pulls on the cord. Neglecting all frictional forces, which 
of the following statements is true?  

(a) Blocks A and C will have the same acceleration  

(b) Block C will have a larger acceleration than block A 

(c) Block A will have a larger acceleration than block C 

(d ) Block A will not move 

(e) None of the above 

 

SOLUTION 

Answer: (b) If you draw a FBD of B, you will see that since it is accelerating downward, the tension in the 
cable will be less than 40 lb, so the acceleration of A will be less than the acceleration of C. Also, the system 
on the left has more inertia, so it is harder to accelerate than the system on the right. 
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PROBLEM 12.CQ4 

The system shown is released from rest in the position shown. Neglecting 
friction, the normal force between block A and the ground is  

(a) less than the weight of A plus the weight of B 

(b) equal to the weight of A plus the weight of B 

(c) greater than the weight of A plus the weight of B 

 

SOLUTION 

Answer: (a) Since B has an acceleration component downward the normal force between A and the ground 
will be less than the sum of the weights.
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PROBLEM 12.CQ5 

People sit on a Ferris wheel at Points A, B, C and D. The Ferris wheel 
travels at a constant angular velocity. At the instant shown, which 
person experiences the largest force from his or her chair (back and 
seat)? Assume you can neglect the size of the chairs, that is, the people 
are located the same distance from the axis of rotation. 

(a) A 

(b) B 

(c) C 

(d ) D 

(e) The force is the same for all the passengers. 

 

SOLUTION 

Answer: (c) Draw a FBD and KD at each location and it will be clear that the maximum force will be 
experiences by the person at Point C.
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PROBLEM 12.F1 

Crate A is gently placed with zero initial velocity onto a moving 
conveyor belt. The coefficient of kinetic friction between the crate and 
the belt is μk. Draw the FBD and KD for A immediately after it contacts 
the belt. 

 

SOLUTION 

Answer:  
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PROBLEM 12.F2 

Two blocks weighing WA and WB are at rest on a conveyor that is initially at 
rest. The belt is suddenly started in an upward direction so that slipping 
occurs between the belt and the boxes. Assuming the coefficient of friction 
between the boxes and the belt is μk, draw the FBDs and KDs for blocks 
A and B. How would you determine if A and B remain in contact? 

 

SOLUTION 

Answer:  

Block A 

 

Block B 

 

To see if they remain in contact assume aA = aB and then check to see if NAB is greater than zero. 
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PROBLEM 12.F3 

Objects A, B, and C have masses mA, mB, and mC respectively. The 
coefficient of kinetic friction between A and B is μk, and the 
friction between A and the ground is negligible and the pulleys are 
massless and frictionless. Assuming B slides on A draw the FBD 
and KD for each of the three masses A, B and C. 

 

SOLUTION 

Answer:  

Block A 

 

Block B 

 

Block C 
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PROBLEM 12.F4 

Blocks A and B have masses mA and mB respectively. Neglecting friction 
between all surfaces, draw the FBD and KD for each mass. 

 

SOLUTION 

Block A 

 

Block B 

 
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

294 

 

PROBLEM 12.F5 

Blocks A and B have masses mA and mB respectively. Neglecting friction 
between all surfaces, draw the FBD and KD for the two systems shown. 

 

SOLUTION 

System 1 

 

System 2 
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PROBLEM 12.F6 

A pilot of mass m flies a jet in a half vertical loop of radius R so that the 
speed of the jet, v, remains constant. Draw a FBD and KD of the pilot at 
Points A, B and C. 

 

SOLUTION 
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PROBLEM 12.F7 

Wires AC and BC are attached to a sphere which revolves at a constant speed v in 
the horizontal circle of radius r as shown. Draw a FBD and KD of C. 

 

SOLUTION 
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PROBLEM 12.F8 

A collar of mass m is attached to a spring and slides without friction 
along a circular rod in a vertical plane. The spring has an undeformed 
length of 5 in. and a constant k. Knowing that the collar has a speed v 
at Point B, draw the FBD and KD of the collar at this point. 

 

SOLUTION 

 

 

where x = 7/12 ft and r = 5/12 ft. 
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PROBLEM 12.1 

Astronauts who landed on the moon during the Apollo 15, 16 and 17 missions brought back a large collection 
of rocks to the earth. Knowing the rocks weighed 139 lb when they were on the moon, determine (a) the 
weight of the rocks on the earth, (b) the mass of the rocks in slugs. The acceleration due to gravity on the 
moon is 5.30 ft/s2. 

 

SOLUTION 

Since the rocks weighed 139 lb on the moon, their mass is 

 2moon
2

moon

139 lb
26.226 lb s /ft

5.30 ft/s

W
m

g
= = = ⋅  

(a) On the earth, earth earthW mg=  

 2 2(26.226 lb s /ft)(32.2 ft/s )w = ⋅  844 lbw =   

(b) Since 21 slug 1 lb s /ft,= ⋅  26.2 slugsm =   
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PROBLEM 12.2 

The value of g at any latitudeφ  may be obtained from the formula 

2 232.09(1 0.0053 sin ) ft/sg φ= +  

which takes into account the effect of the rotation of the earth, as well as the fact that the earth is not truly 
spherical. Determine to four significant figures (a) the weight in pounds, (b) the mass in pounds, (c) the mass 
in 2lb s /ft,⋅  at the latitudes of 0°, 45°, and 60°, of a silver bar, the mass of which has been officially designated 
as 5 lb. 

 

SOLUTION 

  2 232.09(1 0.0053 sin ) ft/sg φ= +  

 0 :φ = °  232.09 ft/sg =  

 45 :φ = °  232.175 ft/sg =  

 90 :φ = °  232.26 ft/sg =  

(a) Weight: W mg=  

 0 :φ = °  2 2(0.1554 lb s /ft)(32.09 ft/s ) 4.987 lbW = ⋅ =    

 45 :φ = °  2 2(0.1554 lb s /ft)(32.175 ft/s ) 5.000 lbW = ⋅ =    

 90 :φ = °  2 2(0.1554 lb s /ft)(32.26 ft/s ) 5.013 lbW = ⋅ =    

(b) Mass: At all latitudes: 5.000 lbm =  

(c) or 
2

5.00 lb

32.175 ft/s
m =  20.1554 lb s /ftm = ⋅  
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PROBLEM 12.3 

A 400-kg satellite has been placed in a circular orbit 1500 km above the surface of the earth. The acceleration 
of gravity at this elevation is 6.43 m/s2. Determine the linear momentum of the satellite, knowing that its 
orbital speed is 325.6 10  km/h.×   

 

SOLUTION 

Mass of satellite is independent of gravity: 400 kgm =  

 

3

6 3

25.6 10 km/h

1 h
(25.6 10 m/h) 7.111 10 m/s

3600 s

v = ×

 = × = × 
 

 

 3(400 kg)(7.111 10 m/s)L mv= = ×  
62.84 10 kg m/sL = × ⋅   
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PROBLEM 12.4 

A spring scale A and a lever scale B having equal lever arms are 
fastened to the roof of an elevator, and identical packages are 
attached to the scales as shown. Knowing that when the elevator 
moves downward with an acceleration of 21 m/s  the spring 
scale indicates a load of 60 N, determine (a) the weight of the 
packages, (b) the load indicated by the spring scale and the mass 
needed to balance the lever scale when the elevator moves 
upward with an acceleration of 1 m/s2. 

 

SOLUTION 

Assume  29.81 m/sg =  

  
W

m
g

=  

 : s
W

F ma F W a
g

Σ = − = −  

 1 s
a

W F
g

 
− = 

 
 

or 
60

1
1 1

9.81

sF
W

a

g

= =
− −

 

 66.8 NW =   

(b) 

 : s
W

F ma F W a
g

Σ = − =  

 

1

1
66.81 1

9.81

s
a

F W
g

 
= + 

 

 = + 
 

 73.6 NsF =   

 For the balance system B,  

  0 0: 0w pM bF bFΣ = − =  

 w pF F=  
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PROBLEM 12.4  (Continued) 

 

But 1w w
a

F W
g

 = + 
 

 

and 1p p
a

F W
g

 
= + 

 
 

so that  w pW W=  

and 
66.81

9.81
p

w

W
m

g
= =  6.81 kgwm =   
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PROBLEM 12.5 

In anticipation of a long 7° upgrade, a bus driver accelerates at a constant rate of 23 ft/s  while still on a level 
section of the highway. Knowing that the speed of the bus is 60 mi/h  as it begins to climb the grade and that 
the driver does not change the setting of his throttle or shift gears, determine the distance traveled by the bus 
up the grade when its speed has decreased to 50 mi/h.  

 

SOLUTION 

First consider when the bus is on the level section of the highway. 

 2
level 3 ft/sa =  

We have level:x
W

F ma P a
g

Σ = =  

Now consider when the bus is on the upgrade. 

We have  : sin 7x
W

F ma P W a
g

′Σ = − ° =  

Substituting for P level sin 7
W W

a W a
g g

′− ° =  

or level

2

2

sin 7

(3 32.2 sin 7 ) ft/s

0.92419 ft/s

a a g′ = − °

= − °

= −

 

For the uniformly decelerated motion 

 2 2
0 upgrade upgrade( ) 2 ( 0)v v a x′= + −  

Noting that 60 mi/h 88 ft/s,=  then when 0
5

50 mi/h ,
6

v v
 = = 
 

 we have 

 
2

2 2
upgrade

5
88 ft/s (88 ft/s) 2( 0.92419 ft/s )

6
x

 × = + − 
 

 

or upgrade 1280.16 ftx =  

or upgrade 0.242 mix =   
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PROBLEM 12.6 

A hockey player hits a puck so that it comes to rest 10 s after sliding 100 ft on the ice. Determine (a) the 
initial velocity of the puck, (b) the coefficient of friction between the puck and the ice. 

 

SOLUTION 

(a) Assume uniformly decelerated motion. 

 Then 0v v at= +  

 At 10 s:t =  00 (10)v a= +  

  0

10

v
a = −  

 Also 2 2
0 2 ( 0)v v a x= + −  

 At 10 s:t =  2
00 2 (100)v a= +  

 Substituting for a 2 0
00 2 (100) 0

10

v
v

 = + − = 
 

 

  0 20.0 ft/sv =  0or 20.0 ft/sv =   

 and 220
2 ft/s

10
a = − = −  

Alternate solution to part (a) 2
0 0

20
0

0

0

1

2
1

2

1

2
2

d d v t at

v
d v t t

t

d v t

d
v

t

= + +

 = + − 
 

=

=

 

(b) We have 

 

 + 0: 0yF N WΣ = − =  N W mg= =  

 Sliding: k kF N mgμ μ= =  

 :xF ma F maΣ = − =  k mg maμ− =  

  

2

2

2.0 ft/s

32.2 ft/s
k

a

g
μ −= − = −  0.0621kμ =   

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

305 

 

 

PROBLEM 12.7 

The acceleration of a package sliding at Point A is 3 m/s2. 
Assuming that the coefficient of kinetic friction is the same 
for each section, determine the acceleration of the package 
at Point B. 

 

SOLUTION 

For any angle θ . 

Use x and y coordinates as shown. 

 
0ya =

 

  : cos 0

cos

y yF ma N mg

N mg

θ
θ

Σ = − =

=

 

  : sinx x k xF ma mg N maθ μΣ = − =  

 (sin cos )x ka g θ μ θ= −  

At Point A. 230 , 3 m/s

sin 30

cos 30

9.81sin 30 3

9.81 cos 30

0.22423

x

x
k

a

g a

g

θ

μ

= ° =
° −

=
°
° −=

°
=

 

At Point B. 15 , 0.22423

9.81(sin 15° 0.22423 cos 15°)
k

xa

θ μ= ° =
= −

 

 0.414 m/s=  20.414 m/s=a   15°   
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PROBLEM 12.8 

Determine the maximum theoretical speed that may be achieved over a distance of 60 m by a car starting from 
rest, knowing that the coefficient of static friction is 0.80 between the tires and the pavement and that 60 percent 
of the weight of the car is distributed over its front wheels and 40 percent over its rear wheels. Assume  
(a) four-wheel drive, (b) front-wheel drive, (c) rear-wheel drive. 

 

SOLUTION 

(a) Four-wheel drive 
 

  1 20: 0yF N N WΣ = + − =  

  1 2 1 2

1 2( )

F F N N

N N w

μ μ
μ μ

+ = +
= + =

 

  1 2:  xF ma F F ma

w maμ
Σ = + =

=
 

  
2

0.80(9.81)

7.848 m/s

W mg
a g

m m

a

μ μ μ= = = =

=
 

  2 2 2 22 2(7.848 m/s )(60 m) 941.76 m /sv ax= = =  

 30.69 m/sv =  110.5 km/hv =   

(b) Front-wheel drive 

  2

(0.6 )

F ma

W maμ
=
=

 

  
2

0.6 0.6

0.6 0.6(0.80)(9.81)

4.709 m/s

W mg
a

m m
g

a

μ μ

μ

= =

= =

=

 

  2 2 2 22 2(4.709 m/s )(60 m) 565.1 m /sv ax= = =  

 23.77 m/sv =  85.6 km/hv =   
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PROBLEM 12.8  (Continued) 

(c) Rear-wheel drive 
 

  1

(0.4 )

F ma

W maμ
=
=

 

  
2

0.4 0.4

0.4 0.4(0.80)(9.81)

3.139 m/s

W mg
a

m m
g

a

μ μ

μ

= =

= =

=

 

  2 2 2 22 2(3.139 m/s )(60 m) 376.7 m /sv ax= = =  

 19.41 m/sv =  69.9 km/hv =   
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PROBLEM 12.9 

If an automobile’s braking distance from 90 km/h is 45 m on level pavement, determine the automobile’s 
braking distance from 90 km/h when it is (a) going up a 5° incline, (b) going down a 3-percent incline. 
Assume the braking force is independent of grade. 

 

SOLUTION 

Assume uniformly decelerated motion in all cases. 

For braking on the level surface, 

 

0

0

2 2
0 0

2 2
0

0

2

2

90 km/h 25 m/s, 0

45 m

2 ( )

2( )

0 (25)

(2)(45)

6.9444 m/s

f

f

f f

f

f

v v

x x

v v a x x

v v
a

x x

= = =

− =

= + −

−
=

−

−=

= −

 

Braking force. 

 

6.944

9.81
0.70789

bF ma
W

a
g

W

W

=

=

= −

= −

 

(a) Going up a 5° incline. 

  Σ =F ma  

 
2

2 2
0

0

sin 5

sin 5

(0.70789 sin 5 )(9.81)

7.79944 m/s

2

b

b

f
f

W
F W a

g

F W
a g

W

v v
x x

a

− − ° =

+ °
= −

= − + °

= −

−
− =

 

 
20 (25)

(2)( 7.79944)

−=
−

 0 40.1 mfx x− =  
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PROBLEM 12.9  (Continued) 

 

(b) Going down a 3 percent incline. 

 
3

tan 1.71835
100

sin

(0.70789 sin )(9.81)

6.65028 m/s

b
W

F W a
g

a

β β

β

β

= = °

− + =

= − −
= −

 


2

0
0 (25)

(2)( 6.65028)fx x
−= =
−

 0 47.0 mfx x− =  
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PROBLEM 12.10 

A mother and her child are skiing together, and the 
mother is holding the end of a rope tied to the child’s 
waist. They are moving at a speed of 7.2 km/h on a 
gently sloping portion of the ski slope when the mother 
observes that they are approaching a steep descent. She 
pulls on the rope with an average force of 7 N. Knowing 
the coefficient of friction between the child and the 
ground is 0.1 and the angle of the rope does not change, 
determine (a) the time required for the child’s speed to 
be cut in half, (b) the distance traveled in this time. 

 

SOLUTION 

Draw free body diagram of child. 

:mΣ =F a  

x-direction: sin 5 cos15kmg N T maμ° − − ° =  

y-direction: cos5 sin15 0N mg T− ° + ° =  

From y-direction, 

 

2cos5 sin15 (20 kg)(9.81 m/s )cos5 (7 N)sin15° 193.64 NN mg T= ° − ° = ° − =  

From x-direction, 

 2

2

cos15
sin 5

(0.1)(193.64 N) (7 N) cos 15°
(9.81 m/s )sin 5

20 kg 20 kg

0.45128 m/s (in -direction.)

k N T
a g

m m

x

μ °= ° − −

= ° − −

= −

 

 0 7.2 km/h 2 m/sv = =  0 0x =  

 0
1

 1 m/s
2fv v= =  

 0
0 2

1 m/s
2.2159 s

0.45128 m/s
f

f

v v
v v at t

a

− −= + = = =
−
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PROBLEM 12.10  (Continued) 

(a) Time elapsed.  2.22 st =   

(b) Corresponding distance. 

 

2
0 0

2 2

1

2
1

0 (2 m/s)(2.2159 s) ( 0.45128 m/s )(2.2159 s)
2

x x v t at= + +

= + + −
 

  3.32 mx =   
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PROBLEM 12.11 

The coefficients of friction between the load and the flat-bed 
trailer shown are 0.40sμ =  and 0.30.kμ =  Knowing that the 
speed of the rig is 72 km/h, determine the shortest distance in 
which the rig can be brought to a stop if the load is not to shift. 

 

SOLUTION 

Load: We assume that sliding of load relative to trailer is impending: 

 m

s

F F

Nμ
=
=

 

Deceleration of load is same as deceleration of trailer, which is the maximum allowable deceleration max .a  

  0: 0yF N W N WΣ = − = =  

 0.40m sF N Wμ= =  

 max:x mF ma F maΣ = =  

 
2

max max0.40 3.924 m/s
W

W a a
g

= =  

  
2

max 3.92 m/s=a  

Uniformly accelerated motion. 

 2 2
0 2 with 0v v ax v= + =  0 72 km/h 20 m/sv = =  

 

2
max

2

3.924 m/s

0 (20) 2( 3.924)

a a

x

= − =

= + −  51.0 mx =   
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PROBLEM 12.12 

A light train made up of two cars is traveling at 90 km/h when the 
brakes are applied to both cars. Knowing that car A has a mass of 25 
Mg and car B a mass of 20 Mg, and that the braking force is 30 kN 
on each car, determine (a) the distance traveled by the train before it 
comes to a stop, (b) the force in the coupling between the cars while 
the train is showing down. 

 

SOLUTION 

 0 90 km/h 90/3.6 25 m/sv = = =  

(a) Both cars: 

  

 3 3: 60 10  N (45 10  kg)xF ma aΣ = Σ × = ×  
21.333 m/sa =   

 2 1 2
0 2 : 0 (25) 2( 1.333)v v ax x= + = + − 

 Stopping distance:  234 mx =   

(b) Car A: 

  3 3: 30 10  + (25 10 )xF ma P aΣ = × = ×  

  
3 3(25 10 )(1.333) 30 10P = × − ×  

  

 Coupling force: 3332 NP = +  3.33 kN(tension)P =   
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PROBLEM 12.13 

The two blocks shown are originally at rest. Neglecting the 
masses of the pulleys and the effect of friction in the pulleys 
and between block A and the incline, determine (a) the 
acceleration of each block, (b) the tension in the cable. 

 

SOLUTION 

(a) We note that 
1

.
2B Aa a=  

 Block A 

 

   
200

: (200 lb)sin 30
32.2x A A AF m a T aΣ = − ° =  (1) 

 Block B 

 

  
350 1

: 350 lb 2  
32.2 2y B B AF m a T a

 Σ = − =  
   (2) 

(a) Multiply Eq. (1) by 2 and add Eq. (2) in order to eliminate T: 

  
200 350 1

2(200)sin 30 350 2
32.2 32.2 2A Aa a

 − ° + = +  
 

 

  
575

150
32.2 Aa=  28.40 ft/sA =a  30° 

  21 1
(8.40 ft/s ),

2 2B Aa a= =  24.20 ft/sB =a  

(b) From Eq. (1), 
200

(200)sin 30 (8.40)
32.2

T − ° =  152.2 lbT =   
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PROBLEM 12.14 

Solve Problem 12.13, assuming that the coefficients of 
friction between block A and the incline are 0.25sμ =  and 

0.20.kμ =  

PROBLEM 12.13 The two blocks shown are originally at 
rest. Neglecting the masses of the pulleys and the effect of 
friction in the pulleys and between block A and the incline, 
determine (a) the acceleration of each block, (b) the tension 
in the cable. 

 

SOLUTION 

We first determine whether the blocks move by computing the friction force required to maintain block A in 
equilibrium. T = 175 lb. When B in equilibrium, 

   req0: 175 200sin 30 0xF FΣ = − ° − =  

  req 75.0 lbF =  

 0: 200cos30 0 173.2 lbyF N NΣ = − ° = =  

 0.25(173.2 lb) 43.3 lbM sF Nμ= = =  

Since req ,  blocks will move (  up and  down).mF A B> F  

We note that 
1

.
2B Aa a=  

Block A 

 

  (0.20)(173.2) 34.64 lb.kF Nμ= = =  

  
200

0 : 200sin 30 34.64
32.2x A A AF m T aΣ = − ° − + =  (1) 
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PROBLEM 12.14  (Continued) 

 

Block B 

 

 
350 1

: 350lb 2
32.2 2y B B AF m a T a

 Σ = − =  
   (2) 

(a) Multiply Eq. (1) by 2 and add Eq. (2) in order to eliminate T: 

  
200 350 1

2(200)sin 30 2(34.64) 350 2
32.2 32.2 2A Aa a

 − ° − + = +  
   

 
575

81.32
32.2 Aa=  24.55 ft/sAa = 30°  

 21 1
(4.52 ft/s ),

2 2B Aa a= =   22.28 ft/sBa =   

(b) From Eq. (1), 
200

(200)sin 30 34.64 (4.52)
32.2

T − ° − =  162.9 lbT =   
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PROBLEM 12.15 

Each of the systems shown is initially at rest. 
Neglecting axle friction and the masses of the pulleys, 
determine for each system (a) the acceleration of 
block A, (b) the velocity of block A after it has 
moved through 10 ft, (c) the time required for block 
A to reach a velocity of 20 ft/s. 

 

SOLUTION 

Let y be positive downward for both blocks. 

Constraint of cable:  constantA By y+ =  

 0A Ba a+ =         or        B Aa a= −  

 

For blocks A and B, :F maΣ =  

Block A: A
A A

W
W T a

g
− =         or        A

A A
W

T W a
g

= −  

Block B: B B
B B A

W W
P W T a a

g g
+ − = = −  

 A B
B A A A

W W
P W W a a

g g
+ − + = −  

Solving for aA, A B
A

A B

W W P
a g

W W

− −=
+

 (1) 

 2 2
0 0 0( ) 2 [ ( ) ] with ( ) 0A A A A A Av v a y y v− = − =  

 02 [ ( ) ]A A A Av a y y= −  (2) 

 0 0( ) with ( ) 0A A A Av v a t v− = =  

 A

A

v
t

a
=  (3) 
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PROBLEM 12.15  (Continued) 

 

(a) Acceleration of block A. 

 System (1): 200 lb, 100 lb, 0A BW W P= = =  

 By formula (1), 1
200 100

( ) (32.2)
200 100Aa

−=
+

 2
1( ) 10.73 ft/sA =a   

 System (2): 200 lb, 0, 50 lbA BW W P= = =  

 By formula (1), 2
200 100

( ) (32.2)
200Aa

−=  2
2( ) 16.10 ft/sA =a   

 System (3): 2200 lb, 2100 lb, 0A BW W P= = =  

 By formula (1), 3
2200 2100

( ) (32.2)
2200 2100Aa

−=
+

 2
3( ) 0.749 ft/sA =a   

(b) 0 at ( ) 10 ft. Use formula (2).A A Av y y− =  

 System (1): 1( ) (2)(10.73)(10)Av =  1( ) 14.65 ft/sAv =    

 System (2): 2( ) (2)(16.10)(10)Av =  2( ) 17.94 ft/sAv =    

 System (3): 3( ) (2)(0.749)(10)Av =  3( ) 3.87 ft/sAv =    

(c) Time at 20 ft/s. Use formula (3).Av =  

 System (1): 1
20

10.73
t =  1 1.864 st =   

 System (2): 2
20

16.10
t =  2 1.242 st =   

 System (3): 3
20

0.749
t =  3 26.7 st =   
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PROBLEM 12.16 

Boxes A and B are at rest on a conveyor belt that is initially at 
rest. The belt is suddenly started in an upward direction so 
that slipping occurs between the belt and the boxes. Knowing 
that the coefficients of kinetic friction between the belt and 
the boxes are ( ) 0.30k Aμ =  and ( ) 0.32,k Bμ =  determine the 
initial acceleration of each box. 

 

SOLUTION 

Assume that B Aa a>  so that the normal force NAB between the boxes is zero. 

 A:  0: cos 15 0y A AF N WΣ = − ° =  

or cos 15A AN W= °  

Slipping: ( )

0.3 cos 15
A k A A

A

F N

W

μ=
= °

 

   : sin 15x A A A A A AF m a F W m aΣ = − ° =  

or 0.3 cos 15 sin 15 A
A A A

W
W W a

g
° − ° =  

or 2

2

(32.2 ft/s )(0.3 cos 15 sin 15 )

0.997 ft/s

Aa = ° − °

=

 

 B: 0: cos 15 0Σ = − ° =y B BF N W  

or cos 15B BN W= °  

Slipping: ( )

0.32 cos 15
B k B B

B

F N

W

μ=
= °

 

  : sin 15x B B B B B BF m a F W m aΣ = − ° =  

or 0.32 cos 15 sin 15 B
B B B

W
W W a

g
° − ° =  

or 2 2(32.2 ft/s )(0.32 cos 15 sin 15 ) 1.619 ft/sBa = ° − ° =  

 B Aa a>   assumption is correct 

 20.997 ft/sA =a   15°  

 21.619 ft/sB =a   15°  

 

A: 

B: 
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PROBLEM 12.16  (Continued) 

 

Note: If it is assumed that the boxes remain in contact ( 0),ABN ≠  then assuming NAB to be compression, 

 and find ( ) for each box.A B xa a F ma= Σ =  

A: 0.3 cos 15 sin 15 A
A A AB

W
W W N a

g
° − ° − =  

B: 0.32 cos 15 sin 15 B
B B AB

W
W W N a

g
° − ° + =  

Solving yields 21.273 ft/s  and 0.859 lb,ABa N= = −  which contradicts the assumption.
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PROBLEM 12.17 

A 5000-lb truck is being used to lift a 1000 lb boulder B that 
is on a 200 lb pallet A. Knowing the acceleration of the truck 
is 1 ft/s2, determine (a) the horizontal force between the tires 
and the ground, (b) the force between the boulder and the 
pallet. 

 

SOLUTION 

Kinematics: 21 m/sT =a  

  20.5 m/sA B= =a a  

Masses: 
5000

155.28 slugs
32.2
200

6.211 slugs
32.2
1000

31.056 slugs
32.2

T

A

B

m

m

m

= =

= =

= =

 

Let T be the tension in the cable. Apply Newton’s second law to the lower pulley, pallet and boulder. 

 

Vertical components : 

  
2 ( ) ( )

2 (37.267)(32.2) (37.267)(0.5)
A B A B AT m m g m m a

T

− + = +
− =

 

  609.32 lbT =  

Apply Newton’s second law to the truck. 
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PROBLEM 12.17  (Continued) 

Horizontal components :  T TF T m a− =  

(a) Horizontal force between lines and ground. 

 609.32 (155.28)(1.0)T TF T m a= + = +  765 lbF =   

 Apply Newton’s second law to the boulder. 

 

 Vertical components + :  AB B B BF m g m a− =  

  ( ) 31.056(32.2 0.5)AB BF m g a= + = +  

(b) Contact force:  1016 lbABF =   
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PROBLEM 12.18 

Block A has a mass of 40 kg, and block B has a mass of 
8 kg. The coefficients of friction between all surfaces of 
contact are 0.20sμ =  and 0.15.kμ =  If P 0,=  determine 
(a) the acceleration of block B, (b) the tension in the cord. 

 

SOLUTION 

From the constraint of the cord: 

 /2 constantA B Ax x+ =  

Then /2 0A B Av v+ =  

and /2 0A B Aa a+ =  

Now /B A B A= +a a a  

Then ( 2 )B A Aa a a= + −  

or B Aa a= −  (1) 

First we determine if the blocks will move for the given value of .θ  Thus, we seek the value of θ  for  
which the blocks are in impending motion, with the impending motion of A down the incline. 

 B:  0: cos 0y AB BF N W θΣ = − =  

or cosAB BN m g θ=  

Now 

0.2 cos
AB s AB

B

F N

m g

μ
θ

=
=

 

  0: sin 0θΣ = − + + =x AB BF T F W  

or (0.2cos sin )BT m g θ θ= +  

 A:  0: cos 0θΣ = − − =y A AB AF N N W  

or ( ) cosA A BN m m g θ= +  

Now 

0.2( ) cos
A s A

A B

F N

m m g

μ
θ

=
= +

 

 0: sin 0x A AB AF T F F W θΣ = − − − + =  
 

B: 

A: 
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PROBLEM 12.18  (Continued) 

 
or sin 0.2( ) cos 0.2 cos

[ sin 0.2( 2 )cos ]
A A B B

A A B

T m g m m g m g

g m m m

θ θ θ
θ θ

= − + −
= − +

 

Equating the two expressions for T 

 (0.2cos sin ) [ sin 0.2( 2 )cos ]B A A Bm g g m m mθ θ θ θ+ = − +  

or 8(0.2 tan ) [40 tan 0.2(40 2 8)]θ θ+ = − + ×  

or tan 0.4θ =  

or 21.8θ = °  for impending motion. Since 25 ,θ < °  the blocks will move. Now consider the  
motion of the blocks. 

(a)  0: cos 25 0y AB BF N WΣ = − ° =  

 or cos 25AB BN m g= °  

 Sliding: 0.15 cos 25AB k AB BF N m gμ= = °  

 : sin 25x B B AB B B BF m a T F W m aΣ = − + + ° =  

 or [ (0.15cos 25 sin 25 ) ]

8[9.81(0.15cos 25 sin 25 ) ]

8(5.47952 ) (N)

B B

B

B

T m g a

a

a

= ° + ° −
= ° + ° −
= −

 

  0: cos 25 0y A AB AF N N WΣ = − − ° =  

 or ( ) cos 25A A BN m m g= + °  

 Sliding: 0.15( ) cos 25A k A A BF N m m gμ= = + °  

 : sin 25x A A A AB A A AF m a T F F W m aΣ = − − − + ° =  

 Substituting and using Eq. (1) 

 sin 25 0.15( ) cos 25

0.15 cos 25 ( )

[ sin 25 0.15( 2 )cos 25 ]

9.81[40 sin 25 0.15(40 2 8)cos 25 ] 40

91.15202 40 (N)

A A B

B A B

A A B A B

B

B

T m g m m g

m g m a

g m m m m a

a

a

= ° − + °
− ° − −

= ° − + ° +
= ° − + × ° +
= +

 

 Equating the two expressions for T 

 8(5.47952 ) 91.15202 40B Ba a− = +  

 or 20.98575 m/sBa = −  

 20.986 m/sB =a   25°   

(b) We have 8[5.47952 ( 0.98575)]T = − −  

 or 51.7 NT =   
    

B: 

A: 
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PROBLEM 12.19 

Block A has a mass of 40 kg, and block B has a mass of 8 kg. 
The coefficients of friction between all surfaces of contact are 

0.20sμ =  and 0.15.kμ =  If 40 NP = , determine (a) the 
acceleration of block B, (b) the tension in the cord. 

 

SOLUTION 

From the constraint of the cord. 

 /2 constantA B Ax x+ =  

Then /2 0A B Av v+ =  

and /2 0A B Aa a+ =  

Now /B A B A= +a a a  

Then ( 2 )B A Aa a a= + −  

or B Aa a= −  (1) 

First we determine if the blocks will move for the given value of P. Thus, we seek the value of P for which 
the blocks are in impending motion, with the impending motion of a down the incline. 

 B:  0: cos 25 0y AB BF N WΣ = − ° =  

or cos 25AB BN m g= °  

Now 

0.2 cos 25
AB s AB

B

F N

m g

μ=
= °

 

 0: sin 25 0x AB BF T F WΣ = − + + ° =  

or 
2

0.2 cos 25 sin 25

(8 kg)(9.81 m/s ) (0.2 cos 25 sin 25 )

47.39249 N

B BT m g m g= ° + °

= ° + °
=

 

 A:  0: cos 25 sin 25 0y A AB AF N N W PΣ = − − ° + ° =  

or ( ) cos 25 sin 25A A BN m m g P= + ° − °  

 

 

B: 

A: 
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PROBLEM 12.19  (Continued) 

 

Now A s AF Nμ=  

or 0.2[( ) cos 25 sin 25 ]A A BF m m g P= + ° − °  

 0: sin 25 cos 25 0x A AB AF T F F W PΣ = − − − + ° + ° =  

or 0.2[( ) cos 25 sin 25 ] 0.2 cos 25 sin 25 cos 25 0A B B AT m m g P m g m g P− − + ° − ° − ° + ° + ° =  

or (0.2 sin 25 cos 25 ) 0.2[( 2 ) cos 25 ] sin 25A B AP T m m g m g° + ° = + + ° − °  

Then 2(0.2 sin 25 cos 25 ) 47.39249 N 9.81 m/s {0.2[(40 2 8)cos 25 40 sin 25 ] kg}° + ° = + + × ° − °P  

or 19.04 NP = −  for impending motion. 

Since , 40 N,P <  the blocks will move. Now consider the motion of the blocks. 

(a)  0: cos 25 0y AB BF N WΣ = − ° =  

 or cos 25AB BN m g= °  

 Sliding: 

0.15 cos 25
AB k AB

B

F N

m g

μ=
= °

 

 : sin 25x B B AB B B BF m a T F W m aΣ = − + + ° =  

 or [ (0.15 cos 25 sin 25 ) ]

8[9.81(0.15 cos 25 sin 25 ) ]

8(5.47952 ) (N)

= ° + ° −
= ° + ° −
= −

B B

B

B

T m g a

a

a

 

 

  0: cos 25 sin 25 0y A AB AF N N W PΣ = − − ° + ° =  

 or ( ) cos 25 sin 25A A BN m m g P= + ° − °  

 Sliding: 

0.15[( ) cos 25 sin 25 ]
A k A

A B

F N

m m g P

μ=
= + ° − °

 

 : sin 25 cos 25x A A A AB A A AF m a T F F W P m aΣ = − − − + ° + ° =  

 

 

B: 

A: 
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PROBLEM 12.19  (Continued) 

 

 Substituting and using Eq. (1) 

 

sin 25 0.15[( ) cos 25 sin 25 ]

0.15 cos 25 cos 25 ( )

[ sin 25 0.15( 2 )cos 25 ]

(0.15 sin 25 cos 25 )

9.81[40 sin 25 0.15(40 2 8)cos 25 ]

40(0.15 sin 25 cos 25 ) 40

129.94004 4

A A B

B A B

A A B

A B

B

T m g m m g P

m g P m a

g m m m

P m a

a

= ° − + ° − °
− ° + ° − −

= ° − + °
+ ° + ° +

= ° − + × °
+ ° + ° +

= + 0 Ba

 

 Equating the two expressions for T 

 8(5.47952 ) 129.94004 40− = +B Ba a  

 or 21.79383 m/s= −Ba  

 21.794 m/sB =a   25°  

(b) We have 8[5.47952 ( 1.79383)]= − −T  

 or  58.2 NT =  
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PROBLEM 12.20 

A package is at rest on a conveyor belt which is initially at rest. The belt is 
started and moves to the right for 1.3 s with a constant acceleration of  
2 m/s2. The belt then moves with a constant deceleration 2a  and comes to a 
stop after a total displacement of 2.2 m. Knowing that the coefficients of 
friction between the package and the belt are 0.35sμ =  and 0.25,kμ =  
determine (a) the deceleration 2a of the belt, (b) the displacement of the 
package relative to the belt as the belt comes to a stop. 

 

SOLUTION 

(a) Kinematics of the belt. 0ov =  

 1. Acceleration phase with 2
1 2 m/s=a  

 1 1 1

2 2
1 1 1 1

0 (2)(1.3) 2.6 m/s

1 1
0 0 (2)(1.3) 1.69 m

2 2

o

o o

v v a t

x x v t a t

= + = + =

= + + = + + =

 

 2. Deceleration phase: 2 0v = since the belt stops. 

 

2 2
2 1 2 2 1

2 2 2
2 1

2
2 1

2 ( )

0 (2.6)
6.63

2( ) 2(2.2 1.69)

v v a x x

v v
a

x x

− = −

− −= = = −
− −

 2
2 6.63 m/s=a   

 2 1
2 1

2

0 2.6
0.3923 s

6.63

v v
t t

a

− −− = = =
−

 

(b) Motion of the package. 

 1. Acceleration phase. Assume no slip. 2
1( ) 2 m/sp =a  

 0: 0  or  yF N W N W mgΣ = − = = =  

 1: ( )x f pF ma F m aΣ = =  

  The required friction force is Ff. 

  The available friction force is 0.35 0.35μ = =s N W mg  

  2
1( ) , (0.35)(9.81) 3.43 m/sf s

p s

F N
a g

m m

μ μ= < = = =  

 Since 2 22.0 m/s 3.43 m/s ,< the package does not slip. 

 1 1 1( ) 2.6 m/s  and  ( ) 1.69 m.p pv v x= = =  
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PROBLEM 12.20  (Continued) 

 

 2. Deceleration phase. Assume no slip. 2
2( ) 11.52 m/spa = −  

 2: ( )x f pF ma F m aΣ = − =  

 2
2( ) 6.63 m/sf

p

F
a

m
= = −  

 2 23.43 m/s 6.63 m/ss s
s

N mg
g

m m

μ μ μ= = = <  

  Since the available friction force s Nμ  is less than the required friction force Ff  for no slip, the  
  package does slip. 

 2
2( ) 6.63 m/s ,     p f ka F Nμ< =  

 2 2( ) : ( )x p k pF m a N m aμΣ = − =  

 

2

2

2 1 2 2 1

2

2
2 1 1 2 1 2 2 1

2

( )

(0.25)(9.81)

2.4525 m/s

( ) ( ) ( ) ( )

2.6 ( 2.4525)(0.3923)

1.638 m/s

1
( ) ( ) ( ) ( ) ( ) ( )

2
1

1.69 (2.6)(0.3923) ( 2.4525)(0.3923)
2

2.521 m

k
p k

p p p

p p p p

N
a g

m

v v a t t

x x v t t a t t

μ μ= − = −

= −

= −
= + −

= + −

=

= + − + −

= + + −

=

 

  Position of package relative to the belt 

 2 2( ) 2.521 2.2 0.321px x− = − =  

  /belt 0.321 mpx =   
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PROBLEM 12.21 

A baggage conveyor is used to unload luggage from an airplane. 
The 10-kg duffel bag A is sitting on top of the 20-kg suitcase B. 
The conveyor is moving the bags down at a constant speed of 
0.5 m/s when the belt suddenly stops. Knowing that the coefficient 
of friction between the belt and B is 0.3 and that bag A does not 
slip on suitcase B, determine the smallest allowable coefficient of 
static friction between the bags. 

 

SOLUTION 

Since bag A does not slide on suitcase B, both have the same acceleration. 

 a=a   20° 

Apply Newton’s second law to the bag A – suitcase B combination treated as a single particle. 

 

  : ( ) cos20 0y y B AF ma m m g NΣ = − + ° + =  

 
( ) cos 30 (30)(9.81)cos 20 276.55 N

(0.3)(276.55) 82.965 N
A B

B

N m m g

Nμ
= + ° = ° =
= =  

 : ( ) sin 20 ( )

82.965
sin 20 9.81sin 20

30

x x B A B A B

B

A B

F ma N m m g m m a

N
a g

m m

μ
μ

Σ = + + ° = +

= ° + = ° −

 

 
20.58972 m/sa =  20.58972 m/s=a 20° 

Apply Newton’s second law to bag A alone. 
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PROBLEM 12.21  (Continued) 

 

 : cos20 0

sin 20 (10)(9.81)cos 20 92.184 N

y y AB A

AB a

F ma N m g

N m g

Σ = − ° =

= ° = ° =
 

 : sin 20

( sin 20 ) (10)(9.81sin 20 0.58972)

27.655 N

x x A AB A

AB A

ZF ma M g F m a

F m g a

= ° − =
= ° − = ° −
=

 

Since bag A does not slide on suitcase B,  

  
27.655

0.300
92.184

AB
s

AB

F

N
μ > = =  0.300sμ >   
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PROBLEM 12.22 

To unload a bound stack of plywood from a truck, the driver first tilts the 
bed of the truck and then accelerates from rest. Knowing that the 
coefficients of friction between the bottom sheet of plywood and the bed 
are 0.40sμ =  and 0.30,kμ =  determine (a) the smallest acceleration of 
the truck which will cause the stack of plywood to slide, (b) the 
acceleration of the truck which causes corner A of the stack to reach the 
end of the bed in 0.9 s. 

 

SOLUTION 

Let Pa  be the acceleration of the plywood, Ta  be the acceleration of the truck, and /P Ta  be the acceleration 
of the plywood relative to the truck. 

(a) Find the value of Ta  so that the relative motion of the plywood with respect to the truck is impending. 

 P Ta a=  and 1 1 10.40sF N Nμ= =  

 1

1

: cos 20 sin 20

( cos 20 sin 20 )

y P y P P T

P T

F m a N W m a

N m g a

Σ = − ° = − °

= ° − °

 

  1

1

: sin 20 cos 20

( sin 20 cos 20 )
x x P P T

P T

F ma F W m a

F m g a

Σ = − ° = °
= ° + °

 

 ( sin 20 cos 20 ) 0.40 ( cos 20 sin 20 )P T P Tm g a m g a° + ° = ° − °  

 

(0.40cos 20 sin 20 )

cos 20 0.40sin 20
(0.03145)(9.81)

0.309

Ta g
° − °=

° + °
=
=

 

 20.309 m/sT =a   

(b) 2 2
/ / / / /

1 1
( ) ( ) 0 0

2 2P T P T o P T P T P Tx x v t a t a t= + + = + +  

 2/
/ 2 2

2 (2)(2)
4.94 m/s

(0.9)
P T

P T
x

a
t

= = =  

 2
/ 4.94 m/sP T =a 20°  

 2
/ ( ) (4.94 m/sP T P T Ta= + = → +a a a 20 )°  

 2

2

: cos 20 sin 20

( cos 20 sin 20 )

y P y P P T

P T

F m a N W m a

N m g a

= − ° = − °

= ° − °
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PROBLEM 12.22  (Continued) 

 

 2 /: sin 20 cos 20x x P P T P P TF ma F W m a m aΣ = Σ − ° = ° −  

 2 /( sin 20 cos 20 )P T P TF m g a a= ° + ° −  

 For sliding with friction         2 2 20.30kF N Nμ= =  

 /

/

( sin 20 cos 20 ) 0.30 ( cos 20 sin 20 )

(0.30cos 20 sin 20 )

cos 20 0.30sin 20

( 0.05767)(9.81) (0.9594)(4.94)

P T P T P T

P T
T

m g a a m g a

g a
a

° + ° − = ° + °
° − ° +

=
° + °

= − +

 

  4.17=  24.17 m/sT =a  
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PROBLEM 12.23 

To transport a series of bundles of shingles 
A to a roof, a contractor uses a motor-driven 
lift consisting of a horizontal platform BC 
which rides on rails attached to the sides of a 
ladder. The lift starts from rest and initially 
moves with a constant acceleration a1 as 
shown. The lift then decelerates at a constant 
rate a2 and comes to rest at D, near the top of 
the ladder. Knowing that the coefficient of 
static friction between a bundle of shingles 
and the horizontal platform is 0.30, determine 
the largest allowable acceleration a1 and the 
largest allowable deceleration a2 if the bundle 
is not to slide on the platform. 

 

SOLUTION 

Acceleration 1:a  Impending slip.  1 1 10.30sF N Nμ= =  

 :Σ =y A yF m a  1 1 sin 65− = °A AN W m a  

 1 1

1

sin 65

( sin 65 )

A A

A

N W m a

m g a

= + °

= + °

 

 1 1: cos 65x A x AF m a F m aΣ = = °  

 1 sF Nμ=  

or 1 1cos 65 0.30 ( sin 65 )A Am a m g a° = + °  

  

1

2

0.30

cos 65 0.30 sin 65

(1.990)(9.81)

19.53 m/s

=
° − °

=

=

g
a

 2
1 19.53 m/s=a 65°   

Deceleration 2:a  Impending slip.   2 2 20.30sF N Nμ= =  

 1 2: sin 65y y A AF ma N W m aΣ = − = − °  

 1 2 sin 65A AN W m a= − °  

  :Σ =x xF ma  2 2 cos 65= °AF m a  

 2 2sF Nμ=  
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PROBLEM 12.23  (Continued) 

 

or 2 2cos 65 0.30 ( cos 65 )A Am a m g a° = − °  

 2
0.30

cos 65 0.30 sin 65

(0.432)(9.81)

g
a =

° + °
=

 

 24.24 m/s=  2
2 4.24 m/s=a   65°  
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PROBLEM 12.24 

An airplane has a mass of 25 Mg and its engines develop a total thrust of 40 kN during take-off. If the drag 
D exerted on the plane has a magnitude 22.25 ,D v=  where v is expressed in meters per second and D in 
newtons, and if the plane becomes airborne at a speed of 240 km/h, determine the length of runway required 
for the plane to take off. 

 

SOLUTION 

  3 2 3: 40 10  N 2.25 (25 10 kg)F ma v a= × − = ×  

Substituting  
3 2 3: 40 10 2.25 (25 10 )

dv dv
a v v v

dx dx
= × − = ×  

  

1 1

1

3

3 20 0

3
3 2

1 0

3 3

3 2
1

(25 10 )

40 10 2.25

25 10
[ln(40 10 2.25 )]

2(2.25)

25 10 40 10
ln

4.5 40 10 2.25

x v

v

vdv
dx

v

x v

v

×=
× −

×= − × −

× ×=
× −

 
 

For 1 240 km/h 66.67 m/sv = =  

3 3

1 3 2

25 10 40 10
ln 5.556ln1.333

4.5 40 10 2.25(66.67)
x

× ×= =
× −

 

  31.5982 10 m= ×  1 1.598 kmx =   
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PROBLEM 12.25 

The propellers of a ship of weight W can produce a propulsive force F0; they produce a force of the same 
magnitude but of opposite direction when the engines are reversed. Knowing that the ship was proceeding 
forward at its maximum speed v0 when the engines were put into reverse, determine the distance the ship 
travels before coming to a stop. Assume that the frictional resistance of the water varies directly with the 
square of the velocity. 

 

SOLUTION 

 

At maximum speed 0.a =  2 0
0 0 2

0

0
F

F kv k
v

= = =  

When the propellers are reversed, F0 is reversed. 

 

 2
0:xF ma F kv maΣ = − − =  

 
2

0 0 2
0

v
F F ma

v
− − =         ( )2 20

02
0

F
a v v

mv
− +  

 
( )

0

2
0
2 2

0 0

2 0
0

2 20 0 0

x

v

mv vdvvdv
dx

a F v v

mv vdv
dx

F v v

= =
+

= −
+ 

 

 

( )

( )
0

2 0
2 20
0

0

2 2
2 20 0
0 0

0 0

1
ln

2

ln ln 2 ln 2
2 2

v

mv
x v v

F

mv mv
v v

F F

= − +

 = − − =   
2

0 0

0

0.347
m v

x
F

=  
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PROBLEM 12.26 

A constant force P is applied to a piston and rod of total mass m to 
make them move in a cylinder filled with oil. As the piston moves, the 
oil is forced through orifices in the piston and exerts on the piston a 
force of magnitude kv  in a direction opposite to the motion of the 
piston. Knowing that the piston starts from rest at 0t =  and 0,x =  
show that the equation relating x, v, and t, where x is the distance 
traveled by the piston and v is the speed of the piston, is linear in each 
of these variables. 

 

SOLUTION 

 :F ma P kv maΣ = − =  

 

0 0

0

/ /

ln ( )

[ln ( ) ln ]

ln         or        ln

        or        (1 )

t v

v

kt m kt m

dv P kv
a

dt m
m dv

dt
P kv

m
P kv

k
m

P kv P
k
m P kv P kv kt

t
k P m m

P kv P
e v e

m k
− −

−= =

=
−

= − −

= − − −

− −= − = −

− = = −

 

 

 

/

0
0 0

/ /( 1) (1 )

,   which is linear.

tt
t

kt m

kt m kt m

Pt P k
x v dt e

k k m

Pt P Pt P
e e

k m k m

Pt kv
x

k m

−

− −

 = = − − 
 

= + − = − −

= −
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PROBLEM 12.27 

A spring AB of constant k is attached to a support at A and to a 
collar of mass m. The unstretched length of the spring is .  
Knowing that the collar is released from rest at 0x x=  and 
neglecting friction between the collar and the horizontal rod, 
determine the magnitude of the velocity of the collar as it 
passes through Point C. 

 

SOLUTION 

Choose the origin at Point C and let x be positive to the right. Then x is a position coordinate of the slider B 
and 0x  is its initial value. Let L be the stretched length of the spring. Then, from the right triangle 

 2 2L x= +  

The elongation of the spring is ,e L= −  and the magnitude of the force exerted by the spring is 

 2 2( )sF ke k x= = + −   

By geometry, 
2 2

cos
x

x
θ =

+
 

 : cosx x sF ma F maθΣ = − =  

 2 2

2 2
( )

x
k x ma

x
− + − =

+
 


 

 
2 2

0

0 0

v

x

k x
a x

m x

v dv a dx

 
= − −  + 

= 


  

 

( )
( )

0
2 2 2 2

2 2
0

2 2 2 2 2
0 0

2 2 2 2 2
0 0

2 2 2 2 2
0 0

0

0
0

1 1

2 2

1 1
0

2 2

2 2

2

v

x
x

k x k
v x dx x x

m mx

k
v x x

m

k
v x x

m
k

x x
m

   = − − = − − +      + 

 = − − − + + 
 

= + − +

 = + − + +  


  


  

  

   

 

 ( )2 2
0

answer:
k

v x
m

= + −    
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PROBLEM 12.28 

Block A has a mass of 10 kg, and blocks B and C have masses of 5 kg each. 
Knowing that the blocks are initially at rest and that B moves through 3 m in 
2 s, determine (a) the magnitude of the force P, (b) the tension in the cord 
AD. Neglect the masses of the pulleys and axle friction. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

Let the position coordinate y be positive downward. 

Constraint of cord AD: constantA Dy y+ =  

 0,      0A D A Dv v a a+ = + =  

Constraint of cord BC: ( ) ( ) constantB D C Dy y y y− + − =  

 2 0,     2 0B C D B C Dv v v a a a+ − = + − =  

Eliminate .Da  2 0A B Ca a a+ + =  (1) 

We have uniformly accelerated motion because all of the forces are 
constant. 

 2
0 0 0

1
( ) ( ) , ( ) 0

2B B B B By y v t a t v= + + =  

 20
2 2

2[ ( ) ] (2)(3)
1.5 m/s

(2)
B B

B
y y

a
t

−
= = =  

Pulley D:  0: 2 0y BC ADF T TΣ = − =  

 2AD BCT T=  

Block A: :y y A AD A AF ma W T m aΣ = − =  

or 
2A BCA AD

A
A A

W TW T
a

m m

−−
= =  (2) 
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PROBLEM 12.28  (Continued) 

 

Block C: :y y C BC C CF ma W T m aΣ = − =  

or C BC
C

C

W T
a

m

−
=  (3) 

Substituting the value for Ba  and Eqs. (2) and (3) into Eq. (1), and solving 

for ,BCT  

 

 
2

2 0A BC C BC
B

A C

W T W T
a

m m

  − −
+ + =  

   
 

 
2

2 0A BC C BC
B

A C

m g T m g T
a

m m

  − −
+ + =  

   
 

 
4 1

3BC B
A C

T g a
m m

 
+ = + 

 
 

 
4 1

3(9.81) 1.5 or  51.55 N
10 5 BC BCT T
 + = + = 
 

 

Block B: :y y B BC B BF ma P W T m aΣ = + − =  

(a) Magnitude of P. 

 51.55 5(9.81) 5(1.5)
BC B B BP T W m a= − +

= − +  10.00 NP =   

(b) Tension in cord AD. 

 2 (2)(51.55)AD BCT T= =  103.1 NADT =   
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PROBLEM 12.29 

A 40-lb sliding panel is supported by rollers at B and C. A 25-lb counterweight A is attached to a cable as 
shown and, in cases a and c, is initially in contact with a vertical edge of the panel. Neglecting friction, 
determine in each case shown the acceleration of the panel and the tension in the cord immediately after the 
system is released from rest. 

 

 

SOLUTION 

(a) Panel:  Force exerted by counterweightF =  

 

 :xF maΣ =  
40

T F a
g

− =  (1) 

 Counterweight A: Its acceleration has two components 

  /A P A P a a= + = → +a a a  

  
25

:x xF ma F a
g

Σ = =  (2) 

 
25

: 25g gF ma T a
g

Σ = − =  (3) 

 Adding (1), (2), and (3): 

  T 25F F T− + + − 40 25 25
a

g

+ +=  

  
25 25

(32.2)
90 90

a g= =  
28.94 ft/s=a  

 Substituting for a into (3): 

  
25 25 625

25 25
90 90

T g T
g
 − = = − 
 

 18.06 lbT =  
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PROBLEM 12.29  (Continued) 

 

(b) Panel:  

 

 :yF maΣ =  
40

T a
g

=  (1) 

 Counterweight A: 

 :yF maΣ =  
25

25 T a
g

− =  (2) 

 

 

 Adding (1) and (2): T 25 T+ − 40 25
a

g

+=  

  
25

65
a g=  212.38 ft/s=a  

 Substituting for a into (1): 

  
40 25 1000

65 65
T g

g
 = = 
 

 15.38 lbT =  

(c) Since panel is accelerated to the left, there is no force exerted by panel on counterweight and vice 
versa. 

 Panel: 

 
 

 :xF maΣ =  
40

T a
g

=  (1) 

 Counterweight A: Same free body as in Part (b): 

 :yF maΣ =  
25

25 T a
g

− =  (2) 

 Since Eqs. (1) and (2) are the same as in (b), we get the same answers: 

   
212.38 ft/s=a ; 15.38 lbT =   
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PROBLEM 12.30 

The coefficients of friction between blocks A and C and the 
horizontal surfaces are 0.24sμ =  and 0.20.kμ =  Knowing 
that 5 kg,Am =  10 kg,Bm =  and 10 kg,Cm =  determine 
(a) the tension in the cord, (b) the acceleration of each 
block. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

 

We first check that static equilibrium is not maintained: 

  

( ) ( ) ( )

0.24(5 10)

3.6

A m C m s A CF F m m g

g

g

μ+ = +
= +
=

 

Since 10g 3.6g,B BW m g= = > equilibrium is not maintained. 

Block A: :y A AF N m gΣ =  

 0.2A k A AF N m gμ= =  

  : 0.2A A A A AF m a T m g m aλΣ = − =  (1) 

Block C: :y C CF N m gΣ =  

 0.2C k C CF N m gμ= =  

  : 0.2x C C C C CF m a T m g m aΣ = − =  (2) 

Block B: y B BF m aΣ =  

 2B B Bm g T m a− =  (3) 

From kinematics: 
1

( )
2B A Ca a a= +  (4) 

(a) Tension in cord. Given data: 5 kg

10 kg
A

B C

m

m m

=
= =

 

 Eq. (1): 0.2(5) 5 AT g a− =  0.2 0.2Aa T g= −  (5) 

 Eq. (2): 0.2(10) 10 CT g a− =  0.1 0.2Ca T g= −  (6) 

 Eq. (3): 10 2 10 Bg T a− =  0.2Ba g T= −  (7) 
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PROBLEM 12.30  (Continued) 

 

 Substitute into (4): 

 2

1
0.2 (0.2 0.2 0.1 0.2 )

2
24 24

1.2 0.35 (9.81 m/s )
7 7

g T T g T g

g T T g

− = − + −

= = =  33.6 NT =   

(b) Substitute for T into (5), (7), and (6): 

 224
0.2 0.2 0.4857(9.81 m/s )

7Aa g g
 = − = 
 

 24.76 m/sA =a   

 224
0.2 0.3143(9.81 m/s )

7Ba g g
 = − = 
 

 23.08 m/sB =a   

 224
0.1 0.2 0.14286(9.81 m/s )

7Ca g g
 = − = 
 

 21.401 m/sC =a   
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PROBLEM 12.31 

A 10-lb block B rests as shown on a 20-lb bracket A. The 
coefficients of friction are 0.30sμ =  and 0.25kμ =  between 
block B and bracket A, and there is no friction in the pulley or 
between the bracket and the horizontal surface. (a) Determine 
the maximum weight of block C if block B is not to slide on 
bracket A. (b) If the weight of block C is 10% larger than the 
answer found in a determine the accelerations of A, B and C. 

 

SOLUTION 

Kinematics. Let Ax  and Bx  be horizontal coordinates of A and B measured from a fixed vertical line to the  

left of A and B. Let Cy  be the distance that block C is below the pulley. Note that Cy  increases when C  
moves downward. See figure. 

 

 

 

The cable length L is fixed. 

 ( ) ( ) constantB A P A CL x x x x y= − + − + +  

Differentiating and noting that 0,Px =  

 2 0B A Cv v v− + =  

 2 0A B Ca a a− + + =  (1) 

Here, Aa  and Ba  are positive to the right, and Ca  is positive downward. 

Kinetics. Let T be the tension in the cable and ABF  be the friction force between blocks A and B. The free  
body diagrams are: 

Bracket A: 
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PROBLEM 12.31  (Continued) 

 

Block B: 

 

Block C: 

 

Bracket A: : 2 A
x x AB A

W
F ma T F a

g
Σ = − =  (2) 

Block B: : B
x x AB B

W
F ma F T a

g
Σ = − =  (3) 

 + : 0y y AB BF ma N WΣ = − =  

or AB BN W=  

Block C: : C
y y C C

W
F ma m T a

g
Σ = − =  (4) 

Adding Eqs. (2), (3), and (4), and transposing, 

 CA B
A B C C

WW W
a a a W

g g g
+ + =  (5) 

Subtracting Eq. (4) from Eq. (3) and transposing, 

 CB
B C AB C

WW
a a F W

g g
− = −  (6) 

(a) No slip between A and B. B Aa a=  

 From Eq. (1), A B Ca a a a= = =  

 From Eq. (5), C

A B C

W g
a

W W W
=

+ +
 

 For impending slip, AB s AB s BF N Wμ μ= =  
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PROBLEM 12.31  (Continued) 

 Substituting into Eq. (6), 

 
( )( )B C C

s B C
A B C

W W W g
W W

W W W
μ−

= −
+ +

 

 Solving for ,CW  

 
( )

2

(0.30)(10)(20 10)

20 (2)(10) (0.30)(10)

s B A B
C

A B s B

W W W
W

W W W

μ
μ

+
=

+ −
+=

+ −

 

 2.43 lbsCW =   

(b) CW  increased by 10%. 2.6757 lbsCW =  

 Since slip is occurring, AB k AB k BF N Wμ μ= =  

 Eq. (6) becomes CB
B C k B C

WW
a a W W

g g
μ− = −  

 or 10 2.6757 [(0.25)(10) 2.6757](32.2)B Ca a− = −  (7) 

 With numerical data, Eq. (5) becomes 

 20 10 2.6757 (2.6757)(32.2)A B Ca a a+ + =  (8) 

 Solving Eqs. (1), (7), and (8) gives 

 2 2 23.144 ft/s , 0.881 ft/s , 5.407 ft/sA B Ca a a= = =  

 23.14 ft/sA =a     

 20.881 ft/sB =a     

 25.41 ft/sC =a   
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PROBLEM 12.32 

The masses of blocks A, B, C and D are 9 kg, 9 kg, 6 kg and 7 kg, 
respectively. Knowing that a downward force of magnitude 120 N is 
applied to block D, determine (a) the acceleration of each block, (b) the 
tension in cord ABC. Neglect the weights of the pulleys and the effect of 
friction. 

 

SOLUTION 

 

 

A: 

  

B: 

  

 

 

 

 

 

Note: As shown, the system is in equilibrium. 

From the diagram: 

Cord 1: 2 2 constantA B Cy y y+ + =  

Then 2 2 0A B Cv v v+ + =  

and 2 2 0A B Ca a a+ + =  (1) 

Cord 2: ( ) ( ) constantD A D By y y y− + − =  

Then 2 0D A Bv v v− − =  

and 2 0D A Ba a a− − =  (2) 

(a) 1 2: 2y A A A A AF m a m g T T m aΣ = − + =  

 or 1 29(9.81) 2 9 AT T a− + =  (3) 

 1 2: 2y B B B B BF m a m g T T m aΣ = − + =  

 or 1 29(9.81) 2 9 BT T a− + =  (4) 

 Note: Eqs. (3) and (4) A B =a a  

 Then Eq. (1) 4C Aa a = −  

  Eq. (2) D Aa a =  
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C: 

  

 

 
 
D: 

  

 

PROBLEM 12.32  (Continued) 

 

 1:y C C C C CF m a m g T m aΣ = − =  

 or   1 ( ) 6( 4 )C C AT m g a g a= − = +  (5) 

 2 ext: 2 ( )y D D D D D DF m a m g T F m aΣ = − + =  

 or 2
1 1

[ ( ) 120] 94.335 (7 )
2 2D D AT m g a a= − + = −  (6) 

 Substituting for T1 [Eq. (5)] and T2 [Eq. (6)] in Eq. (3) 

 
1

9(9.81) 2 6( 4 ) 94.335 (7 ) 9
2A A Ag a a a− × + + − =  

 or 29(9.81) 2 6(9.81) 94.335
1.0728 m/s

48 3.5 9Aa
− × += =

+ +
 

  21.073 m/sA B D= = =a a a   

 and 24(1.0728 m/s )Ca = −  2or 4.29 m/sC =a   

(b) Substituting into Eq. (5) 

 ( )1 6 9.81 4(1.0728)T = +  1or 84.6 NT =   
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PROBLEM 12.33 

The masses of blocks A, B, C and D are 9 kg, 9 kg, 6 kg and 7 kg, 
respectively. Knowing that a downward force of magnitude 50 N is applied 
to block B and that the system starts from rest, determine at t 3 s=  the 
velocity (a) of D relative to A, (b) of C relative to D. Neglect the weights of 
the pulleys and the effect of friction. 

 

SOLUTION 

 

 

 

 
A: 

 

B: 

 

 

 

 

Note: As shown, the system is in equilibrium. 

From the constraint of the two cords,  

Cord 1: 2 2 constantA B Cy y y+ + =  

Then 2 2 0A B Cv v v+ + =  

and 2 2 0A B Ca a a+ + =  (1) 

Cord 2: ( ) ( ) constantD A D By y y y− + − =  

Then 2 0D A Bv v v− − =  

and 2 0D A Ba a a− − =  (2) 

We determine the accelerations of blocks A, C, and D using the 
blocks as free bodies. 

1 2: 2 A
y A A A A

W
F m a W T T a

g
Σ = − + =  

or 1 22A A Am g T T m a− + =  (3) 

1 2 ext: 2 ( ) B
y B B B B B

W
F m a W T T F a

g
Σ = − + + =  

or 1 2 ext2 ( )B B B Bm g T T F m a− + + =  (4) 

Forming ext(3) (4) ( ) 9( )B A BF a a−  − = −  

or ext( )B
B A

B

F
a a

m
= +  
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C: 

 

D: 

 

 

PROBLEM 12.33  (Continued) 

Then Eq. (1): ext( )
2 2 0B

A A C
g

F
a a a

m

 
+ + + =  

 
 

or  ext2( )
4 B

C A
B

F
a a

m
= − −  

 Eq. (2): ext( )
2 0B

D A A
B

F
a a a

m

 
− − + = 

 
 

or  ext( )

2
B

D A
B

F
a a

m
= +  

ext
1

2( )
: 4 B

y C C C C C C A
B

F
F m a W T m a m a

m

 
Σ = − = = − − 

 
 

or ext
1

2 ( )
4 C B

C C A
B

m F
T m g m a

m
= + +  (5) 

2: 2y D D D D DF m a W T m aΣ = − =  

or ext
2

( )1

2 2
B

D A
B

F
T m g a

m

 
= × − − 

 
 (6) 

Substituting for 1T  [Eq. (5)] and 2T  [Eq. (6)] in Eq. (3) 

ext ext2 ( ) ( )1
2 4

2 2
C B B

A C C A D A A A
B B

m F F
m g m g m a m g a m a

m m

   
− + + + × − − =   

   
 

or 
ext ext4 ( ) ( )

4 2 2

2

2
2.2835 m/s

8

C B D B D

B B

D

m F m F m g
A C m m

A m
A C

m g m g
a

m m

− − − +
= = −

+ +
 

Then 2 2

2 2

2(50)
4( 2.2835 m/s ) 1.9771 m/s

9
(50)

2.2835 m/s 0.4943 m/s
2(9)

C

D

a

a

= − − − = −

= − + =

 

Note: We have uniformly accelerated motion, so that 

  0v a t= +  

(a) We have /D A D A= −v v v  

 or 2
/ [0.4943 ( 2.2835)] m/s 3 sD A D Aa t a t= − = − − ×v  

 or  / 8.33 m/sD A =v  

(b) And /C D C D= =v v v  

 or 2
/ ( 1.9771 0.4943) m/s 3 sC D C Da t a t= − = − − ×v  

 or  / 7.41m/sC D =v   
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PROBLEM 12.34 

The 15-kg block B is supported by the 25-kg block A and is 
attached to a cord to which a 225-N horizontal force is applied 
as shown. Neglecting friction, determine (a) the acceleration of 
block A, (b) the acceleration of block B relative to A. 

 

SOLUTION 

(a) First we note / ,B A B A= +a a a where /B Aa  is directed along the inclined surface of A. 

 B: /: sin 25 cos 25Σ = − ° = ° +x B x B B A B B AF m a P W m a m a  

 or /225 15 sin 25 15( cos 25 )A B Ag a a− ° = ° +  

 or /15 sin 25 cos 25A B Ag a a− ° = ° +  (1) 

  : cos 25 sin 25y B y AB B B AF m a N W m aΣ = − ° = − °  

 or 15( cos 25 sin 25 )AB AN g a= ° − °  

 A: : cos 25 sin 25′Σ = − ° + ° =x A A AB A AF m a P P N m a  

 or [25 225(1 cos 25 )] / sin 25AB AN a= − − ° °  

 Equating the two expressions for ABN  

 
25 225(1 cos 25 )

15( cos 25 sin 25 )
sin 25

A
A

a
g a

− − °° − ° =
°

 

 or 
2

2

3(9.81)cos 25 sin 25 45(1 cos 25 )

5 3sin 25

2.7979 m/s

Aa
° ° + − °=
+ °

=

 

   22.80 m/sA =a   

(b) From Eq. (1) 

  / 15 (9.81)sin 25 2.7979cos 25B Aa = − ° − °  

 or  2
/ 8.32 m/sB A =a 25°   

  

B: 

A:
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PROBLEM 12.35 

Block B of mass 10-kg rests as shown on the upper surface of a 22-kg 
wedge A. Knowing that the system is released from rest and neglecting 
friction, determine (a) the acceleration of B, (b) the velocity of B 
relative to A at 0.5 s.t =  

 

SOLUTION 

 

(a)  : sin 30 cos 40x A A A AB A AF m a W N m aΣ = ° + ° =  

 or 
( )1

222

cos 40
A

AB

a g
N

−
=

°
 

 Now we note: / ,B A B A= +a a a  where /B Aa  is directed along the top surface of A. 

 

 : cos 20 sin 50′ ′Σ = − ° = − °y B y AB B B AF m a N W m a  

 or 10 ( cos 20 sin 50 )AB AN g a= ° − °  

 Equating the two expressions for ABN  

  

1
22

2
10( cos 20 sin 50 )

cos 40

A

A

a g
g a

 − 
  = ° − °

°  

 or 
2(9.81)(1.1 cos 20 cos 40 )

6.4061 m/s
2.2 cos 40 sin 50Aa

+ ° °= =
+ ° °  

 /: sin 20 cos50′ ′Σ = ° = − °x B x B B B A B AF m a W m a m a  

 or /

2

2

sin 20 cos50

(9.81sin 20 6.4061cos50 ) m/s

7.4730 m/s

B A Aa g a= ° + °

= ° + °

=

 

A: 

B: 
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PROBLEM 12.35  (Continued) 

 

 Finally /B A B A= +a a a  

 We have 2 2 26.4061 7.4730 2(6.4061 7.4730)cos50Ba = + − × °  

 or 25.9447 m/sBa =  

 and 
7.4730 5.9447

sin sin 50α
=

°
 

 or 74.4α = °  

   25.94 m/sB =a   75.6°  

(b) Note: We have uniformly accelerated motion, so that 

  0v at= +  

 Now / /B A B A B A B At t t= − = − =v v v a a a  

 At 0.5 s:t =  2
/ 7.4730 m/s 0.5 sB Av = ×  

 or  / 3.74 m/sB A =v 20°   
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PROBLEM 12.36 

A 450-g tetherball A is moving along a horizontal circular path 
at a constant speed of 4 m/s. Determine (a) the angle θ that the 
cord forms with pole BC, (b) the tension in the cord. 

 

SOLUTION 

First we note 
2

ρ
= = A

A n
v

a a  

where sinABlρ θ=  

(a)  0: cos 0y AB AF T WθΣ = − =  

 or cos
A

AB
m g

T
θ

=  

 
2

: sin A
x A A AB A

v
F m a T mθ

ρ
Σ = =  

 Substituting for ABT and ρ  

  

2
2 2

2
2

2

sin sin 1 cos
cos sin

(4 m/s)
1 cos cos

1.8 m 9.81 m/s

A A
A

AB

m g v
m

l
θ θ θ

θ θ

θ θ

= = −

− =
×

 

 or 
2cos 0.906105cos 1 0θ θ+ − =  

 Solving cos 0.64479θ =  

 or   49.9θ = °  

(b) From above 
20.450 kg 9.81 m/s

cos 0.64479
A

AB
m g

T
θ

×= =  

 or  6.85 NABT =   
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PROBLEM 12.37 

During a hammer thrower’s practice swings, the 7.1-kg head A of 
the hammer revolves at a constant speed v in a horizontal circle as 
shown. If 0.93 mρ =  and 60 ,θ = °  determine (a) the tension in 
wire BC, (b) the speed of the hammer’s head. 

 

SOLUTION 

First we note 
2
A

A n
v

a a
ρ

= =  

(a)  0: sin 60 0y BC AF T WΣ = ° − =  

 or 
27.1 kg 9.81 m/s

sin 60
80.426 N

BCT
×=

°
=

 

   80.4 NBCT =   

(b) 
2

: cos60 A
x A A BC A

v
F m a T m

ρ
Σ = ° =  

 or 2 (80.426 N)cos60 0.93 m

7.1 kgAv
° ×=  

 or  2.30 m/sAv =   
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PROBLEM 12.38 

A single wire ACB passes through a ring at C attached to a sphere 
which revolves at a constant speed v in the horizontal circle shown. 
Knowing that the tension is the same in both portions of the wire, 
determine the speed v. 

 

SOLUTION 

   
2

: (sin 30 sin 45 )x
mv

F ma T
ρ

Σ = ° + ° =  (1) 

   0: (cos 30 cos 45 ) 0yF T mgΣ = ° + ° − =  

 (cos 30 cos 45 )T mg° + ° =  (2) 

   

 

 
Divide Eq. (1) by Eq. (2): 

2sin 30 sin 45

cos30 cos 45

v

gρ
° + ° =
° + °  

 
2 2 2 20.76733 0.76733 (1.6 m)(9.81 m/s ) 12.044 m /sv gρ= = =  3.47 m/sv =   
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PROBLEM 12.39 

Two wires AC and BC are tied at C to a sphere which revolves at a 
constant speed v in the horizontal circle shown. Determine the range 
of values of v for which both wires remain taut. 

 

SOLUTION 

 

   
2

: sin 30 sin 45x AC BC
mv

F ma T T
ρ

Σ = ° + ° =  (1) 

   0: cos 30 cos 45 0y AC BCF T T mgΣ = ° + ° − =  

  cos 30 cos 45AC BCT T mg° + ° =  (2) 

 
Divide Eq (1) by Eq. (2): 

2sin 30 sin 45

cos30 cos 45
AC BC

AC BC

T T v

T T gρ
° + °

=
° + °  (3) 

 When AC is slack, 0.ACT =  

 Eq. (3) yields 2 2 2 2
1 tan 45 (1.6 m) (9.81 m/s ) tan 45 15.696 m /sv gρ= ° = ° =   

 Wire AC will remain taut if 1,v v≤  that is, if 1 3.96 m/sv =  3.96 m/sv ≤   

 When BC is slack, 0.BCT =  

 Eq. (3) yields 2 2 2 2
2 tan 30 (1.6 m)(9.81 m/s ) tan 30 9.0621 m /sv gρ= ° = ° =   

 Wire BC will remain taut if 2 ,v v≥  that is, if 2 3.01 m/sv =  3.01 m/sv ≥  

 Combining the results obtained, we conclude that both wires remain taut for 

   3.01 m/s 3.96 m/sv≤ ≤   
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PROBLEM 12.40 

Two wires AC and BC are tied at C to a sphere which revolves at a 
constant speed v in the horizontal circle shown. Determine the range 
of the allowable values of v if both wires are to remain taut and if the 
tension in either of the wires is not to exceed 60 N. 

 

SOLUTION 

From the solution of Problem 12.39, we find that both wires remain taut for  3.01 m/s 3.96 m/sv≤ ≤   

To determine the values of v for which the tension in either wire will not exceed 60 N, we recall 

Eqs. (1) and (2) from Problem 12.39: 

 
2

sin 30 sin 45AC BC
mv

T T
ρ

° + ° =  (1) 

 cos30 cos 45AC BCT T mg° + ° =  (2) 

Subtract Eq. (1) from Eq. (2). Since sin 45° = cos 45°, we obtain 

  
2

(cos30 sin 30 )AC
mv

T mg
ρ

° − ° = −  (3) 

Multiply Eq. (1) by cos 30°, Eq. (2) by sin 30°, and subtract: 

  

2

(sin 45 cos30 cos 45 sin 30 ) cos30 sin 30BC
mv

T mg
ρ

° ° − ° ° = ° − °  

  
2

sin15 cos30 sin 30BC
mv

T mg
ρ

° = ° − °  (4) 

Making 60 N,ACT =  5 kg,m =  
21.6 m, 9.81 m/sgρ = =  in Eq. (3), we find the value v1 of v for which 

60 N:ACT =  
2
15

60(cos30 sin 30 ) 5(9.81)
1.6

v
° − ° = −  

 
2
121.962 49.05

0.32

v
= −                

2
1 8.668,v =  1 2.94 m/sv =  

We have 60 NACT ≤  for 1,v v≥  that is, for   2.94 m/sv ≥    
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PROBLEM 12.40  (Continued) 

 

Making 
260 N,  5 kg, 1.6 m, 9.81 m/sBCT m gρ= = = =  in Eq. (4), we find the value v2 of v for which  

60 N:BCT =  
2
25

60sin 15 cos 30 5(9.81) sin 30
1.6

v
° = ° − °  

  
2 2
2 215.529 2.7063 24.523 14.80,v v= − =  2 3.85 m/sv =  

We have 60 NBCT ≤  for 2 ,v v≤  that is, for   3.85 m/sv ≤   

Combining the results obtained, we conclude that the range of allowable value is 3.01 m/s 3.85 m/sv≤ ≤   
    



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

362 

 

 

PROBLEM 12.41 

A 100-g sphere D is at rest relative to drum ABC which rotates 
at a constant rate. Neglecting friction, determine the range of 
the allowable values of the velocity v of the sphere if neither of 
the normal forces exerted by the sphere on the inclined 
surfaces of the drum is to exceed 1.1 N. 

 

SOLUTION 

First we note 
2
D

D n
v

a a
ρ

= =  

where  0.2 mρ =  

   
2

1 2: cos60 cos 20 D
x D D D

v
F m a N N m

ρ
Σ = ° + ° =  (1) 

   1 20: sin 60 sin 20 0y DF N N WΣ = ° + ° − =  

or  1 2sin 60 sin 20 DN N m g° + ° =  (2) 

1Case 1:  is maximum.N  

Let  1 1.1 NN =  

Eq. (2) 
2

2(1.1 N)sin 60 sin 20 (0.1 kg) (9.81 m/s )N° + ° =  

or  2 0.082954 NN =  

  1 max2 ( )( ) 1.1 N OKNN <  

Eq. (1) 1 max

2
( )

0.2 m
( ) (1.1cos60 0.082954cos 20 ) N

0.1 kgD Nv = ° + °  

or  1 max( )( ) 1.121 m/sD Nv =  

Now we form (sin 20 ) [Eq. (1)] (cos 20 ) [Eq. (2)]° × − ° ×  

  
2

1 1cos60 sin 20 sin 60 cos 20 sin 20 cos 20D
D D

v
N N m m g

ρ
° ° − ° ° = ° − °  

or  
2

1 sin 40 sin 20 cos 20D
D D

v
N m m g

ρ
− ° = ° − °  

min( )Dv  occurs when 1 1 max( )N N=  

min( ) 1.121 m/sDv =  
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PROBLEM 12.41  (Continued) 

 

2Case 2:  is maximum.N  

Let  2 1.1 NN =  

Eq. (2) 2
1 sin 60 (1.1 N)sin 20 (0.1 kg)(9.81 m/s )N ° + ° =  

or  1 0.69834 NN =  

  
2 max1 ( )( ) 1.1 N OKNN ≤  

Eq. (1) 
2 max

2
( )

0.2 m
( ) (0.69834cos60 1.1cos 20 ) N

0.1 kgD Nv = ° + °  

or  
2 max( )( ) 1.663 m/sD Nv =  

Now we form (sin 60 ) [Eq. (1)] (cos60 ) [Eq. (2)]° × − ° ×  

  
2

2 2cos 20 sin 60 sin 20 cos60 sin 60 cos60D
D D

v
N N m m g

ρ
° ° − ° ° = ° − °  

or  
2

2 cos 40 sin 60 cos60D
D D

v
N m m g

ρ
° = ° − °  

max( )Dv occurs when 2 2 max( )N N=  

max( ) 1.663 m/sDv =  

For 1 2 1.1 NN N≤ <  

   1.121 m/s 1.663 m/sDv< <   
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PROBLEM 12.42* 

As part of an outdoor display, a 12-lb model C of the earth is attached to wires AC 
and BC and revolves at a constant speed v in the horizontal circle shown. 
Determine the range of the allowable values of v if both wires are to remain taut 
and if the tension in either of the wires is not to exceed 26 lb. 

 

SOLUTION 

First note 
2
C

C n

v
a a

ρ
= =  

where 3 ftρ =  

  
2

: sin 40 sin15 C C
x C C CA CB

W v
F m a T T

g ρ
Σ = ° + ° =  (1) 

  0: cos 40 cos15 0y CA CB CF T T WΣ = ° − ° − =  (2) 

Note that Eq. (2) implies that 

(a) when  max max( ) , ( )CB CB CA CAT T T T= =  

(b) when  min min( ) , ( )CB CB CA CAT T T T= =  

Case 1:  is maximum.CAT  

Let  26 lbCAT =  

Eq. (2) (26 lb)cos 40 cos15 (12 lb) 0CBT° − ° − =  

or  8.1964 lbCBT =  

 max( )

max

( ) 26 lb OK

[( ) 8.1964 lb]
CACB T

CB

T

T

<

=
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PROBLEM 12.42*  (Continued) 

 

Eq. (1) 

  
max

2
2

( )
(32.2 ft/s )(3 ft)

( ) (26sin 40 8.1964 sin15 ) lb
12 lbCAC Tv = ° + °  

or  
max( )( ) 12.31 ft/s

CAC Tv =  

Now we form (cos15 )(Eq. 1) (sin15 )(Eq. 2)° + °  

 
2

sin 40 cos15 cos 40 sin15 cos15 sin15C C
CA CA C

W v
T T W

g ρ
° ° + ° ° = ° + °  

or  
2

sin 55 cos15 sin15C C
CA C

W v
T W

g ρ
° = ° + °  (3) 

max( )cv  occurs when max( )CA CAT T=  

max( ) 12.31 ft/sCv =  

Case 2:  is minimum.CAT  

Because min( )CAT  occurs when min( ) ,=CB CBT T  

let 0CBT =  (note that wire BC will not be taut). 

Eq. (2) cos 40 (12 lb) 0CAT ° − =  

or  15.6649 lb, 26 lb OKCAT =  

Note: Eq. (3) implies that when min( ) ,CA CAT T=  min( ) .C Cv v=  Then 

Eq. (1) 
2

2
min

(32.2 ft/s )(3 ft)
( ) (15.6649 lb)sin 40

12 lbCv = °  

or  min( ) 9.00 ft/sCv =  

0 6 lbCA CBT T< ≤ <  when  9.00 ft/s 12.31 ft/sCv< <   
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PROBLEM 12.43* 

The 1.2-lb flyballs of a centrifugal governor revolve at a constant speed 
v in the horizontal circle of 6-in. radius shown. Neglecting the weights 
of links AB, BC, AD, and DE and requiring that the links support only 
tensile forces, determine the range of the allowable values of v so that 
the magnitudes of the forces in the links do not exceed 17 lb. 

 

SOLUTION 

First note 
2

n
v

a a
ρ

= =  

where 0.5 ftρ =  

  
2

: sin 20 sin 30x DA DE
W v

F ma T T
g ρ

Σ = ° + ° =  (1) 

  0: cos 20 cos30 0y DA DEF T T WΣ = ° − ° − =  (2) 

Note that Eq. (2) implies that 

(a) when  max max( ) , ( )DE DE DA DAT T T T= =  

(b) when  min min( ) , ( )DE DE DA DAT T T T= =  

Case 1:  is maximum.DAT  

Let  17 lbDAT =  

Eq. (2) (17 lb)cos 20 cos30 (1.2 lb) 0DET° − ° − =  

or  17.06 lb unacceptable ( 17 lb)DET = >  

Now let  17 lbDET =  

Eq. (2) cos 20 (17 lb)cos30 (1.2 lb) 0DAT ° − ° − =  

or  16.9443 lb OK ( 17 lb)DAT = ≤  
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PROBLEM 12.43*  (Continued) 

 

  max

max

( ) 16.9443 lb

( ) 17 lb
DA

DE

T

T

=
=

 

Eq. (1)  
max

2
2

( )
(32.2 ft/s )(0.5 ft)

( ) (16.9443sin 20 17sin 30 ) lb
1.2 lbDATv = ° + °  

or  
max( ) 13.85 ft/s

DATv =  

Now form (cos30 ) [Eq. (1)] (sin 30 ) [Eq. (2)]° × + ° ×  

  
2

sin 20 cos30 cos 20 sin 30 cos30 sin 30DA DA
W v

T T W
g ρ

° ° + ° ° = ° + °  

or  
2

sin 50 cos30 sin 30DA
W v

T W
g ρ

° = ° + °  (3) 

maxv  occurs when max( )DA DAT T=  

max 13.85 ft/sv =  

Case 2:  is minimum.DAT  

Because min( )DAT  occurs when min( ) ,DE DET T=  

let 0.DET =  

Eq. (2) cos 20 (1.2 lb) 0DAT ° − =  

or  1.27701 lb, 17 lb OKDAT =  

Note: Eq. (3) implies that when min( ) ,DA DAT T=  min .v v=  Then 

Eq. (1) 
2

2
min

(32.2 ft/s ) (0.5 ft)
( ) (1.27701 lb)sin 20

1.2 lb
v = °  

or  min 2.42 ft/sv =  

0 , , , 17 lbAB BC AD DET T T T< <   

when   2.42 ft/s 13.85 ft/sv< <   
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PROBLEM 12.44 

A 130-lb wrecking ball B is attached to a 45-ft-long  steel cable 
AB and swings in the vertical arc shown. Determine the tension 
in the cable (a) at the top C of the swing, (b) at the bottom D of 
the swing, where the speed of B is 13.2 ft/s. 

 

SOLUTION 

(a) At C, the top of the swing, 0;Bv =  thus 

  
2

0B
n

AB

v
a

L
= =  

   0: cos 20 0n BA BF T WΣ = − ° =  

 or (130 lb) cos 20BAT = × °  

 or  122.2 lbBAT =   

(b)  
2( )

:Σ = − = B D
n n BA B B

AB

v
F ma T W m

L  

 or 
2

2

130 lb (13.2 ft/s)
(130 lb)

45 ft32.2 ft/s
BAT

   = +         
 

 or  145.6 lbBAT =   
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PROBLEM 12.45 

During a high-speed chase, a 2400-lb sports car traveling at a 
speed of 100 mi/h just loses contact with the road as it 
reaches the crest A of a hill. (a) Determine the radius of 
curvature ρ  of the vertical profile of the road at A. (b) Using 
the value of ρ  found in part a, determine the force exerted 
on a 160-lb driver by the seat of his 3100-lb car as the car, 
traveling at a constant speed of 50 mi/h, passes through A. 

 

SOLUTION 

(a) Note: 100 mi/h 146.667 ft/s=  

 
2

car
car: A

n n

W v
F ma W

g ρ
Σ = =  

 or 
2

2

(146.667 ft/s)

32.2 ft/s
668.05 ft

ρ =

=

 

 or 668 ftρ =   

(b) Note: v is constant 0; 50 mi/h 73.333 ft/sta = =  

 
2

: A
n n

vW
F ma W N

g ρ
Σ = − =  

 or 
2

2

(73.333 ft/s)
(160 lb) 1

(32.2 ft/s )(668.05 ft)
N

 
= − 

 
 

 or 120.0 lb=N  
  



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

370 

 

 

PROBLEM 12.46 

A child having a mass of 22 kg sits on a swing and is held in the 
position shown by a second child. Neglecting the mass of the swing, 
determine the tension in rope AB (a) while the second child holds 
the swing with his arms outstretched horizontally, (b) immediately 
after the swing is released. 

 

SOLUTION 

Note: The factors of “ 1
2 ” are included in the following free-body diagrams because there are two ropes and 

only one is considered. 

(a) For the swing at rest 

 
1

0: cos35 0
2y BAF T WΣ = ° − =  

 or 
222 kg 9.81 m/s

2cos35BAT
×=

°
 

 or  131.7 NBAT =   

(b) At 0, 0,= =t v  so that 
2

0n
v

a
ρ

= =  

  
1

0: cos35 0
2n BAF T WΣ = − ° =  

 or 
21

(22 kg)(9.81 m/s )cos35
2BAT = °  

 or  88.4 NBAT =   
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PROBLEM 12.47 

The roller-coaster track shown is contained in a vertical plane. 
The portion of track between A and B is straight and horizontal, 
while the portions to the left of A and to the right of B have radii 
of curvature as indicated. A car is traveling at a speed of 
72 km/h when the brakes are suddenly applied, causing the 
wheels of the car to slide on the track ( 0.20).kμ =  Determine 
the initial deceleration of the car if the brakes are applied as the 
car (a) has almost reached A, (b) is traveling between A and B, 
(c) has just passed B. 

 

SOLUTION 

(a) 
2

2

:n n
v

F ma N mg m

v
N m g

ρ

ρ

Σ = − =

 
= +  

 

 

 
2

k k
v

F N m gμ μ
ρ

 
= = +  

 
 

 
2

:t t t

t k

F ma F ma

F v
a g

m
μ

ρ

Σ = =

 
= = +  

 

 

Given data: 0.20, 72 km/h 20 m/sk vμ = = =  

 29.81 m/s , 30 mg ρ= =  

 
2(20)

0.20 9.81
30ta

 
= + 

 
 24.63 m/sta =  

(b) 0na =  0: 0n n

k k

F ma N mg

N mg

F N mgμ μ

Σ = = − =
=

= =

 

 :t t tF ma F maΣ = =  

 

 0.20(9.81)t k
F

a g
m

μ= = =  
21.962 m/sta =   
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PROBLEM 12.47  (Continued) 

 

(c) 
2

2

2

:n n

k k

mv
F ma mg N

v
N m g

v
F N m g

ρ

ρ

μ μ
ρ

Σ = − =

 
= −  

 
 

= = −  
 

 

 

 
2 2

:

(20)
0.20 9.81

45

t t t

t k

F ma F ma

F v
a g

m
μ

ρ

Σ = =

   
= = − = −    

   

 

   
20.1842 m/sta =   
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PROBLEM 12.48 

A 250-g block fits inside a small cavity cut in arm OA, which rotates 
in the vertical plane at a constant rate such that 3=v m/s. Knowing 
that the spring exerts on block B a force of magnitude P 1.5 N=  and 
neglecting the effect of friction, determine the range of values of θ  
for which block B is in contact with the face of the cavity closest to 
the axis of rotation O. 

 

SOLUTION 

  
2

: sinn n
v

F ma P mg Q mθ
ρ

Σ = + − =  

To have contact with the specified surface, we need 0,Q ≥  

or 
2

sin 0
mv

Q P mg θ
ρ

= + − >  

 
21

sin
v P

g m
θ

ρ
 

> −  
 

 (1) 

Data: 0.250 kg, 3 m/s, 1.5 N, 0.9 mm v P ρ= = = =  

Substituting into (1): 

 

21 (3) 1.5
sin

9.81 0.9 0.25

sin 0.40775

θ

θ

 
> − 

 
>

 

 24.1 155.9θ° < < °   
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PROBLEM 12.49 

A series of small packages, each with a mass of 0.5 kg, are discharged 
from a conveyor belt as shown. Knowing that the coefficient of static 
friction between each package and the conveyor belt is 0.4, determine 
(a) the force exerted by the belt on a package just after it has passed 
Point A, (b) the angle θ  defining the Point B where the packages first 
slip relative to the belt. 

 

SOLUTION 

Assume package does not slip. 

 0,t f sa F Nμ= ≤  

On the curved portion of the belt 

 
2 2

2(1 m/s)
4 m/s

0.250 mn
v

a
ρ

= = =  

For any angle θ  

 

  
2

: cosy y n
mv

F ma N mg maθ
ρ

Σ = − = − = −  

 
2

cos
mv

N mg θ
ρ

= −  (1) 

  : sin 0x x f tF ma F mg maθΣ = − + = =  

 sinfF mg θ=  (2) 

(a) At Point A, 0θ = °  

 (0.5)(9.81)(1.000) (0.5)(4)N = −  2.905 NN =   

(b) At Point B, 

sin ( cos )

4
sin cos 0.40 cos

9.81

f s

s n

n
s

F N

mg mg ma

a

g

μ
θ μ θ

θ μ θ θ

=

= −

   = − = −     
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PROBLEM 12.49  (Continued) 

 

 Squaring and using trigonometic identities, 

 2 21 cos 0.16cos 0.130479cos 0.026601θ θ θ− = − +  

 21.16cos 0.130479cos 0.97340 0θ θ− − =  

 cos 0.97402θ =  13.09θ = °   

 Check that package does not separate from the belt. 

 
sin

0.f

s s

F mg
N N

θ
μ μ

= = > 
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PROBLEM 12.50 

A 54-kg pilot flies a jet trainer in a half vertical loop of 1200-m 
radius so that the speed of the trainer decreases at a constant rate. 
Knowing that the pilot’s apparent weights at Points A and C are 
1680 N and 350 N, respectively, determine the force exerted on 
her by the seat of the trainer when the trainer is at Point B. 

 

SOLUTION 

First we note that the pilot’s apparent weight is equal to the vertical force that she exerts on the  
seat of the jet trainer. 

At A: 
2

: A
n n A

v
F ma N W m

ρ
Σ = − =  

or 2 2

2 2

1680 N
(1200 m) 9.81 m/s

54 kg

25,561.3 m /s

Av
 

= − 
 

=

 

At C: 
2

: C
n n C

v
F ma N W m

ρ
Σ = + =  

or 2 2

2 2

350 N
(1200 m) 9.81 m/s

54 kg

19,549.8 m /s

Cv
 

= + 
 

=

 

Since constant,ta =  we have from A to C 

 2 2 2  C A t ACv v a s= + Δ  

or 2 2 2 219,549.8 m /s 25,561.3 m /s 2 ( 1200 m)π= + ×ta  

or 20.79730 m/sta = −  

Then from A to B 

 

2 2

2 2 2

2 2

2  

25,561.3 m /s 2( 0.79730 m/s ) 1200 m
2

22,555 m /s

π
= + Δ

 = + − × 
 

=

B A t ABv v a s
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PROBLEM 12.50  (Continued) 

 

At B:  
2

: B
n n B

v
F ma N m

ρ
Σ = =  

or 
2 222,555 m /s

54 kg
1200 mBN =  

or 1014.98 NB =N  

 : | |t t B tF ma W P m aΣ = + =  

or 2(54 kg)(0.79730 9.81) m/sBP = −  

or 486.69 NB =P  

Finally, 2 2 2 2
pilot( ) (1014.98) (486.69)

1126 N

B B BF N P= + = +

=

 

or pilot( ) 1126 NB =F   25.6° 
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PROBLEM 12.51 

A carnival ride is designed to allow the general public to experience high acceleration motion. The ride rotates 
about Point O in a horizontal circle such that the rider has a speed v0. The rider reclines on a platform A which 
rides on rollers such that friction is negligible.  A mechanical stop prevents the platform from rolling down the 
incline. Determine (a) the speed v0 at which the platform A begins to roll upwards, (b) the normal force 
experienced by an 80-kg rider at this speed. 

 

 

SOLUTION 

Radius of circle:   5 1.5cos70 5.513 m

:

R

m

= + ° =
Σ =F a

 

Components up the incline, 70°:  

  
2
0cos 20 sin 20A

mv
m g

R
− ° = − °  

(a) 0Speed :v  

1 1
2 2

0
(9.81 m/s) (5.513 m

12.1898 m/s
tan 20 tan 20

g R
v

   = = =   ° °   
 0 12.19 m/sv =   

 Components normal to the incline,  20°. 

  
2
0sin 20 cos 20 .

mv
N mg

R
− ° = °  

(b) Normal force: 
280(12.1898)

(80)(9.81)sin 20 cos 20 2294 N
5.513

N = ° + ° =  2290 NN =   
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PROBLEM 12.52 

A curve in a speed track has a radius of 1000 ft and a rated speed of 120 mi/h. 
(See Sample Problem 12.6 for the definition of rated speed). Knowing that a 
racing car starts skidding on the curve when traveling at a speed of 180 mi/h, 
determine (a) the banking angle θ , (b) the coefficient of static friction between 
the tires and the track under the prevailing conditions, (c) the minimum speed at 
which the same car could negotiate that curve. 

 

SOLUTION 

Weight W mg=  

Acceleration 
2v

a
ρ

=  

 : sin cosx xF ma F W maθ θΣ = + =  

 
2

cos sin
mv

F mgθ θ
ρ

= −  (1) 

 : cos siny yF ma N W maθ θΣ = − =  

 
2

sin cos
mv

N mgθ θ
ρ

= +  (2) 

(a) Banking angle. Rated speed 120 mi/h 176 ft/s.v = = 0F =  at rated speed. 

 

2

2 2

0 cos sin

(176)
tan 0.96199

(1000) (32.2)

43.89

mv
mg

v

g

θ θ
ρ

θ
ρ

θ

= −

= = =

= °  43.9θ = °   

(b) Slipping outward. 180 mi/h 264 ft/sv = =  

 

2

2

2

2

cos sin

sin cos

(264) cos 43.89 (1000) (32.2)sin 43.89

(264) sin 43.89 (1000) (32.2)cos 43.89

0.39009

F v g
F N

N v g

θ ρ θμ μ
θ ρ θ

μ

−= = =
+

° − °=
° + °

=  0.390μ =   
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PROBLEM 12.52  (Continued) 

 

(c) Minimum speed.  
2

2

2

cos sin

sin cos

(sin cos )

cos sin

F N

v g

v g

g
v

μ
θ ρ θμ
θ ρ θ

ρ θ μ θ
θ μ θ

= −

−− =
+

−=
+

 

 

2 2

(1000) (32.2) (sin 43.89 0.39009 cos 43.89 )

cos 43.89 0.39009 sin 43.89

13.369 ft /s

115.62 ft/sv

° − °=
° + °

=
=  78.8 mi/hv =   
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PROBLEM 12.53 

Tilting trains, such as the American Flyer which will run from 
Washington to New York and Boston, are designed to travel 
safely at high speeds on curved sections of track which were 
built for slower, conventional trains. As it enters a curve, each 
car is tilted by hydraulic actuators mounted on its trucks. The 
tilting feature of the cars also increases passenger comfort by 
eliminating or greatly reducing the side force sF  (parallel to the 
floor of the car) to which passengers feel subjected. For a train 
traveling at 100 mi/h on a curved section of track banked 
through an angle 6θ = °  and with a rated speed of 60 mi/h, 
determine (a) the magnitude of the side force felt by a passenger 
of weight W in a standard car with no tilt ( 0),φ =  (b) the 
required angle of tilt φ  if the passenger is to feel no side force. 
(See Sample Problem 12.6 for the definition of rated speed.) 

 

SOLUTION 

Rated speed: 60 mi/h 88 ft/s,  100 mi/h 146.67 ft/sRv = = =  

From Sample Problem 12.6, 

 2 tanRv gρ θ=  

or 
2 2(88)

2288 ft
tan 32.2 tan 6

Rv

g
ρ

θ
= = =

°
 

Let the x-axis be parallel to the floor of the car. 

  : sin ( ) cos ( )x x s nF ma F W maθ φ θ φΣ = + + = +  

 
2

cos ( )
mv θ φ

ρ
= +  

(a) 0.φ =  

 

2

2

cos ( ) sin ( )

(146.67)
cos6 sin 6

(32.2)(2288)

0.1858

s
v

F W
g

W

W

θ φ θ φ
ρ

 
= + − + 

 

 
= ° − ° 

 

=  0.1858=sF W   
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PROBLEM 12.53  (Continued) 

 

(b) For 0,sF =  

 
2

cos ( ) sin ( ) 0
v

g
θ φ θ φ

ρ
+ − + =  

 

2 2(146.67)
tan ( ) 0.29199

(32.2)(2288)

16.28

16.28 6

v

g
θ φ

ρ
θ φ

φ

+ = = =

+ = °
= ° − °  10.28φ = °  
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PROBLEM 12.54 

Tests carried out with the tilting trains described in Problem 12.53 
revealed that passengers feel queasy when they see through the car 
windows that the train is rounding a curve at high speed, yet do not 
feel any side force. Designers, therefore, prefer to reduce, but not 
eliminate, that force. For the train of Problem 12.53, determine the 
required angle of tilt φ  if passengers are to feel side forces equal to 
10% of their weights. 

 

SOLUTION 

Rated speed: 60 mi/h 88 ft/s,  100 mi/h 146.67 ft/sRv = = =  

From Sample Problem 12.6, 

 2 tanRv gρ θ=  

or 
2 2(88)

2288 ft
tan 32.2 tan 6

Rv

g
ρ

θ
= = =

°
 

Let the x-axis be parallel to the floor of the car. 

  : sin ( ) cos ( )x x s nF ma F W maθ φ θ φΣ = + + = +  

 
2

cos ( )
mv θ φ

ρ
= +  

Solving for Fs, 
2

 cos ( ) sin ( )s
v

F W
g

θ φ θ φ
ρ

 
= + − + 

 
 

Now 
2 2(146.67)

0.29199 and 0.10
(32.2)(2288) s

v
F W

gρ
= = =  

So that 0.10 [0.29199 cos( ) sin ( )]W W θ φ θ φ= + − +  

Let sin ( )u θ φ= +  

Then 2cos ( ) 1 uθ φ+ = −  

 2 20.10 0.29199 1 or 0.29199 1 0.10u u u u= − − − = +  
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PROBLEM 12.54  (Continued) 

 

Squaring both sides, 2 20.08526(1 ) 0.01 0.2u u u− = + +  

or 21.08526 0.2 0.07526 0u u+ − =  

The positive root of the quadratic equation is 0.18685u =  

Then,  1sin 10.77uθ φ −+ = = °  

 10.77 6φ = ° − °  4.77φ = °  
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PROBLEM 12.55 

A 3-kg block is at rest relative to a parabolic dish which rotates at 
a constant rate about a vertical axis. Knowing that the coefficient 
of static friction is 0.5 and that r = 2 m, determine the maximum 
allowable velocity v of the block. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

Let β  be the slope angle of the dish.  
1

tan
2

dy
r

dr
β = =  

At 2 m,   tan 1        or        45r β β= = = °  

Draw free body sketches of the sphere. 

0: cos sin 0y SF N N mgβ μ βΣ = − − =  

cos sinS

mg
N

β μ β
=

−
 

 

2

: sin cosn n S
mv

F ma N Nβ μ β
ρ

Σ = + =  

2(sin cos )

cos sin
S

S

mg N mvβ μ β
β μ β ρ

+ =
−  

2 2 2sin cos sin 45 0.5cos 45
(2)(9.81) 58.86 m /s

cos sin cos 45 0.5sin 45
S

S

v g
β μ βρ
β μ β

+ ° + °= = =
− ° − °

 

 7.67 m/sv =   
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PROBLEM 12.56 

Three seconds after a polisher is started from rest, small tufts of 
fleece from along the circumference of the 225-mm-diameter 
polishing pad are observed to fly free of the pad. If the polisher is 
started so that the fleece along the circumference undergoes a 
constant tangential acceleration of 24 m/s ,  determine (a) the 
speed v of a tuft as it leaves the pad, (b) the magnitude of the force 
required to free a tuft if the average mass of a tuft is 1.6 mg. 

 

SOLUTION 

(a) constantta =   uniformly acceleration motion 

 Then 0 tv a t= +  

 At 3 s:=t  2(4 m/s )(3 s)=v  

 or 12.00 m/sv =   

(b) :t t t tF ma F maΣ = =  

 or 6 2

6

(1.6 10 kg)(4 m/s )

6.4 10 N

tF −

−

= ×

= ×

 

 
2

:n n n
v

F ma F m
ρ

Σ = =  

 At 3 s:=t  ( )
2

6

0.225
2

3

(12 m/s)
(1.6 10 kg)

m

2.048 10 N

nF −

−

= ×

= ×

 

 Finally, 2 2
tuft

6 2 3 2(6.4 10 N) (2.048 10 N)

t nF F F

− −

= +

= × + ×

 

 or 3
tuft 2.05 10 NF −= ×   
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PROBLEM 12.57 

A turntable A is built into a stage for use in a theatrical 
production. It is observed during a rehearsal that a trunk B 
starts to slide on the turntable 10 s after the turntable begins to 
rotate. Knowing that the trunk undergoes a constant tangential 
acceleration of 0.24 2m/s ,  determine the coefficient of static 
friction between the trunk and the turntable. 

 

SOLUTION 

First we note that ( ) constantB ta = implies uniformly accelerated motion. 

 0 ( )B B tv a t= +  

At 10 s:=t  2(0.24 m/s )(10 s) 2.4 m/s= =Bv  

In the plane of the turntable 

 : ( ) ( )B B B B t B B nm m mΣ = = +F a F a a  

Then 

( )2

2 2

2
2

( ) ( )

( ) B

B B t B n

v
B B t

F m a a

m a ρ

= +

= +

 

 + 0: 0yF N WΣ = − =  

or BN m g=  

At 10 s:=t  μ μ= =s s BF N m g  

Then 
2

2
2( ) Bv

s B B B tm g m a ρμ  = +  
 

 

or 

1/222
2 2

2

1 (2.4 m/s)
(0.24 m/s )

2.5 m9.81 m/s
μ

   = +  
   

s  

or 0.236sμ =   
   



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

388 

 

 

PROBLEM 12.58 

A small, 300-g collar D can slide on portion AB of a rod which is bent as shown. 
Knowing that 40α = °  and that the rod rotates about the vertical AC at a constant rate of 
5 rad/s, determine the value of r for which the collar will not slide on the rod if the effect 
of friction between the rod and the collar is neglected. 

 

SOLUTION 

First note D ABCv rθ=   

 + 0: sin 40 0yF N WΣ = ° − =  

or 
sin 40

mg
N =

°
 

 
2

: cos 40 D
n n

v
F ma N m

r
Σ = ° =  

or 
2( )

cos 40
sin 40

ABCrmg
m

r

θ° =
°


 

or 
2

2

2

1

tan 40

9.81 m/s 1

tan 40(5 rad/s)

0.468 m

ABC

g
r

θ
=

°

=
°

=

  

or 468 mmr =   
    



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

389 

 

 

PROBLEM 12.59 

A small, 200-g collar D can slide on portion AB of a rod which is bent as shown. 
Knowing that the rod rotates about the vertical AC at a constant rate and that 30α = °   
and 600 mm,r =  determine the range of values of the speed v for which the collar will not 
slide on the rod if the coefficient of static friction between the rod and the collar is 0.30. 

 

SOLUTION 

minCase 1: ,v v=  impending motion downward 

  
2

: sin 30 cos30x x
v

F ma N W m
r

Σ = − ° = °  

or 
2

sin 30 cos30
v

N m g
r

 
= ° + °  

 
 

 
2

: cos30 sin 30y y
v

F ma F W m
r

Σ = − ° = − °  

or 
2

cos30 sin 30
v

F m g
r

 
= ° − °  

 
 

Now sF Nμ=  

Then 
2 2

cos30 sin 30 sin 30 cos30s
v v

m g m g
r r

μ
   

° − ° = × ° + °      
   

 

or 2

2

1 tan 30

tan 30

1 0.3tan 30
(9.81 m/s )(0.6 m)

0.3 tan 30

s

s

v gr
μ

μ
− °

=
+ °

− °=
+ °

 

or min 2.36 m/sv =  
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PROBLEM 12.59  (Continued) 

 

maxCase 2: ,v v=  impending motion upward 

  
2

: sin 30 cos30x x
v

F ma N W m
r

Σ = − ° = °  

or 
2

sin 30 cos30
v

N m g
r

 
= ° + °  

 
 

  
2

: cos30 sin 30y y
v

F ma F W m
r

Σ = + ° = °  

or 
2

cos30 sin 30
v

F m g
r

 
= − ° + °  

 
 

Now sF Nμ=  

Then 
2 2

cos30 sin 30 sin 30 cos30s
v v

m g m g
r r

μ
   

− ° + ° = × ° + °      
   

 

or 2

2

1 tan 30

tan 30

1 0.3tan 30
(9.81 m/s )(0.6 m)

tan 30 0.3

s

s

v gr
μ

μ
+ °

=
° −

+ °=
° −

 

or max 4.99 m/sv =  

For the collar not to slide 

 2.36 m/s 4.99 m/sv< <  
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PROBLEM 12.60 

A semicircular slot of 10-in. radius is cut in a flat plate which rotates 
about the vertical AD at a constant rate of 14 rad/s. A small, 0.8-lb block 
E is designed to slide in the slot as the plate rotates. Knowing that the 
coefficients of friction are 0.35sμ =  and 0.25,kμ =  determine whether 
the block will slide in the slot if it is released in the position corresponding to 
(a) 80 ,θ = °  (b) 40 .θ = °  Also determine the magnitude and the direction 
of the friction force exerted on the block immediately after it is released. 

 

SOLUTION 

First note 
1

(26 10 sin ) ft
12

E ABCDv

ρ θ

ρφ

= −

= 

 

Then 
2

2

2

2

( )

1
(26 10 sin ) ft (14 rad/s)

12

98
(13 5 sin ) ft/s

3

E
n ABCD

v
a ρ φ

ρ

θ

θ

= =

 = −  

= −

  

Assume that the block is at rest with respect to the plate. 

  
2

: cos sinθ θ
ρ

Σ = + = E
x x

v
F ma N W m  

or 
2

cos sinEv
N W

g
θ θ

ρ
 

= − +  
 

 

  
2

: sin cosE
y y

v
F ma F W mθ θ

ρ
Σ = − + = −  

or 
2

sin cosEv
F W

g
θ θ

ρ
 

= +  
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PROBLEM 12.60  (Continued) 

 

(a) We have 80θ = °  

 Then 

 
2

2

1 98
(0.8 lb) cos80 (13 5sin80 ) ft/s sin80

332.2 ft/s

6.3159 lb

N
 = − ° + × − ° × °  

=
 

 
2

2

1 98
(0.8 lb) sin80 (13 5sin80 ) ft/s cos80

332.2 ft/s

1.92601 lb

F
 = ° + × − ° × °  

=
 

 Now max 0.35(6.3159 lb) 2.2106 lbsF Nμ= = =  

 The block does not slide in the slot, and 

 1.926 lb=F   80°  

(b) We have 40θ = °  

 Then 

 
2

2

1 98
(0.8 lb) cos40 (13 5sin 40 ) ft/s sin 40

332.2 ft/s

4.4924 lb

N
 = − ° + × − ° × °  

=
 

 
2

2

1 98
(0.8 lb) sin 40 (13 5sin 40 ) ft/s cos 40

332.2 ft/s

6.5984 lb

F
 = ° + × − ° × °  

=
 

 Now max ,μ= sF N     from which it follows that 

 maxF F>  

 Block E will slide in the slot 

 and /plate

/plate /plate( ) ( )

E n E

n E t E n

= +

= + +

a a a

a a a

 

At 0,t =  the block is at rest relative to the plate, thus /plate( ) 0E n =a  at 0,t =  so that /plateEa  must be 

directed tangentially to the slot. 

  

2

: cos 40 sin 40E
x x

v
F ma N W m

ρ
Σ = + ° = °  

 or 
2

cos 40 sin 40 (as above)

4.4924 lb

ρ
 

= − ° + °  
 

=

Ev
N W

g
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PROBLEM 12.60  (Continued) 

 

Sliding: 

0.25(4.4924 lb)

1.123 lb

kF Nμ=
=
=

 

Noting that F and /planeEa  must be directed as shown (if their directions are reversed, then xΣF  is  

while xma is ), we have 

the block slides downward in the slot and 1.123 lb=F   40°  

Alternative solutions. 

(a) Assume that the block is at rest with respect to the plate. 

 : nm mΣ = + =F a W R a  

 

 Then 
2 2

2

2

tan ( 10 )
( )

32.2 ft/s
(from above)

98
(13 5sin80 ) ft/s

3

φ
ρ φ

ρ

− ° = = =

=
− °


n E ABCD

W W g

ma vW

g

 

 or 10 6.9588φ − ° = °  

 and 16.9588φ = °  

 Now tan 0.35s s sφ μ μ= =  

 so that 19.29sφ = °  

 0 sφ φ< <   Block does not slide and R is directed as shown. 

 Now sin and
sin ( 10 )

W
F R Rφ

φ
= =

− °
 

 Then 
sin16.9588

(0.8 lb)
sin 6.9588

1.926 lb

F
°=
°

=

 

 The block does not slide in the slot and 1.926 lb=F   80°  
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PROBLEM 12.60  (Continued) 

 

(b) Assume that the block is at rest with respect to the plate. 

 : nm mΣ = + =F a W R a  

 From Part a (above), it then follows that 

 
2

2 298
3

32.2 ft/s
tan ( 50 )

( ) (13 5sin 40 ) ft/sABCD

gφ
ρ φ

− ° = =
− °  

 or 50 5.752φ − ° = °  

 and 55.752φ = °  

 Now 19.29sφ = °  

 so that sφ φ>  

 The block will slide in the slot and then 

  ,φ φ= k     where    tan 0.25k k kφ μ μ= =  

 or 14.0362kφ = °  

 To determine in which direction the block will slide, consider the free-body diagrams for the two 
possible cases. 

 

 Now /plate: n Em m mΣ = + = +F a W R a a  

 From the diagrams it can be concluded that this equation can be satisfied only if the block is sliding 
downward. Then 

  
2

: cos 40 cos sin 40E
x x k

v
F ma W R mφ

ρ
Σ = ° + = °  

 Now sin kF R φ=  

 Then 
2

cos 40 sin 40
tan

E

k

vF W
W

gφ ρ
° + = °  

 or 
2

cos40 sin 40E
k

v
F W

g
μ

ρ
 

= − ° + °  
 

 

 1.123 lb=  (see the first solution) 

 The block slides downward in the slot and 1.123 lb=F   40°  
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PROBLEM 12.61 

A small block B fits inside a lot cut in arm OA which rotates in a vertical plane at 
a constant rate. The block remains in contact with the end of the slot closest to A 
and its speed is 1.4 m/s for 0 150 .θ≤ ≤ °  Knowing that the block begins to slide 
when 150 ,θ = °  determine the coefficient of static friction between the block and 
the slot. 

 

SOLUTION 

 

 

 

 

 

Draw the free body diagrams of the block B when the arm is at 150 .θ = °  

   
20,     9.81 m/stv a g= = =  

: sin 30 0t tF ma mg NΣ = − ° + =  

              sin 30N mg= °  

       
2

: cos30n n
v

F ma mg F m
ρ

Σ = ° − =  

  
2

cos30
mv

F mg
ρ

= ° −  

Form the ratio ,
F

N
 and set it equal to sμ  for impending slip. 

2 2cos30 / 9.81 cos30 (1.4) /0.3

sin 30 9.81sin 30s
F g v

N g

ρμ ° − ° −= = =
° °

 

  0.400sμ =   
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PROBLEM 12.62 

The parallel-link mechanism ABCD is used to transport a component I between manufacturing processes at 
stations E, F, and G by picking it up at a station when 0θ =  and depositing it at the next station when 

180 .θ = °  Knowing that member BC remains horizontal throughout its motion and that links AB and CD 
rotate at a constant rate in a vertical plane in such a way that 2.2 ft/s,Bv = determine (a) the minimum value of 
the coefficient of static friction between the component and BC if the component is not to slide on BC while 
being transferred, (b) the values of θ for which sliding is impending. 

 

 

SOLUTION 

 
2

: cosB
x x

vW
F ma F

g
θ

ρ
Σ = =  

 +
2

: sinB
y y

vW
F ma N W

g
θ

ρ
Σ = − = −  

or 
2

1 sinBv
N W

g
θ

ρ
 

= −  
 

 

Now 
2

max 1 sinB
s s

v
F N W

g
μ μ θ

ρ
 

= = −  
 

 

and for the component not to slide 

 maxF F<  

or 
2 2

cos 1 sinB B
s

v vW
W

g g
θ μ θ

ρ ρ
 

< −  
 

 

or 
2

cos

sin
B

s g

v

ρ
θμ

θ
>

−
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PROBLEM 12.62  (Continued) 

 

We must determine the values of θ  which maximize the above expression. Thus 

 
( )

( )
2

2

2

2

sinsin (cos )( cos )cos
0sin

sin

B

B

B

g

v
g

gv
v

d

d

ρ

ρ
ρ

θθ θ θθ
θθ θ

−− − − 
  = =−  − 

 

or 
2

minsin for ( )B
s s

v

g
θ μ μ

ρ
= =  

Now ( )
2

2 10
12

(2.2 ft/s)
sin 0.180373

(32.2 ft/s ) ft
θ = =  

or 10.3915 and 169.609θ θ= ° = °  

(a) From above, 

 

2

2

min

min 21
sin

cos
( ) where sin

sin

cos cos sin
( ) tan

sin 1 sin

tan10.3915

B

B
s g

v

s

v

gρ

θ

θμ θ
ρθ

θ θ θμ θ
θ θ

= =
−

= = =
− −

= °

 

 or  min( ) 0.1834sμ =   

(b) We have impending motion 

 to the left for   10.39θ = °   

 to the right for  169.6θ = °  
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PROBLEM 12.63 

Knowing that the coefficients of friction between the component I and member BC of the mechanism of 
Problem 12.62 are 0.35sμ =  and 0.25,kμ =  determine (a) the maximum allowable constant speed Bv  if the 
component is not to slide on BC while being transferred, (b) the values of θ  for which sliding is impending. 

 

SOLUTION 

 
2

: cosB
x x

vW
F ma F

g
θ

ρ
Σ = =  

 +
2

: sinB
y y

vW
F ma N W

g
θ

ρ
Σ = − = −  

or 
2

1 sinBv
N W

g
θ

ρ
 

= −  
 

 

Now max

2

1 sin

s

B
s

F N

v
W

g

μ

μ θ
ρ

=

 
= −  

 

 

and for the component not to slide 

 maxF F<  

or 
2 2

cos 1 sinB B
s

v vW
W

g g
θ μ θ

ρ ρ
 

< −  
 

 

or 2

cos sinB s
s

g
v

ρμ
θ μ θ

<
+

 (1) 

To ensure that this inequality is satisfied, ( )2

maxBv must be less than or equal to the minimum value  
of /(cos sin ),s sgμ ρ θ μ θ+  which occurs when (cos sin )sθ μ θ+  is maximum. Thus 

 (cos sin ) sin cos 0s s
d

d
θ μ θ θ μ θ

θ
+ = − + =  

or tan

0.35
s

s

θ μ
μ

=
=

 

or 19.2900θ = °  
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PROBLEM 12.63  (Continued) 

 

(a) The maximum allowed value of Bv  is then 

 

( )2

max

2

where tan
cos sin

tan
sin

cos (tan ) sin

10
(32.2 ft/s ) ft sin 19.2900

12

B s s
s

g
v

g g

ρμ θ μ
θ μ θ

θρ ρ θ
θ θ θ

= =
+

= =
+

 = ° 
 

 

 or  max( ) 2.98 ft/sBv =   

(b) First note that for 90 180 ,θ° < < ° Eq. (1) becomes 

  2

cos sinB s
s

g
v

ρμ
α μ α

<
+

 

 where 180 .α θ= ° −  It then follows that the second value of θ  for which motion is impending is 

 180 19.2900

160.7100

θ = ° − °
= °

 

 we have impending motion 

 to the left for   19.29θ = °   

 to the right for   160.7θ = °   

Alternative solution. 

  : nm mΣ = + =F a W R a  

  

For impending motion, .sφ φ=  Also, as shown above, the values of θ  for which motion is impending  

minimize the value of vB, and thus the value of ( )2

is .ρ= Bv
n na a  From the above diagram, it can be concluded 

that an is minimum when nma  and R are perpendicular.  
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PROBLEM 12.63  (Continued) 

 

Therefore, from the diagram 

 1tans sθ φ μ−= =  (as above) 

and sinn sma W φ=  

or 
2

sinBv
m mg θ

ρ
=  

or 2 sinBv gρ θ=  (as above) 

For 90 180 ,θ° ≤ ≤ ° we have 

from the diagram 

 180α θ= ° −  (as above) 

 sα φ=  

and sinn sma W φ=  

or 2 sinBv gρ θ=  (as above)
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PROBLEM 12.64 

In the cathode-ray tube shown, electrons emitted by the cathode 
and attracted by the anode pass through a small hole in the anode 
and then travel in a straight line with a speed v0 until they strike 
the screen at A. However, if a difference of potential V is 
established between the two parallel plates, the electrons will be 
subjected to a force F perpendicular to the plates while they travel 
between the plates and will strike the screen at Point B, which is at 
a distance δ from A. The magnitude of the force F is / ,F eV d=  
where e−  is the charge of an electron and d is the distance 
between the plates. Derive an expression for the deflection d in 
terms of V, 0 ,v  the charge e−  and the mass m of an electron, and 
the dimensions d, ,  and L. 

 

SOLUTION 

Consider the motion of one electron. For the horizontal motion, let 0x =  at the left edge of the plate  
and x =   at the right edge of the plate. At the screen, 

 
2

x L= +  

Horizontal motion: There are no horizontal forces acting on the electron so that 0.xa =  

Let 1 0t =  when the electron passes the left edge of the plate, 1t t=  when it passes the right edge, and 2t t=  
when it impacts on the screen. For uniform horizontal motion, 

 0 ,x v t=  

so that 1
0

t
v

=   

and 2
0 0

.
2

L
t

v v
= +

 

Vertical motion: The gravity force acting on the electron is neglected since we are interested in the deflection  
produced by the electric force. While the electron is between plates 1(0 ),t t< <  the vertical force on the  
electron is / .yF eV d=  After it passes the plates 1 2( ),t t t< <  it is zero. 

For 10 ,t t< <  

0

2
2

0 0

:

( ) 0

1
( ) 0 0

2 2

y
y y y

y y y

y y

F eV
F ma a

m md
eVt

v v a t
md

eVt
y y v t a t

md

Σ = = =

= + = +

= + + = + +
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PROBLEM 12.64  (Continued) 

 

At 1,t t=  
2

1 1
1 1( )     and    

2y
eVt eVt

v y
md md

= =  

For 1 2 ,  0yt t t a< < =  

 1 1 1( ) ( )yy y v t t= + −  

At 2 ,=t t  

( )

2 1 1 2 1

2
1 1 1

2 1 2 1

( ) ( )

1

2 2

yy y v t t

eVt eVt eVt
t t t t

md md md

δ

δ

= = + −

 = + − = − 
 

 

 
0 0 0 0

1

2 2

eV L

mdv v v v

 
= + − 

 

  
 or  

2
0

eV

mdv

Lδ = 
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PROBLEM 12.65 

In Problem 12.64, determine the smallest allowable value of the 
ratio /d  in terms of e, m, v0, and V if at x =   the minimum 
permissible distance between the path of the electrons and the 
positive plate is 0.05 .d  

Problem 12.64 In the cathode-ray tube shown, electrons emitted by 
the cathode and attracted by the anode pass through a small hole in 
the anode and then travel in a straight line with a speed v0 until they 
strike the screen at A. However, if a difference of potential V is 
established between the two parallel plates, the electrons will be 
subjected to a force F perpendicular to the plates while they travel 
between the plates and will strike the screen at point B, which is at a 
distance δ from A. The magnitude of the force F is / ,F eV d=  
where e−  is the charge of an electron and d is the distance between 
the plates. Derive an expression for the deflection d in terms of V, 

0 ,v  the charge e−  and the mass m of an electron, and the 
dimensions d, ,  and L. 

 

SOLUTION 

Consider the motion of one electron. For the horizontal motion, let 0x =  at the left edge of the plate  
and x =   at the right edge of the plate. At the screen, 

 
2

x L= +  

Horizontal motion: There are no horizontal forces acting on the electron so that 0.xa =  

Let 1 0t =  when the electron passes the left edge of the plate, 1t t=  when it passes the right edge, and 2t t=  
when it impacts on the screen. For uniform horizontal motion, 

 0 ,x v t=  

so that 1
0

t
v

=   

and 2
0 0

.
2

L
t

v v
= +

 

Vertical motion: The gravity force acting on the electron is neglected since we are interested in the deflection  
produced by the electric force. While the electron is between the plates 1(0 ),t t< <  the vertical force on the  

electron is / .yF eV d=  After it passes the plates 1 2( ),t t t< <  it is zero. 

For 10 ,t t< <  : y
y y y

F eV
F ma a

m md
Σ = = =  
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PROBLEM 12.65  (Continued) 

 

 

0

2
2

0 0

( ) 0

1
( ) 0 0

2 2

y y y

y y

eVt
v v a t

md

eVt
y y v t a t

md

= + = +

= + + = + +
 

At 1,  =t t  
2

2
0 0

,   
2

=  eV
y

v mdv
 

But  0.05 0.450
2

d
y d d< − =  

 

so that  
2

2
0

0.450
2

eV
d

mdv
<

 

 
2

2 2 2
0 0

1
1.111

0.450 2

d eV eV

mv mv
> =


 

2
0

1.054
d eV

mv
>
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PROBLEM 12.F9 

Four pins slide in four separate slots cut in a horizontal circular plate as 
shown. When the plate is at rest, each pin has a velocity directed as 
shown and of the same constant magnitude u. Each pin has a mass m and 
maintains the same velocity relative to the plate when the plate rotates 
about O with a constant counterclockwise angular velocity ω. Draw the 
FBDs and KDs to determine the forces on pins P1 and P2. 

 

SOLUTION 

 

 

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

406 

 

 

PROBLEM 12.F10 

At the instant shown, the length of the boom AB is being decreased at the 
constant rate of 0.2 m/s, and the boom is being lowered at the constant rate of 
0.08 rad/s. If the mass of the men and lift connected to the boom at Point B is m, 
draw the FBD and KD that could be used to determine the horizontal and 
vertical forces at B. 

 

SOLUTION 

 

 

Where 6 m,r =  0.2 m/s,r = −  0, 0.08 rad/s, 0r θ θ= = − =   
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PROBLEM 12.F11 

Disk A rotates in a horizontal plane about a vertical axis at the constant 
rate 0.θ  Slider B has a mass m and moves in a frictionless slot cut in 
the disk. The slider is attached to a spring of constant k, which is 
undeformed when r = 0. Knowing that the slider is released with no 
radial velocity in the position r = r0, draw a FBD and KD at an arbitrary 
distance r from O. 

 

SOLUTION 
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PROBLEM 12.F12 

Pin B has a mass m and slides along the slot in the rotating arm OC 
and along the slot DE which is cut in a fixed horizontal plate. 
Neglecting friction and knowing that rod OC rotates at the constant 
rate 0 ,θ  draw a FBD and KD that can be used to determine the 
forces P and Q exerted on pin B by rod OC and the wall of slot DE, 
respectively. 

 

SOLUTION 
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PROBLEM 12.66 

Rod OA rotates about O in a horizontal plane. The motion of the 
0.5-lb collar B is defined by the relations r =  10 + 6 cosπt and 

2(4 8 ),t tθ π= −  where r is expressed in inches, t in seconds, and θ 
in radians. Determine the radial and transverse components of the 
force exerted on the collar when (a) t = 0, (b) t = 0.5 s. 

 

SOLUTION 

Use polar coordinates and calculate the derivatives of the coordinates r and θ  with respect to time. 

 

2

2 2 2

10 6cos  in. (4 8 ) rad

6 sin  in./s (8 8) rad/s

6 cos  in./s 8  rad/s

r t t t

r t t

r t

π θ π
π π θ π
π π θ π

= + = −

= − = −

= − =




 

Mass of collar:  2 3 2
2

0.5 lb
0.015528 lb s /ft 1.294 10 lb s /in.

32.2 ft/s
m −= = = × ⋅  

 

 

 

(a) 0:t =  

 16 in.r =  0θ =  

 0r =  8 25.1327 rad/sθ π= − = −  

 2 26 59.218 in./sr π= − = −  28 25.1327 rad/sθ π= = −  

 2 2 259.218 (16)( 25.1327) 10165.6 in./sra r rθ= − = − − − = −  

 22 (16)(25.1327) 0 402.12 in./sa r rθ θ θ= + = + =   

 3 2 2(1.294 10 lb s /in.)( 10165.6 in./s )r rF ma −= = × ⋅ −  13.15 lbrF = −   

 3 2 2(1.294 10 lb s /in.)(402.12 in./s )F maθ θ
−= = × ⋅  0.520 lbFθ =   

   0θ =   
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PROBLEM 12.66  (Continued) 

 

(b) 0.5 s:t =  

 10 6cos(0.5 ) 10 in.r π= + =  [(4)(0.25) (8)(0.5)] 9.4248 rad 540 180θ π= − = − = − ° = °  

 6 sin(0.5 ) 18.8496 in./sr π π= − = −  [(8)(0.5) 8] 12.5664 rad/sθ π= − = −  

 26 cos(0.5 ) 0r π π= − =  28 25.1327 rad/sθ π= =  

 2 2 20 (10)( 12.5664) 1579.14 in./sra r rθ= − = − − = −  

 22 (10)(25.1327) (2)( 18.8496)( 12.5664) 725.07 in./sa r rθ θ θ= + = + − − =   

 3 2 2(1.294 10 lb s /in.)( 1579.14 in./s )r rF ma −= = × ⋅ −  2.04 lbrF = −   

 3 2 2(1.294 10 lb s /in.)(725.07 in./s )F maθ θ
−= = × ⋅  0.938 lbFθ =   

   180θ = °   
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PROBLEM 12.67 

Rod OA oscillates about O in a horizontal plane. The motion of the 2-lb 
collar B is defined by the relations 26(1 )tr e−= −  and (3/ )(sin ),tθ π π=  
where r is expressed in inches, t in seconds, and θ in radians. Determine 
the radial and transverse components of the force exerted on the collar 
when (a) t = 1 s, (b) t = 1.5 s. 

 

SOLUTION 

Use polar coordinates and calculate the derivatives of the coordinates r and θ  with respect to time. 

 

2

2

2 2 2

6(1 ) in. (3/ )sin  radians

12 in./s 3cos  rad/s

24 in./s 3  sin  rad/s

t

t

t

r e t

r e t

r e t

θ π π
θ π
θ π π

−

−

−

= − =

= =

= − = −




 

Mass of collar:  2 3 2
2

2 lb
0.06211 lb s /ft 5.176 10  lb s /in.

32.2 ft/s
m −= = ⋅ = × ⋅  

 

 

 

(a) 21 s: 0.13534, sin 0, cos 1tt e t tπ π−= = = = −  

 6(1 0.13534) 5.188 in.r = − =  0θ =  

 (12)(0.13534) 1.62402 in./sr = =  3.0 rad/sθ = −  

 2( 24) (0.13534) 3.2480 in./sr = − = −  0θ =  

 2 2 23.2480 (5.188)( 3.0) 49.94 in./sra r rθ= − = − − − = −  

 22 0 (2)(1.62402)( 3) 9.744 in./sa r rθ θ θ= + = + − = −   

 3 2 2(5.176 10 lb s /in.)( 49.94 in./s )r rF ma −= = × ⋅ −  0.258 lbrF = −   

 3 2 2(5.176 10 lb s /in.)( 9.744 in./s )F maθ θ
−= = × ⋅ −  0.0504 lbFθ = −   

   0θ =   
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PROBLEM 12.67  (Continued) 

 

(b) 21.5 s: 0.049787, sin 1, cos 0tt e t tπ π−= = = − =  

 6(1 0.049787) 5.7013 in.r = − =  (3/ )( 1) 0.9549 rad 54.7θ π= − = − = − °  

 2(12)(0.049787) 0.59744 in./sr = =  0θ =  

 2(24)(0.049787) 1.19489 in./sr = − = −  2(3 )( 1) 9.4248 rad/sθ π= − − =  

 2 21.19489 0 1.19489 in./sra r rθ= − = − − = −  

 22 (5.7013)(9.4248) 0 53.733 in./sa r rθ θ θ= + = + =   

 3 2 2(5.176 10 lb s /in.)( 1.19489 in./s )r rF ma −= = × ⋅ −  0.00618 lbrF = −   

 3 2 2(5.176 10 lb s /in.)(53.733 in./s )F maθ θ
−= = × ⋅  0.278 lbFθ =   

   54.7θ = − °   
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PROBLEM 12.68 

The 3-kg collar B slides on the frictionless arm .AA′  The arm is 
attached to drum D and rotates about O in a horizontal plane at the 
rate 0.75 ,tθ =  where θ  and t are expressed in rad/s and seconds, 
respectively. As the arm-drum assembly rotates, a mechanism 
within the drum releases cord so that the collar moves outward 
from O with a constant speed of 0.5 m/s. Knowing that at t = 0,  
r = 0, determine the time at which the tension in the cord is equal 
to the magnitude of the horizontal force exerted on B by arm .AA′  

 

SOLUTION 

Kinematics 

We have 0.5 m/s
dr

r
dt

= =  

At 0, 0:t r= =  
0 0

0.5
r t
dr dt=   

or (0.5 ) mr t=  

Also, 0r =  
2

(0.75 ) rad/s

0.75 rad/s

tθ
θ

=

=




 

Now 2 2 3 20 [(0.5 ) m][(0.75 ) rad/s] (0.28125 ) m/sra r r t t tθ= − = − = −  

and  
2

2

2

[(0.5 ) m][0.75 rad/s ] 2(0.5 m/s)[(0.75 ) rad/s]

(1.125 ) m/s

a r r

t t

t

θ θ θ= +

= +

=

   

Kinetics 

  
3 2: (3 kg)( 0.28125 ) m/sr rF ma T tΣ = − = −  

or  3(0.84375 ) NT t=  

 
2: (3 kg)(1.125 ) m/sBF m a Q tθ θΣ = =  

or  (3.375 ) NQ t=  

Now require that T Q=  

or  3(0.84375 ) N (3.375 ) Nt t=  

or  2 4.000t =  

or 2.00 st =   
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PROBLEM 12.69 

The horizontal rod OA rotates about a vertical shaft according to the 
relation 10 ,tθ =  where θ  and t are expressed in rad/s and seconds, 
respectively. A 250-g collar B is held by a cord with a breaking 
strength of 18 N. Neglecting friction, determine, immediately after the 
cord breaks, (a) the relative acceleration of the collar with respect to 
the rod, (b) the magnitude of the horizontal force exerted on the collar 
by the rod. 

 

SOLUTION 

 

 

 

 

 

210  rad/s,    10 rad/stθ θ= =   

250 g 0.250 kgm = =  

Before cable breaks:  and  0.rF T r= − =  

  2: ( )r rF ma T m r rθ= − = −   

2 2 2 20 18
       or        144 rad /s

(0.25)(0.5)

mr T
mr mr T

mr
θ θ + −= + = = =

   

 12 rad/sθ =  

Immediately after the cable breaks:  0,   0rF r= =  

(a) Acceleration of B relative to the rod. 

2 2 2 2( ) 0        or        (0.5)(12) 72 m/sm r r r rθ θ− = = = =    

   2
/rod 72 m/sB =a radially outward  

(b) Transverse component of the force. 

: ( 2 )F ma F m r rθ θ θ θ θ= = +   

 (0.250)[(0.5)(10) (2)(0)(12)] 1.25Fθ = + =  1.25 NFθ =   
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PROBLEM 12.70 

Pin B weighs 4 oz and is free to slide in a horizontal plane along 
the rotating arm OC and along the circular slot DE of radius 
b 20 in.=  Neglecting friction and assuming that 15 rad/sθ =  
and 2250 rad/sθ =  for the position 20 ,θ = °  determine for that 
position (a) the radial and transverse components of the 
resultant force exerted on pin B, (b) the forces P and Q exerted 
on pin B, respectively, by rod OC and the wall of slot DE. 

 

SOLUTION 

Kinematics. 

From the geometry of the system, we have 

Then  2 cosr b θ=      (2 sin )r b θ θ= −       22 ( sin cos )r b θ θ θ θ= − +   

and  2 2 2 22 ( sin cos ) (2 cos ) 2 ( sin 2 cos )ra r r b b bθ θ θ θ θ θ θ θ θ θ θ= − = − + − = − +       

Now 2 2 220
2 ft [(250 rad/s )sin 20 2(15 rad/s) cos 20 ] 1694.56 ft/s

12
 = − ° + ° = − 
 

 

and  22 (2 cos ) 2( 2 sin ) 2 ( cos 2 sin )a r r b b bθ θ θ θ θ θ θ θ θ θ θ θ= + = + − = −        

 2 2 220
2 ft [(250 rad/s )cos 20 2(15 rad/s) sin 20 ] 270.05 ft/s

12
 = ° − ° = 
 

 

Kinetics. 

(a) We have 
1

24
2

lb
( 1694.56 ft/s ) 13.1565 lb

32.2 ft/s
r rF ma= = × − = −  13.16 lbrF = −   

 and 
1

24
2

lb
(270.05 ft/s ) 2.0967 lb

32.2 ft/s
F maθ θ= = × =  2.10 lbFθ =   

(b) : cos 20r rF F QΣ − = − °  

 or 
1

(13.1565 lb) 14.0009 lb
cos 20

Q = =
°

 

 : sin 20F F P Qθ θΣ = − °  

 or (2.0967 14.0009sin 20 ) lb 6.89 lbP = + ° =  

 6.89 lb=P   70°   

 14.00 lb=Q  40°  
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PROBLEM 12.71 

The two blocks are released from rest when r = 0.8 m and 
30 .θ = °  Neglecting the mass of the pulley and the effect of 

friction in the pulley and between block A and the horizontal 
surface, determine (a) the initial tension in the cable, (b) the initial 
acceleration of block A, (c) the initial acceleration of block B. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

Let r and θ  be polar coordinates of block A as shown, and let By  be the 
position coordinate (positive downward, origin at the pulley) for the 
rectilinear motion of block B. 

Constraint of cable:    constant,Br y+ =  

 0,     0        or        B B Br v r a r a+ = + = = −     (1) 

For block A,  : cos   or  secx A A A A A AF m a T m a T m aθ θΣ = = =   (2) 

For block B, +  :y B B B B BF m a m g T m aΣ = − =  (3) 

Adding Eq. (1) to Eq. (2) to eliminate T,   secB A A B Bm g m a m aθ= +  (4) 

Radial and transverse components of .Aa  

Use either the scalar product of vectors or the triangle construction shown, 
being careful to note the positive directions of the components. 

 
2 cosr A r Ar r a aθ θ− = = ⋅ = −a e  (5) 

Noting that initially 0,θ =  using Eq. (1) to eliminate ,r  and changing 
signs gives 

 cosB Aa a θ=  (6) 

Substituting Eq. (6) into Eq. (4) and solving for ,Aa  

2(25) (9.81)
5.48 m/s

sec cos 20sec30 25cos30
B

A
A B

m g
a

m mθ θ
= = =

+ ° + °
 

From Eq. (6),  25.48cos30 4.75 m/sBa = ° =  

(a) From Eq. (2),  (20)(5.48)sec30 126.6T = ° =    126.6 NT =   

(b) Acceleration of block A. 25.48 m/sA =a   

(c) Acceleration of block B. 24.75 m/sB =a   
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PROBLEM 12.72 

The velocity of block A is 2 m/s to the right at the instant when 0.8 mr =  
and 30 .θ = °  Neglecting the mass of the pulley and the effect of friction 
in the pulley and between block A and the horizontal surface, determine, 
at this instant, (a) the tension in the cable, (b) the acceleration of block A, 
(c) the acceleration of block B. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

Let r and θ  be polar coordinates of block A as shown, and let By  be the 
position coordinate (positive downward, origin at the pulley) for the 
rectilinear motion of block B. 

Radial and transverse components of .Av  

Use either the scalar product of vectors or the triangle construction shown, 
being careful to note the positive directions of the components. 

 
cos30

2cos30 1.73205 m/s

r A r Ar v v= = ⋅ = − °

= − ° = −

v e
 

2

sin 30

2sin30 1.000 m/s

A Ar v vθ θθ = = ⋅ = − °

= ° =

v e
 

1.000
1.25 rad/s

0.8
v

r
θθ = = =  

Constraint of cable:  constant,Br y+ =  

 0,     0     or      B B Br v r a r a+ = + = = −     (1) 

For block A,  : cos   or  secx A A A A A AF m a T m a T m aθ θΣ = = =   (2) 

For block B,  +  :y B B B B BF m a m g T m aΣ = − =   (3)  

Adding Eq. (1) to Eq. (2) to eliminate T,  secB A A B Bm g m a m aθ= +   (4) 

Radial and transverse components of .Aa  

Use a method similar to that used for the components of velocity. 

 2 cosr A r Ar r a aθ θ− = = ⋅ = −a e  (5) 

Using Eq. (1) to eliminate r  and changing signs gives 

 2cosB Aa a rθ θ= −   (6) 
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PROBLEM 12.72  (Continued) 

 

Substituting Eq. (6) into Eq. (4) and solving for ,Aa  

( )2 2
2(25)[9.81 (0.8)(1.25) ]

6.18 m/s
sec cos 20sec30 25cos30

B
A

A B

m g r
a

m m

θ
θ θ

+ += = =
+ ° + °


 

From Eq. (6),   2 26.18cos30 (0.8)(1.25) 4.10 m/sBa = ° − =  

(a) From Eq. (2),  (20)(6.18)sec30 142.7T = ° =  142.7 NT =   

(b) Acceleration of block A. 26.18 m/sA =a    

(c) Acceleration of block B.  24.10 m/sB =a  
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PROBLEM 12.73* 

Slider C has a weight of 0.5 lb and may move in a slot cut in arm 
AB, which rotates at the constant rate 0 10 rad/sθ =  in a horizontal 
plane. The slider is attached to a spring of constant k = 2.5 lb/ft, 
which is unstretched when r = 0. Knowing that the slider is 
released from rest with no radial velocity in the position r = 18 in. 
and neglecting friction, determine for the position r = 12 in. (a) the 
radial and transverse components of the velocity of the slider,  
(b) the radial and transverse components of its acceleration, (c) the 
horizontal force exerted on the slider by arm AB. 

 

SOLUTION 

Let l0 be the radial coordinate when the spring is unstretched. Force exerted by the spring. 

 

0

2
0

2 0

( )

: ( ) ( )

r

r r

F k r l

F ma k r l m r r

klk
r r

m m

θ

θ

= − −

Σ = − − = −

 = − + 
 



  (1) 

But 

 
2 0

( )
d dr dr dr

r r r
dt dr dt dr

klk
rdr rdr r dr

m m
θ

= = =

  = = − +  
  

   

  
 

Integrate using the condition 0r r=   when 0.r r=  

 2 2 2 0

00

1 1

2 2

rr klk
r r r

m m rr
θ  = − +  
  

 


 

 
( )

( )

2 2 2 2 2 0
0 0 0

2 2 2 2 2 0
0 0 0

1 1 1
( )

2 2 2

2
( )

klk
r r r r r r

m m

klk
r r r r r r

m m

θ

θ

 − = − − + − 
 
 = + − − + − 
 

 

 
 

Data: 2
2

0.5 lb
0.01553 lb s /ft

32.2 ft/s

W
m

g
= = = ⋅  

 0

0 0 0

10 rad/s, 2.5 lb/ft, 0

( ) 0, 18 in. 1.5 ft, 12 in. 1.0 ftr

k l

r v r r

θ = = =
= = = = = =
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PROBLEM 12.73*  (Continued) 

 

(a) Components of velocity when r = 12 in. 

  

2 2 2 2

2 2

2.5
0 10 (1.0 1.5 ) 0

0.01553

76.223 ft /s

8.7306 ft/sr

r

v r

 = + − − + 
 

=
= = ±




 

 Since r is decreasing, vr is negative 

  8.7306 ft/sr = −  8.73 ft/srv = −   

  (1.0)(10)v rθ θ= =  10.00 ft/svθ =   

(b) Components of acceleration. 

  0 (2.5)(1.0) 0 2.5 lbrF kr kl= − + = − + = −  

  
2.5

0.01553
r

r
F

a
m

= = −  2161.0 ft/sra =   

  2 0 (2)( 8.7306)(10)a r rθ θ θ= + = + −   

   2174.6 ft/saθ = −   

(c) Transverse component of force. 

  (0.01553)( 174.6)F maθ θ= = −  2.71 lbFθ = −  
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PROBLEM 12.74 

A particle of mass m is projected from Point A with an initial velocity v0 
perpendicular to line OA and moves under a central force F directed 
away from the center of force O. Knowing that the particle follows a path 
defined by the equation 0 / cos 2r r θ=  and using Eq. (12.27), express 
the radial and transverse components of the velocity v of the particle as 
functions of .θ  

 

SOLUTION 

Since the particle moves under a central force, constant.h =  

Using Eq. (12.27), 2
0 0 0h r h r vθ= = =  

or  0 0 0 0 0
2 2

00

cos 2
cos 2

r v r v v

rr r

θθ θ= = =  

Radial component of velocity. 

  0
0 3/2

sin 2

(cos 2 )cos 2
r

rdr d
v r r

d d

θθ θ θ
θ θ θθ

 
= = = = 

 
    

  0
0 3/2

sin 2
cos 2

(cos 2 )

v
r

r

θ θ
θ

=  0
sin 2

cos 2
rv v

θ
θ

=   

Transverse component of velocity. 

  0 0

0

cos 2
r vh

v
r rθ θ= =  0 cos 2v vθ θ=  
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PROBLEM 12.75 

For the particle of Problem 12.74, show (a) that the velocity of the 
particle and the central force F are proportional to the distance r from 
the particle to the center of force O, (b) that the radius of curvature of  
the path is proportional to r3. 

PROBLEM 12.74 A particle of mass m is projected from Point A with 
an initial velocity v0 perpendicular to line OA and moves under a central 
force F directed away from the center of force O. Knowing that the 
particle follows a path defined by the equation 0/ cos 2r r θ=  and using 
Eq. (12.27), express the radial and transverse components of the velocity 
v of the particle as functions of θ. 

 

 

SOLUTION 

Since the particle moves under a central force, constant.h =  

Using Eq. (12.27), 

  2
0 0 0h r h r vθ= = =     or    0 0 0 0 0

2 2
00

cos 2
cos 2

r v r v v

rr r

θθ θ= = =  

Differentiating the expression for r with respect to time, 

 0 0
0 0 03/2 3/2

0

sin 2 sin 2 sin 2
cos 2

(cos 2 ) (cos 2 )cos 2 cos 2

r vdr d
r r r v

d d r

θ θ θθ θ θ θ
θ θ θ θθ θ

 
= = = = = 

 
    

Differentiating again, 

 
22 2 2 2

0
0 0 3/2

0

sin 2 2cos 2 sin 2 2cos 2 sin 2

(cos 2 )cos 2 cos 2

vdr d
r v v

d d r

θ θ θ θ θθ θ θ
θ θ θθ θ

  + += = = = 
 

     

(a) 0
0

0

sin 2
sin 2

cos 2
r

v r
v r v

r

θ θ
θ

= = =         0

0

cos 2
v r

v r
rθ θ θ= =  

  2 2 2 20

0

( ) ( ) sin 2 cos 2r

v r
v v v

rθ θ θ= + = +  0

0

v r
v

r
=   

  
2 22 2

2 20 0 0
2

0 0

2 22 2
0 0 0

2
0 00

2cos 2 sin 2
cos 2

cos 2 cos 2

cos 2 sin 2

cos 2 cos 2

r

v r v
a r r

r r

v v v r

r rr

θ θθ θ
θ θ

θ θ
θ θ

+= − = −

+= = =

  

  
2
0
2

0

:r r
mv r

F ma
r

= =  
2
0
2

0
r

mv r
F

r
=   



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

423 

PROBLEM 12.75  (Continued) 

 

 Since the particle moves under a central force, 0.θ =a  

 Magnitude of acceleration. 

  
2

2 2 0
2

0
r

v r
a a a

r
θ= + =  

 Tangential component of acceleration. 

  
2

0 0 0
2

0 0 0

sin 2t

v r v v rdv d
a r

dt dt r r r
θ

 
= = = = 

 
  

 Normal component of acceleration. 

  
2 2

2 2 20 0
2 2

0 0

cos 2
1 sin 2t t

v r v r
a a a

r r

θθ= − = − =  

 But 
2

0cos 2
r

r
θ  =  

 
 

 Hence, 
2

0
n

v
a

r
=  

(b) But 
2 22 2

0
2 2

0 0

        or        n
n

v rv v r
a

a r v
ρ

ρ
= = = ⋅  

3

2
0

r

r
ρ =  
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PROBLEM 12.76 

A particle of mass m is projected from Point A with an initial velocity v0 
perpendicular to line OA and moves under a central force F along a 
semicircular path of diameter OA. Observing that 0 cosr r θ=  and using 
Eq. (12.27), show that the speed of the particle is 2

0/cos .v v θ=  

 

SOLUTION 

Since the particle moves under a central force, constant.h =  

Using Eq. (12.27), 2
0 0 0h r h r vθ= = =  

or 0 0 0 0 0
2 2 2 2

0 0cos cos

r v r v v

r r r
θ

θ θ
= = =  

Radial component of velocity. 

 0 0( cos ) ( sin )r
d

v r r r
dt

θ θ θ= = = −   

Transverse component of velocity. 

 0( cos )v r rθ θ θ θ= =   

Speed. 2 2 0 0
0 2

0 cos
r

r v
v v v r

r
θ θ

θ
= + = =  0

2cos

v
v

θ
=  
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PROBLEM 12.77 

For the particle of Problem 12.76, determine the tangential component tF  
of the central force F along the tangent to the path of the particle for  
(a) 0,θ =  (b) 45 .θ = °  

PROBLEM 12.76 A particle of mass m is projected from Point A with an 
initial velocity v0 perpendicular to line OA and moves under a central force F 
along a semicircular path of diameter OA. Observing that 0 cosr r θ=  and 
using Eq. (12.27), show that the speed of the particle is 2

0/cos .v v θ=  

 

SOLUTION 

Since the particle moves under a central force, constanth =  

Using Eq. (12.27), 

  2
0 0 0

0 0 0 0 0
2 2 2 2

0 0cos cos

h r h r v

r v r v v

r r r

θ

θ
θ θ

= = =

= = =





 

Radial component of velocity. 

  0 0( cos ) ( sin )r
d

v r r r
dt

θ θ θ= = = −   

Transverse component of velocity. 

  0( cos )v r rθ θ θ θ= =   

Speed. 

  2 2 0 0 0
0 2 2

0 cos cos
r

r v v
v v v r

r
θ θ

θ θ
= + = = =  

Tangential component of acceleration. 

  

0 0
0 3 3 2

0

2
0

5
0

2 sin( 2)( sin )

cos cos cos

2 sin

cos

t
v vdv

a v
dt r

v

r

θθ θ
θ θ θ

θ
θ

− −= = = ⋅

=



 

Tangential component of force. 

  
2

0
5

0

2 sin
:

cos
t t t

mv
F ma F

r

θ
θ

= =  

(a) 0,     0tFθ = =  0tF =   

(b) 0
5

2 sin 45
45 ,     

cos 45
t

mv
Fθ °

= ° =
°

 
2

0

0

8
t

mv
F

r
=  
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PROBLEM 12.78 

Determine the mass of the earth knowing that the mean radius of the moon’s orbit about the earth is 238,910 mi 
and that the moon requires 27.32 days to complete one full revolution about the earth. 

 

SOLUTION 

We have 
2

[Eq. (12.28)]= Mm
F G

r
 

and 
2

n n
v

F F ma m
r

= = =  

Then 
2

2

Mm v
G m

rr
=  

or 2r
M v

G
=  

Now 
2 r

v
π
τ

=  

so that 
2 2

32 1 2r r
M r

G G

π π
τ τ

   = =   
   

 

Noting that 627.32days 2.3604 10 sτ = = ×  

and 9238,910 mi 1.26144 10 ftr = = ×  

we have 

2

9 3
9 4 4 6

1 2
(1.26144 10 ft)

34.4 10 ft /lb s 2.3604 10 s
M

π
−

 
= ×  × ⋅ × 

 

or 21 2413 10 lb s /ftM = × ⋅  
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PROBLEM 12.79 

Show that the radius r of the moon’s orbit can be determined from the radius R of the earth, the acceleration of 
gravity g at the surface of the earth, and the time τ  required for the moon to complete one full revolution about 
the earth. Compute r knowing that 27.3τ =  days, giving the answer in both SI and U.S. customary units. 

 

SOLUTION 

We have 
2

Mm
F G

r
=         [Eq. (12.28)] 

and  
2

n n
v

F F ma m
r

= = =  

Then 
2

2

Mm v
G m

rr
=  

or 2 GM
v

r
=  

Now 2GM gR=              [Eq. (12.30)] 

so that 
2

2 gR
v

r
=  or 

g
v R

r
=  

For one orbit, 
2 2

g
r

r r

v R

π πτ = =  

or  

1/32 2

24

g R
r

τ
π

 
=   
 

 Q.E.D.   

Now 6

6

27.3 days 2.35872 10 s

3960 mi 20.9088 10 ftR

τ = = ×

= = ×

 

SI: 

1/32 6 2 6 2
6

2

9.81 m/s (2.35872 10 s) (6.37 10 m)
382.81 10 m

4
r

π
 × × × ×= = × 
 

 

or 3383 10 kmr = ×   

U.S. customary units: 

 

1/32 6 2 6 2
6

2

32.2 ft/s (2.35872 10 s) (20.9088 10 ft)
1256.52 10 ft

4
r

π
 × × × ×= = × 
 

 

or 3238 10 mir = ×   
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PROBLEM 12.80 

Communication satellites are placed in a geosynchronous orbit, i.e., in a circular orbit such that they complete 
one full revolution about the earth in one sidereal day (23.934 h), and thus appear stationary with respect to 
the ground. Determine (a) the altitude of these satellites above the surface of the earth, (b) the velocity with 
which they describe their orbit. Give the answers in both SI and U.S. customary units. 

 

SOLUTION 

For gravitational force and a circular orbit, 

 
2

2
        or        r

GMm mv GM
F v

r rr
= = =  

Let τ  be the period time to complete one orbit. 

But 
2

2 2 2 22         or        4
GM

v r v r
r

ττ π τ π= = =  

Then 

1/32 2
3

2 2
        or        

4 4

GM GM
r r

τ τ
π π

 
= =   

 
 

Data:  323.934 h 86.1624 10 sτ = = ×  

(a) In SI units:  2 69.81 m/s ,   6.37 10 m= = ×g R  

 2 6 2 12 3 2(9.81)(6.37 10 ) 398.06 10 m /s= = × = ×GM gR  

 
1/312 3 2

6
2

(398.06 10 )(86.1624 10 )
42.145 10 m

4
r

π
 × ×= = × 
 

 

 altitude 635.775 10 mh r R= − = ×  35,800 kmh =   

In U.S. units: 2 632.2 ft/s ,   3960 mi 20.909 10 ft= = = ×g R  

 2 6 2 15 3 2(32.2)(20.909 10 ) 14.077 10 ft /s= = × = ×GM gR  

 
1/315 3 2

6
2

(14.077 10 )(86.1624 10 )
138.334 10 ft

4
r

π
 × ×= = × 
 

 

 altitude 6117.425 10 ft= − = ×h r R  22,200 mih =   
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PROBLEM 12.80  (Continued) 

 

(b) In SI units: 

 
12

3
6

398.06 10
3.07 10 m/s

42.145 10

GM
v

r

×= = = ×
×

 3.07 km/sv =   

In U.S. units: 

 
15

3
6

14.077 10
10.09 10 ft/s

138.334 10

GM
v

r

×= = = ×
×

 310.09 10 ft/sv = ×   
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PROBLEM 12.81 

Show that the radius r of the orbit of a moon of a given planet can be determined from the radius R of the 
planet, the acceleration of gravity at the surface of the planet, and the time τ required by the moon to complete 
one full revolution about the planet. Determine the acceleration of gravity at the surface of the planet Jupiter 
knowing that R = 71,492 km and that τ = 3.551 days and r = 670.9 × 103 km for its moon Europa. 

 

SOLUTION 

We have 
2

Mm
F G

r
=  [Eq. (12.28)] 

and 
2

n n
v

F F ma m
r

= = =  

Then 
2

2

Mm v
G m

rr
=  

or 2 GM
v

r
=  

Now 2GM gR=  [Eq. (12.30)] 

so that 
2

2 or
gR g

v v R
r r

= =  

For one orbit, 
2 2

g
r

r r

v R

π πτ = =  

or 

1/32 2

24

g R
r

τ
π

 
=   
 

 Q.E.D.  

Solving for g, 
3

2
2 2

4
r

g
R

π
τ

=  

and noting that 3.551τ = days = 306,806 s, then 

 
3

2 Eur
Jupiter 2

Eur Jup

6 3
2

2 6 2

4

(670.9 10 m)
4

(306,806 s) (71.492 10 m)

π
τ

π

=

×=
×

r
g

R
 

or  2
Jupiter 24.8 m/s=g   

Note:   Jupiter Earth2.53≈g g 
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PROBLEM 12.82 

The orbit of the planet Venus is nearly circular with an orbital velocity of 126.5 310×  km/h. Knowing that the 
mean distance from the center of the sun to the center of Venus is 108 610×  km and that the radius of the sun 
is 3695 10×  km, determine (a) the mass of the sun, (b) the acceleration of gravity at the surface of the sun. 

 

SOLUTION 

Let M be the mass of the sun and m the mass of Venus. 

For the circular orbit of Venus, 

 
2

2
2 n

GMm mv
ma GM rv

rr
= = =  

where r is radius of the orbit. 

Data: 6 9108 10  km 108 10 mr = × = ×  

 3 3126.5 10  km/hr 35.139 10 m/sv = × = ×  

 
9 3 2 20 3 2(108 10 )(35.139 10 ) 1.3335 10 m /sGM = × × = ×  

(a) Mass of sun. 
20 3 2

12

1.3335 10  m /s

66.73 10

GM
M

G −
×= =

×
 301.998 10  kgM = ×   

(b) At the surface of the sun, 3 6695.5 10 km 695.5 10 mR = × = ×  

  
2

GMm
mg

R
=  

 
20

2 6 2

1.3335 10

(695.5 10 )

GM
g

R

×= =
×

 2276 m/sg =   
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PROBLEM 12.83 

A satellite is placed into a circular orbit about the planet Saturn at an altitude of 2100 mi. The satellite 
describes its orbit with a velocity of 354.7 10 mi/h.×  Knowing that the radius of the orbit about Saturn and the 
periodic time of Atlas, one of Saturn’s moons, are 385.54 10 mi×  and 0.6017 days, respectively, determine 
(a) the radius of Saturn, (b) the mass of Saturn. (The periodic time of a satellite is the time it requires to 
complete one full revolution about the planet.) 

 

SOLUTION 

Velocity of Atlas. 
2 A

A
A

r
v

π
τ

=  

where 3 685.54 10 mi 451.651 10 ftAv = × = ×  

and 0.6017 days 51,987sAτ = =  

 
6

3(2 ) (451.651 10 )
54.587 10 ft/s

51,987Av
π ×= = ×  

Gravitational force. 
2

2

GMm mv
F

rr
= =  

from which 2 constantGM rv= =  

For the satellite, 2 2
s s A Ar v r v=  


2

2
A A

s
s

r v
r

v
= 

where 3 3

6 3 2
6

3 2

54.7 10 mi/h 80.227 10 ft/s

(451.651 10 )(54.587 10 )
209.09 10 ft

(80.227 10 )

39,600 mi

s

s

s

v

r

r

= × = ×

× ×= = ×
×

=

 

(a) Radius of Saturn. 

 (altitude) 39,600 2100sR r= − = −  37,500 miR =   

(b) Mass of Saturn. 

 
2 6 3 2

9

(451.651 10 )(54.587 10 )

34.4 10
A Ar v

M
G −

× ×= =
×

 

 24 239.1 10 lb s /ftM = × ⋅   
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PROBLEM 12.84 

The periodic times (see Problem 12.83) of the planet Uranus’s moons Juliet and Titania have been observed to 
be 0.4931 days and 8.706 days, respectively. Knowing that the radius of Juliet’s orbit is 40,000 mi, determine 
(a) the mass of Uranus, (b) the radius of Titania’s orbit. 

 

SOLUTION 

Velocity of Juliet. 
2 J

J
J

r
v

π
τ

=  

where 840,000 mi 2.112 10 ftJr = = ×  

and 0.4931 days 42,604 sJτ = =  

 
8

4(2 )(2.112 10 ft)
3.11476 10 ft/s

42,604 sJv
π ×= = ×  

Gravitational force. 
2

2

GMm mv
F

rr
= =  

from which 2 constantGM rv= =  

(a) Mass of Uranus. 
2

J Jr v
M

G
=  

 
8 4 2

9

24 2

(2.112 10 )(3.11476 10 )

34.4 10

5.95642 10 lb s /ft

M −
× ×=

×
= × ⋅

 

 24 25.96 10 lb s /ftM = × ⋅   

(b) Radius of Titania’s orbit. 

 
2 32 3

2
2 2

44 ππ
τ τ

= = = JT
T T

T J

rr
GM r v  

 
2 2

3 3 8 3 27 38.706
(2.112 10 ) 2.93663 10 ft

0.4931
T

T J
J

r r
τ
τ
   = = × = ×   

  
 

 9 51.43202 10 ft 2.71216 10 miTr = × = ×  52.71 10 miTr = ×   
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PROBLEM 12.85 

A 500 kg spacecraft first is placed into a circular orbit about the earth at an altitude of 4500 km and then is 
transferred to a circular orbit about the moon. Knowing that the mass of the moon is 0.01230 times the mass 
of the earth and that the radius of the moon is 1737 km, determine (a) the gravitational force exerted on the 
spacecraft as it was orbiting the earth, (b) the required radius of the orbit of the spacecraft about the moon if 
the periodic times (see Problem 12.83) of the two orbits are to be equal, (c) the acceleration of gravity at the 
surface of the moon. 

 

SOLUTION 

First note that  66.37 10 mER = ×  

Then 
6 6

6

(6.37 10 4.5 10 ) m

10.87 10 m

E E Er R h= + = × + ×

= ×
 

(a) We have 
2

[Eq. (12.28)]
GMm

F
r

=  

and 2GM gR=  [Eq. (12.29)]  

Then 
2

2
2

m R
F gR W

rr

 = =  
 

 

For the earth orbit, 

26
2

6

6.37 10 m
(500 kg)(9.81 m/s )

10.87 10 m
F

 ×=   × 
 

or 1684 NF =   

(b) From the solution to Problem 12.78, we have 

 
2

31 2
M r

G

π
τ

 =  
 

 

Then 
3/22 r

GM

πτ =  

Now 
3/2 3/22 2E M

E M
E M

r r

GM GM

π πτ τ=  =  (1) 

or 
1/3

1/3 6(0.01230) (10.87 10 m)M
M E

E

M
r r

M

 
= = × 
 

 

or 62.509 10 mMr = ×  2510 kmMr =  
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PROBLEM 12.85  (Continued) 

 

(c) We have 2 [Eq.(12.29)]GM gR=  

Substituting into Eq. (1) 

 
3/2 3/22 2E M

E E M M

r r

R g R g

π π
=  

or 
2 3 2

E M E M
M E E

M E M E

R r R M
g g g

R r R M

       
= =       
       

 

using the results of Part (b). Then 

 
2

26370 km
(0.01230)(9.81 m/s )

1737 kmMg
 

=  
 

 

or 2
moon 1.62 m/sg =   

Note: moon earth
1

6
g g≈  
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PROBLEM 12.86 

A space vehicle is in a circular orbit of 2200-km radius around the 
moon. To transfer it to a smaller circular orbit of 2080-km radius, the 
vehicle is first placed on an elliptic path AB by reducing its speed by 
26.3 m/s as it passes through A. Knowing that the mass of the moon is 
73.49 2110 kg,×  determine (a) the speed of the vehicle as it approaches B 
on the elliptic path, (b) the amount by which its speed should be 
reduced as it approaches B to insert it into the smaller circular orbit. 

 

SOLUTION 

For a circular orbit, 
2

:n n
v

F ma F m
r

Σ = =  

Eq. (12.28): 
2

Mm
F G

r
=  

Then 
2

2

Mm v
G m

rr
=  

or 2 GM
v

r
=  

Then 
12 3 2 21

2
circ 3

66.73 10 m /kg s 73.49 10 kg
( )

2200 10 m
Av

−× ⋅ × ×=
×

 

or circ( ) 1493.0 m/sAv =  

and 
12 3 2 21

2
circ 3

66.73 10 m /kg s 73.49 10 kg
( )

2080 10 m
Bv

−× ⋅ × ×=
×

 

or circ( ) 1535.5 m/sBv =  

(a) We have circ( ) ( )

(1493.0 26.3) m/s

1466.7 m/s

A TR A Av v v= + Δ
= −
=

 

Conservation of angular momentum requires that 

  ( ) ( )A A TR B B TRr m v r m v=  

or 
2200 km

( ) 1466.7 m/s
2080 km

1551.3 m/s

B TRv = ×

=

 

or ( ) 1551 m/sB TRv =  

(b) Now circ( ) ( )B B TR Bv v v= + Δ  

or (1535.5 1551.3) m/sBvΔ = −  

or 15.8 m/sBvΔ = −   
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PROBLEM 12.87 

Plans for an unmanned landing mission on the planet Mars called 
for the earth-return vehicle to first describe a circular orbit at an 
altitude dA = 2200 km above the surface of the planet with a 
velocity of 2771 m/s. As it passed through Point A, the vehicle 
was to be inserted into an elliptic transfer orbit by firing its 
engine and increasing its speed by 1046 m/s.AvΔ =  As it passed 
through Point B, at an altitude dB = 100,000 km, the vehicle was to 
be inserted into a second transfer orbit located in a slightly 
different plane, by changing the direction of its velocity and 
reducing its speed by 22.0 m/s.BvΔ = −  Finally, as the vehicle 
passed through Point C, at an altitude dC = 1000 km, its speed 
was to be increased by 660 m/sCvΔ =  to insert it into its return 
trajectory. Knowing that the radius of the planet Mars is  
R 3400= km, determine the velocity of the vehicle after 
completion of the last maneuver. 

 

SOLUTION 

 

6

6

6

3400 2200 5600 km 5.60 10 m

3400 100,000 103,400 km 103.4 10 m

3400 1000 4400 km 4.40 10 m

A

B

C

r

r

r

= + = = ×

= + = = ×

= + = = ×

 

First transfer orbit. 

 2771 m/s 1046 m/s 3817 m/sAv = + =  

Conservation of angular momentum: 

 6 6(5.60 10 )(3817) (103.4 10 )

206.7 m/s

A A B B

B

B

r mv r mv

v

v

=

× = ×
=

 

Second transfer orbit. 

 
206.7 22.0 184.7 m/s

B B Bv v v′ = + Δ
= − =

 

Conservation of angular momentum: 
 

6 6(103.4 10 )(184.7) (4.40 10 )

4340 m/s

B B C C

C

C

r mv r mv

v

v

′ =

× = ×
=

 

After last maneuver. 
 4340 660C Cv v v= + Δ = +  5000 m/sv =  
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PROBLEM 12.88 

To place a communications satellite into a geosynchronous 
orbit (see Problem 12.80) at an altitude of 22,240 mi above 
the surface of the earth, the satellite first is released from a 
space shuttle, which is in a circular orbit at an altitude of 
185 mi, and then is propelled by an upper-stage booster to 
its final altitude. As the satellite passes through A, the 
booster’s motor is fired to insert the satellite into an elliptic 
transfer orbit. The booster is again fired at B to insert the 
satellite into a geosynchronous orbit. Knowing that the 
second firing increases the speed of the satellite by 4810 ft/s, 
determine (a) the speed of the satellite as it approaches B 
on the elliptic transfer orbit, (b) the increase in speed 
resulting from the first firing at A. 

 

SOLUTION 

For earth, 63960 mi 20.909 10 ftR = = ×  

 2 6 2 15 3 2(32.2)(20.909 10 ) 14.077 10 ft /sGM gR= = × = ×  

 63960 185 4145 mi 21.8856 10 ftAr = + = = ×  

 63960 22,240 26,200 mi 138.336 10 ftBr = + = = ×  

Speed on circular orbit through A. 

 circ

15

6

3

( )

14.077 10

21.8856 10

25.362 10 ft/s

A
A

GM
v

r
=

×=
×

= ×

 

Speed on circular orbit through B. 

 circ

15

6

3

( )

14.077 10

138.336 10

10.088 10 ft/s

B
B

GM
v

r
=

×=
×

= ×
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PROBLEM 12.88  (Continued) 

 

(a) Speed on transfer trajectory at B. 

 

3
tr

3

( ) 10.088 10 4810

5.278 10

Bv = × −

= ×  5280 ft/s   

Conservation of angular momentum for transfer trajectory. 

 

tr tr

tr
tr

6

6

3

( ) ( )

( )
( )

(138.336 10 )(5278)

21.8856 10

33.362 10 ft/s

A A B B

B B
A

A

r v r v

r v
v

r

=

=

×=
×

= ×

 

(b) Change in speed at A. 

 

tr circ

3 3

3

( ) ( )

33.362 10 25.362 10

8.000 10

A A Av v vΔ = −

= × − ×

= ×

 

 8000 ft/sAvΔ =   
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PROBLEM 12.89 

A space shuttle S and a satellite A are in the circular orbits shown. In 
order for the shuttle to recover the satellite, the shuttle is first placed 
in an elliptic path BC by increasing its speed by 280 ft/sBvΔ =  as it 
passes through B. As the shuttle approaches C, its speed is increased 
by 260 ft/sCvΔ =  to insert it into a second elliptic transfer orbit CD. 
Knowing that the distance from O to C is 4289 mi, determine the 
amount by which the speed of the shuttle should be increased as it 
approaches D to insert it into the circular orbit of the satellite. 

 

SOLUTION 

First note 6

6

6

3960 mi 20.9088 10 ft

(3960 380) mi 4340 mi 22.9152 10 ft

(3960 180) mi 4140 mi 21.8592 10 ft

A

B

R

r

r

= = ×

= + = = ×

= + = = ×

 

For a circular orbit, 
2

:n n
v

F ma F m
r

Σ = =  

Eq. (12.28): 
2

Mm
F G

r
=  

Then 
2

2

Mm v
G m

rr
=  

or 
2

2 using Eq. (12.29).= =GM gR
v

r r
 

Then 
2 6 2

2
circ 6

32.2 ft/s (20.9088 10 ft)
( )

22.9152 10 ft
Av

× ×=
×

 

or circ( ) 24,785 ft/sAv =  

and 
2 6 2

2
circ 6

32.2 ft/s (20.9088 10 ft)
( )

21.8592 10 ft
Bv

× ×=
×

 

or circ( ) 25,377 ft/sBv =  

We have circ( ) ( ) (25,377 280) ft/s
BCB TR B Bv v v= + Δ = +  

 25,657 ft/s=  
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PROBLEM 12.89   (Continued) 

 

Conservation of angular momentum requires that 

 : ( ) ( )
BC BCB B TR C C TRBC r m v r m v=  (1) 

 : ( ) ( )
CD CDC C TR A D TRCD r m v r m v=  (2) 

From Eq. (1) 
4140 mi

( ) ( ) 25,657 ft/s
4289 mi

24,766 ft/s

BC BC

B
C TR B TR

C

r
v v

r
= = ×

=

 

Now ( ) ( ) (24,766 260) ft/s

25,026 ft/s
CD BCC TR C TR Cv v v= + Δ = +

=

 

From Eq. (2) 
4289 mi

( ) ( ) 25,026 ft/s
4340 mi

24,732 ft/s

CD CD

C
D TR C TR

A

r
v v

r
= = ×

=

 

Finally, circ( ) ( )
CDA D TR Dv v v= + Δ  

or (24,785 24,732) ft/sDvΔ = −  

or 53 ft/sDvΔ =   
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PROBLEM 12.90 

A 1 kg collar can slide on a horizontal rod, which is free to 
rotate about a vertical shaft. The collar is initially held at A by a 
cord attached to the shaft. A spring of constant 30 N/m is 
attached to the collar and to the shaft and is undeformed when 
the collar is at A. As the rod rotates at the rate 16 rad/s,θ =  the 
cord is cut and the collar moves out along the rod. Neglecting 
friction and the mass of the rod, determine (a) the radial and 
transverse components of the acceleration of the collar at A, 
(b) the acceleration of the collar relative to the rod at A, (c) the 
transverse component of the velocity of the collar at B. 

 

SOLUTION 

First note ( )sp AF k r r= −  

(a) 0 and at ,F Aθ =  0r spF F= − =  

 ( ) 0A ra =   

 ( ) 0Aa θ =   

(b) :r rF maΣ =  2( )spF m r rθ− = −   

Noting that collar/rod ,a r=     we have at A 

 
2

collar/rod

2
collar/rod

0 [ (150 mm)(16rad/s) ]

38400 mm/s

m a

a

= −

=
 

or 2
collar/rod( ) 38.4 m/sAa =   

(c) After the cord is cut, the only horizontal force acting on the collar is due to the spring. Thus, angular 
momentum about the shaft is conserved. 

 0( ) ( ) where ( )A A B B A Ar m v r m v v rθ θ θ θ= =   

 Then 
150 mm

( ) [(150 mm)(16rad/s)] 800 mm/s
450 mmBv θ = =  

 or ( ) 0.800 m/sBv θ =  
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PROBLEM 12.91 

A 1-lb ball A and a 2-lb ball B are mounted on a horizontal rod which 
rotates freely about a vertical shaft. The balls are held in the positions 
shown by pins. The pin holding B is suddenly removed and the ball 
moves to position C as the rod rotates. Neglecting friction and the mass 
of the rod and knowing that the initial speed of A is 8Av =  ft/s, determine 
(a) the radial and transverse components of the acceleration of ball B 
immediately after the pin is removed, (b) the acceleration of ball B 
relative to the rod at that instant, (c) the speed of ball A after ball B has 
reached the stop at C. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

 

Let r and θ  be polar coordinates with the origin lying at the shaft. 

Constraint of rod: radians;  ;   .B A B A B Aθ θ π θ θ θ θ θ θ= + = = = =       

(a) Components of acceleration 

Sketch the free body diagrams of the balls showing the radial and 
transverse components of the forces acting on them. Owing to 
frictionless sliding of B along the rod, ( ) 0.B rF =  

Radial component of acceleration of B. 

 ( ) :r B B rF m a=  ( ) 0B ra =  

Transverse components of acceleration. 

 ( ) 2A A Aa r r raθ θ θ θ= + =    

 ( ) 2B B Ba r rθ θ θ= +   (1) 

Since the rod is massless, it must be in equilibrium. Draw its free body 
diagram, applying Newton’s 3rd Law. 

0 0:   ( ) ( ) ( ) ( ) 0A A B B A A A B B BM r F r F r m a r m aθ θ θ θΣ = + = + =  

( 2 ) 0A A A B B B Br m r r m r rθ θ θ+ + =    

2 2

2 B B

A A B B

m r

m r m r

θθ −=
+

  

At 0,t =     0    so that    0.Br θ= =  

From Eq. (1),  ( ) 0Ba θ =   
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PROBLEM 12.91   (Continued) 

 

(b) Acceleration of B relative to the rod. 

 At 
( ) 96

0,   ( ) 8 ft/s 96 in./s,  9.6 rad/s
10

A
A

A

v
t v

r
θ

θ θ= = = = = =  

2 ( ) 0B B B rr r aθ− = =  

2 2 2(8) (9.6) 737.28 in./sB Br r θ= = =  

 261.4 ft/sBr =   

(c) Speed of A. 

 Substituting 2( ) for  
d

mr rF
dt θθ  in each term of the moment equation 

 gives 

( ) ( )2 2 0A A B B
d d

m r m r
dt dt

θ θ+ =   

 Integrating with respect to time, 

( ) ( )2 2 2 2

0 0
A A B B A A B Bm r m r m r m rθ θ θ θ+ = +     

 Applying to the final state with ball B moved to the stop at C, 

2 2 2 2
0 0( )A B A B

A C f A B
W W W W

r r r r
g g g g

θ θ   
+ = +   

   
   

2 2 2 2
0

02 2 2 2

( ) (1)(10) (2)(8)
(9.6) 3.5765 rad/s

(1)(10) (2)(16)
A A B B

f
A A B C

W r W r

W r W r
θ θ+ += = =

+ +
   

 ( ) (10)(3.5765) 35.765 in./sA f A fv r θ= = =      ( ) 2.98 ft/sA fv =   
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PROBLEM 12.92 

Two 2.6-lb collars A and B can slide without friction on a frame, consisting of 
the horizontal rod OE and the vertical rod CD, which is free to rotate about 
CD. The two collars are connected by a cord running over a pulley that is 
attached to the frame at O and a stop prevents collar B from moving. The 
frame is rotating at the rate 12 rad/sθ =  and 0.6 ftr =  when the stop is 
removed allowing collar A to move out along rod OE. Neglecting friction and 
the mass of the frame, determine, for the position 1.2 ft,r =  (a) the 
transverse component of the velocity of collar A, (b) the tension in the cord 
and the acceleration of collar A relative to the rod OE. 

 
 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Masses: 22.6
0.08075 lb s /ft

32.2A Bm m= = = ⋅  

(a) Conservation of angular momentum of collar A: 0 2 0 1( ) ( )H H=  

1 1 2 2( ) ( )A Am r v m r vθ θ=  

2 2
1 1 1 1

2
2 2

( ) (0.6) (12)
( ) 3.6

1.2

r v r
v

r r
θ

θ
θ= = = =


 

2( ) 3.60 ft/svθ =   

2
2

( ) 3.6
3.00 rad/s

1.2A

v

r
θθ = = =  

(b) Let y be the position coordinate of B, positive upward with origin at O. 

 Constraint of the cord:  constant        or        r y y r− = =   

 Kinematics: 

 2( )         and        ( )B y A ra y r a r rθ= = = −     

 Collar B:  :y B B B B BF m a T W m y m rΣ = − = =   (1) 

 Collar A:  2( ) : ( )r A A r AF m a T m r rθΣ = − = −   (2) 

 Adding (1) and (2) to eliminate T, 
2( )B A B AW m m r m rθ− = + +   

2 2
2

/rod
(0.08075)(1.2)(3.00) (2.6)

10.70 ft/s
0.08075 0.08075

A B
A

A B

m r W
a r

m m

θ − −= = = = −
+ +


  

( ) (0.08075)( 10.70 32.2)BT m r g= + = − +  1.736 lbT =   

  2
/ rod 10.70 ft/sAa =  radially inward.  
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PROBLEM 12.93 

A small ball swings in a horizontal circle at the end of a cord of length 1l , 
which forms an angle 1θ  with the vertical. The cord is then slowly drawn 
through the support at O until the length of the free end is 2.l  (a) Derive a 
relation among 1,l  2 ,l  1,θ  and 2.θ  (b) If the ball is set in motion so that 
initially 1 0.8 ml =  and 1 35 ,θ = °  determine the angle 2θ  when 2 0.6 m.l =  

 

SOLUTION 

(a) For state 1 or 2, neglecting the vertical component of acceleration, 

  0: cos 0yF T WθΣ = − =  

 cosT W θ=  

 
2

: sin sin cosx n
mv

F ma T Wθ θ θ
ρ

Σ = = =  

 But sinρ θ=      so that 

 
2 2

1 1 1 1

sin cos sin tan

sin tan

W
v g

m

v g

ρ θ θ θ θ

θ θ

= =

=




 

 and 2 2 2 2sin tan

0: constanty y

v g

M H

θ θ=

Σ = =

  

 1 1 2 2r mv r mv=         or        1 1 1 2 2 2sin sinv vθ θ=   

 3/2 3/2
1 1 1 2 2 21 2sin sin tan sin sin tang θ θ θ θ θ θ=   

 3 3 3 3
1 1 1 2 2 2sin tan sin tanθ θ θ θ=    

(b) With 1 1 235 ,   0.8 m,  and 0.6 mθ = ° = =   

 3 3 3 3
2 2(0.8) sin 35 tan 35 (0.6) sin tanθ θ° ° =  

 3
2 2sin tan 0.31320 0θ θ − =  2 43.6θ = °   
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PROBLEM 12.CQ6 

A uniform crate C with mass mC is being transported to the left by a forklift 
with a constant speed v1. What is the magnitude of the angular momentum 
of the crate about Point D, that is, the upper left corner of the crate? 

(a) 0 

(b) mv1a 

(c) mv1b 

(d ) 22
1 bamv +  

 

SOLUTION 

Answers: (b)  The angular momentum is the moment of the momentum, so simply take the linear momentum, 
mv1, and multiply it by the perpendicular distance from the line of action of mv1 and Point D. 
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PROBLEM 12.CQ7 

A uniform crate C with mass mC is being transported to the left by 
a forklift with a constant speed v1. What is the magnitude of the 
angular momentum of the crate about Point A, that is, the point of 
contact between the front tire of the forklift and the ground? 

(a) 0 

(b) mv1d 

(c) 3mv1 

(d ) 2 2
1 3mv d+  

 

SOLUTION 

Answer: (b)   
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PROBLEM 12.94 

A particle of mass m is projected from Point A with an initial 
velocity 0v  perpendicular to OA and moves under a central force F 
along an elliptic path defined by the equation 0/(2 cos ).r r θ= −  
Using Eq. (12.37), show that F is inversely proportional to the 
square of the distance r from the particle to the center of force O. 

 

SOLUTION 

 
2

2
0 0 0

1 2 cos sin cos
, ,

du d u
u

r r d r rd

θ θ θ
θ θ

−= = = =  

 
2

2 2 2
0

2d u F
u

rd mh uθ
+ = =     by Eq. (12.37).  

Solving for F, 
2 2 2

2
0 0

2 2mh u mh
F

r r r
= =  

Since m, h, and 0r  are constants, F is proportional to 2
1 ,
r

 or inversely proportional to 2.r 
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PROBLEM 12.95 

A particle of mass m describes the logarithmic spiral 0
br r e θ= under a central force F directed toward the 

center of force O. Using Eq. (12.37) show that F is inversely proportional to the cube of the distance r from 
the particle to O. 

 

SOLUTION 

 
0

1 1 bu e
r r

θ−= =  

 
0

bdu b
e

d r
θ

θ
−= −  

 
2 2

2
0

bd u b
e

rd
θ

θ
−=  

 
2 2

2 2 2
0

1 bd u b F
u e

rd mh u
θ

θ
−++ = =  

 
2 2 2

0

( 1) bb mh u
F e

r
θ−+=  

 
2 2 2 2 2

3

( 1) ( 1)b mh u b mh

r r

+ += =  

Since b, m, and h are constants, F is proportional to 3
1 ,
r

 or inversely proportional to 3.r  
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PROBLEM 12.96 

For the particle of Problem 12.74, and using Eq. (12.37), show that the 
central force F is proportional to the distance r from the particle to the 
center of force O. 

PROBLEM 12.74 A particle of mass m is projected from Point A with an 
initial velocity 0v  perpendicular to line OA and moves under a central 
force F directed away from the center of force O. Knowing that the 
particle follows a path defined by the equation 0 / cos 2r r θ=  and using 
Eq. (12.27), express the radial and transverse components of the velocity v 
of the particle as functions of θ . 

 

SOLUTION 

0 0

1 cos 2 sin 2
,

cos 2

du
u

r r d r

θ θ
θ θ

= = = −  

 

2

0

2 2 2

3/2 3/2
0 0

cos 2 (2cos 2 ) sin 2 ( sin 2 / cos 2 )

cos 2

2cos 2 sin 2 (1 cos 2 )

(cos 2 ) (cos 2 )

d u

d r

r r

θ θ θ θ θ
θ θ

θ θ θ
θ θ

− −= −

+ += − = −

 

Eq. (12.37):    
2

2 2 2

d u F
u

d mh uθ
+ =  

Solving for F, 

 

2
2 2

2
2

2 3/2
00 0

2
2 3/ 2

0 00 0

cos 2 1 cos 2 cos 2

(cos 2 )

cos 2 1 cos 2 cos 2

(cos 2 )

d u
F mh u u

d

mh
rr r

mh
r rr r

θ

θ θ θ
θ

θ θ θ
θ

 
= +  

 

 += − + 
  

 
= − − + 

  

 

  
2 2

0
3 4

0 0 cos 2cos 2

mh mh r

r r θθ
= − = −  

2

4
0

mh r
F

r
= −   

The force F is proportional to r. The minus sign indicates that it is repulsive. 
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PROBLEM 12.97 

A particle of mass m describes the path defined by the equation 0 sinr r θ=  under a central force F directed 
toward the center of force O. Using Eq. (12.37), show that F is inversely proportional to the fifth power of the 
distance r from the particle to O. 

 

SOLUTION 

We have 
2

2 2 2
Eq. (12.37)

d u F
u

d mh uθ
+ =  

where 21
and constantu mh

r
= =  

 
2

2
2

d u
F u u

dθ
 

× +  
 

 

Now 
0

1 1

sin
u

r r θ
= =  

Then 
2

0 0

1 1 1 cos

sin sin

du

d d r r

θ
θ θ θ θ

 
= = − 

 
 

and 
2 2

2 4
0

2

3
0

1 sin (sin ) cos (2 sin cos )

sin

1 1 cos

sin

d u

rd

r

θ θ θ θ θ
θ θ

θ
θ

 − −= −  
 

+=

 

Then 
2

2 3
0 0

1 1 1 cos 1

sinsin
F

r rr

θ
θθ

 + × +     
 

 

2 2
2

2 3 3
0

3

2 3
2 3

0 0

2
2 0

5

1 1 1 cos sin

sin sin

2 1 1
sin

sin

2

mh
r r

r
mh

r rr

r
mh

r

θ θ
θ θ

θ
θ

 += +  
 

 
= =  

 

=

 

 F is proportional to 
5

1

r
 

5

1
F

r
×   Q.E.D. 

Note: 0F >  implies that F is attractive.
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PROBLEM 12.98 

It was observed that during its second flyby of the earth, the Galileo spacecraft had a velocity of 14.1 km/s as 
it reached its minimum altitude of 303 km above the surface of the earth. Determine the eccentricity of the 
trajectory of the spacecraft during this portion of its flight. 

 

SOLUTION 

For earth,  66.37 10 mR = ×  

6 3 6
0 6.37 10 303. 10 6.673 10 mr = × + × = ×  

6 3 9 2
0 0 (6.673 10 )(14.1 10 ) 94.09 10 m /sh r v= = × × = ×  

2 6 2 12 3 2(9.81)(6.37 10 ) 398.06 10 m /sGM gR= = × = ×  

2
0

1
(1 )

GM

r h
ε= +  

2 9 2

6 12
0

(94.09 10 )
1 3.33

(6.673 10 )(398.06 10 )

h

r GM
ε ×+ = = =

× ×
 

 3.33 1ε = −  2.33ε =   
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PROBLEM 12.99 

It was observed that during the Galileo spacecraft’s first flyby of the earth, its maximum altitude was 600 mi 
above the surface of the earth. Assuming that the trajectory of the spacecraft was parabolic, determine the 
maximum velocity of Galileo during its first flyby of the earth. 

 

SOLUTION 

For the earth:   63960 mi 20.909 10  ftR = = ×  

2 6 2 15 3 2(32.2) (20.909 10 ) 14.077 10  ft /sGM gR= = × = ×  

For a parabolic trajectory,  1.ε =  

Eq. (12.39 )′ :      
2

1
(1 cos )

GM

r h
θ= +  

At 02 2 2
0 00 0

1 2 2 2
0,              or        

GM GM GM
v

r rh r v
θ = = = =  

At  6
0 3960 600 4560 mi 24.077 10  ft,r = + = = ×  

  
15

3
0 6

(2)(14.077 10 )
34.196 10  ft/s

24.077 10
v

×= = ×
×

 

  0 6.48 mi/sv =   
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PROBLEM 12.100 

As a space probe approaching the planet Venus on a parabolic trajectory 
reaches Point A closest to the planet, its velocity is decreased to insert it into a 
circular orbit. Knowing that the mass and the radius of Venus are 
4.87 2410 kg×  and 6052 km, respectively, determine (a) the velocity of the 
probe as it approaches A, (b) the decrease in velocity required to insert it into 
the circular orbit. 

 

SOLUTION 

First note (6052 280) km 6332 kmAr = + =  

(a) From the textbook, the velocity at the point of closest approach on a parabolic trajectory is given by 

 0
0

2GM
v

r
=  

 Thus, 

1/212 3 2 24

par 3

2 66.73 10 m /kg s 4.87 10 kg
( )

6332 10 m

10,131.4 m/s

Av
− × × ⋅ × ×=  

× 
=

 

 or par( ) 10.13 km/sAv =   

(b) We have circ par( ) ( )A A Av v v= + Δ  

 Now circ
0

par

( ) Eq. (12.44)

1
( )

2

A

A

GM
v

r

v

=

=

 

 Then par par
1

( ) ( )
2

1
1 (10.1314 km/s)

2

2.97 km/s

A A Av v vΔ = −

 = − 
 

= −

 

 | | 2.97 km/sAvΔ =  
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PROBLEM 12.101 

It was observed that as the Voyager I spacecraft reached the point of its trajectory closest to the planet Saturn, 
it was at a distance of 3185 10× km from the center of the planet and had a velocity of 21.0 km/s. Knowing 
that Tethys, one of Saturn’s moons, describes a circular orbit of radius 3295 10× km at a speed of 11.35 km/s, 
determine the eccentricity of the trajectory of Voyager I on its approach to Saturn. 

 

SOLUTION 

For a circular orbit, 

Eq. (12.44) 
GM

v
r

=  

For the orbit of Tethys, 

 2
T TGM r v=  

For Voyager’s trajectory, we have 

 
2

1
(1 cos )

GM

r h
ε θ= +  

where 0 0h r v=  

At O, 0 , 0r r θ= =  

Then 
2

0 0 0

1
(1 )

( )

GM

r r v
ε= +  

or 
2 2

0 0 0 0
2

23

3

1 1

185 10 km 21.0 km/s
1

11.35 km/s295 10 km

T T

r v r v

GM r v
ε = − = −

×  = × − ×  

 

or 1.147ε =   
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PROBLEM 12.102 

A satellite describes an elliptic orbit about a planet of mass M. 
Denoting by 0r  and 1,r  respectively, the minimum and maximum 
values of the distance r from the satellite to the center of the planet, 
derive the relation 

2
0 1

1 1 2GM

r r h
+ =  

where h is the angular momentum per unit mass of the satellite. 

 

SOLUTION 

Using Eq. (12.39), 
2

1
cos A

A

GM
C

r h
θ= +  

and 
2

1
cos .B

B

GM
C

r h
θ= +  

But 180 ,B Aθ θ= + °  

so that cos cos .A Bθ θ= −  

Adding, 
2

0 1

1 1 1 1 2

A B

GM

r r r r h
+ = + = 
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PROBLEM 12.103 

A space probe is describing a circular orbit about a planet of radius R. The altitude of the probe above the 
surface of the planet is Rα  and its speed is v0. To place the probe in an elliptic orbit which will bring it closer 
to the planet, its speed is reduced from v0 to 0 ,vβ  where 1,β <  by firing its engine for a short interval of 
time. Determine the smallest permissible value of β  if the probe is not to crash on the surface of the planet. 

 

SOLUTION 

For the circular orbit, 0
A

GM
v

r
=       Eq. (12.44), 

where (1 )Ar R R Rα α= + = +  

Then 2
0 (1 )GM v R α= +  

From the solution to Problem 12.102, we have for the elliptic orbit, 

 
2

1 1 2

A B

GM

r r h
+ =  

Now 

0

( )

[ (1 )]( )
A A A ABh h r v

R vα β
= =
= +

 

Then 
2
0

2
0

2

2 (1 )1 1

(1 ) [ (1 ) ]

2

(1 )

B

v R

R r R v

R

α
α α β

β α

+
+ =

+ +

=
+

 

Now minβ corresponds to .Br R→  

Then 
2
min

1 1 2

(1 ) (1 )R R Rα β α
+ =

+ +
 

or min
2

2
β

α
=

+
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PROBLEM 12.104 

At main engine cutoff of its thirteenth flight, the space 
shuttle Discovery was in an elliptic orbit of minimum 
altitude 60 km and maximum altitude 500 km above the 
surface of the earth. Knowing that at Point A the shuttle had 
a velocity v0 parallel to the surface of the earth and that the 
shuttle was transferred to a circular orbit as it passed through 
Point B, determine (a) the speed v0 of the shuttle at A, (b) the 
increase in speed required at B to insert the shuttle into the 
circular orbit. 

 

SOLUTION 

For earth, 36370 km 6370 10  mR = = ×  

 

2 3 2 14 3 2

3

3

(9.81)(6370 10 ) 3.9806 10 m /s

6370 60 6430 km 6430 10 m

6370 500 6870 km 6870 10 m

A

B

GM gR

r

r

= = × = ×

= + = = ×

= + = = ×

 

Elliptic trajectory. 

Using Eq. (12.39), 
2 2

1 1
cos and cos .A B

A B

GM GM
C C

r rh h
θ θ= + = +  

But 180 , so that cos cosB A A Bθ θ θ θ= + ° = −  

Adding, 
2

14 3 3
9 2

3 3

1 1 2

2 (2)(3.9806 10 )(6430 10 )(6870 10 )
51.422 10 m /s

6430 10 6870 10

A B

A B A B

A B

A B

r r GM

r r r r h

GMr r
h

r r

++ = =

× × ×= = = ×
+ × + ×

 

(a) 0Speed  at .v A  

 
9

0 3

51.422 10

6430 10
A

A

h
v v

r

×= = =
×  

3
0 8.00 10  m/sv = ×   

 
9

3
1 3

51.422 10
( ) 7.48497 10 m/s

6870 10
B

A

h
v

r

×= = = ×
×

 

For a circular orbit through Point B, 

 
14

3
circ 3

3.9806 10
( ) 7.6119 10 m/s

6870 10
B

B

GM
v

r

×= = = ×
×

 

(b) Increase in speed at Point B. 

 circ 1( ) ( ) 126.97 m/sB B Bv v vΔ = − =  127 m/sBvΔ =  
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PROBLEM 12.105 

A space probe is to be placed in a circular orbit of 5600 mi 
radius about the planet Venus in a specified plane. As the 
probe reaches A, the point of its original trajectory closest to 
Venus, it is inserted in a first elliptic transfer orbit by 
reducing its speed by Δ .Av  This orbit brings it to Point B 
with a much reduced velocity. There the probe is inserted in a 
second transfer orbit located in the specified plane by 
changing the direction of its velocity and further reducing its 
speed by Δ .Bv  Finally, as the probe reaches Point C, it is 
inserted in the desired circular orbit by reducing its speed by 
Δ .Cv  Knowing that the mass of Venus is 0.82 times the mass 
of the earth, that 39.3 10 miAr = ×  and 3190 10Br = × mi, and 
that the probe approaches A on a parabolic trajectory, 
determine by how much the velocity of the probe should be 
reduced (a) at A, (b) at B, (c) at C. 

 

SOLUTION 

For Earth, 6 2

2 6 2 15 3 2
earth

3690 mi 20.9088 10 ft, 32.2 ft/s

(32.2)(20.9088 10 ) 14.077 10 ft /s

R g

GM gR

= = × =

= = × = ×

 

For Venus, 15 3 2
earth0.82 11.543 10 ft /sGM GM= = ×  

For a parabolic trajectory with 3 69.3 10 mi 49.104 10 ftAr = × = ×  

 
15

3
1 esc 6

2 (2)(11.543 10 )
( ) 21.683 10 ft/s

49.104 10
A

A

GM
v v

r

×= = = = ×
×

 

First transfer orbit AB. 3 6190 10 mi 1003.2 10 ftBr = × = ×  

At Point A, where 180θ = °  

 
2 2

1
cos 180

A AB AB

GM GM
C C

r h h
= + ° = −  (1) 

At Point B, where 0θ = °  

 
2 2

1
cos 0

B AB AB

GM GM
C C

r h h
= + = +  (2) 

Adding, 
2

1 1 2B A

A B A B AB

r r GM

r r r r h

++ = =  

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

461 

PROBLEM 12.105  (Continued) 

 

Solving for ,ABh  

 

15 6 6
12 2

6

12
3

2 6

12
3

1 6

2 (2)(11.543 10 )(49.104 10 )(1003.2 10 )
1.039575 10 ft /s

1052.3 10

1.039575 10
( ) 21.174 10 ft/s

49.104 10

1.039575 10
( ) 1.03626 10 ft/s

1003.2 10

A B
AB

B A

AB
A

A

AB
B

B

GMr r
h

r r

h
v

r

h
v

r

× × ×= = = ×
+ ×

×= = = ×
×

×= = = ×
×

 

Second transfer orbit BC. 65600 mi 29.568 10 ftCr = = ×  

At Point B, where 0θ =  

 
2 2

1
cos 0

B BC BC

GM GM
C C

r h h
= + = +  

At Point C, where 180θ = °  

 
2 2

1
cos 180

C BC BC

GM GM
C C

r h h
= + ° = −  

Adding, 
2

15 6 6
9 2

6

1 1 2

2 (2)(11.543 10 )(1003.2 10 )(29.568 10 )
814.278 10 ft /s

1032.768 10

B C

B C B C BC

B C
BC

B C

r r GM

r r r r h

GMr r
h

r r

+
+ = =

× × ×= = = ×
+ ×

 

 

9

2 6

9
3

1 6

814.278 10
( ) 811.69 ft/s

1003.2 10

814.278 10
( ) 27.539 10 ft/s

29.568 10

BC
B

B

BC
C

C

h
v

r

h
v

r

×= = =
×

×= = = ×
×

 

Final circular orbit. 629.568 10 ftCr = ×  

 
15

3
2 6

11.543 10
( ) 19.758 10 ft/s

29.568 10
C

C

GM
v

r

×= = = ×
×

 

Speed reductions. 

(a) At A: 3 3
1 2( ) ( ) 21.683 10 21.174 10A Av v− = × − ×  509 ft/sAvΔ =   

(b) At B: 3
1 2( ) ( ) 1.036 10 811.69B Bv v− = × −  224 ft/sBvΔ =   

(c) At C : 3 3
1 2( ) ( ) 27.539 10 19.758 10C Cv v− = × − ×  37.78 10 ft/sCvΔ = ×   
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PROBLEM 12.106 

For the space probe of Problem 12.105, it is known that rA
39.3 10 mi= ×  and that the velocity of the probe is 

reduced to 20,000 ft/s  as it passes through A. Determine (a) the distance from the center of Venus to Point B, 
(b) the amounts by which the velocity of the probe should be reduced at B and C, respectively.  

 

SOLUTION 

Data from Problem 12.105: 6
earth29.568 10 ft, 0.82Cr M M= × =  

For Earth, 6 23960 mi 20.9088 10 ft, 32.2 ft/sR g= = × =  

 2 6 2 15 3 2
earth (32.2)(20.9088 10 ) 14.077 10 m /sGM gR= = × = ×  

For Venus, 15 3 2
earth0.82 11.543 10 ft /sGM GM= = ×  

Transfer orbit AB: 3 620,000 ft/s, 9.3 10 mi 49.104 10 ftA Av r= = × = ×  

 6 9 2(49.104 10 )(20,000) 982.08 10 ft /sAB A Ah r v= = × = ×  

At Point A, where 180θ = °  

 
2 2

1
cos 180

A AB AB

GM GM
C C

r h h
= + ° = −  

At Point B, where 0θ = °  

 
2 2

1
cos0

B AB AB

GM GM
C C

r h h
= + = +  

Adding, 
2

1 1 2

A B AB

GM

r r h
+ =  

 
2

15

9 2 6

9 1

1 1

(2)(11.543 10 ) 1

(982.08 10 ) 49.104 10

3.57125 10 ft

B AAB

GM

r rh

− −

2= −

×= −
× ×

= ×

 

(a) Radial coordinate .Br  6280.01 10 ftBr = ×  353.0 10 miBr = ×   

 
9

3
1 6

982.08 10
( ) 3.5073 10 ft/s

280.01 10
AB

B
B

h
v

r

×= = = ×
×
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PROBLEM 12.106  (Continued) 

 

 Second transfer orbit BC. 65600 mi 29.568 10 ftCr = = ×  

 At Point B, where 0θ =  

 
2 2

1
cos0

B BC BC

GM GM
C C

r h h
= + = +  

 At Point C, where 180θ = °  

 
2 2

1
cos 180

C BC BC

GM GM
C C

r h h
= + ° = −  

 Adding, 
2

1 1 2B C

B C B C BC

r r GM

r r r r h

+
+ = =  

 

15 6 6

6

9 2

9
3

2 6

9
3

1 6

2 (2)(11.543 10 )(280.01 10 )(29.568 10 )

309.578 10

785.755 10 ft /s

785.755 10
( ) 2.8062 10 ft/s

280.01 10

785.755 10
( ) 26.575 10 ft/s

29.568 10

B C
BC

B C

BC
B

B

BC
C

C

GMr r
h

r r

h
v

r

h
v

r

× × ×= =
+ ×

= ×

×= = = ×
×

×= = = ×
×

 

 Circular orbit with 6

15
3

2 6

29.568 10 ft

11.543 10
( ) 19.758 10 ft/s

29.568 10

C

C
C

r

GM
v

r

= ×

×= = = ×
×

 

(b) Speed reductions at B and C. 

 At B: 3 3
1 2( ) ( ) 3.5073 10 2.8062 10B Bv v− = × − ×  

 701 ft/sBvΔ =  

 At C : 3 3
1 2( ) ( ) 26.575 10 19.758 10C Cv v− = × − ×  

 36.82 10 ft/sCvΔ = ×   
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PROBLEM 12.107 

As it describes an elliptic orbit about the sun, a spacecraft reaches 
a maximum distance of 6202 10×  mi from the center of the sun at 
Point A (called the aphelion) and a minimum distance of 692 10× mi 
at Point B (called the perihelion). To place the spacecraft in 
 a smaller elliptic orbit with aphelion at A′  and perihelion at ,B′  
where A′  and B′  are located 6164.5 10× mi and 685.5 10× mi, 
respectively, from the center of the sun, the speed of the spacecraft 
is first reduced as it passes through A and then is further reduced as 
it passes through .B′  Knowing that the mass of the sun is 
332.8 310×  times the mass of the earth, determine (a) the speed of 
the spacecraft at A, (b) the amounts by which the speed of the 
spacecraft should be reduced at A and B′  to insert it into the 
desired elliptic orbit. 

 

SOLUTION 

First note 6
earth

6 9

6 9

3960 mi 20.9088 10 ft

202 10 mi 1066.56 10 ft

92 10 mi 485.76 10 ft

A

B

R

r

r

= = ×

= × = ×

= × = ×

 

From the solution to Problem 12.102, we have for any elliptic orbit about the sun 

 sun
2

1 2

21 1 GM

r r h
+ =  

(a) For the elliptic orbit AB, we have 

 1 2, ,A B A A Ar r r r h h r v= = = =  

 Also, 3
sun earth[(332.8 10 ) ]GM G M= ×  

 2 3
earth (332.8 10 )gR= ×         using Eq. (12.30). 

 Then 
2 3
earth

2

2 (332.8 10 )1 1

( )A B A A

gR

r r r v

×
+ =  

 or 

9 9

1/2
3

earth
1 1

1/2
3 2

6 1 1
1066.56 10 ft 485.76 10 ft

665.6 10

3960 mi 665.6 10 32.2 ft/s

202 10 mi

52, 431 ft/s

A B

A
A r r

R g
v

r

× ×

 × =
 + 

 × × =
 +×  

=

 

 or 352.4 10  ft/sAv = ×   
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PROBLEM 12.107  (Continued) 

 

(b) From Part (a), we have 

 2
sun

1 1
2 ( )A A

A B

GM r v
r r

 
= + 

 
 

 Then, for any other elliptic orbit about the sun, we have 

 
( )2 1 1

2
1 2

( )1 1 A B
A A r rr v

r r h

+
+ =  

 For the elliptic transfer orbit ,AB′ we have 

 1 2 tr tr, , ( )A B A Ar r r r h h r v′= = = =  

 Then 
( )2 1 1

2
tr

( )1 1

[ ( ) ]
A B

A A r r

A B A A

r v

r r r v′

+
+ =  

 or 

1/21/2
1 1

tr 1 1

1/2
202
92
202
85.5

1
( )

1

1
(52,431 ft/s)

1

51,113 ft/s

A

A B B

A

A B B

r
r r r

A A A r
r r r

v v v
′ ′

  + +
  = =

   + +   

 +
=   + 
=

 

 Now tr tr tr tr tr( ) ( ) : ( ) ( )A B A A B Bh h h r v r v′ ′ ′= = =  

 Then 
6

tr 6

202 10 mi
( ) 51,113 ft/s 120,758 ft/s

85.5 10 mi
Bv ′

×= × =
×

 

 For the elliptic orbit ,A B′ ′  we have 

 1 2, ,A B B Br r r r h r v′ ′ ′ ′= = =  

 Then 
( )2 1 1

2

( )1 1

( )
A B

A A r r

A B B B

r v

r r r v′ ′ ′ ′

+
+ =  

 or 

6 6

6 6

1/2
1 1

1 1

1/2
1 16

202 10 92 10

6 1 1
164.5 10 85.5 10

202 10 mi
(52,431 ft/s)

85.5 10 mi

116,862 ft/s

A B

A B

r rA
B A

B r r

r
v v

r
′ ′

′
′

× ×

× ×

 +
 =
 + 

 +×  =
 +×  

=
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PROBLEM 12.107  (Continued) 

 

 Finally, tr( )A A Av v v= + Δ  

 or (51,113 52,431) ft/sAvΔ = −  

 or | | 1318 ft/sAvΔ =   

 and tr( )B B Bv v v′ ′= + Δ  

 or (116,862 120,758) ft/s

3896 ft/s
Bv ′Δ = −

= −
 

 or | | 3900 ft/sBvΔ =   
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PROBLEM 12.108 

Halley’s comet travels in an elongated elliptic orbit for which the minimum distance from the sun is 
approximately 1

2 ,Er  where 6150 10 kmEr = ×  is the mean distance from the sun to the earth. Knowing that the 
periodic time of Halley’s comet is about 76 years, determine the maximum distance from the sun reached by 
the comet. 

 

SOLUTION 

We apply Kepler’s Third Law to the orbits and periodic times of earth and Halley’s comet: 

 
2 3

H H

E E

a

a

τ
τ

   
=   

   
 

Thus 
2/3

2/3
76 years

1 year

17.94

H
H E

E

E

E

a a

r

r

τ
τ

 
=  

 

 
=  

 
=

 

But min max

max

1
( )

2
1 1

17.94
2 2

H

E E

a r r

r r r

= +

 = + 
 

 

 max

6
max

1
2(17.94 )

2
(35.88 0.5)

35.38

(35.38)(150 10 km)

E E

E

E

r r r

r

r

r

= −

= −
=

= ×

 

 9
max 5.31 10 kmr = ×  
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PROBLEM 12.109 

Based on observations made during the 1996 sighting of comet Hyakutake, it was concluded that the 
trajectory of the comet is a highly elongated ellipse for which the eccentricity is approximately 0.999887.ε =  
Knowing that for the 1996 sighting the minimum distance between the comet and the sun was 0.230 ,ER  
where RE is the mean distance from the sun to the earth, determine the periodic time of the comet. 

 

SOLUTION 

For Earth’s orbit about the sun, 

 
3/ 2 3/2

0 0
0 0

2 2 2
,   orE E E

E

R R RGM
v GM

R v GM

π π πτ
τ

= = = =  (1) 

For the comet Hyakutake, 

 

1 02 2
0 1

0
0 1 0 1 0

0

1 1 1
(1 ), (1 ),

1

1 1
( ) ,  

2 1 1

(1 )

GM GM
r r

r rh h

r
a r r b r r r

h GMr

εε ε
ε

ε
ε ε

ε

+= = + = + =
−

+= + = = =
− −

= +

 

 
2 1/2

0
3/ 2

0

3/2 3/2
0 0 0

3 3/23/2

3/2

0
03/2

3/2 3
0 03/2

2 (1 )2

(1 ) (1 )

2 2

2 (1 )(1 )

1
 

(1 )

1
(0.230)  91.8 10

(1 0.999887)

E

E

rab

h GMr

r r

RGM

r

R

π επτ
ε ε

π π τ
π εε

τ
ε

τ τ

+
= =

− +

= =
−−

 
=  

− 

= = ×
−

 

Since 3
0 1 yr,  (91.8 10 )(1.000)τ τ= = ×  391.8 10 yrτ = ×  
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PROBLEM 12.110 

A space probe is to be placed in a circular orbit of radius 4000 km 
about the planet Mars. As the probe reaches A, the point of its 
original trajectory closest to Mars, it is inserted into a first 
elliptic transfer orbit by reducing its speed. This orbit brings it 
to Point B with a much reduced velocity. There the probe is 
inserted into a second transfer orbit by further reducing its 
speed. Knowing that the mass of Mars is 0.1074 times the mass 
of the earth, that rA = 9000 km and rB = 180,000 km, and that 
the probe approaches A on a parabolic trajectory, determine the 
time needed for the space probe to travel from A to B on its first 
transfer orbit. 

 

SOLUTION 

For earth, 66373 km 6.373 10 mR = = ×  

2 6 2 12 3 2(9.81) (6.373 10 ) 398.43 10 m /sGM gR= = × = ×  

For Mars,  12 12 3 2(0.1074)(398.43 10 ) 42.792 10 m /sGM = × = ×  

69000 km 9.0 10 mAr = = ×       
6180000 km 180 10 mBr = = ×  

For the parabolic approach trajectory at A, 

12
3

1 6

2 (2)(42.792 10 )
( ) 3.0837 10 m/s

9.0 10
A

A

GM
v

r

×= = = ×
×

 

First elliptic transfer orbit AB. 

Using Eq. (12.39), 
2 2

1 1
cos      and     cos .A B

A BAB AB

GM GM
C C

r rh h
θ θ= + = +  

But 180 ,      so that     cos cos .B A A Bθ θ θ θ= + ° = −  

Adding, 2

1 1 2A B

A B A B AB

r r GM

r r r r h

++ = =  

12 6 6

6

2 (2)(42.792 10 )(9.0 10 )(180 10 )

189.0 10
A B

AB
A B

GMr r
h

r r

× × ×= =
+ ×

 

9 227.085 10 m /sABh = ×  

6 6 61 1
( ) (9.0 10 180 10 ) 94.5 10 m

2 2A Ba r r= + = × + × = ×  

 6 6 6(9.0 10 )(180 10 ) 40.249 10 mA Bb r r= = × × = ×  
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PROBLEM 12.110  (Continued) 

 

Periodic time for full ellipse: 
2 ab

h

πτ =  

For half ellipse AB,       
1
2AB

ab

h

πτ τ= =  

 
6 6

3
9

(94.5 10 )(40.249 10 )
444.81 10 s

27.085 10
AB

πτ × ×= = ×
×

 122.6 hABτ =  
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PROBLEM 12.111 

A space shuttle is in an elliptic orbit of eccentricity 0.0356 and a minimum altitude of 300 km above the 
surface of the earth. Knowing that the radius of the earth is 6370 km, determine the periodic time for the orbit. 

 

SOLUTION 

For earth,  2 69.81 m/s , 6370 km 6.370 10 mg R= = = ×  

 2 6 2 12 3 2GM (9.81)(6.370 10 ) 398.06 10 m /sgR= = × = ×  

 

 

For the orbit, 6
0 6370 300 6670 km 6.670 10  mr = + = = ×  

 
2

0

1
(1 )

GM

r h
ε= +  2

1

1
(1 )

GM

r h
ε= −  

 6 6
1 0

1 1.0356
(6.670 10 ) 7.1624 10 m

1 0.9644
r r

ε
ε

+= − × = ×
−

 

 6
0 1

1
( ) 6.9162 10 m

2
a r r= + = ×  

 0 1 6.9118 10 mb r r 6= = ×  

 12 6
0(1 ) (1.0356)(398.06 10 )(6.670 10 )h GMrε= + = × ×  

  9 252.436400 10 m /s= ×  

 
6 6

9 2

2 2 (6.9118 10 )(6.9162 10 )

52.436400 10 m /s

ab

h

π πτ × ×= =
×

 

 35.7281 10 s= ×  95.5 minτ =   
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PROBLEM 12.112 

The Clementine spacecraft described an elliptic orbit of minimum 
altitude 400Ah = km and a maximum altitude of 2940Bh = km 
above the surface of the moon. Knowing that the radius of the 
moon is 1737 km and that the mass of the moon is 0.01230 times 
the mass of the earth, determine the periodic time of the spacecraft. 

 

SOLUTION 

For earth, 66370 km 6.370 10 mR = = ×  

 2 6 2 12 3 2(9.81)(6.370 10 ) 398.06 10 m /sGM gR= = × = ×  

For moon, 12 12 3 2(0.01230)(398.06 10 ) 4.896 10 m /sGM = × = ×  

 61737 400 2137 km 2.137 10 mAr = + = = ×  

 61737 2940 4677 km 4.677 10 mBr = + = = ×  

Using Eq. (12.39), 
2 2

1 1
cos and cos .A B

A B

GM GM
C C

r rh h
θ θ= + = +  

But 180 , so that cos cos .B A A Bθ θ θ θ= + ° = −  

Adding, 
2

1 1 2A B

A B A B AB

r r GM

r r r r h

+
+ = =  

 
12 6 6

6

9 2

6

6

2 (2)(4.896 10 )(2.137 10 )(4.677 10 )

6.814 10

3.78983 10 m /s

1
( ) 3.402 10 m

2

3.16145 10 m

A B
AB

A B

A B

A B

GMr r
h

r r

a r r

b r r

× × ×= =
+ ×

= ×

= + = ×

= = ×

 

Periodic time. 

 
6 6

3
9

2 2 (3.402 10 )(3.16145 10 )
17.831 10 s

3.78983 10AB

ab

h

π πτ × ×= = = ×
×

 

 4.95 hτ =  
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PROBLEM 12.113 

Determine the time needed for the space probe of Problem 12.100 to travel from B to C. 

 

SOLUTION 

From the solution to Problem 12.100, we have 

 par( ) 10,131.4 m/sAv =  

and circ par
1

( ) ( ) 7164.0 m/s
2

A Av v= =  

Also, (6052 280) km 6332 kmAr = + =  

For the parabolic trajectory BA, we have 

 
2

1
(1 cos )v

BA

GM

r h
ε θ= +        [Eq. (12.39′)] 

where 1.ε =  Now 

at A, 0:θ =  
2

1
(1 1)v

A BA

GM

r h
= +  

or 
2

2
BA

A
v

h
r

GM
=  

at B, 90 :θ = − °  
2

1
(1 0)v

B BA

GM

r h
= +  

or 
2

2

BA
B

v

B A

h
r

GM

r r

=

=

 

As the probe travels from B to A, the area swept out is the semiparabolic area defined by Vertex A and 
Point B. Thus, 

 22 4
(Area swept out)

3 3BA BA A B AA r r r= = =  

Now 
1

2

dA
h

dt
=  

where constanth =  
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PROBLEM 12.113  (Continued) 

 

Then 

24
3

3

21
or

2

2 8

3

8 6332 10 m

3 10,131.4 m/s

1666.63 s

BA
BA BA A A

BA

A A
BA

A A A

A
A ht t h r v

h

r r
t

r v v

= = =

×
= =

×=

=

 

For the circular trajectory AC, 

 
3

2

circ

6332 10 m
1388.37 s

( ) 2 7164.0 m/s
A

AC
A

r
t

v

π π ×= = =  

Finally, 

(1666.63 1388.37) s

=3055.0 s

BC BA ACt t t= +
= +

 

or 50 min 55 sBCt =   
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PROBLEM 12.114 

A space probe is describing a circular orbit of radius nR with a velocity v0 
about a planet of radius R and center O. As the probe passes through Point A, 
its velocity is reduced from v0 to βv0, where 1,β <  to place the probe on 
a crash trajectory. Express in terms of n and β  the angle AOB, where B 
denotes the point of impact of the probe on the planet. 

 

SOLUTION 

For the circular orbit, 0

0
0

Ar r nR

GM GM
v

r nR

= =

= =

 

The crash trajectory is elliptic. 

 

2

0

2

A

A A A

GM
v v

nR

h r v nRv nGMR

ββ

β

= =

= = =

 

 
2 2

1GM

h nRβ
=  

 
2 2

1 1 cos
(1 cos )

GM

r h nR

ε θε θ
β

+= + =  

At Point A, 180θ = °  

 2 2
2

1 1 1
or 1 or 1

Ar nR nR

ε β ε ε β
β

−= = = − = −  

At impact Point B, θ π φ= −  

 

2 2

1 1

1 1 cos( ) 1 cos
Br R

R nR nR

ε π φ ε φ
β β

=

+ − −= =
 

 
2 2

2
2

1 1
cos 1 or cos

1

n n
n

β βε φ β φ
ε β

− −= − = =
−

 

 1 2 2cos [(1 ) /(1 )]nφ β β−= − −   
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PROBLEM 12.115 

A long-range ballistic trajectory between Points A and B on the earth’s 
surface consists of a portion of an ellipse with the apogee at Point C. 
Knowing that Point C is 1500 km above the surface of the earth and 
the range Rφ  of the trajectory is 6000 km, determine (a) the velocity 
of the projectile at C, (b) the eccentricity ε  of the trajectory. 

 

SOLUTION 

For earth,  66370 km 6.37 10 mR = = ×  

2 6 2 12 3 2(9.81)(6.37 10 ) 398.06 10 m /sGM gR= = × = ×  

For the trajectory,  66370 1500 7870 km 7.87 10 mCr = + = = ×    

6 7870
6.37 10 m,        1.23548

6370
C

A B
A

r
r r R

r
= = = × = =  

Range A to B:  66000 km 6.00 10 mABs = = ×  

6

6

6.00 10
0.94192 rad 53.968

6.37 10
ABs

R
ϕ ×= = = = °

×
 

For an elliptic trajectory,     
2

1
(1 cos )

GM

r h
ε θ= +  

At A,     2

1
180 153.016 ,       (1 cos153.016 )

2 A

GM

r h

ϕθ ε= ° − = ° = + °  (1) 

At C,     180θ = ° ,     
2

1
(1 )

C

GM

r h
ε= −   (2) 

Dividing Eq. (1) by Eq. (2), 

1 cos153.016
1.23548

1
C

A

r

r

ε
ε

+ °= =
−

 

1.23548 1
0.68384

1.23548 cos153.016
ε −= =

+ °
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PROBLEM 12.115  (Continued) 

 

From Eq. (2),   (1 ) Ch GM rε= −  

 12 6 9 2(398.06 10 )(0.31616)(7.87 10 ) 31.471 10 m /sh = × × = ×  

(a) Velocity at C. 
9

3
6

31.471 10
4.00 10 m/s

7.87 10
C

C

h
v

r

×= = = ×
×

 4 km/sCv =   

(b) Eccentricity of trajectory.  0.684ε =    
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PROBLEM 12.116 

A space shuttle is describing a circular orbit at an altitude of 563 km above the 
surface of the earth. As it passes through Point A, it fires its engine for a short 
interval of time to reduce its speed by 152 m/s and begin its descent toward 
the earth. Determine the angle AOB so that the altitude of the shuttle at Point 
B is 121 km. (Hint: Point A is the apogee of the elliptic descent trajectory.) 

 

SOLUTION 
2 6 2 12 3 2(9.81)(6.37 10 ) 398.06 10 m /sGM gR= = × = ×  

66370 563 6933 km 6.933 10 mAr = + = = ×  

66370 121 6491 km 6.491 10 mBr = + = = ×  

For the circular orbit through Point A, 

12
3

circ 6

398.06 10
7.5773 10 m/s

6.933 10A

GM
v

r

×= = = ×
×

 

For the descent trajectory, 
3 3

circ 7.5773 10 152 7.4253 10 m/sAv v v= + Δ = × − = ×  

6 3 9 2(6.933 10 )(7.4253 10 ) 51.4795 10 m /sA Ah r v= = × × = ×  

2

1
(1 cos )

GM

r h
ε θ= +  

At Point A,     180 ,θ = °     Ar r=  

2

1
(1 )

A

GM

r h
ε= −  

2 9 2

12 6

(51.4795 10 )
1 0.96028

(398.06 10 )(6.933 10 )A

h

GM r
ε ×− = = =

× ×
 

0.03972ε =  

2

1
(1 cos )B

B

GM

r h
ε θ= +  

2 9 2

12 6

(51.4795 10 )
1 cos 1.02567

(398.06 10 )(6.491 10 )
B

B

h

GM r
ε θ ×+ = = =

× ×
 

1.02567 1
cos 0.6463Bθ

ε
−= =  

 49.7Bθ = °   180 130.3BAOB θ= ° − = °  130.3AOB = °   
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PROBLEM 12.117 

As a spacecraft approaches the planet Jupiter, it releases a probe which is to 
enter the planet’s atmosphere at Point B at an altitude of 280 mi above the 
surface of the planet. The trajectory of the probe is a hyperbola of 
eccentricity 1.031.ε =  Knowing that the radius and the mass of Jupiter are 
44423 mi and 261.30 10 slug,×  respectively, and that the velocity vB of the 
probe at B forms an angle of 82.9° with the direction of OA, determine  
(a) the angle AOB, (b) the speed Bv  of the probe at B. 

 

SOLUTION 

First we note 3 3(44.423 10 280) mi 44.703 10 miBr = × + = ×  

(a) We have 
2

1
(1 cos )jGM

r h
ε θ= +          [Eq. (12.39′)] 

 At A, 0:θ =  
2

1
(1 )j

A

GM

r h
ε= +  

 or 
2

(1 )A
j

h
r

GM
ε= +  

 At B, :B AOBθ θ= =  
2

1
(1 cos )j

B
B

GM

r h
ε θ= +  

 or 
2

(1 cos )B B
j

h
r

GM
ε θ= +  

 Then (1 ) (1 cos )A B Br rε ε θ+ = +  

 or 

3

3

1
cos (1 ) 1

1 44.0 10 mi
(1 1.031) 1

1.031 44.703 10 mi

0.96902

A
B

B

r

r
θ ε

ε
 

= + − 
 

 ×= + − 
× 

=

 

 or  14.2988Bθ = °  14.30AOB = °   
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PROBLEM 12.117  (Continued) 

 

(b) From above 2 (1 cos )j B Bh GM r ε θ= +  

 where 
1

| | sin

( 82.9 ) 97.1988

B B B B

B

h m r v
m

φ

φ θ

= × =

= + ° = °

r v  

 Then 2( sin ) (1 cos )B B j B Br v GM rφ ε θ= +  

 or

 
1/2

1/29 4 4 26

6

1
(1 cos )

sin

1 34.4 10 ft /lb s (1.30 10 slug)
[1 (1.031)(0.96902)]

sin 97.1988 236.03 10 ft

j
B B

B

GM
v

r
ε θ

φ

−

 
= + 

 

 × ⋅ × × = × + ° ×  

 

 or 196.2 ft/sBv =   
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PROBLEM 12.118 

A satellite describes an elliptic orbit about a planet. Denoting by 0r  
and 1r  the distances corresponding, respectively, to the perigee and 
apogee of the orbit, show that the curvature of the orbit at each of 
these two points can be expressed as 

 
0 1

1 1 1 1

2 r rρ
 

= + 
 

 

 

SOLUTION 

Using Eq. (12.39), 
2

1
cos A

A

GM
C

r h
θ= +  

and 
2

1
cos .B

B

GM
C

r h
θ= +  

But 180 ,B Aθ θ= + °  

so that cos cosA Bθ θ= −  

Adding, 
2

1 1 2

A B

GM

r r h
+ =  

At Points A and B, the radial direction is normal to the path. 

 
2 2

2n
v h

a
rρ ρ

= =  

But 
2

2 2n n
GMm mh

F ma
r r ρ

= = =  

 
2

1 1 1 1

2 A B

GM

r rhρ
 

= = + 
 

 
0 1

1 1 1 1

2 r rρ
 

= + 
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PROBLEM 12.119 

(a) Express the eccentricity ε of the elliptic orbit described by 
a satellite about a planet in terms of the distances r0 and r1 
corresponding, respectively, to the perigee and apogee of the 
orbit. (b) Use the result obtained in Part a and the data given in 
Problem 12.109, where 6149.6 10 km,ER = ×  to determine the 
approximate maximum distance from the sun reached by 
comet Hyakutake. 

 

SOLUTION 

(a) We have 
2

1
(1 cos )

GM

r h
ε θ= +        Eq. (12.39 )′  

 At A, 0:θ =  
2

0

1
(1 )

GM

r h
ε= +  

 or 
2

0 (1 )
h

r
GM

ε= +  

 At B, 180 :θ = °  
2

1

1
(1 )

GM

r h
ε= −  

 or 
2

1(1 )
h

r
GM

ε= −  

 Then 0 1(1 ) (1 )r rε ε+ = −  

 or  1 0

1 0

r r

r r
ε −

=
+

  

(b) From above, 1 0
1

1
r r

ε
ε

+=
−

 

 where  0 0.230 Er R=  

 Then 9
1

1 0.999887
0.230(149.6 10 m)

1 0.999887
r

+= × ×
−

 

 or 12
1 609 10 mr = ×   

 Note: 1 14070 or 0.064 lightyears.Er R r= =  
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PROBLEM 12.120 

Derive Kepler’s third law of planetary motion from Eqs. (12.39) and (12.45). 

 

SOLUTION 

For an ellipse, 2 andA B A Ba r r b r r= + =  

Using Eq. (12.39), 
2

1
cos A

A

GM
C

r h
θ= +  

and 
2

1
cos .B

B

GM
C

r h
θ= +  

But 180 ,B Aθ θ= + °  

so that cos cos .A Bθ θ= −  

Adding, 
2 2

1 1 2 2A B

A B A B

r r a GM

r r r r b h

GM
h b

a

++ = = =

=

 

By Eq. (12.45), 

 

3/2

2 3
2

2 2 2

4

ab ab a a

h b GM GM

a

GM

π π πτ

πτ

= = =

=

 

For Orbits 1 and 2 about the same large mass, 

 
2 3

2 1
1

4 a

GM

πτ =  

and 
2 3

2 2
2

4 a

GM

πτ =  

Forming the ratio, 
2 3

1 1

2 2

a

a

τ
τ
   

=   
   

  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

484 

 

PROBLEM 12.121 

Show that the angular momentum per unit mass h of a satellite describing an elliptic orbit of semimajor axis a 
and eccentricity ε  about a planet of mass M can be expressed as 

 2(1 )h GMa ε= −  

 

SOLUTION 

By Eq. (12.39 ),′  
2

1
(1 cos )

GM

r h
ε θ= +  

At A, 0 :θ = °  
2

2

1
(1 )        or        

(1 )A
A

GM h
r

r GMh
ε

ε
= = + =

+
 

At B, 180 :θ = °  
2

2

1
(1 )        or        

(1 )B
B

GM h
r

r GMh
ε

ε
= = − =

−
 

Adding, 
2 2

2

1 1 2

1 1 (1 )
A B

h h
r r

GM GMε ε ε
 + = = + = + − − 

 

But for an ellipse, 2A Br r a+ =  

 
2

2

2
2

(1 )

h
a

GM ε
=

−
 2(1 )h GMa ε= −   
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PROBLEM 12.122 

In the braking test of a sports car its velocity is reduced from 70 mi/h to zero in a distance of 170 ft with 
slipping impending. Knowing that the coefficient of kinetic friction is 80 percent of the coefficient of static 
friction, determine (a) the coefficient of static friction, (b) the stopping distance for the same initial velocity if 
the car skids. Ignore air resistance and rolling resistance. 

 

SOLUTION 

 

 

 

 

 

(a) Coefficient of static friction. 

0:  0yF N WΣ = − =           N W=  

0 70 mi/h 102.667 ft/sv = =  

 
2 2

0
0( )

2 2 t
v v

a s s− = −  

 
2 2 2

20

0

0 (102.667)
31.001 ft/s

2( ) (2)(170)t
v v

a
s s

− −= = = −
−

 

 For braking without skidding ,  so that | |s s tN m aμ μ μ= =  

 :t t s tF ma N maμΣ = − =  

 
31.001

32.2
t t

s
ma a

W g
μ = − = − =  0.963sμ =   

(b) Stopping distance with skidding. 

 Use (0.80)(0.963) 0.770kμ μ= = =  

  :t k tF ma N maμΣ = = −  

 224.801 ft/sk
t k

N
a g

m

μ μ= − = − = −  

  Since acceleration is constant, 

  
2 2 2

0
0

0 (102.667)
( )

2 (2)( 24.801)t

v v
s s

a

− −− = =
−

 

   0 212 fts s− =   
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PROBLEM 12.123 

A bucket is attached to a rope of length L = 1.2 m and is made to revolve in 
a horizontal circle. Drops of water leaking from the bucket fall and strike 
the floor along the perimeter of a circle of radius a. Determine the radius a 
when 30 .θ = °  

 

SOLUTION 

 

 

 

 

 

 

Initial velocity of drop = velocity of bucket 

 0:  cos30yF T mgΣ = ° =  (1) 

:  sin 30x x nF ma T maΣ = ° =  (2) 

Divide (2) by (1): 
2

tan 30 na v

g pg
° = =  

Thus  2 tan 30v gρ= °  

But  sin 30 (1.2 m) sin 30° 0.6 mLρ = ° = =  

Thus  2 2 20.6(9.81) tan 30 3.398 m /sv = ° =  1.843 m/sv =  

Assuming the bucket to rotate clockwise (when viewed from 

above), and using the axes shown, we find that the components 

of the initial velocity of the drop are 

 0 0 0 2( ) 0, ( ) 0, ( ) 1.843 m/sx yv v v= = =  

Free fall of drop 

 2 2
0 0 0

1 1
( )

2 2yy y v t gt y y gt= + − = −  

When drop strikes floor: 

 
2

0
1

0 0
2

y y gt= − =  

But  0 2 cos30 2(1.2) 1.2cos30 1.361 my L L= − ° = − ° =  

Thus 21
1.361 (9.81) 0 0.5275

2
t t− = =  
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PROBLEM 12.123  (Continued) 

 

Projection on horizontal floor (uniform motion) 

0 0

0 0

( ) sin 30 0, 0.6 m

( ) 0 1.843(0.527) 0.971 m
z

z

x x v t L x

z z v t

= + = ° + =
= + = + =

 

Radius of circle:  2 2a x z= +  

 2 2(0.6) (0.971)a = +  1.141 ma =   

Note: The drop travels in a vertical plane parallel to the yz plane. 
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PROBLEM 12.124 

A 12-lb block B rests as shown on the upper surface of a 30-lb wedge A. 
Neglecting friction, determine immediately after the system is released from 
rest (a) the acceleration of A, (b) the acceleration of B relative to A. 

 

SOLUTION 

Acceleration vectors: 

 A Aa=a   / /30 , B A B Aa° =a  

 /B A B A= +a a a  

Block B: /: cos30 0x x B B A B AF ma m a m aΣ = − ° =  

 / cos30B A Aa a= °  (1) 

 : sin 30y y AB B B AF ma N W m aΣ = − = − °  

 ( sin 30 ) A
AB B B

a
N W W

g
= − °  (2) 

Block A: : sin 30 sin 30 A
A AB A

a
F ma W N W

g
Σ = ° + ° =  

 2sin 30 sin 30 ( sin 30 ) A A
A B B A

a a
W W W W

g g
° + ° − ° =  

 2
2 2

( )sin 30 (30 12)sin 30
(32.2) 20.49 ft/s

sin 30 30 12sin 30
A B

A
A B

W W
a g

W W

+ ° + °= = =
+ ° + °

 

(a) 220.49 ft/sA =a  30°   

 2
/ (20.49)cos30 17.75 ft/sB Aa = ° =  

(b) 2
/ 17.75 ft/sB A =a  
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PROBLEM 12.125 

A 500-lb crate B is suspended from a cable attached to a 40-lb trolley A 
which rides on an inclined I-beam as shown. Knowing that at the 
instant shown the trolley has an acceleration of 1.2 ft/s2 up and to the 
right, determine (a) the acceleration of B relative to A, (b) the tension in 
cable CD. 

 

SOLUTION 

(a) First we note: / ,= +B A B Aa a a  where /B Aa  is directed perpendicular to cable AB. 

  : 0 cos25x B x B x B AF m a m a m aΣ = = − + °  

 or 2
/ (1.2 ft/s )cos 25= °B Aa  

 

 or  2
/ 1.088 ft/s=B Aa   

(b) For crate B 

   : sin 25B
y B y AB B A

W
F m a T W a

g
Σ = − = °  

 or 
2

2

(1.2 ft/s )sin 25
(500 lb) 1

32.2 ft/s

507.87 lb

ABT
 °= + 
 

=

 

 For trolley A 

  : sin 25 sin 25 A
x A A CD AB A A

W
F m a T T W a

g
Σ = − ° − ° =  

 or 
2

2

1.2 ft/s
(507.87 lb)sin 25 (40 lb) sin 25

32.2 ft/s
CDT

 
= ° + ° +  

 
 

 or  233 lbCDT =   
  

B: 

A: 
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PROBLEM 12.126 

The roller-coaster track shown is contained in a vertical 
plane. The portion of track between A and B is straight and 
horizontal, while the portions to the left of A and to the 
right of B have radii of curvature as indicated. A car is 
traveling at a speed of 72 km/h when the brakes are 
suddenly applied, causing the wheels of the car to slide on 
the track ( 0.25).kμ =  Determine the initial deceleration 
of the car if the brakes are applied as the car (a) has almost 
reached A, (b) is traveling between A and B, (c) has just 
passed B. 

 

SOLUTION 

 72 km/h 20 m/sv = =  

(a) Almost reached Point A. 30 mρ =  

  
2 2

2(20)
13.333 m/s

30n
v

a
ρ

= = =  

  :

( )

( ) ( )

y y R F n

R F n

k R F k n

F ma N N mg ma

N N m g a

F N N m g aμ μ

Σ = + − =

+ = +
= + = +

 

 :x x tF ma F maΣ = − =  

 ( )t k n
F

a g a
m

μ= − = − +  

 | | ( ) 0.25(9.81 13.33)t k na g aμ= + = +  2| | 5.79 m/sta =   

(b) Between A and B. 

0na

ρ = ∞
=

 

 | | (0.25)(9.81)t ka gμ= =  2| | 2.45 m/sta =   

(c) Just passed Point B. 45 mρ =  

  
2 2

2(20)
8.8889 m/s

45n
v

a
ρ

= = =  

  :y y R F nF ma N N mg maΣ = + − = −  
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PROBLEM 12.126  (Continued) 

 

 or ( )

( ) ( )
R F n

k R F k n

N N m g a

F N N m g aμ μ
+ = −

= + = −
 

 :x x tF ma F maΣ = − =  

 ( )t k n
F

a g a
m

μ= − = − −  

 | | ( ) (0.25)(9.81 8.8889)t k na g aμ= − = −  

 2| | 0.230 m/sta =  
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PROBLEM 12.127 

The 100-g pin B slides along the slot in the rotating arm OC 
and along the slot DE which is cut in a fixed horizontal plate. 
Neglecting friction and knowing that rod OC rotates at the 
constant rate 0 12 rad/s,θ =  determine for any given value of θ  
(a) the radial and transverse components of the resultant force F 
exerted on pin B, (b) the forces P and Q exerted on pin B by 
rod OC and the wall of slot DE, respectively. 

 

SOLUTION 

Kinematics 

From the drawing of the system, we have 

 
0.2

m
cos

r
θ

=  

Then  
2

sin
0.2 m/s

cos
r

θ θ
θ

 =  
 

  12 rad/sθ =  

and  0θ =  

 
2

2
4

2
2 2

3

cos (cos ) sin ( 2cos sin )
0.2

cos

1 sin
0.2 m/s

cos

r
θ θ θ θ θ θ

θ
θ θ

θ

− −=

 +=   
 





 

Substituting forθ  

 
2 2

2 2
2 2

3 3

sin sin
0.2 (12) 2.4 m/s

cos cos

1 sin 1 sin
0.2 (12) 28.8 m/s

cos cos

r

r

θ θ
θ θ

θ θ
θ θ

 
= =   

 
 + += =   
 




 

Now 2

2
2

3

2
2

3

1 sin 0.2
28.8 (12)

coscos

sin
57.6 m/s

cos

ra r rθ

θ
θθ

θ
θ

= −

 +  = −       
 

=   
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PROBLEM 12.127  (Continued) 

 

and  

2

2
2

2

sin
0 2 2.4 (12)

cos

sin
57.6 m/s

cos

a r rθ θ θ

θ
θ

θ
θ

= +

 
= +   

 
 

=   
 

   

Kinetics 

(a) We have 
2

2
3

sin
(0.1 kg) 57.6 m/s

cos
r B rF m a

θ
θ

  
= =       

 

 or  2(5.76 N) tan secrF θ θ=   

 and  2
2

sin
(0.1 kg) 57.6 m/s

cos
BF m aθ θ

θ
θ

  
= =       

 

 or  (5.76 N) tan secFθ θ θ=   

 

(b) Now : cos sin cosy rF F F Pθ θ θ θΣ + =  

 or 25.76 tan sec (5.76 tan sec ) tanP θ θ θ θ θ= +  

 or  2(5.76 N) tan secθ θ=P   θ   

  : cosr rF F Q θΣ =  

 or 2 1
(5.76 tan sec )

cos
Q θ θ

θ
=  

 or  2 2(5.76 N) tan secθ θ=Q  
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PROBLEM 12.128 

A small 200-g collar C can slide on a semicircular rod which is made to rotate 
about the vertical AB at the constant rate of 6 rad/s. Determine the minimum 
required value of the coefficient of static friction between the collar and the rod if 
the collar is not to slide when (a) 90 ,θ = °  (b) 75 ,θ = °  (c) 45 .θ = °  Indicate in 
each case the direction of the impending motion. 

 

SOLUTION 

First note ( sin )

(0.6 m)(6 rad/s)sin

(3.6 m/s)sin

C ABv r θ φ
θ

θ

=
=
=

  

(a) With 90 ,θ = °  3.6 m/sCv =  

  0: 0y CF F WΣ = − =  

 or CF m g=  

 Now sF Nμ=  

 or 
1

C
s

N m g
μ

=  

 
2

: C
n C n C

v
F m a N m

r
Σ = =  

 or 

21 C
C C

s

v
m g m

rμ
=  

 or 

2

2 2

(9.81 m/s )(0.6 m)

(3.6 m/s)
s

C

gr

v
μ = =  

 or min( ) 0.454sμ =   

 The direction of the impending motion is downward.  
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PROBLEM 12.128  (Continued) 

 

(b) and (c) 

First observe that for an arbitrary value of θ, it is not known whether the impending motion will be upward or 
downward. To consider both possibilities for each value of θ, let Fdown correspond to impending motion 
downward, upF correspond to impending motion upward, then with the “top sign” corresponding to Fdown,  

we have 

 0: cos sin 0y CF N F Wθ θΣ = ± − =  

Now sF Nμ=  

Then cos sin 0s CN N m gθ μ θ± − =  

or  
cos sin

C

s

m g
N

θ μ θ
=

±
 

and 
cos sin

s C

s

m g
F

μ
θ μ θ

=
±

 

 
2

: sin cos sinC
n C n C

v
F m a N F m rθ θ ρ θ

ρ
Σ = = =  

Substituting for N and F 

 
2

sin cos
cos sin cos sin sin

C s C C
C

s s

m g m g v
m

r

μθ θ
θ μ θ θ μ θ θ

=
± ±

  

or 
2tan

1 tan 1 tan sin
s C

s s

v

gr

μθ
μ θ μ θ θ

=
± ±

  

or 

2

2

sin

sin

tan

1 tan

C

C

v
gr

s v
gr

θ

θ

θ
μ

θ

−
= ±

+
 

Now 
2 2

2

[(3.6 m/s)sin ]
2.2018sin

sin (9.81 m/s )(0.6 m)sin
Cv

gr

θ θ
θ θ

= =  

Then 
tan 2.2018 sin

1 2.2018sin tans
θ θμ

θ θ
−= ±

+
 

(b) 75θ = °  

 
tan 75 2.2018sin 75

0.1796
1 2.2018sin 75 tan 75sμ ° − °= ± = ±

+ ° °
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PROBLEM 12.128  (Continued) 

 

 Then  

 downward: 0.1796sμ = +  

 upward: 0sμ <  not possible 

  min( ) 0.1796sμ =   

  The direction of the impending motion is downward.  

(c) 45θ = °  

 
tan 45 2.2018sin 45

( 0.218)
1 2.2018sin 45 tan 45sμ ° − °= ± = ± −

+ ° °
 

 Then  

 downward: 0sμ <  not possible 

 upward: 0.218sμ =  min( ) 0.218sμ =   

  The direction of the impending motion is upward.  

 Note: When  tan 2.2018sin 0θ θ− =  

 or 62.988 ,θ = °  

 0.sμ =  Thus, for this value of θ , friction is not necessary to prevent the collar from sliding on the rod.
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PROBLEM 12.129 

Telemetry technology is used to quantify kinematic values of a 200-kg 
roller coaster cart as it passes overhead. According to the system, 

25 m, 10 m/s,r r= = −  22 m/s , 90 ,r θ= − = °  0.4 rad/s,θ = −
 θ =  

20.32 rad/s .−  At this instant, determine (a) the normal force between 
the cart and the track, (b) the radius of curvature of the track.  

 

SOLUTION 

 

 

 

 

 

 

Find the acceleration and velocity using polar coordinates. 

 
10 m/s

(25 m)( 0.4 rad/s) 10 m/s

rv r

v rθ θ
= = −

= = − = −


  

So the tangential direction is  45° and 10 2  m/s.v =  

 

2 2

2

2 m/s (25 m)( 0.4 rad/s)

6 m/s

ra r rθ= − = − − −

= −


 

 
2

2

(25 m)( 0.32) rad/s | 2( 10 m/s)( 0.4 rad/s)

0

a r rθ θ θ= +

= − + − −
=

 

 

So the acceleration is vertical and downward. 

(a) To find the normal force use Newton’s second law. 

 y-direction 

 

2 2

sin 45 cos45

( sin 45 cos45 )

(200 kg)(9.81) m/s 6 m/s )(0.70711)

538.815 N

N mg ma

N m g a

− ° = − °
= ° − °

= −
=  

  539 NN =   

(b) Radius l curvature of the track. 

 

2

2 2(10 2)

6cos45

n

n

v
a

v

a

ρ

ρ

=

= =
°

 

 47.1 mρ =   
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PROBLEM 12.130 

The radius of the orbit of a moon of a given planet is equal to twice the radius of that planet. Denoting  
by ρ the mean density of the planet, show that the time required by the moon to complete one full revolution 
about the planet is 1/2(24 / ) ,Gπ ρ  where G is the constant of gravitation. 

 

SOLUTION 

For gravitational force and a circular orbit, 

  
2

2
orr

GMm mv GM
F v

r rr
= = =  

Let τ be the periodic time to complete one orbit. 

  2         or        2
GM

v r r
r

τ π τ π= =  

Solving for τ, 
3/22 r

GM

πτ =  

But  3 3/24
,     hence,    2  

3 3

ππ ρ ρ= =M R GM G R  

Then  
3/2

3 r

G R

πτ
ρ
 =  
 

 

Using r = 2R as a given leads to 

 3/2 3 24
2

G G

π πτ
ρ ρ

= =  1/2(24 / )Gτ π ρ=  
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PROBLEM 12.131 

At engine burnout on a mission, a shuttle had reached Point A at an 
altitude of 40 mi above the surface of the earth and had a horizontal 
velocity v0. Knowing that its first orbit was elliptic and that the shuttle 
was transferred to a circular orbit as it passed through Point B at an 
altitude of 170 mi, determine (a) the time needed for the shuttle to 
travel from A to B on its original elliptic orbit, (b) the periodic time of 
the shuttle on its final circular orbit. 

 

SOLUTION 

For Earth,  6 23960 mi 20.909 10 ft, 32.2 ft/sR g= = × =  

 2 6 2 15 3 2(32.2)(20.909 10 ) 14.077 10 ft /sGM gR= = × = ×  

(a) For the elliptic orbit, 6

6

3960 40 4000 mi 21.12 10 ft

3960 170 4130 mi 21.8064 10 ft

A

B

r

r

= + = = ×

= + = = ×

 

 
6

6

1
( ) 21.5032 10 ft

2

21.4605 10 ft

A B

A B

a r r

b r r

= + = ×

= = ×
 

 Using Eq. 12.39, 
2

1
cos A

A

GM
C

r h
θ= +  

 and 
2

1
cos B

B B

GM
C

r r
θ= +  

 But 180 ,B Aθ θ= + °  so that cos cosA Bθ θ= −  

 Adding, 
2 2

1 1 2 2A B

A B A B

r r a GM

r r r r b h

++ = = =  

 or 
2GMb

h
a

=  

 Periodic time. 
3/ 2

2

2 2 2ab ab a a

h GMGMb

π π πτ = = =  

 
6 3/ 2

15

2 (21.5032 10 )
5280.6 s 1.4668 h

14.077 10

πτ ×= = =
×

 

 The time to travel from A to B is one half the periodic time 

 0.7334 hABτ =  44.0 minABτ =   
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PROBLEM 12.131  (Continued) 

 

(b) For the circular orbit, 621.8064 10 ftBa b r= = = ×  

 
3/2 6 3/2

circ 15

2 2 (21.8064 10 )
5393 s

14.077 10

a

GM

π πτ ×= = =
×

 

 circ 1.498 hτ =  circ 89.9 minτ =   
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PROBLEM 12.132 

It was observed that as the Galileo spacecraft reached the point on its trajectory closest to Io, a moon of the 
planet Jupiter, it was at a distance of 1750 mi from the center of Io and had a velocity of 349.4 10× ft/s. 
Knowing that the mass of Io is 0.01496 times the mass of the earth, determine the eccentricity of the trajectory 
of the spacecraft as it approached Io. 

 

SOLUTION 

First note 6
0

6
earth

1750 mi 9.24 10 ft

3960 mi 20.9088 10 ft

r

R

= = ×

= = ×

 

We have 
2

1
(1 cos )

GM

r h
ε θ= +       Eq. (12.39) 

At Point O, 0 0 0 0, 0,r r h h r vθ= = = =  

Also, earth(0.01496 )IoGM G M=  

 2
earth0.01496gR=       using Eq. (12.30). 

Then 
2
earth

2
0 0 0

0.014961
(1 )

( )

gR

r r v
ε= +  

or 
2

0 0
2
earth

6 3 2

2 6 2

1
0.01496

(9.24 10 ft)(49.4 10 ft/s)
1

0.01496(32.2 ft/s )(20.9088 10 ft)

r v

gR
ε = −

× ×= −
×

 

or 106.1ε =  
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PROBLEM 12.133* 

Disk A rotates in a horizontal plane about a vertical axis at the 
constant rate 0 10θ =  rad/s. Slider B has mass 1 kg and moves in a 
frictionless slot cut in the disk. The slider is attached to a spring of 
constant k, which is undeformed when 0.r =  Knowing that the slider 
is released with no radial velocity in the position 500 mm,r =  
determine the position of the slider and the horizontal force exerted on 
it by the disk at 0.1 st =  for (a) 100 N/m,k =  (b) 200 N/m.k =  

 

SOLUTION 

First we note  when  

0

0, 0

500 mm 0.5 m

sp spr x F kr

r

= =  =

= =

 

and 0 12 rad/sθ θ= =   

then 0θ =  

 2
0: ( )r B r sp BF m a F m r rθΣ = − = −   

  
2
0 0

B

k
r r

m
θ

 
+ − = 
 

  (1) 

  0: (0 2 )B A BF m a F m rθ θ θΣ = = +   (2) 

(a) 100 N/mk =  

 Substituting the given values into Eq. (1) 

  2100 N/m
(10 rad/s) 0

 1 kg
r r

 
+ − = 
 

  

  0r =  

 Then  0
dr

r
dt

= =
   and at 0, 0 :t r= =  

  
0.1

0 0
(0)

r
dr dt= 

  

  0r =  
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PROBLEM 12.133*  (Continued) 

 

 and  0
dr

r
dt

= =  and at 00, 0.5 mt r= =  

  
0

0.1

0
(0)

r

r
dr dt=   

  0r r=  

 0.5 mr =   

 Note: 0r =  implies that the slider remains at its initial radial position. 

 With 0,r =  Eq. (2) implies 

 0HF =   

(b) 200 N/mk =  

 Substituting the given values into Eq. (1) 

  2200
(10 rad/s) 0

1 kg
r r

 
+ − = 
 

  

  100 0r r+ =  

 Now ( ) r r
d d dr d d

r r r v v
dt dt dt dr dr

= = = =    

 Then r
r

dv
r v

dr
=  

 so that 100 0r
r

dv
v r

dr
+ =  

 At 00, 0, :rt v r r= = =  
00

100
rv r

r r
r

v d v r dr= −   

  2 2 2
0100( )rv r r= − −  

  2 2
010rv r r= −  

 Now 2 2
010r

dr
v r r

dt
= = −  

 At 00, :t r r= =  
0 2 2 0

0

10 10
r t

r

dr
dt t

r r
= =

−   
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PROBLEM 12.133*  (Continued) 

 

 Let 0 0sin , cosr r dr r dφ φ φ= =  

 Then 
1

0sin ( / )
0

2 2 2/2
0 0

cos
10

sin

r r r d
t

r rπ

φ φ

φ

−

=
−  

  
1

0sin ( / )

/2
10

r r
d t

π
φ

−

=  

  1

0

sin 10
2

r
t

r

π−  
− = 

 
 

  0 0sin 10 cos10 (0.5 ft)cos10
2

r r t r t t
π = + = = 

 
 

 Then (5 m/s)sin10r t= −  

 Finally,     at 0.1 s:t =  

  (0.5 ft)cos (10 0.1)r = ×  

   0.270 mr =   

 Eq. (2) 1 kg 2 [ (5 ft/s)sin (10 0.1)] (10 rad/s)HF = × × − ×  

   84.1 NHF = −   
 



CCHHAAPPTTEERR  1133  
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PROBLEM 13.CQ1 

Block A is traveling with a speed v0 on a smooth surface when the 
surface suddenly becomes rough with a coefficient of friction of μ 
causing the block to stop after a distance d.  If block A were traveling 
twice as fast, that is, at a speed 2v0, how far will it travel on the rough 
surface before stopping? 

(a) d/2 

(b) d 

(c) d2  

(d) 2d 

(e) 4d 

 

SOLUTION 

Answer: (e)  
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PROBLEM 13.1 

A 400-kg satellite was placed in a circular orbit 1500 km above the surface of the earth. At this elevation the 
acceleration of gravity is 6.43 m/s2. Determine the kinetic energy of the satellite, knowing that its orbital 
speed is 325.6 10  km/h.×  

 

SOLUTION 

Mass of satellite: 400 kgm =  

Velocity: 3 325.6 10  km/h 7.111 10  m/sv = × = ×  

Kinetic energy:  2 3 21 1
(400 kg)(7.111 10  m/s)

2 2
T mv= = ×  

 910.113 10  JT = ×  10.11 GJT =   

Note: Acceleration of gravity has no effect on the mass of the satellite. 
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PROBLEM 13.2 

A 1-lb stone is dropped down the “bottomless pit” at 
Carlsbad Caverns and strikes the ground with a speed of 
95ft/s. Neglecting air resistance, determine (a) the kinetic 
energy of the stone as it strikes the ground and the height 
h from which it was dropped, (b) Solve Part a assuming 
that the same stone is dropped down a hole on the moon. 
(Acceleration of gravity on the moon = 5.31 ft/s2.) 

 

SOLUTION 

Mass of stone: 2
2

lb 1 lb
0.031056 lb s /ft

32.2 ft/s

W
m

g
= = = ⋅  

Initial kinetic energy: 1 0 (rest)T =  

(a) Kinetic energy at ground strike: 

  2 2
2 2

1 1
(0.031056)(95) 140.14 ft lb

2 2
T mv= = = ⋅  

  2 140.1 ft lbT = ⋅   

 Use work and energy:  1 1 2 2T U T→+ =  

 where  1 2

2
2

1
0

2

U wh mgh

mgh mv

→ = =

+ =

 

      
2 2
2 (95)

2 (2)(32.2)

v
h

g
= =  140.1 fth =   

(b) On the moon: 25.31 ft/sg =  

 T1 and T2 will be the same, hence 2 140.1 ft lbT = ⋅   

  
2 2
2 (95)

2 (2)(5.31)

v
h

g
= =  850 fth =   
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PROBLEM 13.3 

A baseball player hits a 5.1-oz baseball with an initial velocity of 140 ft/s 
at an angle of 40° with the horizontal as shown. Determine (a) the kinetic 
energy of the ball immediately after it is hit, (b) the kinetic energy of the 
ball when it reaches its maximum height, (c) the maximum height above 
the ground reached by the ball. 

 

SOLUTION 

 Mass of baseball: 
1 lb

(5.1 oz) 0.31875 lb
16 oz

W
 = = 
 

 

 2
2

0.31875 lb
0.009899 lb s /ft

32.2 ft/s

W
m

g
= = = ⋅  

(a) Kinetic energy immediately after hit. 

  0 140 ft/sv v= =  

  2 2
1

1 1
(0.009899)(140)

2 2
T mv= =  1 97.0 ft lbT = ⋅   

(b) Kinetic energy at maximum height: 

  0 cos 40 140cos 40 107.246 ft/sv v= ° = ° =  

  2 2
2

1 1
(0.009899)(107.246)

2 2
T mv= =  2 56.9 ft lbT = ⋅   

 Principle of work and energy: 1 1 2 2T U T→+ =  

  1 2 2 1 40.082 ft lbU T T→ = − = − ⋅  

 Work of weight: 1 2U Wd→ = −  

 Maximum height above impact point. 

  2 1 40.082 ft lb
125.7 ft

0.31875 lb

T T
d

W

− − ⋅= = =
− −

 125.7 ft   

(c) Maximum height above ground: 

  125.7 ft 2 fth = +  127.7 fth =   
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PROBLEM 13.4 

A 500-kg communications satellite is in a circular geosynchronous orbit and completes one revolution about 
the earth in 23 h and 56 min at an altitude of 35800 km above the surface of the earth. Knowing that the radius 
of the earth is 6370 km, determine the kinetic energy of the satellite.  

 

SOLUTION 

Radius of earth: 6370 kmR =  

Radius of orbit: 66370 35800 42170 km 42.170 10  mr R h= + = + = = ×  

Time one revolution: 23 h 56 mint = +  

 3(23 h)(3600 s/h) (56 min)(60 s/min) 86.160 10  st = + = ×  

Speed: 
6

3

2 2 (42.170 10 )
3075.2 m/s

86.160 10

r
v

t

π π ×= = =
×

 

Kinetic energy:  21

2
T mv=  

 2 91
(500 kg)(3075.2 m/s) 2.3643 10  J

2
T = = ×  

 2.36 GJT =   
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PROBLEM 13.5 

In an ore-mixing operation, a bucket full of ore is suspended 
from a traveling crane which moves along a stationary bridge. 
The bucket is to swing no more than 10 ft horizontally when 
the crane is brought to a sudden stop. Determine the maximum 
allowable speed v of the crane. 

 

SOLUTION 

Let position  be the position with bucket B directly below A, and position  be that of maximum swing 
where d = 10 ft. Let L be the length AB. 

Kinetic energies: 2
1 2

1
, 0

2
T mv T= =  

Work of the weight: 1 2U Wh mgh→ = − = −  

where h is the vertical projection of position  above position  

From geometry (see figure), 

 

 

2 2

2 2

2 230 (30) (10)

1.7157 ft

y L d

h L y

L L d

= −
= −

= − −

= − −
=

 

 

 

 

Principle of work and energy: 1 1 2 2T U T→+ =  

 21
0

2
mv mgh− =  

 2 2 2 22 (2)(32.2 ft/s )(1.7157 ft) 110.49 ft /sv gh= = =  10.51 ft/sv =   
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PROBLEM 13.6 

In an ore-mixing operation, a bucket full of ore is suspended 
from a traveling crane which moves along a stationary bridge. 
The crane is traveling at a speed of 10 ft/s when it is brought to 
a sudden stop. Determine the maximum horizontal distance 
through which the bucket will swing. 

 

SOLUTION 

Let position  be the position with bucket B directly below A, and position  be that of maximum swing 
where the horizontal distance is d. Let L be the length AB. 

Kinetic energies: 2
1 2

1
, 0

2
T mv T= =  

Work of the weight: 1 2U Wh mgh→ = − = −  

where h is the vertical projection of position  above position . 

Principle of work and energy: 1 1 2 2T U T→+ =  

  

2

2 2

2

1
0

2

(10 ft/s)
1.5528 ft

2 (2)(32.2 ft/s )

mv mgh

v
h

g

− =

= = =
 

 

From geometry (see figure), 

 

 

2 2

2 2

2 2

( )

(30) (30 1.5528)

9.53 ft

d L y

L L h

= −

= − −

= − −
=

 

 

 

  9.53 ftd =   
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PROBLEM 13.7 

Determine the maximum theoretical speed that may be achieved over a distance of 110 m by a car starting 
from rest assuming there is no slipping. The coefficient of static friction between the tires and pavement is 0.75, 
and 60 percent of the weight of the car is distributed over its front wheels and 40 percent over its rear wheels. 
Assume (a) front-wheel drive, (b) rear-wheel drive. 

 

SOLUTION 

Let W be the weight and m the mass.  W mg=  

(a) Front wheel drive: 0.60 0.60

0.75s

N W mg

μ
= =
=

 

 Maximum friction force without slipping: 

 

1 2

2
1 2 2

(0.75)(0.60 ) 0.45

0.45

1
0,

2

sF N W mg

U Fd mgd

T T mv

μ

→

= = =
= =

= =

 

 Principle of work and energy:  1 1 2 2T U T→+ =  

 
2
2

2 2 2 2
2

1
0 0.45

2

(2)(0.45 ) (2)(0.45)(9.81 m/s )(110 m) 971.19 m /s

mgd mv

v gd

+ =

= = =
 

 2 31.164 m/sv =  2 112.2 km/hv =   

(b) Rear wheel drive: 0.40 0.40

0.75s

N W mg

μ
= =
=

 

 Maximum friction force without slipping:  

 

1 2

2
1 2 2

(0.75)(0.40 ) 0.30

0.30

1
0,

2

sF N W mg

U Fd mgd

T T mv

μ

→

= = =
= =

= =

 

 Principle of work and energy:  1 1 2 2T U T→+ =  

 2
2

2 2 2 2
2

1
0 0.30

2

(2)(0.30) (2)(0.30)(9.81 m/s )(110 m) 647.46 m /s

mgd mv

v gd

+ =

= = =

 

 2 25.445 m/sv =  2 91.6 km/hv =  

Note: The car is treated as a particle in this problem. The weight distribution is assumed to be the same for 
static and dynamic conditions. Compare with sample Problem 16.1 where the vehicle is treated as a rigid 
body. 
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PROBLEM 13.8 

Skid marks on a drag racetrack indicate that the rear (drive) 
wheels of a car slip for the first 20 m of the 400-m track. 
(a) Knowing that the coefficient of kinetic friction is 0.60, 
determine the speed of the car at the end of the first 20-m 
portion of the track if it starts from rest and the front wheels 
are just off the ground. (b) What is the maximum 
theoretical speed for the car at the finish line if, after 
skidding for 20 m, it is driven without the wheels slipping 
for the remainder of the race? Assume that while the car is 
rolling without slipping, 60 percent of the weight of the car 
is on the rear wheels and the coefficient of static friction is 
0.75. Ignore air resistance and rolling resistance.  

 

SOLUTION 

(a) For the first 20 m, the normal force at the real wheels is equal to the weight of the car. Since the wheels 
are skidding, the friction force is 

 k k kF N W mgμ μ μ= = =  

 Principle of work and energy:  1 1 2 2T U T→+ =  

 

2
2

2
2

2 2 2 2
2

1
0

2
1

0
2

2 (2)(0.6)(9.81 m/s )(20 m) 235.44 m /s

k

k

Fd mv

mgd mv

v gd

μ

μ

+ =

+ =

= = =

 

  2 15.34 m/sv =  

(b) Assume that for the remainder of the race, sliding is impending and N = 0.6 W 

 (0.6 ) (0.75)(0.6 ) 0.45s sF N W mg mgμ μ= = = =  

 Principle of work and energy:  2 2 3 3T U T→+ =  

 2 2
2 3

1 1
(0.45 )

2 2
mv mg d mv′+ =  

 

2 2
3 2

2 2 2

2 2

(2)(0.45)

235.44 m /s (2)(0.45)(9.81 m/s )(400 m 20 m)

3590.5 m /s

v v gd ′=

= + −

=

 

  3 59.9 m/sv =   
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PROBLEM 13.9 

A package is projected up a 15°  incline at A with an initial 
velocity of 8 m/s. Knowing that the coefficient of kinetic friction 
between the package and the incline is 0.12, determine (a) the 
maximum distance d that the package will move up the incline,  
(b) the velocity of the package as it returns to its original position. 

 

SOLUTION 

(a) Up the plane from A to B: 

 
2 21 1

(8 m/s) 32 0
2 2

(  sin15 ) 0.12 N

A A B

A B k

W W
T mv T

g g

U W F d F Nμ−

= = = =

= − ° − = =
 

 0 cos15 0 cos15F N W N WΣ = − ° = = °  

 

(sin15 0.12cos15 ) (0.3747)

: 32 (0.3743) 0

A B

A A B B

U W d Wd

W
T U T Wd

g

−

−

= − ° + ° = −

+ = − =
 

 
32

(9.81)(0.3747)
d =  8.71 md =  

(b) Down the plane from B to A:  (F reverses direction) 

 

2

2

1
0 8.71 m/s

2

(  sin15 )

(sin15 0.12cos15 )(8.70  m/s)

1.245

1
0 1.245 

2

A A B

B A

B A

B B A A A

W
T v T d

g

U W F d

W

U W

W
T U T W v

g

−

−

−

= = =

= ° −

= ° − °
=

+ = + =

 

 

2 (2)(9.81)(1.245)

24.43

4.94 m/s

A

A

v

v

=
=
=  4.94 m/sA =v   15°   
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PROBLEM 13.10 

A 1.4 kg model rocket is launched vertically from rest with a constant thrust of 25 N until the rocket reaches 
an altitude of 15 m and the thrust ends. Neglecting air resistance, determine (a) the speed of the rocket when 
the thrust ends, (b) the maximum height reached by the rocket, (c) the speed of the rocket when it returns to 
the ground. 

 

SOLUTION 

Weight: (1.4)(9.81) 13.734 NW mg= = =  

(a) First stage: 1 0T =  

  1 2 (25 13.734)(15) 169.0 N mU → = − = ⋅  

  1 1 2 2T U T→+ =  

  2
2 1 2

1
169.0 N m

2
T mv U →= = = ⋅  

  1 2
2

2 (2) (169.0)

1.4

U
v

m
→= =  2 15.54 m/sv =   

(b) Unpowered flight to maximum height h: 

 2 169.0 N mT = ⋅  3 0T =  

 2 3 ( 15)U W h→ = − −  

 2 2 3 3

2( 15)

T U T

W h T
→+ =

− =
 

 2 169.0
15

13.734

T
h

W
− = =   27.3 mh =   

(c) Falling from maximum height: 

  

2
3 4 4

3 4

2
3 3 4 4 4

1
0

2

1
: 0

2

T T mv

U Wh mgh

T U T mgh mv

→

→

= =

= =

= = + =

 

  2 2 2 2
4 2 (2)(9.81 m/s )(27.3 m) 535.6 m /sv gh= = =   4 23.1 m/sv =   
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PROBLEM 13.11 

Packages are thrown down an incline at A with a velocity 
of 1 m/s. The packages slide along the surface ABC to a 
conveyor belt which moves with a velocity of 2 m/s. 
Knowing that 0.25kμ =  between the packages and the 
surface ABC, determine the distance d if the packages are 
to arrive at C with a velocity of 2 m/s. 

 

SOLUTION 

On incline AB: cos30

0.25  cos 30

sin 30  

(sin 30 cos 30 )

AB

AB k AB

A B AB

k

N mg

F N mg

U mgd F d

mgd

μ

μ
→

= °
= = °
= ° −
= ° − °

 

On level surface BC: 7 mBC BC

BC k

B C k BC

N mg x

F mg

U mg x

μ
μ→

= =
=
= −

 

At A, 21
and 1 m/s

2A A AT mv v= =  

At C, 21
and 2 m/s

2C C CT mv v= =  

Assume that no energy is lost at the corner B. 

Work and energy. A A B B C CT U U T→ →+ + =  

 2 2
0

1 1
(sin 30 cos30 )  

2 2A k k BCmv mgd mg x mvμ μ+ ° − ° − =  

Dividing by m and solving for d, 

 

2 2

2 2

/2 /2

(sin 30 cos30 )

(2) /(2)(9.81) (0.25)(7) (1) /(2)(9.81)

sin 30 0.25cos30

C k BC A

k

v g x v g
d

μ

μ

 + − =
° − °

+ −=
° − °

 

  6.71 md =   
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

519 

 

 

PROBLEM 13.12 

Packages are thrown down an incline at A with a velocity of  
1 m/s. The packages slide along the surface ABC to a conveyor 
belt which moves with a velocity of 2 m/s. Knowing that 

7.5 md =  and 0.25kμ =  between the packages and all 
surfaces, determine (a) the speed of the package at C, (b) the 
distance a package will slide on the conveyor belt before it 
comes to rest relative to the belt. 

 

SOLUTION 

(a) On incline AB: 

 

cos 30

0.25  cos 30

sin 30  

(sin 30 cos 30 )

AB

AB k AB

A B AB

k

N mg

F N mg

U mgd F d

mgd

μ

μ
→

= °
= = °
= ° −
= ° − °

 

 On level surface BC: 7 m

 

BC BC

BC k

B C k BC

N mg x

F mg

U mg x

μ
μ→

= =
=
= −

 

 At A, 21
and 1 m/s

2A A AT mv v= =  

 At C, 21
and 2 m/s

2C C CT mv v= =  

 Assume that no energy is lost at the corner B. 

 Work and energy. A A B B C CT U U T→ →+ + =  

  2 2
0

1 1
(sin 30 cos30 )  

2 2A k k BCmv mgd mg x mvμ μ+ ° − ° − =  

 Solving for 2
Cv , 

  
2 2

2

2 (sin 30 cos30 ) 2  

(1) (2)(9.81)(7.5)(sin 30 0.25cos30 ) (2)(0.25)(9.81)(7)

C A k k BCv v gd g xμ μ= + ° − ° −

= + ° − ° −
 

 2 28.3811 m /s=  2.90 m/sCv =  

(b) Box on belt: Let beltx be the distance moves by a package as it slides on the belt. 

  0y y

x k k

F ma N mg N mg

F N mgμ μ
Σ = − = =

= =

 

 At the end of sliding,  belt 2 m/sv v= =  
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PROBLEM 13.12  (Continued) 

 

 Principle of work and energy: 

 

2 2
belt belt

2 2
belt

belt

2

1 1
 

2 2

2 

8.3811 (2)

(2)(0.25)(9.81)

C k

C

k

mv mg x mv

v v
x

g

μ

μ

− =

−
=

−=  belt 0.893 mx =  
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PROBLEM 13.13 

Boxes are transported by a conveyor belt with a velocity v0 to a 
fixed incline at A where they slide and eventually fall off at B. 
Knowing that 0.40,kμ =  determine the velocity of the conveyor 
belt if the boxes leave the incline at B with a velocity of 8 ft/s. 

 

SOLUTION 

Forces when box is on AB. 

 
0: cos15 0

cos15

yF N W

N W

Σ = − ° =

= °
 

Box is sliding on AB. 

 cos15f k kF N Wμ μ= = °  

Distance 20 ftAB d= =  

Work of gravity force: ( ) sin15A B gU Wd− = °  

Work of friction force: cos15f kF d Wdμ− = − °  

Total work (sin15 sin15 )A B kU Wd μ→ = ° − °  

Kinetic energy: 
2
0

2

1

2

1

2

A

B B

W
T v

g

W
T v

g

=

=

 

Principle of work and energy:  A A B BT U T→+ =  

 2 2
0

1 1
(sin15 cos15 )

2 2k B
W W

v Wd v
g g

μ+ ° − ° =  

 

2 2
0

2

2 2

2 (sin15 cos15 )

(8) (2)(32.2)(20)[sin15 (0.40)(cos15 )]

228.29 ft /s

B kv v gd μ= − ° − °

= − ° − °

=

 

  0 15.11 ft/s=v   15°  
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PROBLEM 13.14 

Boxes are transported by a conveyor belt with a velocity v0 to a 
fixed incline at A where they slide and eventually fall off at B. 
Knowing that 0.40,kμ =  determine the velocity of the conveyor 
belt if the boxes are to have zero velocity at B. 

 

SOLUTION 

Forces when box is on AB. 

 
0: cos15 0

cos15

yF N W

N W

Σ = − ° =

= °
 

Box is sliding on AB. 

 cos15f k kF N Wμ μ= = °  

Distance 20 ftAB d= =  

Work of gravity force: ( ) sin15A B gU Wd− = °  

Work of friction force: cos15f kF d Wdμ− = − °  

Total work (sin15 cos15 )A B kU Wd μ− = ° − °  

Kinetic energy: 
2
0

2

1

2

1

2

A

B B

W
T v

g

W
T v

g

=

=

 

Principle of work and energy:  A A B BT U T−+ =  

 2 2
0

1 1
(sin15 cos15 )

2 2k B
W W

v Wd v
g g

μ+ ° − ° =  

 

2 2
0

2 2

2 (sin15 cos15 )

0 (2)(32.2)(20)[sin15 (0.40)(cos15 )]

164.29 ft /s

B kv v gd μ= − ° − °
= − ° − °

=

 

  0 12.81 ft/s=v   15°   
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PROBLEM 13.15 

A 1200-kg trailer is hitched to a 1400-kg car. The car and trailer are 
traveling at 72 km/h when the driver applies the brakes on both the car 
and the trailer. Knowing that the braking forces exerted on the car and 
the trailer are 5000 N and 4000 N, respectively, determine (a) the 
distance traveled by the car and trailer before they come to a stop, 
(b) the horizontal component of the force exerted by the trailer hitch 
on the car. 

 

SOLUTION 

Let position 1 be the initial state at velocity 1 72 km/h 20 m/sv = =  and position 2 be at the end of braking 

2( 0).v =  The braking forces and 5000 NCF =  for the car and 4000 N for the trailer. 

(a) Car and trailer system. ( braking distance)d =  

 

2
1 1 2

1 2

1 1 2 2

1
( ) 0

2
( )

C T

C T

T m m v T

U F F d

T U T
→

→

= + =

= − +
+ =

 

 2
1

1
( ) ( ) 0

2 C T C Tm m v F F d+ − + =  

 
2 2
1( ) (2600)(20)

57.778
2( ) (2)(9000)

C T

C T

m m v
d

F F

+
= = =

+
 57.8 md =   

(b) Car considered separately. 

 Let H be the horizontal pushing force that the trailer exerts on the car through the hitch. 

  

2
1 1 2

1 2

1 1 2 2

1
0

2
( )

C

C

T m v T

U H F d

T U T
→

→

= =

= −
+ =

 

 2
1

1
( ) 0

2 C Cm v H F d+ − =  

 
2 2
1 (1400)(20)

5000
2 (2)(57.778)
C

C

m v
H F

d
= − = −  

 Trailer hitch force on car:  154 N=H   
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PROBLEM 13.16 

A trailer truck enters a 2 percent uphill grade traveling at 72 km/h and reaches a speed of 108 km/h in 300 m. 
The cab has a mass of 1800 kg and the trailer 5400 kg. Determine (a) the average force at the wheels of the 
cab, (b) the average force in the coupling between the cab and the trailer. 

 

 

SOLUTION 

Initial speed: 1 72 km/h 20 m/sv = =  

Final speed: 2 108 km/h 30 m/sv = =  

Vertical rise:  (0.02)(300) 6.00 mh = =  

Distance traveled:  300 md =  

(a) Traction force.  Use cab and trailer as a free body. 

  1800 5400 7200 kgm = + =  3(7200)(9.81) 70.632 10 NW mg= = = ×  

 Work and energy: 1 1 2 2T U T→+ =  2 2
1 2

1 1

2 2tmv Wh F d mv− + =  

  2 2 2 3 2
1 1

1 1 1 1 1
(7200)(30) (70.632 10 )(6.00) (7200)(20)

2 300 2 2
tF mv Wh mv

d
   = + − = + × −     

 

  37.4126 10 N= ×  7.41 kNtF =   

(b) Coupling force .cF  Use the trailer alone as a free body. 

  35400 kg (5400)(9.81) 52.974 10 Nm W mg= = = = ×  

 Assume that the tangential force at the trailer wheels is zero. 

 Work and energy: 1 1 2 2T U T→+ =  2 2
1 2

1 1

2 2cmv Wh F d mv− + =  

 The plus sign before cF means that we have assumed that the coupling is in tension. 

  2 2 2 3 2
2 1

1 1 1 1 1 1
(5400)(30) (52.974 10 )(6.00) (5400)(20)

2 2 300 2 2
cF mv Wh mv

d
   = + − = + × −     

 

  35.5595 10 N= ×  5.56 kN (tension)cF =   
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PROBLEM 13.17 

The subway train shown is traveling at a speed of 30 mi/h 
when the brakes are fully applied on the wheels of cars B 
and C, causing them to slide on the track, but are not 
applied on the wheels of car A. Knowing that the 
coefficient of kinetic friction is 0.35 between the wheels 
and the track, determine (a) the distance required to bring 
the train to a stop, (b) the force in each coupling. 

 

SOLUTION 

 

  
0.35 (0.35)(100 kips) 35 kips

(0.35)(80 kips) 28 kips
k B

C

F

F

μ = = =
= =

 

  1 30 mi/h 44 ft/sv = =  2 20 0v T= =  

(a) Entire train: 1 1 2 2T U T−+ =  

  2
2

1 (80 kips 100 kips 80 kips)
(44 ft/s) (28 kips 35 kips) 0

2 32.2 ft/s
x

+ + − + =  

  124.07 ftx =  124.1 ftx =  

(b) Force in each coupling: Recall that 124.07 ftx =  

 Car A: Assume ABF to be in tension 

  1 1 2 2

21 80 kips
(44) (124.07 ft) 0

2 32.2
19.38 kips

AB

AB

T V T

F

F

−+ =

− =

= +

 

   19.38 kips (tension)ABF =   

 Car C: 1 1 2 2T U T−+ =  

 21 80 kips
(44) ( 28 kips)(124.07 ft) 0

2 32.2
28 kips 19.38 kips

BC

BC

F

F

+ − =

− = −

 

  8.62 kipsBCF = +  8.62 kips (tension)BCF =   
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PROBLEM 13.18 

The subway train shown is traveling at a speed of 30 mi/h 
when the brakes are fully applied on the wheels of cars A, 
causing it to slide on the track, but are not applied on the 
wheels of cars A or B. Knowing that the coefficient of 
kinetic friction is 0.35 between the wheels and the track, 
determine (a) the distance required to bring the train to a 
stop, (b) the force in each coupling. 

 

SOLUTION 

(a) Entire train: 

 

  1

(0.35)(80 kips) 28 kips

30 mi/h 44 ft/s 
A AF N

v

μ= = =
= = ←  2 20 0v T= =  

  
1 1 2 2

2
2

1 (80 kips 100 kips 80 kips)
(44  ft/s) (28  kips) 0

2 32.2 ft/s

T V T

x

−+ =
+ + − =  

  279.1 ftx =  279 ftx =  

(b) Force in each coupling: 

 Car A:  Assume ABF to be in tension 

  1 1 2 2T V T−+ =  

  2
2

1 80 kips
(44 ft/s) (28 kips )(279.1 ft) 0

2 32.2 ft/s
ABF− + =  

  28 kips 8.62 kipsABF+ = +  

  19.38 kipsABF = −   19.38 kips (compression)ABF =   

 Car C: 1 1 2 2T V T−+ =  

  2
2

1 80 kips
(44 ft/s) (279.1 ft) 0

2 32.2 ft/s
BCF+ =  

  8.617  kipsBCF = −   8.62 kips (compression)BCF =   
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PROBLEM 13.19 

Blocks A and B weigh 25 lbs and 10 lbs, respectively, and they are both 
at a height 6 ft above the ground when the system is released from rest. 
Just before hitting the ground block A is moving at a speed of 9 ft/s. 
Determine (a) the amount of energy dissipated in friction by the pulley, 
(b) the tension in each portion of the cord during the motion. 

 

SOLUTION 

By constraint of the cable block B moves up a distance h when block A moves down a distance h. ( 6 ft)h =  
Their speeds are equal. 

Let FA and FB be the tensions on the A and B sides, respectively, of the pulley. 

Masses: 2

2

25
0.7764 lb s /ft

32.2

10
0.31056 lb s /ft

32.2

A
A

B
B

W
M

g

W
M

g

= = = ⋅

= = = ⋅

 

Let position 1 be the initial position with both blocks a distance h above the ground and position 2 be just 
before block A hits the ground. 

Kinetic energies: 1 1( ) 0, ( ) 0A BT T= =  

  

2 2
2

2 2
2

1 1
( ) (0.7764)(9) 31.444 ft lb

2 2
1 1

( ) (0.31056)(9) 12.578 ft lb
2 2

A A

B B

T m v

T m v

= = = ⋅

= = = ⋅
 

Principle of work and energy: 1 1 2 2T U T→+ =  

Block A: 1 2 ( )A AU W F h→ = −  

  0 (25 )(6) 31.444AF+ − =  19.759 lbAF =  

Block B: 1 2 ( )B BU F W h→ = −  

  0 ( 10)(6) 12.578BF+ − =  12.096 lbBF =  

At the pulley FA moves a distance h down, and FB moves a distance h up. The work done is 

  1 2 ( ) (19.759 12.096)(6) 46.0 ft lbA BU F F h→ = − = − = ⋅  
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PROBLEM 13.19  (Continued) 

 

Since the pulley is assumed to be massless, it cannot acquire kinetic energy; hence, 

(a) Energy dissipated by the pulley: 46.0 ft lbpE = ⋅   

(b) Tension in each portion of the cord: :19.76 lbA   

   :12.10 lbB   
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PROBLEM 13.20 

The system shown is at rest when a constant 30 lb force is 
applied to collar B. (a) If the force acts through the entire 
motion, determine the speed of collar B as it strikes the 
support at C. (b) After what distance d should the 30 lb 
force be removed if the collar is to reach support C with 
zero velocity?  

 

SOLUTION 

Let F be the cable tension and vB be the velocity of collar B when it strikes the support. Consider the collar B. 
Its movement is horizontal so only horizontal forces acting on B do work. Let d be the distance through which 
the 30 lb applied force moves. 

 
1 1 2 2

2

( ) ( ) ( )

1 18
0 30 (2 )(2)

2 32.2

B B B

B

T U T

d F v

→+ =

+ − =
 

 230 4 0.27950 Bd F v− =  (1) 

Now consider the weight A. When the collar moves 2 ft to the left, the weight moves 4 ft up, since the cable 
length is constant. Also, 2 .A Bv v=  

  

1 1 2 2

2

2

( ) ( ) ( )

1
0 ( )(4)

2

1 6
4 (6)(4) (2 )

2 32.2

A A B

A
A A

B

T U T

W
F W v

g

F v

−+ =

+ − =

− =

 

  24 24 0.37267 BF v− =  (2) 

Add Eqs. (1) and (2) to eliminate F. 

  230 24 0.65217 Bd v− =  (3) 

(a) Case a: 2 ft, ?Bd v= =  

  2(30)(2) (24) 0.65217 Bv− =  

  2 2 255.2 ft /sBv =  7.43 ft/sBv =  

(b) Case b: ?, 0.Bd v= =  

  30 24 0d − =  0.800 ftd =   
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PROBLEM 13.21 

Car B is towing car A at a constant speed of 10 m/s on an uphill 
grade when the brakes of car A are fully applied causing all four 
wheels to skid. The driver of car B does not change the throttle 
setting or change gears. The masses of the cars A and B are 
1400 kg and 1200 kg, respectively, and the coefficient of kinetic 
friction is 0.8. Neglecting air resistance and rolling resistance, 
determine (a) the distance traveled by the cars before they come 
to a stop, (b) the tension in the cable. 

 

SOLUTION 

 

 

0.8 AF N=  

 

 

 

 

 

 

 

 

 

Given: Car B tows car A at 10 m/s uphill. 

Car A brakes so 4 wheels skid.  0.8kμ =  

Car B continues in same gear and throttle setting. 

Find: (a) Distance d, traveled to stop 

 (b) Tension in cable 

(a)  1F = traction force (from equilibrium) 

 1 (1400 )sin 5 (1200 )sin 5F g g= ° + °  

 2600(9.81)sin 5= °  

For system: A B+  

1 2 1[( 1400 sin 5 1200 sin 5 ) ]U F g g F d− = − ° − ° −  

 2 2
2 1

1 1
0 (2600)(10)

2 2A BT T m v+= − = − = −  

Since   1( 1400 sin 5 1200 sin 5 ) 0F g g− ° − ° =  

0.8[1400(9.81)cos5 ] 130,000 N mFd d− = − ° = − ⋅  

 11.88 md =  

(b) Cable tension, T 

1 2 2 1[ 0.8 ](11.88)AU T N T T− = − = −  

21400
( 0.8(1400)(9.81)cos5 )11.88 (10)

2
T − ° = −  

( 10945) 5892T − = −  

 5.053 kN=  

 5.05 kNT =  
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PROBLEM 13.22 

The system shown is at rest when a constant 250-N force is applied to 
block A. Neglecting the masses of the pulleys and the effect of friction 
in the pulleys and between block A and the horizontal surface, 
determine (a) the velocity of block B after block A has moved 2 m, (b) 
the tension in the cable. 

 

SOLUTION 

Constraint of cable: 

  

3 constant

3 0

3 0

A B

A B

A B

x y

x y

v v

+ =
Δ + Δ =

+ =
 

Let F be the tension in the cable. 

Block A: 130 kg, 250 N, ( ) 0A Am P T= = =  

  

1 1 2 2

2

2

( ) ( ) ( )

1
0 ( )( )

2
1

0 (250 )(2) (30)(3 )
2

A A A

A A A

B

T U T

P F x m v

F v

→+ =

+ − Δ =

+ − =

 

  2500 2 135 BF v− =  (1) 

Block B: 25 kg, 245.25 NB B Bm W m g= = =  

  

1 1 2 2

2

2

( ) ( ) ( )

1
0 (3 )( )

2
2 1

(3 ) 245.25) (25)
3 2

B B B

B B B B

B

T U T

F W y m v

F v

→+ =

+ − −Δ =

 − = 
 

 

  22 163.5 12.5 BF v− =  (2) 
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PROBLEM 13.22  (Continued) 

 

Add Eqs. (1) and (2) to eliminate F. 

  
2

2 2 2

500 163.5 147.5

2.2814 m /s

B

B

v

v

− =

=
 

(a) Velocity of B.  1.510 m/sB =v   

(b) Tension in the cable. 

 From Eq. (2),  2 163.5 (12.5)(2.2814)F − =  96.0 NF =   
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PROBLEM 13.23 

The system shown is at rest when a constant 250-N force is applied to 
block A. Neglecting the masses of the pulleys and the effect of friction in 
the pulleys and assuming that the coefficients of friction between block A 
and the horizontal surface are 0.25sμ =  and 0.20,kμ = determine (a) the 
velocity of block B after block A has moved 2 m, (b) the tension in the cable. 

 

SOLUTION 

Check the equilibrium position to see if the blocks move. Let F be the tension in the cable. 

Block B: 3 0

(25)(9.81)
81.75 N

3 3

B

B

F m g

m g
F

− =

= = =

 

Block A: 0: 0y A AF N m gΣ = − =  

  (30)(9.81) 294.3 NA AN m g= = =  

  0: 250 0x AF F FΣ = − − =  

  250 81.75 168.25 NAF = − =  

Available static friction force: (0.25)(294.3) 73.57 Ns ANμ = =  

Since ,A s AF Nμ>  the blocks move. 

The friction force, FA, during sliding is 

  (0.20)(294.3) 58.86 NA k AF Nμ= = =  

Constraint of cable: 

  

3 constant

3 0

3 0

A B

A B

A B

x y

x y

v v

+ =
Δ + Δ =

+ =
 

 

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

534 

PROBLEM 13.23  (Continued) 

 

Block A: 1

1 1 2 2

30 kg, 250 N, ( ) 0.

( ) ( ) ( )
A A

A A A

m P T

T U T→

= = =
+ =

 

  

2

2

1
0 ( )( )

2
1

0 (250 58.86 )(2) (30)(3 )
2

A A A A

B

P F F x m v

F v

+ − − Δ =

+ − − =
 

  2382.28 2 135 BF v− =  (1) 

Block B:  25 kg, 245.25 NB B BM W m g= = =  

  

1 1 2 2

2

2

( ) ( ) ( )

1
0 (3 )( )

2
2 1

(3 245.25) (25)
3 2

B B B

B B B B

B

T U T

F W y m v

F v

→+ =

+ − −Δ =

 − = 
 

 

  22 163.5 12.5 BF v− =  (2) 

Add Eqs. (1) and (2) to eliminate F. 

  
2

2 2 2

382.28 163.5 147.5

1.48325 m /s

B

B

v

v

− =

=
 

(a) Velocity of B:  1.218 m/sB =v   

(b) Tension in the cable: 

 From Eq. (2),  2 163.5 (12.5)(1.48325)F − =  91.0 NF =  
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PROBLEM 13.24 

Two blocks A and B, of mass 4 kg and 5 kg, respectively, are connected 
by a cord which passes over pulleys as shown. A 3 kg collar C is placed 
on block A and the system is released from rest. After the blocks have 
moved 0.9 m, collar C is removed and blocks A and B continue to move. 
Determine the speed of block A just before it strikes the ground.  

 

SOLUTION 

Position to Position .   1 10 0v T= =  

At  before C is removed from the system 

 

2 2 2
2 2 2 2

1 2

2
1 2

1 2

1 1 2 2

1 1
( ) (12 kg) 6

2 2
( ) (0.9 m)

(4 3 5)( )(0.9 m) (2 kg)(9.81 m/s )(0.9 m)

17.658 J

:

A B C

A C B

T m m m v v v

U m m m g

U g

U

T U T

−

−

−

−

= + + = =

= + −

= + − =
=

+ =

 

 2 2
2 20 17.658 6 2.943v v+ = =  

At Position , collar C is removed from the system. 

Position to Position .   2
2 2

1 9
( ) kg (2.943) 13.244 J

2 2A BT m m v
 ′ = + = = 
 

 

 2 2
3 3 3

1 9
( )( )

2 2A BT m m v v= + =   

           

2
2 3

2 2 3 3

2 2
3 3

( )( )(0.7 m) ( 1 kg)(9.81 m/s )(0.7 m) 6.867 J

13.244 6.867 4.5 1.417

A BU m m g

T U T

v v

′−

−

= − = − = −
′ + =

− = =

 

 3 1.190 m/sAv v= =  1.190 m/sAv =   
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PROBLEM 13.25 

Four packages, each weighing 6 lb, are held 
in place by friction on a conveyor which is 
disengaged from its drive motor. When the 
system is released from rest, package 1 
leaves the belt at A just as package 4 comes 
onto the inclined portion of the belt at B. 
Determine (a) the speed of package 2 as it 
leaves the belt at A, (b) the speed of 
package 3 as it leaves the belt at A. Neglect 
the mass of the belt and rollers. 

 

SOLUTION 

Slope angle: sin 
6 ft

23.6
15 ft

β β= = °  

(a) Package falls off the belt and 2, 3, 4 move down 

 
2 2 2

2 2 2 22

6
2 ft.

3
1 3 6 lb

3 0.2795
2 2 32.2 ft/s

T mv v v

=

  = = =       

 

 1 2 (3)( )( ) (3)(6 lb)(2 ft) 36 lb ftU W R− = = = ⋅  

 1 1 2 2
2 2
2 20 36 0.2795  128.8

T U T

v v
−+ =

+ = =
 

 2 11.35 ft/s=v  23.6°  

(b) Package 2 falls off the belt and its energy is lost to the system and 3 and 4 move down 2 ft. 



2
2 2 2

2

2 2 2
3 3 3 32

1 6 lb
(2)  (128.8)

2 32 ft/s

24 lb ft

1 6 lb
(2)  ( ) 0.18634

2 32.2 ft/s

T mv

T

T mv v v

  ′ = =        
′ = ⋅

  = = =       



 2 3

2 2 3 3

(2)( )(2) (2)(6 lb)(2 ft) 24 lb ftU W

T U T
−

−

= = = ⋅
+ =



 2 2
3 324 24 0.18634 257.6v v+ = =  3 16.05 ft/s=v  23.6° 
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PROBLEM 13.26 

A 3-kg block rests on top of a 2-kg block supported by, but not attached to, a spring 
of constant 40 N/m. The upper block is suddenly removed. Determine (a) the 
maximum speed reached by the 2-kg block, (b) the maximum height reached by the 
2-kg block. 

 

SOLUTION 

Call blocks A and B. 2 kg, 3 kgA Bm m= =  

(a) Position 1: Block B has just been removed. 

 Spring force: ( )S A BF m m g k x= − + = −  

 Spring stretch: 
2

1
( ) (5 kg)(9.81 m/s )

1.22625 m
40 N/m

A Bm m g
x

k

+
= − = − = −  

Let position 2 be a later position while the spring still contacts block A. 

 Work of the force exerted by the spring: 
2

1

2

1

1 2

2 2 2
1 2

2 2 2
2 2

( )

1 1 1

2 2 2

1 1
(40)( 1.22625) (40) 30.074 20

2 2

x

e
x

x

x

U k x dx

k x k x k x

x x

→ = −

= − = −

= − − = −

  

 Work of the gravitational force: 1 2 2 1

2 2

( ) ( )

(2)(9.81)( 1.22625) 19.62 24.059

g AU m g x x

x x

→ = − −

= − + = − −

 

 Total work: 2
1 2 2 220 19.62 6.015U x x→ = − + +  

 Kinetic energies: 1

2 2 2
2 2 2 2

0

1 1
(2)

2 2A

T

T m v v v

=

= = =

 

 Principle of work and energy: 1 1 2 2T U T→+ =  

 2 2
2 2 20 20 19.62 6.015x x v+ − + =  

 Speed squared: 2 2
2 2 220 19.62 6.015v x x= − − +  (1) 

 At maximum speed, 2

2

0
dv

dx
=  



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

538 

PROBLEM 13.26  (Continued) 

 

 Differentiating Eq. (1), and setting equal to zero, 

 

2
2 2

2

2 40 19.62 0

19.62
0.4905 m

40

dv
v x

dx

x

= − = − =

= − = −
 

 Substituting into Eq. (1),       2 2 2 2
2 (20)( 0.4905) (19.62)( 0.4905) 6.015 10.827 m /sv = − − − − + =  

 Maximum speed:  2 3.29 m/sv =   

(b) Position 3: Block A reaches maximum height. Assume that the block has separated from the spring. 
 Spring force is zero at separation. 

 Work of the force exerted by the spring: 

  
1

0
2 2

1 3 1
1 1

( ) (40)(1.22625) 30.074 J
2 2e

x
U kxdx kx→ = − = = =  

 Work of the gravitational force:  

  1 3( ) (2)(9.81) 19.62 g AU m gh h h→ = − = − = −  

 Total work: 1 3 30.074 19.62 U h→ = −  

 At maximum height, 3 30, 0v T= =  

 Principle of work and energy: 1 1 3 3T U T→+ =  

  0 30.074 19.62 0h+ − =  

 Maximum height:  1.533 mh =   
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PROBLEM 13.27 

Solve Problem 13.26, assuming that the 2-kg block is attached to the spring. 

PROBLEM 13.26 A 3-kg block rests on top of a 2-kg block supported by, but not 
attached to, a spring of constant 40 N/m. The upper block is suddenly removed. 
Determine (a) the maximum speed reached by the 2-kg block, (b) the maximum 
height reached by the 2-kg block. 

 

 

SOLUTION 

Call blocks A and B. 2 kg, 3 kgA Bm m= =  

(a) Position 1: Block B has just been removed. 

 Spring force: 1( )S A BF m m g kx= − + = −  

 Spring stretch: 
2

1
( ) (5 kg)(9.81 m/s )

1.22625 m
40 N/m

A Bm m g
x

k

+
= − = − = −  

 Let position 2 be a later position. Note that the spring remains attached to block A. 

 Work of the force exerted by the spring: 
2

1

2

1

1 2

2 2 2
1 2

2 2 2
2 2

( )

1 1 1

2 2 2

1 1
(40)( 1.22625) (40) 30.074 20

2 2

x

e
x

x

x

U kxdx

kx kx kx

x x

→ = −

= − = −

= − − = −

  

 Work of the gravitational force: 1 2 2 1

2 2

( ) ( )

(2)(9.81)( 1.22625) 19.62 24.059

g AU m g x x

x x

→ = − −

= − + = − −

 

 Total work: 2
1 2 2 220 19.62 6.015U x x→ = − − +  

 Kinetic energies: 1

2 2 2
2 2 2 2

0

1 1
(2)

2 2A

T

T m v v v

=

= = =

 

 Principle of work and energy: 1 1 2 2T U T→+ =  

 2 2
2 2 20 20 19.62 6.015x x v+ − + =  

 Speed squared: 2 2
2 2 220 19.62 6.015v x x= − − +  (1) 

 At maximum speed, 2

2

0
dv

dx
=  
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PROBLEM 13.27  (Continued) 

 

 Differentiating Eq. (1) and setting equal to zero, 

 

2
2 2

2

2

2 40 19.62 0

19.62
0.4905 m

40

dv
v x

dx

x

= − = − =

= − = −
 

 Substituting into Eq. (1),       2 2 1 2
2 (20)( 0.4905) (19.62)( 0.4905) 6.015 10.827 m /sv = − − − − + =  

 Maximum speed:  2 3.29 m/sv =   

(b) Maximum height occurs when v2 = 0. 

 Substituting into Eq. (1), 2
2 20 20 19.62 6.015x x= − − +  

 Solving the quadratic equation 

   2 1.22625 m and 0.24525 mx = −  

 Using the larger value,  2 0.24525 mx =  

 Maximum height: 2 1 0.24525 1.22625h x x= − = +  1.472 mh =   
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PROBLEM 13.28 

An 8-lb collar C slides on a horizontal rod between springs A and B. 
If the collar is pushed to the right until spring B is compressed 2 in. 
and released, determine the distance through which the collar will 
travel assuming (a) no friction between the collar and the rod,  
(b) a coefficient of friction 0.35.kμ =  

 

SOLUTION 

(a) 144 lb/ft

216 lb/ft
B

A

k

k

=
=

 

 

 Since the collar C leaves the spring at B and there is no friction, it must engage the spring at A. 

 
2/12

0 0

2
2

0  0

 

144 lb/ft 2 216 lb/ft
ft ( )

2 12 2

A B

y

A B B A

A B

T T

U k xdx k xdx

U y

−

−

= =

= −

    = −    
    

   

 
2: 0 2 108 0

 0.1361 ft 1.633 in.
A A B BT U T y

y
−+ = + − =

= =
 

 Total distance 2 16 (6 1.633)d = + − −  

   13.63 in.d =   

(b) Assume that C does not reach the spring at B because of friction. 

 

6 lb

(0.35)(8 lb) 2.80 lb

0

f

A D

N W

F

T T

= =
= =

= =

 

 
2/12

0
144 ( ) 2 2.80A D fU dx F y y− = × − = −  

 
0 2 2.80 0

0.714 ft 8.57 in.
A A D DT U T y

y
−+ = + − =

= =
 

 The collar must travel 16 6 2 12 in.− + =  before it engages the spring at B. Since 8.57 in.,y =  it stops 
before engaging the spring at B. 

 Total distance 8.57 in.d =   
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PROBLEM 13.29 

A 6-lb block is attached to a cable and to a spring as shown. The constant of the spring is 
k 8 lb/in.=  and the tension in the cable is 3 lb. If the cable is cut, determine (a) the 
maximum displacement of the block, (b) the maximum speed of the block.  

 

SOLUTION 

8 lb/in. 96 lb/ftk = =  

 

 
1

2 2
1 1 2 2 2

0: ( ) 6 3 3 lb 

1 6 lb
0 0: 0.09317

2 32.2

y sF F C

v T T v v

Σ = = − =

 = = = = 
 

 

For weight: 1 2 (6 lb) 6U x x− = =  

For spring: 2
1 2

0
(3 96 ) 3 48

x
U x dx x x− = − + = − −  

 
2 2

1 1 2 2 2

2 2
2

: 0 6 3 48 0.09317

 3 48 0.09317

T U T x x x v

x x v

−+ = + − − =

− =
 (1) 

(a) For 2,  0:mx v =  23 48 0x x− =  

 
3 1

0, ft
48 16mx x= = =  0.75 in.m =x  
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PROBLEM 13.29  (Continued) 

 

(b)  For mv  we see maximum of  2
1 2 3 48U x x− = −  

 1 2 3 1
3 96 0  ft  ft

96 32

dU
x x

dx
− = − = = =  

 Eq. (1): 
2

21 1
3  ft 48  ft 0.09317

32 32 mv
   − =   
   

 

 2 0.5031 0.7093 ft/sm mv v= =  8.51 in./sm =v    

 Note: 1 2U −  for the spring may be computed using 6F x−  curve 

 1 2

2

area

1
3 96

2

U

x x

− =

= +
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PROBLEM 13.30 

A 10-kg block is attached to spring A and connected to spring B by a cord and 
pulley. The block is held in the position shown with both springs unstretched 
when the support is removed and the block is released with no initial velocity. 
Knowing that the constant of each spring is 2 kN/m, determine (a) the velocity of 
the block after it has moved down 50 mm, (b) the maximum velocity achieved by 
the block. 

 

SOLUTION 

 

 

 

(a) W = weight of the block 10 (9.81) 98.1 N= =  

  
1

2B Ax x=  

  2 2
1 2

1 1
( ) ( ) ( )

2 2A A A B BU W x k x k x− = − −  

  (Gravity)   (Spring A)  (Spring B) 

 2
1 2

1
(98.1 N)(0.05 m) (2000 N/m)(0.05 m)

2
U − = −  

 21
(2000 N/m)(0.025 m)

2
−  

 2 2
1 2

1 1
( ) (10 kg)

2 2
U m v v− = =  

 21
4.905 2.5 0.625 (10)

2
v− − =  

  0.597 m/sv = 

(b) Let distance moved down by the 10 kg blockx =  

 
2

2 2
1 2

1 1 1
( ) ( ) ( )

2 2 2 2A B
x

U W x k x k m v−
 = − − = 
 

 

 21
( ) 0 ( ) (2 )

2 8
B

A
d k

m v W k x x
dx

  = = − −  
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PROBLEM 13.30  (Continued) 

 

 
2000

0 98.1 2000 ( ) (2 ) 98.1 (2000 250)
8

x x x= − − = − +  

 0.0436 m (43.6 mm)x =  

For 21
0.0436, 4.2772 1.9010 0.4752 (10)

2
x U v= = − − =  

 max 0.6166 m/sv =  

  max 0.617 m/sv =  
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PROBLEM 13.31 

A 5-kg collar A is at rest on top of, but not attached to, a spring 
with stiffness k1 = 400 N/m; when a constant 150-N force is 
applied to the cable. Knowing A has a speed of 1 m/s when the 
upper spring is compressed 75 mm, determine the spring 
stiffness k2. Ignore friction and the mass of the pulley. 

 

SOLUTION 

Use the method of work and energy applied to the collar A. 

 1 1 2 2T U T→+ =  

Since collar is initially at rest,  1 0.T =  

In position 2, where the upper spring is compressed 75 mm and 2 1.00 m/s,v =  the kinetic energy is 

 2 2
2 2

1 1
(5 kg)(1.00 m/s) 2.5 J

2 2
T mv= = =  

As the collar is raised from level A to level B, the work of the weight force is 

 1 2( )gU mgh→ = −  

where 25 kg, 9.81 m/sm g= =  and 450 mm 0.450 mh = =  

Thus, 1 2( ) (5)(9.81)(0.450) 22.0725 JgU → = − = −  

In position 1, the force exerted by the lower spring is equal to the weight of collar A. 

 1 (5 kg)(9.81 m/s) 49.05 NF mg= = − = −  

As the collar moves up a distance x1, the spring force is 

 1 1 2F F k x= −  

until the collar separates from the spring at 

 1

1

49.05 N
0.122625 m 122.625 mm

400 N/mf
F

x
k

= = = =  
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PROBLEM 13.31  (Continued) 

 

Work of the force exerted by the lower spring: 

 

1 2 1 1 1
0

2 2 2 2
1 1 1 1

2

( ) ( )

1 1 1

2 2 2
1

(400 N/m)(0.122625) 3.0074 J
2

fx

f f f f f

U F k x dx

F x kx k x k x k x

→ = −

= − = − =

= =


 

In position 2, the upper spring is compressed by 75 mm 0.075 m.y = =  The work of the force exerted 

by this spring is 

 2 2
1 2 2 2 2 2

1 1
( ) (0.075) 0.0028125 k

2 2
U k y k→ = − = − = −  

Finally, we must calculate the work of the 150 N force applied to the cable. In position 1, the length AB is 

  2 2
1( ) (450) (400) 602.08 mmABl = + =  

In position 2, the length AB is 2( ) 400 mm.ABl =  

The displacement d of the 150 N force is 

  1 2( ) ( ) 202.08 mm 0.20208 mAB ABd l l= − = =  

The work of the 150 N force P is 

  1 2( ) (150 N)(0.20208 m) 30.312 JPU Pd→ = = =  

Total work:  1 2 2

2

22.0725 3.0074 0.0028125 30.312

11.247 0.0028125

U k

k
→ = − + − +

= −
 

Principle of work and energy: 1 1 2 2T U T→+ =  

  20 11.247 0.0028125 2.5k+ − =  

  2 3110 N/mk =  2 3110 N/mk =   
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PROBLEM 13.32 

A piston of mass m and cross-sectional area A is equilibrium 
under the pressure p at the center of a cylinder closed at both 
ends. Assuming that the piston is moved to the left a distance 
a/2 and released, and knowing that the pressure on each side of 
the piston varies inversely with the volume, determine the 
velocity of the piston as it again reaches the center of the 
cylinder. Neglect friction between the piston and the cylinder 
and express your answer in terms of m, a, p, and A. 

 

SOLUTION 

Pressures vary inversely as the volume 

 

           

(2 ) (2 )

L
L

R
R

p Aa pa
p

P Ax x
p Aa pa

p
P A a x a x

= =

= =
− −

 

Initially at , 

1

0
2

 0

a
v x

T

= =

=

 

At , 2
2

1
, 

2
x a T mv= =  

 

1 2
/2 /2

1 2 /2

1 2

2
2

1 2

2
1 1 2 2

1 1
( )

2

[ln ln (2 )]

3
ln ln ln ln

2 2

3 4
ln ln  ln

4 3

4 1
0  ln

3 2

a a

L R
a a

a
a

U p p Adx paA dx
x a x

U paA x a x

a a
U paA a a

a
U paA a paA

T U T paA mv

−

−

−

−

−

 = − = − − 

= + −

    = + − −    
    

   = − =   
  

 + = + = 
 

 

 

 
( )4

32
2  ln

0.5754
paA paA

v
m m

= =  0.759
paA

v
m

=   
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PROBLEM 13.33 

An uncontrolled automobile traveling at 65 mph strikes squarely a highway crash cushion of the type shown 
in which the automobile is brought to rest by successively crushing steel barrels. The magnitude F of the force 
required to crush the barrels is shown as a function of the distance x the automobile has moved into the 
cushion. Knowing that the weight of the automobile is 2250 lb and neglecting the effect of friction, determine 
(a) the distance the automobile will move into the cushion before it comes to rest, (b) the maximum 
deceleration of the automobile. 

 

 

SOLUTION 

(a) 65 mi/h 95.3 ft/s=  

 Assume auto stops in 5 14 ft.d≤ ≤  

 

1

2 2
1 1 2

1

2

2

1 2

1 1 2 2

95.33 ft/s

1 1 2250 lb
(95.3 ft/s)

2 2 32.2 ft/s

317,530 lb ft

317.63 k ft

0

0

 (18 k)(5 ft) (27 k)( 5)

 90 27 135

27 45  k ft

317.53 27 45

v

T mv

T

v

T

U d

d

d

T U T

d

−

−

=

 =  
 

= ⋅
= ⋅
=
=
= + −
= + −
= − ⋅

+ =
= −

 

 13.43 ftd =   

 Assumption that 14 ftd ≤  is ok. 

(b) Maximum deceleration occurs when F is largest. For 13.43 ft, 27 k.d F= =  Thus, DF ma=  

 
2

2250 lb
(27,000 lb) ( )

32.2 ft/s
Da

 =  
 

 2386 ft/sDa =  
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PROBLEM 13.34 

Two types of energy-absorbing fenders designed to be used on a 
pier are statically loaded. The force-deflection curve for each type 
of fender is given in the graph. Determine the maximum 
deflection of each fender when a 90-ton ship moving at 1 mi/h 
strikes the fender and is brought to rest. 

 

SOLUTION 

Weight: 3
1 (90 ton)(2000 lb/ton) 180 10 lbW = = ×  

Mass: 
3

2180 10
5590 lb s /ft

32.2

W
m

g

×= = = ⋅  

Speed: 1
5280 ft

1 mi/h 1.4667 ft/s
3600 s

v = = =  

Kinetic energy: 2 2
1 1

2

1 1
(5590)(1.4667)

2 2
6012 ft lb

0 (rest)

T mv

T

= =

= ⋅
=

 

Principle of work and energy: 1 1 2 2T U T→+ =  

 1 2

1 2

6012 0

6012 ft lb 72.15 kip in.

U

U
→

→

+ =
= − ⋅ = − ⋅

 

The area under the force-deflection curve up to the maximum deflection is equal to 72.15 kip in.⋅  

Fender A: From the force-deflection curve  max

max

60
5 kip/in.

12

F
F kx k

x
= = = =  

 2

0 0

1
Area

2

x x
fdx kx dx kx= = =   

 21
(5) 72.51

2
x =  

 2 228.86 in.x =  5.37 in.x =   

Fender B: We divide area under curve B into trapezoids  

   Partial area Total Area 

From 0x =  to 2 in.:x =  
1

(2 in.)(4 kips) 4 kip in.
2

= ⋅  4 kip in.⋅  

From 2 in.x =  to 4 in.:x =  
1

(2 in.)(4 10) 14 kip in.
2

+ = ⋅  18 kip in.⋅  

From 4 in.x =   to 6 in.:x =  
1

(2 in.)(10 18) 28 kip in.
2

+ = ⋅  46 kip in.⋅  
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PROBLEM 13.34  (Continued) 

 

We still need 72.15 46 26.15 kip in.UΔ = − = ⋅  

Equation of straight line approximating curve B from 6 in.x =  to 8 in.x =  is  

  
18

  18 6
2 30 18

x F
F x

Δ −= = + Δ
−

 

  2

1
18 (6 ) 26.15 kip in.

2

( ) 6 8.716 0

1.209 in.

U x x x

x x

x

Δ = Δ + Δ Δ = ⋅

Δ + Δ − =
Δ =

 

  Thus: 6 in. 1.209 in. 7.209 in.x = + =  7.21 in.x =   
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PROBLEM 13.35 

Nonlinear springs are classified as hard or soft, depending upon the curvature of their force-deflection curve 
(see figure). If a delicate instrument having a mass of 5 kg is placed on a spring of length l so that its base is 
just touching the undeformed spring and then inadvertently released from that position, determine the 
maximum deflection mx  of the spring and the maximum force mF  exerted by the spring, assuming (a) a linear 
spring of constant k = 3 kN/m, (b) a hard, nonlinear spring, for which 2(3 kN/m)( 160 )F x x= + . 

 

 

SOLUTION 

(5 kg)

49.05 N

W mg g

W

= =
=

 

 

 

Since 1 2 1 1 2 2 1 20,  yields 0T T T U T U− −= = + = =  

 1 2
0 0

49.05 0
m mx x

m mU Wx Fdx x Fdx− = − = − =   (1) 

(a) For (300 N/m)F kx x= =  

 Eq. (1): 
0

49.05 3000 0
mx

mx x dx− =  

 249.05 1500 0m mx x− =  332.7 10 m 32.7 mmmx −= × =   

 33000 3000(32.7 10 )m mF x −= = ×  98.1 Nm =F    

(b) For 2(3000 N/m) (1 160 )F x x= +  

 Eq. (1)  3

0
49.05 3000( 160 ) 0

mx

mx x x dx− + =  

 2 41
49.05 3000 40 0

2m m mx x x
 − + = 
 

 (2) 

 Solve by trial: 330.44 10 mmx −= ×  30.4 mmmx =   

 3 3 2(3000)(30.44 10 )[1 160(30.44 10 ) ]mF − −= × + ×  104.9 Nm =F   
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PROBLEM 13.36 

A rocket is fired vertically from the surface of the moon with a speed 0.v  Derive a formula for the ratio /n uh h  
of heights reached with a speed v, if Newton’s law of gravitation is used to calculate nh  and a uniform 
gravitational field is used to calculate .uh  Express your answer in terms of the acceleration of gravity mg  on 
the surface of the moon, the radius mR  of the moon, and the speeds v and 0.v  

 

SOLUTION 

Newton’s law of gravitation 

 

2 2
1 0 2

2

1 2 2

2
1 2 2

2
1 2

1 1 2 2

2 2
0

1 1

2 2

( )

1 1

1 1

2 2

m n

m

m n

m

R h
m m

n n
R

R h

m m
R

m m
m m n

m
m m

m n

T mv T mv

mg R
U F dr F

r
dr

U mg R
r

U mg R
R R h

T U T

R
mv mg R mv

R h

+

−

+

−

−

−

= =

= − =

= −

 
= − + 

+ =

 
+ − = + 




 

 
( )

( )
2 2
0

2 2
0

2
2

gm

m

v vn
m m

Rv v
h

g R
−

 −  =  −  

 (1) 

Uniform gravitational field 

 

2 2
1 0 2

1 2

2 2
1 1 2 2 0

1

2

( ) ( )

1 1

2 2

m n

m

R h

u m m u m u
R

m u

T mv T mv

U F dr mg R h R mgh

T U T mv mg h mv

+

−

−

= =

= − = − + − = −

+ = − =

  

 
( )2 2

0

2u
m

v v
h

g

−
=  (2) 

Dividing (1) by (2) ( )2 2
0

(2 )

1

1
m m

n

v v
u

g R

h

h −
=

−
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PROBLEM 13.37 

Express the acceleration of gravity hg at an altitude h above the surface of the earth in terms of the 
acceleration of gravity 0g  at the surface of the earth, the altitude h and the radius R of the earth. Determine 
the percent error if the weight that an object has on the surface of earth is used as its weight at an altitude of 
(a) 1 km, (b) 1000 km. 

 

SOLUTION 

 
( )

2

2 2

 /

( ) 1

E E
h

h
R

GM m GM m R
F mg

h R
= =

+ +
 

At earth’s surface, (h = 0) 02
EGM m

mg
R

=  

 
2

02 2
1

GME

E R
h

h

R

GM
g g

R  
+ 

 

= =  

Thus,  0
2

1

6370 km

h
h

R

g
g

R

 
+ 

 

=

=

 

At altitude h, “true” weight h TF mg W= =  

Assumed weight 0 0W mg=  

 

( )
( )

( )

0 0 0

0 0 0

0
0 2

0
22

0

Error

1 1
1

11

T h h

g

h
R

h hh
RR

W W mg mg g g
E

W mg g

g

g
g E

g

− − −= = = =

−
+  −= = =  

+ +  

 

(a) h = 1 km: ( )21
6370

1
1100 100

1
P E

 −= =  
+  

 P = 0.0314%    

(b) h = 1000 km: ( )21000
6370

1
1100 100

1
P E

 −= =  
+  

 P = 25.3%   
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PROBLEM 13.38 

A golf ball struck on earth rises to a maximum height of  
60 m and hits the ground 230 m away. How high will the 
same golf ball travel on the moon if the magnitude and 
direction of its velocity are the same as they were on earth 
immediately after the ball was hit? Assume that the ball is 
hit and lands at the same elevation in both cases and that the 
effect of the atmosphere on the earth is neglected, so that the 
trajectory in both cases is a parabola. The acceleration of 
gravity on the moon is 0.165 times that on earth. 

 

SOLUTION 

 

Solve for .mh  

At maximum height, the total velocity is the horizontal component of the velocity, which is constant and the 
same in both cases. 

 

2 2
1 2

1 2

1 2

1 1

2 2
Earth

U Moon

H

e e

m m

T mv T mv

U mg h

mg h
−

−

= =

= −
= −

 

Earth 2 21 1

2 2e e Hmv mg h mv− =  

Moon 2 21 1

2 2m m Hmv mg h mv− =  

Subtracting 

0

(60 m)
0.165

m e
e e m m

e m

e
m

e

h g
g h g h

h g

g
h

g

− + = =

 
=  

 
 364 mmh =   
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PROBLEM 13.39 

The sphere at A is given a downward velocity 0v  of  
magnitude 5 m/s and swings in a vertical plane at the  
end of a rope of length 2 ml = attached to a support at O. 
Determine the angle θ  at which the rope will break, 
knowing that it can withstand a maximum tension equal 
to twice the weight of the sphere. 

 

SOLUTION 

 

2 2
1 0

1

2
2

1 2

1 1
(5)

2 2
12.5 m

1

2
( )sin

T mv m

T

T mv

U mg l θ−

= =

=

=

=

 

 2
1 1 2 2

1
12.5 2 sin

2
T U T m mg mvθ−+ = + =  

 225 4 sing vθ+ =  (1) 

Newton’s law at . 

 
2 2

2

2 sin
2

4 2 sin

v v
mg mg m m

v g g

θ

θ

− = =

= −


 (2) 

Substitute for 2v  from Eq. (2) into Eq. (1) 

 

25 4 sin 4 2 sin

(4)(9.81) 25
sin 0.2419

(6)(9.81)

g g gθ θ

θ

+ = −
−= =  14.00θ = °   
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PROBLEM 13.40 

The sphere at A is given a downward velocity 0v  and swings 
in a vertical circle of radius l and center O. Determine the 
smallest velocity 0v  for which the sphere will reach Point B as 
it swings about Point O (a) if AO is a rope, (b) if AO is a 
slender rod of negligible mass. 

 

SOLUTION 

 

 

 

 

 

 

2
1 0

2
2

1 2

2 2
1 1 2 2 0

2 2
0

1

2
1

2

1 1

2 2

2

T mv

T mv

U mgl

T U T mv mgl mv

v v gl

−

−

=

=

= −

+ = − =

= +

 

Newton’s law at  

(a) For minimum v, tension in the cord must be zero. 

 Thus, 2v gl=  

 2 2
0 2 3v v gl gl= + =  0 3v gl=   

(b) Force in the rod can support the weight so that v can be zero. 

 Thus, 2
0 0 2v gl= +  0 2v gl=   
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PROBLEM 13.41 

A small sphere B of weight W is released from rest in the position shown 
and swings freely in a vertical plane, first about O and then about the peg A 
after the cord comes in contact with the peg. Determine the tension in the 
cord (a) just before the sphere comes in contact with the peg, (b) just after 
it comes in contact with the peg. 

 

SOLUTION 

Velocity of the sphere as the cord contacts A 

 
2

0        0

1

2
( )(1)

B B

C C

B C

B B C C

v T

T mv

U mg

T U T
−

−

= =

=

=
+ =

 

 21
0 1

2 Cmg mv+ =  

 2 (2)( )Cv g=  

Newton’s law 

(a) Cord rotates about Point ( )O R L=  

 

 

2

(cos60 ) Cv
T mg m

L
− ° =  

 
(2)

(cos 60 )
2

m g
T mg= ° +  

 
3

2
T mg=  1.5 T W=   
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PROBLEM 13.41  (Continued) 

 

(b) Cord rotates about 
2

L
A R
 = 
 

 

 

 
2

2

(cos 60 ) C
L

mv
T mg− ° =  

 
(2)( )

2 1

mg m g
T = +  

 
1 5

2
2 2

T mg mg
 = + = 
 

 2.5T W=  

    



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

560 

 

 

PROBLEM 13.42 

A roller coaster starts from rest at A, rolls down the track to B, 
describes a circular loop of 40-ft diameter, and moves up and 
down past Point E. Knowing that h = 60 ft and assuming no 
energy loss due to friction, determine (a) the force exerted by his 
seat on a 160-lb rider at B and D, (b) the minimum value of the 
radius of curvature at E if the roller coaster is not to leave the 
track at that point. 

 

SOLUTION 

Let yp be the vertical distance from Point A to any Point P on the track. Let position 1 be at A and position 

2 be at P. Apply the principle of work and energy. 

  1 0T =  2
2

1

2 PT mv=  

  1 2 PU mgy→ =  

  
2

1 1 2 2

2

1
: 0

2

2

P P

P P

T U T mgy mv

v gy

→+ = + =

=
 

Magnitude of normal acceleration at P: 

  
2 2

( ) P P
P n

P P

v gy
a

ρ ρ
= =  

(a) Rider at Point B. 

  

60 ft

20 ft

(2 )(60)
6

20

B

B

n

y h

r

g
a g

ρ
= =
= =

= =

 

  :F maΣ =  

  
(6 )

7 7 (7)(160 lb)
B

B

N mg m g

N mg W

− =
= = =

 

   1120 lbB =N    
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PROBLEM 13.42  (Continued) 

 

 Rider at Point D. 

   

2 20 ft

20 ft

(2 )(20)
2

20

D

D

n

y h r

g
a g

ρ
= − =
=

= =

 

  :F maΣ =  

  
(2 )

160 lb
D

D

N mg m g

N mg W

+ =
= = =

 

  160 lbD =N    

(b) Car at Point E. 40 ft

0
E

E

y h r

N

= − =
=

 

  :

2
n

E

E

F ma

gy
mg m

ρ

Σ =

= ⋅

 

  2E Eyρ =  80.0 ftρ =   
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PROBLEM 13.43 

In Problem 13.42, determine the range of values of h for which 
the roller coaster will not leave the track at D or E, knowing 
that the radius of curvature at E is 75 ft.ρ =  Assume no 
energy loss due to friction. 

PROBLEM 13.42 A roller coaster starts from rest at A, rolls 
down the track to B, describes a circular loop of 40-ft diameter, 
and moves up and down past Point E. Knowing that h = 60 ft 
and assuming no energy loss due to friction, determine (a) the 
force exerted by his seat on a 160-lb rider at B and D, (b) the 
minimum value of the radius of curvature at E if the roller 
coaster is not to leave the track at that point. 

 

SOLUTION 

Let yp be the vertical distance from Point A to any Point P on the track. Let position 1 be at A and position 

2 be at P. Apply the principle of work and energy. 

  1 0T =  2
2

1

2 PT mv=  

  1 2 PU mg y→ =  

  
2

1 1 2 2

2

1
: 0

2

2

p P

P P

T U T mgy mv

v gy

→+ = + =

=
 

Magnitude of normal acceleration of P: 

  
2 2

( ) P P
P n

P P

v gy
a

ρ ρ
= =  

The condition of loss of contact with the track at P is that the curvature of the path is equal to ρp and the 
normal contact force 0.PN =  

Car at Point D. 

  

20 ft

2

2 ( 2 )
( )

D

D

D n

r

y h r

g h r
a

r

ρ = =
= −

−=

 

  F maΣ =  

  

2 ( 2 )

2 5

D

D

g h r
N mg m

r
h r

N mg
r

−+ =

−=
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PROBLEM 13.43  (Continued) 

 

For 0DN >  

  
2 5 0

5
50 ft

2

h r

h r

− >

> =
 

Car at Point E. 

 

 

  

75 ft

20 ft

2 ( 20)
( )

75

E

E

E n

y h r h

g h
a

ρ ρ= =
= − = −

−=

 

   F maΣ =  

  

2 ( 20)

75
115 2

75

E

E

mg h
N mg

h
N mg

−− = −

−=
 

For    0, 115 2 0

57.5 ft
EN h

h

> − >
<

 

Range of values for h:  50.0 ft 57.5 fth≤ ≤   
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PROBLEM 13.44 

A small block slides at a speed v on a horizontal surface. Knowing 
that h = 0.9 m, determine the required speed of the block if it is to 
leave the cylindrical surface BCD when θ  = 30°. 

 

SOLUTION 

At Point C where the block leaves the surface BCD the contact force is reduced to zero. Apply Newton’s 
second law at Point C. 

 

n-direction: 
2

cos C
n

mv
N mg ma

h
θ− = − = −  

With N = 0, we get 2 coscv gh θ=  

Apply the work-energy principle to the block sliding over the path BC. Let position 1 correspond to Point B 
and position 2 to C. 

  2
1

1

2 BT mv=  2
2

1 1
cos

2 2CT mv mgh θ= =  

  1 2  weight change in vertical distance

(1 cos )

U

mgh θ
→ = ×

= −
 

  
2

1 1 2 2

2

1 1
: (1 cos ) cos

2 2

cos 2 (1 cos ) (3cos 2)

B

B

T U T mv mg mgh

v gh gh gh

θ θ

θ θ θ

→+ = + − =

= − − = −
 

Data:  2

2 2 2

9.81 m/s , 0.9 m, 30 .

(9.81)(0.9)(3cos30 2) 5.2804 m /sB

g h

v

θ= = = °

= ° − =

 

  2.30 m/sBv =   
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PROBLEM 13.45 

A small block slides at a speed 8v = ft/s on a horizontal surface at a 
height 3h = ft above the ground. Determine (a) the angleθ at which it 
will leave the cylindrical surface BCD, (b) the distance x at which it 
will hit the ground. Neglect friction and air resistance. 

 

SOLUTION 

   

Block leaves surface at C when the normal force 0.N =  

  
2

cos

cos

n

C

mg ma

v
g

h

θ

θ

=

=

 

 2 cosCv gh gyθ= =  (1) 

Work-energy principle. 

(a) 2 21 1
(8) 32

2 2BT mv m m= = =  

 
21

( ) ( )
2C C B C C

B B C C

T mv U W h g mg h y

T U T

−

−

= = − = −

+ =
 

 21
32 ( )

2 Cm mg h y mv+ − =  

 Use Eq. (1) 
1

32 ( )
2C Cg h y gy+ − =  (2) 

 ( )3
2

3
2

3
32

2
(32 )

(32 (32.2)(3))

(32.2)

C

C

C

gh gy

gh
y

g

y

+ =

+=

+=

 

 2.6625 ftCy =  (3) 

 
2.6625

cos cos 0.8875
3

C
C

y
y h

h
θ θ= = = =  27.4θ = °  
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PROBLEM 13.45  (Continued) 

 

(b) From (1) and (3) 

 (32.2)(2.6625)

9.259 ft/s

C

C

C

v gy

v

v

=

=
=

 

At C: ( ) cos (9.259)(cos 27.4 ) 8.220 ft/sC x Cv v θ= = ° =  

 ( ) sin (9.259)(sin 27.4 ) 4.261 ft/sC y Cv v θ= − = − ° =  

 2 21
( ) 2.6625 4.261 16.1

2C C yy y v t gt t t= + − = − −  

At E: 20: 0.2647 0.1654 0Ey t t= + − =  

 0.2953 st =  

At E: (sin ) ( ) (3)(sin 27.4 ) (8.220)(0.2953)C xx h v tθ= + = ° +  

 1.381 2.427 3.808 ftx = + =  

3.81 ftx =   
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PROBLEM 13.46 

A chair-lift is designed to transport 1000 skiers per hour from the base 
A to the summit B. The average mass of a skier is 70 kg and the average 
speed of the lift is 75 m/min. Determine (a) the average power required, 
(b) the required capacity of the motor if the mechanical efficiency is 
85 percent and if a 300 percent overload is to be allowed. 

 

SOLUTION 

Note: Solution is independent of speed. 

(a) Average power 
2(1000)(70 kg)(9.81 m/s )(300 m) N m

57,225
3600 s s

U

t

Δ ⋅= = =
Δ

 

  Average power 57.2 kW=   

(b) Maximum power required with 300% over load 

 
100 300

(57.225 kW) 229 kW
100

+= =  

 Required motor capacity (85% efficient) 

  Motor capacity 
229 kW

269 kW
0.85

= =   
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PROBLEM 13.47 

It takes 15 s to raise a 1200-kg car and the supporting 300-kg hydraulic 
car-lift platform to a height of 2.8 m. Determine (a) the average output 
power delivered by the hydraulic pump to lift the system, (b) the average 
power electric required, knowing that the overall conversion efficiency 
from electric to mechanical power for the system is 82 percent. 

 

SOLUTION 

(a) ( ) ( )( ) ( )( )( )P A A C L AP F v m m g v= = +  

 s/t (2.8 m)/(15 s) 0.18667 m/sAv = = =  

 2 3( ) [(1200 kg) (300 kg)](9.81 m/s )(0.18667 m/s)P AP = +  

 ( ) 2.747 kJ/sP AP =  ( ) 2.75 kWP AP =   

(b) ( ) ( )/ (2.75 kW)/(0.82)E A PP P η= =  ( ) 3.35 kWE AP =   
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PROBLEM 13.48 

The velocity of the lift of Problem 13.47 increases uniformly from zero to 
its maximum value at mid-height 7.5 s and then decreases uniformly to 
zero in 7.5 s. Knowing that the peak power output of the hydraulic pump is 
6 kW when the velocity is maximum, determine the maximum life force 
provided by the pump. 

PROBLEM 13.47 It takes 15 s to raise a 1200-kg car and the supporting 
300-kg hydraulic car-lift platform to a height of 2.8 m. Determine  
(a) the average output power delivered by the hydraulic pump to lift the 
system, (b) the average power electric required, knowing that the overall 
conversion efficiency from electric to mechanical power for the system is 
82 percent. 

 

SOLUTION 

Newton’s law 

 

 
( ) (1200 300)

1500
C LMg M M g g

Mg g

= + = +
=

 

 1500 1500F F g aΣ = − =  (1) 

Since motion is uniformly accelerated, a = constant 

Thus, from (1), F is constant and peak power occurs when the velocity is a maximum at 7.5 s. 

 max

7.5 s

v
a =  

 max

max

(6000 W) ( )( )

(6000)/

P F v

v F

= =
=

 

Thus, (6000)/(7.5)( )a F=  (2) 

Substitute (2) into (1) 

 1500 (1500)(6000)/(7.5)( )F g F− =  

 2 2 (1500 kg)(6000 N m/s)
(1500 kg)(9.81 m/s ) 0

(7.5 s)
F F

⋅− − =  

 

2 614,715 1.2 10 0

14,800 N

F F

F

− − × =
=  14.8 kNF =   
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PROBLEM 13.49 

(a) A 120-lb woman rides a 15-lb bicycle up a 3-percent slope at a constant speed of 5 ft/s. How much power 
must be developed by the woman? (b) A 180-lb man on an 18-lb bicycle starts down the same slope and 
maintains a constant speed of 20 ft/s by braking. How much power is dissipated by the brakes? Ignore air 
resistance and rolling resistance. 

 

 

SOLUTION 

 

 
3

tan 1.718
100

θ θ= = °  

(a) 15 120B WW W W= + = +  

 135 lbW =  

 ( sin )( )WP W vθ= ⋅ =W v  

 (135)(sin 1.718 )(5)WP = °  (a) 

 20.24 ft lb/sWP = ⋅  

20.2 ft lb/sWP = ⋅   

(b) 18 180B mW W W= + = +  

 198 lbW =  

 Brakes must dissipate the power generated by the bike and the man going down the slope at 20 ft/s. 

  ( sin )( )BP W vθ= ⋅ =W v  

 (198)(sin 1.718)(20)BP =  

118.7 ft lb/sBP = ⋅  







 (b) 
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PROBLEM 13.50 

A power specification formula is to be 
derived for electric motors which drive 
conveyor belts moving solid material at 
different rates to different heights and 
distances. Denoting the efficiency of the 
motors by η  and neglecting the power 
needed to drive the belt itself, derive a 
formula (a) in the SI system of units for 
the power P in kW, in terms of the mass 
flow rate m in kg/h, the height b and 
horizontal distance l in meters, and (b) in 
U.S. customary units, for the power in 
hp, in terms of the material flow rate w  
in tons/h, and the height b and horizontal 
distance l in feet. 

 

SOLUTION 

(a) Material is lifted to a height b at a rate, 2( kg/h)( m/s ) [ (N/h)]m g mg=  

 Thus, 

 
[ (N/h)][ ( )]

N m/s
(3600 s/h) 3600

U mg b m mgb

t

Δ  = = ⋅ Δ  
 

 1000 N m/s 1 kW⋅ =  

 Thus, including motor efficiency, η  

 
(N m/s)

(kw)
1000 N m/s

(3600) ( )
kW

mgb
P

η

⋅=
⋅ 

 
 

 

 6(kW) 0.278 10
mgb

P
η

−= ×   

(b) 
[ (tons/h)(2000 lb/ton)][ (ft)]

3600 s/h

U W b

t

Δ =
Δ

 

 ft lb/s; 1hp 550 ft lb/s
1.8

Wb= ⋅ = ⋅  

 With ,η  
1 hp 1

(ft lb/s)
1.8 550 ft lb/s

Wb
hp

η
    = ⋅      ⋅    

 

 
31.010 10 Wb

hp
η

−×=   
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PROBLEM 13.51 

In an automobile drag race, the rear (drive) wheels of  
a 1000 kg car skid for the first 20 m and roll with sliding 
impending during the remaining 380 m. The front wheels of 
the car are just off the ground for the first 20 m, and for the 
remainder of the race 80 percent of the weight is on the rear 
wheels. Knowing that the coefficients of friction are 

0.90sμ =  and 0.68,kμ =  determine the power developed by 
the car at the drive wheels (a) at the end of the 20-m portion 
of the race, (b) at the end of the race: Give your answer in kW 
and in hp. Ignore the effect of air resistance and rolling 
friction. 

 

SOLUTION 

(a) First 20 m.    (Calculate velocity at 20 m.) Force generated by rear wheels ,kWμ=  since car skids. 

 Thus,  (0.68)(1000)( )sF g=  

 2(0.68)(1000 kg)(9.81 m/s ) 6670.8 NsF = =  

 Work and energy. 2 2
1 2 20 20

1
0, 500

2
T T mv v= = =  

 1 1 2 2T U T−+ =  

 1 2 (20 m)( ) (20 m)(6670.8 N)sU F− = =  

 1 2 133,420 JU − =  

 2
200 133,420 500v+ =  

 2
20

133,420
266.83

500
v = =  

 20 16.335 m/sv =  

 Power 20( )( ) (6670.8 N)(16.335 m/s)sF v= =  

 Power 108,970 J/s 108.97 kJ/s= =  

 1 kJ/s 1 kW=  

 1 hp 0.7457 kW=  Power 109.0 kJ/s 109.0 kW= =    

 Power 
(109.0 kW)

146.2 hp
(0.7457 kW/hp)

= =   
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PROBLEM 13.51  (Continued) 

 

(b) End of race. (Calculate velocity at 400 m.) For remaining 380 m, with 80% of weight on rear wheels, 
the force generated at impending sliding is ( )(0.80)( )s mgμ  

 2(0.90)(0.80)(1000 kg)(9.81 m/s )IF =  

 7063.2 NIF =  

 Work and energy, from 20 m  to 28 m . 

 2 16.335 m/sv =  [from part (a)] 

 2
2

1
(1000 kg)(16.335 m/s)

2
T =  

 2 133,420 JT =  

 2 2
3 380 380

1
500

2
T mv v= =  

 2 3 ( )(380 m) (7063.2 N)(380 m)IU F− = =  

 2 3 2,684,000 JU − =  

 2 2 3 3T U T−+ =  

 2
30(133,420 J) (2,684,000 J) 500v+ =  

 30 75.066 m/sv =  

 Power 30( )( ) (7063.2 N)(75.066 m/s)IF v= =  

 530,200 J/s=   

  kW Power 530, 200 J 530 kW= =    

  hp Power 
530 kW

711 hp
(0.7457 kW/hp)

= =  
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PROBLEM 13.52 

The frictional resistance of a ship is known to vary directly as the 1.75 power of the speed v of the ship. 
A single tugboat at full power can tow the ship at a constant speed of 4.5 km/h by exerting a constant force of 
300 kN. Determine (a) the power developed by the tugboat, (b) the maximum speed at which two tugboats, 
capable of delivering the same power, can tow the ship. 

 

SOLUTION 

(a) Power developed by tugboat at 4.5 km/h. 

 0

0

4.5 km/h 1.25 m/s

300 kN

v

F

= =
=

 

 0 0 0 (300 kN)(1.25 m/s)P F v= =  0 375 kWP =   

(b) Maximum speed. 

 Power required to tow ship at speed v: 

 
1.75 1.75 2.75

0 0 0 0
0 0 0

v v v
F F P Fv F v F v

v v v

     
= = = =     

     
 (1) 

 Since we have two tugboats, the available power is twice maximum power 0 0F v  developed by one 
tugboat. 

 

2.75

0 0 0 0
0

2.75

1/2.75
0 0

0

2

2 (2) (1.2867)

v
F v F v

v

v
v v v

v

 
=  

 

 
= = = 

 

 

 Recalling that  0 4.5 km/hv =  

 (4.5 km/h)(1.2867) 5.7902 km/hv = =  5.79 km/hv =   
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PROBLEM 13.53 

A train of total mass equal to 500 Mg starts from rest and accelerates uniformly to a speed of 90 km/h in 50 s. 
After reaching this speed, the train travels with a constant velocity. The track is horizontal and axle friction 
and rolling resistance result in a total force of 15 kN in a direction opposite to the direction of motion. 
Determine the power required as a function of time. 

 

SOLUTION 

Let FP be the driving force and FR be the resisting force due to axle friction and rolling resistance. 

Uniformly accelerated motion. ( 50 s):t <  

 0v v at= +  0 0v =  

At 50 ,t s=  90 km/h 25 m/sv = =  

 2

2

25 m/s 0 (50)

0.5 m/s

(0.5 m/s )

a

a

v t

= +

=

=

 

Newton’s second law: P RF F ma− =  

where 3

3

2

15 kN 15 10 N

500 Mg 500 10 kg

0.5 m/s

RF

m

a

= = ×

= = ×

=

 

 3 3

3

15 10 (500 10 )(0.5)

265 10  N 265 kN

P RF F ma= + = × + ×

= × =

 

Power: 3(265 10 )(0.5 )PF v t= ×  

 (0 50s)<  Power (132.5 kW/s)t=   

Uniform motion.   ( 50 s):t >  0a =  

 315 10  N; 25 m/sP RF F v= = × =  

Power: 3 3(15 10 )(25 m/s) 375 10PF v W= × = ×  

  ( 50 s)t >  Power 375 kW=   
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PROBLEM 13.54 

The elevator E has a weight of 6600 lbs when fully loaded and is 
connected as shown to a counterweight W of weight of 2200 lb. 
Determine the power in hp delivered by the motor (a) when the elevator 
is moving down at a constant speed of 1 ft/s, (b) when it has an upward 
velocity of 1 ft/s and a deceleration of 20.18 ft/s .  

 

SOLUTION 

(a) Acceleration 0=  

Counterweight 

 

Elevator 

 

Motor 

 

  0: 0y W WF T WΣ = − =   0: 2 6600 0C WF T TΣ = + − =  

 2200 lbWT =  2200 lbCT =  
 Kinematics: 2 , 2 , 2 2 ft/sE C E C C Ex x x x v v= = = =   

(2200 lb)(2 ft/s) 4400 lb ft/s 8.00 hpC CP T v= ⋅ = = ⋅ =  

8.00 hpP = 

(b) 20.18 ft/sEa =   , 1 ft/sEv =    
Counterweight 

 

Elevator 

 

 Counterweight:      : ( )W W
W

F Ma T W a
g

Σ = − =  
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PROBLEM 13.54  (Continued) 

 

2

2

(2200 lb)(0.18 ft/s )
(2200 lb)

(32.2 ft/s )
WT = +  

2212 lbWT =  

 Elevator 

        2 ( )E
C W E E

W
F ma T T W a

g

−Σ = + − =  

2

2

(6600 lb)(0.18 ft/s )
2 ( 2212 lb) (6600 lb)

(32.2 ft/s )
CT = − + −  

2 4351 lbCT =  

2175.6 lbCT =  

2 ft/s (see part( ))Cv a=  

(2175.6 lb)(2 ft/s) 4351.2 lb ft/sC CP T v= ⋅ = = ⋅  

 7.911 hp=  

   7.91 hpP =  
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PROBLEM 13.CQ2 

Two small balls A and B with masses 2m and m respectively are released 
from rest at a height h above the ground. Neglecting air resistance, which of 
the following statements are true when the two balls hit the ground? 

(a) The kinetic energy of A is the same as the kinetic energy of B. 

(b) The kinetic energy of A is half the kinetic energy of B. 

(c) The kinetic energy of A is twice the kinetic energy of B. 

(d) The kinetic energy of A is four times the kinetic energy of B. 

 

SOLUTION 

Answer: (c)  
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PROBLEM 13.CQ3 

Block A is released from rest and slides down the frictionless ramp to 
the loop. The maximum height h of the loop is the same as the initial 
height of the block. Will A make it completely around the loop without 
losing contact with the track? 

(a) Yes 

(b) No 

(c) need more information 

 

SOLUTION 

Answer: (b) In order for A to not maintain contact with the track, the normal force must remain greater than 
zero, which requires a non-zero speed at the top of the loop. 
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PROBLEM 13.55 

A force P is slowly applied to a plate that is attached to two springs and causes a deflection 0.x  In each of the 
two cases shown, derive an expression for the constant ,ek  in terms of 1k  and 2 ,k of the single spring 
equivalent to the given system, that is, of the single spring which will undergo the same deflection 0x  when 
subjected to the same force P. 

 

 

SOLUTION 

System is in equilibrium in deflected 0x  position. 

Case (a) Force in both springs is the same P=  

 
0 1 2

0
e

x x x

P
x

k

= +

=
 

 1
1

P
x

k
=  2

2

=
P

x
k

 

 Thus, 
1 2e

P P P

k k k
= +  

 
1 2

1 1 1

ek k k
= +  1 2

1 2
e

k k
k

k k
=

+
  

 

Case (b) Deflection in both springs is the same 0x=  

 
1 0 2 0

1 2 0

0

( )

e

P k x k x

P k k x

P k x

= +
= +
=

 

 Equating the two expressions for  

 1 2 0 0( ) eP k k x k x= + =  1 2ek k k= +   
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PROBLEM 13.56 

A loaded railroad car of mass m is rolling at a constant 
velocity v0 when it couples with a massless bumper 
system. Determine the maximum deflection of the bumper 
assuming the two springs are (a) in series (as shown), 
(b) in parallel. 

 

SOLUTION 

Let position A be at the beginning of contact and position B be at maximum deflection. 

  

2
0

2 2
1 1 2 2

1

2
0 (zero force in springs)

0 ( 0 at maximum deflection)

1 1

2 2

A

A

B

B

T mv

V

T v

V k x k x

=

=
= =

= +

 

 where x1 is deflection of spring k1 and x2 is that of spring k2. 

 Conservation of energy: A A B BT V T V+ = +  

  2 2 2
0 1 1 2 2

1 1 1
0 0

2 2 2
mv k x k x+ = + +  

  2 2 2
1 1 2 2 0k x k x mv+ =  (1) 

(a) Springs are in series. 

 Let F be the force carried by the two springs. 

 Then, 1 2
1 2

and
F F

x x
k k

= =  

 Eq. (1) becomes 2 2
0

1 2

1 1
F mv

k k

 
+ = 

 
 

 so that 0
1 2

1 1
/F v m

k k

 
= + 

 
 

 The maximum deflection is 1 2
1 2

0
1 2 1 2

1 1

1 1 1 1
/

x x F
k k

v m
k k k k

δ
 

= + = + 
 

   
= + +   
   

 

  0
1 2

1 1
v m

k k

 
= + 

 
 0 1 2 1 2( )/v m k k k kδ = +   
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PROBLEM 13.56  (Continued) 

 

(b) Springs are in parallel. 

  1 2x x δ= =  

Eq. (1) becomes 2 2
1 2 0( )k k mvδ+ =  0

1 2

m
v

k k
δ =

+
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PROBLEM 13.57 

A 600-g collar C may slide along a horizontal, semicircular rod 
ABD. The spring CE has an undeformed length of 250 mm and a 
spring constant of 135 N/m. Knowing that the collar is released 
from rest at A and neglecting friction, determine the speed of the 
collar (a) at B, (b) at D. 

 

SOLUTION 

First calculate the lengths of the spring when the collar is at positions A, B, and D. 

  

2 2 2

2 2 2

2 2 2

440 300 180 562.14 mm

240 300 20 384.71 mm

40 300 180 352.14 mm

A

B

D

l

l

l

= + + =

= + + =

= + + =

 

The elongations of springs are given by 0.e l l= −  

  

562.14 250 312.14 mm 0.31214 m

384.71 250 134.71 mm 0.13471 m

352.14 250 102.14 mm 0.10214 m

A

B

D

e

e

e

= − = =
= − = =
= − = =

 

Potential energies: 21

2
V ke=  

  

2

2

2

1
(135 N/m)(0.31214 m) 6.5767 J

2
1

(135 N/m)(0.13471 m) 1.2249 J
2
1

(135 N/m)(0.10214 m) 0.7042 J
2

A

B

D

V

V

V

= =

= =

= =

 

Since the semicircular rod ABC is horizontal, there is no change in gravitational potential energy. 

Mass of collar: 600 g 0.600 kgm = =  

Kinetic energies: 2 2

2 2

2 2

1
0.300 0

2
1

0.300
2

0.300
2

A A A

B B B

D D D

T mv v

T mv v

T mv v

= = =

= =

1= =
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PROBLEM 13.57  (Continued) 

 

(a) Speed of collar at B. 

 Conservation of energy: A A B BT V T V+ = +  

  20 6.5767 0.300 1.2249Bv+ = +  

  2 2 217.839 m /sBv =  4.22 m/sBv =   

(b) Speed of collar at D. 

 Conservation of energy: A A D DT V T V+ = +  

  2
00 6.5767 0.300 0.7042v+ = +  

  2 2 219.575 m /sDv =  4.42 m/sDv =   
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PROBLEM 13.58 

A 3-lb collar is attached to a spring and slides without friction 
along a circular rod in a horizontal plane. The spring has an 
undeformed length of 7 in. and a constant 1.5 lb/in.k =  
Knowing that the collar is in equilibrium at A and is given a 
slight push to get it moving, determine the velocity of the 
collar (a) as it passes through B, (b) as it passes through C. 

 

SOLUTION 

 

0 7 in., 20 in.DAL L= =  

2 2(8 6) 6 15.23 in.DBL = + + =  

8 in.DCL =  

20 7 13 in.DALΔ = − =  

15.23 7 8.23 in.DBLΔ = − = 

8 7 1 in.DCLΔ = − = 

(a) 2 21 1
0,  ( ) (1.5)(13) 126.75 lb in.

2 2A A DAT V k L= = Δ = = ⋅  

 10.5625 lb ft= ⋅  

2 21 1.5
 

2B B BT mv v
g

= =  

21
(1.5)(8.23) 50.8 lb in. 4.233 lb ft

2BV = = ⋅ = ⋅  

 
21.5  

: 0 10.5625 4.233
32.2

B
A A B B

v
T V T V+ = + + = +  11.66 ft/sBv = 
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PROBLEM 13.58  (Continued) 

 

(b) 21.5
0,  10.5625 lb ft,    

32.2A A C CT V T v= = ⋅ =  

 21
(1.5)(1) 0.75 lb in. 0.0625 lb ft

2CV = = ⋅ = ⋅  

 21.5
: 0 10.5625 0.0625

32.2A A C C cT V T V v+ = + + = +  15.01 ft/sCv =  
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PROBLEM 13.59 

A 3-lb collar C may slide without friction along a horizontal rod. 
It is attached to three springs, each of constant 2 lb/in.k =  and 
6 in. undeformed length. Knowing that the collar is released from 
rest in the position shown, determine the maximum speed it will 
reach in the ensuing motion. 

 

SOLUTION 

Maximum velocity occurs at E where collar is passing through position of equilibrium. 

 Position  
 1 0T =  

Note: Undeformed length of springs is 6 in. = 0.5 ft. 

Spring AC: 2 2(1 ft) (0.5 ft) 1.1180 ftL = + =  

 1.1180 0.50 0.6180 ftΔ = − =  

Spring CD: 2 2(0.5 ft) (0.5 ft) 0.70711 ft

0.70711 0.50 0.20711 ft

L = + =
Δ = − =

 

Spring BD: 0.50 ft, 0L = Δ =  

Potential energy. ( 2 lb/in. 24 lb/ft for each spring)k = =  

 
2 2 2 2

1

1

1 1 1
(24 lb/ft)[(0.6180 ft) (0.20711 ft) 0]

2 2 2
5.0983 lb ft

V k k

V

= Σ Δ = ΣΔ = + +

= ⋅
 

  Position  
2 2

2 2 22

3.0 lb 1 1
0.093168 slug; (0.093168 slug)

2 232.2 ft/s
m T mv v= = = =  

Spring AC: 2 2(0.5 ft) (0.5 ft) 0.7071067 ft

0.70711 0.50 0.20711 ft

L = + =
Δ = − =

 

Spring CD: 0.50 ft

0

L =
Δ =

 

Spring BC: 2 2(0.5 ft) (0.5 ft) 0.7071067 ft

0.70711 0.50 0.20711 ft

L = + =
Δ = − =
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PROBLEM 13.59  (Continued) 

 

Potential energy. 2 2
2

2 2
2

1 1

2 2
1

(24 lb/ft)[(0.20711 ft) 0 (0.20711 ft) ] 1.0294 lb ft
2

V k k

V

= Σ Δ = ΣΔ

= + + = ⋅

 

Conservation of energy.  2
1 1 2 2 2

1
: 0 5.0983 lb ft (0.093168 slug) 1.0294 lb ft

2
T V T V v+ = + + ⋅ = + ⋅  

 2
2 87.345v =  2 9.35 ft/s= ↔v   
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PROBLEM 13.60 

A 500-g collar can slide without friction on the curved rod BC in a 
horizontal plane. Knowing that the undeformed length of the spring  
is 80 mm and that 400k = kN/m, determine (a) the velocity that the 
collar should be given at A to reach B with zero velocity, (b) the 
velocity of the collar when it eventually reaches C. 

 

SOLUTION 

(a) Velocity at A: 

 

2 2

2

2

3 2

2 3 2

1 0.5
 kg

2 2

(0.25)

0.150 m 0.080 m

0.070 m

1
( )

2
1

(400 10 N/m)(0.070 m)
2
980 J

0        0

0.200 m 0.080 m 0.120 m

1 1
( ) (400 10 N/m)(0.120 m)

2 2
28

A A A

A A

A

A

A A

A

A

B B

B

B B

B

T mv v

T v

L

L

V k L

V

V

v T

L

V k L

V

 = =  
 

=
Δ = −
Δ =

= Δ

= ×

=
= =

Δ = − =

= Δ = ×

= 80 J

 

 Substitute into conservation of energy. 

 

2

2

2 2 2

       0.25 980 0 2880

(2880 980)

(0.25)

7600 m /s

A A B B A

A

A

T V T V v

v

v

+ = + + = +
−=

=

 

 87.2 m/sAv =  
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PROBLEM 13.60  (Continued) 

 

(b) Velocity at C: 

Since slope at B is positive, the component of the spring force ,PF  parallel to the rod, causes the block 
to move back toward A. 

 

2 2 2

2 3 2

0, 2880 J [from part ( )]

1 (0.5 kg)
0.25

2 2
0.100 m 0.080 m 0.020 m

1 1
( ) (400 10 N/m)(0.020 m) 80.0 J

2 2

B B

C C C C

C

C C

T V a

T mv v v

L

V k L

= =

= = =

Δ = − =

= Δ = × =

 

 Substitute into conservation of energy. 

  2

2 2 2

0 2880 0.25 80.0

11,200 m /s

B B C C C

C

T V T V v

v

+ = + + = +

=

 

 105.8 m/sCv =  
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PROBLEM 13.61 

An elastic cord is stretched between two Points A and B, located 800 mm apart in 
the same horizontal plane. When stretched directly between A and B, the tension is 
40 N. The cord is then stretched as shown until its midpoint C has moved through 
300 mm to ;C′  a force of 240 N is required to hold the cord at .C′  A 0.1 kg pellet 
is placed at ,C′  and the cord is released. Determine the speed of the pellet as it 
passes through C. 

 

SOLUTION 

Let   = undeformed length of cord. 

Position 1. 1Length 1.0 m; Elongation 1.0AC B x′ = = = −   

 1 1
3

0: 2 240 N 0 200 N
5xF F F

 Σ = − = = 
 

 

 

Position 2. 2

2

Length 0.8 m; Elongation 0.8

Given 40 N

ACB x

F

= = = −
=

  

 1 2 2,F kx F k x= =  

 1 2 1 2( )

200 40 [(1.0 ) (0.8 )] 0.2

F F k x x

k k

− = −
− = − − − = 

 

 
160

800 N/m
0.2

k = =  
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PROBLEM 13.61  (Continued) 

 

 1
1

200 N
0.25 m

800 N/m

F
x

k
= = =  

 2
2

40 N
0.05 m

800 N/m

F
x

k
= = =  

Position : 2 2
1 1 1

1 1
0 (800 N/m)(0.25 m) 25.0 N m

2 2
T V kx= = = = ⋅  

Position: 0.10 kgm =  

 

2 2 2
2 2 2 2

2 2
2 2

1 1
(0.1 kg) 0.05

2 2
1 1

(800 N/m)(0.05 m) 1 N m
2 2

T mv v v

V k x

= = =

= = = ⋅
 

Conservation of energy: 

 
1 1 2 2

2
20 25.0 N m 0.05 1.0 N m

T V T V

v

+ = +

+ ⋅ = + ⋅
 

 2
2 224.0 0.05 21.909 m/sv v= =  2 21.9 m/sv =   

Note: The horizontal force applied at the midpoint of the cord is not proportional to the horizontal distance .C C′  
A solution based on the work of the horizontal force would be rather involved. 
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PROBLEM 13.62 

An elastic cable is to be designed for bungee jumping from a tower 
130 ft high. The specifications call for the cable to be 85 ft long 
when unstretched, and to stretch to a total length of 100 ft when a 
600-lb weight is attached to it and dropped from the tower. 
Determine (a) the required spring constant k of the cable, (b) how 
close to the ground a 186-lb man will come if he uses this cable to 
jump from the tower. 

 

SOLUTION 

(a) Conservation of energy: 

 1 1 10 0 100V T V W= = =  

 Datum at : 1

4

(100 ft)(600 lb)

6 10 ft lb

V =

= × ⋅

 

 2 20 0V T= =  

 

2
2

1 1 2 2

4

1
0 (15 ft)

2

0 6 10 0 (112.5)

g eV V V k

T V T V

k

= + = +

+ = +

+ × = +

 

 533 lb/ftk =   

(b) From (a), 533 lb/ftk =  

 

1

1

2

0

186 lb

(186)(130 )

0

T

W

V d

T

=
=
= −
=

 

Datum: 2
2

2
2

1
0 (533)(130 85 )

2

(266.67)(45 )

g eV V V d

V d

= + = + − −

= −
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PROBLEM 13.62  (Continued) 

 

 d = distance from the ground 1 1 2 2T V T V+ = +  

 
2

2

0 (186)(130 ) 0 (266.67)(45 )

266.7 23815 515827 0

d d

d d

+ − = + −

− + =
 

 
2 36.99 ft23815 (23815) 4(266.7)(515827)

52.3 ft(2)(266.7)
d

−
= =


 

 Discard 52.3 ft  (since the cord acts in compression when rebound occurs). 

 37.0 ftd =  
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PROBLEM 13.63 

It is shown in mechanics of materials that the stiffness of an elastic cable is k = AE/L 
where A is the cross sectional area of the cable, E is the modulus of elasticity and L is 
the length of the cable. A winch is lowering a 4000-lb piece of machinery using at a 
constant speed of 3ft/s when the winch suddenly stops. Knowing that the steel cable 
has a diameter of 0.4 in., E = 29 × 106 lb/in2, and when the winch stops L = 30 ft, 
determine the maximum downward displacement of the piece of machinery from the 
point it was when the winch stopped.  

 

SOLUTION 

Mass of machinery: 24000
124.22 lb s /ft

32.2

W
m

g
= = = ⋅  

Let position 1 be the state just before the winch stops and the gravitational potential Vg be equal to zero at this 
state. 

For the cable, 2 2 2(diameter) (0.4 in.) 0.12566 in
4 4

A
π π= = =  

   2 6 2 6(0.12556 in. )(29 10 lb/in ) 3.6442 10 lbAE = × = ×  

For 30 ft,L =  
6

33.6442 10 lb
121.47 10 lb/ft

30 ft

AE
k

L

×= = = ×  

Initial force in cable (equilibrium): 1 4000 lb.F W= =  

Elongation in position 1: 1
1 3

4000
0.03293 ft

121.47 10

F
x

k
= = =

×
 

Potential energy: 
2

2 1
1 1

1

2 2

F
V kx

k
= =  

   
2

1 3

(4000 lb)
65.860 ft lb

(2)(121.47 10  lb/ft)
V = = ⋅

×
 

Kinetic energy: 2
1 1

1

2
T mv=  

   2 2
1

1
(124.22 lb s /ft)(3 ft/s ) 558.99 ft lb

2
T = ⋅ = ⋅  

 

 

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

596 

PROBLEM 13.63  (Continued) 

 

Let position 2 be the position of maximum downward displacement. Let x2 be the elongation in this position. 

Potential energy: 2
2 2 2 1

1
( )

2
V kx W x x= − −  

   
3 2

2 2 2

3 2
2

1
(121.47 10 ) (4000)( 0.03293)

2

60.735 10 4000 131.72

V x x

x x

= × − −

= × − +
 

Kinetic energy: 2 20 (since 0)T v= =  

Principle of work and energy: 1 1 2 2T V T V+ = +  

   

3 2
2 2

3 2
2 2

2

558.99 65.860 60.735 10 4000 131.72

60.735 10 4000 493.13 0

0.12887 ft

x x

x x

x

+ = × − +

× − − =
=

 

Maximum displacement: 2 1 0.09594 ftx xδ = − =  1.151 in.δ =  
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PROBLEM 13.64 

A 2-kg collar is attached to a spring and slides without friction in 
a vertical plane along the curved rod ABC. The spring is 
undeformed when the collar is at C and its constant is 600 N/m. 
If the collar is released at A with no initial velocity, determine its 
velocity (a) as it passes through B, (b) as it reaches C. 

 

SOLUTION 

Spring elongations: 

  

At , 250 mm 150 mm 100 mm 0.100 m

At , 200 mm 150 mm 50 mm 0.050 m

At , 0

A

B

C

A x

B x

C x

= − = =
= − = =
=

 

Potential energies for springs. 

  

2 2

2 2

1 1
( ) (600)(0.100) 3.00 J

2 2
1 1

( ) (600)(0.050) 0.75 J
2 2

( ) 0

A e A

B e B

C e

V kx

V kx

V

= = =

= = =

=

 

Gravitational potential energies: Choose the datum at level AOC. 

  ( ) ( ) 0A g C gV V= =  

  ( ) (2)(9.81)(0.200) 3.924 JB gV mg y= − = − = −  

Kinetic energies: 0AT =  

  

2 2

2 2

1
1.00

2
1

1.00
2

B B B

C C C

T mv v

T mv v

= =

= =
 

(a) Velocity as the collar passes through B. 

 Conservation of energy: A A B BT V T V+ = +  

  20 3.00 0 1.00 0.75 3.924Bv+ + = + −  

  2 2 26.174 m /sBv =  2.48 m/sB =v   
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PROBLEM 13.64  (Continued) 

 

(b) Velocity as the collar reaches C. 

 Conservation of energy: A A C CT V T V+ = +  

  20 3.00 0 1.00 0 0Cv+ + = + +  

  2 2 23.00 m /sCv =  1.732 m/sC =v   
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PROBLEM 13.65 

A 1-kg collar can slide along the rod shown. It is attached to an 
elastic cord anchored at F, which has an undeformed length of 
250 mm and a spring constant of 75 N/m. Knowing that the 
collar is released from rest at A and neglecting friction, 
determine the speed of the collar (a) at B, (b) at E. 

 

SOLUTION 

 2 2 2

2 2

2 2

(0.5) (0.4) (0.3)

0.70711 m

(0.4) (0.3)

0.5 m

(0.5) (0.3)

0.58309 m

AF

AF

BF

BF

FE

FE

e g

L

L

L

L

L

L

V V V

= + +
=

= +
=

= +
=
= +

 

(a) Speed at B: 0, 0A Av T= =  

 Point A: 

 2
0

1
( ) ( ) 0.70711 0.25

2A e AF AF AFV k L L L L= Δ Δ = − = −  

 0.45711 mAFLΔ =  

 

2

2

1
( ) (75 N/m)(0.45711 m)

2
( ) 7.8355 N m

( ) ( )(0.4)

(1.0 kg)(9.81 m/s )(0.4 m)

3.9240 N m

( ) ( )

7.8355 3.9240

11.7595 N m

A e

A e

A g

A A e A g

V

V

V mg

V V V

=

= ⋅
=

=
= ⋅
= +

= +
= ⋅
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PROBLEM 13.65  (Continued) 

 

 Point B: 2 2

2

1 1
(1.0 kg)

2 2

0.5

B B B

B B

T mv v

T v

= =

=

 

 2
0

1
( ) ( ) 0.5 0.25

2B e BF BF BFV k L L L L= Δ Δ = − = −  

 0.25 mBFLΔ =  

 

2

2

1
( ) (75 N/m)(0.25 m) 2.3438 N m

2

( ) ( )(0.4) (1.0 kg)(9.81 m/s )(0.4 m) 3.9240 N m

( ) ( ) 2.3438 3.9240 6.2678 N m

B e

B g

B B e B g

V

V mg

V v V

= = ⋅

= = = ⋅

= + = + = ⋅

 

 

2

2

2 2 2

0 11.7595 0.5 6.2678

(5.49169)/(0.5)

10.983 m /s

A A B B

B

B

B

T V T V

v

v

v

+ = +

+ = +

=

=  3.31 m/sBv =   

(b) Speed at E: 

 Point A: 0 11.7595 N mA AT V= = ⋅  (from part (a)) 

 Point E: 

 2 2 2

2
0

1 1
(1.0 kg) 0.5

2 2
1

( ) ( ) 0.5831 0.25
2

E E E E

E e FE FE FE

T mv v v

V k L L L L

= = =

= Δ Δ = − = −

 

 0.3331 mFELΔ =  

 

2

2

2

2 2 2

1
( ) (75 N/m)(0.3331 m) 4.1607 N m

2
( ) 0 4.1607 N m

0 11.7595 0.5 4.1607

7.5988/0.5

15.1976 m /s

E e

E g E

A A E E E

E

E

V

V V

T V T V v

v

v

= = ⋅

= = ⋅

+ = + + = +

=

=  3.90 m/sEv =   
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PROBLEM 13.66 

A thin circular rod is supported in a vertical plane by a bracket  
at A. Attached to the bracket and loosely wound around the rod is a 
spring of constant 3 lb/ftk =  and undeformed length equal to the 
arc of circle AB. An 8-oz collar C, not attached to the spring, can 
slide without friction along the rod. Knowing that the collar is 
released from rest at an angle θ  with the vertical, determine  
(a) the smallest value of θ  for which the collar will pass through D 
and reach Point A, (b) the velocity of the collar as it reaches Point A. 

 

SOLUTION 

(a) Smallest angle θ occurs when the velocity at D is close to zero. 

 

0 0

0 0
C D

C D

e g

v v

T T

V V V

= =
= =
= +

 

 Point C: 

 2

2

(1 ft)( )  ft

1
( ) ( )

2
3

( )
2

BC

C e BC

C e

L

V k L

V

θ θ

θ

Δ = =

= Δ

=

 12 in. 1 ftR = =  

  ( ) (1 cos )

8 oz
( ) (1 ft)(1 cos )

16 oz/lb

C g

C g

V WR

V

θ

θ

= −

 = − 
 

 

 
2

1
( ) (1 cos )

2
3 1

( ) ( ) (1 cos )
2 2

C g

C C e C g

V

V V V

θ

θ θ

= −

= + = + −
 

 Point D: 

 

2

( ) 0 (spring is unattached)

( ) (2 ) (2)(0.5 lb)(1 ft) 1 lb ft

3 1
0 (1 cos ) 1

2 2

D e

D g

C C D D

V

V W R

T V T V θ θ

=
= = = ⋅

+ = + + + − =

 

 2(1.5) (0.5)cos 0.5θ θ− =  

 By trial, 0.7592 radθ =  43.5θ = °   
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PROBLEM 13.66  (Continued) 

 

(b) Velocity at A: 

 Point D: 

 0 0 1 lb ft[see Part ( )]D D DV T V a= = = ⋅ 

 Point A: 

 

2 2
2

2

2

2 2 2

1 1 (0.5 lb)

2 2 (32.2 ft/s )

0.0077640

( ) ( ) (0.5 lb)(1 ft) 0.5 lb ft

0.0077640 0.5 0 1

64.4 ft /s

A A A

A A

A A g

A A D D

A

A

T mv v

T v

V V W R

T V T V

v

v

= =

=
= = = = ⋅

+ = +

+ = +

=  8.02 ft/sA =v   
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PROBLEM 13.67 

The system shown is in equilibrium when 0.φ =  Knowing that 
initially 90φ = °  and that block C is given a slight nudge when 
the system is in that position, determine the velocity of the block 
as it passes through the equilibrium position 0.φ =  Neglect the 
weight of the rod. 

 

SOLUTION 

Find the unstretched length of the spring. 

 

1

2 2

1.1
tan

0.3
1.3045 rad

74.745

(1.1) .3

1.140 ft
BD

BD

L

L

θ

θ

−=

=
= °

= +
=

 

Equilibrium (0.3)( sin ) (25)(2.1) 0

(25 lb)(2.1 ft)

(0.3 ft)(sin 74.745 )

181.39 lb

A s

s

s BD

M F

F

F k L

θΣ = − =

=
°

=
= Δ

 

 
181.39 lb (600 lb/ft)( )

0.30232 ft
BD

BD

L

L

= Δ
Δ =

 

Unstretched length 0

0 1.140 0.3023

0.83768 ft

BD BDL L L

L

= − Δ
= −
=

 

Spring elongation, ,BDL′Δ when 90 .φ = °  

 
0(1.1 ft 0.3 ft)

1.4 ft 0.8377 ft

0.56232 ft

BD

BD

L L

L

′Δ = + −
′Δ = −

=
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PROBLEM 13.67  (Continued) 

 

At , ( 90 )φ = °  1 1

1 1 1

0, 0

( ) ( )e g

v T

V V V

= =
= +

 

 

2
1

2
1

1

1

1

1
( ) ( )

2
1

( ) (600 lb/ft)(0.5623 ft)
2

( ) 94.86 lb ft

( ) (25 lb)(2.1 ft) 52.5 ft lb

94.86 52.5 42.36 ft lb

e BD

e

e

g

V k L

V

V

V

V

′= Δ

=

= ⋅
= − = − ⋅

= − = ⋅

 

At , ( 0 )φ = °  

 

2 2
2

2

2 2

2 2 2
2 2 2 22

1 1 2 2

2
2

2
2

1 1
( ) ( ) (600 lb/ft)(0.3023 ft)

2 2
( ) 27.42 lb ft

( ) 0 27.42 ft lb

1 1 25 lb
0.3882

2 2 32.2 ft/s

0 42.36 0.3882 27.42

(14.941)/(0.3882)

e BD

e

g

V k L

V

V V

T mv v v

T V T V

v

v

= Δ =

= ⋅
= = ⋅

 
= = =  

 
+ = +

+ = +

=

 

 2 2 2
2 38.48 ft /sv =  2 6.20 ft/sv =  
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PROBLEM 13.68 

A spring is used to stop a 50-kg package which is moving down a 
20º incline. The spring has a constant 30 kN/mk =  and is held by 
cables so that it is initially compressed 50 mm. Knowing that the 
velocity of the package is 2 m/s when it is 8 m from the spring and 
neglecting friction, determine the maximum additional deformation 
of the spring in bringing the package to rest. 

 

SOLUTION 

Let position 1 be the starting position 8 m from the end of the spring when it is compressed 50 mm by the 
cable. Let position 2 be the position of maximum compression. Let x be the additional compression of the 
spring. Use the principle of conservation of energy. 1 1 2 2.T V T V+ = +  

Position 1: 2 2
1 1

1 1

2 3 2
1 1

1 1
(50)(2) 100 J

2 2
(50)(9.81)(8 sin 20 ) 1342.09 J

1 1
(30 10 )(0.050) 37.5 J

2 2

g

e

T mv

V mgh

V ke

= = =

= = ° =

= = × =

 

Position 2: 2
2 2 2

2 2

2 3 2 2
2 2

1
0 since 0.

2
(50)(9.81)( sin 20 ) 167.76  

1 1
(30 10 )(0.05 ) 37.5 1500 15000

2 2

g

e

T mv v

V mgh x x

V ke x x x

= = =

= = − ° = −

= = × + = + +

 

Principle of conservation of energy: 

 
2

2

100 1342.09 37.5 167.61 37.5 1500 15000

15,000 1332.24 1442.09 0

x x x

x x

+ + = − + + +

+ − =
 

Solving for x, 

 0.26882 and 0.357 64x = −  0.269 mx =   
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PROBLEM 13.69 

Solve Problem 13.68 assuming the kinetic coefficient of friction between 
the package and the incline is 0.2. 

PROBLEM 13.68 A spring is used to stop a 50-kg package which is 
moving down a 20° incline. The spring has a constant 30 kN/mk =  
and is held by cables so that it is initially compressed 50 mm. Knowing 
that the velocity of the package is 2 m/s when it is 8 m from the spring 
and neglecting friction, determine the maximum additional deformation 
of the spring in bringing the package to rest. 

 

SOLUTION 

Let position 1 be the starting position 8 m from the end of the spring when it is compressed 50 mm by the 
cable. Let position 2 be the position of maximum compression. Let x be the additional compression of the 
spring. Use the principle of work and energy. 1 1 1 2 2 2T V U T V→+ + = +  

Position 1. 2 2
1 1

1 1

2 3 2
1 1

1 1
(50)(2) 100 J

2 2
(50)(9.81)(8sin 20 ) 1342.09 J

1 1
(30 10 )(0.05) 37.5 J

2 2

g

e

T mv

V mgh

V ke

= = =

= = ° =

= = × =

 

Position 2. 2
2 2 2

2 2

2 3 2 2
2 2

1
0 since 0.

2
(50)(9.81)( sin 20 ) 167.76  

1 1
(30 10 )(0.05 ) 37.5 1500 15,000

2 2

g

e

T mv v

V mgh x x

V ke x x x

= = =

= = − ° = −

= = × + = + +

 

Work of the friction force. 

 0nFΣ =  

 

1 2

  cos 20 0

cos 20

(50)(9.81)cos 20

460.92 N 

(0.2)(460.92)

92.184

92.184(8 )

737.47 92.184

f k

f

N mg

N mg

F N

U F d

x

x

μ

→

− ° =
= °
= °
=
=

=
=
= −

= − +
= − −
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PROBLEM 13.69  (Continued) 

 

Principle of work and energy: 1 1 1 2 2 2T V U T V−+ + = +  

 100 x+1342.09 + 37.5 − 737.47 − 92.184  

 2167.76 37.5 1500 15,000x x x= − + + +  

 215,000 1424.42 704.62 0x x+ − =  

Solving for x, 

 0.17440 and 0.26936x = −  0.1744 mx =  
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PROBLEM 13.70 

A section of track for a roller coaster consists of two circular 
arcs AB and CD joined by a straight portion BC. The radius of 
AB is 27 m and the radius of CD is 72 m. The car and its 
occupants, of total mass 250 kg, reach Point A with practically 
no velocity and then drop freely along the track. Determine the 
normal force exerted by the track on the car as the car reaches 
point B. Ignore air resistance and rolling resistance. 

 

SOLUTION 

Calculate the speed of the car as it reaches Point B using the principle of conservation of energy as the car 
travels from position A to position B. 

Position A: 21
0, 0, 0 (datum)

2A A A Av T mv V= = = =  

Position B: BV mgh= −  

where h is the decrease in elevation between A and B. 

 21

2B BT mv=  

Conservation of energy: :A A B BT V T V+ = +  

 

2

2

2

2 2

1
0 0

2

2

(2)(9.81 m/s )(27 m)(1 cos 40 )

123.94 m /s

B

B

mv mgh

v gh

+ = −

=

= − °

=

 

Normal acceleration at B: 

 
2 2 2

2123.94 m /s
( ) 4.59 m/s

27 m
B

B n
v

a
ρ

= = =  

 2( ) 4.59 m/sB n =a  50° 

Apply Newton’s second law to the car at B. 
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PROBLEM 13.70  (Continued) 

 

 50 : cos40n n nF ma N mg ma°Σ = − ° = −  

 
2 2

cos 40 ( cos 40 )

(250 kg)[(9.81 m/s )cos 40 4.59 m/s ]

n nN mg ma m g a= ° − = ° −

= ° −
 

 1878.7 1147.5= −  731 NN =    
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PROBLEM 13.71 

A section of track for a roller coaster consists of two circular arcs 
AB and CD joined by a straight portion BC. The radius of AB is 
27 m and the radius of CD is 72 m. The car and its occupants, of 
total mass 250 kg, reach Point A with practically no velocity and 
then drop freely along the track. Determine the maximum and 
minimum values of the normal force exerted by the track on the 
car as the car travels from A to D. Ignore air resistance and 
rolling resistance. 

 

SOLUTION 

Calculate the speed of the car as it reaches Point P, any point on the roller coaster track. Apply the principle of 
conservation of energy. 

Position A: 21
0, 0, 0 (datum)

2A A A Av T mv V= = = =  

Position P: PV mgh= −  

where h is the decrease in elevation along the track. 

 21
 

2PT mv=  

Conservation of energy: A A P PT V T V+ = +  

 21
0 0

2
mv mgh+ = −          2 2v gh=   (1) 

Calculate the normal force using Newton’s second law. Let θ  be the slope angle of the track. 

  

 

 : cosn n nF ma N mg maθΣ = − =  

 cos nN mg maθ= +  (2)  

Over portion AB of the track, (1 cos )h ρ θ= −  

and 
2

n
mv

a
ρ

= −  
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PROBLEM 13.71  (Continued) 

 

where ρ is the radius of curvature. ( 27 m)ρ =  

 
2 (1 cos )

cos (3cos 2)
mg

N mg mg
ρ θθ θ

ρ
−= − = −  

At Point A ( 0)θ =  (250)(9.81) 2452.5 NAN mg= = =  

At Point B ( 40 )θ = °  (2452.5)(3cos 40 2)BN = ° −  

 731 NBN =  

Over portion BC,  40 , 0     (straight track)naθ = ° =  

 
cos 40 2452.5cos40

1879 N
BC

BC

N mg

N

= ° = °
=

 

Over portion CD, max (1 cos )h h r θ= − −  

and 
2

n
mv

a
r

=  

where r is the radius of curvature. ( 72 m)r =  

 max

max

2
cos

cos 2 1 cos

2
3cos 2

mgh
N mg

r
h

mg mg
r

h
mg

r

θ

θ θ

θ

= +

 = + − − 
 

 = − + 
 

 

which is maximum at Point D, where 

 max2
1D

h
N mg

r

 = + 
 

 

Data: max 27 18 45 m, 72 mh r= + = =  

 
(2) (45)

(2452.5) 1 5520 N
72DN

 = + =  
 

Summary: minimum (just above ):B  731 N   

 maximum (at ):D  5520 N    
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PROBLEM 13.72 

A 1-lb collar is attached to a spring and slides without friction along 
a circular rod in a vertical plane. The spring has an undeformed 
length of 5 in. and a constant 10 lb/ft.k =  Knowing that the collar is 
released from being held at A determine the speed of the collar and 
the normal force between the collar and the rod as the collar passes 
through B. 

 

SOLUTION 

For the collar, 21
0.031056 lb s /ft

32.2

W
m

g
= = = ⋅  

For the spring, 010 lb/ft 5 in.k l= =  

At A: 

0

7 5 5 17 in.

12 in. 1 ft
A

Δ

= + + =
− = =


 
 

At B: 2 2

0

(7 5) 5 13 in.

2
1.8 in. ft

3

B

B

= + + =

− = =



 

 

Velocity of the collar at B. 

Use the principle of conservation of energy. 

 A A B BT V T V+ = +  

Where  21
0

2A AT mv= =  

 

2
0

2

2 2 2

2
0

2

2

2 2 2

1
( ) (0)

2
1

(10)(1) 0 5 ft lb
2
1 1

(0.031056) 0.015528
2 2
1

( )
2

1 2 5
(10) (1)

2 3 12

1.80556 ft lb

0 5 0.015528 1.80556

205.72 ft /s

A A

B B B B

B B

B

B

V k W

T mv v v

V k Wh

v

v

= − +

= + = ⋅

= = =

= − +

   = + −   
   

= ⋅

+ = =

=

 

 

 14.34 ft/sBv =     
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PROBLEM 13.72  (Continued) 

 

Forces at B. 

 

0

2

2
( ) (10) 6.6667 lb.

3

5
sin

13
5

5 in. ft
12

(0.031056)(205.72)

5/12
15.3332 lb

s B

B
n

F k

mv
ma

α

ρ

ρ

 = − = = 
 

=

= =

=

=

=

 

 

 : siny y s nF ma F W N maαΣ = − + =  

 

sin

5
15.3332 1 (6.6667)

13

13.769 lb

n sN ma W F

N

α= + −

 = + −  
 

=  13.77 lb=N   
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PROBLEM 13.73 

A 10-lb collar is attached to a spring and slides without 
friction along a fixed rod in a vertical plane. The spring 
has an undeformed length of 14 in. and a constant k = 4 
lb/in. Knowing that the collar is released from rest in the 
position shown, determine the force exerted by the rod on 
the collar at (a) Point A, (b) Point B. Both these points are 
on the curved portion of the rod. 

 

SOLUTION 

Mass of collar: 210
0.31056 lb s /ft

32.2

W
m

g
= = = ⋅  

Let position 1 be the initial position shown, and calculate the potential energies of the spring for positions 1, 
A, and B. 0 14 in.l =  

 

2 2
1

1 1 0

2 2
1 1

(14 14) (14) 31.305 in.

31.305 14 17.305 in.

1 1
( ) (4)(17.305) 598.92 in lb 49.910 ft lb

2 2e

l

x l l

V kx

= + + =
= − = − =

= = = ⋅ = ⋅

 

 

2 2

0

2 2

(14) (14) 19.799 in.

19.799 14 5.799 in.

1 1
( ) (4)(5.799) 67.257 in lb 5.605 ft lb

2 2

A

A A

A e A

l

x l l

V kx

= + =
= − = − =

= = = ⋅ = ⋅

 

 0

2 2

14 14 28 in.

28 14 14 in.

1 1
( ) (4)(14) 392 in lb 32.667 ft lb

2 2

B

B B

B e B

l

x l l

V kx

= + =
= − = − =

= = = ⋅ = ⋅

 

Gravitational potential energies: Datum at level .A  

 1( ) 0 ( ) 0g A gV V= =  

 ( ) (10 lb)( 14 in.) 140 in lb 11.667 ft lbBV g Wy= = − = − ⋅ = − ⋅  
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PROBLEM 13.73  (Continued) 

 

Total potential energies: e gV V V= +  

 1 49.910 ft lb, 5.605 ft lb, 21.0 ft lbA BV V V= ⋅ = ⋅ = ⋅  

Kinetic energies: 1 0T =  

 

2 2 2

2 2 2

1 1
(0.31056) 0.15528

2 2
1 1

(0.31056) 0.15528
2 2

A A A A

B B B B

T mv v v

T mv v v

= = =

= = =
 

Conservation of energy: 1 1 :A AT V T V+ = +  

 2 2 2 20 49.910 0.15528 5.605 285.32 ft /sA Av v+ = + =  

Conservation of energy: 1 1 B BT V T V+ = +  

 2 2 2 20 49.910 0.15528 21.0 186.18 ft /sB Bv v+ = + =  

Normal accelerations at A and B. 2 /na v ρ=  

 
2 2

2

14 in. 1.16667 ft

285.32 ft /s
( ) ( ) 244.56 ft/s

1.16667 ftA n A na

ρ = =

= =a  

 
2 2

2189.10 ft /s
( ) ( ) 159.58 ft/s

1.16667 ftB n B na = =a  

Spring forces at A and B:  F kx=  

 (4 lb/in.)(5.799 in.) 23.196 lbA AF = =F  45°  

 (4 lb/in.)(14 in.)BF =   56.0 lbB =F   

To determine the forces (  and )A BN N  exerted by the rod on the collar, apply Newton’s second law. 

 (a) At Point A: 

     ( ) :A nF m aΣ =  

 
sin 45 ( )

10 23.196sin 45 (0.31056)(244.56)
A A A n

A

W N F m a

N

+ − ° =
+ − ° =

 

  82.4 lbA =N   

  (b) At Point B: 

   ( ) :B nF m aΣ =  

 (0.31056)(159.58)BN =  49.6 lbB =N  
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PROBLEM 13.74 

An 8-oz package is projected upward with a velocity 
v0 by a spring at A; it moves around a frictionless 
loop and is deposited at C. For each of the two loops 
shown, determine (a) the smallest velocity v0 for 
which the package will reach C, (b) the corresponding 
force exerted by the package on the loop just before 
the package leaves the loop at C. 

 

SOLUTION 

Loop 1 

 
(a) The smallest velocity at B will occur when the force exerted by the 
 tube on the package is zero. 

 
2

 0 Bmv
F mg

r
Σ = + =  

2 2 1.5 ft(32.2 ft/s )Bv rg= =  

 
2 48.30Bv =  

 At A 
2
0

1

2AT mv=  

A
0.5

 0  8 oz 0.5 lb 0.01553
32.2

V
 = =  = = 
   

 At B 
21 1

(48.30) 24.15 m
2 2B BT mv m= = =  

 (7.5 1.5) 9 9(0.5) 4.5 lb ftBV mg mg= + = = = ⋅  

2
0

1
: (0.01553)  24.15(0.01553) 4.5

2A A B BT V T V v+ = + = +  

 2
0 0 627.82        25.056v v= =  0 25.1 ft/sv = 

 At C 

2 21
0.007765         7.5 7.5(0.5) 3.75

2C C C CT mv v V mg= = = = =  

2 2
0: 0.007765 0.007765 3.75A A C C CT V T V v v+ = + = +  

2 20.007765(25.056) 3.75 0.007765 Cv− =  

 2  144.87Cv =  
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Loop 2 

 

 

       PROBLEM 13.74  (Continued) 

 

(b) 

 

(144.87)
 : 0.01553

1.5nF ma NΣ = =  

 1.49989N =  

 {Package in tube} 1.500 lbCN =   

(a) At B, tube supports the package so, 

0Bv ≈  

0,  0         (7.5 1.5)B B Bv T V mg= = = +  

 4.5 lb ft= ⋅  

 A A B BT V T V+ = +  

21
(0.01553)  4.5 24.073

2 A Av v=  =  

24.1 ft/sAv = 

(b) At C 20.007765 ,  7.5 3.75C C CT v V mg= = =  

2 2: 0.007765(24.073) 0.007765  3.75A A C C CT V T V v+ = + = +  

 2  96.573Cv =  

 

96.573
0.01553 0.99985

1.5CN
 = = 
 

 

{Package on tube}  1.000 lb CN =  
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PROBLEM 13.75 

If the package of Problem 13.74 is not to hit the 
horizontal surface at C with a speed greater than 10 ft/s, 
(a) show that this requirement can be satisfied only by 
the second loop, (b) determine the largest allowable 
initial velocity 0v  when the second loop is used. 

 

SOLUTION 

 

 

 

 

 

 

 

 

(a) Loop 1 

 From Problem 13.74, at B 

 
2 2 2 48.3 ft /s 6.9498 ft/sB Bv gr v= =  =  

 21 1
(0.01553)(48.3) 0.37505

2 2B BT mv= = =  

 (7.5 1.5) (0.5)(9) 4.5 lb ftBV mg= + = = ⋅  

 2 2 21 1
(0.01553)  0.007765  

2 2C C C CT mv v v= = =  

 7.5(0.5) 3.75 lb ftCV = = ⋅  

2: 0.37505 4.5 0.007765 3.75B B C C CT V T V v+ = + + = +  

 2  144.887 12.039 ft/sC Cv v=  =  

12.04 ft/s 10 ft/s>  Loop (1) does not work 

(b) Loop 2 at A 2 2
0 0

1
0.007765  

2AT mv v= =  

 0AV =  

 At C assume  10 ft/sCv =  

2 21
0.007765(10) 0.7765

2C CT mv= = =  

 7.5(0.5) 3.75Cv = =  

 2
0: 0.007765  0.7765 3.75A A C CT V T V v+ = + = +  

  0 24.144v =  0 24.1 ft/sv =  
 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

619 

PROBLEM 13.76 

A small package of weight W is projected into a 
vertical return loop at A with a velocity v0. The package 
travels without friction along a circle of radius r and is 
deposited on a horizontal surface at C. For each of the 
two loops shown, determine (a) the smallest velocity v0 
for which the package will reach the horizontal surface 
at C, (b) the corresponding force exerted by the loop on 
the package as it passes Point B. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Loop 1: 

(a) Newton’s second law at position C: 

   
2

2

ma:

c
c

F

v
mg m v gr

r

Σ =

= =

 

 Conservation of energy between position A and B. 

2
0

2

1

2
0

1 1

2 2
(2 ) 2

A

A

C C

C

T mv

V

T mv mgr

V mg r mgr

=

=

= =

= =

 

  

 
2
0

2
0

1 1
: 0 2

2 2

5

A A C CT V T V mv mgr mgr

v gr

+ = + + = +

=
 

 Smallest velocity 0:v  0 5v gr=  

(b) Conservation of energy between positions A and B. 

 21
( ) ; ( )

2B B Bb T mv V mg r= =  

 2 21 1
: 0

2 2A A B B A BT V T V mv mv mgr+ = + + = +  

 21 1
(5 ) 0

2 2 Bm gr mv mgr+ = +  2 3Bv gr=  
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        PROBLEM 13.76  (Continued) 

 
Newton’s second law at position B. 

2 3
3B

n
v gr

ma m m mg
r r

= = =  

: 3 eff BF F N mgΣ = Σ =  

Force exerted by the loop: 3BN W= 

Loop 2: 

(a) At point C,  0cv =  

 Conservation of energy between positions A and C. 

  
21

0
2

(2 ) 2

C C

C

T mv

V mg r mgr

= =

= =
 

  2
0

2
0

:

1
0 0 2

2

4

A A C CT V T V

mv mgr

v gr

+ = +

+ = +

=

 

 Smallest velocity 0:v  0 4v gr=   

(b) Conservation of energy between positions A and B. 

 2 2
0

1 1
: 0

2 2A A B B BT V T V mv mv mgr+ − + + = +  

  21 1
(4 )

2 2 Bm gr mv mgr= +  2 2Bv gr=  

 Newton’s second law at position B. 

 
2 2

2 B
n

v gr
ma m m mg

r r
= = =  

 eff : 2 F N mgΣ = Σ =  

 Force exerted by loop: 2W=N  
 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

621 

 

 

PROBLEM 13.77 

The 1 kg ball at A is suspended by an inextensible cord and given an initial 
horizontal velocity of 5 m/s. If 0.6 ml =  and 0,Bx =  determine yB so that 
the ball will enter the basket. 

 

SOLUTION 

Let position 1 be at A. 1 0v v=  

Let position 2 be the point described by the angle where the path of the ball changes from circular to 
parabolic. At position 2, the tension Q in the cord is zero. 

Relationship between 2v  and θ  based on 0.Q =  Draw the free body diagram. 

 

 
2
20: sin n

mv
F Q mg ma

l
θΣ = + = =  

With 2
2 20, sin or sinQ v gl v glθ θ= = =  (1) 

Relationship among 0 2,v v  and θ  based on conservation of energy. 

 
1 1 2 2

2 2
0 2

1 1
sin

2 2

T V T V

mv mgl mv mgl θ

+ = +

− = +
 

 2 2
0 2 2 (1 sin )v v gl θ− = +  (2) 
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PROBLEM 13.77  (Continued) 

 

Eliminating 2v  from Eqs. (1) and (2), 

 

2
0

2 2
0

sin 2 (1 sin )

1 1 (5)
sin 2 2 0.74912

3 3 (9.81)(0.6)

48.514

v gl gl

v

gl

θ θ

θ

θ

− = +

   
= − = − =   

    
= °

 

From Eq. (1), 2 2 2
2

2

(9.81)(0.6)sin 48.514 4.4093 m /s

2.0998 m/s

v

v

= ° =
=

 

x and y coordinates at position 2. 

 2

2

cos 0.6cos 48.514 0.39746 m

sin 0.6sin 48.514 0.44947 m

x l

y l

θ
θ

= = ° =
= = ° =

 

Let 2t  be the time when the ball is a position 2. 

Motion on the parabolic path. The horizontal motion is 

 
2

2 2

sin 2.0998 sin 48.514

1.5730 m/s

1.5730( )

x v

x x t t

θ= − = − °
= −

= − −


 

At Point B, 0Bx =  

 2 20 0.39746 1.5730( ) 0.25267 sB Bt t t t= − − − =  

The vertical motion is 

 2
2 2 2 2

1
cos ( ) ( )

2
y y v t t g t tθ= + − − −  

At Point B, 2
2 2 2 2

1
cos ( ) ( )

2B B By y v t t g t tθ= + − − −  

 

2

0.44947 (2.0998 cos 48.514 )(0.25267)

1
(9.81)(0.25267)

2
0.48779 m

By = + °

−

=  0.448 mBy =  
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PROBLEM 13.78* 

Packages are moved from Point A on the upper floor of a warehouse to 
Point B on the lower floor, 12 ft directly below A, by means of a chute, 
the centerline of which is in the shape of a helix of vertical axis y and 
radius R = 8 ft. The cross section of the chute is to be banked in such a 
way that each package, after being released at A with no velocity, will 
slide along the centerline of the chute without ever touching its edges. 
Neglecting friction, (a) express as a function of the elevation y of a 
given Point P of the centerline the angle φ formed by the normal to the 
surface of the chute at P and the principal normal of the centerline at 
that point, (b) determine the magnitude and direction of the force 
exerted by the chute on a 20-lb package as it reaches Point B. Hint: The 
principal normal to the helix at any Point P is horizontal and directed 
toward the y axis, and the radius of curvature of the helix is  
ρ = R[1 – (h/2πR)2]. 

 

SOLUTION 

(a) At Point A: 0 0A A

A

v T

V mgh

= =
=

 

 At any Point P: 21

2PT mv=  

 2

2

1
0

2

2 ( )

P

A A P P

V Wy mgy

T V T V

mgh mv mgy

v g h y

= =
+ = +

+ = +

= −

 

 en along principal normal, horizontal and directed toward y axis 

 et tangent to centerline of the chute 

 eD along binormal 

 1 1 (12 ft)
tan tan 13.427

2 2 (8 ft)

0b

h

R

ma

β
π π

− −= = = °

=

 

 since 0ba =  

 Note: Friction is zero, 

 
2

: sin sin

: cos 0 cos

2 ( ) ( )
: 2

t t t t

b b b B

n n n

F ma mg ma a g

F ma N W N W

mv m g h y h y
F ma N W

e e e

β β
β β

Σ = = =
Σ = − = =

− −Σ = = = =
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PROBLEM 13.78*  (Continued) 

 

 The total normal force is the resultant of Nb and Nm, it lies in the b–m plane, and forms angle φ with  
 m axis. 

 

tan /

2( ( )
tan cos

tan ( /2( ))cos

b nN N

w h y
W

e
e h y

φ

φ β

φ β

=
−=

= −

 

 Given: 
2

2
2

1 (1 tan )
2 cos

h R
e R R

R
β

π β

  = + = + =  
   

 

 Thus, tan cos
2( ) 2( )cos

8 ft 4.112
tan

2(12 )cos13.427 12

e R

h y h y

y y

φ β
β

φ

= =
− −

= =
− ° −

 

 or cot 0.243(12 )yφ = −   

(b) At Point B: y = 0 for x, y, z axes, we write, with W = 20 lb, 

 

2 2

2

2

sin cos sin (20 lb)cos 13.427 sin13.427 4.517 lb

cos cos (20 lb)cos 13.427 18.922 lb

2 2
/cos

(12 ft-0)
2(20 lb) cos 13.427 56.765 lb

8 ft

x b x

y b y

z n

z z

N N W N

N N W N

h y h y
N N w W

e R

N N

β β β

β β

β

= = = ° ° =

= = = ° =

− −= − = − = −

= − ° = −

 

 2 2 2(4.517) (18.922) ( 56.765)N = + + −  60.0 lbN =   

 
4.517

cos
60

x
x

N

N
θ = =  85.7xθ = °   

 
18.922

cos
60

y
y

N

N
θ = =  71.6yθ = °   

 
56.742

cos
60

z
z

N

N
θ = = −  161.1zθ = °  
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PROBLEM 13.79* 

Prove that a force F(x, y, z) is conservative if, and only if, the following relations are satisfied: 

y yx xz z
F FF FF F

y x z y x z

∂ ∂∂ ∂∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= = =  

 

SOLUTION 

For a conservative force, Equation (13.22) must be satisfied. 

 x y z
V V V

F F F
x y z

∂ ∂ ∂
∂ ∂ ∂

= − = − = −  

We now write 
2 2

yx
FF V V

y x y x y x

∂∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

= − = −  

Since  
2 2

:
V V

x y y x

∂ ∂
∂ ∂ ∂ ∂

=  yx
FF

y x

∂∂
∂ ∂

=   

We obtain in a similar way 

 y xz z
F FF F

z y x z

∂ ∂∂ ∂
∂ ∂ ∂ ∂

= =   
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PROBLEM 13.80 

The force ( )/yz zx xy xyz= + +F i j k  acts on the particle ( , , )P x y z  which moves in space. (a) Using the 
relation derived in Problem 13.79, show that this force is a conservative force. (b) Determine the potential 
function associated with F. 

 

SOLUTION 

(a) x y z
yz zx xy

F F F
xyz xyz xyz

= = =  

 
( ) ( )11

0 0
yyxx

FF

y y x x

∂∂ ∂∂
∂ ∂ ∂ ∂

= = = =  

 Thus, yx
FF

y x

∂∂
∂ ∂

=  

 The other two equations derived in Problem 13.79 are checked in a similar way. 

(b) Recall that ,         ,         x y z
V V V

F F F
x y z

∂ ∂ ∂
∂ ∂ ∂

= − = − = −  

 
1

        ln ( , )x
V

F V x f y z
x x

∂
∂

= = − = − +  (1) 

 
1

        ln ( , )y
V

F V y g z x
y y

∂
∂

= = − = − +  (2) 

 
1

        ln ( , )z
V

F V z h x y
z z

∂
∂

= = − = − +  (3) 

 Equating (1) and (2) 

 ln ( , ) ln ( , )x f y z y g z x− + = − +  

 Thus, ( , ) ln ( )f y z y k z= − +  (4) 

 ( , ) ln ( )g z x x k z= − +  (5) 

 Equating (2) and (3) 

 ln ( , ) ln ( , )z h x y y g z x− + = − +  

 ( , ) ln ( )g z x z l x= − +  

 From (5), 

 ( , ) ln ( )g z x x k z= − +  
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PROBLEM 13.80  (Continued) 

 

 Thus, 

 ( ) lnk z z= −  

 ( ) lnl x x= −  

 From (4), 

 ( , ) ln lnf y z y z= − −  

 Substitute for ( , )f y z  in (1) 

 ln ln lnV x y z= − − −  

 lnV xyz= −  
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PROBLEM 13.81* 

A force F acts on a particle P(x, y) which moves in the xy plane. 
Determine whether F is a conservative force and compute the work of F 
when P describes in a clockwise sense the path A, B, C, A including the 
quarter circle 2 2 2,x y a+ =  if (a) ,ky=F i  (b) ( ).k y x= +F i j  

 

SOLUTION 

(a) 0 0yx
x y

FF
F ky F k

y x

∂∂
∂ ∂

= = = =  

 Thus, yx
FF

y x

∂∂
∂ ∂

≠       F is not conservative. 

 ( )
B C A

ABCA
A B B

ABCA

U d ky dy ky dx dy ky dx= ⋅ = ⋅ + ⋅ + + ⋅   F r i j i i j i j  

 0,
B

A
=  F is perpendicular to the path. 

 ( )
C C

B B
ky dx dy ky dx⋅ + = i i j  

 From B to C, the path is a quarter circle with origin at A. 

 Thus, 2 2 2

2 2

x y a

y a x

+ =

= −

 

 Along BC, 
2

2 2

0 4

C a

B

ka
kydx k a x dx

π= − =   

 0 ( 0 on )
A

C
ky dx y CA⋅ = = i j  

 
2

0 0
4

B C A

ABCA
A B C

ka
U

π= + + = + +    
2

4ABCA
ka

U
π=   

(b) yx
x y

FF
F ky F kx k k

y x

∂∂
∂ ∂

= = = =  

 ,yx
FF

y x

∂∂
∂ ∂

=  F is conservative. 

 Since ABCA is a closed loop and F is conservative, 0ABCAU =  
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PROBLEM 13.82* 

The potential function associated with a force P in space is known 
to be 2 2 2 1/2( , , ) ( ) .V x y z x y z= − + +  (a) Determine the x, y, and z 
components of P. (b) Calculate the work done by P from O to D by 
integrating along the path OABD, and show that it is equal to the 
negative of the change in potential from O to D. 

 

SOLUTION 

(a) 
2 2 2 1/2

2 2 2 1/2[ ( ) ]
( )x

V x y z
P x x y z

x x

∂ ∂
∂ ∂

−− + += − = − = + +    

 
2 2 2 1/2

2 2 2 1/2[ ( ) ]
( )y

V x y z
P y x y z

y y

∂ ∂
∂ ∂

−− + += − = − = + +    

 
2 2 2 1/2

2 2 2 1/2[ ( ) ]
( )z

V x y z
P z x y z

z z

∂ ∂
∂ ∂

−− + += − = − = + +    

(b) OABD OA AB BDU U U U= + +  

 O–A:  Py and Px are perpendicular to O–A and do no work. 

 Also, on O–A  0 and 1zx y P= = =  

 Thus, 
0 0

a a

O A zU P dz dz a− = = =   

 A–B:  Pz and Py are perpendicular to A–B and do no work. 

 Also, on A–B  0,y z a= =    and   
2 2 1/2( )

x
x

P
x a

=
+

 

 Thus, 
2 2 1/20 ( )

( 2 1)

a

A B
xdx

U
x a

a

− =
+

= −

  

 B–D:  Px and Pz are perpendicular to B–D and do no work. 

 On    ,B D−  

2 2 1/2( 2 )
y

k a

z a

y
P

y a

=
=

=
+
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PROBLEM 13.82*  (Continued) 

 

 Thus, 2 2 1/2
2 2 1/2 00

2 2 1/2 2 1/2

( 2 )
( 2 )

( 2 ) (2 ) ( 3 2)

a a

BD

BD

OABD O A A B B D

y
U dy y a

y a

U a a a a

U U U U− − −

= = +
+

= + − = −
= + +

  

  ( 2 1) ( 3 2)a a a= + − + −  3OABDU a=   

  2 2 2 1/2

( , , ) (0,0,0)

( ) 0

ODV V a a a V

a a a

Δ = −

= − + + −  3ODV aΔ = −   

 Thus,  OABD ODU V= −Δ  
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PROBLEM 13.83* 

(a) Calculate the work done from D to O by the force P of  
Problem 13.82 by integrating along the diagonal of the cube. (b) Using 
the result obtained and the answer to part b of Problem 13.82, verify 
that the work done by a conservative force around the closed path 
OABDO is zero. 

PROBLEM 13.82  The potential function associated with a force P in 
space is known to be V(x, y, z) 2 2 2 1/2( ) .x y z= − + +  (a) Determine the 
x, y, and z components of P. (b) Calculate the work done by P from O 
to D by integrating along the path OABD, and show that it is equal to 
the negative of the change in potential from O to D. 

 

SOLUTION 

From solution to (a) of Problem 13.82 

  
2 2 2 1/2( )

x y z

x y z

+ +=
+ +
i j k

P  

(a) 
D

OD
O

U d= ⋅ P r  

 

2 2 2 1/2( )

x y z

d dx dy dz

x y z

x y z

= + +
= + +

+ +=
+ +

r i j k

r i j k

i j k
P

 

 Along the diagonal. x y z= =  

 Thus,  
2 1/2

3
3

(3 )

x
dr

x
⋅ = =P  

  
0

3 3
a

O DU dx a− = =  3ODU a=   

(b)  OABDO OABD DOU U U= +  

 From Problem 13.82 

  3OABDU a=     at left 

 The work done from D to O along the diagonal is the negative of the work done from O to D. 

  3DO ODU U a= − = −  [see part (a)] 
 Thus, 

  3 3 0OABDOU a a= − =  
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PROBLEM 13.84* 

The force 2 2 2 3/2( )/( )x y z x y z= + + + +F i j k  acts on the particle ( , , )P x y z  which moves in space. (a) Using 
the relations derived in Problem 13.79, prove that F is a conservative force. (b) Determine the potential 
function V(x, y, z) associated with F. 

 

SOLUTION 

(a) 
2 2 2 3/2

2 2 2 1/2

( )

( )

x

y

x
F

x y z

y
F

x y z

=
+ +

=
+ +

 

 
( )

( )

3
2

2 2 2 5/2

3
2

2 2 2 5/2

(2 )

( )

2

( )

x

y

x yF

y x y z

y yF

x x y z

∂
∂

∂
∂

−
=

+ +

−
=

+ +

 

 Thus, yx
FF

y x

∂∂
∂ ∂

=  

 The other two equations derived in Problem 13.79 are checked in a similar fashion. 

(b) Recalling that 

2 2 2 3/2

2 2 2 1/2

, ,

( )

( ) ( , )

x y z

x

V V V
F F F

x y z

V x
F V dx

x x y z

V x y z f y z

∂ ∂ ∂
∂ ∂ ∂
∂
∂

−

= − = − = −

= − = −
+ +

= + + +



 

 Similarly integrating /V y∂ ∂  and /V z∂ ∂  shows that the unknown function ( , )f x y is a constant. 


2 2 2 1/2

1

( )
V

x y z
=

+ +
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PROBLEM 13.85 

(a) Determine the kinetic energy per unit mass which a missile must have after being fired from the surface of 
the earth if it is to to reach an infinite distance from the earth. (b) What is the initial velocity of the missile 
(called the escape velocity)? Give your answers in SI units and show that the answer to part b is independent 
of the firing angle. 

 

SOLUTION 

At the surface of the earth, 29.81 m/sg =  

 6
1 6370 km 6.37 10 mr R= = = ×  

Centric force at the surface of the earth, 

 2

2 6 2 12 3 2(9.81)(6.37 10 ) 398.06 10 m /s

GMm
F mg

R

GM gR

= =

= = × = ×
 

Let position 1 be on the surface of the earth 1( )r R=  and position 2 be at 2 .r OD=  Apply the conservation of 
energy principle. 

 

1 1 2 2

2 2
1 2

1 2

1 2

1 2 2

1 1

2 2

T V T V

GMm GMm
mv mv

r r

GMm GMm
T T

R
T T TGM

gR
m m R m

+ = +

− = +

= + −
∞

= + = +

 

For the escape condition set  2 0
T

m
=  

 2 6 6 2 21 (9.81 m/s )(6.37 10 m) 62.49 10 m /s
T

gR
m

= = × = ×  

(a)  1 62.5 MJ/kg
T

m
=   

 2
esc

1

2
mv gr=  

(b)  

esc

6 3
esc

2

(2)(9.81)(6.37 10 ) 11.18 10 m/s

v gR

v

=

= × = ×  esc 11.18 km/sv =   

Note that the escape condition depends only on the speed in position 1 and is independent of the direction of 
the velocity (firing angle). 
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PROBLEM 13.86 

A satellite describes an elliptic orbit of minimum altitude 606 km 
above the surface of the earth. The semimajor and semiminor axes 
are 17,440 km and 13,950 km, respectively. Knowing that the speed 
of the satellite at Point C is 4.78 km/s, determine (a) the speed at 
Point A, the perigee, (b) the speed at Point B, the apogee. 

 

SOLUTION 

 

6

2 2 6

6370 606 6976 km 6.976 10 m

(17440 6976) (13950) 17438.4 km 17.4384 10 m

A

C

r

r

= + = = ×

= − + = = ×
 

 
6(2)(17440) 6976 27904 km 27.904 10 mBr = − = = ×  

For earth, 
66370 km 6.37 10 mR = = ×  

 
2 2 6 2 12 3 2(9.81 m/s )(6.370 10 ) 398.06 10 m /sGM gR= = × = ×  

 4.78 km/s 4780 m/sCv = =  

(a) Speed at Point A:  Use conservation of energy. 

  2 21 1

2 2

A A C C

A C
A C

T V T V

GMm GMm
mv mv

r r

+ = +

− = −  

  

2 2

2 12
6 6

1 1
2

1 1
(4780) (2)(398.06 10 )

6.976 10 17.4384 10

A C
A C

v v GM
r r

 
= + − 

 
 = + × − × × 

 

  
6 2 291.318 10 m /s= ×  

  
39.556 10 m/sAV = ×  9.56 km/sAv =    
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PROBLEM 13.86  (Continued) 

 

(b) Speed at Point B:   Use conservation of energy. 

   

2 2

2 2

2 12
6 6

6 2 2

1 1

2 2

1 1
2

1 1
(4780) (2)(398.06 10 )

27.904 10 17.4384 10

5.7258 10 m /s

B B C C

B C
B C

B C
B C

T V T V

GMm GMm
mv mv

r r

v v GM
r r

+ = +

− = −

 
= + − 

 
 = + × − × × 

= ×

  

 
32.39 10 m/sBv = ×  2.39 km/sBv =   
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PROBLEM 13.87 

While describing a circular orbit 200 mi above the earth a space vehicle launches a 6000-lb communications 
satellite. Determine (a) the additional energy required to place the satellite in a geosynchronous orbit at an 
altitude of 22,000 mi above the surface of the earth, (b) the energy required to place the satellite in the same 
orbit by launching it from the surface of the earth, excluding the energy needed to overcome air resistance.  
(A geosynchronous orbit is a circular orbit in which the satellite appears stationary with respect to the ground). 

 

SOLUTION 

 

 

 

 

 

 

 

Geosynchronous orbit 

 6
1 3960 200 4160 mi 21.965 10 ftr = + = = ×  

 6
2 3960 22,000 25,960 mi 137.07 10 ftr = + = = ×  

Total energy 21

2

GMm
E T V mv

r
= + = −  

  mass of earthM =  

  mass of satellitem =  

Newton’s second law 
2

2
2:n

GMm mv GM
F ma v

r rr
= =  =  

 21

2 2

GM GMm
T mv m V

r r
= = = −  

 
1 1

2 2

GMm GMm GMm
E T V

r r r
= + = − = −  

 
2 2

2 1 1
where ( )

2 2
E E

E
gR m R W

GM gR E W mg
r r

= = − = − =  

 
6 2 181 (6000)(20.9088 10 ft) 1.3115 10

ft lb
2

E
r r

× ×= − = − ⋅  

Geosynchronous orbit at 6
2 137.07 10 ftr = ×  

18
9

6

1.3115 10
9.5681 10 ft lb

137.07 10
GsE

− ×= = − × ⋅
×

 

(a) At 200 mi,  6
1 21.965 10 ftr = ×  

18
10

200 6

1.3115 10
5.9709 10

21.965 10
E

×= − = − ×
×

 

 10
300 200 5.0141 10GsE E EΔ = − = ×  

   9
300 50.1 10 ft lbEΔ = × ⋅   
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PROBLEM 13.87  (Continued) 

 

(b) Launch from earth 

  At launch pad 
2
E

E E
E E

GMm gR m
E WR

R R

−= − = = −  

 116000(3960 5280) 1.25453 10EE = − × = − ×  

 9 99.5681 10 125.453 10E Gs EE E EΔ = − = − × + ×  

  9115.9 10 ft lb
E

EΔ = × ⋅   
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PROBLEM 13.88 

A lunar excursion module (LEM) was used in the Apollo moon-landing missions to save fuel by making it 
unnecessary to launch the entire Apollo spacecraft from the moon’s surface on its return trip to earth. Check 
the effectiveness of this approach by computing the energy per pound required for a spacecraft (as weighed on 
the earth) to escape the moon’s gravitational field if the spacecraft starts from (a) the moon’s surface,  
(b) a circular orbit 50 mi above the moon’s surface. Neglect the effect of the earth’s gravitational field. (The 
radius of the moon is 1081 mi and its mass is 0.0123 times the mass of the earth.) 

 

SOLUTION 

Note: moon earth0.0123GM GM=  

By Eq. 12.30, 2
moon 0.0123 EGM gR=  

At ∞ distance from moon: 2 2, Assume 0r v= ∞ =  

 2 2 2

0

0 0

0

M

E T V

GM m

= +

= −
∞

= −
=

 

(a) On surface of moon: 61081 mi 5.7077 10 ftMR = = ×  

 1 10 0v T= =  63960 mi 20.909 10 ftER = = ×  

 1
M

M

GM m
V

R
= −  

2

1 1 1
0.0123 

0 E

M

gR m
E T V

R
= + = −  

  
2 6 2

1 6

(0.0123)(32.2 ft/s )(20.909 10 ft)

(5.7077 10 ft)

m
E

×= −
×

 

 WE = Weight of LEM on the earth 

 6 2 2
1

6
2 2

1 2

2 1

3

( 30.336 10 ft /s )

30.336 10
ft /s

32.2 ft/s

0 (942.1 10 ft lb/lb)

E

E

E

W
E m m

g

E W

E E E

W

= − × =

 ×= −  
 

Δ = −

= + × ⋅

 

 Energy per pound:  3942 10 ft lb/lb
E

E

W

Δ = × ⋅   
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PROBLEM 13.88  (Continued) 

 

(b) 1

6
1

50 mi

(1081 mi 50 mi) 1131 mi 5.9717 10 ft

Mr R

r

= +

= + = = ×

 

 Newton’s second law: 

 
2
1

2
11

: M
n

GM m v
F ma m

rr
= =  

 

2 2
1 1 1

1 1

1
1

1 1 1
1 1

2

1
1 1

2 6 2

1 6

6 2 2
3

1 2

1 1

2 2

1

2

0.0123 1 1

2 2

1 (0.0123)(32.2 ft/s )(20.909 10 ft)

2 5.9717 10 ft

(14.498 10 ft /s )
450.2 10 ft lb/lb

(32.2 ft/s )

M

M

M M

M E

E
E

GMGMm
v T mv m

r r

GM m
V

r

GM m GM m
E T V

r r

GM m gR m
E

r r

m
E

W
E W

E

= = =

= −

= + = −

= − = −

×= −
×

×= = × ⋅

Δ 3
2 1 0 450.2 10 ft lb/lb EE E W= − = + × ⋅

 

 Energy per pound: 3450 10 ft lb/lb
E

E

W

Δ = × ⋅  
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PROBLEM 13.89 

Knowing that the velocity of an experimental space probe 
fired from the earth has a magnitude 32.5 Mm/hAv =  at 
Point A, determine the speed of the probe as it passes 
through Point B. 

 

SOLUTION 

 66370 4300 10740 km 10.670 10 mA Ar R h= + = + = = ×  

 66370 12700 19070 km 19.070 10 mBr = + = = ×  

 2 6 2 12 3 2(9.81)(6.370 10 ) 398.06 10 m /sGM gR= = × = ×  

 332.5 Mm/h 9.0278 10 m/sAv = = ×  

 

Use conservation of energy. 

 B B A AT V T V+ = +  

 

2 2

2 2

3 2 12
6 6

6 2 2

1 1

2 2

1 1
2

1 1
(9.0278 10 ) (2)(398.06 10 )

19.070 10 10.670 10

48.635 10 m /s

B A
B A

B A
B A

GMm GMm
mv mv

r r

v v GM
r r

− = −

 
= + − 

 
 = × + × − × × 

= ×

 

 36.97 10 m/sBv = ×  25.1 Mm/hBv =   
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PROBLEM 13.90 

A spacecraft is describing a circular orbit at an altitude of 1500 km 
above the surface of the earth. As it passes through Point A, its speed is 
reduced by 40 percent and it enters an elliptic crash trajectory with the 
apogee at Point A. Neglecting air resistance, determine the speed of the 
spacecraft when it reaches the earth’s surface at Point B. 

 

SOLUTION 

Circular orbit velocity 

2
2

2 ,Cv GM
GM gR

r r
= =  

  
2 2 6 2

2
6 6

(9.81 m/s )(6.370 10 m)

(6.370 10 m 1.500 10 m)
C

GM gR
v

r r

×= = =
× + ×

 

 2 6 2 250.579 10 m /sCv = ×  

 7112 m/sCv =  

Velocity reduced to 60% of Cv  gives 4267 m/s.Av =  

Conservation of energy: 

 A A B BT V T V+ = +  

 
1

2
m 2

A
GM m

v − 1

2A

m
r

= 2
B

GM m
v −

Br
 

6 2 2 6 2
3 2

6 6

1 9.81(6.370 10 ) 9.81(6.370 10 )
(4.267 10 )

2 2(7.870 10 ) (6.370 10 )
Bv× ×× − = −

× ×
 

  36.48 10 m/sBv = ×  6.48 km/sBv =  
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PROBLEM 13.91 

Observations show that a celestial body traveling at 61.2 10 mi/h×  appears to be describing about Point B a 
circle of radius equal to 60 light years. Point B is suspected of being a very dense concentration of mass called 
a black hole. Determine the ratio MB/MS of the mass at B to the mass of the sun. (The mass of the sun is 
330,000 times the mass of the earth, and a light year is the distance traveled by light in one year at a velocity 
of 186,300 mi/s.) 

 

SOLUTION 

 

One light year is the distance traveled by light in one year. 

Speed of light = 186,300 mi/s 

 
18

(60 yr)(186,300 mi/s)(5280 ft/mi)(365 days/yr)(24 h/day)(3600 s/h)

1.8612 10 ft

r

r

=

= ×

 

Newton’s second law 

 

2

2

2

2
earth earth

2 2

15 3 2

(32.2 ft/s )(3960 mi 5280 ft/mi)

14.077 10 (ft /s )

B

B

GM m v
F m

rr

rv
M

G

GM gR

= =

=

=

= ×

= ×

 

 sun sun earth330,000 : 330,000 EM M GM GM= =  

 15
sun

21 3 2

21

sun

22
sun

21

(330,000)(14.077 10 )

4.645 10 ft /s

4.645 10

4.645 10
B

GM

G
M

rv Mrv
M

G

= ×

= ×

×=

= =
×

 

 
18 6 2

21
sun

(1.8612 10 )(1.76 10 )

4.645 10
BM

M

× ×=
×

 9

sun

1.241 10BM

M
= ×   
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PROBLEM 13.92 

(a) Show that, by setting r R y= +  in the right-hand member of Eq. (13.17′) and expanding that member in a 
power series in y/R, the expression in Eq. (13.16) for the potential energy Vg due to gravity is a first-order 
approximation for the expression given in Eq. (13.17′). (b) Using the same expansion, derive a second-order 
approximation for Vg. 

 

SOLUTION 

 
2 2

1 2

setting :
1

( 1) ( 1)( 2)
1 1

1 1 2

g g y
R

g

WR WR WR
V r R y V

r R y

y y y
V WR WR

R R R

−

= − = + = − = −
+ +

 − − −   = − + = − + + +    ⋅     


 

We add the constant WR, which is equivalent to changing the datum from to :r r R= ∞ =  

 
2

g
y y

V WR
R R

  = − +  
   

  

(a) First order approximation: 

 g
y

V WR Wy
R

 = = 
 

  

 [Equation 13.16]  

(b) Second order approximation: 
2

g
y y

V WR
R R

  = −  
   

 

 
2

g
Wy

V Wy
R

= −   
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PROBLEM 13.93 

Collar A has a mass of 3 kg and is attached to a spring of constant 
1200 N/m and of undeformed length equal to 0.5 m. The system is 
set in motion with r = 0.3 m, vθ = 2 m/s, and vr = 0. Neglecting the 
mass of the rod and the effect of friction, determine the radial and 
transverse components of the velocity of the collar when r = 0.6 m. 

 

SOLUTION 

Let position 1 be the initial position. 

  
1

1 1 1

1 1 0

0.3 m

( ) 0, ( ) 2 m/s, 2 m/s

(0.3 0.5) 0.2 m
r

r

v v v

x r l
θ

=
= = =
= − = − = −

 

Let position 2 be when 0.6 m.r =  

  
2

2 2 2

2 2 0

0.6 m

( ) ?, ( ) ?, ?

(0.6 0.5) 0.1 m
r

r

v v v

x r l
θ

=
= = =
= − = − =

 

Conservation of angular momentum: 1 1 2 2

1 1
2

2

( ) ( )

( ) (0.3)(2)
( ) 1.000 m/s

0.6

r m v v m v

r v
v

r

θ θ

θ
θ

=

= = =

 

Conservation of energy: 

( )

1 1 2 2

2 2 2 2
1 1 2 2

2 2 2 2
2 1 1 2

2 2 2 2 2

2 2 2 2 2
2 2

1 1 1 1

2 2 2 2

1200
(2) (0.2) (0.1) 16 m /s

3

( ) ( ) 16 1 15 m /sr

T V T V

mv kx mv kx

k
v v x x

m

v v vθ

+ = +

+ = +

= + −

 = + − = 

= − = − =

 

  3.87 m/srv = ±  3.87 m/srv = ±  

   1.000 m/svθ =  
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PROBLEM 13.94 

Collar A has a mass of 3 kg and is attached to a spring of constant 
1200 N/m and of undeformed length equal to 0.5 m. The system is set 
in motion with r = 0.3 m, vθ = 2 m/s, and vr = 0. Neglecting the mass 
of the rod and the effect of friction, determine (a) the maximum 
distance between the origin and the collar, (b) the corresponding 
speed. (Hint: Solve the equation obtained for r by trial and error.) 

 
 

SOLUTION 

Let position 1 be the initial position. 

  

1

1 1 1

1 1 0

2 2
1

2 2
1 1

0.3 m

( ) 0, ( ) 2 m/s, 2 m/s

0.3 0.5 0.2 m

1 1
(3)(2) 6 J

2 2
1 1

(1200)( 0.2) 24 J
2 2

r

r

v v v

x r l

T mv

V kx

θ

=
= = =
= − = − = −

= = =

= = − =

 

Let position 2 be when r is maximum. 2( ) 0rv =  

  

2

2

2 2 2
2 2 2 2

2 2
2 2

( 0.5)

1 1
(3)( ) 1.5( )

2 2
1 1

(1200)( 0.5)
2 2

m

m

m

r r

x r

T mv v v

V kx r

θ θ

=
= −

= = =

= = −

 

  2600( 0.5)mr= −  

Conservation of angular momentum: 1 1 2 2

1
2

2

( ) ( )

(0.3) 0.6
( ) ( ), (2)

m m

r m v v m v

r
v v

r r r

θ θ

θ θ

=

= = =

 

Conservation of energy: 1 1 2 2

2 2
2

2

2

2
2

6 24 1.5( ) 600( 0.5)

0.6
30 (1.5) 600( 0.5)

0.54
( ) 600( 0.5) 30 0

m

m
m

m m
m

T V T V

v r

r
r

f r r
r

θ

+ = +

+ = + −

 
= + − 

 

= + − − =
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PROBLEM 13.94  (Continued) 

 

Solve for mr  by trial and error. 

(m)mr  0.5 1.0 0.8 0.7   0.72      0.71 

( )mf r  –27.8 120.5 24.8 –4.9   0.080    –2.469

 

  
(0.01)(0.08)

0.72 0.7197 m
2.467 0.08mr = − =

+
 

(a) Maximum distance.  0.720 mmr =   

(b) Corresponding speed. 

  2
0.6

( ) 0.8337 m/s
0.7197

vθ = =  

  2( ) 0rv =  2 0.834 m/sv =  
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PROBLEM 13.95 

A 4-lb collar A and a 1.5-lb collar B can slide without friction 
on a frame, consisting of the horizontal rod OE and the vertical 
rod CD, which is free to rotate about CD. The two collars are 
connected by a cord running over a pulley that is attached to 
the frame at O. At the instant shown, the velocity vA of collar 
A has a magnitude of 6 ft/s and a stop prevents collar B from 
moving. If the stop is suddenly removed, determine (a) the 
velocity of collar A when it is 8 in. from O, (b) the velocity of 
collar A when collar B comes to rest. (Assume that collar B 
does not hit O, that collar A does not come off rod OE, and 
that the mass of the frame is negligible.) 

 

SOLUTION 

Masses: 2

2

4
0.12422 lb s /ft

32.2
1.5

0.04658 lb s /ft
32.2

A

B

m

m

= = ⋅

= = ⋅

 

Constraint of the cord. Let r be the radial distance to the center of collar A and y be the distance that collar B 
moves up from its initial level. ; ry r y v= Δ =  

(a) Let position 1 be the initial position just after the stop at B is removed and position 2 be when the collar 
is 8 in. (0.66667 ft) from O. 

  
1 1

2

2

4 in. 0.33333 ft ( ) 0

8 in. 0.66667 ft

8 4 4 in. 0.33333 ft

rr v

r

r y

= = =
= =

Δ = = − = =
 

 Potential energy: 1 0,V =  

  2 2 (1.5)(0.33333) 0.5 ft lbBV W y= = = ⋅  

 Conservation of angular momentum of collar A: 

  1 1 2 2( ) ( )A Am r v m r vθ θ=  

  1 1
2

2

( ) (0.33333)(6)
( ) 3 ft/s

0.66667

r v
v

r
θ

θ = = =  

 Conservation of energy:    1 1 2 2T V T V+ = +  

  2 2 2 2 2 2
1 1 1 2 2 2

1 1 1 1
[( ) ( ) ] [( ) ( ) ]

2 2 2 2A r B A r Bm v v m y m v v m y Vθ θ+ + = + + +   

  2 2 2 2
1 2 2 2

1 1 1
[0 ( ) ] 0 0 [( ) ( ) ] ( ) 0.5

2 2 2A A r B rm v m v v m vθ θ+ + + = + + +  
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PROBLEM 13.95  (Continued) 

 

  2 2 2 2
2 2

1 1 1
(0.12422)(6) (0.12422)[( ) (3) ] (0.04658)( ) 0.5

2 2 2r rv v= + + +  

  2 2
2 22.236 0.06211( ) 0.559 0.02329( ) 0.5r rv v= + + +  

  2
20.0854( ) 1.177rv =  

  2 2
2( ) 13.78 ft /srv =  2( ) 3.71 ft/srv =   

  2( ) 3.00 ft/svθ =   

  4.77 ft/sv =  

(b) Let position 3 be when collar B comes to rest. 

  3 3 3 30.33333, ( ) 0, 0ry r v y= − = =  

 Conservation of angular momentum of collar A. 

  
1 1 3 3

1 1
3

3 3 3

( ) ( )

( ) (0.33333)(6) 2
( )

A Am r v m r v

r v
v

r r r

θ θ

θ
θ

=

= = =
 

 Conservation of energy: 1 1 3 3T V T V+ = +  

  2 2 2 2 2 2
1 1 1 3 3 3 3

1 1 1 1
[( ) ( ) ] [( ) ( ) ]

2 2 2 2A r B A r B Bm v v m y m v v m y w yθ θ+ + = + + +   

  
2

2
3

3

1 1 2
(0.12422)[0 (6) ] 0 (0.12422) 0 0 (1.5)( 0.33333)

2 2
r

r

   + + = + + + − 
   

 

  32
3

0.24844
2.236 1.5 0.5r

r
= + −  

  3 2
3 31.5 2.736 0.24844 0r r− + =  

 Solving the cubic equation for r3, 

  3 1.7712 ft,  0.2805 ft, 0.33333 ftr = −  

 Since 3 1 0.33333 ft, the required root isr r> =  

  3 1.7712 ftr =  

 Corresponding velocity of collar A: 

  3( ) 0rv =   

  3
3

2 2
( )

1.7712
v

rθ = =  3( ) 1.129 ft/svθ =  

   3 1.129 ft/sv =   
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PROBLEM 13.96 

A 1.5-lb ball that can slide on a horizontal frictionless surface is attached to a 
fixed Point O by means of an elastic cord of constant 1 lb/in.k =  and 
undeformed length 2 ft. The ball is placed at Point A, 3 ft from O, and given an 
initial velocity 0v  perpendicular to OA. Determine (a) the smallest allowable 
value of the initial speed 0v  if the cord is not to become slack, (b) the closest 
distance d that the ball will come to Point O if it is given half the initial speed 
found in part a. 

 

SOLUTION 

Let L1 be the initial stretched length of the cord and L2 the length of the closest approach to Point O if the cord 
does not become slack. Let position 1 be the initial state and position 2 be that of closest approach to Point O. 
The only horizontal force acting on the ball is the conservative central force due to the elastic cord. At the point 
of closest approach the velocity of the ball is perpendicular to the cord. 

Conservation of angular momentum: 1 1 2 2

1 0
1 0 2 2 2

2

  or  

r mv r mv

L v
L mv L mv v

L

=

= =

 

Conservation of energy: 1 1 2 2T V T V+ = +  

  2 2 2 2
1 1 0 2 2 0

2 2 2 2
1 2 1 0 2 0

2
2 2 2 21
0 0 1 0 2 02

2

1 1 1 1
( ) ( )

2 2 2 2

[( ) ( ) ]

[( ) ( ) ]

mv k L L mv k L L

k
v v L L L L

m

L k
v v L L L L

mL

+ − = + −

− = − − + −

− = − − + −

 

Data: 0 12 ft, 3 ftL L= =  

  2 0 2 ftL L= =  for zero tension in the cord at the point of closest approach. 

  
2

1 lb/in. 12 lb/ft

/ 1.5/32.2 0.04658 lb s /ft

k

m W g

= =

= = = ⋅
 

  

2
2 2 2
0 02

2
0

(3) 12
[(3 2) (2 2) ]

0.04658(2)

1.25 257.6

v v

v

− = − − + −

− = −

 

(a)  2 2 2
0 206.1 ft /sv =  0 14.36 ft/sv =   
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PROBLEM 13.96  (Continued) 

 

(b) Let 21
0 2 (14.36 ft/s) 7.18 ft/sv = =  so that the cord is slack in the position of closest approach to Point O. 

Let position 1 be the initial position and position 2 be position of closest approach with the cord being 
slack. 

 Conservation of energy: 1 1 2 2T V T V+ = +  

  2 2 2
0 1 0 2

1 1 1
( )

2 2 2
mv k L L mv+ − =  

  

2 2 2
2 0 0

2 2 2 2

2

( )

12
(7.18) (3 2) 309.17 ft /s

0.04658
17.583 ft/s

k
v v L L

m

v

= + −

= + − =

=

 

 Conservation of angular momentum: 

  
1 1 2 2

1 1 1 0
2

2 2

sin

sin

r mv r mv

r v L v
r d

v v

φ

φ

=

= = =
 

  
(3)(7.18)

17.583
d =  1.225 ftd = 
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PROBLEM 13.97 

A 1.5-lb ball that can slide on a horizontal frictionless surface is attached to a 
fixed Point O by means of an elastic cord of constant 1 lb/in.k =  and undeformed 
length 2 ft. The ball is placed at Point A, 3 ft from O, and given an initial velocity 

0v  perpendicular to OA, allowing the ball to come within a distance 9 in.d =  of 
Point O after the cord has become slack. Determine (a) the initial speed 0v  of the 
ball, (b) its maximum speed. 

 

SOLUTION 

Let L1 be the initial stretched length of the cord. Let position 1 be the initial position. Let position 2 be the 
position of closest approach to point after the cord has become slack. While the cord is slack there are no 
horizontal forces acting on the ball, so the velocity remains constant. While the cord is stretched, the only 
horizontal force acting on the ball is the conservative central force due to the elastic cord. At the point of 
closest approach the velocity of the ball is perpendicular to the radius vector. 

Conservation of angular momentum: 1 1 2 2

1
1 0 2 2 0or

r mv r mv

L
L v d v v v

d

=

= =

 

Conservation of energy: 1 1 2 2T V T V+ = +  

  

2 2 2
0 1 0 2

2 2 2
0 2 1 0

2
2 1
0 0 1 02

1 1 1
( ) 0

2 2 2

( )

( )

mv k L L mv

k
v v L L

m

L k
v v L L

md

+ − = +

− = − −

 − = − − 
 

 

Data:  0 1

2

2 ft, 3 ft, 9 in. 0.75 ft

1 lb/in. 12 lb/ft

/ 1.5/32.2 0.04658 lb s /ft

L L d

k

m W g

= = = =
= =

= = = ⋅

 

  

2
2 20
0

2
0

3 12
(3 2)

0.75 0.04658

15 257.6

v
v

v

 − = − − 
 

− = −

 

(a)  2 2 2
0 17.17 ft /sv =  0 4.14 ft/sv =   

(b) Maximum speed. 0
2

3

0.75m
v

v v= =  16.58 ft/smv =   
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PROBLEM 13.98 

Using the principles of conservation of energy and conservation of angular momentum, solve part a of Sample 
Problem 12.9. 

 

SOLUTION 

 

0

6
0

0

6

3

3

6370 km

500 km 6370 km

6870 km 6.87 10 m

36,900 km/h

36.9 10 m

3.6 10 s

10.25 10 m/s

R

r

r

v

=
= +

= = ×
=

×=
×

= ×

 

Conservation of angular momentum: 

 

0 0 1 0 min 1 max

6
30

0
1 1

, ,

6.870 10
(10.25 10 )

A

A

r mv r mv r r r r

r
v v

r r
′

= = =

   ×= = ×       

 

 
9

1

70.418 10
Av

r
′

×=  (1) 

Conservation of energy: 

Point A: 

 

3
0

2 3 2
0

6

0

2 2 6 2

12 3 2

6
0

12 3 2

6

6

10.25 10 m/s

1 1
(10.25 10 )

2 2

( )(52.53 10 )(J)

(9.81 m/s )(6.37 10 m)

398 10 m /s

6.87 10 m

(398 10 m /s )

(6.87 10 m)

57.93 10  (J)

A

A

A

A

v

T mv m

T m

GMm
V

r

GM gR

GM

r

m
V

m

= ×

= = ×

= ×

= −

= = ×

= ×

= ×

×= −
×

= − ×
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PROBLEM 13.98  (Continued) 

 

Point A′: 

 2

1

12

1

6

1

2

398 10
(J)

52.53 10

A A

A

A A A A

T mv

GMm
V

r

m

r

T V T V

m

′ ′

′

′ ′

=

= −

×= −

+ = +

× 657.93 10  m− × 1

2
m=

12
2 398 10
A

m
v ′

×−
1r

 

Substituting for Av ′ from (1) 

 

9 2 12
6

2
11

21 12
6

2
11

(70.418 10 ) 398 10
5.402 10

(2)( )

(2.4793 10 ) 398 10
5.402 10

rr

rr

× ×− × = −

× ×− × = −
 

 6 2 12 21
1 1(5.402 10 ) (398 10 ) 2.4793 10 0r r× − × + × =  

 6 6
1 66.7 10 m, 6.87 10 mr = × ×  max 66,700 kmr =   
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PROBLEM 13.99 

Solve sample Problem 13.8, assuming that the elastic cord is 
replaced by a central force F of magnitude (80/r2) N directed 
toward O. 

PROBLEM 13.8 Skid marks on a drag racetrack indicate 
that the rear (drive) wheels of a car slip for the first 20 m of 
the 400-m track.(a) Knowing that the coefficient of kinetic 
friction is 0.60, determine the speed of the car at the end of 
the first 20-m portion of the track if it starts from rest and the 
front wheels are just off the ground. (b) What is the maximum 
theoretical speed for the car at the finish line if, after skidding 
for 20 m, it is driven without the wheels slipping for the 
remainder of the race? Assume that while the car is rolling 
without slipping, 60 percent of the weight of the car is on the 
rear wheels and the coefficient of static friction is 0.75. 
Ignore air resistance and rolling resistance.  

 

SOLUTION 

(a) The force exerted on the sphere passes through O. Angular momentum about O is conserved. 

 Minimum velocity is at B, where the distance from O is maximum. 

 Maximum velocity is at C, where distance from O is minimum. 

 

  sin 60A A m mr mv r mv° =  

 (0.5 m)(0.6 kg)(20 m/s)sin 60 (0.6 kg)m mr v° =  

 
8.66

m
m

v
r

=  (1) 

 Conservation of energy: 

 At Point A, 2 2

2

1 1
(0.6 kg)(20 m/s) 120 J

2 2
80 80

,

80
160 J

0.5

A A

A

T mv

V Fdr dr
rr

V

= = =

−= = =

−= = −

 

 

 At Point B,  2 2 21 1
(0.6 kg) 0.3

2 2B m m mT mv v v= = =  
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PROBLEM 13.99  (Continued) 

 

 and Point C :  
80

B
m

A A B B

V
r

T V T V

−=

+ = +

 

 2 80
120 160 0.3 m

m

v
r

− = −  (2) 

 Substitute (1) into (2) 

 
2

2

8.66 80
40 (0.3)

2 0.5625 0

0.339 m   and   1.661 m

m m

m m

m m

r r

r r

r r

 
− = − 

 

− + =
′ = =

 

 max 1.661 mr =   

 min 0.339 mr =   

(b) Substitute mr′  and mr  from results of part (a) into (1) to get corresponding maximum and minimum 
values of the speed. 

 
8.66

25.6 m/s
0.339mv′ = =  max 25.6 m/sv =   

 
8.66

5.21 m/s
1.661mv = =  min 5.21 m/sv =   

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

656 

 

 

PROBLEM 13.100 

A spacecraft is describing an elliptic orbit of minimum 
altitude 2400Ah =  km and maximum altitude 9600Bh =  km 
above the surface of the earth. Determine the speed of the 
spacecraft at A. 

 

SOLUTION 

 

6370 km 2400 km

8770 km

6370 km 9600 km

15,970 km

A

A

B

r

r

r

= +
=
= +
=

 

Conservation of momentum: A A B Br mv r mv=  

 
8770

0.5492
15,970

A
B A A A

B

r
v v v v

r
= = =  (1) 

Conservation of energy: 2 21 1

2 2A A A B B B
A B

GMm GMm
T mv V T mv V

r r

− −= = = =  

 

2 2 3 2 12 3 2

12
6

3

12

3

(9.81 m/s )(6370 10 m) 398.1 10 m /s

(398.1 10 )
45.39 10

8770 10

(398.1 10 )
24.93 

(15,970 10 )

A

B

GM gR

m
V m

m
V m

= = × = ×

− ×= = − ×
×

− ×= = −
×

 

 

:

1
 

2

A A B BT V T V

m

+ = +

2 645.39 10Av m− × 1

2
m= 2 624.93 10Bv m− ×  (2) 

Substituting for Bv  in (2) from (1) 

 
2 2 6

2 6 2 2

[1 (0.5492) ] 40.92 10

58.59 10 m /s

A

A

v

v

− = ×

= ×
 

 37.65 10 m/sAv = ×  327.6 10 km/hAv = ×  
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PROBLEM 13.101 

While describing a circular orbit, 185 mi above the surface of the 
earth, a space shuttle ejects at Point A an inertial upper stage (IUS) 
carrying a communication satellite to be placed in a geosynchronous 
orbit (see Problem 13.87) at an altitude of 22,230 mi above the 
surface of the earth. Determine (a) the velocity of the IUS relative 
to the shuttle after its engine has been fired at A, (b) the increase in 
velocity required at B to plae the satellite in its final orbit. 

 

SOLUTION 

For earth, 6

2

2 6 2 15 3 2

3960 mi 20.909 10 ft

32.2 ft

(32.2)(20.909 10 ) 14.077 10 ft /s

R

g

GM gR

= = ×

=

= = × = ×

 

Speed on a circular orbits of radius r, rA, and rB. 

  
2

2

2

nF ma

GMm mv

rr

GM GM
v v

r r

=

=

= =

 

  

6

15
3

circ 6

6

15
3

circ 6

3960 185 4145 mi 21.886 10 ft

14.077 10
( ) 25.362 10 ft/s

21.886 10

3960 22230 26190 mi 138.283 10 ft

14.077 10
( ) 10.089 10 ft/s

138.283 10

A

A

B

B

r

v

r

v

= + = = ×

×= = ×
×

= + = = ×

×= = ×
×

 

Calculate speeds at A and B for path AB. 

Conservation of angular momentum: sin sinA A A B B Amr v mr vφ φ=  

     
6

6

sin 90 21.886 10
0.15816

sin 90 138.283 10
A A A

B A
B

r v v
v v

r

° ×= = =
° ×
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PROBLEM 13.101  (Continued) 

 

Conservation of energy: A A B BT V T V+ = +  

  

2 2

2 2

1 1

2 2

2 ( )1 1
2

A B
A B

B A
A B

A B A B

GMm GMm
mv mv

r r

GM r r
v v GM

r r r r

+ = −

  −− = − = 
 

 

  

15 6
2 2

6 6

2 9

3

6 3

(2)(14.077 10 )(116.397 10 )
(0.15816 )

(21.886 10 )(138.283 10 )

0.97499 1.082796 10

33.325 10 ft/s

(0.15816)(33.325 10 ) 5.271 10 ft/s

A A

A

A

B

v v

v

v

v

× ×− =
× ×

= ×

= ×

= × = ×

 

(a) Increase in speed at A: 

  3 3 333.325 10 25.362 10 7.963 10 ft/sAvΔ = × − × = ×  7960 ft/sAvΔ =   

(b) Increase in speed at B: 

 3 3 310.089 10 5.271 10 4.818 10 ft/sBvΔ = × − × = ×  4820 ft/sBvΔ =   
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PROBLEM 13.102 

A spacecraft approaching the planet Saturn reaches Point A with a 
velocity Av  of magnitude 368.8 10 ft/s.×  It is to be placed in an elliptic 
orbit about Saturn so that it will be able to periodically examine Tethys, 
one of Saturn’s moons. Tethys is in a circular orbit of radius 3183 10 mi×  
about the center of Saturn, traveling at a speed of 337.2 10 ft/s.×  
Determine (a) the decrease in speed required by the spacecraft at A to 
achieve the desired orbit, (b) the speed of the spacecraft when it reaches 
the orbit of Tethys at B. 

 

SOLUTION 









 

(a) 

 
6

6

607.2 10 ft

966.2 10 ft

A

B

r

r

= ×

= ×
 

Av′ =  speed of spacecraft in the elliptical orbit after its speed has been 
decreased. 

Elliptical orbit between A and B. 

Conservation of energy 

Point A: 2

sat

1

2A A

A
A

T mv

GM m
V

r

′=

−=

 

saM =  Mass of Saturn, determine saGM  from the speed of Tethys in 
its circular orbit. 

(Eq. 12.44) 2sat
circ sat circB

GM
v GM r v

r
= =  

 

6 2 3 2
sat

18 3 2

18 3 2

6

9

(966.2 10 ft )(37.2 10 ft/s)

1.337 10 ft /s

(1.337 10 ft /s )

(607.2 10 ft)

2.202 10

A

GM

m
V

m

= × ×

= ×

×= −
×

= − ×
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PROBLEM 13.102  (Continued) 

 

Point B: 
18 3 2

2 sat
6

9

1 (1.337 10 ft /s )

2 (966.2 10 ft)

1.384 10

B B B
B

B

GM m m
T mv V

r

V

− ×= = = −
×

= ×

 

 
;  

1

2

A A B BT V T V

m

+ = +

2 92.202 10Av m′ − × 1

2
m= 2 91.384 10Bv m− ×

 

 2 2 91.636 10A Bv v′ − = ×  

Conservation of angular momentum: 

 

6

6

2 2 9

607.2 10
0.6284

966.2 10

[1 (0.6284) ] 1.636 10

52,005 ft/s

A
A A B B B A A A

B

A

A

r
r mv r mv v v v v

r

v

v

×′ ′ ′ ′= = = =
×

′ − = ×
′ =

 

(a) 68,800 52,005A A Av v v′Δ = − = −  16,795 ft/sAvΔ =   

(b) (0.6284)(52,005)A
B A

B

r
v v

r
′= =  32,700 ft/sBv =  
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PROBLEM 13.103 

A spacecraft traveling along a parabolic path toward the planet Jupiter 
is expected to reach Point A with a velocity vA of magnitude 26.9 km/s. 
Its engines will then be fired to slow it down, placing it into an elliptic 
orbit which will bring it to within 100 × 103 km of Jupiter. Determine the 
decrease in speed vΔ  at Point A which will place the spacecraft into the 
required orbit. The mass of Jupiter is 319 times the mass of the earth. 

 

SOLUTION 

Conservation of energy. 

Point A: 

 

2

2

6

2 6 2

15 3 2

6

15 3 2

6

6

1
( )

2

 319 319

6.37 10 m

(319)(9.81 m/s )(6.37 10 m)

126.98 10 m /s

350 10 m

(126.98 10 m /s )

(350 10 m)

(362.8 10 )

A A A

J
A

A

J E E

E

J

J

A

A

A

T m v v

GM m
V

r

GM GM gR

R

GM

GM

r

m
V

V m

= − Δ

−
=

= =

= ×

= ×

= ×

= ×

− ×=
×

= − ×

 

Point B: 

 

2

15 3 2

6

6

2 6 2 6

1

2

(126.98 10 m /s )

(100 10 )

(1269.8 10 )

1 1
( ) 362.8 10 1269.8 10 m

2 2

B B

J
B

B

B

A A B B

A A B

T mv

GM m m
V

r m

V m

T V T V

m v v m mv

=

− − ×= =
×

= − ×
+ = +

− Δ − × = − ×

 

 2 2 6( ) 1814 10A A Bv v v− Δ − = − ×  (1) 
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PROBLEM 13.103  (Continued) 

 

Conservation of angular momentum. 

 

6

6

350 10 m

100 10 m

( )

A

B

A A A B B

r

r

r m v v r mv

= ×

= ×
− Δ =

 

 

( )

350
( )

100

A
B A A

B

A A

r
v v v

r

v v

 
= − Δ 
 
 = − Δ 
 

 (2) 

Substitute Bv  in (2) into (1) 

 

2 2 6

2 6

3

( ) [1 (3.5) ] 1814 10

( ) 161.24 10

( ) 12.698 10 m/s

A A

A A

A A

v v

v v

v v

− Δ − = − ×

− Δ = ×

− Δ = ×

 

(Take positive root; negative root reverses flight direction.) 

 326.9 10 m/sAv = ×  (given) 

 3 3(26.9 10 m/s 12.698 10 m/s)AvΔ = × − ×  

 14.20 km/sAvΔ =   
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PROBLEM 13.104 

As a first approximation to the analysis of a space flight from the 
earth to Mars, it is assumed that the orbits of the earth and Mars are 
circular and coplanar. The mean distances from the sun to the earth 
and to Mars are 6149.6 10× km and 6227.8 10× km, respectively. 
To place the spacecraft into an elliptical transfer orbit at Point A, its 
speed is increased over a short interval of time to Av  which is faster 
than the earth’s orbital speed. When the spacecraft reaches Point B on 
the elliptical transfer orbit, its speed Bv  is increased to the orbital 
speed of Mars. Knowing that the mass of the sun is 3332.8 10×  
times the mass of the earth, determine the increase in velocity required 
(a) at A, (b) at B. 

 

SOLUTION 

mass of the sunM =  

3 2 6 2 20 3 2332.8(10) (9.81 m/s )(6.37 10 m) 1.3247(10) m /sGM = × =  

Circular orbits 9Earth 29.758 m/s
149.6(10)

E
GM

v = =  

 9Mars 24.115 m/s
227.8(10)

M
GM

v = =  

Conservation of angular momentum 

Elliptical orbit (149.6) (227.8)A Bv v=  

Conservation of energy 

 2 2
9 9

1 1

2 2149.6(10) 227.8(10)
A B

GM GM
v v− = −  

 
(227.8)

1.52273
(149.6)A B Bv v v= =  

 
20 20

2 2 2
9 9

1 1.3247(10) 1 1.3247(10)
(1.52273)

2 2149.6(10) 227.8(10)
B Bv v− = −  

2 80.65935 3.0398(10)Bv =  

 2 84.6102(10)Bv =  

 21, 471 m/s, 32,695 m/sB Av v= =  

(a) Increase at A,  32.695 29.758 2.94 km/sA Ev v− = − = 

(b) Increase at B, 24.115 21.471 2.64 km/sB Mv v− = − =  
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PROBLEM 13.105 

The optimal way of transferring a space vehicle from an inner circular 
orbit to an outer coplanar circular orbit is to fire its engines as it passes 
through A to increase its speed and place it in an elliptic transfer orbit. 
Another increase in speed as it passes through B will place it in the 
desired circular orbit. For a vehicle in a circular orbit about the earth at 
an altitude 1 200h =  mi, which is to be transferred to a circular orbit  
at an altitude 2 500h =  mi, determine (a) the required increases in speed 
at A and at B, (b) the total energy per unit mass required to execute the 
transfer. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Elliptical orbit between A and B 

Conservation of angular momentum 

A A B Bmr v mr v=  

7.170
6.690

B
A B B

A

r
v v v

r
= =  

66370 km 320 km 6690 km,        6.690 10 mA Ar r= + = = ×  

  1.0718A Bv v=  (1) 

66370 km 800 km 7170 km,        7.170 10 mB Br r= + = = ×  

 6(6370 km) 6.37 10 mR = = ×  

Conservation of energy 

2 2 6 2 12 3 2(9.81 m/s )(6.37 10 m) 398.060 10 m /sGM gR= = × = ×  

Point A: 

12
2

6

1 (398.060 10 )
        

2 (6.690 10 )
A A A

A

GMm m
T mv V

r

×= = − = −
×

 

659.501 10 mAV = ×  

Point B: 

12
2

6

1 (398.060 10 )
        

2 (7.170 10 )
B B B

B

GMm m
T mv V

r

×= = − = −
×

 

655.5 10 mBV = ×  
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PROBLEM 13.105  (Continued) 

 

A A B BT V T V+ = +  

2 6 2 61 1
59.501 10 m 55.5 10 m

2 2A Bmv mv− × = − ×  

 2 2 68.002 10A Bv v− = ×  

From (1) 2 2 61.0718         [(1.0718) 1] 8.002 10A B Bv v v= − = ×  

2 6 2 253.79 10  m /s ,         7334 m/sB Bv v= × =  

(1.0718)(7334 m/s) 7861 m/sAv = =  

Circular orbit at A and B 

(Equation 12.44) 

12

6

398.060 10
( ) 7714 m/s

6.690 10
A C

A

GM
v

r

×= = =
×

 

12

6

398.060 10
( ) 7451 m/s

7.170 10
B C

B

GM
v

r

×= = =
×

 

(a) Increases in speed at A and B 

 ( ) 7861 7714 147 m/sA A A Cv v vΔ = − = − =  

 ( ) 7451 7334 117 m/sB B C Bv v vΔ = − = − =  

(b) Total energy per unit mass 

2 2 2 21
/ [( ) ( ) ( ) ( ) ]

2 A A C B C BE m v v v v= − + −  

2 2 2 21
/ [(7861) (7714) (7451) (7334) ]

2
E m = − + −  

 6/ 2.01 10  J/kgE m = ×  
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PROBLEM 13.106 

During a flyby of the earth, the velocity of a spacecraft is 10.4 km/s as it 
reaches its minimum altitude of 990 km above the surface at Point A. At Point B 
the spacecraft is observed to have an altitude of 8350 km. Determine (a) the 
magnitude of the velocity at Point B, (b) the angle .Bφ  

 

SOLUTION 

At A: 4 6 6[1.04(10)  m/s][6.37(10)  m 0.990(10)  m]Ah vr= = +  

  9 276.544(10)  m /sAh =  

 21 1
( )

2A A
GM

T V v
m r

+ = −  

 
6 2

4 2
6 6

1 (9.81)[6.37(10) ]
[1.04(10) ] 0

2 [6.37(10) 0.990(10) ]
= − ≅

+
 

(Parabolic orbit) 

At B: 21 1
( ) 0

2B B B
B

GM
T V v

m r
+ = − =  

  
6 2

2
6 6

1 (9.81)[6.37(10 )]

2 [6.37(10) 8.35(10) ]
Bv =

+
 

 2 654.084(10)Bv =  

(a)  7.35 km/sBv =  

9sin 76.544(10)B B B Bh v rφ= =  

  
9

6 6 6

76.544(10)
sin

7.35(10 )[6.37(10) 8.35(10) ]
Bφ =

+
 

 0.707483=  

(b)  45.0Bφ = ° 
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PROBLEM 13.107 

A space platform is in a circular orbit about the earth at an altitude of 
300 km. As the platform passes through A, a rocket carrying a 
communications satellite is launched from the platform with a 
relative velocity of magnitude 3.44 km/s in a direction tangent to the 
orbit of the platform. This was intended to place the rocket in an 
elliptic transfer orbit bringing it to Point B, where the rocket would 
again be fired to place the satellite in a geosynchronous orbit of 
radius 42,140 km. After launching, it was discovered that the relative 
velocity imparted to the rocket was too large. Determine the angle γ  
at which the rocket will cross the intended orbit at Point C. 

 

SOLUTION 

 

6

6

2

6 2

12 3 2

6370 km

6370 km 300 km

6.67 10 m

42.14 10 m

(9.81 m/s)(6.37 10 m)

398.1 10 m /s

A

A

C

R

r

r

r

GM gR

GM

GM

=
= +

= ×

= ×

=

= ×

= ×

 

For any circular orbit: 

 circ

2

n n

mv
F ma

r
= =  

 

circ

2

2

circ

n

mvGMm
F m

rr

GM
v

r

= =

=

 

Velocity at A: 

 

12 3 3
3

circ 6

3 3 3
circ

(398.1 10 m /s )
( ) 7.726 10 m/s

(6.67 10 m)

( ) ( ) 7.726 10 3.44 10 11.165 10 m/s

A
A

A A A R

GM
v

r

v v v

×= = = ×
×

= + = × + × = ×
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PROBLEM 13.107  (Continued) 

 

Velocity at C: 

Conservation of energy: 

1

2

A A C CT V T V

m

+ = +

2
A

GM m
v − 1

2A

m
r

= 2
C

GM m
v −

Cr

 

 

2 2

3 2 12
6 6

2 6 6

6 2 2

3

1 1
2

1 1
(11.165 10 ) 2(398.1 10 )

42.14 10 6.67 10

124.67 10 100.48 10

24.19 10 m /s

4.919 10 m/s

C A
C A

C

C

v v GM
r r

v

v

 
= + − 

 
 = × + × − × × 

= × − ×

= ×

= ×

 

Conservation of angular momentum: 

 
6 3

6 3

cos

cos

(6.67 10 )(11.165 10 )

(42.14 10 )(4.919 10 )

cos 0.35926

A A C C

A A

C C

r mv r mv

r v

r v

γ

γ

γ

=

=

× ×=
× ×

=

 

 68.9γ = °   
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PROBLEM 13.108 

A satellite is projected into space with a velocity v0 at a distance r0 from the 
center of the earth by the last stage of its launching rocket. The velocity v0 
was designed to send the satellite into a circular orbit of radius r0. However, 
owing to a malfunction of control, the satellite is not projected horizontally 
but at an angle α with the horizontal and, as a result, is propelled into an 
elliptic orbit. Determine the maximum and minimum values of the distance 
from the center of the earth to the satellite. 

 

SOLUTION 

 

 

 

 

 

 

For circular orbit of radius 0r  

 

2
0

2
00

2
0

0

n

vGMm
F ma m

rr
GM

v
r

= =

=
 

But 0v  forms an angle α  with the intended circular path. 
For elliptic orbit. 

Conservation of angular momentum: 

 0 0 cos A Ar mv r mvα =  

 0
0cosA

A

r
v v

r
α

 
=  
 

 (1) 

Conservation of energy: 

 

2 2
0

0

2 2 0
0

0

1 1

2 2

2
1

A
A

A
A

GMm GMm
mv mv

r r

rGM
v v

r r

− = −

 
− = − 

 

 

Substitute for Av  from (1) 

 
2

2 20 0
0

0

2
1 cos 1

A A

r rGM
v

r r r
α

     − = −   
     

 

But       2
0

0

,
GM

v
r

=        thus       
2

20 01 cos 2 1
A A

r r

r r
α

   
− = −   
   

 

 
2

2 0 0cos 2 1 0
A A

r r

r r
α
   

− + =   
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PROBLEM 13.108  (Continued) 

 

Solving for 0

A

r

r
 

 

2
0

2 2

0 0

2 4 4cos 1 sin

2cos 1 sin

(1 sin )(1 sin )
(1 sin )

1 sin

A

A

r

r

r r r

α α
α α

α α α
α

+ ± − ±= =
−

+ −= =
±



 

  also valid for Point A′  

Thus, 

 max 0(1 sin )r rα= +  min 0(1 sin )r rα= −   
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PROBLEM 13.109 

Upon the LEM’s return to the command module, the Apollo spacecraft of 
Problem 13.88 was turned around so that the LEM faced to the rear. The 
LEM was then cast adrift with a velocity of 200 m/s relative to the command 
module. Determine the magnitude and direction (angle φ formed with the 
vertical OC) of the velocity vC of the LEM just before it crashed at C on the 
moon’s surface. 

 

SOLUTION 

Command module in circular orbit 

 

6

2
moon earth

6 2 12 3 2

1740 140 1880 km 1.88 10 m

0.0123 0.0123 

0.0123(9.81)(6.37 10 ) 4.896 10 m /s

Br

GM GM gR

= + = = ×

= =

= × = ×

 

 1740 kmR =  

 

2
0

2

12

0 6

4.896 10

1.88 10

m
n

BB

B

GM m mv
F ma

rr

GMm
v

r

Σ = =

×= =
×

 

 0 1614 m/s 1614 200 1414 m/sBv v= = − =  

Conservation of energy between B and C: 

 

2 2

2 2

12 3 2 6
2 2

6 6

1 1

2 2

2
1

(4.896 10 m /s ) 1.88 10
(1414 m/s) 2 1

(1.88 10 m) 1.74 10

m m
B C C

B C

B
C B

B

C

GM m GM m
mv mv r R

r r

rGMm
v v

r R

v

− = − =

 = + − 
 

 × ×= + −  × × 

 

  2 6 6 6 2 21.999 10 0.4191 10 2.418 10 m /sCv = × + × = ×  1555 m/sCv =   

Conservation of angular momentum: 

 6

6

sin

(1.88 10 m)(1414 m/s)
sin 0.98249

(1.74 10 m)(1555 m/s)

B B C

B B

C C

r mv Rmv

r v

r v

φ

φ

=

×= = =
×

 

  79.26φ = °  79.3φ = °   
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PROBLEM 13.110 

A space vehicle is in a circular orbit at an altitude of 225 mi above the 
earth. To return to earth, it decreases its speed as it passes through A by 
firing its engine for a short interval of time in a direction opposite to the 
direction of its motion. Knowing that the velocity of the space vehicle 
should form an angle 60°Bφ =  with the vertical as it reaches Point B at 
an altitude of 40 mi, determine (a) the required speed of the vehicle as 
it leaves its circular orbit at A, (b) its speed at Point B. 

 

SOLUTION 

(a) 
3

3

3

2 2 3 2

15 3 2

3960 mi 225 mi 4185 mi

4185 mi 5280 ft/mi 22,097 10 ft

3960 mi 40 mi 4000 mi

4000 5280 21,120 10 ft

3960 mi 20,909 10 ft

(32.2 ft/s )(20,909 10 ft)

14.077 10 ft /s

A

A

B

B

r

r

r

r

R

GM gR

GM

= + =

= × = ×
= + =

= × = ×

= = ×

= = ×

= ×

 

Conservation of energy: 

 

2

15

3

6

2

15

3

6

1

2

14.077 10

22,097 10

637.1 10

1

2

14.077 10

21,120 10

666.5 10

1

2

A A

A
A

B B

B
B

A A B B

T mv

GMm
V

r

m

m

T mv

GMm
V

r

m

m

T V T V

m

=

−=

− ×=
×

= − ×

=

−=

− ×=
×

= − ×
+ = +

2 6637.1 10Av m− × 1

2
m= 2 6666.5 10Bv m− ×

 
 2 2 658.94 10A Bv v= − ×  (1) 
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PROBLEM 13.110  (Continued) 

 

Conservation of angular momentum: 

 

sin

( ) 4185 1

( )(sin ) 4000 sin 60

A A B B B

A A
B A

B B

r mv r mv

r v
v v

r

φ

φ

=

 = =  ° 

 

 1.208B Av v=  (2) 

Substitute Bv  from (2) in (1) 

 

2 2 6

2 2 6

2 6 2 2

(1.208 ) 58.94 10

[(1.208) 1] 58.94 10

128.27 10 ft /s

A A

A

A

v v

v

v

= − ×

− = ×

= ×

 

(a) 311.32 10 ft/sAv = ×   

(b) From (2) 

 6

3

1.208

1.208(11.32 10 )

13.68 10 ft/s

B Av v=

= ×

= ×

 

 313.68 10 ft/sBv = ×   
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PROBLEM 13.111* 

In Problem 13.110, the speed of the space vehicle was decreased as it passed through A by firing its engine in 
a direction opposite to the direction of motion. An alternative strategy for taking the space vehicle out of its 
circular orbit would be to turn it around so that its engine would point away from the earth and then give it an 
incremental velocity AΔv  toward the center O of the earth. This would likely require a smaller expenditure of 
energy when firing the engine at A, but might result in too fast a descent at B. Assuming this strategy is used 
with only 50 percent of the energy expenditure used in Problem 13.109, determine the resulting values of Bφ  
and .Bv  

 

SOLUTION 

 

6

6

2 2 2

15 3 2

3960 mi 225 mi

4185 mi 22.097 10 ft

3960 mi 40 mi 4000 mi

21.120 10 ft

(32.2 ft/s )[(3960)(5280) ft ]

14.077 10 ft /s

A

A

B

B

r

r

r

r

GM gR

GM

= +

= = ×
= + =

= ×

= =

= ×

 

Velocity in circular orbit at 225 m altitude: 

 
Newton’s second law 

 

2
circ

2

15

circ 6

3

( )
:

14.077 10
( )

22.097 10

25.24 10 ft/s

A
n

AA

A
A

m vGMm
F ma

rr

GM
v

r

= =

×= =
×

= ×

 

Energy expenditure: 

From Problem 13.110,  311.32 10 ft/sAv = ×  

Energy, 2 2
109 circ

3 2 3 2
109

6
109

6

110 109

1 1
( )

2 2
1 1

(25.24 10 ) (11.32 10 )
2 2

254.46 10 ft lb

(254.46 10 )
(0.50) ft lb

2

A AE m v mv

E m m

E m

m
E E

Δ = −

Δ = × − ×

Δ = × ⋅

×Δ = Δ = ⋅
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PROBLEM 13.111*  (Continued) 

 

Thus, additional kinetic energy at A is 

 
6

2
110

1 (254.46 10 )
( ) ft lb

2 2A
m

m v E
×Δ = Δ = ⋅  (1) 

Conservation of energy between A and B: 

 2 2
circ

1
[( ) ( ) ]

2A A A A
A

GMm
T m v v V

r

−= + Δ =  

 21

2B B B
A

GMm
T mv V

r

−= =  

 A A B BT V T V+ = +  

 
6 15 15

3 2 2
6 6

1 254.46 10 14.077 10 1 14.077 10
(25.24 10 )

2 2 222.097 10 21.120 10
B

m m m
m mv

× × ×× + − = −
× ×

 

 
2 6 6 6 6

2 3

637.06 10 254.46 10 1274.1 10 1333 10

950.4 10

B

B

v

v

= × + × − × + ×

= ×
 

 330.88 10 ft/sBv = ×  

Conservation of angular momentum between A and B: 

 circ( ) sinA A B B Br m v r mv φ=  

 
3

circ
3

( ) (4185) (25.24 10 )
sin 0.8565

( ) (4000) (30.88 10 )
AA

B
B B

vr

r v
φ

  ×= = = 
× 

 

 58.9Bφ = °   
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PROBLEM 13.112 

Show that the values vA and vP of the speed of an earth satellite 
at the apogee A and the perigee P of an elliptic orbit are defined 
by the relations 

2 22 2P A
A P

A P A A P P

r rGM GM
v v

r r r r r r
= =

+ +
 

where M is the mass of the earth, and Ar  and Pr  represent, 
respectively, the maximum and minimum distances of the orbit 
to the center of the earth. 

 

SOLUTION 

Conservation of angular momentum: 

 A A P Pr mv r mv=  

 P
A P

A

r
v v

r
=  (1) 

Conservation of energy: 

 2 21 1

2 2P A
P A

GMm GMm
mv mv

r r
− = −  (2) 

Substituting for Av  from (1) into (2) 

 
2

2 22 2P
P P

P A A

rGM GM
v v

r r r

 
− = − 

 
 

 
2

2 1 1
1 2P

P
A P A

r
v GM

r r r

     − = −        
 

  
2 2

2
2

2A P A P
P

A PA

r r r r
v GM

r rr

− −=  

with 2 2 ( )( )A P A P A Pr r r r r r− = − +  

  2 2 A
P

A P P

rGM
v

r r r

 
=  +  

 (3)  

Exchanging subscripts P and A 

 2 2
 Q.E.D.P

A
A P A

rGM
v

r r r

 
=  +  
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PROBLEM 13.113 

Show that the total energy E of an earth satellite of mass m 
describing an elliptic orbit is /( ),A PE GMm r r= − +  where M is 
the mass of the earth, and Ar  and Pr  represent, respectively, 
the maximum and minimum distances of the orbit to the center 
of the earth. (Recall that the gravitational potential energy of a 
satellite was defined as being zero at an infinite distance from 
the earth.) 

 

SOLUTION 

See solution to Problem 13.112 (above) for derivation of Equation (3). 

 2 2

( )
A

P
A P P

rGM
v

r r r
=

+
 

Total energy at Point P is  

 

2

0

1

2

1 2

2 ( )

1

( )

( )

( )

P P P
P

A

A P P

A

P A P P

A A P

P A P

GMm
E T V mv

r

rGMm GMm

r r r r

r
GMm

r r r r

r r r
GMm

r r r

= + = −

 
= − + 

 
= − + 

− −=
+

 

  
A P

GMm
E

r r
= −

+
  

Note: Recall that gravitational potential of a satellite is defined as being zero at an infinite distance from the 
earth.
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PROBLEM 13.114* 

A space probe describes a circular orbit of radius nR with a velocity v0 about a planet of radius R and center O. 
Show that (a) in order for the probe to leave its orbit and hit the planet at an angle θ with the vertical, its 
velocity must be reduced to α v0, where 

2 2

2( 1)
sin

sin

n

n
α θ

θ
−=

−
 

(b) the probe will not hit the planet if α is larger than 2 /(1 ).n+  

 

SOLUTION 

(a) Conservation of energy: 

 At A: 2
0

1
( )

2A

A

T m v

GMm
V

nR

α=

= −

 

 At B: 21

2B

B

T mv

GMm
V

R

=

= −

 

 M = mass of planet 

 m = mass of probe 

 A A B BT V T V+ = +  

 2 2
0

1 1
( )

2 2

GMm GMm
m v mv

nR R
α − = −  (1) 

 Conservation of angular momentum: 

 0 sinnR m v Rmvα θ=  

 0

sin

n v
v

α
θ

=  (2) 

 Replacing v in (1) by (2) 

 
2

2 0
0

2 2
( )

sin

n vGM GM
v

nR R

αα
θ

 − = − 
 

 (3) 

 

 
 
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

679 

PROBLEM 13.114*  (Continued) 

 

 For any circular orbit. 

 
2

n
v

a
r

=  

 Newton’s second law 

 

circ
2

2

circ

( )m vGMm

rr

GM
v

r

− =

=

 

 For ,r nR=  0 circ
GM

v v
nR

= =  

 Substitute for v0 in (3) 

 

2 2
2

2

2
2

2

2 2
2

2 2 2 2

2 2

sin

1 2(1 )
sin

2(1 )(sin ) 2( 1)sin

(sin ) ( sin )

GM GM n GM GM

nR nR nR R

n
n

n n

n n

αα
θ

α
θ

θ θα
θ θ

 − = − 
 

 
− = − 

 

− −= =
− −

 

 
2 2

2( 1)
sin

sin

n

n
α θ

θ
−=

−
           Q.E.D.   

(b) Probe will just miss the planet if 90 ,θ > °  

 
2 2

2( 1) 2
sin 90

1sin 90

n

nn
α −= ° =

+− °
 

 Note:  2 1 ( 1)( 1)n n n− = − + 
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PROBLEM 13.115 

A missile is fired from the ground with an initial velocity 0v  forming an angle 0φ  with the vertical. If the 
missile is to reach a maximum altitude equal to ,Rα  where R is the radius of the earth, (a) show that the 
required angle 0φ  is defined by the relation  

2

esc
0

0

sin (1 ) 1
1

v

v

αφ α
α
 

= + −  +  
 

where escv  is the escape velocity, (b) determine the range of allowable values of 0.v  

 

SOLUTION 

(a) Ar R=  

 Conservation of angular momentum: 

 0 0sin B BRmv r mvφ =  

 (1 )Br R R Rα α= + = +  

 0 0 0 0sin sin

(1 ) (1 )B
Rv v

v
R

φ φ
α α

= =
+ +

 (1) 

 Conservation of energy: 

 2 2
0

1 1
        

2 2 (1 )A A B B B
GMm GMm

T V T V mv mv
R Rα

+ = + − = −
+

 

 2 2
0

2 1 2
1

1 1B
GMm GMm

v v
R R

α
α α

   − = − =   + +   
 

 Substitute for Bv  from (1) 

 
2

2 0
0 2

sin 2
1

1(1 )

GMm
v

R

φ α
αα

   − =     ++   
 

 From Equation (12.43): 2
esc

2GM
v

R
=  

 
2

2 20
0 esc2

sin
1

1(1 )
v v

φ α
αα

   − =     ++   
 

 
22

0 esc
2

0

sin
1

1(1 )

v

v

φ α
αα

 
= −   ++  

 (2) 

 
2

esc
0

0

sin (1 ) 1
1

v

v

αφ α
α
 

= + −  +  
 Q.E.D. 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

681 

PROBLEM 13.115  (Continued) 

 

(b) Allowable values of 0v  (for which maximum altitude = αR) 

 2
00 sin 1φ< <  

 For 0sin 0,φ =  from (2) 

 

2

esc

0

0 esc

0 1
1

1

v

v

v v

α
α

α
α

 
= −   + 

=
+

 

 For 0sin 1,φ =  from (2) 

 

2

esc
2

0

2 2
esc

0

0 esc

1
1

1(1 )

1 1 1 2 1 2
1

1 (1 ) 1

1

2

v

v

v

v

v v

α
αα

α α αα
α α α α α

α
α

 
= −   ++  

  + + − + = + − = =   + + +  

+=
+

 

 esc 0 esc
1

1 2
v v v

α α
α α

+< <
+ +
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PROBLEM 13.116 

A spacecraft of mass m describes a circular orbit of radius 1r  around 
the earth. (a) Show that the additional energy EΔ  which must be 
imparted to the spacecraft to transfer it to a circular orbit of larger 
radius 2r  is 

2 1

1 2

( )

2

GMm r r
E

r r

−
Δ =  

where M is the mass of the earth. (b) Further show that if the transfer 
from one circular orbit to the other is executed by placing the 
spacecraft on a transitional semielliptic path AB, the amounts of 
energy AEΔ  and BEΔ  which must be imparted at A and B are, 
respectively, proportional to 2r  and 1 :r  

 2

1 2
A

r
E E

r r
Δ = Δ

+
 1

1 2
B

r
E E

r r
Δ = Δ

+
 

 

SOLUTION 

(a) For a circular orbit of radius r 

 
2

2
:n

GMm v
F ma m

rr
= =  

 2 GM
v

r
=  

 21 1

2 2

GMm GMm
E T V mv

r r
= + = − = −  (1) 

 Thus EΔ  required to pass from circular orbit of radius 1r  to circular orbit of radius 2r  is 

 1 2
1 2

1 1

2 2

GMm GMm
E E E

r r
Δ = − = − +  

 2 1

1 2

( )

2

GMm r r
E

r r

−
Δ =                Q.E.D. (2) 

(b) For an elliptic orbit, we recall Equation (3) derived in 

 Problem 13.113 1(with )Pv v=  

 2 2
1

1 2 1

2

( )

rGm
v

r r r
=

+
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PROBLEM 13.116  (Continued) 

 

 At Point A: Initially spacecraft is in a circular orbit of radius 1.r  

 

2
circ

1

2
circ circ

1

1 1

2 2

GM
v

r
GM

T mv m
r

=

= =
 

 After the spacecraft engines are fired and it is placed on a semi-elliptic path AB, we recall 

 2 2
1

1 2 1

2

( )

rGM
v

r r r
= ⋅

+
 

 and 2 2
1 1

1 1 2

21 1

2 2 ( )

GMr
T mv m

r r r
= =

+
 

 At Point A, the increase in energy is  

 

2
1 circ

1 1 2 1

2 1 2 2 1

1 1 2 1 1 2

2 2 1

1 2 1 2

21 1

2 ( ) 2

(2 ) ( )

2 ( ) 2 ( )

( )

2

A

A

A

GMr GM
E T T m m

r r r r

GMm r r r GMm r r
E

r r r r r r

r GMm r r
E

r r r r

Δ = − = −
+

− − −
Δ = =

+ +

 −
Δ =  +  

 

 Recall Equation (2): 2

1 2( )A
r

E E
r r

Δ = Δ
+

 Q.E.D. 

 A similar derivation at Point B yields, 

  1

1 2( )B
r

E E
r r

Δ = Δ
+

 Q.E.D.
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PROBLEM 13.117* 

Using the answers obtained in Problem 13.108, show that the intended circular orbit and the resulting elliptic 
orbit intersect at the ends of the minor axis of the elliptic orbit. 

PROBLEM 13.108 A satellite is projected into space with a velocity v0 at a distance r0 from the center of the 
earth by the last stage of its launching rocket. The velocity v0 was designed to send the satellite into a circular 
orbit of radius r0. However, owing to a malfunction of control, the satellite is not projected horizontally but at 
an angle α with the horizontal and, as a result, is propelled into an elliptic orbit. Determine the maximum and 
minimum values of the distance from the center of the earth to the satellite. 

 

SOLUTION 

 

 

 

 

 



 

If the point of intersection 0P  of the circular and elliptic orbits is at an end of 
the minor axis, then 0v  is parallel to the major axis. This will be the case 
only if 090 ,α θ+ ° =  that is if 0cos sin .θ α= −  We must therefore prove that 

 0cos sinθ α= −  (1) 

We recall from Equation (12.39): 

 
2

1
cos

GM
C

r h
θ= +  (2) 

When 0,θ =  min min 0and (1 sin )r r r r α= = −  

 
2

0

1

(1 sin )

GM
C

r hα
= +

−
 (3) 

For 180 ,θ = °  max 0 (1 sin )r r r α= = +  

 
2

0

1

(1 sin )

GM
C

r hα
= −

+
 (4) 

Adding (3) and (4) and dividing by 2: 

 
2

0

2
0

1 1 1

2 1 sin 1 sin

1

cos

GM

rh

r

α α

α

 = + − + 

=
 

Subtracting (4) from (3) and dividing by 2: 

 
2

0 0

2
0

1 1 1 1 2sin

2 1 sin 1 sin 2 1 sin

sin

cos

C
r r

C
r

α
α α α

α
α

  = − =   − + −   

=
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PROBLEM 13.117*  (Continued) 

 

Substituting for 2
GM
h

 and C into Equation (2) 

  
2

0

1 1
(1 sin cos )

cosr r
α θ

α
= +  (5) 

Letting 0 0 and r r θ θ= =  in Equation (5), we have 

 

2
0

2

0

2

cos 1 sin cos

cos 1
cos

sin

sin

sin
sin

α α θ

αθ
α
α
α

α

= +

−=

= −

= −

 

This proves the validity of Equation (1) and thus P0 is an end of the minor axis of the elliptic orbit.
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PROBLEM 13.118* 

(a) Express in terms of minr  and maxv the angular momentum per unit mass, h, and the total energy per unit 
mass, E/m, of a space vehicle moving under the gravitational attraction of a planet of mass M (Figure 13.15). 
(b) Eliminating maxv  between the equations obtained, derive the formula 

 
2

2
min

1 2
1 1

GM E h

r m GMh

   = + +     
 

(c) Show that the eccentricity ε of the trajectory of the vehicle can be expressed as 

 
2

2
1

E h

m GM
ε  = +  

 
 

(d ) Further show that the trajectory of the vehicle is a hyperbola, an ellipse, or a parabola, depending on 
whether E is positive, negative, or zero. 

 

SOLUTION 

(a) Point A: 

 Angular momentum per unit mass. 

 

 

0

min max

H
h

m
r mv

m

=

=
 

 min maxh r v=  (1)  

 Energy per unit mass 

 2 2
max max

min min

1
( )

1 1 1

2 2

E
T V

m m

E GMm GM
mv v

m m r r

= +

 
= − = − 

 
 (2) 

(b) From Eq. (1): max min/v h r= substituting into (2) 

 
2

2
minmin

1

2

E h GM

m rr
= −  

 
2

2 2
min min

2
1 2 1

0

E
GM m

r rh h

 
    − ⋅ − = 
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PROBLEM 13.118*  (Continued) 

 

 Solving the quadratic: 
( )2

2 2 2
min

21 E
mGM GM

r h h h

 = + + 
 

 

 Rearranging 

 
2

2
min

1 2
1 1

GM E h

r m GMh

  = + +    
 (3) 

(c) Eccentricity of the trajectory: 

 Eq. (12.39′) 
2

1
(1 cos )

GM

r h
ε θ= +  

 When min0, cos 1 and r rθ θ= = =  

 Thus, 

 
2

min

1
(1 )

GM

r h
ε= +  (4) 

 Comparing (3) and (4), 
2

2
1

E h

m GM
ε  = +  

 
 (5) 

(d ) Recalling discussion in section 12.12 and in view of Eq. (5) 

 1. Hyperbola if 1,ε >  that is, if 0E >  

 2. Parabola if 1,ε =  that is, if 0E =  

 3. Ellipse if 1,ε <  that is, if 0E <   

 Note: For circular orbit 0ε =  and 

 
2 2

2
1 0 or ,

2

E h GM m
E

m GM h
   + = = −   
   

 

 but for circular orbit  2 2 2 2and ,
GM

v h v r GMr
r

= = =  

 thus 
21 ( ) 1

2 2

GM GMm
E m

GMr r
= − = − 
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PROBLEM 13.CQ4 

A large insect impacts the front windshield of a sports car traveling down a road. Which of the following 
statements is true during the collision? 

(a) The car exerts a greater force on the insect than the insect exerts on the car. 

(b) The insect exerts a greater force on the car than the car exerts on the insect. 

(c) The car exerts a force on the insect, but the insect does not exert a force on the car. 

(d) The car exerts the same force on the insect as the insect exerts on the car. 

(e) Neither exerts a force on the other; the insect gets smashed simply because it gets in the way of the car. 

 

SOLUTION 

Answer: (d) This is Newton’s 3rd Law. 
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PROBLEM 13.CQ5 

The expected damages associated with two types of perfectly plastic collisions are to 
be compared. In the first case, two identical cars traveling at the same speed impact 
each other head on. In the second case, the car impacts a massive concrete wall. In 
which case would you expect the car to be more damaged?  

(a) Case 1 

(b) Case 2 

(c) The same damage in each case 

 

SOLUTION 

Answer: (c) In both cases the car will come to a complete stop, so the applied impulse will be the same. 
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PROBLEM 13.F1 

The initial velocity of the block in position A is 30 ft/s. The coefficient 
of kinetic friction between the block and the plane is μk  = 0.30. Draw 
impulse-momentum diagrams that could be used to determine the time 
it takes for the block to reach B with zero velocity, if θ  = 20°. 

 

 

SOLUTION 

Answer: 
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PROBLEM 13.F2 

A 4-lb collar which can slide on a frictionless vertical rod is acted upon 
by a force P which varies in magnitude as shown. Knowing that the 
collar is initially at rest, draw impulse-momentum diagrams that could 
be used to determine its velocity at t = 3 s. 

 

 

SOLUTION 

Answer: 

  

 

Where
2

1

3

0

t

t
Pdt

=

=ò is the area under the curve. 
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PROBLEM 13.F3 

The 15-kg suitcase A has been propped up against one end 
of a 40-kg luggage carrier B and is prevented from sliding 
down by other luggage. When the luggage is unloaded and 
the last heavy trunk is removed from the carrier, the 
suitcase is free to slide down, causing the 40-kg carrier to 
move to the left with a velocity vB of magnitude 0.8 m/s. 
Neglecting friction, draw impulse-momentum diagrams 
that could be used to determine (a) the velocity of A as it 
rolls on the carrier and (b) the velocity of the carrier after the 
suitcase hits the right side of the carrier without bouncing 
back. 

 

SOLUTION 

Answer: 

(a) 

  

(b) 
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PROBLEM 13.F4 

Car A was traveling west at a speed of 15 m/s and car B was traveling north 
at an unknown speed when they slammed into each other at an intersection. 
Upon investigation it was found that after the crash the two cars got stuck 
and skidded off at an angle of 50° north of east.  Knowing the masses of A 
and B are mA and mB respectively, draw impulse-momentum diagrams that 
could be used to determine the velocity of B before impact. 

 

 

 

SOLUTION 

Answer: 
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PROBLEM 13.F5 

Two identical spheres A and B, each of mass m, are attached to an 
inextensible inelastic cord of length L and are resting at a distance a from 
each other on a frictionless horizontal surface. Sphere B is given a velocity 
v0 in a direction perpendicular to line AB and moves it without friction until it 
reaches B' where the cord becomes taut. Draw impulse-momentum diagrams 
that could be used to determine the magnitude of the velocity of each sphere 
immediately after the cord has become taut. 

 

 

SOLUTION 

Answer:  

 

Where 
y yA Bv v¢ ¢=  since the cord is inextensible.  
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PROBLEM 13.119 

A 35,000 Mg ocean liner has an initial velocity of 4 km/h. Neglecting the frictional resistance of the water, 
determine the time required to bring the liner to rest by using a single tugboat which exerts a constant force of 
150 kN. 

 

SOLUTION 

 635,000 35 10 kgm Mg= = ×  

 3150 10 NF = ×  

 1 4 km/hr 1.1111 m/sv = =  

 

 

1

6 3

0

(35 10 kg)(1.1111 m/s) (150 10 N) 0

259.26 s

mv Ft

t

t

− =

× − × =
=  4 min19 st =   
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PROBLEM 13.120 

A 2500-lb automobile is moving at a speed of 60 mi/h when the brakes are fully applied, causing all four 
wheels to skid. Determine the time required to stop the automobile (a) on dry pavement (μ k = 0.75), (b) on an 
icy road (μ k = 0.10). 

 

SOLUTION 

 

 1 60 mph 88 ft/sv = =  

   
1

1 1 1

0k

k k k

mv Wt

mv mv v
t

W mg g

μ

μ μ μ

− =

= = =
 

(a) For 0.75kμ =  

 
2

88 ft/s

(0.75)(32.2 ft/s )
t =  3.64 st =  

(b) For 0.10kμ =  

 
2

88 ft/s

(0.10)(32.2 ft/s )
t =  27.3 st =  
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PROBLEM 13.121 

A sailboat weighing 980 lb with its occupants is running down 
wind at 8 mi/h when its spinnaker is raised to increase its speed. 
Determine the net force provided by the spinnaker over the 10-s 
interval that it takes for the boat to reach a speed of 12 mi/h. 

 

SOLUTION 

 1 1 2

2

8 mi/h 11.73 ft/s 10 sec

12 mi/h 17.60 ft/s

v t

v
−= = =

= =
 

  

 1 1 2 2imp

(11.73 ft/s) (10 s) (17.60 ft/s)n

m v mv

m F m
−⋅ + =

+ =
 

 
2

(980 lb)(17.60 ft/s 11.73 ft/s)

(32.2 ft/s )(10 s)
nF

−=  178.6 lbnF =   

Note: nF  is the net force provided by the sails. The force on the sails is actually greater and includes the force 
needed to overcome the water resistance on the hull.
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PROBLEM 13.122 

A truck is hauling a 300-kg log out of a ditch using a 
winch attached to the back of the truck. Knowing the 
winch applies a constant force of 2500 N and the 
coefficient of kinetic friction between the ground and 
the log is 0.45, determine the time for the log to reach a 
speed of 0.5m/s. 

 

SOLUTION 

Apply the principle of impulse and momentum to the log. 

 

  1 1 2 2m m→+ Σ =v Imp v  

Components in y-direction: 

  
0 cos 20 0

cos 20

Nt mgt

N mg

+ − ° =
= °

 

Components in x-direction: 

  
2

2

2

0 sin 20

( sin 20 cos 20 )

[ (sin 20 cos 20 )]

k

k

k

Tt mgt Nt mv

T mg mg t mv

T mg t mv

μ
μ

μ

+ − ° − =
− ° − ° =

− ° + ° =
 

Data:  
2

2

2500 N, 300 kg, 0.45,

9.81 m/s , 0.5 m/s

kT m

g v

μ= = =

= =

 

  [2500 (300)(9.81)(sin 20 0.45cos 20 )] (300)(0.5)t− ° + ° =  

  248.95 150t =  0.603 st =   
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PROBLEM 13.123 

A truck is traveling down a road with a 3-percent grade at a 
speed of 55 mi/h when the brakes are applied. Knowing the 
coefficients of friction between the load and the flatbed trailer 
shown are μs = 0.40 and μk = 0.35, determine the shortest 
time in which the rig can be brought to a stop if the load is not 
to shift. 

 

SOLUTION 

Apply the principle impulse-momentum to the crate, knowing that, if the crate does not shift, the velocity of 
the crate matches that of the truck. For impending slip the friction and normal components of the contact force 
between the crate and the flatbed trailer satisfy the following equation: 

  f sF Nμ=  

  1 1 2 2m m→+ Σ =v Imp v  

Components in y-direction: 0 cos 0

cos

Nt mgt

N mg

θ
θ

+ − =
=

 

Components in x-direction: 1 2

1

sin

(sin cos ) 0
s

s

mv mgt Nt mv

mv mgt

θ μ
θ μ θ

+ − =
+ − =

 

  1

( cos sin )s

v
t

g μ θ θ
=

−
 

Data:  1 255 mi/h 80.667 ft/s, 0,v v= = =  

              232.2 ft/s , 0.40, tan 3/100sg μ θ= = =  

  
1.71835

cos sin 0.36983s

θ
μ θ θ

= °
− =

 

  
80.667

(32.2)(0.36983)
t =  6.77 st =   
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PROBLEM 13.124 

Steep safety ramps are built beside mountain highways to enable 
vehicles with defective brakes to stop. A 10-ton truck enters a 15° ramp 
at a high speed v0 = 108 ft/s and travels for 6 s before its speed is 
reduced to 36 ft/s. Assuming constant deceleration, determine (a) the 
magnitude of the braking force, (b) the additional time required for the 
truck to stop. Neglect air resistance and rolling resistance. 

 

SOLUTION 

 

 

 

 

 

 20,000 lbW =  

 220,000
621.118 lb s /ft

32.2
m = = ⋅  

 Momentum in the x direction 

 0 1: ( sin15 )x mv F mg t mv− + ° =  

 621.118(108) ( sin15 )6 (621.118)(36)F mg− + ° =  

  sin15 7453.4F mg+ ° =  

(a) 7453.4 20,000 sin15 2277 lbF = − ° =  

2280 lbF = 

(b) 0 ( sin15 ) 0mv F mg t− + ° =  t = total time 

 621.118(108) 7453.4 0;t− =  t = 9.00 s 

 Additional time = 9 – 6 3.00 st =   
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PROBLEM 13.125 

Baggage on the floor of the baggage car of a high-speed train is not prevented from moving other than by 
friction. The train is travelling down a 5 percent grade when it decreases its speed at a constant rate from  
120 mi/h to 60 mi/h in a time interval of 12 s. Determine the smallest allowable value of the coefficient of 
static friction between a trunk and the floor of the baggage car if the trunk is not to slide. 

 

SOLUTION 

 

 1

2

120 mi/h 176 ft/s

60 mi/h 88 ft/s

v

v

= =
= =

 

 1 2 12 st − =  

 1 2 1 2 cosNt Wt θ− −=  

 m 1 sv mμ− 1 2 cosgt mθ− + 1 2 singt mθ− = 2v  

 2 2(176 ft/s) (32.2 ft/s )(12 s)(cos 2.86 ) (32.2 ft/s )(12 s)(sin 2.86 ) 88 ft/ssμ− ° + ° =  

 
176 88 (32.2)(12)(sin 2.86 )

(32.2)(12)(cos2.86 )sμ − + °=
°

 0.278sμ =  
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PROBLEM 13.126 

A 2-kg particle is acted upon by the force, expressed in newtons, 2(8 6 ) (4 ) (4 ) .t t t= − + − + +F i j k  Knowing 
that the velocity of the particle is (150 m/s) (100 m/s) (250 m/s)= + −v i j k  at 0,t =  determine (a) the time at 
which the velocity of the particle is parallel to the yz plane, (b) the corresponding velocity of the particle. 

 

SOLUTION 

 0m dt m+ =v F v  (1) 

Where 2

0

2 3 2

[(8 6 ) (4 ) (4 ) ]

1 1
(8 3 ) 4 4

3 2

t
dt t t t dt

t t t t t t

= − + − + +

   = − + − + +   
   

 F i j k

i j k

 

Substituting 2 kg,m =  0 150 100 250v = + −i j k  into (1): 

 2 3 21 1
(2 kg)(150 100 250 ) (8 3 ) 4 4 (2 kg)

3 2
t t t t t t

   + − + − + − + + =   
   

i j k i j k v  

 2 3 23 1 1
150 4 100 2 250 2

2 6 4
t t t t t t

     = + − + + − + − + +     
     

v i j k  

(a) v is parallel to yz plane when 0,xv =  that is, when 

 23
150 4 0 11.422 s

2
t t t+ − = =  11.42t =  s  

(b) 3

2

1
100 2(11.422) (11.422)

6

1
250 2(11.422) (11.422)

4

 = + −  
 + − + +  

v j

k

 

 (125.5 m/s) (194.5 m/s)= − −v j k  
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PROBLEM 13.127 

A truck is traveling down a road with a 4-percent grade at a speed of 60 mi/h when its brakes are applied to 
slow it down to 20 mi/h. An antiskid braking system limits the braking force to a value at which the wheels of 
the truck are just about to slide. Knowing that the coefficient of static friction between the road and the wheels 
is 0.60, determine the shortest time needed for the truck to slow down. 

 

SOLUTION 

 

 

 1 4
tan 2.29

100
θ −= = °  

 1 1 2 2 m m−+ Σ =v imp v  

 1 2sinmv Wt Ft mvθ+ − =  

 1

2

60 mi/h 88 ft/s cos

20 mi/h 29.33 ft/s coss s

v N W W mg

v F N W

θ
μ μ θ

= = = =
= = = =

 

 ( m )(88 ft/s) ( m+ 2)(32.2 ft/s )( )(sin 2.29 ) (0.60)(t m° − 2)(32.2 ft/s )(cos2.29 )( ) (t m° = )(29.33 ft/s)  

 
88 29.33

32.2[(0.60)cos 2.29 sin 2.29 ]
t

−=
° − °

 3.26 st =   
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PROBLEM 13.128 

Skid marks on a drag race track indicate that the rear (drive) 
wheels of a car slip for the first 20 m of the 400-m track.  
(a) Knowing that the coefficient of kinetic friction is 0.60, 
determine the shortest possible time for the car to travel the 
initial 20-m portion of the track if it starts from rest with its 
front wheels just off the ground. (b) Determine the minimum 
time for the car to run the whole race if, after skidding for 20 m, 
the wheels roll without sliding for the remainder of the race. 
Assume for the rolling portion of the race that 65 percent of the 
weight is on the rear wheels and that the coefficient of static 
friction is 0.85. Ignore air resistance and rolling resistance. 

 

SOLUTION 

(a) First 20 m 

 Velocity at 20 m. Rear wheels skid to generate the maximum force resulting in maximum velocity and 
 minimum time since all the weight is on the rear wheel: This force is 0.60 .kF N Wμ= =  

 Work and energy. 0 0 20 20T U T−+ =  

 2
0 0 20 20 20

1
0 ( )(20)

2
T U F T mv−= = =  

 

2
20

2 2
20

20

1
0 (20)

2

(2)(0.60)(20 m)(9.81 m/s )

15.344 m/s

k mg mv

v

v

μ+ =

=
=

 

 Impulse-momentum. 

 

 0 20 20 200 15.344 m/sk mgt mv vμ −+ = =  

 0 20 2

15.344 m/s

(0.60)(9.81 m/s )
t − =  0 20 2.61st − =    
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PROBLEM 13.128  (Continued) 

 

(b) For the whole race: 

 The maximum force on the wheels for the first 20 m is 0.60 .kF mg mgμ= =  For remaining 360 m, the 
 maximum force, if there is no sliding and 65 percent of the weight is on the rear (drive) wheels, is 

 (0.65) (0.85)(0.65) 0.5525sF mg mg mgμ= = =  

 Velocity at 400 m. 

 Work and energy. 0 0 20 20 400 400T U U T− −+ + =  

 
0 0 20 60 400

2
400 400

0 (0.60 )(20 m), (0.5525 )(380 m)

1

2

T U mg U mg

T mv

− −= = =

=
 

 2
400

1
0 12 (0.5525)(380)

2
mg mg mv+ + =  

  400 65.990 m/sv =  

 Impulse–momentum. 

 From 20 m to 400 m 

 

 20

400

0.510

15.344 m/s

65.990 m/s

sF N mg

v

v

μ= =
=
=

 

 20 400 20 400(15.344) 0.5525 (65.990); 9.3442 sm mgt m t− −+ = =  

 0 400 0 20 20 400 2.61 9.34t t t− − −= + = +  0 400 11.95 st − =  
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PROBLEM 13.129 

The subway train shown is traveling at a speed of 30 mi/h 
when the brakes are fully applied on the wheels of cars B and 
C, causing them to slide on the track, but are not applied on the 
wheels of car A. Knowing that the coefficient of kinetic 
friction is 0.35 between the wheels and the track, determine 
(a) the time required to bring the train to a stop, (b) the force in 
each coupling. 

 

SOLUTION 

Weights of cars: 80,000 lb, 100,000 lbA C BW W W= = =  

Masses of cars: 2 22484 lb s /ft, 3106 lb s /ftA C Bm m m= = ⋅ = ⋅  

For each car the normal force (upward) is equal in magnitude to the weight of the car. 

  80,000 lb 100,000 lbA C BN N N= = =  

Friction forces: 0 (brakes not applied)

(0.35)(100,000) 35000 lb

(0.35)(80,000) 28,000 lb

A

B

C

F

F

F

=
= =
= =

 

Stopping data: 1 230 mi/h 44 ft/s, 0.v v= = =  

(a) Apply the principle of impulse-momentum to the entire train. 

  

2

1 2

8074 lb s /ft

63,000 lb
A B C

A B C

m m m m

F F F F

mv Ft mv

= + + = ⋅
= + + =

− + =
 

  1 2( ) (8074)(44)
5.639 s

63,000

m v v
t

F

−= = =  5.64 st =  

(b) Coupling force FAB: 

 Apply the principle of impulse-momentum to car A alone. 

 

  1 0

(2484)(44) 0 (5.639) 0
A A AB

AB

m v F t F t

F

− + + =
− + + =

 

  19,390 lbABF =   19,390 lb (tension)ABF =   
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PROBLEM 13.129  (Continued) 

 

Coupling force :BCF  

Apply the principle of impulse-momentum to car C alone. 

 

  1 0

(2484)(44) (28000)(5.639) (5.639) 0
C C BC

BC

m v F t F t

F

− + − =
− + − =

 

  8620 lbBCF =  8620 lb (tension)BCF =   
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PROBLEM 13.130 

Solve Problem 13.129 assuming that the brakes are applied only on the wheels of car A. 

PROBLEM 13.129 The subway train shown is traveling at a speed of 30 mi/h when the brakes are fully 
applied on the wheels of cars B and C, causing them to slide on the track, but are not applied on the wheels of 
car A. Knowing that the coefficient of kinetic friction is 0.35 between the wheels and the track, determine 
(a) the time required to bring the train to a stop, (b) the force in each coupling. 

 

SOLUTION 

Weights of cars: 80,000 lb, 100,000 lbA C BW W W= = =  

Masses of cars: 2 22484 lb s /ft, 3106 lb s /ftA C Bm m m= = ⋅ = ⋅  

For each car the normal force (upward) is equal in magnitude to the weight of the car. 

  80,000 lb 100,000 lbA C BN N N= = =  

Friction forces: (0.35)(80,000) 28,000 lb

0
(brakes not applied)

0

A

B

C

F

F

F

= =

= 
= 

 

Stopping data: 1 230 mi/h 44 ft/s, 0.v v= = =  

(a) Apply the principle of impulse-momentum to the entire train. 

  

2

1 2

8074 lb s /ft

28,000 lb

Ft

A B C

A B C

m m m m

F F F F

mv mv

= + + = ⋅
= + + =

− + =
 

  1 2( ) (8074)(44)
12.688 s

28,000

m v v
t

F

−= = =  12.69 st =  

(b) Coupling force FAB: 

 Apply the principle of impulse-momentum to car A alone. 

 

  1 0

(2484)(44) (28,000)(12.688) (12.688) 0
A A AB

AB

m v F t F t

F

− + + =
− + + =

 

  19,390 lbABF = −   19,390 lb (compression)ABF =   
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PROBLEM 13.130  (Continued) 

 

Coupling force :BCF  

Apply the principle of impulse-momentum to car C alone. 

 

  1 0

(2484)(44) (0) (12.688) 0
C C BC

BC

m v F t F t

F

− + − =
− + − =

 

  8620 lbBCF = −  8620 lb (compression)BCF =   
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PROBLEM 13.131 

A trailer truck with a 2000-kg cab and an 8000-kg trailer is 
traveling on a level road at 90 km/h. The brakes on the trailer 
fail and the antiskid system of the cab provides the largest 
possible force which will not cause the wheels of the cab to 
slide. Knowing that the coefficient of static friction is 0.65, 
determine (a) the shortest time for the rig to come to a stop,  
(b) the force in the coupling during that time. 

 

SOLUTION 

 90 km/h 25 m/sv = =  

(a) The shortest time for the rig to come to a stop will be when the friction force on the wheels is maximum. 
The downward force exerted by the trailer on the cab is assumed to be zero. Since the trailer brakes fail, 
all of the braking force is supplied by the wheels of the cab, which is maximum when the wheels of the 
cab are at impending sliding. 

 

 1 2 1 2

1 2

(2000)

(0.65)(2000)
s C C CFt N t N m g g

Ft gt

μ− −

−

= = =
=

 

 2 1[( ) ] [( ) ]C T C Tm m v Ft m m v+ = − + +  

 2
1 20 (0.65)(2000 kg)(9.81 m/s )( ) 10,000 kg(25 m/s)t −= − =  

 1 2 19.60 st − =   

(b) For the trailer: 

 

 2 1 2 1[ ] [ ]T Tm v Qt m v−= − +  

 From (a), 1 2 19.60 s

0 (19.60 s) (8000 kg)(25 m/s)

10,204 N

t

Q

Q

− =
= − +
=

 

 10.20 kN (compression)Q =  
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PROBLEM 13.132 

The system shown is at rest when a constant 150-N force 
is applied to collar B. Neglecting the effect of friction, 
determine (a) the time at which the velocity of collar B 
will be 2.5 m/s to the left, (b) the corresponding tension in 
the cable. 

 

SOLUTION 

 

Constraint of cord. When the collar B moves 1 unit to the left, the weight A moves up 2 units. Thus 

   
1

2
2A B B Av v v v= =  

Masses and weights: 3 kg 29.43 N

8 kg
A A

B

m W

m

= =
=

 

Let T be the tension in the cable. 

Principle of impulse and momentum applied to collar B. 

 

 : 20 150 2 ( )B Bt Tt m v+ − =  

For 2( ) 2.5 m/sBv =  150 2 (8 kg)(2.5 m/s)t Tt− =  

   150 2 20t Tt− =  (1) 
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PROBLEM 13.132  (Continued) 

 

Principle of impulse and momentum applied to weight A. 

 

   :  20 ( )A A ATt W t m v+ − =  

   2(2 )A A BTt W t m V+ =  

      29.43 (3 kg)(2)(2.5 m/s)Tt t− =  

      29.43 15Tt t− =  (2) 

To eliminate T multiply Eq. (2) by 2 and add to Eq. (1). 

(a) Time: 91.14 50t =  0.549 st =   

 From Eq. (2), 
15

29.43T
t

= +  

(b) Tension in the cable.  56.8 NT =   
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PROBLEM 13.133 

An 8-kg cylinder C rests on a 4-kg platform A supported by a cord which 
passes over the pulleys D and E and is attached to a 4-kg block B. Knowing 
that the system is released from rest, determine (a) the velocity of block B 
after 0.8 s, (b) the force exerted by the cylinder on the platform. 

 

SOLUTION 
















(a) Blocks A and C: 

   

 1 1 2 1 2 2[( ) ] ( ) ( ) [( ) ]A C A C A Cm m v T t m m gt m m v− −+ − + + = +  

 0 (12 )(0.8) 12g T v+ − =  (1) 

 Block B: 

  
 1 1 2 1 2 2[ ] ( ) ( )B B Bm v T t m gt m v− −+ − =  

 0 ( 4 )(0.8) 4T g v+ − =  (2) 

 Adding (1) and (2), (eliminating T)  
 (12 4 )(0.8) (12 4)g g− = +  

 
2(8 kg)(9.81 m/s )(0.8 s)

16 kg
v =  3.92 m/sv =   

(b) Collar A: 

  
 1( ) 0 0 ( )A C Am v F m g= + +  (3) 

 From Eq. (2) with 3.92 m/sv =  

 2

4
4

0.8
(4 kg)(3.92 m/s)

(4 kg)(9.81 m/s )
(0.8 s)

58.84 N

v
T g

T

T

= +

= +

=

 

Solving for CF  in (3) 

 2(4 kg)(3.92 m/s)
(4 kg)(9.81 m/s ) 58.84 N

(0.8 s)CF = − +  

 39.2 NCF =  
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PROBLEM 13.134 

An estimate of the expected load on over-the-shoulder 
seat belts is to be made before designing prototype 
belts that will be evaluated in automobile crash tests. 
Assuming that an automobile traveling at 45 mi/h is 
brought to a stop in 110 ms, determine (a) the average 
impulsive force exerted by a 200-lb man on the belt, 
(b) the maximum force mF  exerted on the belt if the 
force-time diagram has the shape shown. 

 

SOLUTION 

(a) Force on the belt is opposite to the direction shown. 

 1 45 mi/h 66 ft/s,

200 lb

v

W

= =
=

 

 1 2m dt m− =v F v  

 aveFdt F t= Δ  

 
ave2

0.110 s

(200 lb)(66 ft/s)
(0.110 s) 0

(32.2 ft/s )

t

F

Δ =

− =  

 ave
(200)(66)

3727 lb
(32.2)(0.110)

F = =  ave 3730 lbF =   

 

(b) Impulse = area under 
1

diagram (0.110 s)
2 mF t F− =  

 From (a), aveimpulse (3727 lb)(0.110 s)F t= Δ =  

 
1

(0.110) (3727)(0.110)
2 mF =  

 7450 lbmF =   
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PROBLEM 13.135 

A 60-g model rocket is fired vertically. The engine 
applies a thrust P which varies in magnitude as shown. 
Neglecting air resistance and the change in mass of the 
rocket, determine (a) the maximum speed of the rocket 
as it goes up, (b) the time for the rocket to reach its 
maximum elevation.  

 

SOLUTION 

Mass:  0.060 kgm =  

Weight: (0.060)(9.81) 0.5886 Nmg = =  

Forces acting on the model rocket: 

Thrust: ( )(given function of )P t t  

Weight:  W (constant)  

Support: S (acts until )P W>  

Over 0 0.2 s:t< <  

 
13

65
0.2
0.5886 N

P t t

W

= =

=
 

Before the rocket lifts off, 0.5886 65S W P t= − = −  

S become zero when 1.t t=  

 1 10 0.5886 65 0.009055 s.t t= − =  

Impulse due to 1: ( )S t t>  

  

1

0 0

1
1

 
2
(0.5)(0.5886)(0.009055)

0.00266 N s

t t
Sdt Sdt

mgt

=

=

=
= ⋅

 
 

The maximum speed occurs when  0.
dv

a
dt

= =  

At this time, 0,W P− =  which occurs at 2 0.8 s.t =  
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PROBLEM 13.135  (Continued) 

 

(a) Maximum speed (upward motion): 

 Apply the principle of impulse-momentum to the rocket over 20 .t t≤ ≤  

0.8

0
area under the given thrust-time plot.

1 1
(0.2)(13) (0.1)(13 5) (0.8 0.3)(5)

2 2
4.7 N s

Pdt =

= + + + −

= ⋅


 

0.8

0
(0.5886)(0.8) 0.47088 N SWdt = = ⋅  

0.8 0.8 0.8

1 1 2
0 0 0

20 4.7 0.00266 0.47088 0.060 

m v Pdt Sdt Wdt mv

v

+ + − =

+ + − =

    

  2 70.5 m/sv =   

(b) Time t3 to reach maximum height: 3( 0)v =  

 
3 3

1 3 3
0 0

t t
mv Pdt Sdt Wt mv+ + − =   

    30 4.7 0.00266 0.5886 0t+ + − =  3 7.99 st =   
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PROBLEM 13.136 

A simplified model consisting of a single straight line is to be obtained for the 
variation of pressure inside the 10-mm-diameter barrel of a rifle as a 20-g 
bullet is fired. Knowing that it takes 1.6 ms for the bullet to travel the length of 
the barrel and that the velocity of the bullet upon exit is 700 m/s, determine the 
value of p0. 

 

SOLUTION 

 

At     0,t =  0 1 2

1 0

p p c c t

c p

= = −
=

 

At 31.6 10 s,t −= ×            
3

1 2

0
2 3

0

0 (1.6 10 s)

1.6 10 s

p

c c

p
c

−

−

=

= − ×

=
×

 

 320 10 kgm −= ×  

 
31.6 10 s

2
0

0 A pdt mv
−×

+ =  

 

3 2

6 2

(10 10 )

4

78.54 10 m

A

A

π −

−

×=

= ×

 

 
3 31.6 10 s

1 2
0

20 10
0 ( )A c c t dt

g

− −× ×+ − =  

 
3 2

6 2 3 32
1

( )(1.6 10 s)
(78.54 10 m ) ( )(1.6 10 s) (20 10 kg)(700 m/s)

2

c
c

−
− − − ×× × − = × 

  
 

 

3 6 3
1 2

6 2 2
3 2 3

0 03

6 2
0

1.6 10 1.280 10 178.25 10

(1.280 10 m s )
(1.6 10 m s) 178.25 10 kg m/s

(1.6 10 s)

222.8 10 N/m

c c

p p

p

− −

−
−

−

× − × = ×

× ⋅× ⋅ − = × ⋅
×

= ×  0 223 MPap =   
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PROBLEM 13.137 

A 125-lb block initially at rest is acted upon by a force P which 
varies as shown. Knowing that the coefficients of friction between 
the block and the horizontal surface are 0.50sμ =  and 0.40,kμ =  
determine (a) the time at which the block will start moving, (b) the 
maximum speed reached by the block, (c) the time at which the 
block will stop moving. 

 

SOLUTION 

 

 0 Pdt Fdt mv+ − =   

At any time: 
1

v Pdt Fdt
m
 = −     (1) 

(a) Block starts moving at t. 

 

 (0.50)(125 lb) 62.5 lbs sP F Wμ= = = =  

 1 18 s 8 s
;

100 lb 62.5 lb 100 lbs

t t

F
= =  1 5.00 st =   

(b) Maximum velocity: At mt t=  

 where 0.4(125) 50 lbk kP F Wμ= = = =  

 Block moves at 5 s.t =  

 Shaded area is maximum net impulse RPdt F dt−   

 when 1m mt t v v= =  

 Eq. (1): 
shaded1 1 1 1 1

(12.5 50)(3) (50)(4) (193.75)
 area 2 2mv

m m m

   = = + + =     
 

 125 lb

32.2

1
[193.75] 49.91 ft/smv = =  49.9 ft/sm =v   
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PROBLEM 13.137  (Continued) 

 

(c) Block stops moving when 0; orPdt Fdt Qdt Fdt − = =       

 Assume 16 s.mt >  

 

 

1
(100)(16) 800 lb s

2
1

(62.5)(5) (50)( 5)
2 m

Pdt

Fdt t

= = ⋅

= + −




 

 800 [156.25 50( 5)] 0mPdt Fdt t− = − + − =   17.875 smt =  

 16 s OKmt >  17.88 smt =  
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PROBLEM 13.138 

Solve Problem 13.137, assuming that the weight of the block is 175 lb. 

PROBLEM 13.137 A 125-lb block initially at rest is acted upon by a 
force P which varies as shown. Knowing that the coefficients of 
friction between the block and the horizontal surface are 0.50sμ =  
and 0.40,kμ =  determine (a) the time at which the block will start 
moving, (b) the maximum speed reached by the block, (c) the time at 
which the block will stop moving. 

 

SOLUTION 

See solution of Problem 13.137. 

 
1

175 lbW v Pdt Fdt
m
 = = −     (1) 

(a) Block starts moving: (0.50)(175) 87.5 lbs sP F Wμ= = = =  

 See first figure of Problem 13.137. 

 1 18 s 8 s
;

100 lb 87.5 lb 100 ss

t t

F
= =  1 7.00 st =   

(b) Maximum velocity: 0.4(175) 70 lbk kP F Wμ= = = =  

 

16 8 s

70 lb 100 lb
8

16 70 5.6
100

10.40 s

m

m

m

t

t

t

−
=

 − = = 
 

=

 

 Eq. (1): 
shaded1

area

1 1 1
(17.5 30)(1.0) (30)(10.4 8)

2 2

1
(59.75)

mv
m

m

m

 
=  

 
 = + + −  

=

 

 

175 lb

32.2

1
[59.75]

10.994 ft/s

mv =

=  10.99 ft/sm =v   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

721 

PROBLEM 13.138  (Continued) 

 

(c) Block stops moving when net impulse ( ) 0P F dt − =    

 Assume , 16 s.st <  

 

 
0

2

(16 )1 1
(100)(8) 100 100 ( 8)

2 2 8

1 1 100
(100)(16) (16 )

2 2 8

st s
s

s

t
Pdt t

t

− = + + −  
 = − − 
 


 

 
0

1
(87.5)(7) (70)( 7)

2

st

sFdt t= + −  

 2100
800 (16 ) 306.25 70( 7) 0

16 s sPdt Fdt t t− = − − − − − =   

 Solving for ,st  13.492 sst =  13.49 sst =  
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PROBLEM 13.139 

A baseball player catching a ball can soften the impact by 
pulling his hand back. Assuming that a 5-oz ball reaches 
his glove at 90 mi/h and that the player pulls his hand back 
during the impact at an average speed of 30 ft/s over a 
distance of 6 in., bringing the ball to a stop, determine the 
average impulsive force exerted on the player’s hand. 

 

SOLUTION 

 

 
90 mi/h 132 ft/s

5
/g

16

v

m

= =

=
 

 
( ) ( )

6
12 1 s

6030av

d
t

v
= = =  

 0 av av
Wv

F t mv F
gt

= + =  

 av
mv

F
t

=  

 
( )

( )
5

16
2 1

60

lb (132 ft/s)

(32.2 ft/s ) s
=  76.9 lbavF =  
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PROBLEM 13.140 

A 1.62 ounce golf ball is hit with a golf club and leaves it with a velocity of 100 mi/h. We assume that for 
0 t≤ ≤ t0, where t0 is the duration of the impact, the magnitude F of the force exerted on the ball can be 
expressed as F 0sin ( / ).mF t tπ=  Knowing that 0 0.5 ms,t =  determine the maximum value mF  of the force 
exerted on the ball. 

 

SOLUTION 

 

3

3

1.62 ounces 0.10125 lb 3.1444 10  slug

0.5 ms 0.5 10 s

100 mi/h 146.67 ft/s

W m

t

v

−

−

= = = ×

= = ×
= =

 

The impulse applied to the ball is 

 

0
0 0 0

0 0 0 0 0

0 0

sin cos

2
(cos cos 0)

t
t t

m
m

m m

F tt t
Fdt F dt

t t

F t F t

π π
π

π
π π

= = −

= − − =

 
 

Principle of impulse and momentum. 

 
0

1 2
0

t
m dt m+ =v F v  

with 1 0,=v  

 0
2

2
0 mF t

mv
π

+ =  

Solving for Fm, 
3

32
3

0

(3.1444 10 )(146.67)
1.4488 10 lb

2 (2)(0.5 10 )
m

mv
F

t

π π −

−
×= = = ×

×
 1.45 kipmF =   
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PROBLEM 13.141 

The triple jump is a track-and-field event in which an athlete 
gets a running start and tries to leap as far as he can with a 
hop, step, and jump. Shown in the figure is the initial hop of 
the athlete. Assuming that he approaches the takeoff line from 
the left with a horizontal velocity of 10 m/s, remains in 
contact with the ground for 0.18 s, and takes off at a 50° angle 
with a velocity of 12 m/s, determine the vertical component of 
the average impulsive force exerted by the ground on his foot. 
Give your answer in terms of the weight W of the athlete. 

 

SOLUTION 

 

 1 2( ) 0.18 sm t m t+ − Δ = Δ =v P W v  

Vertical components 

 

0 ( )(0.18) (12)(sin 50 )

(12)(sin 50 )

(9.81)(0.18)

v

v

W
P W

g

P W W

+ − = °

°= +
 

 6.21vP W=   
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PROBLEM 13.142 

The last segment of the triple jump track-and-field event is the 
jump, in which the athlete makes a final leap, landing in a 
sand-filled pit. Assuming that the velocity of a 80-kg athlete 
just before landing is 9 m/s at an angle of 35° with the 
horizontal and that the athlete comes to a complete stop in 
0.22 s after landing, determine the horizontal component of 
the average impulsive force exerted on his feet during landing. 

 

SOLUTION 

 

 
80 kg

0.22 s

m

t

=
Δ =

 

 1 2( )m t m+ − Δ =v P W v  

Horizontal components 

 

(9)(cos 35 ) (0.22) 0

(80 kg)(9 m/s)(cos 35 )
2.6809 kN

(0.22 s)

H

H

m P

P

° − =
°= =  2.68 kNHP =   
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PROBLEM 13.143 

The design for a new cementless hip implant is to be studied using an 
instrumented implant and a fixed simulated femur. Assuming the punch 
applies an average force of 2 kN over a time of 2 ms to the 200 g implant 
determine (a) the velocity of the implant immediately after impact, (b) the 
average resistance of the implant to penetration if the implant moves 
1 mm before coming to rest. 

 

SOLUTION 

 ave

200 g 0.200 kg

2 kN 2000 N

2 ms 0.002 s

m

F

t

= =
= =

Δ = =
 

(a) Velocity immediately after impact: 

 Use principle of impulse and momentum: 

 1 2 1 2 ave

1 1 2 2

0 ? Imp ( )v v F t

m m
→

→

= = = Δ
+ =v Imp v

 

 ave 20 ( )F t mv+ Δ =  

 ave
2

( ) (2000)(0.002)

0.200

F t
v

m

Δ
= =  2 20.0 m/sv =   

(b) Average resistance to penetration: 

 2

3

1 mm 0.001 m

20.0 ft/s

0

x

v

v

Δ = =
=
=

 

 Use principle of work and energy. 

 2
2 2 3 3 2 ave

1
or ( ) 0

2
T U T mv R x→+ = − Δ =  

 
2 2

32
ave

(0.200)(20.0)
40 10 N

2( ) (2)(0.001)

mv
R

x
= = = ×

Δ
 ave 40.0 kNR =    
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PROBLEM 13.144 

A 25-g steel-jacketed bullet is fired horizontally with a 
velocity of 600 m/s and ricochets off a steel plate along the 
path CD with a velocity of 400 m/s. Knowing that the 
bullet leaves a 10-mm scratch on the plate and assuming 
that its average speed is 500 m/s while it is in contact with 
the plate, determine the magnitude and direction of the 
average impulsive force exerted by the bullet on the plate. 

 

SOLUTION 

Impulse and momentum. 

Bullet alone: 

  

 1 2m t m+ Δ =v F v  

t direction: 1 2cos1 5 cos 20tmv F t mv° − Δ = °  

 

6

6 3 2

(0.025 kg)[600 m/s cos 15 400 m/s cos 20 ] 5.092 kg m/s

0.010 m
20 10 s

500 m/s

(5.092 kg m/s)/(20 10 s) 254.6 10 kg m/s 254.6 kN

t

BC

AV

t

t

S
t

v
−

−

Δ = ° − ° = ⋅

Δ = = = ×

= ⋅ × = × ⋅ =

F

F

 

n direction: 1 2 sin1 5 sin 20nmv F t mv− ° + Δ = °  

 (0.025 kg)[600 m/s sin 15 400 m/s sin 20 ] 7.3025 kg m/sn tΔ = ° + ° = ⋅F  

 6 3 2(43025 kg m/s)/(20 10 ) 365.1 10 kg m/s 365.1 kNn
−= ⋅ × = × ⋅ =F  

 

Force on bullet: 2 2 2 2365.1 254.6 445 kNn tF F F= + = + =  

 
365.1

tan  55.1
254.6

15 40.1

n

t

F

F
θ θ

θ

= = = °

− ° = °
 

 445 kN=F 40.1°  

Force on plate:   ′ = −F F  445 kN′ =F 40.1°    
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PROBLEM 13.145 

A 25-ton railroad car moving at 2.5 mi/h is 
to be coupled to a 50 ton car which is at 
rest with locked wheels ( 0.30).kμ =  
Determine (a) the velocity of both cars 
after the coupling is completed, (b) the 
time it takes for both cars to come to rest. 

 

SOLUTION 

 Weight and mass: (Label cars A and B.) 

  
2

2

Car : 50 tons 100,000 lb, 3106 lb s /ft

Car : 25 tons 50,000 lb, 1553 lb s /ft

A A

B B

A W m

B W m

= = = ⋅

= = = ⋅  

 Initital velocities: 0A =v  

  2.5 mi/h 3.6667 ft/s 3.6667 ft/sB Bv = = =v  

(a) The momentum of the system consisting of the two cars is conserved immediately before and after 
 coupling. 

 
 Let ′v  be the common velocity of that cars immediately after coupling. Apply conservation of 

momentum. 

 : B B A Bm v m v m v′ ′= +  

  
(3106)(3.6667)

2.444 ft/s
4569

B B

A B

m v
v

m m
′ = = =

+
 1.667 mi/h′ =v    

(b) After coupling: The friction force acts only on car A. 

  + 0 : 0A A A A AF N W N WΣ = − = =  

  
(sliding)

0 (Car  is rolling.)
A k A k A

B

F N W

F B

μ μ= =
=

 

 Apply impuslse-momentum to the coupled cars. 
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PROBLEM 13.145  (Continued) 

: ( ) 0A B Am m v F t′− + + =  

1
1( )

(1553)(3.6667)
0.1898

(0.30)(100,000)

A B B B

A k A

m m v m v
t

F W

t

μ
+

= =

= =
 

   0.190 st =  
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PROBLEM 13.146 

At an intersection car B was traveling south and car A was 
traveling 30° north of east when they slammed into each other. 
Upon investigation it was found that after the crash the two cars 
got stuck and skidded off at an angle of 10° north of east. Each 
driver claimed that he was going at the speed limit of 50 km/h and 
that he tried to slow down but couldn’t avoid the crash because the 
other driver was going a lot faster. Knowing that the masses of 
cars A and B were 1500 kg and 1200 kg, respectively, determine 
(a) which car was going faster, (b) the speed of the faster of the 
two cars if the slower car was traveling at the speed limit. 

 

SOLUTION 

(a) Total momentum of the two cars is conserved. 

 

 , :mv xΣ  cos 30 ( ) cos 10A A A Bm v m m v° = + °  (1) 

 , :mv yΣ  sin 30 ( ) sin 10A A B B A Bm v m v m m v° − = + °  (2) 

 Dividing (1) into (2), 

 
sin 30 sin 10

cos 30 cos 30 cos 10
B B

A A

m v

m v

° °− =
° ° °

 

 

(tan 30 tan 10 )( cos 30 )

(1500)
(0.4010) cos 30

(1200)

0.434 2.30

B A

A B

B

A

B
A B

A

v m

v m

v

v

v
v v

v

° − ° °
=

= °

= =

 

 Thus, A was going faster.  

(b) Since Bv  was the slower car. 

 50 km/hBv =  

 (2.30)(50)Av =  115.2 km/hAv =   
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PROBLEM 13.147 

The 650-kg hammer of a drop-hammer pile driver falls from a height 
of 1.2 m onto the top of a 140-kg pile, driving it 110 mm into the 
ground. Assuming perfectly plastic impact ( 0),e =  determine the 
average resistance of the ground to penetration. 

 

SOLUTION 

Velocity of the hammer at impact: 

Conservation of energy. 

 1 0T =  

 2

1

 (1.2 m)

(650 kg)(9.81 m/s )(1.2 m)

7652 J

H

H

V mg

V

V

=
=
=

 

 

2

2 2 2

2

1

2
650

325 
2

0

H H

T m

V v v

V

=

= =

=

 

 
1 1 2 2

20 7652 325

T V T V

v

+ = +

+ =
 

 
2 2 223.54 m /s

4.852 m/s

v

v

=
=

 

Velocity of pile after impact: 

Since the impact is plastic ( 0),e =  the velocity of the pile and hammer are the same after impact. 

Conservation of momentum: 

 
The ground reaction and the weights are non-impulsive. 
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PROBLEM 13.147  (Continued) 

 

Thus, ( )

(650)
(4.852 m/s) 3.992 m/s

( ) (650 140)

H H H p

H H

H p

m v m m v

m v
v

m m

′= +

′ = = =
+ +

 

Work and energy: 0.110 md =  

 2 2 3 3T U T−+ =  

 

2
2

3

2
2

3
2

1
( )( )

2
0

1
(650 140)(3.992)

2

6.295 10 J

H HT m m v

T

T

T

′= +

=

= +

= ×

 

 

2 3

2 3

( )

(650 140)(9.81)(0.110) (0.110)

852.49 (0.110)

H p AV

AV

AV

U m m gd F d

F

U F

−

−

= + −

= + −
= −

 

 2 2 3 3T U T−+ =  

 36.295 10 852.49 (0.110) 0AVF× + − =  

 3(7147.5)/(0.110) 64.98 10 NAVF = = ×  65.0 kNAVF =   
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PROBLEM 13.148 

A small rivet connecting two pieces of sheet metal is being clinched 
by hammering. Determine the impulse exerted on the rivet and the 
energy absorbed by the rivet under each blow, knowing that the head 
of the hammer has a weight of 1.5 lbs and that it strikes the rivet with 
a velocity of 20 ft/s. Assume that the hammer does not rebound and 
that the anvil is supported by springs and (a) has an infinite mass 
(rigid support), (b) has a weight of 9 lb. 

 

SOLUTION 

Weight and mass: 

  

2

2

Hammer: 1.5 lb 0.04658 lb s /ft

Anvil: Part : 

Part : 9 lb 0.2795 lb s /ft

H H

A A

A A

W m

a W m

b W m

= = ⋅
= ∞ = ∞

= = ⋅

 

Kinetic energy before impact: 

  2 2
1

1 1
(0.04658)(20) 9.316 ft lb

2 2H HT m v= = = ⋅  

Let v2 be the velocity common to the hammer and anvil immediately after impact. Apply the principle of 
conservation of momentum to the hammer and anvil over the duration of the impact. 

 

 

 

 

 

 

 

 

  : 1 2mv mvΣ = Σ  

      2( )H H H Am v m m v= +  

  2
H H

H A

m v
v

m m
=

+
 (1) 

Kinetic energy after impact: 

  
2 2

2
2

1 1
( )

2 2
H H

A H A
H A

m v
T m m v

m m
= + =

+
 

  2 1
H

H A

m
T T

m m
=

+
 (2) 
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PROBLEM 13.148  (Continued) 

 

Impulse exerted on the hammer: 

 

 

 

 

 

 

  : 2( )H H Hm v F t m v− Δ =  

  2( )H HF t m v vΔ = −  (3) 

(a) :AW = ∞   

 2

2

By Eq. (1), 0

By Eq. (2), 0

v

T

=
=

 

 Energy absorbed:  1 2 9.32 ft lbT T− = ⋅   

 By Eq. (3), ( ) (0.04658)(20 0) 0.932 lb sF tΔ = − = ⋅  

The impulse exerted on the rivet the same magnitude but opposite to direction. 

  0.932 lb sF tΔ = ⋅   

(b) 9 lb:AW =  

 By Eq. (1), 2
(0.04658)(20)

2.857 ft/s
0.32608

v = =  

 By Eq. (2), 2
(0.04658)(9.316)

1.331 ft lb
0.32608

T = = ⋅  

 Energy absorbed:  1 2 7.99 ft lbT T− = ⋅   

 By Eq. (3), ( ) (0.04658)(20 2.857)F tΔ = −  ( ) 0.799 lb sF tΔ = ⋅   
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PROBLEM 13.149 

Bullet B weighs 0.5 oz and blocks A and C both weigh 
3 lb. The coefficient of friction between the blocks 
and the plane is 0.25.kμ =  Initially the bullet is 
moving at v0 and blocks A and C are at rest (Figure 1). 
After the bullet passes through A it becomes 
embedded in block C and all three objects come to 
stop in the positions shown (Figure 2). Determine the 
initial speed of the bullet v0. 

 

SOLUTION 

Masses: 

Bullet: 6 20.5
970.5 10 lb s /ft

(16)(32.2)Bm −= = × ⋅  

Blocks A and C: 3 23
93.168 10 lb s /ft

32.2A Cm m −= = = × ⋅  

Block C + bullet: 3 294.138 10 lb s /ftC Bm m −+ = × ⋅  

Normal forces for sliding blocks from 0N mg− =  

Block A: 3.00 lb.A AN m g= =  

Block C + bullet: ( ) 3.03125 lb.C C BN m m g= + =  

Let v0 be the initial speed of the bullet; 

 v1 be the speed of the bullet after it passes through block A; 

 vA be the speed of block A immediately after the bullet passes through it; 

 vC be the speed block C immediately after the bullet becomes embedded in it. 

Four separate processes and their governing equations are described below. 

1. The bullet hits block A and passes through it. Use the principle of conservation of momentum. 
  0( ) 0Av =  

 

0 0 1

0 1

( )B A A B A A

A A

B

m v m v m v m v

m v
v v

m

+ = +

= +  (1) 

2. The bullet hits block C and becomes embedded in it. Use the principle of conservation of momentum. 

 0( ) 0Cv =  

 

1 0

1

( ) ( )

( )
B C C B C C

B C C

B

m v m v m m v

m m v
v

m

+ = +
+

=  (2) 
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PROBLEM 13.149  (Continued) 

 

3. Block A slides on the plane. Use principle of work and energy. 

 

1 1 2 2

2 21
0 or

2
k A A

A A k A A A
A

T U T

N d
m v N d v

m

μμ

→+ =

− = =  (3) 

4. Block C with embedded bullet slides on the plane. Use principle of work and energy.  

 4 in. 0.33333 ftCd = =  

 

1 1 2 2

2 21
( ) 0 or

2
k C C

C B C k C C C
C B

T U T

N d
m m v N d v

m m

μμ

→+ =

+ − = =
+

 (4) 

Applying the numerical data: 

From Eq. (4), 
3

(2)(0.25)(3.03125)(0.33333)

94.138 10
2.3166 ft/s

Cv −=
×

=

 

From Eq. (3), 
3

(2)(0.25)(3.00)(0.5)

93.168 10
2.8372 ft/s

Av −=
×

=

 

From Eq. (2), 
3

1 6

(94.138 10 )(2.3166)

970.5 10
224.71 ft/s

v
−

−
×=

×
=

 

From Eq. (1), 
3

0 6

(93.138 10 )(2.8372)
224.71

970.5 10
v

−

−
×= +

×
 0 497 ft/sv =   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

737 

 

PROBLEM 13.150 

A 180-lb man and a 120-lb woman stand at opposite ends of a 
300-lb boat, ready to dive, each with a 16-ft/s velocity relative 
to the boat. Determine the velocity of the boat after they have 
both dived, if (a) the woman dives first, (b) the man dives first. 

 

SOLUTION 

(a) Woman dives first: 

 Conservation of momentum: 

 1 1
120 300 180

(16 ) 0v v
g g

+− − + =  

 1
(120)(16)

3.20 ft/s
600

v = =   

 Man dives next. Conservation of momentum: 

 

 

 

 1 2 2
300 180 300 180

(16 )v v v
g g g

+ = − + −  

 1
2

480 (180)(16)
2.80 ft/s

480

v
v

−= =  2 2.80 ft/s=v   

(b) Man dives first: 

 Conservation of momentum: 

 1 1
180 300 120

(16 ) 0v v
g g

+′ ′− − =  

 1
(180)(16)

4.80 ft/s
600

v′ = =  

 Woman dives next. Conservation of momentum: 

 1 2 2
300 120 300 120

(16 )v v v
g g g

+ ′ ′ ′− = + −  

 1
2

420 (120)(16)
0.229 ft/s

420

v
v

′− +′ = = −  

 2 0.229 ft/s′ =v  
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

738 

 

PROBLEM 13.151 

A 75-g ball is projected from a height of 1.6 m with a horizontal velocity 
of 2 m/s and bounces from a 400-g smooth plate supported by springs. 
Knowing that the height of the rebound is 0.6 m, determine (a) the 
velocity of the plate immediately after the impact, (b) the energy lost due 
to the impact. 

 

 SOLUTION 

Just before impact 

 

2 (1.6) 5.603 m/syv g= =  

Just after impact 

 

2 (0.6) 3.431 m/syv g= =  

(a) Conservation of momentum: ( y+ )  

 ball ball plate plate0y ym v m v m v′ ′+ = − +  

 plate(0.075)(5.603) 0 0.075(3.431) 0.4v′+ = − +  

  plate 1.694 m/sv′ =   

(b) Energy loss 

 Initial energy 2
1

1
( ) (0.075)(2) 0.075 (1.6)

2
T V g+ = +  

 Final energy 2 2
2

1 1
( ) (0.075)(2) 0.075 (0.6) (0.4)(1.694)

2 2
T V g+ = + +  

  Energy lost (1.3272 1.1653) J 0.1619J= − =  
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PROBLEM 13.152 

A 2-kg sphere A is connected to a fixed Point O by an inextensible cord of length 
1.2 m. The sphere is resting on a frictionless horizontal surface at a distance of 1.5 ft 
from O when it is given a velocity 0v  in a direction perpendicular to line OA. It 
moves freely until it reaches position ,A′  when the cord becomes taut. Determine 
the maximum allowable velocity 0v  if the impulse of the force exerted on the cord 
is not to exceed 3 N s.⋅  

 

SOLUTION 

For the sphere at A′  immediately before and after the cord becomes taut 

 

0 Amv F t mv ′+ Δ =  

 0 sin 0 3 N smv F t F tθ − Δ = Δ = ⋅  

 2 kgm =  

02(sin 65.38 ) 3v° =  

  0 1.650 m/sv =  
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PROBLEM 13.153 

A 1-oz bullet is traveling with a velocity of 1400 ft/s when it impacts and 
becomes embedded in a 5-lb wooden block. The block can move vertically 
without friction. Determine (a) the velocity of the bullet and block immediately 
after the impact, (b) the horizontal and vertical components of the impulse 
exerted by the block on the bullet. 

 

SOLUTION 

Weight and mass. 2

2

1
Bullet: 1 oz  lb 0.001941 lb s /ft.

16

Block: 5 lb 0.15528 lb s /ft.

w m

W M

= = = ⋅

= = ⋅

 

(a) Use the principle of impulse and momentum applied to the bullet and the block together. 

 

1 1 2 2m m→Σ + Σ =v Imp v  

 Components : 0 cos30 0 ( )mv m M v′° + = +  

  
0 cos30 (0.001941)(1400)cos 30°

0.157221
14.968 ft/s

mv
v

m M
v

°′ = =
+

′ =
 

    14.97 ft/s′ =v    
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PROBLEM 13.153  (Continued) 

 

(b) Use the principle of impulse and momentum applied to the bullet alone. 

 

   

 x-components:  0 sin 30 0xmv R t− ° + Δ =  

  0 sin 30 (0.001941)(1400)sin 30xR t mvΔ = ° = °  

  1.3587 lb s= ⋅  1.359 lb sxR tΔ = ⋅   

 y-components: 0 cos30 ymv R t mv′− ° + Δ = −  

  0( cos30 )yR t m v v′Δ = ° −  

  (0.001941)(1400 cos 30° 14.968)= −  2.32 lb syR tΔ = ⋅   
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PROBLEM 13.154 

In order to test the resistance of a chain to impact, the chain is suspended 
from a 240-lb rigid beam supported by two columns. A rod attached to the 
last link is then hit by a 60-lb block dropped from a 5-ft height. Determine the 
initial impulse exerted on the chain and the energy absorbed by the chain, 
assuming that the block does not rebound from the rod and that the columns 
supporting the beam are (a) perfectly rigid, (b) equivalent to two perfectly 
elastic springs. 

 

SOLUTION 

Velocity of the block just before impact: 

 

1 1

2
2 2

1 1 2 2

2

0 (60 lb)(5 ft) 300 lb ft

1
0

2

1 60
0 300

2

(600)(32.2)

60
17.94 ft/s

T V Wh

T mv V

T V T V

v
g

v

= = = = ⋅

= =

+ = +

 
+ =  

 

=

=

 

(a) Rigid columns: 

 

 
60

0 (17.94)mv F t F t
g

 
− + Δ = = Δ 

 
 

 33.43 lb sF tΔ = ⋅ on the block.  33.4 lb sF tΔ = ⋅   

 All of the kinetic energy of the block is absorbed by the chain. 

 

21 60
(17.94)

2

300 ft lb

T
g

 
=  

 
= ⋅  300 ft lbE = ⋅   
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PROBLEM 13.154  (Continued) 

 

(b) Elastic columns: 

 Momentum of system of block and beam is conserved. 

 

 

( )

60
(17.94 ft/s)

( ) 300

mv M m v

m
v v

m M

′= +

′ = =
+

 3.59 ft/sv′ =  

 Referring to figure in part (a), 

 

( )

60
(17.94 3.59)

mv F t mv

F t m v v

g

′− + Δ = −
′Δ = −

 
= − 
 

 26.7 lb sF tΔ = ⋅  

 

2 2 2

2 2 2

1 1 1

2 2 2
60 240

[(17.94) (3.59) ] (3.59)
2 2

E mv mv Mv

g g

′ ′= − −

= − −  240 ft lbE = ⋅  
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PROBLEM 13.CQ6 

A 5 kg ball A strikes a 1 kg ball B that is initially at rest. Is it possible 
that after the impact A is not moving and B has a speed of 5v? 

(a) Yes 

(b) No 

Explain your answer. 

 

SOLUTION 

Answer: (b) No. 

Conservation of momentum is satisfied, but the coefficient of restitution equation is not. The coefficient of 
restitution must be less than 1. 
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PROBLEM 13.F6 

A sphere with a speed v0 rebounds after striking a frictionless inclined plane as 
shown. Draw impulse-momentum diagrams that could be used to find the 
velocity of the sphere after the impact. 

 

 

 

SOLUTION 

Answer: 
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PROBLEM 13.F7 

An 80-Mg railroad engine A coasting at 6.5 km/h strikes a 20-Mg 
flatcar C carrying a 30-Mg load B which can slide along the floor of 
the car (μk = 0.25). The flatcar was at rest with its brakes released. 
Instead of A and C coupling as expected, it is observed that A 
rebounds with a speed of 2 km/h after the impact. Draw impulse-
momentum diagrams that could be used to determine (a) the 
coefficient of restitution and the speed of the flatcar immediately 
after impact, and (b) the time it takes the load to slide to a stop 
relative to the car. 

 

 

SOLUTION 

Answer: 

(a) Look at A and C (the friction force between B and C is not impulsive) to find the velocity after impact. 

 

 

(b) Consider just B and C to find their final velocity. 

 

 Consider just B to find the time. 
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PROBLEM 13.F8 

Two frictionless balls strike each other as shown. The coefficient of restitution 
between the balls is e. Draw the impulse-momentum diagrams that could be 
used to find the velocities of A and B after the impact. 

 

 

SOLUTION 

Answer: 
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PROBLEM 13.F9 

A 10-kg ball A moving horizontally at 12 m/s strikes a 10-kg block B. The 
coefficient of restitution of the impact is 0.4 and the coefficient of kinetic 
friction between the block and the inclined surface is 0.5. Draw impulse-
momentum diagrams that could be used to determine the speeds of A and B 
after the impact. 

 

SOLUTION 

Answer:  
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PROBLEM 13.F10 

Block A of mass mA strikes ball B of mass mB with a speed of vA as shown.  
Draw impulse-momentum diagrams that could be used to determine the 
speeds of A and B after the impact and the impulse during the impact. 

 

 

 

 

 

SOLUTION 

Answer:  
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PROBLEM 13.155 

The coefficient of restitution between the two collars is known to be 
0.70. Determine (a) their velocities after impact, (b) the energy loss 
during impact. 

 

SOLUTION 

Impulse-momentum principle (collars A and B): 

 1 1 2 2m m→Σ + Σ = Σv Imp v  

 

 

Horizontal components : A A B B A A B Bm v m v m v m v′ ′+ = +  

Using data, (5)(1) (3)( 1.5) 5 3A Bv v′ ′+ − = +  

or 5 3 0.5A Bv v′ ′+ =  (1) 

Apply coefficient of restitution. 

 
( )

0.70[1 ( 0.5)]
B A A B

B A

v v e v v

v v

′ ′− = −
′ ′− = − −

 

 1.75B Av v′ ′− =  (2)  

(a) Solving Eqs. (1) and (2) simultaneously for the velocities, 

  0.59375 m/sAv′ = −  0.594 m/sA =v   

  1.15625 m/sBv′ =  1.156 m/sB =v   

 Kinetic energies: 2 2 2 2
1

2 2 2 2
2

1 1 1 1
(5)(1) (3)( 1.5) 5.875 J

2 2 2 2
1 1 1 1

( ) ( ) (5)( 0.59375) (3)(1.15625) 2.8867 J
2 2 2 2

A A B B

A A B B

T m v m v

T m v m v

= + = + − =

′ ′= + = − + =

 

(b) Energy loss:   1 2 2.99 JT T− =   
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PROBLEM 13.156 

Collars A and B, of the same mass m, are moving toward each other 
with identical speeds as shown. Knowing that the coefficient of 
restitution between the collars is e, determine the energy lost in the 
impact as a function of m, e and v. 

 

SOLUTION 

Impulse-momentum principle (collars A and B): 

 1 1 2 2m m→Σ + Σ = Σv Imp v  

 

 

Horizontal components : A A B B A A B Bm v m v m v m v′ ′+ = +  

Using data, ( ) A Bmv m v mv mv′ ′+ − = +  

or  0A Bv v′ ′+ =  (1) 

Apply coefficient of restitution. 

 
( )

[ ( )]
B A A B

B A

v v e v v

v v e v v

′ ′− = −
′ ′− = − −

 

 2B Av v ev′ ′− =  (2)  

Subtracting Eq. (1) from Eq. (2),  2 2Av ev− =  

  Av ev= −  A ev=v   

Adding Eqs. (1) and (2),  2 2Bv ev=  

  Bv ev=  B ev=v   

Kinetic energies: 2 2 2 2 2
1

2 2 2 2 2 2
2

1 1 1 1
( )

2 2 2 2
1 1 1 1

( ) ( ) ( ) ( )
2 2 2 2

A A B B

A A B B

T m v m v mv m v mv

T m v m v m ev m ev e mv

= + = + − =

′ ′= + = + =

 

Energy loss:   2 2
1 2 (1 ) T T e mv− = −   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

752 

 

PROBLEM 13.157 

One of the requirements for tennis balls to be used in official competition is that, when dropped onto a rigid 
surface from a height of 100 in., the height of the first bounce of the ball must be in the range 53 in. 58 in.h≤ ≤  
Determine the range of the coefficient of restitution of the tennis balls satisfying this requirement. 

 

SOLUTION 

Uniform accelerated motion: 

 
2

2

v gh

v gh

=

′ ′=
 

Coefficient of restitution: 
v

e
v

h
e

h

′
=

′
=

 

Height of drop 100 in.h =  

Height of bounce 53 in. 58 in.h′≤ ≤  

Thus, 
53 58

100 100
e≤ ≤  0.728 0.762e≤ ≤   
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PROBLEM 13.158 

Two disks sliding on a frictionless horizontal plane with opposite velocities of 
the same magnitude 0v  hit each other squarely. Disk A is known to have a 
weight of 6-lb and is observed to have zero velocity after impact. Determine  
(a) the weight of disk B, knowing that the coefficient of restitution between the 
two disks is 0.5, (b) the range of possible values of the weight of disk B if the 
coefficient of restitution between the two disks is unknown. 

 

SOLUTION 

Total momentum conserved: 

 A A B B A A Bm v m v m v m v′ ′+ = +  

 0 0( ) ( ) 0A B Bm v m v m v′+ − = +  

 01A

B

m
v v

m

 
′ = − 

 
 (1) 

Relative velocities: 

 0

( )

2
B A A Bv v e v v

v ev

′ ′− = −
′ =  (2) 

Subtracting Eq. (2) from Eq. (1) and dividing by 0 ,v  

 1 2 0 1 2
1 2

A A A
B

B B

m m m
e e m

m m e
− − = = + =

+
 

Since weight is proportional to mass,  
1 2

A
B

W
W

e
=

+
 (3) 

(a) With 6 lbAW =  and 0.5,e =  

 
6

1 (2)(0.5)BW =
+

 3.00 lbBW =  

(b) With 6 lbAW =  and 1,e =  

 
6

2 lb
1 (2)(1)BW = =

+
 

 With 6 lbAW =  and 0,e =  

 
6

6 lb
1 (2)(0)BW = =

+
 

 Range: 2.00 lb 6.00 lbBW≤ ≤  
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PROBLEM 13.159 

To apply shock loading to an artillery shell, a 20-kg pendulum A is released 
from a known height and strikes impactor B at a known velocity v0.   
Impactor B then strikes the 1-kg artillery shell C. Knowing the coefficient of 
restitution between all objects is e, determine the mass of B to maximize the 
impulse applied to the artillery shell C. 

 

SOLUTION 

First impact: A impacts B. 20 kg,  ?A Bm m= =  

Impulse-momentum: 1 2 2m m→Σ + Σ = Σv Imp v  

Components directed left: 0A A A B Bm v m v m v′ ′= +  

  020 20 A B Bv v m v′ ′= +  (1) 

Coefficient of restitution: ( )B A A Bv v e v v′ ′− = −  

  0B Av v ev′ ′− =  

  0A Bv v ev′ ′= −  (2) 

Substituting Eq. (2) into Eq. (1) yields 

  0 020 20( )B B Bv v ev m v′ ′= − +  

  020 (1 ) ( )B Bv e m v′+ = +  

  
020 (1 )

20B
B

v e
v

m

+′ =
+  (3) 

Second impact: B impacts C.  ?, 1 kgB Cm m= =  

Impulse-momentum: 2 2 3 3m m→Σ + Σ = Σv Imp v  
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PROBLEM 13.159  (Continued) 

 

Components directed left: 

  B B B B C Cm v m v m v′ ′′ ′′= +  

  B B B B Cm v m v v′ ′′ ′′= +  (4) 

Coefficient of restitution: ( )C B B Cv v e v v′′ ′′ ′ ′− = −  

  C B Bv v ev′′ ′′ ′− =  

  B C Cv v ev′′ ′′ ′− =  (5) 

Substituting Eq. (4) into Eq. (5) yields 

  ( )B B B C B C Cm v m v ev m v′ ′′ ′ ′′= − +  

  (1 ) (1 )B B B Cm v e m v′ ′′+ = +  

  
(1 )

1
B B

C
B

m v e
v

m

′ +′′ =
+

 (6) 

Substituting Eq. (3) for Bv′  in Eq. (6) yields 

  
2

020 (1 )

(20 )(1 )
B

C
B B

m v e
v

m m

+′′ =
+ +

 

The impulse applied to the shell C is 

  
2

0(1)(20) (1 )

(20 )(1 )
B

C C
B B

m v e
m v

m m

+′′ =
+ +

 

To maximize this impulse choose mB such that 

  
(20 )(1 )

B

B B

m
Z

m m
=

+ +
 

is maximum. Set / BdZ dm  equal to zero. 

  

2 2

2

2

(20 )(1 ) [(20 ) (1 )]
0

(20 ) (1 )

20 21 (21 2 ) 0

20 0

B B B B B

B B B

B B B B

B

m m m m mdZ

dm m m

m m m m

m

+ + − + + +
= =

+ +

+ + − + =

− =

 

   4.47 kgBm =   
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PROBLEM 13.160 

Two identical cars A and B are at rest on a loading dock with brakes released. Car C, of a slightly different 
style but of the same weight, has been pushed by dockworkers and hits car B with a velocity of 1.5 m/s. 
Knowing that the coefficient of restitution is 0.8 between B and C and 0.5 between A and B, determine the 
velocity of each car after all collisions have taken place. 

 

 

SOLUTION 

 A B Cm m m m= = =  

Collision between B and C: 

The total momentum is conserved: 

 

 B C B Cmv mv mv mv′ ′+ = +  

 0 1.5B Cv v′ ′+ = +  (1) 

Relative velocities: 

 

( )( ) ( )

( 1.5)(0.8) ( )

1.2

B C BC C B

C B

C B

v v e v v

v v

v v

′ ′− = −
′ ′− = −

′ ′− = −  (2) 

Solving (1) and (2) simultaneously, 

 

1.35 m/s

0.15 m/s
B

C

v

v

′ =
′ =  0.150 m/sC′ =v   

Since ,B Cv v′ ′>  car B collides with car A. 

Collision between A and B: 

 

 0 1.35
A B A B

A B

mv mv mv mv

v v

′ ′′ ′+ = +
′ ′′+ = +  (3) 
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PROBLEM 13.160  (Continued) 

 

Relative velocities: 

 

( ) ( )

(0 1.35)(0.5)

0.675

A B AB B A

B A

A B

v v e v v

v v

v v

′ ′′ ′− = −
′′ ′− = −

′ ′′− =  (4) 

Solving (3) and (4) simultaneously, 

 2 1.35 0.675Av′ = +  

 1.013 m/sA′ =v   

 0.338 m/sB′′ =v  

Since ,C B Av v v′ ′′ ′< <  there are no further collisions.
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PROBLEM 13.161 

Three steel spheres of equal weight are suspended from the ceiling by cords of 
equal length which are spaced at a distance slightly greater than the diameter of 
the spheres. After being pulled back and released, sphere A hits sphere B, which 
then hits sphere C. Denoting by e the coefficient of restitution between the 
spheres and by 0v  the velocity of A just before it hits B, determine (a) the 
velocities of A and B immediately after the first collision, (b) the velocities of B 
and C immediately after the second collision. (c) Assuming now that n spheres 
are suspended from the ceiling and that the first sphere is pulled back and 
released as described above, determine the velocity of the last sphere after it is hit 
for the first time. (d ) Use the result of Part c to obtain the velocity of the last 
sphere when n = 5 and e = 0.9. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) First collision (between A and B): 

 The total momentum is conserved: 

 0

A B A B

A B

mv mv mv mv

v v v

′ ′+ = +
′ ′= +  (1) 

 Relative velocities: 

 ( ) ( )A B B Av v e v v′ ′− = −  

 0 B Av e v v′ ′= −  (2) 

 Solving Equations (1) and (2) simultaneously, 

 0 (1 )

2A
v e

v
−′ =   

 0 (1 )

2B
v e

v
+′ =   

(b) Second collision (between B and C): 

 The total momentum is conserved. 

 B C B Cmv mv mv mv′ ′′ ′+ = +  

 Using the result from (a) for Bv′  

 0 (1 )
0

2 B C
v e

v v
+ ′′ ′+ = +  (3) 

 Relative velocities: 

 ( 0)B C Bv e v v′ ′ ′′− = −  
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 PROBLEM 13.161  (Continued) 

 

 Substituting again for Bv′  from (a) 

 0
(1 )

( )
2 C B

e
v e v v

+ ′ ′′= −  (4) 

 Solving equations (3) and (4) simultaneously, 

 0
0

(1 )1 ( )
(1 )

2 2 2C
v e e

v v e
+ ′ = + +  

 

 
2

0 (1 )

4C
v e

v
+′ =   

 
2

0 (1 )

4B
v e

v
−′′ =   

(c) For n spheres 

 n balls 

 ( 1)th collision,n −  

 we note from the answer to part (b) with 3n =  

 
2

0
3

(1 )

4n C
v e

v v v
+′ ′ ′= = =  

 or 
(3 1)

0
3 (3 1)

(1 )

2

v e
v

−

−
+′ =  

 Thus, for n balls 

 
( 1)

0
( 1)

(1 )

2

n

n n

v e
v

−

−
+′ =   

(d ) For 5, 0.90,n e= =  

 from the answer to part (c) with 5n =  

 

(5 1)
0

(5 1)

4
0

4

(1 0.9)

2

(1.9)

(2)

B

v
v

v

−

−
+′ =

=
 

 00.815Bv v′ =   
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PROBLEM 13.162 

At an amusement park there are 200-kg bumper cars A, B, and C that have riders with masses of 40 kg, 60 kg, 
and 35 kg respectively. Car A is moving to the right with a velocity 2 m/sA =v  and car C has a velocity 
vB 1.5 m/s=  to the left, but car B is initially at rest. The coefficient of restitution between each car is 0.8. 
Determine the final velocity of each car, after all impacts, assuming (a) cars A and C hit car B at the same 
time, (b) car A hits car B before car C does. 

 

 

SOLUTION 

Assume that each car with its rider may be treated as a particle. The masses are: 

 

200 40 240 kg,

200 60 260 kg,

200 35 235 kg.

A

B

C

m

m

m

= + =
= + =
= + =

 

Assume velocities are positive to the right. The initial velocities are: 

 2 m/s 0 1.5 m/sA B Cv v v= = = −  

Let ,  , andA B Cv v v′ ′ ′  be the final velocities. 

(a) Cars A and C hit B at the same time. Conservation of momentum for all three cars. 

 (240)(2) 0 (235)( 1.5) 240 260 235
A A B B C C A A B B C C

A B C

m v m v m v m v m v m v

v v v

′ ′ ′+ + = + +
′ ′ ′+ + − = + +  (1) 

 Coefficient of restition for cars A and B. 

 ( ) (0.8)(2 0) 1.6B A A Bv v e v v′ ′− = − = − =  (2) 

 Coefficient of restitution for cars B and C. 

 ( ) (0.8)[0 ( 1.5)] 1.2C B B Cv v e v v′ ′− = − = − − =  (3) 

 Solving Eqs. (1), (2), and (3) simultaneously, 

 1.288 m/s 0.312 m/s 1.512 m/sA B Cv v v′ ′ ′= − = =  

 1.288 m/sA′ =v    

 0.312 m/sB′ =v    

 1.512 m/sC′ =v    
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PROBLEM 13.162  (Continued) 

 

(b) Car A hits car B before C does. 

 First impact. Car A hits car B. Let andA Bv v′ ′  be the velocities after this impact. Conservation of  
 momentum for cars A and B. 

 (240)(2) 0 240 260
A A B B A A B B

A B

m v m v m v m v

v v

′ ′+ = +
′ ′+ = +  (4) 

 Coefficient of restitution for cars A and B. 

 ( ) (0.8)(2 0) 1.6B A A Bv v e v v′ ′− = − = − =  (5) 

 Solving Eqs. (4) and (5) simultaneously, 

 0.128 m/s, 1.728 m/sA Bv v′ ′= =  

 0.128 m/sA′ =v   

 1.728 m/sB′ =v   

 Second impact. Cars B and C hit. Let andB Cv v′′ ′′  be the velocities after this impact. Conservation of 
momentum for cars B and C. 

 B B C C B B C Cm v m v m v m v′ ′′ ′′+ = +  

 (260)(1.728) (235)( 1.5) 260 235B Cv v′′ ′′+ − = +  (6) 

 Coefficient of restitution for cars B and C. 

 ( ) (0.8)[1.728 ( 1.5)] 2.5824C B B Cv v e v v′′ ′′ ′− = − = − − =  (7) 

 Solving Eqs. (6) and (7) simultaneously, 

 1.03047 m/s 1.55193 m/sB Cv v′′ ′′= − =  

 1.03047 m/sB′′ =v   

 1.55193 m/sC′′ =v   

Third impact. Cars A and B hit again. Let andA Bv v′′′ ′′′  be the velocities after this impact. Conservation of 
momentum for cars A and B. 

 (240)(0.128) (260)( 1.03047) 240 260
A A B B A A B B

A B

m v m v m v m v

v v

′ ′′ ′′′ ′′′+ = +
′′′ ′′′+ − = +  (8) 

 Coefficient of restitution for cars A and B. 

 ( ) (0.8)[0.128 ( 1.03047)] 0.926776B A A Bv v e v v′′′ ′′′ ′ ′′− = − = − − =  (9) 

 Solving Eqs. (8) and (9) simultaneously, 

 
0.95633 m/s

0.02955 m/s
A

B

v

v

′′′ = −
′′′ = −

 

 0.95633 m/sAA′′′ =v   

 0.02955 m/sB′′′ =v   
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PROBLEM 13.162  (Continued) 

 

 There are no more impacts. The final velocities are: 

 0.956 m/sAA′′′ =v    

 0.0296 m/sB′′′ =v   

 1.552 m/sC′′ =v    

We may check our results by considering conservation of momentum of all three cars over all three 
impacts. 

 
(240)(2) 0 (235)( 1.5)

127.5 kg m/s
A A B B C Cm v m v m v+ + = + + −

= ⋅
 

 
(240)( 0.95633) (260)( 0.02955) (235)(1.55193)

127.50 kg m/s.
A A B B C Cm v m v m v′′′ ′′′ ′′+ + = − + − +

= ⋅
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PROBLEM 13.163 

At an amusement park there are 200-kg bumper cars A, B, and C that have riders with masses of 40 kg, 60 kg, 
and 35 kg respectively. Car A is moving to the right with a velocity 2 m/sA =v  when it hits stationary car B. 
The coefficient of restitution between each car is 0.8. Determine the velocity of car C so that after car B 
collides with car C the velocity of car B is zero. 

 

 

SOLUTION 

Assume that each car with its rider may be treated as a particle. The masses are: 

 

200 40 240 kg

200 60 260 kg

200 35 235 kg

A

B

C

m

m

m

= + =
= + =
= + =

 

Assume velocities are positive to the right. The initial velocities are: 

 2 m/s, 0, ?A B Cv v v= = =  

First impact. Car A hits car B. Let andA Bv v′ ′  be the velocities after this impact. Conservation of momentum 
for cars A and B.  

 (240)(2) 0 240 260
A A B B A A B B

A B

m v m v m v m v

v v

′ ′+ = +
′ ′+ = +  (1) 

Coefficient of restitution for cars A and B. 

 ( ) (0.8)(2 0) 1.6B A A Bv v e v v′ ′− = − = − =  (2) 

Solving Eqs. (1) and (2) simultaneously, 

 
0.128 m/s

1.728 m/s
A

B

v

v

′ =
′ =

 

 0.128 m/sA′ =v   

 1.728 m/sB′ =v   

Second impact. Cars B and C hit. Let andB Cv v′′ ′′  be the velocities after this impact. 0.Bv′′ =  Coefficient of 
restitution for cars B and C. 

 
( ) (0.8)(1.728 )

1.3824 0.8
C B B C C

C C

v v e v v v

v v

′′ ′′ ′− = − = −
′′ = −
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PROBLEM 13.163  (Continued) 

 

Conservation of momentum for cars B and C. 

 B B C C B B C Cm v m v m v m v′ ′′ ′′+ = +  

 (260)(1.728) 235 (260)(0) (235)(1.3824 0.8 )C Cv v+ = + −  

 (235)(1.8) (235)(1.3824) (260)(1.728)Cv = −  

 0.294 m/sCv = −  0.294 m/sC =v    

Note: There will be another impact between cars A and B.
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PROBLEM 13.164 

Two identical billiard balls can move freely on a horizontal table. Ball 
A has a velocity v0 as shown and hits ball B, which is at rest, at  
a Point C defined by θ = 45°. Knowing that the coefficient of restitution 
between the two balls is e = 0.8 and assuming no friction, determine the 
velocity of each ball after impact. 

 

SOLUTION 

 

 

 

 

 

 

 
 Ball A: t-dir 0 0sin sinAt Atmv mv v vθ θ′ ′=  =  

 Ball B: t-dir 

 0 0B Bt Btm v v′ ′=  =  

 Balls A + B: n-dir 

 0 cos 0 An Bnmv m v m vθ ′ ′+ = +  (1) 

 Coefficient of restitution 

 ( )Bn An An Bnv v e v v− = −′ ′  

 0( cos 0)Bn Anv v e v θ′ ′− = −  (2) 

 Solve (1) and (2) 

0 0
1 1

cos ; cos
2 2An Bn

e e
v v v vθ θ− +   ′ ′= =   

   
 

 With numbers 

 0.8; 45e θ= = °  

 0 0sin 45 0.707Atv v v= °=′  

 0 0
1 0.8

cos45 0.0707
2Anv v v

− ′ = ° = 
 

 

 0Btv′ =  

 0 0
1 0.8

cos 45 0.6364
2Bnv v v

+ ′ = °= 
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PROBLEM 13.164  (Continued) 

(A) 

 

 
1
22 2

0 0 0[(0.707 ) (0.0707 ) ] 0.711Av" v v v= + =  

 00.711v= 

 1 0.0707
tan 5.7106

0.707
β −  = = ° 

 
 

 So 45 5.7106 39.3θ = − = °  

 

 

(B) 

 

 

 00.711Av v′ =     39.3°  

 00.636Bv v′ =        45°  
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PROBLEM 13.165 

The coefficient of restitution is 0.9 between the two 2.37-in. diameter 
billiard balls A and B. Ball A is moving in the direction shown with  
a velocity of 3 ft/s when it strikes ball B, which is at rest. Knowing 
that after impact B is moving in the x direction, determine (a) the 
angle ,θ  (b) the velocity of B after impact. 

 

SOLUTION 

(a) Since Bv′  is in the x-direction and (assuming no friction), the common tangent between A and B at  
 impact must be parallel to the y-axis, 

 

  

1

10
tan

6
10

tan
6 2.37

70.04

D
θ

θ −

=
−

=
−

= °

 

 70.0θ = °   

(b) Conservation of momentum in x(n) direction: 

 

cos ( ) ( )

(3)(cos70.04) 0 ( )

1.0241 ( ) ( )

A B n A n B

A n B

A n B

mv m v m v mv

v v

v v

θ ′ ′+ = +
′ ′+ = +
′ ′= +  (1) 

 Relative velocities in the n direction: 

 0.9e =  ( cos ( ) ) ( )A B n B A nv v e v vθ ′ ′− = −  

 (1.0241 0)(0.9) ( )B A nv v′ ′− = −  (2) 

 (1) (2)+  2 1.0241(1.9)Bv′ =  0.972 ft/sB′ =v   
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PROBLEM 13.166 

A 600-g ball A is moving with a velocity of magnitude 6 m/s when it is 
hit as shown by a 1-kg ball B which has a velocity of magnitude 4 m/s. 
Knowing that the coefficient of restitution is 0.8 and assuming no 
friction, determine the velocity of each ball after impact. 

 

SOLUTION 

 
 Before After 

 6 m/s

( ) (6)(cos 40 ) 4.596 m/s

( ) 6(sin 40°) 3.857 m/s

( ) 4 m/s

( ) 0

A

A n

A t

B B n

B t

v

v

v

v v

v

=
= ° =
= − = −
= = −
=

 

t-direction: 

Total momentum conserved: 

 

( ) ( ) ( ) ( )

(0.6 kg)( 3.857 m/s) 0 (0.6 kg)( ) (1 kg)( )

2.314 m/s 0.6 ( ) ( )

A A t B B t A B t B B t

A t B

A t B t

m v m v m v m v

v v t

v v

′ ′+ = +
′ ′− + = +

′ ′− = +  (1) 

Ball A alone: 

Momentum conserved: 

 

( ) ( ) 3.857 ( )

( ) 3.857 m/s
A A t A A t A t

A t

m v m v v

v

′ ′= − =
′ = −  (2) 

Replacing ( )A tv′  in (2) in Eq. (1) 

 2.314 (0.6)( 3.857) ( )

2.314 2.314 ( )

( ) 0

B t

B t

B t

v

v

v

′− = − +
′− = − +

′ =

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

769 

PROBLEM 13.166  (Continued) 

 

n-direction: 

Relative velocities: 

 

[( ) ( ) ] ( ) ( )

[(4.596) ( 4)](0.8) ( ) ( )

6.877 ( ) ( )

A n B n B n A n

B n A n

B n A n

v v e v v

v v

v v

′ ′− = −
′ ′− − = −
′ ′= −  (3) 

Total momentum conserved: 

 

( ) ( ) ( ) ( )

(0.6 kg)(4.596 m/s) (1 kg)( 4 m/s) (1 kg)( ) (0.6 kg)( )

1.2424 ( ) 0.6( )

A A n B B n A A n B B n

B n A n

B n A n

m v m v m v m v

v v

v v

′ ′+ = +
′ ′+ − = +

′ ′− = +  (4) 

Solving Eqs. (4) and (3) simultaneously, 

 
( ) 5.075 m/s

( ) 1.802 m/s
A n

B n

v

v

′ =
′ =

 

Velocity of A: 

 

2 2

|( ) |
tan

|( ) |

3.857

5.075
37.2 40 77.2

(3.857) (5.075)

6.37 m/s

A t

A n

A

v

v

v

β

β β

=

=

= ° + ° = °

′ = +
=

 

 6.37 m/sA′ =v 77.2°   

Velocity of B: 1.802 m/sB′ =v 40°   
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PROBLEM 13.167 

Two identical hockey pucks are moving on a hockey rink at the same speed of 3 m/s 
and in perpendicular directions when they strike each other as shown. Assuming a 
coefficient of restitution e = 0.9, determine the magnitude and direction of the 
velocity of each puck after impact. 

 

SOLUTION 

Use principle of impulse-momentum: 1 1 2 2m m→Σ + Σ = Σv Imp v  

 

t-direction for puck A: 

 
sin 20 0 ( )

( ) sin 20 3sin 20 1.0261 m/s
A A t

A t A

mv m v

v v

′− ° + =
′ = ° = ° =

 

t-direction for puck B: 

 
cos 20 0 ( )

( ) cos 20 3cos 20 2.8191 m/s
B B t

B t B

mv m v

v v

′− ° + =
′ = ° = − ° = −

 

n-direction for both pucks: 

 cos 20 sin 20 ( ) ( )A B A n B nmv mv m v m v′ ′° − ° = +  

 ( ) ( ) cos 20 sin 20A n B n A Bv v v v′ ′+ = ° − °  

 3cos 20 3sin 20= ° − °  (1) 

Coefficient of restitution: 0.9e =  

 ( ) ( ) [( ) ( ) ]B n A n A n B nv v e v v′ ′− = −  

 0.9[3cos 20 ( 3)sin 20 ]= ° − − °  (2) 

Solving Eqs. (1) and (2) simultaneously, 

 ( ) 0.8338 m/sA nv′ = −  ( ) 2.6268 m/sB nv′ =  
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PROBLEM 13.167  (Continued) 

 

Summary: ( ) 0.8338 m/sA n′ =v 20°  

 ( ) 1.0261 m/sA t′ =v 70°  

 ( ) 2.6268 m/sB n′ =v 20°  

 ( ) 2.8191 m/sB t′ =v 70°  

 2 2(0.8338) (1.0261) 1.322 m/sAv = + =  

 
1.0261

tan
0.8338

α =  50.9α = °  20 70.9α + ° = °  

  1.322 m/sA′ =v 70.9°   

 2 2(2.6268) (2.8191) 3.85 m/sBv′ = + =  

 
2.8191

tan
2.6268

β =       47.0 20 27.0β β= ° − ° = °  

  3.85 m/sB′ =v 27.0°   
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PROBLEM 13.168 

Two identical pool balls of 57.15-mm diameter, may move freely on a 
pool table. Ball B is at rest and ball A has an initial velocity 0 .v=v i   
(a) Knowing that 50 mmb =  and 0.7,e =  determine the velocity of 
each ball after impact. (b) Show that if 1,e =  the final velocities of the 
balls from a right angle for all values of b. 

 

SOLUTION 

Geometry at instant of impact: 

 
50

sin
57.15

61.032

b

d
θ

θ

= =

= °

 

Directions n and t are shown in the figure. 

Principle of impulse and momentum: 

 

Ball B: 

 

 

 

Ball A: 

 

 

Ball A, t-direction: 0 0sin 0 ( ) ( ) sinA t A tmv m v v vθ θ+ = =  (1) 

Ball B, t-direction: 0 0 ( ) ( ) 0B t B tm v v+ = =  (2) 

Balls A and B, n-direction: 0 cos 0 ( ) ( )A n B nmv m v m vθ + + +  

 0( ) ( ) cosA n B nv v v θ+ =  (3) 

Coefficient of restitution: 0( ) ( ) [ cos ]B n A nv v e v θ− =  (4) 

(a) 0.7.e =  From Eqs. (1) and (2), 

 0( ) 0.87489A tv v=  (1)′  

 ( ) 0B tv =  (2)′  
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PROBLEM 13.168  (Continued) 

 

 From Eqs. (3)  and (4),  

 0( ) ( ) 0.48432A n B nv v v+ =  (3)′  

 0( ) ( ) (0.7)(0.48432 )B n A nv v v− =  (4)′  

 Solving Eqs. (5) and (6) simultaneously, 

 

0 0

2 2

2 2
0 0

0

0

0

( ) 0.072648 ( ) 0.41167

( ) ( )

(0.072648 ) (0.87489

0.87790

( ) 0.072648
tan 0.083037

( ) 0.87489

4.7468

90

90 61.032 4.7468

24.221

A n B n

A A n A t

A n

A t

v v v v

v v v

v v

v

v v

v v
β

β
ϕ θ β

= =

= +

= +

=

= = =

= °
= ° − −
= ° − ° − °
= °

 

 00.878A v=v 24.2°   

 00.412B v=v 61.0°   

(b) 1.e =  Eqs. (3) and (4) become 

  0( ) ( ) cosA n B nv v v θ+ =  (3)′′  

 0( ) ( ) cosB n A nv v v θ− =  (4)′′  

 Solving Eqs. (3)′′  and (4)′′  simultaneously, 

 0( ) 0, ( ) cosA n B tv v v θ= =  

 But 0( ) sin , and ( ) 0A t B tv v vθ= =  

 vA is in the t-direction and vB is in the n-direction; therefore, the velocity vectors form a right angle. 
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PROBLEM 13.169 

A boy located at Point A halfway between the center O of a 
semicircular wall and the wall itself throws a ball at the wall in 
a direction forming an angle of 45°  with OA. Knowing that 
after hitting the wall the ball rebounds in a direction parallel to 
OA, determine the coefficient of restitution between the ball and 
the wall. 

 

SOLUTION 

Law of sines: 

 
2

sin sin135

20.705

45 20.705

24.295

R R

θ

θ
α

°=

= °
= ° − °
= °

 

Conservation of momentum for ball in t-direction: 

 sin sinv vθ α′− = −  

Coefficient of restitution in n: (cos ) cosv e vθ α′=  

Dividing,  
tan

tan
e

θ α=  

 
tan 20.705

tan 24.295
e

°=
°

 0.837e =   
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PROBLEM 13.170 

The Mars Pathfinder spacecraft used large airbags to cushion 
its impact with the planet’s surface when landing. Assuming 
the spacecraft had an impact velocity of 18 m/s at an angle 
of 45° with respect to the horizontal, the coefficient of 
restitution is 0.85 and neglecting friction, determine (a) the 
height of the first bounce, (b) the length of the first bounce. 
(Acceleration of gravity on the Mars = 3.73 m/s2.) 

 

SOLUTION 

Use impulse-momentum principle. 

 1 1 2 2m m→Σ + Σ = Σv Imp v  

 

The horizontal direction (x to the right) is the tangential direction and the vertical direction ( y upward) is the 
normal direction. 

Horizontal components: 0 sin 45 0 xmv mv° = =  

 0 sin 45 .xv v= °  12.728 m/sx =v  

Vertical components, using coefficient of restitution 0.85e =  

 00 [0 ( cos45 )]yv e v− = − − °  

 (0.85)(18cos 45 )yv = °  10.819 m/sy =v  

The motion during the first bounce is projectile motion. 

Vertical motion: 2
0

0

1
( )

2
( )

y

y y

y v t g t

v v gt

= −

= −

 

Horizontal motion: xx v t=  
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PROBLEM 13.170  (Continued) 

 

(a) Height of first bounce: 

  

0

0

2

2

0: 0 ( )

( ) 10.819 m/s
2.901 s

3.73 m/s

1
(10.819)(2.901) (3.73)(2.901)

2

y y

y

v v gt

v
t

g

y

= = =

= = =

= −

 

  15.69 my =   

(b) Length of first bounce: 

  
21

0: 10.819 (3.73) 0
2

5.801 s

y t t

t

= − =

=
 

  (12.728)(5.801)x =  73.8 mx =   
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PROBLEM 13.171 

A girl throws a ball at an inclined wall from a height 
of 3 ft, hitting the wall at A with a horizontal 
velocity 0v  of magnitude 25 ft/s. Knowing that the 
coefficient of restitution between the ball and the 
wall is 0.9 and neglecting friction, determine the 
distance d from the foot of the wall to the Point B 
where the ball will hit the ground after bouncing 
off the wall. 

 

SOLUTION 

 

Momentum in t direction is conserved 

sin 30 tmv mv′° =  

   (25)(sin 30 ) tv′° =  

   12.5 ft/stv′ =  

Coefficient of restitution in n-direction 

   ( cos30 ) nv e v′° =  

(25)(cos30 )(0.9)         19.49 ft/sn nv v′ ′° = =  

 
Write v′  in terms of x and y components 

0( ) (cos30 ) (sin 30 ) 19.49(cos30 ) 12.5(sin 30 )x n tv v v′ ′ ′= ° − ° = ° − °  

 10.63 ft/s=  

0( ) (sin 30 ) (cos30 ) 19.49(sin 30 ) 12.5(cos30 )y n tv v v′ ′ ′= ° + ° = ° + °  

 20.57 ft/s=  
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PROBLEM 13.171  (Continued) 

Projectile motion 

2
2 2

0 0
1

( ) 3 ft (20.57 ft/s) (32.2 ft/s )
2 2y

t
y y v t gt t′= + − = + −  

At B, 20 3 20.57 16.1 ;  1.4098 sB B By t t t= = + − =  

 0 0( ) 0 10.63(1.4098);  14.986 ftB x B Bx x v t x′= + = + =  

 3cot 60 (14.986 ft) (3 ft)cot 60 13.254 ftBd x= − ° = − ° =  

  13.25 ftd =  
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PROBLEM 13.172 

A sphere rebounds as shown after striking an inclined plane 
with a vertical velocity v0 of magnitude 0 5 m/s.v =  Knowing 
that 30α = °  and 0.8e =  between the sphere and the plane, 
determine the height h reached by the sphere. 

 

SOLUTION 

Rebound at A 

Conservation of momentum in the t-direction: 

 0 sin 30 ( )

( ) (5 m/s)(sin 30 ) 2.5 m/s
A t

A t

mv m v

v

′° =
′ = ° =

 

Relative velocities in the n-direction: 

 0( cos30 0) 0 ( )

( ) (0.8)(5 m/s)(cos30 ) 3.4641 m/s
A n

A n

v e v

v

′− ° − = −
′ = ° =

 

Projectile motion between A and B: 

After rebound 

 0

0

0

0

( ) ( ) cos30 ( ) sin 30

( ) (2.5)(cos30 ) (3.4641)sin 30 3.8971 m/s

( ) ( ) sin 30 ( ) cos30

( ) (2.5)(sin 30 ) (3.4641)cos30 1.750 m/s

x A t A n

x

y A t A n

y

v v v

v

v v v

v

′ ′= ° + °
= ° + =

′ ′= − ° + °

= − ° + ° =

 

x-direction: 0 0( ) ( )

3.8971 3.8971 m/s
x x x

x B

x v t v v

x t v v

= =
= = =

 

y-direction: 2
0

0

1
( )

2
( )

y

y y

y v t gt

v v gt

= −

= −

 

At A:  0

0 2

0 ( )

1.75 m/s
( ) /

9.81 m/s

0.17839 s

y y AB

AB y

A B

v v gt

t v g

t −

= = −

= =

=

 

At B: 

  

2

0

2

( )
2
9.81

(1.75)(0.17839) (0.17839)
2

A B
y A B

gt
y h v t

h

−
−= = −

= −  0.156 mh =   
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PROBLEM 13.173 

A sphere rebounds as shown after striking an inclined 
plane with a vertical velocity v0 of magnitude 0 6 m/s.v =  
Determine the value of α that will maximize the horizontal 
distance the ball travels before reaching its maximum 
height h assuming the coefficient of restitution between 
the ball and the ground is (a) 1,e =  (b) 0.8.e =  

 

SOLUTION 

Directions x, y, n, and t are shown in the sketch. 

Analysis of the impact: Use the principle of impulse and momentum for  
components in the t-direction. 

 0 1sin 0 ( )tmv m vα ′+ =  

 1 0( ) sintv v α=  (1) 

Coefficient of restitution: 1 0( ) ( )n ne= −v v  

 1 0( ) cosnv ev α=  (2) 

x and y components of velocity immediately after impact: 

 1 1 1 0( ) ( ) sin ( ) cos (1 )sin cosx n tv v v v eα α α α= + = +  

 0
1

(1 )sin 2
2

v e α= +  (3) 

 

2 2
1 1 1 0

0

0

( ) ( ) cos ( ) sin ( cos sin )

1
[ (1 cos 2 ) (1 cos 2 )]

2
1

[(1 )cos 2 (1 )]
2

y n tv v v v e

v e

v e e

α α α α

α α

α

= − = −

= + − −

= + − −  (4) 

Projectile motion: Use coordinates x and y with the origin at the point of impact. 

 0

0

0

0

x

y

=
=

 

Vertical motion: 1

0

( )

1
[(1 )cos 2 (1 )]

2

y y

y

v v gt

v v e e gtα

= −

= + − − −

 

0yv =  at the position of maximum height where 

 1 0
2

( )
[(1 )cos (1 )]

2
yv v

t e e
g g

α= = + − −  (5) 
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PROBLEM 13.173  (Continued) 

 

Horizontal motion: 1 0

1

1
( ) (1 )sin 2

2
( )

x x

x

v v v e

x v t

α= = +

=

 

At the point of maximum height, 

 
2
0

2 1 2( ) (1 )sin 2 [(1 )cos 2 (1 )]
4x

v
x v t e e e

g
α α= = + + − −  

Let 2θ α=  and 2
2 04 / (1 ).Z gx v e= +  To determine the value of θ  that maximizes 2x  (or Z ), differentiate  

Z with respect to θ and set the derivative equal to zero. 

 2

2 2

sin [(1 )cos (1 )]

cos [(1 )cos (1 )] (1 )sin

(1 )cos (1 )cos (1 )(1 cos ) 0

Z e e

dZ
e e e

d

e e e

θ θ

θ θ θ
θ

θ θ θ

= + − −

= + − − − +

= + − − − + − =

 

 22(1 )cos (1 )cos (1 ) 0e e eθ θ+ − − − + =  

This is a quadratic equation for cos .θ  

(a) 1e =  24cos 2 0θ − =  

 

2 1
cos

2

2
cos

2

θ

θ

=

= ±
 

 45θ = ± ° and 135± °  

 22.5α = ° and 67.5°  

 Reject the negative values of θ  which make x2 negative. 

 Reject 67.5α = ° since it makes a smaller maximum height. 

 22.5α = °   

(b) 0.8e =  23.6cos 0.2cos 1.8 0θ θ− − =  

 

cos 0.73543 and 0.67987

42.656 and 132.833

21.328 and 66.417

θ
θ
α

= −
= ± ° ± °
= ± ° ± °  21.3α = °   
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PROBLEM 13.174 

Two cars of the same mass run head-on 
into each other at C. After the collision, the 
cars skid with their brakes locked and 
come to a stop in the positions shown in 
the lower part of the figure. Knowing that 
the speed of car A just before impact was  
5 mi/h and that the coefficient of kinetic 
friction between the pavement and the tires 
of both cars is 0.30, determine (a) the 
speed of car B just before impact, (b) the 
effective coefficient of restitution between 
the two cars. 

 

SOLUTION 

(a) At C: 

 

 Conservation of total momentum: 

  5 mi/h 7.333 ft/s
A Bm m m= =

=  

  A A B B A A B Bm v m v m v m v′ ′+ = +  

  7.333 B A Bv v v′ ′− + = +  (1) 

 Work and energy. 

 Care A (after impact): 

  

2
1

2

1 2

1 2

1 1 2 2

2

2 2

2

1
( )

2
0

(12)

(12 ft)

1
( ) (12) 0

2

( ) (2)(12 ft)(0.3)(32.2 ft/s )

231.84 ft/s

15.226 ft/s

A A

f

k A

A A k A

A

A

T m v

T

U F

U m g

T U T

m v m m g

v

v

μ
−

−

−

′=

=
=

=
+ =

′ − =

′ =

=
′ =

 

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

783 

PROBLEM 13.174  (Continued) 

 

 Car B (after impact): 

  

2
1

2

1 2

1 1 2 2

1
( )

2
0

(3)

B B

k B

T m v

T

U m g

T U T

μ−

−

′=

=
=

+ =

 

  21
( ) (3)

2 B B k Bm v m gμ′ −  

  

2 2

2 2

(2)(3 ft)(0.3)(32.2 ft/s )

( ) 57.96 ft/s

7.613 ft/s

B

B

B

v

v

v

′ =

′ =
′ =

 

 From (1) 7.333

7.333 15.226 7.613
B A Bv v v′ ′= + +

= + +
 

   30.2 ft/s 20.6 mi/hBv = =  

(b) Relative velocities: 

 ( )A B B Av v e v v′ ′− − = −  

  

( 7.333 30.2) 7.613 15.226

(7.613)
0.2028

(37.53)

e

e

− − = −
−= =
−

 0.203e =   
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PROBLEM 13.175 

A 1-kg block B is moving with a velocity v0 of magnitude 0 2 m/sv =  
as it hits the 0.5-kg sphere A, which is at rest and hanging from a cord 
attached at O. Knowing that 0.6kμ =  between the block and the 
horizontal surface and 0.8e =  between the block and the sphere, 
determine after impact (a) the maximum height h reached by the 
sphere, (b) the distance x traveled by the block. 

 

SOLUTION 

Velocities just after impact 

 

Total momentum in the horizontal direction is conserved: 

 

0 (1 kg)(2 m/s) (0.5 kg)( ) (1 kg)( )
A A B B A A B B

A B

m v m v m v m v

v v

′ ′+ = +
′ ′+ = +

 

 4 2A Bv v′ ′= +  (1) 

Relative velocities: 

 

( ) ( )

(0 2)(0.8)

1.6

A B B A

B A

B A

v v e v v

v v

v v

′ ′− = −
′ ′− = −
′ ′− = −  (2) 

Solving Eqs. (1) and (2) simultaneously: 

 
0.8 m/s

2.4 m/s
B

A

v

v

′ =
′ =

 

(a) Conservation of energy: 

 

2
1 1 1

2
1

1
0

2
1

(2.4 m/s) 2.88
2

A

A A

T m v V

T m m

= =

= =
 

 2

2

0

A

T

V m gh

=
=

 

 1 1 2 2 2.88T V T V m+ = + 0 0A m+ = + (9.81)A h  

 0.294 mh =   

 
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

785 

PROBLEM 13.175  (Continued) 

 

(b) Work and energy: 

 

  

2 2
1 1 2

1 2

1 2

1 1 2 2

1 1
(0.8 m/s) 0.32 0

2 2
(0.6)( )(9.81)

5.886

: 0.32 5.886 0

B B B

f k x B B

B

B B

T m v m m T

U F x Nx m gx m x

U m x

T U T m m x

μ μ−

−

−

= = = =

= − = − = − = −

= −
+ = − =

 

  0.0544 mx =  54.4 mmx =   
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PROBLEM 13.176 

A 0.25-lb ball thrown with a horizontal velocity v0 strikes a 1.5-lb plate attached to a vertical wall at a height 
of 36 in. above the ground. It is observed that after rebounding, the ball hits the ground at a distance of 24 in. 
from the wall when the plate is rigidly attached to the wall (Figure 1) and at a distance of 10 in. when a foam-
rubber mat is placed between the plate and the wall (Figure 2). Determine (a) the coefficient of restitution  
e between the ball and the plate, (b) the initial velocity v0 of the ball. 

 

 

SOLUTION 

 

 

 

 

 

 

 

 

(a) Figure (1), ball alone relative velocities 

0 1( )Bv e v′=  

 Projectile motion 

time for the ball to hit groundt =  

 02 ft v et=  (1) 

 Figure (2), ball and plate relative velocities 

2( ) ( )B A P Bv v e v v′ ′− = +  

0, 0B Pv v v= =  

 0 2( )P Bv e v v′ ′= +  (2) 

 Conservation of momentum 

B B P P B B P Pm v m v m v m v′ ′+ = +  

0 2
0.25 0.25 1.5

0 ( )B Pv v v
g g g

′ ′+ = − +  
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   PROBLEM 13.176  (Continued) 

 

 0 2 0 20.25 0.25( ) 1.5 ( ) 6B p B pv v v v v v′ ′ ′ ′= − +  = − −  (3) 

 Solving (2) and (3) for 2( ) ,Bv′  2 0
(6 1)

( )
7B

e
v v

−′ =  

 Projectile motion 

 0
(6 1)

0.8333
7

e
v t

−=  (4) 

 Dividing Equation (4) by Equation (1) 

0.8333 6 1
; 2.91655 6 1

2 7

e
e e

e

−= = −  

 0.324e = 

(b) From Figure (1) 

  Projectile motion, 2 21 1
; 3 (32.2)

2 2
h gt t= =  

 26 32.2t=  (5) 

  From Equation (1), 

0
0 0

2 6.1728
2

0.324
v et t

v v
=  = =  

  Using Equation (5) 

2
2
0

0

6.1728
6 32.2 6 1226.947v

v

 
=  = 

 
 

2
0 204.49v =  

 0 14.30 ft/sv =  
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PROBLEM 13.177 

After having been pushed by an airline employee, an empty 40-kg 
luggage carrier A hits with a velocity of 5 m/s an identical 
carrier B containing a 15-kg suitcase equipped with rollers. The 
impact causes the suitcase to roll into the left wall of carrier B. 
Knowing that the coefficient of restitution between the two 
carriers is 0.80 and that the coefficient of restitution between the 
suitcase and the wall of carrier B is 0.30, determine (a) the 
velocity of carrier B after the suitcase hits its wall for the first 
time, (b) the total energy lost in that impact. 

 

SOLUTION 

(a) Impact between A and B: 

 Total momentum conserved: 

 

 40 kgA A B B A A B B A Bm v m v m v m v m m′ ′+ = + = =  

 5 m/s 0 A Bv v′ ′+ = +  (1) 

 Relative velocities: 

 ( )A B AB B Av v e v v′ ′− = −  

 (5 0)(0.80) B Av v′ ′− = −  (2) 

 Adding Eqs. (1) and (2) 

 

(5 m/s)(1 0.80) 2

4.5 m/s
B

B

v

v

′+ =
′ =  

 Impact between B and C (after A hits B) 

 Total momentum conserved: 

 B B C C B B C Cm v m v m v m v′ ′ ′′ ′′+ = +  

 (40 kg)(4.5 m/s) 0 (40 kg) (15 kg)B Cv v′′ ′′+ = +  

 4.5 0.375B Cv v′′ ′′= +  (3) 

 Relative velocities: 

 

( )

(4.5 0)(0.30)
B C BC C B

C B

v v e v v

v v

′ ′ ′′ ′′− = −
′′ ′′− = −  (4) 
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PROBLEM 13.177  (Continued) 

 

 Adding Eqs. (4) and (3) 

 
(4.5)(1 0.3) (1.375)

4.2545 m/s
C

C

v

v

′′+ =
′′ =

 

  4.5 0.375(4.2545) 2.90 m/sB Bv v′′ ′′= − =  2.90 m/sBv′ =   

(b) 

2 2

2 2

2 2

( ) ( )

1 40
( ) kg (4.5 m/s) 405 J

2 2

1 40
0 ( ) kg (2.90) 168.72 J

2 2

1 15
( )  kg (4.2545 m/s) 135.76 J

2 2

L B C B C

B B B

C B B B

C C C

T T T T T

T m v

T T m v

T m v

′ ′ ′′ ′′Δ = + − +

 ′ ′= = = 
 

 ′ ′′ ′′= = = = 
 

 ′′ ′′= = = 
 

 

 (405 0) (168.72 135.76) 100.5 JLTΔ = + − + =  100.5 JLTΔ =   
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PROBLEM 13.178 

Blocks A and B each weigh 0.8 lb and 
block C weighs 2.4 lb. The coefficient of 
friction between the blocks and the plane 
is 0.30.kμ =  Initially block A is moving 
at a speed 0 15 ft/sv =  and blocks B and C 
are at rest (Fig. 1). After A strikes B and B 
strikes C, all three blocks come to a stop 
in the positions shown (Fig. 2). Determine 
(a) the coefficients of restitution between 
A and B and between B and C, (b) the 
displacement x of block C. 

 

SOLUTION 

(a) Work and energy 

 Velocity of A just before impact with B: 

 ( )2 2
1 0 2 2

1 1

2 2
A A

A
W W

T v T v
g g

= =  

 1 2

1 1 2 2

(1 ft)k AU W

T U T

μ−

−

= −
+ =

 

 ( )2 2
0 2

1 1
(1)

2 2
A A

k A A
W W

v W v
g g

μ− =  

 
2 2 2 2

2 0

2 2
2 2

( ) 2 (15 ft/s) 2(0.3)(32.2 ft/s )(1 ft)

( ) 205.68 ft/s , ( ) 14.342 ft/s

A k

A A

v v g

v v

μ= − = −

= =
 

 Velocity of A after impact with B: 2( )Av′  

 

2
2 2 3

2 3

2
2 2 3 3 2

1
( ) 0

2

(3/12)

1
, ( ) ( )( /4) 0

2

A
A

k A

A
A k A

W
T v T

g

U W

W
T U T v W

g

μ

μ

−

−

′ ′= =

= −

′ ′+ = − =

 

 
2 2 2 2
2

2

1
( ) 2(0.3)(32.2 ft/s ) ft 4.83 ft /s

4

( ) 2.198 ft/s

A

A

v

v

 ′ = = 
 

′ =
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PROBLEM 13.178  (Continued) 

 

 Conservation of momentum as A hits B: 

 2

2

( ) 14.342 ft/s

( ) 2.198 ft/s
A

A

v

v

=
′ =

 

  2 2( ) ( )

14.342 0 2.198 12.144 ft/s
A A B B B A B B A B

B B

m v m v m v m v m m

v v

′ ′+ = + =
′ ′+ = + =

 

 Relative velocities A and B: 

  2 2[( ) ] ( )A B AB B Av v e v v′ ′− = −  

 (14.342 0) 12.144 2.198ABe− = −  0.694ABe =   

 Work and energy. 

 Velocity of B just before impact with C: 

 

2 2
2 2

2 2
4 4 4

2 4

22
4

2 2 4 4

1
( ) (12.144)

2 2

1
( ) ( )

2 2

( ) 12.144 ft/s (1 ft) (0.3)

( )(12.144)
, 0.3

2 2

B B
B

B B
B B

B k B B

B
f k B

W W
T v

g g

W W
T v v

g g

v U W W

v
F W T U T

g g

μ

μ

−

−

′= =

′ ′= =

′ = = − =

′
= + = − =

 

 4( ) 11.321 ft/sBv′ =  

 Conservation of momentum as B hits C: 

 

0.8

2.4

B

C

m
g

m
g

=

=
 

 4( ) 11.321 ft/sBv′ =  

  4 4

4

4

( ) ( )

0.8 0.8 (2.4)
(11.321) 0 ( ) ( )

11.321 ( ) 3

B B C C B B C C

B C

B C

m v m v m v m v

v v
g g g

v v

′ ′′ ′+ = +

′′ ′+ = +

′′ ′= +
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PROBLEM 13.178  (Continued) 

 

 4Velocity of  after  hits , ( ) 0.BB B C v′′ =  

 (Compare Figures (1) and (2).) 

       3.774 ft/sCv′ =  

 Relative velocities B and C: 

 4 4(( ) ) ( )

(11.321 0) 3.774 0
B C BC C B

BC

v v e v v

e

′ ′ ′′− = −
− = −

 

 0.333BCe =   

(b) Work and energy, Block C: 

 

2
4 5 4 5

2
4 4 5 5

1
( ) 0 ( )

2

1
(3.774) (0.3) ( ) 0

2

C
C k C

C
C

W
T v T U W x

g

W
T U T W x

g

μ−

−

= = = −

+ = − =
 

 
2(3.774)

0.737 ft
2(32.2)(0.3)

x = =  

  8.84 in.x =   
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PROBLEM 13.179 

A 0.5-kg sphere A is dropped from a height of 0.6 m onto a 1.0 kg 
plate B, which is supported by a nested set of springs and is initially 
at rest. Knowing that the coefficient of restitution between the sphere 
and the plate is 0.8,e =  determine (a) the height h reached by the 
sphere after rebound, (b) the constant k of the single spring 
equivalent to the given set if the maximum deflection of the plate is 
observed to be equal to 3h. 

 

SOLUTION 

Velocity of A and B after impact. 

 
0.5 kg

1.0 kg
A

B

m

m

=
=

 

Sphere A falls. Use conservation of energy to find ,Av  the speed just before impact. Use the plate surface as 
the datum. 

 

2
1 1 0 2 2

2
1 1 2 2 0

1
0, , , 0

2
1

0 0
2

A A A

A A A

T V m gh T m v V

T V T V m gh m v

= = = =

+ = + + = +
 

With  0

0

0.6 m,

2 (2)(9.81)(0.6)A

h

v gh

=

= =

 

  3.4310 m/sA = ↓v  

Analysis of the impact. Conservation of momentum. 

 withA A B B A A B Bm m m m′ ′+ = +v v v v 0B =v  

Dividing by Am  and using y-components  with ( / 2)B Am m =  

 3.4310 0 ( ) 2( )A y B yv v′ ′− + = +  (1) 

Coefficient of restitution. ( ) ( ) [( ) ( ) ]B y A y A y B yv v e v v′ ′− = −  

 ( ) ( ) ( ) 3.4310B y A y A yv v e v e′ ′− = = −  (2) 
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PROBLEM 13.179  (Continued) 

 

Solving Eqs. (1) and (2) simultaneously with 0.8e =  gives 

 
( ) 0.68621 m/s

( ) 2.0586 m/s

A y

B y

v

v

′ =
′ = −

 

     0.68621 m/sA′ =v  

     2.0586 m/sB′ =v  

(a) Sphere A rises. Use conservation of energy to find h. 

  

2
1 1 2 2

2
1 1 2 2

1
( ) , 0, 0,

2
1

: ( ) 0 0
2

A A A

A A A

T m v V T V m gh

T V T V m v m gh

′= = = =

′+ = + + = +
 

  
2 2( ) (0.68621)

2 (2)(9.81)
Av

h
g

′
= =  0.0240 mh =   

(b) Plate B falls and compresses the spring. Use conservation of energy. 

 Let 0δ  be the initial compression of the spring and Δ  be the additional compression of the spring after 
impact. In the initial equilibrium state, 

  0 00: 0 ory B BF k W k Wδ δΣ = − = =  (3) 

 Just after impact: 2 2
1 1 0

1 1
( ) ,

2 2B BT m v V kδ′= =  

 At maximum deflection of the plate, 2 0T =  

  2
2 2 2 0

1
( ) ( ) ( )

2g e BV V V W k δ= + = − Δ + + Δ  

 Conservation of energy: 1 1 2 2T V T V+ = +  

  2 2 2 2
0 0 0

1 1 1 1
( ) 0

2 2 2 2B B Bm v k W k k kδ δ δ′ + = − Δ + + Δ + Δ  

 Invoking the result of Eq. (3) gives 

  2 21 1
( )

2 2B Bm v k′ = Δ  (4) 

 Data: 1.0 kg, 2.0586 m/sB Bm v′= =  

  3 (3)(0.024) 0.072 mhΔ = = =  

  
2 2

2 2

( ) (1.0)(2.0586)

(0.072)
B Bm v

k
′

= =
Δ

 817 N/mk =   
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PROBLEM 13.180 

A 0.5-kg sphere A is dropped from a height of 0.6 m onto a 1.0-kg 
plate B, which is supported by a nested set of springs and is initially 
at rest. Knowing that the set of springs is equivalent to a single 
spring of constant 900 N/mk = , determine (a) the value of the 
coefficient of restitution between the sphere and the plate for which 
the height h reached by the sphere after rebound is maximum,  
(b) the corresponding value of h, (c) the corresponding value of the 
maximum deflection of the plate. 

 

SOLUTION 

 

0.5 kg

1.0 kg

900 N/m

A

B

m

m

k

=
=
=

 

Sphere A falls. Use conservation of energy to find ,Av the speed just before impact. Use the plate surface as 
the datum. 

 
1 1 0

2
2 2

0

1
, 0

2

A

A A

T V m gh

T m v V

= =

= =
 

With 0 0.6 m,h =  02 (2)(9.81)(0.6)Av gh= =  

   3.4310 m/sA =v  

Analysis of impact. Conservation of momentum. 

 A A B B A A B Bm m m m v′ ′+ = +v v v  with 0B =v  

Dividing by Am  and using y components  with ( / 2)B Am m =  

 3.4310 ( ) 2( )A y B yv v′ ′− = +  (1) 

Coefficient of restitution. ( ) ( ) [( ) ( ) ]B y A y A y B yv v e v v′ ′− = −  

 

( ) ( ) ( ) 3.4310

( ) 3.4310 ( )

B y A y A y

B y A y

v v e v e

v v

′ ′− = = −
′ ′= − +  (2) 
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PROBLEM 13.180  (Continued) 

 

Substituting into Eq. (1), 

 

3.4310 ( ) (2)[ 3.4310 ( ) ]

( ) 1.1437(2 1)

A y A y

A y

v e v

v e

′ ′− = + − +
′ = −  (3) 

From Eq. (2), ( ) 1.1437(1 )B yv e′ = − +  (4) 

(a) Sphere A rises. Use conservation of energy to find h. 

 

2
1 1

2 2

2
1 1 2 2

2 2 2

1
( ) , 0

2
0,

1
: ( ) 0 0

2

( ) (1.1437) (2 1)

2 (2)(9.81)

A A

A

A A A

A

T m v V

T V m gh

T V T V m v m gh

v e
h

g

′= =

= =

′+ = + + = +

′ −= =

 

 Since h is to be maximum, e must be as large as possible. 

 Coefficient of restitution for maximum h: 1.000e =   

(b) Corresponding value of h. ( ) 1.1437[(2)(1) 1] 1.1437 m/sAv′ = − =  

  
2 2( ) (1.1437)

2 (2)(9.81)
Av

h
g

′
= =  0.0667 mh =   

(c) Plate B falls and compresses the spring. Use conservation of energy. 

 Let 0δ  be the initial compression of the spring and Δ  be the additional compression of the spring after  
 impact. In the initial equilibrium state,  

  0 00 0 ory B BF k W k Wδ δΣ = − = =   (3) 

 Just after impact: 2 2
1 1 0

1 1
( ) ,

2 2B BT m v V kδ′= =  

 At maximum deflection of the plate, 2 0T =  

 2
2 2 2 0

1
( ) ( ) ( )

2g e BV V V W k δ= + = − Δ + + Δ  

 Conservation of energy: 1 1 2 2T V T V+ = +  

 2 2 2 2
0 0 0

1 1 1 1
( ) 0

2 2 2 2B B Bm v k W k k kδ δ δ′ + = − Δ + + Δ + Δ  
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PROBLEM 13.180  (Continued) 

 

Invoking the result of Eq. (3) gives 

 2 21 1
( )

2 2B Bm v k′ = Δ  

Data:  1.0 kg,

( ) 1.1437(1 1) 2.2874 m/s.
B

B y

m

v

=
′ = − + = −

 

 2.2874 m/sB′ =v ,   900 N/mk =  

  
2 2

2 2( ) (1.0)(2.2874)
0.0058133 m

900
B Bm v

k

′
Δ = = =  0.0762 mΔ =   
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PROBLEM 13.181 

The three blocks shown are identical. Blocks B and C are at 
rest when block B is hit by block A, which is moving with a 
velocity Av  of 3 ft/s. After the impact, which is assumed to 
be perfectly plastic ( 0),e =  the velocity of blocks A and B 
decreases due to friction, while block C picks up speed, 
until all three blocks are moving with the same velocity .v  
Knowing that the coefficient of kinetic friction between all 
surfaces is 0.20,kμ =  determine (a) the time required for 
the three blocks to reach the same velocity, (b) the total 
distance traveled by each block during that time. 

 

SOLUTION 

 
(a) Impact between A and B, conservation of momentum 

 A B C A B Cmv mv mv mv mv mv′ ′ ′+ + = + +  

 3 0 0A Bv v′ ′+ = + +  

 Relative velocities ( 0)e =  

 

( ) 3 2

0 1.5 ft/s
A B B A B

B A B

A B

v v e v v v

v v v

v v

′ ′ ′− = − =
′ ′ ′= − =

′ ′=
 

 Final (common) velocityv =  

 Block C: Impulse and momentum 

 

         C
C C f f k C

W
W v F t v F W

g
μ+ = =  

 0 (0.2) (0.2)
v

t v gt
g

+ = =  (1) 
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PROBLEM 13.181  (Continued) 

 

 Blocks A and B: Impulse and momentum 

 

 

2 (1.5) 4(0.2) 2

1.5 0.4

W W
Wt v

g g

gt v

− =

− =  (2) 

 Substitute v from Eq. (1) into Eq. (2) 

 1.5 0.4 0.2gt gt− =  

 
2

(1.5 ft/s)

0.6(32.2 ft/s )
t =  0.0776 st =  

(b) Work and energy: 

 From Eq. (1)  (0.2)(32.2)(0.0776) 0.5 ft/sv = =  

 Block C: 

 2 2
1 2

1
0        ( ) (0.5)

2 2

W W
T T v

g g
= = =  

 1 2 0.2f C k C CU F x Wx Wxμ− = = =  

 2
1 1 2 2

1
0 (0.2)( )

2C
W

T U T W x v
g−+ = + =  

 
2

2

(0.5 ft/s)
0.01941 ft

0.2(2)(32.2 ft/s )
Cx = =  

 0.01941 ftCx =  

 Blocks A and B: 

 

 2 2
1 2

1 1
2 (1.5) 2.25         2 (0.5) 0.25

2 2

W W
T W T W

g g

   
= = = =   

   
 

 1 2 4 0.8k A AU Wgx Wgxμ− = − = −  

 1 1 2 2T U T−+ =  

 2.25 4(0.2) (32.2) 0.25AW W x W− =  

 0.07764 ftAx =  0.0776 ftAx =   
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PROBLEM 13.182 

Block A is released from rest and slides down 
the frictionless surface of B until it hits a 
bumper on the right end of B. Block A has a 
mass of 10 kg and object B has a mass of 30 kg 
and B can roll freely on the ground. Determine 
the velocities of A and B immediately after 
impact when (a) 0,e =  (b) 0.7.e =  

 

SOLUTION 

Let the x-direction be positive to the right and the y-direction vertically upward. 

Let ( ) , ( ) , ( )A x A y A xv v v  and ( )B yv  be velocity components just before impact and ( ) , ( ) , ( ) ,A x A y B xv v v′ ′ ′ ′  and 

( )B yv′  those just after impact. By inspection, 

 ( ) ( ) ( ) ( ) 0A y B y A y B yv v v v′ ′= = = =  

Conservation of momentum for x-direction: 

While block is sliding down: 0 0 ( ) ( ) ( ) ( )A A x B B x B x A xm v m v v vβ+ = + = −  (1) 

Impact: 0 0 ( ) ( ) ( ) ( )A A x B B x B x A xm v m v v vβ′ ′ ′ ′+ = + = −  (2) 

where /A Bm mβ =  

Conservation of energy during frictionless sliding: 

Initial potential energies: Am gh  for A,  0 for B. 

Potential energy just before impact: 1 0V =  

Initial kinetic energy:  0 0T =  (rest) 

Kinetic energy just before impact: 2 2
1

1 1

2 2A A B BT m v m v= +  

 

0 0 1 1

2 2 2 2

2

1 1 1
( )

2 2 2
1

(1 )
2

A A A B B A B A

A A

T V T V

m gh m v m v m m v

m v

β

β

+ = +

= + = +

= +  

 2 2 2 2
( )

1 1A A x A
gh gh

v v v
β β

= = =
+ +

 (3) 
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PROBLEM 13.182  (Continued) 

 

Velocities just before impact: 
2

1A
gh

β
=

+
v  

 
2

1B
ghβ

β
=

+
v  

Analysis of impact. Use Eq. (2) together with coefficient of restitution. 

 

( ) ( ) [( ) ( ) ]

( ) ( ) [( ) ( ) ]

( ) ( )

B x A x A x B x

A x A x A x A x

A x A x

v v e v v

v v e v v

v e v

β β
′ ′− = −
′ ′− − = +

′ = −  (4) 

Data: 

2

10 kg

30 kg

0.2 m

9.81 m/s

A

B

m

m

h

g

=
=
=

=

 

 
10kg

0.33333
30kg

β = =  

From Eq. (3), 
(2)(9.81)(0.2)

1.33333
1.71552 m/s

Av =

=

 

(a) 0:e =  ( ) 0 ( ) 0A x B xv v′ ′= =  0A′ =v   

  0B′ =v   

(b) 0.7:e =  ( ) (0.7)(1.71552)

1.20086 m/s

( ) (0.33333)(1.20086)

0.40029 m/s

A x

B x

v

v

′ = −
= −

′ = −
=

 

   1.201 m/sA′ =v   

   0.400 m/sB′ =v   
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PROBLEM 13.183 

A 20-g bullet fired into a 4-kg wooden block suspended from 
cords AC and BD penetrates the block at Point E, halfway 
between C and D, without hitting cord BD. Determine (a) the 
maximum height h to which the block and the embedded bullet 
will swing after impact, (b) the total impulse exerted on the block 
by the two cords during the impact. 

 

SOLUTION 

 

Total momentum in x is conserved: 
   

 bl bl bu bu bl bl bu bu bl bucos 20 ( )m v m v m v m v v v′ ′ ′ ′+ ° = + =  

 bl0 (0.02 kg)( 600 m/s)(cos 20) (4.02 kg)( )v′+ − =  

 bl 2.805 m/sv′ = −  

Conservation of energy: 

 

2
1 bl bu bl

2
1

1

1
( )( )

2
4.02 kg

(2.805 m/s)
2

15.815 J

T m m v

T

T

′= +

 =  
 

=

 

 

1

2 2 bl bu

2
2

1 1 2 2

0

0        ( )

(4.02 kg)(9.81 m/s )( ) 39.44

V

T V m m gh

V h h

T V T V

=
= = +

= =
+ = +

 

 

15.815 0 0 39.44

0.401 m

h

h

+ = +
=  401 mmh =   

(b) Refer to figure in part (a). 

 Impulse-momentum in y-direction: 

 bu bu bl bu blsin 20 ( )( ) ym v F t m m v′+ Δ = +  

 bl( ) 0yv =  

 (0.02 kg) ( 600 m/s) (sin 20 ) 0F t− ° + Δ =  4.10 N sF tΔ = ⋅   
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PROBLEM 13.184 

A 2-lb ball A is suspended from a spring of constant 10 lb/in and is initially at rest when it 
is struck by 1-lb ball B as shown. Neglecting friction and knowing the coefficient of 
restitution between the balls is 0.6, determine (a) the velocities of A and B after the impact, 
(b) the maximum height reached by A. 

 

SOLUTION 

Masses: 2 2
2 2

2 lb 1 lb
0.062112 lb s /ft 0.031056 lb s /ft

32.2 ft/s 32.2 ft/s
A Bm m= = ⋅ = = ⋅  

Other data: (10 lb/in.)(12 in./ft.) 120 lb/ft, 0.6k e= = =  

  0, 2 ft/sA Bv v= =  

For analysis of the impact use the principle of impulse and momentum. 

  1 1 2 2m mΣ + Σ = Σv Imp v  

 

t-direction for ball A: 

  0 0 ( )A A tm v′+ =  ( ) 0A tv′ =  

t-direction for ball B: sin 20 0 ( )B B B B tm v m v′° + =  

  ( ) sin 20 (2)(sin 20 ) 0.6840 ft/sB t Bv v′ = ° = ° =  
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PROBLEM 13.184  (Continued) 

 

n-direction for balls A and B: 

  

cos 20 0 ( ) ( )

( ) ( ) cos20

B B B B n A A n

A
B n A n B

B

m v m v m v

m
v v v

m

′ ′° + = +

′ ′+ = °
 

  ( ) 2( ) (2)cos 20B n A nv v′ ′+ = °  (1) 

Coefficient of restitution: ( ) ( ) [( ) ( ) ]

[0 ( cos20 )]
B n A n A n B n

B

v v e v v

e v

′ ′− = −
= − °

 

  (0.6)(2)cos20= − °  (2) 

Solving Eqs. (1) and (2) simultaneously, 

  ( ) 1.00234 ft/s ( ) 0.12529 ft/sA n B nv v′ ′= = −  

(a) Velocities after the impact: 

  1.00234 ft/sA′ =v   1.002 ft/sA′ =v    

  (0.6840 ft/s ) (0.12529 ft/sB′ = → +v ) 

  

2 2(0.6840) (0.12529) 0.695 ft/s

0.12529
tan 10.4

0.6840

Bv

β β

= + =

= = °
 

   0.695 ft/sB′ =v 10.4°   

(b) Maximum height reached by A: 

 Use conservation of energy for ball A after the impact. 

 Position 1: Just after impact. 

  2 2
1

1 1
( ) (0.062112)(1.00234) 0.0312021 ft lb

2 2A AT m v′= = = ⋅  

 Force in spring = weight of A 

  

1

2 2
2

1 1

2

1

2 lb
0.016667 ft

120 lb/ft

1 1
( )

2 2 2

(2 lb)
0.016667 ft lb

(2)(120)

( ) 0 (datum)

A

B A
e

g

WF
x

k k

W W
V kx k

k k

V

= − = − = − = −

 = = = 
 

= = ⋅

=
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PROBLEM 13.184  (Continued) 

 Position 2: Maximum height h. 

 

2

2

2 2
2 1

2

2

0

0

1 1
( ) ( ) (120)( 0.016667)

2 2

60 2 0.016667

( ) (2 lb) 2

e

g A

V

T

V k h x h

h h

V W h h h

=
=

= + = −

= − +
= = =

 

 Conservation of energy: 1 1 2 2T V T V+ = +  

  20.031202 0.016667 0 60 2 0.016667 2h h h+ = + − + +  

 260 0.031202 0.022804 fth h= = ±  

 Using the positive root,  0.274 in.h =   
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PROBLEM 13.185 

Ball B is hanging from an inextensible cord. An identical ball A is 
released from rest when it is just touching the cord and drops through the 
vertical distance 8 in.Ah =  before striking ball B. Assuming perfectly 
elastic impact ( 0.9)e =  and no friction, determine the resulting maximum 
vertical displacement hB of ball B. 

 

SOLUTION 

Ball A falls 
 1 20 0T V= =  

 1 1 2 2T V T V+ = +  (Put datum at 2) 

 2

8 in. 0.66667 ft

1

2

2 (2)(32.2)(0.66667) 6.5524 ft/s

A

A

h

mgh mv

v gh

= =

=

= = =

 

Impact 

 1sin 30
2

r

r
θ −= = °  

Impulse-Momentum 

 

 

 

Unknowns: , ,B At Anv v v′ ′ ′  

x-dir  

 0 0 sin 30 cos 30B B A An A Atm v m v m v′ ′ ′+ = + ° + °  (1) 

Noting that A Bm m=  and dividing by mA 

 sin 30 cos 30 0B An Atv v v′ ′ ′+ ° + ° =  (1) 
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PROBLEM 13.185  (Continued) 

 

Ball A alone: 

Momentum in t-direction: 

 sin 30 0A A A Atm v m v− ° + =  

 sin 30 6.5524 sin 30 3.2762 ft/sAt Av v′ = − ° = − ° = −  (2) 

Coefficient of restitution: 

 ( )Bn An An env v e v v′ ′− = −  

 sin 30 0.9( cos 30 0)B An Av v v′ ′° − = ° −  (3) 

With known value for vAt, Eqs. (1) and (3) become 

 
sin 30 3.2762 cos 30

sin 30 (0.9)(6.5524)cos 30
B An

B An

v v

v v

′ ′+ ° = °
′ ′° − = °

 

Solving the two equations simultaneously, 

 
4.31265 ft/s

2.9508 ft/s
B

An

v

v

′ =
′ = −

 

After the impact, ball B swings upward. Using B as a free body 

 B BT V T V′ ′+ = +  

where 21
( ) ,

2
0,

0

B B

B

T m v

V

T

′ ′=

′ =
=

 

and B B BV m gh=  

 21
( )

2 B B B Bm v m gh′ =  

 

2

2

( )1

2

1 (4.31265)

2 32.2
0.2888 ft

B
B

v
h

g

′
=

=

=  3.47 in.Bh =  
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PROBLEM 13.186 

A 70 g ball B dropped from a height 0 1.5 mh =  reaches a 
height 2 0.25h =  m after bouncing twice from identical 210-g 
plates. Plate A rests directly on hard ground, while plate C 
rests on a foam-rubber mat. Determine (a) the coefficient  
of restitution between the ball and the plates, (b) the height 

1h  of the ball’s first bounce. 

 

SOLUTION 

(a) Plate on hard ground (first rebound): 

 Conservation of energy: 

 
21

2 B ym v 2 2
0 0

1 1

2 2B B B xm v m gh m v+ = +

0 02v gh=
 

 Relative velocities., n-direction: 

 0 1 1 0        2v e v v e gh= =  

 t-direction  Bx Bxv v′ =  

 Plate on foam rubber support at C. 

 

 Conservation of energy: 

 Points  and : 1 3

2

0

1
( )

2 B Bx

V V

m v

= =

′ 2 2 2
1 3

1 1 1
( ) ( )

2 2 2B B B B Bxm v m v m v′× = +

3 0( ) 2Bv e gh=

 

 Conservation of momentum: 

  At : 3 3( ) ( )B B P P B B P Pm v m v m v m v′ ′− + = −  

 0 3
210

3 2 ( ) 3
70

P
B P

B

m
e gh v v

m
′ ′= = − = −  (1) 
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PROBLEM 13.186  (Continued) 

 

 Relative velocities: 

 

3 3

2
0 3

[( ) ( )] ( )

2 0 ( )

B P P B

P B

v v e v v

e gh v v

′ ′− − = − −

′ ′+ = +  (2) 

 Multiplying (2) by 3 and adding to (1) 

 2
3 04( ) 2 (3 )Bv gh e e′ = −  

 Conservation of energy at , 3 2( ) 2Bv gh′ =  

 Thus, 2
2 0

2 2

0

4 2 2 (3 )

0.25
3 4 4 1.63299

1.5

gh gh e e

h
e e

h

= −

− = = =

 

 23 1.633 0e e− − =  0.923e =   

(b) Points  and : 

 Conservation of energy. 

 21
( )

2 B Bxm v′ 2 2
1

1 1
( )

2 2B B Bxm v m v′+ = 2
0 1

1
; (2 )

2
e gh gh=  

 2 2
1 0 (0.923) (1.5)h e h= =  

 1 1.278 mh =   
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PROBLEM 13.187 

A 700-g sphere A moving with a velocity v0 parallel to the 
ground strikes the inclined face of a 2.1-kg wedge B which can 
roll freely on the ground and is initially at rest. After impact the 
sphere is observed from the ground to be moving straight up. 
Knowing that the coefficient of restitution between the sphere 
and the wedge is 0.6,e =  determine (a) the angle θ  that the 
inclined face of the wedge makes with the horizontal, (b) the 
energy lost due to the impact. 

 

SOLUTION 

 

(a) Momentum of sphere A alone is conserved in the t-direction: 

 
0

0

cos sin

tan
A A A

A

m v m v

v v

θ θ
θ

′=
′=  (1) 

 Total momentum is conserved in the x-direction: 

 0 ( )B B A B B A xm v m v m v v′ ′+ = +  

 0, ( ) 0B A xv v′= =  

 
0

0

0 0.700 2.1 0

/3
B

B

v v

v v

′+ = +
′ =  (2) 

 Relative velocities in the n-direction: 

 
0

0

( sin 0) sin cos

( )(0.6) cot
B A

B A

v e v v

v v v

θ θ θ
θ

′ ′− − = − −
′ ′= +  (3) 

 Substituting Bv′  from Eq. (2) into Eq. (3) 

 
0 0

0

0.6 0.333 cot

0.267 cot
A

A

v v v

v v

θ
θ

′= +
′=  (4) 

 Divide (4) into (1) 

 21 tan
tan

0.267 cot

θ θ
θ

= =  

 tan 1.935θ =  62.7θ = °   

(b) From (1) 0 tan (1.935)A Av v vθ′ ′= =  

 0 00.5168 , /3A Bv v v v′ ′= =  (2) 

 ( )2 2 2
lost

1 1
( )

2 2A A A A B BT m v m v m v′= − +  



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

811 

PROBLEM 13.187  (Continued) 

 

 

2 2 2
lost 0 0 0

2
lost 0

2
lost 0

1 1
(0.7)( ) [(0.7)(0.5168 ) (2.1)( /3) ]

2 2
1

[0.7 0.1870 0.2333]
2

0.1400 J

T v v v

T v

T v

= − +

= − −

=

 

 2
lost 00.1400T v=  
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PROBLEM 13.188 

When the rope is at an angle of 30α = ° the 1-lb sphere A has a 
speed 0 4 ft/s.v =  The coefficient of restitution between A and the 
2-lb wedge B is 0.7 and the length of rope 2.6 ft.l =  The spring 
constant has a value of 2 lb/in.  and 20 .θ = °  Determine (a) the 
velocities of A and B immediately after the impact, (b) the 
maximum deflection of the spring assuming A does not strike B 
again before this point. 

 

SOLUTION 

Masses: 2 2(1/32.2) lb s /ft (2/32.2) lb s /ftA Bm m= ⋅ = ⋅  

Analysis of sphere A as it swings down: 

Initial state: 030 , (1 cos ) (2.6)(1 cos30 ) 0.34833 fth lα α= ° = − = − ° =  

  
0 0

2 2
0 0

(1)(0.34833) 0.34833 lb ft

1 1 1.0
(4) 0.24845 lb ft

2 2 32.2

A

A

V m gh

T m v

= = = ⋅

 = = = ⋅ 
 

 

Just before impact: 1 10, 0, 0h Vα = = =  

  2 2 2
1

1 1 1.0 1.0

2 2 32.2 64.4A A A AT m v v v
   = = =   
   

 

Conservation of energy: 0 0 1 1T V T V+ = +  

  
2

2 2 2

1
0.24845 0.34833 0

64.4

38.433 ft /s

A

A

v

v

+ = +

=
 

      6.1994 ft/sA =v   

Analysis of the impact. Use conservation of momentum together with the coefficient of restitution. 0.7.e =  

 
Note that the rope does not apply an impulse since it becomes slack. 
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PROBLEM 13.188  (Continued) 

 

Sphere A:   Momentum in t-direction: 

 

sin 0 ( )

( ) sin 6.1994 sin 20 2.1203 m/s

( ) 2.1203 m/s 70°

A A A A t

A t A

A t

m v m v

v v

θ
θ

′+ =
′ = = ° =

=v 
 

Both A and B:  Momentum in x-direction: 

0 ( ) cos ( ) sin

(1/32.2)(6.1994) (1/32.2)( ) cos 20 (1/32.2)(2.120323) sin 20 (2/32.2)

(1/32.2)( ) cos 20 (2/32.2) 0.17001

A A A A n A A t B B

A n B

A n B

m v m v m v m v

v v

v v

θ θ′ ′ ′+ = + +
′= ° + ° +

′ ′° + =  (1) 

Coefficient of restitution: 

 

( ) ( ) [( ) ( ) ]

cos ( ) [ cos 0]

cos 20 ( ) (0.7)(6.1994) cos 20

B n A n A n B n

B A n A

B A n

v v e v v

v v e v

v v

θ θ
′ ′− = −

′ ′− = −
′ ′° − = °  (2) 

Solving Eqs. (1) and (2) simultaneously for ( )A nv′  and ,Bv′  

 
( ) 1.0446 ft/s

3.2279 ft/s
A n

B

v

v

′ = −
′ =

 

Resolve vA into horizontal and vertical components. 

 

2 2

( )
tan

( )

2.1203

1.0446
63.77 20 83.8

(2.1203) (1.0446)

2.3637 ft/s

A t

A n

A

v

v

v

β

β β

′
=

′−

=

= ° + ° = °

′ = +
=

 

(a) Velocities immediately after impact. 2.36 ft/sA′ =v   83.8°   

  3.23 ft/sB′ =v    

(b) Maximum deflection of wedge B. 

 Use conservation of energy:  1 1 2 2

2
1

1

2

2
2

1

2
0

0

1
( )

2

B B B B

B B B

B

B

B

T V T V

T m v

V

T

V k x

+ = +

=

=
=

= Δ
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PROBLEM 13.188  (Continued) 

 

The maximum deflection will occur when the block comes to rest (ie, no kinetic energy) 

  2 21 1
( )

2 2B Bm v k x= Δ  

  
( )2

22 lb2
32.2 ft/s2

(3.2279 ft/s)
( )

2 lb/in (12 in/ft)
B Bm v

x
k

Δ = =  

  ( ) 0.1642118 ftxΔ =  ( ) 1.971 in.xΔ =   
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PROBLEM 13.189 

When the rope is at an angle of 30α = °  the 1-kg sphere A has 
a speed 0 0.6 m/s.v =  The coefficient of restitution between A 
and the 2-kg wedge B is 0.8 and the length of rope 0.9 ml =  
The spring constant has a value of 1500 N/m and 20 .θ = °  
Determine, (a) the velocities of A and B immediately after the 
impact (b) the maximum deflection of the spring assuming A 
does not strike B again before this point. 

 

SOLUTION 

Masses: 1 kg

2 kg
A

B

m

m

=
=

 

Analysis of sphere A as it swings down: 

Initial state: 030 , (1 cos ) (0.9)(1 cos30 ) 0.12058 mh lα α= ° = − = − ° =  

 
0 0

2 2
0 0

(1)(9.81)(0.12058) 1.1829 N m

1 1
(1)(0.6) 0.180 N m

2 2

AV m gh

T mv

= = = ⋅

= = = ⋅
 

Just before impact: 1 10, 0, 0h Vα = = =  

  2 2 2
1

1 1
(1) 0.5

2 2A A A AT m v v v= = =  

Conservation of energy: 0 0 1 1T V T V+ = +  

  
2

2 2 2

0.180 1.1829 0.5 0

2.7257 m /s

A

A

v

v

+ = +

=
 

 1.6510 m/sA =v  

Analysis of the impact: Use conservation of momentum together with the coefficient of restitution. 0.8.e =  

 

Note that the ball rebounds horizontally and that an impulse Tdt  is applied by the rope. Also, an impulse  

Ndt  is applied to B through its supports. 
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PROBLEM 13.189  (Continued) 

 

Both A and B: 

Momentum in x-direction: 

 

( ) 0 ( ) ( )

(1)(1.6510) (1)( ) (2)( )
A A x A A x B B x

A x B x

m v m v m v

v v

′ ′+ = +
′ ′= +  (1) 

Coefficient of restitution: ( ) ( ) cosA n A xv v θ=  

 

( ) 0, ( ) ( ) cos , ( ) cos 30

( ) ( ) [( ) ( ) ]

( ) cos ( ) cos [( ) cos ]

B n A n A x B x

B n A n A n B n

B x A x A x

v v v v

v v e v v

v v e v

θ

θ θ θ

′ ′ ′= = °
′ ′− = −

′ ′− =
 

Dividing by cos θ  and applying 0.8e =  gives 

 ( ) ( ) (0.8)(1.6510)B x A xv v′ ′− =  (2) 

Solving Eqs. (1) and (2) simultaneously, 

  
( ) 0.33020 m/s

( ) 0.99059 m/s
A x

B x

v

v

′ = −
′ =

 

 0.330 m/sA′ =v    

(a) Velocities immediately after impact. 0.991 m/sB′ =v    

(b) Maximum deflection of wedge B. 

 Use conservation of energy:  1 1 2 2

2
1

1

2

2
2

1

2
0

0

1
( )

2

B B B B

B B B

B

B

B

T V T V

T m v

V

T

V k x

+ = +

=

=
=

= Δ

 

The maximum deflection will occur when the block comes to rest (ie, no kinetic energy) 

  2 21 1
( )

2 2B Bm v k x= Δ  

  
2 2

2 (2)(0.99059 m/s)
( )

1500 N/m)
B Bm v

x
k

Δ = =  

  ( ) 0.0362 mxΔ =  36.2 mmxΔ =   
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PROBLEM 13.190 

A 32,000-lb airplane lands on an aircraft carrier and is caught by 
an arresting cable. The cable is inextensible and is paid out at A 
and B from mechanisms located below dock and consisting of 
pistons moving in long oil-filled cylinders. Knowing that the 
piston-cylinder system maintains a constant tension of 85 kips in 
the cable during the entire landing, determine the landing speed 
of the airplane if it travels a distance 95 ftd =  after being caught 
by the cable. 

 

SOLUTION 

Mass of airplaine: 2
2

32000 lb
993.79 lb s /ft

32.2 ft/s

W
m

g
= = = ⋅  

 

Work of arresting cable force. 

  85 kips 85000 lb.Q = =  

As the cable is pulled out, the cable tension acts paralled to the cable at the airplane hook. For a small 
displacement 

  ( ) ( )AC BCU Q l Q lΔ = − Δ − Δ  

Since Q is constant, 

  1 2U Q AC BC AB→  = − + −   

For   2 295 ft, (35) (95) 101.24 ftd AC BC= = = + =  

  1 2 (85000)(101.24 101.24 70) 11.261 ft lbU → = − + − = − ⋅  

Principle of work and energy: 1 1 2 2T U T→+ =  

  2 2
1 1 2 2

1 1

2 2
mv U mv→+ =  

Since 2 0,v =  we get 

 2 3 2 21 2
1

2 (2)( 11.261)
22.663 10  ft /s

993.79

U
v

m
→ −= − = − = ×  

Initial speed: 1 150.54 ft/sv =  1 102.6 mi/hv =  
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PROBLEM 13.191 

A 2-oz pellet shot vertically from a spring-loaded pistol on the surface of the earth rises to a height of 300 ft. 
The same pellet shot from the same pistol on the surface of the moon rises to a height of 1900 ft. Determine 
the energy dissipated by aerodynamic drag when the pellet is shot on the surface of the earth. (The acceleration 
of gravity on the surface of the moon is 0.165 times that on the surface of the earth.) 

 

SOLUTION 

Since the pellet is shot from the same pistol the initial velocity v0 is the same on the moon and on the earth. 

Work and energy. 

Earth:  2
1 0

1 2

1

2
(300 ft)

(  Loss of energy due to drag)
E L

L

T mv

U mg E

E
−

=

= − −
=

 

Moon: 2
1 0 2

1
0

2
T mv T= =  

  1 2 1(1900) 300 0M E LU mg T mg E− = − − − =  (1) 

  
2

1

0

1900 0M

T

T mg

=
− =  (2) 

Subtracting (1) from (2) 1900 300 0M E Lmg mg E− + + =  

  0.165

(2/16)

(2/16) (2/16)
(1900) (0.165 ) 300

M E

E

L E E
E E

g g

m
g

E g g
g g

=

=

= −

 

 1.688 ft lbLE = ⋅   
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

819 

 

 

PROBLEM 13.192 

A satellite describes an elliptic orbit about a planet of mass M. The 
minimum and maximum values of the distance r from the satellite to 
the center of the planet are, respectively, 0r  and 1r . Use the principles 
of conservation of energy and conservation of angular momentum to 
derive the relation 

2
0 1

1 1 2GM

r r h
+ =  

where h is the angular momentum per unit mass of the satellite and G is 
the constant of gravitation. 

 

SOLUTION 

Angular momentum: 

 

0 0 1 1

0 0 1 1

0 1
0 1

,h r v r v

b r v r v

h h
v v

r r

= =
= =

= =  (1) 

Conservation of energy: 

 

2
0

0

2
1

1

2 2
0 1

0 1

2 2 1 0
0 1

0 1 1 0

1

2

1

2

1 1

2 2

1 1
2 2

A

A

B

B

A A B B

T mv

GMm
V

r

T mv

GMm
V

r

T V T V

GMm GMm
mv mv

r r

r r
v v GM GM

r r r r

=

= −

=

= −

+ = +

− = −

   −
− = − =   

   

 

Substituting for 0v  and 1v  from Eq. (1) 

 

2 1 0
2 2

1 00 1

2 2 2
2 1 0 1 0

1 0 1 02 2 2 2
1 01 0 1 0

1 1
2

( )( ) 2

r r
h GM

r rr r

r r r rh
h r r r r GM

r rr r r r

   −
− =   

    
   − −

= − + =   
    

 

 2

0 1

1 1
2h GM

r r

 
+ = 

 
 

2
0 1

1 1 2
Q.E.D.

GM

r r h

 
+ = 
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PROBLEM 13.193 

A 60-g steel sphere attached to a 200-mm cord can swing about 
Point O in a vertical plane. It is subjected to its own weight and to 
a force F exerted by a small magnet embedded in the ground. The 
magnitude of that force expressed in newtons is 23000/F r=  
where r is the distance from the magnet to the sphere expressed in 
millimeters. Knowing that the sphere is released from rest at A, 
determine its speed as it passes through Point B. 

 

SOLUTION 

Mass and weight: 0.060 kgm =  

 (0.060)(9.81) 0.5886 NW mg= = =  

Gravitational potential energy: gV Wh=  

where h is the elevation above level at B. 

Potential energy of magnetic force: 

 
2

2

3000
( , in newtons,  in mm)

3000 3000
N mm

r

m

dV
F F r

drr

V
rr∞

= = −

= − = ⋅
 

Use conservation of energy: 1 1 2 2T V T V+ = +  

Position 1: (Rest at A.)  

 
1 1

1

1

0 0

100 mm

( ) (0.5886 N)(100 mm) 58.86 N mmg

v T

h

V

= =
=
= = ⋅

 

 From the figure, 
2 2 2 2200 100 (mm )

100 12 112 mm

AD

MD

= −

= + =

 

 

2 22
1

2 2 2

2

1

200 100 112

42544 mm

206.26 mm

r AD MD

r

= +

= − +

=
=

 

 1
1

3000
( ) 14.545 N mmrV

r
= − = − ⋅  

 3
1 58.86 14.545 44.3015 N mm 44.315 10  N mV −= − = ⋅ = × ⋅  
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PROBLEM 13.193  (Continued) 

 

Position 2. (Sphere at Point B.) 

 

2 2 2
2 2 2 2

2 2

2

3
2

1 1 2 2

1 1
(0.060) 0.030 

2 2
( ) 0 (since 0)

12 mm (See figure.)

3000
( ) 250 N mm 250 10  N mm

12

g

m

T mv v v

V h

r MB

V

T V T V

−

= = =

= =

= =

= − = − ⋅ = − × ⋅

+ = +

 

 3 2 3
20 44.315 10 0.030 250 10v− −+ × = − ×  

  2 2 2
2 9.8105 m /sv =  2 3.13 m/sv =   
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PROBLEM 13.194 

A shuttle is to rendezvous with a space station which is in a circular orbit at 
an altitude of 250 mi above the surface of the earth. The shuttle has reached 
an altitude of 40 mi when its engine is turned off at Point B. Knowing that 
at that time the velocity 0v  of the shuttle forms an angle 0 55φ = °  with 
the vertical, determine the required magnitude of 0v  if the trajectory of 
the shuttle is to be tangent at A to the orbit of the space station. 

 

SOLUTION 

Conservation of energy: 

 

2
0

2

1

2

1

2

B B
B

A A A
A

GMm
T mv V

r

GMm
T mv V

r

= = −

= = −
 

 

2 (Eq.12.30)

1

2

A A B B

GM gR

T V T V

m

=
+ = +
2

2
0

B

gR
v m

r
− 1

2
m=

2
2
A

A

gR
v m

r

 

 

2
2 2

0

3
2 2

0

3960 250 4210 mi

2
1

3960 40 4000 mi

2(32.2)(3960 528) 4000
1

(4000 5280) 4210

A

B
A

B A

B

A

r

rgR
v v

r r

r

v v

= + =

 
= − − 

 
= + =

×  = − − ×  

 

 2 2 6
0 66.495 10Av v= − ×  (1) 

Conservation of angular momomentum: 0sin ;A A B Br v r v φ=  

 0 0(4000/4210)  sin 55  0.77829Av v v= °=  (2) 

Eqs. (2) and (1) 2 2 6
0[1 (0.77829) ] 66.495 10v− = ×  0 12,990 ft/sv =  
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PROBLEM 13.195 

A 300-g block is released from rest after a spring of constant 
600 N/mk =  has been compressed 160 mm. Determine the force 

exerted by the loop ABCD on the block as the block passes through 
(a) Point A, (b) Point B, (c) Point C. Assume no friction. 

 

SOLUTION 

Conservation of energy to determine speeds at locations A, B, and C. 

  Mass: 0.300 kgm =  

  Initial compression in spring: 1 0.160 mx =  

 Place datum for gravitational potential energy at position 1. 

 Position 1: 2
1 1 1

1
0 0

2
v T mv= = =  

 2 2
1 1

1 1
(600 N/m)(0.160 m) 7.68 J

2 2
V kx= = =  

 Position 2: 2 2 2
2

1 1
(0.3) 0.15

2 2A A AT mv v v= = =  

 

2
2 2

2
1 1 2 2

2 2 2

(0.3 kg)(9.81 m/s )(0.800 m) 2.3544 J

: 0 7.68 0.15 2.3544

35.504 m /s

A

A

V mgh

T V T V v

v

= = =

+ = + + = +

=

 

 Position 3:    2 2 2
3

1 1
(0.3) 0.15

2 2B B BT mv v v= = =  

 

2
3 3

2
1 1 3 3

2 2 2

(0.3 kg)(9.81 m/s )(1.600 m) 4.7088 J

: 0 7.68 0.15 4.7088

19.808 m /s

B

B

V mgh

T V T V v

v

= = =

+ = + + = +

=

 

 Position 4: 2 2 2
2

1 1
(0.3) 0.15

2 2C C CT mv v v= = =  

 

4 4

2
1 1 4 4

2 2 2

(0.3 kg)(9.81 m/s)(0.800 m) 2.3544 J

: 0 7.68 0.15 2.3544

35.504 m /s

C

C

V mgh

T V T V v

v

= = =

+ = + + = +

=
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PROBLEM 13.195  (Continued) 

 

(a) Newton’s second law at A: 

  
2 2 2

235.504 m /s
44.38 m/s

0.800 m
A

n
v

a
ρ

= = =  

  244.38 m/sn =a  

  :n A nF ma N maΣ = =  

  2(0.3 kg)(44.38 m/s )AN =  13.31 NA =N   

(b) Newton’s second law at B: 

  
2 2 2

219.808 m /s
24.76 m/s

0.800 m
B

n
v

a
ρ

= = =  

  224.76 m/sn =a  

  :n B nF ma N mg maΣ = = =  

 2 2( ) (0.3 kg)(24.76 m/s 9.81 m/s )B nN m a g= − = −  4.49 NB =N   

(c) Newton’s second law at C: 

  
2 2 2

235.504 m /s
44.38 m/s

0.800 m
C

n

v
a

ρ
= = =  

  244.38 m/sn =a  

  :n C nF ma N maΣ = =  

 2(0.3 kg)(44.38 m/s )CN =  13.31 NC =N   
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PROBLEM 13.196 

A small sphere B of mass m is attached to an inextensible cord of length 2a, 
which passes around the fixed peg A and is attached to a fixed support at O. 
The sphere is held close to the support at O and released with no initial 
velocity. It drops freely to Point C, where the cord becomes taut, and swings 
in a vertical plane, first about A and then about O. Determine the vertical 
distance from line OD to the highest Point C′′  that the sphere will reach. 

 

SOLUTION 

Velocity at Point C (before the cord is taut). 

Conservation of energy from B to C: 

 
2

2

0

2
(2) 2

2

1
0

2

1
0 2 0

2

2 2

B

B

C C C

B B C C

C

C

T

V mg a mga

T mv V

T V T V

mga mv

v ga

=

 
= =  

 

= =

+ = +

+ = +

=

 

Velocity at C (after the cord becomes taut). 

Linear momentum perpendicular to the cord is conserved: 

 45θ = °  

  

( )
1
4

sin 

2
2 2

2

2 2

C C

C

C

mv mv

v ga

v ga ga

θ ′− =

 
′ =   

 

′ = =

 

Note: The weight of the sphere is a non-impulsive force. 

Velocity at C: 

 to C C′ (conservation of energy): 2

2

1
( ) 0

2
1

( ) 0
2

C C C

C C C

T m v V

T m v V′ ′ ′

′= =

′= =
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PROBLEM 13.196  (Continued) 

 

Datum: 

2 21 1
( ) 0 ( ) 0

2 2

C C C C

C C

T V T V

m v m v

′ ′+ = +

′ ′+ = +

 

 C Cv v ′′ ′=  

 

 to C C′ ′′  (conservation of energy): 

Datum: 

( )

2

21/4

1
( )

2
1

2
2

2
 

2

0

0

C C

C

C

C C C C

C

C

C

T m v

T m ga

T mga

T V T V

V

T

V mgh

′ ′

′

′

′ ′ ′′ ′′

′

′′

′′

′=

=

=

+ = +
=
=
=

 

 

2
0 0

2

2

2

mga mgh

h a

+ = +

=  0.707h a=    
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PROBLEM 13.197 

A 300-g collar A is released from rest, slides down a frictionless rod, and 
strikes a 900-g collar B which is at rest and supported by a spring of 
constant 500 N/m. Knowing that the coefficient of restitution between the 
two collars is 0.9, determine (a) the maximum distance collar A moves 
up the rod after impact, (b) the maximum distance collar B moves down 
the rod after impact. 

 

SOLUTION 

After impact 

 

 

 

Velocity of A just before impact, 0v  

 2
0 2 2(9.81 m/s )(1.2 m)sin 30v gh= = °  

 2(9.81)(1.2)(0.5) 3.431 m/s= =  

Conservation of momentum 

  0 0: 0.3 0.9 0.3A B B A A B Am v m v m v v v v= − = −  (1) 

Restitution 

 0 0( ) ( 0) 0.9A Bv v e v v+ = + = (2) 

Substituting for Bv  from (2) in (1) 

0 0 00.3 0.9(0.9 ) 0.3  1.2 0.51A A Av v v v v v= − − =  

1.4582 m/s,  1.6297 m/sA Bv v= =  

(a) A moves up the distance d where: 

 2 2 21 1
sin 30 ; (1.4582 m/s) (9.81 m/s ) (0.5)

2 2A A Am v m gd d= ° =  

  0.21675 m 217 mmAd = =  

(b) Static deflection = 0,x  B moves down   

  Conservation of energy (1) to (2) 

  Position (1) – spring deflected, 0x  

0 sin 30Bk x m g= °  

2
1 1 2 2 1 2

1
:   ,   0

2 B BT V T V T m v T+ = + = =  
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PROBLEM 13.197 (Continued) 

 

2
1 0

1
sin 30

2e g B BV V V kx m gd= + = + °  

( )0 2 2
2 0 00

1
2

2
Bx d

e g B BV V V kxdx k d d x x
+′ ′= + = = + +  

( )2 2 2 2
0 0 0

1 1 1
sin 30 2 0 0

2 2 2B B B B Bkx mgd m v k d d x x+ ° + = + + + +  

2 2 2 2  ;   500 0.9(1.6297)  0.0691 mB B B B Bkd m v d d∴ = = =  

  69.1 mmBd =  
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

829 

 

 

PROBLEM 13.198 

Blocks A and B are connected by a cord which passes over pulleys 
and through a collar C. The system is released from rest when 
x 1.7 m.=  As block A rises, it strikes collar C with perfectly plastic 
impact ( 0).e =  After impact, the two blocks and the collar keep 
moving until they come to a stop and reverse their motion. As A 
and C move down, C hits the ledge and blocks A and B keep 
moving until they come to another stop. Determine (a) the velocity 
of the blocks and collar immediately after A hits C, (b) the distance 
the blocks and collar move after the impact before coming to a stop, 
(c) the value of x at the end of one compete cycle. 

 

SOLUTION 

(a) Velocity of A just before it hits C: 

 Conservations of energy: 

 Datum at : 

 Position : 

  
1 1

1

1

( ) ( ) 0

0

0

A Bv v

T

v

= =
=
=

 

 Position : 2 2
2

1 1
( )

2 2
(kinematics)

A A B B

A B

T m v m v

v v

= +

=

 

  

2 2
2

2

2

1 11
(5 6)

2 2
(1.7) (1.7)

(5 6)( )(1.7)

1.7

A A

A B

T v v

V m g m g

g

V g

= + =

= −
= −
= −

 

  
1 1 2 2

211
0 0 1.7

2 A

T V T V

v g

+ = +

+ = −
 

  

2

2 2

3.4
(9.81)

11

3.032 m /s

1.741 m/s

A

A

v

v

 =  
 

=
=
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PROBLEM 13.198  (Continued) 

 

 Velocity of A and C after A hits C: 

 

  (plastic impact)A Cv v′ ′=  

 Impulse-momentum A and C: 

  ( )A A A C Am v T t m m v′+ Δ = +  

  (5)(1.741) 8 AT t v′+ Δ =  (1) 

  ;  (cord remains taut)B A B Av v v v′ ′= =  

 B alone: 

 

  (6)(1.741) 6
B A B A

A

m v T t m v

T t v

′− Δ =
′− Δ =  (2) 

 Adding Equations (1) and (2), 11(1.741) 14 Av′=  

 1.3679 m/sAv′ =  

  1.368 m/sA B Cv v v′ ′ ′= = =  

(b) Distance A and C move before stopping: 

 Conservations of energy: 

 Datum at : 

 Position : 

  

2

2
2

2

2

1
( )( )

2
14

(1.3681)
2

13.103 J

0

A B C AT m m m v

T

T

V

′= + +

 =  
 

=
=
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PROBLEM 13.198  (Continued) 

 

 Position : 

 3 0T =  

  3

3

( )

(8 6) 2
A C BV m m gd m gd

V gd gd

= + −
= − =

 

 2 2 3 3T V T V+ = +  

  13.103 0 0 2gd+ = +  

  (13.103)/(2)(9.81) 0.6679 md = =  0.668 md =  

(c) As the system returns to position  after stopping in position , energy is conserved, and the 
velocities of A, B, and C before the collar at C is removed are the same as they were in Part (a) above 
with the directions reversed. Thus, 1.3679 m/s.A C Bv v v′ ′ ′= = =  After the collar C is removed, the 
velocities of A and B remain the same since there is no impulsive force acting on either. 

 Conversation of energy: 

 Datum at : 

  

2
2

2
2

2

1
( )( )

2
1

(5 6)(1.3679)
2
10.291 J

A B AT m m v

T

T

′= +

= +

=

 

 2 0V =  

  4 0T =    4

4 (6 5)
B AV m gx m gx

V gx

= −
= −

 

 2 2 4 4T V T V+ = +  

  10.291 0 (1)(9.81) x+ =  

   1.049 mx =   
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PROBLEM 13.199 

A 2-kg ball B is traveling horizontally at 10 m/s when it strikes 
2-kg ball A. Ball A is initially at rest and is attached to a spring 
with constant 100 N/m and an unstretched length of 1.2 m. 
Knowing the coefficient of restitution between A and B is 0.8 
and friction between all surfaces is negligible, determine the 
normal force between A and the ground when it is at the 
bottom of the hill. 

 

SOLUTION 

Ball B impacts on ball A. Use the principle of impulse and momentum. 

  1 1 2 2m m→Σ + Σ = Σv Imp v  

 

 

Velocity components: 0 10 m/sv =  

  

0 0 0 0 0 0( ) ( ) cos 40 ( ) sin 40

( ) ( ) cos 40

( ) ( ) cos 40 ( ) sin 40

x n t

A x A A n A

B x B n B t

v v v v v v

v v v v

v v v

= = ° = °
= = °
= ° + °

 

Impulse-momentum for ball B alone. 

t-direction: 

  0( ) ( )B t B B tm v m v=  

  0( ) ( ) 10sin 40 6.4279 m/sB t tv v= = ° =  (1) 

Impulse-momentum for balls A and B. 

x-direction  

  0 0 ( ) ( )B A A B B x B B tm v m v m v m v+ = + +  

  (2)(10) 0 2 2[( ) cos 40 6.4279sin 40 ]A B nv v+ = + ° + °  

  2 2( ) cos 40 11.7365A B nv v+ ° =  (1) 
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PROBLEM 13.199  (Continued) 

 

Coefficient of restitution.   (e = 0.8) 

  0( ) ( ) [0 ( ) ]B n A n nv v e v= = −  

  ( ) cos 40 (0.8)(10)cos 40B n Av v− ° = − °  (2) 

Solving Eqs. (1) and (2) simultaneously, 

  6.6566 m/s ( ) 1.0291 m/sA B nv v= = −  

As ball A moves from the impact location to the lowest point on the path, the spring compresses and the 
elevation decreases. Since friction is negligible, energy is conserved. 

  1 1 2 2T V T V+ = +  

  2 2
1 1 2 2 2

1 1
( ) ( ) ( ) ( )

2 2A A e g A e gm v V V m v V V+ + = + +  

Position 1: (Just after impact.) 

  

2 2
1

1

1

1 1
(2)(6.6566) 44.3101 J

2 2
( ) 0 (The spring is unstretched.)

( ) 0 (Datum)

A A

e

g

T m v

V

V

= = =

=
=

 

Position 2: (Lowest point on path.) 

  2 2 2
2 2 2 2

1 1
(2)

2 2AT m v v v= = =  

For the spring, 2 2 0 0.4 m 1.2 m 0.8 mx l l= − = − =  

  
2

2 2
2 2

(100)(0.8) 80 N

1 1
( ) (100)(0.8) 32 J

2 2

e

e

F kx

V kx

= = =

= = =
 

Elevation above datum: 2 0.4 mh = −  

         2 2( ) (2)(9.81)( 0.4) 7.848g AV m g h= = − = −  

Conservation of energy: 

  2
244.310 0 0 32 7.848v+ + = + −  

  2 2 2
2 220.158 m /s 4.489 m/sv v= =  

Normal acceleration at lowest point on path: 

  
2

22 20.158
28.798 m/s

0.7n
v

a
ρ

= = =  228.8 m/sn =a  
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PROBLEM 13.199  (Continued) 

 

Apply Newton’s second law to the ball. 

 

   

  :n e n

e n

F ma N mg F ma

N mg F ma

Σ = − − =
= + +

 

  (2)(9.81) 80 (2)(28.798)= + +  157.2 NN =   
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PROBLEM 13.200 

A 2-kg block A is pushed up against a spring compressing it a 
distance 0.1  m.x =  The block is then released from rest and 
slides down the 20°  incline until it strikes a 1-kg sphere B 
which is suspended from a 1 m inextensible rope. The spring 
constant 800k =  N/m, the coefficient of friction between A and 
the ground is 0.2, the distance A slides from the unstretched 
length of the spring 1.5 md =  and the coefficient of restitution 
between A and B is 0.8. When 40 ,α = °  determine (a) the speed 
of B (b) the tension in the rope. 

 

SOLUTION 

Data: 2 kg, 1 kg, 800 N/m, 0.1 m, 1.5 mA Bm m k x d= = = = =  

 0.2, 0.8, 20 , 40 , 1.0 mk e lμ θ α= = = ° = ° =  

Block slides down the incline: 

  0yFΣ =  

  cos 0AN m g θ− =  

  

 cos

(2)(9.81)cos 20

18.4368 N

(0.2)(18.4368)

3.6874 N

A

f k

N m g

F N

θ

μ

=
= °
=
= =

=

 

Use work and energy. Datum for gV  is the impact point near B. 

 2 2
1 1 1

1 1
0, ( ) (800)(0.1) 4.00 J

2 2eT V k x= = = =  

 1 1( ) ( )sin (2)(9.81)(1.6)sin 20 10.7367  Jg A AV m gh m g x d θ= = + = ° =  

 1 2 ( ) (3.6874)(1.6) 5.8998  JfU F x d→ = − + = − = −  

 2 2 2
2 2

1 1
(1)( ) 1.000  0

2 2A A A AT m v v v V= = = =  

 2
1 1 1 2 2 2: 0 4.00 10.7367 5.8998 1.000 0AT V U T V v→+ + = + + + − = +  

  2 2 28.8369 m /sAv =  

  2.9727 m/sA =v   20°  
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PROBLEM 13.200  (Continued) 

 

Impact: Conservation of momentum. 

 

Both A and B, horizontal components : 

  cos 0 cosA A A A B Bm v m v m vθ θ′+ = +  

 (2)(2.9727) cos 20 2 cos20 (1.00)A Bv v′° = ° +  (1) 

Relative velocities:  ( ) ( ) [( ) ( ) ]B n A n B n A nv v e v v′ ′− = −  

  

cos [ 0]

cos20 (0.8)(2.9727)
B A A

B A

v v e v

v v

θ′ ′− = −
′ ′° − =  (2) 

Solving Eqs. (1) and (2) simultaneously, 

  
1.0382 m/s

3.6356 m/s
A

B

v

v

′ =
′ =

 

Sphere B rises: Use conservation of energy. 

  

2
1 1

2
2 2 2 2

1
( ) 0

2
1

(1 cos )
2

B B

B B B

T m v V

T m v V m gh m gl α

′= =

= = = −
 

 

2 2
1 1 2 2 2

2 2
2

2

2 2

1 1
: ( ) 0 (1 cos)

2 2

( ) 2 (1 cos )

(3.6356) (2)(9.81)(1 cos40 )

8.6274 m /s

B B B B

B

T V T V m v m v m g

v v gl α

′+ = + + = + −

′= − −

= − − °

=

 

(a) Speed of B: 2 2.94  m/sv =   

(b) Tension in the rope: 
2

22

1.00 m

8.6274
8.6274 m/s

1.00n
v

a

ρ

ρ

=

= = =

 

   :n B nF m aΣ =  

  cos

( cos )

(1.0)(8.6274 9.81cos40 )

B B n

B n

T m g m a

T m a g

α
α

− =
= +
= + °

 

 16.14 NT =   
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PROBLEM 13.201* 

The 2-lb ball at A is suspended by an inextensible cord and given an initial 
horizontal velocity of v0. If l = 2 ft, xB = 0.3 ft and yB = 0.4 ft determine the 
initial velocity v so that the ball will enter in the basket. Hint: use a computer 
to solve the resulting set of equations. 

 

SOLUTION 

Let position 1 be at A. 1 0v v=  

Let position 2 be the point described by the angle θ where the path of the ball changes from circular to  
parabolic. At position 2 the tension Q in the cord is zero. 

Relationship between 2v  and θ  based on Q = 0. Draw the free body diagram. 

 

 

2
20: sin n

mv
F Q mg maθΣ = + = =


 

With 0,Q =  2
2 2sin or sinv g v gθ θ= =   (1) 

Relationship among 0 2, ,v v  and θ  based on conservation of energy. 

 
1 1 2 2

2 2
0 2

1 1
sin

2 2

T V T V

mv mg mv mg θ

+ = +

− = + 
 

 2 2
0 2 2 (1 sin )v v g θ= + +  (2) 
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PROBLEM 13.201*  (Continued) 

 

x and y coordinates at position 2: 

 2 cosx θ=   (3) 

 2 siny θ=   (4) 

Let t2 be the time when the ball is in position 2. 

Motion on the parabolic path. The horizontal motion is  

 2 sinx v θ= −  

 2 2 2( sin )( )x x v t tθ= − −  (5) 

At Point B, and .B Bx x t t= =  From Eq. (5), 

 2
cos

( )
sin

B
B

x
t t

vθ

θ
θ

−− =   (6) 

Vertical motion: 2 2cos ( )y v g t tθ= − −  

 2
2 2 2 2

1
( cos )( ) ( )

2
y y v t t g t tθ= + − − −  

At Point B, 

 2
2 2 2

1
sin ( cos )( ) ( )

2B B By v t t g t tθ θ= + − − −  (7) 

Data: 22 ft, 0.3 ft, 0.4 ft, 32.2 ft/sB Bx y g= = = =  

With the numerical data, 

Eq. (1) becomes 2 64.4sinv θ=  (1)′ 

Eq. (6) becomes 2
2

2cos 0.3

sinBt t
v

θ
θ

−− =  (6)′ 

Eq. (7) becomes 2
2 2 22sin ( cos )( ) 16.1( )B B By v t t t tθ θ= + − − −  (7)′ 

Method of solution. From a trial value of θ, calculate v2 from Eq. (1)′, 2Bt t−  from Eq. (6)′, and yB 

from Eq. (7)′. Repeat until yB = 0.4 ft as required. 

Try 30 .θ = °  2

2

2

64.4sin 30 5.6745 ft/s

2cos30 0.3
0.50473s

5.6745sin 30

2sin 30 (5.6745cos30 )(0.50473) (16.1)(0.50473)

0.62116 ft

B

B

v

t t

y

= ° =
° −− = =

°
= ° + ° −
= −
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PROBLEM 13.201*  (Continued) 

 

Try 45 .θ = °  2

2

2

64.4sin 45 6.7482

2cos 45 0.3
0.23351s

6.7482sin 45

2sin 45 (6.7482cos 45 )(0.23351) (16.1)(0.23351)

1.65060 ft

B

B

v

t t

y

= ° =
° −− = =

°
= ° + ° −
=

 

Try 37.5 .θ = °  2

2

2

64.4sin 37.5 6.2613 ft/s

2cos37.5 0.3
0.33757 s

6.2613 sin 37.5

2sin 37.5 (6.2613cos37.5 )(0.33757) (16.1)(0.33757)

1.05972 ft

B

B

v

t t

y

= ° =
° −− = =

°

= ° + ° −
=

 

Let 30 .u θ= − °  The following sets of data points have be determined: 

 ( , ) (0 , 0.62114 ft), (7.5 ,1.05972 ft), (15 ,1.65060 ft)Bu y = ° − ° °  

The quadratic curve fit of this data gives 

 20.62114 0.29678 0.009688711By u u= − + −  

Setting 0.4 ftBy =  gives the quadratic equation 

 20.009688711 0.29678 1.02114 0u u− + − =  

Solving for u, 3.95 and 26.68u = ° °  

Rejecting the second value gives 30 33.95 .uθ = ° + = °  

Try 33.95 .θ = °  2

2

2

64.4sin 33.95 5.997 ft/s

2cos 33.95 0.3
0.40578 s

5.9971sin 33.95

2sin 33.95 (5.997 cos 33.95 )(0.40578) (16.1)(0.40578)

0.48462 ft

B

B

v

t t

y

= ° =
° −− = =

°

= ° + ° −
=

 

The new quadratic curve-fit is based on the data points 

 ( , ) (0 , 0.62114 ft), (3.95 , 0.48462 ft), (7.5 ,1.05972 ft).Bu y = ° − ° °  

The quadratic curve fit of this data is 

 20.62114 0.342053907 0.015725232By u u= − + −  

Setting 0.4 ftBy =  gives 

 20.015725232 0.342053907 1.02114 0u u− + − =  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

840 

PROBLEM 13.201*  (Continued) 

 

Solving for u,  

 3.572u = °  30 3.572 33.572θ = ° + ° = °  

Try 33.572 .θ = °  2

2

2

64.4 sin 33.572 5.9676 ft/s

2 cos33.572 0.3
0.41406 s

5.9676 sin 33.572

2sin 33.572 (5.9676cos33.572 )(0.41406) (16.1)(0.41406)

0.40445 ft

B

B

v

t t

y

= ° =
° −− = =

°

= ° + ° −
=

 

which is close enough to 0.4 ft. 

Substituting 33.572θ = °  and 2 5.9676 ft/sv =  into Eq. (2) along with other data gives 

 2 2 2 2
0 (5.9676) (2)(32.2)(2)(1 sin 33.572 ) 235.64 ft /sv = + + ° =  

  0 15.35 ft/s=v  
 



CCHHAAPPTTEERR  1144  
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PROBLEM 14.1 

A 30-g bullet is fired with a horizontal velocity of 450 m/s and 
becomes embedded in block B which has a mass of 3 kg. After the 
impact, block B slides on 30-kg carrier C until it impacts the end of 
the carrier. Knowing the impact between B and C is perfectly plastic 
and the coefficient of kinetic friction between B and C is 0.2, 
determine (a) the velocity of the bullet and B after the first impact, 
(b) the final velocity of the carrier. 

 

SOLUTION 

For convenience, label the bullet as particle A of the system of three particles A, B, and C. 

(a) Impact between A and B: Use conservation of linear momentum of A and B. Assume that the time 
period is so short that any impulse due to the friction force between B and C may be neglected. 

1 1 2 2m mΣ + Σ = Σv Imp v  

 

Components : 0 0 ( )A A Bm v m m v′+ = +  

 
3

0
3

(30 10 kg)(450 m/s)
4.4554 m/s

(30 10 kg 3 kg
A

A B

m v
v

m m

−

−
×′ = = =

+ × +
 

 4.46 m/s′ =v    

(b) Final velocity of the carrier: Particles A, B, and C have the same velocity v′′  to the left. Use 
conservation of linear momentum of all three particles. The friction forces between B and C are internal 
forces. Neglect friction at the wheels of the carrier. 

 2 2 3 3m mΣ + Σ = Σv Imp v  

 

Components : ( ) 0 ( )A B A B Cm m v m m m v′+ + = + +  

 

0

3

3

( )

(30 10 kg)(450 m/s)
0.4087 m/s

30 10 kg 3 kg 30 kg

AA B

A B C A B C

m vm m v
v

m m m m m m
−

−

′+′′ = =
+ + + +

×= =
× + +

 

  0.409 m/s′′ =v   
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PROBLEM 14.2 

A 30-g bullet is fired with a horizontal velocity of 450 m/s through 3-kg block B and becomes embedded in 
carrier C which has a mass of 30 kg. After the impact, block B slides 0.3 m on C before coming to rest relative 
to the carrier. Knowing the coefficient of kinetic friction between B and C is 0.2, determine (a) the velocity of 
the bullet immediately after passing through B, (b) the final velocity of the carrier. 

 

SOLUTION 

For convenience, label the bullet as particle A of the system of three particles A, B, and C. 

(b) Final velocity of carrier: Use conservation momentum for all three particles, since the impact forces and 
 the friction force between B and C are internal forces of the system. 

1 1 2 2m mΣ + Σ = Σv Imp v  

 

Components : 0 0 ( )A A B Cm v m m m v′′+ = + +  

 0 (0.030 kg)(450 m/s)
0.40872 m/s

33.03 kg
A

A B C

m v
v

m m m
′′ = = =

+ +
 

 0.409 m/s′′ =v   

(a) Velocity Av  of the bullet: 
 The sequence of events described is broken into the following states and processes. The symbols for 
 velocities of A, B, and C at the various states are given in the following table: 

 Symbol for velocity  

 State A B C Process 

(1) 
0v  0 0 Initial state 

(2) 
Av  Bv  0 1  2:  Bullet passes through block 

(3) 
ACv  Bv  ACv  2  3:  Bullet impacts end of carrier 

(4) v′′  v′′  v′′  3  4:  Block slides to rest relative to carrier 
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PROBLEM 14.2  (Continued) 

 

For process 1  2 apply conservation of momentum. 

 0A A A B Bm v m v m v= +  (1) 

For process 2  3 apply conservation of momentum to A and C. 

 ( )A A A C ACm v m m v= +  (2) 

For process 3  4 apply conservation of momentum to A, B, and C. 

 ( ) ( )A C AC B B A B Cm m v m v m m m v′′+ + = + +  (3) 

For process 3  4 apply the principle of work and energy, since the work U
3 4→  of the friction 

force may be calculated. 

Normal force: (3 kg)(9.81 m/s) 29.43 NB BN W m g= = = =  

Friction force: (0.2)(29.43) 5.886 Nf kF Nμ= = =  

Work: 3 4 (5.886 N)(0.3 m) 1.7658 JfU F d→ = − = − = −  

Principle of work and energy: 3 4AC BT T U T→ ′′+ + =  (4) 

where 21
( )

2AC A C ACT m m v= +  

 21

2B B BT m v=  

 21
( )( )

2 A B CT m m m v′′ ′′= + +  

Applying the numerical data gives 

 (0.030)(450) 0.030 3A Bv v= +  (1)′ 

 0.030 30.03A ACv v=  (2)′ 

 30.03 3 (33.03)(0.40872)AC Bv v+ =  (3)′ 

 2 2 21 1 1
(30.03) (3) 1.7658 (33.03)(0.40872)

2 2 2AC Bv v+ − =  (4)′ 

From Eq. (3)′, (33.03)(0.40872) 3
0.44955 0.0999

30.03
B

AC B
v

v v
−= = −  

Substituting into Eq. (4)′ gives 

 2 2(15.015)(0.44955 0.0999 ) 1.5 1.7658 2.7586B Bv v− + − =  

which reduces to the quadratic equation 

 21.64985 1.34865 1.48995 0B Bv v− − =  
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PROBLEM 14.2  (Continued) 

 

Solving,  1.44319 and 0.62575

1.44319 m/s
B

B

v

v

= −
=

 

Using Eq. (1)′ with numerical data, 13.5 0.030 (3)(1.44319)Av= +  

 306 m/sA =v   
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PROBLEM 14.3 

Car A weighing 4000 lb and car B weighing 3700 lb 
are at rest on a 22-ton flatcar which is also at rest. 
Cars A and B then accelerate and quickly reach 
constant speeds relative to the flatcar of 7 ft/s and 
3.5 ft/s, respectively, before decelerating to a stop at 
the opposite end of the flatcar. Neglecting friction 
and rolling resistance, determine the velocity of the 
flatcar when the cars are moving at constant speeds. 

 

SOLUTION 

4000 3700 (22)(2000)
The masses are 124.2 slugs, 114.9 slugs, and 1366.5 slugs

32.2 32.2 32.2A B Fm m m= = = = = =  

Let , , and be the sought after velocities in ft/s, positive to the right.A B Fv v v  

Initial values:  0 0 0( ) ( ) ( ) 0.A B Fv v v= = =  

Initial momentum of system: 0 0 0( ) ( ) ( ) 0.A A B B F Fm v m v m v+ + =  

There are no horizontal external forces acting during the time period under consideration. Momentum is 
conserved. 

  0 A A B B F Fm v m v m v= + +  

 124.2 114.9 1366.5 0A B Fv v v+ + =  (1)  

The relative velocities are given as 

 
/

/

7 ft/s

3.5 ft/s

A F A F

B F B F

v v v

v v v

= − = −

= − = −  
(2)

(3)  

Solving (1), (2), and (3) simultaneously, 

 6.208 ft/s, 2.708 ft/s, 0.7919 ft/s= − = − =A B Fv v v  

  0.792 ft/sF =v 
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PROBLEM 14.4 

A bullet is fired with a horizontal velocity of 1500 ft/s through 
a 6-lb block A and becomes embedded in a 4.95-lb block B. 
Knowing that blocks A and B start moving with velocities of  
5 ft/s and 9 ft/s, respectively, determine (a) the weight of the 
bullet, (b) its velocity as it travels from block A to block B. 

 

SOLUTION 

 The masses are m for the bullet and Am  and Bm  for the blocks. 

(a) The bullet passes through block A and embeds in block B. Momentum is conserved. 

 0 0Initial momentum: (0) (0)A Bmv m m mv+ + =  

 Final momentum: B A A B Bmv m v m v+ +  

 0Equating, B A A B Bmv mv m v m v= + +  

 
0

(6)(5) (4.95)(9)
0.0500 lb

1500 9
A A B B

B

m v m v
m

v v

+ += = =
− −

 

 0.800 ozm =   

(b) The bullet passes through block A. Momentum is conserved. 

 0 0Initial momentum: (0)Amv m mv+ =  

 1Final momentum: A Amv m v+  

 Equating,  0 1 A Amv mv m v= +  

 0
1

(0.0500)(1500) (6)(5)
900 ft/s

0.0500
A Amv m v

v
m

− −= = =  

 1 900 ft/s=v   
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PROBLEM 14.5 

Two swimmers A and B, of weight 190 lb and 125 lb, 
respectively, are at diagonally opposite corners of a floating 
raft when they realize that the raft has broken away from its 
anchor. Swimmer A immediately starts walking toward B at 
a speed of 2 ft/s relative to the raft. Knowing that the raft 
weighs 300 lb, determine (a) the speed of the raft if B does 
not move, (b) the speed with which B must walk toward  
A if the raft is not to move. 

 

SOLUTION 

(a) The system consists of A and B and the raft R. 

 Momentum is conserved. 

  
1 2( ) ( )

0 A A B B R R

m m

m m m

Σ = Σ
= + +

v v

v v v  (1) 

  

/ / / 0

2 ft/s

0 [2 ]

2 (2 ft/s)(190 lb)

( ) (190 lb 125 lb 300 lb)

A A R R B B R R B R
B

A R B RA B

A R B R R eA

A
R

A B R

v

m m m

m

m m m

= + − + =

= + =

= + + +
− −= =
+ + + +

v v v v v v

v v v v

v v v

v





 0.618 ft/sRv =   

(b) From Eq. (1), 

  

0
/

0 0 ( 0)

2 ft/s

(2 ft/s)(190 lb)
3.04 ft/s

(125 lb)

A A B B R

A A
RB A A R

B

B

m v m v v

m v
v v v v

m

v

= + + =

= − = + =

= − =



 3.04 ft/sBv =   
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PROBLEM 14.6 

A 180-lb man and a 120-lb woman stand side by side at the 
same end of a 300-lb boat, ready to dive, each with a 16-ft/s 
velocity relative to the boat. Determine the velocity of the 
boat after they have both dived, if (a) the woman dives first, 
(b) the man dives first. 

 

SOLUTION 

(a) Woman dives first. 

 Conservation of momentum: 

 1 1
120 300 180

(16 ) 0v v
g g

+− − =  

 1
(120)(16)

3.20 ft/s
600

v = =  

 Man dives next. Conservation of momentum: 

 

 

 1 2 2
300 180 300 180

(16 )v v v
g g g

+− = − + −  

 1
2

480 (180)(16)
9.20 ft/s

480

v
v

+= =  2 9.20 ft/s=v    

(b) Man dives first. 

 Conservation of momentum: 

 1 1
180 300 120

(16 ) 0v v
g g

+′ ′− − =  

 1
(180)(16)

4.80 ft/s
600

v′ = =  

 Woman dives next. Conservation of momentum: 

 1 2 2
300 120 300 120

(16 )v v v
g g g

+ ′ ′ ′− = − + −  

 1
2

420 (120)(16)
9.37 ft/s

420

v
v

′ +′ = =  2 9.37 ft/s′ =v   
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PROBLEM 14.7 

A 40-Mg boxcar A is moving in a railroad switchyard with a velocity of 9 km/h toward cars B and C, which 
are both at rest with their brakes off at a short distance from each other. Car B is a 25-Mg flatcar supporting a 
30-Mg container, and car C is a 35-Mg boxcar. As the cars hit each other they get automatically and tightly 
coupled. Determine the velocity of car A immediately after each of the two couplings, assuming that the 
container (a) does not slide on the flatcar, (b) slides after the first coupling but hits a stop before the second 
coupling occurs, (c) slides and hits the stop only after the second coupling has occurred. 

 

 

SOLUTION 

Each term of the conservation of momentum equation is mass times velocity. As long as the same units are 
used in all terms, any unit may be used for mass and for velocity. We use Mg for mass and km/h for velocity 
and apply conservation of momentum. 

Note:  Only moving masses are shown in the diagrams. 

Initial momentum: 0 (40)(9) 360Am v = =  

(a) Container does not slide 

 

 1 2360 95 130v v= =  1 3.79 km/h=v    

 2 2.77 km/h=v    

(b) Container slides after 1st coupling, stops before 2nd 

 

 1 2360 65 130v v= =  1 5.54 km/h=v    

 2 2.77 km/h=v   
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PROBLEM 14.7  (Continued) 

 

(c) Container slides and stops only after 2nd coupling 

 

 1 2360 65 100v v= =  1 5.54 km/h=v    

 2 3.60 km/h=v    
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PROBLEM 14.8 

Packages in an automobile parts supply house are transported 
to the loading dock by pushing them along on a roller track 
with very little friction. At the instant shown, packages B and 
C are at rest and package A has a velocity of 2 m/s. Knowing 
that the coefficient of restitution between the packages is 0.3, 
determine (a) the velocity of package C after A hits B and B 
hits C, (b) the velocity of A after it hits B for the second time. 

 

SOLUTION 

(a) Packages A and B: 

 

 Total momentum conserved: 

 

(8 kg)(2 m/s) 0 (8 kg) (4 kg)

4 2

A A B B A A B B

A B

A B

m v m v m v m v

v v

v v

′ ′+ = +
′ ′+ = +

′ ′= +  (1) 

 Relative velocities. 

 

( ) ( )

(2)(0.3)
A B B A

B A

v v e v v

v v

′ ′− = −
′ ′= −  (2) 

 Solving Equations (1) and (2) simultaneously, 

 1.133 m/sAv′ =  

 1.733 m/sBv′ =  

 Packages B and C: 

 

 B B C C B B C Cm v m v m v m v′ ′′ ′+ = +  

 (4 kg)(1.733 m/s) 0 4 6B cv v′′ ′+ = +  

 6.932 4 6B Cv v′′ ′= +  (3) 
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PROBLEM 14.8  (Continued) 

 

 Relative velocities: 

 

( )

(1.733)(0.3) 0.5199
B C C B

C B

v v e v v

v v

′ ′ ′′− = −
′ ′′= = −  (4) 

 Solving equations (3) and (4) simultaneously, 

 0.901 m/sC′ =v   

(b) Packages A and B (second time), 

 

 Total momentum conserved: 

 

(8)(1.133) (4)(0.381) 8 4

10.588 8 4
A B

A B

v v

v v

′′ ′′′+ = +
′′ ′′= +  (5) 

 Relative velocities: 

 

( )

(1.133 0.381)(0.3) 0.2256
A B B A

B A

v v e v v

v v

′ ′′ ′′′ ′′− = −
′′′ ′′− = = −  (6) 

 Solving (5) and (6) simultaneously, 

 0.807 m/sAv′′ =  0.807 m/sA′′ =v  
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PROBLEM 14.9 

A system consists of three particles A, B, and C. We know that 
3Am =  kg, 2Bm =  kg, and 4Cm =  kg and that the 

velocities of the particles expressed in m/s are, respectively, 
4 2 2 ,A = + +v i j k  4 3 ,B = +v i j  and 2 4 2 .C = − + +v i j k  

Determine the angular momentum OH of the system about O. 

 

SOLUTION 

Linear momentum of each particle expressed in kg m/s.⋅  

12 6 6

8 6

8 16 8

A A

B B

C C

m

m

m

= + +
= +
= − + +

v i j k

v i j

v i j k
 

Position vectors, (meters):  3 , 1.2 2.4 3 , 3.6A B C= = + + =r j r i j k r i  

2Angular momentum about , (kg m /s).O ⋅  

( ) ( ) ( )

0 3 0 1.2 2.4 3 3.6 0 0

12 6 6 8 6 0 8 16 8

(18 36 ) ( 18 24 12 ) ( 28.8 57.6 )

0 4.8 9.6

O A A A B B B C C Cm m m= × + × + ×

= + +
−

= − + − + − + − +
= − +

H r v r v r v

i j k i j k i j k

i k i j k j k

i j k

 

  2 2(4.80 kg m /s) (9.60 kg m /s)O = − ⋅ + ⋅H j k
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PROBLEM 14.10 

For the system of particles of Problem 14.9, determine (a) the 
position vector r  of the mass center G of the system, (b) the 
linear momentum mv  of the system, (c) the angular momentum 

GH  of the system about G. Also verify that the answers to this 
problem and to problem 14.9 satisfy the equation given in 
Problem 14.27. 

PROBLEM 14.9 A system consists of three particles A, B, and C. 
We know that 3Am =  kg, 2Bm =  kg, and 4Cm =  kg and that 
the velocities of the particles expressed in m/s are, respectively, 

4 2 2 ,A = + +v i j k  4 3 ,B = +v i j  and 2 4 2 .C = − + +v i j k  
Determine the angular momentum OH of the system about O. 

 

SOLUTION 

Position vectors, (meters):  3 , 1.2 2.4 3 , 3.6A B C= = + + =r j r i j k r i  

(a) Mass center: ( )A B C A A B B C Cm m m m m m+ + = + +r r r r  

9 (3)(3 ) (2)(1.2 2.4 3 ) (4)(3.6 )

1.86667 1.53333 0.66667

= + + + +
= + +

r j i j k i

r i j k  

 (1.867 m) (1.533 m) (0.667 m)= + +r i j k  

 Linear momentum of each particle, 2(kg m /s).⋅  

12 6 6

8 6

8 16 8

A A

B B

C C

m

m

m

= + +
= +
= − + +

v i j k

v i j

v i j k
 

(b) Linear momentum of the system, (kg m/s.)⋅  

  12 28 14A A B B C Cm m m m= + + = + +v v v v i j k  

 (12.00 kg m/s) (28.0 kg m/s) (14.00 kg m/s)m = ⋅ + ⋅ + ⋅v i j k  

 Position vectors relative to the mass center, (meters). 

 

1.86667 1.46667 0.66667

0.66667 0.86667 2.33333

1.73333 1.53333 0.66667

A A

B B

C C

′ = − = − + −
′ = − = − + +
′ = − = − −

r r r i j k

r r r i j k

r r r i j k
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PROBLEM 14.10  (Continued) 

 

(c) Angular momentum about G, 2(kg m /s).⋅  

  

1.86667 1.46667 0.66667 0.66667 0.86667 2.33333

12 6 6 8 6 0

1.73333 1.53333 0.66667

8 16 8

(12.8 3.2 28.8 ) ( 14 18.6667 10.9333 )

( 1.6 8.5333 15.4667 )

2.8 13.

G A A A B B B C C Cm m m′ ′ ′= × + × + ×

= − − + −

+ − −
−

= + − + − + −
+ − − +

= − +

H r v r v r v

i j k i j k

i j k

i j k i j k

i j k

i 3333 24.2667−j k

 

  
2 2 2(2.80 kg m /s) (13.33 kg m /s) (24.3 kg m /s)G = − ⋅ + ⋅ − ⋅H i j k  

  

2 2 2

1.86667 1.53333 0.66667

12 28 14

(2.8 kg m /s) (18.1333 kg m /s) (33.8667 kg m /s)

m× =

= ⋅ − ⋅ + ⋅

i j k

r v

i j k

 

  
2 2(4.8 kg m /s) (9.6 kg m /s)G m+ × = − ⋅ + ⋅H r v j k  

 Angular momentum about O. 

  

2 2

( ) ( ) ( )

0 3 0 1.2 2.4 3 3.6 0 0

 12 6 6 8 6 0 8 16 8

(18 36 ) ( 18 24 12 ) ( 28.8 57.6 )

(4.8 kg m /s) (9.6 kg m /s)

O A A A B B B C C Cm m m= × + × + ×

= + +
−

= − + − + − + − +

= − ⋅ + ⋅

H r v r v r v

i j k i j k i j k

i k i j k j k

j k

 

 Note that 

 O G m= + ×H H r v 
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

858 

 

 

PROBLEM 14.11 

A system consists of three particles A, B, and C. We know that 5lb,AW =  
4 lb,BW =  and 3 lb,CW =  and that the velocities of the particles expressed 

in ft/s are, respectively, 2 3 2 ,A = + −v i j k  ,B x y zv v v= + +v i j k  and 
3 2 .C = − − +v i j k  Determine (a) the components vx and vz of the velocity 

of particle B for which the angular momentum HO of the system about O 
is parallel to the x axis, (b) the value of HO. 

 

SOLUTION 

 

( ) ( ) ( )
O i i i i i i

i x i y i z

m m x y z

v v v

= Σ × = Σ
i j k

H r v  

 
5 4 3

0 5 4 4 4 3 8 6 0

2 3 2 2 3 2 1x z

g g g
v v

= + +
− − −

i j k i j k i j k

 

 
1

[5( 10 12) 4(4 6) 3(6 0)]zv
g

= − − + − + − i  

 
1

[5(8 0) 4(3 4 ) 3(0 8)]x zv v
g

+ − + − + − j  

 
1

[5(0 10) 4(8 4 ) 3( 16 18)]xv
g

+ − + − + − + k  

 
1

[(16 116) (12 16 16) ( 16 12) ]O z z z xv v v v
g

= − + − + + − −H i j k  (1) 

(a) For to beparallel to theO xH  axis, we must have 0:y zH H= =  

 0: 16 12 0z xH v= − − =  0.75 ft/sxv = −   

 0: 12( 0.75) 16 16 0y zH v= − − + =  0.4375 ft/szv =   

(b) Substitute into Eq. (1): 

 
1 1 109.0

(16 116) [16(0.4375) 116]
32.2O zv

g g
= − = − = −H i i i  

 (3.39 ft lb s)O = − ⋅ ⋅H i   
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PROBLEM 14.12 

For the system of particles of Problem 14.11, determine (a) the 
components vx and vz of the velocity of particle B for which the angular 
momentum HO of the system about O is parallel to the z axis, (b) the value 
of HO. 

PROBLEM 14.11 A system consists of three particles A, B, and C. We 
know that 5lb,AW =  4 lb,BW =  and 3 lbCW =  and that the velocities of 
the particles expressed in ft/s are, respectively, 2 3 2 ,A = + −v i j k  

,B x y zv v v= + +v i j k  and 3 2 .C = − − +v i j k  Determine (a) the 
components vx and vz of the velocity of particle B for which the angular 
momentum HO of the system about O is parallel to the x axis, (b) the value 
of HO. 

 

SOLUTION 

 

( ) ( ) ( )
O i i i i i i

i x i y i z

m m x y z

v v v

= Σ × = Σ
i j k

H r v  

 
5 4 3

0 5 4 4 4 3 8 6 0

2 3 2 2 3 2 1x z

g g g
v v

= + +
− − −

i j k i j k i j k

 

 
1

[5( 10 12) 4(4 6) 3(6 0)]zv
g

= − − + − + − i  

 
1

[5(8 0) 4(3 4 ) 3(0 8)]x zv v
g

+ − + − + − j  

 
1

[5(0 10) 4(8 4 ) 3( 16 18)]xv
g

+ − + − + − + k  

 
1

[(16 116) (12 16 16) ( 16 12) ]O z z z xv v v v
g

= − + − + + − −H i j k  (1) 

(a) For to be parallel to theO zH axis, we must have 0:x yH H= =  

 0: 16 116 0x zH v= − =  7.25 ft/szv =   

 0: 12 16(7.25) 16 0y xH v= − + =  8.33 ft/sxv =   

(b) Substituting into Eq. (1): 

 
1

[ 16(8.33) 12]
32.2O = − −H k  (4.51 ft lb s)O = − ⋅ ⋅H k   
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PROBLEM 14.13 

A system consists of three particles A, B, and C. We know that 
mA 3 kg,=  4 kg,Bm =  and 5 kg,Cm =  and that the velocities of the 
particles expressed in m/s are, respectively, 4 4A = − + +v i j 6k, 
vB 6 8 4 ,= − + +i j k  and 2 6 4 .C = − −v i j k  Determine the angular 
momentum OH  of the system about O. 

 

SOLUTION 

Linear momentum of each particle, (kg m/s):⋅  

 

12 12 18

24 32 16

10 30 20

A A

B B

C C

m

m

m

= − + +
= − + +
= − −

v i j k

v i j k

v i j k

 

Position vectors, (meters): 

 1.2 1.5 , 0.9 1.2 1.2 , 2.4 1.8A B C= + = + + = +r i k r i j k r j k  

Angular momentum about O, 2(kg m /s):⋅  

 
1.2 0 1.5 0.9 1.2 1.2 0 2.4 1.8

12 12 18 24 32 16 10 30 20

( 18 39.6 14.4 ) ( 19.2 43.2 57.6 ) (6 18 24 )

31.2 64.8 48.0

O A A A B B B C C Cm m m= × + × + ×

= + +
− − − −

= − − + + − − + + + −
= − − +

H r v r v r v

i j k i j k i j k

i j k i j k i j k

i j k

 

 2 2 2(31.2 kg m /s) (64.8 kg m /s) (48.0 kg m /s)O = − ⋅ − ⋅ + ⋅H i j k  
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PROBLEM 14.14 

For the system of particles of Problem 14.13, determine (a) 
the position vector r  of the mass center G of the system, (b) 
the linear momentum mv  of the system, (c) the angular 
momentum GH  of the system about G. Also verify that the 
answers to this problem and to Problem 14.13 satisfy the 
equation given in Problem 14.27. 

PROBLEM 14.13 A system consists of three particles A, B, 
and C. We know that 3 kg,Am =  4 kg,Bm =  and 5 kgCm =  
and that the velocities of the particles expressed in m/s 
are, respectively, A =v 4 4 6 ,− + +i j k 6 8 4 ,B = − + +v i j k  and 

2 6 4 .C = − −v i j k  Determine the angular momentum OH  of 
the system about O. 

 

SOLUTION 

Position vectors, (meters): 

 1.2 1.5 , 0.9 1.2 1.2 , 2.4 1.8A B C= + = + + = +r i k r i j k r j k  

(a) Mass center: 

 ( )A B C A A B B C Cm m m m m m+ + = + +r r r r  

 
12 (3)(1.2 1.5 ) (4)(0.9 1.2 1.2 ) (5)(2.4 1.8 )

0.6 1.4 1.525

= + + + + + +
= + +

r i k i j k j k

r i j k
 

 (0.600 m) (1.400 m) (1.525 m)= + +r i j k   

 Linear momentum of each particle, (kg m/s):⋅  

 

12 12 18

24 32 16

10 30 20

A A

B B

C C

m

m

m

= − + +
= − + +
= − −

v i j k

v i j k

v i j k

 

(b) Linear momentum of the system, (kg m/s):⋅  

 26 14 14A A B B C Cm m m m= + + = − + +v v v v i j k  

 (26.0 kg m/s) (14.00 kg m/s) (14.00 kg m/s)m = − ⋅ + ⋅ + ⋅v i j k   

 Position vectors relative to the mass center, (meters). 

 

0.6 1.4 0.025

0.3 0.2 0.325

0.6 1.0 0.275

A A

B B

C C

′ = − = − −
′ = − = − −
′ = − = − + +

r r r i j k

r r r i j k

r r r i j k
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PROBLEM 14.14  (Continued) 

 

(c) Angular momentum about G, 2(kg m /s):⋅  

 
0.6 1.4 0.025 0.3 0.2 0.325 0.6 1.0 0.275

12 12 18 24 32 16 10 30 20

( 24.9 10.5 9.6 ) (7.2 3.0 4.8 ) ( 11.75 9.25 8.0 )

29.45 16.75 3.2

G A A A B B B C C Cm m m′ ′ ′= × + × + ×

= − − + − − + −
− − − −

= − − − + + + + − − +
= − − +

H r v r v r v

i j k i j k i j k

i j k i j k i j k

i j k

 

 2 2 2(29.5 kg m /s) (16.75 kg m /s) (3.20 kg m /s)G = − ⋅ − ⋅ + ⋅H i j k   

 0.6 1.4 1.525 1.75 48.05 44.8

26 14 14

m× = = − − +
−

i j k

r v i j k  

 2 2 2(31.2 kg m /s) (64.8 kg m /s) (48.0 kg m /s)G m+ × = − ⋅ − ⋅ + ⋅H r v i j k  

 Angular momentum about O, 2(kg m /s):⋅  

 

2 2 2

1.2 0 1.5 0.9 1.2 1.2 0 2.4 1.8

12 12 18 24 32 16 10 30 20

( 18 39.6 14.4 ) ( 19.2 43.2 57.6 ) (6 18 24 )

(31.2 kg m /s) (64.8 kg m /s) (48.0 kg m /s)

O A A A B B B C C Cm m m= × + × + ×

= + +
− − − −

= − − + + − − + + + −

= − ⋅ − ⋅ + ⋅

H r v r v r v

i j k i j k i j k

i j k i j k i j k

i j k

 

 Note that .O G m= + ×H H r v  
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PROBLEM 14.15 

A 13-kg projectile is passing through the origin O with a velocity v0 = (35 m/s)i when it explodes into two 
fragments A and B, of mass 5 kg and 8 kg, respectively. Knowing that 3 s later the position of fragment A is 
(90 m, 7 m, –14 m), determine the position of fragment B at the same instant. Assume 9.81ya g= − = − m/s2 
and neglect air resistance. 

 

SOLUTION 

Motion of mass center: 

It moves as if projectile had not exploded. 

 

2
0

2 2

1

2
1

(35 m/s)(3 s) (9.81 m/s )(3 s)
2

(105 m) (44.145 m)

v t gt= −

= −

= −

r i j

i j

i j

 

Equation (14.12): 

 

:

13(105 44.145 ) 5(90 7 14 ) 8

i i

A A B B

B

m m

m m m

= Σ
= +

− = + − +

r r

r r r

i j i j k r

 

 

8 (13 105 5 90)

( 13 44.145 5 7) (5 14)

915 608.89 70

B = × − ×
+ − × − × + ×

= − +

r i

j k

i j k

 

 (114.4 m) (76.1 m) (8.75 m)B = − +r i j k   
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PROBLEM 14.16 

A 300-kg space vehicle traveling with a velocity v0 = (360 m/s)i passes through the origin O at t = 0. 
Explosive charges then separate the vehicle into three parts A, B, and C, with mass, respectively, 150 kg, 100 kg, 
and 50 kg. Knowing that at t = 4 s, the positions of parts A and B are observed to be A (1170 m, –290 m,  
–585 m) and B (1975 m, 365 m, 800 m), determine the corresponding position of part C. Neglect the effect  
of gravity. 

 

SOLUTION 

Motion of mass center: 

Since there is no external force, 

 0 (360 m/s) (4 s) (1440 m)t= = =r v i i  

Equation (14.12): 

 :i im m= Σr r  

 

(300)(1440 ) (150)(1170 290 585 )

(100)(1975 365 800 )

(50) C

= − −
+ + +
+

i i j k

i j k

r

 

 
50 (300 1440 150 1170 100 1975)

(150 290 100 365) (150 585 100 800)
C = × − × − ×

+ × − × + × − ×
r i

j k
 

 59,000 7,000 7,750= + +i j k  

 (1180 m) (140 m) (155 m)C = + +r i j k   
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PROBLEM 14.17 

A 2-kg model rocket is launched vertically and reaches an 
altitude of 70 m with a speed of 30 m/s at the end of powered 
flight, time t = 0. As the rocket approaches its maximum altitude 
it explodes into two parts of masses 0.7 kgAm =  and 

1.3 kg.Bm =  Part A is observed to strike the ground 80 m west 
of the launch point at t = 6 s. Determine the position of part B at 
that time. 

 

SOLUTION 

Choose a planar coordinate system having coordinates x and y with the origin at the launch point on the 
ground and the x-axis pointing east and the y-axis vertically upward. 
 
Let subscript E refer to the point where the explosion occurs, and A and B refer to the fragments A and B. 
Let t be the time elapsed after the explosition. 
 
Motion of the mass center: 

 2
0

( ) 0

1
( )

2

E x

t
E y

x x v t

y y v gt

= + =

= + −
 

where 070 m and ( ) 30 m/sE yy v= =  

At  6 s,t =  0x =  

 21
70 (30)(6) (9.81)(6) 73.42 m

2
y = + − =  

Definition of mass center: 

 
0 (0.7 kg)( 80 m) (1.3 kg)

A A A B B

B

m x m x m x

x

= +
= − +

 

 43.1 mBx =  

 
(2 kg)(73.42 m) (0.7 kg)(0) (1.3 kg)

A A B B

B

my m y m y

y

= +
= +

 

 113.0 mBy =  

Position of part B: 43.1 m (east), 113.0 m (up)   
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PROBLEM 14.18 

An 18-kg cannonball and a 12-kg cannonball are chained 
together and fired horizontally with a velocity of 165 m/s from 
the top of a 15-m wall. The chain breaks during the flight of 
the cannonballs and the 12-kg cannonball strikes the ground  
at t = 1.5 s, at a distance of 240 m from the foot of the wall, 
and 7 m to the right of the line of fire. Determine the position 
of the other cannonball at that instant. Neglect the resistance of 
the air. 

 

SOLUTION 

Let subscript A refer to the 12-kg cannonball and B to the 18-kg cannonball. 
 
The motion of the mass center of A and B is uniform in the x-direction, uniformly accelerated with 

acceleration 29.81 m/sg− = − in the y-direction, and zero in the z-direction. 

 

0

2
0 0

2 2

( ) (165 m/s)(1.5 s) 247.5 m

1
( )

2
1

15 m 0 (9.81 m/s )(1.55) 3.964 m
2

0

(247.5 m) (3.964 m)

x

y

x v t

y y v t gt

z

= = =

= + −

= + − =

=
= +r i j

 

Definition of mass center: 

 A A B Bm m m= +r r r  

Data: 12 kg, 18 kg, 30 kgA B A Bm m m m m= = = + =  

 1.5 s, 240 m, 0, 7 mA A At x y z= = = =  

 (30)(247.5 3.964 ) (12)(240 ) (18)( )B B Bx y z+ = + + + +i j i 7k i j k  

 : (30)(247.5) (12)(240) 18 Bx= +i  253 mBx =   

 : (30)(3.964) (12)(0) 18 By= +j  6.61 mBy =  

 : (30)(0) (12)(7) 18 Bz= +k  4.67 mBz = −   
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PROBLEM 14.19 

Car A was traveling east at high speed when it 
collided at Point O with car B, which was traveling 
north at 45 mi/h. Car C, which was traveling west at 
60 mi/h, was 32 ft east and 10 ft north of Point O at 
the time of the collision. Because the pavement was 
wet, the driver of car C could not prevent his car from 
sliding into the other two cars, and the three cars, 
stuck together, kept sliding until they hit the utility 
pole P. Knowing that the weights of cars A, B, and C 
are, respectively, 3000 lb, 2600 lb, and 2400 lb, and 
neglecting the forces exerted on the cars by the wet 
pavement, solve the problems indicated. 

Knowing that the speed of car A was 75 mi/h and that 
the time elapsed from the first collision to the stop at 
P was 2.4 s, determine the coordinates of the utility 
pole P. 

 

SOLUTION 

Let t be the time elapsed since the first collision. No external forces in the xy plane act on the system 
consisting of cars A, B, and C during the impacts with one another. The mass center of the system moves at 
the velocity it had before the collision. 

Setting the origin at O, we can find the initial mass center 0 :r  at the moment of the first collision: 

 0 0( )( ) (0) (0) ( )A B C A B C C Cm m m x y m m m x y+ + + = + + +i j i j  

 0 00.3 (0.3)(32) 9.6 ft, 0.3 (0.3)(10) 3 ftC Cx x y y= = = = = =  

Given velocities: 

 (75 mi/h) (110 ft/s) , (45 mi/h) (66 ft/s) , (60 mi/h) (88 ft/s)A B C= = = = = =v i i v i j v i i  

Velocity of mass center: 

 ( )A B C A A B B C Cm m m m m m+ + = + +v v v v  

 0.375 0.325 0.3A B C= + +v v v v  

Since the collided cars hit the pole at 

 P P Px y= +r i j  

 0 0 Resolve into components.P Py x y t+ = + +x i j i j v  

 :x 0 0.375 0.3P A P C Px x v t v t= + −  (1)  

 :y 0 0.325P B Py y v t= +  (2)  
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PROBLEM 14.19  (Continued) 

 

Data: 2.4 sPt =  

From (1),  9.6 (0.375)(110)(2.4) (0.3)(88)(2.4) 45.240Px = + − =  

From (2),  3.0 (0.325)(66)(2.4) 54.480 ftPy = + =  

 45.2 ftPx =   

 54.5 ftPy =   
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PROBLEM 14.20 

Car A was traveling east at high speed when it collided at 
Point O with car B, which was traveling north at 45 mi/h. 
Car C, which was traveling west at 60 mi/h, was 32 ft 
east and 10 ft north of Point O at the time of the 
collision. Because the pavement was wet, the driver of 
car C could not prevent his car from sliding into the 
other two cars, and the three cars, stuck together, kept 
sliding until they hit the utility pole P. Knowing that the 
weights of cars A, B, and C are, respectively, 3000 lb, 
2600 lb, and 2400 lb, and neglecting the forces exerted 
on the cars by the wet pavement, solve the problems 
indicated. Knowing that the coordinates of the utility 
pole are 46 ftPx =  and 59 ft,Py =  determine (a) the 
time elapsed from the first collision to the stop at P, (b) 
the speed of car A.  

 

SOLUTION 

Let t be the time elapsed since the first collision. No external forces in the xy plane act on the system 
consisting of cars A, B, and C during the impacts with one another. The mass center of the system moves at 
the velocity it had before the collision. 

Setting the origin at O, we can find the initial mass center 0 :r  at the moment of the first collision: 

 0 0( )( ) (0) (0) ( )A B C A B C C Cm m m x y m m m x y+ + + = + + +i j i j  

 0 00.3 (0.3)(32) 9.6 ft, 0.3 (0.3)(10) 3 ftC Cx x y y= = = = = =  

Given velocities: 

 , (45 mi/h) (66 ft/s) , (60 mi/h) (88 ft/s)A A B Cv= = = = =v i v i j v i i  

Velocity of mass center: 

 ( )A B C A A B B C Cm m m m m m+ + = + +v v v v  

 0.375 0.325 0.3A B C= + +v v v v  

Since the collided cars hit the pole at 

 P P Px y= +r i j  

 0 0 Resolve into components.P Px y x y t+ = + +i j i j v  

 :x 0 0.375 0.3P A P C Px x v t v t= + −  (1)  

 :y 0 0.325P B Py y v t= +  (2)  
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PROBLEM 14.20  (Continued) 

 

Data: 59 ft, 46 ftP Px y= =  

( ) From (2),a  46 3 (0.325)(66) Pt= + 

 2.0047 sPt =  2.00 sPt =   

( ) From (1),b  59 9.6 (0.375) (2.0047) (0.3)(88)(2.0047)Av= + −  

 136.11 ft/sAv =  92.8 mi/hAv =   
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

871 

 

PROBLEM 14.21 

An expert archer demonstrates his ability by hitting tennis balls thrown by an assistant. A 2-oz tennis ball has 
a velocity of (32 ft/s)i – (7 ft/s)j and is 33 ft above the ground when it is hit by a 1.2-oz arrow traveling with a 
velocity of (165 ft/s)j + (230 ft/s)k where j is directed upwards. Determine the position P where the ball and 
arrow will hit the ground, relative to Point O located directly under the point of impact. 

 

SOLUTION 

Assume that the ball and arrow move together after the hit.  

Conservation of momentum of ball and arrow during the hit. 

 3 31.2/16 2/16
2.3292 10  slug 3.8820 10  slug

32.2 32.2A Bm m− −= = × = = ×  

 3 3 3 3

( )

(2.3292 10 )(165 230 ) (3.8820 10 )(32 7 ) (2.3292 10 3.8820 10

(20.0 ft/s) (57.5 ft/s) (86.25 ft/s)

A A B B A Bm m m m
− − − −

+ = +

× + + × − = × + ×
= + +

v v v

j k i j )v

v i j k

 

After the hit, the ball and arrow move as a projectile. 

Vertical motion: 2
0 0

2

1
( )

2
1

33 57.5 (32.2)
2

yy y v t gt

y t t

= + −

= + −

 

 2

0 at ground.

16.1 57.5 33 0

y

t t

=

− + + =  Solve for t. 

After rejecting the negative root, 4.0745 st =  

Horizontal motion: 0 0

0 2 0

( )

( )

0 (20)(4.07448)

81.490 ft

0 (86.25)(4.07448)

351.42 ft

xx x v t

z z v t

x

z

= +
= +
= +
=
= +
=

 

 (81.5 ft) (351 ft)P = +r i k  
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PROBLEM 14.22 

Two spheres, each of mass m, can slide freely on a frictionless, 
horizontal surface. Sphere A is moving at a speed 0v  = 16 ft/s when it 
strikes sphere B which is at rest and the impact causes sphere B to 
break into two pieces, each of mass m/2. Knowing that 0.7 s after the 
collision one piece reaches Point C and 0.9 s after the collision the 
other piece reaches Point D, determine (a) the velocity of sphere A after 
the collision, (b) the angle θ  and the speeds of the two pieces after the 
collision. 

 

SOLUTION 

Velocities of pieces C and D after impact and fracture. 

6.3
( ) 9 ft/s, ( ) 9 tan 30 ft/s

0.7

6.3
( ) 7 ft/s, ( ) 7 tan ft/s

0.9

C
C x C y

C

D
D x D y

D

x
v v

t

x
v v

t
θ

′ ′= = = = °

′ ′= = = = −
 

Assume that during the impact the impulse between spheres A and B is directed along the x-axis. Then, the  
y component of momentum of sphere A is conserved. 

0 ( )A ym v′=  

Conservation of momentum of system: 

 0:   (0) ( ) ( )A B A A C C x D D xm v m m v m v m v′ ′ ′+ = + +  

 (16) 0 (9) (7)
2 2A
m m

m mv′+ = + +  

( )a   8.00 ft/sA′ =v    

 :   (0) (0) ( ) ( ) ( )A B A A y C C y D D ym m m v m v m v′ ′ ′+ = + +  

 0 0 0 (9 tan 30 ) (7 tan )
2 2

m m θ+ = + ° −  

( )b  
9

tan tan 30 0.7423
7

θ = ° =  36.6θ = °  

 2 2 2 2( ) ( ) (9) (9 tan 30 )C C x C yv v v= + = + °  10.39 ft/sCv =   

 2 2 2 2( ) ( ) (7) (7 tan 36.6 )D D x D yv v v= + = + °  8.72 ft/sDv =   
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PROBLEM 14.23 

In a game of pool, ball A is moving with a velocity v0 when it strikes 
balls B and C which are at rest and aligned as shown. Knowing that 
after the collision the three balls move in the directions indicated, and 
that 0 12 ft/sv =  and 6.29 ft/s,Cv =  determine the magnitude of the 
velocity of (a) ball A, (b) ball B. 

 

SOLUTION 



 

Conservation of linear momentum. In x direction: 

 

(12 ft/s)cos 45 sin 4.3 sin 37.4

(6.29)cos 30

0.07498 0.60738 3.0380

A B

A B

m mv mv

m

v v

° = ° + °
+ °

+ =  (1) 

In y direction: 

 

(12 ft/s)sin 45 cos 4.3 cos 37.4

(6.29)sin 30

0.99719 0.79441 5.3403

A B

A B

m mv mv

m

v v

° = ° − °
+ °

− =  (2) 

(a) Multiply (1) by 0.79441, (2) by 0.60738, and add: 

 0.66524 5.6570Av =  8.50 ft/sAv =   

(b) Multiply (1) by 0.99719, (2) by –0.07498, and add: 

 0.66524 2.6290Bv =  3.95 ft/sBv =  
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PROBLEM 14.24 

A 6-kg shell moving with a velocity 
v0 (12 m/s) (9 m/s)= − −i j (360 m/s)k  explodes 
at Point D into three fragments A, B, and C of 
mass, respectively, 3 kg, 2 kg, and 1 kg. 
Knowing that the fragments hit the vertical 
wall at the points indicated, determine the 
speed of each fragment immediately after the 
explosion. Assume that elevation changes due 
to gravity may be neglected. 

 

SOLUTION 

Position vectors (m): 4D =r k  

 

/ /

/ /

/ /

1.5 1.5 4 4.272

4 2 4 2 4 6

3 3 4 5

A A D A D

B B D B D

C C D C D

r

r

r

= − = − − =

= + = + − =

= − = − − =

r i r i k

r i j r i j k

r j r j k

 

Unit vectors: /

/

/

1
Along , ( 1.5 4 )

4.272
1

Along , (4 2 4 )
6
1

Along , ( 3 4 )
5

A D A

B D B

C D C

= − −

= + −

= − −

r λ i k

r i j k

r λ j k

λ

 

Assume that elevation changes due to gravity may be neglected. Then, the velocity vectors after the explosion 
have the directions of the unit vectors. 

 
A A A

B B B

C C C

v

v

v

=
=
=

v λ
v λ
v λ

 

Conservation of momentum: 0 A A B B C Cm m m m= + +v v v v  

 

6(12 9 360 ) 3 ( 1.5 4 ) 2 (4 2 4 )
4.272 6

1 ( 3 4 )
5

A B

C

v v

v

   − − = − − + + −   
   
 + − − 
 

i j k i k i j k

j k
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PROBLEM 14.24  (Continued) 

 

Resolve into components. 

 

72 1.0534 1.3333

54 0.66667 0.60000

2160 2.8090 1.3333 0.80000

A B

B C

A B C

v v

v v

v v v

= − +
− = −

− = − − −
 

Solving,  431 m/sAv =   

  395 m/sBv =   

  528 m/sCv =   
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PROBLEM 14.25 

A 6-kg shell moving with a velocity 
v0 (12 m/s) (9 m/s) (360 m/s)= − −i j k  explodes 
at Point D into three fragments A, B, and C of 
mass, respectively, 2 kg, 1 kg, and 3 kg. 
Knowing that the fragments hit the vertical 
wall at the points indicated, determine the 
speed of each fragment immediately after the 
explosion. Assume that elevation changes due 
to gravity may be neglected. 

 

 

SOLUTION 

Position vectors (m): 4D =r k  

 

/ /

/ /

/ /

1.5 1.5 4 4.272

4 2 4 2 4 6

3 3 4 5

A A D A D

B B D B D

C C D C D

r

r

r

= − = − − =

= + = + − =

= − = − − =

r i r i k

r i j r i j k

r j r j k

 

Unit vectors: /

/

/

1
Along , ( 1.5 4 )

4.272
1

Along , (4 2 4 )
6
1

Along , ( 3 4 )
5

A D A

B D B

C D C

= − −

= + −

= − −

r λ i k

r λ i j k

r λ j k

 

Assume that elevation changes due to gravity may be neglected. Then the velocity vectors after the explosion 
have the directions of the unit vectors. 

  
A A A

B B B

C C C

v

v

v

=
=
=

v

v

v

λ
λ
λ

 

Conservation of momentum: 0 A A B B C Cm m m m= + +v v v v  

Resolve into components. 

 

6(12 9 360 ) 2 ( 1.5 4 ) 1 (4 2 4 )
4.272 6

3 (3 4 )
5

A B

C

v v

v

   − − = − − + + −   
   
 + − 
 

i j k i k i j k

j k
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PROBLEM 14.25  (Continued) 

 

  

72 0.70225 0.66667

54 0.33333 1.8000

2160 1.8727 0.66667 2.40000

A B

B C

A B C

v v

v v

v v v

= − +
− = −

− = − − −
 

Solving,  646 m/sAv =   

   789 m/sBv =   

   176 m/sCv =   
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PROBLEM 14.26 

In a scattering experiment, an alpha particle A is projected with 
the velocity 0 (600 m/s) (750 m/s) (800 m/s)= − + −u i j k  into a 
stream of oxygen nuclei moving with a common velocity 
v0 (600 m/s) .= j  After colliding successively with nuclei B and 
C, particle A is observed to move along the path defined by the 
Points A1(280, 240, 120)and A2(360, 320, 160), while nuclei B 
and C are observed to move along paths defined, respectively, 
by B1(147, 220, 130), B2(114, 290, 120),and by C1(240, 232, 90) 
and C2(240, 280, 75). All paths are along straight lines and all 
coordinates are expressed in millimeters. Knowing that the mass 
of an oxygen nucleus is four times that of an alpha particle, 
determine the speed of each of the three particles after the 
collisions. 

 

SOLUTION 

Position vectors (mm): 1 2 80 80 40A A = + +i j k


 1 2( ) 120A A =  

 1 2 33 70 10B B = − + −i j k


 1 2( ) 78.032B B =  

 1 2 48 15C C = −j k


 1 2( ) 50.289C C =  

Unit vectors: 1 2Along ,A A  0.66667 0.66667 0.33333Aλ = + +i j k  

 1 2Along ,B B  0.42290 0.89707 0.12815Bλ = − + −i j k  

 1 2Along ,C C  0.95448 0.29828Cλ = −j k  

Velocity vectors after the collisions: 

 A A A

B B B

C C C

v

v

v

λ
λ
λ

=
=
=

v

v

v

 

Conservation of momentum: 

 0 0 04 4 4 4A B Cm m m m m m+ + = + +u v v v v v  

Divide by m and substitute data. 

 ( 600 750 800 ) 2400 2400 4 4A A B B C Cv v vλ λ λ− + − + + = + +i j k j j  

Resolving into components, 

 

:  600 0.66667 1.69160

:  5550 0.66667 3.58828 3.81792

: 800 0.33333 0.51260 1.19312

A B

A B C

A B C

v v

v v v

v v v

− = −
= + +

− = − −

i

j

k
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PROBLEM 14.26  (Continued) 

 

Solving the three equations simultaneously, 

 

919.26 m/s

716.98 m/s

619.30 m/s

A

B

C

v

v

v

=
=
=

 

 919 m/sAv =   

 717 m/sBv =   

 619 m/sCv =   
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PROBLEM 14.27 

Derive the relation  

O Gm= × +H r v H  

between the angular momenta OH  and GH  defined in Eqs. (14.7) and (14.24), respectively. The vectors r  
and v  define, respectively, the position and velocity of the mass center G of the system of particles relative to 
the newtonian frame of reference Oxyz, and m represents the total mass of the system. 

 

SOLUTION 

From Eq. (14.7), 

( )

( )

1

1

1 1

( )

( )

n

O i i i
i

n

i i i
i

n n

i i i i i
i i

G

m

m

m v r m

m

=

=

= =

= ×

′ = + × 

′= × + ×

= × +





 

H r v

r r v

r v

r v H
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PROBLEM 14.28 

Show that Eq. (14.23) may be derived directly from Eq. (14.11) by substituting for OH  the expression given 
in Problem 14.27. 

 

SOLUTION 

From Eq. (14.7), 

( )

( )

1

1

1 1

( )

( )

n

O i i i
i

n

i i i
i

n n

i i i i i
i i

G

m

m

m v r m

m

=

=

= =

= ×

′ = + × 

′= × + ×

= × +





 

H r v

r r v

r v

r v H

 

Differentiating, O Gm m= × + × +H r v r v H   

Using Eq. (14.11), O Gm mΣ = × + × +M r v r v H   

  
1

0

G

n

Gi
i

m m

=

= × + × +

 
= + × +  

 


v v r a H

r HF



  (1) 

But  
1 1 1 1

n n n n

O G i
i i i i

F
= = = =

 
= + ×  

 
   M M r  

Subtracting ( )1
n
i iF=× Σr  from each side of Eq. (1) gives 

  G GΣ =M H  
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PROBLEM 14.29 

Consider the frame of reference Ax y z′ ′ ′  in translation with respect to 
the newtonian frame of reference Oxyz. We define the angular momentum 
H′A of a system of n particles about A as the sum  

 
1

n

A i i i
i

m
=

′ ′ ′= ×H r v  (1) 

of the moments about A of the momenta i im ′v  of the particles in their 
motion relative to the frame .Ax y z′ ′ ′  Denoting by AH  the sum 

 
1

n

A i i i
i

m
=

′= ×H r v  (2) 

of the moments about A of the momenta i im v  of the particles in their 
motion relative to the newtonian frame Oxyz, show that A A′=H H  at a 
given instant if, and only if, one of the following conditions is satisfied 
at that instant: (a) A has zero velocity with respect to the frame Oxyz,  
(b) A coincides with the mass center G of the system, (c) the velocity vA 
relative to Oxyz is directed along the line AG. 

 

SOLUTION 

 

( )

( )

( )

1

1

1 1

1

1

( )

( )
if, and only if, ( ) 0

i A i
n

A i i i
i
n

i i A i
i
n n

i i A i i i
i i
n

i i A A
i
n

i i A A A
i

A A A

A A AA

m

m

m m

m

m

m
m

=

=

= =

=

=

′= +

′= ×

′ ′= × +

′ ′= × + ×

′ ′= × +

′= − × +

′= − × +
′= − × =





 





v v v

H r v

r v v

r v r v

r v H

r r v H

r r v H
H H r r v

 

This condition is satisfied if 

( ) 0 Point has zero velocity.

or ( ) Point coincides with the mass center.

or ( ) is parallel to . Velocity is directed along line  .

A

A

A A A

a A

b A

c AG

=
=

−

v

r r

v r r v
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PROBLEM 14.30 

Show that the relation ,A A′Σ =M H  where A′H  is defined by Eq. (1) of 
Problem 14.29 and where AΣM  represents the sum of the moments about A 
of the external forces acting on the system of particles, is valid if, and 
only if, one of the following conditions is satisfied: (a) the frame Ax y z′ ′ ′  
is itself a newtonian frame of reference, (b) A coincides with the mass 
center G, (c) the acceleration Aa  of A relative to Oxyz is directed along 
the line AG. 

 

SOLUTION 

From equation (1), ( )
1

1

[( ) ( )]

n

A i i i
i

n

A i A i i A
i

m

m

=

=

′ ′ ′= ×

′ = − × −





H r v

H r r v v

 

Differentiate with respect to time. 

 
1 1

[( ) ( )] [( ) ( )]
n n

A i A i i A i A i i A
i i

m m
= =

′ = − × − + − × − H r r v v r r v v      

But  i i

i i

A A

=
=
=

r v

v a

r v





 

and A A=v a  

Hence, 
1

1

1 1

0 [( ) ( )]

[( ) ( )]

[( ) ] [ ( )]

( )

n

A i A i i A
i

n

i A i i A
i

n n

i A i i i A A
i i

A A A

m

m

m

m r

=

=

= =

′ = + − × −

= − × −

= − × − − ×

= − − ×





 

H r r a a

r r F a

r r F r r a

M r a

  

 if, and only if, ( ) 0A A A AM m′ = − × =H r r a  

This condition is satisfied if 

( ) 0 The frame is newtonian.

or ( )                Point coincides with the mass center.

or ( ) is parallel to .  Acceleration is directed along line .

A

A

A A A

a

b A

c AG

=
=

−

a

r r

a r r a
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PROBLEM 14.31 

Determine the energy lost due to friction and the impacts for 
Problem 14.1. 

PROBLEM 14.1 A 30-g bullet is fired with a horizontal 
velocity of 450 m/s and becomes embedded in block B which 
has a mass of 3 kg. After the impact, block B slides on 30-kg 
carrier C until it impacts the end of the carrier. Knowing the 
impact between B and C is perfectly plastic and the coefficient 
of kinetic friction between B and C is 0.2, determine (a) the 
velocity of the bullet and B after the first impact, (b) the final 
velocity of the carrier. 

 

SOLUTION 

From the solution to Problem 4.1 the velocity of A and B after the first impact is 4.4554 m/sv′ =  and the 
velocity common to A, B, and C after the sliding of block B and bullet A relative to the carrier C has ceased in 

0.4087 m/s.v′′ =  

Friction loss due to sliding: 

Normal force: ( )

(0.030 kg 3 kg)(9.81 m/s) 29.724 N
A B A BN W W m m g= + = +

= + =
 

Friction force: (0.2)(29.724) 5.945 Nf kF Nμ= = =  

Relative sliding distance: Assume 0.5 m.d =  

Energy loss due to friction: (5.945)(0.5)fF d =  2.97 JfF d =   

Kinetic energy of block with embedded bullet immediately after first impact: 

  2 21 1
( )( ) (3.03 kg)(4.4554 m/s) 30.07 J

2 2AB A BT m m v′ ′= + = =  

Final kinetic energy of A, B, and C together 

  2 21 1
( )( ) (33.03 kg)(0.4087 m/s) 2.76 J

2 2ABC A B CT m m m v′′ ′′= + + = =  

Loss due to friction and stopping impact: 30.07 2.76 27.31 JAB ABCT T′ ′′− = − =  

Since 27.31 J 2.97 J,≥  the block slides 0.5 m relative to the carrier as assumed above. 
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PROBLEM 14.31  (Continued) 

 

Impact loss due to AB impacting the carrier: 

  27.31 2.97 24.34− =  Loss 24.3 J=   

Initial kinetic energy of system ABC. 

 2 2
0 0

1 1
(0.030 kg)(450 m/s) 3037.5 J

2 2AT m v= = =  

Impact loss at first impact: 

  0 3037.5 30.07ABT T ′− = −  Loss 3007 J=   
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PROBLEM 14.32 

In Problem 14.4, determine the energy lost as the bullet (a) passes 
through block A, (b) becomes embedded in block B. 

 

SOLUTION 

The masses are m for the bullet and Am  and Bm  for the blocks. 

The bullet passes through block A and embeds in block B. Momentum is conserved. 

Initial momentum: 0 0(0) (0)A Bmv m m mv+ + =  

Final momentum: B A A B Bmv m v m v+ +  

Equating, 0

0

(6)(5) (4.95)(9)
0.0500 lb

1500 9

B A A B B

A A B B

B

mv mv m v m v

m v m v
m

v v

= + +
+ += = =
− −

 

The bullet passes through block A. Momentum is conserved. 

Initial momentum: 0 0(0)Amv m mv+ =  

Final momentum: 1 A Amv m v+  

Equating, 0 1

0
1

(0.0500)(1500) (6)(5)
900 ft/s

0.0500

A A

A A

mv mv m v

mv m v
v

m

= +
− −= = =

 

The masses are: 3 20.05
1.5528 10 lb s /ft

32.2
m −= = × ⋅  

 

2

2

6
0.18633 lb s /ft

32.2
4.95

0.153727 lb s /ft
32.2

A

B

m

m

= = ⋅

= = ⋅
 

(a) Bullet passes through block A. Kinetic energies: 

 Before: 2 3 2
0 0

1 1
(1.5528 10 )(1500) 1746.9 ft lb

2 2
T mv −= = × = ⋅  

 After: 2 2 3 2 2
1 1

1 1 1 1
(1.5528 10 )(900) (0.18633)(5) 631.2 ft lb

2 2 2 2A AT mv m v −= + = × + = ⋅  

 Lost: 0 1 1746.9 631.2 1115.7 ft lbT T− = − = ⋅  energy lost 1116 ft lb= ⋅   

(b) Bullet becomes embedded in block B. Kinetic energies: 

 Before: 2 3 2
2 1

1 1
(1.5528 10 )(900) 628.9 ft lb

2 2
T mv −= = × = ⋅  

 After: 2 2
3

1 1
( ) (0.15528)(9) 6.29 ft lb

2 2B BT m m v= + = = ⋅  

 Lost: 2 3 628.9 6.29 622.6 ft lbT T− = − = ⋅  energy lost 623 ft lb= ⋅  
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PROBLEM 14.33 

In Problem 14.6, determine the work done by the 
woman and by the man as each dives from the 
boat, assuming that the woman dives first. 

 
 

SOLUTION 

Woman dives first. 

Conservation of momentum: 

 

1 1

1

120 300 180
(16 ) 0

(120)(16)
3.20 ft/s

600

v v
g g

v

+− − =

= =  

 116 12.80 ft/sv− =  

Kinetic energy before dive: 0 0T =  

Kinetic energy after dive:  2 2
1

1 300 180 1 120
(3.20) (12.80)

2 32.2 2 32.2
381.61 ft lb

T
+= +

= ⋅

 

Work of woman:  1 0 381.61 ft lbT T− = ⋅  1 0 382 ft lbT T− = ⋅   

Man dives next. Conservation of momentum: 

 

  

 

1 2 2

1
2

300 180 300 180
(16 )

480 (180)(16)
9.20 ft/s

480

v v v
g g g

v
v

+− = − + −

+= =  

 16 9.20 6.80 ft/s− =  
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PROBLEM 14.33  (Continued) 

 

Kinetic energy before dive: 2
1

1 300 180
(3.20)

2 32.2
76.323 ft lb

T
+′=

= ⋅

 

Kinetic energy after dive:  2 2
2

1 300 1 180
(9.20) (6.80)

2 32.2 2 32.2
523.53 ft lb

T ′ = +

= ⋅

 

Work of man:  2 1 447.2 ft lbT T′ ′− = ⋅  2 1 447 ft lbT T′ ′− = ⋅  
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PROBLEM 14.34 

Determine the energy lost as a result of the series of collisions described in Problem 14.8. 

PROBLEM 14.8 Packages in an automobile parts supply house are transported to the loading dock by 
pushing them along on a roller track with very little friction. At the instant shown, packages B and C are at 
rest and package A has a velocity of 2 m/s. Knowing that the coefficient of restitution between the packages is 
0.3, determine (a) the velocity of package C after A hits B and B hits C, (b) the velocity of A after it hits B for 
the second time. 

 

SOLUTION 

From the solution to Problem 14.8 

  2 m/s, 0,A B Cv v v= = =  

  

1.133 m/s, 1.733 m/s, 0.382 m/s

0.901 m/s 0.807 m/s, 1.033 m/s

8 kg, 4 kg, 6 kg

A B B

B A B

A B C

v v v

v v v

m m m

′ ′ ′′= = =
′ ′′ ′′= = =

= = =
 

A hits B: 2 2
1

1 1
(8 kg)(2 m/s) 16 J

2 2A AT m v= = =  

  

2 2
2

2 2

1 1
( ) ( )

2 2
1 1

(8 kg)(1.133 m/s) (4 kg)(1.733 m/s) 11.14 J
2 2

A A B BT m v m v

T

′ ′= +

= + =
 

  1 2Loss :T T= −  Loss 4.86 J=   

B hits C: 2 2
3

2 2
4

2 2

1 1
( ) (4 kg)(1.733) 6.007 J

2 2
1 1

( ) ( )
2 2
1 1

(4 kg)(0.382 m/s) (6 kg)(0.901 m/s) 2.727 J
2 2

B B

B B C C

T m v

T m v m v

′= = =

′′ ′= +

= + =

 

  3 4Loss :T T= −  Loss 3.28 J=   

A hits B again: 2 2
5

2 2

2 2
6

2 2

1 1
( ) ( )

2 2
1 1

(8 kg)(1.33 m/s) (4 kg)(0.382) 5.427 J
2 2
1 1

( ) ( )
2 2
1 1

(8 kg)(0.807 m/s) (4 kg)(1.033 m/s) 4.739 J
2 2

A A B B

A A B B

T m v m v

T m v m v

′ ′′= +

= + =

′′ ′′′= +

= + =

 

  5 6Loss :T T= −  Loss 0.688 J=  
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

890 

 

PROBLEM 14.35 

Two automobiles A and B, of mass Am  and ,Bm  respectively, are traveling in opposite directions when they 
collide head on. The impact is assumed perfectly plastic, and it is further assumed that the energy absorbed by 
each automobile is equal to its loss of kinetic energy with respect to a moving frame of reference attached to 
the mass center of the two-vehicle system. Denoting by EA and EB, respectively, the energy absorbed by 
automobile A and by automobile B, (a) show that / / ,A B B AE E m m=  that is, the amount of energy absorbed by 
each vehicle is inversely proportional to its mass, (b) compute AE  and ,BE  knowing that 1600Am =  kg and 
mB 900=  kg and that the speeds of A and B are, respectively, 90 km/h and 60 km/h. 

 

 

SOLUTION 

Velocity of mass center: ( )A B A A B B

A A B B

A B

m m m m

m m

m m

+ = +
+

=
+

v v v

v v
v

 

Velocities relative to the mass center: 

 

( )

( )

A A B B B A B
A A A

A B A B

A A B B A A B
B B B

A B A B

m m m

m m m m

m m m

m m m m

+ +′ = − = − =
+ +
+ +′ = − = − =
+ +

v v v v
v v v v

v v v v
v v v v

 

Energies: 

 

2

2

2

2

( ) ( )1

2 2( )

( ) ( )1

2 2( )

A B A B A B
A A A A

A B

A B A B A B
B B B B

A B

m m
E m

m m

m m
E m

m m

+ ⋅ +′ ′= ⋅ =
+

+ ⋅ +′ ′= ⋅ =
+

v v v v
v v

v v v v
v v

 

(a) Ratio: A B

B A

E m

E m
=   

(b)  90 km/h 25 m/sA = =v  

  60 km/h 16.667 m/sB = =v  

  41.667 m/sA B+ =v v  

  
2 2

3
2

(1600)(900) (41.667)
180.0 10 J

(2)(2500)
AE = = ×  180.0 kJAE =   

  
2 2

3
2

(1600) (900)(41.667)
320 10 J

(2)(2500)
BE = = ×  320 kJBE =   
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PROBLEM 14.36 

It is assumed that each of the two automobiles involved in the collision described in Problem 14.35 had been 
designed to safely withstand a test in which it crashed into a solid, immovable wall at the speed v0. The 
severity of the collision of Problem 14.35 may then be measured for each vehicle by the ratio of the energy it 
absorbed in the collision to the energy it absorbed in the test. On that basis, show that the collision described 
in Problem 14.35 is 2( / )A Bm m  times more severe for automobile B than for automobile A. 

 

 

SOLUTION 

Velocity of mass center: ( )A B A A B B

A A B B

A B

m m m m

m m

m m

+ = +
+

=
+

v v v

v v
v

 

Velocities relative to the mass center: 

 

( )

( )

A A B B B A B
A A A

A B A B

A A B B A A B
B B B

A B A B

m m m

m m m m

m m m

m m m m

+ +′ = − = − =
+ +
+ +′ = − = − =
+ +

v v v v
v v v v

v v v v
v v v v

 

Energies: 

 

2

2

2

2

( ) ( )1

2 2( )

( ) ( )1

2 2( )

A B A B A B
A A A A

A B

A B A B A B
B B B B

A B

m m
E m

m m

m m
E m

m m

+ ⋅ +′ ′= ⋅ =
+

+ ⋅ +′ ′= ⋅ =
+

v v v v
v v

v v v v
v v

 

Energies from tests: 2 2
0 0 0 0

1 1
( ) , ( )

2 2A A B BE m v E m v= =  

Severities: 
2

2 2
0 0

2

2 2
0 0

( ) ( )

( ) ( )

( ) ( )

( ) ( )

A B A B A B
A

A A B

B A A B A B
B

B A B

E m
S

E m m v

E m
S

E m m v

+ ⋅ +
= =

+

+ ⋅ +
= =

+

v v v v

v v v v

 

Ratio: 
2

2
A B

B A

S m

S m
=   
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PROBLEM 14.37 

Solve Sample Problem 14.4, assuming that cart A is given an initial horizontal velocity v0 while ball B is at rest. 

 

SOLUTION 

(a) Velocity of B at maximum elevation: At maximum elevation, ball B is at rest relative to cart A. 

B A=v v  

 Use impulse-momentum principle. 

  

 x components: 0 0

( )
A A A B B

A B B

m v m v m v

m m v

+ = +
= +

 

 0A
B

A B

m v
v

m m
=

+
   

(b) Conservation of energy: 

 

2
1 0 1

2 2
2

2

2 2
0

2

2 2 1 1

2 2
20
0

1
, 0

2
1 1

2 2
1

( )
2

2( )

1

2( ) 2

A

A A B B

A B B

A

A B

B

A
B A

A B

T m v V

T m v m v

m m v

m v

m m

V m gh

T V T V

m v
m gh m v

m m

= =

= +

= +

=
+

=
+ = +

+ =
+

 

 
2 2

2 0
0

1

2
A

A
B A B

m v
h m v

m g m m

 
= − +  

 
2
0

2
A

A B

vm
h

m m g
=

+
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PROBLEM 14.38 

Two hemispheres are held together by a cord which maintains a spring under 
compression (the spring is not attached to the hemispheres). The potential 
energy of the compressed spring is 120 J  and the assembly has an initial 
velocity 0v  of magnitude 0 8 m/s.v =  Knowing that the cord is severed when 

30 ,θ = °  causing the hemispheres to fly apart, determine the resulting 
velocity of each hemisphere. 

 

SOLUTION 

Use a frame of reference moving with the mass center. 

Conservation of momentum: 

 0 A A B B

B
A B

A

m v m v

m
v v

m

′ ′= − +

′ ′=

 

Conservation of energy: 

 2 2

2
2

2

1 1
( ) ( )

2 2

1 1
( )

2 2

( )
( )

2

2

( )

A A B B

B
A B B B

A

B A B
B

A

A
B

B A B

V m v m v

m
m v m v

m

m m m
v

m

m V
v

m m m

′ ′= +

 
′ ′= + 

 
+ ′=

′ =
+

 

Data: 2.5 kg 1.5 kgA Bm m= =  

 120 JV =  

 
(2)(2.5)(120)

10 10 m/s
(1.5)(4.0)B Bv v′ ′= = = 30°  

 
1.5

(10) 6 6 m/s
2.5A Av v′ ′= = = 30°  

Velocities of A and B. 

 [8 m/sA =v ] [6 m/s+ 30 ]°  4.11 m/sA =v 46.9°   

 [8 m/sB =v ] [10 m/s+ 30 ]°  17.39 m/sB =v 16.7°  
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PROBLEM 14.39 

A 15-lb block B starts from rest and slides on the 25-lb wedge A, which is 
supported by a horizontal surface. Neglecting friction, determine (a) the 
velocity of B relative to A after it has slid 3 ft down the inclined surface of 
the wedge, (b) the corresponding velocity of A. 

 

SOLUTION 

Kinematics:  /B A B A= +v v v   

 

Law of cosines: 2 2 2
/ /2 cos30B A B A A B Av v v v v= + − °  (1) 

Principle of impulse and momentum: 

  0m t mΣ + Σ = Σv F v  

  

 
Components :  /0 0 ( cos30 )A A B A B Am v m v v+ = + − °  

  
/

/

/

cos30 15cos30

25 15

0.32476

B B A
A B A

A B

B A

m v
v v

m m

v

° °= =
+ +

=
 

From Eq. (1) 2 2 2 2 2
/ / /

2
/

(0.32476) (2)(0.32476)cos30

0.54297 

B B A B A B A

B A

v v v v

v

= + − °

=

 

Principle of conservation of energy: 0 0 1 1

2 2

2 2
/ /

1 1
0 0 sin 30

2 2
1 1

(0.32476 ) (0.54297) sin 30
2 2

A A B B B

A B
B A B A B

T V T V

m v m v W d

W W
v v W d

g g

+ = +

+ = + − °

+ = °
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PROBLEM 14.39  (Continued) 

 

  2 2
/

1 25 1 15
(0.32476) (0.54297) (15)(3)sin 30

2 32.2 2 32.2 B Av
 + = °  

 

  2
/0.16741 22.5B Av =  

(a)   / 11.59 ft/sB A =v 30°   

(b) (0.32476)(11.59)Av =  3.76 ft/sA =v   
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PROBLEM 14.40 

A 40-lb block B is suspended from a 6-ft cord attached to a 60-lb cart A, 
which may roll freely on a frictionless, horizontal track. If the system is 
released from rest in the position shown, determine the velocities of A 
and B as B passes directly under A. 

 

SOLUTION 

Conservation of linear momentum: 

Since block and cart are initially at rest, 

 0 0=L  

Thus, as B passes under A, 

 0A A B Bm m= + =L v v  

 0A A B Bm v m v+ =  

 
B

A B
A

m
v v

m
= −  (1) 

Conservation of energy: 

Initially, 

 0

0

0

(1 cos )B

T

V m gl θ
=
= −

 

As B passes under A, 2 21 1

2 2
0

A A B BT m v m v

V

= +

=

 

Thus, 2 2
0 0

1 1
: (1 cos )

2 2B A A B BT V T V m gl m v m vθ+ = + − = +  

Substituting for Av from (1) and multiplying by 2: 

 

2
2 2

2

2
2 2

2 (1 cos )

2
(1 cos )

B
B A B B B

A

B B A
B B B B

A A

A
B

A B

m
m gl m v m v

m

m m m
m v m v

m m

m
v gl

m m

θ

θ

 
− = +  

 
  += + =  
 

= −
+

 (2) 
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PROBLEM 14.40  (Continued) 

 

Given data: 
2

60 lb 40 lb, 6 ft

32.2 ft/s 25

A Bw w l

g θ
= = =

= = °

 

 
2 2 (2)(60)

1.2
60 40

A A

A B A B

m w

m m w w
= = =

+ + +
 

From Eq. (2),  (1.2)(32.2)(6)(1 cos 25 )Bv = − °  4.66 ft/sB =v   

From Eq. (1),  
40

(4.66)
60

B
A B

A

w
v v

w
= − = −  3.11 ft/sA =v  
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PROBLEM 14.41 

In a game of pool, ball A is moving with a velocity 0v  of magnitude  
v0 = 15 ft/s when it strikes balls B and C, which are at rest and aligned 
as shown. Knowing that after the collision the three balls move in the 
directions indicated and assuming frictionless surfaces and perfectly 
elastic impact (i.e., conservation of energy), determine the magnitudes 
of the velocities vA, vB, and vC. 

 

SOLUTION 

Velocity vectors: 0 0 (cos 45 sin 45 )v= ° + °v i j  0 15 ft/sv =  

 (sin 30 cos30 )

(cos30 sin 30 )

A A

B B

C C

v

v

v

=
= ° − °
= ° + °

v j

v i j

v i j

 

Conservation of momentum: 

 0 A B Cm m m m= + +v v v v  

Divide by m and resolve into components. 

 i:  0 cos 45 sin 30 cos30B Cv v v° = ° + °  

 j:  0 sin 45 cos30 sin 30A B Cv v v v° = − ° + °  

Solving for  and ,B Cv v  

 0

0

0.25882 0.86603

0.96593 0.5
B A

C A

v v v

v v v

= − +
= −

 

Conservation of energy: 2 2 2 2
0

1 1 1 1

2 2 2 2A B Cmv mv mv mv= + +  

Divide by 1
2 m  and substitute for Bv  and .Cv  

 

2 2 2
0 0

2
0

2 2
0 0

( 0.25882 0.86603 )

(0.96593 0.5 )

2 1.41422

A A

A

A A

v v v v

v v

v v v v

= + − +

+ −

= + −

 

 00.70711 10.61 ft/sAv v= =  10.61 ft/sAv =  

 00.35355 5.30 ft/sBv v= =  5.30 ft/sBv =  

 00.61237 9.19 ft/sCv v= =  9.19 ft/sCv =  
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PROBLEM 14.42 

In a game of pool, ball A is moving with a velocity 0v  of magnitude 
v0 = 15 ft/s when it strikes balls B and C, which are at rest and aligned 
as shown. Knowing that after the collision the three balls move in the 
directions indicated and assuming frictionless surfaces and perfectly 
elastic impact (i.e., conservation of energy), determine the magnitudes 
of the velocities vA, vB, and vC. 

 

SOLUTION 

Velocity vectors: 0 0 (cos30 sin 30 )v= ° + °v i j  0 15 ft/sv =  

 (sin 45 cos 45 )

(cos 45 sin 45 )

A A

B B

C C

v

v

v

=
= ° − °
= ° + °

v j

v i j

v i j

 

Conservation of momentum: 

 0 A B Cm m m m= + +v v v v  

Divide by m and resolve into components. 

 i:  0 cos30 sin 45 cos 45B Cv v v° = ° + °  

 j:  0 sin 30 cos 45 sin 45A B Cv v v v° = − ° + °  

Solving for Bv  and ,Cv  

 0

0

0.25882 0.70711

0.96593 0.70711
B A

C A

v v v

v v v

= +
= −

 

Conservation of energy: 2 2 2 2
0

1 1 1 1

2 2 2 2A B Cmv mv mv mv= + +  

Divide by m  and substitute for  and .B Cv v  

 

2 2 2
0 0

2
0

2 2
0 0

(0.25882 0.70711 )

(0.96593 0.70711 )

2

A A

A

A A

v v v v

v v

v v v v

= + +

+ −

= − +

 

 00.5 7.500 ft/sAv v= =  7.50 ft/sAv =  

 00.61237 9.1856 ft/sBv v= =  9.19 ft/sBv =  

 00.61237 9.1856 ft/sCv v= =  9.19 ft/sCv =  
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PROBLEM 14.43 

Three spheres, each of mass m, can slide freely on a frictionless, horizontal 
surface. Spheres A and B are attached to an inextensible, inelastic cord of 
length l and are at rest in the position shown when sphere B is struck squarely 
by sphere C, which is moving to the right with a velocity 0.v  Knowing that the 
cord is slack when sphere B is struck by sphere C and assuming perfectly 
elastic impact between B and C, determine (a) the velocity of each sphere 
immediately after the cord becomes taut, (b) the fraction of the initial kinetic 
energy of the system which is dissipated when the cord becomes taut. 

 

SOLUTION 

(a) Determination of velocities. 

 Impact of C and B. 

 Conservation of momentum: 

 
0 1

1 0

C

C

m m m

v v v

= +
+ =

v v v

 (1) 

 Conservation of energy (perfectly elastic impact): 

 2 2 2 2 2 2
0 1 1 0

1 1 1

2 2 2C Cmv mv mv v v v= + + =  (2) 

 Square Eq. (1): 2 2 2
1 1 02C Cv v v v v+ + =  

 Subtract Eq. (2): 12 0Cv v =  

 1 0v =  corresponds to initial conditions and should be eliminated. Therefore, 0C =v   

 

 From Eq. (1): 1 0v v=  

 Cord AB becomes taut: 

 
 Because cord is inextensible, component of Bv along AB must be equal to Av . 

 Conservation of momentum: 

 0 /2 A B Am m m= +v v v  

   comp:y  /0 2 sin 60 sin 30A B Amv mv= ° − °  

 / 2 3B A Av v=   (3) 

  x comp: 0 /2 cos 60 cos30A B Amv mv mv= ° + °  
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PROBLEM 14.43  (Continued) 

 

 Dividing by m and substituting for /B Av from Eq. (3): 

 0 2 (0.5) (2 3 )( 3/2)A Av v v= +  

 0 04 0.250A Av v v v= =  00.250A v=v   60°   

 Carrying into Eq. (3): / 0 02 3(0.250 ) 0.866B Av v v= =  

 Thus, /B A B A= +v v v  

 00.250v= 060 0.866v° +  30°  

 0 0

0 0

(0.250 cos60 0.866 cos30 )

(0.250 sin 60 0.866 sin 30 )
B v v

v v

= ° + °
+ ° − °

v i

j

 

 00.875 0.2165B v= −v i j  

 00.90139B v=v  13.90°  00.901B v=v  13.9°   

(b) Fraction of kinetic energy lost: 

 2
0 0

1

2
T mv=  

  2 2 2
final

2 2
0 0

2
0

1 1 1

2 2 2
1 1 1

(0.250 ) (0.90139 ) (0)
2 2 2
1

(0.875)
2

A B CT mv mv mv

m v v m

m v

= + +

= + +

=

 

 Kinetic energy lost 2 2
0 final 0 0

1 1 1
(1 0.875)

2 2 8
T T m v mv= − = − = ⋅  

  Fraction of kinetic energy lost
1

8
=  
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PROBLEM 14.44 

In a game of pool, ball A is moving with the velocity 0 0v=v i  
when it strikes balls B and C, which are at rest side by side. 
Assuming frictionless surfaces and perfectly elastic impact (i.e., 
conservation of energy), determine the final velocity of each 
ball, assuming that the path of A is (a) perfectly centered and 
that A strikes B and C simultaneously, (b) not perfectly centered 
and that A strikes B slightly before it strikes C. 

 

SOLUTION 

(a) A strikes B and C simultaneously: 

 During the impact, the contact impulses make 30°  angles with the velocity v0. 

 

 Thus, (cos30 sin 30 )

(cos30 sin 30 )
B B

C C

v

v

= ° + °
= ° − °

v i j

v i j

 

 By symmetry, A Av=v i  

 Conservation of momentum: 0 A B Cm m m m= + +v v v v  

 y component: 0 0 sin 30 sin 30         B C C Bmv mv v v= + ° − ° =  

 x component: 0 cos30 cos30A B Cmv mv mv mv= + ° + °  

 0
0

0

2
( )

cos30 3

3

A
B C A

A
B C

v v
v v v v

v v
v v

−
+ = = −

°
−

= =

 

 Conservation of energy: 2 2 2 2
0

1 1 1 1

2 2 2 2A B Cmv mv mv mv= + +  

  

2 2 2
0 0

2 2 2
0 0 0 0

2
( )

3
2

( )( ) ( )
3

A A

A A A A

v v v v

v v v v v v v v

= + −

− = − + = −
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PROBLEM 14.44  (Continued) 

 

  
0 0 0 0

0 0

2 1 5 1
( )

3 3 3 5

6 2 3

55 3

A A A A

B C

v v v v v v v v

v v v v

+ = − = − = −

= = =
 

 00.200A v=v    

 00.693B v=v   30°   

 00.693C v=v   30°   

(b) A strikes B before it strikes C: 

 First impact: A strikes B. 

 During the impact, the contact impulse makes a 30°  angle with the velocity 0.v  

 

 Thus, (cos30 sin 30 )B Bv= ° + °v i j  

 Conservation of momentum: 0 A Bm m m= +v v v  

 y component: 0 ( ) sin 30 ( ) sin 30A y B y BAm v mv v v′ ′= + ° = − °  

 x component: 0 0( ) cos30 ( ) cos30A x B A x Bv m v mv v v v′ ′= + ° = − °  

 Conservation of energy:  

  

( )

2 2 2 2
0

2 2 2
0

2 2 2 2 2 2
0 0

1 1 1 1
( ) ( )

2 2 2 2
1 1 1

( cos30 ) ( sin 30 )
2 2 2
1

2 cos 30 sin 30
2

A x A y B

B B B

B B B B

mv m v m v mv

m v v v v

m v v v v v v

′ ′= + +

= − ° + ° +

= − + ° + ° +

 

  

2
0 0 0 0

0 0

3 1
cos30 , ( ) sin 30 ,

2 4

3
( ) cos30 sin 30

4

B A x

A y

v v v v v v

v v v

′= ° = = ° =

′ = − ° ° = −
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PROBLEM 14.44  (Continued) 

 
 Second impact: A strikes C. 
 During the impact, the contact impulse makes a 30° angle with the velocity 0.v  

 

 Thus, (cos30 sin 30 )C Cv= ° − °v i j  

 Conservation of momentum: A A Cm m m′ = +v v v  

 x component: 

0

( ) ( ) cos30 ,

1
( ) ( ) cos30 cos30

4

A x A x C

A x A x C C

m v m v mv

v v v v v

′ = + °

′= − ° = − °

 

 y component: 

0

( ) ( ) sin 30

3
( ) ( ) sin 30 sin 30

4

A y A y C

A y A y C C

m v m v mv

v v v v v

′ = − °

′= + ° = − + °

 

 Conservation of energy: 

 

2 2 2 2 2

22
2 2 2
0 0 0 0

2 2 2
0 0

2 2 2
0 0

1 1 1 1 1
( ) ( ) ( ) ( )

2 2 2 2 2

1 1 3 1 1 3
cos30 sin 30

2 16 16 2 4 4

1 1 1
cos30 cos 30

2 16 2

3 3
sin 30 sin 30

16 2

A x A y A x A y C

C C C

C C

C C

m v m v m v m v mv

m v v m v v v v v

m v v v v

v v v v v

′ ′+ = + +

      + = − ° + − + ° +             
= − ° + °

+ − ° + ° + 2
C





 

  

2
0

0 0

0 0 0

1 3
0 cos30 sin 30 2

2 2

1 3 3
cos30 sin 30

4 4 4

1 3 1
( ) cos30

4 4 8

C C

C

A x

v v v

v v v

v v v v

 
= − ° + ° +  

 
 

= ° + ° =  
 

= − ° = −

 

 0 0 0
3 3 3

( ) sin 30
4 4 8A yv v v v= − + ° = −  00.250A v=v  60°  

 00.866B v=v  30°  

 00.433C v=v  30° 
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PROBLEM 14.45 

Two small spheres A and B, of mass 2.5 kg and 1 kg, respectively, are connected by a 
rigid rod of negligible weight. The two spheres are resting on a horizontal, 
frictionless surface when A is suddenly given the velocity 0 (3.5 m/s) .=v i Determine 
(a) the linear momentum of the system and its angular momentum about its mass 
center G, (b) the velocities of A and B after the rod AB has rotated through 180 .°  

 

SOLUTION 

Position of mass center: 

 
2.5(0) 1(0.2)

0.057143 m
2.5 1

i i

i

m y
y

m

+= = =
+  

(a) Linear and angular momentum: 

 0 2.5 kg(3.5 m/s) (8.75 kg m/s)AL m= = = ⋅v i i  

 (8.75 kg m/s)= ⋅L i   

 0

2

(0.05714285 m) (8.75 kg m/s)

(0.50000 kg m /s)

G AGA m= × = × ⋅

= − ⋅

H v j i

k


 

 2(0.500 kg m /s)G = − ⋅H k   

(b) Velocities of A and B after 180° rotation 

 Conservation of linear momentum: 

 0

(2.5)(3.5) (2.5) (1.0)
A A A B B

A B

m v m v m v

v v

′ ′= +
′ ′= +

 

 2.55 8.75A Bv v′ ′+ =  (1) 

 Conservation of angular momentum about :G′  

 
 
:   0A A A A A B B Br m v r m v r m v′ ′= − +  

 
0.20 0.14286 m

(0.057143)(2.5)(3.5) (0.057143)(2.5) (0.14286)(1.0)
B A

A B

r r

v v

= − =
′ ′= − +

 

 Dividing by 0.057143:  
0.14286

2.5 8.75
0.057143A Bv v′ ′− + =  (2) 

 Add Eqs. (1) and (2): 3.5 17.5 5.00 m/sB Bv v′ ′= = +  

 From Eq. (1): 2.5 (5) 8.75 1.50 m/sA Av v′ ′+ = = +  

 (1.50 m/s) ; (5.00 m/s)A B′ ′= =v i v i   
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PROBLEM 14.46 

A 900-lb space vehicle traveling with a velocity 0 (1500 ft/s)=v k  passes through the origin O. Explosive 
charges then separate the vehicle into three parts A, B, and C, with masses of 150 lb, 300 lb, and 450 lb, 
respectively. Knowing that shortly thereafter the positions of the three parts are, respectively, A(250, 250, 2250), 
B (600, 1300, 3200), and C (–475, –950, 1900), where the coordinates are expressed in ft, that the velocity of B 
is (500 ft/s) (1100 ft/s) (2100 ft/s) ,B = + +v i j k  and that the x component of the velocity of C is 400 ft/s,−  
determine the velocity of part A. 

 

SOLUTION 

Position vectors (ft): 250 250 2250

600 1300 3200

475 950 1900

A

B

C

= + +
= + +
= − − +

r i j k

r i j k

r i j k

 

Since there are no external forces, linear momentum is conserved. 

 0( )A B C A A B B C Cm m m m m m+ + = + +v v v v  

 0 06 2 3A B C CB
A B C B C

A A A

m m m mm

m m m

+ +
= − − = − −v v v v v v v  (1) 

 (6)(1500 ) (2)(500 1100 2100 ) (3)[ 400 ( ) ( ) ]C y C zv v= − + + − − + +k i j k i j k  

 3( ) 3( ) 200 2200 4800C y C zv v= − − + − +j k i j k  

 ( ) 200, ( ) 3( ) 2200, ( ) 3( ) 4800A x C y C y A z C zv v v v v= = − − = − +  

Conservation of angular momentum about O: 

 2 1( ) ( )O O=H H  

Since the vehicle passes through the origin, 1( ) 0.O =H  

 2( ) ( ) ( ) ( ) 0O A A A B B B C C Cm m m= × + × + × =H r v r v r v  

Divide by .Am  

 CB
A A B B C C

A A

mm

m m
× + × + ×r v r v r v  

0

0

0

2 3

(6 2 3 ) 2 3

3( ) 6 2( )

( 2175 3600 1050 ) (1500 1500 13500 )

A A B B C C

A B C B B C C

C A C A B A B

C

= × + × + ×
= × − − + × + ×
= − × + × + − ×
= − − − × + + + ×

r v r v r v

r v v v r v r v

r r v r v r r v

i j k v i j k v

 

 (700 2100 1900 ) 0B+ + + × =i j k v  
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PROBLEM 14.46  (Continued) 

 

 

         

2175 3600 1050 1500 1500 13500 700 2100 1900 0

( ) ( ) ( ) 0 0 1500 500 1100 2100C x C y C zv v v

− − − + + =
i j k i j k i j k

 

Resolve into components. 

 : 1050( ) 3600( ) 2,250,000 2,320,000 0C y C zv v− + + =i  (2) 

 :j  2175( ) 1050( ) 2,250,000 520,000 0C z C xv v− − − =  (3) 

 :k  3600( ) 2175( ) 0 280,000 0C x C yv v− + − =  (4) 

Set ( ) 400 ft/sC xv = −  

From Eq. (4), ( ) 790.80 ft/sC yv = −  

From Eq. (3), ( ) 1080.5 ft/sC zv =  

From Eq. (1), (6)(1500 ) (2)(500 1100 2100 ) (3)[ 400 (790.80) (1080.5) ]

200 172.4 1558.6
A = − + + − − + +

= + +
v k i j k i j k

i j k



 (200 ft/s) (172 ft/s) (1560 ft/s)A = + +v i j k   
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PROBLEM 14.47 

Four small disks A, B, C, and D can slide freely on a frictionless horizontal 
surface. Disks B, C, and D are connected by light rods and are at rest in the 
position shown when disk B is struck squarely by disk A, which is moving 
to the right with a velocity 0v  = (38.5 ft/s)i. The weights of the disks are 

AW  = BW  = CW  = 15 lb, and DW  = 30 lb. Knowing that the velocities of 
the disks immediately after the impact are Av  = Bv  = (8.25 ft/s)i, Cv  = Cv i, 
and Dv  = Dv i, determine (a) the speeds Cv  and ,Dv  (b) the fraction of the 
initial kinetic energy of the system which is dissipated during the collision. 

 

SOLUTION 

There are no external forces. Momentum is conserved. 

 

(a) Moments about D : 03 6 3( )A C C A B Bm v m v m m v= + +  

 0
3 3( )

(0.5)(38.5) (8.25) 11
6 6

A A B
C B

C C

m m m
v v v

m m

+= − = − =  11.00 ft/sCv = 

 Moments about C  : 03 3( ) 6A A B B D Dm v m m v m v= + +  

 03 3( )
(0.25)(38.5) (0.5)(8.25) 5.5 ft/s

6 6
A A B

D B
D D

m v m m
v v

m m

+= − = − =   5.50 ft/sDv = 

(b) Initial kinetic energy: 

2 2
1 0

1 1 15
(38.5) 345.24  ft lb

2 2 32.2
AW

T v
g

= = = ⋅  

 Final kinetic energy: 

2 2 2
2

2 2 2

1 1 1

2 2 2

1 30 1 15 1 30
(8.25) (11.00) (5.50) 73.98 ft lb

2 32.2 2 32.2 2 32.2

A B C D
B C D

W W W W
T v v v

g g g

+= + +

= + + = ⋅
 

 Energy lost: 345.24 73.98 271.26 ft lb− = ⋅  

 Fraction of energy lost 
271.26

0.786
345.24

= =  1 2

1

( )
0.786

T T

T

− = 
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PROBLEM 14.48 

In the scattering experiment of Problem 14.26, it is known that 
the alpha particle is projected from A0(300, 0, 300)  and that it 
collides with the oxygen nucleus C at (240, 200,100),Q  where 
all coordinates are expressed in millimeters. Determine the 
coordinates of Point 0B where the original path of nucleus B 
intersects the zx plane. (Hint: Express that the angular momentum 
of the three particles about Q is conserved.) 

PROBLEM 14.26 In a scattering experiment, an alpha particle A 
is projected with the velocity 0 (600 m/s)= − +u i (750 m/s) −j  
(800 m/s)k  into a stream of oxygen nuclei moving with a 
common velocity v0 (600 m/s) .= j  After colliding successively 
with nuclei B and C, particle A is observed to move along the path 
defined by the Points 1(280, 240,120)A  and A2 (360, 320, 160), 
while nuclei B and C are observed to move along paths defined, 
respectively, by 1 (147, 220,130),B  2 (114, 290,120),B  and by 
C1(240, 232, 90)  and 2 (240, 280, 75).C  All paths are along 
straight lines and all coordinates are expressed in millimeters. 
Knowing that the mass of an oxygen nucleus is four times that 
of an alpha particle, determine the speed of each of the three 
particles after the collisions. 

 

SOLUTION 

Conservation of angular momentum about Q: 

 0 0 00 0 0 1 1 1( ) (4 ) (4 ) ( ) (4 ) (4 )A B CQA m QB m QC m QA m QB m QC m× + × + × = × + × + ×u v v v v v
     

 

 0 00 0 1( ) (4 ) 0 0 (4 ) 0BQA m QB m QB m× + × + = + × +u v v
  

 (1) 

where 
00 (300 300 ) (240 200 100 )

(60 mm) (200 mm) (200 mm)

A QQA = − = + − + +

= − +

r r i k i j k

i j k


 

 

1

0

1

0 0

( ) ( ) ( )

(147 220 130 ) (240 200 100 )

                   (93 mm) (20 mm) (30 mm)

(600 m/s) (750 m/s) (800 m/s)         (600 m/s)

B Q

QB x y z

QB

= Δ + Δ + Δ

= − = + + − + +

− + +
= − + − =

i j k

r r i j k i j k

i j k

u i j k v j




 

and from the solution to Problem 14.26, 

 (716.98)( 0.42290 0.89707 0.12815 )

(303.21 m/s) (643.18 m/s) (91.88 m/s)
B B Bv= = − + −

= − + −
v i j k

i j k

λ  
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PROBLEM 14.48  (Continued) 

 

Calculating each term and dividing by m, 

 00

   

60 200 200 10,000 72,000 75,000

600 750 800

QA × − = − −
− −

i j k

u i j k


 

 00 (4 ) [( ) ( ) ( ) ] (2400 )

2400( ) 2400( )

QB x y z

z x

× = Δ + Δ + Δ ×
= − Δ + Δ

v i j k j

i k


 

 1

   

(4 ) 93 20 30 84,532 70,565 215,006

1212.84 2572.72 367.52
BQB × = − = − − −

− −

i j k

v i j k


 

Collect terms and resolve into components. 

 :i  10,000 2400( ) 84,532z− Δ = −  39.388 mmzΔ =  

 : 75,000 2400( ) 215,006x− + Δ = −k  58.336 mmxΔ = −  

Coordinates: 
0

240 58.336B Qx x x= + Δ = −  
0

181.7 mmBx =   

 
0

0By =   

 
0

100 39.388B Qz z z= + Δ = +  
0

139.4 mmBz =   
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PROBLEM 14.49 

Three identical small spheres, each of weight 2 lb, can slide freely 
on a horizontal frictionless surface. Spheres B and C are connected 
by a light rod and are at rest in the position shown when sphere B is 
struck squarely by sphere A which is moving to the right with a 
velocity v0 = (8 ft/s)i. Knowing that θ = 45° and that the velocities 
of spheres A and B immediately after the impact are Av = 0 and 

Bv = (6 ft/s)i + ( )B yv  j, determine ( )B yv  and the velocity of C 
immediately after impact. 

 
 

SOLUTION 

Let m be the mass of one ball. 

Conservation of linear momentum: 0( ) ( )m mΣ = Σv v  

0 0 0( ) ( ) ( )A B C A B Cm m m m m m+ + = + +v v v v v v  

Dividing by m and applying numerical data, 

0 [(6 ft/s) ( ) ] [( ) ( ) ] (8 ft/s) 0 0B y C x C yv v v+ + + + = + +i j i j i  

Components: 

 : 6 ( ) 8C xx v+ =  ( ) 2 ft/sC xv = 

 : ( ) ( ) 0B y C yy v v+ =  (1) 

Conservation of angular momentum about O: 

0[ ( )] [ ( )]m mΣ × = Σ ×r v r v  

where rA = 0,       rB = 0,       (1.5 ft)(cos 45 sin 45 )C = ° + °r i j  

(1.5)(cos 45 sin 45 ) [ ( ) ( ) ] 0C x C ym v m v° + ° × + =i j i j  

Since their cross product is zero, the two vectors are parallel. 

( ) ( ) tan 45 2 tan 45 2 ft/sC y C xv v= ° = ° =  

From (1), ( ) 2 ft/sB yv = −  

  ( ) 2.00 ft/sB yv = − 

  (2.00 ft/s) (2.00 ft/s)C +=v i j 
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PROBLEM 14.50 

Three small spheres A, B, and C, each of mass m, are connected to a 
small ring D of negligible mass by means of three inextensible, 
inelastic cords of length l. The spheres can slide freely on a frictionless 
horizontal surface and are rotating initially at a speed 0v  about ring D 
which is at rest. Suddenly the cord CD breaks. After the other two 
cords have again become taut, determine (a) the speed of ring D, 
(b) the relative speed at which spheres A and B rotate about D, (c) the 
fraction of the original energy of spheres A and B which is dissipated 
when cords AD and BD again became taut. 

 

SOLUTION 

Let the system consist of spheres A and B. 

State 1:  Instant cord DC breaks. 

1 0

1 0

1 1 1 0

1
0

3 1
( )

2 2

3 1
( )

2 2

( ) ( )

1

2 2

A

B

A B

m mv

m mv

m m mv

v
m

 
= − −  

 

 
= −  

 
= + = −

= = −

v i j

v i j

L v v j

L
v j

 

Mass center lies at Point G midway between balls A and B. 

1 1 1

0

2 2 2
1 0 0 0

3 3
( ) ( ) ( )

2 2
3

2
1 1

2 2

G A Bl m l m

lmv

T mv mv mv

= × + − ×

=

= + =

H j v j v

k
 

State 2:  The cord is taut. Conservation of linear momentum: 

(a)  0
1

2D v= = −v v j  00.500Dv v=  

 Let  2( )         and          A A B B= + = +v v u v v u  

 2 12 A Bm m m= + + =L v u u L  

         B A B Au u= − =u u  

 2( ) 2G A B Almu lmu lmu= + =H k k k  
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PROBLEM 14.50  (Continued) 

 

(b) Conservation of angular momentum: 

 2 1( ) ( )G G=H H  

 0
3

2
2Almu lmv=k k         0

3

4A Bu u v= =  00.750u v=   

 

2 2 2
2

2 2
0 0

1 1 1
(2 )

2 2 2

1 1 9 9 13

2 2 16 16 16

A BT m v mu mu

mv mv

= + +

 = + + = 
 

 

(c) Fraction of energy lost: 
13

1 2 16

1

1 3

1 16

T T

T

−− = =  1 2

1

0.1875
T T

T

− =  
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PROBLEM 14.51 

In a game of billiards, ball A is given an initial velocity 0v  along 
the longitudinal axis of the table. It hits ball B and then ball C, 
which are both at rest. Balls A and C are observed to hit the sides of 
the table squarely at A′  and C′ , respectively, and ball B is 
observed to hit the side obliquely at .B′  Knowing that 0 4 m/s,v =  

1.92 m/s,Av =  and 1.65 m,a =  determine (a) the velocities Bv  
and Cv  of balls B and C, (b) the Point C′  where ball C hits the 
side of the table. Assume frictionless surfaces and perfectly elastic 
impacts (that is, conservation of energy). 

 

SOLUTION 

Velocities in m/s. Lengths in meters. Assume masses are 1.0 for each ball. 

Before impacts: 0 0 0 0( ) 4 ,         ( ) ( ) 0A B Cv= = = =v i i v v  

After impacts: 1.92 ,         ( ) ( ) ,         A B B x B y C Cv v v= − = + =v j v i j v i  

Conservation of linear momentum: 0 A B C= + +v v v v  

 i:   4 0 ( )         ( ) 4B x C B x Cv v v v= + + = −  

 j:   0 1.92 ( ) 0        ( ) 1.92B y B yv v= − + + =  

Conservation of energy: 2 2 2 2
0

1 1 1 1

2 2 2 2A B Cv v v v= + +  

2 2 2 2 21 1 1 1 1
(4) (1.92) (1.92) (4 )

2 2 2 2 2C Cv v= + + − +  

2 4 3.6864 0C Cv v− + =  

24 (4) (4)(3.6864)
2 0.56 2.56        or        1.44

2Cv
± −

= = ± =  

Conservation of angular momentum about :B′  

00.75 (1.8 )

(0.75)(4) (1.8 1.65)(1.92) 2.712

2.712

A C

C

C

v a v cv

cv

c
v

= − +
= − − =

=

 

If 1.44,Cv =  1.8833     off the table. Reject.c =  

If 2.56,Cv =  1.059c =  
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PROBLEM 14.51  (Continued) 

 

Then, ( ) 4 2.56 1.44,         1.44 1.92B x Bv = − = = +v i j  

Summary. 

(a)  2.40 m/sB =v   53.1°

  2.56 m/sC =v  

(b)  1.059 mc =  
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PROBLEM 14.52 

For the game of billiards of Problem 14.51, it is now assumed that 

0 5v =  m/s, 3.2Cv =  m/s, and 1.22c =  m. Determine (a) the 
velocities Av  and Bv  of balls A and B, (b) the Point A′  where ball 
A hits the side of the table. 

PROBLEM 14.51 In a game of billiards, ball A is given an initial 
velocity 0v  along the longitudinal axis of the table. It hits ball B 
and then ball C, which are both at rest. Balls A and C are observed 
to hit the sides of the table squarely at A′  and C′ , respectively, and 
ball B is observed to hit the side obliquely at .B′  Knowing that 

0 4 m/s,v =  1.92 m/s,Av =  and 1.65 m,a =  determine (a) the 
velocities Bv  and Cv  of balls B and C, (b) the Point C′  where ball 
C hits the side of the table. Assume frictionless surfaces and 
perfectly elastic impacts (that is, conservation of energy). 

 

SOLUTION 

Velocities in m/s. Lengths in meters. Assume masses are 1.0 for each ball. 

Before impacts: 0 0 0 0( ) 5 ,         ( ) ( ) 0A B Cv= = = =v i i v v  

After impacts: ,         ( ) ( ) ,         3.2A A B B x B y Cv v v= − = + =v j v i j v i  

Conservation of linear momentum: 0 A B C= + +v v v v  

i:    5 0 ( ) 3.2        ( ) 1.8B x B xv v= + + =  

j:    0 ( ) 0        ( )A B y B y Av v v v= − + + =  

Conservation of energy: 2 2 2 2
0

1 1 1 1

2 2 2 2A B Cv v v v= + +  

2 2 2 2 21 1 1 1 1
(5) ( ) (1.8) ( ) (3.2)

2 2 2 2 2A Av v= + + +  

(a) 2 11.52        2.4A Av v= =  2.40 m/sA =v   

  ( ) 2.4B yv =         1.8 2.4B = +v i j  3.00 m/sB =v   53.1°  

 Conservation of angular momentum about :B′  

  00.75 (1.8 ) A Cv a v cv= − +  

  01.8 0.75A A Cav v cv v= + −  

  (1.8)(2.4) (1.22)(3.2) (0.75)(5) 4.474= + − =  

(b) 
4.474 4.474

2.4A

a
v

= =  1.864 ma = 
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PROBLEM 14.53 

Two small disks A and B, of mass 3 kg and 1.5 kg, 
respectively, may slide on a horizontal, frictionless 
surface. They are connected by a cord, 600 mm, 
long, and spin counterclockwise about their mass 
center G at the rate of 10 rad/s. At 0,t =  the 
coordinates of G are 0 00, 2 m,x y= =  and its 
velocity is 0 (1.2 m/s) (0.96 m/s) .= +v i j  Shortly 
thereafter, the cord breaks; disk A is then observed 
to move along a path parallel to the y axis and disk B 
along a path which intersects the x axis at a distance 
b 7.5 m=  from O. Determine (a) the velocities of A 
and B after the cord breaks, (b) the distance a from 
the y-axis to the path of A. 

 

SOLUTION 

Initial conditions. 

Location of G: 

  
0.6 m

4.5 kgB A B A

AG BG AG GB AB

m m m m m

+= = = =
+

 

  
0.6

1.5 0.2 m
4.5

0.4 m

AG

BG

 = = 
 

=
 

Linear momentum: 

  0 0 (4.5 kg)(1.2 0.96 )

5.4 4.32

m= = +
= +

L v i j

i j
 

Angular momentum: 

About G: 0

2
0

( )

(0.2 m)(3 kg)(0.2 m 10 rad/s)

(0.4 m)(1.5 kg)(0.4 m 10 rad/s)

( ) (3.6 kg m /s)

G A A B B

G

GA m GB m′ ′= × + ×
= ×

+ ×

= ⋅

H v v

k

k

H k

 
 

About O: Using formula derived in Problem 14.27, 

  
0 0 0

2

( ) ( )

2 (5.4 4.32 ) 3.6

10.8 3.6 (7.2 kg m /s)

O Gm= × +
= × + +

= − + = − ⋅

H r v H

j i j k

k k k
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PROBLEM 14.53  (Continued) 

 

Kinetic energy: Using Eq. (14.29), 

  

2 2 2 2 2
0 0 0

2 2 2 2

1 1 1 1 1
:

2 2 2 2 2
1 1 1

(4.5)[(1.2) (0.96) ] (3)(0.2 10) (1.5)(0.4 10)
2 2 2
(5.3136 6 12) 23.314 J

i A A B B
i

T mv m v mv m v m v′ ′ ′= + Σ = + +

= + + × + ×

= + + =

 

(a) Conservation of linear momentum: 

  
0

5.4 4.32

3( ) 1.5[( ) ( ) ]
A A B B

A B z B y

m m

v v v

=
+ = +

= + +

L L

i j v v

j i j

 

 Equating coefficients of i: 5.4 1.5( )B xv=  

  ( ) 3.6 m/sB xv =  (1) 

 Equating coefficients of j: 4.32 3 1.5( )A B yv v= +  

  ( ) 2.88 2B y Av v= −  (2) 

 Conservation of energy: 

  2 2
0 0

1 1
:

2 2A A B BT T T m v m v= = +  

  ( ) 2 221 1
23.314 J (3) (1.5)[( ) ( ) ]

2 2 B x B yA v vv= + +  

 Substituting from Eqs. (1) and (2): 

  2 2 223.314 1.5 0.75(3.6) 0.75(2.88 2 )A Av v= + + −  

  
2

2

4.5 8.64 7.373 0

1.92 1.6389 0

A A

A A

v v

v v

− − =

− − =
 

  0.96 1.60 2.56 m/sAv = + =  2.56 m/sA =v  

 and 0.96 1.60 0.64 m/sAv = − = −  (rejected, since Av  is shown directed up) 

 From Eqs. (1) and (2):  ( ) 3.6 m/s

( ) 2.88 2(2.56) 2.24 m/s
B x

B y

v

v

=
= − = −

 

  3.6 2.24B = −v i j  4.24 m/sB =v   31.9° 

(b) Conservation of angular momentum about O: 

  0( ) : 7.2

7.2 3(2.56 ) 7.5 1.5(3.6 2.24 )
O O A A B Ba m b m

a

= − = × + ×
− = × + × −

H H k i v i v

k i j i i j
 

  7.2 7.68 25.2a− = −k k k  2.34 ma =   
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

919 

PROBLEM 14.54 

Two small disks A and B, of mass 2 kg and 1 kg, 
respectively, may slide on a horizontal and frictionless 
surface. They are connected by a cord of negligible mass 
and spin about their mass center G. At 0,t =  G is moving 
with the velocity 0v  and its coordinates are 0x = 0, 

0 1.89 m.y =  Shortly thereafter, the cord breaks and disk A 
is observed to move with a velocity (5 m/s)A =v j  in a 
straight line and at a distance 2.56 ma =  from the y-axis, 
while B moves with a velocity (7.2 m/s) (4.6 m/s)B = −v i j  
along a path intersecting the x-axis at a distance 

7.48 mb =  from the origin O. Determine (a) the initial 
velocity 0v  of the mass center G of the two disks, (b) the 
length of the cord initially connecting the two disks, (c) the 
rate in rad/s at which the disks were spinning about G. 

 

SOLUTION 

Initial conditions. 

Location of G: 

  
1

3
2

3

B A B A

B

A

AG BG AG GB l

m m m m m

m
AG l l

m
m

BG l l
m

+= = =
+

= =

= =

 

Linear momentum: 

  0 0 03m= =L v v  

Angular momentum about G: 

  

0

2 2

( )

1 1 2 2
(2 kg) (1 kg)

3 3 3 3

2

3

G A A B BGA m GB m

l l l l

l

ω ω

ω

′ ′= × + ×

       = +       
       

=

H v v

k k

k

 

 

Kinetic energy: Using Eq. (14.29), 

  

2 2 2 2 2
0 0 0

2 2
2

0

2 2 2
0 0

1 1 1 1 1

2 2 2 2 2

1 1 1 1 2
(3) (2) (1)

2 2 3 2 3

3 1

2 3

i i A A B B
i

T mv m v mv m v m v

v l l

T v l

ω ω

ω

′ ′= + Σ = + +

   = + +   
   

= +
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PROBLEM 14.54  (Continued) 

 

 

Conservation of linear momentum: 

  0

03 (2)(5 ) (1)(7.2 4.6 ) 7.2 5.4
A A B Bm m m= +

= + − = +
v v v

v j i j i j
 

(a)   0 (2.4 m/s) (1.8 m/s)= +v i j   

 Conservation of angular momentum about O: 

  
 
:   0 0(1.89 ) ( ) (2.56 ) (7.48 )G A A B Am m m× + = × + ×j v H i v i v  

 Substituting for 0 ,v  0( ) , ,G A BH v v  and masses: 

  

2

2

2
(1.89 ) 3(2.4 1.8 ) (2.56 ) 2(5 ) (7.48 ) (7.2 4.6 )

3
2

13.608 25.6 34.408
3

l

l

ω

ω

× + + = × + × −

− + = −

j i j k i j i i j

k k k k
 

  2 22
4.80 7.20

3
l lω ω= =   (1) 

 Conservation of energy: 

  2 2 2 2 2
0 0

3 1 1 1
:

2 3 2 2A A B BT T v l m v m vω= + = +  

  2 2 2 2 2 2 23 1 1 1
[(2.4) (1.8) ] (2)(5) (1)[(7.2) (4.6) ]

2 3 2 2
l ω+ + = + +  

  2 2 2 21
13.5 25 36.5 144.0

3
l lω ω+ = + =   (2) 

 Dividing Eq. (2) by Eq. (1), member by member: 

  
144.0

20.0 rad/s
7.20

ω = =  

(c)    Original rate of spin = 20.0 rad/s 

 Substituting forω into Eq. (1): 

  2 2(20.0) 7.20 0.360 0.600 ml l l= = =  

(b)   Length of cord = 600 mm  
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PROBLEM 14.55 

Three small identical spheres A, B, and C, which can slide on a horizontal, frictionless surface, are attached to 
three 9-in-long strings, which are tied to a ring G. Initially, the spheres rotate clockwise about the ring with  
a relative velocity of 2.6 ft/s and the ring moves along the x-axis with a velocity 0 =v (1.3 ft/s)i. Suddenly,  
the ring breaks and the three spheres move freely in the xy plane with A and B, following paths parallel to the  
y-axis at a distance 1.0 fta = from each other and C following a path parallel to the x-axis. Determine 
(a) the velocity of each sphere, (b) the distance d. 

 

 

SOLUTION 

Conservation of linear momentum: 

Before break: 0 (3 ) 3 (1.3 ) (3.9 ft/s)m m m= = =L v i i  

After break: A B Cmv mv mv= − +L j j i  

0:=L L  ( ) (3.9 ft/s)C A Bmv m v v m+ − =i j i  

Therefore, A Bv v=  (1) 

  3.9000 ft/s 3.90 ft/sC Cv = =v   (2) 

Conservation of angular momentum: 

Before break: 0( ) 3 3 (0.75ft)(2.6 ft/s)

5.85
OH mlv m

m

′= =
=

 

After break: 

( 0.346)
O A A

A A

C

H mv x

mv x

mv d

= −
+ +
+

 

 ( 1.0)O A A A A CH m x mv x mv d= − + + +  

0( ) :O OH H=  1.0 5.85A Cmv mv d m+ =  

Recalling Eq. (2): 

  

3.9 5.85

1.5 0.25641
A

A

v d

d v

+ =
= −  (3) 
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PROBLEM 14.55  (Continued) 

 

Conservation of energy. 

Before break: 

  

( )

2 2
0

2 2 2 2
0

1 1
(3 ) 3

2 2

3 3
[(1.3) (2.6) ] 12.675

2 2

T m v mv

m v v m m

 ′= +  
 

′= + = + =
 

After break: 

  2 2 21 1 1

2 2 2A B CT mv mv mv= + +  

0:T T=  Substituting for Bv  from Eq. (1) and Cv  from Eq. (2), 

  
2 2 2

2

1
(3.900) 12.675

2

5.0700

A A

A

v v

v

 + + = 

=
 

  2.2517 ft/sA Bv v= =  

(a) Velocities : 

  2.25 ft/sA =v  ;  2.25 ft/sB =v  ;  3.9 ft/sC =v   

(b) Distance d: 

 From Eq. (3):  1.5 0.25641(2.2517) 0.92265 ftd = − =  11.1 in.d =   
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PROBLEM 14.56 

Three small identical spheres A, B, and C, which can slide on a horizontal, frictionless surface, are attached  
to three strings of length l which are tied to a ring G. Initially, the spheres rotate clockwise about the ring 
which moves along the x axis with a velocity v0. Suddenly the ring breaks and the three spheres move freely in 
the xy plane. Knowing that (3.5 ft/s) ,A =v j  (6.0 ft/s) ,C =v i  16 in.a =  and 9 in.,d =  determine (a) the initial 
velocity of the ring, (b) the length l of the strings, (c) the rate in rad/s at which the spheres were rotating 
about G. 

 

 

SOLUTION 

Conservation of linear momentum: 

 
0

(3 )

3 (3.5 ft/s) (6.0 ft/s)
A B C

B

m m m m

mv m mv m

= + +
= − +

v v v v

i j j i
 

Equating coefficients of unit vectors: 

  03 6.00 ft/sv =  

  0 3.5 ft/s B= − v   3.5 ft/sBv =  (1) 

  0 2.00 ft/sv = 

(a) Conservation of angular momentum: 

 Before break:  2
0( ) 3OH ml θ=   

 After break: ( 16/12) (9/12)

(3.5)(16/12) (6.0)(9/12)

(9.1667)

O A A A A CH mv x mv x mv

m m

m

= − + + +
= +
=

 

 

 0 0( ) :OH H=  23 (9.1667)ml mθ =  2 3.0556l θ =   (2) 
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PROBLEM 14.56  (Continued) 

 

 Conservation of energy: 

 Before break: 

  

2 2 2 2
0 0

2 2 2

1 1 3 3
(3 ) 3 ( )

2 2 2 2

3 3
(2.0)

2 2

T m v mv mv m l

m ml

θ

θ

 ′= + = + 
 

= +




 

 After break: 

  

2 2 2

2 2

1 1 1

2 2 2
1 1

[(3.5) (6.0) ] (60.5)
2 2

A B CT mv mv mv

m m

= + +

= + =
 

 0:T T=  2 2 21 3 3
(60.5) (2.0)

2 2 2
m m ml θ= +   

  2 2 16.167l θ =  (3) 

 Dividing Eq. (3) by Eq. (2): 
16.167

5.2909
3.0556

θ = =  

(b) From Eq. (2): 2 3.0556
0.75994 ft

5.2909
l l= =  

   0.76 ftl =  

(c) Rate of rotation:  5.29 rad/sθ =    
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PROBLEM 14.57 

A stream of water of cross-sectional area A1 and velocity v1 strikes a circular 
plate which is held motionless by a force P. A hole in the circular plate of area 
A2 results in a discharge jet having a velocity v1. Determine the magnitude of P.  

 

SOLUTION 

Mass flow rates. As the fluid ahead of the plate moves from section 1 to section 2 ,tΔ  the mass 1mΔ  moved is 

  1 1 1 1( ) ( )m A t A v tρ ρΔ = Δ = Δ  

so that  1 1
1 1

dm m
A v

dt t
ρΔ= =

Δ
 

Likewise, for the fluid that has passed through the hole 

  2 2 2 1( ) ( )m A l A v tρ ρΔ = Δ = Δ  

so that 2
2 1

dm
A v

dt
ρ=  

Apply the impulse-momentum principle. 

 

  

  1 2 m dt mΣ + = Σv F v  

Components in the direction of the flow. 

  1 1 2 1( ) ( )m v P t m vΔ − Δ = Δ  

  2 21 2
1 1 1 1 2 1

m m
P v v A v A v

t t
ρ ρΔ Δ= − = −

Δ Δ
 

   2
1 2 1( )P A A vρ= −   
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PROBLEM 14.58 

A jet ski is placed in a channel and is tethered so that it is 
stationary. Water enters the jet ski with velocity v1 and exits with 
velocity v2. Knowing the inlet area is A1 and the exit area is A2, 
determine the tension in the tether. 

 

SOLUTION 

Mass flow rates. Consider a cylindrical portion of the fluid lying in a section of pipe of cross sectional area 
A and length .lΔ  

The volume and mass are 

  ( )m A lρΔ = Δ  

Then   
m l

A Av
t t

ρ ρΔ Δ= =
Δ Δ

 

At the pipe inlet and outlet, we get 

  1 2
1 1 2 2,

m m
A v A v

t t
ρ ρΔ Δ= =

Δ Δ
 

Impulse and momentum principle: 

 

 1 1 2 2Impm m→Σ + = Σv v  

Using horizontal components ( ),+ →  

  1 1 2 2( ) cos ( ) ( )m v P t m vθΔ + Δ = Δ  

  
1 1

2 1

2 2
2 2 1 1

cos

cos

m m
P v v

t t

A v A v

θ

ρ ρ θ

Δ Δ= −
Δ Δ

= −
 

   2 2
2 2 1 1 cosP A v A vρ ρ θ= −   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

927 

 

 

PROBLEM 14.59 

A stream of water of cross-sectional area A and velocity v1 strikes a plate 
which is held motionless by a force P. Determine the magnitude of P, knowing 
that 2

10.75 in , 80 ft/s,A v= =  and 0.V =  

 

SOLUTION 

Mass flow rate. As the fluid moves from section 1 to section 2 in time Δt, the mass Δm moved is 

  ( )m A lρΔ = Δ  

Then   1
( )dm m A l

Av
dt t t

ρ ρΔ Δ= = =
Δ Δ

 

Data:  3 2 2
162.4 lb/ft , 0.75 in. 0.0052083 ft , 80 ft/sA vγ = = = =  

  
(62.4)

(0.0052083)(80) 0.80745 slug/s
32.2

dm

dt
= =  

 

Principle of impulse and momentum: 

 
:    1( ) 0m v P tΔ − Δ =  

 
m dm

P v v
t dt

Δ= =
Δ

 

 (0.80745)(80) 64.596 lbP = =  64.6 lbP =   
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PROBLEM 14.60 

A stream of water of cross-sectional area A and velocity v1 strikes a plate 
which moves to the right with a velocity V. Determine the magnitude of V, 
knowing that A = 1 in2, v1 = 100 ft/s, and P = 90 lb. 

 

SOLUTION 

 
Consider velocities measured with respect to the plate, which is moving with velocity V. The velocity of the 
stream relative to the plate is  

  1= −u v V  (1) 

Mass flow rate. As the fluid moves from section 1 to section 2 in time Δt, the mass Δm moved is  

  ( )m A lρΔ = Δ  

Then   
( )dm m A l

Au
dt t t

ρ ρΔ Δ= = =
Δ Δ

 (2) 

 

Principle of impulse and momentum: 

  
( ) ( ) 0m u P tΔ − Δ =

 

  2m dm
P u u Au

t dt
ρΔ= = =

Δ
 

  
P

u
Aρ

=  
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PROBLEM 14.60  (Continued) 

 

From Eq. (1), 1 1
P

V v u v
Aρ

= − = −  

Data:  90 lb,P =  2 21 in 0.0069444 ftA = =  

  3
1 100 ft/s, 62.4 lb/ftV γ= =  

  
90

100
(62.4/32.2)(0.0069444)

v = −  18.2 ft/sV =   
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PROBLEM 14.61 

A rotary power plow is used to remove snow from a level 
section of railroad track. The plow car is placed ahead of an 
engine which propels it at a constant speed of 20 km/h. The 
plow car clears 160 Mg of snow per minute, projecting it in the 
direction shown with a velocity of 12 m/s relative to the plow 
car. Neglecting friction, determine (a) the force exerted by the 
engine on the plow car, (b) the lateral force exerted by the track 
on the plow. 

 

SOLUTION 

Velocity of the plow: 20 km/h 5.5556 m/sPv = =  

Velocity of thrown snow:  

  (12 m/s)(cos30 sin 30 ) (5.5556 m/s)s = ° + ° +v i j k  

Mass flow rate: 

  
(160000 kg/min)

2666.7 kg/s
(60 s/min)

dm

dt
= =  

Let F be the force exerted on the plow and the snow. 

Apply impulse-momentum, noting that the snow is initially at rest and that the velocity of the plow is 
constant. Neglect gravity. 

  ( ) ( ) st mΔ = ΔF v  

  
(2.666.7)(12cos30 12sin 30 5.5556 )

(27713 N) (16000 N) (14815 N)

s
dm

v
dt

 = = ° + ° + 
 

= + +

F i j k

i j k

 

( ) Force exerted by engine.a   14.8 kNzF =   

( ) Lateral force exerted by track.b   27.7 kNxF =   
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PROBLEM 14.62 

Tree limbs and branches are being fed at A at the rate of  
5 kg/s into a shredder which spews the resulting wood chips 
at C with a velocity of 20 m/s. Determine the horizontal 
component of the force exerted by the shredder on the truck 
hitch at D. 

 

SOLUTION 

Eq. (14.38): 

 ( ) ( )A Cm t mΔ + Σ Δ = Δv F v  

 (5 kg/s)(20 m/sC
m

t

ΔΣ = =
Δ

F v 25 )°  

Force exerted on chips 100 N= Σ =F 25°  

 

Free body: shredder: 

 0: (100 N)cos 25 0x xF FΣ = − ° =  

 90.6 Nx =F   

On hitch:   90.6 Nx =F    
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PROBLEM 14.63 

Sand falls from three hoppers onto a conveyor belt at a rate 
of 90 lb/s for each hopper. The sand hits the belt with a 
vertical velocity 1v  = 10 ft/s and is discharged at A with a 
horizontal velocity 2v = 13 ft/s. Knowing that the combined 
mass of the beam, belt system, and the sand it supports is 
1300 lb with a mass center at G, determine the reaction at E. 

 

SOLUTION 

Principle of impulse and momentum: 

 

 Moments about F:  

 1 1 1 2( ) (3 ) (2 ) ( ) ( ) ( ) 3( )m v a mv a m v a W t c R t L m v hΔ + Δ + Δ + Δ − Δ = Δ  

 1 2
1

6 3
m m

R cW av hv
L t t

Δ Δ = + − Δ Δ 


Data:  
/ 1

20 ft, 13 ft, 5 ft, 2.5 ft, 2.7950 slug/s
m W g dW

L c a h
t dt g dt

Δ Δ= = = = = = =
Δ

 

 [ ]1
13(1300) (6)(5)(10)(2.7950) (3)(2.5)(13)(2.7950)

20
R = + −  

R 873 lb=   
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PROBLEM 14.64 

The stream of water shown flows at a rate of 550 liters/min and moves 
with a velocity of magnitude 18 m/s at both A and B. The vane is 
supported by a pin and bracket at C and by a load cell at D which can exert 
only a horizontal force. Neglecting the weight of the vane, determine the 
components of the reactions at C and D. 

 

SOLUTION 

Mass flow rate:  
3

3

(1000 kg/m )(550 liters/min)(1 min)

(1000 liters/m )(60 sec)

9.1667 kg/s

dm
Q

dt

dm

dt

ρ= =

=

 

Velocity vectors:  18 m/sA =v  18 m/sB =v   40°  

Apply the impulse-momentum principle. 

 

Moments about :C 0.040( ) 0.150 ( ) 0.200( ) cos 40 0.165( ) sin 40A B Bm v D t m v m v− Δ + Δ = Δ ° + Δ °  

 

1
[0.200 cos40 0.165 sin 40 0.040 ]

0.150

1
(9.1667)[(0.200)(18)cos 40 0.165(18)sin 40 0.040(18)]

0.150

B B A
m

D v v v
t

Δ = ° + ° + Δ 

= ° + ° +
 

   329.20 N=  329 NxD =    

 0yD =    

 components:x  ( ) ( ) ( ) cos 40x BC t D t m vΔ + Δ = Δ °  

 cos 40 (9.1667)(18cos 40 ) 329.20 202.79 Nx B
m

C v D
t

Δ = ° − = ° − = − Δ 
 203 NxC = −    

 components:y  ( ) ( ) ( ) sin 40A y Bm v C t m v− Δ + Δ = Δ °  

 sin 40 (9.1667)(18 18sin 40 ) 271.06 Ny A B
m m

C v v
t t

Δ Δ = + ° = + ° = Δ Δ 
 271 NyC =    
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PROBLEM 14.65 

The nozzle discharges water at the rate of  
340 gal/min. Knowing the velocity of the 
water at both A and B has a magnitude of  
65 ft/s and neglecting the weight of the vane, 
determine the components of the reactions at 
C and D. (1 ft3 = 7.48 gallons) 

 

SOLUTION 

Volumetric flow rate: 3 3340 gal/min (1 ft /7.48 gal) (1 min/60 sec) 0.75758 ft /sQ = × × =  

Mass density of water: 
3

2

62.4 lb/ft

32.2 ft/sg

γ =  

Mass flow rate: 
62.4

(0.75758) 1.4681 lb s/ft
32.2

dm
Q

dt g

γ= = = ⋅  

Assume that the flow speed remains constant. 

Principle of impulse and momentum. 

 

     Moments about D:  

  

((30/12) sin 50 (23/12) cos 50 (3/12)

(30/12)

0.37324

(0.37324)(1.4681 lb s/ft)(65 ft/s) 35.617 lb

m
C V

t

dm
V

dt

° − ° + Δ=
Δ

=

= ⋅ =  35.6 lb=C   
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PROBLEM 14.65  (Continued) 

 

 Horizontal components: 

  ( ) cos 50 ( ) ( )xm V D t m VΔ ° + Δ = Δ  

  

(1 cos 50 )

0.35721

(0.35721)(1.4681 lb s/ft)(65 ft/s)

34.087 lb

x
m

D V
t

dm
V

dt

Δ= − °
Δ

=

= ⋅
=  34.1 Nx =D   

Vertical components: ( ) sin 50 ( ) ( ) 0ym V C t D t− Δ ° + Δ + Δ =  

  

(sin 50 )

0.76604

(0.76604)(1.4681 lb s/ft)(65 ft/s) 35.617 N

37.484 lb

y
m

D V C
t

dm
V C

dt

Δ= ° −
Δ

= −

= ⋅ −
=  37.5 lby =D  
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PROBLEM 14.66 

A high speed jet of air issues from the nozzle A with a 
velocity of Av  and mass flow rate of 0.36 kg/s. The air 
impinges on a vane causing it to rotate to the position 
shown. The vane has a mass of 6-kg. Knowing that the 
magnitude of the air velocity is equal at A and B 
determine (a) the magnitude of the velocity at A, (b) the 
components of the reactions at O.  

 

SOLUTION 

Assume that the speed of the air jet is the same at A and B. 

 A Bv v v= =  

Apply the principle of impulse and momentum. 

 
(a)   Moments about : (0.190)( ) (0.250) ( ) (0.250)( ) cos50

(0.500)( ) sin 50

O m v W t m v

m v

Δ − Δ = − Δ °
− Δ °

 

 

0.250 

0.150cos50 0.500 sin 50 0.190

0.250

0.66944
(0.250)(6)(9.81)

(0.66944)(0.36)

61.058 m/s

t W
v

m

W dm

dt

Δ= ⋅
Δ ° + ° +

=

=

=  61.1 m/sAv =  
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PROBLEM 14.66  (Continued) 

 

(b) components: ( ) ( ) ( ) sin 50xx m v R t m vΔ + Δ = − Δ °  

 (1 sin 50 )

(0.36)(61.058)(1 sin 50 )

38.82 N

x
m

R v
t

Δ= − + °
Δ

= − + °
= −

 

 components: 0 ( ) ( ) ( ) cos50yy R t W t m v+ Δ − Δ = − Δ °  

 cos50

(6)(9.81) (0.36)(61.058)cos50

44.73 N

y
m

R W v
t

Δ= + °
Δ

= − °
=

 

 
2 2(38.82) (44.73)

59.2 N

R = +
=

 

 
44.73

tan 49.0
38.82

α α= = °  59.2 N=R   49.0°  
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PROBLEM 14.67 

Coal is being discharged from a first conveyor 
belt at the rate of 120 kg/s. It is received at A by 
a second belt which discharges it again at B. 
Knowing that 1 3 m/sv =  and 2 4.25 m/sv =  and 
that the second belt assembly and the coal it 
supports have a total mass of 472 kg, determine 
the components of the reactions at C and D. 

 

SOLUTION 

Velocity before impact at A: 

 1( ) 3 m/sA xv v= =  

 2 2 2( ) 2 ( ) (2)(9.81)(0.545) 10.693 m /sA yv g y= Δ = =  ( ) 3.270 m/sA yv =   

Slope of belt: 
2.4 1.2

tan , 28.07
2.25

θ θ−= = °  

Velocity of coal leaving at B: 2 4.25 (cos sin )θ θ= +v i j  

Apply the impulse-momentum principle. 

 
x  components: 2( )( ) ( ) ( ) cosA x xm v C t m v θΔ + Δ = Δ  

 2[ cos ( ) ] (120)(4.25cos 28.07 3)x A x
m

C v v
t

θΔ= − = ° −
Δ

 

 90.0 NxC = 

 moments about :C  2 2( )[ 1.2( ) 0.75( ) ] 3.00 ( ) 1.8 ( ) ( )[ 2.4 cos 3 sin ]A x A ym v v D t W t m v vθ θΔ − − + Δ − Δ = Δ − +  

 [ (1.2)(3) (0.75)(3.270)] 3 (1.8)(472)(9.81)
m

D
t

Δ − − + −
Δ

 

 [ (2.4)(4.25cos ) (3)(4.25sin )]
m

t
θ θΔ= − +

Δ
 

 2775 1.0168 2775 (1.0168)(120) 2897 N
dm

D
dt

= + = + =  
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PROBLEM 14.67  (Continued) 

 

 y  components: 2( )( ) ( )( ) ( ) sinA y ym v C D W t m v θΔ − + + − Δ = Δ  

 (3.270 4.25sin )y
m

C D W
t

θΔ+ − = +
Δ

 

 (120)(5.268) 632.2 N= =  

 4625.6 2897 632.2yC = − +  2361 NyC = 

 90.0 N, 2360 Nx yC C= =  

 0,xD =  2900 NyD =   
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PROBLEM 14.68 

A mass q of sand is discharged per unit time from a conveyor belt 
moving with a velocity v0. The sand is deflected by a plate at A so that 
it falls in a vertical stream. After falling a distance h the sand is again 
deflected by a curved plate at B. Neglecting the friction between the 
sand and the plates, determine the force required to hold in the position 
shown (a) plate A, (b) plate B. 

 

SOLUTION 

(a) When the sand impacts on plate A, it is momentarily brought to rest. Apply the principle of impulse and  
 momentum to find the force on the sand. 

 

 x  component: 0( ) ( ) 0xm v A tΔ + Δ =  

  0 0x
m

A v qv
t

Δ= − = −
Δ  

 y  component: 0 ( ) 0 0y yA t A+ Δ = =  

   0qv=A   

The sand falls vertically. Use conservation of energy for mass element .mΔ  Let v be the speed at the 
curved portion of plate B. 

  2
1 1 2 2

1
: 0 ( ) ( ) 0

2
T V T V m gh m v+ = + + Δ = Δ +  

 
2 2

2

v gh

v gh

=

=
 

Over the curved portion of plate B, there is negligible change of elevation. Hence, by conservation of 
energy, v is both the entrance speed and exit speed of the curved portion of plate B. 

(b) Force exerted through plate B: 

 Entrance velocity: 2gh= −v j  

 Exit velocity: 2 ( cos30 sin 30 )gh′ = − ° − °v i j  

 Mass flow rate: 
dm m

q
dt t

Δ= =
Δ
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PROBLEM 14.68  (Continued) 

 

 Principle of impulse and momentum: 

 

  ( ) ( ) ( )m t m ′Δ + Δ = Δv B v  

  

( ) 2 ( cos30 sin 30 )

3
2 cos30 2

2
1

2 (1 sin 30 ) 2
2

x

y

m
q gh

t

B gh gh

B gh gh

Δ  ′= − = − ° − ° + Δ 

= − ° = −

= − ° =

B v v i j j

 

   2gh=B   30°   
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PROBLEM 14.69 

The total drag due to air friction on a jet airplane traveling at 900 km/h is 35 kN. Knowing that the exhaust 
velocity is 600 m/s relative to the airplane, determine the mass of air which must pass through the engine per 
second to maintain the speed of 900 km/h in level flight. 

 
 

SOLUTION 

Symbols:  mass flow rate
dm

dt
=  

 exhaust relative to the airplaneu =  

 speed of airplanev =  

 drag forceD =  

Principle of impulse and momentum: 

 

 

 

 ( ) ( ) ( )m v D t m uΔ + Δ = Δ  

m dm D

t dt u v

Δ = =
Δ −

 

Data: 900 km/h = 250 m/sv =  

 600 m/su =  

 35 kN 35000 ND = =  

 
35000

600 250

dm

dt
=

−  100 kg/s
dm

dt
=   
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PROBLEM 14.70 

While cruising in level flight at a speed of 600 mi/h, a jet plane scoops in air at the rate of 200 lb/s and 
discharges it with a velocity of 2100 ft/s relative to the airplane. Determine the total drag due to air friction on 
the airplane. 

 

SOLUTION 

Flight speed: 600 mi/h 880 ft/sv = =  

Mass flow rate: 
2

200 lb/s
6.2112 slug/s

32.2 ft/s

dm

dt
= =  

 ( )        or        ( )
dm dm

D v u
dt dt

Σ = = − = −F D u v  

where, for a frame of reference moving with the plane, v is the free stream velocity (equal to the air speed) 
and u is the relative exhaust velocity. 

 (6.2112)(2100 880) 7577.6 lbD = − =  7580 lbD =   
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PROBLEM 14.71 

In order to shorten the distance required for landing, a jet airplane is 
equipped with movable vanes, which partially reverse the direction of the air 
discharged by each of its engines. Each engine scoops in the air at a rate of 
120 kg/s and discharges it with a velocity of 600 m/s relative to the engine. 
At an instant when the speed of the airplane is 270 km/h, determine the 
reverse thrust provided by each of the engines. 

 

SOLUTION 

Apply the impulse-momentum principle to the moving air. Use a frame of reference that is moving with the 
airplane. Let F be the force on the air. 

 
270 km/h 75 m/s

600 m/s

v

u

= =
=

 

 

 
( )

( ) ( ) 2 sin 20
2

m
m v F t u

Δ− Δ + Δ = °  

 
3

( sin 20 ) ( sin 20 )

(120)(75 600sin 20 ) 33.6 10 N

m dm
F v u v u

t dt

F

Δ= + ° = + °
Δ

= + ° = ×
 

Force on airplane is .−F  33.6 kN=F     
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PROBLEM 14.72 

The helicopter shown can produce a maximum downward air 
speed of 80 ft/s in a 30-ft-diameter slipstream. Knowing that 
the weight of the helicopter and its crew is 3500 lb and 
assuming 30.076 lb/ftγ =  for air, determine the maximum 
load that the helicopter can lift while hovering in midair. 

 

SOLUTION 

The thrust is ( )B A
dm

F v v
dt

= −  

Calculation of .
dm

dt
 mass density volume density area length= × = × ×  

 

( ) ( )B B B

B B B B

m A l A v t

m dm
A v A v

t g dt

ρ ρ
γρ

Δ = Δ = Δ
Δ = = =
Δ

 

where BA  is the area of the slipstream well below the helicopter and Bv  is the corresponding velocity in the 

slipstream. Well above the blade, 0.Av ≈  

Hence, 2

3
2 2

2

0.076 lb/ft
(30 ft) (80 ft/s)

432.2 ft/s

10,678 lb

B BF A v
g

γ

π

=

  =      
=

 

 10,678 lb F =  

The force on the helicopter is 10,678 lb . 

Weight of helicopter: 3500 lbH =W  

Weight of payload: P PW=W  

Statics:  0y H PF F W WΣ = − − =  

 10,678 3500 7178 lbP HW F W= − = − =  W = 7180 lb  
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PROBLEM 14.73 

A floor fan designed to deliver air at a maximum velocity of  
6 m/s in a 400-mm-diameter slipstream is supported by a  
200-mm-diameter circular base plate. Knowing that the total 
weight of the assembly is 60 N and that its center of gravity is 
located directly above the center of the base plate, determine the 
maximum height h at which the fan may be operated if it is  
not to tip over. Assume 31.21 kg/mρ =  for air and neglect the 
approach velocity of the air. 

 

SOLUTION 

Calculation of dm
dt  at a section in the airstream: 

 

mass density volume density area length

( ) ( )m A l Av t

m dm
Av

t dt

ρ ρ

ρ

= × = × ×
Δ = Δ = Δ
Δ = =
Δ

 

Thrust on the airstream: 

 ( )B A
dm

dt
= −F v v  

where Bv  is the velocity just downstream of the fan and Av  is the velocity for upstream. Assume that Av  is 
negligible. 

 

2 2

3 2 2

( )
4

(1.21 kg/m ) (0.400 m) (6 m/s) 5.474 N
4

F Av v D v

F

πρ ρ

π

 = =  
 
 = = 
 

 

 5.474 N=F  

Force on fan: 5.474 N′ = − =F F  

Maximum height h: 
1

100 mm 0.1 m
2

e d
 = = = 
 

 

  0EMΣ =  

 
0

(60)(0.1)

5.474

F h We

We
h

F

′ − =

= =
′

 1.096 mh =   
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PROBLEM 14.74 

The jet engine shown scoops in air at A at a rate of 200 lb/s 
and discharges it at B with a velocity of 2000 ft/s relative to 
the airplane. Determine the magnitude and line of action of 
the propulsive thrust developed by the engine when the 
speed of the airplane is (a) 300 mi/h, (b) 600 mi/h. 

 

SOLUTION 
Use a frame of reference moving with the plane. Apply the impulse-momentum principle. Let F be the force 
that the plane exerts on the air. 

 

 x components:  ( ) ( ) ( )A Bm u F t m uΔ + Δ = Δ  

 ( ) ( )B A B A
m dm

F u u u u
t dt

Δ= − = −
Δ

 (1) 

 moments about B: ( ) ( ) 0A Be m u M t− Δ + Δ =  

 B A
dm

M e u
dt

=  (2) 

Let d be the distance that the line of action is below B. 

 BFd M=         B A

B A

M eu
d

F u u
= =

−
 (3) 

Data: 
200

200 lb/s 6.2112 slugs/s, 2000 ft/s, 12 ft
32.2 B

dm
u e

dt
= = = = =  

(a)  300 mi/h 440 ft/sAu = =  

 From Eq. (1),  (6.2112)(2000 440)F = −  9690 lbF =  

 From Eq. (3),  
(12)(440)

2000 440
d =

−
 3.38 ftd =  

(b) 600 mi/h 880 ft/sAu = =  

 From Eq. (1),  (6.2112)(2000 880)F = −  6960 lbF =  

 From Eq. (3),  
(12)(880)

2000 880
d =

−
 9.43 ftd =   
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PROBLEM 14.75 

A jet airliner is cruising at a speed of 900 km/h with each of its 
three engines discharging air with a velocity of 800 m/s 
relative to the plane. Determine the speed of the airliner after it 
has lost the use of (a) one of its engines, (b) two of its engines. 
Assume that the drag due to air friction is proportional to the 
square of the speed and that the remaining engines keep 
operating at the same rate. 

 

SOLUTION 

Let v be the airliner speed and u be the discharge relative velocity. 

  800 m/s.u =  

Thrust formula for one engine:  ( )
dm

F u v
dt

= −  

Drag formula:  2D kv=  

Three engines working.     0Cruising speed 900 km/h 250 m/sv= = =  

  2
0 03 3 ( ) 0

dm
F D u v kv

dt
− = − − =  

  
2 2
0

0

(250)
37.879

3( ) 3(800 250)

kvdm k
k

dt u v
= = =

− −
 

(a) One engine fails. Two engines working. 1Cruising speed v=  

  2
1 12 2 ( ) 0

dm
F D u v kv

dt
− = − − =  

  2
1 1(2)(37.879 )(800 ) 0k v kv− − =  

  2 3
1 175.758 60.606 10 0v v+ − × =  

  1 211.20 m/sv =  1 760 km/hv =   

(b) Two engines fail. One engine working. 2Cruising speed v=  

 2
2 2( ) 0

dm
F D u v kv

dt
− = − − =  

 2
2 2(37.879 )(800 ) 0k v kv− − =  

 2 3
2 237.879 30.303 10 0v v+ − × =  

  2 156.17 m/sv =  2 562 km/hv =   
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PROBLEM 14.76 

A 16-Mg jet airplane maintains a constant speed of 774 km/h 
while climbing at an angle 18 .α = °  The airplane scoops in air at 
a rate of 300 kg/s and discharges it with a velocity of 665 m/s 
relative to the airplane. If the pilot changes to a horizontal flight 
while maintaining the same engine setting, determine (a) the 
initial acceleration of the plane, (b) the maximum horizontal 
speed that will be attained. Assume that the drag due to air 
friction is proportional to the square of the speed. 

 

SOLUTION 

Calculate the propulsive force using velocities relative to the airplane. 

 ( )B A
dm

F v v
dt

= −  

Data: 300 kg/s

774 km/h

215 m/s

665 m/s

(300)(665 215)

135,000 N

A

B

dm

dt
v

v

F

=

=
=
=
= −
=

 

Since there is no acceleration while the airplane is climbing, the forces are in equilibrium. 

 + 18 0:     sin 0F F D mg α°Σ = − − =  

 sin (16,000)(9.8)sin18 48,454 NF D mg α− = = ° =  

(a) Initial acceleration of airplane in horizontal flight: 

 3: 16,000 48.454 10ma F D a= − = ×  23.03 m/s=a   18°

 Corresponding drag force: 135,000 48,454

86,546 N

D = −
=

 

 Drag force factor: 2
AD kv=  

 or 
2

2

2 2

86,546

(215)

1.87228 N s /m

A

D
k

v
=

=

= ⋅
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PROBLEM 14.76  (Continued) 

 

(b) Maximum speed in horizontal flight: 

 Since the acceleration is zero, the forces are in equilibrium. 

 2 2

2

0

( ) 0 0

1.87228 300 (300)(665) 0

B A A A A B

A A

F D

dm dm dm
v v kv kv v v

dt dt dt

v v

− =

− − = + − =

+ − =

 

 256.0 m/sAv =  922 km/hAv =  
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PROBLEM 14.77 

The propeller of a small airplane has a 2-m-diameter slipstream and produces a thrust of 3600 N when the 
airplane is at rest on the ground. Assuming 31.225 kg/mρ =  for air, determine (a) the speed of the air in the 
slipstream, (b) the volume of air passing through the propeller per second, (c) the kinetic energy imparted per 
second to the air in the slipstream. 

 

SOLUTION 

Calculation of dm
dt  at a section in the airstream: 

 

mass density volume

density area length

( )m A l Av t

m dm
Av

t dt

ρ ρ

ρ

= ×
= × ×

Δ = Δ = Δ
Δ = =
Δ

 

(a) Thrust ( )dm
B Adt= −v v  where Bv  is the velocity just downstream of propeller and Av  is the velocity far  

 upstream. Assume Av is negligible. 

 

2 2

2 2

2

Thrust ( )
4

3600 1.225 (2)
4

935.44

30.585 m/s

Av v D v

v

v

v

πρ ρ

π

 = =  
 

 =  
 

=
=  30.6 m/sv =   

(b) 2 21
(2) (30.585) 96.086

4 4

dm
Q Av D v

dt

π π
ρ

 = = = = = 
 

 396.1 m /sQ =  

(c) Kinetic energy of mass :mΔ  

 

2 2 3

3

2 3

2 3

1 1 1
( ) ( ) ( )

2 2 2

1

2
1

2 4

1
(1.225) (2) (30.585)

2 4
55,053 N m/s

T m v A l v Av t v

T dT

t dt

Av

D v

ρ ρ

ρ

πρ

π

Δ = Δ = Δ = Δ

Δ =
Δ

=

 =  
 

 =  
 

= ⋅

 

 55,100 N m/s
dT

dt
= ⋅  
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PROBLEM 14.78 

The wind turbine-generator shown has an output-power rating of 1.5 MW for a 
wind speed of 36 km/h. For the given wind speed, determine (a) the kinetic 
energy of the air particles entering the 82.5-m-diameter circle per second, (b) the 
efficiency of this energy conversion system. Assume ρ = 1.21 kg/m3 for air.  

 

SOLUTION 

(a) Rate of kinetic energy in the slipstream. 

 Let mΔ  be the mass moving through the slipstream of area A in the time .tΔ  Then, 

  ( ) ( )m A l Av tρ ρΔ = Δ = Δ  

 The kinetic energy carried by this mass is 

  2 31 1
( ) ( )

2 2
t m v Av tρΔ = Δ = Δ  

  31

2

dT T
Av

dt t
ρΔ= =

Δ
 

 Data:  2 2 2

3 2 3

6 2 3

(82.5 m) 5345.6 m
4 4
36 km/h 10 m/s

1
(1.21 kg/m )(5345.6 m )(10 m/s)

2

3.234 10 kg m /s

A d

v

dT

dt

π π= = =

= =

=

= × ⋅

 

   3.234 MW
dT

dt
=   

(b) Efficiency n: 

  
output power 1.5 MW

available input power 3.234 MW
η = =  0.464η =   
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PROBLEM 14.79 

A wind turbine-generator system having a diameter of 82.5 m produces 
1.5 MW at a wind speed of 12 m/s. Determine the diameter of blade necessary 
to produce 10 MW of power assuming the efficiency is the same for both 
designs and ρ = 1.21 kg/m3 for air.  

 

SOLUTION 

Rate of kinetic energy in the slipstream. 

Let mΔ  be the mass moving through the slipstream of area A in time .tΔ  Then 

  ( ) ( )m A l Av tρ ρΔ = Δ = Δ  

The kinetic energy carried by this mass is 

  

2 3

3

1 1
( ) ( )

2 2
1

2

T m v Av t

dT T
Av

dt t

ρ

ρ

Δ = Δ = Δ

Δ= =
Δ

 

This is the available input power for the wind turbine. For a wind turbine of efficiency ,η  the output 
power P is 

  3

2

dT
P Av

dt

ηη ρ= =  

We want to compare two turbines having 1 1.5 MWP =  and 2 10 MW,P =  respectively. Then 

  
3

2 2 2 2 2
3

1 1 1 1 1

P A v

P A v

η ρ
η ρ

=  

Since 2 1 2 1, ,η η ρ ρ= =  and 2 1,v v=  we get 

  

2
2 2 2

2
1 1 1

2 2 2
2 1

10
6.6667

1.5

6.6667 (6.6667)(82.5 in)

P A d

P A d

d d

= = = =

= =

 

   2 213 md =   
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PROBLEM 14.80 

While cruising in level flight at a speed of 570 mi/h, a jet airplane scoops in air at a rate of 240 lb/s and 
discharges it with a velocity of 2200 ft/s relative to the airplane. Determine (a) the power actually used to 
propel the airplane, (b) the total power developed by the engine, (c) the mechanical efficiency of the airplane. 

 

SOLUTION 

Data: 
240

7.4534 slugs/s
32.2
2200 ft/s

570 mi/h 836 ft/s

( )

(7.4534)(2200 836)

10,166 lb

dm

dt
u

v

dm
F u v

dt

= =

=
= =

= −

= −
=

 

(a) Power used to propel airplane: 

 1

6

(10,166)(836)

8.499 10 ft lb/s

P Fv=
=

= × ⋅

 

 Propulsion power 15,450 hp=   

 Power of kinetic energy of exhaust: 

 

2
2

2
2

2

6

1
( ) ( )( )

2
1

( )
2
1

(7.4534)(2200 836)
2

6.934 10 ft lb/s

P t m u v

dm
P u v

dt

Δ = Δ −

= −

= −

= × ⋅

 

(b) Total power: 1 2

615.433 10 ft lb/s

P P P= +

= × ⋅

 

 Total power 28,060 hp=   

(c) Mechanical efficiency: 
6

1
6

8.499 10

15.433 10
0.551

P

P

×=
×

=

 

 Mechanical efficiency 0.551=  
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PROBLEM 14.81 

In a Pelton-wheel turbine, a stream of water is deflected by a series of 
blades so that the rate at which water is deflected by the blades is equal 
to the rate at which water issues from the nozzle ( / ).Am t A vρΔ Δ =  
Using the same notation as in Sample Problem 14.7, (a) determine the 
velocity V of the blades for which maximum power is developed, 
(b) derive an expression for the maximum power, (c) derive an 
expression for the mechanical efficiency. 

 

SOLUTION 

Let u be the velocity of the stream relative to the velocity of the blade. 

     ( )u v V= −  

Mass flow rate: A
m

Av
t

ρΔ =
Δ

 

 
 
Principle of impulse and momentum: 

 ( ) ( ) ( ) costm u F t m u θΔ − Δ = Δ  

 (1 cos )

( )(1 cos )

t

A A

m
F u

t
Av v V

θ

ρ θ

Δ= −
Δ

= − −

 

where Ft is the tangential force on the fluid. 

The force Ft on the fluid is directed to the left as shown. By Newton’s law of action and reaction, the 
tangential force on the blade is Ft to the right. 

Output power: out

( ) (1 cos )
t

A A

P FV

Av v V Vρ θ
=
= − −

 

(a) V for maximum power output: 

 out ( 2 )(1 cos ) 0A

dP
A v V

dV
ρ θ= − − =  

1

2Av V=   

(b) Maximum power: 

 out max
1 1

( ) (1 cos )
2 2A A A AP Av v v vρ θ  = − −  

  
 

 3
out max

1
( ) (1 cos )

4 AP Avρ θ= −  
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PROBLEM 14.81  (Continued) 

 

 Input power = rate of supply of kinetic energy of the stream 

 

2
in

2

3

1 1
( )

2

1

2
1

2

A

A

A

P m v
t

m
v

t

Avρ

 = Δ Δ  
Δ=
Δ

=

 

(c) Efficiency: out

in

31
2

( ) (1 cos )A A

A

P

P

Av v V V

Av

η

ρ θη
ρ

=

− −
=

 

 2 1 (1 cos )
A A

V V

v v
η θ

 
= − − 
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PROBLEM 14.82 

A circular reentrant orifice (also called Borda’s mouthpiece) of 
diameter D is placed at a depth h below the surface of a tank. 
Knowing that the speed of the issuing stream is 2v gh=  and 
assuming that the speed of approach 1v  is zero, show that the 
diameter of the stream is / 2.d D=  (Hint: Consider the section of 
water indicated, and note that P is equal to the pressure at a depth h 
multiplied by the area of the orifice). 

 

SOLUTION 

From hydrostatics, the pressure at section 1 is 1 .p h ghγ ρ= =  

The pressure at section 2 is 2 0.p =  

Calculate the mass flow rate using section 2. 

 
2 2

2

mass density volume

density area length

( ) ( )m A l A v t

dm m
A v

dt t

ρ ρ

ρ

= ×
= × ×

Δ = Δ = Δ
Δ= =
Δ

 

Apply the impulse-momentum principle to fluid between sections 1 and 2. 

 

 

1 1 1

1 1 1

1 1 1

2 1

( ) ( ) ( )

( )

( )

m v p A t m v

dm dm
v p A v

dt dt
dm

p A v v
dt
A v v vρ

Δ + Δ = Δ

+ =

= −

= −

 

But 1v  is negligible, 1

1 2 1 2

and 2

(2 ) or 2

p gh v gh

ghA A gh A A

ρ
ρ ρ

= =
= =

 

 2 22
4 4

D d
π π =  

 
 

2

D
d =   
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PROBLEM 14.83 

Gravel falls with practically zero velocity onto a conveyor 
belt at the constant rate / .q dm dt=  (a) Determine the 
magnitude of the force P required to maintain a constant 
belt speed v. (b) Show that the kinetic energy acquired by 
the gravel in a given time interval is equal to half the 
work done in that interval by the force P. Explain what 
happens to the other half of the work done by P. 

 

SOLUTION 

(a) We apply the impulse-momentum principle to the gravel on the belt and to the mass mΔ  of gravel  
 hitting and leaving belt in interval .tΔ  

 

  comp.: ( )x mv P t mv m v+ Δ = + Δ  

 
m

P v qv
t

Δ= =
Δ

 P qv=   

(b) Kinetic energy acquired for unit time: 

 

2

2 2

1
( )

2
1 1

2 2

T m v

T m
v qv

t t

Δ = Δ

Δ Δ= =
Δ Δ

 (1) 

 Work done per unit time: 

 
U P x

Pv
t t

Δ Δ= =
Δ Δ

 

 Recalling the result of part a: 

 2

( )

( )

U P x

U
qv v qv

t

Δ = Δ
Δ = =
Δ

 (2) 

 Comparing Eqs. (1) and (2), we conclude that 

 
1

2

T U

t t

Δ Δ=
Δ Δ

 Q.E.D.   

 The other half of the work of P is dissipated into heat by friction as the gravel slips on the belt  
 before reaching the speed v.   
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PROBLEM 14.84* 

The depth of water flowing in a rectangular channel of width b 
at a speed v1 and a depth d1 increases to a depth d2 at a 
hydraulic jump. Express the rate of flow Q in terms of b, d1, 
and d2. 

 

SOLUTION 

Mass flow rate: mass density volume

density area length

( ) ( )

1

m bd l bdv t

dm m
bdv

dt t
dm

Q bdv
dt

ρ ρ

ρ

ρ

= ×
= × ×

Δ = Δ = Δ
Δ= =
Δ

= =

 

Continuity of flow:  1 2

1 2
1 2

        

Q Q Q

Q Q
v v

bd bd

= =

=

 

Resultant pressure forces: 

 

1 1 2 2

2
1 1 1 1

2
2 2 2 2

 

1 1

2 2
1 1

2 2

p d p d

F p bd bd

F p bd bd

γ γ

γ

γ

= =

= =

= =

 

Apply impulse-momentum principle to water between sections 1 and 2. 

 

 ( )
1 1 2 2

2 2
1 2 2 1 2 1

1 2

2
2 1

1 2 2 1
1 2

( ) ( ) ( ) ( )

1
( )

2

( ) 1
( )( )

2

m v F t F t m v

m Q Q
v v F F Q b d d

t bd bd

Q d d
b d d d d

bd d

ρ γ

ρ γ

Δ + Δ − Δ = Δ

 Δ − = − ⋅ − = − Δ  

− = + −

 

Noting that ,gγ ρ=  1 2 1 2
1

( )
2

Q b gd d d d= +  
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PROBLEM 14.85* 

Determine the rate of flow in the channel of Problem 14.84, 
knowing that 12 ft,b =  1 4 ft,d =  and 2 5 ft.d =  

PROBLEM 14.84 The depth of water flowing in a rectangular 
channel of width b at a speed v1 and a depth d1 increases to a 
depth d2 at a hydraulic jump. Express the rate of flow Q in terms 
of b, d1, and d2. 

 

SOLUTION 

Mass flow rate: mass density volume

density area length

( ) ( )

1

m bd l bdv t

dm m
bdv

dt t
dm

Q bdv
dt

ρ ρ

ρ

ρ

= ×
= × ×

Δ = Δ = Δ
Δ= =
Δ

= =

 

Continuity of flow:  1 2

1 2
1 2

Q Q Q

Q Q
v v

bd bd

= =

=

 

Resultant pressure forces: 1 1 2 2

2
1 1 1 1

2
2 2 2 2

 

1 1

2 2
1 1

2 2

p d p d

F p bd bd

F p bd bd

γ γ

γ

γ

= =

= =

= =

 

Apply impulse-momentum principle to water between sections 1 and 2. 

 

 ( )
1 1 2 2

2 2
1 2 2 1 2 1

1 2

2
2 1

1 2 2 1
1 2

( ) ( ) ( ) ( )

1
( )

2

( ) 1
( )( )

2

m v F t F t m v

m Q Q
v v F F Q b d d

t bd bd

Q d d
b d d d d

bd d

ρ γ

ρ γ

Δ + Δ − Δ = Δ

 Δ − = − ⋅ − = − Δ  

−
= + −
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PROBLEM 14.85*  (Continued) 

 

Noting that ,gγ ρ=  1 2 1 2
1

( )
2

Q b gd d d d= +  

Data: 2
1 232.2 ft/s, 12 ft, 4 ft, 5 ftg b d d= = = =  

 
1

12 (32.2)(4)(5)(9)
2

Q =  3646 ft /sQ =  
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PROBLEM 14.86 

A chain of length l and mass m lies in a pile on the floor. If its end A is raised 
vertically at a constant speed v, express in terms of the length y of chain which is 
off the floor at any given instant (a) the magnitude of the force P applied at A,  
(b) the reaction of the floor. 

 

SOLUTION 

Let ρ  be the mass per unit length of chain. Apply the impulse-momentum to the entire chain. Assume that the 
reaction from the floor is equal to the weight of chain still in contact with the floor. 

Calculate the floor reaction. 

 

( )

1

R g l y

y
R mg

l

ρ= −

 = − 
 

 

 

Apply the impulse-momentum principle. 

 ( ) ( ) ( ) ( )

( ) ( ) ( )

yv P t R t gL t y y v

P t y v gL t R t

ρ ρ ρ
ρ ρ

+ Δ + Δ − Δ = + Δ
Δ = Δ + Δ − Δ

 

(a) ( )
y

P v gL L y g
t

ρ ρ ρΔ= + − −
Δ

 

  2v gyρ ρ= +  2( )
m

P v gy
l

= +  

 Let  
y dy

v
t dt

Δ = =
Δ



(b) From above, 1
y

mg
l

 = − 
 

R   
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PROBLEM 14.87 

Solve Problem 14.86, assuming that the chain is being lowered to the floor at a 
constant speed v. 

PROBLEM 14.86 A chain of length l and mass m lies in a pile on the floor. If 
its end A is raised vertically at a constant speed v, express in terms of the 
length y of chain which is off the floor at any given instant (a) the magnitude 
of the force P applied at A, (b) the reaction of the floor. 

 

SOLUTION 

(a) Let ρ  be the mass per unit length of chain. The force P supports the weight of chain still off the floor. 

 P gyρ=  
mgy

P
l

=  

(b) Apply the impulse-momentum principle to the entire chain. 

 

 ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

yv P t R t gL t g y y v

R t gL t P t g y v

y
R gL gy v

t

ρ ρ ρ
ρ ρ

ρ ρ ρ

− + Δ + Δ − Δ = − + Δ
Δ = Δ − Δ − Δ

Δ= − −
Δ

 

 Let 0.tΔ →  Then 
y dy

v
t dt

Δ = = −
Δ

 

 2( )R g L y vρ ρ= − +  2[ ( ) ]
m

g L y v
l

= − +R   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

964 

 

 

PROBLEM 14.88 

The ends of a chain lie in piles at A and C. When released from rest at time 
0,t =  the chain moves over the pulley at B, which has a negligible mass. 

Denoting by L the length of chain connecting the two piles and neglecting 
friction, determine the speed v of the chain at time t. 

 

SOLUTION 

Let m be the mass of the portion of the chain between the two piles. This is the portion of the chain that is 
moving with speed v. The remainder of the chain lies in either of the two piles. Consider the time period 
between t and t t+ Δ  and apply the principle impulse and momentum. Let mΔ  be the amount of chain that is 
picket up at A and deposited at C during the time period .tΔ  

At time t, mΔ  is still in pile A while mΔ  has a downward at speed v just above pile C. The remaining mass 
( )m m− Δ  is moving with speed v. 

At time ,t t+ Δ  mΔ  is moving with speed v v+ Δ  just above pile A and mΔ  is at rest in pile C. 

Over the time period an unbalanced weight of chain acts on the system. The weight is 

  
mgh

W
L

=  

Apply the impulse-momentum principle to the system. 

 

Consider moments about the pulley axle. 

  
[( ) ( ) ] ( )

[( )( ) ( )( )]

r m v m m v rW t

r m v v m m v v

Δ + − Δ + Δ
= Δ + Δ + − Δ + Δ
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PROBLEM 14.88 (Continued) 

 

Dividing by r and canceling the terms ( )m vΔ  and ( )m m v− Δ  

  
0 ( ) ( )( ) ( )( )

( ) ( )

mgh
t m v v m m v

L
v m m v

+ Δ = Δ + Δ + − Δ Δ

= Δ + Δ
 

But   ( )
m

m v t
L

Δ = Δ  

Hence, 
2

( ) ( ) ( )
mgh mv

t t m v
L L

Δ = Δ + Δ  

Solving for ,tΔ  
2

( )L v
t

gh v

ΔΔ =
−

 

Letting 2 ,c gh=  and considering the limit as tΔ  and vΔ  become infinitesimal, gives 

  
2 2

L dv
dt

c v
=

−
 

Integrate, noting that 0v =  when 0t =  

  

1
2 20

0

tanh

tanh

v
v dv L v

t L
c cc v

ct v

L c

−= =
−

=


 

   tanh
gh

v gh t
L

 
=   
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PROBLEM 14.89 

A toy car is propelled by water that squirts from an internal 
tank at a constant 6 ft/s relative to the car. The weight of the 
empty car is 0.4 lb and it holds 2 lb of water. Neglecting other 
tangential forces, determine the top speed of the car. 

 

SOLUTION 

Consider a time interval .tΔ  Let m be the mass of the car plus the water in the tank at the beginning of the 
interval and ( )m m− Δ  the corresponding mass at the end of the interval. 0m  is the initial value of m. Let v be 
the velocity of the car. Apply the impulse and momentum principle over the time interval. 

 

Horizontal components : 

 0 ( )(mv m v+ = Δ cos 20 ) (u m− ° + )(m v− Δ )

cos 20

v

m
v u

m m

+ Δ
ΔΔ = °
− Δ

 

Let vΔ  be replaced by differential dv and mΔ  be replaced by the small differential ,dm−  the minus sign 
meaning that dm is the infinitesimal increase in m. 

 cos 20
dm

dv u
m

= − °  

Integrating, 0
0

cos 20 ln
m

v v u
m

= − °  

Since 0 0,v =  0cos 20 ln
m

v u
m

= °  

The velocity is maximum when ,fm m=  the value of m when all of the water is expelled. 

 

0
max

max

cos 20 ln

0.4 2
(6 ft/s)cos 20 ln

0.4

f

m
v u

m

v

= °

+= °  max 10.10 ft/sv =   
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PROBLEM 14.90 

A toy car is propelled by water that squirts from an internal 
tank. The weight of the empty car is 0.4 lb and it holds 2 lb of 
water. Knowing the top speed of the car is 8 ft/s, determine the 
relative velocity of the water that is being ejected. 

 

SOLUTION 

Consider a time interval .tΔ  Let m be the mass of the car plus the water in the tank at the beginning of the 
interval and ( )m m− Δ  the corresponding mass at the end of the interval. 0m  is the initial value of m. Let v be 
the velocity of the car. Apply the impulse and momentum principle over the time interval. 

 

Horizontal components : 

 0 ( )(mv m v+ = Δ cos 20 ) (u m− ° + )(m v− Δ )

cos 20

v

m
v u

m m

+ Δ
ΔΔ = °
− Δ

 

Let vΔ  be replaced by differential dv and mΔ  be replaced by the small differential ,dm−  the minus sign 
meaning that dm is the infinitesimal increase in m. 

 cos 20
dm

dv u
m

= − °  

Integrating, 0
0

cos 20 ln
m

v v u
m

= − °  

Since 0 0,v =  0cos 20 ln
m

v u
m

= °  

The velocity is maximum when ,fm m=  the value of m when all of the water is expelled. 

 

0
max cos 20 ln

0.4 2
8 ft/s cos 20 ln

0.4

f

m
v u

m

u

= °

+= °  4.75 ft/su =   
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PROBLEM 14.91 

The main propulsion system of a space shuttle consists of three identical 
rocket engines which provide a total thrust of 6 MN. Determine the rate 
at which the hydrogen-oxygen propellant is burned by each of the three 
engines, knowing that it is ejected with a relative velocity of 3750 m/s. 

 

SOLUTION 

Thrust of each engine: 61
(6 MN) 2 10 N

3
P = = ×  

Eq. (14.44): 

62 10 N (3750 m/s)

dm
P u

dt
dm

dt

=

× =

 

 
62 10 N

3750 m/s

dm

dt

×=  533 kg/s
dm

dt
=   
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PROBLEM 14.92 

The main propulsion system of a space shuttle consists of three 
identical rocket engines, each of which burns the hydrogen-oxygen 
propellant at the rate of 750 lb/s and ejects it with a relative velocity of 
12000 ft/s. Determine the total thrust provided by the three engines. 

 

SOLUTION 

From Eq. (14.44) for each engine: 

 

2

3

(750 lb/s)
(12000 ft/s)

32.2 ft/s

279.50 10 lb

dm
P u

dt
=

=

= ×

 

For the 3 engines: 

 3Total thrust 3(279.50 10 lb)= ×  Total thrust 839,000 lb=   
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PROBLEM 14.93 

A rocket weighs 2600 lb, including 2200 lb of fuel, which is consumed at the rate of 25 lb/s and ejected with a 
relative velocity of 13000 ft/s. Knowing that the rocket is fired vertically from the ground, determine its 
acceleration (a) as it is fired, (b) as the last particle of fuel is being consumed. 

 

SOLUTION 

From Eq. (14.44) of the textbook, the thrust is 

 2

3

(25 lb/s)
(13000 ft/s)

32.2 ft/s

10.093 10 lb

dm
P u

dt

F ma

=

=

= ×
Σ =

 

 P mg ma− =       
P

a g
m

= −  (1)  

(a) At the start of firing, 0

2

2600 lb

2600
32.2 ft/s  80.745 slug

32.2

W W

g m

= =

= = =

 

 From Eq. (1),  
3

210.093 10 lb
32.2 92.80 ft/s

80.745 slug
a

×= − =  292.8 ft/s=a  

(b) As the last particle of fuel is consumed, 

 2600 2200 400 lbW = − =  

 232.2 ft/s  (assumed)g =           
400

12.422 slug
32.2

m = =  

 From Eq. (1), 
3

210.093 10 lb
32.2 780.30 ft/s

12.422
a

×= − =  2780 ft/s=a   
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PROBLEM 14.94 

A space vehicle describing a circular orbit at a speed of 324 10 km/h×  
releases its front end, a capsule which has a gross mass of 600 kg, 
including 400 kg of fuel. If the fuel is consumed at the rate of 18 kg/s 
and ejected with a relative velocity of 3000 m/s, determine (a) the 
tangential acceleration of the capsule as the engine is fired, (b) the 
maximum speed attained by the capsule. 

 

SOLUTION 

Thrust: 

3

(18 kg/s)(3000 m/s)

54 10 N

dm
P u

dt
=

=

= ×

 

( )a  
3

2
0

0

54 10
( ) 90 m/s

600t
P

a
m

×= = =  2
0( ) 90.0 m/sta =   

(b) Maximum speed is attained when all the fuel is used up: 

 
( )

1 1

1 1

0

1 0 0
0 0

0 0
0

01
1 0 0

0 1

ln ln

t t

t

dmt mdt

m

P
v v a dt v dt

m

u dm
v dt v u

m m

mm
v v u v u

m m

= + = +

 = + = + − 
 

 
= + − = + 

 

 

   

 Data: 3
0

3

0

1

24 10 km/h

6.6667 10 m/s

3000 m/s

600 kg

600 400 200 kg

v

u

m

m

= ×

= ×
=
=
= − =

 

 

3
1

3

600
6.6667 10 3000 ln

200

9.9625 10 m/s

v = × +

= ×  3
1 35.9 10 km/hv = ×  
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PROBLEM 14.95 

A 540-kg spacecraft is mounted on top of a rocket with a mass of 19 Mg, including 17.8 Mg 
of fuel. Knowing that the fuel is consumed at a rate of 225 kg/s and ejected with a relative 
velocity of 3600 m/s, determine the maximum speed imparted to the spacecraft if the rocket 
is fired vertically from the ground. 

 

SOLUTION 

See sample Problem 14.8 for derivation of 

  0

0

ln
m

v u gt
m qt

= −
−

 (1) 

Data:  fuel

0

3600 m/s 225 kg/s, 17,800 kg

19,000 kg 540 kg 19,540 kg

u q m

m

= = =
= + =

 

We have  fuel , 17,800 kg (225 kg/s)

17,800 kg
79.111 s

225 kg/s

m qt t

t

= =

= =

 

Maximum velocity is reached when all fuel has been consumed, that is, when fuel.qt m=  Eq. (1) yields 

  

0

0 fuel

2

ln

19,540
(3600 m/s) ln (9.81 m/s )(79.111 s)

19,540 17,800

(3600 m/s) ln 11.230 776.1 m/s

7930.8 m/s

m

m
v u gt

m m
= −

−

= −
−

= −
= 7930 m/smv =  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

973 

 

 

PROBLEM 14.96 

The rocket used to launch the 540-kg spacecraft of Problem 14.95 is redesigned to include 
two stages A and B, each of mass 9.5 Mg, including 8.9 Mg of fuel. The fuel is again 
consumed at a rate of 225 kg/s and ejected with a relative velocity of 3600 m/s. Knowing 
that when stage A expels its last particle of fuel its casing is released and jettisoned, 
determine (a) the speed of the rocket at that instant, (b) the maximum speed imparted to 
the spacecraft. 

 

SOLUTION 

Thrust force: 
dm

P u uq
dt

= =  

Mass of rocket + unspent fuel: 0m m qt= −  

Corresponding weight force: W mg=  

Acceleration: 
0

F P W P uq
a g g

m m m m qt

−= = = − = −
−

 

Integrating with respect to time to obtain the velocity, 

  0 0
0 0 0

t t qdt
v v adt v u gt

m qt
= + = + −

−   

  0
0

0

ln
m qt

v u gt
m

−
= − −  (1)  

For each stage, fuel

fuel

8900 kg 3600 m/s

8900
225 kg/s 39.556 s

225

m u

m
q t

q

= =

= = = =

 

For the first stage, 0 00 540 (2)(9500) 19,540 kgv m= = + =  

(a) 1
19,540 8900

0 3600 ln (9.81)(39.556) 1800.1 m/s
19,540

v
−= − − =  

   1 1800 m/sv =  

 For the second stage, 0 01800.1 m/s, 540 9500 10,040 kgv m= = + =  

(b) 2
10,040 8900

1800.1 3600 ln (9.81)(39.556) 9244 m/s
10,040

v
−= − − =  

   2 9240 m/sv =  
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PROBLEM 14.97 

A communication satellite weighing 10,000 lb, including fuel, has been 
ejected from a space shuttle describing a low circular orbit around the 
earth. After the satellite has slowly drifted to a safe distance from the 
shuttle, its engine is fired to increase its velocity by 8000 ft/s as a first 
step to its transfer to a geosynchronous orbit. Knowing that the fuel is 
ejected with a relative velocity of 13,750 ft/s, determine the weight of 
fuel consumed in this maneuver. 

 

SOLUTION 

Apply the principle of impulse and momentum to the satellite plus the fuel expelled in time Δt. 

 

 :   ( )( ) ( )( )mv m m v v m v v v= − Δ + Δ + Δ + Δ −  

 ( ) ( ) ( )( ) ( ) ( )( ) ( )mv m v m v m v m v m v m v= + Δ − Δ − Δ Δ + Δ + Δ Δ − Δ  

 ( ) ( ) 0m v u mΔ − Δ =  

 
( )

dm
m t

dt
v dv u dm

t dt m dt

Δ = − Δ

Δ = = −
Δ

 

 
1 1 1

0 00

v t m

v m

u dm dm
dv dt u

m dt m
= − = −    

 01
1 0

0 1

0 1 0

1

ln ln

exp

mm
v v u u

m m

m v v

m u

− = − =

− =  
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PROBLEM 14.97  (Continued) 

 

Data: 1 0

0

1

1

8000 ft/s

13,750 ft/s

10,000 lb

10,000 8000
exp

13,750

1.7893

5589 kg

v v

u

m

m

m

− =
=
=

=

=
=

 

 fuel 0 1 10,000 5589m m m= − = −  fuel 4410 lbm =  
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

976 

 

 

PROBLEM 14.98 

Determine the increase in velocity of the communication satellite of 
Problem 14.97 after 2500 lb of fuel has been consumed. 

 

SOLUTION 

Data from Problem 14.95: 0

1 0 fuel

10,000 lb     13,750 ft/s

10,000 2500 7500 lb.

m u

m m m

= =
= − = − =

 

Apply the principle of impulse and momentum to the satellite plus the fuel expelled in time Δt. 

 

  :      ( )( ) ( )( )

( ) ( ) ( )( )

( ) ( )( ) ( )

mv m m v v m v v v

mv m v m v m v

m v m v m v

= − Δ + Δ + Δ + Δ −
= + Δ − Δ − Δ Δ

+ Δ + Δ Δ − Δ

 

 ( ) ( ) 0m v u mΔ − Δ =  

 ( )
dm

m t
dt

v dv u dm

t dt m dt

Δ = − Δ

Δ = = −
Δ

 

 
1 1 1

0 00

v t m

v m

u dm dm
dv dt u

m dt m
= − = −    

  

01
1 0

0 1

1 0

ln ln

10,000
13,750 ln

7500

mm
v v u u

m m

v v v

− = − =

Δ = − =  3960 ft/svΔ =  
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PROBLEM 14.99 

Determine the distance separating the communication satellite of 
Problem 14.97 from the space shuttle 60 s after its engine has been 
fired, knowing that the fuel is consumed at a rate of 37.5 lb/s. 

PROBLEM 14.97 A communication satellite weighing 10,000 lb, 
including fuel, has been ejected from a space shuttle describing a low 
circular orbit around the earth. After the satellite has slowly drifted to 
a safe distance from the shuttle, its engine is fired to increase its 
velocity by 8000 ft/s as a first step to its transfer to a geosynchronous 
orbit. Knowing that the fuel is ejected with a relative velocity of 
13,750 ft/s, determine the weight of fuel consumed in this maneuver. 

 

SOLUTION 

Apply the principle of impulse and momentum to the satellite plus the fuel expelled in time Δt. 

 

 :      ( )( ) ( )( )

( ) ( ) ( )( )

( ) ( )( ) ( )

mv m m v v m v v v

mv m v m v m v

m v m v m v

= − Δ + Δ + Δ + Δ −
= + Δ − Δ − Δ Δ

+ Δ + Δ Δ − Δ

 

 

0

( ) ( ) 0

( )

m v u m

dm
m t

dt
v dv u dm uq uq

t dt m dt m m qt

Δ − Δ =

Δ = − Δ

Δ = = − = − = −
Δ −

 

 

0 0 0 00 0

0 0 0

0
0

0

ln ( )

ln ( ) ln

ln

t tuq
v v dt v u m qt

m qt

v u m qt u m

m qt
v u

m

= + = − −
−

= + − +

 −
= −  

 



 (1) 

Set dx
dt v=  in Eq. (1) and integrate with respect to time. 

  0
0 0

0 0

ln
t m qt

x x v t u dt
m

 −
= + +  
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PROBLEM 14.99  (Continued) 

 

Call the last term x′ and let  

  0 0

0 0

or
m qt mq

z dz dt dt dz
m m q

−
= = − = −  

  

0
0

0 0

0 0 0 0 0

0 0 0 0

0 0

0 0

0 0 0

0 0

0 0

ln [( ln )]

ln 1 ln 1

1 ln 1 1

ln 1 1 ln 1

ln

z
z
z

z

m u m u
x z dz z z z

q q

m u m qt m qt m m

q m m m m

m u m qtqt

q m m

m u m qt m qt
ut

q m m

m u m
ut ut

q

′ = = +

    − −
= − − −    

     
   −

= − − +   
    

   − −
= − + − −   

   

  −= + − 
 



0

0 0

0

ln

qt

m

m m
u t t

q m qt

  
= − −   −  

 

  0 0
0 0

0

ln
m m

x x v t u t t
q m qt

  
= + + − −   −  

 (2) 

Data:  0 00 0 37.5 lb/s.x v q= = =  

  0 10,000 lb, 60 sec 13,750 ft/s

10,000 10,000
0 0 (13,750) 60 60 ln

37.5 10,000 (37.5)(60)

m t u

x

= = =

  = + + − −   −  

 

  100,681 ft=  19.07 mix =  
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PROBLEM 14.100 

For the rocket of Problem 14.93, determine (a) the altitude at which all the fuel has been consumed, (b) the 
velocity of the rocket at that time. 

PROBLEM 14.93 A rocket weighs 2600 lb, including 2200 lb of fuel, which is consumed at the rate of  
25 lb/s and ejected with a relative velocity of 13000 ft/s. Knowing that the rocket is fired vertically from the 
ground, determine its acceleration (a) as it is fired, (b) as the last particle of fuel is being consumed. 

 

SOLUTION 

See Sample Problem 14.8 for derivation of 

  0 0

0 0

ln ln
m m qt

v u gt u gt
m qt m

−
= − = − −

−
 (1)  

Note that g is assumed to be constant. 

Set dy
dt

v=  in Eq. (1) and integrate with respect to time. 

  

0

0 0 0
0

20

0 0

ln

1
ln

2

h t t

t

m
h dy vdt u gt dt

m qt

m qt
u dt gt

m

 
= = = − − 

−
= − −

  


 

Let  0 0

0 0

or
m qt mq

z dz dt dt dz
m m q

−
= = − = −  

  

0
0

2 20 0

20 0 0 0 0

0 0 0 0

20 0

0 0

0 0 0

0 0

1 1
ln [( ln )]

2 2

1
ln 1 ln 1

2

1
1 ln 1 1

2

ln 1 1 ln 1

z
z
z

z

m u m u
h z dz gt z z z gt

q q

m u m qt m qt m m
gt

q m m m m

m u m qtqt
gt

q m m

m u m qt m qt
ut

q m m

= − = + −

    − −
= − − − −    

     

   −= − − + −   
    

   − −= − + − −  
   



2

20 0

0

1

2

1
ln

2

gt

m u m qt
ut ut gt

q m

−

  −
= + − − 

 

 

  20 0

0

1
ln

2

m m
h u t t gt

q m qt

  
= − − −   −  

 (2) 
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PROBLEM 14.100  (Continued) 

 

Data:  0 fuel

2

fuel

2600 lb 2200 lb 25 lb/s

13000 ft/s 32.2 ft/s

2200
88 s

25

W qt W q

u g

W
t

q

= = = =

= =

= = =

 

(a) From Eq. (2),  22600 2600 1
(13000) 88 88 ln (32.2)(88)

25 2600 2200 2

(13000)(88 16 ln 6.5) 124680

630,000 ft

h
  = − − −   −  

= − −
=

 

   119.3 mih =   

(b) From Eq. (1), 
2600 2200

13000 ln (32.2)(88)
2600

13000 ln 6.5 2834

21500 ft/s

v
−= − −

= −
=

 

   14,660 mi/hv =  
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PROBLEM 14.101 

Determine the altitude reached by the spacecraft of Problem 14.95 when all the fuel of its launching 
rocket has been consumed. 

 

SOLUTION 

See Sample Problem 14.8 for derivation of 

  0 0

0 0

ln ln
m m qt

v u gt u gt
m qt m

−
= − = − −

−
 (1)  

Note that g is assumed to be constant. 

Set dy
dt v=  in Eq. (1) and integrate with respect to time. 

  

0

0 0 0 0

20

0 0

ln

1
ln

2

h t t

t

m
h dy vdt u gt dt

m qt

m qt
u dt gt

m

 
= = = − − 

−
= − −

  


 

Let  0 0

0 0

or
m qt mq

z dz dt dt dz
m m q

−
= = − = −  

  

[ ]
00

2 20 0

20 0 0 0 0

0 0 0 0

20 0

0 0

0 0 0

0 0

1 1
ln ( ln )

2 2

1
ln 1 ln 1

2

1
1 ln 1 1

2

ln 1 1 ln 1

z z

zz

m u m u
h z dz gt z z z gt

q q

m u m qt m qt m m
gt

q m m m m

m u m qtqt
gt

q m m

m u m qt m qt
ut

q m m

= − = + −

    − −= − − − −    
     

   −= − − + −   
    

   − −
= − + − − −   

   



2

20 0

0

1

2

1
ln

2

gt

m u m qt
ut ut gt

q m

  −
= + − − 

 

 

  20 0

0

1
ln

2

m m
h u t t gt

q m qt

  
= − − −   −  

 (2) 
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PROBLEM 14.101  (Continued) 

 

Data:  0

fuel

2fuel

0

3600 m/s 19,000 540 19,540 kg

225 kg/s 17,800 kg

17,800
79.111 s 9.81 m/s

225

1740 kg

u m

q m

m
t g

q

m qt

= = + =
= =

= = = =

− =

 

From Eq. (2),  219,540 19,540 1
(3600) 79.111 79.111 ln (9.81)(79.111)

225 1740 2

186,766 m

h
  = − − −  

  
=

 

   186.8 kmh =  
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PROBLEM 14.102 

For the spacecraft and the two-stage launching rocket of Problem 14.96, determine the altitude at 
which (a) stage A of the rocket is released, (b) the fuel of both stages has been consumed. 

 

SOLUTION 

Thrust force:  
dm

P u uq
dt

= =  

Mass of rocket + unspent fuel: 0m m qt= −  

Corresponding weight force: W mg=  

Acceleration: 
0

F P W P uq
a g g

m m m m qt

−= = = − = −
−

 

Integrating with respect to time to obtain velocity, 

  0 0
0 0 0

t t qdt
v v adt v u gt

m qt
= + = + −

−   

  0
0

0

ln
m qt

v u gt
m

−
= − −  (1)  

Integrating again to obtain the displacement, 

  20
0 0

0 0

1
ln

2

t m qt
s s v t u dt gt

m

−
= + − −  

Let  0

0

m qt
z

m

−
=         

0

q
dz dt

m
= −         0m

dt dz
q

= −  

Then  
0

0

20
0 0

20
0 0

20 0 0 0 0 0 0
0 0

0 0 0 0 0 0

1
ln

2

1
( ln )

2

1
ln ln

2

z

z

z

z

m u
s s v t z dz gt

q

m u
s v t z z z gt

q

m u m qt m qt m qt m m m
s v t gt

q m m m m m m

= + + −

= + + + −

 − − −
= + + + − + − 

 

  

  20 0
0 0

0

1
ln

2

m m qt
s v t u t t gt

q m

   −
= + + + − −  

  
 (2)  
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PROBLEM 14.102  (Continued) 

 

For each stage,  fuel

fuel

8900 kg 3600 m/s

8900
225 kg/s 39.556 s

225

m u

m
q t

q

= =

= = = =

 

For the first stage, 0 0

0

0 0

540 (2)(9500) 19,540 kg

v s

m

= =
= + =

 

From Eq. (1), 1
19,540 8900

0 3600 ln (9.81)(39.556)
19,540

1800.1 m/s

v
−= − −

=

 

From Eq. (2), 

(a) 2
1

19,540 19,540 8900 1
0 0 3600 39.556 39.556 ln (9.81)(39.556)

225 19,540 2
s

 − = + + + − −  
  

 

 31,249 m=  1 31.2 kmh =   

 For the second stage, 0 0

0

1800.1 m/s 31,249 m

540 9500 10,040 kg

v s

m

= =
= + =

 

 From Eq. (2), 

(b) 2

2

10,040 10,040 8900
31,249 (1800.1)(39.556) 3600 39.556 39.556 ln

225 10,040

1
(9.81)(39.556)

2

s
 − = + + + −  

  

−

 

 197,502 m=  2 197.5 kmh =   
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PROBLEM 14.103 

In a jet airplane, the kinetic energy imparted to the exhaust gases is wasted as far as propelling the airplane is 
concerned. The useful power is equal to the product of the force available to propel the airplane and the speed 
of the airplane. If v is the speed of the airplane and u is the relative speed of the expelled gases, show that the 
mechanical efficiency of the airplane is 2 /( ).v u vη = +  Explain why 1η =  when u v= .  

 

SOLUTION 

Let F be the thrust force, and dm

dt
 be the mass flow rate. 

Absolute velocity of exhaust: ev u v= −  

Thrust force: ( )
dm

F u v
dt

= −  

Power of thrust force: 1 ( )
dm

P Fv u v v
dt

= = −  

Power associated with exhaust: 2 2
2

2
2

1 1
( ) ( ) ( )( )

2 2
1

( )
2

eP t m v m u v

dm
P u v

dt

Δ = Δ = Δ −

= −

 

Total power supplied by engine: 1 2

2

2 2

1
( ) ( )

2

1
( )

2

P P P

dm
P u v v u v

dt

dm
u v

dt

= +

 = − − −  

= −

 

Mechanical efficiency: 1

2 2

useful power

total power

2( )

P

P

u v v

u v

η

η

= =

−=
−

 

   
2

( )

v

u v
η =

+
  

1η =  when .u v=  The exhaust, having zero velocity, carries no power away.
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PROBLEM 14.104 

In a rocket, the kinetic energy imparted to the consumed and ejected fuel is wasted as far as propelling the 
rocket is concerned. The useful power is equal to the product of the force available to propel the rocket and 
the speed of the rocket. If v is the speed of the rocket and u is the relative speed of the expelled fuel, show that 
the mechanical efficiency of the rocket is 2 22 /( ).uv u vη = +  Explain why 1η =  when .u v=  

 

SOLUTION 

Let F be the thrust force and dm

dt
 be the mass flow rate. 

Absolute velocity of exhaust: ev u v= −  

Thrust force: 
dm

F u
dt

=  

Power of thrust force: 1
dm

P Fv uv
dt

= =  

Power associated with exhaust: 2 2
2

2
2

1 1
( ) ( ) ( )( )

2 2
1

( )
2

eP t m v m u v

dm
P u v

dt

Δ = Δ = Δ −

= −

 

Total power supplied by engine: 1 2

2 2 21 1
( ) ( )

2 2

P P P

dm dm
P uv u v u v

dt dt

= +

 = − − = −  

 

Mechanical efficiency: 1useful power

total power

P

P
η = =  

   
2 2

2

( )

uv

u v
η =

+
  

1η =  when .u v=  The exhaust, having zero velocity, carries no power away.
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PROBLEM 14.105 

Three identical cars are being unloaded from an automobile carrier. 
Cars B and C have just been unloaded and are at rest with their 
brakes off when car A leaves the unloading ramp with a velocity of 
5.76 ft/s and hits car B, which hits car C. Car A then again hits car B. 
Knowing that the velocity of car B is 5.04 ft/s after the first collision, 
0.630 ft/s after the second collision, and 0.709 ft/s after the third 
collision, determine (a) the final velocities of cars A and C, (b) the 
coefficient of restitution for each of the collisions. 

 

SOLUTION 

There are no horizontal forces acting. Horizontal momentum is conserved. 

(a) Velocities: 

 Event 1 2: Car A hits car B. 

 

  2(5.76) 0 ( ) (5.04)Am m v m+ = +  2( ) 0.720 ft/sA =v   

 Event 2 3: Car B hits car C. 

 

  3(5.04) 0 (0.630) ( )Cm m m v+ = +  3( ) 4.41 ft/sC =v    

 Event 3 4: Car A hits car B again. 

 

  4(0.720) (0.630) ( ) (0.709)Am m m v m+ = +  4( ) 0.641 ft/sA =v    
(b) Coefficients of restitution: 

 Event 1 2:    2 2
1 2

1 1

( ) ( ) 5.04 0.720

( ) ( ) 5.76 0
A B

A B

v v
e

v v→
− −= =
− −  1 2 0.750e → =   

 Event 2 3:    3 3
2 3

2 2

( ) ( ) 4.41 0.630

( ) ( ) 5.04 0
B C

B C

v v
e

v v→
− −= =
− −  2 3 0.750e → =   

 Event 3 4:    4 4
3 4

3 3

( ) ( ) 0.709 0.641

( ) ( ) 0.720 0.630
A B

A B

v v
e

v v→
− −= =
− −

 3 4 0.756e → =   
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PROBLEM 14.106 

A 30-g bullet is fired with a velocity of 480 m/s into 
block A, which has a mass of 5 kg. The coefficient of 
kinetic friction between block A and cart BC is 0.50. 
Knowing that the cart has a mass of 4 kg and can roll 
freely, determine (a) the final velocity of the cart and 
block, (b) the final position of the block on the cart. 

 

SOLUTION 

(a) Conservation of linear momentum: 

 

  

0 0 0 0( ) ( )

(0.030 kg)(480 m/s) (5.030 kg) (9.030 kg)

0.030
(480 m/s) 2.863 m/s

5.030
0.030

(480 m/s) 1.5947 m/s
9.030

A A C f

f

f

m v m m v m m m v

v v

v

v

′= + = + +
′= =

′ = =

= =  1.595 m/sfv =   

(b) Work-energy principle: 

 Just after impact: 2
0

2

1
( )

2
1

(5.030 kg)(2.863 m/s)
2
20.615 J

AT m m v′ ′= +

=

=

 

 Final kinetic energy: 2
0

2

1 1
( )

2 2
1

(9.030 kg)(1.5947 m/s)
2
11.482 J

f A C fT m m m v= + +

=

=

 

 Work of friction force: 

0( )

0.50(5.030)(9.81)

24.672 N

k

k A

F N

m m g

μ
μ

=
= +
=
=

 

 Work 24.672U Fx x= = − = −  
  : 20.615 24.672 11.482fT U T x′ + = − =  0.370 mx =  
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PROBLEM 14.107 

An 80-Mg railroad engine A coasting at 6.5 km/h strikes a 20-Mg flatcar C carrying a 30-Mg load B which 
can slide along the floor of the car ( 0.25).kμ =  Knowing that the car was at rest with its brakes released and 
that it automatically coupled with the engine upon impact, determine the velocity of the car (a) immediately 
after impact, (b) after the load has slid to a stop relative to the car. 

 

 

SOLUTION 

The masses are the engine 3( 80 10 kg),Am = × the load 3( 30 10 kg),Bm = × and the flat car 3( 20 10 kg).Cm = ×  

Initial velocities:  0

0 0

( ) 6.5 km/h

1.80556 m/s

( ) ( ) 0.

A

B C

v

v v

=
=
= =

 

No horizontal external forces act on the system during the impact and while the load is sliding relative to the 
flat car. Momentum is conserved. 

Initial momentum:  0 0( ) (0) (0) ( )A A B C A Am v m m m v+ + =  (1)  

(a) Let v′ be the common velocity of the engine and flat car immediately after impact. Assume that the  
 impact takes place before the load has time to acquire velocity. 

 Momentum immediately after impact: 

  (0) ( )A B C A Cm v m m v m m v′ ′ ′+ + = +  (2)  

 Equating (1) and (2) and solving for ,v′  

  0

3

3

( )

(80 10 )(1.80556)

(100 10 )

1.44444 m/s

A A

A C

m v
v

m m
′ =

+

×=
×

=

 

   5.20 km/h′ =v   

(b) Let vf  be the common velocity of all three masses after the load has slid to a stop relative to the car. 

 Corresponding momentum: 

  ( )A f B f C f A B C fm v m v m v m m m v+ + = + +  (3)  
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PROBLEM 14.107  (Continued) 

 

 Equating (1) and (3) and solving for ,fv  

  

0

3

3

( )

(80 10 )(1.80556)

(130 10 )

1.11111 m/s

A A
f

A B C

m v
v

m m m
=

+ +

×=
×

=  4.00 km/hf =v  
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PROBLEM 14.108 

In a game of pool, ball A is moving with a velocity v0 when it strikes 
balls B and C which are at rest and aligned as shown. Knowing that 
after the collision the three balls move in the directions indicated and 
that 0 12 ft/sv =  and 6.29 ft/s,Cv =  determine the magnitude of the 
velocity of (a) ball A, (b) ball B. 

 

SOLUTION 



 

Conservation of linear momentum. In x direction: 

 

(12 ft/s)cos 30 sin 7.4 sin 49.3

(6.29)cos 45

0.12880 0.75813 5.9446

A B

A B

m mv mv

m

v v

° = ° + °
+ °

+ =  (1) 

In y direction: 

 

(12 ft/s)sin 30 cos 7.4 cos 49.3

(6.29)sin 45

0.99167 0.65210 1.5523

A B

A B

m mv mv

m

v v

° = ° − °
+ °

− =  (2) 

(a) Multiply (1) by 0.65210, (2) by 0.75813, and add: 

 0.83581 5.0533Av =  6.05 ft/sAv =   

(b) Multiply (1) by 0.99167, (2) by –0.12880, and add: 

 0.83581 5.6951Bv =  6.81 ft/sBv =  
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PROBLEM 14.109 

Mass C, which has a mass of 4 kg, is suspended from a cord attached 
to cart A, which has a mass of 5 kg and can roll freely on a 
frictionless horizontal track. A 60-g bullet is fired with a speed v0 = 
500 m/s and gets lodged in block C. Determine (a) the velocity of C 
as it reaches its maximum elevation, (b) the maximum vertical 
distance h through which C will rise. 

 

SOLUTION 

Consider the impact as bullet B hits mass C. Apply the principle of impulse-momentum to the two particle 
system. 

 

 1 1 2 2m m→Σ + Σ = Σv Imp v  

Using both B and C and taking horizontal components gives 

 

0

0

cos ( )

cos

(0.060 kg)(500 m/s)cos 20
6.9435 m/s

(4.06 kg)

B B C BC

B

BC

m v O m m v m v

m v
v

m

θ
θ

′ ′+ = + =

′ =

°= =

 

Now consider the system of mA and mBC after the impact, and apply to impulse momentum principle. 
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PROBLEM 14.109  (Continued) 

 

  2 2 3 3m m→Σ + Σ = Σv Imp v  

Horizontal components: +  

  

0

( )

4.06
(6.9435 )

5

BC A A BC cx

BC
A cx

A

cx

m v m v m v

m
v v v

m

v

′ + = +

′= −

= −

 

  5.6381 0.812 in m/sA cxv v= −  (1) 

(a) At maximum elevation. 

 Both particles have the same velocity, thus 

  
5.6381 0.812

cx A

A A

v v

v v

=
= −

 

  3.1115 m/sAv =  3.11 m/sAv =   

(b) Conservation of energy: 2 2 3 3T V T V+ = +  

 

2
2

2

2

1 1
(0) ( )

2 2
1

(4.06)(6.9435) 97.871 J
2
0 (datum)

A BCT m m v

V

′= +

= =

=

 

 

2 2 2 2
3

2 2

3

1 1
( )

2 2
1 1

(5)(3.1115) (4.06)[(3.1115) 0] 43.857 J
2 2

(4.06)(9.81) 39.829 h

97.871 0 43.857 39.829 h

A A BC Bx By

BC

T m v m v v

V m gh h

= + +

= + + =

= = =
+ = +

 

  1.356 mh =   

Another method: We observe that no external horizontal forces are exerted on the system consisting of A, B, 
and C. Thus the horizontal component of the velocity of the mass center remains constant. 

 0

5 0.06 4 9.06 kg

cos (0.060 kg)(500 m/s)cos 20°
3.1115 m/s

9.06 kg

A B C

B
x

A B C

m m m m

m v
v

m m m

θ
= + + = + + =

= = =
+ +

 

(a) At maximum elevation, vA and vBC are equal. 

  3.1115 m/sAv =  3.11 m/sA =v   
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PROBLEM 14.109  (Continued) 

 

 Immediately after the impact of B on C, the velocity vA is zero. 

  

( ) ( )

9.06
(3.1115 m/s) 6.9435 m/s

4.06

B C A B C x

A B C
x

B C

m m v m m m v

m m m
v v

m m

′+ = + +
+ +′ = = =

+
 

(b) Principle of work and energy: 2 2 3 3T V T V+ = +  

 2 2, ,T V  and 3V  are calculated as before. 

 For T3 we note that the velocities A′v  and BC′v  relative to the mass center are zero. Thus, T3 is given by 

  2 2
3

1 1
(9.06)(3.1115) 43.857 J

2 2
T m= = =v  

 As before, h is found to be  1.356 mh =   
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PROBLEM 14.110 

A 15-lb block B is at rest and a spring of constant 
k 72=  lb/in. is held compressed 3 in. by a cord. After 
5-lb block A is placed against the end of the spring, 
the cord is cut causing A and B to move. Neglecting 
friction, determine the velocities of blocks A and B 
immediately after A leaves B. 

 

SOLUTION 

  

2

2

5
0.15528 lb s /ft

32.2
15

0.46584 lb s /ft
32.2
72 lb/in 864 lb/ft

3 in. 0.25 ft

6 in. 0.5 ft

A

B

m

m

k

e

h

= = ⋅

= = ⋅

= =
= =
= =

 

Conservation of linear momentum: 

 

Horizontal components : 0 0 A A B Bm v m v+ = −  

  
1

3
A

B A A
B

m
v v v

m
= =  

Conservation of energy: 

 

State 1: 2 2
1

1

1

1 1
(864)(0.25) 27 ft lb

2 2
0

0

e

g

V ke

V

T

= = = ⋅

=

=

 

State 2: 2

2

2 2
2

2
2 2

0

(5)(0.5) 2.5 ft lb

1 1

2 2

1 1
(0.15528) (0.46584) 0.10352

2 2 3

e

g A

A A B B

A
A A

V

V W h

T m v m v

v
v v

=
= = = ⋅

= +

 = + = 
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PROBLEM 14.110  (Continued) 

 

1 1 2 2:T V T V+ = +   20 27 0.10352 2.5Av+ = +  

  2 2236.67 ftAv =  15.38 ft/sA =v   

   5.13 ft/sB =v   
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PROBLEM 14.111 

Car A was at rest 9.28 m south of the Point O when it was struck in 
the rear by car B, which was traveling north at a speed .Bv  Car C, 
which was traveling west at a speed ,Cv  was 40 m east of Point O 
at the time of the collision. Cars A and B stuck together and, 
because the pavement was covered with ice, they slid into the 
intersection and were struck by car C which had not changed its 
speed. Measurements based on a photograph taken from a traffic 
helicopter shortly after the second collision indicated that the 
positions of the cars, expressed in meters, were Ar  = −10.1i + 
16.9j, Br  = −10.1i + 20.4j, and Cr  = −19.8i − 15.2j. Knowing that 
the masses of cars A, B, and C are, respectively, 1400 kg, 1800 kg, 
and 1600 kg, and that the time elapsed between the first collision 
and the time the photograph was taken was 3.4 s, determine the 
initial speeds of cars B and C. 

 

SOLUTION 

Mass center at time of first collision. 

1 1 1 1

1

1

( ) ( ) ( ) ( )

4800 (1400)( 9.28 ) (1800)( 12.8 ) (1600)(40 )

(13.3333 m) (7.5067 m)

A B C A A B B C Cm m m m m m+ + = + +
= − + − +
= −

r r r r

r j j i

r i j
 

Mass center at time of photo. 

  

2 2 2 2

2

2

( ) ( ) ( ) ( )

4800 (1400)( 10.1 16.9 ) (1800)( 10.1 20.4 )

(1600)( 19.8 15.2 )

(13.3333 m) (7.5125 m)

A B C A A B B C Cm m m m m m+ + = + +
= − + + − +

+ − −
= − +

r r r r

r i j i j

i j

r i j

 

Since no external horizontal forces act, momentum is conserved and the mass center moves at constant 
velocity. 

 1 1 1( ) ( ) ( ) ( )A B C A A B B C Cm m m m m m+ + = + +v v v v  (1)  

 2 1 t− =r r v  (2)  

Combining (1) and (2), 

2 1 1 1 1( )( ) [ ( ) ( ) ( ) ]A B C A A B B C Cm m m m m m t+ + − = + +r r v v v  

  1 1(4800)( 26.6667 15.0192 ) [0 (1800)( ) (1600)( ) ](3.4)B Cv v− + = + −i j j i  

Components. 1 1:    72092 6120( ) ,    ( ) 11.78 m/s,B Bv v= =j   42.4 km/hBv =   

  1 1:    128000 5440 ( ) ,    ( ) 23.53 m/s,C Cv v− = − =i   84.7 km/hCv =    
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PROBLEM 14.112 

The nozzle shown discharges water at the rate of 200 gal/min. Knowing 
that at both B and C the stream of water moves with a velocity of 
magnitude 100 ft/s, and neglecting the weight of the vane, determine 
the force-couple system which must be applied at A to hold the vane in 
place 3(1 ft 7.48 gal).=  

 

SOLUTION 

 

3

3

3 3

2

200 gal/min

(7.48 gal/ft )(60 s/min)

0.44563 ft /s

(62.4 lb/ft )(0.44563 ft /s)

32.2 ft/s
0.8636 lb s/ft
(100 ft/s)
(100 ft/s)(sin 40 cos 40 )

B

C

Q

dm Q

dt g

γ

=

=

=

=

= ⋅
=
= ° + °

v j
v i j

 

Apply the impulse-momentum principle. 

 
 components:x  0 ( ) ( )(100 sin 40 )xA t m+ Δ = Δ °  

 

(100sin 40 )

(0.8636)(100 sin 40 )

x
m

A
t

Δ= °
Δ

= °  55.5 lbxA =  

 components:y   ( )(100) ( ) ( )(100cos 40 )ym A t mΔ + Δ = Δ °  

 

(100)(cos 40 1)

(0.8636)(100)(cos 40 1)
20.2 lb

y
m

A
t

Δ= ° −
Δ

= ° −
= −  20.2 lbyA =   
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PROBLEM 14.112  (Continued) 

 

 Moments about A: 
3 9

( )(100) ( ) ( )(100 cos 40 )
12 12

15
( )(100 sin 40 )

12

(75 cos 40 125 sin 40 25)

(0.8636)( 47.895)

41.36 lb ft

A

A

m M t m

m

m
M

t

   Δ + Δ = Δ °   
   

 − Δ ° 
 

 Δ= ° − ° − Δ 
= −
= − ⋅

 

 
 41.4 lb ftA = ⋅M    

 59.1 lb=A  20.0°   
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1000 

 

 

PROBLEM 14.113 

Prior to takeoff the pilot of a 6000-lb twin-engine airplane tests the 
reversible-pitch propellers with the brakes at Point B locked. 
Knowing that the velocity of the air in the two 6.6-ft-diameter 
slipstreams is 60 ft/s and that Point G is the center of gravity of 
the airplane, determine the reactions at Points A and B. Assume 
γ  = 0.075 3lb/ft and neglect the approach velocity of the air. 

 

SOLUTION 

Let F be the force exerted on the slipstream of one engine.  

( )B A
dm

F v v
dt

= −  

Calculation of .
dm

dt
  mass density volume density area length= × = × ×  

  
( )

( ) ( ) B B
B B B

A v t
m A l A v t

g

γρ ρ ΔΔ = Δ = Δ =  

  2        or        
4

B B
B

m A v dm
D v

t g dt g

γ γΔ π = =  Δ  
 

Assume that ,Av  the velocity far upstream, is negligible. 

( )2 2 20.075
0 (6.6) (60) 286.87 lb

4 32.2 4B BF D v v
g

γ π π    = − = =    
    

 

The force exerted by two slipstreams on the airplane is 2 .F−  2 573.74 lbF− =  

Statics. 

  0:BMΣ =  

  ( )0.9 4.8 2 9.3 0W F A− − − =  
1

[(0.9)(6000) (4.8)(573.74)]
9.3

A = −  

 284.5 lb=   285 lb=A   

  0:  2 0x xF F B= − − =  

  2 573.74 lbxB F= − =  

 0:     284.5 (6000) 0y y yF A B W BΣ = + − = + − =  

 5715.5 lbyB =  

 [573.74 lb=B ] [5715.5 lb+ ]  
 5740 lb=B   84.3° 
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PROBLEM 14.114 

A railroad car of length L and mass 0m  when empty is moving 
freely on a horizontal track while being loaded with sand from 
a stationary chute at a rate / .dm dt q=  Knowing that the car was 
approaching the chute at a speed 0,v  determine (a) the mass of 
the car and its load after the car has cleared the chute, (b) the 
speed of the car at that time. 

 

SOLUTION 

Consider the conservation of the horizontal component of momentum of the railroad car of mass 0m  and the 

sand mass .qt  

 

  0 0
0 0 0

0

( )         
m v

m v m qt v v
m qt

= + =
+

 (1) 

  0 0

0

m vdx
v

dt m qt
= =

+
 

Integrating, using 0 0x =         and        x L=  when ,Lt t=  

 

0 0 0 0
0 0

0 0 0

0 0 0

0

[ln ( ) ln ]

ln

L Lt t

L

L

m v m v
L vdt dt m qt m

m qt q

m v m qt

q m

= = = + −
+

+
=

 
 

0

0 0 0

ln Lm qt qL

m m v

+
=         0 0/0

0

qL m vLm qt
e

m

+
=  

(a) Final mass of railroad car and sand  0 0/
0 0

qL m v
Lm qt m e+ =  

(b) Using Eq. (1), 0 0/0 0 0 0

0 0

qL m v
L

L

m v m v
v e

m qt m
−= =

+
 

  0 0/
0

qL m v
Lv v e−=   
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PROBLEM 14.115 

A garden sprinkler has four rotating arms, each of which consists 
of two horizontal straight sections of pipe forming an angle of 120° 
with each other. Each arm discharges water at a rate of 20 L/min 
with a velocity of 18 m/s relative to the arm. Knowing that the 
friction between the moving and stationary parts of the sprinkler is 
equivalent to a couple of magnitude 0.375 N m,M = ⋅  determine 
the constant rate at which the sprinkler rotates. 

 

SOLUTION 

The flow through each arm is 20 L/min. 

  

6 3
3

3 6

20 L/min 1min
333.33 10 m /s

60 s1000 L/m

(1000 kg/m )(333.33 10 )

0.33333 kg/s

Q

dm
Q

dt
ρ

−

−

= × = ×

= = ×

=

 

Consider the moment about O exerted on the fluid stream of one arm. Apply the impulse-momentum 
principle. Compute moments about O. First, consider the geometry of triangle OAB. Using first the law of 
cosines, 

  
2 2 2( ) 150 100 (2)(150)(100)cos120

217.95 mm 0.21795 m

OA

OA

= + − °
= =

 

Law of sines: 
sin sin120

100 217.95

β °=  

  23.413 , 60 36.587β α β= ° = ° − = °  

 Moments about O: 

 ( )( )(0) ( ) ( )( ) sin ( )( )( )O O sm v M t OA m v OA m OAα ωΔ + Δ = Δ − Δ  

 

2

2

[( ) sin ( ) ]

(0.33333)[(0.21795)(18)sin 36.587 (0.21795) ]
0.77945 0.015834

O s
m

M OA v OA
t

α ω

ω
ω

Δ= −
Δ

= °−
= −

 

Moment that the stream exerts on the arm is .OM−  
Balance of the friction couple and the four streams 

 
4 0

0.375 4(0.77945 0.015834 ) 0
F OM M

ω
− =

− − =
 

 43.305 rad/sω =  414 rpmω =   
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PROBLEM 14.116 

A chain of length l and mass m falls through a small hole in a 
plate. Initially, when y is very small, the chain is at rest. In 
each case shown, determine (a) the acceleration of the first 
link A as a function of y, (b) the velocity of the chain as the 
last link passes through the hole. In case 1, assume that the 
individual links are at rest until they fall through the hole; in 
case 2, assume that at any instant all links have the same 
speed. Ignore the effect of friction. 

 

SOLUTION 

Let ρ be the mass per unit length of chain. Assume that the weight of any chain above the hole is supported by 
the floor. It and the corresponding upward reaction of the floor are not shown in the diagrams. 

Case 1: Apply the impulse-momentum principle to the entire chain. 

 

 

( )( )

( ) ( ) ( )( )

( )( )

yv gy t y y v v

yv y v y v y v

y v y v
gy v y

t t t

ρ ρ ρ
ρ ρ ρ ρ

ρ ρ ρ ρ

+ Δ = + Δ + Δ
= + Δ + Δ + Δ Δ

Δ Δ Δ Δ= + +
Δ Δ Δ

 

Let 0.tΔ →  

( )

dy dv
gy v y

dt dt
d

yv
dt

ρ ρ ρ

ρ

= +

=

 

Multiply both sides by .yv  2 ( )
d

gy v yv yv
dt

ρ ρ=  

Let 
dy

v
dt

=  on left hand side. 2 ( )
dy d

gy yv yv
dt dt

ρ ρ=  

Integrate with respect to time. 2 ( ) ( )g y dy yv d yvρ ρ=   

 3 21 1
( )

3 2
gy yvρ ρ=     or    2 2

3
v gy=  (1)  

Differentiate with respect to time. 
2 2

2
3 3

dv dy
v g gv

dt dt
= =  
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PROBLEM 14.116  (Continued) 

 

(a) 
1

3

dv
a g

dt
= =  0.333g=a  

(b) Set  in Eq. (1).y l=  2 2

3
v gl=  0.817 gl=v   

Case 2: Apply conservation of energy using the floor as the level from which the potential energy is 
measured. 

 

1 1

2
2 2

1 1 2 2

0 0

1

2 2

T V

y
T mv V gy

T V T V

ρ

= =

= = −

+ = +

 

 2 21 1
0

2 2
mv gyρ= −         

2 2
2 gy gy

v
m l

ρ= =  (2)  

Differentiating with respect to y, 
2

2
dv gy

v
dy l

=  

(a) Acceleration: 
dv gy

a v
dy l

= =  
gy

l
=a   

(b) Setting  in Eq. (2),y l=  2v gl=  gl=v   

 Note: The impulse-momentum principle may be used to obtain the force that the edge of the hole  
 exerts on the chain.



CCHHAAPPTTEERR  1155  
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PROBLEM 15.CQ1 

A rectangular plate swings from arms of equal length as shown 
below. What is the magnitude of the angular velocity of the 
plate? 

(a) 0 rad/s 

(b) 1 rad/s 

(c) 2 rad/s 

(d ) 3 rad/s 

(e) Need to know the location of the center of gravity 

 

SOLUTION 

   Answer: (a)  
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PROBLEM 15.CQ2 

Knowing that wheel A rotates with a constant angular velocity and that no 
slipping occurs between ring C and wheel A and wheel B, which of the 
following statements concerning the angular speeds are true? 

(a) ωa = ωb 

(b) ωa > ωb 

(c) ωa < ωb 

(d ) ωa = ωc 

(e) the contact points between A and C have the same acceleration 

 

SOLUTION 

  Answer: (b) 
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PROBLEM 15.1 

The brake drum is attached to a larger flywheel that is not shown. The 
motion of the brake drum is defined by the relation 236 1.6 ,t tθ = −  
where θ is expressed in radians and t in seconds. Determine (a) the 
angular velocity at t = 2 s, (b) the number of revolutions executed by the 
brake drum before coming to rest. 

 

SOLUTION 

Given: 236 1.6t tθ = −  radians 

Differentiate to obtain the angular velocity. 

 36 3.2
d

t
dt

θω = = −  rad/s 

(a) At 2 s,t =  36 (3.2)(2)ω = −   29.6 rad/sω =   

(b) When the rotor stops, 0.ω =  

  0 36 3.2t= −  11.25 st =  

                                                       2(36)(11.25) (1.6)(11.25) 202.5 radiansθ = − =  

 In revolutions, 
202.5

2
θ

π
=   32.2 revθ =   
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PROBLEM 15.2 

The motion of an oscillating crank is defined by the relation 0 0sin ( / ) (0.5 )sin (2 / ),t T t Tθ θ π θ π= −  where θ  is 
expressed in radians and t in seconds. Knowing that 0 6θ =  rad and 4 s,T =  determine the angular 
coordinate, the angular velocity, and the angular acceleration of the crank when (a) 0,t =  (b) 2 s.t =  

 

SOLUTION 

 0 0

2 2

0 0

2 2
cos 0.5 cos

2 2
sin 0.5 sin

d t t

dt T T T T

d t t

dt T T T T

θ π π π πω θ θ

ω π π π πα θ θ

   = = −   
   

       = = − +       
       

 

(a) 0:t =  0θ =   

 
2

6 0.5(6)
4 4

π πω = −  0ω =   

 0α =   

(b) 2 s:t =  

 
2 4

6 sin 0.5(6)sin 6 0
4 4

π πθ    = − = −   
   

 6.00 radθ =   

 

2 2 4
6 cos 0.5(6) cos

4 4 4 4

2
6 (0) 0.5(6) ( 1)

4 4
6

4

π π π πω

π π

π

     = −     
     

= − −

=  4.71 rad/sω =   

 

2 2

2 2

2

2 2 4
6 sin 0.5(6) sin

4 4 4 4

2
6 (1) 3 (0)

4 4

3

8

π π π πα

π π

π

       = − +       
       

   = − +   
   

= −  23.70 rad/sα = −  
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PROBLEM 15.3 

The motion of a disk rotating in an oil bath is defined by the relation /4
0 (1 ),teθ θ −= −  where θ  is expressed in 

radians and t in seconds. Knowing that 0 0.40θ =  rad, determine the angular coordinate, velocity, and 
acceleration of the disk when (a) 0,t =  (b) 3 s,t =  (c) .t = ∞   

 

SOLUTION 

 /4

/4 /4

/4 /4

0.40(1 )

1
(0.40) 0.10

4
1

(0.10) 0.025
4

t

t t

t t

e

d
e e

dt
d

e e
dt

θ
θω

ωα

−

− −

− −

= −

= = =

= = − = −

 

(a) 0:t =  

  00.40(1 )eθ = −  0θ =   

 00.10eω =  0.1000 rad/sω =   

 00.025eα = −  20.0250 rad/sα = −   

(b) 3 s:t =  

  3/40.40(1 )eθ −= −  

 0.40(1 0.4724)= −  0.211 radθ =  

 3/40.10eω −= 

 0.10(0.4724)=  0.0472 rad/sω =   

 3/40.025eα −= − 

 0.025(0.4724)= −  20.01181 rad/sα = −  

(c) :t = ∞  

  0.40(1 )eθ −∞= −  

 0.40(1 0)= −  0.400 radθ =   

 0.10eω −∞=  0ω =   

 0.025eα −∞= −  0α =   
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PROBLEM 15.4 

The rotor of a gas turbine is rotating at a speed of 6900 rpm when the turbine is shut down. It is observed that 
4 min is required for the rotor to coast to rest. Assuming uniformly accelerated motion, determine (a) the 
angular acceleration, (b) the number of revolutions that the rotor executes before coming to rest. 

 

SOLUTION 

 
0 6900 rpm

722.57 rad/s

4 min 240 st

ω =
=
= =

 

(a) 0 ; 0 722.57 (240)tω ω α α= + = +  

 3.0107 rad/sα = −  23.01 rad/sα = −   

(b) 2 2
0

1 1
(722.57)(240) ( 3.0107)(240)

2 2
173,416 86,708 86,708 rad

t tθ ω α

θ

= + = + −

= − =

 

 
1 rev

86,708 rad
2 rad

θ
π

 
=  

 
 13,80 revθ =  
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PROBLEM 15.5 

A small grinding wheel is attached to the shaft of an electric motor 
which has a rated speed of 3600 rpm. When the power is turned 
on, the unit reaches its rated speed in 5 s, and when the power is 
turned off, the unit coasts to rest in 70 s. Assuming uniformly 
accelerated motion, determine the number of revolutions that the 
motor executes (a) in reaching its rated speed, (b) in coasting 
to rest. 

 

SOLUTION 

For uniformly accelerated motion, 

 0 tω ω α= +    (1) 

 2
0 0

1

2
t tθ θ ω α= + +   (2) 

(a) Data for start up: 0 00, 0,θ ω= =  

 At 5 s,t =  
2 (3600)

3600 rpm 120 rad/s
60

πω π= = =  

 From Eq. (1), 2120 (5) 24 rad/sπ α α π= =  

 From Eq. (2),       21
0 0 (24 )(5) 300 radians

2
θ π π= + + =  

 In revolutions,       
300

2

πθ
π

=    150 revθ =  

(b) Data for coasting to rest: 

       0 00, 120 rad/sθ ω π= =  

 At 70 s,t =        0ω =  

 From Eq. (1),       
120

0 120 (70) rad/s
70

ππ α α= − =  

 From Eq. (2),      
2(120 )(70)

0 (120 )(70) 4200 radians
2(70)

πθ π π= + − =  

 In revolutions,     
4200

2

πθ
π

=    2100 revθ =   
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PROBLEM 15.6 

A connecting rod is supported by a knife-edge at Point A. For small oscillations 
the angular acceleration of the connecting rod is governed by the relation 6α θ= −  
where α is expressed in rad/s2 and θ in radians. Knowing that the connecting rod is 
released from rest when 20 ,θ = °  determine (a) the maximum angular velocity, 
(b) the angular position when 2 s.t =  

 

SOLUTION 

Angular motion relations: 

 6
d d

dt d

ω ω ωα θ
θ

= = = −   (1) 

Separation of variables ω and θ gives 

 6d dω ω θ θ= −  

Integrating, using 0ω =  when 0,θ θ=  

 

00

2 2 2 2 2
0 0

2 2 2 2 2
0 0

6

1
3( ) 3( )

2

6( ) 6( )

d d
ω θ

θ
ω ω θ θ

ω θ θ θ θ

ω θ θ ω θ θ

= −

= − − = −

= − = −

 
 

(a) ω is maximum when 0.θ =  

 Data: 0 20 0.34907 radiansθ = ° =  

  2 2 2
max 6(0.34907 0) 0.73108 rad /sω = − =   max 0.855 rad/sω =   

(b) From 
d

dt

θω =  we get      
2 2
0

1

6

d d
dt

θ θ
ω θ θ

= =
−

 

 Integrating, using 0t =  when 0 ,θ θ=  

                        

0

0

2 20
0

2 1 1 1

0 0 0

0

1

6

1 1 1
cos 0 cos cos

6 6 6

cos( 6 ) 0.34907cos[( 6)2] (0.34907)(0.18551) 0.064756 radians

t d
dt

t

t

θ

θ

θ

θ

θ
θ θ

θ θ θ
θ θ θ

θ θ

− − −

=
−

 
= − = − − = − 

 

= = = =

 

 

     3.71θ = °  
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PROBLEM 15.7 

When studying whiplash resulting from rear end collisions, the rotation of the head is 
of primary interest. An impact test was performed, and it was found that the angular 
acceleration of the head is defined by the relation 700cos 70sinα θ θ= +  where α is 
expressed in rad/s2 and θ in radians. Knowing that the head is initially at rest, 
determine the angular velocity of the head when θ = 30°. 

 

SOLUTION 

Angular motion relations: 

  700cos 70sin
d d

dt d

ω ω ωα θ θ
θ

= = = +  

Separating variables ω and θ gives 

  (700cos 70sin )d dω ω θ θ θ= +  

Integrating, using 0ω =  when 0,θ =  

  
0 0

(700cos 70sin )d d
ω θ

ω ω θ θ θ= +   

     

2

0

1
(700sin 70cos )

2

700sin 70(1 cos )

1400sin 140(1 cos )

θ

ω θ θ

θ θ
ω θ θ

= −

= + −

= + −

 

Data:  30 rad
6

πθ = ° =  

With calculator set to “degrees” for trigonometric functions, 

  1400sin 30 140(1 cos30 ) 26.8 rad/sω = ° + − ° =  

   26.8 rad/sω =  

With calculator set to “radians” for trigonometric functions, 

  1400sin( /6) 140(1 cos( /6)) 26.8 rad/sω π π= + − =  
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PROBLEM 15.8 

The angular acceleration of an oscillating disk is defined by the relation .kα θ= −  Determine (a) the value of k for 
which 8 rad/sω =  when 0θ =  and 4 radθ =  when 0,ω =  (b) the angular velocity of the disk when θ  = 3 rad. 

 

SOLUTION 

 

k

d
k

d
d k d

α θ
ωω θ
θ

ω ω θ θ

= −

= = −

= −

 

(a) 
0 4

0 4 rad
2 2

8 rad/s 0
8 0

1 1
;

2 2
d k d kω ω θ θ ω θ= − = −   

 2 21 1
(0 8 ) (4 0)

2 2
k− = − −  24.00 sk −=   

(b) 
3

3 rad
2 1 2

8 rad/s 0
0 0

1 1
; (4 s )

2 2
d k d

ωω
ω ω θ θ ω θ−= − = −   

 

2 2 2

2 2

1 1
( 8 ) (4)(3 0)

2 2

64 36; 64 36 28

ω

ω ω

− = − −

− = − = − =  5.29 rad/sω =   
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PROBLEM 15.9 

The angular acceleration of a shaft is defined by the relation 0.25 ,α ω= −  where α  is expressed in rad/s2  
and ω  in rad/s.  Knowing that at 0t =  the angular velocity of the shaft is 20 rad/s,  determine (a) the number 
of revolutions the shaft will execute before coming to rest, (b) the time required for the shaft to come to rest, 
(c) the time required for the angular velocity of the shaft to be reduced to 1 percent of its initial value. 

 

SOLUTION 

 

0.25

0.25

0.25

d

d
d d

α ω
ωω ω
θ
ω θ

= −

= −

= −

 

(a) 
0

20 rad/s 0
0.25 ; (0 20) 0.25 ; 80 radd d

θ
ω θ θ θ= − − = − =   

 
rev

(80 rad)
2 rad

θ
π

=  12.73 revθ =   

(b) 0.25 ; 0.25 ; 0.25
d d

dt
dt

ω ωα ω ω
ω

= − = − = −  

 20
20 rad/s 0

0.25 |ln | 0.25
td
dt t

ω ωω ω
ω

= − = −   

 
1

(ln ln 20) 4(ln 20 ln )
0.25

t ω ω= − − = −  

 
20

4 lnt
ω

=  (1) 

 For 0ω =  
20

4 ln 4 ln
0

t = = ∞  t = ∞   

(c) For 00.01 0.01(20) 0.2 radω ω= = =  

 Use Eq. (1): 
20

4 ln 4 ln100 4(4.605)
0.2

t
 = = = 
 

 18.42 st =  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1018 

 

 

PROBLEM 15.10 

The bent rod ABCDE rotates about a line joining Points A and E 
with a constant angular velocity of 9 rad/s. Knowing that the 
rotation is clockwise as viewed from E, determine the velocity 
and acceleration of corner C. 

 

SOLUTION 

 

2 2 2 2

/

0.4 0.4 0.2

0.6 m

(0.4 m) (0.15 m)

(0.4 m) (0.4 m) (0.2 m)

1 1
( 0.4 0.4 0.2 ) ( 2 2 )

0.6 3
1

(9 rad/s) ( 2 2 )
3

(6 rad/s) (6 rad/s) (3 rad/s)

C E

EA

AE EA

C

EA

EA

EA

EA

EA

ω

= + +
=
= − +

= − + +

= = − + + = − + +

= = − + +

= − + +

=

r i j

i j k

i j k i j k

i j k

i j k

v




λ

ω λ

ω

ω / 6 6 3 0.45 1.2 ( 0.9 2.4)

0.4 0.15 0
C E× = − = − − + − +

−

i j k

r i j k

 

 (0.45 m/s) (1.2 m/s) (1.5 m/s)C = − − +v i j k   

 

/ / /( )

0 6 6 3

0.45 1.2 1.5

(9 3.6) ( 1.35 9) (7.2 2.7)

C AC C E C E AC C E C

C

= × + × × = × + ×

= + −
− −

= + + − + + +

a r r r v

i j k

a

i j k

α ω ω α ω

 

 2 2 2(12.60 m/s ) (7.65 m/s ) (9.90 m/s )C = + +a i j k  
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PROBLEM 15.11 

In Problem 15.10, determine the velocity and acceleration 
of corner B, assuming that the angular velocity is 9 rad/s 
and increases at the rate of 245 rad/s .  

PROBLEM 15.10 The bent rod ABCDE rotates about a 
line joining Points A and E with a constant angular velocity 
of 9 rad/s. Knowing that the rotation is clockwise as viewed 
from E, determine the velocity and acceleration of corner C. 

 

SOLUTION 

 

2 2 2 2

/

/

0.4 0.4 0.2

0.6 m

(0.25 m)

(0.4 m) (0.4 m) (0.2 m)

10.4 0.4 0.2
( 2 2 )

30.6
1

(9 rad/s) ( 2 2 )
3

(6 rad/s) (6 rad/s) (3 rad/s)

B A

EA

AE EA

B B A

EA

EA

EA

EA

EA

ω

= + +
=
= −

= − + +

− + + = = = − + + 
 

= = − + +

= − + +
= × =

r j

i j k

i j k
i j k

i j k

i j k

v r




λ

ω λ

ω
ω ( 6 6 3 ) ( 0.25) 1.5 0.75− + + × − = +i j k j k i

 

 (0.75 m/s) (1.5 m/s)B = +v i k   

 

2

2 2 2

/ / /

1
(45 rad/s ) ( 2 2 )

3

(30 rad/s ) (30 rad/s ) (15 rad/s )

( )

30 30 15 6 6 3

0 0.25 0 0.75 0 1.5

3.75 7.5 9 (2.25 9) 4.5

AE EA

B B A B A B A B

B

α= = − + +

= − + +
= × + × × = × + ×

= − + −
−

= + + + + −

i j k

i j k

a r r r v

i j k i j k

a

i k i j k

α λ

α
α ω ω α ω  

 2 2 2(12.75 m/s ) (11.25 m/s ) (3 m/s )B = + +a i j k  
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PROBLEM 15.12 

The assembly shown consists of the straight rod ABC which 
passes through and is welded to the rectangular plate DEFH. 
The assembly rotates about the axis AC with a constant 
angular velocity of 9 rad/s. Knowing that the motion when 
viewed from C is counterclockwise, determine the velocity 
and acceleration of corner F. 

 

SOLUTION 

 

(14 in.) (8 in.) (8 in.) 18 in.

14 8 8
(0.77778 0.44444 0.44444 )

18
(9 rad/s)(0.77778 0.44444 0.44444 )

(7 rad/s) (4 rad/s) (4 rad/s) 0

AC

AC

AC AC

AC

AC
λ

ωλ

= − + =

− += = = − +

= = − +
= − + =

i j k

i j k
i j k

i j k

i j k





ω
ω α

 

Corner F: /

/

( 7 in.) (4 in.)

(0.58333 ft) (0.33333 ft)

7 4 4

0.58333 0 0.33333

1.3333 4.6667 2.3333

F B

F F B

= − +

= − +
= ×

= −
−

= − − −

r i k

i k

v r

i j k

i j k

ω

 

 (1.333 ft/s) (4.67 ft/s) (2.33 ft/s)F = − − −v i j k  

  

/ /

0

( )

0

7 4 4

1.3333 4.6667 2.3333

(28.0) (11.0) ( 38.0)

F F B F B

F

F F

α =
= × + × ×

= + ×
= ×

= −
− − −

= + + −

a r r

v

a v

i j k

i j k

α ω ω

ω
ω

 

 2 2 2(28.0 ft/s ) (11.00 ft/s ) (38.0 ft/s )F = + −a i j k   
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PROBLEM 15.13 

In Problem 15.12, determine the acceleration of corner H, 
assuming that the angular velocity is 9 rad/s and decreases at 
a rate of 218 rad/s .  

PROBLEM 15.12 The assembly shown consists of the 
straight rod ABC which passes through and is welded to the 
rectangular plate DEFH. The assembly rotates about the axis 
AC with a constant angular velocity of 9 rad/s. Knowing that 
the motion when viewed from C is counterclockwise, 
determine the velocity and acceleration of corner F. 

 

SOLUTION 

 

2

(14 in.) (8 in.) (8 in.) 18 in.

14 8 8
(0.77778 0.44444 0.44444 )

18
(9 rad/s)(0.77778 0.44444 0.44444 )

(7 rad/s) (4 rad/s) (4 rad/s)

18 rad/s ;  ( 18 r

AC

AC

AC

AC AC

AC

AC
λ

ωλ

α αλ

= − + =

− += = = − +

= = − +
= − +

= − = = −

i j k

i j k
i j k

i j k

i j k





ω
ω

α 2

2 2 2

ad/s )(0.77778 0.44444 0.44444 )

(14 rad/s ) (8 rad/s ) (8 rad/s )

− +

= − + −

i j k

i j kα

 

Corner H: / (7 in.) (4 in.)

(0.58333 ft) (0.33333 ft)

H B = +

= +

r i k

i k

 

 

7 4 4

0.58333 0 0.33333

1.3333 2.3333

= −

= − +

i j k

i k  (1.333 ft/s) (2.33 ft/s)H = − +v i k   

 

/ /

/

( )

14 8 8 7 4 4

0.58333 0 0.33333 1.3333 0 2.3333

2.6667 0 4.46667 9.3333 21.667 5.3333

H H B H B

H B H

H

= × + × ×

= × + ×

= − − + − +
−

= + − − − −

a r r

r v

i j k i j k

a

i j k i j k

α ω ω

α ω

 

 2 2 2(6.67 ft/s ) (21.7 ft/s ) (10.00 ft/s )H = − − −a i j k  
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PROBLEM 15.14 

A circular plate of 120 mm radius is supported by two 
bearings A and B as shown. The plate rotates about the 
rod joining A and B with a constant angular velocity of 
26 rad/s. Knowing that, at the instant considered, the 
velocity of Point C is directed to the right, determine the 
velocity and acceleration of Point E. 

 

SOLUTION 

 

(100 mm) (240 mm) 260 mm

(100) (240)
, 0

260
1

26 ( (100) (240) )
260

BA

BA

BA BA

BA

BA
λ α

ωλ

= − + =

− += = =

 = = − + 
 

j k

j k

j k





ω

 

Point E: / (120 mm) (80 mm) (120 mm)E A = − −r i j k  

 

/

0 10 24

120 80 120

(3120 mm/s) (2880 mm/s) (1200 mm/s)

E E A= ×

= −
− −

= + +

v r

i j k

i j k

ω

 

  (3.12 m/s) (2.88 m/s) (1.200 m/s)E = + +v i j k   

 

/ /

2 2 2

( ) 0

0 10 24

3120 2880 1200

(81120 mm/s ) (74880 mm/s ) (31200 mm/s )

E E A E A B

E B

= × + × × = + ×

= ×

= −

= − + +

a r r ω v

a v

i j k

i j

α ω ω

ω

 

 2 2 2(81.1 m/s ) (74.9 m/s ) (31.2 m/s )E = − + +a i j k  
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PROBLEM 15.15 

In Problem 15.14, determine the velocity and acceleration of Point E, assuming that the angular velocity is  
26 rad/s and increases at the rate of 65 rad/s2. 

 

SOLUTION 

See Problem 15.14 for BAλ  and ω  

 
(100) (240)

260
(10 rad/s) (24 rad/s)

BA

ω

− +=

= =

j k

j k

λ  

 265 rad/s ;= +α  2

2 2

1
(65 rad/s ) (100) (240)

260

(25 rad/s ) (60 rad/s )

BAλ  = = − + 
 

= − +

α α j k

α j k

 

Point E: / (120 mm) (80) (120)E A = − −r i j k  

 

/

0 10 24

120 80 120

(3120 mm/s) (2880 mm/s) (1200 mm/s)

E E A= ×

= −
− −

= + +

v r

i j k

i j k

ω

 

  (3.12 m/s) (2.88 m/s) (1.200 m/s)E = + +v i j k   

 

/ / /

2 2 2

2 2 2

( )

0 25 60 0 10 24

120 80 120 3120 2880 1200

(7800 mm/s ) (7200 mm/s ) (3000 mm/s )

(81120 mm/s ) (74880 mm/s ) (31200 mm/s )

D E A E A E A E

D

= × + × × = × + ×

= − + −
− −

= − + +

− + +

a r r r v

i j k i j k

a

i j k

i j k

α ω ω α ω

 

 

2 2 2

2 2 2

(73320 mm/s ) (82080 mm/s ) (34200 mm/s )

(73.3 m/s ) (82.1 m/s ) (34.2 m/s )

B = − + +

= − + +

a i j k

i j k  
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PROBLEM 15.16 

The earth makes one complete revolution around the sun in 365.24 days. Assuming that the orbit of the earth 
is circular and has a radius of 93,000,000 mi, determine the velocity and acceleration of the earth. 

 

SOLUTION 

 

( )( )3600 s24 h
day h

9

6 9

2  rad

(365.24 days)

199.11 10 rad/s

5280 ft
(93 10 mi) (199.11 10 rad/s)

mi

v r

πω

ω

−

−

=

= ×
=

 = × × 
 

 

 97,770 ft/sv =  66,700 mi/hv =   

 

2

6 9 2(93 10 )(5280)(199.11 10 rad/s)

a rω
−

=

= × ×  3 219.47 10  ft/sa −= ×  
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PROBLEM 15.17 

The earth makes one complete revolution on its axis in 23 h 56 min. Knowing that the mean radius of the 
earth is 3960 mi, determine the linear velocity and acceleration of a point on the surface of the earth  
(a) at the equator, (b) at Philadelphia, latitude 40° north, (c) at the North Pole. 

 

SOLUTION 

 

( )3600 s
h

6

6

23 h 56 m 23.933 h

2 rad

(23.933 h)

72.925 10 rad/s

5280 ft
(3960 mi)

mi

20.91 10 ft

radius of path

cos

R

r

R

π

φ

−

=

=

= ×

 =  
 

= ×
=
=

ω

 

(a) Equator: Latitude 0φ= =  

 6 6

(cos0)

(20.91 10 ft)(1)(72.925 10 rad/s)

v r

R

ω
ω

−

=
=

= × ×  1525 ft/sv =   

 

2

2

6 6 2

(cos0)

(20.91 10 ft)(1)(72.925 10 rad/s)

a r

R

ω
ω

−

=

=

= × ×  20.1112 ft/sa =   

(b) Philadelphia: Latitude 40φ= = °  

 6 6

(cos40 )

(20.91 10 ft)(cos 40 )(72.925 10 rad/s)

v r

R

ω
ω

−

=
= °

= × ° ×  1168 ft/sv =   

 

2

2

6 6 2

(cos 40 )

(20.91 10 ft)(cos40°)(72.925 10 rad/s)

a r

R

ω
ω

−

=

= °

= × ×  20.0852 ft/sa =   

(c) North Pole: Latitude 0φ= =  

 cos0 0r R= =  0v a= =  
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PROBLEM 15.18 

A series of small machine components being moved by a 
conveyor belt pass over a 120 mm radius idler pulley. At the 
instant shown, the velocity of Point A is 300 mm/s to the left 
and its acceleration is 180 mm/s2 to the right. Determine (a) the 
angular velocity and angular acceleration of the idler pulley,  
(b) the total acceleration of the machine component at B. 

 

SOLUTION 

  300 mm/sB Av v= =           120 mmBr =  

  ( ) 180 mm/sB t Aa a= =   

(a) ,B Bv rω=  
300

2.5 rad/s
120

B

B

v

r
ω = = =  2.50 rad/s=ω    

 ( ) ,B t Ba rα=  
( ) 180

1.5 rad/s
120

B t

B

a

r
α = = =   21.500 rad/s=α    

(b)     2 2 2( ) (120)(2.5) 750 mm/sB n Ba r ω= = =  

     

2 2 2 2 2( ) ( ) (180) (750) 771 mm/s

750
tan , 76.5

180

B B t B na a a

β β

= + = + =

= = °
 

  2771 mm/sB =a  76.5°  
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PROBLEM 15.19 

A series of small machine components being moved by a conveyor belt 
pass over a 120-mm-radius idler pulley. At the instant shown, the 
angular velocity of the idler pulley is 4 rad/s clockwise. Determine the 
angular acceleration of the pulley for which the magnitude of the total 
acceleration of the machine component at B is 22400 mm/s .  

 

SOLUTION 

  4 rad/sBω = ,    120 mmBr =  

  
2 2 2( ) (120)(4) 1920 mm/sB n B Ba r ω= = =  

   
22400 mm/sBa =  

  
2 2 2 2 2( ) ( ) 2400 1920 1440 mm/sB t B B na a a= − = − = ±  

  
2( ) 1440

( ) , 12 rad/s
120

B t
B t B

B

a
a r

r
α α ±= = = = ±  

212.00 rad/s   or      
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PROBLEM 15.20 

The belt sander shown is initially at rest. If the driving drum B 
has a constant angular acceleration of 120 rad/s2 counter-
clockwise, determine the magnitude of the acceleration of the 
belt at Point C when (a) t = 0.5 s, (b) t = 2 s. 

 

SOLUTION 

  2(0.025 m)(120 rad/s )ta rα= =  

  23 m/st =a  

(a) 0.5 s:t =  2

2 2

(120 rad/s )(0.5 s) 60 rad/s

(0.025 m)(60 rad/s)n

t

a r

ω α
ω

= = =

= =

 

  290 m/sn =a  

  2 2 2 2 23 90B t na a a= + = +  290.05 m/sBa =   

(b) 2 s:t =  2

2 2

(120 rad/s )(2 s) 240 rad/s

(0.025 m)(240 rad/s)n

t

a r

ω α
ω

= = =

= =

 

  21440 m/sna =  

  2 2 2 2 23 1440B t na a a= + = +  21440 m/sBa =  
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PROBLEM 15.21 

The rated speed of drum B of the belt sander shown is 2400 rpm. 
When the power is turned off, it is observed that the sander coasts 
from its rated speed to rest in 10 s. Assuming uniformly decelerated 
motion, determine the velocity and acceleration of Point C of the 
belt, (a) immediately before the power is turned off, (b) 9 s later. 

 

SOLUTION 

  
0 2400 rpm

251.3 rad/s

0.025 mr

ω =
=
=

 

(a) (0.025 m)(251.3 rad/s)Cv rω= =  6.28 m/sCv =   

 2 2(0.025 m)(251.3 rad/s)Ca rω= =  21579 m/sCa =   

(b) When t = 10 s: 0.ω =  

  0

2

0 251.3 rad/s (10 s)

25.13 rad/s

tω ω α
α

α

= +
= +

= −

 

 When t = 9 s: 0

2
9 251.3 rad/s (25.13 rad/s )(9 s)

25.13 rad/s

tω ω α

ω

= +

= −
=

 

  
9

(0.025 m)(25.13 rad/s)
Cv rω=

=  9 0.628 m/sv =   

  
2

2

2
9

2

2

( )

(0.025 m)( 25.13 rad/s )

( ) 0.628 m/s

( )

(0.025 m)(25.13 rad/s)

( ) 15.79 m/s

C t n

C t

C n

C n

a r

a

a r

a

α

ω

=

= −

=

=

=

=

 

  

2 2 2

2 2 2 2

( ) ( )

(0.628 m/s ) (15.79 m/s )

C C t C na a a= +

= +  215.80 m/sCa =  
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PROBLEM 15.22 

The two pulleys shown may be operated with the V belt in any of 
three positions. If the angular acceleration of shaft A is 6 rad/s2 
and if the system is initially at rest, determine the time required 
for shaft B to reach a speed of 400 rpm with the belt in each of the 
three positions. 

 

SOLUTION 

Angular velocity of shaft A: A Atω α=  

Belt speed: A A B Bv r rω ω= =  

Angular speed of shaft B: A A
B

B B

r tv

r r

αω = =  

Solving for t, B B

A A

r
t

r

ω
α

=  

Data: 6 rad/s,Aα =  400 rpm 41.889 rad/sBω = =  

    
41.889

6.9813 6.9813
6

B B B

A A A

r r d
t

r r d
= ⋅ = =  

Belt at left: 
2 in.

4 in.
B

A

d

d
=  3.49 st =   

Belt in middle: 
3 in.

3 in.
B

A

d

d
=  6.98 st =   

Belt at right:     
4 in.

2 in.
B

A

d

d
=  13.96 st =   
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PROBLEM 15.23 

Three belts move over two pulleys without slipping in the speed 
reduction system shown. At the instant shown the velocity of 
Point A on the input belt is 2 ft/s to the right, decreasing at the 
rate of 6 ft/s2. Determine, at this instant, (a) the velocity and 
acceleration of Point C on the output belt, (b) the acceleration of 
Point B on the output pulley. 

 

SOLUTION 

Left pulley. 

 Inner radius      r1 = 2 in. 

 Outer radius     r2 = 4 in. 

  2 ft/sAv =   

2 2( ) 6 ft/s 6 ft/sA ta = − =  

  1 4
2 12

2
6 rad/sAv

r
ω = = =  

  2
1 4

2 12

( ) 6
18 rad/sA ta

r
α = = =  

Intermediate belt. 

  1 1 1
2

(6) 1 ft/s
12

v rω  = = = 
 

 

  2
1 1 1

2
( ) (18) 3 ft/s

12ta rα  = = = 
 

 

Right pulley. 

 Inner radius      r3 = 2 in. 

 Outer radius      r4 = 4 in. 

  ( )
1

2 4
4 12

1
3 rad/s

v

r
ω = = =  

  ( )
21

2 4
4 12

( ) 3
9 rad/sta

r
α = = =  
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PROBLEM 15.23 (Continued) 

 

(a) Velocity and acceleration of Point C. 

  3 2
2

(3) 0.5 ft/s
12Cv r ω  = = = 
 

 0.5 ft/sC =v    

  2
3 2

2
( ) (9) 1.5 ft/s

12C ta r α  = = = 
   

21.5 ft/sC =a    

(b) Acceleration of Point B. 

  2 2 2
4 2

4
( ) (3) 3 ft/s

12B na r ω  = = = 
   

2( ) 3 ft/sB n =a   

  2
4 2

4
( ) (9) 3 ft/s

12B ta r α  = = = 
 

 2( ) 3 ft/sB t =a   

   24.24 ft/sB =a  45°  
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PROBLEM 15.24 

A gear reduction system consists of three gears A, B, and C. Knowing 
that gear A rotates clockwise with a constant angular velocity 

Aω  = 600 rpm, determine (a) the angular velocities of gears B and C, 
(b) the accelerations of the points on gears B and C which are in contact.  

 

SOLUTION 

(a)  
(600)(2 )

600 rpm 20 rad/s.
60A

πω π= = =  

 Let Points A, B, and C lie at the axles of gears A, B, and C, respectively. 

 Let D be the contact point between gears A and B. 

   / (2)(20 ) 40 in./sD D A Av r ω π π= = =   

  
/

40 60
10 rad/s 10 300 rpm

4 2
D

B
D B

v

r

πω π π
π

= = = = ⋅ =  

  300 rpmB =ω   

 Let E be the contact point between gears B and C. 

   / (2)(10 ) 20 in./sE E B Bv r ω π π= = =  

  
/

20 60
3.333 rad/s (3.333 ) 100 rpm

6 2
E

C
E C

v

r

πω π π
π

= = = = =  

  100 rpmC =ω   

(b) Accelerations at Point E. 

 

2 2
2

/

(20 )
On gear : 1973.9 in./s

2
E

B
E B

v
B a

r

π= = =  

  
21974 in./sB =a   

 

2 2
2

/

(20 )
On gear : 658 in./s

6
E

C
E C

v
C a

r

π= = =  

  
2658 in./sC =a   
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PROBLEM 15.25 

A belt is pulled to the right between cylinders A and B. Knowing that the 
speed of the belt is a constant 5 ft/s and no slippage occurs, determine 
(a) the angular velocities of A and B, (b) the accelerations of the points 
which are in contact with the belt. 

 

SOLUTION 

(a) Angular velocities. 

 Disk A: 
5 ft/s

(4/12) ft
P

A
A

v

r
ω = =  15.00 rad/sA =ω   

 Disk B: 
5 ft/s

(8/12) ft
P

B
B

v

r
ω = =  7.50 rad/sB =ω    

(b) Accelerations of contact points. 

 Disk A:   2 2(15.00 rad/s) ((4/12) ft)A A Aa rω= =  275.00 rad/sA =a   

 Disk B:   2 2(7.50 rad/s) ((8/12) ft)B B Ba rω= =  237.5 rad/sB =a    
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PROBLEM 15.26 

Ring C has an inside radius of 55 mm and an outside radius of 60 mm and 
is positioned between two wheels A and B, each of 24-mm outside radius. 
Knowing that wheel A rotates with a constant angular velocity of 300 rpm 
and that no slipping occurs, determine (a) the angular velocity of the ring 
C and of wheel B, (b) the acceleration of the Points of A and B which are in 
contact with C. 

 

SOLUTION 

     

2
300 rpm

60

31.416 rad/s

24 mm

A

Ar

πω  =  
 

=
=

 

 1

2

24 mm

60 mm

55 mm

Br

r

r

=
=
=

 

[We assume senses of rotation shown for our computations.] 

(a) Velocities: 

  Point 1 (Point of contact of A and C) 

 

1 1

1

24 mm
(300 rpm)

60 mm

120 rpm

A A C

A
C A

v r r

r

r

ω ω

ω ω

= =

=

=

=  120 rpmCω =  

  Point 2 (Point of contact of B and C) 

 

2 2

2

2

1

55 mm 24 mm
300 rpm

24 mm 60 mm

B B C

B C
B

A
A

B

v r r

r

r

r r

r r

ω ω

ω ω

ω

= =

=

 
=  

 
 

=  
 

 

 275 mmBω =  275 rpmBω =   
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PROBLEM 15.26  (Continued) 

 

(b) Accelerations: 

 Point on rim of A: 
2

2

24 mm 0.024 m

(0.024 m)(31.416 rad/s)

A

A A A

r

a r ω
= =

=

=

 

 223.687 m/s=  223.7 m/sA =a   

 Point on rim of B: 
2

275 rpm
60

28.798 rad/s

B
πω  =  

 
=

 

 

2

2

2

(0.024 m)(28.798 rad/s)

19.904 m/s

B B Ba r ω=

=

=  219.90 m/sB =a    
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PROBLEM 15.27 

Ring B has an inside radius 2r  and hangs from the horizontal shaft A 
as shown. Shaft A rotates with a constant angular velocity of 25 rad/s 
and no slipping occurs. Knowing that r1 = 12 mm, r2 = 30 mm, and 
r3 = 40 mm, determine (a) the angular velocity of ring B, (b) the 
accelerations of the points of shaft A and ring B which are in contact, 
(c) the magnitude of the acceleration of a point on the outside 
surface of ring B. 

 

SOLUTION 

Let Point C be the point of contact between the shaft and the ring. 

 

1

2

1

2

C A

C
B

A

v r

v

r

r

r

ω

ω

ω

=

=

=   1

2

A
B

r

r

ωω =    

On shaft A: 2
1A Aa rω=   2

1A Arω=a     

On ring B: 
2

2 1
2 2

2

A
B B

r
a r r

r

ωω
 

= =  
 

  
2 2

1

2

A
B

r

r

ω=a    

Acceleration of Point D on outside of ring. 

  
2

2 1
3 3

2
D B A

r
a r r

r
ω ω

 
= =  

 
 

 
2

21
3

2
D A

r
a r

r
ω

 
=  

 
  

Data:  

1

2

3

25 rad/s

12 mm

30 mm

40 mm

A

r

r

r

ω =
=
=
=

 

(a) 1

2
B A

r

r
ω ω=  

 
12 mm

(25 rad/s)
30 mm

=  10 rad/sB =ω   
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PROBLEM 15.27  (Continued) 

 

(b) 2
1

2(12 mm)(25 rad/s)

A Aa rω=

=

 

 3 27.5 10 mm/s= ×  27.50 m/sA =a     

  

2
21

2

2
2

3 2

(12 mm)
(25 rad/s)

(30 mm)

3 10 mm/s

B A
r

a
r

ω=

=

= ×  23.00 m/sB =a     

(c) 
2

21
3

2

2
212 mm

(40 mm) (25 rad/s)
30 mm

D A
r

a r
r

ω
 

=  
 

 =  
 

 

 3 24 10 mm/sDa = ×  24.00 m/sD =a     
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PROBLEM 15.28 

A plastic film moves over two drums. During a 4-s interval the speed 
of the tape is increased uniformly from v0 = 2 ft/s to v1 = 4 ft/s. 
Knowing that the tape does not slip on the drums, determine (a) the 
angular acceleration of drum B, (b) the number of revolutions 
executed by drum B during the 4-s interval. 

 

SOLUTION 

Belt motion: 0

4 ft/s 2 ft/s (4 s)

v v a t

a

= +
= +

 

  2 24 ft/s 2 ft/s
0.5 ft/s 6 in./s

4 s
a

−= = =  

Since the belt does not slip relative to the periphery of the drum, the tangential accelation at the periphery of 
the drum is 

  26 in./sta =  

(a) Angular acceleration of drum B. 

  
26 in./s

15 in.
t

B
B

a

r
α = =  20.400 rad/sB =α  

(b) Angular displacement of drum B. 

 At 0,t =  0
0

24 in./s
1.6 rad/s

15 in.B

v

r
ω = = =  

 At 4 s,t =  1
1

48 in./s
3.2 rad/s

15 in.B

v

r
ω = = =  

  

2 2
1 0

2 2 2 2
1 0

2

(3.2) (1.6)
9.6 radians

2 (2)(0.400)

B B

B
B

ω ω α θ

ω ωθ
α

= +

− −= = =
 

 In revolutions,  
9.6

2Bθ
π

=  1.528 revBθ =   
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PROBLEM 15.29 

A pulley and two loads are connected by inextensible cords as shown. Load A has 
a constant acceleration of 300 mm/s2 and an initial velocity of 240 mm/s, both 
directed upward. Determine (a) the number of revolutions executed by the pulley 
in 3 s, (b) the velocity and position of load B after 3 s, (c) the acceleration of 
Point D on the rim of the pulley at t = 0. 

 

SOLUTION 

 

(a) Motion of pulley: 0 0( ) ( ) 240 mm/sE Av= =v  

  2( ) 300 mm/sE t A= =a a  

 0 0 0( ) : 240 mm/s (120 mm)Ev rω ω= =  0 2 rad/s=ω  

  2( ) : 300 mm /s (120 mm)E ta rα α= =  22.5 rad/s=α   

 For 3 s:t =  0

2

2
0

2 2

2 rad/s (2.5 rad/s )(3 s)

9.5 rad/s

1

2
1

(2 rad/s)(3 s) (2.5 rad/s )(3 s)
2

t

t t

ω ω α

θ ω α

= +

= +
=

= +

= +

 

  
1

17.25 rad 17.25
2

θ θ
π

 = =  
 

 2.75 revθ =   

(b) Load B: 180 mm

3 s

r

t

=
=

 

  (0.180 m)(9.5 rad/s) 1.710 m/sBv rω= = =  1.710 m/sB =v     

  (0.180 m)(17.25 rad) 3.105 mBy rθΔ = = =  3.11 mByΔ =     
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PROBLEM 15.29  (Continued) 

 

(c) Point D: 180 mm 0r t= =  

  
2 2

2 2 2
0

( ) (180 mm)(2.5 rad/s ) 450 mm/s

( ) (180 mm)(2 rad/s) 720 mm/s

D t

D n

r

a r

α

ω

= = =

= = =

a  

 
2( ) 720 mm/sD n =a   

 
2849 mm/sD =a 32.0°   
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PROBLEM 15.30 

A pulley and two loads are connected by inextensible cords as shown. The pulley 
starts from rest at 0t =  and is accelerated at the uniform rate of 2.4 rad/s2 clockwise. 
At 4  s,t =  determine the velocity and position (a) of load A, (b) of load B. 

 

SOLUTION 

Uniformly accelerated motion. 0 0ω =  

 22.4 rad/sα =  

At 4 s:t =  2
0 0 (2.4  rad/s )(4 s)tω ω α= + = +  

 29.6  rad/s=ω  

 

2
0 0

2 2

1

2
1

0 0 (2.4 rad/s )(4 s)
2

t tθ θ ω α= + +

= + +  

 19.20 radθ =  

(a) Load A.  At 4 s:t =  120 mmAr =  

 

(120 mm)(9.6 rad/s)

1152 mm/s

A Av r ω=
=
=  1.152  m/sA =v      

 

(120 mm)(19.2 rad)

2304 mm

A Ay r θ=
=
=  2.30 mA =y     

(b) Load B. At 4 s:t =  180 mmBr =  

 

(180 mm)(9.6 rad/s)

1728 mm/s

B Bv r ω=
=
=  1.728 m/sB =v      

 

(180 mm)(19.2 rad)

3456 mm

B By r θ=
=
=  3.46 mB =y    
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PROBLEM 15.31 

A load is to be raised 20 ft by the hoisting system shown. Assuming 
gear A is initially at rest, accelerates uniformly to a speed of 120 rpm 
in 5 s, and then maintains a constant speed of 120 rpm, determine 
(a) the number of revolutions executed by gear A in raising the load, 
(b) the time required to raise the load. 

 

SOLUTION 

The load is raised a distance h = 20 ft = 240 in. 

For gear-pulley B, radius to rope groove is r1 = 15 in. 

Required angle change for B: 
1

240
16 radians

15B
h

r
θ = = =  

Circumferential travel of gears A and B: 

 2 B A As r rθ θ= =        where 2 18 in.r =  and 3 in.Ar =  

 (18 in.)(16 radians) 288 in.s = =  

(a) Angle change of gear A: 
288

96 radians
3A

A

s

r
θ = = =  

 In revolutions, 
96

2Aθ
π

=  15.28 revAθ =  

(b) Motion of gear A. 0 0, 120 rpm 4 rad/sfω ω π= = =  

 Gear A is uniformly accelerated over the first 5 seconds. 

  

0 2

2 2

4 rad/s
2.5133 rad/s

5 s

1 1
(2.5133)(5) 31.416 radians

2 2

f

A

t

t

ω ω πα

θ α

−
= = =

= = =
 

 The angle change over the constant speed phase is 

  96 31.416 64.584 radiansAθ θ θΔ = − = − =  

 For uniform motion, ( )f tθ ωΔ = Δ  

  
64.584

5.139 s
4f

t
θ

ω π
ΔΔ = = =  

 Total time elapsed:  5 sft t= + Δ  10.14 sft =   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1044 

 

 

PROBLEM 15.32 

Disk B is at rest when it is brought into contact with disk A which 
is rotating freely at 450 rpm clockwise. After 6 s of slippage, 
during which each disk has a constant angular acceleration, 
disk A reaches a final angular velocity of 140 rpm clockwise. 
Determine the angular acceleration of each disk during the 
period of slippage. 

 

SOLUTION 

Disk A: 0( ) 450 rpm 47.124 rad/sAω = =  

When 6 s:t =  140 rpm 14.661 rad/sA = =ω  

 0( )

14.661 rad/s 47.124 rad/s (6 s)
A A A

A

tω ω α
α

= +
= +

 

 5.41 rad/sAα = −  25.41 rad/sA =α    

Disk B: 0 0ω =  

When 6 s:t =  (end of slippage) 

  : (3 in.)(14.661 rad/s) (5 in.)( )A A B B Br rω ω ω= =  

 8.796 rad/sBω =  

 

0

2

( )

8.796 rad/s 0 (6 s)

1.466 rad/s

B B B

B

B

tω ω α
α

α

= +
= +

=  21.466  rad/sB =α   
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PROBLEM 15.33 

A simple friction drive consists of two disks A and B. Initially, 
disk A has a clockwise angular velocity of 500 rpm and disk B is 
at rest. It is known that disk A will coast to rest in 60 s. However, 
rather than waiting until both disks are at rest to bring them 
together, disk B is given a constant angular acceleration of 
2.5 rad/s2 counterclockwise. Determine (a) at what time the disks 
can be brought together if they are not to slip, (b) the angular 
velocity of each disk as contact is made. 

 

SOLUTION 

Disk A:  0( ) 500 rpm 52.36 rad/sAω = =  

Disk A will coast to rest in 60 s. 

 
0

2

( ) ; 0 52.36 rad/s (60 s)

0.87266 rad/s

A A A A

A

tω ω α α

α

= + = +

= −
 

At time t: 

 
0( )

52.36 0.87266 
A A A

A

t

t

ω ω α
ω

= +
= −  (1) 

Disk B: 2
02.5 rad/s ( ) 0B Bα ω= =  

At time t: 0( ) ; 2.5B B B Bt tω ω α ω= + =  (2) 

(a) Bring disks together when: A A B Br rω ω=  

 

(3 in.)(52.36 0.87266 ) (5 in.)(2.5 )

157.08 2.618 12.5

157.08 15.118  

t t

t t

t

− =
− =

=  10.39 st =    

(b) When contact is made ( 10.39 s)t =  

 Eq. (1): 52.36 0.87266(10.39)Aω = −  

 43.29 rad/sAω =  413 rpmA =ω     

 Eq. (2): 2.5(10.39)Bω =  

 25.975 rad/sBω =  248 rpmB =ω   
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PROBLEM 15.34 

A simple friction drive consists of two disks A and B. Initially, 
disk A has a clockwise angular velocity of 500 rpm and disk B 
is at rest. It is known that disk A will coast to rest in 60 s. 
However, rather than waiting until both disks are at rest to bring 
them together, disk B is given a constant angular acceleration  
of 2.5 rad/s2 counterclockwise. Determine (a) at what time the 
disks can be brought together if they are not to slip, (b) the 
angular velocity of each disk as contact is made. 

 

SOLUTION 

Disk A: 0( ) 500  rpm 52.36 rad/sA = =ω  

Disk a will coast to rest in 60 s. 

 
0

2

( ) ; 0 52.36 (60 s)

0.87266 rad/s

A A A A

A

tω ω α α

α

= + = +

= −
 

At time t: 

 0( ) ; 52.36 0.87266A A A At tω ω α ω= + = −  (1) 

Disk B: 2
02.5 rad/s ( ) 0B Bα ω= =  

At time t: 0( ) ; 2.5B B B Bt tω ω α ω= + =  (2) 

(a) Bring disks together when: A A B Br rω ω=  

 (80 mm)(52.36 0.87266 ) (60 mm)(2.5 )t t− =  

 
4188.8 69.813 150

4188.8 219.813

t t

t

− =
=

 

 19.056 st =  19.06 st =   

(b) Contact is made: 

 Eq. (1): 52.36 0.87266(19.056)Aω = −  

  35.73 rad/sAω =  341 rpmA =ω    

 Eq. (2): 2.5(19.056)Bω =  

  47.64 rad/sBω =  455 rpmB =ω    
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PROBLEM 15.35 

Two friction disks A and B are both rotating freely at 240 rpm 
counterclockwise when they are brought into contact. After 8 s  
of slippage, during which each disk has a constant angular 
acceleration, disk A reaches a final angular velocity of 60 rpm 
counterclockwise. Determine (a) the angular acceleration of 
each disk during the period of slippage, (b) the time at which 
the angular velocity of disk B is equal to zero. 

 

SOLUTION 

(a) Disk A:  0( ) 240 rpm 25.133 rad/sA = =ω  

 When 8 s,t =  60 rpm 6.283 rad/sA = =ω  

 0( ) ; 6.283 rad/s 25.133 rad/s (8 s)A A A Atω ω α α= + = +  

 22.356 rad/sAα = −  

 22.36 rad/sA =α   

 Disk B:  0( ) 240 rpm 25.123 rad/sBω = =  

 When 8 s: (slippage stops)t =  

 A A B Br rω ω=  

 

(80 mm)(6.283 rad/s) (60 mm)

8.378 rad/s
B

B

ω
ω

=
=  8.38 rad/sB =ω   

 For  : 0( )B B Btω ω α= +  

 8.375 rad/s 25.133 rad/s (8 s)Bα= − +  

  24.188 rad/sBα =  24.19 rad/sB =α   

(b) Time when 0Bω =  

 For  :  0

2

( )

0 25.133 rad/s (4.188 rad/s )

B B Bt

t

ω ω α= +

= − +

 

 6.00 st =  6.00 st =   
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PROBLEM 15.36* 

Steel tape is being wound onto a spool which rotates with a constant 
angular velocity 0.ω  Denoting by r the radius of the spool and tape at any 
given time and by b the thickness of the tape, derive an expression for the 
acceleration of the tape as it approaches the spool. 

 

SOLUTION 

Let one layer of tape be wound and let v be the tape speed. 

 
2 and

2 2

v t r r b

r bv b

t r

π
ω

π π

Δ = Δ =
Δ = =
Δ

 

For the spool: 
1 1d d v dv d

v
dt dt r r dt dt r

ω    = = +   
   

 

 

2 2

2

2

1
0

2

a v dr a v b

r dt rr r

b
a

r

ω
π

ω
π

= − = −

 
= − = 

 
 

2
0

2

bω
π

=a    

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1049 

 

 

PROBLEM 15.37* 

In a continuous printing process, paper is drawn into the 
presses at a constant speed v. Denoting by r the radius of 
the paper roll at any given time and by b the thickness of 
the paper, derive an expression for the angular acceleration 
of the paper roll. 

 

SOLUTION 

Let one layer of paper be unrolled. 

 2 andv t r r bπΔ = Δ = −  

 

2

2

1 1

0

r bv dr

t r dt
d

dt
d v

dt r

dv d
v

r dt dt r

v dr

dtr

π
ωα

Δ −= =
Δ

=

 =  
 

 = +  
 

= −

 

 

2

2

3

2

2

v bv

rr

bv

r

π

π

−  = −  
  

=  
2

32

bv

r
α

π
=    
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PROBLEM 15.CQ3 

The ball rolls without slipping on the fixed surface as shown. What is the direction 
of the velocity of Point A? 

(a)  (b) (c) (d ) (e)  
 

 

SOLUTION 

   Answer: (b)  
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PROBLEM 15.CQ4 

Three uniform rods, ABC, DCE and FGH are connected as shown. Which of 
the following statements are true? 

(a) ωABC = ωDCE = ωFGH 

(b) ωDCE > ωABC > ωFGH 

(c) ωDCE < ωABC < ωFGH 

(d ) ωABC > ωDCE > ωFGH 

(e) ωFGH = ωDCE < ωABC 

 

SOLUTION 

  Answer: (a) 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1052 

 

 

PROBLEM 15.38 

An automobile travels to the right at a constant speed of 
48 mi/h. If the diameter of a wheel is 22 in., determine the 
velocities of Points B, C, D, and E on the rim of the wheel. 

 

SOLUTION 

 48 mi/h 70.4 ft/sA = =v  0C =v   

 22 in. 11 in. 0.91667 ft
2

d
d r= = = =  

 
70.4

76.8 rad/s
0.91667

Av

r
ω = = =  

 / / /B A D A E Av v v rω= = =  

 (0.91667)(76.8) 70.4 ft/s= =  

 / [70.4 ft/sB A B A= + =v v v ] [70.4 ft/s+ ]  

 140.8 ft/sB =v   

 / [70.4 ft/sD A D A= + =v v v ] [70.4 ft/s+ 30 ]°  

 136.0 ft/sD =v 15.0°   

 / [70.4 ft/sE A E A= + =v v v ] [70.4 ft/s+ ]  

 99.6 ft/sE =v 45.0°   
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PROBLEM 15.39 

The motion of rod AB is guided by pins attached at A and B which 
slide in the slots shown. At the instant shown, 40θ = °  and the pin 
at B moves upward to the left with a constant velocity of 6 in./s. 
Determine (a) the angular velocity of the rod, (b) the velocity of 
the pin at end A. 

 

SOLUTION 

 

 /A B A B= +v v v  

 [ ] [6 in./sAv ↑ =   /15 ] [ A Bv° +   40 ]°  

 

Law of sines. 

 / 6 in./s

sin 55 sin 75 sin  50
A BA vv = =

° ° °
 

(b) 6.42 in./sA =v     

 / 7.566 in./sA B =v  40°  

 / ( ) 20 in.

7.566 in./s (20 in.)
A B AB

AB

v AB ABω
ω

= =
=

 

(a) 0.3783 rad/sABω =  0.378 rad/sAB =ω   
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PROBLEM 15.40 

Collar B moves upward with a constant velocity of 1.5 m/s. At the instant 
when θ = 50°, determine (a) the angular velocity of rod AB, (b) the velocity 
of end A of the rod. 

 

SOLUTION 

Draw a diagram showing the motion of rod AB. 

 

 Plane motion  = Translation + Rotation 

 A Av=v  25° 1.5 m/sB =v  / /B A B Av=v   50° 

 /B A B A= +v v v  

 [1.5 m/s ] [ Av↑ =   /25 ] [ B Av° +  50 ]°  

Draw the velocity vector diagram. 

Interior angles of the triangle. 

 

90 25 65

90 50 40

25 50 75

° − ° = °
° − ° = °
° + ° = °

 

Law of sines.  1.5 m/sBv =  

 /

sin 75 sin 40 sin  65
B AB A

vv v
= =

° ° °
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PROBLEM 15.40  (Continued) 

 

(a) Angular velocity of AB. 

  

/

/

sin 65
(1.5 m/s) 1.4074 m/s

sin 75
1.4074 m/sω

1.2 m

B A

B A
AB

AB

v

v

l

°= =
°

= =  1.173 rad/sAB =ω    

(b) Velocity of end A. 

    
sin 40

(1.5 m/s)
sin 75Av

°=
°

 0.998 m/sA =v  25°   
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PROBLEM 15.41 

Collar B moves downward to the left with a constant velocity of  
1.6 m/s. At the instant shown when 40 ,θ = °  determine (a) the angular 
velocity of rod AB, (b) the velocity of collar A. 

 

SOLUTION 

 

 
  /A B A B= +v v v  

  [ Av   ] [1.6 m/s= /30 ] [ A Bv° + 40 ]°  

 

Law of sines. 

  / 1.6 m/s

sin 70 sin 60 sin 50
A BA vv = =

° ° °
 

(b)  1.963 m/sA =v    

 2
/ 1.809 m/sA B =v  40°  

 0.5 mAB =  

 / ( )

1.809 m/s (0.5 m)
A B AB

AB

v AB ω
ω

=
=

 

(a) 3.618 rad/sABω =  3.62 rad/sAB =ω    
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PROBLEM 15.42 

Collar A moves upward with a constant velocity of 1.2 m/s. At the instant 
shown when 25 ,θ = °  determine (a) the angular velocity of rod AB, (b) the 
velocity of collar B. 

 

SOLUTION 

 

 

  /B A B A= +v v v  

  [ Bv 30 ] [1.2 m/s° =   ] /[ B Av+ 25 ]°  

Law of sines. 

  / 1.2 m/s

sin 65 sin 60 sin 55
B AB vv = =

° ° °
 

(b) 1.328 m/sB =v  30°   

 / 1.269 m/sB A =v  65°  

 
/ ( )

1.269 m/s (0.5 m)

2.538 rad/s

B A AB

AB

AB

v AB ω
ω

ω

=
=
=

 

(a)   2.54 rad/sAB =ω     
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PROBLEM 15.43 

Rod AB moves over a small wheel at C while end A moves to the right with a 
constant velocity of 25 in./s. At the instant shown, determine (a) the angular 
velocity of the rod, (b) the velocity of end B of the rod.  

 

SOLUTION 

Slope angle of rod. 
7

tan 0.7,
10

θ = =  35θ = °  

  
10

12.2066 in.
cos

AC
θ

= =   20 7.7934 in.CB AC= − =  

Velocity analysis. 

   25 in./sA =v , C Cv=v  θ  

  /C A ABACω=v   θ  

     /C A C Av= +v v  

 Draw corresponding vector diagram. 

 / sin 25sin 35 14.34 in./sC A Av v θ= = ° =  

(a) / 14.34
1.175 rad/s

12.2066
C A

AB

v

AC
ω = = =  

   1.175 rad/sAB =ω    

 
/

cos 25cos 20.479 in./s

v (7.7934)(1.175) 9.1551 in./s

C A

B C AB

v v

CB

θ θ

ω

= = =

= = =
 

 vB/C has same direction as vC/A. 

  /B C B C= +v v v  

Draw corresponding vector diagram. 

  / 9.1551
tan , 24.09

20.479
B C

C

v

v
φ φ= = = °  

(b) 
20.479

22.4 in./s 1.869 ft/s
cos cos 24.09

C
B

v
v

φ
= = = =

°
 

      59.1φ θ+ = °  

  1.869 ft/sB =v  59.1°   
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PROBLEM 15.44 

The plate shown moves in the xy plane. Knowing that 
( ) 120A xv = mm/s, ( ) 300B yv = mm/s, and ( ) 60C yv = −  mm/s, 
determine (a) the angular velocity of the plate, (b) the velocity 
of Point A. 

 

SOLUTION 

 

/ (180 mm) (360 mm)

( ) (300 mm/s)

( ) (60 mm/s)

C B

B B x

C C x

v

v

ω
= +

=
= +
= −

r i j

k

v i j

v i j

ω
 

(a) /C B C B= +v v v  

 

/( ) (60 mm/s) ( ) (300 mm/s)

( ) 60 ( ) 300 (180 360 )

( ) 60 ( ) 300 180 360

C x B x C B

C x B x

C x B x

v v

v v

v v

ω
ω ω

− = + + ×

− = + + × +
− = + + −

i j i j r

i j i j k i j

i j i j j i

ω

 

 Coefficients of j: 60 300 180ω− = +  

 2 rad/sω = −  2 rad/s=ω     

(b) Velocity of A: / (180 mm) (180 mm)A B = − +r i j  

  
/ /

120 ( ) ( ) 300 ( 2 ) ( 180 180 )

120 ( ) ( ) 300 360 360

A B A B B A B

A y B x

A y B x

v v

v v

= + = + ×
+ = + + − × − +

+ = + + +

v v v v r

i j i j k i j

i j i j j i

ω
 

 Coefficients of j: ( ) 300 360 660 mm/sA yv = + =  

   (120 mm/s) (660 mm/s)A = +v i j   
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PROBLEM 15.45 

In Problem 15.44, determine (a) the velocity of Point B, 
(b) the point of the plate with zero velocity. 

PROBLEM 15.44 The plate shown moves in the xy 
plane. Knowing that ( ) 120A xv = mm/s, ( ) 300B yv = mm/s, 
and ( ) 60C yv = − mm/s, determine (a) the angular velocity 
of the plate, (b) the velocity of Point A. 

 

SOLUTION 

 / (180 mm) (180 mm)B A = −r i j  

From the answer of Problem 15.44, we have 

 
(2 rad/s)

(120 mm/s) (660 mm/s)A

= −
= +

k

v i j

ω
 

(a) Velocity of B: 

  
/ /

120 660 2 (180 180 )

120 660 360 360

B A B A A B A= + = + ×
= + − × −
= + − −

v v v v r

i j k i j

i j j i

ω
 

   (240 mm/s) (300 mm/s)B = − +v i j   

(b) Point with v = 0: 

 Let x y= +P i j  be an arbitrary point. 

 Thus / (180 )P A x y= + +r i j  

 

/ /

120 660 ( 2 ) [(180 ) ]

120 660 (360 2 ) 2

(120 2 ) (300 2 )

P A P A A P A

P

P

P

x y

x y

y x

= + = + ×
= + + − × + +
= + − + +
= + + −

v v v v r

v i j k i j

v i j j i

v i j

ω

 

 For 0:P =v  120 2 0 and 300 2 0y x+ = − =  

 0 at:=v   60 mm, 150 mmy x= − =   
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PROBLEM 15.46 

The plate shown moves in the xy plane. Knowing that ( )A xv = 250 mm/s,  
( ) 450 mm/s,B xv = −  and ( ) 500 mm/s,C xv = −  determine (a) the angular 
velocity of the plate, (b) the velocity of Point A. 

 

SOLUTION 

Angular velocity:    ω= kω  

Relative position vectors: / (150 mm)B A =r i  

  / (200 mm) (150 mm)C A = +r i j  

Velocity vectors: (250 mm/s) ( )

( ) (450 mm/s)

(500 mm/s) ( )

A A y

B B x

C C y

v

v

v

= +

= −
= − +

v i j

v i j

v i j

 

Unknowns are ω, ( ) , ( ) ,A y B xv v  and ( ) .C yv  

  / /B A B A A B Aω= + = + ×v v v v k r  

  
( ) 450 250 ( ) 150

250 ( ) 150

B x A y

A y

v v

v

ω
ω

− = + + ×

= + +

i j i j k i

i j j
 

 i:             ( ) 250B xv =   (1) 

 j:              450 ( ) 150A yv ω− = +   (2) 

  

/ /

500 ( ) 250 ( ) (200 150 )

250 ( ) 200 150

C A C A A C A

C y A y

A y

v v

v

ω
ω

ω ω

= + = + ×

− + = + + × −

= + + +

v v v v k r

i j i j k i j

i j j i

 

 i:              500 250 150ω− = +   (3) 

 j:              ( ) ( ) 150C y A yv v ω= +   (4) 

(a) Angular velocity of the plate. 

 From Eq. (3),                     
750

5
150

ω = − = −  

   (5.00 rad/s) 5.00 rad/s= − =ω k    

(b) Velocity of Point A. 

 From Eq. (2), ( ) 450 150 450 (150)( 5) 300 mm/sA yv ω= − − = − − − =  

   (250 mm/s) (300 mm/s)A = +v i j   
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PROBLEM 15.47 

The plate shown moves in the xy plane. Knowing that (vA)x = 
12 in./s, (vB)x = −4 in./s, and (vC)y = −24 in./s, determine 
(a) the angular velocity of the plate, (b) the velocity of Point B. 

 

SOLUTION 

Angular velocity:     ω= kω  

Relative position vectors: /

/

(2 in.) (4 in.)

(6 in.) (2 in.)

A B

C B

= − +

= −

r i j

r i j

 

Velocity vectors:   (12 in./s) ( )

(4 in./s) ( )

( ) (24 in./s)

A A y

B B y

C C x

v

v

v

= +

= − +

= −

v i j

v i j

v i j

 

Unknowns are , ( ) , ( ) ,A y B yv vω  and ( ) .C xv  

  / /A B A B B A Bω= + = + ×v v v v k r  

      
12 ( ) 4 ( ) ( 2 4 )

4 ( ) 2 4

A y B y

B y

v v

v

ω
ω ω

+ = − + + × − +

= − + − −

i i j k i j

i j j i
 

 i:                  12 4 4ω= − −   (1) 

  j:             ( ) ( ) 2A y B yv v ω= −   (2) 

      

/ /

( ) 24 4 ( ) (6 2 )

4 ( ) 6 2

C B C B B C B

C x B y

B y

v v

v

ω
ω

ω ω

= + = + ×

− = − + + × −

= − + + +

v v v v k r

i j i j k i j

i j j i

 

 i:            ( ) 4 2C xv ω= − +   (3) 

 j:              24 ( ) 6B yv ω− = +   (4) 
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PROBLEM 15.47  (Continued) 

 

(a) Angular velocity of the plate. 

 From Eq. (1),                     
16

4 rad/s
4

ω = − = −  

   (4.00 rad/s) 4.00 rad/s= − =ω k    

(b) Velocity of Point B. 

 From Eq. (4),                           ( ) 24 (6)( 4) 0B yv = − − − =  

   (4.00 in./s)B = −v i   
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PROBLEM 15.48 

In the planetary gear system shown, the radius of gears A, B, C, and D 
is a and the radius of the outer gear E is 3a. Knowing that the angular 
velocity of gear A is ωA clockwise and that the outer gear E is 
stationary, determine (a) the angular velocity of each planetary gear, 
(b) the angular velocity of the spider connecting the planetary gears. 

 

SOLUTION 

Gear E is stationary. 0Ev =  

Let A be the center of gear A and the spider. Since the motions of gears B, C, and D are similar, only gear B is 
considered. Let H be the effective contact point between gears A and B. 

 

Gear A: H Aaω=v   

(a) Planetary gears B, C, and D: /H E H E= +v v v  

  : 0 (2 )A Ba aω ω= +  
1

2B Aω ω=  

  
1

2B C D Aω= = =ω ωω    

  /B E B E= +v v v  

  :
1

0
2B Av a ω = +  

   
1

2B Aaω=v    (1) 

(b) Spider. (2 )B sa ω=v   (2) 

Equating expressions (1) and (2) for vB, 

  
1 1

(2 )
2 4A s s Aa aω ω ω ω= =   

1

4s Aω=ω   
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PROBLEM 15.49 

In the planetary gear system shown, the radius of gears A, B, C, and D 
is 30 mm and the radius of the outer gear E is 90 mm. Knowing that 
gear E has an angular velocity of 180 rpm clockwise and that the 
central gear A has an angular velocity of 240 rpm clockwise, determine 
(a) the angular velocity of each planetary gear, (b) the angular velocity 
of the spider connecting the planetary gears. 

 

SOLUTION 

Since the motions of the planetary gears B, C, and D are similar, only gear B is considered. Let Point H  
be the effect contact point between gears A and B and let Point E be the effective contact point between 
gears B and E. 

Given angular velocities: 180 rpmE =ω 6 rad/sπ=  

  240 rpmA =ω 8 rad/sπ=  

  

Outer gear E: radius 90 mmEr= =  

  (90 mm)(6 rad/s) 540 mm/sE E Ev r ω π π= = =  

   540 mm/sE π=v   

Gear A: radius 30 mmAr= =  

  (30 mm)(8 rad/s) 240 mm/sH A Av r ω π π= = =  

   240 mm/sH π=v   
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PROBLEM 15.49  (Continued) 

 

Planetary gear B: radius 30 mm,B B Br ω= = =ω  

  /H E H E= +v v v  

  [(30 mm) Aω ] [540 mm/sπ= ] [(60 mm) Bω+ ]  

                   

30 540 60

540 30 1 1
9 9 (8 ) 5 rad/s

60 2 2

A B

A
B A

ω π ω
π ωω π ω π π π

= −
+= = + = − =  

(a) Angular velocity of planetary grears: 

  5 rad/sB C D π= = =ω ω ω  150 rpm=  

 / [(30 mm)B H B H Av ω= + =v v ] [30 mm Bω+ ]  

 (30 mm)(8 rad/s) (30 mm)(5 rad/s) 390 mm/sBv π π π= + =  

(b) Spider: arm 60 mm,s s sr ω= = =ω  

    390 mm/s
6.5 rad/s

60 mm

B s s

B
s

s

v r

v

r

ω
πω π

=

= = =
 

  6.5 rad/ss π=ω  195 rpm=   
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PROBLEM 15.50 

Arm AB rotates with an angular velocity of 20 rad/s counter-
clockwise. Knowing that the outer gear C is stationary, determine 
(a) the angular velocity of gear B, (b) the velocity of the gear tooth 
located at Point D. 

 

SOLUTION 

Arm AB: 

 

Gear B: 

 

(a) 0.05 m:BE =  / 0 ( )B D B E BBE ω= + = +v v v  

  2.4 m/s 0 (0.05 m) Bω= +  

 48 rad/sBω =  48 rad/sB =ω   

(b) (0.05 2):DE =  / 0 ( )

0 (0.05 2)(48)

D E D E B

D

DE

v

ω= + = +

= +

v v v  

 3.39 m/sDv =  3.39 m/sD =v   45°  
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PROBLEM 15.51 

In the simplified sketch of a ball bearing shown, the diameter of the inner race A 
is 60 mm and the diameter of each ball is 12 mm. The outer race B is stationary 
while the inner race has an angular velocity of 3600 rpm. Determine (a) the 
speed of the center of each ball, (b) the angular velocity of each ball, (c) the 
number of times per minute each ball describes a complete circle. 

 

SOLUTION 

Data: 3600 rpm 376.99 rad/s, 0A Bω ω= = =  

1
30 mm

2A Ar d= =  

diameter of ball 12 mmd = =  
Velocity of point on inner race in contact with a ball. 

  (30)(376.99) 11310 mm/sA A Av r ω= = =  
Consider a ball with its center at Point C. 

  /A B A Bv v v= +  

  0A Cv dω= +  

  
11310

12
A

C
v

d
ω = =  

   942.48 rad/s=  

  /C B C Bv v v= +  

 
1

0 (6)(942.48) 5654.9 mm/s
2

dω= + = =  

(a)  5.65 m/sCv = 

(b) Angular velocity of ball. 

 942.48 rad/sCω =  9000 rpmCω = 

(c) Distance traveled by center of ball in 1 minute. 

  5654.9(60) 339290 mmC Cl v t= = =  

 Circumference of circle: 2 2 (30 6)

226.19 mm

rπ π= +
=

 

 Number of circles completed in 1 minute: 

  
339290

2 226.19

l
n

rπ
= =  1500n =  
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PROBLEM 15.52 

A simplified gear system for a mechanical watch is shown. 
Knowing that gear A has a constant angular velocity of 1 rev/h and 
gear C has a constant angular velocity of 1 rpm, determine (a) the 
radius r, (b) the magnitudes of the accelerations of the points on 
gear B that are in contact with gears A and C. 

 

SOLUTION 

Point where A contacts B:  

  1 A A Bv r rω ω= =  A A
B

r

r

ωω =        (1) 

Point where B contacts C: 

  2 B B Cv r rω ω= =  B
C B

r

r
ω ω=        (2) 

From Eqs. (1) and (2), 
2

A B
C A

r r

r
ω ω=  

  2 A
A B

C

r r r
ω
ω

=  

Data:  
1 rev/h 1

0.6 in., 0.36 in.
1 rev/m 60

A
A B

C

r r
ω
ω

= = = =  

  2 2(0.6 in.)(0.36 in.)
0.0036 in

60
r = =  

(a) Radius r:  0.0600 in.r =  

 Angular velocity of B. 
2

1 rpm rad/s
60
0.060 2

0.017453 rad/s
0.36 60

C

B C
B

r

r

πω

πω ω

= =

= = =

 

(b) Point where B contacts A. 2 2(0.0600 in.)(0.017453 rad/s)n Ba rω= =  

   6 218.28 10 in./sna −= ×   

 Point where B contacts C.       2 2(0.36 in.)(0.017453 rad/s)n B Ba r ω= =  

   6 2109.7 10 in./sna −= ×   
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PROBLEM 15.53 

Arm ACB rotates about Point C with an angular velocity of 
40 rad/s counterclockwise. Two friction disks A and B are 
pinned at their centers to arm ACB as shown. Knowing that 
the disks roll without slipping at surfaces of contact, 
determine the angular velocity of (a) disk A, (b) disk B. 

 

SOLUTION 









 

Arm : Fixed axis rotation.ACB  

 / /24 mm,    (24)(40) 960 mm/sA C A A C ABr r ω= = = =v  

 / /18 mm,    (18)(40) 720 mm/sB C B B C ABr r ω= = = =v  

Disk B: Plane motion = Translation with B + Rotation about B. 

 /30 mm,    B D B D Br = = −v v v  

 0 720=  30 Bω+  mm/s  

 
720

24 rad/s
30Bω = =

 

 /E B E B= +v v v
 

 720= (30)(24)+ 1440 mm/s=  

Disk A: Plane motion = Translation with A + Rotation about A. 

 /12 mm,    A E A E Ar = = −v v v  

 1440  960=  12 Aω+  

 
1440 960

200 rad/s
12Aω += =

 

(a)  200 rad/sA =ω   

(b)  24.0 rad/sB =ω  
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PROBLEM 15.54 

Arm ACB rotates about Point C with an angular velocity of 
40 rad/s counterclockwise. Two friction disks A and B are 
pinned at their centers to arm ACB as shown. Knowing that 
the disks roll without slipping at surfaces of contact, 
determine the angular velocity of (a) disk A, (b) disk B. 

 

SOLUTION 







 

Arm : Fixed axis rotation.ACB  

  / /0.3 in.,A C A A C ABr r ω= =v  (0.3)(40)= 12 in./s=  

  / /1.8 in.,B C B B C ABr r ω= =v  (1.8)(40)=  72 in./s=  

Disk B: Plane motion = Translation with B + Rotation about B. 

  /0.6 in.,    B D B B Ar = = −v v v  

  0 72=  0.6 Bω+  

  
72

120 rad/s
0.6Bω = =

 

  /E B E B= +v v v
 

  72=  (0.6)(120)+  144 in./s=  

Disk A: Plane motion = Translation with A +  Rotation about A. 

  /1.5 in.,A E A E Ar = = −v v v  

  144 12=  1.5 Aω  

  
144 12

104 rad/s
1.5Aω += =  

(a)    104.0 rad/sA =ω   

(b)    120.0 rad/sB =ω  
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PROBLEM 15.55 

Knowing that at the instant shown the velocity of collar A is 
900 mm/s to the left, determine (a) the angular velocity of rod 
ADB, (b) the velocity of Point B. 

 

SOLUTION 

Consider rod ADB. 

/

/ /

0 /

, (900 mm/s)

(80 mm) (150 mm)

( 80 150 )

150 80

900 150 80

D D A

D A

D A AD D A AD

AD AD

A D A

D AD AD

v

v

ω
ω ω

ω ω

= = −
= − −
= × = × − −
= −
= +
= − + −

v j v i

r i j

v ω r k i j

i j

v v v

j i i j

 

Equate components. 

  : 0 900 150 6 rad/sAD ADω ω= − + =i  

(a) Angular velocity of ADB.  (6.00 rad/s) 6.00 rad/sAD = =ω k  

 By proportions, / / /
150 60

1.4
150

(112 mm) (210 mm)

B A D A D A
+= =

= − −

r r r

i j

 

    

/

900 6 ( 112 210 )

900 672 1260

B A AD B Aω= + ×

= − + × − −
= − − +

v v k r

i k i j

i j i

 

(b) Velocity of B.  (360 mm/s) (672 mm/s) 762 mm/sB = − =v i j   61.8°  
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PROBLEM 15.56 

Knowing that at the instant shown the angular velocity of rod DE is 2.4 rad/s 
clockwise, determine (a) the velocity A, (b) the velocity of Point B. 

 

SOLUTION 

Rod DE: Point E is fixed. 2.4 radDE =ω  

  (2.4 rad/s)(120 mm) 288 mm/sD DB DEv rω= = =  

  288 mm/sD =v  (288 mm/s)= j  

Rod ADB: / (80 mm) (150 mm) , ,A D AD AD A Av= + = =r i j ω ω k v i  

  

/ /

(288 mm/s) [(80 mm) (150 mm) ]

288 80 150

A D D A D AD A D

A AD

A AD AD

v

v

ω
ω

ω ω

= + = + ×

= + × +
= + −

v v v v k r

i j k i j

i j j i

 

Equate components. 

  i: 150A ADv ω= −  (1) 

  j: 0 288 80 ADω= +  (2) 

From Eq. (2),   
288

80ADω = −                                     ( 3.6 rad/s)AD = −ω k  

From Eq. (1),      (150)( 3.6) 540 mm/sAv = − − =  

(a) Velocity of collar A.   540 mm/sA =v   

(b) Velocity of Point B. 

 By proportions  / /
60

(32 mm) 60 mm
150B D A D= − = − −r r i j  

   

/ /

(288 mm/s) [ (3.6 rad/s) ] [ (32 mm) (60 mm) ]

(288 mm/s) (115.2 mm/s) (216 mm/s)

(216 mm/s) (403.2 mm/s)

B D B D D AD B D

B

= + = + ×

= + − × − −
= + −
= − +

v v v v ω r

j k i j

j j i

v i j

 

    457 mm/sB =v   61.8°  
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PROBLEM 15.57 

A straight rack rests on a gear of radius r and is attached to a 
block B as shown. Denoting by Dω  the clockwise angular 
velocity of gear D and by θ  the angle formed by the rack and 
the horizontal, derive expressions for the velocity of block B 
and the angular velocity of the rack in terms of r, ,θ  and .Dω  

 

SOLUTION 

 

Gear D: Rotation about D. Tooth E is in contact with rack AB. 

  E Drω=v  θ  

Rack AB: 
tanEB

r
l

θ
=  

 Plane motion    =     Translation with E      +       Rotation about E. 

 

  / [B E B E Bv= +v v v ] [ Ev= ]θ + /[ B Ev ]θ  

Draw velocity vector diagram. 

  
cos cos

E D
B

v r
v

ω
θ θ

= =  
cos

D
B

rω
θ

=v   

  

/

/

tan

2

tan

tan

tan

tan

B E E

D

B E
AB

EB

D
r

D

v v

r

v

l

r

θ

θ
ω θ

ω

ω θ

ω θ

=

=

=

=

=  2tanAB Dω θ=ω  
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PROBLEM 15.58 

A straight rack rests on a gear of radius 2.5 in.r =  and is 
attached to a block B as shown. Knowing that at the instant 
shown the velocity of block B is 8 in./s to the right and 
θ 25 ,= °  determine (a) the angular velocity of gear D, (b) the 
angular velocity of the rack. 

 

SOLUTION 

Gear D: Rotation about D. Tooth E is in contact with rack AB. 

 E Drω=v θ  

Rack AB: 
tanEB

r
l

θ
=  

 Plane motion     =     Translation with E     +      Rotation about E. 

 

 / [B E B E Bv= +v v v ] [ Ev= /] [ B Evθ + ]θ  

Draw velocity vector diagram. 

 
cos cos

E D
B

v r
v

ω
θ θ

= =  

 
cos

D
B

rω
θ

=v  

 / tan tanB E E Dv v rθ ω θ= =  

 / 2

tan

tan
tanB E D

AB Dr
EB

v r

l θ

ω θω ω θ= = =  

 2tanAB Dω ω θ=  

Data: 2.5 in. 25 8 in./sBr θ= = ° =v  

(a) 
cos 8 cos 25°

2.5
B

D
v

r

θω = =  2.90 rad/sD =ω   

(b) 22.90 tan 25ABω = °  0.631 rad/sAB =ω  
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PROBLEM 15.59 

Knowing that at the instant shown the angular velocity of crank AB is 2.7 rad/s 
clockwise, determine (a) the angular velocity of link BD, (b) velocity of collar D, 
(c) the velocity of the midpoint of link BD. 

 

SOLUTION 

Crank AB: Point A is fixed. 2.7 rad/sAB =ω  

  (2.7 rad/s)(5 in.) 13.5 in./sB AB ABv rω= = =  

  13.5 in./sB =v (13.5 in./s)= − i  

Link BD: / (12 in.) (9 in.) ,D B BD BDω= − =r i j ω  ,ABω= k  

   D Dv=v Dv= j  

  
/ /

(13.5 in./s) [(12 in.) (9 in.) ]

13.5 12 9

D B B D B BD B D

D BD

BD BD

v

ω
ω

ω ω

= + = + ×
= − + × −
= − + +

v v v v k r

j i k i j

i j i

 

Equate components. 

  i: 0 13.5 9 BDω= − +  (1) 

  j: 12D BDv ω=  (2) 

(a) Angular velocity of link BD. 

 From Eq. (1),  
13.5

9BDω =  1.500 rad/sBDω =   

(b) Velocity of collar D. 

 From Eq. (2),  (12)(1.5)Dv =  18.00 in./sD =v   

(c) Velocity of midpoint M of link BD. 

  

/ /

/ /

1
(6 in.) (4.5 in.)

2

13.5 (1.500 ) (6 4.5 )

13.5 9 6.75

M B D B

M B M B B BD M Dω

= = −

= + = + ×

= − + × −
= − + +

r r i j

v v v v k r

i k i j

i j i

 

    (6.75 in./s) (9.00 in./s) 11.25 in./sM = − + =v i j   53.1°  
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PROBLEM 15.60 

In the eccentric shown, a disk of 2-in.-radius revolves about shaft O 
that is located 0.5 in. from the center A of the disk. The distance 
between the center A of the disk and the pin at B is 8 in. Knowing that 
the angular velocity of the disk is 900 rpm clockwise, determine the 
velocity of the block when 30 .θ = °  

 

SOLUTION 

Geometry. ( )sin ( )sin

( )sin
sin

0.5 sin 30
,     1.79

8

OA AB

OA

AB

θ β
θβ

β

=

=

°= = °

 

Shaft and eccentric disk. (Rotation about O) 

 900 rpm 30  rad/sOAω = = π  

 ( ) (0.5)(30 ) 15 in/sA OAOA ω= = π = πv  

Rod AB. (Plane motion =  Translation with A + Rotation about A.) 

 

 / [vB A B A B= +v v v ] [ Av=   /60 ] [ A Bv° +   ]β  

Draw velocity vector diagram.  90 88.21

180 60 88.21

31.79

β
ϕ

° − = °
= ° − ° − °
= °

 

Law of sines. 
sin sin(90 )

sin

sin (90 )

(15 )sin 31.79

sin 88.21

B A

A
B

v v

v
v

φ β
ϕ

β
π

=
° −

=
° −

°=
°

 

 24.837 in./s=  24.8 in./sB =v  
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PROBLEM 15.61 

In the engine system shown, 160 mml =  and 60 mm.b =  Knowing that the 
crank AB rotates with a constant angular velocity of 1000 rpm clockwise, 
determine the velocity of the piston P and the angular velocity of the connecting 
rod when (a) 0,θ =  (b) 90 .θ = °  

 

SOLUTION 

  1000 rpmABω =  
(1000)(2 )

104.72 rad/s
60

π= =  

(a) 0 .θ = °  Crank AB. (Rotation about A)  / 0.06 mB A =r  

  / (0.06)(104.72) 6.2832 m/sB B A ABv ω= = =v  

  .Rod BD  (Plane motion = Translation with B + Rotation about B) 

  /D B D Bv= +v v  

  Dv   [6.2832=   ] /[ D Bv+  ] 

  
/

0

6.2832 m/s
D

D B

v

v

=
=  

  v vP D=  0P =v  

  
6.2832

0.16
B

BD
v

l
ω = =  39.3 rad/sBD =ω  

(b) 90 .θ = °  Crank AB. (Rotation about A)  / 0.06 mB A =r  

  / (0.06)(104.72) 6.2832 m/sB B A ABr ω= = =v  

 Rod BD. (Plane motion = Translation with B + Rotation about B.) 

  /D B D B= +v v v  

  [ ]Dv ] [6.2832]= [ /D Bv+ ]β  
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PROBLEM 15.61  (Continued) 

 

  / 0,     6.2832 m/sD B Dv v= =  

  
/D B

BD

v

l
ω =  0BDω =  

  6.2832 m/sP D= =v v  6.28 m/sP =v  
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PROBLEM 15.62 

In the engine system shown 160 mml =  and b 60 mm.=  Knowing that crank 
AB rotates with a constant angular velocity of 1000 rpm clockwise, determine 
the velocity of the piston P and the angular velocity of the connecting rod when 

60 .θ = °  

 

SOLUTION 

  
(1000)(2 )

1000 rpm 104.72 rad/s
60AB

πω = = =  

.60θ = °  Crank AB. (Rotation about A)  / 3 in.B A =r  30° 

  / (0.06)(104.72) 6.2832 m/sB B A ABr ω= = =v   60° 

Rod BD. (Plane motion = Translation with B + Rotation about B.) 

Geometry. sin sinl rβ θ=  

  
0.06

sin sin sin 60
0.16

18.95

r

l
β θ

β

= = °

= °
 

  /D B D B= +v v v  

  [ Dv ] [314.16= /60 ] [ D Bv° + ]β       Draw velocity vector diagram. 

  180 30 (90 ) 78.95ϕ β= ° − ° − ° − = °  

Law of sines.  

  /

sin sin 30 sin (90 )
D BD B

vv v

ϕ β
= =

° ° −
 

  

sin

cos
6.2832 sin 78.95

cos18.95
6.52 m/s

B
D

v
v

ϕ
β

=

°=
°

=

 

  P Dv v=  6.52 m/sP =v  
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PROBLEM 15.62  (Continued) 

 

  

/
sin 30

cos

6.2832sin 30

cos18.95
3.3216 m/s

B
D B

v
v

β
°

=

°=
°

=

 

  / 3.3216

0.16
D B

BD

v

l
ω = =  20.8 rad/sBDω =  
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PROBLEM 15.63 

Knowing that at the instant shown the angular velocity of rod AB is 
15 rad/s clockwise, determine (a) the angular velocity of rod BD, 
(b) the velocity of the midpoint of rod BD. 

 

SOLUTION 

Rod AB: 15 rad/sAB =ω  

  ( ) (0.200)(15) 3 m/sB ABv AB ω= = =  3 m/sB =v  

Rod BD: (3 m/s) , ,B D D BD BDv ω= − = =v i v j ω k  

  

/

/ /

(0.6 m) (0.25 m)

3 (0.6 0.25 )

0.6 0.25

B D

B D B D D BD B D

D BD

D BD BD

v

v

ω
ω ω

= +
= + = + ×

− = + × +
= + −

r i j

v v v v ω r

i j k i j

j j i

 

Equate components. 

   i: 3 0.25 BDω− = −  (1) 

   j: 0 0.6D BDv ω= +  (2) 

(a) Angular velocity of rod BD. 

 From Eq. (1), 
3

0.25BDω =  12.00 rad/sBD =ω  

 From Eq. (2), 0.6D BDv ω= −  7.2 m/sDv = −  

(b) Velocity of midpoint M of rod BD. 

  

/ /

/ /

1
(0.3 m) (0.125 m)

2

7.2 12.00 (0.3 0.125 )

(1.500 m/s) (3.60 m/s)

M D B D

M D M D D BD M Dv ω

= = +

= + = + ×

= − + × +
= − −

r r i j

v v v j k r

j k i j

i j

 

   3.90 m/sM =v   67.4°   
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PROBLEM 15.64 

In the position shown, bar AB has an angular velocity of 4 rad/s 
clockwise. Determine the angular velocity of bars BD and DE. 

 

SOLUTION 

Bar AB: (Rotation about A) 4 rad/sAB =ω (4 rad/s)= − k  

 / /(175 mm) ( 4 ) ( 175 )

(700 mm/s)
B A B AB B A

B

= − × = − × −
=

r i v r k i

v j

= ω
 

Bar BD: (Plane motion =  Translation with B + Rotation about .)B  

 
/

/

(200 mm)

700 ( )  ( 200 )

700 200

BD BD D B

D B BD D B BD

D BD

ω
ω

ω

= = −
= + × = + × −
= +

k r j

v v r j k j

v j i

ω
ω  

Bar DE: (Rotation about E) 

/

/

(275 mm) (75 mm)

( ) ( 275 75 )

275 75

DE DE

D E

D DE D E DE

D DE DE

ω

ω
ω ω

=
= − +
= × = × − +
= − −

k

r i j

v r k  i j

v j i

ω

ω

 

Equating components of the two expressions for ,Dv  

 :j  700 275 2.5455 rad/sDE DEω ω= − = −  2.55 rad/sDE =ω   

 
3

: 200 75
8BD DE BD BDω ω ω ω= − = −i  

 
3

( 2.5455) 0.95455 rad/s
8BDω  = − − = 

 
 0.955 rad/sBD =ω  
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PROBLEM 15.65 

In the position shown, bar AB has an angular velocity of 4 rad/s 
clockwise. Determine the angular velocity of bars BD and DE. 

 

SOLUTION 

Bar AB: 1 0.4
tan 26.56

0.8
0.8

0.8944 m
cos

( ) (0.8944 m)(4 m/s)B AB

AB

AB

β

β
ω

−= = °

= =

= =v

 

 3.578 m/sB =v 26.56°  

Bar DE: 1 0.4
tan 38.66

0.5
0.5

0.6403 m
cos

( )D DE

DE

v DE

γ

γ
ω

−= = °

= =

=

 

 (0.6403 m)D DEω=v 38.66°  

Bar BD: 

 

 /D B D B= +v v v  

 [ Dv ] [ Bγ = v /] [ D Bβ + v ]  
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PROBLEM 15.65  (Continued) 

 

 

Law of sines. 

 
/ 3.578 m/s

sin 63.44 sin 65.22 sin 51.34
D BD vv = =

° ° °  

 

4.099 m/s

(0.6403 m) 4.099 m/s
D

DE

v

ω
=
=  6.4 rad/sDE =ω   

 
/ 4.160 m/s

(0.8 m) 4.16 m/s
D B

BD

v

v

=
=  5.2 rad/sBD =ω   
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PROBLEM 15.66 

Robert’s linkage is named after Richard Robert (1789–1864) and can be 
used to draw a close approximation to a straight line by locating a pen at 
Point F. The distance AB is the same as BF, DF and DE. Knowing that the 
angular velocity of bar AB is 5 rad/s clockwise in the position shown, 
determine (a) the angular velocity of bar DE, (b) the velocity of Point F. 

 

SOLUTION 

Bar AB: 5 rad/sAB =ω  (5 rad/s)= − k  

In inches,  2 2
/

/

3 12 3 3 135

5 (3 135 )

5 135 15

B A

B AB B A

= + − = +

= × = − × +

= −

r i j i j

v ω r k i j

i j

 

Object BDF: / /(6 in.) , 3 135 (in.),D B F B BD BDω= = − =r i r i j ω k  

  

/ /

5 135 15 6

5 135 15 6

D B B D B BD D B

BD

BD

ω

ω

ω

= + = + ×

= − + ×

= − +

v v v v k r

i j k i

i j j  (1) 

Bar DE: /, (3 in.) ( 135 in.) ,DE DE D Eω= = − +ω k r i j  

Point E is fixed so 0E =v  

  

/ ( 3 135 )

135 3

D DE D E DE

DE DE

ω

ω ω

= × = × − +

= − −

v ω r k i j

i j  (2) 

Equating like components of vD from Eqs. (1) and (2), 

 i: 5 135 135 DEω= −  (3) 

 j: 15 6 3BD DEω ω− + = −  (4) 

(a) Angular velocity of bar DE. 

 From Eq. (3), 5 rad/sDEω = −  5.00 rad/sDE =ω  

 From Eq. (4), 
1 1

(15 3 ) (15 15)
6 6BD DEω ω= − = +  5.00 rad/sBD =ω 
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PROBLEM 15.66  (Continued) 

 

(b) Velocity of Point F. / 3 135F B i= −v j  

  

/ /

5 135 15 5 (3 135 )

5 135 15 15 5 135 10 135

F B F B B BD F Bω= = = + ×

= − + × −

= − + + =

v v v v k r

i j k i j

i j j i i

 

   116.2 in./sF =v   
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PROBLEM 15.67 

Robert’s linkage is named after Richard Robert (1789–1864) and can be 
used to draw a close approximation to a straight line by locating a pen at 
Point F. The distance AB is the same as BF, DF and DE. Knowing that 
the angular velocity of plate BDF is 2 rad/s counterclockwise when 
θ = 90°, determine (a) the angular velocities of bars AB and DE, (b) the 
velocity of Point F. When 90 ,θ = °  determine (a) the angular velocity of 
bar DE (b) the velocity of Point F. 

 

SOLUTION 

When 90 ,θ = °  the configuration of the linkage is close to  

that shown at the right. 

Bar AB: AB ABω=ω k  

In inches,  / 6 6 3B A = +r i j  

   / (6 6 3 ) 6 3 6B AB B A AB AB ABω ω ω= × = × + = − +v ω r k i j i j  

Object BDF: / 6 6(2 3)D B = + −r i j  

  / 6 6 3 (2 rad/s)F B BD= − =r i j ω k  

  

/ /

6 3 6 2 [6 6(2 3) ]

6 3 6 24 12 3 12

D B D B B BD D B

AB AB

AB AB

ω

ω ω

ω ω

= + = = ×

= − + + × + −

= − + + − +

v v v v k r

i j k i j

i j i i j  (1) 

Bar DE: ,DE DEω=ω k  / 12D E =r j  

  / 12 12D DE D E DE DEω ω= × = × = −v ω r k j i  (2) 

Equating like components of vD from Eqs. (1) and (2), 

 i: 6 3 12 6 3 12AB DEω ω− + − = −  (3) 

 j: 6 12 0ABω + =  

  2 rad/sABω = −  2.00 rad/sABω =  

From Eq. (3), 12 (6 3)( 2) 24 12 3DEω− = − − + −  

  2 2 3 1.4641DEω = − = −  1.464 rad/sDE =ω   
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PROBLEM 15.67  (Continued) 

 

  /

(12)( 1.4641) 17.569

17.569 2 ( 12 ) (41.569 in./s)

D

F D BD F Dω
= − − =
= + ×

= + × − =

v i i

v v k r

i k j i

 

   41.6 in./sF =v  

Note: The exact configuration of the linkage when 90θ = °  may be calculated from trigonometry using the 
figure given below. 

Applying the law of cosines to triangle ADB gives 

  13.5γ = °  

so that angle EAB is 

  45 13.5 58.5 .° + ° = °  

We used 60° in the approximate analysis. 

Point F then lies about 0.53 in. to the right of Point E. 
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PROBLEM 15.68 

In the position shown, bar DE has a constant angular velocity of 
10 rad/s clockwise. Knowing that 500 mm,h =  determine (a) the 
angular velocity of bar FBD, (b) the velocity of Point F. 

 

SOLUTION 

Bar DE: (Rotation about E) 10 rad/sDE =ω  (10 rad/s)= − k  

 / (0.1 m) (0.2 m)D E = − +r i j  

 / ( 10 ) ( 0.1 0.2 )

(1 m/s) (2 m/s)
D DE D E= × = − × − +

= +
v r k i j

j i

ω
 

Bar FBD: (Plane motion Translation with Rotation about .)D D= +  

 / (0.3 m) (0.1 m)BD BD B Dω= = − +k r i jω  

 /

2 ( ) ( 0.3 0.1 )

2 0.3 0.1

B D BD B D

BD

BD BD

ω
ω ω

= + ×
= + + × − +
= + − −

v v r
j i k i j
j i j i

ω  

Bar AB: (Rotation about A) 
 / (0.42 m)AB AB B Aω= =k r jω  

 / ( ) (0.42 ) 0.42B AB B A AB ABω ω= × = × = −v r k j iω  

Equating components of the two expressions for ,Bv  

(a) :j  1 0.3 0 3.3333 rad/sBD BDω ω− = =  3.33 rad/sBD =ω   

 :i  2 0.1 0.42 2 (0.1)(3.3333) 0.42BD AB ABω ω ω− = − − = −  

 3.9683 rad/s 3.97 rad/sAB ABω ω= − =  

 Bar FBD: / /
0.3

where
0.3F D B D

h
C C

+= =r r  

 
/

2 ( 0.3 0.1 )

2 ( 0.33333 )

F B BD F D

BD BDC

C

ω ω
= + ×
= + + − −
= + + − −

v v r

j i j i

j i j i

ω
 

 With 
0.8

500 mm 0.5 m, 2.6667
0.3

h C= = = =  

 2 2.6667 0.88889F = + − −v j i j i  

(b) (1.11111 m/s) (1.66667 m/s)F = −v i j  2.00 m/sF =v 56.3°   
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PROBLEM 15.69 

In the position shown, bar DE has a constant angular velocity of  
10 rad/s clockwise. Determine (a) the distance h for which the 
velocity of Point F is vertical, (b) the corresponding velocity of 
Point F. 

 

SOLUTION 

Bar DE: (Rotation about E) 10 rad/sDE =ω  (10 rad/s)= − k  

 / (0.1 m) (0.2 m)D E = − +r i j  

 / ( 10 )  ( 0.1 0.2 )

(1 m/s) (2 m/s)
D DE D E= × = − × − +

= +
v r k i j

j i

ω
 

Bar FBD: (Plane motion Translation with Rotation about .)D D= +  

 / (0.3 m) (0.1 m)BD BD B Dω= = − +k r i jω  

 /

2 ( ) ( 0.3 0.1 )

2 0.3 0.1

B D BD B D

BD

BD BD

ω
ω ω

= + ×
= + + × − +
= + − −

v v r

j i k i j

j i j i

ω  

Bar AB: (Rotation about A) 

 / (0.42 m)AB AB B Aω= =k r jω  

 / ( ) (0.42 ) 0.42B AB B A AB ABω ω= × = × = −v r k j iω  

Equating components of the two expressions for ,Bv  

(a) :j  1 0.3 0 3.3333 rad/sBD BDω ω− = =  

 :i  2 0.1 0.42 2 (0.1)(3.3333) 0.42BD AB ABω ω ω− = − − = −  

 3.9683 rad/s 3.97 rad/sAB ABω ω= − =  

 Bar FBD: / /
0.3

where
0.3F D B D

h
C C

+= =r r  

 
/

2 ( 0.3 0.1 )

2 ( 0.33333 )

F B BD F D

BD BDC

C

ω ω
= + ×
= + + − −
= + + − −

v v r

j i j i

j i j i

ω
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PROBLEM 15.69  (Continued) 

 

But .F Fv=v j  Equating components of the two expressions for ,Fv  

 :i  0 2 0.33333 6C C= − =  

(a) 0.3 0.3 (0.3)(6) 0.3h C= − = −   1.500 mh =   

(b) : (1 6)Fv C= − = −j j j j 5.00 m/sF =v   
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PROBLEM 15.70 

Both 6-in.-radius wheels roll without slipping on the 
horizontal surface. Knowing that the distance AD is 
5 in., the distance BE is 4 in. and D has a velocity of  
6 in./s to the right, determine the velocity of Point E. 

 

SOLUTION 

Disk D: Velocity at the contact Point P with the ground is zero. 

  0 6 in./s=v  

 
/

6 in./s
1 rad/s

6 in.
D

D
D P

v

r
ω = = =  1 rad/sD =ω   

At Point A,  / (6 in. 5 in.)(1 rad/s) 11 in./sA A P Dv r ω= = + =  

  11 in./sA =v  

Disk E: Velocity at the contact Point Q with the ground is zero. E Eω=ω  .Eω= k  

  

/

/ /

(4 in.) (6 in.)

( 4 6 )

6 4

B Q

B B Q E B Q E

B E E

ω
ω ω

= − +

= = × = × − +

= − −

r i j

v v ω r k i j

v i j  (1) 

Connecting rod AB: 2 2
/ ( 14 5 ) 5B A = − −r i j  in inches. 

  

/

/

171 5

( 171 5 )

11 5 171

B A AB AB

B A B A A AB

AB AB

ω

ω

ω ω

= − =

= + = + × −

= + +

v i j ω k

v v v v k i j

i i j  (2) 

Equating expressions (1) and (2) for vB gives 

  6 4 11 5 171E E AB ABω ω ω ω− − = + +i j i i j  

Equating like components and transposing terms, 

 i: 5 6 11AB Eω ω+ = −  (3) 

 j: 171 4 0AB Eω ω+ =  (4) 
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PROBLEM 15.70  (Continued) 

 

Solving the simultaneous equaitons (3) and (4), 

 0.75265 rad/s, 2.4605 rad/sAB Eω ω= = −  

Velocity of Point E. / 2.4605 6E E E Qω= × = − ×v k r k j  

   14.76 in./s 14.76 in./sE = =v i   
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PROBLEM 15.71 

The 80-mm-radius wheel shown rolls to the left with a velocity 
of 900 mm/s. Knowing that the distance AD is 50 mm, determine 
the velocity of the collar and the angular velocity of rod AB 
when (a) 0,β =  (b) 90 .β = °  

 

SOLUTION 

(a)   0.β =  .Wheel AD  0,         45 in./sC D= =v v  

 
900

11.25 rad/s
80

D
AD

v

CD
ω = = =  

 ( ) ( ) 80 50 30 mmCA CD DA= − = − =  

 ( ) (30)(11.25) 337.5 mm/sA ADv CA ω= = =  

 Rod AB.  /B A B A= +v v v  

 [ Bv ] [337.5= /] [ B Av+ ]ϕ  338 mm/sB =v   

 / 0B Av =  0ABω =   

 

(b)   90 .β = °  .Wheel AD  0,         11.25 rad/sC ADω= =v  

 
50

tan ,         32.005
80

DA

DC
γ γ= = = °  

 94.34 mm
cos

DC
CA

γ
= =  

 ( ) (94.34)(11.25) 1061.3 mm/sA ADv CA ω= = =  

 [1061.3 mm/sA =v   32.005 ]°  

 Rod AB.  B Bv=v  

 
80

sin ,    18.663
250

ϕ ϕ= = °  

Plane motion = Translation with A + Rotation about A. 
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PROBLEM 15.71  (Continued) 

 

 

 

 /         [B A B A Bv= +v v v ] [ Av= /] [ B Avγ +   ]ϕ  

Draw velocity vector diagram.  

 180 (90 )δ γ ϕ= ° − − ° +  

 90 32.005 18.663 39.332= ° − ° − ° = °  

Law of sines. 

 /

sin sin sin (90 )
B AB A

vv v

δ γ ϕ
= =

° +
 

 
sin (1061.3)sin 39.332

sin (90 ) sin 108.663
A

B
v

v
δ

ϕ
°= =

° + °
 

 710 mm/s=  710 mm/sB =v   

 /
sin (1061.3) sin 32.005

sin (90 ) sin108.663
A

B A
v

v
γ

ϕ
°= =

° + °
 

 593.8 mm/s=  

 / 593.8
2.37 rad/s

250
B A

AB

v

AB
ω = = =  2.37 rad/sAB =ω   
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PROBLEM 15.72* 

For the gearing shown, derive an expression for the angular velocity 

Cω of gear C and show that Cω  is independent of the radius of gear B. 
Assume that Point A is fixed and denote the angular velocities of rod 
ABC and gear A by ABCω  and Aω  respectively. 

 

SOLUTION 

 

Label the contact point between gears A and B as 1 and that between gears B and C as 2. 

Rod ABC: ABC ABCω ω=  Assume  for sketch. 

 0Av =  

 ( )B A B ABCv r r ω= +  

 ( 2 )C A B C ABCv r r r ω= + +   

Gear A:  10, 0, 0A Av vω = = =  

Gear B: 1 0B B Bv v r ω= − =  

 ( ) 0A B ABC B Br r rω ω+ − =  

 A B
B ABC

B

r r

r
ω ω

 +
=  
 

 

 2 B B Bv v r ω= +  

 2( )A B ABCr r ω= +   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1098 

PROBLEM 15.72*  (Continued) 

 

Gear C: 2 C C Cv v r ω= −  

 2( ) ( 2 )A B ABC A B C ABC C Cr r r r r rω ω ω+ = + + −  

 ( )C A C ABC C Cr r rω ω ω= − = −  1 A
C ABC

C

r

r
ω ω

 
= − 
 

  

Note that the result is independent of .Br  
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PROBLEM 15.CQ5 

The disk rolls without sliding on the fixed horizontal surface. At the 
instant shown, the instantaneous center of zero velocity for rod AB 
would be located in which region? 

(a) region 1 

(b) region 2 

(c) region 3 

(d ) region 4 

(e) region 5 

( f ) region 6 

 

SOLUTION 

   Answer: (a)  
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PROBLEM 15.CQ6 

Bar BDE is pinned to two links, AB and CD. At the instant shown the 
angular velocities of link AB, link CD and bar BDE are ωAB, ωCD, and 
ωBDE, respectively. Which of the following statements concerning the 
angular speeds of the three objects is true at this instant? 

(a) ωAB = ωCD = ωBDE 

(b) ωBDE > ωAB > ωCD 

(c) ωAB = ωCD > ωBDE 

(d ) ωAB > ωCD > ωBDE 

(e) ωCD > ωAB > ωBDE 

 

SOLUTION 

  Answer: (e) 
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PROBLEM 15.73 

A juggling club is thrown vertically into the air. The center of 
gravity G of the 20 in. club is located 12 in. from the knob. 
Knowing that at the instant shown G has a velocity of 4 ft/s 
upwards and the club has an angular velocity of 30 rad/s 
counterclockwise, determine (a) the speeds of Point A and B, 
(b) the location of the instantaneous center of rotation. 

 

SOLUTION 

Unit vectors: 1=i ,    1=j ,   1=k  

Relative positions: / /
8

(1 ft) , ft
12A G B A
 = − =  
 

r i r i  

Angular velocity: 30 rad/s=ω  (30 rad/s)= k  

Velocity at A: / /

(4 ft/s) (30 rad/s) ( 1 ft)

(4 ft/s) (30 ft/s) (26 ft/s)

A G A G G A G= + = + ×
= + × −
= − = −

v v v v ω r

j k i

j j j

 

 26 ft/s=  

   26.0 ft/sAv =   

Velocity at B: / /

8
(4 ft/s) (30 rad/s) ft

12

(4 ft/s) (20 ft/s) (24 ft/s)

B G B G G B G= + = + ×

 = + ×  
 

= + =

v v v v ω r

j k i

j j j

 

 24 ft/s=  

   24.0 ft/sBv =  

Let /C G x=r i  bet the position of the instantaneous center C relative to G. 

 / ( )

(4 ft/s) (30 rad/s) ( )

(4 ft/s) (30 ft/s) 0

4 ft/s 4
ft 1.6 in.

30 rad/s 30

C G C G G x

x

x

x

= + = + ×

= + ×
= + =

= − = − = −

v v v v ω i

j k i

j j

 

   Point C lies 1.6 in. to the left of G.  
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PROBLEM 15.74 

A 10-ft beam AE is being lowered by means of two overhead 
cranes. At the instant shown, it is known that the velocity  
of Point D is 24 in./s downward and the velocity of Point E is 
36 in./s downward. Determine (a) the instantaneous center of 
rotation of the beam, (b) the velocity of Point A. 

 

SOLUTION 

 

 
3 2 1

rad/s
3 3

E D

ED

v v

l
ω − −= = =  

 
1
3

2
6 ftD

CE
v

l
ω

= = =  

(a) 3 4 6 1 ftACl = + − =  lies 1 ft to the right of .C A   

(b) 
1

(1) 0.3333 ft/s
3A ACv l ω  = = = 

 
 4.00 in./sA =v   
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PROBLEM 15.75 

A helicopter moves horizontally in the x direction at a speed of  
120 mi/h. Knowing that the main blades rotate clockwise with an 
angular velocity of 180 rpm, determine the instantaneous axis of 
rotation of the main blades. 

 

SOLUTION 

 0 120 mi/h 176 ft/s= =v   

 
(180)(2 )

180 rpm 18.85 rad/s
60

πω = = =  

  Top view 

 0v zω=  

 0 176
9.34 ft

18.85

v
z

ω
= = =  

 

Instantaneous axis is parallel to the y axis and passes through the point 0x =   

 9.34 ftz =   
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PROBLEM 15.76 

A 60-mm-radius drum is rigidly attached to a 100-mm-radius drum as 
shown. One of the drums rolls without sliding on the surface shown, 
and a cord is wound around the other drum. Knowing that end E of 
the cord is pulled to the left with a velocity of 120 mm/s, determine 
(a) the angular velocity of the drums, (b) the velocity of the center of 
the drums, (c) the length of cord wound or unwound per second. 

 
 

SOLUTION 

 

 

Since the drum rolls without sliding, its instantaneous center lies at D. 

  120 mm/sE B= =v v  

  / /,     A A D B B Dv v v rω ω= =  

(a)   
/

120
3 rad/s

100 60
B

B D

v

v
ω = = =

−
 

   3.00 rad/s=ω 

(b)   (100)(3) 300 mm/sAv = =  

   300 mm/sA =v  

 Since Av  is greater than ,Bv  cord is being wound. 

  300 120 180 mm/sA Bv v− = − =  

(c)   Cord wound per second = 180.0 mm  
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PROBLEM 15.77 

A 60-mm-radius drum is rigidly attached to a 100-mm-radius drum as 
shown. One of the drums rolls without sliding on the surface shown, 
and a cord is wound around the other drum. Knowing that end E of 
the cord is pulled to the left with a velocity of 120 mm/s, determine 
(a) the angular velocity of the drums, (b) the velocity of the center of 
the drums, (c) the length of cord wound or unwound per second. 

 
 

SOLUTION 

 

 

Since the drum rolls without sliding, its instantaneous center lies at B. 

  120 mm/sE D= =v v  

  / /,  A A B D D Bv r v rω ω= =  

(a)   
/

120
3 rad/s

100 60
D

D B

v

r
ω = = =

−
 

   3.00 rad/s=ω  

(b)   (60)(3.00) 180 mm/sAv = =  

   180 mm/sA =v  

 Since Av  is to the right and Dv  is to the left, cord is being unwound. 

  180 120 300 mm/sA Ev v− = + =  

(c)   Cord unwound per second = 300 mm  
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PROBLEM 15.78 

The spool of tape shown and its frame assembly are pulled upward at a 
speed 750Av =  mm/s. Knowing that the 80-mm-radius spool has an angular 
velocity of 15 rad/s clockwise and that at the instant shown the total 
thickness of the tape on the spool is 20 mm, determine (a) the instantaneous 
center of rotation of the spool, (b) the velocities of Points B and D. 

 

SOLUTION 

 

 

 

 

 

 

 750 mm/sA =v   

 15 rad/sω =   

 
750

50 mm
15

Av
x

ω
= = =  

(a)  The instantaneous center lies 50 mm to the right of the axle.   

 80 20 50 50 mmCB = + − =  

(b) ( ) (50)(15) 750 mm/sBv CB ω= = =  

 750 mm/sB =v   

 80 50 130 mmCD = + =  

 ( ) (130)(15) 1950 mm/sDv CD ω= = =  

 1.950 m/sD =v   
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PROBLEM 15.79 

The spool of tape shown and its frame assembly are pulled upward at a 
speed 100 mm/s.Av =  Knowing that end B of the tape is pulled 
downward with a velocity of 300 mm/s and that at the instant shown 
the total thickness of the tape on the spool is 20 mm, determine (a) the 
instantaneous center of rotation of the spool, (b) the velocity of Point D 
of the spool. 

 

SOLUTION 

 100 mm/sD Av v= =  

(a) Since 0v  and Bv  are parallel, instantaneous center C is located at intersection of BC and line joining 

end points of Dv  and .Bv  

 Similar triangles. 

 
0 0B B

OC BC OC BC

v v v v

+= =
+

 

 0

0

( )
B

v
OC OC BC

v v
= +

+
 

 

100 mm/s
(100 mm)

(100 300) mm/s

25 mm

OC =
+

=    

(b) 0 100 mm/s
;

( ) ( ) ( ) (80 25) mm 25 mm
D Dvv v

DO OC OC
= =

+ +
 420 mm/sD =v   
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PROBLEM 15.80 

The arm ABC rotates with an angular velocity of 4 rad/s 
counterclockwise. Knowing that the angular velocity of the 
intermediate gear B is 8 rad/s counterclockwise, determine 
(a) the instantaneous centers of rotation of gears A and C, (b) the 
angular velocities of gears A and C. 

 

SOLUTION 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Contact points: 

 1 between gears A and B. 

 2 between gears B and C. 

 

Arm ABC: 4 rad/sABCω =  

 (0.300)(4) 1.2 m/sAv = =  

 (0.300)(4) 1.2 m/sCv = =  

 

Gear B: 8 rad/sBω =   

 1 (0.200)(8) 1.6 m/sv = =  

 2 (0.100)(8) 0.8 m/sv = =  

 

Gear A: 

     1 1.6 1.2

0.100 0.100
A

A
v vω − −= =  

     4 rad/sAω =  

     
1.2

0.3 m 300 mm
4

A
A

A

v

ω
= = = =  
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PROBLEM 15.80  (Continued) 

 Gear C: 

  
2 1.2 0.8

0.200 0.2
C

C
v vω − −= =  

  2 rad/sCω =  

  
1.2

0.6 m
2

C
C

C

v

ω
= = =  

 (a)   Instantaneous centers. 

 Gear A: 300 mm left of  A  

 Gear C: 600 mm left of  C   

 (b)   Angular velocities. 

4.00 rad/sA =ω    

2.00 rad/sC =ω    
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PROBLEM 15.81 

The double gear rolls on the stationary left rack R. Knowing that the rack on the 
right has a constant velocity of 2 ft/s, determine (a) the angular velocity of the 
gear, (b) the velocities of Points A and D. 

 

SOLUTION 

Since the rack R is stationary, Point C is the instantaneous center of the double gear. 

Given: 2 ft/sB =v 24 in./s=  

Make a diagram showing the locations of Points A, B, C, and  

D on the double gear. 

 24 in./s
2.40 rad/s

10 in.

B CB

B

CB

v l

v

l

ω

ω

=

= = =
 

 

(a) Angular velocity of the gear. 2.40 rad/s=ω   

(b) Velocity of Point A. (4 in.)(2.40 rad/s)A ACv l ω= =  9.60 in./s 0.800 ft/sA = =v  

 Geometry: 2 2(4 in.) (6 in.) 52 in.

4 in.
tan 33.7

6 in.

CDl

β β

= + =

= = °

 

 Velocity of Point D. 52(2.40) 17.31 in./sD CDl ω= = =v  1.442 ft/sD =v   33.7°  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1111 

 

PROBLEM 15.82 

An overhead door is guided by wheels at A and B that roll in 
horizontal and vertical tracks. Knowing that when 40θ = °  the 
velocity of wheel B is 1.5 ft/s upward, determine (a) the angular 
velocity of the door, (b) the velocity of end D of the door. 

 

SOLUTION 

 

 

Locate instantaneous center at intersection of lines drawn perpendicular 
to Av and .Bv  

(a) Angular velocity. 

  

( )

1.5 ft/s (3.214 ft)

0.4667 rad/s

Bv BC ω
ω

ω

=
=
=  0.467 rad/s=ω   

(b) Velocity of D: 

 In ΔCDE: 1 6.427
tan 59.2

3.83
6.427

7.482 ft
sin

( )

(7.482 ft)(0.4667 rad/s)

3.49 ft/s

D

CD

v CD

β

β
ω

−= = °

= =

=
=
=

 

  3.49 ft/sD =v  59.2°   
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PROBLEM 15.83 

Rod ABD is guided by wheels at A and B that roll in horizontal and 
vertical tracks. Knowing that at the instant shown 60β = °  and the 
velocity of wheel B is 40 in./s downward, determine (a) the angular 
velocity of the rod, (b) the velocity of Point D. 

 

SOLUTION 

Rod ABD: 

 

We locate the instantaneous center by drawing lines perpendicular to Av  and .Dv  

(a) Angular velocity. 

  

( )

40 in./s (12.99 in.)

3.079 rad/s

Bv BC ω
ω

ω

=
=
=  3.08 rad/s=ω  

(b) Velocity of D: 

 In ΔCDE: 1 7.5 25.98
tan 16.1 ; 27.04 in.

25.98 cos
CDγ

γ
−= = ° = =  

  ( ) (27.04 in.)(3.079 rad/s) 83.3 in./sDv CD ω= = =  

  83.3 in./sD =v 16.1°  83.3 in./sD =v 73.9°   
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PROBLEM 15.84 

Rod BDE is partially guided by a roller at D which moves in a 
vertical track. Knowing that at the instant shown the angular 
velocity of crank AB is 5 rad/s clockwise and that 25 ,β = °  
determine (a) the angular velocity of the rod, (b) the velocity of 
Point E. 

 

SOLUTION 

Crank AB: 5 rad/sAB =ω  / 120 mmB A =r  

                         / (5)(0.120) 0.6 m/sB AB B A Bv rω= = =v  

Rod BDE: Draw a diagram of the geometry of the rod and note that 0.6 m/sB =v  and D D=v v . 

 

Locate Point C, the instantaneous center, by noting that BC is perpendicular to Bv and DC is perpendicular to 

.Dv  Calculate lengths of BC and CD. 

  
500sin 25 211.31 mm

500cos 25 453.15.
BC

CD

l

l

= ° =
= ° =

 

(a) Angular velocity of the rod. 

  
0.6 m/s

2.8394 rad/s
0.21131 m

B
BCD

BC

v

l
ω = = =  

   2.84 rad/sBCD =ω  
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PROBLEM 15.84  (Continued) 

 

(b) Velocity of Point E. 

 Locate Point F on the diagram. 

  700cos 25 mm 200sin 25CF FE= ° = °  

  
2 2

200sin 25 2
tan tan 25 0.13323

700cos 25 7
7.6 90 82.4

( ) ( ) 640.02 mm 0.64002 m

(0.64002)(2.8394)
CE

E CE

FE

CF

l CF FE

v l

γ

γ β γ

ω

°= = = ° =
°

= ° = ° − = °

= + = =
= =

 

   1.817 m/sE =v  82.4°  
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PROBLEM 15.85 

Rod BDE is partially guided by a roller at D which moves in a vertical 
track. Knowing that at the instant shown 30 ,β = °  Point E has a 
velocity of 2 m/s down and to the right, determine the angular 
velocities of rod BDE and crank AB. 

 

SOLUTION 

Crank AB:  When AB is vertical, the velocity Bv  at Point B is horizontal.  

Rod BDE: Draw a diagram of the geometry of the rod and note that Bv  is horizontal and Dv  is vertical. 

 
Locate Point C, the instantaneous center C, by noting that CB is vertical and CD is horizontal. From the 
diagram, with Point F added, 

  
2 2

700cos30 mm 200sin 30 mm

( ) ( ) 614.41 mm 0.61441 m

CF FE

CE CF FE

= ° = °

= + = =
 

Angular velocity of rod BDE 

  
2 m/s

3.2552 rad/s
( ) 0.61441 m

E
BDE

v

CE
ω = = =  

   3.26 rad/sBDE =ω  

Velocity of B. 500sin 30 mm 250 mm 0.250 mCB = ° = =  

  ( ) (0.250)(3.2552)B BDEv CB ω= =  

                    0.81379 m/sB =v  

Angular velocity of crank AB:        120 mm 0.120 mAB = =  

                
0.81379 m/s

( ) 0.120 m
B

AB
v

AB
ω = =  6.78 rad/sAB =ω   
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PROBLEM 15.86 

Knowing that at the instant shown the velocity of collar D is 1.6 m/s 
upward, determine (a) the angular velocity of rod AD, (b) the velocity 
of Point B, (c) the velocity of Point A. 

 

SOLUTION 

 

We draw perpendiculars to Bv  and Dv  to locate instantaneous center C. 

(a) Angular velocity: 

 ( )Dv CD ω=  1.6 m/s (0.31177 m)ω=  

  5.132 rad/sω =  5.13 rad/s=ω  

(b)  ( ) (180 mm)(5.132 rad/s)Bv BC ω= =  

  923.76 mm/sDv =  0.924 m/sD =v  

(c)  ( )Av AC ω=  

 In triangle ACE: 
207.85 mm

tan 34.72
300 mm

β β= = °  

  2 2(207.85) (300) 364.97 mmAC AC= + =  

  (364.97 mm)(5.132 rad/s) 1873.0 mm/sAv = =  

   1.870 m/sA =v 34.7°   
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PROBLEM 15.87 

Knowing that at the instant shown the angular velocity of rod BE is  
4 rad/s counterclockwise, determine (a) the angular velocity of rod AD, 
(b) the velocity of collar D, (c) the velocity of Point A. 

 

SOLUTION 

 

 

 

Rod AD. 

 / (0.192)(4) 0.768 m/sB B E BEr ω= = =v  

(a) Instantaneous center C is located by noting that CD is  
 perpendicular to vD and CB is perpendicular to vB. 


/

/

0.360 sin 30 0.180 m

0.768
4.2667

0.180

B C

B
AD

B C

r

v

r
ω

= ° =

= = =


  4.27 rad/sAD =ω  

(b) Velocity of D. /

/

0.360 cos30 0.31177 m

(0.31177)(4.2667)
D C

D D C

r

v r ω
= ° =
= =

 

  1.330 m/sD =v  

(c) Velocity of A. 

 2 2

0.240cos30 0.20785 m

0.600sin 30 0.300 m

0.20785
tan 34.7

0.300

(0.20785) (0.300)

0.36497 m

(0.36497)(4.2667)

1.557 m/s

AE

CE

CA

A CA AD

l

l

l

v l

β β

ω

= ° =
= ° =

= = °

= +
=
=
=
=

 

  1.557 m/sA =v   34.7°  
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PROBLEM 15.88 

Rod AB can slide freely along the floor and the inclined 
plane. Denoting by Av  the velocity of Point A, derive an 
expression for (a) the angular velocity of the rod, (b) the 
velocity of end B. 

 

SOLUTION 

Locate the instantaneous center at intersection of lines drawn perpendicular to Av  and .Bv  

Law of sines. 

 

sin[90 ( )] sin(90 )

sin

cos( ) cos

sin

cos( )

sin

cos

sin

AC BC

l

AC BC

l

AC l

BC l

β θ θ

β

β θ θ

β
β θ

β
θ
β

=
° − − ° −

=

=
−

=

−=

=

 

(a) Angular velocity: 
cos( )

( )
sinAv AC l

β θω ω
β
−= =  

sin

cos( )
Av

l

βω
β θ

= ⋅
−

  

(b) Velocity of B: 
cos sin

( )
sin cos( )B

v
v BC l

l
θθ βω

β β θ
 

= = ⋅ ⋅ − 
 

cos

cos( )B Av v
θ

β θ
=

−
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PROBLEM 15.89 

Rod AB can slide freely along the floor and the inclined plane. 
Knowing that 20 , 50 ,θ β= ° = °  l 2 ft,=  and 8 ft/s,Av =  
determine (a) the angular velocity of the rod, (b) the velocity 
of end B. 

 

SOLUTION 

Locate the instantaneous center at intersection of lines draw perpendicular to Av  and .Bv  

Law of sines. 

 

sin[90 ( )] sin(90 )

sin

cos( ) cos

sin
cos( )

sin
cos

sin

AC BC

l

AC BC

l

AC l

BC l

β θ θ

β

β θ θ

β
β θ

β
θ
β

=
° − − ° −

=

=
−

=

−=

=

 

Angular velocity: 
cos( )

( )
sin

sin

cos( )

A

A

v AC l

v

l

β θω ω
β

βω
β θ

−= =

= ⋅
−

 

Velocity of B: 
cos sin

( )
sin cos( )

cos

cos( )

A
B

B A

v
v BC l

l

v v

θ βω
β β θ

θ
β θ

 
= = ⋅ ⋅ − 

=
−

 

Data:  20 , 50 , 2 ft, 8 ft/sAl vθ β= ° = ° = =  

(a) 
sin 8 ft/s sin 50

cos( ) 2 ft cos(50 20 )
Av

l

βω
β θ

°= = ⋅
− ° − °

 

 3.5382 rad/sω =  3.54 rad/s=ω    
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PROBLEM 15.89  (Continued) 

 

(b) 
cos

cos( )

cos 20
(8 ft/s)

cos(50 20 )

B Av v
θ

β θ
=

−
°=

° − °

 

 8.6805 ft/sBv =  8.68 ft/sB =v   50°   
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PROBLEM 15.90 

Two slots have been cut in plate FG and the plate has been 
placed so that the slots fit two fixed pins A and B. Knowing that 
at the instant shown the angular velocity of crank DE is 6 rad/s 
clockwise, determine (a) the velocity of Point F, (b) the velocity 
of Point G. 

 

SOLUTION 

Crank DE: ( ) (72 mm)(6 rad/s)E DEv DE ω= =  

  432 mm/sE =v  

Rod EF: ( ) 432 mm/sF y Ev v= =  

Plate FG: 

 

vA and Bv  are velocities of points on the plate next to the pins A and B. We draw lines perpendicular to 

Av  and Bv  to locate the instantaneous center C. 

(a) Velocity of Point F: 

  
( )

( ) [( ) ]cos [( )cos ]
F

F y

v CF

v CF CF

ω
ω β β ω

=
= =

 

 But ( ) 432 mm/s and ( )cos 480 mm:F yv CF β= =  

  

432 mm/s (480 mm)

0.9 rad/s

ω
ω

=
=  0.9 rad/s=ω  
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PROBLEM 15.90  (Continued) 

 

  

487.97 mm

10.37

( )

(487.97 mm)(0.9 rad/s)

439.18 mm/s

F

CF

v CF

β
ω

=
= °
=
=
=

 

  439 mm/sF =v   10.4° 439 mm/sF =v  79.6°  

(b) Velocity of Point G: 

  

456.78 mm

20.50

( )

(456.78 in.)(0.9 rad/s)
G

CG

v CG

γ
ω

=
= °
=
=

 

 411.11 mm/sGv =  411 mm/sG =v   20.5°  
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PROBLEM 15.91 

The disk is released from rest and rolls down the incline. 
Knowing that the speed of A is 1.2 m/s when θ  = 0°, determine 
at that instant (a) the angular velocity of the rod, (b) the 
velocity of B. Only portions of the two tracks are shown. 

 

SOLUTION 

Draw the slider, rod, and disk at 0 .θ = °  

Let Point P be the contact point between the disk and the incline. It is the instantaneous center of the disk. 

Av  is parallel to the incline. So that 

 A Av=v  30° 

 Constraint of slider: 

  B Bv=v  

 To locate the instantaneous center C of the rod AB, extend the line AP to 
 meet the vertical line through P at Point C. 

 
/ sin 30

/ tan 30
AC AB

BC AB

l l

l l

= °
= °

 

 (a) Angular velocity of rod AB. 

  
sin 30 (1.2 m/s)sin 30

0.6 m
A A

AB
AC AB

v v

l l
ω ° °= = =  

   1.000 rad/sAB =ω   

(b) Velocity of Point B. B BC ABv l ω=  

  
sin 30

cos30 1.2cos30
tan 30

AB A
B A

AB

l v
v v

l

°
= = ° = °

°
 

   1.039 m/sB =v   
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PROBLEM 15.92 

Arm ABD is connected by pins to a collar at B and to crank DE. 
Knowing that the velocity of collar B is 400 mm/s upward, determine 
(a) the angular velocity of arm ABD, (b) the velocity of Point A. 

 

SOLUTION 

 

16 in./sB =v         
125

tan
300

EF

DF
γ = =         D Dv=v γ  

Locate the instantaneous center (Point C) of bar ABD by noting that velocity directions at Points B and D are 
known. Draw BC perpendicular to Bv  and DC perpendicular to .Dv  

 
125

( ) tan (160) 66.667 mm
300

320 66.667 253.33 mm

CJ DJ

CB JB CJ

γ  = = = 
 

= − = − =
 

(a) 
400

1.57895 rad/s
253.33

B
ABD

v

CB
ω = = =  1.579 rad/sABD =ω    

  

253.33 180 433.33 mm

90
tan ,    11.733 ,     90 78.3

433.33
433.33

442.58 mm
cos cos 11.733

CK CB BK

KA

CK
CK

AC

β β β

β

= + = + =

= = = ° ° − = °

= = =
°

 

(b) ( ) (442.58)(1.57895) 699 mm/sA ABDv AC ω= = =  699 mm/sA =v 78.3°   
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PROBLEM 15.93 

Arm ABD is connected by pins to a collar at B and to crank DE. Knowing 
that the angular velocity of crank DE is 1.2 rad/s counterclockwise, 
determine (a) the angular velocity of arm ABD, (b) the velocity of Point A. 

 

SOLUTION 

 

  
125 300

tan , 22.620 , 325 mm
300 cos cos

EF FD
ED

DF
γ γ

γ γ
= = = ° = = =  

  ( ) (325)(1.2) 390 mm/s 390 mm/sD DE Dv ED ω= = = =v γ  

  B Bv=v  

Locate the instantaneous center (Point C) of bar ABD by noting that velocity directions at Points B and D are 
known. Draw BC perpendicular to Bv  and DC perpendicular to .Dv  

 
125 160

( ) tan (160) 66.667 mm, 173.33 mm
300 cos cos

DJ
CJ DJ CDγ

γ γ
 = = = = = = 
 

 

(a)  
390

2.25 rad/s
173.33

D
ABD

v

CD
ω = = =   2.25 rad/sABDω =    

  

500 66.667 433.33 mm

90
tan 11.733 90 78.3

433.33
433.33

442.58 mm
cos cos

CK KJ CJ

AK

CK
CK

AC

β β β

β β

= − = − =

= = = ° ° − = °

= = =

 

(b)  ( ) (442.58)(2.25) 996 mm/sA ABDv AC ω= = =  996 mm/sA =v 78.3°   
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PROBLEM 15.94 

Two links AB and BD, each 25 in. long, are connected at B and guided 
by hydraulic cylinders attached at A and D. Knowing that D is stationary 
and that the velocity of A is 30 in./s to the right, determine at the instant 
shown (a) the angular velocity of each link, (b) the velocity of B. 

 

SOLUTION 

Link DB:   Point D is stationary. Assume BD BDω=ω . 

 

 ( )B BDv DB ω=  Bv  is perpendicular to DB. 

 
7 in.

tan
24 in.

β =  16.3β = °  90 73.7β° − = °  

Link AB:  Draw the configuration. Locate the instantaneous center C of link AB by noting that the line BC is 
perpendicular to ,Bv  i.e., along DB, and that AC is perependicular to A Av=v . ( 30 in./s).Av =   
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PROBLEM 15.94  (Continued) 

 

  

9 in.
13 in. (7 in.) 15.625 in.

24 in.

15 in.
(25 in.) 15.625 in.

24 in.

30 in./s
1.92 rad/s

( ) 15.625 in.

( ) (15.625)(1.92) 30 in./s

A
AB

B AB

AC AE EC

BC

v

AC

v BC

ω

ω

= + = + =

= =

= = =

= = =

 

Returning to link DB,  
30 in./s

1.20 rad/s
( ) 25 in.

B
BD

v

DB
ω = = =  

(a) Angular velocities:   1.920 rad/sAB =ω   

   1.200 rad/sBD =ω   

(b) Velocity of Point B: 30.0 in./sB =v 73.7°   
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PROBLEM 15.95 

Two 25-in. rods are pin-connected at D as shown. Knowing that B 
moves to the left with a constant velocity of 24 in./s, determine at 
the instant shown (a) the angular velocity of each rod, (b) the 
velocity of E. 

 

SOLUTION 

 

Rod AB: Draw lines perpendicular to Av  and Bv  to locate instantaneous center .ABC  

  
( )

24 in./s (20 in.)
B AB AB

AB

v BC ω
ω

=
=

 

   1.200 rad/sAB =ω   

Velocity of D: 12.5 in.

( )

(12.5 in.)(1.2 rad/s)

AB

D AB AB

DC

v DC ω
=
=
=

 

 15 in./sD =v  
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PROBLEM 15.95  (Continued) 

 

Rod DE: 

 

 

Draw lines perpendicular to Dv  and Ev  to locate instantaneous center .DEC  

  
2 2(20) (26.667) 33.333 in.

( )
DE

D DE DE

DC

v DC ω
= + =
=

 

(a)  15 in./s (33.333 in.) ; 0.45 rad/sDE DEω ω= =  0.450 rad/sDE =ω    

  ( ) (11.667 in.)(0.45 rad/s)E DE DEv EC ω= =   

(b)  5.25 in./sEv =  5.25 in./sE =v   
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PROBLEM 15.96 

Two rods ABD and DE are connected to three collars as shown. Knowing 
that the angular velocity of ABD is 5 rad/s clockwise, determine at the 
instant shown (a) the angular velocity of DE, (b) the velocity of collar E. 

 

SOLUTION 

 5 rad/sABCω =  A Av=v  

 B Bv=v   E Ev=v  

Locate Point I, the instantaneous center of rod ABD by drawing IA perependicular to vA and IB perpendicular  
to vB. 

  

200
tan 26.565

400
400

447.21 mm
cos

(5)(447.21 mm)

ID

D ABD ID

I

v l

φ φ

φ
ω

= = °

= =

= =  

   2236.1 mm/sDv = φ  

 

 
 

Locate Point J, the instantaneous center of rod DE by drawing JD perpendicular to vD and JE perpendicular  
to vE. 

  
400

447.21 mm
cosJDl

φ
= =  

  
2236.1 mm/s

5 rad/s
447.21

D
DE

JD

v

l
ω = = =  

(a)    5.00 rad/sDE =ω   

  200 cos 600 mmJE JDl l φ= + =  

  (600)(5) 3000 mm/sE JE DEv l ω= = =  

(b)    3.00 m/sE =v   
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PROBLEM 15.97 

Two collars C and D move along the vertical rod shown. Knowing 
that the velocity of collar C is 660 mm/s downward, determine  
(a) the velocity of collar D, (b) the angular velocity of member AB. 

 

SOLUTION 

 400 mmAB =  

Instantaneous centers: at I for BC. 

 at J for BD. 

Geometry. 

 

240
(220) 165 mm

320

240
(420) 315 mm

320

220
(400) 275 mm

320

400 275 125 mm

125 mm

IC

JD

AI

BI AB AI

BJ BI

 = = 
 
 = = 
 
 = = 
 

= − = − =
= =

 

Member BC. 660 mm/sC =v  

 
660

4 rad/s
165

( ) (125 mm)(4 rad/s) 500 mm/s

C
BC

B BC

v

IC
v BI

ω

ω

= = =

= = =

 

Member BD. 
500 mm/s

4 rad/s
125 mm

B
BD

v

BJ
ω = = =  

(a) ( ) (315 mm)(4 rad/s)D BDJD ω= =v  1260 mm/sD =v   

(b) 
500 mm/s

400 mm
B

AB
v

AB
ω = =  1.250 rad/sAB =ω  
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PROBLEM 15.98 

Two rods AB and DE are connected as shown. Knowing that 
Point D moves to the left with a velocity of 40 in./s, determine 
(a) the angular velocity of each rod, (b) the velocity of Point A. 

 

SOLUTION 

 

We locate two instantaneous centers at intersections of lines drawn as follows: 

C1: For rod DE, draw lines perpendicular to vD and vE. 

C2: For rod AB, draw lines perpendicular to vA and vB. 

Geometry: 1

1

2

2

(8 in.) 2 8 2 in.

16 in.

(9 in. 8 in.) 2 17 2 in.

25 in.

BC

DC

BC

AC

= =
=

= + =
=

 

(a) Rod DE: 1( )

40 in./s (16 in.)
D DE

DE

v DC ω
ω

=
=

 

  2.5 rad/sDEω =  2.5 rad/sDE =ω    

  
( )

(8 2 in.)(2.5 rad/s)

B DEv BC ω=

=
 

  20 2 in./sB =v   45° 
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PROBLEM 15.98  (Continued) 

 

 Rod AB: 2( )

20 2 in./s (17 2 in.)

20
rad/s 1.1765 rad/s

17

B AB

AB

AB

v BC ω

ω

ω

=

=

= =

 

   1.177 rad/sAB =ω    

(b)  2( )

(25 in.)(1.1765 rad/s)
A ABv AC ω=

=
 

  29.41 in./sAv =  29.4 in./sA =v   
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PROBLEM 15.99 

Describe the space centrode and the body centrode of rod ABD of 
Problem 15.83. (Hint: The body centrode need not lie on a physical 
portion of the rod.) 

PROBLEM 15.83 Rod ABD is guided by wheels at A and B that roll 
in horizontal and vertical tracks. Knowing that at the instant shown 

60β = °  and the velocity of wheel B is 40 in./s downward, determine  
(a) the angular velocity of the rod, (b) the velocity of Point D. 

 

SOLUTION 

 



















 

Draw x and y axes as shown with origin at the intersection of the two 
slots. These axes are fixed in space. 

  A Av=v , B Bv=v  

Locate the space centrode (Point C) by noting that velocity directions 
at Points A and B are known. Draw AC perpendicular to Av  and BC 
perpendicular to .Bv  

The coordinates of Point C are sinCx l β= −  and cosCy l β=  

  2 2 2 2(15 in.)C Cx y l+ = =  

The space centrode is a quarter circle of 15 in. radius centered at O.  

Redraw the figure, but use axes x and y that move with the body. Place 
origin at A. 

 

2

2 2
2 2 2 2

( )cos

cos (1 cos 2 )
2

( )sin

cos sin sin 2
2

( 7.5) 7.5
2 2

C

C

C C C C

x AC

l
l

y AC

l
l

l l
x y x y

β

β β

β

β β β

=

= = +

=

= =

   − + = = − + =   
   

 

The body centrode is a semicircle of 7.5 in. radius centered  
midway between A and B.  
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PROBLEM 15.100 

Describe the space centrode and the body centrode of the gear 
of Sample Problem 15.2 as the gear rolls on the stationary 
horizontal rack. 

 

SOLUTION 

 

Let Points, A, B, and C move to A′, B′, and C ′ as shown. 

Since the instantaneous center always lies on the fixed lower rack, the space centrode is the lower rack. 

   space centrode: lower rack   

Since the point of contact of the gear with the lower rack is always a point on the circumference of the gear, 
the body centrode is the circumference of the gear. 

   body centrode: circumference of gear  
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PROBLEM 15.101 

Using the method of Section 15.7, solve Problem 15.60. 

PROBLEM 15.60 In the eccentric shown, a disk of 2-in.-radius 
revolves about shaft O that is located 0.5 in. from the center A of the 
disk. The distance between the center A of the disk and the pin at B 
is 8 in. Knowing that the angular velocity of the disk is 900 rpm 
clockwise, determine the velocity of the block when 30 .θ = °  

 

SOLUTION 

 

  ( ) 0.5 in. 900 rpm 30  rad/sOAOA ω π= = =  

  ( ) (0.5)(30 ) 15  in./sA OAOA ω π π= = =v  

  A Av=v   60 ,°  B Av=v  

Locate the instantaneous center (Point C) of bar BD by noting that velocity directions at Point B and A are 
known. Draw BC perpendicular to Bv  and AC perpendicular to .Av  

  
( )sin 30 0.5sin 30

sin , 1.79
8

OA

AB
β β° °= = = °  

  
( ) cos30 ( )cos 0.5cos30 8cos

8.4291 in.

OB OA AB β β= ° + = ° +
=

 

  
8.4291

0.5 9.2331 in.
cos30 cos30

OB
AC OA= − = − =

° °
 

  ( ) tan 30 4.8665 in.BC OB= ° =  

  A B
AB

v v

AC BC
ω = =  

  
(4.8665)(15 )

24.84 in./s
9.2331B A

BC
v v

AC

π = = = 
 

 24.8 in./sB =v  
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PROBLEM 15.102 

Using the method of Section 15.7, solve Problem 15.64. 

PROBLEM 15.64 In the position shown, bar AB has an angular velocity 
of 4 rad/s clockwise. Determine the angular velocity of bars BD and DE. 

 

SOLUTION 

Bar AB: (Rotation about A) 4 rad/sAB =ω  

  175 mmAB =   ( ) (4)(175)B ABv ABω= =  

  700 mm/sB =v  

Bar DE: (Rotation about E)  DE DEω=ω  

  2 2(275) (75) 285.04 mmDE = + =  

  285.04D DEω=v  β 

  
75 mm

tan 0.27273
275 mm

β = =  

Bar BD: 700 mm/sB =v , 285.04D DEω=v
 
β 

 

 

Locate the instantaneous center of bar BD by drawing line BC perpendicular to vB and line DC perpendicular  
to vD. 

  

200 mm

(200)(275)
733.3 mm

tan 75

(200)(285.04)
760.11 mm

sin 75

BD

BD
CB

BD
CD

β

β

=

= = =

= = =
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PROBLEM 15.102  (Continued) 

 

  

700 mm/s
0.95455 rad/s

733.33 mm

( ) (0.95455 rad/s)(760.11 mm) 725.56 mm/s

725.56
2.5455 rad/s

285.04 285.04

B
BD

D BD

D
DE

v

CB

v CD

v

ω

ω

ω

= = =

= = =

= = =

 

Angular velocities:  0.955 rad/sBD =ω   

   2.55 rad/sDE =ω   
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PROBLEM 15.103 

Using the method of Section 15.7, solve Problem 15.65. 

PROBLEM 15.65  In the position shown, bar AB has an angular 
velocity of 4 rad/s clockwise. Determine the angular velocity of 
bars BD and DE. 

 

SOLUTION 











 

Bar AB: 1 0.4 m
tan 26.56

0.8 m
β −= = °  

  

0.8 m
0.8944 m

cos

( ) (0.8944 m)(4 rad/s)B AB

AB

v AB

β
ω

= =

= =
 

  3.578 m/sB =v   26.56° 

 

Bar DE: 1 0.4 m
tan 38.66

0.5 m

0.5 m
0.6403 m

cos

( )D DE

DE

v DE

γ

γ
ω

−= = °

= =

=

 

  (0.6403 m)D DEω=v   38.66° (1) 

 
Bar BD: Locate instantaneous center at intersection of lines drawn  
 perpendicular to vB and vD. 

Law of sines. 
0.8 m

sin 51.34 sin 63.44 sin 65.22°

0.688 m

0.7881 m

BC CD

BC

CD

= =
° °

=
=

 

  ( )B BDv BC ω=  

  3.578 m/s (0.688 m) ;BDω=  5.2 rad/sBD =ω   

 
( ) (0.7881 m)(5.2 m/s)

4.098 m/s
D BDv CD ω= =

=
 

Eq. (1):  4.098 m/s (0.6403 m) ;DEω=  6.4 rad/sDE =ω  
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PROBLEM 15.104 

Using the method of section 15.7, solve Problem 15.38. 

PROBLEM 15.38 An automobile travels to the right at a 
constant speed of 48 mi/h. If the diameter of a wheel is 22 in., 
determine the velocities of Points B, C, D, and E on the rim of 
the wheel. 

 

SOLUTION 

  48 mi/h 70.4 ft/sAv = =  

   0C =v   

  
1

22 in., 11 in. 0.91667 ft
2

d r d= = = =  

Point C is the instantaneous center. 

  

70.4
76.8 rad/s

9.1667
2 1.8333 ft

( ) (1.8333)(76.8) 140.8 ft/s

A

B

v

r
CB r

v CB

ω

ω

= = =

= =
= = =

 

   140.8 ft/sB =v   

  
1

(30 ) 15
2

γ = ° = °  

  2 cos15 (2)(0.91667)cos15 1.7709 ftCD r= ° = ° =  

  ( ) (1.7709)(76.8) 136.0 ft/sDv CD ω= = =  

   136.0 ft/sD =v   15.0°  

  2 0.91667 2 1.2964 ftCE r= = =  

  ( ) (1.2964)(76.8) 99.56 ft/sEv CE ω= = =  

   99.6 ft/sE =v   45.0° 
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PROBLEM 15.CQ7 

A rear wheel drive car starts from rest and accelerates to the left so that the 
tires do not slip on the road. What is the direction of the acceleration of the 
point on the tire in contact with the road, that is, Point A? 

(a)  (b) (c) (d)  (e)  

 

 

 

SOLUTION 

The tangential acceleration will be zero since the tires do not slip, but there will be an acceleration component 
perpendicular to the ground. 

   Answer: (c)  



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1142 

 

 

PROBLEM 15.105 

A 3.5-m steel beam is lowered by means of two cables unwinding at the 
same speed from overhead cranes. As the beam approaches the ground, 
the crane operators apply brakes to slow down the unwinding motion. 
At the instant considered, the deceleration of the cable attached at A is  
4 m/s2, while that of the cable at B is 1.5 m/s2. Determine (a) the 
angular acceleration of the beam, (b) the acceleration of Point C. 

 

SOLUTION 

 4 m/sA =a  

 1.5 m/sB =a  

Assume 0.ω =  

(a) Angular acceleration. α= kα  

 /

1.5 4 (3 ) 4 3

1.5 4
0.83333

3

B A B A

α α

α

= +
= + × = +

−= = −

a a a

j j k i j j

 

 0.833= − kα  20.833 rad/s=α  

(b) Acceleration of Point C. Because the cables are unwinding at the same speed, 0ω =  

 / /

4 ( 0.83333 3.5 )

4 2.9167 1.0833

C A C A A C A= + = + ×

= + − ×
= − =

a a a a r

j k i

j j j

α  

 21.083 m/sC =a  
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PROBLEM 15.106 

The acceleration of Point C is 20.3 m/s  downward and the angular 
acceleration of the beam is 20.8 rad/s clockwise. Knowing that the angular 
velocity of the beam is zero at the instant considered, determine the 
acceleration of each cable. 

 

SOLUTION 

 0

( 0.8 rad/s)

ω =
= − kα

 

 0.3 m/sC =a  

Acceleration of cable A. 

 

/

2

0.3 [ 0.8 ( 3.5 )]

0.3 2.8 (2.5 m/s )

A C A C= + ×
= − + − × −

= − + =

a a r

j k i

j j j

α

 
22.50 m/sA =a   

Acceleration of cable B. 

 

/

2

0.3 [ 0.8 ( 0.5 )]

0.3 0.4 0.1 (0.1 m/s )

B C B C= + ×
= − + − × −

= − + = =

a a r

j k i

j j j j

α

 20.100 m/sB =a 
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PROBLEM 15.107 

A 900-mm rod rests on a horizontal table. A force P applied as 
shown produces the following accelerations: 23.6 m/sA =a  to 
the right, 26 rad/sα =  counterclockwise as viewed from above. 
Determine the acceleration (a) of Point G, (b) of Point B. 

 

SOLUTION 





 

 

(a) / [G A G A Aa= + =a a a ] [( )AG α+ ]  

 
2[3.6 m/sG =a 2] [(0.45 m)(6 rad/s )+ ]  

 2[3.6 m/sG =a 2] [2.7 m/s+ ]  

   
20.9 m/sG =a   

(b) / [B A B A Aa= + =a a a ] [( )AB α+ ]  

 
2[3.6 m/sB =a 2] [(0.9 m)(6 rad/s )+ ]  

 2[3.6 m/sB =a 2] [5.4 m/s+ ]  

   21.8 m/sB =a  
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PROBLEM 15.108 

In Problem 15.107, determine the point of the rod that (a) has 
no acceleration, (b) has an acceleration of 22.4 m/s  to the right. 

 

SOLUTION 

(a) For 0:Qa =  

 /Q A Q A A= + =a a a a  ( )AQ α+  

 20 3.6 m/s= 2( )(6 rad/s )y+  

 
23.6 m/s

0.6 m
6 rad/s

y = =  

   0=a  at 0.6 m  from A  

(b) 2For 2.4 m/sQ =a : 

 / [Q A Q A Aa= + =a a a ] [( )AQ α+ ]  

 22.4 m/s   2[3.6 m/s= 2] [( )(6 rad/s )y+ ]  

 21.2 m/s  2( )(6 rad/s )y=  

 0.2 my =  

 
22.4 m/s=a   at 0.2 m from A 
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PROBLEM 15.109 

Knowing that at the instant shown crank BC has a constant angular 
velocity of 45 rpm clockwise, determine the acceleration (a) of Point A, 
(b) of Point D. 

 

SOLUTION 

Geometry. Let β be angle BAC. 

 
4 in.

sin 30
8 in.

β β= = °  

Velocity analysis. 45 rpmBC =ω 4.7124 rad/s= A Av=v  

 ( ) (4)(4.7124) 18.8496 in./sB BCv BC ω= = = 18.8496 in./sB =v  

Av  and Bv  are parallel; hence, the instantaneous center of rotation of rod AD lies at infinity. 

 0 18.8496 in./sAD A B= = =v vω  

Acceleration analysis. 0BCα =  

Crank BC: 
2 2

( ) ( ) 0

( ) ( ) (4)(4.7124)

B t

B n BC

a BC

a BC

α

ω

= =

= =

 

 288.827 in./sB =a  

Rod ABD: AD ADα=α A Aa=a  

 / /( ) ( )A B A B t A B A= + +a a a a  

 [ Aa ] [88.827= ] [8 ADα+ 230 ] [8 ADω° + 60 ]°  

Resolve into components. 

 :      20 88.827 8 cos30 0 12.821 rad/sAD ADα α= + ° + = −  

(a) :   28 sin 30 (8)( 12.821)sin 30 51.284 in./sA ADa α= ° = − ° = −  

 251.3 in./sA =a    
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PROBLEM 15.109  (Continued) 

 

(b) / /( ) ( )D B D B t D B t= + +a a a a  

 [88.827= ] [8 BDα+ 230 ] [8 [BDω° + 60 ]°  

 [88.827= ] [(8)( 12.821)+ − 30 ] 0° +  

 [88.827= ] [102.568+ 30 ] [177.653° = 51.284+ ]  

 2184.9 in./sD =a 16.1°  
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PROBLEM 15.110 

End A of rod AB moves to the right with a constant velocity of 6 ft/s. For the 
position shown, determine (a) the angular acceleration of rod AB, (b) the 
acceleration of the midpoint G of rod AB. 

 

SOLUTION 

Use units of ft and seconds. 

Geometry and unit vectors: 1=i , 1=j , 1=k  

  / /(10cos30 ) (10sin 30 ) 4B A B D= − ° + ° = −r i j r j  

Velocity analysis. 

Rod AB:  6 ft/sA =v , B Bv=v  

 

Since Av  and Bv  are parallel, the instantaneous center lies at infinity, so 0ABω =  and .B A=v v  

Acceleration analysis.  

Rod AB: 0A =a  since Av  is constant. AB ABα=α   ABα= k  

  

2
/ / /

0 ( 10cos30 5 ) 0

(10cos30 ) 5

B A B A A AB B A AB B A

AB

B AB AB

ω
α

α α

= + = + × −
= + × − ° + −
= − ° −

a a a a a r r

k i j

a j j  (1) 

Rod BD: 0,D BD BDα= =a α k  

  

2
/ / /

2

0

( 4 ) (1.5) ( 4 )

4 9

B D B D BD B D BD B D

BD

BD

ω

α
α

= + = + × −

= × − − −
= +

a a a α r r

k j j

i j  (2) 

Equating the coefficients of j in the expressions (1) and (2) for .Ba  

  (10cos30 ) 9ABα− ° =  1.0392ABα = −  
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PROBLEM 15.110  (Continued) 

 

(a) Angular acceleration of rod AB: 21.039 rad/sAB =α   

(b) Acceleration of midpoint G of rod AB. 

  

2
/ / /

0 1.0392 ( 5cos30 5sin 30 )
G A G A A AB G A AB G Aω= + = + × −

= − × − ° + °
a a a a α k r r

k i j  

   2 2 2(2.60 ft/s ) (4.50 ft/s ) 5.20 ft/sG = + =a i j       60° 
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PROBLEM 15.111 

An automobile travels to the left at a constant speed of 72 km/h. 
Knowing that the diameter of the wheel is 560 mm, determine 
the acceleration (a) of Point B, (b) of Point C, (c) of Point D. 

 

SOLUTION 

 
h 1000 m

72 km/h 20 m/s
3600 s kmA = ⋅ ⋅ =v  

Rolling with no sliding, instantaneous center is at C. 

 ( ) ; 20 m/s (0.28 m)Av AC ω ω= =  

 71.429 rad/s=ω  

Acceleration. 

 

 Plane motion  =  Trans. with A  +  Rotation about A 

 2 2 2
/ / / (0.280 m)(71.429 rad/s) 1428.6 m/sB A C A D Aa a a rω= = = = =  

(a) 2
/ 0 1428.6 m/sB A B A= + = +a a a  21430 m/sB =a   

(b) 2
/ 0 1428.6 m/sC A C A= + = +a a a  21430 m/sC =a   

(c) 2
/ 0 1428.6 m/sD A D A= + = +a a a 60°  

 21430 m/sD =a 60°   
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PROBLEM 15.112 

The 18-in.-radius flywheel is rigidly attached to a 1.5-in. -radius 
shaft that can roll along parallel rails. Knowing that at the instant 
shown the center of the shaft has a velocity of 1.2 in./s  and  
an acceleration of 20.5 in./s ,  both directed down to the left, 
determine the acceleration (a) of Point A, (b) of Point B. 

 

SOLUTION 

Velocity analysis. 

Let Point G be the center of the shaft and Point C be the point of contact with the rails. Point C is the 
instantaneous center of the wheel and shaft since that point does not slip on the rails. 

 
1.2

, 0.8 rad/s
1.5

G
G

v
r

r
ω ω= = = =v  

Acceleration analysis. 

Since the shaft does not slip on the rails, 

 C Ca=a 20°  

Also, 2[0.5 in./sG =a 20 ]°  

 / /( ) ( )C G C G t C G n= + +a a a a  

 [ Ca 220 ] [0.5 in./s° = 20 ] [1.5α° + 220 ] [1.5ω° + 20 ]°  

Components  20 :°  20.5 1.5 0.33333 rad/sα α= − =  

 
(a) Acceleration of Point A. 

 / /( ) ( )A G A G t A G n= + +a a a a  

 [0.5= 20 ] [18α° + 2] [18ω+ ]  

 [0.4698= ] [0.1710+ ] [6+ ] [11.52+ ]  

 [6.4698= ] [11.670+ ]  
213.35 in./sA =a 61.0°   

(b) Acceleration of Point B. 

 / /( ) ( )B G B G t B G n= + +a a a a  

 [0.5= 20 ] [18α° + 2] [18ω+ ]  

 [0.4698= ] [0.1710+ ] [6+ ] [11.52+ ]  

 [5.5302= ] [11.349+ ]  
212.62 in./sB =a 64.0°   
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PROBLEM 15.113 

A 3-in.-radius drum is rigidly attached to a 5-in.-radius drum as shown. 
One of the drums rolls without sliding on the surface shown, and a cord is 
wound around the other drum. Knowing that at the instant shown end D of 
the cord has a velocity of 8 in./s and an acceleration of 230 in./s ,  both 
directed to the left, determine the accelerations of Points A, B, and C of 
the drums. 

 

SOLUTION 

Velocity analysis. v v 8 in./sD A= =  

Instantaneous center is at Point B. ( ) , 8 (5 3)Av AB ω ω= = −  

 4 rad/sω =   

Acceleration analysis. [B Ba=a ]  for no slipping. 

 α α=  

 2[30 in./sA =a ] [( )A na+ ]  

 [G Ga=a ]  

 / /( ) ( )B A B A t B A n= + +a a a a  

 [ Ba ] [30= ] [( )A na+ ] [(5 3)α+ − 2] [5 3)ω+ − ]  

Components : 20 30 2 15 rad/sα α= − + =  

 / /( ) ( )B G B G t B G n= + +a a a a  

 [ Ba ] [ Ga= ] [5α+ 2] [5ω+ ]  

Components : 20 5 5 75 in./sG Ga aα α= − + = =  

 : 
2 2(5)(4) 80 in./sBa = =  

280.0 in./sB =a  

 / /( ) ( )A G A G t A G n= + +a a a a  

 [75= ] [3α+ 2] [3ω+ ]  

 [75= ] [45+ ] [48+ ]  

 2[30 in./s= 2] [48 in./s+ ]  

 256.6 in./sA =a 58.0°   
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PROBLEM 15.113  (Continued) 

 

 / /( ) ( )C G C G t C G n= + +a a a a  

 [75= ] [5α+ 2] [5ω+ ]  

 [75= ] [75+ ] [80+ ]  

 2[155 in./s= 2] [75 in./s+ ]  

 2172.2 in./sC =a 25.8°  
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PROBLEM 15.114 

A 3-in.-radius drum is rigidly attached to a 5-in.-radius drum as shown. One 
of the drums rolls without sliding on the surface shown, and a cord is wound 
around the other drum. Knowing that at the instant shown end D of the cord 
has a velocity of 8 in./s and an acceleration of 230 in./s ,  both directed to the 
left, determine the accelerations of Points A, B, and C of the drums. 

 

SOLUTION 

Velocity analysis. 8 in./sD B= =v v  

Instantaneous center is at Point A. ( ) ,  8 (5 3)Bv AB ω ω= = −  

 4 rad/sω =  

Acceleration analysis. [A Aa=a ]  for no slipping. α α=  

 2[30 in./sB =a ] [( )B na+ ]  

 [G Ga=a ]  

 / /( ) ( )A B A B t A B n= + +a a a a  

 [ Aa ] [30= ] [( )B na+ ] [(5 3)α+ − 2] [(5 3)]ω+ − ]  

Components : 20 30 2 15 rad/sα α= − + =  

 / /( ) ( )A G A G t A G n= + +a a a a  

 Aa [ Ga= ] [3α+ 2] [3ω+ ]  

Components : 20 3 3 45 in./sG Ga aα α= − = =  

 : 2 2 23 (3)(4) 48 in./sAa ω= = =  248.0 in./sA =a   

 / /( ) ( )B G B G t B G n= + +a a a a  

 [45= ] [5α+ 2] [5ω+ ]  

 [45= ] [75+ ] [80+ ]  

 2[30 in./s= 2] [80 in./s+ ]  

 285.4 in./sB =a 69.4°   
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PROBLEM 15.114  (Continued) 

 

 / /( ) ( )C G C G t C G n= + +a a a a  

 [45= ] [5α+ 2] [5ω+ ]  

 [45= ] [75+ ] [80+ ]  

 2[35 in./s= 2] [75 in./s+ ]  282.8 in./sC =a 65.0°   
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PROBLEM 15.115 

A carriage C is supported by a caster A and a cylinder B, each of 
50-mm diameter. Knowing that at the instant shown the carriage 
has an acceleration of 22.4 m/s  and a velocity of 1.5 m/s,  both 
directed to the left, determine (a) the angular accelerations of the 
caster and of the cylinder, (b) the accelerations of the centers of 
the caster and of the cylinder.  

 

SOLUTION 

Rolling occurs at all surfaces of contact. Instantaneous centers are at points of contact with floor. 

Caster: 0.025 mr =  

 22.4 m/sA C= =a a  

 ( ) 0 (rolling with no sliding)D xa =  

 /A D A D= +a a a  

 Aa[ ] [( )D xa= ] [( )D ya+ ] [ Ard+ 2] [ Arω+ ]  

 0A Aa rα= +  

 22.4 m/s 2(0.025 m) 96 rad/sA Aα= =α  

Cylinder: 0.025 mr =  

 2( ) 2.4 m/sE x C= =a a  

 ( ) 0E xa =  

 /E D E D= +a a a  

 [( )E xa ] [( )E ya+ ] [( )D xa= ] [( )D ya+ ] [2 Brα+ 2] 2 Brω+ ]  

 :   ( ) ( ) 2E x D y Ba a rα= +  

 2[2.4 m/s ] 0 2(0.025 m) Bα= +  

 248 rad/sB =α  

 [ Ba ] [( )D xa= ] [( )D ya+ ] [rα+ 2] [rω+ ]  

 :  0B Ba rα= +  

 2(0.025 m)(48 rad/s );Ba =  21.2 m/sB =a  

Answers: 

(a) 296.0 rad/sA =α , 22.40 m/sA =a   

(b) 248.0 rad/sB =α , 21.200 m/sB =a   
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PROBLEM 15.116 

A wheel rolls without slipping on a fixed cylinder. Knowing that at the 
instant shown the angular velocity of the wheel is 10 rad/s clockwise 
and its angular acceleration is 30 rad/ 2s counterclockwise, determine 
the acceleration of (a) Point A, (b) Point B, (c) Point C. 

 

SOLUTION 

 .Velocity analysis  0.04 m       10 rad/sr = =ω
 

Point C is the instantaneous center of the wheel. 

[( )A rω=v ] [(0.04)(10)= ] 0.4 m/s= ]  

.Acceleration analysis  
230 rad/sα =  

Point  moves on a circle of radius A  0.16 0.04 0.2 m.R rρ = + = + =
 

Since the wheel does not slip,
 C Ca=a  

/ /( ) ( )C A C A t C A n= + +a a a a  

 [ Ca  ] [( )A ta=  

2

] Av

ρ


+ 


 [rα


+


 
2] [rω+  ]  

  [( )A ta=  

2(0.4)
]

0.2


+ 


 [(0.04)(30)


+


 
2] [(0.04)(10)+  ]  

  [( )A ta=  ] [0.8+  ] [1.2+  ] [4+  ]  

Components.  
2:    ( ) 1.2 0        ( ) 1.2 m/sA t A ta a− + = =  

  
2:    0.8 4.0        3.2 m/sC Ca a= − + =  

(a)  Acceleration of Point A. 

  
2[1.2 m/sA =a  

2] [0.8 m/s+  ]  
21.442 m/sA =a   33.7  °   
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 PROBLEM 15.116  (Continued) 

 

( )  b Acceleration of  Point B. / /( ) ( )B A B A t B A n= + +a a a a  

  [1.2B =a  ] [0.8+  ] [rα+  
2] [rω+  ]  

       [1.2=  ] [0.8+  ] [(0.04)(30)+  
2] [(0.04)(10)+  ]  

       
2[2.8 m/s=  

2] [2 m/s+  ]  
23.44 m/sB =a   35.5  °   

( )  c Acceleration of Point C.  C Ca=a   23.20 m/sC =a     
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PROBLEM 15.117 

The 100 mm radius drum rolls without slipping on a portion of a 
belt which moves downward to the left with a constant velocity of 
120 mm/s. Knowing that at a given instant the velocity and 
acceleration of the center A of the drum are as shown, determine 
the acceleration of Point D. 

 

SOLUTION 

Velocity analysis. 

  /A B A B= +v v v  

  [180 mm/s ] [120 mm/s=  ] [(100 mm)ω+ ]  

Components : 

  180 120 100ω= − =  

  3 rad/sω =  

 

.Acceleration analysis  

Point A moves on a path parallel to the belt. The path is assumed to be straight. 

  
2720 mm/sA =a   30°

 
Since the drum rolls without slipping on the belt, the component of acceleration of Point B on the drum 
parallel to the belt is the same as the belt acceleration. Since the belt moves at constant velocity, this 
component of acceleration is zero. Thus 

B Ba=a  60°  

Let the angular acceleration of the drum be α . 

/ /( ) ( )B A B A t B A n= + +a a a a  

[ Ba ] [720=  ] [rα+  
2] [rω+ ]  

Components : 0 720 100α= −  

  7.2 rad/sα =   
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PROBLEM 15.117  (Continued) 

 

   .Acceleration of  Point D  

  / /( ) ( )D A D A t D A n= + +a a a a  

  [ Aa=  30 ] [rα° + 260 ] [rω° + 30 ]°  

   [720=  30 ] [(100)(7.2)° + 260 ] [(100) (3)° + 30 ]°  

 Components:  30 :°  2720 900 180 mm/s− + =  

 Components:  60 :°  2720 mm/s  

 

  
2 2 2180 720 742.16 mm/sDa = + =  

  
720

tan 76.0
180

β β= = °  

  30 46.0β − °= °  

 

 

 

  
2742 mm/sD =a   46.0°  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1161 

 

 

PROBLEM 15.118 

In the planetary gear system shown the radius of gears A, B, C, and D is 
3 in. and the radius of the outer gear E is 9 in. Knowing that gear A has 
a constant angular velocity of 150 rpm clockwise and that the outer 
gear E is stationary, determine the magnitude of the acceleration of the 
tooth of gear D that is in contact with (a) gear A, (b) gear E. 

 

SOLUTION 

Velocity. ToothT = of gear D in contact with gear A 

Gears: (3 in.)T A Av rω ω= =  

Since 0,Ev =  E is instantaneous center of gear D. 

 2T Dv rω=  

 (3 in.) 2(3 in.)A Dω ω=  

 
1

2D Aω ω=  

 A
1

(3 in.) (1.5 in.)
2D D Av rω ω ω= = =  

Spider: 

 (6 in.)D Sv ω=  

 A(1.5 in.) (6 in.) Sω ω=  

 
1

4S Aω ω=  

 150 rpm 15.708 rad/sA = =ω  

 
1

7.854 rad/s
2D Aω= =ω  

 
1

3.927 rad/s
4S Aω= =ω  

Acceleration. 

Spider: 3.927 rad/sSω =  

 2 2( ) (6 in.)(3.927 rad/s)D Sa AD ω= =  

 292.53 in./sD =a  
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PROBLEM 15.118  (Continued) 

 

Gear D: 

 

 Plane motion = Trans. with D +  Rotation about D 

(a) Tooth T in contact with gear A. 

 2
/ ( )T D T D D Da DT ω= + = +a a a  

 292.53 in./s= 2(3 in.)(7.854 rad/s)+  

 292.53 in./s= 2185.06 in./s+  

 292.53 in./sT =a  

 292.5 in./sTa =   

(b) Tooth E in contact with gear E. 

 2
/ ( )E D E D D DED ω= + = +a a a a  

 292.53 in./s= 2(3 in.)(7.854 rad/s)+  

 292.53 in./s= 2185.06 in./s+  

 2277.6 in./sE =a  
2278 in./sEa =  
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PROBLEM 15.119 

The 200-mm-radius disk rolls without sliding on the surface 
shown. Knowing that the distance BG is 160 mm and that at 
the instant shown the disk has an angular velocity of 8 rad/s 
counterclockwise and an angular acceleration of 2 rad/s2 
clockwise, determine the acceleration of A. 

 

SOLUTION 

Units:  2m, m/s, m/s  

Unit vectors: 1=i , 1=j , 1=k  

Geometric analysis.     Let P be the point where the disk contacts the flat surface. 

  
/ /

/

0.200 0.16

0.600 0.200

G A B G

A B

= = −

= − −

r j r i

r i j
 

Velocity analysis.  (8 rad/s) , 0,G P A Av= = =ω k v v i  

    

/ /

/ /

0 8 ( 0.160 0.200 ) 1.6 1.28

1.6 1.28 ( 0.600 0.200 )

1.6 1.28 0.77460 0.2

B P G P P G G P

A B A B B AB A B

A AB

AB AB

v ω
ω ω

= + = + ×
= + × − + = − −
= + = + ×

= − − + × − −
= − − − +

v v v v ω r

k i j i j

v v v v ω r

i i j k i j

i j j i

 

Resolve into components and transpose terms. 

 j: 0.77460 1.28ABω = −  1.6525 rad/sABω = −   

Acceleration analysis:      2, 2 rad/sA A G= = −a a j a k  

                              

2 2 2

2
/ / /

2

2
/ / /

( ) (8) (0.2) (12.8 m/s )

12.8 ( 2 ) ( 0.160 0.200 ) (8) ( 0.160 0.200 )

12.8 0.32 0.4 10.24 12.8

10.64 0.32

10.64 0.32

P G

B P B P P G B P G B P

A B A B B AB A B AB A B

rω

ω

α ω

= = =

= + = + × −

= + − × − + − − +
= + + + −
= +

= + = + × −

= +

a j j j

a a a a a r r

j k i j i j

j j i i j

i j

a a a a k r r

i j 2( 0.600 0.200 ) (1.6525) ( 0.600 0.200 )

10.64 0.32 0.77460 0.2 2.115 0.54615

12.755 0.86615 0.2 0.77460

AB

AB AB

A AB ABa

α
α α
α α

+ × − − − − −
= + − + + +
= + + −

k i j i j

i j j i i j

i i j i j
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PROBLEM 15.119  (Continued) 

 

Resolve into components and transpose terms. 

 j: 0 0.86615 0.77460 1.1182AB ABα α= − =  

 i: 12.755 0.2 12.755 (0.2)(1.1182) 12.98A ABa α= + = + =  

    2 2(12.98 m/s ) 12.98 m/sA = =a i   
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PROBLEM 15.120 

Knowing that crank AB rotates about Point A with a constant angular velocity of 
900 rpm clockwise, determine the acceleration of the piston P when 60 .θ = °  

 

SOLUTION 

Law of sines.  
sin sin 60

  16.779
0.05 0.15

β β°= = °  

Velocity analysis. 900 rpm 30  rad/sABω π= =   

  0.05 1.5 m/sB ABω π= =v   60°  

  D Dv=v   BD BDω ω=   

  / 0.15D B BDω=v β  

  /D B D B= +v v v  

  [ Dv ] [1.5π=   60 ] [0.15 BDω° + ]β  

Components  :     0 1.5 cos60 0.15 cosBDπ ω β= ° −  

  
1.5 cos 60

16.4065 rad/s
0.15 cosBD

πω
β

°= =  

Acceleration analysis. 0ABα =  

  2 2 20.05 (0.05)(30 ) 444.13 m/sB ABω π= = =a 30°  

  D Da=a  BD BDα α=  

  / [0.15D B ABα=a 2] [0.15 BDβ ω+ ]β  

  [0.15 BDα= ] [40.376β +  ]β  

  / Resolve into components.D B D B= +a a a  
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PROBLEM 15.120  (Continued) 

 

  :    0 444.13 cos 30 0.15 cos 40.376 sinBDα β β= − ° + +  

  22597.0 rad/sBDα =  

  :    444.13 sin 30 (0.15)(2597.0)sin 40.376 cosDa β β= ° − +  

  2148.27 m/s P D= =a a  2148.3 m/sP =a  
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PROBLEM 15.121 

Knowing that crank AB rotates about Point A with a constant angular velocity of 
900 rpm clockwise, determine the acceleration of the piston P when 120 .θ = °  

 

SOLUTION 

Law of sines. 
sin sin120

,    16.779
0.05 0.15

β β°= = °  

Velocity analysis. 900 rpm 30  rad/sABω π= =  

  0.05 1.5 m/sB ABω π= =v   60°  

  D Dv=v   BD BDω ω=  

  / 0.15D B BDω=v β  

  /D B D B= +v v v  

  [ Dv ] [1.5π=   60 ] [0.15 BDω° +   ]β  

Components  : 0 1.5 cos 60 0.15 cosBDπ ω β= − ° −  

  
1.5 cos 60

16.4065 rad/s
0.15 cosBD

πω
β

°= − =  

Acceleration analysis. 0ABα =  

  2 2 20.05 (0.05)(30 ) 444.13 m/sB ABω π= = =a  30°  

  D Da=a  BD BDα α=  

  / [0.15D B ABα=a  
2] [0.15 BDβ ω+   ]β  

  [6 BDα=   ] [40.376β +   ]β  

  / Resolve into components.D B D B= +a a a  
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PROBLEM 15.121  (Continued) 

 

  :    0 444.13 cos 30 0.15 cos 40.376 sinBDα β β= − ° + +  

  22597.0 rad/sBDα =  

  :    444.13 sin 30 (0.15)(2597.0)sin 40.376 cosDa β β= − ° − +  

  2296 m/s P D= − =a a  2296 m/sP =a   
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PROBLEM 15.122 

In the two-cylinder air compressor shown the connecting rods 
BD and BE are each 190 mm long and crank AB rotates about 
the fixed Point A with a constant angular velocity of 1500 rpm 
clockwise. Determine the acceleration of each piston when θ  = 0. 

 

SOLUTION 

 

Crank AB. 

  0, 0, 1500 rpm 157.08 rad/sA A ABω= = = =v a , 0ABα =  

  / 0 [0.05B A B A ABω= + = +v v v  45°] [7.854 m/s= 45 ]°  

  / /( ) ( )B A B A t B A n= + +a a a a  

  0 [0.05 ABα= +  45°] 2[0.05 ABω+ 45°] 

  2[(0.05)(157.08)=  45°] 21233.7 m/s=  45° 

Rod BD. D Dv=v  45° BD BDω=ω  

  /D B B D= +v v v  

  Dv 45 [7.854° = 45 ] [0.19 BDω° + 45 ]°  

Components 45 :°  0 7.854 0.19 41.337 rad/sBD BDω ω= − =  

  D Da=a 45°  

  / /( ) ( )D B D B t D B n= + +a a a a  

  [ Da 45 ] [1233.7° = 45 ] [0.19 BDα° + 245 ] [0.19 BDω° + 45 ]°  
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PROBLEM 15.122  (Continued) 

 

Components 45 :°  2 21233.7 (0.19)(41.337) 1558.4 m/sDa = + =  

   
21558 m/sD =a  45°  

Rod BE. 
0.05

sin , 15.258 , 45 29.742
0.19

γ γ β γ= = ° = ° − = °  

  E Ev=v  45° 

Since Ev  is parallel to ,Bv  0.BEω =  

  E Ea=a  45° 2
/( ) 0.19 0B E n BEa ω= =  

  / /( ) ( )E B t E B ta=a  β  /( )E B B E t= +a a a  

Draw vector addition diagram. 

  2

45

15.258

tan

1233.7 tan

336.52 m/s

E Ba a

γ β

γ
γ

= ° −
= °
=
=

=  2337 m/sE =a  45° 
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PROBLEM 15.123 

The disk shown has a constant angular velocity of 500 rpm counter-clockwise. 
Knowing that rod BD is 10 in. long, determine the acceleration of collar D 
when (a) 90 ,θ = °  (b) 180 .θ = °  

 

SOLUTION 

Disk A. 500 rpmA =ω 52.36 rad/s=  

 0, ( ) 2 in.A AB= =α  

 ( ) (2)(52.36) 104.72 in./sB Av AB ω= = =  

 2 2 2( ) (2)(52.36) 5483.1 in./sB Aa AB ω= = =  

 

(a) 90 .θ = °  104.72 m/sB =v , D Dv=v  

 
2 in.

sin 0.4 23.58
5 in.

β β= = = °  

 Dv  and Bv  are parallel. 

 0BDω =  

 25483.1 in./sB =a , D Da=a , BD BDα=α  

 / [( )D B BDBD α=a  2] [( ) BDBDβ ω+ ]β  

 [10 BDα= ] 0β +  

 / Resolve into components.D B D B= +a a a  

 : 0 5483.1 (10 cos ) BDβ α= +  2598.26 rad/sBDα = −  

 :  20 (10 sin )( 598.26) 0 2393.0 in./sDa β= − − + =  2199.4 ft/sD =a  
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PROBLEM 15.123  (Continued) 

 

(b) 180 .θ = °  104.72 in./sB =v , D Dv=v  

 
6 in.

sin 0.6 36.87
10 in.

β β= = =  

 104.72 in./sB =v , D Dv=v  

 Instantaneous center of bar BD lies at Point C. 

 
104.72

13.09 rad/s
( ) 10 cos 

B
BD

v

BD
ω

β
= = =  

 25483.1 in./sB =a , D Da=a , BD BDα=α  

 / [( )D B BDBD α=a 2] [( ) BDBDβ ω+ ]β  

 [10 BDα= ] [1713.5β + ]β  

 / Resolve in components.D B D B= +a a a  

 : 0 0 (10 cos ) 1713.5 sinBDβ α β= + +  

  2128.51 rad/sBDα = −  

 :  5483.1 (10 sin )( 128.51) 1713.5cosDa β β= − − +  

 27625.0 in./s=  2635 ft/sD =a   
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PROBLEM 15.124 

Arm AB has a constant angular velocity of 16 rad/s 
counterclockwise. At the instant when 90 ,θ = °  determine 
the acceleration (a) of collar D, (b) of the midpoint G of 
bar BD. 

 

SOLUTION 

Rod AB: 2

2

( )

(3 in.)(16 rad/s)

B ABa AB ω=

=

 

  2768 in./sB =a  

Rod BD: instantaneous center is at OD; 0BD =ω  

  sin (3 in.)/(10 in.) 0.3; 17.46β β= = = °  

Acceleration. 

 

 Plane motion       =        Trans. with B     +      Rotation about B 

(a)  / / /( ) ( )D B D B B D B t D B na= + = + +a a a a a  

  [ Ba=  ] [( )BD α+   β 2] [( ) BDBD ω+   β ]  

  2[768 in./s ] [(10 in.)= ↓ + α  2] [(10 in.)(0)β +   β ]  

  [768 in./s ] [(10 in.)D α↔ = ↓ +a   β ]  

 Vector diagram: 

  
2

2

(768 in./s ) tan17.46

241.62 in./s

D = °

=

a
 

   2242 in./sD =a    

  
2

2

(10 in.) (768 in./s )/cos17.46

(10 in.) 805.08 in./s

α
α

= °

=
 

  280.5 rad/s=α  
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PROBLEM 15.124  (Continued) 

 

(b)  / / /( ) ( )G B G B B G B t G B n= + = + +a a a a a a  

  [ B= a   ] [( )BG α+   2] [( ) BDBGβ ω+   β ]  

  2[768 in./s=   2] [(5 in.)(80.5 rad/s )+   2] [( )(0) ]BGβ +  

  2[768 in./sG =a   2] [402.5 in./s+   17.46 ]°  

  components: 
2( ) (402.5 in./s )sin 17.46G xa = °  

  
2( ) 120.77 in./sG x =a  

  components: 2 2

2 2

( ) 768 in./s (402.5 in./s )cos 17.46

768 in./s 384 in./s

G ya = − °

= −

 

  2( ) 384 in./sG y =a  

 2403 in./sG =a  72.5° 
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PROBLEM 15.125 

Arm AB has a constant angular velocity of 16 rad/s 
counterclockwise. At the instant when 60 ,θ = °  determine 
the acceleration of collar D. 

 

SOLUTION 

  
1 3.403 in.

sin
10 in.

19.89

β

β

−=

= °
 

Velocity. ( ) (3 in.)(16 rad/s) 48 in./sB ABAB ω= = =v  30° 

Rod BD: 

 

 Plane motion     =     Trans. with B     +     Rotation about B 

  / [( )D B D B B BDBD ω= + = +v v v v  β ]  

  [48 in./sD ↔ =v 30 ] [(10 in.) BDω° + 19.89 ]°  

 components: (48 in./s)sin 30 (10 in.) cos19.89BDω° − °  

  
(48 in./s)sin 30

2.552 rad/s
(10 in.)cos19.890BD

°= =
°

ω  

Acceleration. 

Rod AB: 2[( )B ABAB ω=a 260 ] [(3 in.)(16 rad/s)° =  60 ]°  

  2768 in./sB =a  60° 

Rod BD: 

 

 Plane motion     =     Trans. with B     +     Rotation about B 
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PROBLEM 15.125  (Continued) 

 

  / / /( ) ( )D B B D B D B t D B n= + = + +a a a a a a  

  [D Ba a↔ = 60 ] [( ) BDBD α° +   2] [( ) DBBDβ ω+ ]β  

  2[768 in./s= 60 ] [(10 in.) BDα° + 2] [(10 in.)(2.552 rad/s )β + ]β  

  2[768 in./sDa ↔ = ] [(10 in.) BDα+ 219.89 ] [65.14 in./s° +   19.89 ]°  

Vector diagram. 

 

y components: 

  : 768sin 60 65.14sin19.89 10 cos19.89 0BDα° + ° − ° =  

  273.09 rad/sBDα =  

x components: 

  : 768cos 60 65.14cos19.89 (10)(73.09)sin19.89Da = ° + ° + °  

  
2693.9 in./sDa =  2694 in./sD =a   
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PROBLEM 15.126 

A straight rack rests on a gear of radius r = 3 in. and is attached to 
a block B as shown. Knowing that at the instant shown θ  = 20°, 
the angular velocity of gear D is 3 rad/s clockwise, and it is 
speeding up at a rate of 2 rad/s2, determine (a) the angular 
acceleration of AB, (b) the acceleration of block B. 

 

SOLUTION 

Let Point P on the gear and Point Q on the rack be located at the contact point between them. 

Units:    inches, in./s, in./s2 

Unit vectors: 1=i , 1=j , 1=k  

Geometry: /

/

3(sin cos )

3
(cos sin )

tan
20

P D

B Q

θ θ

θ θ
θ

θ

= +

= −

= °

r i j

r i j

 

Gear D: gear 3 rad/s=ω   2
gear 2 rad/s=α  

  gear (3)(3) 9 in./sPv rω= = =       9 in./sP =v θ 

  2 2 2
gear( ) (3) (3) 27 in./sP na rω= = =  2( ) 27 in./sP n =a  θ 

  2
gear( ) (2)(3) 6 in./sP ta rα= = =   2( ) 6 in./sP t =a θ 

Velocity analysis. 

Gear to rack contact: 9 in./sQ P= =v v   θ 

Rack AQB: AB ABω=ω ,         AB ABα=α  

  B Bv=v ,          B Bα=α  

  

/ /

9(cos sin ) (7.74535 2.81908 )

(9cos 2.81907 ) ( 9sin 2.81907 )

B Q B Q Q AB B Q

B AB

AB AB

v

ω
θ θ ω
θ ω θ ω

= + = + ×

= − + × −
= + + − +

v v v v k r

i i j k i j

i j

 

Equating like components, 

 j:    0 9sin 7.74535 ABθ ω= − +  

  0.39742ABω =  0.39742 rad/sABω =  
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PROBLEM 15.126  (Continued) 

 

Acceleration analysis. 

Gear to rack contact: 2( ) ( ) 6 in./sQ t P t= =a a  θ  

  2( ) ( )Q n P n rdrω= +a a θ  

where     3.39742 rad/srd AB D= − =ω ω ω  

  2( ) 27 in./sQ n =a 220 (3)(3.39742)° + 20° 

            27.6274 in./s= 20° 

Then,       

2 2

6(cos sin ) 7.6274(sin cos )

(8.2469 in./s ) (5.1153 in./s )

Q θ θ θ θ= − + +

= +

a i j i j

i j

 

      2
/ / /

2

8.2469 5.1153 (7.74535 2.81908 )

(0.39742) (7.74535 2.81908 )

(8.2469 2.81908 1.22332)

(5.1153 7.74535 0.44526)

B Q B Q Q AB B Q AB B Q

B AB

AB

AB

a

α ω
α

α
α

= + = + × −

= + + × −

− −
= + −

+ + +

a a a a k r r

i i j k i j

i j

i

j

 

Equating like components of ,Ba  

 j:     0 5.1153 7.74535 0.44526ABα= + +  

  20.71792 rad/sABα = −  

 i:   8.2469 (2.81908)( 0.71792) 1.22332Ba = + − −  

    25.00 in./sBa =  

(a) Angular acceleration of AB: 20.718 rad/sAB =α   

(b) Acceleration of block B: 25.00 in./sB =a    
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PROBLEM 15.127 

Knowing that at the instant shown rod AB has a constant angular 
velocity of 6 rad/s clockwise, determine the acceleration of 
Point D. 

 

SOLUTION 

Velocity analysis. 6 rad/sABω =  

  

( )

(90)(6)

540 mm/s

B ABAB ω=
=
=

v

 

  B Bv=v ,    D Dv=v  

The instantaneous center of bar BDE lies at .∞  

Then   0 and 540 mm/sBD D Bv vω = = =  

  
540

3 rad/s
180

D
CD

v

CD
ω = = =  

 .Acceleration analysis  0ABα =  

  2 2( ) [(90)(6)B ABAB ω= =a 2] 3240 mm/s=  

  [( )D CDCD α=a 2] [( ) CDCD ω+ ] [180 CDα= 2] [(180)(3)+ ]  

  [180 CDα= 2] [1620 mm/s+ ]  

  / [90D B BDα=a ] [225 BDα+ ] 2 [225 BDω+ 2] [90 BDω+ ]  

  [90 BDα= ] [225 BDα+ ]  

  / Resolve into components.D B D B= +a a a  

  :    1620 3240 225 ,BDα− = − +  27.2 rad/sBDα =  

  :      2180 0 (90)(7.2), 3.6 rad/sCD CDα α= + =  

  [3240D =a ] [(90)(7.2)+ ] [(225)(7.2)+ ]  

  [648= 2] [1620 mm/s+ ]  

  21745 mm/s=  68.2° 21.745 m/sD =a  68.2° 
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PROBLEM 15.128 

Knowing that at the instant shown rod AB has a constant 
angular velocity of 6 rad/s clockwise, determine (a) the 
angular acceleration of member BDE, (b) the acceleration of 
Point E. 

 

SOLUTION 

Velocity analysis. 6 rad/sABω =  

  ( )

(90)(6)

540 mm/s

B ABAB ω=
=
=

v  

  B Bv=v ,    D Dv=v  

The instantaneous center of bar BDE lies at ∞. 

Then   0 and 540 mm/sBD D Bv vω = = =  

  
27

3 rad/s
9

D
CD

v

CD
ω = = =  

 .Acceleration analysis  0ABα =  

  2 2( ) [(90)(6)B ABAB ω= =a 2] 3240 mm/s=  

  [( )D CDCD α=a 2] [( ) CDCD ω+ ] [180 CDα= 2] [(180)(3)+ ]  

  [180 CDα= 2] [1620 mm/s+ ]  

  / [90D B BDα=a ] [225 BDα+ ] 2 [225 BDω+ 2] [90 BDω+ ]  

  [90 BDα= ] [225 BDα+ ]  

  / Resolve into components.D B D B= +a a a  

(a)  :    1620 3240 225 ,BDα− = − +  27.20 rad/sBDα =   

  / [180E B BDα=a ] [450 BDα+ 2] [450 BDω+ 2] [180 BDω+ ]  

  [(180)(7.2)= ] [(450)(7.2)+ ] [0+ ] [0+ ]  

  2[1296 mm/s= 2] [3240 mm/s+ ]  

(b)  2
/ [3240 mm/sE B B E= + =a a a 2] [1296 mm/s+ 2] [3240 mm/s+ ]  

  21296 mm/s=  21.296 m/sE =a   
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PROBLEM 15.129 

Knowing that at the instant shown bar AB has a constant angular 
velocity of 19 rad/s clockwise, determine (a) the angular acceleration 
of bar BGD, (b) the angular acceleration of bar DE. 

 

SOLUTION 

 .Velocity analysis  19 rad/sABω =  

  ( ) (8)(19) 152 in./sB ABv AB ω= = =  

  B Bv=v  ,    D Dv=v   
 Instantaneous center of bar BD lies at C. 

  
152

19 rad/s
8

B
BD

v

BC
ω = = =  

  ( ) (19.2)(19) 364.8 in./sD BDv CD ω= = =  

  
2364.8

24 rad/s
15.2

D
DE

v

DE
ω = = =  

 .Acceleration analysis  0.ABα =  

  
2[( )B ABAB ω=a  

2] [(8)(19)=  ] 2888 in./s=   

  [( )D DEDE α=a  
2] [( ) DEDE ω+  ]  

   [15.2 DEα=  
2] [8755.2 in./s+  ]  

  /( ) [19.2D B t BDα=a  ] [8 DBα+  ]  

  
2

/( ) [19.2D B n BDω=a  
2] [8 BDω+  ]  

   
2[6931.2 in./s=  

2] [2888 in./s+  ]  

                                             / /( ) ( )         Resolve into components.D B D B t D B na= + +a a a  

 :    8755.2 0 8 6931.2BDα= + +  

( )a   
2228 rad/sBD =α     

 :    15.2 2888 (19.2)(228) 2888DEα = − + −  

( )b  92 rad/sDEα = −   292.0 rad/sDE =α     
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PROBLEM 15.130 

Knowing that at the instant shown bar DE has a constant angular 
velocity of 18 rad/s clockwise, determine (a) the acceleration of Point B, 
(b) the acceleration of Point G. 

 

SOLUTION 

 .Velocity analysis  18 rad/sDEω =   

  ( ) (15.2)(18) 273.6 in./sD DEDE ω= = =v  

  D Dv=v  ,  B Bv=v   

Point C is the instantaneous center of bar BD. 

  
273.6

14.25 rad/s
19.2

D
BD

v

CD
ω = = =  

     ( ) (8)(14.25) 114 in./sB BDv CB ω= = =  

  
114

14.25 rad/s
8

B
AB

v

AB
ω = = =  

 .Acceleration analysis  0DEα =  

  
2[( )D DEDE ω=a  

2] [(15.2)(18)=  
2] [4924.8 in./s=  ]  

  [( )B ABAB α=a  
2] [( ) ABAB ω+  ]  

  [8 ABα=  
2] [1624.5 in./s+  ]  

  /( ) [19.2D B t BDα=a  ] [8 BDα+  ]  

  
2

/( ) [19.2D B n BDω=a  
2] [8 BDω+  ]  

   / /( ) ( )         Resolve into components.D B D B t D B n= + +a a a a  
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PROBLEM 15.130 (Continued) 

 

 :   0 1624.5 19.2 1624.5,BDα= − +  

2169.21875 rad/sBDα =  

 :   4924.8 8 (8)(169.21875) 3898.8ABα= + +  

240.96875 rad/sABα = −  

( )a  [(8)( 40.96875)B = −a  
2] [1624.5 in./s+  ]  

  
2[327.75 in./s=  

2] [1624.5 in./s+  ],  

   2138.1 ft/sB =a   78.6  °   

( )b  / /
1

2G B G B B D B= + = +a a a a a  

 
1 1

( ) ( )
2 2B D B B D= + − = +a a a a a  

 
327.75 4924.8

2

− +=   
1624.5

2

 + 
 

  

 2[2298.5 in./s ]=  2[812.25 in./s+  ]  

   2203 ft/sG =a   19.5  °   
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PROBLEM 15.131 

Knowing that at the instant shown bar AB has a constant 
angular velocity of 4 rad/s clockwise, determine the angular 
acceleration (a) of bar BD, (b) of bar DE. 

 

SOLUTION 

Relative position vectors. /

/

/

(20 in.) (40 in.)

(40 in.)

(20 in.) (25 in.)

B A

D B

D E

= − −
=
= −

r i j

r i

r i j

 

Velocity analysis. 

Bar AB   (Rotation about A): 

 4 rad/sAB =ω  (4 rad/s)= − k  

 / /(20 in.) (40 in.) ( 4 ) ( 20 40 )B A B AB B A= − − = × = − × − −r i j v ω r k i j  

   (160 in./s) (80 in./s)B = − +v i j  

Bar BD    (Plane motion = Translation with B + Rotation about B): 

 
/

/

(40 in.)

( ) (40 )

(160 in/s) (40 80 in./s)

BD BD D B

D B BD D B B BD

D BD

ω
ω

ω

= =
= + × = + ×
= − + +

ω k r i

v v ω r v k i

v i j

 

Bar DE   (Rotation about E): 

 

/

/

(20 in.) (25 in.)

( ) (20 25 )

20 25

DE DE

D E

D DE D E DE

D DE DE

ω

ω
ω ω

=
= −
= × = × −
= +

ω k

r i j

v ω r k i j

v j i

 

Equating components of the two expression for vD, 

 i: 160 25 6.4 rad/sDE DEω ω− = = −  

 j: 40 80 20 40 80 20( 6.4) 5.2 rad/sBE DE BD BDω ω ω ω+ = + = − = −  
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PROBLEM 15.131  (Continued) 

 

Summary of angular velocities: 4 rad/sAB =ω  6.4 rad/sDE =ω  5.2 rad/sBD =ω  

Acceleration analysis. 0, ,AB BD BD DE DEα α= = =k kα α α  

Bar AB (Rotation about A): 2
/ /

20 (4) ( 20 40 )

B AB B A AB B Aω= × −

= − − −

a r r

i j

α  

 2 2(320 in./s ) (640 in./s )= +i j  

Bar BD (Translation with B + Rotation about B): 

 

2
/ /

2320 640 (40 ) (5.2) (40)

320 640 40 1081.6

761.60 (640 40 )

D B BD D B BD D B

BD

BD

BD

ω

α
α

α

= + × −

= + + × −
= + + −
= − + +

a a r r

i j k i i

i j j i

i j

α

 (1) 

Bar DE (Rotation about E): 

 2
/ /

2(20 25 ) (6.4) (20 25 )

20 25 819.20 1024

D DE D E DE D E

DE

DE DE

ω

α
α α

= × −

= × − − −
= − + − +

a r r

k i j i j

j i i j

α  

 (25 819.20) (20 1024)DE DEα α= − + +i j  (2) 

Equate like components of aD expressed by Eqs. (1) and (2). 

 i: 2761.60 25 819.20 2.3040 rad/sDE DEα α− = − =  

 j: 2640 40 (20)(2.304) 1024 10.752 rad/sBD BDα α+ = + =  

(a) Angular acceleration of bar BD. 210.75 rad/sBD =α   

(b) Angular acceleration of bar DE. 22.30 rad/sDE =α   
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PROBLEM 15.132 

Knowing that at the instant shown bar AB has a constant angular velocity of 
4 rad/s clockwise, determine the angular acceleration (a) of bar BD, (b) of 
bar DE. 

 

SOLUTION 

Velocity analysis. 

Bar AB   (Rotation about A): 4 rad/sAB =ω (4 rad/s)= − k  

 / /(175 mm) ( 4 ) ( 175 )

(700 mm/s)
B A B AB B A

B

= − × = − × −
=

r i v r k i

v j

= ω
 

Bar BD (Plane motion =  Translation with B +  Rotation about ):B  

 
/

/

(200 mm)

700 ( )  ( 200 )

700 200

BD BD D B

D B BD D B BD

D BD

ω
ω

ω

= = −
= + × = + × −
= +

k r j

v v r j k j

v j i

ω
ω  

Bar DE (Rotation about E): 

/

/

(275 mm) (75 mm)

( ) ( 275 75 )

275 75

DE DE

D E

D DE D E DE

D DE DE

ω

ω
ω ω

=
= − +
= × = × − +
= − −

k

r i j

v r k  i j

v j i

ω

ω

 

Equating components of the two expressions for ,Dv  

 :j  700 275 2.5455 rad/sDE DEω ω= − = −  2.55 rad/sDE =ω  

 
3

: 200 75
8BD BD DE BDω ω ω ω= − = −i  

 
3

( 2.5455) 0.95455 rad/s
8BDω  = − − = 

 
 0.955 rad/sBD =ω  

Acceleration analysis. 0AB =α  

Bar AB: 2 2 2
/ (4) ( 175 ) (2800 mm/s )B AB B Aω= − = − − =a r i i  

Bar BD: 
2

/ /

22800 ( 200 ) (0.95455) ( 200 )

BD BD

D B BD D B BD D B

BD

α
ω

α

=

= + × −

= + × − − −

k

a a r r

i k j j

α

α

 

 (2800 200 ) 182.23BDα= + +i j  (1) 
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PROBLEM 15.132  (Continued) 

 

Bar DE: 
2

/ /

2( 275 75 ) (2.5455) ( 275 75 )

275 75 1781.8 485.95

DE DE

D DE D E DE D E

DE

DE DE

r

α α
ω

α
α α

=

= × −

= × − + − − +
= − − + −

k

a r

k i j i j

j i i j

α

 

 ( 75 1781.8) (275 485.95)DE DEα α= − + − +i j  (2) 

Equate like components of aD expressed by Eqs. (1) and (2). 

 j:                  182.23 (275 485.95)DEα= − +  22.4298 rad/sDEα = −  

 i: (2800 200 ) [ (75)( 2.4298) 1781.8]BDα+ = − − +  24.1795 rad/sBDα = −  

(a) Angular acceleration of bar BD. 24.18 rad/sBD =α   

(b) Angular acceleration of bar DE. 22.43 rad/sDE =α   
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PROBLEM 15.133 

Knowing that at the instant shown bar AB has an angular velocity 
of 4 rad/s and an angular acceleration of 2 rad/s2, both clockwise, 
determine the angular acceleration (a) of bar BD, (b) of bar DE by 
using the vector approach as is done in Sample Problem 15.8. 

 

SOLUTION 

Relative position vectors. /

/

/

(20 in.) (40 in.)

(40 in.)

(20 in.) (25 in.)

B A

D B

D E

= − −
=
= −

r i j

r i

r i j

 

Velocity analysis. 

Bar AB   (Rotation about A): 

 4 rad/sAB =ω  (4 rad/s)= − k  

 / /(20 in.) (40 in.) ( 4 ) ( 20 40 )B A B AB B A= − − = × = − × − −r i j v ω r k i j  

   (160 in./s) (80 in./s)B = − +v i j  

Bar BD    (Plane motion = Translation with B + Rotation about B): 

 
/

/

(40 in.)

( ) (40 )

(160 in/s) (40 80 in./s)

BD BD D B

D B BD D B B BD

D BD

ω
ω

ω

= =
= + × = + ×
= − + +

ω k r i

v v ω r v k i

v i j

 

Bar DE   (Rotation about E): 

 

/

/

(20 in.) (25in.)

( ) (20 25 )

20 25

DE DE

D E

D DE D E DE

D DE DE

ω

ω
ω ω

=
= −
= × = × −
= +

ω k

r i j

v ω r k i j

v j i

 

Equating components of the two expression for vD, 

 i: 160 25 6.4 rad/sDE DEω ω− = = −  

 j: 40 80 20 40 80 20( 6.4) 5.2 rad/sBE DE BD BDω ω ω ω+ = + = − = −  
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PROBLEM 15.133  (Continued) 

 

Summary of angular velocities: 4 rad/sAB =ω  6.4 rad/sDE =ω  5.2 rad/sBD =ω  

Acceleration analysis. 2(2 rad/s ) , ,AB BD BD DE DEα α= − = =k k kα α α  

Bar AB  (Rotation about A) 2
/ /

2( 2 ) ( 20 40 ) (4) ( 20 40 )

B AB B A AB B Aω= × −

= − × − − − − −

a r r

k i j i j

α  

 2 2 2 2(80 in./s ) (40 in./s ) (320 in./s ) (640 in./s )= − + + +i j i j  

 2 2(240 in./s ) (680 in./s )= +i j  

Bar BD (Translation with B + Rotation about B):  

 2
/ /

2240 680 (40 ) (5.2) (40)

240 680 40 1081.6

D B BD D B BD D B

BD

BD

ω

α
α

= + × −

= + + × −
= + + −

a a r r

i j k i i

i j j i

α  

  841.60 (680 40 )BDα= − + +i j  (1) 

Bar DE (Rotation about E): 

 2
/ /

2(20 25 ) (6.4) (20 25 )

20 25 819.20 1024

D DE D E DE D E

DE

DE DE

ω

α
α α

= × −

= × − − −
= + − +

a r r

k i j i j

j i i j

α  

 (25 819.20) (20 1024)DE DEα α= − + +i j  (2) 

Equate like components of aD expressed by Eqs. (1) and (2). 

 i:        2841.60 25 819.20 0.896 rad/sDE DEα α− = − = −  

 j: 2680 40 (20)( 0.896) 1024 8.152 rad/sBD BDα α+ = − + =  

(a) Angular acceleration of bar BD. 28.15 rad/sBD =α   

(b) Angular acceleration of bar DE. 20.896 rad/sDE =α   
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PROBLEM 15.134 

Knowing that at the instant shown bar AB has an angular velocity of 4 rad/s 
and an angular acceleration of 2 rad/s2, both clockwise, determine the angular 
acceleration (a) of bar BD, (b) of bar DE by using the vector approach as is 
done in Sample Problem 15.8. 

 

SOLUTION 

Velocity analysis. 

Bar AB  (Rotation about A): 4 rad/sAB =ω (4 rad/s)= − k  

 / /(175 mm) ( 4 ) ( 175 )
(700 mm/s)

B A B AB B A

B

= − × = − × −
=

r i v r k i
v j

= ω
 

Bar BD (Plane motion =  Translation with B +  Rotation about ):B  

 
/

/

(200 mm)
700 ( )  ( 200 )

700 200

BD BD D B

D B BD D B BD

D BD

ω
ω

ω

= = −
= + × = + × −
= +

k r j
v v r j k j
v j i

ω
ω  

Bar DE (Rotation about E): 

/

/

(275 mm) (75 mm)
( ) ( 275 75 )

275 75

DE DE

D E

D DE D E DE

D DE DE

ω

ω
ω ω

=
= − +
= × = × − +
= − −

k
r i j

v r k  i j
v j i

ω

ω

 

Equating components of the two expressions for ,Dv  

 :j  700 275 2.5455 rad/sDE DEω ω= − = −  2.55 rad/sDE =ω  

 
3

: 200 75
8BD DE BD DEω ω ω ω= − = −i  

 
3

( 2.5455) 0.95455 rad/s
8BDω  = − − = 

 
 0.955 rad/sBD =ω   

Acceleration analysis. 22 rad/sAB =α  2(2 rad/s )= − k  

Bar AB: 
2

/ /
2 2 2( 2 ) ( 175 ) (4) ( 175 ) 2800 mm/s 350 mm/s

B AB B A AB B Arα ω= × −
= − × − − − = +

a r

k i i i j
 

Bar BD: 
2

/ /
22800 350 ( 200 ) (0.95455) ( 200 )

BD BD

D B BD D B BD D B

BD

α
ω

α

=
= + × −
= + + × − − −

k

a a r r

i j k j j

α
α

 

 (2800 200 ) 532.23BDα= + +i j  (1) 
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PROBLEM 15.134  (Continued) 

 

Bar DE: 
2

/ /

2( 275 75 ) (2.5455) ( 275 75 )

275 75 1781.8 485.95

DE DE

D DE D E DE D E

DE

DE DE

r

α α
ω

α
α α

=

= × −

= × − + − − +
= − − + −

k

a r

k i j i j

j i i j

α

 

 ( 75 1781.8) (275 485.95)DE DEα α= − + − +i j  (2) 

Equate like components of Da  expressed by Eqs. (1) and (2). 

 j: 532.23 (275 485.95)DEα= − +     23.7025 rad/sDEα = −  

 i: (2800 200 ) [ (75)( 3.7025) 1781.8]BDα+ = − − +       23.7025 rad/sBDα = −  

(a) Angular acceleration of bar BD. 23.70 rad/sBD =α   

(b) Angular acceleration of bar DE. 23.70 rad/sDE =α   
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PROBLEM 15.135 

Robert’s linkage is named after Richard Robert (1789–1864) and can be used 
to draw a close approximation to a straight line by locating a pen at Point F. 
The distance AB is the same as BF, DF and DE. Knowing that at the instant 
shown bar AB has a constant angular velocity of 4 rad/s clockwise, determine 
(a) the angular acceleration of bar DE, (b) the acceleration of Point F. 

 

SOLUTION 

Units: inches, in./s, in./s2 

Unit vectors:  1=i , 1=j , 1=k . 

Geometry: 2 2
/

/ /

/

3 12 3 3 135

6 3 135

3 135

B A

D B F B

D E

= + − = +

= = −

= − +

r i j i j

r i r i j

r i j

 

Velocity analysis: 24 rad/sAB =ω 4 = − k  

Bar AB: / 4 (3 135 ) 4 135 12B AB B A× = − × + = −v r k i j i j= ω  

Object BDF: / /

4 135 12 6
D B D B B BD D B

BDω
+ = + ×

= − + ×
v v v v ω r

i j k i

=  

      4 135 12 6 BDω= − +i j j  (1) 

Bar DE: / ( 3 135 )D DE D E DEω ω= × = × − +v r k i j  

       135 3DE DEω ω= − −i j  (2) 

Equating like components of Dv  from Eqs. (1) and (2), 

 i: 4 135 135 DEω= −  (3) 

 j: 12 6 3BD DEω ω− + = −  (4) 

From Eq. (3), 4DEω = −  5 rad/sDEω =  

From Eq. (4), 
1

(12 3 ) 5
6BD DEω ω= − =  4 rad/sBDω =  

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1193 

PROBLEM 15.135  (Continued) 

 

Acceleration Analysis: 0AB =α  

Bar AB: 2
/ /

20 (4) (3 135 )

48 16 135

B AB B A AB B Aω= × −

= − +

= − −

a α r r

i j

i j

 

Object BDF: 2
/ / /D B D B B BD D B BD D Bω= + = + × −a a a a α r r  

 

248 16 135 (6 ) (4) (6 )

144 16 135 6
D BD

BD

α
α

= − − + × −
= − − +

a i j k i i

i j j  (5) 

Bar DE: 2
/ /D DE D E DE D Eω= × −a α r r  

 

2( 3 135 ) (4) ( 3 135 )

135 3 48 16 135
D DE

DE DE

α
α α

= × − + − − +
= − − + −

a k i j i j

i j i j  (6) 

Equating like components of aD from Eqs. (5) and (6), 

 : 144 135 48DEα− = − +i  (7) 

 : 16 135 6 3 16 135BD DEα α− + = − −j  (8) 

From Eq. (7), 
192

135
DEα =  

From Eq. (8), 
1 96

2 135
BD BDα α= − = −  

(a) Angular acceleration of bar DE: 216.53 rad/sDE =α   

(b) Acceleration of Point F: 

  

2
/ / /

296
48 16 135 (3 135 ) (4) (3 135 )

135
288

48 16 135 96 48 16 135
135

288
192

135

F B F B B BD F B BD F Bα ω= + = + × −
 = − − + − × − − − 
 

= − − − − − +

= − −

a a a a r r

i j k i j i j

i j j i i j

i j

 

   2 2 2(192.0 in./s ) (24.8 in./s ) 193.6 in./sF = − − =a i j   7.36°  
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PROBLEM 15.136 

For the oil pump rig shown, link AB causes the beam BCE to 
oscillate as the crank OA revolves. Knowing that OA has a 
radius of 0.6 m and a constant clockwise angular velocity of 
20 rpm, determine the velocity and acceleration of Point D at 
the instant shown. 

 

SOLUTION 

Units: meters, m/s, m/s2 

Unit vectors:  1=i , 1=j , 1=k . 

Crank OA: 0.6 m, 20 rpmOA OA= =r ω  2.0944 rad/s=  

 (2.0944)(0.6)A OA OArω= =v     1.25664 m/sA =v  

 0OA =α  ( ) 0A ta =  

 2 2 2( ) (2.0944) (0.6) 2.6319 m/sA n OA OArω= = =a  

   22.6319 m/sA =a  

Rod AB: B Av=v , 

Since Bv  and Av  are parallel, A B=v v  and 0.ABω =  

  1.25664 m/sB =v  

 

2
/ / /

2.6319 (0.6 2 ) 0

(2.6319 2 ) 0.6

B A B A A AB B A AB B A

AB

AB AB

α ω
α

α α

= + = + × −
= + × + −
= − +

a a a a k r r

i k i j

i j  (1) 

Beam BCE:   Point C is a pivot. 

 

1.25664
0.41888

3

(0.41888)(3.3) 1.38230

B
B BCE BC BCE

BC

E BCE CE

v
v r

r

v r

ω ω

ω

= = = =

= = =  

 0.41888 rad/sBCE =ω     1.38230 m/sE =v  

 

2
/ /

2( 3 ) (0.41888) ( 3 )

0.52638 3

B BCE B C BCE B C

BCE

BCE

rω

α
α

= × −

= × − − −
= −

a α r

k i i

i j  (2) 
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PROBLEM 15.136  (Continued) 

 

Equating like components of Bα  expressed by Eqs. (1) and (2), 

 i: 2.6319 2 0.52638ABα− =  1.05276 rad/sABα =  

 j:             0.6 3AB BCEα α= −  20.21055 rad/sBCEα = −  

                   1.055276 rad/sAB =α  20.21055 rad/sBCE =α  

              
/ /

/ /
2

( ) ( )
( ) ( 0.21055 ) (3.3 )

(0.69482 m/s )

E E C t E C n

E C t BCE E C

= +
= × = − ×
= −

a a a
a α r k i

j

 

String ED:                   D E=v v  1.382 m/sD =v   

      2
/( ) (0.69482 m/s )D E C t= = −a a j  20.695 m/sD =a   
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PROBLEM 15.137 

Denoting by Ar  the position vector of Point A of a rigid slab that is in plane motion, 
show that (a) the position vector Cr  of the instantaneous center of rotation is  

2
A

C A ω
×= + ω v

r r  

where ω  is the angular velocity of the slab and Av  is the velocity of Point A,  
(b) the acceleration of the instantaneous center of rotation is zero if, and only if,  

A A A
α
ω

= + ×a v ω v  

where α= kα  is the angular acceleration of the slab. 

 

SOLUTION 

(a) At the instantaneous center C, 

/ /

2
/ /

/ / /2 2

0

( )

or

C

A C A C A C

A A C A C

A A
A C C A C A

ω

ω ω

=
= + × = ×

× = × × = −
× ×= − = − =

v

v v r r

v r r

v v
r r r

ω ω

ω ω ω
ω ω

 

 
2

A
C A ω

×− = − v
r r

ω
 

2
A

C A ω
×= + v

r r
ω

  

(b) / /

2

2

( )

( )

A C A C A C

A
C A C

C A A

C A A

α
ω

αω
ω
α
ω

= + × + ×
×

= − × + × −

= − × × + ×

= + + ×

a a r v

v
a k v v

a k k v v

a v v

α ω
ω

ω

ω

ω

 

Set 0.C =a  A A A
α
ω

= + ×a v vω    
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PROBLEM 15.138* 

The drive disk of the scotch crosshead mechanism shown has an angular 
velocity ω and an angular acceleration α, both directed counterclockwise. 
Using the method of Section 15.9, derive expressions for the velocity and 
acceleration of Point B. 

 

SOLUTION 

Origin at A. 

 

sin

cos cos

B P

B B

y l y l b

v y b b

θ
θθ θ ω

= + = +

= = =  cosBv bω θ=   

 2

( cos )

sin cos

B B

B

B

a y

d
v

dt
d

b
dt

a b b

θθ

θθ θθ

=

=

=

= − +





   2cos sinBa b bα θ ω θ= −   
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PROBLEM 15.139* 

The wheels attached to the ends of rod AB roll along the surfaces 
shown. Using the method of Section 15.9, derive an expression 
for the angular velocity of the rod in terms of , , ,Bv lθ and β . 

 

SOLUTION 

Law of sines. 
sin sin

sin
sin

B

B

d l

l
d

θ β

θ
β

=

=

 

 

( )

cos
sin

cos
sin

B B
d

v d
dt

l d

dt

l

θθ
β

θ ω
β

=

=

=  
sin

cos
Bv

l

βω
θ

=   
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PROBLEM 15.140* 

The wheels attached to the ends of rod AB roll along the surfaces 
shown. Using the method of Section 15.9 and knowing that the 
acceleration of wheel B is zero, derive an expression for the 
angular acceleration of the rod in terms of , , ,Bv lθ  and β. 

 

SOLUTION 

Law of sines. 
sin sin

sin
sin

B

B

d l

l
d

θ β

θ
β

=

=

 

 ( )

cos
sin

cos
sin

sin

cos

B B

B

d
v d

dt
l d

dt

l

v

l

θθ
β

θ ω
β

βω
θ

=

=

=

=

 

Note that 

2

0.

sin sin

cos

B
B

B

dv
a

dt
vd d

dt l dt

βω θ θα
θ

= =

= = ⋅ ⋅

 

 
2

sin sin sin

coscos
B Bv v

ll

β θ βα
θθ

= ⋅  
2

3

sin sin

cos
Bv

l

β θα
θ

 =   
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PROBLEM 15.141* 

A disk of radius r rolls to the right with a constant velocity v. Denoting by P the point of the rim in contact 
with the ground at 0,t =  derive expressions for the horizontal and vertical components of the velocity of P at 
any time t. 

 

SOLUTION 

 

,     

sin

sin

cos

cos

A A

P A

P A

A

x r y r

x x r

r r

y y r

r r

x

r

θ
θ

θ θ
θ

θ

θ

= =
= −
= −
= −
= −

=

 

 

, 0,

,

cos 1 cos

A A

A

P x

v
x v y

r
vt

x vt
r

vt v
x v r r r

r r

θ

θ

θ θθ

= = =

= =

 = = − = − 
 

 

   1 cosx
vt

v v
r

 = − 
 

  

 sin sinP y
vt v

y v r r
r r

θθ  = = =  
 

  siny
vt

v v
r

=  
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PROBLEM 15.142* 

Rod AB moves over a small wheel at C while end A moves to 
the right with a constant velocity vA. Using the method of 
Section 15.9, derive expressions for the angular velocity and 
angular acceleration of the rod. 

 

SOLUTION 

 

1

2

2 2 2

tan         cot

cot

1
(2 )

(1 ) 1

A

A

xb
u

x b

u

u

u
uu u u

u u

θ θ

θ

θ

θ

−

= = =

=

= −
+

= −
+ +



  

 

But andω θ α θ= =   

 , , 0A A A Ax x v v
u u u

b b b b
= = = − = − =

    

Then 

( )2 2 2
,

1

A

A

v
b A

x A
b

bv

b x
ω = =

++
 

2 2
A

A

bv

b x
ω =

+    

 
( )( )

( ) ( )

2
2

2 22 2 2

2 2
0 ,

1

A A

A

x v
b b A A

x A
b

bx v

b x
α = − =

  ++  

 
( )

2

22 2

2 A A

A

bx v

b x
α =

+
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PROBLEM 15.143* 

Rod AB moves over a small wheel at C while end A moves to the 
right with a constant velocity vA. Using the method of Section 15.9, 
derive expressions for the horizontal and vertical components of the 
velocity of Point B. 

 

SOLUTION 

 

( ) ( )

( )

( )

( ) ( )

( )

( )

1/2 1/22 2 2 2

1/22 2

1/22 2

1/2 3/22 2 2 2

2

3/22 2

3/22 2

sin , cos

cos

sin

A

A A

B A

A
A

A

B

A

A A A A
B A

A A

A
A

A

A A
B

A

xb

b x b x

x l x

lx
x

b x

lb
y l

b x

lx lx x x
x x

b x b x

lb x
x

b x

lbx x
y

b x

θ θ

θ

θ

= =
+ +

= −

= −
+

= =
+

= − −
+ +

= −
+

= −
+

  

 


 

But , ( ) , ( )A A B B x B B yx v x v y v= − = =    
( )

2

3/22 2
( ) A

B x A

A

lb v
v v

b x
= −

+
   

 
( )3/22 2

( ) A A
B y

A

lbx v
v

b x
=

+
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PROBLEM 15.144 

Crank AB rotates with a constant clockwise angular 
velocity .ω  Using the method of Section 15.9, derive 
expressions for the angular velocity of rod BD and the 
velocity of the point on the rod coinciding with Point E 
in terms of ,θ  ,ω  b, and l. 

 

SOLUTION 

Law of cosines for triangle ABE. 

  

2 2 2

2 2

2 cos(180 )

2 cos

cos
cos

sin
tan

cos

u l b bl

l b bl

l b

u
b

l b

θ
θ

θϕ

θϕ
θ

= + − ° −

= + +
+=

=
+

  

2
2

( cos )( cos ) ( sin )( cos )
(tan ) sec

( cos )

d l b b b b

dt l b

θ θ θ θ θ θϕ ϕϕ
θ

+ += =
+

 
  

   

2 2 2 2

2

2

2 2 2

(cos )[ cos (cos sin )]

( cos )

cos ( cos )

2 cos

bl b

l b

bl b b b l

u l b bl

ϕ θ θ θ θϕ
θ

θ θθ θ
θ

+ +=
+

+ += =
+ +




 
 

But,          ,         ,        and        BD Ev uθ ω ϕ ω= = = −    

Hence, 
2 2

( cos )

2 cos
BD

b b l

l b bl

θω ω
θ

+=
+ +

   

Differentiate the expression for 2.u  

  
2 2

2 2 sin

sin

2 cos
E

uu bl

bl
v u

l b bl

θθ
θ ω

θ

= −

= − =
+ +




 

     
2 2

sin

2 cos
E

bl

l b bl

θ ω
θ

=
+ +

v   1 sin
tan

cos

b

l b

θ
θ

−  
 + 
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PROBLEM 15.145 

Crank AB rotates with a constant clockwise angular 
velocity .ω  Using the method of Section 15.9, derive an 
expression for the angular acceleration of rod BD in 
terms of ,θ  ,ω  b, and l. 

 

SOLUTION 

Law of cosines for triangle ABE. 

  

2 2 2

2 2

2 cos(180 )

2 cos

cos
cos

sin
tan

cos

u l b bl

l b bl

l b

u
b

l b

θ
θ

θϕ

θϕ
θ

= + − ° −

= + +
+=

=
+

  

2
2

( cos )( cos ) ( sin )( cos )
(tan ) sec

( cos )

d l b b b b

dt l b

θ θ θ θ θ θϕ ϕϕ
θ

+ += =
+

 
  

                  

2 2 2 2

2

2

2 2 2

2 2

2 2
2

2 2 2

2 2

(cos )[ cos (cos sin )]

( cos )

cos ( cos )

2 cos
( cos )

2 cos

( 2 cos )( sin ) ( cos )( 2 sin )

( 2 cos )

( cos )

2

bl b

l b

bl b b b l

u l b bl
b b l

l b bl

l b bl bl b b l bl

l b bl

b b l

l b b

ϕ θ θ θ θϕ
θ

θ θθ θ
θ

θϕ θ
θ

θ θ θ θ θ
θ

θ

+ +=
+

+ += =
+ +

+=
+ +

+ + − − + −+
+ +

+=
+ +




 





2 2
2

2 2 2

( )sin

( 2 cos )cos

bl l b

l b bll

θθ θ
θθ

−−
+ +

 

 

But,  ,         0,        BDθ ω θ ω ϕ α= = = =     

    

2 2
2

2 2

( )sin

2 cos
BD

bl l b

l b bl

θα ω
θ

−=
+ +   
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PROBLEM 15.146* 

Pin C is attached to rod CD and slides in a slot cut in arm AB. Knowing that rod 
CD moves vertically upward with a constant velocity v0, derive an expression 
for (a) the angular velocity of arm AB, (b) the components of the velocity of 
Point A; and (c) an expression for the angular acceleration of arm AB. 

 

SOLUTION 

 

(a)  

0

2 2

2 2

cos

sin
cos

sin

sin cos

sin sin

C

C
C

b
y

dy d d
v v b

dt d dt

b
b

θ
θ

θ θ
θ θ

θ θ θ θ
θ θ

=

 = = =  
 

− −= = − 

 

    
2

0 sinv

b

θθ = −  (1) 

 But ω θ=    20 sin
v

b
θ=ω  

(b)  sinAx l θ=  

  
20cos (sin cos )

cos

A

A

v l
x l

b
y l

θθ θ θ

θ

= = −

=


 

  30sin sinA
v l

y l
b

θθ θ= − =  
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PROBLEM 15.146*  (Continued) 

 

 Components:  20 sin cosA
v l

b
θ θ=v 30 sin

v l

b
θ+  

(c) Differentiating Eq. (1), 

  
2

0 0

2 2
30 0 0

2

sin 2 sin cos

2 sin cos sin 2
sin cos

v vd d

dt b b dt

v v v

b b b

θ θ θ θθ

θ θ θ θ θ

 
= − = −  

 
  = − − =     

  

 θ=α   
2

30
2

2
sin cos

v

b
θ θ=α  
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PROBLEM 15.147* 

The position of rod AB is controlled by a disk of radius r which is attached to yoke CD. 
Knowing that the yoke moves vertically upward with a constant velocity v0, derive 
expression for the angular velocity and angular acceleration of rod AB. 

 

SOLUTION 

From geometry, 

2

sin

cos

sin

r
y

dy r d

dt dt

θ
θ θ

θ

=

= −

 

But, 0 and
dy d

v
dt dt

θ ω= − =  

 

0 2

2
0

cos

sin

sin

cos

r
v

v

r

θ ω
θ

θω
θ

=

=  
2

0 sin

cos

v

r

θ
θ

=ω   

From geometry, 

2

sin

cos

sin

r
y

dy r d

dt dt

θ
θ θ
θ

=

= −

 

But, 0 and
dy d

v
dt dt

θ ω= − =  

 

0 2

2
0

cos

sin

sin

cos

r
v

v

r

θ ω
θ

θω
θ

=

=  

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1208 

PROBLEM 15.147*  (Continued) 

 

Angular acceleration. 

 
2 3 2

0 0
2

2 2 3
0

3

(2cos sin sin ) sin

coscos

(1 cos )sin

cos

d d d d

dt d dt d

v v

r r

v

r

ω ω θ ωα ω
θ θ

θ θ θ θ
θθ

θ θ
θ

= = =

 +=   
 

+ =  
 

 

  
2

2 30 (1 cos ) tan
v

r
θ θ = + 

 
α    
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PROBLEM 15.148* 

A wheel of radius r rolls without slipping along the inside of a fixed cylinder of 
radius R with a constant angular velocity .ω  Denoting by P the point of the 
wheel in contact with the cylinder at 0,t =  derive expressions for the horizontal 
and vertical components of the velocity of P at any time t. (The curve described 
by Point P is a hypocycloid.) 

 

SOLUTION 

Define angles θ  andϕ  as shown. 

 ,         tθ ω θ ω= =  

Since the wheel rolls without slipping, the arc OC is equal to arc PC. 

 

( )

( )sin sinP

r R

r

R r

r r

R r R r
r t

R r
x R r r

ϕ θ ϕ
θϕ

θ ωϕ

ωϕ

ϕ θ

+ =

=
−

= =
− −

=
−

= − −


  

 

( )

( )cos cos

( ) cos (cos )( )

P x Pv x

R r r

r t r
R r r t

R r R r

ϕϕ θθ
ω ω ω ω

=

= − −

  = − −  − −  


  

 ( ) cos cosP x
r t

v r t
R r

ωω ω = − − 
  

 

( )cos cos

( )

( )sin sin

( ) sin (sin )( )

P

P y P

y R R r r

v y

R r r

r t r
R r r t

R r R r

ϕ θ

ϕϕ θθ
ω ω ω ω

= − − −
=

= − +

  = − +  − −  


  

 ( ) sin sinP y
r t

v r t
R r

ωω ω = + − 
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PROBLEM 15.149* 

In Problem 15.148, show that the path of P is a vertical straight line when /2.r R=  
Derive expressions for the corresponding velocity and acceleration of P at any 
time t. 

 

SOLUTION 

Define angles  and θ ϕ  as shown. 

 ,     ,    0tθ ω θ ω θ= = =   

Since the wheel rolls without slipping, the arc OC is equal to arc PC. 

 

( )

2

0

0

r R

r

ϕ θ θ
θ

ϕ
ϕ θ ω
ϕ θ

+ =
=
=

= =

= =




 

 

( )sin sin

sin sin

0

Px R r r

r r

ϕ θ
θ θ

= − −
= −
=  The path is the axis.y   

 

( )cos cos

cos cos

(1 cos )

sin

P

P

y R R r r

R r r

R

v y R

ϕ θ
θ θ
θ
θθ

= − − −
= − −
= −

= =   ( sin )R tω ω=v j   

 

2

2

( cos sin )

cos

a v

R

R

θθ θθ
ω θ

=

= −

=


 

 2( cos )R tω ω=a j  
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PROBLEM 15.CQ8 

A person walks radially inward on a platform that is rotating counterclockwise about its center. Knowing that 
the platform has a constant angular velocity ω and the person walks with a constant speed u relative to the 
platform, what is the direction of the acceleration of the person at the instant shown? 

(a) Negative x 

(b) Negative y 

(c) Negative x and positive y 

(d )  Positive x and positive y 

(e) Negative x and negative y 

 

 

SOLUTION 

The ω 2r term will be in the negative x-direction and the Coriolis acceleration will be in the negative  
y-direction. 

   Answer: (e)  
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PROBLEM 15.150 

Pin P is attached to the collar shown; the motion of the pin is guided 
by a slot cut in rod BD and by the collar that slides on rod AE. 
Knowing that at the instant considered the rods rotate clockwise with 
constant angular velocities, determine for the given data the velocity 
of pin P. 

8AEω =  rad/s, 3BDω =  rad/s 

 

SOLUTION 

0.5
500 mm 0.5 m,   0.5 tan 30 ,    

cos30
AB AP BP= = = ° =

°  

8 rad/sAE =ω ,         3 rad/sBD =ω  

Let P′  be the coinciding point on AE and 1u  be the outward velocity of the collar along the rod AE. 

/ [( )P P P AE AEAP ω′= + =v v v  1] [u+  ]  

Let P′′  be the coinciding point on BD and 2u  be the outward speed along the slot in rod BD. 

/ [( )P P P BD BDBP ω′′= + =v v v   230 ] [u° +   60 ]°  

Equate the two expressions for Pv  and resolve into components. 

:     1 2
0.5

(3)(cos30 ) cos60
cos30

u u
 = ° + ° °   

or  1 21.5 0.5u u= +  (1) 

:     2
0.5

(0.5 tan30 )(8) (3)sin 30 sin 60
cos30

u
 − ° = − ° + ° ° 

 

  
2

1
[1.5 tan 30 4 tan 30 ] 1.66667 m/s

sin 60
u = ° − ° = −

°
 

From (1), 1 1.5 (0.5)( 1.66667) 0.66667 m/su = + − =  

  [(0.5 tan 30 )(8)P = °v  ]  [0.66667+  ] [2.3094 m/s=  ] [0.66667 m/s+  ]  

  
2 22.3094 0.66667 2.4037 m/sPv = − + =  

  
2.3094

tan         73.9
0.66667

β β= = °  

  2.40 m/sP =v   73.9  °   
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PROBLEM 15.151 

Pin P is attached to the collar shown; the motion of the pin is guided 
by a slot cut in rod BD and by the collar that slides on rod AE. 
Knowing that at the instant considered the rods rotate clockwise with 
constant angular velocities, determine for the given data the velocity 
of pin P. 

7AEω =  rad/s, 4.8BDω =  rad/s 

 

SOLUTION 

0.5
500 mm 0.5 m, 0.5 tan 30 ,  

cos30
AB AP BP= = = ° =

°  

7 rad/sAE =ω ,         4.8 rad/sBD =ω   

Let P′  be the coinciding point on AE and 1u  be the outward velocity of the collar along the rod AE. 

/ [( )P P P AE AEAP ω′= + =v v v  1] [u+  ]  

Let P′′  be the coinciding point on BD and 2u  be the outward speed along the slot in rod BD. 

/ [( )P P P BD BDBP ω′′= + =v v v 230 ] [u° +   60 ]°  

Equate the two expressions for Pv  and resolve into components. 

  :     1 2
0.5

(4.8)(cos30 ) cos60
cos30

u u
 = ° + ° °   

or  1 22.4 0.5u u= +  (1) 

  :     2
0.5

(0.5 tan30 )(7) (4.8)sin30 sin 60
cos30

u
 − ° = − ° + ° ° 

 

  2
1

[2.4 tan 30 3.5 tan 30 ] 0.73333 m/s
sin 60

u = ° − ° = −
°

 

From (1), 1 2.4 (0.5)( 0.73333) 2.0333 m/su = + − =  

  [(0.5 tan 30 )(7)P = °v  ] [2.0333+  ] [2.0207 m/s=  ] [2.0333 m/s+  ]  

  2 2(2.0333) (2.0207) 2.87 m/sPv = + =  

 
2.0207

tan ,        44.8
2.0333

β β= − = − °  

  2.87 m/sP =v 44.8  ° 
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PROBLEM 15.152 

Two rotating rods are connected by slider block P. The rod 
attached at A rotates with a constant angular velocity .Aω  For 
the given data, determine for the position shown (a) the angular 
velocity of the rod attached at B, (b) the relative velocity of 
slider block P with respect to the rod on which it slides. 

b = 8 in., 6 rad/s.Aω =  

 

SOLUTION 

Dimensions: 

Law of sines. 

 

8 in.

sin 20 sin120 sin 40

4.2567 in.

10.7784 in.

AP BP

AP

BP

= =
° ° °

=
=

 

 6 rad/sAP =ω  

Velocities. 

Note: P′ =  Point of BE coinciding with P. 

 
( )

(4.2567 in.)(6 rad/s)
P APv AP ω=

=
 

 25.540 in./s=   30° 

 /P P P BE′= +v v v  

 [25.540 30 ]° = [ Pv ′ /70 ] [ P BEv° + 30 ]°  

(a) (25.54)cos40

19.565 in./s
Pv ′ = °

=
 

 

19.565 in./s

10.7784 in.
1.8152 rad/s

P
BE

v

BP
ω ′=

=

=  1.815 rad/sBE =ω    

(b) / (25.54)sin 40P BEv = °  

 16.417 in./s=  / 16.42 in./sP BE =v  20°  
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PROBLEM 15.153 

Two rotating rods are connected by slider block P. The rod 
attached at A rotates with a constant angular velocity .Aω  For 
the given data, determine for the position shown (a) the 
angular velocity of the rod attached at B, (b) the relative 
velocity of slider block P with respect to the rod on which it 
slides. 

b = 300 mm, 10 rad/s.Aω =  

 

SOLUTION 

Dimensions: 

Law of sines. 

 

300 mm

sin 20 sin120 sin 40

159.63 mm

404.19 mm

AP BP

AP

BP

= =
° ° °

=
=

 

 10 rad/sAD =ω  

Velocities. 

Note: P′ =  Point of AD coinciding with P. 

 
( )

(159.63 mm)(10 rad/s)
P ADAP ω′ ′=

=
v

 

 1596.3 mm/s=  30° 

 /P P P AD′= +v v v  

 [ Pv 70 ]° = [1596.3   /30 ] [ P ADv° +   60 ]°  

(a) (1596.3)/cos 40°

2083.8 mm/s
Pv =

=
 

 

2083.8 mm/s

404.19 mm
5.155 rad/s

P
BP

v

BP
ω =

=

=  5.16 rad/sBD =ω     

(b) / (1596.3)tan 40 1339.5 mm/sP ADv = ° =  / 1.339 m/sP AD =v   60°  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1216 

 

 

PROBLEM 15.154 

Pin P is attached to the wheel shown and slides in a slot 
cut in bar BD. The wheel rolls to the right without 
slipping with a constant angular velocity of 20 rad/s. 
Knowing that x = 480 mm when 0,θ =  determine the 
angular velocity of the bar and the relative velocity of  pin 
P with respect to the rod for the given data. 

(a) 0,θ =  (b) 90 .θ = °  

 

SOLUTION 

 

Coordinates. 

  

0( ) ,  

0,  

,  0

sin

cos

A A A

B B

C A C

P A

P

x x r y r

x y r

x x y

x x e

y r e

θ

θ
θ

= + =
= =
= =
= +
= +

 

Data: 0( ) 480 mm 0.48 mAx = =  

  

200 mm 0.20 m

140 mm 0.14 m

r

e

= =
= =  

Velocity analysis. AC ACω=ω ,     BD BDω=ω ,  

/ [P A P A ACrω= + =v v v  ] [ ACeω+ ]θ  

 [P P BDx ω′ =v  ] [( cos )] BDe θ ω+  ]  

 / [ cosP F u β=v  ] [ sinu β+  ]  
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 PROBLEM 15.154 (Continued) 

 

Use /P P P F′= +v v v  and resolve into components. 

 :     ( cos ) ( cos ) (cos )AC BDr e e uθ ω θ ω β+ = +  (1) 

 :      ( sin ) ACe θ ω = P BDx ω (sin )uβ−  (2) 

(a) 0.θ =   0.48 m,     0.48 m,   20 rad/sA P ACx x ω= = =  

  
cos 0.14

tan ,      16.26°
0.48P

e

x

θβ β= = =  

 Substituting into Eqs. (1) and (2), 

  (0.20 0.14)(20) 0.14 (cos16.26 )BD uω+ = + °  (1) 

  0 0.48 (sin16.26 )BD uω= − °  (2) 

 Solving simultaneously, 3.81 rad/s,BDω =  3.81 rad/sBD =ω    

  6.53 m/s,u =  / 6.53 m/sP F =v   16.26  °   

(b) 90 .θ = °  0.48 (0.20) 0.14 0.93416 m
2Px
π = + + = 
   

  0β =  

 Substituting into Eqs. (1) and (2), 

   (0.20)(20) u=  (1) 

  4 m/su =  

  (0.14)(20) 0.93416 BDω=  (2) 

   2.9973 rad/s,BDω =  3.00 rad/sBD =ω    

  / 4.00 m/sP F =v    
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PROBLEM 15.155 

Bar AB rotates clockwise with a constant angular velocity of  
8 rad/s and rod EF rotates clockwise with a constant angular 
velocity of 6 rad/s. Determine at the instant shown (a) the 
angular velocity of bar BD, (b) the relative velocity of collar D 
with respect to rod EF. 

 

SOLUTION 

Bar AB.  (Rotation about A) 8 rad/sABω =  

  (12)(8) 96 in./sB = =v  

Rod EF.  (Rotation about E ) 6 rad/s.EFω =  

  (12)(6) 72 in./sD′ = =v  

Bar BD.  Assume angular velocity is BDω . 

  Plane motion = Translation with B + Rotation about B. 

  / [96D B D B= + =v v v ] [24 BDω+ ] [12 BDω+ ]  (1) 

Collar D. Sliding on rotating rod EF with relative velocity u . 

  / [72D D D EF′= + =v v v ] [u+ ]  (2) 

Matching the expressions (1) and (2) for v ,D  

 Components : 96 12 72BDω+ = −  14BDω = −  

(a) 14.00 rad/sBD =ω    

 Components :  24 BD uω =  (24)( 14) 336 in./su = − = −  

(b) / 28.0 ft/sD EF =v    
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PROBLEM 15.156 

Bar AB rotates clockwise with a constant angular velocity of  
4 rad/s. Knowing that the magnitude of the velocity of collar D is 
20 ft/s and that the angular velocity of bar BD is counterclockwise 
at the instant shown, determine (a) the angular velocity of bar EF, 
(b) the relative velocity of collar D with respect to rod EF. 

 

SOLUTION 

Bar AB. (Rotation about A) 4 rad/sAB =ω  

  (1 ft)(4 rad/s) 4 ft/sB = =v  

Bar BD. Angular velocity is BDω . 

  Plane motion = Translation with B + Rotation about B. 

  / [4D B D B= + =v v v ] [2 BDω+ ] [1 BDω+ ]  

  Magnitude of : 20 ft/sD Dv =v  

  
2 2 2 2(4 ) (2 ) (20)D BD BDv ω ω= + + =  

  
25 8 384 0BD BDω ω+ − =  

  
8 88

10BDω − ±=  Positive root 8 rad/sBDω =  

  [4D =v ] [(2)(8)+ ] [(1)(8)+ ] [12= ] [16+ ]  (1) 

Rod EF. (Rotation about E) Angular velocity = EFω  

  [(1)D' EFω=v ]  

Collar D. Slides on rotating rod EF with relative velocity u . 

  / [1D D' D EF EFω= + =v v v ] [u+ ]  (2) 

Matching the expressions (1) and (2) for ,Dv  

 (a)  Component : 12 1 EFω=  12.00 rad/sEF =ω   

 (b)  Component : 16 = u  / 16 ft/sD EF =v   
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PROBLEM 15.157 

The motion of pin P is guided by slots cut in rods AD and BE. Knowing 
that bar AD has a constant angular velocity of 4 rad/s clockwise and bar 
BE has an angular velocity of 5 rad/s counterclockwise and is slowing 
down at a rate of 2 rad/s2, determine the velocity of P for the position 
shown. 

 

SOLUTION 

Units: meters, m/s, m/s2 

Unit vectors:  1=i , 1=j , 1=k . 

Geometry: Slope angle θ of rod BE. 

 
0.15

tan 0.5
0.3

θ = =
      

26.565θ = ° 

 / 0.1 0.15P A = +r i j       / 0.3 0.15P B = − +r i j  

Angular velocities: (4 rad/s) (5 rad/s)AD BE= − =ω k ω k  

Angular accelerations:  20 (2 rad/s )AD BE= = −α α k  

Velocity of Point P′ on rod AD coinciding with the pin: 

 / ( 4 ) (0.1 0.15 ) 0.6 0.4P AD P A′ = × = − × + = −v ω r k i j i j  

Velocity of the pin relative to rod AD: 

 / 1P AD u=v 1u= j  

Velocity of P:      / 10.6 0.4P P P AD u′= + = − +v v v i j j  

Velocity of Point P″ on rod BE coinciding with the pin: 

     / 5 ( 0.3 0.15 ) 0.75 1.5P BE P B′′ = × = × − + = − −v ω r k i j i j  

Velocity of the pin relative to rod BE: 

 / 2P BE u=v   2 2cos sinu uθ θ θ= − +i j  

Velocity of P: /

2 20.75 1.5 cos sin
P P P BE

u uθ θ
′′= +

= − − − +
v v v

i j i j
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PROBLEM 15.157  (Continued) 

 

Equating the two expressions for vP and resolving into components, 

 i: 2

2

0.6 0.75 cos

1.35
1.50965

cos 26.565

u

u

θ= − −

= − = −
°

 

 j: 1 2

1

0.4 1.5 sin

1.1 ( 1.50935)sin 26.535 1.77500

u u

u

θ− + = − +
= − + − ° = −

 

Velocity of P: 

           0.6 0.4 1.775 0.6 2.175P = − − = −v i j j i j  

   2.26 m/sP =v   74.6°  
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PROBLEM 15.158 

Four pins slide in four separate slots cut in a circular plate as shown. 
When the plate is at rest, each pin has a velocity directed as shown and of 
the same constant magnitude u. If each pin maintains the same velocity 
relative to the plate when the plate rotates about O with a constant 
counterclockwise angular velocity ,ω  determine the acceleration of  
each pin. 

 

SOLUTION 

For each pin: /P P P F C′= + +a a a a  

Acceleration of the coinciding Point P′ of the plate. 

For each pin 2
P rω′ =a  towards the center O. 

Acceleration of the pin relative to the plate. 

For pins 1 2 4,   and ,P P P  / 0P F =a  

For pin 3,P  
2

/P F
u

r
= ←a  

Coriolis acceleration .Ca  

For each pin 2Ca uω=  with Ca  in a direction obtained by rotating u through 90°  in the sense of ,ω  i.e., . 

Then 2
1 [ ] [2 ]r uω ω= → + ↓a  2

1 2r uω ω= −a i j   

 2
2 [ ] [2 ]r uω ω= ↓ + →a  2

2 2 u rω ω= −a i j   

 
2

2
3 [ ] [2 ]ur u

r
ω ω = ← + + ←← 

 
a  

2
2

3 2
u

r u
r

ω ω
 

= − + +  
 

a i   

 2
4 [ ] [2 ]r uω ω= ↑ + ↑a  

2
4 ( 2 )r uω ω= +a j  
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PROBLEM 15.159 

Solve Problem 15.158, assuming that the plate rotates about O with a 
constant clockwise angular velocity .ω  

PROBLEM 15.158 Four pins slide in four separate slots cut in a 
circular plate as shown. When the plate is at rest, each pin has a 
velocity directed as shown and of the same constant magnitude u. If 
each pin maintains the same velocity relative to the plate when the plate 
rotates about O with a constant counterclockwise angular velocity ,ω  
determine the acceleration of each pin. 

 

SOLUTION 

For each pin: /P P P F C′= + +a a a a  

Acceleration of the coinciding Point P′ of the plate. 

For each pin 2
P rω′ =a  towards the center O. 

Acceleration of the pin relative to the plate. 

For pins 1 2 4,   and ,P P P  / 0P F =a  

For pin 3,P  
2

/P F
u

r
= ←a  

Coriolis acceleration .Ca  

For each pin 2Ca uω=  with Ca  in a direction obtained by rotating u through 90°  in the sense of .ω  

Then 2
1 [ ] [2 ]r uω ω= → + ↑a  2

1 2r uω ω= +a i j   

 2
2 [ ] [2 ]r uω ω= ↓ + ←a  2

2 2 u rω ω= − −a i j   

 
2

2
3 [ ] [2 ]ur u

r
ω ω = ← + + →← 

 
a  

2
2

3 2
u

u r
r

ω ω
 

= − −  
 

a i   

 2
4 [ ] [2 ]r uω ω= ↑ + ↓a  

2
4 ( 2 )r uω ω= −a j  
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PROBLEM 15.160 

Pin P slides in the circular slot cut in the plate shown at a 
constant relative speed u = 500 mm/s. Assuming that at the 
instant shown the angular velocity of the plate is 6 rad/s and 
is increasing at the rate of 20 rad/s2, determine the 
acceleration of pin P when θ  = 90°. 

 

SOLUTION 

90θ = °      Units: meters, m/s, m/s2 

Unit vectors: 1=i , 1=j , 1=k  

 / /(0.15 0.1 ) 0.1P A P C= + =r i j r j  

Motion of Point P′ on the plate coinciding with P. 

 
2

/

(6 rad/s) (20 rad/s )

6 ( 0.15 0.1 ) 0.6 0.9P P A′

= =
= × = × − + = − −

ω k α k

v ω r k i j i j
 

 

2
/ /

220 ( 0.15 0.1 ) (6) ( 0.15 0.1 )

2 3 5.4 3.6 3.4 6.6

P P A B Ar rω′ = × −

= × − + − − +
= − − + − = −

a α

k i j i j

i j i j i j

 

Motion of P relative to the plate AC. 

 /

2

/

500 mm/s 0.5 m/s 0

0.5

(0.5)
0 2.5

0.1

P AC

P AC

u u

u

u
u

R

= = =
= − = −

= − − = − = −

v i i

a i j j j


 

Coriolis acceleration: /2 P AC×ω v (2)(6 ) ( 0.5 ) 6= × − = −k i j  

Acceleration of P. 

 

/ /

2

2

3.4 6.6 2.5 6

(3.4 m/s ) (15.1 m/s)

P P P AC P AC′= + + ×
= − − −

= −

a a a ω v

i j j j

i j  215.47 m/sP =a   77.3°  
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PROBLEM 15.161 

The cage of a mine elevator moves downward at a constant speed of 40 ft/s.  Determine the magnitude and 
direction of the Coriolis acceleration of the cage if the elevator is located (a) at the equator, (b) at latitude 
40°  north, (c) at latitude 40° south. 

 

SOLUTION 

Earth makes one revolution (2  radians)π  in 23.933 h (86,160 s). 

 
6

2

86,160

(72.926 10  rad/s)

π

−

=

= ×

j

j

Ω
 

Velocity relative to the Earth at latitude angle .ϕ  

 /earth 40( cos sin )P ϕ ϕ= − −v i j  

Coriolis acceleration .Ca  

 

/earth

6

3

2

(2)(72.926 10 ) [40( cos sin )]

(5.8341 10 cos )

C P

ϕ ϕ
ϕ

−

−

= ×

= × × − −

= ×

a v

j i j

k

Ω

 

(a) 0 , cos 1.000ϕ ϕ= ° =  3 25.83 10 ft/s westC
−= ×a   

(b) 40 , cos 0.76604ϕ ϕ= ° =  3 24.47 10 ft/s westC
−= ×a   

(c) 40 , cos 0.76604ϕ ϕ= − ° =  3 24.47 10 ft/s westC
−= ×a   
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PROBLEM 15.162 

A rocket sled is tested on a straight track that is built along a meridian. Knowing that the track is located at 
latitude 40° north, determine the Coriolis acceleration of the sled when it is moving north at a speed of 900 km/h. 

 

SOLUTION 

Earth makes one revolution (2  radians)π  in 23.933 h 86,160 s.=  

 
6

2

86,160

(72.926 10  rad/s)

π

−

=

= × j

Ω
 

Speed of sled. 900 km/h

250 m/s

u =
=

 

Velocity of sled relative to the Earth. 

 /earth 250( sin cos )P ϕ ϕ= − +v i j  

Coriolis acceleration. /earth

6

2

(2)(72.926 10 ) [250( sin cos )]

0.036463sin

C P

C ϕ ϕ
ϕ

−

= ×

= × × − +
=

a v

a j i j

k

Ω  

At latitude 40 ,ϕ = °  

 2

0.036463 sin 40°

(0.0234 m/s )

C =

=

a k

k  20.0234 m/s  westC =a   
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PROBLEM 15.163 

The motion of blade D is controlled by the robot arm ABC. At the instant 
shown, the arm is rotating clockwise at the constant rate ω 1.8=  rad/s and 
the length of portion BC of the arm is being decreased at the constant rate 
of 250 mm/s. Determine (a) the velocity of D, (b) the acceleration of D. 

 

SOLUTION 

Unit vectors: 1=i , 1=j , =k  

Units: meters, m/s, m/s2 

 / (0.32 m) (0.24 m)D A = −r i j  

Motion of Point D′ of extended frame AB. 

 /

(1.8 rad/s) 0

( 1.8 ) (0.32 0.24 )

0.432 0.576
D D A′

= − =
= × = − × −
= − −

ω k α
v ω r k i j

i j

 

 

2
/ /

2

( )

0 (1.8) (0.32 0.24 )

1.0368 0.7776

D D A D Aω′ = × −

= − −
= − +

a α r r

i j

i j

 

Motion of Point D relative to frame AB. 

 / 250 mm/sD AB =v  25° 

           
(0.25cos25 ) (0.25sin 25 )

0.22658 0.10565

= − ° + °
= − +

i j

i j
 

 / 0D AB =a  

Coriolis acceleration           /2 (2)( 1.8 ) ( 0.22658 0.10565 )

0.38034 0.81569
D AB× = − × − +

= +
ω v k i j

i j

 

(a) Velocity of Point D. 

  

/

0.432 0.576 0.22658 0.10565

0.65858 0.47035

D D D AB′= +
= − − − +
= − −

v v v

i j i j

i j  

   (0.659 m/s) (0.470 m/s)D = −v i j 0.809 m/s=  35.5°  
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PROBLEM 15.163  (Continued) 

 

(b) Acceleration of Point D. 

 

/ /2

1.0368 0.7776 0 0.38034 0.81569

0.6565 1.5933

D D D AB D AB′= + + ×
= − + + + +
= − +

a a a ω v

i j i j

i j  

  2 2(0.657 m/s ) (1.593 m/s )D = − +a i j 21.723 m/s=   67.6°  
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PROBLEM 15.164 

At the instant shown the length of the boom AB is being decreased at 
the constant rate of 0.2 m/s and the boom is being lowered at the 
constant rate of 0.08 rad/s. Determine (a) the velocity of Point B, 
(b) the acceleration of Point B. 

 

SOLUTION 

Velocity of coinciding Point B′ on boom. 

 (6)(0.08) 0.48 m/sB rω′ = = =v 60°  

Velocity of Point B relative to the boom. 

 /boom 0.2 m/sB =v  30°  

(a) Velocity of Point B. 

 /boomB B B′= +v v v  

 : ( ) 0.48cos60 0.2cos30 0.06680 m/sB xv = ° − ° =  

 : ( ) 0.48sin 60 0.2sin 30 0.51569 m/sB yv = − ° − ° = −  

 

2 20.06680 0.51569

0.520 m/s

0.51569
tan , 82.6

0.06680

Bv

β β

= +
=

= = °  0.520 m/sB =v 82.6°   

 Acceleration of coinciding Point B′ on boom. 

 2 2 2(6)(0.08) 0.0384 m/sB rω′ = = =a  30°  

 Acceleration of B relative to the boom. 

 /boom 0B =a  

 Coriolis acceleration. 

 22 (2)(0.08)(0.2) 0.032 m/suω = =  60°  
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PROBLEM 15.164  (Continued) 

 

(b) Acceleration of Point B. 

 /boom 2B B B uω= + +a a a  

 2: ( ) 0.0384cos30 0 0.032cos60 0.04926 m/sB xa = − ° + − ° = −  

 2: ( ) 0.0384sin 30 0 0.032sin 60 0.008513 m/sB ya = − ° + + ° =  

 

2 2

2

(0.04926) (0.008513)

0.0500 m/s

0.008513
tan , 9.8

0.04926

Ba

β β

= +

=

= = °  250.0 mm/sB =a 9.8°   
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PROBLEM 15.165 

At the instant shown the length of the boom AB is being increased at 
the constant rate of 0.2 m/s and the boom is being lowered at the 
constant rate of 0.08 rad/s. Determine (a) the velocity of Point B, 
(b) the acceleration of Point B. 

 

SOLUTION 

Velocity of coinciding Point B′ on boom. 

 (6)(0.08) 0.48 m/sB rω′ = = =v  60°  

Velocity of Point B relative to the boom. 

 /boom 0.2 m/sB =v   30°  

(a) Velocity of Point B. 

 /boomB B B′= +v v v  

 : ( ) 0.48 cos 60 0.2 cos 30 0.4132 m/sB xv = ° + ° =  

 : ( ) 0.48 sin 60 0.2 sin 30 0.3157 m/sB yv = − ° + ° = −  

 

2 2(0.4132) (0.3157)

0.520 m/s

0.3157
tan ,      37.4

0.4132

Bv

β β

= +
=

= − = − °  0.520 m/sB =v 37.4°   

 Acceleration of coinciding Point B′ on boom. 

 2 2 2(6)(0.08) 0.0384 m/sB rω′ = = =a 30°  

 Acceleration of B relative to the boom. 

 /boom 0B =a  

 Coriolis acceleration. 

 22 (2)(0.08)(2) 0.032 m/suω = = 60°  
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PROBLEM 15.165  (Continued) 

 

(b) Acceleration of Point B. 

 /boom 2B B B uω′= + +a a a  

 2: ( ) 0.0384 cos 30 0.032 cos 60 0.017255 m/sB xa = − ° + ° = −  

 2: ( ) 0.0384 sin 30 0.032 sin 60 0.04691 m/sB ya = − ° − ° = −  

 

2 2

2

(0.017255) (0.04691)

0.0500 m/s

0.04691
tan ,      69.8

0.017255

Ba

β β

= +

=

= = °  250.0 mm/sB =a 69.8°   
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PROBLEM 15.166 

The sleeve BC is welded to an arm that rotates about A with a 
constant angular velocity ω.  In the position shown rod DF is 
being moved to the left at a constant speed 400 mm/su =  relative 
to the sleeve. For the given angular velocity ,ω  determine the 
acceleration (a) of Point D, (b) of the point of rod DF that 
coincides with Point E. 

ω (3 rad/s) .= i  

 

SOLUTION 

(a) Point D. / / /

2

2

2 2

(0.4 m/s) ; 0

(0.12 m) (0.3 m)

( )

( )

(3 rad/s)

(1.08 m/s ) (2.70 m/s )

D F D BC D F

D

a

AD

AD

AD

AD

ω

ω
′

= = =

= − +

= × ×

= −

= −

= + −

v v k

j k

a

j k




ω

 

    /

2

/

2 2

2

2[(3 rad/s) ]  (0.40 m/s)

(2.4 m/s )

[ (1.08 m/s ) (2.70 m/s ) ] 0 [ (2.4 m/s) ]

c D F

D D D F c′

= ×
= ×

= −
= + +

= + − + + −

a v

i k

j

a a a a

j k j

ω  

 (1.32 m/s) (2.70 m/s)D = − −a j k   

(b) Point P of DF that coincides with E. 

 

/ / /

2 2 2

/

2

/

(0.40 m/s) ; 0

(0.120 m)

( ) (3 rad/s) (1.08 m/s )

2

2[(3 rad/s) ] (0.40 m/s)

(2.40 m/s )

P F P BC P F

P

c P F

P P P F c

AE

AE AE AEω′

′

= = =

= −

= × × = − = − =
= ×
= ×

= −
= + +

v v k a

j

a j

a v

i k

j

a a a a




ω ω

ω  

 2 2[(1.08 m/s ) ] 0 [ (2.4 m/s ) ]= + + −j j  

  
2(1.32 m/s )P = −a j   
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PROBLEM 15.167 

The sleeve BC is welded to an arm that rotates about A with a 
constant angular velocity ω.  In the position shown rod DF is 
being moved to the left at a constant speed 400 mm/su =  relative 
to the sleeve. For the given angular velocity ,ω  determine the 
acceleration (a) of Point D, (b) of the point of rod DF that 
coincides with Point E. 

ω (3 rad/s) .= j  

 

SOLUTION 

(a) Point D. / / /

2

(0.4 m/s) ; 0

(0.12 m) (0.3 m)

( )

3 (3 ( 0.12 0.3) )

(2.70 m/s )

D F D BC D F

D

a

AD

ADω′

= = =

= − +

= × ×
= × × − +

= −

v v k

j k

a

j j j k

k




ω

 

 

/

2

/
2

2

2[(3 rad/s) ] (0.40 m/s)

(2.4 m/s )

[ (2.70 m/s ) ] 0 [(2.4 m/s) ]

c D F

D D D F c′

= ×
= ×
=
= + +

= − + +

a v
j k

i
a a a a

k i

ω

 

 (2.4 m/s) (2.70 m/s)D = −a i k   

(b) Point P of DF that coincides with E. 

 

/ / /

/

2

/

(0.40 m/s) ; 0

(0.120 m)

( )

3 (3 ( 0.12 ) 0

2

2[(3 rad/s) ] (0.40 m/s)

(2.40 m/s )

P F P BC P F

P

c P F

P P P F c

AE

AE′

′

= = =
= −
= × ×
= × × − =
= ×
= ×
=
= + +

v v k a

j

a
j j j

a ω v

j k

i
a a a a




ω ω

 

 20 0 (2.4 m/s )= + + i  2(2.4 m/s )P =a i  
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PROBLEM 15.168 

A chain is looped around two gears of radius 40 mm that can 
rotate freely with respect to the 320-mm arm AB. The chain 
moves about arm AB in a clockwise direction at the constant 
rate of 80 mm/s relative to the arm. Knowing that in the 
position shown arm AB rotates clockwise about A at the 
constant rate 0.75ω = rad/s, determine the acceleration of 
each of the chain links indicated. 

Links 1 and 2. 

 

SOLUTION 

Let the arm AB be a rotating frame of reference. 0.75 rad/sΩ =  (0.75 rad/s) := − k  

Link 1: 1 1/

2 2
1 1

2 2
2

1/

/

(40 mm) , (80 mm/s)

(0.75) ( 40) (22.5 mm/s)

80
160 mm/s (160 mm/s )

40

2 (2)( 0.75 ) (80 )

(120 mm/s)

AB

AB

P AB

u

u

ρ

= − = ↑ =

′ = −Ω = − − =

= = → =

Ω × = − ×
=

r i v j

a r i

a i

v k j

i

 

  

1 1 1/ 1/

2

2

(302.5 mm/s )

AB AB′= + + Ω ×

=

a a a v

i  2
1 303 mm/s=a    

Link 2: 2

2/
2

2 2
2

2 2

2/

(160 mm) (40 mm)

(80 mm/s)

(0.75) (160 40 )

(90 mm/s ) (22.5 mm/s )
0

AB

AB

u

= +
= → =

′ = −Ω
= − +
= − −
=

r i j
v i

a r

i j

i j
a

 

 

2/

2

2
2 2/ 2/

2 2

2 2
2

2

2 (2)( 0.75 ) (80 )

(120 mm/s )

2

90 22.5 120

(90 mm/s ) (142.5 mm/s )

(90) (142.5)

168.5 mm/s

AB

AB AB

Ω × = − ×

= −

′= + + Ω ×
= − − −

= − −

= +

=

v k i

j

a a a v

i j j

i j

a

 

 
142.5

tan , 57.7
90

β β= = °  2
2 168.5 mm/s=a 57.7°   
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PROBLEM 15.169 

A chain is looped around two gears of radius 40 mm that can 
rotate freely with respect to the 320-mm arm AB. The chain 
moves about arm AB in a clockwise direction at the constant 
rate 80 mm/s relative to the arm. Knowing that in the position 
shown arm AB rotates clockwise about A at the constant rate 
ω 0.75= rad/s, determine the acceleration of each of the chain 
links indicated. 

Links 3 and 4. 

 

SOLUTION 

Let arm AB be a rotating frame of reference. 0.75 rad/s=Ω  (0.75 rad/s)= − k  

Link 3: 3 3/

2 2 2
3 3

2 2
2 2

3/

2
3/

(360 mm) (80 mm/s)

(0.75) (360) (202.5 mm/s )

(80)
160 mm/s (160 mm/s )

40

2 (2)( 0.75 ) ( 80 ) (120 mm/s )

AB

AB

AB

u

u

ρ

′

= = ↓ = −

= −Ω = − = −

= = = ← = −

Ω × = − × − = −

r i v j

a r i

a i i

v k j i

 

 

3 3 3/ 3/

2

2

(482.5 mm/s )

AB AB′= + + Ω ×

= −

a a a v

i  2
3 483 mm/s=a   

Link 4: 4

2
4/

2
4 4

2

2 2

4/

4/

2

(160 mm) (40 mm)

(80 mm/s )

(0.75) (160 40 )

(90 mm/s ) (22.5 mm/s )

0

2 (2)( 0.75 ) ( 80 )

(120 mm/s )

AB

AB

AB

u

′

= −

= ← = −

= −Ω

= − −

= − +
=

Ω × = − × −

=

r i j

v i

a r

i j

i j

a

v k i

j

 

 

4 4 4/ 4/

2 2

2 2
4

2

2

(90 mm/s ) (142.5 mm/s )

(90) (142.5)

168.5 mm/s

AB AB′= + + Ω ×

= − +

= +

=

a a a v

i j

a
 

 
142.5

tan , 57.7
90

β β= = °  2
4 168.5 mm/s=a 57.7°   



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1237 

 

PROBLEM 15.170 

A basketball player shoots a free throw in such a way that 
his shoulder can be considered a pin joint at the moment of 
release as shown. Knowing that at the instant shown the 
upper arm SE has a constant angular velocity of 2 rad/s 
counterclockwise and the forearm EW has a constant 
clockwise angular velocity of 4 rad/s with respect to SE, 
determine the velocity and acceleration of the wrist W. 

 

SOLUTION 

Units: meters, m/s, m/s2 

Unit vectors:     1=i , 1=j , 1=k  

Relative positions: 

  

/

/

/ / /

(0.35cos30 ) (0.35sin 30 ) 0.30311 0.175

(0.3cos80 ) (0.3sin80 ) 0.05209 0.29544

0.25101 0.47044

E S

W E

W S E S W E

= ° + ° = +

= − ° + ° = − +

= + = +

r i j i j

r i j i j

r r r i j

 

Use a frame of reference rotating with the upper arm SE with angular velocity 

     (2 rad/s) ( 0)= =k Ω Ω  

The motion of the wrist W relative to this frame is a rotation about the elbow E with angular velocity 

     (4 rad/s) ( 0)= − =ω k ω  

Motion of Point W′ in the frame coinciding with W. 

  

/

2 2
/

(2 ) (0.25101 0.47044 )

0.94088 0.50204

(2) (0.25101 0.47044 )

1.00408 1.88176

W W S

W W S

′

′

= × = × +

= − +

= −Ω = − +

= − −

v Ω r k i j

i j

a r i j

i j

 

Motion of W relative to the frame. 

  

/ /

2 2
/ /

( 4 ) ( 0.05210 0.29544 )

1.18176 0.2084

(4) ( 0.05210 0.29544 )

0.8336 4.72708

W SE W E

W SE W Eω

= × = − × − +

= +

= − = − − +

= −

v ω r k i j

i j

a r i j

i j

 

Velocity of W:     / 0.24088 0.71044W W W SE′= + = +v v v i j  

   0.750 m/sW =v  71.3°  
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PROBLEM 15.170  (Continued) 

 

Coriolis acceleration: 

 

/2 (2)(2 ) (1.18176 0.2084 )

0.8336 4.72704

W SE× = × +

= − +

Ω v k i j

i j  

Acceleration of W: 

 
/ /2

1.00408 1.88176

W W W SE W SE′= + + ×

= − −

a a a Ω v

i j
 

  22.13 m/sW =a   61.9° 
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PROBLEM 15.171 

The human leg can be crudely approximated as two rigid bars (the 
femur and the tibia) connected with a pin joint. At the instant shown 
the veolcity and acceleration of the ankle is zero. During a jump, the 
velocity of the ankle A is zero, the tibia AK has an angular velocity 
of 1.5 rad/s counterclockwise and an angular acceleration of 1 rad/s2 

counterclockwise. Determine the relative angular velocity and 
angular acceleration of the femur KH with respect to AK so that the 
velocity and acceleration of H are both straight up at the instant 
shown. 

 

SOLUTION 

Units: inches, in./s, in./s2 

Unit vectors:     1=i , 1=j , 1=k  

Relative positions: /

/

/ / /

(12 in.) (12 in.)

(14 in.) (14 in.)

(2 in.) (26 in.)

K A

H K

H A K A H K

= +

= − +

= + = − +

r i j

r i j

r r r i j

 

Use a frame of reference moving with the lower leg AK with angular velocity 

     1.5 rad/s=Ω  (1.5 rad/s)= k  

and angular acceleration     1.0 rad/s=Ω  2(1.0 rad/s )= k  

The motion of the hip H relative to this frame is a rotation about the knee K with angular velocity 

     ω=ω k  

and angular acceleration α=α k  

Both ω and α are measured relative to the lower leg AK. 

Motion of Point H ′ in the frame coinciding with H. 

  

/

2
/ /

2

2 2

1.5 ( 2 26 )

(39 in./s) (3 in./s)

(1.0 ) ( 2 26 ) (1.5) ( 2 26 )

26 2 4.5 58.5

(21.5 in./s ) (60.5 in./s )

H H A

H H A H A

′

′

= × = × − +

= − −

= × − Ω

= × − + − − +
= − − + −

= − −

v Ω r k i j

i j

a Ω r r

k i j i j

i j i j

i j
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PROBLEM 15.171  (Continued) 

 

Motion of H relative to the frame. 

  

/ /

2
/ / /

2

2 2

( 14 14 )

14 14

( 14 14 ) ( 14 14 )

14 14 14 14

H AK H K

H AK H K H K

ω ω
ω ω

α ω

α ω
α α ω ω

= × = × − +
= − −

= × −

= × − + − − +

= − − + −

v k r k i j

i j

a k r r

k i j i j

i j i j

 

Velocity of H.       H H=v v  H= v j  

        /

39 3 14 14
H H H AK

Hv ω ω
′= +

= − − − −
v v v

j i j i j
 

Resolve into components. 

 i:    0 39 14ω= − −  
39

2.7857 rad/s
14

ω = − = −  

 j: 3 14Hv ω= − −  36 in./sHv = −  

Relative angular velocity:   (2.79 rad/s) 2.79 rad/s= − =ω k   

Coriolis acceleration: /

2 2

2 (2)(1.5 ) ( 14 14 )

42 42 (117 in./s ) (117 in./s )

H AK ω ω

ω ω

× = × − −

= − = − +

Ω v k i j

i j i j

 

Acceleration of H.   H Ha=a Ha= j  

  
/ /

2 2

2

21.5 60.5 14 14 14 14 117 117

H H H AK H AK

Ha α α ω ω
′= + + ×

= − − − − + − − +

a a a Ω v

j i j i j i j i j
 

Resolve into components. 

 i:    2

2

0 21.5 14 (14)( 2.7857) 117

2.1327 rad/s

α
α

= − − + − −

= −

 

 j:  2

2

60.5 (14)( 2.1327) (14)( 2.7857) 117

22.284 in./s

Ha = − − − − − +

= −

 

Relative angular acceleration: 2 2(2.13 rad/s ) 2.13 rad/s= − =α k   
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PROBLEM 15.172 

The collar P slides outward at a constant relative speed u along rod AB, 
which rotates counterclockwise with a constant angular velocity of 
20 rpm. Knowing that 250r =  mm when 0θ =  and that the collar 
reaches B when 90 ,θ = °  determine the magnitude of the acceleration of 
the collar P just as it reaches B. 

 

SOLUTION 

 

(20)(2 ) 2
20 rpm  rad/s

60 3
0

90  radians
2

π πω

α
πθ

= = =

=

= ° =

 

Uniform rotational motion. 0

0 2
2
3

0.75 s

t

t
π

π

θ θ ω
θ θ

ω

= +

−
= = =

 

Uniform motion along rod. 0

0 0.5 0.25 1
m/s,

0.75 3

r r ut

r r
u

t

= +
− −= = =

 
  /

1
m/s

3P AB =v  

Acceleration of coinciding Point P′ on the rod. ( 0.5 m)r =  

 

2

2
2

(0.5)
3

P rω

π
′ =

 =  
 

a

 

 

2
22

m/s
9

π=  

 

22.1932 m/s=  

Acceleration of collar P relative to the rod. / 0P AB =a  

Coriolis acceleration. 2
/

2 1
2 2 (2) 1.3963 m/s

3 3P AB u
πω   × = = =  

  
vω  

   .Acceleration of collar P   / /2P P P AB P AB′= + + ×a a a vω

 

  

2[2.1932 m/sP =a 2] [1.3963 m/s+ ]  

 22.60 m/sP =a   57.5°  22.60 m/sPa =    
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PROBLEM 15.173 

Pin P slides in a circular slot cut in the plate shown at a constant relative speed 
u 90=  mm/s. Knowing that at the instant shown the plate rotates clockwise 
about A at the constant rate 3 rad/s,ω =  determine the acceleration of the pin if 
it is located at (a) Point A, (b) Point B, (c) Point C. 

 

SOLUTION 

 3 rad/sω = , 0, 90 mm/s 0.09 m/s, 0u uα = = = =  

 
2 2

2 2

2 2 2

2 2

100 mm

(90)
81 mm/s 0.081 m/s

100

36 rad /s

2 (2)(3)(90) 540 mm/s 0.54 m/s

u

u

ρ

ρ
ω
ω

=

= = =

=

= = =

 

(a) Point A. /0,         0.09 m/sA A F= = ←r v  

 
2

2
/0,         0.081 m/sA A F

u

ρ′ = = ↑ = ↑a a  

 Coriolis acceleration. 22 0.54 m/suω ↑ = ↑  

  2
/ [2 ] 0.621 m/sA A A F uω′= + + ↑ = ↑a a a  20.621 m/sA = ↑a   

(b) Point B. 0.1 2  mB =r   /45 ,         0.09 m/sB F° = ↑v  

 2 (9)(0.1 2)B Bω′ = − = −a r   245 0.9 2  m/s° =   45°  

 

2

/

20.081 m/s

B F
u

ρ
=

= →

a
 

 Coriolis acceleration. 22 0.54 m/suω = →  

 

/

2 2

[2 ]

[1.521 m/s ] [0.9 m/s ]

B B B F uω′= + + →

= → + ↓

a a a

 21.767 m/sB =a  30.6°  

 

 
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1243 

PROBLEM 15.173  (Continued) 

 

(c) Point C. 

/

2 2

2
2

/

0.2 m

0.09 m/s

(9)(0.2 ) 1.8 m/s

0.081 m/s

C

C F

C C

C F
u

ω

ρ

′

= ↑
= →

= − = − ↑ = ↓

= = ↓

r

v

a r

a

 

 Coriolis acceleration. 22 0.54 m/suω = ↓  

 

/

2

[2 ]

2.421 m/s

C C C F uω′= + + ↓

= ↓

a a a

 22.42 m/sC = ↓a   
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PROBLEM 15.174 

Pin P slides in a circular slot cut in the plate shown at a constant relative speed 
u 90=  mm/s. Knowing that at the instant shown the angular velocity ω of the 
plate is 3 rad/s clockwise and is decreasing at the rate of 25 rad/s ,  determine the 
acceleration of the pin if it is located at (a) Point A, (b) Point B, (c) Point C. 

 

SOLUTION 

 3 rad/sω = , 5 rad/sα = , 90 mm/s 0.09 m/s, 0u u= = =  

 
2 2

2 2

2 2 2

2 2

100 mm

(90)
81 mm/s 0.081 m/s

100

36 rad /s

2 (2)(3)(90) 540 mm/s 0.54 m/s

u

u

ρ

ρ
ω
ω

=

= = =

=

= = =

 

(a) Point A. 

/

2
2

/

0

0.09 m/s

0

0.081 m/s

A

A F

A

A F
u

ρ

′

=
= ←
=

= ↑ = ↑

r

v

a

a

 

 Coriolis acceleration. 22 0.54 m/suω ↑ = ↑  

 

/

2

[2 ]

0.621 m/s

A A A F uω′= + + ↑

= ↑

a a a

 20.621 m/sA = ↑a   

(b) Point B. 0.1 2  mB =r   /45 ,         0.09 m/sB F° = ↑v  

 2 [(0.1 2)(5)B B Bα ω′ = × − =a k r r   45 ] [(9)(0.1 2)° −   45 ]°  

 2[0.5 2 m/s=  245 ] [0.9 2 m/s° +  45 ]°  

 
2

2
/ 0.081 m/sB F

u

ρ
= = →a  

 Coriolis acceleration. 22 0.54 m/suω = →  

 

/

2 2

[2 ]

[1.021 m/s ] [1.4 m/s ]

B B B F uω′= + + →

= → + ↓

a a a

 21.733 m/sB =a   53.9°  
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PROBLEM 15.174  (Continued) 

 

(c) Point C. 

/

2

2 2

2

/

2

0.2 m

0.09 m/s

[(0.2)(5) ] [(9)(0.2 )]

[1 m/s ] [1.8 m/s ]

0.081 m/s

C

C F

C C C

C F
u

α ω

ρ

′

= ↑
= →

= × −

= ← − ↑

= ← + ↓

=

= ↓

r

v

a k r r

a

 

 Coriolis acceleration. 22 0.54 m/suω = ↓  

 

/

2 2

2

[1 m/s ] [2.421 m/s ]

C C C F uω′= + + ↓

= ← + ↓

a a a

 22.62 m/sC =a   67.6°   
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PROBLEM 15.175 

Pin P is attached to the wheel shown and slides in a slot 
cut in bar BD. The wheel rolls to the right without 
slipping with a constant angular velocity of 20 rad/s. 
Knowing that x = 480 mm when 0,θ =  determine 
(a) the angular acceleration of the bar and (b) the relative 
acceleration of pin P with respect to the bar when 0.θ =  

 

SOLUTION 

Coordinates. 

  

0( ) ,        

0,         

,         0

sin ,         cos

A A A

B B

C A C

P A P

x x r y r

x y r

x x y

x x e y r e

θ

θ θ

= + =
= =
= =
= + = +

  

Data:   0( ) 480 mm 0.48 m

200 mm 0.20 m

140 mm 0.14 m

0      480 mm 0.48 m

A

P

x

r

e

xθ

= =
= =
= =
= = =

 

Velocity analysis. 

  20 rad/sAC =ω ,    BD BDω=ω  

  ( )P ACr e ω= +v   

  (0.20 0.14)(20)= +  

  6.8 m/s=   

  [P P BDx ω′ =v  ] [ BDeω+  ]  

  / [ cosP F u β=v   ] [ sinu β+  ]  

  
0.14

tan
0.48

16.260
P

e

x
β

β

= =

= °
 

Use /P P P F′= +v v v  and resolve into components. 

  : 6.8 0.14 cosBD uω β= +  (1) 

  :  0 0.48 sinBD uω β= −  (2) 

Solving (1) and (2),               3.8080 rad/s,        6.528 m/sBD uω = =  
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PROBLEM 15.175  (Continued) 

 

Acceleration analysis. 0,        AC BD BDα= =α α  

  
2 2 2

/0        (0.14)(20) 56 m/sA P A ABrω= = = =a a  

  
2

/ 56 m/sP A P A= + =a a a  

  [P P BDx α′ =a ] [ Beα+ 2] [ P BDx ω+ 2] [ BDeω+  ]  

  [0.48 BDα= ] [0.14 BDα+ 2] [(0.48)(3.8080)+ ]  

  
2[(0.14)(3.8080)+ ]  

  [0.48 BDα= ] [0.14 BDα+ 2] [6.9604 m/s+ ]  

  
2[2.0301 m/s+ ]  

  / [ cosP F u β=a  ] [ sinu β+  ]  

Coriolis acceleration. 

22 (2)(3.8080)(6.528) [49.717 m/sBDuω = =  ]β  

Use  / [2P P P F BDuω′= + +a a a   ]β  and resolve into components.  

: 0 0.14 6.9604 cos 49.717sinBD uα β β= − + +  

or 0.14 cos 6.9602BD uα β+ = −  (3) 

  : 56 0.48 2.0301 sin 49.717cosBD uα β β= + + +  

or 0.48 sin 6.2415BD uα β− =  (4) 

Solving (3) and (4),              28.09 rad/s,         8.43 m/sBD uα = = −  

(a)   
28.09 rad/sBD =α   

(b)   2
/ 8.43 m/sP F =a   16.26°   
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PROBLEM 15.176 

Knowing that at the instant shown the rod attached at A has an angular 
velocity of 5 rad/s counterclockwise and an angular acceleration of  
2 rad/s2 clockwise, determine the angular velocity and the angular 
acceleration of the rod attached at B. 

 

SOLUTION 

Geometry: Apply the law of sines to the triangle ABP to determine the lengths AP  and .BP  

 Angle 180 70 110PBA = ° − ° = °  Angle 180 25 110 45APB = ° − ° − ° = °  

 
0.2

200 mm 0.2 m
sin 45 sin110 sin 25

0.265785 m 0.119534

AP BP
AB

AP BP

= = = =
° ° °

= =
 

Unit vectors: 1=i ,   1=j , 1=k  

Relative position vectors: 

 /

/

0.265785(sin 25 cos25 ) 0.11233 0.24088

0.119534(sin 70 cos70 ) 0.11233 0.04088
P A

P B

= ° + ° = −
= ° + ° = +

r i j i j

r i j i j
 

Angular velocities: 5 rad/sAP =ω (5 rad/s)= k  

 BP BPω=ω k  

Angular accelerations: 22 rad/sAP =α 2(2 rad/s )= − k   

 BP BPα=α k  

Velocity of P: / 5 (0.11233 0.24088 )

(1.2044 m/s) (0.56165 m/s)
P AP P A= × = × +

= − +
v ω r k i j

i j
 

Acceleration of P: 2
/ /

2

2 2

( 2 ) (0.11233 0.24088 ) (5) (0.11233 0.24088 )

(2.3265 m/s ) (6.2467 m/s )

P AP P A AP P Aω= × −

= − × + − +

= − −

a α r r

k i j i j

i j

 

Consider the slider P as a particle sliding along the rotating rod BP with a relative velocity 

 rel u=v 20 (cos 20 sin 20 )u° = ° + °i j  
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PROBLEM 15.176  (Continued) 

 

and a relative acceleration 

 rel u=a  20 (cos 20 sin 20 )u° = ° + °i j  

Consider the rod BP as a rotating frame of reference. 

Motion of Point P′ on the rod currently at P. 

  

/

2
/ /

2

2 2

(0.11233 0.04088 )

0.04088 0.11233

(0.11233 0.04088 ) (0.11233 0.04088 )

0.04088 0.11233 0.11233 0.04088

P BP P B BP

BP BP

P BP P B BP P B

BP BP

BP BP BP BP

ω
ω ω

ω

α ω
α α ω ω

′

′

= × = × +
= − +

= × −

= × + − +

= − + − −

v ω r k i j

i j

a α r r

k i j i j

i j i j

 

Velocity of P: relP P′= +v v v  

Resolve into components. 

 i: 1.2044 0.04088 cos 20BP uω− = − + °  

 j: 0.56165 0.11233 sin 20BP uω= + °  

Solving the simultaneous equations for BPω  and ,u  

  7.8612 rad/s 0.93971 m/sBP uω = = −  

Angular velocity of BP: 7.86 rad/sBP =ω   

Relative velocity: rel 0.93971(cos20 sin 20 )= − ° + °v i j  

Coriolis acceleration: 

  
rel

2 2

2 (2)(7.8612 ) ( 0.93971cos 20 0.93971sin 20 )

(5.0532 m/s ) (13.8835 m/s )

BP × = × − ° − °

= −

ω v k i j

i j
 

Acceleration of P: rel rel2P P BP′ ′= + + ×a a a ω v  

Resolve into components. 

 i: 22.3265 0.04088 0.11233 cos 20 5.0532BP BP uα ω− = − − + ° +  

  0.04088 cos 20 0.43788BP uα− + ° = −  (1) 

 j: 26.2467 0.11233 0.04088 sin 20 13.8835BP BP uα ω− = − + ° −  

  0.11233 sin 20 10.1631BP uα + ° =  (2) 

Solving Eqs. (1) and (2) simultaneously, 

  2 281.146 rad/s 3.0641 m/sBP uα = =  

Angular acceleration of BP:  281.1 rad/sBP =α   
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PROBLEM 15.177 

The Geneva mechanism shown is used to provide an intermittent 
rotary motion of disk S. Disk D rotates with a constant 
counterclockwise angular velocity Dω  of 8 rad/s. A pin P is 
attached to disk D and can slide in one of the six equally 
spaced slots cut in disk S. It is desirable that the angular 
velocity of disk S be zero as the pin enters and leaves each of 
the six slots; this will occur if the distance between the centers 
of the disks and the radii of the disks are related as shown. 
Determine the angular velocity and angular acceleration of disk 
S at the instant when 150 .φ = °  

 

SOLUTION 

Geometry: 

Law of cosines. 2 2 21.25 2.50 (2)(1.25)(2.50)cos30

1.54914 in.

r

r

= + − °
=

 

Law of sines. 
sin sin 30

1.25
23.794

r

β

β

°=

= °

 

Let disk S be a rotating frame of reference. 

 Sω=Ω , Sα=Ω  

Motion of coinciding Point P′ on the disk. 

 1.54914P S Srω ω′ = =v   β  

 2
/ /k r r [1.54914P S P O S P O Sα ω α′ = − × − =a   

2] [1.54914 Sβ ω+   ]β  

Motion relative to the frame. 

 /P S u=v   /aP S uβ =    β  

Coriolis acceleration. 2 Suω   β  

 / [1.54914P P P S Sω′= + =v v v   ] [uβ +   ]β  

 / 2P P P S Suω= + +a a a   

 [1.54914 Sα=   
2] [1.54914 Sβ ω+   ] [uβ +   ] [2 Suβ ω+   ]β  

Motion of disk D. (Rotation about B) 

 ( ) (1.25)(8) 10 in./sP DBP ω= = =v   30°  

 [( )P DBP α=a   
260 ] [( ) SBP ω° +   

230 ] 0 [(1.25)(8)° = +   30 ]°  

 280 in./s= 30°  
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PROBLEM 15.177  (Continued) 

 

Equate the two expressions for Pv  and resolve into components. 

 : 1.54914 10cos(30 )Sβ ω β= ° +  

 

10cos53.794

1.54914
3.8130 rad/s

Sω °=

=  3.81 rad/sS =ω   

 : 10sin(30 ) 10sin 53.794 8.0690 in./suβ β= ° + = ° =  

Equate the two expressions for Pa  and resolve into components. 

 : 1.54914 2 80sin (30 )S Suβ α ω β− = ° +  

 
2

80sin 53.794 (2)(3.8130)(8.0690)

1.54914

81.4 rad/s

Sα ° +=

=  281.4 rad/sS =α  
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PROBLEM 15.178 

In Problem 15.177, determine the angular velocity and 
angular acceleration of disk S at the instant when 135 .φ = °  

PROBLEM 15.177 The Geneva mechanism shown is used 
to provide an intermittent rotary motion of disk S. Disk D 
rotates with a constant counterclockwise angular velocity 

Dω  of 8 rad/s. A pin P is attached to disk D and can slide in 
one of the six equally spaced slots cut in disk S. It is 
desirable that the angular velocity of disk S be zero as the pin 
enters and leaves each of the six slots; this will occur if the 
distance between the centers of the disks and the radii of the 
disks are related as shown. Determine the angular velocity 
and angular acceleration of disk S at the instant when 

150 .φ = °  

 

SOLUTION 

Geometry: 

Law of cosines. 2 2 21.25 2.50 (2)(1.25)(2.50)cos 45

1.84203 in.

r

r

= + − °
=

 

Law of sines. 
sin sin 45

1.25
28.675

r

β

β

°=

= °

 

Let disk S be a rotating frame of reference. 

 Sω=Ω , Sα=Ω  

Motion of coinciding Point P′ on the disk. 

 1.84203P s srω ω′ = =v β  

 2
/ / [1.84203P S P O S P O Sα ω α′ = − × − =a k r r   

2] [1.84203 Sβ ω+   ]β  

Motion relative to the frame. 

 /P S u=v   /        P S uβ =a    β  

Coriolis acceleration. 2 Suω   β  

 / [1.84203P P P S Sω′= + =v v v   ] [uβ +   ]β  

 / 2P P P S Suω= + +a a a   

 [1.84203 Sα=  2] [1.84203 Sβ ω+   ] [uβ +   ] [2 Suβ ω+  ]β  
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PROBLEM 15.178  (Continued) 

 

Motion of disk D. (Rotation about B) 

 ( ) (1.25)(8) 10 in./sP DBP ω= = =v   30°  

 [( )P DBP α=a   
245 ] [( ) SBP ω° +   

245 ] 0 [(1.25)(8)° = +   45 ]°  

 280 in./s=   45°  

Equate the two expressions for Pv  and resolve into components. 

 : 1.84203 10cos(45 )Sβ ω β= ° +  

 

10cos73.675

1.84203
1.52595 rad/s

Sω °=

=  1.526 rad/sS =ω   

 : 10sin(45 ) 10sin 73.675 9.5968 in./suβ β= ° + = ° =  

Equate the two expressions for Pa  and resolve into components. 

  : 1.84203 2 80sin (45 )S Suβ α ω β− = ° +  

 2

80sin 73.675 (2)(1.52595)(9.5968)

1.84203

57.6 rad/s

Sα ° +=

=  257.6 rad/sS =α  
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PROBLEM 15.179 

At the instant shown, bar BC has an angular velocity of 3 rad/s 
and an angular acceleration of 22 rad/s ,  both counterclockwise. 
Determine the angular acceleration of the plate. 

 

SOLUTION 

Relative position vectors. /

/

(4 in.) (3 in.)

(6 in.) (3 in.)
B D

B C

= +
= − +

r i j

r i j

 

Velocity analysis. 3 rad/sBC =ω  

Bar BC (Rotation about C): 

/

(3 rad/s)

3 ( 6 3 )

(9 in./s) (18 in./s)

BC

B BC B C

=
= × = × − +
= − −

k

v r k i j

i j

ω
ω

 

Plate (Rotation about D): P Pω ω= k  

Let Point B′  be the point in the plate coinciding with B. 

 / (4 3 )

3 4
B P B D P

P P

ω
ω ω

′ = × = × +
= − +

v r k i j

i j

ω
 

Let plate be a rotating frame. / rel

/

rel3 (4 )

B F

B B B F

P P

v

vω ω
′

=
= +
= − + +

v j

v v v

i j

 

Equate like components of .Bv  : 9 3 (3 rad/s)P Pω− = − =i kω  

 rel rel: 18 (4)(3) (30 in./s)v− = + = −j v j  

Acceleration analysis. 22 rad/sBC =α  

Bar BC: 2

2
/ /

2

2 2

(2 rad/s )

2 ( 6 3 ) (3) ( 6 3 )

12 6 54 27 (48 in./s ) (39 in./s )

BC

B BC B C BC B Cω

=

= × −

= × − + − − +

= − − + − = −

k

a r r

k i j i j

j i i j i j

α

α

 

Plate: 
2

/ /

2(4 3 ) (3) (4 3 )

3 4 36 27

P P

B P B D P B D

P

P P

α
ω

α
α α

′

=

= × −

= × + − +
= − + − −

k

a r r

k i j i j

i j i j

α

α
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PROBLEM 15.179  (Continued) 

 

Relative to the frame (plate), the acceleration of pin B is 

 

2 2
rel

/ rel rel

2
rel

30
( ) ( )

4

(225 in./s ) ( )

B F t t

t

v
a a

a

ρ
= − = −

= − +

a j i j i

i j

 

Coriolis acceleration. /2 P P F× vω  

 22(3 ) ( 30 ) (180 in./s )c = × − =a k j i  

Then /

rel

rel

(3 36) (4 27) 225 ( ) 180

(3 81) [4 ( ) 27]

B B B F c

B P P t

B P P t

a

a

α α
α α

′= + +
= − + + − − + +
= − + + + −

a a a a

a i j i j i

a i j

 

Equate like components of .Ba  

 2: 48 (3 81) 43 rad/sP Pα α= − + = −i  243.0 rad/sP =α  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1256 

 

 

PROBLEM 15.180 

At the instant shown bar BC has an angular velocity of 3 rad/s and 
an angular acceleration of 22 rad/s ,  both clockwise. Determine the 
angular acceleration of the plate. 

 

SOLUTION 

Relative position vectors. /

/

(4 in.) (3 in.)

(6 in.) (3 in.)
B D

B C

= +
= − +

r i j

r i j

 

Velocity analysis. 3 rad/sBC =ω  

Bar BC (Rotation about C): 

/

(3 rad/s)

( 3 ( 6 3 )

(9 in./s) (18 in./s)

BC

B BC B C

= −
= ×
= − × − +
= +

k

v r

k) i j

i j

ω
ω

 

Plate (Rotation about D): P Pω ω= k  

Let Point B′  be the point in the plate coinciding with B: 

 
/

(4 3 )

3 4

B P B D

P

P P

ω
ω ω

′ = ×
= × +
= − +

v r

k i j

i j

ω
 

Let the plate be a rotating frame. / rel

/

rel3 (4 )

B F

B B B F

P P

v

vω ω
′

=
= +
= − + +

v j

v v v

i j

 

Equate like components of .Bv  : 9 3 (3 rad/s)P Pω= − = −i kω  

 rel rel: 18 (4)(3) (30 in./s)v= + =j v j  

Acceleration analysis. 22 rad/sBC =α  

Bar BC: 2

2
/ /

2

2 2

(2 rad/s )

( 2 ( 6 3 ) (3) ( 6 3 )

12 6 54 27

(60 in./s ) (15 in./s )

BC

B BC B C BC B Cω

= −

= × −

= − × − + − − +
= + + −

= −

k

a r r

k) i j i j

j i i j

i j

α

α
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PROBLEM 15.180  (Continued) 

 

Plate: 
2

/ /

2(4 3 ) (3) (4 3 )

3 4 36 27

P P

B P B D P B D

P

P P

α
ω

α
α α

′

=

= × −

= × + − +
= − + − −

k

a r r

k i j i j

i j i j

α

α

 

Relative to the frame (plate), the acceleration of pin B is 

 

2
rel

/ rel

2

rel

2
rel

( )

30
( )

4

(225 in./s ) ( )

B F t

t

t

v
a

a

a

ρ
= −

= −

= − +

a j i

j i

i j

 

Coriolis acceleration. /2 P P F× vω  

 22( 3 ) (30 ) (180 in./s )c = − × =a k j i  

Then /

rel

rel

(3 36) (4 27) 225 ( ) 180

(3 81) [4 ( ) 27]

B B B F c

B P P t

B P P t

a

a

α α
α α

′= + +
= − + + − − + +
= − + + + −

a a a a

a i j i j i

a i j

 

Equate like components of .Ba  

 2: 60 (3 81) 47 rad/sP Pα α= − + = −i  247.0 rad/sP =α   
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PROBLEM 15.181* 

Rod AB passes through a collar which is welded to link DE. 
Knowing that at the instant shown block A moves to the right at a 
constant speed of 75 in./s, determine (a) the angular velocity of 
rod AB, (b) the velocity relative to the collar of the point of the 
rod in contact with the collar, (c) the acceleration of the point of 
the rod in contact with the collar. (Hint: Rod AB and link DE 
have the same ω  and the same .)α  

 

SOLUTION 

Let ω=ω  and α=α  be the angular velocity and angular acceleration of the link DE and collar rigid 
body. Let F be a frame of reference moving with this body. The rod AB slides in the collar relative to the 
frame of reference with relative velocity u=u 30°  and relative acceleration u=u  30 .°  Note that this 
relative motion is a translation that applies to all points along the rod. Let Point A be moving with the end of 
the rod and A′  be moving with the frame. Point E is a fixed point. 

Geometry. /
6 in.

12 in.
sin 30°A E′ = =r  

Velocity analysis. 75 in./sA =v  

 12A ω′ =v  
 A A′= +v v u Resolve into components. 

 
75

: 75 0 cos30 86.603 in./s
cos30

u u= + ° = =
°

 

 :
sin 30

0 12 sin 30 3.6085 rad/s
12

u
uω ω °= − + ° = =  

(a) Angular velocity. 3.61 rad/s=ω   

(b) Velocity of rod AB relative to the collar. 86.6 in./s=u 30°   

(c) Acceleration analysis. 0A =a  

 [12A α′ =a 2] [12ω+ ] [12α= ] [156.25+ ]  

 Coriolis acceleration. 

 2c uω=a 260 625.01 in./s° = 60°  

 A A c′= + +a a u a Resolve into components. 

 : 0 156.25 cos30 625.01cos60u= + ° − °  

 2180.43 in./su =  

 : 0 12 sin 30 625.01sin 60uα= − + ° + °  

 252.624 rad/sα =  
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PROBLEM 15.181*  (Continued) 

 

 For rod AB, 3.6085 rad/sAB =ω  

 252.624 rad/sAB =α  

 Let P be the point on AB coinciding with collar D. 

 / 12cos30P A = °r 30 10.392 in.° = 30 .°  

 / /( ) ( )P A P A t P A n= + +a a a a  

 0 [(10.392)(52.624)= + 260 ] [(10.392)(3.6085)° + 30 ]°  

 [546.87= 60 ]° [135.32+ 30 ] [390.63° = ] [405.94+ ]  

 2563 in./sP =a 46.1°   

 Pa  may also be determined from P P c′= + +a a u a using the rotating frame. The already calculated 
 vectors u  and ca  also apply at Points P′  and .P  

 6P D α′ = =a a 30 6ω° + 60°  

 2[315.74 in./s= 230 ] [78.13 in./s° + 60 ]°  

 Then [315.74P =a 30 ] [78.13° + 60 ] (180.43° + 30 ] [625.01° + 60 ]°  

 (135.31= 30 ] [546.88° + 60 ]°  
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PROBLEM 15.182* 

Solve Problem 15.181, assuming that block A moves to the left at 
a constant speed of 75 in./s.  

PROBLEM 15.181 Rod AB passes through a collar which is 
welded to link DE. Knowing that at the instant shown block A 
moves to the right at a constant speed of 75 in./s, determine (a) the 
angular velocity of rod AB, (b) the velocity relative to the collar of 
the point of the rod in contact with the collar, (c) the acceleration 
of the point of the rod in contact with the collar. (Hint: Rod AB 
and link DE have the same ω  and the same .)α  

 

SOLUTION 

Let ω=ω  and α=α  be the angular velocity and angular acceleration of the link DE and collar rigid 
body. Let F be a frame of reference moving with this body. The rod AB slides in the collar relative to the 
frame of reference with relative velocity u=u 30°  and relative acceleration u=u  30 .°  Note that this 
relative motion is a translation that applies to all points along the rod. Let Point A be moving with the end of 
the rod and A′  be moving with the frame. Point E is a fixed point. 

Geometry. /
6 in.

12 in.
sin 30°A E′ = =r  

Velocity analysis. 75 in./sA =v  

 12A ω′ =v  

 A A′= +v v u Resolve into components. 

 :
75

75 0 cos30 86.603 in./s
cos30

u u− = + ° = = −
°

 

 : 
sin 30

0 12 sin 30 3.6085 rad/s
12

u
uω ω °= − + ° = = −  

(a) Angular velocity. 3.61 rad/s=ω   

(b) Velocity of rod AB relative to the collar. 86.6 in./s=u   30°   

 Acceleration analysis. 0A =a  

 [12A α′ =a 2] [12ω+ ] [12α= ] [156.25+ ]  

 Coriolis acceleration. 2c uω=a 260 625.01 in./s° = 60°  

 A A c′= + +a a u a  Resolve into components. 

 : 0 156.25 cos30 625.01cos60u= + ° − °  

 2180.43 in./su =  

 : 0 12 sin 30 625.01sin 60uα= − + ° + °  

 252.624 rad/sα =  
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PROBLEM 15.182*  (Continued) 

 

 For rod AB, 3.6085 rad/sAB =ω  

 252.624 rad/sAB =α  

 Let P be the point on AB coinciding with collar D. 

 / 12cos30P A = °r 30 10.392 in.° = 30 .°  

 / /( ) ( )P A P A t P A n= + +a a a a  

 0 [(10.392)(52.624)= + 260 ] [(10.392)(3.6085)° + 30 ]°  

 [546.87= 60 ]° [135.32+ 30 ] [390.63° = ] [405.94+ ]  

 2563 in./sP =a 46.1°   
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PROBLEM 15.183* 

In Problem 15.157, determine the acceleration of pin P. 

PROBLEM 15.157 The motion of pin P is guided by slots cut in 
rods AD and BE. Knowing that bar AD has a constant angular 
velocity of 4 rad/s clockwise and bar BE has an angular velocity of 
5 rad/s counterclockwise and is slowing down at a rate of 2 rad/s2, 
determine the velocity of P for the position shown. 

 

SOLUTION 

Units: meters, m/s, m/s2 

Unit vectors:  1=i , 1=j , 1=k  

From the solution of Problem 15.157, 

 26.565θ = °     0.100 mR = 

 / 0.1 0.15P A = +r i j  / 0.3 0.15P B = − +r i j  

 (4 rad/s)AD = −ω k  
2(5 rad/s )BE =ω k  

 0AD =α  
2(2 rad/s )BE = −α k  

 

/ 1

/ 2 2

(1.775 m/s)

cos sin

( 1.50935)( cos 26.565 sin 26.565 )

(1.35 m/s) (0.675 m/s)

P AD

P BE

u

u uθ θ
= = −
= − +
= − − ° + °
= +

v j j

v i j

i j

i j

 

Acceleration of Point P′ on rod AD coinciding with the pin: 

 
2

/ /

20 (4) (0.1 0.15 ) 1.6 2.4

P AD P A AD P Aω′ = × −

= − + = − −

a α r r

i j i j  

Acceleration of the pin relative to rod AD: 

 

2 2
1

/ 1 1

1

(1.775)

0.15
21.004

P AD
u

u u
R

u

= − = −

= −

a j i j i

j i

 


 

Coriolis acceleration:    1 /2 AD P AD= ×a ω v  

    1 2( 4 ) ( 1.775 ) 14.2= − × − = −a k j i  

Acceleration of P: / 1

136.804 2.4
P P P AD

P u
′= + +

= − − +
a a a a

a i j j
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PROBLEM 15.183*  (Continued) 

 

Acceleration of Point P″ on rod BE coinciding with the pin 

 

2
/ /

2( 2 ) ( 0.3 0.15 ) (5) ( 0.3 0.15 )

0.6 0.3 7.5 3.75 7.8 3.15

P BE P B BE P Eω′′ = × −

= − × − + − − +
= + + − = −

a α r r

k i j i j

j i i j i j

 

Acceleration of the pin relative to the rod BE: 

 / 2 ( cos sin )P BE u θ θ= − +a i j  

Coriolis acceleration: 2 /2

(2)(5 ) (1.35 0.675 ) 13.5 6.75
BE P BE= ×

= × − = − +
a ω v

k i j j i

 

Acceleration of P: / 2P P P BE′′= + +a a a a  

 2

2 2

7.8 3.15 ( cos sin ) 13.5 6.75

14.55 10.35 cos sin
P u

u u

θ θ
θ θ

= − + − + + +
= + − +

a i j i j j i

i j i j


 

 

Equating the two expressions for aP and resolving into components, 

 i: 2

2
2

36.804 14.55 cos

36.804 14.55
57.415 m/s

cos 26.565

u

u

θ− = −
+= =

°





 

 j: 1 2

2
1

2.4 10.35 sin

12.75 57.415sin 26.565 38.426 m/s

u u

u

θ− + = +

= + ° =

 



 

Acceleration of the pin. 

  
36.804 2.4 38.427

36.804 36.027
P = − − +

= − +
a i j j

i j
 

   2 2 2(36.8 m/s ) (36.0 m/s ) 51.5 m/sP − + =a i j   44.4°  
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PROBLEM 15.184 

At the instant considered, the radar antenna shown rotates about 
the origin of coordinates with an angular velocity x yω= ω + +i jω  

.zω k  Knowing that ( ) 300 mm/s,A yv =  ( ) 180 mm/s,B yv =  and 
( ) 360 mm/s,B zv =  determine (a) the angular velocity of the 
antenna, (b) the velocity of Point A. 

 

SOLUTION 

 

(0.3 m) (0.25 m)

( ) (0.3 m/s) ( )

: ( ) 0.3 ( )

0.3 0 0.25

A

A A x A z

A A A x A z x y z

v v

v v ω ω ω

= −
= + +

= × + + =

−

r i k

v i j k

i j k

v r i j kω

 

 ( ) 0.3 ( ) 0.25 (0.3 0.25 ) 0.3A x A z y z x yv v ω ω ω ω+ + = − + + −i j k i j k  

 : ( ) 0.25A x yv ω= −i  (1) 

 : 0.3 0.3 0.25z xω ω= +j  (2) 

  : ( ) 0.3A z yv ω= −k  (3) 

 
(0.3 m) (0.25 m)

( ) (0.18 m/s) (0.36 m/s)
B

B B xv

= −
= + +

r i j

v i j k
 

 : ( ) 0.18 0.36

0.3 0.25 0

B B B x x y zv ω ω ω= × + + =

−

i j k

v r i j kω  

 ( ) 0.18 0.36 0.25 0.3 (0.25 0.3 )B x z z x yv ω ω ω ω+ + = + − +i j k i j k  

 : ( ) 0.3B x zv ω=i  (4) 

 z: 0.18 0.3ω=j  (5) 

 : 0.36 0.25 0.3x yω ω= − −k  (6) 

From Eq. (5), 0.6 rad/szω =  
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PROBLEM 15.184  (Continued) 

 

From Eq. (2), 
1

(0.3 0.3 )
0.25
0.48 rad/s

x zω ω= −

=

 

From Eq. (6), 
1

(0.36 0.25 )
0.3
1.6 rad/s

y xω ω= − +

= −

 

(a) Angular velocity. (0.480 rad/s) (1.600 rad/s) (0.600 rad/s)= − +i j kω   

 From Eq. (1), ( ) 0.25

0.400 m/s

A x yv ω= −

=

 

 From Eq. (3), ( ) 0.3

0.480 m/s

A z yv ω= −

=

 

(b) Velocity of Point A. (0.400 m/s) (0.300 m/s) (0.480 m/s)A = + +v i j k  

 or (400 mm/s) (300 mm/s) (480 mm/s)A = + +v i j k   
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PROBLEM 15.185 

At the instant considered the radar antenna shown rotates about 
the origin of coordinates with an angular velocity x yω ω= + +i jω  

.zω k  Knowing that ( ) 100 mm/s,A xv =  ( ) 90 mm/s,A yv = −  and 
( )B zv 120 mm/s,=  determine (a) the angular velocity of the 
antenna, (b) the velocity of Point A. 

 

SOLUTION 

 
(0.3 m) 0.25 m)

(0.1 m/s) (0.09 m/s) ( )
A

A A zv

= −
= − +

r i k

v i j k
 

 : 0.1 0.09 ( )

0.3 0 0.25

A A A z x y zv ω ω ω= × − + =

−

i j k

v r i j kω  

 0.1 0.09 ( ) 0.25 (0.3 0.25 ) 0.3A z y z x yv ω ω ω ω− + = − + + −i j k i j k  

 i: 0.1 0.25 yω= −  (1) 

 j: 0.09 0.3 0.25z xω ω− = +  (2) 

 k: ( ) 0.3A z yv ω= −  (3) 

 
(0.3 m) (0.25 m)

( ) ( ) (0.12 m/s)
B

B B x B yv v

= −
= + +

r i j

v i j k
 

 : ( ) ( ) 0.12

0.3 0.25 0

B B B x B y x y zv v ω ω ω= × + + =

−

i j k

v r i j kω  

 ( ) ( ) 0.12 0.25 0.3 (0.25 0.3)B x B y z z x yv v ω ω ω ω+ + = + − +i j k i j k  

 i: ( ) 0.25B x zv ω=  (4) 

 j: ( ) 0.3B y zv ω=  (5) 

 k: 0.12 0.25 0.3x yω ω= − −  (6) 

From Eq. (1), 
0.1

0.4 rad/s
0.25yω = − = −  
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PROBLEM 15.185  (Continued) 

 

From Eq. (6), 
1

(0.12 0.3 )
0.25

0

x yω ω= − +

=

 

From Eq. (2), 
1

(0.09 0.25 )
0.25
0.36 rad/s

z xω ω= − +

= −

 

From Eq. (3), ( ) (0.3)( 0.4)

0.12 m/s
A zv = − −

=
 

(a) Angular velocity. (0.400 rad/s) (0.360 rad/s)= − −ω j k   

(b) Velocity of Point A. (0.1 m/s) (0.09 m/s) (0.12 m/s)A = − +v i j k  

 or (100 mm/s) (90 mm/s) (120 mm/s)A = − +v i j k   
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PROBLEM 15.186 

Plate ABD and rod OB are rigidly connected and rotate about the 
ball-and-socket joint O with an angular velocity ω = ωx i + ωx j + 
ωz k. Knowing that vA = (80 mm/s)i + (360 mm/s)j + (vA)z k and 

1.5 rad/s,xω =  determine (a) the angular velocity of the assembly, 
(b) the velocity of Point D. 

 

SOLUTION 

 

1.5 rad/s (1.5 rad/s)

(160 mm) (120 mm) (80 mm)

(160 mm) (120 mm) (80 mm)

x y z

A

D

ω ω ω= = + +

= − + +
= + + −

i j k

r i j k

r i j k

ω

 

(a) 

1.5

160 120 80

(80 120 ) ( 160 120) (180 160 )

A A

y z

A y z z y

ω ω

ω ω ω ω

= ×

=

− + +
= − + − − + +

v r

i j k

v i j k

ω  

 But we are given: 

 (80 mm/s) (360 mm/s) ( )A A zv= + +v i j k  

 ( ) : 80 120 80A x y zv ω ω− =  (1) 

 ( ) : 160 120 360A y xv ω− − =       3 rad/szω = −  (2) 

 ( ) : 180 160 ( )A z y A zv vω+ =  (3) 

 Substitute 3.0 rad/szω = −  into Eq. (1): 

 80 120( 3) 80

3.5 rad/s

y

y

ω
ω

− − =

= −

 

 Substitute 3.5 rad/syω = −  into Eq. (3): 

 180 160( 3.5) ( )

( ) 380 in./s
A z

A z

v

v

+ − =
= −

 

 We have: (1.5 rad/s) (3.5 rad/s) (3.0 rad/s)= − −i j kω  
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PROBLEM 15.186  (Continued) 

 

(b) Velocity of D. 

 

1.5 3.5 3.0

160 120 80

(360 280) ( 480 120) (180 560)

D D= ×

= − −
+ + −

= + + − + + +

v r

i j k

i j k

ω  

 (640 mm/s) (360 mm/s) (740 mm/s)D = − +v i j k  
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PROBLEM 15.187 

The bowling ball shown rolls without slipping on the horizontal xz plane with an 
angular velocity ω .x y zω ω ω= + +i j k  Knowing that (14.4 ft/s) (14.4 ft/s)A = − +v i j  
(10.8 ft/s)k  and (28.8 ft/s) (21.6 ft/s) ,D = +v i k  determine (a) the angular velocity 
of the bowling ball, (b) the velocity of its center C. 

 

SOLUTION 

Radius of ball: 4.3 in. = 0.35833 ft 

At the given instant, the origin is not moving. 

: 14.4 14.4 10.8

0.35833 0.35833 0

A A x y zω ω ω= × − + =
i j k

v r i j kω  

14.4 14.4 10.8 0.35833 0.35833 0.35833( )z z x yω ω ω ω− + = − + + −i j k i j k  

: 0.35833 14.4        40.186 rad/s

: 0.35833 14.4        40.186 rad/s

: 0.35833( ) 10.8        30.140 rad/s

z z

z z

x y x y

ω ω
ω ω

ω ω ω ω

− = = −
= − = −

− = − =

i

j

k
 

: 28.8 21.6

0 0.71667 0

D D x y zω ω ω= × + =
i j k

v r i kω  

  28.8 21.6 0.71667 0.71667z xω ω+ = − +i k i k  

: 0.71667 28.8        40.186 rad/s

: 0.71667 21.6       30.140 rad/s
z z

x x

ω ω
ω ω

− = = −
= =

i

k  

  
30.140 0y xω ω= − =  

( )   .a Angular velocity   (30.1 rad/s) (40.2 rad/s)  = −i kω   

( )  b Velocity of  Point C. 

(30.140 40.186 ) 0.35833

14.4 10.8
C C= × = − ×

= +
v r i k j

i k

ω
 

   (14.4 ft/s) (10.8 ft/s)  C = +v i k  
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PROBLEM 15.188 

The rotor of an electric motor rotates at the constant rate 1 1800 rpm.ω =  
Determine the angular acceleration of the rotor as the motor is rotated 
about the y axis with a constant angular velocity 2ω  of 6 rpm 
counterclockwise when viewed from the positive y axis. 

 

SOLUTION 

 

1

2

1800 rpm

60  rad/s

6 rpm

0.2  rad/s

ω
π

ω
π

=

=
=

=

 

Total angular velocity. 2 1

(0.2  rad/s) (60  rad/s)

ω ω
π π

= +

= +

j k

j k

ω

ω

 

Angular acceleration. 

Frame Oxyz is rotating with angular velocity 2 .ω= jΩ  

 

2 2 1

2 1

2 2

0 ( )

(0.2 )(60 )

(12  rad/s )

Οxyz

ω ω ω
ω ω

π π
π

=
+ ×

= + × +
=

=

=

j j k

i

i

i




α ω
= ω Ω ω

α

 
2(118.4 rad/s )= iα   
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PROBLEM 15.189 

The disk of a portable sander rotates at the constant rate 
1 4400 rpmω =  as shown. Determine the angular acceleration 

of the disk as a worker rotates the sander about the z axis with 
an angular velocity of 0.5 rad/s and an angular acceleration of 
2.5 rad/s2, both clockwise when viewed from the positive 
z axis. 

 

SOLUTION 

Spin rate: 1 4400 rpm 460.77 rad/sω = =  

Angular velocity of disk relative to the housing: 

 1 (460.77 rad/s)=ω j  

Angular motion of the housing: 

 2
2 2(0.5 rad/s) (2.5 rad/s )= − = −ω k ω k  

Consider a frame of reference rotating with angular velocity 

 2 (0.5 rad/s)ω= = −Ω k k  

Angular velocity of the disk: 1 2

(460.77 rad/s) (0.5 rad/s)

= +
= −
ω ω

j k

ω  

Angular acceleration of the disk: 

 

1 2 1 2

2 2

( )

0 2.5 ( 0.5 ) (460.77 0.5 )

(230.38 rad/s ) (2.5 rad/s )

= + + × +
− + − × −

= −

k k j k

i k

 α ω ω Ω ω ω
=

 

  
2 2(230 rad/s ) (2.5 rad/s )= −i kα   
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PROBLEM 15.190 

Knowing that the turbine rotor shown rotates at a constant 
rate 1 9000 rpm,ω =  determine the angular acceleration of 
the rotor if the turbine housing has a constant angular 
velocity of 2.4 rad/s clockwise as viewed from (a) the 
positive y axis, (b) the positive z axis. 

 

SOLUTION 

Spin rate: 1 9000 rpm 942.48 rad/sω = =  

Angular velocity of the rotor relative to the axle: 

 1 (942.48 rad/s)= −ω i  

(a) Axle rotates with angular velocity 2 (2.4 rad/s)= −ω j  

 Consider a frame of reference rotating with angular velocity 

 2ω=Ω j  

 Angular acceleration: 

 
1 2 1 2

1

( )

0 0

( 2.4 ) ( 942.48 )

= + + × +
= + + ×
= − × −

α ω i ω j Ω ω ω
Ω ω

j i

 

 

  

2(2260 rad/s )= −α k   

(b) Axle rotates with angular velocity 2 (2.4 rad/s) .= −ω k   

 
1

(2.4 rad/s)

( 2.4 ) ( 942.48 )

= −
= × = − × −

Ω k

α Ω ω k i
 

  
2(2260 rad/s )= jα   
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PROBLEM 15.191 

In the system shown, disk A is free to rotate about the horizontal rod 
OA. Assuming that disk B is stationary 2( 0),ω =  and that shaft OC 
rotates with a constant angular velocity 1,ω  determine (a) the angular 
velocity of disk A, (b) the angular acceleration of disk A. 

 

SOLUTION 

Disk A (In rotation about O): 

Since 1

1

,y

A x z

ω ω
ω ω ω

=

= + +i j kω

 

Point D is point of contact of wheel and disk. 

 

/

/

1

1 1

0

( )

D O

D A D O

x z

D z x

r R

r R

R r R r

ω ω ω

ω ω ω ω

= − −
= ×

=

− −
= − + + −

r j k

v r

i j k

v i j k

ω

 

Since 2 0, 0.Dω = =v  

Each component of Dv  is zero. 

 
1 1

( ) 0; 0

( ) 0;

D z x x

D x z z

v r

R
v R r

r

ω ω

ω ω ω ω

= = =

 = − + = =  
 

 

(a) Angular velocity. 1 1A
R

r
ω ω = +  

 
j kω   

(b) Angular acceleration. Disk A rotates about y axis at rate 1.ω  

 1 1 1
A

A y A
d R

dt r
ω ω ω = = × = × + 

 
ω j j k

ω
α ω  2

1A
R

r
ω= iα   
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PROBLEM 15.192 

In the system shown, disk A is free to rotate about the horizontal rod OA. 
Assuming that shaft OC and disk B rotate with constant angular velocities 

1ω  and 2,ω  respectively, both counterclockwise, determine (a) the 
angular velocity of disk A, (b) the angular acceleration of disk A. 

 

SOLUTION 

Disk A (in rotation about O): 

Since 1,yω ω=  1A x zω ω ω= + +i j kω  

Point D is point of contact of wheel and disk. 

 

/

/ 1

0

D O

D A D O x z

r R

r R

ω ω ω

= − −

= × =
− −

r j k
i j k

v rω
 

 1( )D z x xR r R rω ω ω ω= − + + −v i j k  (1) 

Disk B: 2B ω= jω  

 / 2 2( )D B D O r R Rω ω= × = × − − = −v r j j k iω  (2) 

From Eqs. 1 and 2: 1 2: ( )D D z x xR r R r Rω ω ω ω ω= − − + − = −v v i j k i  

Coefficients of k: 0; 0x xrω ω− = =  

Coefficients of i: 1 2 1 2( ) ; ( )z z
R

R r R
r

ω ω ω ω ω ω− + = − = −  

(a) Angular velocity.  1 1 2( )A
R

r
ω ω ω= + −j kω   

(b) Angular acceleration. Disk A rotates about y axis at rate 1.ω  

 1 1 1 2( )A
A y A

d R

dt r
ω ω ω ω = = × = × + −  

j j k
ω

α ω ω  1 1 2( )A
R

r
ω ω ω= − iα  
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PROBLEM 15.193 

The L-shaped arm BCD rotates about the z axis with a constant 
angular velocity 1ω  of 5 rad/s. Knowing that the 150-mm-radius 
disk rotates about BC with a constant angular velocity 2ω  of  
4 rad/s, determine (a) the velocity of Point A, (b) the acceleration 
of Point A. 

 

SOLUTION 

  .Total angular velocity  2 1

(4 rad/s) (5 rad/s)

ω ω= +

= +

j k

j k

ω

ω

 

 .Angular acceleration  

Frame Oxyz is rotating with angular velocity 1 .ω=Ω k  

 
1 2 1

1 2

2

0 ( )

(5)(4)
20

(20.0 rad/s )

Oxyz

α

ω ω ω
ω ω

α

=
= + ×
= + × +
= −
= −
= −
= −

Ω
k j k

i

i
i

i



ω
ω ω

α

 

(a) Velocity of Point A. (0.15 m) (0.12 m)

0 4 5

0.15 0.12 0

0.6 0.75 0.6

A

A A

= +
×

=

= − + −

r i j
v r

i j k

i j k

= ω
 

 (0.600 m/s) (0.750 m/s) (0.600 m/s)A = − + −v i j k   

(b) Acceleration of Point A. 

20 0 0 0 4 5

0.15 0.6 0 0.6 0.75 0.6
2.4 6.15 3 2.4

A A A= × + ×

= − +
− −

= − − − +

a α r v
i j k i j k

k i j k

ω  

 6.15 3= − −i j  2 2(6.15 m/s ) (3.00 m/s )A = − −a i j  
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PROBLEM 15.194 

The cab of the backhoe shown rotates with the constant 
angular velocity 1 (0.4 rad/s)=ω j  about the y axis. The arm 
OA is fixed with respect tot he cab, while the arm AB 
rotates about the horizontal axle A at the constant rate 

2 / 0.6d dtω β= =  rad/s. Knowing that 30 ,β = °  determine 
(a) the angular velocity and angular acceleration of AB, 
(b) the velocity and acceleration of Point B. 

 

SOLUTION 

 

/

20 8 (ft)

7 12.12 (ft)

27 4.12 (ft)

A

B A

B

= +
= −
= −

r i j

r i j

r i j

 

  OXYZ is fixed; Oxyz rotates with 0.40=Ω j  

Angular velocity of AB 

With respect to rotating frame: 2 (0.60 rad/s)= +ω k  

With respect to fixed frame: 1 2 (0.40 rad/s) (0.60 rad/s)= + = +ω ω ω j k   

Angular acceleration of AB 

            ( ) ( )Oxyz Oxyz= = + ×α Ω ω ω ω  

          0 (0.40 ) (0.40 0.60 )= + × +α j j k   2(0.24 rad/s )=α i 

Motion of B relative to rotating frame Oxyz. 

Since A does not move relative to Oxyz, 

  

/ / /

/

( ) ( ) ( ) ( ) 0

(0.60 ) (7 12.12 )
(7.27 ft/s) (4.2 ft/s)

B F B Oxyz A Oxyz B A Oxyz B A

B F

′= = + = + ×
= × −
= +

v r r r ω r

k i j
v i j

  

 (1) 

  

/ / /

2 2
/

( ) ( ) ( ) 0 ( )

(0.60 ) (7.27 4.2 )

(2.52 ft/s ) (4.36 ft/s )

B F A Oxyz B A Oxyz B A

B F

′ ′= + = + × ×
= × −
= +

a r r ω ω r

k i j

a i j

 

 (2) 

Motion of B′ of frame Oxyz which coincides with B. 

  

(0.40 ) (27 4.12 )

(10.8 ft/s)
B B

B

′

′

= × = × −
= −

v Ω r j i j

v k  (3) 

  2

( ) (0.4 ) ( 10.8 )

(4.32 ft/s )
B B B

B

′ ′

′

= × × = × = × −
= −

a Ω Ω r Ω v j k

a i  (4) 
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PROBLEM 15.194  (Continued) 

 

Velocity of B using Equations (1) and (3): 

 / 10.8 7.27 4.2B B B F′ ′= + = − + +v v v k i j  

   (7.27 ft/s) (4.2 ft/s) (10.8 ft/s)B = + −v i j k  

Acceleration of B 

 /B B B F C′= + +a a a a  

We first compute the Coriolis acceleration. aC 

 /2 2(0.40 ) (7.27 4.2 )C B F= × = × +a Ω v j i j  

Recalling Equations (2) and (4), we now write 

 4.32 2.52 4.36 5.82B = − − + −a i i j k  

 2 2 2(6.84 ft/s ) (4.36 ft/s ) (5.82 ft/s )B = − + −a i j k   
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PROBLEM 15.195 

A 3-in.-radius disk spins at the constant rate 2 4ω =  rad/s 
about an axis held by a housing attached to a horizontal rod 
that rotates at the constant rate 1 5ω =  rad/s. For the position 
shown, determine (a) the angular acceleration of the disk,  
(b) the acceleration of Point P on the rim of the disk if θ  = 0, 
(c) the acceleration of Point P on the rim of the disk  
if 90 .θ = °  

 

SOLUTION 

Angular velocity. 1 2

(5 rad/s) (4 rad/s)

ω ω= +
= +

i k

i k

ω
ω

 

(a) Angular acceleration. 

 Frame Oxyz is rotating with angular velocity 1 .ω=Ω i  

 

1 1 2

1 2

0 ( )

(4)(5)

20

Oxyz

α

ω ω ω
ω ω

=
= + ×

= + × +

= −

= −
= −

Ω

i i k

j

j

j



ω
ω ω

 2(20.0 rad/s )= −α j   

(b) θ  = 0. Acceleration at Point P. 

 

(3 in.)

(0.25 ft)

(5 4 ) 0.25

(1 ft/s)

20 0.25 (5 4 ) (1 ft/s)

5 5 4

4 10

P

P P

P P P

=
=
= ×
= + ×
=
= × + ×
= − × + + ×
= + −
= − +

r i

i

v r

i k i

j

a α r v

j i i k j

k k i

i k

ω

ω

 2 2(4.00 ft/s ) (10.00 ft/s )P − +a i k   
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PROBLEM 15.195  (Continued) 

 

(c) θ 90 .= °  Acceleration at Point P. 

 

(0.25 ft)

(5 4 ) 0.25

(1.25 ft/s) (1 ft/s)

20 0.25 (5 4 ) ( 1.25 )

0 0 6.25 4 0

10.25

P

P P

P P P

=
= ×
= + ×
= − +
= × + ×
= − × + + × − +
= + − − +
= −

r j

v r

i k j

i j

a α r v

j j i k i j

j j

j

ω

ω

 2(10.25 ft/s )P = −a j  
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PROBLEM 15.196 

A 3-in.-radius disk spins at the constant rate 2 4ω =  rad/s 
about an axis held by a housing attached to a horizontal rod 
that rotates at the constant rate 1 5ω =  rad/s. Knowing that 
θ 30 ,= °  determine the acceleration of Point P on the rim of 
the disk. 

 

SOLUTION 

Angular velocity. 1 2

(5 rad/s) (4 rad/s)

ω ω= +
= +

i k

i k

ω
ω

 

Angular acceleration. Frame Oxyz is rotating with angular velocity 1 .ωΩ = i  

 
1 1 2

1 2

2

0 ( )

(4)(5) 20

(20.0 rad/s )

Oxyz

ω ω ω
ω ω

= = + Ω ×

= + × +
= −
= − = −

= −

α

i i k

j

j j

α j

 ω ω ω

 

Geometry.  30 ,θ = °       (3 in.)(cos30 sin 30 )

(0.25 ft)(cos30 sin30 )
P = ° + °

= ° + °
r i j

i j

 

Velocity of Point P. 

5 0 4

0.25cos30 0.25sin 30 0

(0.5 ft/s) (0.86603 ft/s) (0.625 ft/s)

P P= ×

=
° °

= − + +

v r

i j k

i j k

ω  

Acceleration of Point P. 

0 20 0 5 0 4

0.25cos30 0.25sin 30 0 0.5 0.86603 0.625

4.3301 3.4641 5.125 4.3301

P P P= × + ×

= − +
° ° −

= − − +

a α r v

i j k i j k

k i j k

ω  

  2 2 2(3.46 ft/s ) (5.13 ft/s ) (8.66 ft/s )P = − − +a i j k  
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PROBLEM 15.197 

A 30 mm-radius wheel is mounted on an axle OB of length 
100 mm. The wheel rolls without sliding on the horizontal 
floor, and the axle is perpendicular to the plane of the wheel. 
Knowing that the system rotates about the y axis at a 
constant rate 1 2.4ω =  rad/s, determine (a) the angular 
velocity of the wheel, (b) the angular acceleration of the 
wheel, (c) the acceleration of Point C located at the highest 
point on the rim of the wheel. 

 

SOLUTION 

Geometry.  100 mm 0.1 m

30 mm 0.03 m

tan 0.3

16.699

sec

cos cos
A

B

l

b

b

l

l

l b

β

β
β
β β

= =
= =

= =

= °
= −
= − +

r i

r i j

 

(a) Angular velocities. 

 For the system, 1 (2.4 rad/s)ω= =j jΩ  

 For the wheel, 

( ) ( sec ) 0

x y z

A A x y z l

ω ω ω
ω ω ω β

= + +

= × = + + × − =

i j k

v ω r i j k i

ω  

 

( sec ) ( sec ) 0

0, 0        

( cos cos )

( cos )

z y

y z x

B B

x

x

l l

l b

b

ω β ω β
ω ω ω

ω β β
ω β

− − =

= = =

= ×
= × − +
=

j k

ω i

v r

i i j

k

ω  

 For the system,  

1

1

( cos cos )

( cos )

B B

l b

l

ω β β
ω β

= ×
= × − +

=

v Ω r

j i j

k

 

 Matching the two expressions for ,Bv  

 1cos cosxb lω β ω β=  

 or 1 (2.4)(30)
8 rad/s

100x

l

b

ω
ω = = =  (8.00 rad/s)= iω   
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PROBLEM 15.197  (Continued) 

 

(b) Angular acceleration. 

 2

(0 2.4 ) 8

(19.2 rad/s )

Oxyz

=
= + Ω ×

= + ×

= −

α

j i

k



ω
ω ω

 2(19.20 rad/s )= − kα   

(c) Conditions at Point C. 

 

2 2

( cos sin ) 2 cos

( 87.162 mm) (57.47 mm)

8 ( 87.162 57.47 )

(459.76 mm/s)

19.2 ( 87.162 57.47 ) 8 459.76

(1103.4 mm/s ) (2004.6 mm/s )

C

C C

C C C

l b bβ β β= − − +
= − +
= ×
= × − +
=
= × + ×
= − × − + + ×

= −

r i j

i j

v r

i i j

k

a α r v

k i j i k

i j

ω

ω

 

 2 2(1.103 m/s ) (2.005 m/s )C = −a i j   
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PROBLEM 15.198 

At the instant shown, the robotic arm ABC is being rotated 
simultaneously at the constant rate 1 0.15ω =  rad/s about 
the y axis, and at the constant rate 2 0.25ω =  rad/s about the 
z axis. Knowing that the length of arm ABC is 1 m, determine 
(a) the angular acceleration of the arm, (b) the velocity of 
Point C, (c) the acceleration of Point C. 

 

SOLUTION 

Angular velocity: 1 2

(0.15 rad/s) (0.25 rad/s)

ω ω= +

= +

ω j k

j k

 

Consider a frame of reference rotating with angular velocity 

 1 (0.15 rad/s)ω= =Ω j j

 
(a) Angular acceleration of the arm. 

 1 2 1 2( )

0 0 (0.15 ) (0.15 0.25 )

= + + × +
= + + × +

α ω ω Ω ω ω
j j k

 
 

  2(0.0375 rad/s )=α i   

Arm ABC rotates about the fixed Point A. 

 / (1 m)(cos35 sin35 )

(0.81915 m) (0.57358 m)
C A = ° + °

= +
r i j

i j
 

(b) Velocity of Point C. /C C A= ×v ω r  

  

0 0.15 0.25

0.81915 0.57358 0

0.14340 0.20479 0.12287

C =

= − + −

i j k

v

i j k  

   (0.1434 m/s) (0.204 m/s) (0.1229 m/s)C = − + −v i j k   

(c) Acceleration of C: /C C A C= × + ×a α r ω v  

  

0.0375 0 0 0 0.15 0.25

0.81915 0.57358 0 0.14340 0.20479 0.12287

0.021509 0.06962 0.03585 0.02151

C = +
− −

= + + +

i j k i j k

a

k i j k  

   2 2 2(0.0696 m/s ) (0.0359 m/s ) (0.0430 m/s )C = − + +a i j k   
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PROBLEM 15.199 

In the planetary gear system shown, gears A and B are 
rigidly connected to each other and rotate as a unit about the 
inclined shaft. Gears C and D rotate with constant angular 
velocities of 30 rad/s and 20 rad/s, respectively (both 
counterclockwise when viewed from the right). Choosing 
the x axis to the right, the y axis upward, and the z axis 
pointing out of the plane of the figure, determine (a) the 
common angular velocity of gears A and B, (b) the angular 
velocity of shaft FH, which is rigidly attached to the 
inclined shaft. 

 

SOLUTION 

Place origin at F. 

Point 1: 1 (80 mm) (260 mm)= − +r i j  

Point 2: 2

1 1

(80 mm) (50 mm)

(30 rad/s)

(20 rad/s)

(30 ) ( 80 260 )

E

G

E

= + +
= +
= +
= ×
= × − +

r i j

i

i

v r

i i j

ω
ω

ω

 

 1 (7800 mm/s)=v k  (1) 

 

2 2

2

(20 ) (80 50 )

(1000 mm/s)

G= ×
= × +
=

v r

i i j

v k

ω

 (2) 

Motion of gear unit AB: 

1 1

80 260 0

260 80 (260 80 )

x y z

x y z

z z x y

ω ω ω

ω ω ω

ω ω ω ω

= + +

= × =

− +
= − − + +

ω i j k

i j k

v r

i j k

ω

 

Recall from Eq. (1) that 7800 .=v k  

 7800 260 80 (260 80 )z z x yω ω ω ω= − − + +k i j k  

Equate coefficients of unit vectors. 

 

0

7800 260 80
z

x y

ω
ω ω

=
= +  (3) 
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PROBLEM 15.199  (Continued) 

 

 2 2

0

80 50 0

(50 80 )

x y

x y

ω ω

ω ω

= ×

=

= −

v r

i j k

k

ω  

Recall from Eq. (2) that 2 1000 ,=v k  and write 

  1000 50 80x yω ω= −  (4) 

Add Eqs. (3) and (4):   8800 310 xω=       28.387 rad/sxω =  

Eq. (4): 1000 50(28.387) 80 5.242 rad/sy yω ω= − =  

(a) Common angular velocity of unit AB. (28.387 rad/s) (5.242 rad/s)= +ω i j  

 (28.4 rad/s) (5.24 rad/s)= +ω i j   

(b) Angular velocity of shaft FH. (See figure in text.) 

 Point N is at nut, which is a part of unit AB and also 
 is a part of shaft GH. 

 

1

2

1

2

N N

N N N

N N N

x y

x y

y y

=

= +

= +

r i j

r i j

 

 Nut N as a part of unit AB: (28.387 rad/s) (5.242 rad/s)

1
(28.387 5.242 )

2

N N

N Ny y

= +
= ×

 = + × + 
 

i j

v r

i j i j

ω
ω

 

 

(28.387 2.621 )

(25.766 )
N N N

N

y y

y

= −
= +

v k

k  (5) 

 Nut N as a part of shaft FH. FH FHω= iω  

 

1
( )

2

N FH N

FH N N

FH N

y y

y

ω

ω

= ×

 = × + 
 

=

v r

i i j

k

ω

 (6) 

 Equating expressions for Nv  from Eqs. (5) and (6), 

 

(25.766 )

(25.766 rad/s)
N FH N

FH

y yω+ =
=

k k

iω  (25.8 rad/s)FH = iω  
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PROBLEM 15.200 

In Problem 15.199, determine (a) the common angular acceleration of gears A and B, (b) the acceleration of 
the tooth of gear A which is in contact with gear C at Point I. 

 

SOLUTION 

See the solution to part (a) of Problem 15.199 for the calculation of the common angular velocity of unit AB. 

 (28.387 rad/s) (5.242 rad/s)= +ω i j  

The angular velocity vector ω  rotates about the x-axis with angular velocity .FHω  See part (b) of Problem 

15.199 for the calculation of .FHω  

 (25.776 rad/s)FH =ω i  

(a) Common angular acceleration of unit AB. 

  

(25.776 ) (28.387 5.242 )

135.12

FH= ×
= × +
=

α ω ω
i i j

k  2135.1 rad/s=α k   

 The position and velocity vectors of a tooth at the contact Point 1 of gears A and C are 

  1

1

(80 mm) (260 mm)

(7800 mm/s)

= − +
=

r i j

v k
 

 as determined in part (a) of Problem 15.199. 

(b) Acceleration of the tooth at Point 1 of gear A. 

  

1 1 1

2 2

(135.12 ) ( 80 260 ) (28.387 5.242 ) 7800

10810 35131 221419 40888

(5757 mm/s ) (232229 mm/s )

= × + ×
= × − + + + ×
= − − − +

= −

a α r ω v

k i j i j k

j i j i

i j

 

   2 2
1 (5.8 m/s ) (232 m/s )= −a i j   
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PROBLEM 15.201 

Several rods are brazed together to form the robotic guide arm shown 
which is attached to a ball-and-socket joint at O. Rod OA slides in a 
straight inclined slot while rod OB slides in a slot parallel to the z axis. 
Knowing that at the instant shown (9 in./s) ,B =v k  determine (a) the 
angular velocity of the guide arm, (b) the velocity of Point A,  
(c) the velocity of Point C. 

 

SOLUTION 

 

Since rod at D slides in slot which is of slope 1:2, 

 ( ) 2( )D x D yv v= −  

and ( ) 2( )A x A yv v= −  

(a) Angular velocity. x y zω ω ω+ +i j kω =  

 
: (9 in./s) ( ) (12 in.)

9 12 12

B B x y z

x z

ω ω ω
ω ω

= × = + + ×

= −

v r k i j k j

k k i

ω
 

 Coefficients of k: 9 12 0.75 rad/sx xω ω= =  

 Coefficients of i: 0 12 0

(0.75 ) (10 )

z z

A A

A y

ω ω

ω

= − =
= ×
= + ×

v r

v i j k

ω
 

  ( ) ( ) ( ) 7.5 10A x A y A z yv v v ω+ + = − +i j k j i
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PROBLEM 15.201  (Continued) 

 

 Coefficients of j: ( ) 7.5A yv = −  

 Coefficients of i: ( ) 10A x yv ω=  

 Coefficients of k: ( ) 0A zv =  

 Recall the Equations ( ) 2( )A x A yv v= −  

 

and

 

10 2( 7.5)yω = − −  

 So, 1.5 rad/s and ( ) 15 in./sy A xvω = =  

 (0.75 rad/s) (1.5 rad/s)= +i jω   

(b) Velocity of A: (15 in./s) (7.5 in./s)A = −v i j   

(c) Velocity of C: 5 4 2

0.75 1.5 0

5 4 2

3 1.5 (3 7.5)

C

C

C

= + +
= ×

=

= − + −

r i j k

v r

i j k

i j k

ω
 

 (3 in./s) (1.5 in./s) (4.5 in./s)C = − −v i j k  
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PROBLEM 15.202 

In Problem 15.201 the speed of Point B is known to be constant.  
For the position shown, determine (a) the angular acceleration of the 
guide arm, (b) the acceleration of Point C. 

PROBLEM 15.201 Several rods are brazed together to form the 
robotic guide arm shown, which is attached to a ball-and-socket joint at 
O. Rod OA slides in a straight inclined slot while rod OB slides in a 
slot parallel to the z-axis. Knowing that at the instant shown 
vB (9 in./s) ,= k  determine (a) the angular velocity of the guide arm,  
(b) the velocity of Point A, (c) the velocity of Point C. 

 

SOLUTION 

 
Since rod at D slides in slot which is of slope 1:2, 

 ( ) 2( )D x D yv v= −  

and ( ) 2( )A x A yv v= −  

Angular velocity. x y zω ω ω= + +i j kω  

 : (9 in./s) ( ) (12 in.)B B x y zω ω ω= × = + + ×v r k i j k jω  

       9 12 12x zω ω= −k k i  

Coefficients of k: 9 12 0.75 rad/sx xω ω= =  

Coefficients of i: 0 12 0

(0.75 ) (10 )

z z

A A

A y

ω ω

ω

= − =
= ×
= + ×

v r

v i j k

ω
 

 ( ) ( ) ( ) 7.5 10A x A y A z yv v v ω+ + = − +i j k j i  

Coefficients of j: ( ) 7.5A yv = −  

Coefficients of i: ( ) 10A x yv ω=  

Coefficients of k: ( ) 0A zv =  
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PROBLEM 15.202  (Continued) 

 
Recall the Equations ( ) 2( )A x A yv v= −

 

 

and

 

10 2( 7.5)yω = − −  

So, 1.5 rad/s and ( ) 15 in./s

(0.75 rad/s) (1.5 rad/s)

y A xvω = =

= +i jω

 

Velocity of A: (15 in./s) (7.5 in./s)A = −v i j  

Velocity of C: 5 4 2C = + +r i j k  

 

0.75 1.5 0

5 4 2

3 1.5 (3 7.5)

(3 in./s) (1.5 in./s) (4.5 in./s)

( )

0.75 1.5 0

0 0 90 12 0

12 12 13.5 6.75

C

B

C

C

B B C

C B

x y z

z x

α α α

α α

= ×

=

= − + −
= − −
= × + × ×
= × + ×

= +

= − + + −

v r

i j k

i j k

v i j k

a r r

r v

i j k i j k

a

i k i j

ω

α ω ω
α ω

 

 (13.5 12 ) 6.75 12B z xα α= − − +a i j k  (1) 

 

2

2

( ) 13.5 12 0 1.125 rad/s

( ) 6.75 ( ) 6.75 in./s

( ) 12 0 0

B x z z

B y B y

B z x x

a

a a

a

α α

α α

= − = =

= − = −

= = =

 

 

( )

0 1.125 0.75 1.5 0

15 7.5 00 0 10

10 ( 5.625 22.5)

10 28.125

A

A A A

A A

y

y

A y

α

α
α

= × + × ×
= × + ×

= +
−

= + − −

= −

a r r

r v

i j k i j k

a

i k

a i k

α ω ω
α ω

 

Thus, 2( ) 10  ( ) 0 ( ) 28.125 in./sA x y A y A za a aα= = = −  

But ( ) 2( ) 0A x A ya a= − =  

Therefore, ( ) 10 0 0A x y ya α α= = =  
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PROBLEM 15.202  (Continued) 



(a) Angular acceleration:  2(1.125 rad/s )= kα   

(b) Acceleration of C: ( )

(5 in.) (4 in.) (2 in.)

C C C

C C

C

= × + × ×
= × + ×
= + +

a r r

r v

r i j k

α ω ω
α ω




0 0 1.125 0.75 1.5 0

5 4 2 3 1.5 4.5

4.5 5.625 6.75 3.375 ( 1.125 4.5)

C = +
− −

= − + − + + − −

i j k i j k

a

i j i j k

 

 2 2 2(11.3 in./s ) (9 in./s ) (5.63 in./s )C = − + −a i j k  
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PROBLEM 15.203 

Rod AB of length 25 in. is connected by ball-and-socket joints 
to collars A and B, which slide along the two rods shown. 
Knowing that collar B moves toward Point E at a constant 
speed of 20 in./s, determine the velocity of collar A as collar B 
passes through Point D. 

 

SOLUTION 

Geometry.  2 2 2 2 2 2 2 2
/ / / /

/

/

/

2 2

: 25 ( 12) ( 20)

9 in.

( 12 in.) (9 in.) (20 in.)

(12 in.) (9 in.) ,

(12) ( 9) 15 in.

AB A B A B A B A B

A B

A B

D C

CD

l x y z y

y

l

= + + = − + + −
=
= − + −
= −

= + − =

r i j k

r i j

 

Velocity of collar B. /

(12 9 )
(20) (16 in./s) (12 in./s)

15

D C
B B

CD

B

r
v

l
=

−= = −

v

i j
v i j

 

Velocity of collar A. 

/

A A

A B A B

v=
= +

v j

v v v

 

where / /A B AB A B= ×v rω  

Noting that /A Bv  is perpendicular to / ,A Br  we get / / 0.B A B A⋅ =r v  

Forming / ,A B A⋅r v  we get / / /

/ / /

( )A B A A B B A B

A B B A B A B

⋅ = ⋅ +

= ⋅ + ⋅

r v r v v

r v r v

 

or / /A B A A B B⋅ = ⋅r v r v  (1)  

From Eq. (1),  ( 12 9 2 0 ) ( ) ( 12 9 80 ) (16 12 )

9 ( 12)(16) (9)( 12)
A

A

v

v

− + − ⋅ = − + − ⋅ −
= − + −

i j k j i j k i j  

or 33.333 in./sAv = −  (33.3 in./s)A = −v j  
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PROBLEM 15.204 

Rod AB, of length 11 in., is connected by ball-and-socket 
joints to collars A and B, which slide along the two rods 
shown. Knowing that collar B moves downward at a 
constant speed of 54 in./s, determine the velocity of collar A 
when c = 2 in. 

 

SOLUTION 

Geometry.  2 2 2 2 2 2 2 2
/ / / /

/ /

: (11) (6) ( 2) ( )

9 in. ( 6 in.) (2 in.) (9 in.)
AB A B A B A B A B

A B A B

l x y z z

z

= + + = + − +
= = − − +r i j k

 

Velocity of collar B. (54 in./s)B Bv= − = −v j j  

Velocity of collar A. 

/ ,
A A

A B A B

v=
= +

v k

v v v

 

where / /A B AB A B= ×v rω  

Noting that /A Bv is perpendicular to / ,A Br we get / / 0.B A B A⋅ =r v  

Forming / ,A B A⋅r v we get   / / / / / /( )A B A A B B A B A B B A B A B⋅ = ⋅ + = ⋅ + ⋅r v r v v r v r v  

or    / /A B A A B B⋅ = ⋅r v r v  (1)  

From Eq. (1),         ( 6 2 9 ) ( 6 2 9 ) ( 54 )Av− − + ⋅ = − − + ⋅ −i j k k i j k j  

or    9 108Av =  (12.00 in./s)A =v k  
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PROBLEM 15.205 

Rods BC and BD are each 840 mm long and are connected 
by ball-and-socket joints to collars which may slide on the 
fixed rods shown. Knowing that collar B moves toward A 
at a constant speed of 390 mm/s, determine the velocity of 
collar C for the position shown. 

 

SOLUTION 

Geometry.  2 2 2 2
/ / /

2 2 2 2

/

(840) (640 480) (200) 800 mm
(800 mm) (160 mm) (200 mm)

BC C B C B C B

C B

l x y z

c c

= + +

= + − + =
= + −r i j k

 

Velocity of B. 
12 5

13 13

12 5
(390 mm/s)

13 13
(360 mm/s) (150 mm/s)

B Bv
 = − − 
 

 = − − 
 

= − −

v j k

j k

j k

 

Velocity of C. 

/

C C

C B C B

v=
= +

v i

v v v

 

where / /C B BC C B= ×v rω  

Noting that /C Bv  is perpendicular to / ,C Br  we get / / 0C B C B⋅ =r v  

So that                        / /C B C C B B⋅ = ⋅r v r v  

     (800 160 200 ) ( 360 150 ) (800 160 200 ) ( )Cv+ − ⋅ − − = + − ⋅i j k j k i j k i  

  (160)( 360) ( 200)( 150) 800 Cv− + − − =  

 34.5 mm/sCv = −  (34.5 mm/s)C = −v i  
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PROBLEM 15.206 

Rod AB is connected by ball-and-socket joints to collar A and to the  
16-in.-diameter disk C. Knowing that disk C rotates counterclockwise at 
the constant rate 0 3ω =  rad/s in the zx plane, determine the velocity of 
collar A for the position shown. 

 

SOLUTION 

Geometry.  /

/

( 8 in.)

(25 in.) (20 in.) (8 in.)

B C

A B

= −

= − + −

r k

r i j k

 

Velocity at B. 0 /

3 ( 8 )

(24 in./s)

B B Cω= ×

= × −
= −

v j r

j k

i

 

Velocity of collar A. 

/

A A

A B A B

v=
= +

v j

v v v

 

where / /A B AB A B= ×v rω  

Noting that /A Bv is perpendicular to / ,A Br  we get / / 0.B A B A⋅ =r v  

Forming / ,A B A⋅r v  we get / / /

/ / /

( )A B A A B B A B

A B B A B A B

⋅ = ⋅ +

= ⋅ + ⋅

r v r v v

r v r v

 

or / /A B A A B B⋅ = ⋅r v r v  (1)  

From Eq. (1),  ( 25 20 8 ) ( ) ( 25 20 8 ) (24 )

20 600
A

A

v

v

− + − ⋅ = − + − ⋅
= −

i j k j i j k i  

or 30 in./sAv = −  (30.0 in./s)A = −v j  
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PROBLEM 15.207 

Rod AB of length 29 in. is connected by ball-and-socket 
joints to the rotating crank BC and to the collar A. Crank BC 
is of length 8 in. and rotates in the horizontal xz plane at the 
constant rate 0 10ω =  rad/s. At the instant shown, when 
crank BC is parallel to the z axis, determine the velocity  
of collar A. 

 

SOLUTION 

Geometry. /

/

( 8 in.) ,

( 12 in.) (21 in.) (16 in.)

B C

A B

= −

= − + +

r k

r i j k

 

Velocity at B. 0 /

10 ( 8 )

( 80 in./s)

B B Cω= ×

= × −
= −

v j r

j k

i

 

Velocity of collar A. 

/

A A

A B A B

v=
= +

v j

v v v

 

where / /A B AB A B= ×v rω  

Noting that /A Bv is perpendicular to / ,A Br  we get / / 0.B A B A⋅ =r v  

Forming / ,A B A⋅r v we get  / / /

/ / /

( )A B A A B B A B

A B B A B A B

⋅ = ⋅ +

= ⋅ + ⋅

r v r v v

r v r v

 

or / /A B A A B B⋅ = ⋅r v r v  (1)  

From Eq. (1),  ( 12 21 16 ) ( ) ( 12 21 16 ) ( 80 )

21 960
A

A

v

v

− + + ⋅ = − + + ⋅ −
=

i j k j i j k i  

or 45.714 in./sAv =  (45.7 in./s)A =v j   
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PROBLEM 15.208 

Rod AB of length 300 mm is connected by ball-and-socket joints 
to collars A and B, which slide along the two rods shown. 
Knowing that collar B moves toward Point D at a constant speed 
of 50 mm/s, determine the velocity of collar A when 80 mm.c =  

 

SOLUTION 

Geometry.  ,

(90 mm)

(180 mm)

A

D

C

y=
=
=

r j

r i

r k

 

 

/

2 2

/
/

/

/

(40 mm) (180 mm)

(90) (180)

201.246 mm

( )

180
80(90 180 )

180
(40 mm) (80 mm)

180 40 80

(40 mm) (100 mm)

(40 mm) ( mm) (100 mm)

D C D C

CD

D C
B C

B C B C

A B A B

l

c

y

= −

= −

= +
=

=

−=

= −
= +

= + −
= +
= −

= − + −

r r r

i k

r
r

i k

i k

r r r

k i k

i k

r r r

i j k

 

 

2 2 2 2 2 2 2 2
/ /

/

: 300 ( 40) ( 100)

280 mm,

( 40 mm) (280 mm) (100 mm)

AB A B A B

A B

l x y z y

y

= + + = − + + −

=
= − + −r i j k
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PROBLEM 15.208  (Continued) 

 

Velocity of collar B. /

(50)(90 180 )

201.246
(22.3607 mm/s) (44.7214 mm/s)

D C
B B

CD

B

v
l

=

−=

= −

r
v

i k
v

i k

 

Velocity of collar A. 

/

A A

A B A B

v=
= +

v j

v v v

 

where / /A B AB A B= ×v ω r  

Noting that /A Bv  is perpendicular to / ,A Br  we get / / 0.B A B A⋅ =r v  

Forming / ,A B A⋅r v  we get / / /

/ / /

( )A B A A B B A B

A B B A B A B

⋅ = ⋅ +

= ⋅ + ⋅

r v r v v

r v r v

 

or / /A B A A B B⋅ = ⋅r v r v  (1)  

From Eq. (1), ( 40 280 100 ) ( ) ( 40 280 100 ) (22.3607 44.7214 )Av− + − ⋅ = − + − ⋅ −i j k j i j k i k  

 280 ( 40)(22.3607) ( 100)( 44.7214)Av = − + − −  

or 12.7775 mm/sAv =  (12.78 mm/s)A =v j   
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PROBLEM 15.209 

Rod AB of length 300 mm is connected by ball-and-socket 
joints to collars A and B, which slide along the two rods 
shown. Knowing that collar B moves toward Point D at a 
constant speed of 50 mm/s, determine the velocity of collar A 
when 120 mm.c =  

 

SOLUTION 

Geometry. ,

(90 mm)

(180 mm)

A

D

C

y=
=
=

r j

r i

r k

 

 

/

2 2

/
/

/

/

(90 mm) (180 mm)

(90) ( 180)

201.246 mm

( )

180
120(90 180 )

180
(60 mm) (120 mm)

180 60 120

(60 mm) (60 mm)

60 60

D C D C

CD

D C
B C

B C B C

A B A B

l

c

y

= −

= −

= + −
=

=

−=

= −
= +

= + −
= +
= −

= − + −

r r r

i k

r
r

i k

i k

r r r

k i k

i k

r r r

i j k

 

 

2 2 2 2 2 2 2 2
/ /

/

: 300 60 60

287.75 mm,

( 60 mm) (287.75 mm) (60 mm)

AB A B A B

A B

l x y z y

y

= + + = + +

=
= − + −r i j k
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PROBLEM 15.209  (Continued) 

 

Velocity of collar B. /

(50)(90 180 )

201.246
(22.3607 mm/s) (44.7214 mm/s)

D C
B B

CD

B

v
l

=

−=

= −

r
v

i k
v

i k

 

Velocity of collar A. 

/

A A

A B A B

v=
= +

v j

v v v

 

where / /A B AB A B= ×v rω  

Noting that /A Bv  is perpendicular to / ,A Br  we get / / 0.B A B A⋅ =r v  

Forming / ,A B A⋅r v  we get / / /

/ / /

( )A B A A B B A B

A B B A B A B

⋅ = ⋅ +

= ⋅ + ⋅

r v r v v

r v r v

 

or / /A B A A B B⋅ = ⋅r v r v  (1)  

From Eq. (1), ( 60 287.75 60 ) ( ) ( 60 287.75 60 ) ( 22.3607 44.7214 )Av− + − ⋅ = − + − ⋅ −i j k j i j k i j  

 287.75 ( 60)(22.3607) ( 60)( 44.7214)Av = − + − −  

or 4.6626 mm/sAv =  (4.66 mm/s)A =v j   
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PROBLEM 15.210 

Two shafts AC and EG, which lie in the 
vertical yz plane, are connected by a 
universal joint at D. Shaft AC rotates 
with a constant angular velocity 1ω  as 
shown. At a time when the arm of the 
crosspiece attached to shaft AC is 
vertical, determine the angular velocity 
of shaft EG. 

 

SOLUTION 

Angular velocity of shaft AC.  1AC ω= kω  

Let 3ω j  be the angular velocity of body D relative to shaft AD. 

Angular velocity of body D. 1 3kD ω ω= + jω  

Angular velocity of shaft EG. 2 (cos25 sin 25 )EG ω= ° − °k jω  

Let 4ω i  be the angular velocity of body D relative to shaft EG. 

Angular velocity of body D. 2 4(cos25 sin 25 )D ω ω= ° − ° +k j iω  

Equate the two expressions for ωD  and resolve into components. 

 4: 0 ω=i  (1)  

 3 2: sin 25ω ω= − °j  (2)  

 1 2: cos25ω ω= °k  (3)  

From Eq. (3),  1
2 cos 25

ω
ω =

°
 2 ( sin 25 cos 25 )

cos 25EG
ω= − ° + °

°
ω j k   
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PROBLEM 15.211 

Solve Problem 15.210, assuming that 
the arm of the crosspiece attached to 
the shaft AC is horizontal. 

PROBLEM 15.210 Two shafts AC 
and EG, which lie in the vertical yz 
plane, are connected by a universal 
joint at D. Shaft AC rotates with a 
constant angular velocity 1ω  as 
shown. At a time when the arm of 
the crosspiece attached to shaft AC is 
vertical, determine the angular 
velocity of shaft EG. 

 

SOLUTION 

Angular velocity of shaft AC. 1AC ω=ω k  

Let 3ω i  be the angular velocity of body D relative to shaft AD. 

Angular velocity of body D. 1 3D ω ω= +ω k i  

Angular velocity of shaft EG. 2 (cos25 sin 25 )EG ω= ° − °ω k j  

Let 4ω λ  be the angular velocity of body D relative to shaft EG, 

where λ  is a unit vector along the clevis axle attached to shaft EG. 

  
4 4 4

cos 25 sin 25

cos 25 sin 25ω ω ω
= ° + °
= ° + °

λ j k

λ j k
 

Angular velocity of body D. 4

4 2

4 2

( cos 25 sin 25 )

( sin 25 cos 25 )

D EG

D

ω
ω ω

ω ω

= +
= ° − °

+ ° + °

ω ω λ
ω j

k

 

Equate the two expressions for Dω and resolve into components. 

 :i  3 0ω =  (1) 

  :j  4 20 cos25 sin 25ω ω= ° − °  (2) 

  :k  1 4 2sin 25 cos25ω ω ω= ° + °  (3) 

From Eqs. (2) and (3), 2 1 cos25ω ω= °  1 cos25 ( sin 25 cos25 )EG ω= ° − ° + °j kω   
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PROBLEM 15.212 

In Problem 15.206, the ball-and-socket joint between the rod and collar A is replaced by 
the clevis shown. Determine (a) the angular velocity of the rod, (b) the velocity of collar A. 

 

SOLUTION 

Geometry. / /(8 in.) (25 in.) (20 in.) (8 in.)B C A B= = − + −r k r i j k  

Velocity of collar B. 0 / 3 8 (24 in./s)B B Cω= × = − × =v j r j k i  

Velocity of collar A. A A=v v j  

Angular velocity of collar A. 1A ω= jω  

The axle of the clevis at A is perpendicular to both the y axis and the rod AB. A vector p along this axle is 

 
/

2 2

( 25 20 8 ) 8 25

8 25 26.2488

A B

p

= × = × − + − = − +

= + =

p j r j i j k i k
 

Unit vector λ along axle:  0.30478 0.95242
p

= = − +p
i kλ  

Let 2ω be the angular velocity of the rod AB relative to collar A. 

 2 2 2 20.30478 0.95242ω ω ω= = − +i kω λ  

Angular velocity of rod AB. 2AB A= +ω ω ω  

 2 1 20.30478 0.95242AB ω ω ω= − + +i j kω  (1) 

 / /A B A B B AB A B= + = + ×v v v v rω  

 2 1 224 0.30478 0.95242

25 20 8
A ω ω ω= + −

− −

i j k

v j i  

Resolving into components, 

 1 2: 0 24 8 19.0484ω ω= − −i  (2) 

 : Av =j 226.2487ω−   (3) 

 : 0 =k 1 225 6.0956ω ω−   (4) 
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PROBLEM 15.212  (Continued) 

 

Solving Eqs. (2), (3) and (4) simultaneously, 

 1

2

30 in./s,

0.27867 rad/s,

1.1429 rad/s

Av

ω
ω

= −
=

=

 

(a) Angular velocity of rod AB. 

 From Eq. (1) (0.30478)(1.1429) 0.27867 (0.95242)(1.1429)AB = − + +i j kω  

  (0.348 rad/s) (0.279 rad/s) (1.089 rad/s)AB = − + +i j kω   

(b) Velocity of A.  (30.0 in./s)A = −v j   
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PROBLEM 15.213 

In Problem 15.205, the ball-and-socket joint between the rod and 
collar C is replaced by the clevis connection shown. Determine 
(a) the angular velocity of the rod, (b) the velocity of collar C. 

 

SOLUTION 

Geometry. 

2 2

/

(640 mm) ,  (480 mm) (200 mm)  

480 200 520 mm

(160 mm) (200 mm)

C C B

AB

C B C

x

l

x

= + = +

= + =
= + −

r i j r j k

r i j k

 

Length of rod BC. 2 2 2 2 2840 160 200BC Cl x= = + +  

Solving for ,Cx  800 mmCx =  

/ (800 mm) (160 mm) (200 mm)C B = + −r i j k  

Velocity. 
390

( 480 200 ) ( 360 mm) (150 mm/s)  
520B = − − = − −v j k j k  

  C Cv=v i  

Angular velocity of collar C.     C Cω= iω  

The axle of the clevis at C is perpendicular to the x-axis and to the rod BC. 

A vector along this axle is         /C B= ×p i r  

  
2 2

(800 160 200 ) (200 mm) (160 mm)

200 160 256.125 mmp

= × + − = +

= + =

p i i j k j k
 

Let λ  be a unit vector along the axle.             0.78087 0.62470
p

= = +p
j kλ  

Let s sω=ω λ  be the angular velocity of rod BC relative to collar C. 

0.78087 0.62470s s sω ω= +j kω  

Angular velocity of rod BC.           BC C s= +ω ω ω  

  0.78087 0.62470BC C s sω ω ω= + +i j kω  

  /C B BC C B= + ×v v rω  

  

360 150 0.78087 0.62470

800 160 200
C C s sv ω ω ω= − − +

−

i j k

i j k
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PROBLEM 15.213  (Continued) 

Resolving into components, 

 :    256.126C sv ω= −i  (1)  

 :     0 360 200 499.76C sω ω= − + +j  (2)  

 :   0 150 160 624.70C sω ω= − + −k  (3)  

Solving the simultaneous equations (1), (2), and (3), 

  1.4634 rad/s, 0.13470 rad/s, 34.50 mm/sC s Cvω ω= = = −  

(a) Angular velocity of rod BC. 

  1.4634 (0.78087)(0.13470) (0.62470)(0.13470)BC = + +i j kω  

   (1.463 rad/s) (0.1052 rad/s) (0.0841 rad/s)  BC = + +i j kω   

(b) Velocity of collar C.  (34.5 mm/s)  C = −v i   
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PROBLEM 15.214 

In Problem 15.204, determine the acceleration of collar A 
when c = 2 in. 

PROBLEM 15.204 Rod AB of length 11 in., is connected 
by ball-and-socket joints to collars A and B, which slide 
along the two rods shown. Knowing that collar B moves 
downward at a constant speed of 54 in./s, determine the 
velocity of collar A when c = 2 in. 

 

SOLUTION 

Geometry.  2 2 2 2 2 2 2 2
/ / / /

/ /

: (11) (6) ( 2) ( )

9 in. ( 6 in.) (2 in.) (9 in.)
AB A B A B A B A B

A B A B

l x y z z

z

= + + = + − +
= = − − +r i j k

 

Velocity of collar B. (54 in./s)

(2.5)(4.5 9 )
(1.11803 in.) (2.23607 in./s)

10.0623

B B

B

v= − = −
−= = −

v j j
i k

v i k

 

Velocity of collar A. 

/ ,
A A

A B A B

v=
= +

v k

v v v

 

where / /A B AB A B= ×v rω  

Noting that /A Bv  is perpendicular to / ,A Br we get / / 0B A B A⋅ =r v  

Forming / ,A B A⋅r v  we get / / / / / /( )A B A A B B A B A B B A B A B⋅ = ⋅ + = ⋅ + ⋅r v r v v r v r v  

or / /A B A A B B⋅ = ⋅r v r v  (1)  

From Eq. (1),         ( 6 2 9 ) ( 6 2 9 ) ( 54 )Av− − + ⋅ = − − + ⋅ −i j k k i j k j  

or 9 108Av =  (12.00 in./s)Av = k  

Relative velocity /A B A B= −v v v  

 
/

2 2 2 2 2
/

(54 in./s) (12.00 in./s)

( ) (54) (12.00) 3060 in /s

A B

A Bv

= +

= + =

v j k
 

Acceleration of collar B. 0B =a  

Acceleration of collar A. 

/

A A

A B A B

a=
= +

a k

a a a
 

where / /A B AB A B AB A B= × + ×/a α r ω v  

Noting that /AB A B×α r is perpendicular to / ,A Br we get / / 0A B AB A B⋅ × =r α r  
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PROBLEM 15.214  (Continued) 

 

We note also that 
/ / / / /

2
/ / /( )

A B AB A B A B A B A B

A B A B A Bv

⋅ × = ⋅ ×

= − ⋅ = −

r ω v v r ω

v v
 

Then,            2 2
/ / / /0 ( ) ( )A B A B A B A Bv v⋅ = − = −r a  

Forming / ,A B A⋅r a  we get / / / / / /( )A B A A B A A B A B B A B A B⋅ = ⋅ + = ⋅ + ⋅r a r a a r a r a  

or 2
/ / /( )A B A A B B A Bv⋅ = ⋅ −r a r a  (2) 

From Eq. (2) ( 6 2 9 ) 0 3060Aa− − + ⋅ = −i i k k  

 9 3060Aa = −  2(340 in./s )A = −a k   
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PROBLEM 15.215 

In Problem 15.205, determine the acceleration of collar C. 

PROBLEM 15.205 Rod BC and BD are each 840 mm 
long and are connected by ball-and-socket joints to collars 
which may slide on the fixed rods shown. Knowing that 
collar B moves toward A at a constant speed of 390 mm/s, 
determine the velocity of collar C for the position shown. 

 

SOLUTION 

Geometry.  2 2 2 2
/ / /

2 2 2 2

/

(840) (640 480) (200) 800
(800 mm) (160 mm) (200 mm)

BC C B C B C B

C B

l x y z

c c m

= + +

= + − + =
= + −r i j k

 

Velocity of B. 
12 5

13 13

12 5
(390 mm/s)

13 13
(360 mm/s) (150 mm/s)

B Bv
 = − − 
 

 = − − 
 

= − −

v j k

j k

j k

 

Velocity of C. C Cv=v i

 where /C B C B= +v v v  

 / /C B BC C B= ×v rω  

Noting that /C Bv is perpendicular to / ,C Br we get / /C B C C B B⋅ = ⋅r v r v  

 
(800 160 200 ) ( 360 150 ) (800 160 200 ) ( )

(160)( 360) ( 200)( 150) 800
C

C

v

v

+ − ⋅ − + = + − ⋅
− + − − =

i j k j k i j k i
 

   34.5 mm/sCv = −  (34.5 mm/s)C = −v i  

Relative velocity: /C B C B= −v v v  

 
/

2 2 2 2 2 2
/

(34.5 mm/s) (360 mm/s) (150 mm/s)

(34.5) (360) (150) 153290 mm /s

C B

C Bv

= − + +

= + + =

v i j k
 

Acceleration of collar B: 0B =a  

Acceleration of collar C: C C=a a i  

 /C B C B= +a a a  
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PROBLEM 15.215  (Continued) 

 

where / / /C B CB C B CB C B= × + ×a α r ω v  

Noting that /CB C B×α r  is perpendicular to / ,C Br we get / / 0C B CB C B⋅ × =r α r  

We note also that / / / / /

2
/ / /( )

B C CB C B C B C B C B

C B C B C Bv

⋅ × = ⋅ ×

= − ⋅ = −

r ω v v r ω

v v

 

Then,             2 2
/ / /0 ( ) ( )C B C C B C Bv v⋅ = − = −r a  

Forming / ,C B C⋅r a  we get / / / / / /( )C B C C B B C B B C B B C C B⋅ = ⋅ + = ⋅ + ⋅r a r a a r a r a  

so that  2
/ / /( )C B C C B B C Bv⋅ = ⋅ −r a r a  (2) 

From Equation (2), (800 160 200 ) 0 153290Ca+ − ⋅ = −i j k i  

 800 153290Ca = −  

 2191.6 mm/sCa = −  2(191.6 mm/s )C = −a i   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1312 

  

 

PROBLEM 15.216 

In Problem 15.206, determine the acceleration of collar A. 

PROBLEM 15.206 Rod AB is connected by ball-and-socket joints to 
collar A and to the 16-in.-diameter disk C. Knowing that disk C rotates 
counterclockwise at the constant rate 0 3ω =  rad/s in the zx plane, 
determine the velocity of collar A for the position shown. 

 

SOLUTION 

Geometry. /

/

( 8 in.)

(25 in.) (20 in.) (8 in.)
B C

A B

= −
= − + −

r k

r i j k

 

Velocity at B. 0 /

3 ( 8 )

(24 in./s)

B B Cω= ×
= × −
=

v j r

j k

i

 

Velocity of collar A. 

/

A A

A B A B

v=
= +

v j

v v v

 

where / /A B AB A B= ×v rω  

Noting that /A Bv is perpendicular to / ,A Br we get / / 0.B A B A⋅ =r v  

Forming / ,A B A⋅r v  we get / / /

/ / /

( )A B A A B B A B

A B B A B A B

⋅ = ⋅ +
= ⋅ + ⋅

r v r v v

r v r v

 

or / /A B A A B B⋅ = ⋅r v r v  (1) 

From Eq. (1) ( 25 20 8 ) ( ) ( 25 20 8 ) (24 )

20 600
A

A

v

v

− + − ⋅ = − + − ⋅
= −

i j k j i j k i  

or 30 in./sAv = −  

Relative velocity. /

/

2 2 2
/

2 2

( 30 in./s ) (24 in./s)

( ) ( 30) (24)

1476 in /s

A B A B

A B

A Bv

= −
= − +

= − +

=

v v v

v j i
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PROBLEM 15.216  (Continued) 

 

Acceleration at B. 0

2

3 24

(72 in./s )

B Bω= ×
= ×

= −

a j v

j i

k

 

Acceleration of collar A. 

/

A A

A B A B

a=
= +

a j

a a a

 

where / / /A B AB A B AB A B= × + ×a r vα ω  

Noting that /AB A B× rα  is perpendicular to / ,A Br  we get  / / 0A B AB A B⋅ × =r rα  

We note also that / / / / /

/ /

2
/( )

A B AB A B A B A B A B

A B A B

A Bv

⋅ × = ⋅ ×
= − ⋅

= −

r v v r

v v

ω ω  

Then 2
/ / /

2
/

0 ( )

( )

A B A B A B

A B

v

v

⋅ = −

= −

r a  

Forming / ,A B A⋅r a  we get / / /

/ / /

( )A B A A B A A B

A B B A B A B

⋅ = ⋅ +
= ⋅ + ⋅

r a r a a

r a r a

 

or  2
/ / /( )A B A A B B A Bv⋅ = ⋅ −r a r a  (2) 

From Eq. (2), ( 25 20 8 ) ( ) ( 25 20 8 ) ( 72 ) 1476Aa− + − ⋅ = − + − ⋅ − −i j k j i j k k  

  2

20 576 1476

45 in./s

Aa = −

= −  2(45.0 in./s )A = −a j   
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PROBLEM 15.217 

In Problem 15.207, determine the acceleration of collar A. 

PROBLEM 15.207 Rod AB of length 29 in. is connected by ball-
and-socket joints to the rotating crank BC and to the collar A. 
Crank BC is of length 8 in. and rotates in the horizontal xz 
plane at the constant rate 0 10ω =  rad/s. At the instant shown, 
when crank BC is parallel to the z axis, determine the velocity 
of collar A. 

 

SOLUTION 

Geometry. /

/

( 8 in.) ,

( 12 in.) (21 in.) (16 in.)
B C

A B

= −
= − + +

r k

r i j k

 

Velocity at B. 0 /

10 ( 8 )

( 80 in./s)

B B Cω= ×
= × −
= −

v j r

j k

i

 

Velocity of collar A. 

/

A A

A B A B

v=
= +

v j

v v v

 

where / /A B AB A B= ×v rω  

Noting that /A Bv is perpendicular to / ,A Br we get / / 0.B A B A⋅ =r v  

Forming / ,A B A⋅r v  we get / / /

/ / /

( )A B A A B B A B

A B B A B A B

⋅ = ⋅ +
= ⋅ + ⋅

r v r v v

r v r v

 

or  / /A B A A B B⋅ = ⋅r v r v  (1) 

From Eq. (1) ( 12 21 16 ) ( ) ( 12 21 16 ) ( 80 )

21 960
A

A

v

v

− + + ⋅ = − + − ⋅ −
=

i j k j i j k i  

or  45.714 in./sAv =  (45.7 in./s)A =v j   
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PROBLEM 15.217  (Continued) 

 

Relative velocity. /

/

2 2 2
/

2

(45.714 in./s ) (80 in./s)

( ) (45.714) (80)

8489.8 (in./s )

A B A B

A B

A Bv

= −
= +

= +

=

v v v

v j i

 

Acceleration of Point B. 0

2

10 ( 80)

(800 in./s )

B Bω= ×
= × −

=

a j v

j i

k

 

Acceleration of collar A. 

/

A A

A B A B

a=
= +

a j

a a a

 

where  / / /A B AB A B AB A B= × + ×a r vα ω  

Noting that /AB A B× rα  is perpendicular to / ,A Br we get / / 0.A B AB A B⋅ × =r rα  

We note also that / / / / /

/ /

2
/( )

A B AB A B A B A B A B

A B A B

A Bv

⋅ × = ⋅ ×
= − ⋅

= −

r v v r

v v

ω ω  

Then 2
/ / /

2
/

0 ( )

( )

A B A B A B

A B

v

v

⋅ = −

= −

r a  

Forming / ,A B A⋅r a  we get / / /

/ / /

( )A B A A B A A B

A B B A B A B

⋅ = ⋅ +
= ⋅ + −

r a r a a

r a r a

 

or  2
/ / /( )A B A A B B A Bv⋅ = ⋅ −r a r a  (2) 

From Eq. (2) ( 12 21 16 ) ( ) ( 12 21 16 ) (800 ) 8489.8Aa− + + ⋅ = − + + ⋅ −i j k j i j k k  

 21 12,800 8489.8Aa = −  2(205 in./s )A =a j   
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PROBLEM 15.218 

In Problem 15.208, determine the acceleration of collar A. 

PROBLEM 15.208 Rod AB of length 300 mm is connected by 
ball-and-socket joints to collars A and B, which slide along the 
two rods shown. Knowing that collar B moves toward Point D at a 
constant speed of 50 mm/s, determine the velocity of collar A 
when 80 mm.c =  

 

SOLUTION 

Geometry. , (90 mm) (180 mm)A D Cy= = =r j r i r k  

  

/

2 2

/
/

/

/

2 2 2 2 2
/ /

(90 mm) (180 mm)

(90) (180) 201.246 mm

( ) 80(90 180 )
(40 mm) (80 mm)

180 180
180 40 80 (40 mm) (100 mm)

(40 mm) ( mm) (100 mm)

: 300

D C D C

CD

D C
B C

B C B C

A B A B

AB A B A B

l

c

y

l x y z

= − = −

= + =
−= = = −

= + = + − = +
= − = − + −

= + + =

r r r i k

r i k
r i k

r r r k i k i k

r r r i j k
2 2 2

/

( 40) ( 100)

280 mm,

( 40 mm) (280 mm) (100 mm)A B

y

y

− + + −
=
= − + −r i j k

 

Velocity of collar B. /

(50)(90 180 )

201.246
(22.3607 mm/s) (44.7214 mm/s)

D C
B B

CD

B

v
l

=

−=

= −

r
v

i k
v

i k

 

Velocity of collar A. 

/

A A

A B A B

v=
= +

v j

v v v

 

where  / /A B AB A B= ×v rω  

Noting that /A Bv is perpendicular to / ,A Br we get / / 0.B A B A⋅ =r v  
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PROBLEM 15.218  (Continued) 

 

Forming / ,A B A⋅r v  we get / / /

/ / /

( )A B A A B B A B

A B B A B A B

⋅ = ⋅ +
= ⋅ + ⋅

r v r v v

r v r v

 

or / /A B A A B B⋅ = ⋅r v r v  (1) 

From (1) ( 40 280 100 ) ( ) ( 40 280 100 ) (22.3607 44.7214 )

280 ( 40)(22.3607) ( 100)( 44.7214)
A

A

v

v

− + − ⋅ = − + − ⋅ −
= − + − −

i j k j i j k i k  

or 12.7775 mm/sAv =  (12.7775 mm/s)A =v j  

Relative velocity. /

2 2 2
/ /

2 2

(12.7775 mm/s) (22.3607 mm/s) (44.7214 mm/s)

(12.7775) (22.3607) (44.7214)

2663.3 mm /s

A B A B

A B A B

= −
= − +

⋅ = + +

=

v v v

i j k

v v

 

Acceleration of collar B. 0B =a  

Acceleration of collar A. 

/

A A

A B A B

a=
= +

a j

a a a

 

where / / /A B AB A B AB A B= × + ×a r vα ω  

Noting that /AB A B× rα  is perpendicular to / ,A Br  we get / / 0A B AB A B⋅ × =r rα  

We note also that / / / / /

/ /

2
/( )

A B AB A B A B A B A B

A B A B

A Bv

⋅ × = ⋅ ×
= − ⋅

= −

r v v r

v v

ω ω  

Then 2
/ / /

2
/

0 ( )

( )

A B A B A B

A B

v

v

⋅ = −

= −

r a  

Forming / ,A B A⋅r a  we get / / /

/ / /

( )A B A A B A A B

A B B A B A B

⋅ = ⋅ +
= ⋅ + ⋅

r a r a a

r a r a

 

or  2
/ / /( )A B A A B B A Bv⋅ = ⋅ −r a r a  (2) 

From Eq. (2) ( 40 280 100 ) ( ) 0 2663.3Aa− + − ⋅ = −i j k j  

  280 2663.3Aa = −  29.512 mm/sAa = −  

 2(9.51 mm/s )A = −a j   
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PROBLEM 15.219 

In Problem 15.209, determine the acceleration of collar A. 

PROBLEM 15.209 Rod AB of length 300 mm is connected by 
ball-and-socket joints to collars A and B, which slide along the 
two rods shown. Knowing that collar B moves toward Point D at a 
constant speed of 50 mm/s, determine the velocity of collar A 
when 120 mm.c =   

 

SOLUTION 

Geometry. , (90 mm) (180 mm)A D Cy= = =r j r i r k  

  

/

2 2

/
/

/

/

2 2 2 2 2 2 2 2
/ /

(40 mm) (180 mm)

(90) ( 180) 201.246

( ) 120(90 180 )
(60 mm) (120 mm)

180 180
180 60 120 (60 mm) (60 mm)

60 60

: 300 60 60

D C D C

CD

D C
B C

B C B C

A B A B

AB A B A B

l

c

y

l x y z y

y

= − = −

= + − =
−= = = −

= + = + − = +
= − = − + −

= + + = + +
=

r r r i k

r i k
r i k

r r r k i k i k

r r r i j k

/

287.75 mm,

( 60 mm) (287.75 mm) (60 mm)A B = − + −r i j k

 

Velocity of collar B. /

(50)(90 180 )

201.246
(22.3607 mm/s) (44.7214 mm/s)

D C
B B

CD

B

v
l

=

−=

= −

r
v

i k
v

i k

 

Velocity of collar A. 

/

A A

A B A B

v=
= +

v j

v v v

 

where  / /A B AB A B= ×v rω  

Noting that /A Bv is perpendicular to / ,A Br  we get / / 0.B A B A⋅ =r v  
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PROBLEM 15.219  (Continued) 

 

Forming / ,A B A⋅r v  we get / / /

/ / /

( )A B A A B B A B

A B B A B A B

⋅ = ⋅ +
= ⋅ + ⋅

r v r v v

r v r v

 

or / /A B A A B B⋅ = ⋅r v r v  (1) 

From Eq. (1) ( 60 287.75 60 ) ( ) ( 60 287.75 60 ) (1.11803 2.23607 )Av− + − ⋅ = − + − ⋅ −i j k j i j k i j  

 287.75 ( 60)(22.3607) ( 60)( 44.7214)Av = − + − −  

or 4.6626 mm/sAv =  (4.6626 mm/s)A =v j  

Relative velocity. /

2 2 2
/ /

(22.3607 mm/s) (4.6626 mm/s) (44.7214 mm/s)

(22.3607) (4.6626) (44.7214)

2521.7

A B A B

A B A B

= −
= − +

⋅ = + +
=

v v v

i + j k

v v

 

Acceleration of collar B. 0B =a  

Acceleration of collar A. 

/

A A

A B A B

a=
= +

a j

a a a

 

where / / /A B AB A B AB A B= × + ×a r vα ω  

Noting that /AB A B× rα  is perpendicular to / ,A Br  we get / / 0.A B AB A B⋅ × =r rα  

We note also that / / / / /

/ /

2
/( )

A B AB A B A B A B A B

A B A B

A Bv

⋅ × = ⋅ ×
= − ⋅

= −

r v v r

v v

ω ω  

Then 2
/ / /

2
/

0 ( )

( )

A B A B A B

A B

v

v

⋅ = −

= −

r a  

Forming / ,A B A⋅r a  we get / / /

/ / /

( )A B A A B A A B

A B B A B A B

⋅ = ⋅ +
= ⋅ + ⋅

r a r a a

r a r a

 

or  2
/ / /( )A B A A B B A Bv⋅ = ⋅ −r a r a  (2) 

From Eq. (2), ( 60 287.75 60 ) ( ) 0 2521.7Aa− + − ⋅ = −i j k j  

  287.75 2521.7Aa = −  28.764 mm/sAa = −  

 2(8.76 mm/s )A = −a j   
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PROBLEM 15.220 

A square plate of side 18 in. is hinged at A and B to a clevis. The 
plate rotates at the constant rate 2 4ω =  rad/s with respect to the 
clevis, which itself rotates at the constant rate 1 3ω =  rad/s about 
the Y axis. For the position shown, determine (a) the velocity of 
Point C, (b) the acceleration of Point C. 

 

SOLUTION 

Geometry. (18 in.)(cos 20 sin 20 )C = ° − °r i j  

Let frame Oxyz rotate about the y axis with angular velocity 1ω= jΩ  and angular acceleration 0.=Ω  Then 
the motion relative to the frame consists of rotation with angular velocity 2 2ω= kω and angular acceleration 

2 0=α  about the z axis. 

(a) 

/ 2

/

3 (18cos 20 18sin 20 )

54cos 20

4 (18cos 20 18sin 20 )

72sin 20 72cos 20

72sin 20 72cos 20 54cos 20

C C

C F C

C C C F

′

′

= ×
= × ° − °
= − °
= ×
= × ° − °
= ° + °
= +
= ° + ° − °

v r
j i j

k
v r

k i j
i j

v v v

i j k

Ω

ω

 

 (24.6 in./s) (67.7 in./s) (50.7 in./s)C = + −v i j k   

(b) 

/ 2 /

3 ( 54cos 20 )

162cos20

4 (72sin 20 72cos20 )
288cos 20 288sin 20

C C

C F C F

′ ′= ×
= × − °
= − °
= ×
= × ° + °
= − ° + °

a v
j k

i
a v

k i j
i j

Ω

ω

 

 /

/ /

2 (2)(3 ) (72sin 20 72cos 20 )

432sin 20

2

(162 288)cos 20 288sin 20 432sin 20

C F

C C C F C F′

× = × ° + °
= − °
= + + ×
= − + ° + ° − °

v j i j

k
a a a v

i j k

Ω

Ω

 

 2 2 2(423 in./s ) (98.5 in./s ) (147.8 in./s )C = − + −a i j k  
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PROBLEM 15.221 

A square plate of side 18 in. is hinged at A and B to a clevis. The 
plate rotates at the constant rate 2 4ω =  rad/s with respect to the 
clevis, which itself rotates at the constant rate 1 3ω =  rad/s about 
the Y axis. For the position shown, determine (a) the velocity of 
corner D, (b) the acceleration of corner D. 

 

SOLUTION 

Geometry. (18 in.)(cos 20 sin 20 ) (9 in.)D = ° − ° +r i j k  

Let frame Oxyz rotate about the y axis with angular velocity 1ω= jΩ  and angular acceleration 0.=Ω  Then 
the motion relative to the frame consists of rotation with angular velocity 2 2ω= kω and angular acceleration 

2 0=α  about the z axis. 

(a) 

/ 2

/

3 (18cos 20 18sin 20 9 )

27 54cos 20

4 (18cos 20 18sin 20 9 )

72sin 20 72cos 20

(27 72sin 20 ) 72cos 20 54cos 20

D D

D F D

D D D F

′

′

= ×
= × ° − ° +
= − °
= ×
= × ° − ° +
= ° + °
= +
= + ° + ° − °

v r
j i j k

i k
v r

k i j k
i j

v v v

i j k

Ω

ω

 

 (51.6 in./s) (67.7 in./s) (50.7 in./s)D = + −v i j k   

(b) 

/ 2 /

3 (27 54cos 20 )

162cos 20 81

4 (72sin 20 72cos 20 )

288cos 20 288sin 20

D D

D F D F

′ ′= ×
= × − °
= − ° −
= ×
= × ° + °
= − ° + °

a v
j i k

i k
a v

k i j
i j

Ω

ω

 

 /

/ /

2 (2)(3 ) (72sin 20 72cos 20 )

432sin 20

2

(162 288)cos 20 288sin 20 (81 432sin 20 )

D F

D D D F C F′

× = × ° + °
= − °
= + + ×
= − + ° + ° − + °

v j i j

k
a a a v

i j k

Ω

Ω

 

 2 2 2(423 in./s ) (98.5 in./s ) (229 in./s )D = − + −a i j k   
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PROBLEM 15.222 

The rectangular plate shown rotates at the constant rate 2 12ω =  rad/s 
with respect to arm AE, which itself rotates at the constant rate 

1 9w =  rad/s about the Z axis. For the position shown, determine the 
velocity and acceleration of the point of the plate indicated. 

Corner B. 

 

SOLUTION 

Geometry. With the origin at A, (0.135 m)B =r j  

Let frame AXYZ  rotate about the Y axis with constant angular velocity 1 (9 rad/s) .ω= =k kΩ  Then the motion 
relative to the frame consists of rotation about the X axis with constant angular velocity 2 2 (12 rad/s) .ω= =i iω  

Motion of coinciding Point .B′  

2

9 0.135

(1.215 m/s)

0 9 ( 1.215 )

(10.935 m/s )

B B

B B B

′

′ ′

= ×
= ×
= −
= × + ×
= + × −

= −

v r

k j

i

a r v

k i

j

Ω

α Ω

 

Motion relative to the frame. / 2

/ 2 2 /

2

12 0.135

(1.62 m/s)

0 12 1.62

(19.44 m/s )

B F B

B F B B F

= × = ×

=
= × + ×

= + ×

= −

v r i j

k

a r v

i k

j

ω

α ω

 

Velocity of Point B. /B B B F′= +v v v  (1.215 m/s) (1.620 m/s)B = − +v i k   

Coriolis acceleration. /2 B F× vΩ  

 /2 (2)(9 ) 1.62 0B F× = × =v k kΩ  

Acceleration of Point B. / /2B B B F B F′= + + ×a a a vΩ  

 2(30.375 in./s )B = −a j  2(30.4 m/s )B = −a j   
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PROBLEM 15.223 

The rectangular plate shown rotates at the constant rate 2 12ω =  rad/s with 
respect to arm AE, which itself rotates at the constant rate 1 9ω = rad/s 
about the Z axis. For the position shown, determine the velocity and 
acceleration of the point of the plate indicated. 

Corner C. 

 

SOLUTION 

Geometry. With the origin at A, (0.135 m) (0.09 m)C = +r j k  

Let frame AXYZ rotate about the Y axis with constant angular velocity 1 (9 rad/s) .ω= =k kΩ Then the motion 
relative to the frame consists of rotation about the X axis with constant angular velocity 2 2 (12 rad/s) .ω= =i iω  

Motion of coinciding Point C′ in the frame. 

 

2

9 (0.135 0.09 )

(1.215 m/s)

0 9 (1.215 )

(10.935 m/s )

C C

C C C

′

′ ′

= ×
= × +
= −
= × + ×
= + ×

= −

v r

k j k

i

a r v

k i

j

Ω

α Ω
 

Motion relative to the frame. 

 

/ 2

/ 2 2 /

2 2

12 (0.135 0.09 )

(1.08 m/s) (1.62 m/s)

0 12 ( 1.08 1.62 )

(19.44 m/s ) (12.96 m/s )

C F C

C F C C F

= ×

= × +
= − +
= × + ×

= + × − +

= − −

v r

i j k

j k

a r v

i j k

j k

ω

α ω
 

Velocity of Point C. /C C C F′= +v v v  

 (1.215 m/s) (1.080 m/s) (1.620 m/s)C = − − +v i j k    
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PROBLEM 15.223  (Continued) 

 

Coriolis acceleration.  /2 C F× vΩ  

 /

2

2 (2)(9 ) ( 1.08 1.62 )

(19.44 m/s )

C F× = × − +

=

v k j k

i

Ω  

Acceleration of Point C. / /

2 2 2

2

(19.44 m/s ) (30.375 m/s ) (12.96 m/s )

C C C F C F

C

′= + + ×

= − −

a a a v

a i j k

Ω  

 2 2 2(19.44 m/s ) (30.4 m/s ) (12.96 m/s )C = − −a i j k  
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PROBLEM 15.224 

Rod AB is welded to the 0.3-m-radius plate, which rotates at the 
constant rate ω1  = 6 rad/s. Knowing that collar D moves toward end B 
of the rod at a constant speed u = 1.3 m, determine, for the position 
shown, (a) the velocity of D, (b) the acceleration of D. 

 

SOLUTION 

Geometry. / /

/ /

/ / /

2 2

(0.6 m) (0.25 m) (0.3 m)

0.5

0.6

(0.2 m) (0.20833 m)

0.6 0.25

0.65 m

B A C A

D A B A

D C D A C A

ABl

= + =

=

= −

= +

= +
=

r i j r i

r r

r r r

i j

 

Unit vector along AB: /

12 5

13 12

B A
AB

ABl
=

= +

r
λ

i j

 

Let Oxyz be a frame of reference currently coinciding with OXYZ, but rotating with angular velocity 

  1 (6 rad/s)ω= =Ω j j  

(a) Velocity of D. /

/

6 (0.2 0.20833 )

(1.2 m/s)

D D D AB

D D C

′

′

= +

= ×

= × +
= −

v v v

v Ω r

j i j

k

 

  

/

12 5
1.3

13 13

(1.2 m/s) (0.5 m/s)

D AB ABu=

 = + 
 

= +

v λ

i j

i j  

   (1.2 m/s) (0.5 m/s) (1.2 m/s)D = + −v i j k   
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PROBLEM 15.224  (Continued) 

 

(b) Acceleration of D. / /

1 1 /

2

/

/

2

( )

6 (6 (0.2 0.20833 ))

(7.2 m/s )

0

2 (2)(6 ) ((1.2) (0.5) )

D D D AB D AB

D D C

D AB

D F

′

′

= + + ×

= × ×

= × × +

= −
=

× = × +

a a a Ω v

a ω ω r

j j i j

i

a

Ω v j i j

 

  2(14.4 m/s )= − k  2 2(7.2 m/s ) (14.4 m/s )D = − −a i k   
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PROBLEM 15.225 

The bent rod ABC rotates at the constant rate 1 4 rad/s.ω =  Knowing 
that collar D moves downward along the rod at a constant relative speed 

65 in./s,u =  determine, for the position shown, (a) the velocity of D, 
(b) the acceleration of D. 

 

SOLUTION 

Units: inches, in./s, in./s2 

Geometry. 

/

2 2

3

12 8

12 5

1
( ) 6 5.5

2

12 5 13

E

B

B E

D E B

EBl

=
= − +
= − +

= + = − +

= + =

r k

r j k

r j k

r r r j k

 

Unit vector along EB: / 12 5

13 13
B E

EBl
= = − +

r
j kλ  

Use a rotating frame of reference that rotates with angular velocity 

  1 (4 rad/s)= =Ω ω j  

Motion of Point D′ in the frame currently at D. 

  1 4 ( 6 5.5 )

(22 in./s)
D D′ = × = × − +

=
v ω r j j k

i

 

  1 1

2

0 (4 ) (22 )

(88 in./s )

D D D′ ′= × + ×
= + ×

= −

a ω j r ω v

j i

k
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PROBLEM 15.225  (Continued) 

 

Motion of collar D relative to the frame. 

  /
12 5

(65 in./s)
13 13

(60 in./s) (25 in./s)

D F u
 = = − + 
 

= − +

v λ j k

j k

 

  / 0D F =a  (Constant speed on straight path) 

(a) Velocity of D. /

22 60 25

D D D F

D

′= +

= − +

v v v

v i j k

 

   (22 in./s) (60 in./s) (25 in./s)D = − +v i j k   

 Coriolis acceleration. /

2

2 (2)(4 ) ( 60 25 )

(200 in./s )

D F× = × − +

=

Ω v j j k

i

 

(b) Acceleration of Point D. / 2D D D F D′= + + ×a a a Ω v  

   2 2(200 in./s ) (88 in./s )D = −a i k   
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PROBLEM 15.226 

The bent pipe shown rotates at the constant rate 1ω  = 10 rad/s. 
Knowing that a ball bearing D moves in portion BC of the pipe 
toward end C at a constant relative speed u = 2 ft/s, determine at 
the instant shown (a) the velocity of D, (b) the acceleration of D. 

 

SOLUTION 

With the origin at Point A, (8 in.) (12 in.) (6 in.)D = + −r i j k  

  
/

2 2

(8 in.) (6 in.) ,

8 6 10 in.

C B

BCl

= −

= + =

r i k
 

Let the frame Axyz  rotate with angular velocity 1 (10 rad/s)ω= =i iΩ  

(a) Velocity of D. 

10 (8 12 6 )

(60 in./s) (120 in./s)

D D′ = ×
= × + −
= +

v r

i i j k

j k

Ω  

  /

2 ft/s 24 in./s,

24
(8 6 )

10
(19.2 in./s) (14.4 in./s)

D F

u = =

= −

= −

v i k

i k

 

  
/

(19.2 in./s) (60 in./s) (105.6 in./s)

D D D F′= +

= + +

v v v

i j k
 

  (1.600 ft/s) (5.00 ft/s) (8.80 ft/s)D = + +v i j k   

(b) Acceleration of D. 

  2 210 (60 120 ) (1200 in./s ) (600 in./s )D D′ ′= × = × + = − +a v i j k j kΩ  

  / 0D F =a  

  2
/2 (2)(10 ) (19.2 14.4 ) (288 in./s )D F× = × − =v i i k jΩ  

  2 2
/ /2 (912 in./s ) (600 in./s )D D D F D F′= + + × = − +a a a v j kΩ  

  2 2(76.0 ft/s ) (50.0 ft/s )D = − +a j k   
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PROBLEM 15.227 

The circular plate shown rotates about its vertical diameter at the constant 
rate 1 10 rad/s.ω =  Knowing that in the position shown the disk lies in the XY 
plane and Point D of strap CD moves upward at a constant relative speed 
u 1.5 m/s,=  determine (a) the velocity of D, (b) the acceleration of D. 

 

SOLUTION 

Geometry. / (0.2 m)(cos30 sin 30 )

(0.1 3 m) (0.1 m)

D C = ° − °

= −

r i j

i j

 

Let frame Cxyz, which at the instant shown coincides with CXYZ, rotate with angular velocity 

 1 (10 rad/s) .ω= =Ω j j  

Motion of coinciding Point D′  in the frame. 

 /

2

2

2

10 (0.1 3 0.1 )

( 3 m/s)

( cos30 )

10 (0.1 3)

(10 3 m/s )

D D C

D r

′

′

= ×

= × +

= −

= −Ω °

= −

= −

v Ω r

j i j

k

a i

i

i

 

Motion of Point D relative to the frame.  1.5 m/su =  

 

/

2

/

2

2 2

(sin 30 cos30 )

(0.75 m/s) (0.75 3 m/s)

( cos30 sin 30 )

1.5
( cos30 sin 30 )

0.2

(5.625 3 m/s ) (5.625 m/s )

D F

D F

u

u

ρ

= ° + °

= +

= ⋅ − ° + °

= − ° + °

= − +

v i j

i j

a i j

i j

i j
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PROBLEM 15.227  (Continued) 

 

(a) Velocity of Point D. /

(0.75 m/s) (0.75 3 m/s) ( 3 m/s)

D D D F

D

′= +

= + −

v v v

v i j k

 

 (0.750 m/s) (1.299 m/s) (1.732 m/s)D = + −v i j k   

 Coriolis acceleration. /2 D F×Ω v  

  /

2

2 (2)(10 ) (0.75 0.75 3 )

(15 m/s )

D F× = × +

= −

Ω v j i j

k

 

(b) Acceleration of Point D. / /

2 2 2

2

(15.625 3 m/s ) (5.625 m/s ) (15 m/s )

D D D F D F

D

′= + + ×

= − + −

a a a Ω v

a i j k

 

 2 2 2(27.1 m/s ) (5.63 m/s ) (15.00 m/s )D = + −a i j k  
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PROBLEM 15.228 

Manufactured items are spray-painted as they pass 
through the automated work station shown. 
Knowing that the bent pipe ACE rotates at the 
constant rate 1 0.4 rad/sω =  and that at Point D the 
paint moves through the pipe at a constant relative 
speed 150 mm/s,u =  determine, for the position 
shown, (a) the velocity of the paint at D, (b) the 
acceleration of the paint at D. 

 

SOLUTION 

Use a frame of reference CE rotating about the x-axis with angular velocity 

 1 (0.4 rad/s)= =Ω ω i  

Geometry: / (250 mm)( cos60 sin 60 )

(125 mm) (216.51 mm)

D F = − ° + °

= − +

r i j

i j

 

Motion of Point D′ fixed in the frame CE but coinciding with Point D at the instant considered. 

 

/

/

2

(0.4 ) ( 125 216.51 ) (86.603 mm/s)

0 (0.4 ) (86.603 ) (34.641 mm/s )

D D F

D D F D

′

′ ′

= Ω × = × − + =

= Ω × + ×

= + × = −

v r i i j k

a i r Ω v

i k j

  

Motion of D relative to the frame CE. 

 /

2

/

2

2 2

(cos30 sin 30 ) (150 mm/s)(cos30 sin 30 )

(129.90 mm/s) (75 mm/s)

(cos30 sin 30 ) (sin 30 cos30 )

(150)
0 (sin 30 cos30 )

250

(45 mm/s ) (77.94 mm/s )

D CE

D CE

u

u
u

R

= ° + ° = ° + °

= +

= ° + ° + ° − °

= + ° − °

= −

v i j i j

i j

a i j i j

i j

i j



 

(a) Velocity of D. /D D D CE′= +v v v  

 (129.9 mm/s) (75.0 mm/s) (86.6 mm/s)D = + +v i j k   

 Coriolis acceleration /2 D CE×Ω v  

  2
/2 (2)(0.4 ) (129.90 75 ) (60 mm/s )D CE× = × + =Ω v i i j k  

(b) Acceleration of D. / /2D D D CE D CE′= + + ×a a a Ω v  

 2 2 2(45.0 mm/s ) (112.6 mm/s ) (60.0 mm/s )D = − +a i j k  
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PROBLEM 15.229 

Solve Problem 15.227, assuming that at the instant shown the angular 
velocity ω1 of the plate is 10 rad/s and is decreasing at the rate of 25 rad/s2, 
while the relative speed u of Point D of strap CD is 1.5 m/s and is decreasing 
at the rate of 3 m/s2. 

PROBLEM 15.227 The circular plate shown rotates about its vertical 
diameter at the constant rate 1 10 rad/s.ω =  Knowing that in the position 
shown the disk lies in the XY plane and Point D of strap CD moves upward at 
a constant relative speed u 1.5 m/s,=  determine (a) the velocity of D, (b) the 
acceleration of D. 

 

SOLUTION 

Geometry. / (0.2 m)(cos30 sin 30 )

(0.1 3 m) (0.1 m)

D C = ° − °

= −

r i j

i j

 

Let frame Cxyz, which at the instant shown coincides with CXYZ, rotate with angular velocity 

and angular acceleration 

 1 (10 rad/s) .ω= =Ω j j  

 2(25 rad/s ) .= −Ω j  

Motion of coinciding Point D′  in the frame  

 /

2
/

2

2 2

10 (0.1 3 0.1 ) ( 3 m/s)

( cos30 )

10 (0.1 3) 25 (0.1 3 0.1 )

(10 3 m/s ) (2.5 3 m/s )

D D C

D D Cr

′

′

= ×

= × + = −

= − Ω ° + ×

= − − × +

= − +

v Ω r

j i j k

a i Ω r

i j i j

i k



 

Motion of Point D relative to the frame.  1.5 m/su =  23 m/su = −  

  
/ (sin 30 cos30 )

(0.75 m/s) (0.75 3 m/s)

D F u= ° + °

= +

v i j

i j
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PROBLEM 15.229  (Continued) 

 

2

/

2

2 2 2 2

( cos30 sin 30 ) (sin 30 cos30 )

1.5
( cos30 sin 30 ) 3(sin 30 cos30 )

0.2

(5.625 3 m/s ) (5.625 m/s ) (1.5 m/s ) (1.5 3 m/s )

D F
u

u
ρ

= ⋅ − ° + ° + ° + °

= − ° + ° − ° + °

= − + − −

a i j i j

i j i j

i j i j



 

(a) Velocity of Point D. /

(0.75 m/s) (0.75 3 m/s) ( 3 m/s)

D D D F

D

′= +

= + −

v v v

v i j k

 

 (0.750 m/s) (1.299 m/s) (1.732 m/s)D = + −v i j k   

 Coriolis acceleration. /2 D F×Ω v  

  /

2

2 (2)(10 ) (0.75 0.75 3 )

(15 m/s )

D F× = × +

= −

Ω v j i j

k

 

(b) Acceleration of Point D. / /2D D D F D F′= + + ×a a a Ω v  

  

2 2

2 2

2 2 2

(10 3 m/s ) (2.5 3 m/s )

(5.625 3 m/s ) (5.625 m/s )

(1.5 m/s ) (1.5 3 m/s ) (15 m/s )

D = − +

− +

− − −

a i k

i j

i j k

 

 2 2 2(28.6 m/s ) (3.03 m/s ) (10.67 m/s )D = − + −a i j k  
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PROBLEM 15.230 

Solve Problem 15.226, assuming that at the instant shown the 
angular velocity 1ω  of the pipe is 10 rad/s and is decreasing at the 
rate of 15 2rad/s ,  while the relative speed u of the ball bearing is 
2 ft/s and is increasing at the rate of 10 2ft/s .  

PROBLEM 15.226 The bent pipe shown rotates at the constant 
rate 1ω  = 10 rad/s. Knowing that a ball bearing D moves in 
portion BC of the pipe toward end C at a constant relative speed 
u = 2 ft/s, determine at the instant shown (a) the velocity of D, 
(b) the acceleration of D. 

 

SOLUTION 

With the origin at Point A, (8 in.) (12 in.) (6 in.)D = + −r i j k  

  
/

2 2

(8 in.) (6 in.) ,

8 6 10 in.

C B

BCl

= −

= + =

r i k
 

Let the frame Axyz  rotate with angular velocity 1 (10 rad/s)ω= =i iΩ  and angular acceleration  

2
1 (15 rad/s ) .ω= = −i i Ω  

(a) Velocity of D. 

10 (8 12 6 )

(60 in./s) (120 in./s)

D D′ = ×
= × + −
= +

v r

i i j k

j k

Ω  

  

2 ft/s 24 in./s,

24
(8 6 )

10
(19.2 in./s) (14.4 in./s)

u = =

= −

= −

u i k

i k

 

  
(19.2 in./s) (60 in./s) (105.6 in./s)

D D′= +
= + +

v v u

i j k
 

  (1.600 ft/s) (5.00 ft/s) (8.80 ft/s)D = + +v i j k   

(b) Acceleration of D. 

2 2

15 (8 12 6 ) 10 (60 120 )

90 180 1200 600

(1290 in./s ) (420 in./s )

D D D′ ′= × + ×
= − × + − + × +
= − − − +

= − +

a r Ω v

i i j k i j k

j k j k

j k

Ω  
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PROBLEM 15.230  (Continued) 

 

  

2 2
rel

2 2
rel

2

10 ft/s 120 in./s

120
(8 6 ) (96 in./s ) (72 in./s )

10

2 (2)(10 ) (19.2 14.4 ) (288 in./s )

a = =

= − = −

× = × − =

a i k i k

Ω u i i k j

 

  rel 2 (96 in./s) (1002 in./s) (348 in./s)D D′= + + × = − +a a a u i j kΩ  

  2 2 2(8.00 ft/s ) (83.5 ft/s ) (29.0 ft/s )D = − +a i j k   
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PROBLEM 15.231 

Using the method of Section 15.14, solve Problem 15.192. 

PROBLEM 15.192 In the system shown, disk A is free to rotate 
about the horizontal rod OA. Assuming that shaft OC and disk B 
rotate with constant angular velocities 1ω and 2 ,ω  respectively, both 
counterclockwise, determine (a) the angular velocity of A, (b) the 
angular acceleration of disk A. 

 

SOLUTION 

Moving frame Axyz rotates with angular velocity 

 1ω= jΩ  

 disk/F x zω ω= +i kω  

 /D A r R= − −r j k  

(a) Total angular velocity of disk A: 

 

1 disk/

1

F

x z

ω
ω ω ω

= +

= + +

j

i j k

ω ω

 (1) 

 Denote by D point of contact of disks 

 Consider disk B: 2 2( )D R Rω ω= × − = −v j k i  (2) 

 Consider system OC, OA and disk A. 

 

/

1

1

/ disk/ /

2

/

1 2

( )

( ) ( )

D B A

B F F D A

z

x x z

D D D F

x x

r R

R

r R

r R r

R r R r

ω
ω

ω
ω ω

ω ω ω

ω ω ω ω

′

′

= ×
= × − −
= −
= ×
= + × − −
= − + +
= +
= − − + +

v r
j j k

i
v r

i k j k

k j i
v v v

i k j i

Ω

 (3) 

 Equate D D=v v from Eq. (2) and Eq. (3). 

 2 1 2 x xR R r R rω ω ω ω ω− = − + + −i j k  
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PROBLEM 15.231  (Continued) 

 

 Coefficient of j: 0 0x xRω ω= → =  

 Coefficient of i: 2 1

1 2

;

( )

z

z

R R r

R

r

ω ω ω

ω ω ω

− = − +

= −

 

 Eq. (3):  1 1 2( )
R

r
ω ω ω= + −j kω   

(b) Disk A rotates about y axis at rate 1.ω  

 

1

1 1 2( )
R

r
ω ω ω ω

= ×

 = × + −  
j j k

α ω ω

 1 1 2( )
R

r
ω ω ω= − jα   
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PROBLEM 15.232 

Using the method of Section 15.14, solve Problem 15.196. 

PROBLEM 15.196 A 3-in.-radius disk spins at the constant rate 
ω2 4=  rad/s about an axis held by a housing attached to a 
horizontal rod that rotates at the constant rate 1 5ω =  rad/s. 
Knowing that 30 ,θ = °  determine the acceleration of Point P on 
the rim of the disk. 

 

SOLUTION 

Let frame Oxyz rotate with angular velocity  

 1 (5 rad/s)ω= =i iΩ  

The motion relative to the frame is the spin  

 

2

1

/ 2

1 1

2

/

(4 rad/s)

30
(3 in.)(cos30 sin 30 )

5 (3cos30 3sin 30 )
(7.5 in./s)

4 (3cos30 3sin 30 )
(6 in./s) (10.392 in./s)

0 5 7.5

(37.5 in./s )

P

P P

P F P

P P P

P F

ω
θ

ω

ω

ω ω

′

′ ′

=
= °
= ° + °
= ×
= × ° + °
=
= ×
= × ° + °
= − +
= × + ×
= + ×
= −
=

k k

r i j
v i r

i i j
k

v k r

k i j
i j

a i r i v
i k

j
a



2
2 /

2 2

/

2

0 4 ( 6 10.392 )

(41.569 in./s ) (24 in./s )
2

(2)(5 ) ( 6 10.392 )

(103.92 in./s )

P

P F

c P F

ω
ω

×
= ×
= + × − +
= − −
= ×
= × − +
=

k r

k v

k i j

i j
a v

i i j

k

Ω

 

Acceleration at Point P. /P P P F c′= + +a a a a  

 2 2 2(41.6 in./s ) (61.5 in./s ) (103.9 in./s )P = − − +a i j k   
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PROBLEM 15.233 

Using the method of Section 15.14, solve Problem 15.198. 

PROBLEM 15.198 At the instant shown, the robotic arm ABC is 
being rotated simultaneously at the constant rate 1 0.15ω =  rad/s 
about the y axis, and at the constant rate 2 0.25ω =  rad/s about 
the z axis. Knowing that the length of arm ABC is 1 m, determine 
(a) the angular acceleration of the arm, (b) the velocity of Point C, 
(c) the acceleration of Point C. 

 

SOLUTION 

Geometry: Dimensions in meters. 

 / (1.0cos35 ) (1.0sin 35 ) 0.81915 0.57358C A = ° + ° = +r i j i j  

Angular velocities: 1 1 1(0.15 rad/s) ( 0)ω ω= = =j j ω  

 2 2 2(0.15 rad/s) ( 0)ω ω= = =k k ω  

Use a frame of reference rotating about the y-axis. 

Its angular velocity is      1 (0.15 rad/s)ω= =Ω j j  

(a) Angular acceleration: 

 

1 2 2

0 0 (0.15 )(0.25 )

ω ω= + + ×

= + +

α j k Ω ω

j k

 

 

   2(0.0375 rad/s )=α i   

 Motion of coinciding Point C. 

  

/

/

2

0.15 (0.81915 0.57358 )

(0.12287 m/s)

( ) (0.15 ) ( 0.12287 )

(0.018431 m/s )

C C A

C C A

′

′

= × = × +

= −
= × × = × −

= −

v Ω r j i j

k

a Ω Ω r j k

i

 

 Motion of C relative to the frame. 

 

/ 2 /

/ 1 /

2 2

0.25 (0.81915 0.57358 )

(0.14339 m/s) (0.20479 m/s)
0.25 ( 0.14339 0.20479 )

(0.051198 m/s ) (0.035848 m/s )

C F C A

C F C F

ω

ω

= × = +
= − +
= × = × − +

= − −

v k r k i j

i j
a k v k i j

i j  
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PROBLEM 15.233  (Continued) 

 

(b) Velocity of C. /C C C F′= +v v v  

  (0.143 m/s) (0.205 m/s) (0.123 m/s)C − + −v i j k   

 Coriolis acceleration. /2 C F×Ω v  

 
/

2

2 (2)(0.15 ) ( 0.14339 0.20479 )

(0.043017 m/s )

C F× = × − +

=

Ω v j i j

k
 

(c) Acceleration of C. / /2C C C F C F′= + + ×a a a Ω v  

  0.01843 0.051198 0.035848 0.043017C = − − − +a i i j k  

  2 2 2(0.0696 m/s ) (0.0358 m/s ) (0.0430 m/s )C = − − +a i j k   
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PROBLEM 15.234 

A disk of radius 120 mm rotates at the constant rate 2 5ω = rad/s 
with respect to the arm AB, which itself rotates at the constant 
rate 1 3ω =  rad/s. For the position shown, determine the velocity 
and acceleration of Point C. 

 

SOLUTION 

Geometry. /

/

(0.195 m) (0.1)

(0.12 m)

C A

C B

= −

=

r i j

r i

 

Let frame ,Axyz  which coincides with the fixed frame AXYZ at the instant shown, be rotating about the y axis 
with constant angular velocity 1 (3 rad/s) .ω= =j jΩ  Then the motion relative to the frame consists of rotation 
about the axle B with a constant angular velocity 2 2 (5 rad/s) .ω= =k kω  

Motion of the coinciding Point C ′ in the frame. 

 /

2

3 (0.195 0.14 )
(0.585 m/s)

3 ( 0.585 )

(1.755 m/s )

C C A

C C

′

′ ′

= ×
= × −
= −
= ×
= × −
= −

v r

j i j
k

a v
j k

i

Ω

Ω

 

Motion relative to the frame. / 2 /

/ 2 /

2

5 0.12

(0.6 m/s)

5 ( 0.6 )

(3 m/s )

C F C B

C F C F

= ×
= ×
=
= ×
= × −
= −

v r

k i
j

a v

k j

i

ω

ω

 

Velocity of Point C. /C C C F′= +v v v  (0.600 m/s) (0.585 m/s)C = −v j k   

Coriolis acceleration. /2 (2)(3 ) (0.6 ) 0C F× = × =v j jΩ  

Acceleration of Point C. / /2C C C F C F′= + + ×a a a vΩ  

 1.7551 3 0C = − − +a i i  2(4.76 m/s )C = −a i   
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PROBLEM 15.235 

A disk of radius 120 mm rotates at the constant rate 
ω2 5= rad/s with respect to the arm AB, which itself 
rotates at the constant rate 1 3ω = rad/s. For the position 
shown, determine the velocity and acceleration of Point D. 

 

SOLUTION 

Geometry. /

/

(0.075 m) (0.26 m)

(0.12 m)

D A

D B

= −

= −

r i j

r j

 

Let frame ,AXY Z  which coincides with the fixed frame AXYZ at the instant shown, be rotating about the y 
axis with constant angular velocity 1 (3 rad/s) .ω= =j jΩ  Then the motion relative to the frame consists of 
rotation about the axle B with a constant angular velocity 2 2 (5 rad/s) .ω= =k kω  

Motion of the coinciding Point D′ in the frame. 

 /

2

3 (0.075 0.26 )
(0.225 m/s)

3 ( 0.225 )

(0.675 m/s )

D D A

D D

′

′ ′

= ×
= × −
= −
= ×
= × −
= −

v r

j i j
k

a v
j k

i

Ω

Ω

 

Motion relative to the frame. / 2 /

/ 2 /

2

5 ( 0.12 )

(0.6 m/s)

5 (0.6 )

(3 m/s )

D F D B

D F C F

= ×
= × −
=
= ×
= ×
=

v r

k j
i

a v

k i

j

ω

ω

 

Velocity of Point D. /D D D F′= +v v v  (0.600 m/s) (0.225 m/s)D = −v i k   

Coriolis acceleration.  2
/2 (2)(3 ) (0.6 ) (3.6 m/s )D F× = × = −v j i kΩ  

Acceleration of Point D. / /2D D D F D F′= + + ×a a a vΩ  

 2 2 2(0.675 m/s ) (3.00 m/s ) (3.60 m/s )D = − + −a i j k   
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PROBLEM 15.236 

The arm AB of length 16 ft is used to provide an elevated 
platform for construction workers. In the position shown,  
arm AB is being raised at the constant rate / 0.25d dtθ = rad/s; 
simultaneously, the unit is being rotated about the Y axis at the 
constant rate ω1  = 0.15 rad/s. Knowing that θ  = 20°, determine 
the velocity and acceleration of Point B. 

 

SOLUTION 

Frame of reference. Let moving frame Axyz rotate about the Y axis with angular velocity 

 1

(0.15 rad/s) .

ω=

=

j

j

Ω  

Geometry. 

  / 16cos 20 16sin 20

(15.035 ft) (5.4723 ft)

B A = − ° + °

= − +

r i j

i j

 

Place Point O on Y axis at same level as Point A. 

 / / /

/ (2.5 ft)

(12.535 ft) (5.4723 ft)

B O B A A O

B A

= +

= +

= − +

r r r

r i

i j

 

Motion of corresponding Point B′ in the frame. 

 /

2

(0.15 ) (12.535 5.4723 )

(1.8803 ft/s)

(0.15 ) (1.8803 )

(0.28204 ft/s )

B B O

B B

′

′ ′

= ×

= × − +
=
= ×
= ×

=

v Ω r

j i j

k

a Ω v

j k

i
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PROBLEM 15.236  (Continued) 

 

Motion of Point B relative to the frame. 

 

2

/ 2 /

/ 2 /

2 2

(0.25 rad/s)

( 0.25) ( 15.035 5.4723 )

(1.36808 ft/s) (3.7588 ft/s)

( 0.25 ) (1.36808 3.7588 )

(0.93969 ft/s ) (0.34202 ft/s )

B F B A

B F B F

d

dt

θ= −

= −
= ×

= − × − +
= +
= ×

= − × +

= −

k

k

v r

k i j

i j

a v

k i j

i j

ω

ω

ω

 

 .Velocity of Point B  /B B B F′= +v v v  

 (1.37 ft/s) (3.76 ft/s) (1.88 ft/s)B = − + +v i j k   

 .Coriolis acceleration  /

2

2 (2)(0.15 ) (1.36808 3.7588 )

(0.41042 ft/s )

B F× = × +

= −

Ω v j i j

k

 

 .Acceleration of Point B  / /2B B B F B F′= + + ×a a a Ω v  

 2 2 2(1.22 ft/s ) (0.342 ft/s ) (0.410 ft/s )B = − −a i j k   
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PROBLEM 15.237 

The remote manipulator system (RMS) shown is used 
to deploy payloads from the cargo bay of space 
shuttles. At the instant shown, the whole RMS is 
rotating at the constant rate 1 0.03 rad/sω =  about the 
axis AB. At the same time, portion BCD rotates as a 
rigid body at the constant rate 2 / 0.04 rad/sd dtω β= =  
about an axis through B parallel to the X axis. Knowing 
that 30 ,β = °  determine (a) the angular acceleration of 
BCD, (b) the velocity of D, (c) the acceleration of D. 

 

SOLUTION 

At the instant given, Points A, B, C, and D lie in a plane which is parallel to the YZ plane. The plane ABCD is 
rotating with angular velocity. 

 1

1(0.03 rad/s) ( 0)

ω
ω

=

= =

j

j 
Ω  

Body BCD is rotating about an axis through B parallel to the x-axis at angular velocity. 

 2 2(0.04 rad/s) ( 0)
d

dt

β ω= = =ω i i   

(a) Angular acceleration of BCD. 

 1 2 2

0 0 (0.03 ) (0.04 )

BCD ω ω= + + ×

= + + ×

α j i Ω ω

j i

 
 

 2(0.0012 rad/s )BCD = −α k   

Let the plane of BCD be a rotating frame of reference rotating about AB with angular velocity .Ω  

Geometry: 30β = °  

  / (6.5 m)(sin cos ) (2.5 m) (5.75 m) (5.6292 m)D B β β= − + = −r j k j j k  

Motion of Point D′ in the frame. 

  

/

2

0.03 (3.25 5.6292 )

(0.168875 m/s)

(0.03 ) ( 0.168875 )

(0.0050662 m/s )

D D B

D D

′

′ ′

= × = × −

= −
= × = × −

=

v Ω r j j k

i

a Ω v j i

k
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PROBLEM 15.237  (Continued) 

 

Motion of D relative to the frame: This motion is a rotation about B with angular velocity. 

 

2

/frame 2 /

/frame 2 /frame

2 2

(0.04 rad/s)

(0.04 ) (5.75 5.6292 )

(0.22517 m/s) (0.23 m/s)

(0.04 ) (0.22517 0.23 )

(0.0092 m/s ) (0.009007 m/s )

D D B

D Dr

=
= ×

= × −
= +
= ×

= × +

= − +

i

v r

i j k

j k

a

i j k

j k

ω
ω

ω
 

(b) Velocity of D. /frameD D D′= +v v v  

 (0.169 m/s) (0.225 m/s) (0.230 m/s)D = − + +v i j k   

  :Coriolis acceleration  /frame2 D×Ω v  

  /frame

2

2 (2)(0.03 ) (0.22517 0.23 )

(0.0138 m/s )

D× = × +

=

Ω v j j k

i

 

(c) Acceleration of D. /frame / frame2D D D D′= + + ×a a a Ω v  

 2 2 2(0.0138 m/s ) (0.0092 m/s ) (0.0141 m/s )D = − +a i j k   
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PROBLEM 15.238 

The body AB and rod BC of the robotic component shown 
rotate at the constant rate 1 0.60ω =  rad/s about the Y axis. 
Simultaneously a wire-and-pulley control causes arm CD to 
rotate about C at the constant rate 2 / 0.45d dtω β= = rad/s. 
Knowing that 120 ,β = °  determine (a) the angular acceleration 
of arm CD, (b) the velocity of D, (c) the acceleration of D. 

 

SOLUTION 

 

 

1

/ 2

1 2

(0.6 rad/s)

(0.45 rad/s)

(0.6 rad/s) (0.45 rad/s)

D F

=
=
=
= −
= +
= −

j

k

j k

Ω ω

ω ω

ω ω ω

 

(a) Angular acceleration of CD. 

  
(0.6 rad/s) [(0.6 rad/s) (0.45 rad/s) ]

= ×
= × −j j k

α Ω ω
 

 2(0.27 rad/s )= −α i   

 For 120 :β = °  /

/ /

(400 mm)sin 30 (400 mm)cos30

(200 mm) (346.41 mm)

(500 mm)

(700 mm) (346.41 mm)

D C

D B D C

= ° + °
= +
= +
= +

r i j

i j

r i r

i j
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PROBLEM 15.238  (Continued) 

 

(b) Velocity of D. /D D D F′= +v v v  

 /

/ / /

(0.6 rad/s) [(700 mm) (346.41 mm) ]

(420 mm/s)

(0.45 rad/s) [(200 mm) (346.41 mm) ]

(90 mm/s) (155.88 mm/s)

D D B

D F D F D C

= ×
= × +
= −
= ×
= − × +
= − +

v r

j i j

k

v r

k i j

j i

Ω

ω

 

 / :D D D F′= +v v v   (156 mm/s) (90 mm/s) (420 mm/s)D = − −v i j k  

(c) Acceleration of D. /D D D F c′= + +a a a a  

 

/

2

/ / / /

/ /

2 2

( )

(0.6 rad/s) ( 420 mm/s)

(252 mm/s )

( )

(0.45 rad/s) [ (90) (155.88) ]

(40.5 mm/s ) (70.148 mm/s )

D D B

D

D F D F D F D C

D F D F

′

′

= × ×
= ×
= × −

= −
= × ×
= ×
= − × − +

= − −

a Ω Ω r

Ω v

j k

i

a ω ω r

ω v

k j i

i j

 

  
/

2

2

2(0.6 rad/s) [ (90) (155.88) ]

(187.06 mm/s )

c D F= ×
= × − +

= −

a Ω v

j j i

k

 

  

/

2 2

2 2

(252 mm/s ) (40.5 mm/s )

(70.148 mm/s ) (187.06 mm/s )

D D D F c′= + +

= − −

− −

a a a a

i i

j k

 

 2 2 2(293 mm/s ) (70.1 mm/s ) (187 mm/s )D = − − −a i j k   
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PROBLEM 15.239 

The crane shown rotates at the constant rate 1 0.25ω =  rad/s; 
simultaneously, the telescoping boom is being lowered at the 
constant rate 2 0.40ω =  rad/s. Knowing that at the instant 
shown the length of the boom is 20 ft and is increasing at  
the constant rate 1.5 ft/s,u =  determine the velocity and 
acceleration of Point B. 

 

SOLUTION 

Geometry. /

(20 ft)(sin 30 cos30 )

(10 ft) (10 3 ft)

B A B=

= ° + °

= +

r r

j k

j k

 

Method 1 

Let the unextending portion of the boom AB be a rotating frame of reference. 

Its angular velocity is  2 1

(0.40 rad/s) (0.25 rad/s) .

ω ω= +

= +

i j

i j

Ω  

Its angular acceleration is 1 2

1 2

2(0.10 rad/s ) .

ω ω
ω ω

= ×

= −

= −

j i

k

k

α  

Motion of the coinciding Point B′ in the frame. 

 

2 2 2

(0.40 0.25 ) (10 10 3 )

(2.5 3 ft/s) (4 3 ft/s) (4 ft/s)

0 0 0.10 0.40 0.25 0

0 10 10 3 2.5 3 4 3 4

1.6 3.8538 (2 ft/s ) (1.6 ft/s ) (3.8538 ft/s )

B B

B B B

′

′ ′

= ×

= + × +
= − +
= × + ×

= − +

−

+ − − = − −

v r

i j j k

i j k
a α r Ω v

i j k i j k

i i j k i j k

Ω

 

Motion relative to the frame. /

/

(sin 30 cos30 )

(1.5 ft/s)sin 30 (1.5 ft/s)cos30

0

B F

B F

u= ° + °

= ° + °
=

v j k

j k

a
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PROBLEM 15.239  (Continued) 

 

Velocity of Point B. /

2.5 3 4 3 4 1.5sin 30 1.5cos30

B B B F

B

′= +

= − + + ° + °

v v v

v i j k j k

 

 (4.33 ft/s) (6.18 ft/s) (5.30 ft/s)B = − +v i j k   

Coriolis acceleration.  /2 B F×Ω v  

 
/

2 2 2

2 (2)(0.40 0.25 ) (1.5sin 30 1.5cos30 )

(0.64952 ft/s ) (1.03923 ft/s ) (0.6 ft/s )

B F× = + × ° + °

= − +

Ω v i j j k

i j k
 

Acceleration of Point B. / /2

(2 0.64952) (1.6 1.03923 ) ( 3.8538 0.6)

B B B F B F

B

′= + + ×

= + − + + − +

a a a Ω v

a i j k

 

 2 2 2(2.65 ft/s ) (2.64 ft/s ) (3.25 ft/s )B = − −a i j k   

Method 2 

Let frame ,Axyz  which at the instant shown coincides with AXYZ, rotate with an angular velocity 

1 1ω= =Ω j (0.25 rad/s)j. Then the motion relative to this frame consists of turning the boom 

relative to the cab and extending the boom. 

Motion of the coinciding Point B′ in the frame. 

 

2

0.25 (10 10 3 )

(2.5 3 m/s)

0.25 (2.5 3 )

(0.625 3 m/s )

B B

B B

′

′ ′

= ×
= × +
=
= ×

= ×
= −

v Ω r

j j k

i
a Ω v

j i

k

 

Motion of Point B relative to the frame. 

Let the unextending portion of the boom be a rotating frame with constant angular velocity 

2 2ω= =Ω i (0.40 rad/s)i. The motion relative to this frame is the extensional motion with speed u. 

 2

2

2 2

0.40 (10 10 3 )

(4 3 ft/s) (4 ft/s)

0.40 ( 4 3 4 )

(1.6 ft/s ) (1.6 3 ft/s )

B B

B B

′′

′′ ′′

= ×

= × +
= − +
= ×

= × − +
= − −

v Ω r

i j k

j k
a Ω v

i j k

j k

 

 /boom

/boom

(sin 30 cos30 )

(1.5 ft/s)sin 30 (1.5 ft/s)cos30

0

B

B

u= ° + °

= ° + °
=

v j k

j k

a
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PROBLEM 15.239  (Continued) 

 

 

2 /boom

2 2

/ /boom

/ /boom 2 /boom

2 (2)(0.40 ) (1.5sin 30 1.5cos30 )

(1.03923 ft/s ) (0.6 ft/s )

4 3 4 1.5sin 30 1.5cos30

(6.1782 ft/s) (5.299 ft/s)

2

1.6 1.6 3 0 1.0392

B

B F B B

B F B B B

′′

′′

× = × ° + °

= − +
= +

= − + + ° + °
= − +
= + + ×

= − − + −

Ω v i j k

j k

v v v

j k j k

j k

a a a Ω v

j k
2 2

3 0.6

(2.6392 ft/s ) (2.1713 ft/s )

+

= − −

j k

j k

 

Velocity of Point B. /

2.5 3 6.1782 5.299

B B B F

B

′= +

= − +

v v v

v i j k

 

 (4.33 ft/s) (6.18 ft/s) (5.30 ft/s)B = − +v i j k   

Coriolis acceleration.  1 /2 B F× vΩ  

 1 /

2

2 (2) (0.25 ) ( 6.1782 5.299 )

(2.6495 ft/s )

B F× = × − +

=

v j j k

i

Ω  

Acceleration of Point B. / 1 /2

0.625 3 2.6392 2.1713 2.6495

B B B F B F

B

′= + + ×

= − − − +

a a a Ω v

a k j k i

 

 2 2 2(2.65 ft/s ) (2.64 ft/s ) (3.25 ft/s )B = − −a i j k   
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PROBLEM 15.240 

The vertical plate shown is welded to arm EFG, and the entire unit rotates at 
the constant rate 1 1.6ω =  rad/s about the Y axis. At the same time, a 
continuous link belt moves around the perimeter of the plate at a constant 
speed 4.5 in./s.u =  For the position shown, determine the acceleration of 
the link of the belt located (a) at Point A, (b) at Point B. 

 

SOLUTION 

Let the moving frame of reference be the unit, less the pulleys and belt. It rotates about the Y axis with  
constant angular velocity 1 (1.6 rad/s) .ω= =j jΩ  The relative motion is that of the pulleys and belt with speed 

90 mm/s.u =  

(a) Acceleration at Point A. 

  

2

/

(5 in.) (19 in.)

1.6 ( 5 19 )
(8 in./s)

1.6 8

(12.8 in./s )
(4.5 in./s)

A

A A

A A

A F u

′

′ ′

= − +
= ×
= × − +
=
= ×
= ×
=
= =

r i j
v r

j i j
k

a v
j k

i
v k k

Ω

Ω

 

 

( )

2

/

2

2

/

2

/ /

4.5

3

6.75 in./s

2 (2)(1.6 ) (4.5 )

(14.4 in./s )

2

12.8 6.75 14.4

A F

A F

A A A F A F

u

ρ

′

 
= −  

 
 

= −  
 

= −

× = ×

=
= + + ×
= − +

a j

j

j

v j k

i
a a a v

i j i

Ω

Ω
 2 2(27.2 in./s ) (6.75 in./s )A = −a i j   
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PROBLEM 15.240  (Continued) 

 

(b) Acceleration of Point B. 

 

2 2

/

/

/

(5 in.) (10 in.) (3 in.)

1.6 ( 5 10 3 )

(4.8 in./s) (8 in./s)

1.6 (4.8 8 )

(12.8 in./s ) (7.68 in./s )

(3 in./s)

0

2 (2)(1.6 ) (4.5 ) 0

B

B B

B B

B F

B F

B F

u

′

′ ′

= − + +
= ×
= × − + +
= +
= ×
= × +

= −
= −

= −
=

× = × =

r i j k

v r

j i j k

i k

a v

j i k

i k

v j

j

a

v j j

Ω

Ω

Ω

 

 
/ /2

12.8 7.68 0 0
B B B F B F′= + + Ω ×

= − + +
a a a v

i k  2 2(12.80 in./s ) (7.68 in./s )B = −a i k  
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PROBLEM 15.241 

The vertical plate shown is welded to arm EFG, and the entire unit rotates at 
the constant rate 1 1.6ω =  rad/s about the Y axis. At the same time, a 
continuous link belt moves around the perimeter of the plate at a constant 
speed 4.5 in./s.u =  For the position shown, determine the acceleration of 
the link of the belt located (a) at Point C, (b) at Point D. 

 

SOLUTION 

Let the moving frame of reference be the unit, less the pulleys and belt. It rotates about the Y axis with  
constant angular velocity 1 (1.6 rad/s) .ω= =j jΩ  The relative motion is that of the pulleys and belt with speed 

90 mm/s.u =  

(a) Acceleration at Point C. 

 

2

/

2

/

2

2

/

2

(5 in.) (4 in.)

1.6 ( 5 4 )

(8 in./s)

1.6 8

(12.8 in./s )

(4.5 in./s)

4.5

3

(6.75 in./s )

2 (2)(1.6 ) ( 4.5 )

(14.4 in./s )

C

C A

C A

C F

C F

C F

u

u

ρ

′

′ ′

= − +
= ×
= × − +
=
= ×
= ×
=
= − = −

 
=   
 
 

=   
 

=
× = × −

= −

r i j
v r

j i j
k

a v
j k

i
v k k

a j

j

j
Ω v j k

i

Ω

Ω

 

 

/ /2

12.8 6.75 14.4

C C C F C F′= + + ×

= + −

a a a v

i j i

Ω

 2 2(1.600 in./s ) (6.75 in./s )C = − +a i j   
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PROBLEM 15.241  (Continued) 

 

(b) Acceleration at Point D. 

 

2 2

/

/

/

(5 in.) (10 in.) (3 in.)

1.6 ( 5 10 3 )

(4.8 in./s) (8 in./s)

1.6 ( 4.8 8 )

(12.8 in./s ) (7.68 in./s )

(4.5 in./s)

0

2 (2)(1.6) ( 4.5 ) 0

D

D B

D B

D F

D F

D F

u

′

′ ′

= − + −
= ×
= × − + −
= − +
= ×
= × − +

= +
= =
=

× = × − =

r i j k

v r

j i j k

i k

a v

j i k

i k

v j j

a

v j

Ω

Ω

Ω

 

 

/ /2

12.8 7.68 0 0

D D D F D F′= + + ×

= + + +

a a a v

i k

Ω

 2 2(12.80 in./s ) (7.68 in./s )D = +a i k  
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PROBLEM 15.242 

A disk of 180-mm radius rotates at the constant rate ω 2 12=  
rad/s with respect to arm CD, which itself rotates at the 
constant rate 1 8ω =  rad/s about the Y axis. Determine at 
the instant shown the velocity and acceleration of Point A on 
the rim of the disk. 

 

SOLUTION 

Geometry. /

/

(0.15 m) (0.18 m) (0.36 m)

(0.18 m)

A D

A C

= + −

=

r i j k

r j

 

Let frame Dxyz, which coincides with the fixed frame DXYZ at the instant shown, be rotating about the y axis 
with constant angular velocity 1 (8rad/s) .ω= =Ω j j  Then the motion relative to the frame consists of a rotation 

of the disk AB about the bent axle CD with constant angular velocity 2 2 (12 rad/s) .ω= =k kω  

Motion of the coinciding Point A′ in the frame. 

 /

2 2

8 (0.15 0.18 0.36 )

(2.88 m/s) (1.2 m/s)

8 ( 2.88 1.2 )

(9.6 m/s ) (23.04 m/s )

A A D

A A

′

′ ′

= ×

= × + −
= − −
= ×
= × − −

= − +

v Ω r

j i j k

i k

a Ω v

j i k

i k

 

Motion of Point A relative to the frame. 

 / 2 /

/ 2 /

2

12 0.18

(2.16 m/s)

12 ( 2.16 )

(25.92 m/s )

A F A D

A F A F

= ×

= ×
= −
= ×

= × −

= −

v ω r

k j

i

a ω v

k i

j

 

Velocity of Point A. /

2.88 1.2 2.16

A A A F

A

′= +

= − − −

v v v

v i k i

 

 (5.04 m/s) (1.200 m/s)A = − −v i k   
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PROBLEM 15.242  (Continued) 

 

Coriolis acceleration. /2 A F×Ω v  

 /

2

2 (2)(8 ) ( 2.16 )

(34.56 m/s )

A F× = × −

=

Ω v j i

k

 

Acceleration of Point A. / /2

9.6 23.04 25.92 34.56

A A A F A F

A

′= + + ×

= − + − +

a a a Ω v

a i k j k

 

 2 2 2(9.60 m/s ) (25.9 m/s ) (57.6 m/s )A = − − +a i j k   
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PROBLEM 15.243 

A disk of 180-mm radius rotates at the constant rate ω2 12=  
rad/s with respect to arm CD, which itself rotates at the 
constant rate 1 8ω =  rad/s about the Y axis. Determine at 
the instant shown the velocity and acceleration of Point B on 
the rim of the disk. 

 

SOLUTION 

.Geometry  /

/

(0.15 m) (0.18 m) (0.36 m)

(0.18 m)

B D

B C

= − −

= −

r i j k

r j

 

Let frame Dxyz, which coincides with the fixed frame DXYZ at the instant shown, be rotating about the Y axis 
with constant angular velocity 1 (8 rad/s) .ω= =j jΩ  Then the motion relative to the frame consists of a 
rotation of the disk AB about the bent axle CD with constant angular velocity 2 2 (12 rad/s) .ω= =k kω  

Motion of the coinciding Point B′ in the frame. 

 

/

2 2

8 (0.15 0.18 0.36 )

(2.88 m/s) (1.2 m/s)

8 ( 2.88 1.2 )

(9.6 m/s ) (23.04 m/s )

B B D

B B

′

′ ′

= ×

= × − −
= − −
= ×
= × − −

= − +

v r

j i j k

i k

a v

j i k

i k

Ω

Ω
 

Motion of Point B relative to the frame. 

 / 2 /

/ 2 /

2

12 ( 0.18 )

(2.16 m/s)

12 2.16

(25.92 m/s )

B F B D

B F B F

= ×

= × −
=
= ×

= ×

=

v r

k j

i

a v

k i

j

ω

ω

 

Velocity of Point B. /

2.88 1.2 2.16

B B B F

B

′= +

= − − +

v v v

v i k i

 

   (0.720 m/s) (1.200 m/s)B = − −v i k   



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1360 

PROBLEM 15.243  (Continued) 

 

Coriolis acceleration. /2 B F× vΩ  

  /2 (2)(8 ) (2.16 )

(34.56)

B F× = ×

= −

v j i

k

Ω  

Acceleration of Point B. / /2

9.6 23.04 25.92 34.56

B B B F B F

B

′= + + ×

= − + + −

a a a v

a i k j k

Ω  

  2 2 2(9.60 m/s ) (25.9 m/s ) (11.52 m/s )B = − + −a i j k   
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PROBLEM 15.244 

A square plate of side 2r is welded to a vertical shaft which 
rotates with a constant angular velocity 1.ω  At the same time, 
rod AB of length r rotates about the center of the plate with a 
constant angular velocity 2ω  with respect to the plate. For the 
position of the plate shown, determine the acceleration of end B 
of the rod if (a) 0,θ =  (b) 90 ,θ = °  (c) 180 .θ = °  

 

SOLUTION 

Use a frame of reference moving with the plate. 

Its angular velocity is 1 ( 0)ω= =Ω j Ω  

:Geometry  /

/ / /

(sin 30 cos30 )A O

B O A O B A

r= ° − °

= +

r j k

r r r

 

Acceleration of coinciding Point B′ in the frame. 

 /( )B B O′ = × ×a Ω Ω r  

Motion relative to the frame. (Rotation about A with angular velocity 2ω ). 

 

2 2 2

/ 2 /

2
/ 2 / 2 /

(cos30 sin 30 ) ( 0)

B F B A

B F B F B A

ω ω

ω

= ° + ° =

= ×

= × = −

ω j k

v ω r

a ω v r



 

Coriolis acceleration: /2 B F×Ω v  

Acceleration of B. / /2B B B F B F′= + + ×a a a Ω v  

(a) 0θ =  / ( sin 30 cos30 )B A r= − ° + °r j k  

  /

/ 2

2 2
/ 2 / 2

/ 1 2 1 2

0

0

(sin 30 cos30 )

2 2( ) ( ) 2

B O

B

B F

B F B A

B F

r

r

r r

ω

ω ω
ω ω ω ω

′

=
=
=

= − = ° − °
× = × = −

r

a

v i

a r j k

Ω v j i k

 

  
/

2
2 1 20 (sin 30 cos30 ) 2

B B B F C

r rω ω ω
′= + +

= + ° − ° −

a a a a

j k k
 

   2 2
2 2 1 2sin 30 ( cos30 2 )B r r rω ω ω ω= ° − ° +a j k   
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PROBLEM 15.244  (Continued) 

 

(b) 90θ = °  

  
/

/ sin 30 cos30

B A

B O

r

r r r

=

= + ° − °

r i

r i j k
 

  /

1 1

2 2
1 1

/ 2

2
/ 2

( )

[ ( sin 30 cos30 )]

cos30

(sin 30 cos30 )

B B O

B F

B F

a

r r r

r r

r

r

ω ω

ω ω
ω

ω

′ = × ×

= × × + ° − °

= − + °
= ° − °

= −

Ω r

j j i j k

i k

v j k

a i

Ω  

  
/ 1 2

1 2

2 2( ) ( )(sin 30 cos30 )

2 cos30

B F r

r

ω ω
ω ω

× = × ° − °

= − °

Ω v j j k

i
 

  
/

2 2 2
1 1 2 1 2[ cos30 ] 2 cos30

B B B F C

r r r rω ω ω ω ω
′= + +

= − + ° − − °

a a a a

i k i i
 

  2 2 2
1 2 1 2 1( 2 cos30 ) cos30B r rω ω ω ω ω= − + + ° + °a i k   

(c) 180θ = °  

  
/

/

(sin 30 cos30 )

2 (sin 30 cos30 )

B A

B O

r

r

= ° − °

= ° − °

r j k

r j k
 

 

2 2
1 1

/ 2

2
/ 2

/ 1 2 1 2

/ /

2 2
1 2 1 2

(2 cos30 ) 2 cos30

( sin 30 cos30 )

2 2( ) ( ) 2

2

2 cos30 ( sin 30 cos30 ) 2

B

B F

B F

B F

B B B F B F

r r

r

r

r r

r r r

ω ω
ω

ω
ω ω ω ω

ω ω ω ω

′

′

= + ° = + °

= −

= − ° + °

× = × − =

= + + ×

= ° + − ° + ° +

a k k

v i

a j k

Ω v j i k

a a a Ω v

k j k k

 

  2 2 2
2 1 2 1 2sin 30 (2 cos30 cos30 2 )B r rω ω ω ω ω= − ° + ° + ° +a j k   
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PROBLEM 15.245 

Two disks, each of 130-mm radius, are welded to the 500-mm 
rod CD. The rod-and-disks unit rotates at the constant rate 
ω2 3 rad/s=  with respect to arm AB. Knowing that at the instant 
shown 1 4 rad/s,ω =  determine the velocity and acceleration of 
(a) Point E, (b) Point F. 

 

SOLUTION 

Let the frame of reference BXYZ be rotating about the Y axis with angular velocity 2 (4 rad/s)ω= =Ω j j . 
The motion relative to this frame is a rotation about the X axis with angular velocity (3 rad/s) .xω =i i  

(a) Point E. /

/

(0.25 m) (0.13 m)

(0.13 m)
E B

E D

= +
=

r i j

r j

 

 Motion of Point E′ in the frame. 

  

/

2

4 (0.25 0.13 )

(1 m/s)

4 ( )

(4 m/s )

E E B

E E

′

′ ′

= ×
= × +
= −
= ×
= × −
= −

v Ω r

j i j
k

a Ω v
j k

i

 

 Motion of Point E relative to the frame. 

  

/ /

/ /

2

3 0.13

(0.39 m/s)

3 (0.39 )

(1.17 m/s )

E F x E D

E F x E F

ω

ω

= ×
= ×
=
= ×
= ×

= −

v i r

i j

k

a i v

i k

j

 

 Coriolis acceleration. /

2

2

(2)(4 ) (0.39 ) (3.12 m/s )

c E F

c

= ×

= × =

a Ω v

a j k i

 

 Velocity of Point E. /E E E F′= +v v v  

  0.39 0.61E = − + =v k k k  (0.610 m/s)E =v k   

 Acceleration of Point E. /E E E F c′= + +a a a a  

  4 1.17 3.12E = − − +a i j i  2 2(0.880 m/s ) (1.170 m/s )E = − +a i j   
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PROBLEM 15.245  (Continued) 

 

(b) Point F. /

/

(0.25 m) (0.13 m)

(0.13 m)
F B

F D

= +
=

r i k

r k

 

 Motion of Point F′ in the frame. 

  

/

2 2

4 (0.25 0.13 )

(0.52 m/s) (1 m/s)

(4 ) (0.52 )

(4 m/s ) (2.08 m/s )

F F B

F F

′

′ ′

= ×
= × +
= −
= ×
= × −

= − −

v Ω r

j i k

i k

a Ω v

j i k

i k

 

 Motion of Point F relative to the frame. 

  

/ /

/ /

2

3 (0.13 )

(0.39 m/s)

3 ( 0.39 )

(1.17 m/s )

F F x F D

F F x F F

ω

ω

= ×
= ×
= −
= ×
= × −

= −

v i r

i k

j

a i v

i j

k

 

 Coriolis acceleration. /2

(2)(4 ) ( 0.39 ) 0
c F F

c

= ×
= × − =

a Ω v

a j j

 

 Velocity of Point F. /

0.52 0.39
F F F F

F

′= +
= − −

v v v

v i k j

 

   (0.520 m/s) (0.390 m/s) (1.000 m/s)F = − −v i j k   

 Acceleration of Point F. /

4 2.08 1.17 0
F F F F c

F

′= + +
= − − − +

a a a a

a i k k

 

   2 2(4.00 m/s ) (3.25 m/s )F = − −a i k   
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PROBLEM 15.246 

In Problem 15.245, determine the velocity and acceleration of  
(a) Point G, (b) Point H. 

PROBLEM 15.245 Two disks, each of 130-mm radius, are 
welded to the 500-mm rod CD. The rod-and-disks unit rotates at 
the constant rate ω2 3 rad/s=  with respect to arm AB. Knowing 
that at the instant shown 1 4 rad/s,ω =  determine the velocity and 
acceleration of (a) Point E, (b) Point F. 

 

SOLUTION 

Let the frame of reference BXYZ be rotating about the Y axis with angular velocity 2 (4 rad/s)ω= =Ω j j . 

The motion relative to this frame is a rotation about the X axis with angular velocity (3 rad/s) .xω =i i  

(a) Point G. /

/

(0.25 m) (0.13 m)

(0.13 m)
G B

G C

= − +
=

r i j

r j

 

 Motion of Point G′ in the frame. 

  

/

2

4 ( 0.25 0.13 )

(1 m/s)

4

(4 m/s )

G G B

G G

′

′ ′

= ×
= × − +
=
= ×
= ×

=

v Ω r

j i j

k

a Ω v

j k

i

 

 Motion of Point G relative to the frame. 

  

/ /

/ /

2

3 0.13

(0.39 m/s)

3 (0.39 )

(1.17 m/s )

G F x G C

G F x G F

ω

ω

= ×
= ×
=
= ×
= ×

= −

v i r

i j

k

a i v

i k

j

 

 Coriolis acceleration. /

2

2

(2)(4 ) (0.39 )

(3.12 m/s )

c G F

c

= ×
= ×

=

a Ω v

a j k

i

 

 Velocity of Point G. /G G G F′= +v v v  

  0.39G = +v k k  (1.390 m/s)G =v k   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1366 

PROBLEM 15.246  (Continued) 

 

 Acceleration of Point G. /G G G F c′= + +a a a a  

  4 1.17 3.12G = − +a i j i  2 2(7.12 m/s ) (1.170 m/s )G = −a i j   

(b) Point H. /

/

(0.25 m) (0.13 m)

(0.13 m)
H B

H C

= − +
=

r i k

r k

 

 Motion of Point H′ in the frame. 

  

/

2 2

4 ( 0.25 0.13 )

(0.52 m/s) (1 m/s)

4 (0.52 )

(4 m/s ) (2.08 m/s )

H H B

H H

′

′ ′

= ×
= × − +
= +
= ×
= × +

= −

v Ω r

j i k

i k

a Ω v

j i k

i k

 

 Motion of Point H relative to the frame. 

  

/ /

/ /

2

3 (0.13 )

(0.39 m/s)

3 ( 0.39 )

(1.17 m/s )

H F x H C

H F x H F

ω

ω

= ×
= ×
= −
= ×
= × −

= −

v i r

i k

j

a i v

i j

k

 

 Coriolis acceleration. /2

(2)(4 ) (0.39 ) 0
c H F

c

= ×
= × =

a Ω v

a j j

 

 Velocity of Point H. /

0.52 0.39
H H H F

H

′= +
= + −

v v v

v i k j

 

   (0.520 m/s) (0.390 m/s) (1.000 m/s)H = − +v i j k   

 Acceleration of Point H. /H H H F c′= + +a a a a  

  4 2.08 1.17 0H = − − +a i k k  2 2(4.00 m/s ) (3.25 m/s )H = −a i k   
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PROBLEM 15.247 

The position of the stylus tip A is controlled by the robot 
shown. In the position shown the stylus moves at a constant 
speed 180 mm/su =  relative to the solenoid BC. At the same 
time, arm CD rotates at the constant rate 2 1.6 rad/sω =  with 
respect to component DEG. Knowing that the entire robot 
rotates about the X axis at the constant rate 1 1.2 rad/s,ω =  
determine (a) the velocity of A, (b) the acceleration of A. 

 

SOLUTION 

Geometry: /

/

/ / /

(500 mm) (300 mm) (600 mm)

(250 mm) (600 mm)

(750 mm) (300 mm) (600 mm)

D G

A D

A G A D D G

= − + +
= − +
= + = − + +

r i j k

r i k

r r r i j k

 

Angular velocities: 1 1 1

2 2 2

(1.2 rad/s) ( 0)

(1.6 rad/s) ( 0)

ω ω
ω ω

= = =

= = =

ω i i

ω j j




 

Stylus motion: (180 mm/s) ( 0)u u= − = − =u i i   

Method 1 

Let the rigid body BCD be a rotating frame of reference. 

Its angular velocity is  1 2 (1.2 rad/s) (1.6 rad/s)CD = + = +ω ω ω i j  

Its angular acceleration is  1

2

(1.2 rad/s) [(1.2 rad/s) (1.6 rad/s) ]

(1.92 rad/s )

CD CD= × = × +

=

α ω ω i i j

k

 

Motion of the coinciding Point A′  in the frame. 

 /A D A D′ ′= +v v v  

 

1 / 1 2 /

1 1 /

( )

(1.2 rad/s) [ (500 mm) (300 mm) ]

[(1.2 rad/s) (1.6 rad/s) ] [ (250 mm) (600 mm) ]

(360 mm/s) (720 mm/s) (400 mm/s) (960 mm/s)

(960 mm/s) (720 mm/s) (760 mm/s)

( )

A D G A D

A

D D Gω

′

′

= × + + ×
= × − +

+ + × − +
= − + +
= − +
= × ×

=

v ω r ω ω r

i i j

i j i k

k j k i

v i j k

a ω r

2

/ / /

2

(1.2 rad/s) {(1.2 rad/s) [ (500 mm) (300 mm) ]}

(432 mm/s )

( )

(1.92 rad/s ) [ (250 mm) (600 mm) ]

{[(1.2 rad/s) (1.6 rad/s) ] [ (250 mm) (600 mm) ]}

A D CD A D CD CD A D

CD

′

× × − +

= −
= × + × ×

= × − +
+ × + × − +

i i i j

j

a α r ω ω r

k i k

ω i j i k
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PROBLEM 15.247  (Continued) 

 

 

2
/

2 2 2
/

(480 mm/s ) [ (720 mm/s) (400 mm/s) (960 mm/s) ]

480 1.2 1.6 0

960 720 400

480 640 480 864 1536

(640 mm/s ) (960 mm/s ) (2400 mm/s )

A D CD

A D

ω′

′

= − + × − + +

= − +
−

= − + − − −

= − −

a j j k i

i j k

j

j i j k k

a i j k

 

  
/

2 2 2(640 mm/s ) (1392 mm/s ) (2400 mm/s )

A D A D

A

′ ′

′

= +

= − −

a a a

a i j k
 

Motion of Point A relative to the frame. 

  /

/

(180 mm/s)

0
A F

A F

= = −
=

v u i

a
 

(a) Velocity of A. /A A A F′= +v v v  

  (960 mm/s) (720 mm/s) (760 mm/s) (180 mm/s)A = − + −v i j k i  

   (0.78 m/s) (0.72 m/s) (0.76 m/s)A = − +v i j k   

 Coriolis acceleration: /

2

2

2[(1.2 rad/s) (1.6 rad/s) ] ( 180 mm/s)

(576 mm/s )

c CD A F

c

= ×
= + × −

= +

a ω v

a i j i

k

 

(b) Acceleration of A. /

2 2 2 2(640 mm/s ) (1392 mm/s ) (2400 mm/s ) (576 mm/s )

A A A F c

A

′= + +

= − − +

a a a a

a i j k k

 

   2 2 2(0.64 m/s ) (1.392 m/s ) (1.824 m/s )A = − −a i j k   

Method 2 
Use a frame of reference rotating about the x axis with angular velocity. 

  1 1 1(1.2 rad/s) ( 0)ω ω= = =ω i i   

Motion of coinciding Point A′ in the frame. 

  1 / (1.2 rad/s) [ (500 mm) (300 mm) (600 mm) ]

(360 mm/s) (720 mm/s)
A A G′ = × = × − + +

= −
v ω r i i j k

k j
 

  

1 1 / 1

2 2

( )

(1.2 rad/s) [(360 mm/s) (720 mm/s) ]

(432 mm/s ) (864 mm/s )

A A G Aω′ ′= × × = ×

= × −

= − −

a ω r ω v

i k j

j k
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PROBLEM 15.247  (Continued) 

 

Motion of Point A relative to the frame. 

  
/ 2 /

(1.6 rad/s) [ (250 mm) (600 mm) ] (180 mm/s)

(400 mm/s) (960 mm/s) (180 mm/s)

A F A D= × +
= × − + −
= + −

v ω r u

j i k i

k i i

 

/ :A Fa  (Since A moves on CD, which rotates at rate 2 ,ω  we have a Coriolis term here). 

  

/ 2 2 / 2

2 2

2 2 2

2 2

( ) 2

{(1.6 rad/s) [ (250 mm) (600 mm) ]} 2

(1.6 rad/s) [(400 mm/s) (960 mm/s) ] 2(1.6 rad/s) ( 180 mm)

(640 mm/s ) (1536 mm/s ) (576 mm/s )

(640 mm/s ) (960 mm/s )

A F A D= × × + ×
= × × − + + ×
= × + + × −

= − +

= −

a ω ω r ω u

ω j i k ω u

j k i j i

i k k

i k

 

(a) Velocity of A. /

360 720 400 960 180
A A A F

A

′= +
= − + + −

v v v

v k j k i i

 

   (0.78 m/s) (0.72 m/s) (0.76 m/s)A = − +v i j k   

 Coriolis acceleration: 1 /2c A F= ×a ω v  

  
2

2(1.2 rad/s) [(400 mm) (780 mm/s) ]

(960 mm/s )

c = × +

= −

a i k i

j
 

(b) Acceleration of A. /A A A F c′= + +a a a a  

  432 864 640 960 960A = − − + − −a j k i k j  

   2 2 2(0.64 m/s ) (1.392 m/s ) (1.824 m/s )A = − −a i j k   
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PROBLEM 15.248 

The angular acceleration of the 600-mm-radius circular plate shown is 
defined by the relation 0 .teα α −=  Knowing that the plate is at rest 
when 0t =  and that 2

0 10 rad/s ,α =  determine the magnitude of the 
total acceleration of Point B when (a) 0,t =  (b) 0.5 s,t =  (c) .t = ∞  

 

SOLUTION 

 

0 0
0 0

0 0 0

2
0

2 2 2 2 2 2
0

;

| | (1 )

(0.6 m)(10 rad/s ) 6

(1 ) (0.6)(10) (1 ) 60(1 )

t
t t

t t t

t t t
t

t t t
n

d
e d e dt

dt

e e

a r r e e e

a r r e e e

ωωα α ω α

ω α ω α

α α

ω α

− −

− −

− − −

− − −

= = =

= − = −

= = = =

= = − = − = −

 
 

(a) 0:t =  0 2

0 2

6 6 m/s

60(1 ) 0

t

n

a e

a e

= =

= − =

 

 2 2 2 26B t na a a= + =  26.00 m/sBa =   

(b) 0.5 s:t =  0.5 2

0.5 2

2

2

6 6(0.6065) 3.639 m/s

60(1 )

60(1 0.6065)

9.289 m/s

t

n

a e

a e

−

−

= = =

= −

= −

=

 

 2 2 2 2 2(3.639) (9.289)B t na a a= + = +  29.98 m/sBa =   

(c) :t = ∞  
2 2

6 0

60(1 ) 60 m/s

t

n

a e

a e

−∞

−∞

= =

= − =

 

 2 2 2 20 60B t na a a= + = +  260.0 m/sBa =  
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PROBLEM 15.249 

Cylinder A is moving downward with a velocity of 9 ft/s when the brake is 
suddenly applied to the drum. Knowing that the cylinder moves 18 ft 
downward before coming to rest and assuming uniformly accelerated motion, 
determine (a) the angular acceleration of the drum, (b) the time required for 
the cylinder to come to rest. 

 

SOLUTION 

Block A: 2 2
0

2

2

0 (9 ft/s) 2 (18 ft)

v v as

a

− =

− =

 

  22.25 ft/sa = −  22.25 ft/s=a    

Drum: 0

0

9 ft/s (0.75 ft)

12 rad/s

Av rω
ω

ω

=
=
=

 

 

(a) a rα=  

  

2

2

(2.25 ft/s ) (0.75 ft)

3 rad/s

α
α

− =

= −  23.00 rad/s=α    

(b) Uniformly accelerated motion. 0ω =  when 1t t=  

 2
0 1: 0 (12 rad/s) (3 rad/s )t tω ω α= + = −  1 4.00 st =   
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PROBLEM 15.250 

A baseball pitching machine is designed to deliver a baseball with 
a ball speed of 70 mph and a ball rotation of 300 rpm clockwise. 
Knowing that there is no slipping between the wheels and the 
baseball during the ball launch, determine the angular velocities of 
wheels A and B. 

 

SOLUTION 

Let Point G be the center of the ball, A its contact point with wheel A, and B its contact point with wheel B. 

Given: 

ball

m 1 h 5280 ft
70 102.667 ft/s 1232 in./s

h 3600 s mi

2 rad 1 min
(300 rpm) 10 rad/s

rev 60 s

Gv

πω π

    = = =    
    

  = =  
  

 

  1232 in./sG =v  ball 10 rad/sπ=ω  

Unit vectors:     i = 1 ,     j = 1 ,     k = 1  

Relative positions: /

/

1
( 3 ) (1.5 in.)

2
1

(3 ) (1.5 in.)
2

A G

B G

= − = −

= =

r j j

r j j

 

Velocities at A and B. ball / 1232 ( 10 ) (1.5 )A G A G π= + × = + − ×v v ω r i k j  

  (1232 47.12) 1279.12 in./s= + =i  

  ball / 1232 ( 10 ) (1.5 )B G B G π π= + × = + − ×v v ω r i k j  

  (1232 47.12) 1184.88 in./s= − =i  

Angular velocity of A. 
1184.88

169.27 rad/s
7

A
A

A

v

r
ω = = =  

   1616 rpmA =ω  

Angular velocity of B. 

  
1279.12

182.73 rad/s
7

B
B

B

v

r
ω = = =  

  1745 rpmB =ω   
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PROBLEM 15.251 

Knowing that inner gear A is stationary and outer gear C starts from 
rest and has a constant angular acceleration of 4 rad/s2 clockwise, 
determine at t = 5 s (a) the angular velocity of arm AB, (b) the angular 
velocity of gear B, (c) the acceleration of the point on gear B that is in 
contact with gear A. 

 

SOLUTION 

Angular velocity of gear C at t = 5 s. 

 2(4 rad/s )(5 s) 20 rad/s 20 rad/sc c ctω α= = = =ω  

Let Point 1 be the contact point between gears A and B. Let Point 2 be the contact point between gears B and C. 
Points A, B, and C are the centers, respectively, of gears A, B, and C. 

Positions: Take x axis along the straight line A1 B2. 

  1

2

0

80 mm

(80 mm 40 mm) 120 mm

120 mm 80 mm 200 mm

A C

A

B

x x

x r

x

x

= =
= =
= + =
= + =

 

Velocity at 1. Since gear A is stationary, 1 0.v =  

Velocity at 2. 2 2 (200)(20)Cv x ω= =  

  2 4000 mm/s=v  

Point 1 is the instantaneous center of gear B. 

  

2 2 1

2

1

( ) (120 mm)

4000
33.333 rad/s

120 120
( ) (40 mm)(33.333 rad/s) 1333.33 mm/s

B B

B

B B B

v x x

v

v x x

ω ω

ω

ω

= − =

= = =

= − = =

 

  
1333.33

11.111 rad/s
120

B
AB

B

v

x
ω = = =  

(a) Angular velocity of arm AB:  11.11 rad/sAB =ω   

(b) Angular velocity of gear B:  33.3 rad/sB =ω  
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PROBLEM 15.251  (Continued) 

 

 Calculate tangential accelerations: 

  
1

2
2 2

( ) 0

( ) ( ) (200 mm)(4 rad/s )

t

t C t C

a

a a r α

=

= = =
 

  2
2( ) 800 mm/sta =  

  

2 2 1

22

2
1

( ) ( ) (120 mm)

( ) 800
6.667 rad/s

120 120

( ) ( ) (40 mm)(6.667 rad/s )

t B B

t
B

B t B B

a x x

a

a x x

α α

α

α

= − =

= = =

= − =

 

  2266.67 mm/s=  

  2( ) 266.67
2.2222 rad/s

120
B t

AB
B

a

r
α = = =  

 Angular accelerations: 22.2222 rad/sAB =α 6.667 rad/sB =α  

 Acceleration of Point B. 

  [B AB Bxα=a ] 2[ AB Bxω+ ]  

  [(2.2222)(120)= 2] [(11.11) (120)+ ]  

  2(266.67 mm/s )= 2(14815 mm/s )+  

(c) Acceleration of Point 1 on gear B. 

  1 1[ ( )B B Bx xα= + −a a 2
1] [ ( )B Bx xω+ − ]  

  [266.67= ] [14815+ ] [(6.667)(40)+ 2] [(33.333) (40)+ ]  

  [266.67= ] [14815+ ] [266.67+ ] [44444+ ]  

  29629 mm/s=  2
1 29.6 m/s=a  

 Note that the tangential component of acceleration is zero as expected. 
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PROBLEM 15.252 

Knowing that at the instant shown bar AB has an angular velocity of 
10 rad/s clockwise and it is slowing down at a rate of 2 rad/s2, 
determine the angular accelerations of bar BD and bar DE. 

 

SOLUTION 

Velocity Analysis 10 rad/sAB =ω  

  

( )

(0.200)(10)

2 m/s

B ABv AB ω=
=
=

 

  B Bv=v  

  D Dv=v  

Locate the instantaneous center (Point C) of bar BD by noting that velocity directions at Points B and D are 
known. Draw BC perpendicular to Bv  and DC perpendicular to .Dv  

 
2

8 rad/s
0.25

B
BD

v

BC
ω = = =  8.00 rad/sBD =ω   

  ( ) (0.6)(8) 4.8 m/sD BDv CE ω= = =  4.8 m/sD =v  

  
4.8

24 rad/s
0.2

D
DE

v

DE
ω = = =  24 rad/sDE =ω  

Acceleration Analysis:                   22 rad/sABα = ,       10 rad/sABω =  

Unit vectors:                                   1=i ,    1=j ,    1=k  

  

2
/ /

2

2 2

0 (2 ) ( 0.2) (10) ( 0.2 )

(0.4 m/s ) (20 m/s )

B A AB B A AB B Aω= + × −

= + × − − −

= +

a a α r r

k j j

i j

 

 

 

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1376 

PROBLEM 15.252  (Continued) 

  
2

/ /

20.4 20 ( 0.6 0.25 ) (8) ( 0.6 0.25 )

D B BD D B BD D B

BD

ω

α

= + × −

= + + × − − − − −

a a α r r

i j k i j i j
 

  (38.8 0.25 ) (36 0.6 )D BD BDα α= + + −a i j  (1) 

  

2
/ /

20 ( 0.2 ) (24) ( 0.2 )

115.2 0.2

D E DE D E DE D E

DE

DE

ω

α
α

= + × −

= + × − − −
= −

a a α r r

k i i

i j  (2) 

Equate like components of Da  from Equations (1) and (2). 

 i: 238.8 0.25 115.2 305.6 rad/sBD BDα α+ = =  

 j: 36 0.6 0.2BD DEα α− = −  

 23 180 736.8 rad/sDE BDα α= − =  

Angular acceleration:  2306 rad/sBD =α   

   2737 rad/sDE =α   
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PROBLEM 15.253 

Knowing that at the instant shown rod AB has zero angular 
acceleration and an angular velocity of 15 rad/s counterclockwise, 
determine (a) the angular acceleration of arm DE, (b) the 
acceleration of Point D. 

 

SOLUTION 

  

3
tan , 36.87

4
4

5 in.
cos

4
5 in.

cos

( ) (5)(15)

75 in./s

B AB

AB

DE

v AB

β β

β

β
ω

= = °

= =

= =

= =

=

 

  B Bv=v  , D Dvβ =v  β  

Point C is the instantaneous center of bar BD. 

  
5 75

6.25 in. 12 rad/s
cos 6.25

B
BD

v
CB

CB
ω

β
= = = = =  

  
5

6.25 in. ( ) (6.25)(12) 75 in./s
cos D BDCD v CD ω

β
= = = = =  

  
75

15 rad/s
5

D
DE

v

DE
ω = = =  

 .Acceleration analysis  0ABα =  

  [( )B ABAB α=a   
2] [( ) ABABβ ω+   ]β  

  20 [(5)(15)= +   
2] 1125 in./sβ =  β  

  / [( )D B BDBD α=a 2] [( ) BDBD ω+ ]  

  [10 BDα= 2] [(10)(12)+ ]  

  [10 BDα= 2] [1440 in./s+ ]  

  [( )D DEDE α=a  2] [( ) DEDEβ ω+   ]β  

  [5 DEα=  2] [(5)(15)β +   ]β  

  [5 DEα=  2] [1125 in./sβ +  ]β  

  / Resolve into components.D B D B= +a a a  
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PROBLEM 15.253  (Continued) 

 

( )a  :    5 sin 1125cos 1125cos 1440DEα β β β+ = − −  

  21080 rad/sDEα = −  21080 rad/sDE =α   

( )b   [(5)( 1080)D = −a  2] [1125 in./sβ +  ]β  

  2[5400 in./s=   
2] [1125 in./sβ +   ]β  

  

2 2

2

2

1125
tan

5400
11.77

5400 1125

5516 in./s

460 ft/s

90 64.9

Da

γ

γ

β γ

=

= °

= +

=

=
° − + = °  2460 ft/sD =a   64.9°   
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PROBLEM 15.254 

Rod AB is attached to a collar at A and is fitted with a wheel at 
B that has a radius r = 15 mm. Knowing that when θ = 60° 
the colar has velocity of 250 mm/s upward and the speed of the 
collar is decreasing at a rate of 150 mm/s2, determine (a) the 
angular acceleration of rod AB, (b) the angular acceleration of 
the wheel. 

 

 

SOLUTION 

Geometry. We note that Point B moves on a circle of radius R = 300 mm 
centered at C. It is useful to use the angle β, angle ACB of the 
triangle ABC, which indicates the motion of B along this 
curve. Applying the law of sines to the triangle ABC, 

 

  ( 60 )
sin( ) sin

AB BC θ
π θ β

= = °
−

 
 

  or 
200 mm

sin sin sin 60
300 mm

35.264

AB

BC
β θ

β

= = °

= °


  

With meters as the length unit and the unit vectors defined as 

  1=i , 1=j , and 1=k  

The relative position vectors are 

  /

/

(0.2 m)(sin 60 cos60 )

(0.3 m)(sin cos )
B A

B C β β
= ° − °
= −

r i j

r i j
 

Let Point P be the contact point where the wheel rolls on the fixed surface. 

      / (0.015 m)(sin cos )P B β β= −r i j  

Velocity analysis. 0.250 m/sA =v  0P =v  

  B Bv=v  β       AB ABω=ω k       BP BPω=ω k  

                  
/ /

0.250 ( ) (0.2sin 60 0.2cos60 )

(cos sin ) 0.25 0.1 0.173205

B A B A A AB B A

AB

B AB ABv

ω
β β ω ω

= + = + ×
= + × ° − °

+ = + +

v v v v ω r

j k i j

i j j i j
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PROBLEM 15.254  (Continued) 

 

Resolve into components: 

 i: cos 0.1B ABv β ω= +  (1) 

 j: sin 0.25 0.173205B ABv β ω= −  (2) 

Solving the simultaneous Equations (1) and (2), 

  0.29873 m/s 2.43913B ABv ω= − = −  

  0.29873 m/sB =v β     2.43913 rad/sAB =ω  

Since the wheel rolls without slipping, Point P is its instantaneous center. 

 
0.29873

| |
0.15B BP PBv rω ω= =  1.992 rad/sBP =ω   

Acceleration analysis  2150 mm/sA =a  

  ( ) 0P t =a  

      

2
/ / /

2

0.150 (0.2sin 60 0.2cos60 )

(2.43913) (0.2sin 60 0.2cos 60 )

0.150 (0.2sin 60 ) (0.2cos 60 )

1.03046 0.59494

(0.2cos60 ) (0.2sin 60 ) 1.0304

B A B A A AB B A AB B A

AB

AB AB

AB AB

ω
α

α α

α α

= + = + × −
= − + × ° − °

− ° − °
= − + ° + °

− +
= ° + ° −

a a a a α k r r

j k i j

i j

j j i

i j

i j 6 0.44494+i j

 

Consider the motion of B along its circular path. 

  [( )B B ta=a
2

] Bv

R
β


+ 


β 


 

       

2

2

( ) (cos sin ) ( sin cos )

(0.29873)
( ) cos ( ) sin ( sin cos )

0.3
( ) cos ( ) sin 0.17174 0.24288

B
B t

B t B t

B t B t

v
a

R

a a

a a

β β β β

β β β β

β β

= + + − +

= + − − +

= + − +

i j i j

i j i j

i j i j

 

Equate the two expression for aB and resolve into components. 

 i: ( ) cos 0.17174 (0.2cos 60 ) 1.03046B t ABa β α− = ° −  (3) 

 j: ( ) sin 0.24288 0.2sin 60 0.44494B t ABa β α+ = ° +  (4) 

Solving Eqs. (3) and (4) simultaneously, 

  2 2( ) 2.0187 m/s 7.8956 rad/sB t ABa α= − = −  
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PROBLEM 15.254  (Continued) 

 

(a) Angular acceleration of AB. 27.90 rad/sABα =   

(b) Angular acceleration of the wheel. 

  
2

( ) ( ) 0

( ) ( 2.0187)
134.6 rad/s

0.015

P t B t BP

B t
BP

a a r

a

r

α

α

= + =
−= = − =

 

   2134.6 rad/sBP =α   
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PROBLEM 15.255 

Water flows through a curved pipe AB that rotates with a constant 
clockwise angular velocity of 90 rpm. If the velocity of the water 
relative to the pipe is 8 m/s, determine the total acceleration of a 
particle of water at Point P. 

 

SOLUTION 

Let the curved pipe be a rotating frame of reference. Its angular velocity is 90 rpm  or 9.4248 rad/s=ω . 

Motion of the frame of reference at Point P′. 

 ( )P AP ω′ =v 45 (0.5 2)(9.4248)° = 45 6.6643 m/s° = 45°  

 2( )P AP ω′ =a 245 (0.5 2)(9.4248)° = 245 62.81 m/s° = 45°  

Motion of water relative to the frame at Point P. 

 /

2
/

/

2

2

8 m/s

( )

(8 m/s)

0.5 m

128 m/s

P F

P F
P F

v

ρ

= ←

= ↓

= ↓

= ↓

v

a

 

Coriolis acceleration. /

2

2

2

(2)(9.4248)(8)

150.797 m/s

150.797 m/s

c P F

c

a vω=
=

=

= ↑a

 

Acceleration of water at Point P. /P P P F c′= + +a a a a  

 [62.81P =a 45 ] [128 ] [150.797 ]° + ↓ + ↑  

 2 2[44.413 m/s ] [21.616 m/s ]= → + ↓  

 249.4 m/sP =a 26.0°   
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PROBLEM 15.256 

A disk of 0.15-m radius rotates at the constant 
rate 2ω  with respect to plate BC, which itself 
rotates at the constant rate 1ω  about the y axis. 
Knowing that 1 2 3 rad/s,ω ω= =  determine, for 
the position shown, the velocity and acceleration 
(a) of Point D, (b) of Point F. 

 

SOLUTION 

Frame AXYZ is fixed. 

Moving frame, Exyz, rotates about y  axis at 

 1 (3 rad/s)ω= =j jΩ  

(a) Point D: 2 2

/

/

/

/ /

(3 rad/s)

0

(0.15 m)

0

(3 rad/s) ( 0.15 m)

(0.45 m/s)

D A

D E

D D A

D F A D E

ω

′

= =
=
= −
= × =
= ×
= × −
=

j j

r

r i

v r

v r

j i

k

ω

Ω
ω

 

 /D D D F′= +v v v  (0.45 m/s)D =v k   

 

/ 1 /

2

/

2

0

(3 rad/s) (0.45 m/s)

(1.35 m/s )

2

2(3 rad/s) (0.45 m/s) (2.70 m/s )

D D

D F D F

c D F

′ ′= × =
= ×
= ×

=
= ×

= × =

a v

a v

j k

i

a v

j k i

Ω
ω

Ω

 

 

/

2 20 (1.35 m/s ) (2.70 m/s )

D D D F c′= + +

= + +

a a a a

i i  2(4.05 m/s )D =a i  
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PROBLEM 15.256  (Continued) 

 

(b) Point F: 2 2

/

/

/

(3 rad/s)

(0.3 m) ;

(0.15 m)

(3 rad/s) (0.3 m)

(0.9 m/s)

F A

F E

F F A

ω

′

= =
=
=
= ×
= ×
= −

j j

r i

r i

v r

j i

k

ω

Ω

 

 

/ 2 /

/

(3 rad/s) (0.15 m)

(0.45 m/s)

(0.9 m/s) (0.45 m/s)

F F F E

F F F F′

= ×
= ×
= −
= +
= − −

v r

j i

k

v v v

k k

ω

 (1.35 m/s)F = −v k   

 

2

/ 2 /

2

/

2

/

2 2 2

(3 rad/s) ( 0.9 m/s)

(2.7 m/s )

(3 rad/s) ( 0.45 m/s)

(1.35 m/s )

2

2(3 rad/s) ( 0.45 m/s)

(2.7 m/s )

(2.7 m/s ) (1.35 m/s ) (2.7 m/s )

F F

F F F F

c F F

F F F F c

′ ′

′

= ×
= × −

= −
= ×
= × −

= −
= ×
= × −

= −
= + +

= − − −

a v

j k

i

a v

j k

i

a v

j k

i

a a a a

i i i

Ω

ω

Ω
 

 2(6.75 m/s )F = −a i   
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PROBLEM 15.257 

Two rods AE and BD pass through holes drilled into a hexagonal 
block. (The holes are drilled in different planes so that the rods will 
not touch each other.) Knowing that rod AE has an angular velocity 
of 20 rad/s clockwise and an angular acceleration of 4 rad/s2 
counterclockwise when θ = 90°, determine, (a) the relative velocity 
of the block with respect to each rod, (b) the relative acceleration 
of the block with respect to each rod. 

 

SOLUTION 

Geometry: When 90 ,θ = °  Point H is located as shown in the sketch. Apply the law of sines to the triangle 
ABH. 

 1 2100 mm

sin 60 sin 30 sin 90

r r= =
° ° °

 

 1

2

57.735 mm

115.470 mm

r

r

=
=

 

 

 

 

 

 

 

The angle at H remains at 60° so that rods AE and BD have a common angular velocity ω=ω  and a 
common angular acceleration α=α , where 

 20 rad/sω = −  

 and 4 rad/sα =  

Consider the double slider H as a particle sliding along the rotating rod AH with relative velocity u 1   and 
relative acceleration 1u  . 

Let H ′  be the point on rod AE that coincides with H. 

  1[H rω′ =v ] [(57.735 mm)( 20 rad/s)= − ] [1154.7 mm/s= ]  

 1[H rα′ =a 2
1] [rω+ ]  

 2[(57.735 mm)(4 rad/s )= 2] [(57.735 mm)(20 rad/s)+ ]  

  2[230.9 mm/s= 2] [23094 mm/s+ ]  
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PROBLEM 15.257  (Continued) 

 

The corresponding Coriolis acceleration is 

 1 1[2 uω=a 1] [(2)( 20)u= − 1] 40u=   

 1H H u′= +v v [1154.7 mm=  1]+[u ]  (1) 

 1[H Ha u′= +a  1] [40u+ ]  

 [230.9 mm/s= 2] [23094 mm/s+ 1] [u+  1] [40u+ ]  (2) 

Now consider the double slider H as a particle sliding along the rotating rod BD with relative velocity u2   60° 
and relative acceleration 2u 60°. 

Let H ′′ be the point on rod BD that coincides with H. 

 2H r ω′′ =v 30 (115.47 mm)( 20 rad/s)° = − 30 2309.4 mm/s° =  30° 

 2H r α′′ =a 2
230 r ω° + 60° 

       2(115.47 mm)(4 rad/s )= 230 (115.47 mm)(20 rad/s)° +  60° 

       2461.9 mm/s= 230 46188 mm/s° +  60° 

The corresponding Coriolis acceleration is 

 2 22 uω=a 230 (2)( 20 rad/s)u° = − 260 40u° =  30° 

 2H H u′′= +v v 60 2309.4 mm/s° =  230 u° + 60° (3) 

 2H H u′′= +a a  260 40u° +  30° 

     2[(461.9 mm/s )= 230 ] [(46188 mm/s )° + 260 ] [u° +  260 ] [40u° +  30° ]  (4) 

Equate expression (1) and (3) for vH and resolve into components. 

 : 2

2 2

1154.7 mm/s (2309.4 mm/s)sin 30 sin 60

2309.4sin 30 1154.7
0

sin 60

u

u u

= − ° + °
° −= =
°

 

 :                     1 12309.4cos30 0 2000 mm/su u= ° + =  

Substitute the values for u1 and u2 into the Coriolis acceleration terms, and equate expressions (2) and (4) for 
aH, and resolve into components. 

 : 2

2 2

2

230.9 mm/s (40 rad/s)(2000 mm/s)

(461.9 mm/s )sin 30 (46188 mm/s )sin 60

sin 60 (40)(0)sin 30u

−

= ° + °
+ ° − °

 

      2
230.9 80000 230.9 40000

sin 60
u

− − +=
°

  2
2 46188 mm/su = −  
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PROBLEM 15.257  (Continued) 

 

 : 2 2 2
1

2

23094 mm/s (461.4 mm/s )cos30 (46188 mm/s )cos60

(46188 mm/s )cos 60 0

u − = − ° − °

− ° +

  

   2
1 23494 mm/su = −   

(a) Relative velocities: 1:AE u  2.00 m/s=  

   2:BD u 60 0° =   

(b) Relative accelerations: 2
1: 23.5 m/sAE u =   

   2:BD u 260 46.2 m/s° =   60°  
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PROBLEM 15.258 

Rod BC of length 24 in. is connected by ball-and-socket joints 
to a rotating arm AB and to a collar C that slides on the fixed 
rod DE. Knowing that the length of arm AB is 4 in. and that it 
rotates at the constant rate 1 10 rad/s,ω =  determine the 
velocity of collar C when 0.θ =  

 

SOLUTION 

Geometry. 

/ /
2 2 2 2

/

/

/

/

24 in.
(8 in.) (16 in.)

24 8 16
16 in.
(8 in.) (16 in.) (16 in.)

(4 in.)

BC

C B C B

C B

C B

C B

B A

l

z

z

z

=
= − +
= + +
=
= − +
= −

r i j k

r i j k
r i

 

Velocity at B. 1 /

10 ( 4 )

(40 in./s)

B B Aω= ×
= × −
= −

v k r

k i

j

 

Velocity of collar C. 

/

C C

C B C B

v=
= +

v k

v v v

 

where / /C B BC B C= ×v rω  

Noting that /C Bv  is perpendicular to / ,C Br  we get / / 0C B C B⋅ =r v  

Forming / ,C B C⋅r v  we get / / /

/ / /

( )C B C C B B C B

C B B C B C B

⋅ = ⋅ +
= ⋅ + ⋅

r v r v v

r v r v

 

or / /C B C C B B⋅ =r v r v  (1) 

From Eq. (1) (8 16 16 ) ( ) (8 16 16 ) ( 40 )

16 ( 16)( 40)
C

C

v

v

− + ⋅ = − + ⋅ −
= − −

i j k k i j k j  

or 40 in./sCv =  (40.0 in./s)C =v k   
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PROBLEM 15.259 

In the position shown, the thin rod moves at a constant speed 
u 3 in./s= out of the tube BC. At the same time, tube BC rotates 
at the constant rate 2 1.5ω =  rad/s with respect to arm CD. 
Knowing that the entire assembly rotates about the X axis at the 
constant rate 1 1.2ω =  rad/s, determine the velocity and 
acceleration of end A of the rod. 

 

SOLUTION 

Geometry. (6 in.) (9 in.)A = +r j k  

Method 1 

Let the rigid body DCB be a rotating frame of reference. 

Its angular velocity is 1 2

(1.2 rad/s) (1.5 rad/s) .

ω ω= +

= −

i k

i k

Ω  

Its angular acceleration is  1 2

1 2

2(1.8 rad/s ) .

ω ω
ω ω

= ×
= −

=

i k

j

j

α  

Motion of the coinciding Point A′ in the frame. 

 

2 2

(1.2 1.5 ) (6 9 )

7.2 10.8 9

(9 in./s) (10.8 in./s) (7.2 in./s)

0 1.8 0 1.2 0 1.5

0 6 9 9 10.8 7.2

16.2 16.2 22.14 12.96

(22.14 in./s ) (12.96 in./s )

A A

A A A

′

′ ′

= ×
= − × +
= − +
= − +
= × + ×

= + −
−

= − − −

= − −

v r

i k j k

k j i

i j k

a r v

i j k i j k

i i j k

j k

Ω

α Ω
 

Motion of Point A relative to the frame. 

  /

/

(3 in./s) ,

0

A F

A F

u= =

=

v j j

a

 

 
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1390 

PROBLEM 15.259  (Continued) 

 

Velocity of Point A. /

9 10.8 7.2 3

A A A F

A

′= +

= − + +

v v v

v i j k j

 

 (9.00 in./s) (7.80 in./s) (7.20 in./s)A = − +v i j k   

Coriolis acceleration. /

2 2

2 (2)(1.2 1.5 ) 3

(9 in./s ) (7.2 in./s )

A F× = − ×

= +

v i k j

i k

Ω  

Acceleration of Point A. / /2

22.14 12.92 9 7.2

A A A F A F

A

′= + + ×

= − − + +

a a a v

a j k i k

Ω  

 2 2 2(9.00 in./s ) (22.1 in./s ) (5.76 in./s )A = − −a i j k   

Method 2 

Let frame Dxyz, which at instant shown coincides with DXYZ, rotate with an angular velocity 1 1.2 rad/s.ω= =i iΩ  
Then the motion relative to the frame consists of the rotation of body DCB about the Z axis with angular 
velocity 2 (1.5 rad/s)ω = −k k plus the sliding motion (3 in./s)u= =u i j  of the rod AB relative to the body DCB. 

Motion of the coinciding Point A′ in the frame. 

  

2 2

1.2 (6 9 )

(10.8 in./s) (7.2 in./s)

1.2 ( 10.8 7.2 )

(8.64 in./s ) (12.96 in./s )

A A

A A

′

′ ′

= ×
= × +
= − +
= ×
= × − +

= − −

v r

i j k

j k

a v

i j k

j k

Ω

Ω
 

Motion of Point A relative to the frame. 

  

/ 2

/ 2 2 2 2

2 2

( 1.5 ) (6 9 ) 3

(9 in./s) (3 in./s)

( ) 2 ( )

0 ( 1.5 ) (9 ) 0 (2) ( 1.5 ) (3 )

13.5 9

(9 in./s ) (13.5 in./s )

A F A

A F A A

u

u u

ω

α ω ω ω

= × +
= − × + +
= +
= × + × × + + ×
= + − × + + − ×
= − +
= −

v k r j

k j k j
i j

a k r k k r j k j

k i k j
j i

i j

  

Velocity of Point A. /

10.8 7.2 9 3

A A A F

A

′= +

= − + + +

v v v

v j k i j

 

 (9.00 in./s) (7.80 in./s) (7.20 in./s)A = − +v i j k  
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PROBLEM 15.259  (Continued) 

 

Coriolis acceleration. /

2

2 (2)(1.2 ) ( 9 3 )

(7.2 in./s )

A F× = × − +

=

v i i j

k

Ω  

Acceleration of Point A. / /2

8.64 12.96 9 13.5 7.2

A A A F A F

A

′= + + ×

= − − + − +

a a a v

a j k i j k

Ω  

  2 2 2(9.00 in./s ) (22.1 in./s ) (5.76 in./s )A = − −a i j k   

 

 



 

 



CCHHAAPPTTEERR  1166  
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PROBLEM 16.CQ1 

Two pendulums, A and B, with the masses and lengths shown are 
released from rest. Which system has a larger mass moment of inertia 
about its pivot point? 

(a) A 

(b) B 

(c) They are the same. 

 

SOLUTION 

Answer: (b)  



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1396 

 

 

PROBLEM 16.CQ2 

Two pendulums, A and B, with the masses and lengths shown are 
released from rest. Which system has a larger angular acceleration 
immediately after release? 

(a) A 

(b) B 

(c) They are the same. 

 

SOLUTION 

Answer: (a)  
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PROBLEM 16.CQ3 

Two solid cylinders, A and B, have the same mass m and the radii 2r and r 
respectively. Each is accelerated from rest with a force applied as shown. 
In order to impart identical angular accelerations to both cylinders, what is 
the relationship between F1 and F2? 

(a) F1 = 0.5F2 

(b) F1 = F2 

(c) F1 = 2F2 

(d ) F1 = 4F2 

(e) F1 = 8F2 

 

SOLUTION 

Answer: (c)  

  

1 2
2 2 21 1 1

2 2 2

(2 )

(2 )

Fr I

F r F rFR

mR m r mr

α

α

=

= = =

 

  1 22F F

mr mr
=  1 22F=F   
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PROBLEM 16.F1 

A 6-ft board is placed in a truck with one end resting against a block 
secured to the floor and the other leaning against a vertical partition. 
Draw the FBD and KD necessary to determine the maximum allowable 
acceleration of the truck if the board is to remain in the position shown. 

 

SOLUTION 

Answer:  
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PROBLEM 16.F2 

A uniform circular plate of mass 3 kg is attached to two links AC and BD of the 
same length. Knowing that the plate is released from rest in the position shown, in 
which lines joining G to A and B are, respectively, horizontal and vertical, draw the 
FBD and KD for the plate. 

 

SOLUTION 

Answer:  
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PROBLEM 16.F3 

Two uniform disks and two cylinders are assembled as indicated. Disk A 
weighs 20 lb and disk B weighs 12 lb. Knowing that the system is 
released from rest, draw the FBD and KD for the whole system. 

 

SOLUTION 

Answer: 
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PROBLEM 16.F4 

The 400-lb crate shown is lowered by means of two overhead cranes. Knowing 
the tension in each cable, draw the FBD and KD that can be used to determine 
the angular acceleration of the crate and the acceleration of the center of gravity. 

 

SOLUTION 

Answer: 

 

 
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1402 

 

 

PROBLEM 16.1 

A conveyor system is fitted with vertical panels, and a 15-in. rod AB weighing 5 lb 
is lodged between two panels as shown. If the rod is to remain in the position shown, 
determine the maximum allowable acceleration of the system. 

 

SOLUTION 

Geometry: 
10 in.

10.642 in.
cos 20
1

(15 in.)sin 20 2.5652 in.
2
1

(15 in.)cos 20 7.0477 in.
2

d

b

c

= =
°

= ° =

= ° =

 

Mass: 
2

5 lb
0.15528 slug

32.2 ft/s

W
m

g
= = =  

Kinetics:  

 

 

 

 

 

 eff( ) :B BM M Cd Wb macΣ = Σ − = −  
Maximum allowable acceleration. 

This occurs at loss of contact when 0.C =  

 
(5 lb)(2.5652 in.)

1.8199 lb
7.0477 in.

Wb
ma

c
= = =  

 
1.8199 lb

0.15528 slug

ma
a

m
= =  11.72 ft/sa =   



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1403 

 

 

PROBLEM 16.2 

A conveyor system is fitted with vertical panels, and a 15-in. rod AB weighing 5 lb 
is lodged between two panels as shown. Knowing that the acceleration of the 
system is 23 ft/s  to the left, determine (a) the force exerted on the rod at C, (b) the 
reaction at B. 

 

SOLUTION 

Geometry: 
10 in.

10.642 in.
cos 20

1
(15 in.)sin 20 2.5652 in.

2
1

(15 in.)cos 20 7.0477 in.
2

CB d

b

c

= = =
°

= ° =

= ° =

 

Mass: 
2

5 lb
0.15528 slug

32.2 ft/s

W
m

g
= = =  

Kinetics: 2(0.15528 slug)(3 ft/s ) 0.46588 lbm = =a  

 

 

 

 

(a) Force at C.  

 eff( ) :B BM M Cd Wb macΣ = Σ − = −  

 
(5 lb)(2.5652 in.) (0.46588 lb)(7.0477 in.)

10.642 in. 10.642

Wb mac
C

d d
= − = −  

 0.89669 lbC =  0.897 lb=C   20° 





PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1404 

PROBLEM 16.2  (Continued) 

 

(b) Reaction at B. 

 + eff( ) : sin 20 0y y yF F B W CΣ = Σ − + ° =  

 5 lb (0.89669 lb)sin 20 4.6933 lbyB = − ° =  

 eff( ) : cos 20x x xF F B C maΣ = Σ − ° =  

 (0.89669 lb)cos 20 0.46588 1.3085 lbxB = ° + =  

 1.3085 lb=B 4.6933 lb+   4.87 lb=B   74.4° 
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PROBLEM 16.3 

Knowing that the coefficient of static friction between the tires 
and the road is 0.80 for the automobile shown, determine  
the maximum possible acceleration on a level road, assuming 
(a) four-wheel drive, (b) rear-wheel drive, (c) front-wheel drive. 

 

SOLUTION 

(a) Four-wheel drive: 

 

 + 0: 0y A B A BF N N W N N W mgΣ = + − = + = =  

 Thus: ( ) 0.80A B k A k B k A B kF F N N N N W mgμ μ μ μ+ = + = + = =  

 eff( ) :x x A BF F F F maΣ = Σ + =  

 0.80mg ma=  

 20.80 0.80(32.2 ft/s )a g= =  225.8 ft/s=a   

(b) Rear-wheel drive: 

 

 eff( ) : (40 in.) (100 in.) (20 in.)B B AM M W N maΣ = Σ − = −  

 0.4 0.2AN W ma= +  

 Thus: 0.80(0.4 0.2 ) 0.32 0.16A k BF N W ma mg maμ= = + = +  

 eff( ) :x x AF F F maΣ = Σ =  

 
0.32 0.16

0.32 0.84

mg ma ma

g a

+ =
=

 

 20.32
(32.2 ft/s )

0.84
a =  212.27 ft/s=a   
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PROBLEM 16.3  (Continued) 

 

(c) Front-wheel drive: 

 

 eff( ) : (100 in.) (60 in.) (20 in.)A A BM M N W maΣ = Σ − = −  

 0.6 0.2BN W ma= −  

 Thus: 0.80(0.6 0.2 ) 0.48 0.16B k BF N W ma mg maμ= = − = −  

 eff( ) :x x BF F F maΣ = Σ =  

 2

0.48 0.16

0.48 1.16

0.48
(32.2 ft/s )

1.16

mg ma ma

g a

a

− =
=

=  213.32 ft/s=a   
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PROBLEM 16.4 

The motion of the 2.5-kg rod AB is guided by two small wheels which roll 
freely in horizontal slots. If a force P of magnitude 8 N is applied at B, 
determine (a) the acceleration of the rod, (b) the reactions at A and B. 

 

SOLUTION 

 

(a)  eff

2

( ) :

8 N
3.20 m/s

2.5 kg

x xF F P ma

P
a

m

Σ = Σ =

= = =

 

   23.20 m/s=a    

(b)   eff
2 2

( ) :B B
r r

M M W r Ar ma
π π

   Σ = Σ − − =   
     

  
2

2 2 2 2
1 1

2 2
(2.5 kg)(9.81 m/s ) 1 (8 N)

A W ma mg P
π π π π

π π

       = − − = − −       
       

   = − −   
   

 

  8.912 N 5.093 N 3.819 N= − =  3.82 N=A  

  0: 0yF A B WΣ = + − =  

 (2.5)(9.81) 3.819,B W A= − = −  20.71 N=B   
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PROBLEM 16.5 

A uniform rod BC of mass 4 kg is connected to a collar A by a 250-mm 
cord AB. Neglecting the mass of the collar and cord, determine (a) the 
smallest constant acceleration Aa  for which the cord and the rod lie in 
a straight line, (b) the corresponding tension in the cord. 

 

SOLUTION 

Geometry and kinematics: 

Distance between collar and floor 250 mm 350 mm 600 mmAD= = + =  

When cord and rod lie in a straight line: 

 250 mm 400 mm 650 mmAC AB BC= + = + =  

 
600 mm

cos
650 mm

AD

AC
θ = =  

 22.62θ = °  

Kinetics 

(a) Acceleration at A. 

 eff( ) :C CM MΣ = Σ ( )sin ( )cosW CG ma CGθ θ=  

 tanma mg θ=  

 2tan (9.81 m/s ) tan 22.62a g θ= = °  

 24.09 m/sA = =a a   

(b) Tension in the cord. 

 eff( ) :x xF FΣ = Σ sin tanT ma mgθ θ= =  

 
(4 kg)(9.81)

cos cos 22.62

mg
T

θ
= =

°
 42.5 NT =  
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PROBLEM 16.6 

A 2000-kg truck is being used to lift a 400-kg 
boulder B that is on a 50-kg pallet A. Knowing 
the acceleration of the rear-wheel drive truck is 
1 m/s2, determine (a) the reaction at each of the 
front wheels, (b) the force between the boulder 
and the pallet. 

 

SOLUTION 

Kinematics: Acceleration of truck: 1 m/sT
2=a . 

When the truck moves 1 m to the left, the boulder B and pallet A are raised 0.5 m. 

Then,  20.5 m/sA =a  20.5 m/sB =a  

Kinetics: Let T be the tension in the cable. 

 

 

Pallet and boulder: eff( ) :y yF FΣ = Σ 2 ( ) ( )A B g A B BT m m m m a− + = +  

  
2 22 (450 kg)(9.81 m/s ) (450 kg)(0.5 m/s )

2320 N

T

T

− =
=
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PROBLEM 16.6  (Continued) 

 

Truck: eff( ) :R RM M= Σ (3.4 m) (2.0 m) (0.6 m) (1.0 m)F T T TN m g T m a− + − =  

 

2(2.0 m)(2000 kg)(9.81 m/s ) (0.6 m)(2320 N) (1.0 m)(2000 kg)(1.0 m/s)

3.4 m 3.4 m 3.4 m
11541.2 N 409.4 N 588.2 N

10544 N

FN = − +

= − −
=

 

 eff( ) :y yF FΣ = Σ 0F R TN N m g+ − =  

 
210544 N (2000 kg)(9.81 m/s ) 0

9076 N
R

R

N

N

+ − =
=

 

 eff

2

( ) :

2320 N (2000 kg) (1.0 m/s )

4320 N

x x R T T

R

F F F T m a

F

Σ = Σ − =

= +
=

 

(a) Reaction at each front wheel: 

   
1

2 FN : 5270 N  

 Reaction at each rear wheel: 

 
1

2 RF
1

2 RN+  5030 N  64.5° 

(b) Force between boulder and pallet. 

   

Boulder eff( ) :y yF FΣ = Σ B B B BN M g m a+ −  

  2 2(400 kg)(9.81 m/s ) (400 kg)(0.5 m/s )BN = +  

  4124 N=  4120 N (compression)  
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PROBLEM 16.7 

The support bracket shown is used to transport a cylindrical can from one 
elevation to another. Knowing that 0.25sμ =  between the can and the 
bracket, determine (a) the magnitude of the upward acceleration a for which 
the can will slide on the bracket, (b) the smallest ratio h/d for which the can 
will tip before it slides. 

 

SOLUTION 

(a) Sliding impends 

 eff( ) :y xF FΣ = Σ  cos30F ma= °  

 eff( ) : sin 30y yF F N mg maΣ = Σ − = °  

 ( sin 30 )N m g a= + °  

 
cos30

0.25
( sin 30 )

sin 30 4 cos30

s
F

N
ma

m g a

g a a

μ =

°=
+ °

+ ° = °

 

 
1

4cos30 sin 30

a

g
=

° − °
 0.337g=a  30° 

 

(b) Tipping impends 

 eff( ) : 0
2 2G G
h d

M M F N
   Σ = Σ − =   
   

 

 
F d

N h
=  

 ;    0.25 ;
F d

N h
μ = =  4.00

h

d
=  
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PROBLEM 16.8 

Solve Problem 16.7, assuming that the acceleration a of the bracket is directed 
downward. 

PROBLEM 16.7 The support bracket shown is used to transport a cylindrical 
can from one elevation to another. Knowing that 0.25sμ =  between the can 
and the bracket, determine (a) the magnitude of the upward acceleration a for 
which the can will slide on the bracket, (b) the smallest ratio h/d for which the 
can will tip before it slides. 

 

SOLUTION 

(a) Sliding impends: 

 

 eff( ) :x xF FΣ = Σ  cos30F ma= °  

 eff( ) : sin 30y yF F N mg maΣ = Σ − = − °  

 ( sin 30 )N m g a= − °  

 
cos30

0.25
( sin 30 )

sin 30 4 cos30

s
F

N
ma

m g a

g a a

μ =

°=
− °

− ° = °

 

 
1

0.25226
4cos30 sin 30

a

g
= =

° + °
 0.252g=a  30°



(b) Tipping impends: 

 eff( ) :
2 2G G
h d F d

M M F W
N h

   Σ = Σ = =   
   

 

 ; 0.25 ;
F d

N h
μ = =  4.00

h

d
=  
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PROBLEM 16.9 

A 20-kg cabinet is mounted on casters that allow it to move freely 
( 0)μ =  on the floor. If a 100-N force is applied as shown, determine 
(a) the acceleration of the cabinet, (b) the range of values of h for 
which the cabinet will not tip. 

 

SOLUTION 

 

(a) Acceleration 

 

 eff( ) : 100 Nx xF F maΣ = Σ =  

 100 N (20 kg)a=  

 25.00 m/s=a   

(b) For tipping to impend  :    0A =  

 eff( ) : (100 N) (0.3 m) (0.9 m)B BM M h mg maΣ = Σ − =  

 
2(100 N) (20 kg)(9.81 m/s )(0.3 m) (100 N)(0.9 m)

1.489 m

h

h

− =
=

 

 For tipping to impend  :   0B =  

 eff( ) : (100 N) (0.3 m) (0.9 m)A AM M h mg maΣ = Σ + =  

 
2(100 N) (20 kg)(9.81 m/s )(0.3 m) (100 N)(0.9 m)

0.311 m

h

h

+ =
=

 

 Cabinet will not tip: 0.311 m 1.489 mh≤ ≤   
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PROBLEM 16.10 

Solve Problem 16.9, assuming that the casters are locked and slide on 
the rough floor ( 0.25).kμ =  

PROBLEM 16.9 A 20-kg cabinet is mounted on casters that allow it to 
move freely ( 0)μ =  on the floor. If a 100-N force is applied as shown, 
determine (a) the acceleration of the cabinet, (b) the range of values of 
h for which the cabinet will not tip. 

 

SOLUTION 
 

(a) Acceleration. 

 + 0: 0y A BF N N WΣ = + − =  

 A BN N mg+ =  

 But, ,F Nμ=  thus ( )A BF F mgμ+ =  

 eff( ) : 100 N ( )x x A BF F F F maΣ = Σ − + =  

 100 N mg maμ− =  

 2100 N 0.25(20 kg)(9.81 m/s ) (20 kg)a− =  

 22.548 m/sa =  22.55 m/s=a   

(b) Tipping of cabinet. 

 

 
2(20 kg)(9.81 m/s )

196.2 N

W mg

W

= =
=

 

 For tipping to impend  :   0.AN =  

 eff( ) : (100 N) (0.3 m) (0.9 m)B BM M h W maΣ = Σ − =  

 
2(100 N) (196.2 N)(0.3 m) (20 kg)(2.548 m/s )(0.9 m)

1.047 m

h

h

− =
=
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PROBLEM 16.10  (Continued) 

 

 For tipping to impend  :    0BN =  

 eff( ) : (100 N) (0.3 m) (0.9 m)A AM M h W maΣ = Σ + =  

 
2(100 N) (196.2 N)(0.3 m) (20 kg)(2.548 m/s )(0.9 m)

0.130 m (impossible)

h

h

+ =
= −

 

 Cabinet will not tip: 1.047 mh ≤  
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PROBLEM 16.11 

A completely filled barrel and its contents have a combined 
mass of 90 kg. A cylinder C is connected to the barrel at a 
height h = 550 mm as shown. Knowing 0.40sμ =  and 

0.35,kμ =  determine the maximum mass of C so the barrel 
will not tip. 

 

SOLUTION 

Kinematics: Assume that the barrel is sliding, but not tipping. 

 0 G aα = =a  

Since the cord is inextensible, C a=a  

Kinetics: Draw the free body diagrams of the barrel and the cylinder. Let T be the tension in the cord. 

The barrel is sliding. 0.35F kF N Nμ= =  

Assume that tipping is impending, so that the line of action of the reaction on the bottom of the barrel passes 
through Point B. 
 250 mme =  

                           

For the barrel. 0: 0 882.90 Ny B B BF N W N W m gΣ = − = = = =  

 0: 100 (450)(0.35 ) 0GM Ne T NΣ = − − =  

 
(450)(0.35) 250 157.5

(882.90) 816.68 N
100 100

e
T N

− −= = =  

 : 0.35x B BF m a T N m aΣ = − =  

 
2816.68 882.90

0.35 5.6407 m/s
90 90

a = − =  
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PROBLEM 16.11  (Continued) 

 

For the cylinder: :C C CF m a W T m aΣ = − =  

 C Cm g T m a− =  

 
816.68

195.88 kg
9.81 5.6407C

T
m

g a
= = =

− −
 

  195.9 kgCm =  
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PROBLEM 16.12 

A 40-kg vase has a 200-mm-diameter base and is being moved 
using a 100-kg utility cart as shown. The cart moves freely ( μ = 0) 
on the ground. Knowing the coefficient of static friction between 
the vase and the cart is μs = 0.4, determine the maximum force F 
that can be applied if the vase is not to slide or tip. 

 

SOLUTION 

Vase: 

 

   
 

 eff( ) : 0y y VF F N m gΣ = Σ − =  

 
2(40 kg)(9.81 m/s ) 392.4 NVN m g= = =  

For impending sliding, f SF Nμ=  

  (0.4)(392.4 N) 156.96 NfF = =  

  eff( ) :x x f VF F F m aΣ = Σ =  

 2156.96 N
3.924 m/s

40
f

V

F
a

m
= = =  

This is the limiting value of a for sliding. 

 eff:( )B B V VM M m ge m ah= Σ =  

 
2 2100 mm

(9.81 m/s ) 1.635 m/s
600 mm

e
a g

h
= = =  

This is the limiting value of a for tipping. 

The smaller value governs. 21.635 m/sa =  
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PROBLEM 16.12  (Continued) 

 

Cart and vase: 

 

 
 

 eff( ) :x x C VF F F m a m aΣ = Σ = +  

  2 2(100 kg)(1.635 m/s ) (40 kg)(1.635 m/s )F = +  

  229 NF =  
   



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1420 

 

PROBLEM 16.13 

The retractable shelf shown is supported by two 
identical linkage-and-spring systems; only one of the 
systems is shown. A 20-kg machine is placed on the 
shelf so that half of its weight is supported by the system 
shown. If the springs are removed and the system is 
released from rest, determine (a) the acceleration of the 
machine, (b) the tension in link AB. Neglect the weight 
of the shelf and links. 

 

SOLUTION 

The links AB and CE keep the line AC on the shelf parallel to the fixed line BE. Thus the shelf moves in 
curvilinear translation. 

  0 and  is perpendicular to G ABα = a


 

Since link AB is a massless two-force member, the force at A is along link AB. 

Since link CDE is massless and the spring DF is removed, the force at C is directed along the link CDE. 

Consider the kinetics of the shelf. 

 
 

Force perpendicular to link AB.    30°  

 cos30mg ma° =  

 
2cos30 (9.81 m/s) cos 30° 8.4957 m/sa g= ° = =  

(a) Acceleration of the machine:    28.50 m/s=a 60°  

 eff( ) : ( cos30 )(0.080) ( sin 30 )(0.100) (0.150)C C A AM M F F mgΣ = Σ ° + ° −  

  
( sin 30 )(0.160) ( cos30 )(0.150)

0.11928 0.150 0.04990 cos30A

ma ma

F mg mg

= ° + °
− = − °  
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PROBLEM 16.13  (Continued) 

 

(b) Tension in link AB. 89525AF mg=  

Taking mg to be half the weight of the machine, 

  
21

(20 kg)(9.81 m/s ) 98.1 N
2

mg = =  

  (0.89522)(98.1 N)AF =   87.8 NF =   
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PROBLEM 16.14 

A uniform rectangular plate has a mass of 5 kg and is held 
in position by three ropes as shown. Knowing that θ = 30°, 
determine, immediately after rope CF has been cut, (a) the 
acceleration of the plate, (b) the tension in ropes AD and BE. 

 

SOLUTION 

 

(a) Acceleration + eff30 : sin 30F F mg ma°Σ = Σ ° =  

 20.5 4.905 m/sa g= =  24.91 m/s=a  30°  

(b) Tension in ropes 

 eff( ) : ( cos30 )(0.3 m) (0.15 m) (cos30 )(0.12 m) (sin 30 )(0.15 m)A A BM M T mg ma maΣ = Σ ° − = − ° − °  

 

2 20.2598 (5 kg)(9.81 m/s )(0.15 m) (5 kg)(4.905 m/s )(0.1039 0.075)

0.2598 7.3575 4.388
B

B

T

T

− = − +
− = −

 

 11.43 NBT = +  11.43 NBET =   

 eff10 : 11.43 N cos30 0AF F T mg°Σ = Σ + − ° =  

 
11.43 N (5 kg)(9.81)cos30 0

11.43 N 42.48 N 0
A

A

T

T

+ − ° =
+ − =

 

 31.04 NAT =  31.0 NADT =  
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PROBLEM 16.15 

A uniform rectangular plate has a mass of 5 kg and is held 
in position by three ropes as shown. Determine the largest 
value of θ for which both ropes AD and BE remain taut 
immediately after rope CF has been cut. 

 

SOLUTION 

  

 eff : sinF F mg maθΣ = Σ =  

 sina g θ=  

 eff( ) : (0.15 m) cos (0.12 m) sin (0.15 m)B BM M mg ma maθ θΣ = Σ = +  

 

2

2

2

(0.15) ( sin )(0.12cos 0.15sin )

1 0.8sin cos sin

1 sin 0.8sin cos

cos 0.8sin cos

sin
1 0.8

cos
tan 1.25;

mg m g θ θ θ

θ θ θ
θ θ θ
θ θ θ

θ
θ

θ

= +

= −

− =

=

=

=  51.3θ = °   
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PROBLEM 16.16 

Three bars, each of mass 3 kg, are welded together and are pin-connected 
to two links BE and CF. Neglecting the weight of the links, determine 
the force in each link immediately after the system is released from rest. 

 

SOLUTION 

 

Mass center of ABCD is at G 

 
3(0.225) 3(0.225) 3(0)

0.15 m
9

i i

i

m y
y

m

Σ + += = =
Σ

 

 W mg=  

 eff40 : cos50F F mg ma° Σ = Σ ° =  

 2(9.81 m/s )cos50 a° =  

 26.3057 m/s=a 40°  

 eff( ) :B BM MΣ = Σ  

 
2( sin 50 )(0.450 m) (9 kg)(9.81 m/s )(0.225 m) sin 40 (0.225 m) cos 40 (0.150 m)CFF ma ma° − = − ° − °  

 
0.34472 19.8653 (0.14463 0.11491)

0.34472 19.8653 9(6.3057)(0.25953)
CF

CF

F ma

F

− = − +
− = −

 

 14.8998 NCFF = +  14.90 NCFF = +  compression  

 50°   eff : 14.9 lb (9 kg)(9.81)sin 50 0BEF F FΣ = Σ + − ° =  

 52.734 NBFF = +  52.7 NBEF = +  compression  
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PROBLEM 16.17 

Members ACE and DCB are each 600 mm long and are connected by 
a pin at C. The mass center of the 10-kg member AB is located at G. 
Determine (a) the acceleration of AB immediately after the system has 
been released from rest in the position shown, (b) the corresponding 
force exerted by roller A on member AB. Neglect the weight of 
members ACE and DCB. 

 

SOLUTION 

 Analysis of linkage 

Since members ACE and DCB are of negligible 
mass, their effective forces may  also be neglected 
and the methods of statics may be applied to their 
analysis. 

 Free body: Entire linkage: 

 0:DMΣ =  

 ( ) (0.6 cos30 ) (0.6 sin 30 ) 0y xB E B− ° − ° =  

 ( ) cos30 sin 30 0y xB E B− °− °=  (1) 

 Free body: member ACE 

 0:CMΣ =  

 (0.3 cos30 ) (0.3 cos30 ) 0;A E E A° − ° = =  

 Carrying into Eq. (1): 

 ( ) cos30 sin 30 0y xB A B− °− °=  (2) 

 Equations of Motion for Member AB 
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PROBLEM 16.17  (Continued) 

 

(a) +
 
60°   eff( ) :t tF FΣ − Σ  

 ( ) cos30 sin 30 cos30y xB A B W ma− °− ° + °=  

 Recalling equation (2), we have, 

 cos30 cos30 cos30
W

W ma a g
m

°= = °= °  

 2(9.81 m/s ) cos30a = °  28.50 m/s=a
 
60°  

(b) eff( ) :B BM MΣ = Σ  

 (0.15 m) (0.6 m) cos30 ( sin 60 ) (0.15 m) ( cos60 )(0.05 m)W A ma ma− °= ° − °  

 But,    cos30ma W= °   

 0.15 0.6 cos30 cos30 (0.15 sin 60 0.05 cos60 )W A W− ° = ° ° − °  

 
1 1 1

sin 60 cos60 0.11384 0.11384 
4 cos30 4 12

A W W mg
 

= − °+ ° = = ° 
 

 Recalling that 10 kgm =  so that 98.1 N,mg =  

 0.11384(98.1) 11.168 NA = =  

 11.17 N=A   
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PROBLEM 16.18 

The 15-lb rod BC connects a disk centered at A to crank CD. 
Knowing that the disk is made to rotate at the constant speed of 
180 rpm, determine for the position shown the vertical components 
of the forces exerted on rod BC by the pins at B and C. 

 

SOLUTION 

We first determine the acceleration of Point B of disk. 

 2

2

180 rpm 18.85 rad/s

Since constant

( )

8
ft (18.85 rad/s)

12

B B na a r

ω
ω

ω

= =
=

= =

 =  
 

 

 2236.9 ft/sB =a  60° 

Since rod BC is in translation. 

 2236.9 ft/sB= =a a  60° 

 

Vertical components of forces at B and C. 

 eff( ) : (30 in.) (15 in.) sin 60 (15 in.)B B yM M C W maΣ = Σ − = − °  

Since 
15 lb

15 lb and (236.9) 110.36 lb
32.2

W ma= = =  

 

30 (15)(15) 110.36sin 60 (15) 95.57(15)

2 95.57 15 80.57, 40.285 lb

y

y y

C

C C

− = − ° = −

= − + = − = −  40.3 lby =C   

 eff( ) :y yF FΣ = Σ  sin 60y yB W C ma− + = − °  

 
15

(236.9)sin 60 15 40.285 95.57
32.2y yB W C= − − ° = + −  

 40.285 lbyB = −  40.3 lby =B  
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PROBLEM 16.19 

The triangular weldment ABC is guided by two pins that slide 
freely in parallel curved slots of radius 6 in. cut in a vertical plate. 
The weldment weighs 16 lb and its mass center is located at Point G. 
Knowing that at the instant shown the velocity of each pin is  
30 in./s downward along the slots, determine (a) the acceleration of 
the weldment, (b) the reactions at A and B. 

 

SOLUTION 

Slot: 30 in./sv =  

 
2 2

2(30 in./s)
150 in./s

6 in.n
v

a
r

= = =  

 212.5 ft/sn =a  30° 

 t ta=a  60° 

Weldment is in translation 212.5 ft/sn =a  

 

  60° eff : cos30 tF F mg maΣ = Σ ° =  

 227.886 ft/st =a  60° 

 

(a) Acceleration 

 

1 1

2 2 2

2 2

12.5
tan tan 24.14

27.886

(27.886) (12.5)

n

t

t n

a

a

a a a

β − −= = = °

= +

= +

 

 230.56 ft/s=a  84.1° 230.6 ft/s=a  84.1° 
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PROBLEM 16.19  (Continued) 

 

(b) Reactions 

 2
2

16 lb
(30.56 ft/s ) 15.185 lb

32.2 ft/s
ma = =  

 

 eff( ) :A AM MΣ = Σ  

 cos30 (9 in.) (16 lb)(6 in.) (15.185 lb)(cos84.14 )(3 in.) (15.185 lb)(sin84.14 )(6 in.)B ° − = ° − °  

 7.794 96 4.651 90.634B − = + −  

 1.285 lbB = +  1.285 lb=B  30° 

 eff( ) : cos30 cos30 cos84.14x xF F A B maΣ = Σ ° + ° = °  

 
cos30 (1.285 lb)cos30 (15.185 lb)cos84.14

cos30 1.113 lb 1.550 lb

A

A

° + ° = °
° + =

 

 0.505 lbA = +  0.505 lb=A  30° 
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PROBLEM 16.20 

The coefficients of friction between the 30-lb block and the 5-lb platform 
BD are 0.50sμ =  and 0.40.kμ =  Determine the accelerations of the block 
and of the platform immediately after wire AB has been cut. 

 

SOLUTION 

Assume that the block does not slide relative to the platform. Draw the free body diagram of the platform and 
block. 

 

 eff( ) : sin 30t tF F W maΣ = Σ ° =  

 21
sin 30 16.1 ft/s

2

W
a g

m
= ° = =  

 216.1 ft/sa =  30° 

Check whether or not the block will slide relative to the platform. Draw the free body diagram of the block 
alone. 

 

 
1 1

15 lb
2 2

ma m g W
 = = = 
 

 

 eff( ) : (15 lb) cos 30° 12.99 lbx xF F FΣ = Σ = =  

 eff( ) : 30 lb (15 lb) sin 30°y yF F NΣ = Σ − =  

 30 7.5 22.5 lbN = − =  

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1431 

PROBLEM 16.20  (Continued) 

 

Thus,  0.50 (22.5 lb) 11.25 lbm sF Nμ= = =  

Since , the block will slidemF F>  

Now assume that the block slides relative to the platform. 

Equations of motion for block: (assuming sliding) 

 

 eff
30

( ) : 30 ( )y y b yF F N a
g

Σ = Σ − =  

 ( ) 1
30b y
N

a g
 = − 
 

 (1) 

 eff
30

( ) : 0.40 N ( )x x b xF F a
g

Σ = Σ =  

 ( )
75b x
N

a g
 =  
 

 (2) 

Equations of motion for platform. 

 

 eff
5

( ) : ( 5)sin 30 (0.40 N) cos 30°t t PF F N a
g

Σ = Σ − ° − =  

 (0.5 0.030718 N)pa g= +  (3) 

If contact is maintained between block and platform, we must have 

 ( ) ( ) sin 30b y p y pa a a= = °  (4) 
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PROBLEM 16.20  (Continued) 

 

Substituting from (1) and (3) into (4): 

 1 (0.5 0.030718 N) sin 30°
30

N
g g
 − = + 
 

 

 (0.015359 0.033333) 0.75N+ =  

 15.403 lbN =  

Substituting for N in (2) and (1): 

 2 15.403
( ) (32.2 ft/s ) ,

75b xa =  2( ) 6.61 ft/sb x =a  

 2 15.403
( ) (32.2 ft/s ) 1 ,

30b ya
 = − 
 

 2( ) 15.67 ft/sb y =a  

  217.01 ft/sb =a 67.1°  

Substituting for N in (3): 

 2 2(32.2 ft/s )(0.5 0.030718 15.403) 31.335 ft/sPa = + × =  

  231.3 ft/sP =a 30°  

Note: Since 0,N >  we check that contact between block and platform is maintained. 
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PROBLEM 16.21 

Draw the shear and bending-moment diagrams for the vertical rod AB 
of Problem 16.16. 

PROBLEM 16.16 Three bars, each of mass 3 kg, are welded 
together and are pin-connected to two links BE and CF. Neglecting 
the weight of the links, determine the force in each link immediately 
after the system is released from rest. 

 

SOLUTION 

From the solution of Problem 16.16, the acceleration of all points of vertical rod AB is 

 26.3057 m/s=a 40° 

or 24.8304 m/s=a 24.0532 m/s+  

Mass of rod AB: 3 kgm =  

Mass per unit length: 
3 kg

6.6667 kg/m
0.450 m

m

l
= =  

Effective force per length: 
m

l
a  

 2(6.6667 kg/m)(4.8304 m/s ) 2(6.6667 kg/m)(4.0532 m/s )+  

 32.203 N/m 27.021 N/m+  

Only the horizontal component contributes to the shear and bending moment. Let x be a vertical coordinate 
(positive down) with its origin at A. Draw the free body diagram of the portion of the rod AB lying above the 
section defined by x. 
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PROBLEM 16.21  (Continued) 

 

 eff( ) : 32.203jF F V xΣ = Σ =  

eff( ) : (32.203 )
2J j
x

M M M xΣ = Σ =  

 216.101x=  

Shear and bending moment diagrams. 

 

 max (32.203 N/m)(0.450 m)V =  max 14.49 NV =   

 2
max (16.101 N/m)(0.450 m)M =  max 3.26 N mM = ⋅   
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PROBLEM 16.22* 

Draw the shear and bending-moment diagrams for the connecting 
rod BC of Problem 16.18. 

PROBLEM 16.18 The 15-lb rod BC connects a disk centered at 
A to crank CD. Knowing that the disk is made to rotate at the 
constant speed of 180 rpm, determine for the position shown the 
vertical components of the forces exerted on rod BC by the pins at 
B and C. 

 

SOLUTION 

We first determine the acceleration of Point B of disk: 

 2

2

180 rpm 18.85 rad/s

Since constant

( )

8
ft (18.85 rad/s)

12

B B na a r

ω
ω

ω

= =
=
= =
 =  
 

 

 2236.9 ft/sB =a  60° 

Since rod BC is in translation. 

 2236.9 ft/sB= =a a  60° 

 

 eff( ) : (30 in.) (15 in.) sin 60 (15 in.)B B yM M C W maΣ = Σ − = − °  

 
15 lb

Since 15 lb and (236.9) 110.36 lb:
32.2

W ma= = =  

  30 (15)(15) 110.36sin 60 (15) 95.57(15)

2 95.57 15 80.57, 40.285 lb
y

y y

C

C C

− = − ° = −
= − + = − = −

 

  40.3 lby =C   

 eff( ) : sin 60y y y yF F B W C maΣ = Σ − + = − °  

 
15

(236.9)sin 60 15 40.285 95.57
32.2y yB W C= − − ° = + −  

 40.285 lbyB = −  40.3 lby =B  

 236.7sin 60ya = °  2205.2 ft/sy =a  
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PROBLEM 16.22*  (Continued) 

 

 Distributed weight per unit length 
15 lb

6 lb/ft
30

ft
12

w= = =
 
 
 

 

 Distributed mass per unit length 2 26 6
lb s /ft

32.2

w

g g
= = = ⋅  

 Vertical component of effective forces 
6

(205.2)
32.2y

w
a

g
= =  

 38.236 lb/ft=  

 

 eff( ) : (2.5 ft)(6 lb/ft) (2.5 ft)(38.236 lb/ft)y y y yF F B CΣ = Σ + + =  

 80.59 lby yB C+ =  

From symmetry. 40.285 lby yB C= =  40.3 lby y= =B C  

 

Maximum value of bending moment occurs at G, where 0:V =  

max| |M = Area under V-diagram from B to G 
1

(40.285 lb)(1.25 ft)
2

=  

 

 max| | 25.2 lb ftM = ⋅   

 40.3 lbBV = −   

\ 
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PROBLEM 16.23 

For a rigid slab in translation, show that the system of the effective forces 
consists of vectors ( )imΔ a  attached to the various particles of the slab, where a  
is the acceleration of the mass center G of the slab. Further show, by computing 
their sum and the sum of their moments about G, that the effective forces reduce 
to a single vector ma  attached at G. 

 

SOLUTION 

Since slab is in translation, each particle has same acceleration as G, namely .a  The effective forces consist of 
( ) .miΔ a  

 

The sum of these vectors is: ( ) ( )i im mΣ Δ = ΣΔa a  

or since  ,im mΣΔ =  

 ( )im mΣ Δ =a a  

The sum of the moments about G is: ( ) ( )i i i ir m m r′ ′Σ × Δ = ΣΔ ×a a  (1) 

But, 0,i im r mr′ ′ΣΔ = = because G is the mass center. It follows that the right-hand member of Eq. (1) is zero. 

Thus, the moment about G of ma must also be zero, which means that its line of action passes through G and 
that it may be attached at G. 
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PROBLEM 16.24 

For a rigid slab in centroidal rotation, show that the system of the effective 
forces consists of vectors 2( )i im '− Δ rω  and ( )( )i im 'Δ × rα attached to the 
various particles iP  of the slab, where ω  and α  are the angular velocity and 
angular acceleration of the slab, and where i'r  denotes the position vector of 
the particle iP  relative to the mass center G of the slab. Further show, by 
computing their sum and the sum of their moments about G, that the effective 
forces reduce to a couple .Ια  

 

SOLUTION 

For centroidal rotation:  2( ) ( )i i t i n i iω′ ′= + = × −a a a r rα  

Effective forces are: 2( ) ( )( ) ( ) ( )( )i i i i i i i im a m m r mω α′Δ = Δ × − Δ Δ ×r rα  

 

 2( ) ( )( ) ( )i i i i i im m m rω′ ′Σ Δ = Σ Δ × − Σ Δa rα  

 2( ) ( )i i i im m rα ω′ ′= × Σ Δ − Σ Δr  

Since G is the mass center, ( ) 0i im r′Σ Δ =  

effective forces reduce to a couple, Summing moments about G, 

 2
1( ) [ ( )( )] ( )i i i i i i i im m m rω′′ ′ ′ ′Σ × Δ = Σ × Δ × − Σ × Δr a r r rα  

But, 2 2( ) ( )( ) 0i i i i i im mω ω′ ′ ′ ′× Δ = Δ × =r r r r  

and, 2
1( )( ) ( )i i i im m r ′′ ′× Δ × = Δr rα α  

Thus, 2 2
1( ) ( ) ( )i i i i i im m r m rα α ′ ′Σ × Δ = Σ Δ = Σ Δ r a  

Since 2( ) ,im r I′Σ Δ =  the moment of the couple is .I α  
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PROBLEM 16.25 

The rotor of an electric motor has an angular velocity of 3600 rpm when the load and power are cut off. The 
50-kg rotor, which has a centroidal radius of gyration of 180 mm, then coasts to rest. Knowing that kinetic 
friction results in a couple of magnitude 3.5 N m⋅  exerted on the rotor, determine the number of revolutions 
that the rotor executes before coming to rest. 

 

SOLUTION 

 

2

2

2

(50)(0.180)

1.62 kg m

I mk=

=

= ⋅

 

 2:    3.5 N m (1.62 kg m )M I α α= ⋅ = ⋅  

 

2

0

2 2
0

2 2

3

2.1605 rad/s  (deceleration)

2
3600 rpm

60

120  rad/s

2

0 (120 rad/s) 2( 2.1605 rad/s )

32.891 10 rad

5235.26 rev

α
πω

π
ω ω αθ

π θ
θ

=

 =  
 

=

= +

= + −

= ×
=

 

or 5230 revθ =   
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PROBLEM 16.26 

It takes 10 min for a 6000-lb flywheel to coast to rest from an angular velocity of 300 rpm. Knowing that the 
radius of gyration of the flywheel is 36 in., determine the average magnitude of the couple due to kinetic 
friction in the bearings. 

 

SOLUTION 

 26000
186.335 lb s /ft 36 in. 3 ft

32.2

W
m k

g
= = = ⋅ = =  

 2 2 2(186.336)(3) 1677 lb s ftI mk= = = ⋅ ⋅  

 0
2

300 rpm 10  rad/s
60

πω π = = 
 

 

 0 tω ω α= +  

 0 10  rad/s (600 s)π α= +  

 20.05236 rad/sα = −  

 2 2(1677 lb s ft)( 0.05236 rad/s ) 87.81 lb ftM I α= = ⋅ ⋅ − = ⋅  

 87.8 lb ftM = ⋅  
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PROBLEM 16.27 

The 8-in.-radius brake drum is attached to a larger flywheel that is not 
shown. The total mass moment of inertia of the drum and the flywheel  
is 214 lb ft s⋅ ⋅  and the coefficient of kinetic friction between the drum 
and the brake shoe is 0.35. Knowing that the angular velocity of the 
flywheel is 360 rpm counterclockwise when a force P of magnitude  
75 lb is applied to the pedal C, determine the number of revolutions 
executed by the flywheel before it comes to rest. 

 

SOLUTION 

Lever ABC: Static equilibrium (friction force ) 

 0.35kF N Nμ= =  

 0: (10 in.) (2 in.) (75 lb)(9 in.) 0AM N FΣ = − − =  

 

10 2(0.35 ) 675 0

72.58 lb

0.35(72.58 lb)

25.40 lb

k

N N

N

F Nμ

− − =
=
=
=
=

 

Drum: 

 

0

0

2
8 in. ft

3
2

360 rpm
60

12 rad/s

r

πω

ω π

= =

 =  
 

=

 

 eff( ) :D DM M Fr I αΣ = Σ =  

 22
(25.4 lb) ft (14 lb ft s )

3
α  = ⋅ ⋅ 

 
 

 21.2097 rad/sα =  (deceleration) 

 2 2 2 2
0 2 : 0 (12 rad/s) 2( 1.2097 rad/s )ω ω αθ π θ= + = + −  

 

587.4 rad

1
587.4 rad 93.49 rev

2

θ

θ
π

=

 = = 
 

 93.5 revθ =   
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PROBLEM 16.28 

Solve Problem 16.27, assuming that the initial angular velocity of 
the flywheel is 360 rpm clockwise. 

PROBLEM 16.27 The 8-in.-radius brake drum is attached to a 
larger flywheel that is not shown. The total mass moment of inertia 
of the drum and the flywheel is 214 lb ft s⋅ ⋅  and the coefficient of 
kinetic friction between the drum and the brake shoe is 0.35. 
Knowing that the angular velocity of the flywheel is 360 rpm 
counterclockwise when a force P of magnitude 75 lb is applied to 
the pedal C, determine the number of revolutions executed by the 
flywheel before it comes to rest. 

 

SOLUTION 

Lever ABC: Static equilibrium (friction force  ) 

 0.35kF N Nμ= =  

 0: (10 in.) (2 in.) (75 lb)(9 in.) 0AM N FΣ = + − =  

 

10 2(0.35 ) 675 0

63.08 lb

0.35(63.08 lb)

22.08 lb

k

N N

N

F Nμ

+ − =
=
=
=
=

 

Drum: 

 0

0

2
8 in. ft

3
2

360 rpm
60

12  rad/s

r

πω

ω π

= =

 =  
 

=

 

 eff( ) 0 :D DM M Fr I αΣ = Σ = =  

 
2

2

2
(22.08 lb) ft (14 lb ft s )

3

1.0515 rad/s (deceleration)

α

α

  = ⋅ ⋅ 
 

=
 

 2 2 2 2
0 2 : 0 (12  rad/s) 2( 1.0515 rad/s )ω ω αθ π θ= + = + −  

 

675.8 rad

675.8 rad 107.56 rev

θ
θ

=
= =  107.6 revθ =  
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PROBLEM 16.29 

The 100-mm-radius brake drum is attached to a flywheel which is not 
shown. The drum and flywheel together have a mass of 300 kg and a 
radius of gyration of 600 mm. The coefficient of kinetic friction between 
the brake band and the drum is 0.30. Knowing that a force P of magnitude 
50 N is applied at A when the angular velocity is 180 rpm counterclockwise, 
determine the time required to stop the flywheel when a = 200 mm and  
b = 160 mm. 

 

SOLUTION 

Equilibrium of lever AD 

 (Dimensions in mm) 

  0;CMΣ =  

  2 1(50 N)(200) (40) (160) 0T T+ − =  

  1 24 250 NT T− =  (1) 

Equation of Motion for flywheel and drum 

  
2

I m k=  

  2(300 kg)(0.600 m)=  

                                                                  2108 kg m= ⋅  

  0.100 mr =  

 eff 2 1( ) :C CM M T r T r IαΣ = Σ − =  

 2 1( )(0.100 m) 108T T α− =  

 6
2 1(925.93 10 )( )T Tα −= × −  (2) 

Belt Friction 

Using μk instead of μs since the brake band is slipping: 

 2

1

k
T

e
T

μ β= or 2 1
kT T eμ β=   (3) 

Making  0.30 and 180 rad in (3):kμ β π= = ° =  

 0.30
2 1T T e π=  2 12.5663T T=  (4) 
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PROBLEM 16.29  (Continued) 

 

Substituting for T2 from (4) into (1): 

 1 1 14 2.5663 250 N 174.38 NT T T− = =  

From (1):  2 24(174.38) 250 447.51 NT T= − =  

Substituting for 1 2and into (2):T T  

 6 2(925.93 10 )(447.51 174.38), 0.2529 rad/sα −= × − =α   

Kinematics 

 0 180 rpm=ω   0 18.850 rad/sω = +  

 20.2529 rad/s=α   
20.2529 rad/sα = − 

 0 : 0 18.850 0.2529t tω ω α= + = −  

 = 74.5 st  
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1445 

 

 

PROBLEM 16.30 

The 180-mm radius disk is at rest when it is placed in contact with a 
belt moving at a constant speed. Neglecting the weight of the link AB 
and knowing that the coefficient of kinetic friction between the disk 
and the belt is 0.40, determine the angular acceleration of the disk while 
slipping occurs. 

 

SOLUTION 

Belt: kF Nμ=  

Disk: 

 

 

 eff( ) :x xF FΣ = Σ  cos 0ABN F θ− =  

 cosABF Nθ =  (1) 

 eff( ) : sin 0y y k ABF F N F mgμ θΣ = Σ + − =  

 sinAB kF mg Nθ μ= −  (2) 

 
Eq. (2)

: tan
Eq. (1)

kmg N

N

μθ −
=  

 

tan

tan

tan

k

k

k
k

k

N mg N

mg
N

mg
F N

θ μ

θ μ
μμ

θ μ

= −

=
+

= =
+
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PROBLEM 16.30  (Continued) 

 

 eff( ) :A AM M Fr I αΣ = Σ =  

 
21 tan

2
2

tan

k

k

k

k

r
F

I
mgr

mr

g

r

α

μ
θ μ

μ
θ μ

=

= ⋅
+

= ⋅
+

 

Data: 0.18 m

60

0.40k

r

θ
μ

=
= °
=

 

 
22(9.81 m/s ) 0.40

0.18 m tan 60 0.40
α = ⋅

° +
 220.4 rad/s=α    
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PROBLEM 16.31 

Solve Problem 16.30, assuming that the direction of motion of the belt 
is reversed. 

PROBLEM 16.30 The 180-mm disk is at rest when it is placed in 
contact with a belt moving at a constant speed. Neglecting the weight 
of the link AB and knowing that the coefficient of kinetic friction 
between the disk and the belt is 0.40, determine the angular acceleration 
of the disk while slipping occurs. 

 

SOLUTION 

Belt: kF Nμ=  

Disk: 

 

 eff( ) : cos ; cosx x AB ABF F N F F Nθ θΣ = Σ − =  (1) 

 eff( ) : sin 0y y AB kF F F mg Nθ μΣ = Σ − − =  

 sinAB kF mg Nθ μ= +  (2) 

 
Eq. (2)

: tan
Eq. (1)

kmg N

N

μθ +
=  

 tan ;
tank

k

mg
N mg N Nθ μ

θ μ
= + =

−
 

 eff( ) :A AM M Fr I αΣ = Σ =  

 
21

2

2

tan tan
k k k

k k

Nr rFr mg g

r I rmr

μ μ μα
θ μ θ μ

= = = ⋅ = ⋅
− −

 

Data:  0.18 m, 60 , 0.40kr θ μ= = ° =  

 
22(9.81 m/s ) 0.40

0.18 m tan 60 0.40
α = ⋅

° −
 232.7 rad/s=α   
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PROBLEM 16.32 

In order to determine the mass moment of inertia of a flywheel of 
radius 600 mm, a 12-kg block is attached to a wire that is wrapped 
around the flywheel. The block is released and is observed to fall 3 m 
in 4.6 s. To eliminate bearing friction from the computation, a second 
block of mass 24 kg is used and is observed to fall 3 m in 3.1 s. 
Assuming that the moment of the couple due to friction remains 
constant, determine the mass moment of inertia of the flywheel. 

 

SOLUTION 

 Kinematics: Kinetics: 

 

 eff( ) : ( ) ( )B B A f AM M m y r M I m a rαΣ = Σ − = +  

 A f A
a

m gr M I m ar
r

− = +  (1) 

Case 1: 3 m

4.6 s

y

t

=
=

 

 2

2

2

1

2
1

3 m (4.6 s)
2

0.2836 m/s

12 kgA

y at

a

a

m

=

=

=
=

 

Substitute into Eq. (1) 

 
2

2 20.2836 m/s
(12 kg)(9.81 m/s )(0.6 m) (12 kg)(0.2836 m/s )(0.6 m)

0.6 mfM I
 

− = +  
 

 

 70.632 (0.4727) 2.0419fM I− = +  (2) 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1449 

PROBLEM 16.32  (Continued) 

 

Case 2: 

2

2

2

3 m

3.1s

1

2
1

3 m (3.1s)
2

0.6243 m/s

24 kgA

y

t

y at

a

a

m

=
=

=

=

=
=

 

Substitute into Eq. (1): 

 
2

2 20.6243 m/s
(24 kg)(9.81 m/s )(0.6 m) (24 kg)(0.6243 m/s )(0.6 m)

0.6 mfM I
 

− = +  
 

 

 141.264 (1.0406) 8.9899fM I− = +  (3) 

Subtract Eq. (1) from Eq. (2) to eliminate Mf 

 2

70.632 (1.0406 0.4727) 6.948

63.684 (0.5679)

112.14 kg m

I

I

I

= − +
=

= ⋅  2112.1 kg mI = ⋅  
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PROBLEM 16.33 

The flywheel shown has a radius of 20 in. a weight of 250 lbs, and a 
radius of gyration of 15 in. A 30-lb block A is attached to a wire that is 
wrapped around the flywheel, and the system is released from rest. 
Neglecting the effect of friction, determine (a) the acceleration of block A, 
(b) the speed of block A after it has moved 5 ft. 

 

SOLUTION 

 Kinematics: Kinetics: 

 

 eff( ) : ( ) ( )B B A AM M m g r I m a rαΣ = Σ = +  

 

( )

2

2

A F A

A

k
A F r

a
m gr m k m ar

r

W
a

m m

 = + 
 

=
+

 

(a) Acceleration of A 
( ) ( )( )2 2

2
230 lb 250 lb 15 in.

20 in.32.2 ft/s 32.2 ft/s

(30 lb)
5.6615 ft/sa = =

+
 

 or 25.66 ft/sA =a    

(b) Velocity of A 2 2
0( ) 2A A Av v a s= +  

 For 5 fts =  2 2

2 2

0 2(5.6615 in./s )(5 ft)

56.6154 ft /s

7.5243 ft/s

A

A

v

v

= +

=
=

 

 or 7.52 ft/sAv =  
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PROBLEM 16.34 

Each of the double pulleys shown has a mass moment of inertia of 215 lb ft s⋅ ⋅  and is initially at rest. The 
outside radius is 18 in., and the inner radius is 9 in. Determine (a) the angular acceleration of each pulley,  
(b) the angular velocity of each pulley after Point A on the cord has moved 10 ft. 

 

 

SOLUTION 

Case 1: 

 

 

 

 

Case 2: 

 

 

 

 
 

 

 

(a) 2
0 0 eff

9
( ) : (160 lb) ft (15 lb ft s )

12
M M α Σ = Σ = ⋅ ⋅ 

 
 

 28 rad/s=α    

 

(b) ( )9
12

10 ft
13.333 rad

ft
θ = =  

 2 22 2(8 rad/s )(13.33 rad)ω αθ= =  14.61 rad/s=ω    

(a) 0 0 eff
9 9

( ) : (160) 15
12 12

M M maα   Σ = Σ = +   
   

 

 
2

160 9 9
120 15

32.2 12 12

120 (15 2.795)

6.7435 rad/s

α α

α
α

  = +   
  

= +

=

 

 26.74 rad/s=α    

(b) ( )9
12

10 ft
13.333 rad

ft
θ = =  

 

2

2

2

2(6.7435 rad/s )(13.333 rad)

ω αθ=

=  13.41 rad/s=ω    
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Case 3: 

 

 

 
 

 

 

Case 4: 

 

PROBLEM 16.34  (Continued) 

 

(a) 0 0 eff( ) :M MΣ = Σ  

 
2 2

2

9 9 460 9 300 9
(460) (300) 15

12 12 32.2 12 32.2 12

460 9 300 9
120 15

32.2 12 32.2 12

4.2437 rad/s

a aα

α α α

α

       − = + +       
       

   = + +   
   

=

 

 24.24 rad/s=α    

(b) 
10 ft

13.333 rad
9

12

θ = =  

 2 2 2(4.2437)(13.333)ω αθ= =  210.64 rad/s=ω    

 

(a) 0 0 eff
18 80 18

( ) : (80) 15
12 32.2 12

M M aα   Σ = Σ = +   
   

 

 

2

2

80 18
120 15

32.2 12

120 (15 5.5901)

5.828 rad/s

α α

α
α

 = +  
 

= +

=

 

 25.83 rad/s=α    

(b) ( )18
12

10 ft
6.6667 rad

ft
θ = =  

 2 22 2(5.828 rad/s )(6.6667 rad)ω αθ= =  8.82 rad/s=ω   
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PROBLEM 16.35 

Each of the gears A and B has a mass of 9 kg and has a radius of 
gyration of 200 mm; gear C has a mass of 3 kg and has a radius of 
gyration of 75 mm. If a couple M of constant magnitude 5 N-m is 
applied to gear C, determine (a) the angular acceleration of gear A, 
(b) the tangential force which gear C exerts on gear A. 

 

SOLUTION 

Kinematics: 

We express that the tangential components of the accelerations of the gear teeth are equal: 

 

0.25

0.25

0.1

2.5

t A

B

C

B A

C A

a α
α

α
α α
α α

=
=
=
=
=  (1) 

Kinetics: 

Gear A: 2 2

2

9(0.20)

0.36 kg m

A A AI m k= =

= ⋅

 

 eff( ) : (0.25) 0.36A A AM M F αΣ = Σ =   

 1.44 AF α=  (2) 

Because of symmetry, gear C exerts an equal force F on gear B. 

Gear C: 2

2

2

3(0.075)

0.016875 kg m

C C CI m k=

=

= ⋅

 

 eff( ) : 2C C C C CM M M Fr I αΣ = Σ − =  

 5 N m 2 (0.1 m) 0.016875 CF α⋅ − =   

(a) Angular acceleration of gear A. 

 Substituting for Cα from (1) and for F from (2): 

 2

5 2(1.44 )(0.1) 0.016875(2.5 )

5 0.288 0.04219

5 0.3302

15.143 rad/s

A A

A A

A

A

α α
α α

α
α

− =
− =

=

=  215.14 rad/sA =α    

(b) Tangential force F. 

 Substituting for Aα  into (2): 1.44(15.143)F =  21.8 NA =F  
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PROBLEM 16.36 

Solve Problem 16.35, assuming that the couple M is applied to disk A. 

PROBLEM 16.35 Each of the gears A and B has a mass of 9 kg and 
has a radius of gyration of 200 mm; gear C has a mass of 3 kg and 
has a radius of gyration of 75 mm. If a couple M of constant 
magnitude 5 N-m is applied to gear C, determine (a) the angular 
acceleration of gear A, (b) the tangential force which gear C exerts 
on gear A. 

 

SOLUTION 

Kinematics: A Aα=α  A Aα=α  B Bα=α  

At the contact point between gears A and C, 

 0.25

0.1

t A A C C

A
C A A

C

a r r

r

r

α α

α α α

= =

= =
 

At the contact point between gears B and C, 

 0.1 0.25

0.25 0.1

t B B C C

C
B C A A

A

a r r

r

r

α α

α α α α

= =

= = ⋅ =
 

Kinetics: 

Gear B: eff( ) :B BM MΣ = Σ  BC B B B B AF r I Iα α= =  

 
B

BC A
B

I
F

r
α=  

Gear C: eff( ) :C C BC C AB C C CM M F r F r I αΣ = Σ + =  

 

0.25

0.1

1 0.1 0.25

0.25 0.1

C
B A AB C C A

B

AC B C A
C

r
I F r I

r

F I I
r

α α

α

+ =

 = + 
 

 (1) 

Gear A: eff( ) :A AM M= Σ  A A AB A AM r F I α− =  

 
2

0.1 0.25

0.25 0.1

0.25

0.1

A
A B C A A A

C

A A B C A

r
M I I I

r

M I I I

α α

α

 − + = 
 

   = + +     
 (2) 
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PROBLEM 16.36  (Continued) 

 

Data: From Eq. (2) 

2 2

2

9 kg

0.2 m

9(0.2)

0.36 kg m

A B

A B

A B A A

m m

k k

I I m k

= =
= =

= = =

= ⋅

 

 2 2

2

3 kg

0.075 m

3(0.075) 0.016875 kg m

5 N m

0.25
5 0.36 0.36 (0.016875)

0.1

C

C

C

A

A

m

k

I

M

α

=
=

= = ⋅
= ⋅

  = + +  
   

 

(a) Angular acceleration. 26.0572 rad/sAα =  26.06 rad/sA =α    

(b) Tangential gear force. 

 From Eq. (1) 
1 0.1 0.25

(0.36) (0.016875) (6.0572)
0.1 0.25 0.1

11.278

ACF
    = +    
    

=

 

 11.28 NAC =F  
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PROBLEM 16.37 

Gear A weighs 1 lb and has a radius of gyration of 1.3 in; Gear B 
weighs 6 lb and has a radius of gyration of 3 in.; gear C weighs 9 lb 
and has a radius of gyration of 4.3 in. Knowing a couple M of constant 
magnitude of 40 lb ⋅ in is applied to gear A, determine (a) the angular 
acceleration of gear C, (b) the tangential force which gear B exerts on 
gear C. 

 

SOLUTION 

Masses and moments of inertia. 

 

2
2

2
2

2
2

2
2 2

3 2

2 2

1 lb
0.031056 lb s /ft

32.2 ft/s

6 lb
0.18634 lb s /ft

32.2 ft/s

9 lb
0.27950 lb s /ft

32.2 ft/s

1.3 in.
(0.031056 lb s /ft)

12 in./ft

0.36448 10 lb s ft

3 in.
(0.18634 lb s /ft)

12 in./f

A

B

C

A A A

B B B

m

m

m

I m k

I m k

−

= = ⋅

= = ⋅

= = ⋅

 
= = ⋅  

 

= × ⋅ ⋅

= = ⋅
2

3 2

2
2 2

3 2

t

11.646 10 lb s ft

4.3 in.
(0.27950 lb s /ft)

12 in./ft

35.889 10 lb s ft

C C CI m k

−

−

 
 
 

= × ⋅ ⋅

 
= = ⋅  

 
= × ⋅ ⋅

 

Kinematics. Gear A: 2 in.Ar =  

 Gear B: 1 24 in., 2 in.r r= =  

 Gear C: 6 in.Cr =  

Point of contact between A and B. 

 
1

1 4 in.

2 in.

t A A B

A B B
A

a r r

r

r

α α

α α α

= =

= =
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PROBLEM 16.37  (Continued) 

 

Point of contact between B and C. 

 
2

2

6 in.

2 in.

t B C C

C
B C C

a r r

r

r

α α

α α α

= =

= =
 

Summary. 3B Cα α=  (1) 

 2 6A B Cα α α= =  (2) 

Kinetics. Applied couple:   40 lb in. 3.3333 lb ftM = ⋅ = ⋅  

Gear A: 

eff( ) :A AM MΣ = Σ AB A A AM F r I α− =  

 

3

(6 )

3.3333 lb ft (0.36448 10 )(6)

(2/12) ft (2/12)
20 lb 0.013121

A C
AB

A A

C

C

IM
F

r r

α

α

α

−

= −

⋅ ×= −

= −  (3) 

Gear B: 

eff( ) :B BM MΣ = Σ 1 2AB BC B CF r F r I α− =   

 

1

2 2

2
3

3
2

(3)(11.646 10 )
2[20 lb 0.013121 ]

(2/12)
40 lb 0.23587

B B
BC AB

B
AB C

C C

C

r I
F F

r r

I
F

r

α

α

α α

α

−

= = −

= −

×= − −

= −  

Gear C: 

eff( ) :C CM MΣ = Σ BC C C CF r I α=             

 
36

(40 0.23587 ) (35.889 10 )
12

20 0.153824

C C

C

α α

α

− − = × 
 

=
 

(a) Angular acceleration of gear C.  2130.0 rad/sC =α   

(b) Tangential force which gear B exerts on gear C. 

  40 lb (0.23587)(130.0) 9.33 lbBCF = − =  9.33 lb  
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PROBLEM 16.38 

Disks A and B are bolted together, and cylinders D and E are 
attached to separate cords wrapped on the disks. A single cord 
passes over disks B and C. Disk A weighs 20 lb and disks B and 
C each weigh 12 lb. Knowing that the system is released from 
rest and that no slipping occurs between the cords and the disks, 
determine the acceleration (a) of cylinder D, (b) of cylinder E. 

 

SOLUTION 

Masses and moments of inertia. 

 

2
2

2
2

15 lb
0.46584 lb s /ft

32.2 ft/s

18 lb
0.55901 lb s /ft

32.2 ft/s

D
D

E
E

W
m

g

W
m

g

= = = ⋅

= = ⋅
 

Assume disks have uniform thickness. 

  

2
2 2

2

2
2 2

2

2

2

1 1 20 lb 8
ft 0.138026 lb s ft

2 2 1232.2 ft/s

1 1 12 lb 6
ft 0.046584 lb s ft

2 2 1232.2 ft/s

0.046584 lb s ft

0.184610 lb s ft

A A A

B B B

C B

AB A B

I m r

I m r

I I

I I I

 = = = ⋅ ⋅ 
 

 = = = ⋅ ⋅ 
 

= = ⋅ ⋅

= + = ⋅ ⋅

 

Kinematics: D Da=a , E Ea=a , AB ABα=α  , C Cα=α  

For inextensible cord between disk A and cylinder D, 

 1
8

( ) ft 0.66667
12D t A AB AB ABa a rα α α = = = = 
 

 (1) 

For inextensible cord between disks B and C, 

  
2 3

2

3

6 in.

6 in.

AB C

C AB AB AB

r r

r

r

α α

α α α α

=

 
= = = 

 

 

For inextensible cord between disk C and cylinder E, 

  
6

( ) ft 0.5
12E t D C ABa a α α = = = 
 

  (2) 
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PROBLEM 16.38  (Continued) 

 

Kinetics. 

Let T be the tension in the cord between  

disks B and C. 

eff( ) :B BM MΣ = Σ 1 2 1D AB AB D DrW r T I r m aα− = +  

                      1 1

2 2 2

AB AB D D
D

r I r m a
T W

r r r

α
= − −  

 

 

                                                

2
1 1

2 2 2

28 in. 0.184610 (0.46584)(8/12)
(15 lb)

6 in. 6/12 6/12

20 lb 0.78330

AB D
D AB

AB

AB

r I m r
T W

r r r

T

α

α

α

 
= − + 

  
 

= − + 
 

= −  (3) 

eff( ) :C CM MΣ = Σ 3 3 3E C C E Er T r W I r m aα− = +   

                   3
3

C
E E AB

I
T W m r

r
α

 
= + + 

 
  

 

 

 

                

0.046584
18 lb (0.55901)(6/12)

6/12
18 lb 0.37267

AB

AB

T

T

α

α

 = + +  
= +  (4) 

 

Subtracting Eq. (4) from Eq. (3) to eliminate T, 

 0 2 lb 1.15597 ABα= −  21.7301 rad/sABα =  

(a) Acceleration of cylinder D. 

 From Eq. (1), (0.66667)(7.7301)Da =  21.153 ft/sD =a   

(b) Acceleration of cylinder E. 

 From Eq. (2), (0.5)(1.7301)Ea =  20.865 ft/sE =a  
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PROBLEM 16.39 

A belt of negligible mass passes between cylinders A and B and is pulled to 
the right with a force P. Cylinders A and B weigh, respectively, 5 and  
20 lb. The shaft of cylinder A is free to slide in a vertical slot and the 
coefficients of friction between the belt and each of the cylinders are 

0.50sμ =  and μk 0.40.=  For 3.6 lb,P = determine (a) whether slipping 
occurs between the belt and either cylinder, (b) the angular acceleration of 
each cylinder. 

 

SOLUTION 

Assume that no slipping occurs. 

Then:  belt (4 in.) (8 in.)A Ba α α= =  
1

2B Aα α=  (1) 

Cylinder A. ff
4

( ) : ft
12G G e A A AM M F I α Σ = Σ = 
 

 

  

2
4 1 5 4

12 2 12

5

6

A A

A
A

F
g

F
g

α

α

   =   
   

=  (2) 

Cylinder B. eff
8

( ) : ft
12G G B B BM M F I α Σ = Σ = 
 

 

  

2
8 1 20 8 1

12 2 12 2

20

6

B A

A
B

F
g

F
g

α

α

     =     
     

=  (3) 

Belt  0: 0A A BF P F FΣ = − − =  (4) 

  
5 20

3.60 0
6 6

A A

g g

α α
− − =  

  
(3.60)6

25
0.864

A g

g

α =

=
 

  227.82 rad/sA =α  
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PROBLEM 16.39  (Continued) 

 

Check that belt does not slip. 

From (2): 
5

(0.864) 0.720 lb
6AF = =  

From (4): 3.60 0.720 2.88 lbe AF P F= − = − =  

But  0.50(5 lb) 2.50 lbm sF Nμ= = =  

Since ,e mF F> assumption is wrong. 

  Slipping occurs between disk B and the belt.   

We redo analysis of B, assuming slipping. 
1

2B Aα α ≠ 
 

 

 0.40(5 lb) 2 lbB kF Nμ= = =  

 
2

eff
8 1 20 8

( ) : (2 lb) ft
12 2 12G G BM M

g
α   Σ = Σ =   

   
 

  0.3 ,B gα =  29.66 rad/sB =α    

Belt Eq. (4): 0A BP F F− − =  

  

3.60 2

1.60 lb

A BF P F= −
= −
=

 

Since ,A mF F<  There is no slipping between A and the belt.   

Our analysis of disk A, therefore is valid. Using Eq. (2), 

We have 
5

1.60 lb
6

A

g

α
=  

 1.92A gα =  261.8 rad/sA =α    
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PROBLEM 16.40 

Solve Problem 16.39 for 2.00 lb.P =  

PROBLEM 16.39 A belt of negligible mass passes between cylinders A and 
B and is pulled to the right with a force P. Cylinders A and B weigh, 
respectively, 5 and 20 lb. The shaft of cylinder A is free to slide in a vertical 
slot and the coefficients of friction between the belt and each of the cylinders 
are 0.50sμ =  and 0.40.kμ =  For 3.60 lb,P = determine (a) whether slipping 
occurs between the belt and either of the cylinders, (b) the angular acceleration 
of each cylinder. 

 

SOLUTION 

Assume that no slipping occurs. 

Then:  belt (4 in.) (8 in.)A Ba α α= =  
1

2B Aα α=  (1) 

Cylinder A eff
4

( ) : ft
12G G A A AM M F I α Σ = Σ = 
 

 

  

2
4 1 5 4

12 2 12

5

6

A A

A
A

F
g

F
g

α

α

   =   
   

=  (2) 

Cylinder B eff
4

( ) : ft
12G G B B BM M F I α Σ = Σ = 
 

 

  

2
8 1 20 8 1

12 2 12 2

20

6

B A

A
B

F
g

F
g

α

α

     =     
     

=  (3) 

Belt  0: 0A A BF P F FΣ = − − =  

  
5 20

2.00 0
6 6

A A

g g

α α
− − =  

  
(2.00)6

25
0.480

A g

g

α =

=
 

  215.46 rad/sAα =  
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PROBLEM 16.40  (Continued) 

 

From (2): 
5

(0.480) 0.400 lb
6AF = =  

From (4): 
20

(0.480) 1.600 lb
6BF = =  

But  0.50(5 lb) 2.50 lbM sF Nμ= = =  

Thus, FA and FB are both .mF<  Our assumption was right: 

There is no slipping between cylinders and belt  
215.46 rad/sA =α   

From (1):  
27.73 rad/sB =α   
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PROBLEM 16.41 

Disk A has a mass of 6 kg and an initial angular velocity of 360 rpm 
clockwise; disk B has a mass of 3 kg and is initially at rest. The disks 
are brought together by applying a horizontal force of magnitude 20 N 
to the axle of disk A. Knowing that 0.15kμ =  between the disks and 
neglecting bearing friction, determine (a) the angular acceleration of 
each disk, (b) the final angular velocity of each disk. 

 

SOLUTION 

While slipping occurs, a friction force F  is applied to disk A, and F  to disk B. 

Disk A: 

 

2

2

2

1

2
1

(6 kg)(0.08 m)
2

0.0192 kg m

A A AI m r=

=

= ⋅

 

 : 20 NF N PΣ = =  

 0.15(20) 3 NF Nμ= = =  

 eff( ) :A A A A AM M Fr I αΣ = Σ =  

 

2(3 N)(0.08 m) (0.0192 kg m )

10.227
A

A

α
α

= ⋅
=  212.50 rad/sA =α    

Disk B: 

 

2

2

2

1

2
1

(3 kg)(0.06 m)
2

0.0054 kg m

B B BI m r=

=

= ⋅

 

 eff( ) :B B B B BM M Fr I αΣ = Σ =  

 

2

2

(3 N)(0.06 m) (0.0054 kg m )

33.333 rad/s

B

B

α
α

= ⋅

=  233.3 rad/sB =α    

 0( ) 360 rpm 12  rad/sAω π= =  
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PROBLEM 16.41  (Continued) 

 

Sliding stops when C C′=v v  or A A B Br rω ω=  

 

0

2 2

[( ) ]

(0.08 m)[12  rad/s (12.5 rad/s ) ] (0.06 m)(33.333 rad/s )

1.00531 s

A A A B Br t r t

t t

t

ω α α

π

− =

− =
=

 

 0

2

( )

12  rad/s (12.5 rad/s )(1.00531 s)

25.132 rad/s

A A Atω ω α

π

= −

= −
=

 

 (25.132 rad/s)

240.00 rpm
Aω =

=
 

or 240 rpmA =ω    

 
233.333 rad/s (1.00531 s)

33.510 rad/s

B Btω α=

=
=

 

 (33.510 rad/s)

320.00 rpm
Bω =

=
 

or 320 rpmB =ω   
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PROBLEM 16.42 

Solve Problem 16.41, assuming that initially disk A is at rest and disk B 
has an angular velocity of 360 rpm clockwise. 

PROBLEM 16.41 Disk A has a mass of 6 kg and an initial angular 
velocity of 360 rpm clockwise; disk B has a mass of 3 kg and is initially 
at rest. The disks are brought together by applying a horizontal force of 
magnitude 20 N to the axle of disk A. Knowing that 0.15kμ =  between 
the disks and neglecting bearing friction, determine (a) the angular 
acceleration of each disk, (b) the final angular velocity of each disk. 

 

SOLUTION 

While slipping occurs, a friction force F  is applied to disk A, and F  to disk B. 

Disk A: 2

2

2

1

2
1

(6 kg)(0.08 m)
2

0.0192 kg m

A A AI m r=

=

= ⋅

 

 : 20 NF N PΣ = =  

 0.15(20) 3 NF Nμ= = =  

 eff( ) :A A A A AM M Fr I αΣ = Σ =  

 

2(3 N)(0.08 m) (0.0192 kg m )

10.227
A

A

α
α

= ⋅
=  212.50 rad/sA =α    

Disk B: 2

2

2

1

2
1

(3 kg)(0.06 m)
2

0.0054 kg m

B B BI m r=

=

= ⋅

 

 eff( ) :A B B B BM M Fr I αΣ = Σ =  

 

2

2

(3 N)(0.06 m) (0.0054 kg m )

33.333 rad/s

B

B

α
α

= ⋅

=  233.3 rad/sB =α    
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PROBLEM 16.42  (Continued) 

 

Sliding starts when .C C′=v v  That is when 

 

0

2 2

( ) [( ) ]

[(12.5 rad/s ) ](0.08 m) [12  rad/s (33.333 rad/s )( )](0.06 m)

4.02124 0.75398 s

A A B B

A A B B B

r r

t r t r

t t

t t

ω ω
α ω α

π

=
= −

= −
= =

 

 2(12.5 rad/s )(0.75398 s) 9.4248 rad/sA Atω α= = =  

 (9.4248 rad/s) 90.00 rpmAω = =  

or 90.0 rpmA =ω    

 0

2

( )

12  rad/s (33.333 rad/s )(0.75398 s)

B B Btω ω α

π

= −

= −

 

 12.566 rad/s=  

 
(12.566 rad/s)

120.00 rpm
Bω =

=
 

or 120.0 rpmB =ω   
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PROBLEM 16.43 

Disk A has a mass mA = 3 kg, a radius rA = 300 mm, and an initial angular 
velocity 0 300ω = rpm clockwise. Disk B has a mass mB = 1.6 kg, a radius  
rB = 180 mm, and is at rest when it is brought into contact with disk A. 
Knowing that 0.35kμ = between the disks and neglecting bearing friction, 
determine (a) the angular acceleration of each disk, (b) the reaction at the 
support C. 

 

SOLUTION 

(a) Disk B. 

  eff( ) : 0y y BF F N WΣ = Σ − =  

      B BN W m g= =  

 Thus, k k BF N m gμ μ= =  

  eff( ) :B B B B BM M Fr I αΣ = Σ =  

  21

2k B B B B Bm gr m rμ α=  

            
2 k

B
B

g

r

μ
=α  (1) 

 For the given data: 
2

22(0.35)(9.81 m/s )
38.15 rad/s

0.180 mBα = =  238.2 rad/sB =α   

  
2(1.6 kg)(9.81 m/s ) 15.696 N

(0.35)(15.696) 5.4936 N
B B

k B

W m g

F m gμ
= = =
= = =

 

  eff( ) : 0x x BF F F RΣ = Σ − =  5.4936 NB =R  

 

 Disk A: 

  eff( ) :A A A A AM M Fr I αΣ = Σ =  

  21

2k B A A A Am gr m rμ α=  

            
2 k B

A
A A

g m

r m

μ
=α  (2) 
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PROBLEM 16.43  (Continued) 

 

 For the given data:     
2

22(0.35)(9.81 m/s ) 1.6 kg
9.156 rad/s

0.300 m 4 kgAα = =  29.16 rad/sA =α   

  eff( ) : ( ) 0x x A xF F R FΣ = Σ − =  ( ) 5.4936 NA x =R 

  eff( ) : ( ) 0y y A y A BF F R m g m gΣ = Σ − − =  

    

2( ) ( ) (4 kg 1.6 kg)(9.81 m/s )

54.936 N

A y A BR m m g= + = +

=  ( ) 54.936 NA y =R  

(b) Reaction at C. 

   0: 0x xF CΣ = =  

  0: 54.936 N 0y yF CΣ = − =  

         54.936 NyC =  54.9 N=C  

  0: (5.4936 N)(0.480 m) 0C CM MΣ = − =  2.64 N mC = ⋅M   
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PROBLEM 16.44 

Disk B is at rest when it is brought into contact with disk A, which has an initial 
angular velocity ω 0. (a) Show that the final angular velocities of the disks are 
independent of the coefficient of friction μ k between the disks as long as 0.kμ ≠  
(b) Express the final angular velocity of disk A in terms of ω 0 and the ratio mA/mR 
of the masses of the two disks. 

 

SOLUTION 

(a) Disk B. 

  eff( ) : 0y y BF F N wΣ = Σ − =  

      B BN w m g= =  

 Thus, k k BF N m gμ μ= =   

  eff( ) :B B B B BM M Fr I αΣ = Σ =  

  21

2k B B B B Bm gr m rμ α=  

            
2 k

B
B

g

r

μ
=α  (1) 

 

 Disk A. 

  eff( ) :A A A A AM M Fr I αΣ = Σ =   

  21

2k B A A A Am gr m rμ α=           

     
2 k B

A
A A

g m

r m

μ
=α  (2) 

 Disk A. 0 0
2 k B

A A
A A

g m
t t

r m

μω ω α ω= − = −  (3) 

 Disk B. 
2 k

B B
B

g
t t

r

μω α= =  (4) 
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PROBLEM 16.44  (Continued) 

 

 When disks have stopped slipping: 

  0 (2 ) 2

P A A B B

B
A k k

A

v r r

m
r g t gt

m

ω ω

ω μ μ

= =

− =    

  

0

0

1

2 1

2

B

A

A
m

k m

A A

k A B

r
t

g

r m
t

g m m

ω
μ

ω
μ

=
+

=
+

 (5) 

 Substituting for t from (5) into (3) and (4): 

  0 0
0 0

2

2
k A BB A

A
A A k A B A B

g r mm m

r m g m m m m

μ ω ωω ω ω
μ

= − = −
+ +

 

  0
A B B

A
A B

m m m

m m
ω ω + −=

+
 0

A
A

A B

m

m m
ω ω=

+   (6) 

  02

2
k A A

B
A k A B

g r m

r g m m

μ ωω
μ

=
+

 0
A A

B
B A B

r m

r m m
ω ω=

+   (7) 

(a) From Eqs. (6) and (7), it is apparent that ωA and ωB are independent of μ k. However, if 0,kμ =  we have 

from Eqs. (3) and (4) 0Aω ω=  and 0.Bω =  

(b) We can write (6) in the form  0 /(1 / )A B Am mω ω= +   

 which shows that ωA depends only upon ω 0 and mB/mA. 
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PROBLEM 16.45 

Cylinder A has an initial angular velocity of 720 rpm clockwise, and 
cylinders B and C are initially at rest. Disks A and B each weigh 5 lb 
and have a radius r = 4 in. Disk C weighs 20 lb and has a radius of 8 in. 
The disks are brought together when C is placed gently onto A and B. 
Knowing that 0.25kμ =  between A and C and no slipping occurs 
between B and C, determine (a) the angular acceleration of each disk, 
(b) the final angular velocity of each disk. 

 

SOLUTION 

Assume Point C, the center of cylinder C, does not move. This is true provided the cylinders remain in contact 
as shown. Slipping occurs initially between disks A and C and ceases when the tangential velocities at their 
contact point are equal. We first determine the angular accelerations of each disk while slipping occurs. 

Masses and moments of inertia: 

  

2
2

2
2

2
2 2

2
2 2

5 lb
0.15528 lb s /ft

32.2 ft/s

20 lb
0.62112 lb s /ft

32.2 ft/s

1 1 4
(0.15528) 0.0086266 lb s ft

2 2 12

1 1 8
(2 ) (0.62112) 0.138027 lb s ft

2 2 12

A
A B

C
C

A B A

C C

W
m m

g

W
m

g

I I m r

I m r

= = = = ⋅

= = = ⋅

 = = = = ⋅ ⋅ 
 

 = = = ⋅ ⋅ 
 

 

Kinematics:   No slipping at contact BC. 

  ( ) ( )t BC t BCa=a  30° 

  ( ) 2 2t BC B C B Ca r rα α α α= = =  (1) 

Friction condition:     AC k ACF Nμ=  (2) 

Kinetics: 

Disk B: eff( ) :B BF FΣ = Σ   

     

2

(2)(0.0086266)

4/12
0.051760

BC B B

B B
BC B C

BC C

C

F r I

I I
F

r r

F

α

α α

α

α

=

= =

=

=  (3) 
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PROBLEM 16.45  (Continued) 

 

 

Disk C: 

  eff( ) : (2 ) (2 )C C AC BC C CM M F r F r I αΣ = Σ − =  

  

2
0.138027

0.051760
8/12

0.25880

C
AC BC C

C C

AC C

I
F F

r

F

α

α α

α

= +

= +

=  (4) 

From Eq. (2),  1.03520
0.25

AC
AC C

F
N α= =  (5) 

   + eff30 : sin 30 cos60 sin 60 0B BC AC ACF F W F F N°Σ = Σ ° + − ° − ° =  

        (20)sin 30 (0.051760 0.25880cos60 1.03520sin 60 ) 0Cα° + − ° − ° =  

    
2

10 0.97415 0

10.2654 rad/s

C

C

α

α

− =

=
 

   

(0.051760)(10.2654) 0.53134 lb.

(0.25880)(10.2654) 2.6567 lb.

(1.03520)(10.2654) 10.6267 lb.

BC

AC

AC

F

F

N

= =
= =
= =

  

 

Check that 0.BCN >  

+ eff60 : cos30 cos60 sin 60 0BC C AC ACF F N W N F°Σ = Σ − ° + ° − ° =  

 
(20 lb)cos30 (10.6267 lb)cos60 (2.6567 lb)sin 60 0

14.3079 lb.
BC

BC

N

N

= ° − ° + ° =
=
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PROBLEM 16.45  (Continued) 

 

Disk A: 

  eff( ) :A A AC A AM M F r I αΣ = Σ =   

  2(2.6567)(4/12)
102.69 rad/s

0.0086266
AC

A
A

F r

I
α = = =  

(a) Angular accelerations of disks. 2102.7 rad/sA =α   

 From Eq. (1),  220.5 rad/sB =α   

    210.27 rad/sC =α   

(b) Final angular velocities. 

 Disk A: 0 720 rpm 24 rad/sω π= =  

   
0

24 102.69
A At

t

ω ω α
π

= −
= −  

   
4

( ) (24 102.69 )
12t AC Av r tω π= = −  

   ( ) (8 34.23) ft/st AC π= −v   30° 

 Disk C:               C Ctω α=  10.2654t=  

           
8

( ) 2 (10.2654)
12t CA Cr tω  = =  
 

v  

           ( ) 6.8436t CA t=v   30° 

 Time when tangential velocities are equal. 

   8 34.23 6.8436 0.6119 st t tπ − = =  

   24 (102.69)(0.6119) 12.562 rad/sAω π= − =   120.0 rpmA =ω  

   (10.2654)(0.6119) 6.2813 rad/sCω = =  60.0 rpmC =ω   

    120.0 rpmB =ω   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1475 

 

PROBLEM 16.46 

Show that the system of the effective forces for a rigid slab in plane motion reduces to a single vector, and 
express the distance from the mass center G of the slab to the line of action of this vector in terms of the 
centroidal radius of gyration k of the slab, the magnitude a  of the acceleration of G, and the angular 
acceleration .α  

 

SOLUTION 

We know that the system of effective forces can be reduced to the vector ma  at G and the couple .I α  We 
further know from Chapter 3 on statics that a force-couple system in a plane can be further reduced to a single 
force. 

 

The perpendicular distance d from G to the line of action of the single vector ma  is expressed by writing 

  eff( ) : ( )G GM M I ma dαΣ = Σ =  

  
2I mk

d
ma ma

α α= =  
2k

d
a

α=   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1476 

 

 

PROBLEM 16.47 

For a rigid slab in plane motion, show that the system of the effective 
forces consists of vectors ( ) ,imΔ a 2( ) ,i im ω ′− Δ r and ( )( )i im ′Δ × rα  
attached to the various particles Pi of the slab, where a  is the 
acceleration of the mass center G of the slab, ω  is the angular velocity 
of the slab, α is its angular acceleration, and i

′r denotes the position 
vector of the particle ,iP  relative to G. Further show, by computing 
their sum and the sum of their moments about G, that the effective 
forces reduce to a vector ma attached at G and a couple .I α  

 

SOLUTION 

Kinematics: The acceleration of LP  is 

 

/

2

( )
ii P G

i i i

i iω

= +

′ ′= + × + × ×

′ ′= + × −

a a a

a a α r ω ω r

a α r r

 

Note: that  is  to i i′ ′× ⊥α r r  

Thus, the effective forces are as shown in Figure P16.47 (also shown above). We write 

 2( ) ( ) ( )( ) ( )i i i i i i im m m m rω′ ′Δ = Δ + Δ × − Δa a α r  

The sum of the effective forces is 

 
2

2

( ) ( ) ( )( ) ( )

( ) ( ) ( ) ( )

i i i i i i i

i i i i i i i

m m m m

m m m m

ω

ω

′ ′Σ Δ = Σ Δ + Σ Δ × − Σ Δ

′ ′Σ Δ = Σ Δ + × Σ Δ − Σ Δ

a a α r r

a a α r r
 

We note that ( ) .im mΣ Δ =  And since G is the mass center, 

 ( ) 0i i im m r′Σ Δ = ′ =r  

Thus, ( )i im mΣ Δ =a a  (1) 

The sum of the moments about G of the effective forces is: 

 
2

2

( ) ( )( ) ( )

( ) ( ) [ ( ) ] ( )

i i i i i i i i i i i

i i i i i i i i i i i

m m m m

m m m m

ω

ω

′ ′ ′ ′ ′ ′Σ × Δ = Σ × Δ + Σ × Δ × − Σ × Δ

′ ′ ′ ′ ′ ′Σ × Δ = Σ Δ + Σ × × Δ − Σ × Δ

r a r a r α r r r

r a r a r α r r r
 

Since G is the mass center, 0i im′Σ Δ =r  

Also, for each particle, 0i i′ ′× =r r  

Thus, ( ) [ ( ) ]i i i i i i im m′ ′ ′Σ × Δ = Σ × × Δr a r rα  
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PROBLEM 16.47  (Continued) 

 

Since ,iα ′⊥ r we have 2( )i i ir α′ ′× × =r rα  and 

 
2

2

( ) ( )

( )

ii i i i i

i i

m r m

r m

α′ ′Σ × Δ = Σ Δ

′= Σ Δ

r a

α
 

Since 2
i ir m I′Σ Δ =  ( )i i im I α′Σ × Δ =r a  (2) 

From Eqs. (1) and (2) we conclude that system of effective forces reduce to ma  attached at G and a  
couple .I α  
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PROBLEM 16.48 

A uniform slender rod AB rests on a frictionless horizontal 
surface, and a force P of magnitude 0.25 lb is applied at A 
in a direction perpendicular to the rod. Knowing that the rod 
weighs 1.75 lb, determine (a) the acceleration of Point A, 
(b) the acceleration of Point B, (c) the location of the point 
on the bar that has zero acceleration. 

 

SOLUTION 

  
21

12

W
m

g

W
I L

g

=

=
 

 eff( ) :x x
W

F F P ma a
g

Σ = Σ = =  

  
0.25 lb 1

1.75 lb 7

P
a g g g

W
= = =  

1

7
g=a  

 2
eff

1
( ) :

2 12G G
L W

M M P I L
g

α αΣ = Σ = =  

  
5 0.25 lb 6

6 6
1.75 lb 7

P g g

W L L L
α = = ⋅ =  

6

7

g

L
=α  

We calculate the accelerations immediately after the force is applied. After the rod acquires angular velocity, 
there will be additional normal accelerations. 

(a) Acceleration of Point A. 

 21 6 4 4
(32.2 ft/s )

2 7 2 7 7 7A
L L

g g gα= + = + ⋅ = =a a  218.40 ft/sA =a  

(b) Acceleration of Point B. 

 21 6 2 2
(32.2 ft/s )

2 7 2 7 7 7B
L L

g g gα= − = − ⋅ = − = −a a  29.20 ft/sB =a  
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PROBLEM 16.48  (Continued) 

 

(c) Point of zero acceleration. 

  
1
7

6
7

0

( ) 0

1

6

P

P G

P G g
L

a

a z z

ga
z z L

α

α

=
− − =

− = = =
⋅

 

 Since 
1

2Gz L=  

  

1 1 2

2 6 3
2

(36 in.)
3

P

P

z L L L

z

= + =

=  24.0 in.Pz =   
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PROBLEM 16.49 

(a) In Problem 16.48, determine the point of the rod AB 
at which the force P should be applied if the acceleration 
of Point B is to be zero. (b) Knowing that 0.25P = lb, 
determine the corresponding acceleration of Point A. 

 

SOLUTION 

 eff( ) :x X
W

F F P ma a
g

Σ = Σ = =  

  
P

g
W

=a  

 2
eff

1
( ) :

12G G
W

M M Ph I L
g

α αΣ = Σ = =  

  
2

12Ph
g

WL
=α  

(a) Position of force P. 
2B
L α= −a a  

 
2

12
0

2
36 in.

6 in.
6 6

P L Ph
g g

W WL
L

h

= − ⋅

= = =
 

   Thus, P is located 12 in. from end A.   

 For  
( )6
2

12
: 2

6

LPL P g
h g

W LWL
α= = = ⋅  

(b) Acceleration of Point A. 

 2 2
2 2A
L P L P g P

a a g g
W W L W

α= + = + ⋅ =  

 20.25 lb
2 (32.2 ft/s )

1.75 lbAa =  29.20 ft/sA =a    
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PROBLEM 16.50 

A force P of magnitude 3 N is applied to a tape wrapped 
around a thin hoop of mass 2.4 kg. Knowing that the body 
rests on a frictionless horizontal surface, determine the 
acceleration of (a) Point A, (b) Point B. 

 

SOLUTION 

Hoop: 2I mr=  

 eff( ) :x xF F P maΣ = Σ =  

 
P

m
=a  

 eff( ) : 2
G GM M Pr I mrα αΣ = Σ = =  

 
P

mr
=α  

(a) Acceleration of Point A. 

 2A
P P P

a a r r
m mr m

α  = + = + = 
 

 

 23 N
2 2.5 m/s

2.4 kgAa = =  22.50 m/sA =a    

(b) Acceleration of Point B. 

 0B
P P

a a r r
m mr

α  = − = − = 
 

 0B =a   
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PROBLEM 16.51 

A force P is applied to a tape wrapped around a uniform 
disk that rests on a frictionless horizontal surface. Show 
that for each 360° rotation of the disk the center of the 
disk will move a distance πr. 

 

SOLUTION 

Disk:  21

2
I mr=  

 eff( ) :x xF F P maΣ = Σ =  

 
P

m
=a  

 eff( ) :G GM M Pr IαΣ = Σ =  

 21

2
Pr mr α=  

 
2P

mr
α =  

Let t1 be time required for 360° rotation. 

 

2
1

2
1

2
1

1

2
1 2

2 rad
2

2

t

P
t

mr

mr
t

P

θ α

π

π

=

 =  
 

=

 

Let x1 = distance G moves during 360° rotation. 

 2
1 1

1 1 2

2 2

P mr
x at

m P

π = =  
 

 

 1x rπ=  Q.E.D.  
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PROBLEM 16.52 

A 250-lb satellite has a radius of gyration of 24 in. with respect to the  
y axis and is symmetrical with respect to the zx plane. Its orientation is 
changed by firing four small rockets A, B, C, and D, each of which 
produces a 4-lb thrust T directed as shown. Determine the angular 
acceleration of the satellite and the acceleration of its mass center G  
(a) when all four rockets are fired, (b) when all rockets except D are fired. 

 

SOLUTION 

 

 
2

2 2
2

250 lb 24 in.
250 lb, 31.056 slug ft

1232.2 ft/s
y

W
W m I mk

g

  = = = = = ⋅     
 

(a) With all four rockets fired: 

 eff :F FΣ = Σ  0 ma=  0=a   

 eff( ) : 4G GM M Tr I αΣ = Σ =  

 
32 in.

4(4 lb) 31.056
12

α − = 
 

 21.3739 rad/s= −α  

 2(1.374 rad/s )= −α j   

(b) With all rockets except D: 

 2
eff

250
( ) : 4 lb 0.51520 ft/s

32.2x x x xF F a aΣ = Σ − = = −  

 eff( ) :z zF FΣ = Σ  
250

0 0
32.2 za a= =  2(0.515 ft/s )= −a i   

 eff( ) :G GM MΣ = Σ  3Tr I α=  

 
32 in.

3(4 lb) 31.056
12

α − = 
 

 2(1.030 rad/s )− jα =  
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PROBLEM 16.53 

A rectangular plate of mass 5 kg is suspended from four 
vertical wires, and a force P of magnitude 6 N is applied to 
corner C as shown. Immediately after P is applied, determine 
the acceleration of (a) the midpoint of edge BC, (b) corner B. 

 

SOLUTION 

 

 2 2 2 2 21 1
( ) (5 kg)[(0.4 m) (0.3 m) ] 0.10417 kg m

12 12
I m b h= + = + = ⋅  

 eff :F F P maΣ = Σ =  

 26 (5 kg)   (1.2 m/s )N a a= = + k  

 eff( ) : (0.2 m)G GM M P I αΣ = Σ =  

 2(6 N)(0.2 m) (0.10417 kg m )α= ⋅  2(11.52 rad/s )= − jα  

 

(a) /

2 2(1.2 m/s ) (11.52 rad/s ) (0.2 m)

E E G= + ×

= + − ×

a a α r

k j i

 

 2 2(1.2 m/s ) (2.304 m/s )= + +k k  2(3.50 m/s )E =a k   
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PROBLEM 16.53  (Continued) 

 

(b) /

2

2 2 2

(1.2 m/s ) (11.52 rad/s) [(0.2 m)  +(0.15 m) ]

(1.2 m/s ) (2.304 m/s ) (1.728 m/s )

B B G= + ×

= + − ×

= + + +

a a α r

k j i k

k k i

 

 2 2(1.728 m/s ) (3.5 m/s )B = +a i k  
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PROBLEM 16.54 

A uniform slender L-shaped bar ABC is at rest on a 
horizontal surface when a force P of magnitude 4 N is 
applied at Point A. Neglecting friction between the bar and 
the surface and knowing that the mass of the bar is 2 kg, 
determine (a) the initial angular acceleration of the bar,  
(b) the initial acceleration of Point B. 

 

SOLUTION 

(a) 

 

  
1 2( /2) ( /2)m x m x

x
m

+=  

  
1(0.15) 1(0)

0.075 m
2

x
+= =  

  x z=  

 

 

 

 

 ( )2 2 2 21
2 (0.3) (0.075) (0.075) 0.0375 kg m

12 2 2

m m
I

  = + + = ⋅  
  

 

 0 , 0x Gx GxF ma aΣ = = =  

 
24 , 2 m/sz Gz GzF ma aΣ = − = = −  

 4(0.075) 0.0375 ,GM αΣ = − =   
2(8 rad/s )= − jα   

(b) / 2 8 ( 0.075 0.075 )B G B G= + = − − × − −a a a k j i k  2 2(0.6 m/s ) (2.6 m/s )B = −a i k   

 

Mass center at G 
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PROBLEM 16.55 

By pulling on the string of a yo-yo, a person manages to make the yo-yo spin, 
while remaining at the same elevation above the floor. Denoting the mass of 
the yo-yo by m, the radius of the inner drum on which the string is wound by r, 
and the centroidal radius of gyration of the yo-yo by ,k determine the angular 
acceleration of the yo-yo. 

 

SOLUTION 

 

 

 eff( ) : 0;y yF F T mg T mgΣ = Σ − = =  

 eff( ) :G GM MΣ = Σ

 
2

Tr I

mgr mk

α
α

=

=
 

 2

rg

k
α =  2

rg

k
=α   
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PROBLEM 16.56 

The 80-g yo-yo shown has a centroidal radius of gyration of 30 mm. The radius 
of the inner drum on which a string is wound is 6 mm. Knowing that at the instant 
shown the acceleration of the center of the yo-yo is 1 m/s2 upward, determine  
(a) the required tension T in the string, (b) the corresponding angular acceleration 
of the yo-yo. 

 

SOLUTION 

 

 20.080 kg (9.81 m/s ) 0.7848 N

W mg

W

=

= =
 

 eff( ) :y y
W

F F T W a
g

Σ = Σ − =  

 2 2(0.08 kg)(9.81 m/s ) (0.08 kg)(1 m/s )T − =  

 0.8648 NT =  

(a) Tension in the string. 0.865 NT =   

 eff( ) :G GM M Tr IαΣ = Σ =  

 

2

3 2

(0.8648 N)(0.006 m)

5.1888 10 N m (0.08 kg)(0.03 m)

mk α
α−

=

× ⋅ =
 

(b) Angular acceleration. 

 272.067 rad/sα =  272.1 rad/sα =  
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PROBLEM 16.57 

A 6-lb sprocket wheel has a centroidal radius of gyration of 2.75 in. and 
is suspended from a chain as shown. Determine the acceleration of 
Points A and B of the chain, knowing that 3 lbAT =  and 4 lb.BT =  

 

SOLUTION 

 

2

2

2

3 2

6 lb 2.75 in.

12 in./ft32.2 ft/s

9.7858 10  slug ft

3.5 in.

W
m

g

I mk

r

−

=

=

  
=      

= × ⋅
=

 

 eff( ) :y y A BF F T T W maΣ = Σ + − =  

 
2

(6 lb)
6 lb

32.2 ft/s
A BT T a

 
+ − =   

 
 

 5.3667( 6)A Ba T T= + −  (1) 

 eff
3.5 3.5

( ) : ft ft
12 12G G B AM M T T Iα   Σ = Σ − =   

   
 

 3 23.5
( ) ft (9.7858 10  slug ft )

12B AT T α− − = × ⋅ 
 

 

 29.805 ( )B AT Tα = −  (2) 

Given data: 3 lb, 4 lbA BT T= =  
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PROBLEM 16.57  (Continued) 

 

Eq. (1): 25.3667(3 4 6) 5.3667 ft/sa = + − =  

Eq. (2): 229.805(4 3) 29.805 rad/sα = − =  

 ( )

3.5
5.3667 (29.805)

12

A A ta

a rα
=
= +

 = −  
 

a  

 23.3264 ft/s= −  23.33 ft/sA =a    

 ( )

3.5
5.3667 (29.805)

12

A A ta

a rα
=
= +

 = +  
 

a  

 214.06 ft/s= +  214.06 ft/sB =a  
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PROBLEM 16.58 

The steel roll shown has a mass of 1200 kg, a centriodal radius of 
gyration of 150 mm, and is lifted by two cables looped around its 
shaft. Knowing that for each cable 3100 NAT =  and TB 3300 N,=  
determine (a) the angular acceleration of the roll, (b) the acceleration 
of its mass center. 

 

SOLUTION 

Data: 
2 2 2

1200 kg

(1200)(0.150) 27 kg m

1 1
(0.100) 0.050 m

2 2
3100 N

3300 N
A

B

m

I mk

r d

T

T

=

= = = ⋅

= = =

=
=

 

(a) Angular acceleration. 

 eff( ) : 2 2G G B AM M T r T r I αΣ = Σ − =  

 

2( )

(2)(3300 3100)(0.050)

27

B AT T r

I
α −=

−=  20.741 rad/s=α    

(b) Acceleration of mass center. 

 eff( ) : 2 2y y A BF F T T mg maΣ = Σ + − =  

 

2( )

2(3100 3300)
9.81

1200

A BT T
a g

m

+= −

+= −  20.857 m/s=a   
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PROBLEM 16.59 

The steel roll shown has a mass of 1200 kg, has a centriodal 
radius of gyration of 150 mm, and is lifted by two cables looped 
around its shaft. Knowing that at the instant shown the 
acceleration of the roll is 2150 mm/s  downward and that for each 
cable 3000 N,AT =  determine (a) the corresponding tension ,BT  
(b) the angular acceleration of the roll. 

 

SOLUTION 

Data: 
2 2 2

1200 kg

(1200)(0.150) 27 kg m

1 1
(0.100) 0.050 m

2 2
3000 NA

m

I mk

r d

T

=

= = = ⋅

= = =

=

 

 20.150 m/s=a  

(a) Tension in cable B. 

 eff( ) : 2 2y y A BF F T T mg maΣ = Σ + − = −  

 

2
( )

2
(1200)(9.81 0.150)

3000
2

2796 N

B A

A

mg ma
T T

m g a
T

−= −

−= −

−= −

=  2800 NBT =   

(b) Angular acceleration. 

 eff( ) : 2 2G G B AM M T r T r I αΣ = Σ − =  

 2

2( )

(2)(2796 3000)

27

15.11 rad/s

B AT T r

I
α −=

−=

= −  215.11 rad/s=α   
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PROBLEM 16.60 

A 15-ft beam weighing 500 lb is lowered by means of two cables 
unwinding from overhead cranes. As the beam approaches the 
ground, the crane operators apply brakes to slow the unwinding 
motion. Knowing that the deceleration of cable A is 20 ft/s2 and 
the deceleration of cable B is 2 ft/s2, determine the tension in each 
cable. 

 

SOLUTION 

Kinematics: (15 ft)B Aa a α= +  

 2 20= 15α+  

 21.2 rad/s=α  

 
1 1

( ) (2 20)
2 2A Ba a a= + = +  

 211 ft/s=a  

Kinetics: 

 

 

2

2
2

2

1

12
1 500

(15 ft)
12 32.2 ft/s

291.15 lb ft s

I mL=

=

= ⋅ ⋅

 

 eff( ) : (15 ft) (2.5 ft) (7.5 ft)B B AM M T W ma IαΣ = Σ − = +  

 

2
2

2

500 lb
(15 ft) (500 lb)(7.5 ft) (11 ft/s )(7.5 ft)

32.2 ft/s

(291.15 lb ft/s)(1.2 rad/s )

15 3750 1281 349.3

358.7 lb

A

A

A

T

T

T

− =

+ ⋅
− = +

=  359 lbAT =   

 eff : A BF F T T W maΣ = Σ + − =  

 

2
2

500 lb
358.7 lb 500 lb (11 ft/s )

32.2 ft/s
312.2 lb

B

B

T

T

+ − =

=  312 lbBT =   
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PROBLEM 16.61 

A 15-ft beam weighing 500 lb is lowered by means of two cables 
unwinding from overhead cranes. As the beam approaches the 
ground, the crane operators apply brakes to slow the unwinding 
motion. Knowing that the deceleration of cable A is 20 ft/s2 and 
the deceleration of cable B is 22 ft/s , determine the tension in each 
cable. 

 

SOLUTION 

Kinematics: 12B Aa a α= +  

 2 20= 12α+  

 21.5 rad/s=α  

 7.5Aa α= +a  

 20= (7.5)(1.5)+  

 28.75 ft/s=a  

 2 2 21 1 500
(15) 291.15 lb ft s

2 12 32.2
I mL= = = ⋅ ⋅  

Kinetics: 

 

 eff( ) : (12 ft) (4.5 ft) (4.5 ft)B B AM M T W ma I αΣ = Σ + = +  

 

2
2

2

500 lb
(12 ft) (500 lb)(4.5 ft) (8.75 ft/s )(4.5 ft)

32.2 ft/s

(291.15)(1.5 rad/s )

12 2250 611.4 436.7

A

A

T

T

− =

+
− = +  275 lbAT =   

 eff : A BF F T T W maΣ = Σ + − =  

 
500

275 lb 500 (8.75)
32.2BT+ − =  361 lbBT =   
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PROBLEM 16.62 

Two uniform cylinders, each of weight W = 14 lb and radius r = 5 in., 
are connected by a belt as shown. If the system is released from rest, 
determine (a) the angular acceleration of each cylinder, (b) the tension 
in the portion of belt connecting the two cylinders, (c) the velocity of the 
center of the cylinder A after it has moved through 3 ft. 

 

SOLUTION 

Kinematics 

Let A Aa=a  be the acceleration of the center of cylinder A, AB ABa=a  be acceleration of the cord between 

the disks, A Aα=α  be the angular acceleration of disk A, and B Bα=α  be the angular acceleration of disk B. 

 A Aa rα=  (1) 

 2AB A A A Ba a r r rα α α= + = =  (2) 

Masses and moments of inertia 

 A Bm m m= =  (3) 

 21

2A BI I mr= =  (4) 

Kinetics: Let TAB be the tension in the portion of the cable between disks A and B. 

Disk A: eff( ) : 2P P A AB A A A AM M rW rT rm a I αΣ = Σ − = +  (5) 
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PROBLEM 16.62  (Continued) 

 

Disk B: eff( ) :B B AB B BM M rT I αΣ = Σ =  (6) 

 

Add 2 Eq. (6)×  to Eq. (5) to eliminate TAB. 

 2A A A A A B BrW rm a I Iα α= + +  (7) 

Use Eqs. (1) and (2) to eliminate Aa  and Bα  

 

2

2 2 2

2

2

( ) 2 (2 )

( 4 )

1 1
4

2 2

3.5

1

3.53.5

2
2

3.5

A A A A A B A

A A B A

A

A

A
A

B A

rW rm r I I

m r I I

mr mr mr

mr

rW g

rmr

g

r

α α α
α

α

α

α

α α

= + + ⋅

= + +

  = + +  
  

=

= =

= =

 

From Eq. (2), 
( )21

2

2

(2 )

3.5
B B

AB

mr gI
T

r r

α= =  

 
3.5 3.5

mg W= =  

Data: W = 14 lb, g = 32.2 ft/s2, 

 
5

5 in. ft
12

r = =  
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PROBLEM 16.62  (Continued) 

 

(a) Angular accelerations. 

  ( )
2

5
12

32.2 ft/s
22.08 rad/s

(3.5) ft
Aα = =  222.1 rad/sA =α  

  2B Aα α=  244.2 rad/sB =α   

(b) Tension TAB. 

  
14 lb

3.5 3.5AB
W

T = =  4.00 lbABT =   

(c) Velocity of the center of A. 

  

2

2 2
0

2 2

5 5
(22.08) 9.20 ft/s

12 12

[( ) ] 2

0 (2)(9.20 ft/s)(3 ft) 55.2 ft /s

A A

A A A A

a

v v a d

α= = =

= +

= + =

 

  7.43 ft/sAv =  7.43 ft/sA =v  
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1498 

 

 

PROBLEM 16.63 

A beam AB of mass m and of uniform cross section is suspended 
from two springs as shown. If spring 2 breaks, determine at that 
instant (a) the angular acceleration of the bar, (b) the acceleration 
of Point A, (c) the acceleration of Point B. 

 

SOLUTION 

Statics: 1 2
1 1

2 2
T T W mg= = =  

(a) Angular acceleration: 

 

 eff( ) :
2G G
L

M M T I α Σ = Σ = 
 

 

 21 1

2 2 12

L
mg mL α  = 

 
 

 
3g

L
α =  

3g

L
=α   

 eff 1( ) :y yF F W T maΣ = Σ − =  

 
1

2
mg mg ma− =  

 
1 1

2 2
a g g= =a  

(b) Acceleration of A: 
 /A G A G= +a a a  

 
1

2 2A
L

g α= −a  

 
1 3

2 2

L g
g

L
 = −  
 

 

 Aa g= −  A g=a   

(c) Acceleration of B: 
 /B G B G= +a a a  

 
1 3

2
2 2 2B
L L g

a a g g
L

α  = + = + = + 
 

 2B g=a  
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PROBLEM 16.64 

A beam AB of mass m and of uniform cross section is suspended 
from two springs as shown. If spring 2 breaks, determine at that 
instant (a) the angular acceleration of the beam, (b) the acceleration 
of Point A, (c) the acceleration of Point B. 

 

SOLUTION 

 

   
2

3y G
mg

F maΣ = =  

 
21

3 2 12G
mg L

M mL α Σ = = 
 

 

(a)   
2

3G
g=a   ,        

2g

L
=α    

(b) A =a   
2 2

3 2

g g L

L
+   

3

g=  , 

    
3A
g=a    

(c) B =a   
2 2

3 2

g g L

L
+   

5

3

g=   

    
5

3B
g=a    
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PROBLEM 16.65 

A beam AB of mass m and of uniform cross section is suspended from two springs as shown. If spring  
2 breaks, determine at that instant (a) the angular acceleration of the bar, (b) the acceleration of Point A,  
(c) the acceleration of Point B. 

 

 

SOLUTION 

Before spring 1 breaks: 

 1 20: sin 30 sin 30 0yF T T WΣ = ° + ° − =  

Since T1 = T2 by symmetry, 

 12 sin 30T W mg° = =  

 1 mg=T  30° 

Immediately after spring 2 breaks, elongation of spring 1 is unchanged. Thus, we still have 

 1 mg=T  30° 

 

(a) Angular acceleration: 

 eff 1( ) : ( sin 30 )
6G G
L

M M T I αΣ = Σ ° =  

 21
( sin 30 )

6 12

L
mg mL α° =  

g

L
=α    

 eff( ) :x xF FΣ = Σ  1 cos30 xT ma° =  

 cos30 , 0.866xmg ma g° = =a  

 eff( ) :y yF FΣ = Σ  1 sin 30 yW T ma− ° =  

 sin 30 ymg mg ma− ° =  0.5y g=a  
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PROBLEM 16.65  (Continued) 

 

 Accelerations of A and B 

 

 Translation        +       Rotation about G 

(b) Acceleration of A: 

 / [0.866A G A G g= + =a a a ] [0.5g+ ]
2

g L

L
  +   
  

 

 [0.866g= ] 0+  0.866A g=a    

(c) Acceleration of B: 

 / [0.866B G B G g= + =a a a ] [0.5g+ ]
2

g L

L
  +   
  

 

 [0.366g= ] [g+ ] 1.323B g=a  49.1°  
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PROBLEM 16.66 

A thin plate of the shape indicated and of mass m is suspended from 
two springs as shown. If spring 2 breaks, determine the acceleration at 
that instant (a) of Point A, (b) of Point B. 

A square plate of side b. 

 

SOLUTION 

 2 21
( )

12
I m b b= +  

 21

6
I mb=  

Statics: 1 2
1 1

2 2
T T W mg= = =  

Kinetics: eff( ) :G GM MΣ = Σ  2

b
T I α=  

 21 1

2 2 6

b
mg mb α  = 

 
 

 
3

2

g

b
=α  

 eff 1( ) :y yF F W T maΣ = Σ − =  

 
1 1

2 2
mg mg ma g− = =a  

Kinematics: 

 

 Plane motion = Translation + Rotation 
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PROBLEM 16.66  (Continued) 

 

(a) /A G A G= + =a a a a  
2

b α+  

 
2A
g=a  

2 2

b g

b

3 +  
  4

g=  
1

4A g=a   

(b) /B G B G= + =a a a a  
2

b α+  

 
1

2B g=a
3

 
2 2

b g

b
 +  
 

5

4
g=  

5

4B g=a  
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PROBLEM 16.67 

A thin plate of the shape indicated and of mass m is suspended from 
two springs as shown. If spring 2 breaks, determine the acceleration at 
that instant (a) of Point A, (b) of Point B. 

A circular plate of diameter b. 

 

SOLUTION 

 
2

21 1

2 2 8

b
I m mb

 = = 
 

 

Statics: 1 2
1 1

2 2
T T W mg= = =  

Kinetics: eff( ) :G GM MΣ = Σ  1 2

b
T I α=  

 21 1

2 2 8

b
mg mb α  = 

 
 

 2
g

b
=α  

 eff 1( ) :y yF F W T maΣ = Σ − =  

 
1 1

2 2
mg mg ma g− = =a  

Kinematics: 

 

 Plane motion = Translation + Rotation 

(a) /A G A G= + =a a a a  
2

b α+ 1

2
g=  2

2

b g

b
 +  
 

 
1

2A g=a   

(b) /B G B G= + =a a a a  
2

b α+ 1

2
g=    2

2

b g

b
 +  
 

 
3

2B g=a   
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PROBLEM 16.68 

A thin plate of the shape indicated and of mass m is suspended 
from two springs as shown. If spring 2 breaks, determine the 
acceleration at that instant (a) of Point A, (b) of Point B. 

A rectangular plate of height b and width a. 

 

SOLUTION 

Moment of inertia. 2 21
( )

12
I m a b= +  

 
 

 

Statics: 0, 0, 0x ya a α= = =  

Draw the force triangle showing equilibrium. 

 1 2 sin 45T T mg= = °  

 

 

 

Kinetics: 2 0T =  
Since there is no time for displacements to occur, the tension in spring 1 remains equal to 

 1 sin 45T mg= °  

Then 1
1

2
mg

= 
T   

1

2
mg

+ 
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PROBLEM 16.68  (Continued) 

 

 : [m mg+Σ =F a ]
1

2
mg

+ 
 

1

2
mg

+ 
m= a  

 
1

2
g

= 
a  

1

2
g

+ 
 

  eff
1 1

( ) :
2 2 2 2G G

a b
M M mg mg I α   Σ = Σ + =   

   
 

  2 21 1
( ) ( )

4 12
mg a b m a b α+ = +  

2 2

3 ( )g a b

a b

+=
+

α  

In vector notation, 

2 2

1
( )

2
3 ( )

g

g a b

a b

= −

+= −
+

a i j

α k

 

Kinematics. 2
/ /P P G P Gω= + × −a a α r r  

Since there is no time to acquire angular velocity, 2 0ω =  

(a) Acceleration at A. /
1

2A G a= −r i  

  
2 2

1 3 ( ) 1
( )

2 2A
g a b

g a
a b

+   = − + − × −  +   
a i j k i  

   
2 2

1 3 ( )
( )

2A
g a b a

g
a b

+= − +
+

a i j j   

(b) Acceleration at B. /
1

2B G a=r i  

  
2 2

1 3 ( ) 1
( )

2 2B
g a b

g a
a b

+   = − + − ×   +   
a i j k i  

   
2 2

1 3 ( )
( )

2B
g a b a

g
a b

+= − −
+

a i j j   
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PROBLEM 16.69 

A sphere of radius r and mass m is projected along a rough horizontal surface with the 
initial velocities indicated. If the final velocity of the sphere is to be zero, express, in 
terms of v0, r, and ,kμ  (a) the required magnitude of 0,ω  (b) the time t1 required for 
the sphere to come to rest, (c) the distance the sphere will move before coming to rest. 

 

SOLUTION 

Kinetics: 2I mk=  

 eff( ) :x xF FΣ = Σ  F ma=  

 k kmg ma gμ μ= =a  

 eff( ) :G GM M Fr IαΣ = Σ =  

 2( )k mg r mkμ α=  

 
2

k gr

k

μ
=α  

Kinematics: 0

0 k

v v at

v v gtμ
= −
= −

 

For 0v =  when 1t t=  0
0 1 10 ;         k

k

v
v gt t

g
μ

μ
= − =  (1) 

 0

0 2
k

t

gr
t

k

ω ω α
μω ω

= −

= −

 

For 0ω =  when 1t t=  
2

0 1 1 02
0 ;         k

k

gr k
t t

grk

μω ω
μ

= − =  (2) 

Set Eq. (1) Eq. (2)=  
2

0
0 0 02
;         

k k

v k r
v

g gr k
ω ω

μ μ
= =  (3) 

Distance traveled: 2
1 0 1 1

1

2
s v t at= −  

 
2 2

0 0 0
1 0 1

1
( ) ;         

2 2k
k k k

v v v
s v g s

g g g
μ

μ μ μ
   

= − =   
   

 (4) 
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PROBLEM 16.69  (Continued) 

 

For a solid sphere 2 22

5
k r=  

(a) Eq. (3): 0
0 022

5

5

2

vr
v

rr
ω = =  0

0
5

2

v

r
=ω    

(b) Eq. (1) 0
1

k

v
t

gμ
=   

(c) Eq. (4) 
2
0

1 2 k

v
s

gμ
=  
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PROBLEM 16.70 

Solve Problem 16.69, assuming that the sphere is replaced by a uniform thin hoop 
of radius r and mass m. 

PROBLEM 16.69 A sphere of radius r and mass m is projected along a rough 
horizontal surface with the initial velocities indicated. If the final velocity of  
the sphere is to be zero, express, in terms of v0, r, and ,kμ  (a) the required magnitude 
of 0,ω  (b) the time t1 required for the sphere to come to rest, (c) the distance the 
sphere will move before coming to rest. 

 

SOLUTION 

Kinetics: 2I mk=  

 eff( ) :x xF FΣ = Σ  F ma=  

 k kmg ma gμ μ= =a  

 eff( ) :G GM M Fr IαΣ = Σ =  

 2( )k mg r mkμ α=  

 
2

k gr

k

μ
=α  

Kinematics: 0

0 k

v v at

v v gtμ
= −
= −

 

For 0v =  when 1t t=  0
0 1 10 ;         k

k

v
v gt t

g
μ

μ
= − =  (1) 

 0

0 2
k

t

gr
t

k

ω ω α
μω ω

= −

= −

 

For 0ω =  when 1t t=  
2

0 1 1 02
0 ;         k

k

gr k
t t

grk

μω ω
μ

= − =  (2) 

Set Eq. (1) Eq. (2)=  
2

0
0 0 02
;         

k k

v k r
v

g gr k
ω ω

μ μ
= =  (3) 

Distance traveled: 2
1 0 1 1

1

2
s v t at= −  

 
2 2

0 0 0
1 0 1

1
( ) ;         

2 2k
k k k

v v v
s v g s

g g g
μ

μ μ μ
   

= − =   
   

 (4) 
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PROBLEM 16.70  (Continued) 

 

For a hoop, k r=  

(a) Eq. (3): 0
0 02

vr
r

rr
ω = =  0

0
v

r
=ω    

(b) Eq. (1): 0
1

k

v
t

gμ
=  

(c) Eq. (4): 
2
0

1 2 k

v
s

gμ
=  
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PROBLEM 16.71 

A bowler projects an 8-in.-diameter ball weighing 12 lb along an alley with a 
forward velocity v0 of 15 ft/s and a backspin ω0 of 9 rad/s. Knowing that the 
coefficient of kinetic friction between the ball and the alley is 0.10, determine  
(a) the time t1 at which the ball will start rolling without sliding, (b) the speed of 
the ball at time t1, (c) the distance the ball will have traveled at time t1. 

 

SOLUTION 

Kinetics: 

 eff( ) :x x kF F mg maμΣ = Σ =  

 k gμ=a  

 eff( ) :G GM MΣ = Σ  Fr Iα=  

 
22

( )
5k mg r mrμ α=  

 
5

2
k g

r

μ
=α  

Kinematics: When the ball rolls, the instant center of rotation is at C, and when 

 1t t v rω= =  (1) 

 0 0 kv v at v gtμ= − = −  (2) 

 0 0
5

2
k g

t t
r

μω ω α ω= − + = − +  

When t = t1: 

Eq. (1) : :v rω=  0 1 0 1
5

2
k

k
g

v gt t r
r

μμ ω − = − + 
 

 

 0 1 0 1
5

2k kv gt r gtμ ω μ− = − +  

 0 0
1

( )2

k

v r
t

g g

ω
μ
+

=  (3) 

 0 0
1

15 ft/s, 9 rad/s, 4 in. ft
3

v rω= = = =  

(a) 1

1
15 (9)

2 3
1.5972 s

7 0.1(32.2)
t

 + 
 = =  1 1.597 st =  
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PROBLEM 16.71  (Continued) 

 

(b) Eq. (2): 1 0 1

15 0.1(32.2)(1.5972)
kv v gtμ= −

= −
 

 
1 15 5.1429

9.857 ft/s

v = −
=  1 9.86 ft/sv =   

(c) 2 20.1(32.2 ft/s ) 3.22 ft/ska gμ= = =  

 2
1 0 1 1

2 2

1

2
1

(15 ft/s)(1.597 s) (3.22 ft/s )(1.597 s)
2

s v t at= −

= −

 

 23.96 4.11 19.85 ft= − =  1 19.85 fts =  
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PROBLEM 16.72 

Solve Problem 16.71, assuming that the bowler projects the ball with the same forward 
velocity but with a backspin of 18 rad/s. 

PROBLEM 16.71 A bowler projects an 8-in.-diameter ball weighing 12 lb along an 
alley with a forward velocity v0 of 15 ft/s and a backspin ω0 of 9 rad/s. Knowing that 
the coefficient of kinetic friction between the ball and the alley is 0.10, determine  
(a) the time t1 at which the ball will start rolling without sliding, (b) the speed of the 
ball at time t1, (c) the distance the ball will have traveled at time t1. 

 

SOLUTION 

Kinetics: 

 eff( ) :x x kF F mg maμΣ = Σ =  

 k gμ=a  

 eff( ) :G GM M Fr IαΣ = Σ =  

 
22

( )
5k mg r mrμ α=  

 
5

2
k g

r

μ=α  

Kinematics:  When the ball rolls, the instant center of rotation is at C, and when  

 1t t v rω= =  (1) 

 0 0
t

kv v at v gμ= − = −  (2) 

 0 0
5

2
k g

t t
r

μω ω α ω= − + = − +  

When t = t1: 

Eq. (1)   :v rω=  0 1 0 1
5

2
k

k
g

v gt t r
r

μμ ω − = − + 
 

 

 0 1 0 1
5

2k kv gt r gtμ ω μ− = − +  

 0 0
1

( )2

7 k

v r
t

g

ω
μ
+

=  (3) 

 0 0
1

15 ft/s, 18 rad/s, ft
3

v rω= = =  
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PROBLEM 16.72  (Continued) 

 

(a) Eq. (3): 
( )1

3
1

15 (18)2
1.8634 s

7 0.1(32.2)
t

+
= =  1 1.863 st =   

(b) Eq. (2): 1 0

15 0.1(32.2)(1.8634)

t
kv v gμ= −

= −
 

  
1 15 6.000

9 ft/s

v = −
=  1 9 ft/sv =   

(c) 2 20.1(32.2 ft/s ) 3.22 ft/ska gμ= = =  

 2
1 0 1 1

2 2

1

2
1

(15 ft/s)(1.8634 s) (3.22 ft/s )(1.8634 s)
2

s v t a t= −

= −

 

 

27.95 5.59

22.36 ft

= −
=  1 22.4 fts =   
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PROBLEM 16.73 

A uniform sphere of radius r and mass m is placed with no initial velocity 
on a belt that moves to the right with a constant velocity v1. Denoting by 
μ k the coefficient of kinetic friction between the sphere and the belt, 
determine (a) the time t1 at which the sphere will start rolling without 
sliding, (b) the linear and angular velocities of the sphere at time t1. 

 

SOLUTION 

Kinetics: eff( ) :x xF F F maΣ = Σ =  

 k mg maμ =  

 k gμ=a  

 eff( ) :G GM M Fr I αΣ = Σ =  

 22
( )

5k mg r mrμ α=  

 
5

2
k g

r

μ=α  

Kinematics: kv at gtμ= =  (1) 

 
5

2
k g

t t
r

μω α= =  (2) 

Point C is the point of contact with belt. 

 
5

2

7

2

k
C k

C k

g
v v r gt t r

r

v gt

μω μ

μ

 = + = +  
 

=

 

(a) When sphere starts rolling 1( ),t t=  we have 

 

1

1 1
7

2

C

k

v v

v gtμ

=

=  1
1

2
  

7 k

v
t

gμ
=   

(b) Velocities when 1t t=  

 Eq. (1): 12

7 k

v
v g

g
μ

μ
 

=  
 

 1
2

7
v=v    

 Eq. (2): 15 2

2 7
k

k

g v

r g

μω
μ

  =   
  

 15

7

v

r
=ω   
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PROBLEM 16.74 

A sphere of radius r and m has a linear velocity v0 directed to the left and no 
angular velocity as it is placed on a belt moving to the right with a constant 
velocity v1. If after first sliding on the belt the sphere is to have no linear 
velocity relative to the ground as it starts rolling on the belt without sliding, 
determine in terms of v1 and the coefficient of kinetic friction kμ  between 
the sphere and the belt (a) the required value of v0, (b) time t1 at which the 
sphere will start rolling on the belt, (c) the distance the sphere will have 
moved relative to the ground at time t1. 

 

SOLUTION 

Kinetics: eff( ) :x xF F F maΣ = Σ =  

 k mg maμ =  

 k gμ=a  

 eff( ) :G G rM M F IαΣ = Σ =  

 25
( )

2k mg r mrμ α=  

 
5

2
k g

r

μ=α  

Kinematics: 0 0 kv v at v gtμ= − = −  (1) 

 
5

2
k g

t t
r

μω α= =  (2) 

Point C is the point of contact with belt. 

 

5

2

C

k
C

v v r

g
v v r t

r

ω
μ

= − +

= − +

 

 
5

2
k

C
g

v v t
μ= − +  (3) 

But, when 1,  0t t v= =  and 1cv v=  

Eq. (3): 1 1
5

2
k g

v t
μ=  1

1
2

5 k

v
t

gμ
=   

Eq. (1): 0 kv v gtμ= −  

When 1,  0,t t v= =  1
0

2
0

5k
k

v
v g

g
μ

μ
 

= −  
 

 0 1
2

5
v v=   
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PROBLEM 16.74  (Continued) 

 

Distance when 1:t t=   2
0 1 1

1

2
s v t at= −  



2

1 1
1

2
1

2 22 1
( )

5 5 2 5

4 2
;

25 25

k
k k

k

v v
s v g

g g

v
s

g

μ
μ μ

μ

    = −    
    

 = − 
 

 
2
12

25 k

v

gμ
=s   
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PROBLEM 16.CQ4 

A cord is attached to a spool when a force P is applied to the cord as shown. Assuming the spool rolls without 
slipping, what direction does the spool move for each case? 

Case 1: (a) left (b) right (c) It would not move. 

Case 2: (a) left (b) right (c) It would not move. 

Case 3: (a) left (b) right (c) It would not move. 

 

 

SOLUTION 

Answer: 

Case 1:  (a) 

Case 2:  (a) 

Case 3:  (b)
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PROBLEM 16.CQ5 

A cord is attached to a spool when a force P is applied to the cord as shown. Assuming the spool rolls without 
slipping, in what direction does the friction force act for each case? 

Case 1: (a) left (b) right (c) The friction force would be zero. 

Case 2: (a) left (b) right (c) The friction force would be zero. 

Case 3: (a) left (b) right (c) The friction force would be zero. 

 

 

SOLUTION 

Answer: 

Case 1:  (b) 

Case 2:  (b) 

Case 3:  (b)
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PROBLEM 16.CQ6 

A front wheel drive car starts from rest and accelerates to the right. Knowing that the tires do not slip on the 
road, what is the direction of the friction force the road applies to the front tires? 

(a) left 

(b) right 

(c) The friction force is zero. 

 

SOLUTION 

Answer:  (b)
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PROBLEM 16.CQ7 

A front wheel drive car starts from rest and accelerates to the right. Knowing that the tires do not slip on the 
road, what is the direction of the friction force the road applies to the rear tires? 

(a) left 

(b) right 

(c) The friction force is zero. 

 

SOLUTION 

Answer:  (a)
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PROBLEM 16.F5 

A uniform 6 × 8-in. rectangular plate of mass m is pinned at A. Knowing the 
angular velocity of the plate at the instant shown is ω, draw the FBD and KD. 

 

SOLUTION 

Answer: 
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PROBLEM 16.F6 

Two identical 4-lb slender rods AB and BC are connected 
by a pin at B and by the cord AC. The assembly rotates in 
a vertical plane under the combined effect of gravity and 
a couple M applied to rod AB. Knowing that in the 
position shown the angular velocity of the assembly is ω, 
draw the FBD and KD that can be used to determine the 
angular acceleration of the assembly and the tension in 
cord AC. 

 

SOLUTION 

Answer: 
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PROBLEM 16.F7 

The 4-lb uniform rod AB is attached to collars of negligible mass 
which may slide without friction along the fixed rods shown. 
Rod AB is at rest in the position θ = 25° when an horizontal 
force P is applied to collar A causing it to start moving to the 
left. Draw the FBD and KD for the rod. 

 

SOLUTION 

Answer: 
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PROBLEM 16.F8 

A uniform disk of mass m = 4 kg and radius r = 150 mm 
is supported by a belt ABCD that is bolted to the disk at 
B and C. If the belt suddenly breaks at a point located 
between A and B, draw the FBD and KD for the disk 
immediately after the break. 

 

SOLUTION 

Answer: 
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PROBLEM 16.75 

Show that the couple Iα  of Figure 16.15 can be eliminated by attaching the vectors 

tma  and nma  at a Point P called the center of percussion, located on line OG at a distance 
2/GP k r=  from the mass center of the body. 

 

SOLUTION 

 

 tOG r rα= =a  

We first observe that the sum of the vectors is the same in both figures. To have the same sum of moments 
about G, we must have 

 : ( )( )G G tM M I ma GPαΣ = Σ =  

 2 ( )mk mr GPα α=  
2

(Q.E.D.)
k

GP
r

=   

Note: The center of rotation and the center of percussion are interchangeable. Indeed, since ,OG r=  we may 
write 

 
2 2

or
k k

GP GO
GO GP

= =  

Thus, if Point P is selected as center of rotation, then Point O is the center of percussion. 
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PROBLEM 16.76 

A uniform slender rod of length L = 900 mm and mass m = 4 kg is suspended 
from a hinge at C. A horizontal force P of magnitude 75 N is applied at end B. 
Knowing that 225 mm,r =  determine (a) the angular acceleration of the rod, 
(b) the components of the reaction at C. 

 

SOLUTION 

(a) Angular acceleration. 

 21
 

12
a r I mLα= =  

 eff( ) : ( )
2C C
L

M M P r ma r Iα Σ = Σ + = + 
 

 

 

2

2 2

1
( )

12
1

2 12

mr r mL

L
P r m r L

α α

α

= +

   + = +   
   

 

Substitute data: 2 20.9 m 1
(75 N) 0.225 m (4 kg) (0.225 m) (0.9 m)

2 12
α   + = +      

 

 2

50.625 0.4725

107.14 rad/s

α
α

=

=  2107.1 rad/s=α    

(b) Components of reaction at C. 

 eff( ) : 0y y yF F C WΣ = Σ − =  

 2(4 kg)(9.81 m/s )yC W mg= = =  39.2 Ny =C    

 eff( ) :x x xF F C P maΣ = Σ − = −  

 
2

( )

75 N (4 kg)(0.225 m)(107.14 rad/s )

xC P ma P m rα= − = −

= −

 



75 N 96.4 N

21.4 N
xC = −

= −  21.4 Nx =C   
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PROBLEM 16.77 

In Problem 16.76, determine (a) the distance r  for which the horizontal component of the reaction at C is 
zero, (b) the corresponding angular acceleration of the rod. 

 

SOLUTION 

(a) Distance .r  

21

12

a r

I mL

α=

=

 

 eff( ) :x xF F P maΣ = Σ =  

 

( )P m r

P

mr

α

α

=

=  (1) 

 eff( ) :
2G G
L

M M P IαΣ = Σ =  

 

2

2

1

2 12
1

2 12

L
P mL

L P
P mL

mr

α=

 =  
 

 

 

2

2 12
1 900 mm

6 6

L L

r

r L r

=

= =  150 mmr =   

(b) Angular acceleration. 

 Eq. (1): ( )6

6
L

P P P

mr mLm
α = = =  

 26(75 N)
125 rad/s

(4 kg)(0.9 m)
α = =  2125 rad/s=α   
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PROBLEM 16.78 

A uniform slender rod of length L = 36 in. and weight W = 4 lb hangs freely from a hinge 
at A. If a force P of magnitude 1.5 lb is applied at B horizontally to the left (h = L), 
determine (a) the angular acceleration of the rod, (b) the components of the reaction at A. 

 

SOLUTION 

 21 1

2 12
a I mLα= =  

 eff( ) : ( )
2A A
L

M M PL ma IαΣ = Σ = +  

 

2

2

1

2 2 12

1

3

L L
m mL

PL mL

α α

α

 = + 
 

=
 

(a) Angular acceleration. 

( )2
4 lb

32.2 ft/s

3

3(1.5 lb)

(3 ft)

P

mL
α =

=

 

 212.08 rad/s=  212.08 rad/s=α    

(b) Components of the reaction at A. 

 eff( ) : 0y y yF F A WΣ = Σ − =  

 4 lbyA W= =  4.00 lby =A    

 eff( ) :x x xF F A P maΣ = Σ − = −  

 

3

2 2 2

1.5 lb
0.75 lb

2 2

x

x

L L P P
A P m P m

mL

P
A

α   = − = − = −   
   

= − = − = −  0.750 lbx =A    
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PROBLEM 16.79 

In Problem 16.78, determine (a) the distance h for which the horizontal component of the 
reaction at A is zero, (b) the corresponding angular acceleration of the rod. 

PROBLEM 16.78 A uniform slender rod of length L = 36 in. and weight W = 4 lb hangs 
freely from a hinge at A. If a force P of magnitude 1.5 lb is applied at B horizontally to the 
left (h = L), determine (a) the angular acceleration of the rod, (b) the components of the 
reaction at A. 

 

SOLUTION 

 

2

2
1

 
12

L
a

I mL

α=

=

 

 eff( ) :x xF FΣ = Σ  P ma=  

 
2

L
P m α =  

 
 

(b) Angular acceleration. 
2P

mL
α =  

 ( )2

4 lb

32.2 ft/s

2(1.5 lb)

(3 ft)
α =  28.05 rad/s=α    

 eff( ) :G GM MΣ = Σ  

2

: ( )
2

1 2

2 12 6

2
;     

2 6 2 6 3

L
P h I P h L

L P PL
P h mL

mL

L L L L
h h L

α − = − 
 
   − = =   
   
 − = = + = 
 

 

  

(a) Distance h. 24 in.h =   
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PROBLEM 16.80 

The uniform slender rod AB is welded to the hub D, and the system 
rotates about the vertical axis DE with a constant angular velocity ω, 
(a) Denoting by ω the mass per unit length of the rod, express the 
tension in the rod at a distance z from end A in terms of w, l, z, and ω, 
(b) Determine the tension in the rod for w = 0.3 kg/m, l = 400 mm,  
z = 250 mm, and ω = 150 rpm. 

 

SOLUTION 

Consider motion in the horizontal plane. Since ω is constant, the angular acceleration is zero. Only normal 
acceleration, i.e., along the rod occurs. For a section defined by the coordinate z, the acceleration of the mass 
center of the portion extending from z to the section is 

 2 2( /2)a r l zω ω= = −  

Kinetics. The mass of the section is 

 m wz=  

 

(a) eff :F F T maΣ = Σ =  

  2( )
2

z
wz l ω = − 

 
 

2
2

2

z
T w lz ω

 
= −  

 
  

(b) Data: 
(150)(2 )

150 rpm 5 rad/s
60

0.250 m, 0.400 m, 0.3 kg/mz l w

πω π= = =

= = =

 

 
2

2(0.25 m)
(0.3 kg/m) (0.4 m)(0.25 m) (5 rad/s) 5.09 N

2
T π

 
= − = 

 
 

  5.09 NT =   
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PROBLEM 16.81 

The shutter shown was formed by removing one quarter of a disk of 
0.75-in. radius and is used to interrupt a beam of light emanating from a 
lens at C. Knowing that the shutter weighs 0.125 lb and rotates at the 
constant rate of 24 cycles per second, determine the magnitude of the 
force exerted by the shutter on the shaft at A. 

 

SOLUTION 

See inside front cover for centroid of a circular sector. 

 

3
4

3
4

2

2 sin

3
2(0.75 in.)sin ( )

3( )

0.15005 in.

24 rad/s

24(2 ) rad/s

150.8 rad/s

n

r
r

r

r

a r

α
α

π
π

ω
ω

π
ω

=

=

=

=
=
=
=

 

 2
eff : nF F R m a mrωΣ = Σ = =  

 
2

2

(0.125 lb) 0.15005
ft (150.8 rad/s)

1232.2 ft/s

 =  
   

 1.1038 lbR =  

Force on shaft is  1.104 lbR =  

Magnitude:  1.104 lbR =   
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PROBLEM 16.82 

A 6-in.-diameter hole is cut as shown in a thin disk of 15-in.-diameter. The disk 
rotates in a horizontal plane about its geometric center A at the constant rate of 
480 rpm. Knowing that the disk has a mass of 60 lb after the hole has been cut, 
determine the horizontal component of the force exerted by the shaft on the 
disk at A. 

 

SOLUTION 

Determination of mass center of disk 

We determine the centroid of the composite area: 

 

  1 1 2 2 1 2 1 1 2 2or ( )xA x A x A x A A x A x A= − − = −  

   
2 2

1 2 2
2 2 2 2

1 2

0 (8) (3) (8)(3)
0.33333 in.

(15) (3) (15) (3)

xA x A
x

A A

π
π π

− −= = = − = −
− − −

 

Kinetics 

 

Mass center G coincides with centroid C 

480 rpm 50.265 rad/sω = =  

 
 

 

2 2 20.33333
(50.265 rad/s) 70.183 ft/s

12
a rω  = = = 

 
 

2
eff

60 lb
( ) : (70.183 ft/s )

32.2
F F m

 Σ = Σ = =  
 

A a  

   130.8 N=A   
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PROBLEM 16.83 

A turbine disk of mass 26 kg rotates at a constant rate of 9600 rpm. 
Knowing that the mass center of the disk coincides with the center of 
rotation O, determine the reaction at O immediately after a single blade  
at A, of mass 45 g, becomes loose and is thrown off. 

 

SOLUTION 

 
2

9600 rpm
60

320 rad/s

πω

ω π

 =  
 

=
 

Consider before it is thrown off. 

  2
eff : nF F R ma mFωΣ = Σ = =  

  
3 2(45 10 kg)(0.3 m)(320 )

13.64 kNR

π−= ×
=

 

Before blade was thrown off, the disk was balanced ( 0).R =  Removing vane at A also removes its reaction, 
so disk is unbalanced and reaction is 

   13.64 kN=R   
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PROBLEM 16.84 

A uniform rod of length L and mass m is supported as shown. 
If the cable attached at end B suddenly breaks, determine  
(a) the acceleration of end B, (b) the reaction at the pin support. 

 

SOLUTION 

0
2

L
w a α= =  

 

 eff( ) :
2 2A A
L L

M M W I maαΣ = Σ = +  

  21

2 12 2 2

L L L
mg mL mα α = +  

 
 

  21 3

2 3 2

L g
mg mL

L
α α= =  

(b) Reaction at A. 

 eff( ) :
2y y
L

F F A mg ma m αΣ = Σ − = − = −  

  

3

2 2

3

4

L g
A mg m

L

A mg mg

  − = −   
  

− = −
 

  
1

4
A mg=  

1

4
mg=A    

(a) Acceleration of B. 

  / 0B n B A Lα= + = +a a a  

  
3 3

2 2B
g

L g
L

 = = 
 

a  
3

2B g=a    
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PROBLEM 16.85 

A uniform rod of length L and mass m is supported as shown. If 
the cable attached at end B suddenly breaks, determine (a) the 
acceleration of end B, (b) the reaction at the pin support. 

 

SOLUTION 

  0
4

L
aω α= =  

 

 eff( ) :
4 4C C
L L

M M W I maαΣ = Σ = +  

 

2

2

1

4 12 4 4

7

4 48

L L L
mg mL m

L
mg mL

α α

α

 = +  
 

=  
12

7

g

L
=α  

(b) Reaction at C. 

 eff( ) :
4y y
L

F F C mg ma m αΣ = Σ − = − = −  

  

12

4 7

3

7

L g
C mg m

L

C mg mg

  − = −   
  

− = −
 

  
4

7
C mg=  

4

7
mg=C  

(a) Acceleration of B. 

  

/
3

0
4

3 12 9

4 7 7

B C C B

B

L
a a a

L g
a g

L

α= + = +

 = = 
 

 
9

7B g=a   
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PROBLEM 16.86 

A 12-lb uniform plate rotates about A in a vertical plane under the 
combined effect of gravity and of the vertical force P. Knowing that 
at the instant shown the plate has an angular velocity of 20 rad/s and 
an angular acceleration of 30 rad/s2 both counterclockwise, determine 
(a) the force P, (b) the components of the reaction at A. 

 

SOLUTION 

Kinematics. 2 2

2 2 2

6
ft (30 rad/s ) 15 ft/s

12

6
ft (20 rad/s) 200 ft/s

12

t

n

a r

a r

α

ω

 = = = 
 
 = = = 
 

 

Mass and moment of inertia. 2
2

12 lb
0.37267 lb s /ft

32.2 ft/s

W
m

g
= = = ⋅  

 
2 2

2 2 210 20
(0.37267 lb s /ft)(0.28935 ft ) 0.10783 lb s ft

12 12 12

m
I

    = + = ⋅ = ⋅ ⋅    
     

 

Kinetics. 

 

(a) Force P. eff
16 6 6

( ) : ft ft ft
12 12 12A A tM M P W ma I α     Σ = Σ − = +     
     

 

  
4 1 1

(12) (0.37267)(15) (0.10783)(30)
3 2 2

P
   = + +   
   

 

  9.0224 lb.P =  9.02 lb=P  
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PROBLEM 16.86  (Continued) 

 

(b) Reaction at A. 

  eff
12

( ) : (200)
32.2y x x nF F A maΣ = Σ = − = −  

  74.53 lbxA = −  74.5 lbx =A   

  eff( ) :

12
12 (15) 9.02 8.57 lb

32.2

y y y t

y t

F F A P W ma

A W ma P

Σ = Σ + − =

= + − = + − =

 

   8.57 lby =A   
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PROBLEM 16.87 

A 1.5-kg slender rod is welded to a 5-kg uniform disk as shown. The 
assembly swings freely about C in a vertical plane. Knowing that in 
the position shown the assembly has an angular velocity of 10 rad/s 
clockwise, determine (a) the angular acceleration of the assembly,  
(b) the components of the reaction at C. 

 

SOLUTION 

Kinematics: 

 2 2( ) (0.14 m)(10 rad/s )na CG ω= =  

 214 m/sn =a  

 ( ) (0.14 m)t CG α α= =a  

Kinetics: 2
disk disk

2

3 2

1
( )

2
1

(5 kg)(0.08 m)
2
16 10 kg m

I m CG

−

=

=

= × ⋅

 

 2

2

3 2

1
( )

12
1

(1.5 kg)(0.12 m)
12
1.8 10 kg m

AB ABI m AB

−

=

=

= × ⋅

 

 

(a) Angular acceleration. 

  eff( ) :C CM MΣ = Σ  

  

disk

2 2
disk

3 3 3

3 2

(0.14 m) (0.14 m)

(1.5 kg)(9.81 m/s )(0.14 m) (1.5 kg)(0.14 m)

2.060 N m (16 10 29.4 10 1.8 10 )

2.060 N m (47.2 10 kg m )

AB AB t AB

AB

W I m a I

I I

α α

α α α

α
α

− − −

−

= + +

= + +

⋅ = × + × + ×

⋅ = × ⋅  

  243.64 rad/sα =  243.6 rad/s=α    
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PROBLEM 16.87  (Continued) 

 

(b) Components of reaction of C. 

 2
eff( ) : (1.5 kg)(14 m/s )x x x AB nF F C m aΣ = Σ = − = −  

  21.0 NxC = −  21.0 Nx =C   

 eff( ) :y yF FΣ = Σ  (0.14 m)( )ta α=  

 

disk

2(5 kg)9.81 (1.5 kg) 9.81 (1.5 kg)(0.14 m)(43.64 rad/s )

49.05 N 14.715 N 9.164 N

y AB AB t

y

y

C m g m g m a

C

C

− − = −

− − = −

− − = −

 

  54.6 NyC = +  54.6 Ny =C    
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PROBLEM 16.88 

Two uniform rods, ABC of weight 6-lb and DCE of weight 8-lb, are 
connected by a pin at C and by two cords BD and BE. The T-shaped 
assembly rotates in a vertical plane under the combined effect of 
gravity and of a couple M which is applied to rod ABC. Knowing that 
at the instant shown the tension in cord BE is 2 lb and the tension in 
cord BD is 0.5 lb, determine (a) the angular acceleration of the assembly, 
(b) the couple M. 

 

SOLUTION 

We first consider the entire system and express that the external forces are equivalent to the effective forces of  
both rods. 

 

2

3 2

2

3 2

( ) 0.75

( ) 1.5

1 6 lb
(1.5 ft)

12 32.2

34.938 10 slug ft

1 8 lb
(2 ft)

12 32.2

82.816 10 slug ft

AC t

DE t

AC

DE

a

a

I

I

α
α

−

−

=
=

 =  
 

= × ⋅

 =  
 

= × ⋅

 

 eff

3 3

6 8
( ) : ( ) (0.75) ( ) (1.5)

32.2 32.2
6 8

34.938 10 (0.75 )(0.75) 82.816 10 (1.5 )(1.5)
32.2 32.2

A A AC AC t DE DE tM M M I a I a

M

α α

α α α α− −

Σ = Σ = + + +

= × + + × +

 

  0.78157M α=  (1) 

We now consider rod DE alone: 
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PROBLEM 16.88  (Continued) 

 

 eff
3 3

( ) : (1 ft) (1 ft)
5 5C C BE BD DEM M T T I α   Σ = Σ − =   

   
 

 

30.6( ) 82.816 10

0.13803
BE BD

BE BD

T T

T T

α
α

−− = ×
− =  (2) 

Given data:  0.5 lb

2 lb
BD

BE

T

T

=
=

 

(a) Angular acceleration. 

 Substitute into (2): 2 0.5 0.13803α− =  210.87 rad/s=α   

(b) Couple M. 

 Carry value of α into (1): 0.78157(10.868) 8.4938 ft lbM = = ⋅  8.49 ft lb= ⋅M    
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PROBLEM 16.89 

The object ABC consists of two slender rods welded together at Point B. Rod AB has a 
weight of 2 lb and bar BC has a weight of 4 lb. Knowing the magnitude of the angular 
velocity of ABC is 10 rad/s when 0,θ =  determine the components of the reaction at 
Point C when 0.θ =  

 

SOLUTION 

Masses and lengths: 2 lb, 1 ft, 4 lb, 2 ftAB AB BC BCW L W L= = = =  

Moments of inertia: 2 2 3 2

2 2 3 2

1 1 2
(1) 5.1760 10 slug ft

12 12 32.2

1 1 4
(2) 41.408 10 slug ft

12 12 32.2

AB AB AB

BC BC BC

I m L

I m L

−

−

 = = = × ⋅ 
 
 = = = × ⋅ 
 

 

Geometry: 2 22 0.5 2.0616 ft

1
1 ft

2
0.5

tan
2

14.036

CD

CE AB

r

r L

β

β

= + =

= =

=

= °

 

Kinematics: Let α=α  be the angular acceleration of object ABC. 

 ( )AB t CDr α=a  β  

 
2( )AB n CDr ω=a   β  

 ( )BC t CEr α=a  

 2( )BC n CEr ω=a  

 
Kinetics: CMΣ = eff( ) :CMΣ ( )

2
AB

AB AB CD AB AB t
L

W I r m aα= +  

 ( )2 2

( )BC CE BC BC t

AB AB CD BC BC CE

I r m a

I m r I m r

α

α

+ +

= + + +  

 
3 2 3 22 4

(2)(0.5) (5.1760 10 ) (2.0616) (41.408 10 ) (1)
32.2 32.2

α− −    = × + + × +    
    

 
22.3 rad/s=α  
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PROBLEM 16.89  (Continued) 

 

 xFΣ = eff( ) :xFΣ  ( ) cos ( ) sin ( )x AB AB t AB AB n BC BC tC m a m a m aβ β= + +  

 

2

2

( cos sin )

2 4
(2.0616)(2.3cos14.035 10 sin14.035 ) (1)(2.3)

32.2 32.2

3.6770 lb

AB CD BC CEm r m rα β ω β α= + +

   = ° + ° +   
   

=

 

 yFΣ =     eff( ) :yFΣ  ( ) sin ( ) cos ( )y AB BC AB AB t AB AB n BC BC nC m g m g m a m a m aβ β− − = − + +  

 

2

2

2

( ) ( cos sin )

2
6 (2.0616)(10 cos14.035 2.3sin14.035 )

32.2

4
(1)(10)

32.2

30.773 lb

y AB BC AB CD BC CE

y

y

C W W m r m r

C

C

ω β α β ω= + + − +

 = + ° − ° 
 

 + 
 

=

 

Reaction at C. 2 23.6770 30.773

30.992 lb

C = +
=

 

 

30.773
tan

3.6770
83.186

φ

φ

=

= °  31.0 lb=C 83.2°   
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PROBLEM 16.90 

A 3.5-kg slender rod AB and a 2-kg slender rod BC are connected 
by a pin at B and by the cord AC. The assembly can rotate in a 
vertical plane under the combined effect of gravity and a couple M 
applied to rod BC. Knowing that in the position shown the angular 
velocity of the assembly is zero and the tension in cord AC is equal 
to 25 N, determine (a) the angular acceleration of the assembly,  
(b) the magnitude of the couple M. 

 

SOLUTION 

(a) Angular acceleration. 

 Rod AB: 2

2

2

1

12
1

3.5 kg(0.8 m)
12

0.18667 kg m

AB AB ABI m L=

=

= ⋅

 

 

 2
eff

3
( ) : (25 N)(0.8 m) (3.5 kg)(9.81 m/s )(0.4 m)

5B B ABM M I αΣ = Σ − =  

 1.7340 N mABI α = − ⋅  (1) 

 2(0.18667 kg m ) 1.7340 N mα⋅ = − ⋅  

 29.2893 rad/s= −α  29.29 rad/s=α  

 Entire assembly: Since AC is taut, assembly rotates about C as a rigid body. 

 Kinematics: 

  2 2(0.3) (0.4) 0.5 m

1
0.25 m

2BC

CB

CG CB

= + =

= =

 

  (0.25 m)BC α=a  

  (0.3 m)AB α=a  
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PROBLEM 16.90  (Continued) 

 

 Kinetics: 
2

2

2

1
( )

12
1

(2 kg)(0.5 m)
12

0.041667 kg m

BC BCI m CB=

=

= ⋅

 

 

(b) Couple M. 

 eff( ) :C CM MΣ = Σ  

 2 2 2 2

(0.2 m) (0.25 m) (0.3 m)

(2 kg)(9.81 m/s )(0.2 m) 2 kg(0.25 m) (0.041667 kg m ) 3.5 kg(0.3 m)

BC BC BC BC AB AB AB

AB

M m g m a I m a I

M I

α α

α α α α

− = + + +

− = + ⋅ + +  

 Substitute 29.29 rad/sα =  1.7340 N mABI α = − ⋅  

 

3.9240 (0.125)(9.2893) (0.041667)(9.2893)

(0.315)(9.2893) (0.18667)(9.2893)

3.9240 1.1612 0.3871 2.9261 1.7340

3.9240 6.2084

10.132 N m

M

M

M

M

− = +
+ +

− = + + +
− =

= + ⋅  

  10.13 N m= ⋅M  

 (0.2 m)BC CM m g I α− =  

Since C is fixed, we could also use: 
22 21

(3.5 kg)(9.81 m/s )(0.2 m) 3.5 kg(0.3 m)
3 CB ABM m CB I α − = + + 
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PROBLEM 16.91 

A 9-kg uniform disk is attached to the 5-kg slender rod AB by means of 
frictionless pins at B and C. The assembly rotates in a vertical plane under 
the combined effect of gravity and of a couple M which is applied to rod 
AB. Knowing that at the instant shown the assembly has an angular velocity 
of 6 rad/s and an angular acceleration of 25 rad/s2, both counterclockwise, 
determine (a) the couple M, (b) the force exerted by pin C on member AB. 

 

SOLUTION 

We first consider the entire system and express that the external forces are equivalent to the effective forces of 
the disk and the rod. 

  

2

2

2 2 2

2 2 2

5 kg, 9 kg

(5 kg)(9.81 m/s ) 49.05 N

(9 kg)(9.81 m/s ) 88.29 N

1 1
(5 kg)(0.5 m) 0.104167 kg m

12 12
1 1

(9 kg)(0.2 m) 0.18 kg m
2 2
(0.25 m)

(0.5 m)

R D

R D

D D

R R AB

D D D

R

D

m m

W m g

W m g

I m L

I m r

a

a

α
α

= =

= = =

= = =

= = = ⋅

= = = ⋅

=
=

 

 

(a) eff( ) : (0.125) (0.25) ( ) (0.25) ( ) (0.5)A A R D R R R t D D D tM M M W W I m a I m aα αΣ = Σ − − = + + +  
 (49.05)(0.125) (88.29)(0.25) 0.104167 (5)(0.25 )(0.25) 0.18 (9)(0.5 )(0.5)M α α α α− − = + + +  

 
6.1312 22.073 (0.10417 0.3125 0.18 2.25)

28.204 (2.8467)(25)

M

M

α− − = + + +
− =

 

 99.370 N-mM =  99.4 N-mM =  
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PROBLEM 16.91  (Continued) 

 

(b) Consider now the disk alone: 

 

 eff( ) : (0.15) (0.18)(25)B B DM M C I αΣ = Σ = =  

  30.0 N=C   30°  
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PROBLEM 16.92 

Derive the equation C CM I αΣ =  for the rolling disk of Figure 16.17, where CMΣ  represents the sum of the 
moments of the external forces about the instantaneous center C, and CI  is the moment of inertia of the disk 
about C. 

 

SOLUTION 

 

 eff( ) : ( ) ( )C C CM M M ma r I mr r Iα α αΣ = Σ Σ = + = +  

 ( )mr r Iα α= +  

But, we know that  2
CI mr I= +  

Thus:  C CM I αΣ =     (Q.E.D.)  
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PROBLEM 16.93 

Show that in the case of an unbalanced disk, the equation derived in Problem 16.92 is valid only when the 
mass center G, the geometric center O, and the instantaneous center C happen to lie in a straight line. 

 

SOLUTION 

Kinematics: 
 /C G C= +a a a  

 / /( )C G C G C= + × + × ×a α r ω ω r  

 or, since  ω  ⊥ /G Cr  

 2
/ /C G C G Cω= + × −a a α r r  (1) 

Kinetics: 

 

 eff /( ) : MC C C G CM M I mΣ = Σ Σ = + ×α r a  

Recall Eq. (1): 2
/ / /( )C G C C G C G CI m ω rαΣ = + × + × −M r a α r  

 2
/ / / / /( )C G C C G C G C G C G CI m m mωαΣ = + × + × × − ×M r a r α r r r  

But:  / / 0G C G C× =r r   and   α  ⊥ /G Cr  

 2
/ / /( )G C G C G Cm mr α× × =r α r  

Thus: ( )2
/ /C G C G C CI mr mαΣ = + + ×M r a  

Since  2
/C G CI I mr= +  

 /C C G C CI mαΣ = + ×M r a  (2) 

Eq. (2) reduces to C CM I αΣ =  when / 0;G C Cm× =r a  that is, when /G Cr  and Ca  are collinear. 

Referring to the first diagram, we note that this will occur only when Points G, O, and C lie in a straight line. 

 (Q.E.D.)  
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PROBLEM 16.94 

A wheel of radius r and centroidal radius of gyration k  is released from rest on 
the incline and rolls without sliding. Derive an expression for the acceleration 
of the center of the wheel in terms of r, ,k ,β  and g. 

 

SOLUTION 

 2I mkα α=  

 ma mrα=  

  

 eff( ) : ( sin ) ( )C CM M W r ma r Iβ αΣ = Σ = +  

 2( sin ) ( )mg r mr r mkβ α α= +  

 2 2sin ( )rg r kβ α= +  

 
2 2

sinrg

r k

βα =
+

 

 
2 2

sinrg
a r r

r k

βα= =
+

 
2

2 2
sin

r
a g

r k
β=

+
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PROBLEM 16.95 

A homogeneous sphere S, a uniform cylinder C, and a thin 
pipe P are in contact when they are released from rest on the 
incline shown. Knowing that all three objects roll without 
slipping, determine, after 4 s of motion, the clear distance 
between (a) the pipe and the cylinder, (b) the cylinder and the 
sphere. 

 

SOLUTION 

General case: 2I mk a rα= =  

 eff( ) : ( sin )C CM M w r I marβ αΣ = Σ = +  

 2 2sinmg r mk mrβ α α= +  

 
2 2

sinr

r k

θ βα =
+

 

 
2 2

sinrg
a r r

r k

βα= =
+

2

2 2
sin

r
a g

r k
β=

+
 (1) 

For pipe: k r=  
2

2 2

1
sin sin

2P
r

a g g
r r

β β= =
+

 

For cylinder: 2 1

2
k =  

2

2
2

2
sin sin

3

2

C
r

a g g
r

r

β β= =
+

 

For sphere: 2 2

5
k =  

2

2 2

5
sin sin

2 7
5

S
r

a g g
r r

β β= =
+

 

(a) Between pipe and cylinder. 

 /
2 1 1

sin sin
3 2 6C P C Pa a a g gβ β = − = − = 

 
 

 2 2
/ /

1 1 1
sin

2 2 6C P C Px a t g tβ = =  
 

 

 SI units: 2 2
/

1 1
9.81 m/s sin10 (4 s) 2.27 m

2 6C Px
 = ° = 
 

  

 US units: 2 2
/

1 1
32.2 ft/s sin10 (4 s) 7.46 ft

2 6C Px
 = ° = 
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PROBLEM 16.95  (Continued) 

 

(b) Between sphere and cylinder. 

 /
5 2 1

sin sin
7 3 21S C S Ca a a g gβ β = − = − = 

 
 

 2 2
/ /

1 1 1
sin

2 2 21S C S Cx a t g tβ = =  
 

 

 SI units: 2 2
/

1 1
9.81 m/s sin10 (4 s) 0.649 m

2 21S Cx
 = ° = 
 

  

 US units: 2 2
/

1 1
32.2 ft/s sin10 (4 s) 2.13 ft

2 21S Cx
 = ° = 
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PROBLEM 16.96 

A 40-kg flywheel of radius R = 0.5 m is rigidly attached to a shaft of radius 
r = 0.05 m that can roll along parallel rails. A cord is attached as shown 
and pulled with a force P of magnitude 150 N. Knowing the centroidal 
radius of gyration is 0.4 m,k =  determine (a) the angular acceleration of 
the flywheel, (b) the velocity of the center of gravity after 5 s. 

 

SOLUTION 

Mass and moment of inertia: 40 kgm =  

 2 2 2(40 kg)(0.4 m) 6.4 kg mI mk= = = ⋅  

Kinematics: (no slipping) rα=a  15° 

Kinetics: 

 

Let Point C be the contact point between the flywheel and the rails. 

 eff( ) : ( ) sin15 ( )C CM M P R r mgr I ma rαΣ = Σ + − ° = +  

 2( ) sin15 ( )P R r mgr I mr α+ − ° = +  

(a) Angular acceleration of the flywheel. 

 
2

2

2 2

( ) sin15

(150 N)(0.55 m) (40 kg)(9.81 m/s )(0.05 m)sin15

(6.4 kg m ) (40 kg)(0.05 m)

P R r mgr

I mr
α + − °=

+
− °=
⋅ +

 

 211.911 rad/s=  211.91 rad/s=α   
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PROBLEM 16.96  (Continued) 

 

(b) Velocity of center of gravity after 5 s. 

 2 2(0.05 m)(11.911 rad/s ) 0.59555 m/sa rα= = =  

 20.59555 m/s=a  15° 

 2
0 0 (0.59555 m/s )(5 s)t= + = +v v a  

  2.98 m/s=v   15°  
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PROBLEM 16.97 

A 40-kg flywheel of radius R = 0.5 m is rigidly attached to a shaft of 
radius r = 0.05 m that can roll along parallel rails. A cord is attached as 
shown and pulled with a force P. Knowing the centroidal radius of 
gyration is 0.4 mk =  and the coefficient of static friction is 0.4,sμ =  
determine the largest magnitude of force P for which no slipping will occur. 

 

SOLUTION 

Mass and moment of inertia: 40 kgm =  

 2 2 2(40 kg)(0.4 m) 6.4 kg mI mk= = = ⋅  

Kinematics: (no slipping) rα=a  15° 

Kinetics: 

 

 eff( ) : cos15 0n nF F N mg+ Σ = Σ − ° =  

 2(40 kg)(9.81 m/s )cos15 379.03 NN = ° =  

For impending slipping, (0.4)(379.03)

151.61 N
sF Nμ= =

=
 

 +  15° eff( ) : sin15F F P F mg maΣ = Σ − − ° =  

 

2151.61 N (40 kg)(9.81 m/s )sin15 (40 kg)(0.05 m)

253.17 N (2 kg m)

P

P

α
α

− = ° =
− = ⋅  (1) 
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PROBLEM 16.97  (Continued) 

 

Let C be the contact point between the flywheel and the rails. 

 eff( ) : ( ) sin15 ( )C CM M P R r mgr Ia ma rΣ = Σ + − ° = +  

 2( ) sin15 ( )P R r mgr I mr α+ − ° = +  

  2(0.55 m) (40 kg)(9.81 m/s )(0.05 m)sin15P − °  

 2 2[6.4 kg m (40 kg)(0.05 m) ]α= ⋅ +  (2) 

Solving Eqs. (1) and (2) simultaneously, 

 2303 N 24.8 rad/sP α= =  

  303 NP =   
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PROBLEM 16.98 

A drum of 60-mm radius is attached to a disk of 120-mm radius. 
The disk and drum have a total mass of 6 kg and a combined radius 
of gyration of 90 mm. A cord is attached as shown and pulled with 
a force P of magnitude 20 N. Knowing that the disk rolls without 
sliding, determine (a) the angular acceleration of the disk and the 
acceleration of G, (b) the minimum value of the coefficient of static 
friction compatible with this motion. 

 

SOLUTION 

 
2

2

3 2

(0.12 m)

(6 kg)(0.09 m)

48.6 10 kg m

a r

I mk

I

α α

−

= =

=

=

= × ⋅

 

 eff( ) : (20 N)(0.12 m) ( )C CM M ma r IαΣ = Σ = +  

 2 3 2

3

2.4 N m (6 kg)(0.12 m) 48.6 10 kg m

2.4 135.0 10

α
α

−

−

⋅ = + × ⋅

= ×

 

(a) 217.778 rad/sα =  217.78 rad/s=α   

 

2

2

(0.12 m)(17.778 rad/s )

2.133 m/s

a rα= =

=  22.13 m/s=a   

(b) eff( ) :y yF FΣ = Σ  0N mg− =  

 
2(6 kg)(9.81 m/s )N =  58.86 N=N  

 eff( ) : 20 Nx xF F F maΣ = Σ − =   

 
220 N (6 kg)(2.133 m/s ) 7.20 NF− = =F  

 min
7.20 N

( )
58.86 Ns

F

N
μ = =  min( ) 0.122sμ =  
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PROBLEM 16.99 

A drum of 60-mm radius is attached to a disk of 120-mm radius. The 
disk and drum have a total mass of 6 kg and a combined radius of 
gyration of 90 mm. A cord is attached as shown and pulled with a force P 
of magnitude 20 N. Knowing that the disk rolls without sliding, 
determine (a) the angular acceleration of the disk and the acceleration of 
G, (b) the minimum value of the coefficient of static friction compatible 
with this motion. 

 

SOLUTION 

 
2

2

3 2

(0.12 m)

(6 kg)(0.09 m)

48.6 10 kg m

a r

I mk

I

α α

−

= =

=

=

= × ⋅

 

 eff( ) : (20 N)(0.18 m) ( )C CM M ma r IαΣ = Σ = +  

 
2 2

3

3.6 N m (6 kg)(0.12 m) 48.6 kg m

3.6 135 10

α
α−

⋅ = + ⋅

= ×
 

(a) 226.667 rad/sα =  226.7 rad/s=α    

 

2

2

(0.12 m)(26.667 rad/s )

3.2 m/s

a rα= =

=  23.20 m/s=a    

(b) eff( ) : 0y yF F N mgΣ = Σ − =  

 
2(6 kg)(9.81 m/s )N =  58.86 N=N  

 eff( ) : 20 Nx xF F F maΣ = Σ − =  

 
220 N (6 kg)(3.2 m/s )F− =  0.8 N=F  

 min
0.8 N

( )
58.86 Ns

F

N
μ = =  min( ) 0.0136sμ =  
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PROBLEM 16.100 

A drum of 60-mm radius is attached to a disk of 120-mm radius. 
The disk and drum have a total mass of 6 kg and a combined radius 
of gyration of 90 mm. A cord is attached as shown and pulled with 
a force P of magnitude 20 N. Knowing that the disk rolls without 
sliding, determine (a) the angular acceleration of the disk and the 
acceleration of G, (b) the minimum value of the coefficient of static 
friction compatible with this motion. 

 

SOLUTION 

 
2

2

2

(0.12 m)

(6 kg)(0.09 m)

48.6 kg m

a r

I mk

I

α α= =

=

=

= ⋅

 

 eff( ) : (20 N)(0.06 m) ( )C CM M ma r IαΣ = Σ = +  

 
2 3 2

3

1.2 N m (6 kg)(0.12 m) 48.6 10 kg m

1.2 135 10

α
α

−

−

⋅ = + × ⋅

= ×
 

(a) 28.889 rad/sα =  28.89 rad/s=α    

 

2

2

(0.12 m)(8.889 rad/s )

1.0667 m/s

a rα= =

=  21.067 m/s=a    

(b) eff( ) :y yF FΣ = Σ  0N mg− =  

 
2(6 kg)(9.81 m/s )N =  58.86 N=N  

 eff( ) :k xF FΣ = Σ  20 N F ma− =  

 
2(20 N) (6 kg)(1.0667 m/s )F− =  13.6 N=F  

 min
13.6 N

( )
58.86 Ns

F

N
μ = =  min( ) 0.231sμ =  
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PROBLEM 16.101 

A drum of 60-mm radius is attached to a disk of 120-mm radius. The disk 
and drum have a total mass of 6 kg and a combined radius of gyration of 
90 mm. A cord is attached as shown and pulled with a force P of 
magnitude 20 N. Knowing that the disk rolls without sliding, determine 
(a) the angular acceleration of the disk and the acceleration of G, (b) the 
minimum value of the coefficient of static friction compatible with this 
motion. 

 

SOLUTION 

 
2

2

2

(0.12 m)

(6 kg)(0.09 m)

48.6 kg m

a r

I mk

I

α α= =

=

=

= ⋅

 

 eff( ) : (20 N)(0.06 m) ( )C CM M ma r IαΣ = Σ = +  

 
2 3 2

3

1.2 N m (6 kg)(0.12 m) (48.6 10 kg m )

1.2 135 10

α α
α

−

−

⋅ = + × ⋅

= ×
 

(a) 28.889 rad/sα =  28.89 rad/s=α   

 

2

2

(0.12 m)(8.889 rad/s )

1.0667 m/s

a rα= =

=  21.067 m/s=a   

(b) eff( ) : 20 N 0y yF F N mgΣ = Σ + − =  

 
220 N (6 kg)(9.81 m/s )N + −  38.86 N=N  

 eff( ) :x xF F F maΣ = Σ =  

 
2(6 kg)(1.0667 m/s ) 6.4 NF = =F  

 min
6.4 N

( )
38.86 Ns

F

N
μ = =  min( ) 0.165sμ =  
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PROBLEM 16.102 

A drum of 4-in. radius is attached to a disk of 8-in. radius. The disk 
and drum have a combined weight of 10 lb and a combined radius of 
gyration of 6 in. A cord is attached as shown and pulled with a force P 
of magnitude 5 lb. Knowing that the coefficients of static and  
kinetic friction are 0.25sμ =  and 0.20,kμ =  respectively, determine 
(a) whether or not the disk slides, (b) the angular acceleration of the 
disk and the acceleration of G. 

 

SOLUTION 

Assume disk rolls: 
8

ft
12

a rα α = =  
 

 

 
2

2 10 lb 6
ft

32.2 12
I mk

 = =  
 

 

 20.07764 lb ft sI = ⋅ ⋅  

 eff
8

( ) : (5 lb) ft ( )
12C CM M ma r I α Σ = Σ = + 
 

 

 
2

10 lb 8
3.333 lb ft ft 0.07764

32.2 12
α α ⋅ = + 

 
 

 3.333 0.21566α=  

 215.456 rad/sα =   215.46 rad/s=α  

 28
ft (15.456 rad/s )

12
a rα  = =  

 
  210.30 ft/s=a   

 eff( ) : 5 lbx xF F F maΣ = Σ − + =  

 
210 lb

5 lb (10.30 ft/s )
32.2

1.80 lb

F

F

− + =

=
 

 eff( ) :y yF FΣ = Σ  10 lb 0N − =  10 lbN =  

 0.25(10 lb) 2.5 lbm sF Nμ= = =  

(a) Since ,mF F<  Disk rolls without sliding  

(b) Angular acceleration of the disk. 215.46 rad/s=α   

Acceleration of G. 210.30 ft/s=a   
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1563 

 

 

PROBLEM 16.103 

A drum of 4-in. radius is attached to a disk of 8-in. radius. The disk and 
drum have a combined weight of 10 lb and a combined radius of gyration 
of 6 in. A cord is attached as shown and pulled with a force P of 
magnitude 5 lb. Knowing that the coefficients of static and kinetic 
friction are 0.25sμ =  and 0.20,kμ =  respectively, determine (a) whether 
or not the disk slides, (b) the angular acceleration of the disk and the 
acceleration of G. 

 

SOLUTION 

Assume disk rolls: 
8

ft
12

a rα α = =  
 

 

 2I mk=  

 
2

10 lb 6
ft

32.2 12
 =  
 

 

 20.07764 lb ft sI = ⋅ ⋅  

 eff( ) : (5 lb)(1 ft) ( )C CM M ma r I αΣ = Σ = +  

 
2

10 lb 8
5 lb ft ft 0.07764

32.2 12
α α ⋅ = + 

 
 

 5 0.21566α=  

 223.184 rad/sα =   223.2 rad/s=α  

 28
ft (23.184 rad/s )

12
a rα  = =  

 
  215.46 ft/s=a  

 eff( ) :x xF FΣ = Σ  5 lbF ma− + =  

 210 lb
5 lb (15.46 ft/s ); 0.20 lb

32.2
F F− + = =  

 eff( ) :y yF FΣ = Σ  10 lb 0N − =  10 lbN =  

 0.25(10 lb) 2.5 lbm sF Nμ= = =  

(a) Since ,mF F<  Disk rolls without sliding   

(b) Angular acceleration of the disk. 223.2 rad/s=α    

Acceleration of G. 215.46 ft/s=a     
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PROBLEM 16.104 

A drum of 4-in. radius is attached to a disk of 8-in. radius. The disk and 
drum have a combined weight of 10 lb and a combined radius of 
gyration of 6 in. A cord is attached as shown and pulled with a force P 
of magnitude 5 lb. Knowing that the coefficients of static and kinetic 
friction are 0.25sμ = and 0.20,kμ =  respectively, determine (a) whether 
or not the disk slides, (b) the angular acceleration of the disk and the 
acceleration of G. 

 

SOLUTION 

Assume disk rolls: 
8

ft
12

a rα α = =  
 

 

 
2

2 10 lb 6
ft

32.2 12
I mk

 = =  
 

 

 20.07764 lb ft sI = ⋅ ⋅  

 eff
4

( ) : (5 lb) ft ( )
12C CM M ma r Iα Σ = Σ = + 
 

 

 
2

10 lb 8
1.6667 lb ft ft 0.07764

32.2 12
α α ⋅ = + 

 
 

 1.6667 0.21566α=  

 27.728 rad/sα =  27.73 rad/s=α  

 28
ft 7.728 rad/s

12
a rα  = =  

 
 25.153 ft/s=a  

 eff( ) :x xF FΣ = Σ  5 lbF ma− + =  

 210 lb
5 lb (5.153 ft/s )

32.2
F− + =  

 3.40 lbF =  

 eff( ) :y yF FΣ = Σ  10 lb 0N − =  10 lbN =  

 0.25(10 lb) 2.5 lbm sF Nμ= = =  

(a) Since ,mF F<  Disk slides  

 Knowing that disk slides 

 0.20(10 lb) 2 lbkF Nμ= = =  



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1565 

PROBLEM 16.104  (Continued) 

 

(b) Angular acceleration. 

 eff
8 4

( ) : ft (5 lb) ft
12 12G GM M F Iα   Σ = Σ − =   
     

 
28

(2 lb) ft 1.6667 lb ft (0.07764 lb ft s )
12

α  − ⋅ = ⋅ ⋅ 
 

 

 0.3333 0.07764α− =  

 24.29 rad/sα = −  24.29 rad/s=α    

(c) Acceleration of G. 

 eff( ) : 5 lbx xF F F maΣ = Σ − + =  

 
10 lb

2 lb 5 lb
32.2

a− + =  

 29.66 ft/sa =  29.66 ft/s=a    
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PROBLEM 16.105 

A drum of 4-in. radius is attached to a disk of 8-in. radius. The disk and drum have 
a combined weight of 10 lb and a combined radius of gyration of 6 in. A cord is 
attached as shown and pulled with a force P of magnitude 5 lb. Knowing that the 
coefficients of static and kinetic friction are 0.25sμ =  and 0.20,kμ =  respectively, 
determine (a) whether or not the disk slides, (b) the angular acceleration of the disk 
and the acceleration of G. 

 

SOLUTION 

Assume disk rolls: 
8

ft
12

a rα α = =  
 

 

 
2

2 10 lb 6
ft

32.2 12
I mk

 = =  
 

 

 20.07764 lb ft sI = ⋅ ⋅  

 eff( ) :C CM MΣ = Σ  
4

(5 lb) ft ( )
12

ma r Iα  = + 
 

 

 
2

10 lb 8
1.6667 lb ft ft 0.07764

32.2 12
α α ⋅ = + 

 
 

 1.6667 0.21566α=  

 27.728 rad/sα =   27.73 rad/s=α  

 28
ft (7.728 rad/s )

12
a rα  = =  

 
  25.153 ft/s=a  

 eff( ) :x xF FΣ = Σ  F ma=  

 210 lb
(5.153 ft/s ); 1.60 lb

32.2
F F= =  

 eff( ) :y yF FΣ = Σ  10 lb 5 lb 0N − + =  5 lbN =  

 0.25(5 lb) 1.25 lbm sF Nμ= = =  

(a) Since ,mF F>   Disk slides   

 Knowing that disk slides 
 0.2(5)kF Nμ= =  

 1.00 lbF =  
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PROBLEM 16.105  (Continued) 

 

(b) Angular acceleration. 

 eff
4 8

( ) : (5 lb) ft ft
12 12S SM M F Iα   Σ = Σ − =   
     

 
4 8

(5 lb) ft (1.00 lb) ft 0.07764
12 12

α   − =   
   

 

 1.000 0.07764α=  

 212.88 rad/sα =  212.88 rad/s=α    

(c) Acceleration of G. 

 eff( ) :x xF F F maΣ = Σ =  

 
10 lb

1.00 lb
32.2

a=  

 23.22 ft/sa =  23.22 ft/s=a  
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PROBLEM 16.106 

A 12-in.-radius cylinder of weight 16 lb rests on a 6-lb carriage. The 
system is at rest when a force P of magnitude 4 lb is applied. Knowing 
that the cylinder rolls without sliding on the carriage and neglecting the 
mass of the wheels of the carriage, determine (a) the acceleration of the 
carriage, (b) the acceleration of Point A, (c) the distance the cylinder 
has rolled with respect to the carriage after 0.5 s. 

 

SOLUTION 

Masses and moments of inertia. 

 2 2
2 2

16 lb 6 lb
0.49689 lb s /ft 0.18634 lb s /ft

32.2 ft/s 32.2 ft/s
A Bm m= = ⋅ = = ⋅  

 2 2 2 21 1
(0.49689 lb s /ft)(1 ft) 0.24895 lb s ft

2 2A AI m r= = ⋅ = ⋅ ⋅  

Kinematics:   Let A Aa=a , B Ba=a  

 /A B B A= +a a a  

 / ( )A B A Ba a= −a /A Ba

r
=α  (1) 

Kinetics: Carriage and cylinder 

 

 eff( ) :x x A A B BF F P m a m aΣ = Σ = +  

 2 24 lb (0.49689 lb s /ft) (0.18634 lb s /ft)A Ba a= ⋅ + ⋅  (2) 

Cylinder alone.  Point C is contact point. 
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PROBLEM 16.106  (Continued) 

 

eff( ) : 0C C A A AM M I m a rαΣ = Σ = +  

Substituting from Eqs. (1) and (2), 

 

0

0

A B
A A A

A A
A A B

a a
I m a r

r

I I
m r a a

r r

−= +

 
= + − 
 

 

Data: 
2

20.24895 lb s ft
0.24895 lb s

1 ft
AI

r

⋅ ⋅= = ⋅  

 2 2(0.49689 lb s /ft)(1 ft) 0.49689 lb sAm r = ⋅ = ⋅  

 0 0.74584 0.24895A Ba a= −  (3) 

Solving Eqs. (2) and (3) simultaneously, 

 2 23.7909 ft/s 11.3574 ft/sA Ba a= =  

(a) Acceleration of the carriage. 211.36 ft/sB =a   

(b) Acceleration of Point A. 23.79 ft/sA =a   

(c) Relative displacement after 0.5 s. 

  

2 2 2
/

2
/ /

11.3574 ft/s 3.7909 ft/s 7.5665 ft/s

1
( )

2

A B

A B A B

a

x a t

= − =

=
 

  2 21
(7.5665 ft/s) (0.5 s)

2
=  / 0.946 ftB A =x   
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PROBLEM 16.107 

A 12-in.-radius cylinder of weight 16 lb rests on a 6-lb carriage. The system is 
at rest when a force P of magnitude 4 lb is applied. Knowing that the cylinder 
rolls without sliding on the carriage and neglecting the mass of the wheels of 
the carriage, determine (a) the acceleration of the carriage, (b) the acceleration 
of Point A, (c) the distance the cylinder has rolled with respect to the carriage 
after 0.5 s. 

 

SOLUTION 

Masses and moments of inertia. 

 2 2
2 2

16 lb 6 lb
0.49689 lb s /ft 0.18634 lb s /ft

32.2 ft/s 32.2 ft/s
A Bm m= = ⋅ = = ⋅  

 2 2 2 21 1
(0.49689 lb s /ft)(1 ft) 0.24895 lb s ft

2 2A AI m r= = ⋅ = ⋅ ⋅  

Kinematics:   Let A Aa=a , B Ba=a  

 /A B B A= +a a a  

 / ( )A B B Ba a= −a /A Ba

r
α =  (1) 

Kinetics: Carriage and cylinder 

 

 eff( ) :x x A A B BF F P m a m aΣ = Σ = +  

 2 24 lb (0.49689 lb s /ft) (0.18634 lb s /ft)A Ba a= ⋅ + ⋅  (2) 

Cylinder alone.    Point C is contact point. 
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PROBLEM 16.107  (Continued) 

 

 eff( ) :C B A A AM M Pr = I m a rαΣ = Σ +  

 Substituting from Eqs. (1) and (2), 

  A B
A A A

a a
Pr I m a r

r

−= +  

  A A
A A B

I I
Pr m r a a

r r

 
= + − 
 

 

Data:  
2

20.24895 lb s ft
0.24895 lb s

1 ft
AI

r

⋅ ⋅= = ⋅  

  2 2(0.49689 lb s /ft)(1 ft) 0.49689 lb sAm r = ⋅ = ⋅  

  (4 lb)(1 ft) 0.74584 0.24895 A Ba a= −  (3) 

Solving Eqs. (2) and (3) simultaneously, 

  2 26.6284 ft/s 3.7909 ft/sA Ba a= =  

(a) Acceleration of the carriage. 23.79 ft/sB =a   

(b) Acceleration of Point A. 26.63 ft/sA =a   

(c) Relative displacement after 0.5 s. 

  

2 2 2
/

2
/ /

6.6284 ft/s 3.7909 ft/s 2.8375 ft/s

1
( )

2

A B

A B A B

a

x a t

= − =

=
 

  2 21
(2.8375 ft/s )(0.5 s)

2
=  / 0.355 ftA B =x   
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PROBLEM 16.108 

Gear C has a mass of 5 kg and a centroidal radius of gyration of 75 mm. 
The uniform bar AB has a mass of 3 kg and gear D is stationary. If the 
system is released from rest in the position shown, determine (a) the 
angular acceleration of gear C, (b) the acceleration of Point B. 

 

SOLUTION 

Kinematics: 

 

 

 

 

 

 

 

Since gear D is fixed, we have for Point E of gear C:    ( ) = 0E ta  

 But /E B E B= +a a a  

 /+ ( ) ( ) ( )E t B t E B ta a= + a  

 0 0.2 0.1α α= −AB C  

 
1

2AB Cα α=  (1) 

Gear C 

 

 eff( ) :B BM MΣ = Σ  

 (0.1m) α= C CQ I  

 2(5 kg) (0.075 m) Cα=  

 0.28125 α= CQ  (2) 
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PROBLEM 16.108  (Continued) 

 

Bar AB and gear C 

 

 

 

 

 

 

 

 

 

(a) eff( ) :A AM MΣ = Σ  

 (0.1) (0.2) (0.3) ( ) 0.1 ( )0.2α α+ − = + + −AB C AB AB AB C B C CW W Q m a I m a I  

 21
(3) (0.1) (5) (0.2) (0.3) 3(0.1 )0.1 (3)(0.2)

12AB ABg g Q α α+ − = +  

 25(0.2 )0.2 5(0.075)α α+ −AB C  

 (1.3) 0.3 0.24 0.028125α α− = −AB Cg Q  

 Substituting for ABα  and Q from (2) and (1): 

 
1

1.3 0.3(0.28125 ) 0.24 0.028125
2

α α α − = − 
 

C C Cg  

 1.3 0.17625 α= Cg  7.3759(9.81)α =C  

 72.36Cα =  272.4 rad/s=Cα  

(b) 
1

0.2 0.2 0.1 0.1(72.36)
2B AB C Ca α α α = = = = 

 
 

27.24 m/s=Ba  
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PROBLEM 16.109 

Two uniform disks A and B, each of mass of 2 kg, are 
connected by a 1.5 kg rod CD as shown. A counterclockwise 
couple M of moment 2.5 N-m is applied to disk A. Knowing 
that the disks roll without sliding, determine (a) the 
acceleration of the center of each disk, (b) the horizontal 
component of the force exerted on disk B by pin D. 

 

SOLUTION 

Geometry: 150 mm 0.15 m

50 mm 0.05 m

0.20 m

r

b AC BD

r b

= =

= = = =
+ =

 

Masses: 2 kg 1.5 kgA B CDm m m m= = = =  

Moment of inertia: 21

2A BI I I mr= = =  

Kinematics: 0CDα =  

 A B a= = =a a a  

Angular accelerations of disks: 
a

r
α =  

 C A bα= +a a 2bω+  

 D B bα= +a a 2bω+  

For rod CD,  ( )a a bα= + 2bω+  

 1
b

a
r

 = + 
 

2bω+  

Kinetics: 

Disk A:     eff( ) : ( )P P xM M M r b C mar IαΣ = Σ − + = +  

  ( )
I

mr a
r

 = + 
    (1) 

Disk B: eff( ) : ( )Q Q xM M r b D mar IαΣ = Σ − + = +  

  
I

mr a
r

 = + 
 

 (2) 
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PROBLEM 16.109  (Continued) 

 

Rod CD:      eff( ) : 1x x x x CD
b

F F C D m a
r

 Σ = Σ + = + 
    

 
Multiply by ( )r b+  

 
2

( )( ) 1x x CD
b

r b C D m r a
r

 + + = + 
 

 (3) 

Add Eqs. (1), (2), and (3) to eliminate xC  and xD  

 
2

2 1CD
I b

M mr a m r a
r r

   = + + +   
   

 

Apply the numerical data. 
21 (0.15 m)

(2 kg)(0.15 m) (2 kg) 0.45 kg m
2 0.15 m

I
mr

r
+ = + = ⋅  

 
2 2

0.05 
1 (1.5 kg)(0.15 m) 1 0.40 kg m

0.15 CD
b

m r
r

−
   + = + = ⋅   
   

 

 
2

2.5 N m 2(0.45 kg m) (0.40 kg m)

1.9231 m/s

a a

a

⋅ = ⋅ + ⋅

=
 

(a) Acceleration of the center of each disk: 

   21.923 m/sA B= =a a   

(b) Horizontal component of the force exerted on disk B by pin D. 

 From Eq. (2),  

2

1

1
(0.45 kg m)(1.9231 m/s ) 4.33 N

0.20 m

x
I

D mr a
r b r

 = − + +  

= − ⋅ = −

 

   4.33 Nx =D   
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PROBLEM 16.110 

A 10-lb cylinder of radius r = 4 in. is resting on a conveyor belt when 
the belt is suddenly turned on and it experiences an acceleration of 
magnitude a = 6ft/s2. The smooth vertical bar holds the cylinder in 
place when the belt is not moving. Knowing the cylinder rolls 
without slipping and the friction between the vertical bar and the 
cylinder is negligible, determine (a) the angular acceleration of the 
cylinder, (b) the components of the force the conveyor belt applies 
to the cylinder. 

 

SOLUTION 

Mass and moment of inertia. 

 

2
2

2
2 2 2

10 lb
0.31056 lb s /ft

32.2 ft/s

1 1 4
(0.31056 lb s /ft)  ft 0.017253 lb s ft

2 2 12

W
m

g

I mr

= = = ⋅

 = = ⋅ = ⋅ ⋅ 
 

 

Kinematics: The cylinder rolls without slipping on the belt which is accelerating at 26 ft/s 5°. 

  2(6 ft/s )G rα= −a 2 4
5 6 ft/s  ft

12
α  ° = −  

  
 5° 

where α=α  is the angular acceleration of the cylinder. 

Kinetics:  Let Point C be the contact point between the belt and the cylinder. 

  
 

 eff( ) : sinC C GM M Wr rma Iβ αΣ = Σ = − +  

 2 2 24 4 4
(10 lb)  ft sin 5  ft (0.31056 lb s /ft) 6 ft/s ft (0.017253 lb s ft)

12 12 12
α α      ° = − ⋅ − + ⋅      

      
 

 20.29052 lb ft 0.62112 lb ft (0.051760 lb s ft)α⋅ = − ⋅ + ⋅ ⋅  

 

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1577 

PROBLEM 16.110  (Continued) 

 

(a) Angular acceleration. 

  217.613 rad/sα =  217.61 rad/s=α   

  2 2 24
6 ft/s  ft (17.613 rad/s ) 0.129 ft/s

12Ga
 = − = 
 

 

(b) Components of contact force: 

  5° eff( ) : sin 5 GF F F W maΣ = Σ − ° =  

  2 2sin 5 (10 lb)sin 5 (0.31056 lb s /ft)(0.129 ft/s )GF W ma= ° + = ° + ⋅  

   0.912 lb=F 5° 

 85° eff : cos5 0F F F N WΣ = Σ = Σ − ° =  

  cos5 (10 lb) cos 5°N W= ° =  

   9.96 lb=N 85°  
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PROBLEM 16.111 

A hemisphere of weight W and radius r is released from rest in the position 
shown. Determine (a) the minimum value of μs for which the hemisphere starts 
to roll without sliding, (b) the corresponding acceleration of Point B. [Hint: Note 
that OG = 3

8 r and that, by the parallel-axis theorem, 2 22
5 ( ) .]I mr m OG= −  

 

SOLUTION 

 

 Kinematics: ω = 0 

 / 0 [ α= + = +O A O A ra a a ] 

 /= = +G O G Oa a a a  

 [ α= r ] + [ αx ] 

 Thus, x rα=a , y xα=a  (1) 

 

 
Kinetics: 

 

 

 

 
 
 
 

 eff( ) : ( ) ( )A A x yM M W x ma r ma x I αΣ = Σ = + +  

 
2( ) ( )mg x mr r mx x mkα α α= + +  

 2 2 2

gx

r x k
α =

+ +
 (2) 
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PROBLEM 16.111  (Continued) 

 

 eff( ) :x x xF F F ma F mrαΣ = Σ = =  

 eff( ) :y y yF F N W ma N mg mxαΣ = Σ − = − = −  

 min
F mr

N mg x

αμ
α

= =
−

 min
r

g x

αμ
α

=
−

 (3) 

 For a hemisphere: 

 
3

8
x OG r= =  

2
2 22 3

5 8
 = − = −  
 

OI I mx mr m r  

 2 22 9

5 64
I mr mr= −  2 22 9

5 64

I
k r

m
 = = − 
 

 

 Substituting into (2) 

 
( )

( )
3 3
8 8

72 2 292 5
5 64

15
9 56

64

g r g g

r rr r r
α α= = =

+ + −
 

(a) Substituting into (3) 

 ( ) ( )
15
56

min 3 15
8 56

0.26786

0.899551
μ = =

−
 min 0.298μ =   

(b) 
3015

(2 ) ( )
56 56B

gg
a r r

r
α  = = 2 = 

 
 0.536=B ga    

 Note: In this problem we cannot use the equation ,A AM I αΣ =  since Points A, O, and G are not 
aligned. 
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PROBLEM 16.112 

Solve Problem 16.111, considering a half cylinder instead of a hemisphere. 
[Hint. Note that 4 /3OG r π=  and that, by the parallel-axis theorem, 

2 21
2 ( ) .]I mr m OG= −  

 

SOLUTION 

 

 Kinematics: ω = 0 

 / 0 [ α= + = +O A O A ra a a ] 

 /= = +G O G Oa a a a  

 [ α= r ] + [ αx ] 

 Thus, x rα=a , y xα=a  (1) 

 

 
Kinetics: 

 

 

 

 
 
 
 

 eff( ) : ( ) ( )A A x yM M W x ma r ma x I αΣ = Σ = + +  

 
2( ) ( )mg x mr r mx x mkα α α= + +  

 2 2 2

gx

r x k
α =

+ +
 (2) 
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PROBLEM 16.112  (Continued) 

 

 eff( ) :x x xF F F ma F mrαΣ = Σ = =  

 eff( ) :y y yF F N W ma N mg mxαΣ = Σ − = − = −  

 min
F mr

N mg x

αμ
α

= =
−

 min
r

g x

αμ
α

=
−

 (3) 

For a half cylinder: 

 
4

3

r
x OG

π
= =  

2
2 21 4

2 3O
r

I I mx mr m
π

 = − = −  
 

 

  
2

2 21 4

2 3

I r
k r

m π
 = = − 
 

 

Substituting into (2): 

 
( )

( ) ( )
4 4
3 3

32 22 24 4 2
3 3

8
1 9
2

r

r r

g g g

r rr r

π π

π π

α α
π

= = =
+ + −

 

(a) Substituting into (3): 

 ( ) ( )
8

9
min 84

3 9

0.28294

0.879921
π

π π

μ = =
−

 min 0.322μ =   

(b) 
8 16

(2 ) (2 )
9 9B

g g
a r r

r
α

π π
 = = = 
 

 0.566Ba g=   
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PROBLEM 16.113 

The center of gravity G of a 1.5-kg unbalanced tracking wheel 
is located at a distance r = 18 mm from its geometric center B. 
The radius of the wheel is R = 60 mm and its centroidal radius 
of gyration is 44 mm. At the instant shown the center B of the 
wheel has a velocity of 0.35 m/s and an acceleration of 1.2 m/s2, 
both directed to the left. Knowing that the wheel rolls without 
sliding and neglecting the mass of the driving yoke AB, 
determine the horizontal force P applied to the yoke. 

 

SOLUTION 

Kinematics:  Choose positive Bv  and Ba  to left. 

 

 Trans. with B        +        Rotation about B         =          Rolling motion 

 2[ ]Ba rω= +a  + B
r

a
R
 
  

 

Kinetics: 

 

 eff( ) : ( ) ( )C C y xM M PR Wr ma r ma R IαΣ = Σ − = + +  

 

2 2

22 2

2 2
2

2 2

( )

1

B
B B

B
B

B B

ar
PR mgr m a r m a r R mk

R R

vr k
ma R mr R

R R r

r r k r
P mg ma m v

R R R

ω − = + + + 
 

   = + + +       
 + = + + +       

 (1) 
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PROBLEM 16.113  (Continued) 

 

Substitute: 

2

1.5 kg

0.018 m

0.06 m

0.044 mm and 9.81 m/s in Eq. (1)

m

r

R

k g

=
=
=

= =

 

 

2 2
2

2 2

2

0.018 0.018 0.044 0.018
1.5(9.81) 1.5( ) 1 1.5

0.06 0.06 0.06

4.4145 2.4417 7.5

B B

B B

P a v

P a v

 += + + +  
 

= + +  (2) 

Data: 0.35 m/sB =v ; 0.35 m/sBv = +  

 21.2 m/sB =a 2; 1.2 m/sBa = +  

Substitute in Eq. (2): 24.4145 2.4417( 1.2) 7.5( 0.35)P = + + + +  

 

4.4145 2.9300 0.9188

8.263 N

= + +
= +  8.26 N=P   
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PROBLEM 16.114 

A small clamp of mass Bm  is attached at B to a hoop of mass .hm  The system 
is released from rest when 90θ = °  and rolls without sliding. Knowing that 

3 ,h Bm m=  determine (a) the angular acceleration of the hoop, (b) the horizontal 
and vertical components of the acceleration of B. 

 

SOLUTION 

Kinematics: A rα=a /, B Aa rα=  

 B A=a a + /B Aa  

 B rα=a rα+  

 ( )B x rα=a ( )B ya rα=  

Kinetics: 

 

 
2 2

3

3

h B

h B

m m

I m r m r

=

= =
 

(a) Angular acceleration. 

 eff( ) : ( ) ( )C C B h A B B x B B yM M W r I m a r m a r m a rαΣ = Σ = + + +  

 

2 2 2 2

2

3 (3 )

8

B B B B Bm gr m r m r m r m r

gr r

α α α α
α

= + + +

=  
1

8

g

r
=α    

(b) Components of acceleration of B. 

 
1

( )
8B x r gα= =a  

1
( )

8B y r gα= =a 

 
1

( )
8B x g=a    

  
1

( )
8B y g=a   
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PROBLEM 16.115 

A small clamp of mass mB is attached at B to a hoop of mass mh. Knowing that 
the system is released from rest and rolls without sliding, derive an expression 
for the angular acceleration of the hoop in terms of mB, mh, r, and θ . 

 

SOLUTION 

Kinematics: A rα=a  /B Aa rα=   θ  

 B Aa=a   /B Aa+   θ  

 B rα=a   rα+   θ  

Kinetics: 2
hI m r=  

 

 eff( ) : sin ( cos ) sin ( sin )

cos ( cos )
C C B h A B B

B

M M W r I m a r m r r r m r r

m r r r

θ α α θ α θ θ
α θ θ

Σ = Σ = + + + +
+ +

 

 

2

2 2 2 2

2 2 2 2

sin ( ) (1 cos )( cos )

sin ( sin )

sin 2 [(1 cos ) sin ]

2 [1 2cos cos sin ]

B h h B

B

B h B

h B

m gr m r m r r m r r r

m r r

m gr m r m r

m r m r

θ α α α θ θ
α θ θ

θ α α θ θ

α α θ θ θ

= + + + +
+

= + + +

= + + + +

 

 2sin [2 (2 2cos )]B h Bm gr r m mθ α θ= + + 
sin

2 (1 cos )
B

h B

mg

r m m

θα
θ

=
+ +
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PROBLEM 16.116 

A 4-lb bar is attached to a 10-lb uniform cylinder by a square pin, P, as shown. 
Knowing that r = 16 in., h = 8 in., θ = 20°, L = 20 in. and ω = 2 rad/s at the 
instant shown, determine the reactions at P at this instant assuming that the 
cylinder rolls without sliding down the incline. 

 

SOLUTION 

Masses and moments of inertia. 

Bar: 

2
2 2

4lb
0.12422 slug

32.2

1 1 4 lb 20 in.
0.028755 slug ft

12 12 32.2 12

B
B

B B

W
m

g

I m L

= = =

  = = = ⋅  
  

 

Disk: 

2
2 2

10 lb
0.31056 slug

32.2

1 1 10 lb 16 in
0.27605 slug ft

2 2 32.2 12

D
D

D C

W
m

g

I m r

= = =

  = = = ⋅  
  

 

Kinematics.  Let Point C be the point of contact between the cylinder and the incline and Point G be the mass 
center of the cylinder without the bar. Assume that the mass center of the bar lies at Point P. 

 α=α . G Ga=a 20°  

For rolling without slipping, 

2 2

( ) 0

( )

( ) ( )

( ) 0

C t G G

P t G

P t

P h

a a r a r

a a h

a r h

a h h

α α
α
α

ω ω

= − = =
= +
= +

= + =

 

Kinetics: Using the cylinder plus the bar as a free body, 

 eff( ) : sin ( )sinC C D BM M m gr m g r hθ θΣ = +Σ + +  

 
( ) ( )

( )( ) ( )( )

( )

2 2

2 2

16 24
12 12

2 210 16 4 24
32.2 12 32.2 12

2

24
12

( ) ( )

[ ( ) ]

[ ( )]sin

( )

(10) (4) sin 0

0.27605 (0.028755)

5.3896 rad/s

( ) (5.3896) 10.7791 f

D D G B B P t

D D B B

D B

D D B B

P t

I m a r I m a r h

I m r I m r h

m gr m g r h

I m r I m r h

a

α α

α
θα

= + + + +

= + + + +
+ +=

+ + + +

 + 2 ° =
+ + +

=

= =

( )
2

2 28
12

t/s

( ) (2) 2.6667 ft/sP na = =
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PROBLEM 16.116  (Continued) 

 

Using the bar alone as a free body, 

 eff( ) :x xF FΣ = Σ  ( ) cos 20 ( ) sin 20x B P t B P nP m a m a= ° − °  

 

4 4
(10.779)cos 20 (2.6667)sin 20

32.2 32.2

1.1450 lbxP

   = ° − °   
   

=
 

 ± eff( ) : ( ) sin 20 ( ) cos20y y y B B P t B P nF F P m g m a m aΣ = Σ − = − ° − °  

 2 2

4 4
(4) (10.779)sin 20 (2.6667)cos20

32.2 32.2

3.2307 lb

1.145 3.2307 3.4276 lb

y

y

P

P

P

   = − ° − °   
   

=

= + =  

 

3.2307
tan

1.145
70.5

β

β

=

= °  3.43 lb=P 70.5°   

Recognizing that P is the CG of the bar. 

 ±  eff( ) :P PM MΣ = Σ  P BM I α=  

 (0.028755)(5.3896)=  0.1550 ft lbP = ⋅M    
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PROBLEM 16.117 

The ends of the 20-lb uniform rod AB are attached to collars of 
negligible mass that slide without friction along fixed rods. If the rod is 
released from rest when θ  = 25°, determine immediately after release 
(a) the angular acceleration of the rod, (b) the reaction at A, (c) the 
reaction at B. 

 

SOLUTION 

Kinematics: Assume α  0ω =  

 
 Ba  / [A B A Aa= + =a a  ] [4α+  25 ]°  

 (4 )cos 25 3.6252Ba α α= ° =  

 (4 )sin 25 1.6905Aa α α= ° =  

 / [G A G A Aa= + =a a a  ] [2α+  25 ]°  

 [1.6905G α=a  ] [2α+  25 ]°  

 ( ) [1.6905x G xa a α= =  ] [0.84524α+  ]  

 0.84524x α=a   

 [2 cos25ya α= ° ] 1.8126α=   

We have found for α  0.84524x α=a   

 1.8126y α=a  

Kinetics: 2 21 1
(4 ft)

12 12
I mL m= =  
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PROBLEM 16.117  (Continued) 

 

(a) Angular acceleration. 

 eff( ) :E EM MΣ = Σ  (1.8126 ft) (0.84524 ft) (1.8126 ft)x ymg I ma maα= + +  

 2 2 21
(1.8126) (4) (0.84524) (1.8126)

12
mg m m mα α α= + +  

 (1.8126) 5.3333 0.33988g gα α= =  210.944 rad/s=α   

(b) eff( ) : (1.8126 )y y yF F A mg ma m αΣ = Σ − = − =  

 

20
20 (1.8126)(10.944)

32.2

20 12.321

7.6791 lb

A

A

 − = − 
 

= −
=  7.68 lb=A   

(c) eff( ) :x xF FΣ = Σ  (0.84524 )xB ma m α= =  



20
(0.84524)(10.944)

32.2
5.7453 lb

B

B

=

=  5.75 lb=B   
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PROBLEM 16.118 

The ends of the 20-lb uniform rod AB are attached to collars of 
negligible mass that slide without friction along fixed rods. A vertical 
force P is applied to collar B when 25 ,θ = °  causing the collar to start 
from rest with an upward acceleration of 240 ft/s .  Determine (a) the 
force P, (b) the reaction at A. 

 

SOLUTION 

Kinematics:  0ω =  

 

 

 2
/ ; [40 ft/sB A B A= +a a a  ] [ Aa= ] [4α+  25°]  

 / cos 25B B Aa a= °  

 240 ft/s (4 )cos 25α= °  

 211.034 rad/s=α  

 240 tan 25 18.6523 ft/sA = ° =a  

 / : [18.652G A G A G= + =a a a a ] [2α+   25 ]°  

 [18.652G =a ] [2(11.034)+   25 ]°  

 2( ) 9.3262 ft/sx G x= =a a   

 2( ) 20.00 ft/sy G y= =a a   
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PROBLEM 16.118  (Continued) 

 

Kinetics: 2 21 1
(4)

12 12
I mL m= =  

 

(a) eff( ) : (3.6252) (1.8126) (0.84524) (1.8126)E E x yM M P W I ma maαΣ = Σ − = + +  

 

2

2

20 lb

1

12
1 20

(4) (11.034)
12 32.2

9.1377 ft lb

20
(9.3262) 5.7926 lb

32.2

20
(20) 12.4224 lb

32.2

(3.6252) (20)(1.8126) 9.1377 (5.7926)(0.84524) (12.422)(1.8126)

(3.6252)

x

y

W mg

I mL

ma

ma

P

P

α α

= =

=

 =  
 

= ⋅

 = = 
 
 = = 
 

− = + +
− 36.252 9.1377 4.8962 22.517= + +

 

 

(3.6252) 72.8031

20.082 lb

P

P

=
=  20.1 lb=P   

(b) eff( ) :y y yF F A W P maΣ = Σ − + =  

 20 20.082 12.4224 lbA − + =  12.34 lbA =  
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PROBLEM 16.119 

The motion of the 3-kg uniform rod AB is guided by small wheels of 
negligible weight that roll along without friction in the slots shown. If the 
rod is released from rest in the position shown, determine immediately after 
release (a) the angular acceleration of the rod, (b) the reaction at B. 

 

SOLUTION 

Kinematics: 

 

 / (0.4 m)G A α=a  

 / (0.8 m)B A α=a  

 / : [B A B A Ba= +a a a ] [ Aa= 30 ] [0.8α° + ]  

 
0.8

0.92376
cos30A

α α= =
°

a 30°  

 (0.8 ) tan 30 0.46188B α α= ° =a  

 / ; [0.92376G A G A α= = + =a a a a a 30° ] [0.4α+ + ]  

 [0.8x α=a ] [0.4α+ ] 0.4α=  

 [0.46188y α=a ] 0.46188α=  

We have: 
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PROBLEM 16.119  (Continued) 

 

 0.4x α=a ; 0.46188y α=a  

 
2 2

2

1 1
(3 kg)(0.8 m)

12 12

0.16 kg m

I mL

I

= ⋅ = ⋅

= ⋅
 

(a) Angular acceleration. 

 eff( ) : (0.46188 m) (0.4 m) (0.46188 m)E E x yM M mg I ma maαΣ = Σ = + +  

 

2 2

2

3(9.81)(0.46188) 0.16 3(0.4) 3(0.46188)

13.593 1.28

10.620 rad/s

α α α
α

α

= + +
=

=  210.62 rad/s=α   

(b) Reaction at B. 

 eff( ) : (0.8 m) (0.4 m)A A xM M B I maαΣ = Σ = − +  

 

0.8 (0.16)(10.620) 3(0.4)(10.620)(0.4)

0.8 1.6991 5.0974

4.2479 N

B

B

B

= − +
= − +
=  4.25 N=B  
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PROBLEM 16.120 

A beam AB of length L and mass m is supported by two cables as shown. If 
cable BD breaks, determine at that instant the tension in the remaining 
cable as a function of its initial angular orientation θ. 

 

SOLUTION 

Kinematics: At the instant just after the cable break, 

 0ω α= =α  

 
2G A
L α= +a a Aα=

2

Lθ α+  

Kinetics: 21

12
I mL=  

 

 2
eff

1
( ) : ( sin )

2 12
6 sin

G G
L

M M T I mL

T

mL

θ α α

θα

Σ = Σ = =

=

 

 θ eff : sin
2

6 sin

2
3 sin

mL
F F T mg

mL T

mL
T

θ α

θ

θ

Σ = Σ − = −

= − ⋅

= −

 

Solving for T,   
sin

1 3sin

mg
T

θ
θ

=
+
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PROBLEM 16.121 

End A of a uniform 10-kg bar is attached to a horizontal rope and end B 
contacts a floor with negligible friction. Knowing that the bar is released 
from rest in the position shown, determine immediately after release  
(a) the angular acceleration of the bar, (b) the tension in the rope, (c) the 
reaction at B. 

 

SOLUTION 

Kinematics: α=α  

  [ Ba ] [ Aa= ] [Lα+ 45 ]° 0.7071A Lα=a  

 
2G A

Lα= + 
a a  45°  [0.7071α=  ] + 

2

Lα


 45°   = 
2

Lα
 45° 

 

  PM m+ Σ = (0.7071)
2

L
g  

  
1

12
m= 2L mα +

2 2

L Lα  
 
 

 

  
3

0.7071
2

g

L
α  =   

 

   29.81 m/s , 1 m,g L= =  

 

   (a) 210.405 rad/s=α   

 (0.7071)
2x

mL m L
F T

αΣ = = = (0.5) 3

2

g

L

3
36.788 N

8
mg

  = = 
 

 

  (b) 36.8 NT =   

 
3 5

, 61.313 N
8 8yF N mg mg N mgΣ = − = − = =  

  (c) 61.3 NN =   

Alternate solution: 

Kinematics (realizing that the rope constrains Point A to the j-direction at the instant shown): 

 
( cos 45 sin 45 )

( cos 45 ) ( sin 45 )
A B

B

a a x L L

a L L

α
α α

= + ° + °
= + ° − °

j i k i j

i j i
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PROBLEM 16.121  (Continued) 

 

x-components 

 
0 ( sin 45 )

( sin 45 )
B

B

a L

a L

α
α

= − °
= °

 

y-components 

 ( cos 45 )Aa L α= °  

Acceleration of CG 

 

2
/ / /

( sin 45 ) cos(45 ) sin(45 )
2 2

( sin 45) cos(45 ) sin(45 )
2 2

sin 45 cos 45
2 2

G B G B G B B G B

G

G

L L
a L

L L
L

L L
a

ω

α α

α α α

α α

= + × − = − ×

 = ° + × ° + ° 
 

 = + ° − ° 
 

= ° + °

a a α r r a α r

i k i j

i j i

i j

 

Kinetics: 

 
Equations of motion: 

 x xF maΣ =  

 sin 45
2

L
T m α − = ° 

 
 (1) 

 
cos 45

2

y yF ma

L
N mg m α

Σ =

 − = ° 
 

 

 cos 45
2

L
N mg m α = +  

 
 (2) 

 GM TαΣ =  

 21
sin 45 cos 45

2 2 12

L L
T N mL α   ° − ° =   
   

 (3) 

Solving the three simultaneous equations gives the same results as above. 
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PROBLEM 16.122 

End A of the 8-kg uniform rod AB is attached to a collar that can 
slide without friction on a vertical rod. End B of the rod is 
attached to a vertical cable BC. If the rod is released from rest in 
the position shown, determine immediately after release (a) the 
angular acceleration of the rod, (b) the reaction at A. 

 

SOLUTION 

Kinematics: 0ω =  

  / ;  [B A B A Ba= +a a a ] [ Aa= ] [Lα+  ]θ  

  0 cosAa Lα θ= −  

  cosA Lα θ=a  

  /A G A= +a a a  

 [ cosLα θ=a ]
2

L α+ 
 θ  

  sin
2x
L α θ=a  ;  cos

2y
L α θ=a   

Kinetics: 

 

 eff( ) : cos sin cos
2 2 2E E x y
L L L

M M mg I ma maθ α θ θ   Σ = Σ = + +   
   

 

  
2 2

21
cos sin cos

2 12 2 2

L L L
mg mL m mθ α θ α θ α   = + +   

     

  
21

cos
2 3

L
mg mLθ α=  

3
cos

2

g

L
θ=α  
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PROBLEM 16.122  (Continued) 

 

  eff( ) : sin
2x x x
L

F F A ma m α θΣ = Σ = =  

  
3

cos sin
2 2

L g
A m

L
θ θ =  

 
 

  
3

sin cos
4

mg θ θ=A  

Data:  8 kg, 30 , 0.75 mm Lθ= = ° =  

(a) Angular acceleration. 
23 9.81 m/s

cos30
2 0.75 m

α = °  216.99 rad/s=α   

(b) Reaction at A. 23
(8 kg)(9.81 m/s )sin 30 cos30

4
A = ° °  25.5 N=A   
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PROBLEM 16.123 

A uniform thin plate ABCD has a mass of 8 kg and is 
held in position by three inextensible cords AE, BF, and 
CG. If cord AE is cut, determine at that instant (a) if the 
plate is undergoing translation or general plane motion, 
(b) the tension in cords BF and CG. 

 

SOLUTION 

Immediately after cord AE breaks, 0.ω =  

(a) Assume that the cords BF and CG constrain the plate to undergo curvilinear translation, making 0.=α  

  G a=a 30°  

 
  

+ eff30 : sin 30

sin 30
G

G

F F mg ma

a g

°Σ = Σ ° =
= °

 

 eff( ) : 0.075 0.200 cos60 sin 30 (0.100 0.075sin 30 )B B CGM M mg T mgΣ = Σ + ° = ° + °  

  0.100 0.00625 0.0625CG CGT mg T mg= − = −  

Since TC is negative, the cord becomes slack so that the plate undergoes general plane motion with 0.CGT =  

    general plane motion   
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PROBLEM 16.123  (Continued) 

 

(b) Kinematics: B Aa=a 30°  

  α=α  

  0.100G B α= +a a 0.075α+  

 Kinetics: 

 

  8 kgm =  

  2 2 21
(8 kg)[(0.150 m) (0.200 m) ] 0.041667 kg m

12
I = + = ⋅  

  eff( ) : cos60 (8 kg)(0.100 ) (8 kg) cos30x x BF BF F T aαΣ = Σ ° = + °  (1) 

  2
eff( ) : sin 60 (8 kg)(9.81 m/s )y y BFF F TΣ = Σ ° −  

  (8 kg)(0.075 ) (8 kg) sin 30Baα= − − °  (2) 

  eff( ) : 0.075 sin 60 0.100 cos60G G BF BFM M T T IαΣ = Σ ° − ° =  

  0.014952 0.041667BFT α=  (3) 

Solving Eqs. (1), (2), and (3) simultaneously, 

  2 265.168 N, 23.385 rad/s , 2.0028 m/sBF BT aα= = =  

Tension in cords:   65.2 NBFT =   

    0CGT =  
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PROBLEM 16.124 

The 4-kg uniform rod ABD is attached to the crank BC and is fitted with a 
small wheel that can roll without friction along a vertical slot. Knowing that at 
the instant shown crank BC rotates with an angular velocity of 6 rad/s 
clockwise and an angular acceleration of 15 rad/s2 counterclockwise, determine 
the reaction at A. 

 

SOLUTION 

 

Crank BC: 

  0.1 mBC =  

  2 2( ) ( ) (0.1 m)(15 rad/s ) 1.5 m/sB ta BC α= = =  2( ) 1.5 rad/sB t =a  

  2 2 2( ) ( ) (0.1 m)(6 rad/s) 3.6 m/sB na BC ω= = =  2( ) 3.6 m/sB n =a  

 

Rod ABD: 1 1 0.1 m
sin sin 30

0.2 m

BC

AB
θ − −= = = °  

  /A B A G= +a a a  

  [ Aa ] [1.5= 3.6+ ] [0.2α+ ]β  

  0 3.6 (0.2 )cosα β= −  

  23.6 18
20.78 rad/s

0.2cos cos30
α

β
= = =

°
 220.78 rad/s=α  

  

 

Kinetics: 

 2
eff

1
( ) : (0.1732 m)

12G GM M A I m Lα αΣ = Σ = =  

 2 21
(4 kg)(0.4 m) (20.78 rad/s )

12
=  

  6.399 NA =  6.40 N=A   
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PROBLEM 16.125 

The 7-lb uniform rod AB is connected to crank BD 
and to a collar of negligible weight, which can slide 
freely along rod EF. Knowing that in the position 
shown crank BD rotates with an angular velocity of 
15 rad/s and an angular acceleration of 60 rad/s2, 
both clockwise, determine the reaction at A. 

 

SOLUTION 

Crank BD: 

2

4
15 rad/s, ft (15 rad/s) 5 ft/s

12

60 rad/s

BD B

BD

 = = = 
 

=

ω v

α

 

  2 24
( )  ft (60 rad/s ) 20 ft/s

12B x
 = = 
 

a  

  2 24
( )  ft (15 rad/s) 75 ft/s

12B y
 = = 
 

a  

 

Rod AB: 

Velocity: Instantaneous center at C. 

  
25

ft / tan 30 3.6084 ft
12

CB
 = ° = 
 

 

  
5 ft/s

1.3856 rad/s
3.6084 ft

B
AB

v

CB
= = =ω  

Acceleration: 

 

  /
25

( ) ( )
12A B t AB ABAB α α= =a  

  
2 2 2

/
25

( ) ( ) (1.3856) 4 ft/s
12A B n ABAB ω  = = = 

 
a  

  G/( ) ( )B t ABGB α=a
12.5

12 ABα=  
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PROBLEM 16.125  (Continued) 

 

  /( )G B na 2 2 212.5
( ) (1.3856) 2 ft/s

12ABGB ω  = = = 
 

 

  / / /( ) ( )A B B A B B A t G A n= + = + +a a a a a a  

  [ Aa 30 ] [20° = ] [75+ 25
]

12 ABα+ 
[4


+


] 

  
2cos30 20 4; 18.475 ft/sA Aa ° = − =a  30°  

  225
(18.475)sin 30 75 ; 31.566 rad/s

12 AB ABα° = − =α  

  / / /( ) ( )B G B B G B t G B n= + = + +a a a a a a  

  [20=a ] [75+ 12.5
12] [ (31.566)+ ] [2+ ]  

  
220 2 18; 18 ft/sx xa = − = =a  

  
275 32.881 42.119; 42.119 ft/sy ya = − = =a  

Kinetics: 

2
2 21 7 lb 25

( )  ft 0.078628 slug ft
12 12(32.2) 12

I m AB
 = = = ⋅ 
 

 

 

 eff
25 12.5 12.5

( ) : ( sin 60 )  ft  ft  ft
12 12 12B B AB yM M A mg I maα     Σ = Σ ° − = − +     

     
 

2 2 212.5 7 12.5
1.8042 (7 lb)  ft (0.078628 slug ft )(31.566 rad/s )  slug (42.119 ft/s )  ft

12 32.2 12

1.8042 7.2917 2.4820 9.5378

A

A

     − = − ⋅ +     
     

− = − +
 

  7.9522 lbA =  7.95 lb=A   60°  
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PROBLEM 16.126 

In Problem 16.125, determine the reaction at A, knowing 
that in the position shown crank BD rotates with an angular 
velocity of 15 rad/s clockwise and an angular acceleration 
of 60 rad/s2 counterclockwise. 

PROBLEM 16.125 The 7-lb uniform rod AB is connected 
to crank BD and to a collar of negligible weight, which can 
slide freely along rod EF. Knowing that in the position 
shown crank BD rotates with an angular velocity of 15 rad/s 
and an angular acceleration of 60 rad/s2, both clockwise, 
determine the reaction at A. 

 

SOLUTION 

Crank BD: 15 rad/s,BD =ω  

 
4

ft (15 rad/s) 5 ft/s
12B
 = = 
 

v  

 260 rad/sBD =α  

  2 24
( )  ft (60 rad/s ) 20 ft/s

12B x
 = = 
 

a  

  2 24
( )  ft (15 rad/s) 75 ft/s

12B y
 = = 
 

a  

Rod AB:  

Velocity: Instantaneous center at C. 

  
25

ft / tan 30 3.6084 ft
12

CB
 = ° = 
 

 

  
5 ft/s

1.3856 rad/s
3.6084 ft

B
AB

v

CB
= = =ω  

Acceleration: 

 

  /
25

( ) ( )
12A B t AB ABAB α α= =a  

  
2 2 2

/
25

( ) ( ) (1.3856) 4 ft/s
12A B n ABAB ω  = = = 

 
a  
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PROBLEM 16.126  (Continued) 

 

  /
12.5

( ) ( )
12G B t AB ABGB α α= =a  

  2 2 2
/

12.5
( ) ( ) (1.3856) 2 ft/s

12G B n ABGB ω  = = = 
 

a  

  / / /( ) ( )A B B A B B A t B A n= + = + +a a a a a a  

 [ Aa 30 ] [20° = ] [75+ 25
]

12 ABα+ 
[4


+


] 

  :  2cos30 20 4; 27.713 ft/sA Aa ° = + =a   30° 

  :  
225

(27.713)sin 30 75 ; 42.651 rad/s
12 AB ABα° = − + =α  

 / / /( ) ( )B G B B G B t G A n= + = + +a a a a a a  

 [20=a ] [75+ 12.5
] (42.651)

12
+ 

[2


+


]  

 220 2 22; 22 ft/sx xa = + = =a   

 275 44.428 30.572; 30.6 ft/sy ya = − = =a  

Kinetics: 
2

27 lb 25
ft 0.078628 slug ft

12(32.2) 12
I

 = = ⋅ 
 

 

 

 eff
25 12.5 12.5

( ) : ( sin 60 )  ft  ft  ft
12 12 12B B AB yM M A mg Ia m a
     Σ = Σ ° − = − +     
     

 

2 2 212.5 7 12.5
1.8042 (7 lb)  ft (0.078628 slug ft )(42.651 rad/s )  slug (30.572 ft/s )  ft

12 32.2 12

1.8042 7.2917 3.3536 6.9230

A

A

     − = − ⋅ +     
     

− = − +
 

  6.0198 lbA =  6.02 lb=A  60°  
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PROBLEM 16.127 

The 250-mm uniform rod BD, of mass 5 kg, is connected as shown to 
disk A and to a collar of negligible mass, which may slide freely along 
a vertical rod. Knowing that disk A rotates counterclockwise at a constant 
rate of 500 rpm, determine the reactions at D when 0.θ =  

 

SOLUTION 

Kinematics: For disk A: ( 0)Aα =  

  500 rpm 52.36 rad/sAω = =  

  
2 2

(0.05 m)(52.36 rad/s)

2.618 m/s

(0.05 m)(52.36 rad/s )

137.08 m/s

B A

B A

v r

a r

ω

ω

= =
=

= =
=

 

For rod (velocities) 

  
2 2(0.25) (0.15)

0.20 m

BC = −
=

 

  

0.15 3
cos

0.25 5
0.20 4

sin
0.25 5

β

β

= =

= =
 

  
2.618 m/s

0.20 m
Bv

BC
ω = =  

  13.09 rad/s=ω  

Kinematics of rod (accelerations) 

  /B D B D+ =a a a  

  [ Ba /] [( )D B na+  β ] /[( )D B ta+  β ] Da=  

  [137.08 2] [0.25(13.09)+   β ] [0.25α+  β ] Da=  
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PROBLEM 16.127  (Continued) 

 

x components: 

  

3 4
(42.84) (0.25 ) 0

5 5
25.704 0.2 0

α

α

− =

− =  2128.52 rad/s=α  

 /G B G B= = +a a a a  

 [137.08=  ] 
2[0.125(13.09)+ ] [0.125(128.52)+ ] 

  [137.08=   ] + [21.42 ] [16.065β +  ]β  

  
3 4

(21.42) (16.065) 0
5 5xa = − =  

  24 3
137.08 (21.42) (16.065) 110.31 m/s

5 5ya = − − =  

Kinetics 

 
2 2

2

1 1
(5 kg)(0.25 m)

12 12

0.026042 kg m

I ml= =

= ⋅
 

 

  eff( ) : (0.20 m) (0.075 m) (0.075)B BM M D W ma IαΣ = Σ + = −  

  0.2 5(9.81)(0.075) 551.6(0.075) 3.347D + = −  

  
0.2 41.370 3.347 3.679 34.344

171.7 N

D

D

= − − =
=

 

   171.7 N=D   
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PROBLEM 16.128 

Solve Problem 16.127 when 90 .θ = °  

PROBLEM 16.127 The 250-mm uniform rod BD, of mass 5 kg, is connected as 
shown to disk A and to a collar of negligible mass, which may slide freely along 
a vertical rod. Knowing that disk A rotates counterclockwise at a constants rate of 
500 rpm, determine the reactions at D when 0.θ =  

 

SOLUTION 

Kinematics: For disk A:    ( 0)Aα =  

  
2 2

2

500 rpm 52.36 rad/s

(0.05 m)(52.36 rad/s)

2.618 m/s

(0.05 m)(52.36 rad/s)

137.08 m/s

A

B A

B A

v r

a r

ω
ω

ω

= =
= =
=

= =

=

 

For rod (velocities) 

Since  is parallel to, D Bv v  

we have 0ω =  

We also note that 
0.10

cos
0.25
66.42

φ

φ

=

= °

 

For rod (accelerations) 

  /( ) 0D B na =  

Since  0ω =  

  /B D B D+ =a a a  

 137.08 0.25α→ + Daφ =  

  (0.25 )sin 66.42 137.08α ° =  

  2598.3 rad/s=α  

  /G B G B= = +a a a a  

 2137.08 0.125(598.3)sin 66.42 68.54 m/sxa = − ° = +  

 20.125(598.3)cos66.42 29.92 m/sya = ° = +  
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PROBLEM 16.128  (Continued) 

 

Summary of kinematics: 2598.3 rad/s=α ,      268.54 m/sx =a ,     229.92 m/sy =a  

  
2 2

2

1 1
(5 kg)(0.25 m)

12 12

0.026042 kg m

I ml= =

= ⋅
 

Kinetics: 

 

We recall that 66.42 .φ = °  Thus: (0.25 m)sin 0.2291 mh φ= =  

 eff( ) : (0.05) (0.05)
2B B x y
h

M M Dh W ma ma Iα Σ = Σ + = − − 
 

 

 
0.2291

(0.2291) 5(9.81)(0.05) (342.7) (149.6)(0.05) 15.581
2

D + = − −  

 0.2291 39.256 7.480 15.581 2.453 13.742D = − − − =  60.0 N=D   
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PROBLEM 16.129 

The 4-kg uniform slender bar BD is attached to bar AB and a wheel of 
negligible mass which rolls on a circular surface. Knowing that at the instant 
shown bar AB has an angular velocity of 6 rad/s and no angular acceleration, 
determine the reaction at Point D. 

 

SOLUTION 

Kinematics: 
 Since ( ) 0,D n =v  

 ( ) cos60 ( ) cos30D x D yv v° = °  

 ( ) ( ) ( ) (0.75 m)(6 rad/s)D x B x BAv v AB ω= = =  

 
cos60

( ) ( )
cos30D y D xv v

°=
°

 

 
( )

( )
1
2

3
2

0.75 (6)
(0.75)(6)

3
= =  

 But 
 ( ) ( )D y BDv BDω=  

 
( ) 0.75 (6) 6

rad/s
0.75 3 3

D y
BD

v

BD
ω = = =  

 2 2 2(0.75 m)(6 rad/s) 27 m/sB BAAB ω= = =a   

 /D B D B= +a a a  

 [( )D ta  30°] + 2[(1.5)(6/ 3)  60°] = [27  ] + [0.75 αAB  ] + 2[(0.75)(6/ 3) ] 

 60° : 0 18 27sin 60 (0.75sin 60 ) 9sin 30BDα+ = − ° + ° + °  

  

/

18 27sin 60 9sin 30
56.7846 rad/s

0.75sin 60BD

G B G B

α + ° − °= =
°

= +a a a
 

  [27=  ] [0.375 BDα+  ] + 2[(0.375)(6/ 3) ] 

  2[5.7058 m/s=  ] + 2[4.5 m/s ] 
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PROBLEM 16.129  (Continued) 

 

Kinetics: 

 4 kgm =  2 2 21 1
(4)(0.75) 0.1875 kg m

12 12GI mL= = = ⋅  

 

 

 

 

 

 

 

 

 eff( ) :B BM MΣ = Σ  

 (39.24 N)(0.375 m) cos30 (0.75 m)D− + ° 1
(0.1875)(56.7846) (54)(0.375) 1 N m

3

  = − − ⋅  
  

 

 0.64952 (14.715 10.6471 8.5587) N mD = + − ⋅  

 25.87 N=D   60° 

 or 25.9 N=D   60°  
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PROBLEM 16.130 

The motion of the uniform slender rod of length L = 0.5 m and mass m = 3 kg 
is guided by pins at A and B that slide freely in frictionless slots, circular and 
horizontal, cut into a vertical plate as shown. Knowing that at the instant shown 
the rod has an angular velocity of 3 rad/s counter-clockwise and θ = 30°, 
determine the reactions at Points A and B. 

 

SOLUTION 

Mass and moment of inertia: 3 kgm =  

 2 2 21 1
(3 kg)(0.5 m) 0.0625 kg m

12 12
I mL= = = ⋅  

Kinematics: 3 rad/s=ω  

  A Av=v  B Bv=v  

Locate the instantaneous center C by drawing line AC  perpendicular to Av    

and line BC  perpendicular to .Bv  

 

( cos30 )

(0.5 mcos30 )(3 rad/s)

1.29904 m/s

Av L ω= °
= °
=

 

 

( sin 30 )

(0.5 msin 30 )(3 rad/s)

0.75 m/s

Bv L ω= °
= °
=

 

  α α=  A Aa=a  

  
2
B

B
v

R
=a ( )B ya+

2(0.75 m/s)

0.3 m
= ( )B ya  

  21.875 m/s= ( )B ya+  

  / / /( ) ( )B A B A A B A t B A n= + = + +a a a a a a  

where  /( )B A t Lα=a 30 0.5α° = 30°  

and  2
/( )B A n Lω=a 260 (0.5)(3)° = 260 4.5 m/s° = 60°  

 
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1613 

PROBLEM 16.130  (Continued) 

 

Equating the two expressions for Ba  gives 

 21.875 m/s ( )B ya+ 0.5A α= +a 230 4.5 m/s° +  60° 

 :    1.875 0.5 cos30 2.25Aa α− = + ° +  

 0.5 cos30 4.125Aa α= − ° −  

 / /( ) ( )G A G A t G A n= + +a a a a  

 (0.5 cos30 4.125)α= ° +
2

L α+ 230
2

L ω° + 60°  

 (0.5 cos30 4.125)α= ° + 0.5

2
α+ 20.5

30 (3)
2

° + 60°  

 (0.21651 3.00)α= + (1.94856 0.125 )α+ −  

Kinetics: (3 kg)G Gm =a a  

 [0.64952 9.00]α= + [5.8457 0.375 ]α+ −  

 0.0625Iα α=  

 

eff( ) : sin 30 ( ) cos30 ( ) sin 30
2 2 2C C G x G y
L L L

M M mg I ma maαΣ = Σ ° = + ° − °  

 
0.5

(3)(9.81) sin 30 0.0625
2

0.5
(0.64952 9.00) cos30

2
0.5

(5.8457 0.375 ) sin 30
2

α

α

α

° =

+ + °

− − °

 

 
2

3.67875 0.25 1.21784

9.8436 rad/s

α
α

= +

=

 

[(0.64952)(9.8436) 9.00]Gm = +a [5.8457 (0.375)(9.8436)]+ −  

 [15.394 N]= [2.1544 N]  
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PROBLEM 16.130  (Continued) 

 

 eff :Gm AΣ = Σ =F F a B+ mg+ Gm= a  

 :   (3 kg)(9.81 m/s) 2.1544 NA − =  31.6 N=A   

 :   15.894 NB = −   15.89 N=B   
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PROBLEM 16.131 

At the instant shown, the 20 ft long, uniform 100-lb pole ABC has an 
angular velocity of 1 rad/s counterclockwise and Point C is sliding to the 
right. A 120-lb horizontal force P acts at B. Knowing the coefficient of 
kinetic friction between the pole and the ground is 0.3, determine at this 
instant (a) the acceleration of the center of gravity, (b) the normal force 
between the pole and the ground. 

 

SOLUTION 

Data: 

2 2 2

20 ft, 100 lb, 120 lb, 0.3

1 1 100
(20) 103.52 slug ft

12 12 32.2

kl W P

I ml

μ= = = =

 = = = ⋅ 
 

 

Kinematics: α=α  C Ca=a  

 / /( ) ( )G C G C t C G n= + +a a a a  

 [ Ca=  ]
2

l α+ 
 210

2

l ω +°  
  80 °

 (1) 

Kinetics:  Sliding to the right: f kF Nμ=  

 

 GMΣ = eff( ) : sin10 cos10 cos10
2 2 2G f
l l l

M N F P h Iα Σ ° − ° + ° − = 
 

 

 

sin10 cos10 cos10
2 2 2

103.519 (10)(sin10 0.3cos10 ) 120(10cos10 6)

k
l l l

I N N P h

N

α μ

α

 − ° + ° = ° − 
 

− ° − ° = ° −  (2) 
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PROBLEM 16.131  (Continued) 

 

 yFΣ = 2
eff( ) : sin10 cos10

2 2y
ml ml

F N mg α ω Σ − = − ° − ° 
 

 

 

2

2

sin10 cos10
2 2

100 100
(10)sin10 (100) (10)(1) cos10

32.2 32.2

ml ml
N mg

N

α ω

α

 ° + = − ° 
 

    ° + = − °    
    

 (3) 

Solving Eqs. (2) and (3) simultaneously, 

 23.8909 rad/s 48.433 lbNα = =  

 xFΣ = 2
eff( ) : cos10 sin10

2 2x f C
ml ml

F P F ma α ωΣ − = − ° + °  

 

2

2

2

cos10 sin10
2 2

100 100 100
120 (0.3)(48.433) (10)(3.8909)cos10 (10)(1) sin10

32.2 32.2 32.2

70.542 ft/s

C k

C

C

ml ml
ma P N

a

a

μ α ω= − + ° − °

   = − + ° − °   
   

=

 

Using Eq. (1), 70.542 [(10)(3.8909)G = +a   210 ] [(10)(1)° +   80 ]°  

 

2

2

2 2

2

( ) 70.542 38.909cos10 10cos80

33.961 ft/s

( ) 38.909sin10 10sin80

16.605 ft/s

(33.961) (16.605)

37.803 ft/s

G x

G y

G

a

a

a

= − ° + °

=
= − ° − °

= −

= +

=

 

 
16.605

tan 26.055
33.961

β β= = °  

(a) Acceleration at Point G.  237.8 ft/sG =a   26.1°  

(b) Normal force. 48.4 lb=N   
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PROBLEM 16.132 

A driver starts his car with the door on the passenger’s side 
wide open ( 0).θ =  The 80-lb door has a centroidal radius of 
gyration 12.5 in.,k =  and its mass center is located at a 
distance 22 in.r =  from its vertical axis of rotation. Knowing 
that the driver maintains a constant acceleration of 6 ft/s2, 
determine the angular velocity of the door as it slams shut 
( 90 ).θ = °  

 

SOLUTION 

Kinematics: Aa=a  

 

 /( )G A t rα=a θ  

Kinetics: 

 

 eff( ) : 0 ( ) ( cos )A A AM M I mr r ma rα α θΣ = Σ = + −  

 

2 2

2 2

cos

cos

A

A

mk mr ma r

a r

k r

α α θ

α θ

+ =

=
+

 

Setting ,d
d
ω
θα ω=  and using 12.522

12 12ft, ftr k= =  
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PROBLEM 16.132  (Continued) 

 

 

( )
( ) ( )

22
12

2 212.5 22
12 12

ft
cos

ft ft

0.41234 cos

0.41234 cos

A

A

A

ad

d

a

d a d

ωω θ
θ

θ
ω ω θ θ

=
 +  

=
=

 

 

/2

0 0

/22
0

0

2

(0.4124 )cos

1
0.41234 |sin |

2

0.82468

f

f

A

A

f A

d a d

a

a

ω π

ω
π

ω ω θ θ

ω θ

ω

=

=

=

 

 (1) 

Given data: 26 ft/sA =a  

 

2

2 2

0.82468(6)

4.948 rad /s

fω =

=  2.22 rad/sfω =  
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PROBLEM 16.133 

For the car of Problem 16.132, determine the smallest constant 
acceleration that the driver can maintain if the door is to close 
and latch, knowing that as the door hits the frame its angular 
velocity must be at least 2 rad/s for the latching mechanism to 
operate. 

 

SOLUTION 

Kinematics: Aa=a  

 

 /( )G A t rα=a θ  

Kinetics: 

 

 eff( ) : 0 ( ) ( cos )A A AM M I mr r ma rα α θΣ = Σ = + −  

 

2 2

2 2

cos

cos

A

A

mk mr ma r

a r

k r

α α θ

α θ

+ =

=
+

 

Setting ,d
d
ω
θα ω=  and using 12.522

12 12ft, ftr k= =  

 

( )
( ) ( )

22
12

2 212.5 22
12 12

ft
cos

ft ft

0.41234 cos

0.41234 cos

A

A

A

ad

d

a

d a d

ωω θ
θ

θ
ω ω θ θ

=
 +  

=
=
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PROBLEM 16.133  (Continued) 

 

 

/2

0 0

/22
0

0

2

(0.4124 )cos

1
0.41234 | sin |

2

0.82468

f

f

A

A

f A

d a d

a

a

ω π

ω
π

ω ω θ θ

ω θ

ω

=

=

=

 

 (1) 

Given data: 2 rad/sfω =  

Eq. (1): 2

2

0.82468

(2) 0.82468

f A

A

a

a

ω =

=

 

 24.85 ft/sAa =  24.85 ft/sA =a   
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PROBLEM 16.134 

Two 8-lb uniform bars are connected to form the linkage shown. 
Neglecting the effect of friction, determine the reaction at D 
immediately after the linkage is released from rest in the position 
shown. 

 

SOLUTION 

Kinematics:  

Bar AC: Rotation about C 

 
15

( ) ft
12

a BC α α = =  
 

 

 1.25α=a  

 
15 in.

sin 30
30 in.

θ θ= = °  

Bar BC: /D B Lα=a  

Must be zero since Da  0 andBD BDa aα = =  

Kinetics:  

Bar BD 

 

 eff( ) :y y yF F B W maΣ = Σ − = −  

 

8 lb
8 lb (1.25 )

32.2
8 0.3105

y

y

B

B

α

α

− = −

= −  (1) 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1622 

PROBLEM 16.134  (Continued) 

 

 eff( ) : (2.165 ft) (0.625 ft) (0.625 ft)B BM M D W maΣ = Σ − = −  

 

8 lb
(2.165 ft) (8 lb)(0.625 ft) (1.25 )(0.625 ft)

32.2
2.309 0.08965

D

D

α

α

− = −

= −  (2) 

Bar AC: 2

2

2

1
( )

12
1 8 lb

(2.5 ft)
12 32.2

0.1294 lb ft s

I m AC=

=

= ⋅ ⋅

 

 

 eff( ) : (1.25 ft) (1.25 ft) (1.25 )(1.25)C C yM M W B I mα αΣ = Σ + = +  

Substitute from Eq. (1) for yB  

 2

2

8
8(1.25) (8 0.3105 )(1.25) (0.1294) (1.25)

32.2
10 10 0.3881 0.1294 0.3882

20 0.9057

22.08 rad/s

α α α

α α α
α

α

+ − = +

+ − = +
=

=

 

Eq. (2), 2.309 0.08965

2.309 0.08965(22.08)

2.309 1.979

D α= −
= −
= −

 

 0.330 lbD =  0.330 lb=D  
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PROBLEM 16.135 

The 6-kg rod BC connects a 10-kg disk centered at A to a 5-kg rod 
CD. The motion of the system is controlled by the couple M 
applied to disk A. Knowing that at the instant shown disk A has an 
angular velocity of 36 rad/s clockwise and no angular acceleration, 
determine (a) the couple M, (b) the components of the force 
exerted at C on rod BC. 

 

SOLUTION 

Kinematics:  Velocity analysis. 36 rad/sAB =ω  

 Disk AB:      B ABAB ω=v 30 (0.200)(36)° = 30 7.2 m/s° = 30°  

 Rod BC: C Cv=v 30°  

 Since Cv  is parallel to ,Bv  bar BC is in translation. 

  7.2 m/sC =v 30°  0BC =ω  

Rod CD: 
7.2 m/s

28.8 rad/s
0.25 m

C
CD

CD

v

l
ω = = =  

  28.8 rad/sCD =ω  

Acceleration analysis: 0AB =α  

 Disk AB: 2
/ /B AB B A AB B Aω= × −a α r r  

  20 (36) (0.2)= − 260 259.2 m/s° = 60°  

 Rod BC: BC BCα=α  

  
2

/ /( )C B C B t BC C Bω= + −a a a r  

  259.2C =a 60 0.4 ABα° + 0+  (1) 

 Rod CD: CD CDα=α  

  
2

/ /( ) [0.25C C D t CD C D CDω α= − =α a r 230 ] [(28.8) (0.25)° − 60 ]°  

  [0.25C CDα=a 30 ] [207.36° − 60 ]°  (2) 

Equate components of two expressions (1) and (2) for .Ca  

 :    259.2cos60 0.25 cos30 207.36 cos 60°CDα− ° = − ° −  

 2119.719 rad/sCDα =  2119.719 rad/sCD =α  

 :    259.2sin 60 0.4 0.25 sin 30 207.36sin 60BC CDα α− ° + = ° − °  

 2149.649 rad/sBCα =  2149.649 rad/sBC =α  
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PROBLEM 16.135  (Continued) 

 

Accelerations of the mass centers. 

 Disk AB: 0AB A= =a a  

 Rod BC: Mass center at Point P. / (0.2 m)P B =r  

  
2

/ /P B BC P B BC P Bω= + × −a a α r r  

  [259.2= 60 ] [0.2 BCα° + ] 0+  [259.2= 60 ] [29.9298° + ] 

 Rod CD: Mass center at Point Q. / 0.125 mQ D =r 60°  

  2
/ /Q CD Q D CD Q Dω= × −a α r r  

  [0.125 CDα= 230 ] [(28.8) (0.125)° − 60 ]°  

  [14.964875= 30 ] [103.60° − 60 ]°  

Masses: 10 kg, 6 kg, 5 kgAB BC CDm m m= = =  

Effective forces at mass centers. 

 Disk AB: 0AB Am =a  

 Rod BC: 6 [1555.2 NBC P Pm = =a a 60 ] [179.58 N° + ] 

 Rod CD: 5 [74.82 NCD a Qm = =a a 30 ] [518 N° + 60 ]°  

Moments of inertia: 

 Disk AB: 2 2 21 1
(10)(0.2) 0.2 kg m

2 2AB AB ABI m r= = = ⋅  

 Rod BC: 2 2 21 1
(6)(0.4) 0.08 kg m

12 12BC BC BCI m l= = = ⋅  

 Rod CD: 2 2 21 1
(5)(0.25) 0.0260417 kg m

12 12CD CD CDI m l= = = ⋅  

Effective couples at mass centers. 

 Disk AB: 0AB ABI =α  

 Rod BC: (0.08)(149.649)BC BCI =α  11.97192 N m= ⋅  

 Rod CD: (0.0260417)(119.719)CD CDI =α  3.11768 N m= ⋅  

 

Summary of effective  
forces and couples 
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PROBLEM 16.135  (Continued) 

 

Kinetics 

Rod BC: 

  

 eff eff

2

1
( ) : ( )

2

(0.4 m) (0.2 m)(6 kg)(9.81 m/s )

11.9719 N m (0.2 m)(179.58 N)

B B BC y BC B

y

M M l C l mg M

C

Σ = Σ − = Σ

−

= ⋅ +

 

   (0.2 m)(1555.2 N) sin 60°−  

 524.27 NyC = −  

Rod CD: eff( ) : cos30 (524.27 N)(0.125 m)D D x CDM M C lΣ = Σ ° +  

  eff(0.0625 m) ( ) :CD Dm g M− = Σ  

 
2

(0.25 m) cos30 65.534 N m

(5 kg)(9.81 m/s )(0.0625 m)

xC ° + ⋅

−
 

 3.11768 N m (0.125 m)(74.82 N)= ⋅ +  

 230.93 NxC = −  

Disk AB and rod BC: 
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PROBLEM 16.135  (Continued) 

 

 eff

2

( ) : (524.27)(0.4 0.2sin 30 ) (230.93)(0.2cos30 )

(6 kg)(9.81 m/s )(0.2 0.2sin 30 )

11.9719 (179.58)(0.2 0.2sin 30 )

(1555.2cos30 )(0.2)

A AM M MΣ = Σ − − + ° + °

− + °
= + + °
− °

 

 

262.135 40.0 17.658

11.9719 53.874 269.369

36.27 N m

M

M

− − + −
= + −
− = ⋅

 

 

 

(a) Couple applied to disk A.  36.3 N m= ⋅M   

(b) Components of force exerted at C on rod BC. 

    231 N=C 524 N+   
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PROBLEM 16.136 

The 6-kg rod BC connects a 10-kg disk centered at A to a 5-kg 
rod CD. The motion of the system is controlled by the couple M 
applied to disk A. Knowing that at the instant shown disk A has an 
angular velocity of 36 rad/s clockwise and an angular acceleration 
of 150 rad/s2 counterclockwise, determine (a) the couple M,  
(b) the components of the force exerted at C on rod BC. 

 

SOLUTION 

Kinematics:   Velocity analysis. 36 rad/sAB =ω  

 Disk AB:    B ABABω=v 30 (0.200)(36)° = 30 7.2 m/s° = 30°  

 Rod BC: C Cv=v 30°  

 Since Cv  is parallel to ,Bv  bar BC is in translation 

  7.2 m/sC =v 30°  0BC =ω  

Rod CD: 
7.2 m/s

28.8 rad/s
0.25 m

C
CD

CD

v

l
ω = = =  

  28.8 rad/sCD =ω  

Acceleration analysis. 0AB =α  

 Disk AB: 
2

/ /B AB B A AB B Aω= × −a α r r  

  [(150)(0.2)= 230 ] [(36) (0.2)° − 60 ]°  

  2[30 m/s= 230 ] [259.2 m/s° + 60 ]°  

 Rod BC: 2150 rad/sBC =α  

  
2

/ /( )C B C B t BC C Bω= + −a a a r  

  [30C =a ] [259.2+ 60 ] [0.4 ] 0ABα° + +  (1) 

 Rod CD: CD CDα=α  

  
2

/ /( ) [0.25C C D t CD C D CDω α= − =a a r 230 ] [(28.8) (0.25)° − 60 ]°  

  [0.25C CDα=a 30 ] [207.36° − 60 ]°  (2) 
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PROBLEM 16.136  (Continued) 

 

Equate components of two expressions (1) and (2) for .Ca  

 :   30cos30 259.2cos60 0.25 cos30 207.36 cos 60°CDα− ° − ° = − ° −  

 2239.719 rad/sCDα =  2239.719 rad/sCD =α  

 :   30cos30 259.2sin 60 0.4 0.25 sin 30 207.36sin 60BC CDα α° − ° + = ° − °  

 2149.649 rad/sBCα =  2149.649 rad/sBC =α  

Accelerations of the mass centers. 

 Disk AB: 0AB A= =a a  

 Rod BC: Mass center at Point P. / (0.2 m)P B =r  

  
2

/ /P B BC P B BC P Bω= + × −a a α r r  

  [30= 30 ] [259.2° + 60 ] [0.2 BCα° + ] 0+  

  [30= 30 ] [259.2° + 60 ] [29.9298° +  ] 

 Rod CD: Mass center at Point Q. / 0.125 mQ D =r 60°  

  2
/ /Q CD Q D CD Q Dω= × −a α r r  

  [0.125 CDα= 230 ] [(28.8) (0.125)° − 60 ]°  

  [29.964875= 30 ] [103.60° − 60 ]°  

Masses: 10 kg, 6 kg, 5 kgAB BC CDm m m= = =  

Effective forces at mass centers. 

 Disk AB: 0AB Am =a  

 Rod BC: 6 [180 NBC P Pm = =a a 30 ] [1555.2 N° + 60 ] [179.58 N° +  ] 

 Rod CD: 5 [149.82 NCD a Qm = =a a 30 ] [518 N° + 60 ]°  

Moments of inertia: 

 Disk AB: 2 2 21 1
(10)(0.2) 0.2 kg m

2 2AB AB ABI m r= = = ⋅  

 Rod BC: 2 2 21 1
(6)(0.4) 0.08 kg m

12 12BC BC BCI m l= = = ⋅  

 Rod CD: 2 2 21 1
(5)(0.25) 0.0260417 kg m

12 12CD CD CDI m l= = = ⋅  
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PROBLEM 16.136  (Continued) 

 

Effective couples at mass centers. 

 Disk AB: (0.2)(150)AB ABI =α 30 N m= ⋅  

 Rod BC: (0.08)(149.649)BC BCI =α 11.97192 N m= ⋅  

 Rod CD: (0.0260417)(239.719)CD CDI =α 6.24268 N m= ⋅  

 
 
 
Summary of effective 
forces and couples. 

 

 

 

 

Kinetics 

Rod BC: 

  

 eff eff

2

1
( ) : ( )

2

(0.4 m) (0.2 m)(6 kg)(9.81 m/s )

(0.2 m)(180 N sin 30°) 11.9719 N m (0.2 m)(179.58 N)

B B BC y BC B

y

M M l C l mg M

C

Σ = Σ − = Σ

−

= + ⋅ +

 

 (0.2 m)(1555.2 N) sin 60°−  

 479.27 NyC = −  

Rod CD: eff( ) : cos30 (479.27 N)(0.125 m)D D x CDM M C lΣ = Σ ° +  

  eff(0.0625 m) ( ) :CD Dm g M− = Σ  

 2(0.25 m) cos30 59.909 N m (5 kg)(9.81 m/s )(0.0625 m)xC ° + ⋅ −  

 6.24268 N m (0.125 m)(149.82 N)= ⋅ +  

 147.22 NxC = −  
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PROBLEM 16.136  (Continued) 

 

Disk AB and rod BC: 

 

 eff

2

( ) : (479.27)(0.4 0.2sin 30 ) (147.22)(0.2cos30 )

(6 kg)(9.81 m/s )(0.2 0.2sin 30 )

(180)(0.2 0.2sin 30 ) 11.9719 (179.58)(0.2 0.2sin 30 )

(1555.2cos30 )(0.2)

A AM M MΣ = Σ − − + ° + °

− + °
= + ° + + + °
− °

 

 

239.635 25.50 17.658

54 11.9719 53.874 269.369

82.27 N m

M

M

− − + −
= + + −
− = ⋅

 

 

(a) Couple applied to disk A.  82.3 N m= ⋅M   

(b) Components of force exerted at C on rod BC. 

    147.2 N=C 479 N+   
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PROBLEM 16.137 

In the engine system shown 250 mml =  and 100 mm.b =  The 
connecting rod BD is assumed to be a 1.2-kg uniform slender 
rod and is attached to the 1.8-kg piston P. During a test of the 
system, crank AB is made to rotate with a constant angular 
velocity of 600 rpm clockwise with no force applied to the face 
of the piston. Determine the forces exerted on the connecting rod 
at B and D when 180 .θ = °  (Neglect the effect of the weight of 
the rod.) 

 

SOLUTION 

Kinematics: Crank AB: 

 
2

600 rpm 62.832 rad/s
60AB
πω  = = 

 
 

 2 2( ) (0.1 m)(62.832 rad/s )B ABa AB ω= =  

 2394.78 m/sB =a  

Also: ( ) (0.1 m)(62.832 rad/s) 6.2832 m/sB ABv AB ω= = =  

Connecting rod BD: 

Velocity Instantaneous center at D. 

 
6.2832 m/s

25.133 rad/s
0.25 m

B
BD

v

BD
ω = = =  

Acceleration: 

 

 / [D B D B Ba= + =a a a 2] [( ) BDBD ω+ ]  

 2[394.78 m/sD =a 2] [(0.25 m)(25.133 rad/s)+ ]  

 2[397.78 m/sD =a 2] [157.92 m/s+ 2] 236.86 m/s=  

 
1 1

( ) (394.78
2 2BD B D= + =a a a 236.86+ 2) 315.82 m/s=  

Kinetics of piston 

 

 426.35 N=D  
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PROBLEM 16.137  (Continued) 

 

Force exerted on connecting rod at D is: 

 426.35=D  

Kinetics of connecting rod: (neglect weight) 

 

 eff( ) :x x BD BDF F B D m aΣ = Σ − =  

 

2426.34 N (1.2 kg)(315.82 m/s )

426.35 N 378.48 N

805.33 N

B

B

− =
= +
=  

Forces exerted on connecting rod. 805 N=B    

 426 N=D   
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PROBLEM 16.138 

Solve Problem 16.137 when 90 .θ = °  

PROBLEM 16.137 In the engine system shown 250 mml =  and 
b 100 mm.=  The connecting rod BD is assumed to be a 1.2-kg 
uniform slender rod and is attached to the 1.8-kg piston P. During a 
test of the system, crank AB is made to rotate with a constant angular 
velocity of 600 rpm clockwise with no force applied to the face of the 
piston. Determine the forces exerted on the connecting rod at B and D 
when 180 .θ = °  (Neglect the effect of the weight of the rod.) 

 

SOLUTION 

Geometry: 2 2

/ /

0.25 m, 0.1 m, 0.2291 m

(0.1 m) , (0.2291 m) (0.1 m)B A D B

l b x l b= = = − =
= = − −r j r i j

 

Kinematics: 600 rev/min 62.832 rad/sABω = =  

Velocity: 

/

(62.832 rad/s)

(62.832 ) (0.1

(6.2832 m/s)

AB

B AB B A

= −
= ×
= − ×
=

ω k

v r

k i)

i

ω
 

 
/

6.2832 ( 0.2291 0.1 )

6.2832 0.1 0.2291

D B BD D B

D BD

BD BD

v ω
ω ω

= + ×
= + × − −
= + −

v v ω r

i i k i j

i j i

 

Equating components gives 

 6.2832 m/s, 0.D BDv ω= =  

Acceleration: 
2 2 2

/ /

2
/ /

0,

0 (62.832) (0.1 ) (394.78 m/s )

394.78 ( 0.2291 0.1 ) 0

394.78 0.2291 0.1

AB BD BD D D

B AB B A AB B A

D B BD B D BD D B

D AB

AB AB

a

a

α
ω

ω
α

α α

= = =

= × − = − = −

= + × −
= − + × − − −
= − − +

k a i

a r r j j

a a r r

i j k i j

j j i

α α

α

α

 

Equate like components. 

 j: 20 394.78 0.2291 1723 rad/sAB ABα α= − − = −  

 i: 2(0.1)( 1723) 172.3 m/sDa = − = −  

 2(1723 rad/s )AB = − kα  2(172.3 m/s )D = −a i
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PROBLEM 16.138  (Continued) 

 

Acceleration of mass center G of bar BD 

 

/

2
/ /

2 2

1
(0.2291 0.1 )

2
(0.11455 m) (0.05 m)

172.3 ( 1723 ) (0.11455 0.05 ) 0

172.3 197.34 86.15

(86.15 m/s ) (197.34 m/s )

G D

G D BD G D BD G Dω

= +

= +

= + × −
= − + − × + −
= − − +

= − −

r i j

i j

a a r r

i k i j

i j i

i j

α  

Force on bar BD at P in B. 

Use piston + bar BD as a free body 

 

 

2

(1.8)( 172.3 )

(310.14 N)

(1.2)( 86.15 197.34 )

(103.38 N) (236.88 N)

1
(1.2)(0.25) ( 1723) 10.769 N m

12

D D

BD G

BD BD

m

m

I α

= −
= −
= − −
= − −

= − = − ⋅

a i

i

a i j

i j
 

 eff( ) : ( )x x x D D BD G xF F B m a m aΣ = Σ = +  

 310.14 103.38 413.52 Nx xB B= − − = −  

 eff / /( ) : ( ) ( )B B BD BD D B D D G B BD GM M xN I m mα+Σ = Σ − = + × + ×k k r a r a  

 

0.2291 10.769 (0.1)( 310.14) ( 0.11455 0.05 )

( 103.38 236.38 )

10.769 31.014 27.038 5.169

86.923 N

N

N

− = − + − + − −
× − −

= − − + −
=

k k k i j

i j

k k k k
 

 eff( ) : ( )y y y BD G yF F N B m a+Σ = Σ + =  

 

2 2

86.923 236.88 323.80 N

413.52 323.80 525.2 N

323.80
tan 38.1

413.52

y yB B

B

β β

+ = − = −

= + =

= = °  525 N=B 38.1°   
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PROBLEM 16.138  (Continued) 

 

Force exerted by bar BD as piston D. 

Use piston D as a free body eff

(310.14 N) (86.923 N)

D D

D D

N m a

m a N

Σ = Σ
+ =

= −
= − +

F F

D j i

D i j

i j



Force exerted by the piston on bar BD. By Newton’s third law, 

 (310.14 N) (86.923 N)′ = − = −D D i j 322 N′ =D  15.7°  
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PROBLEM 16.139 

The 4-lb rod AB and the 6-lb rod BC are connected as shown to a disk 
that is made to rotate in a vertical plane at a constant angular velocity 
of 6 rad/s clockwise. For the position shown, determine the forces 
exerted at A and B on rod AB. 

 

SOLUTION 

Kinematics: 

Velocity 

2

2

0

(0.25 ft)(6 rad/s)

1.5 ft/s

1.5 m/s

0.75 ft 0.75 ft

AB

B A

B
BC

v v

v

ω

ω

=
=
=

=

= =

 

 2 rad/sBC =ω  

Acceleration 

 

 2(0.25 ft)(6 rad/s)Aa =  

 29 ft/sA =a  

 2 2(0.75 ft)(2 rad/s) 3 ft/sB = =a  

 
2

2

(0.375 ft)(2 rad/s)

1.5 ft/s

BC

BC

a

a

=

=
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PROBLEM 16.139  (Continued) 

 

 
1 1

( ) (9 3)
2 2AB A Ba a a= + = +  

 26 ft/sAB =a  

 
2 2

(0.5 ft)

9 ft/s 3 ft/s (0.5 ft)

A B AB

AB

a a α
α

= +

= +
 

 212 rad/sAB =α  

Kinetics: 2 2

3 2

1 1 4 lb
( ) (0.5 ft)

12 12 32.2

2.588 10 lb ft s

AB AB

AB

I m AB

I

= =

= × ⋅ ⋅

 

Rod BC: 

Since 0, 0BC aα = =  

 0 yields 0C xM BΣ = =  

Rod AB: 

 

 eff( ) : 0x x xF F AΣ = Σ =  

 eff( ) : (0.5 ft) (0.25 ft) (0.25 ft)A A y AB AB AB AB ABM M B W I m aαΣ = Σ − = −  

 

3 2

2

0.5 (4 lb)(0.25 ft) (2.588 10 lb ft s )(12 rad/s)

4 lb
(6 ft/s )(0.25 ft)

32.2
0.5 1 0.03106 0.1863

0.5 0.8447

1.689 lb

y

y

y

y

B

B

B

B

−− = × ⋅ ⋅

−

− = −

=

=  1.689 lb=B    

 eff( ) :y y y AB y AB ABF F A W B m aΣ = Σ − + = −  

 

24 lb
4 lb +1.689 lb (6 ft/s )

32.2
1.565 lb

y

y

A

A

− = −

=  1.565 lb=A    
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PROBLEM 16.140 

The 4-lb rod AB and the 6-lb rod BC are connected as shown to a disk 
that is made to rotate in a vertical plane. Knowing that at the instant 
shown the disk has an angular acceleration of 218 rad/s  clockwise and 
no angular velocity, determine the components of the forces exerted at 
A and B on rod AB. 

 

SOLUTION 

Kinematics: Velocity of all elements C=  

Acceleration: 

 2 2(0.25 ft)(18 rad/s ) 4.5 ft/sB A= = =a a  

 
24.5 ft/s

0.75 ft 0.75 ft
B

BC
aα = =  

 26 rad/sBC =α  

 2 2(0.375 ft)(6 rad/s ) 2.25 ft/sBC = =a  

 24.5 ft/sAB A B= = =a a a  

Kinetics: 2 21 1 6 lb
( ) (0.75 ft)

12 12 32.2BC BCI m BC= =  

Rod BC: 3 28.734 10 lb ft sBCI −= × ⋅ ⋅  

 

 eff( ) : (0.75 ft) (0.375 ft)A A x BC BC BC BCM M B I m aαΣ = Σ = +  

 

3 2 2

2

0.75 (8.734 10 lb ft s )(6 rad/s )

6 lb
(2.25 ft/s )(0.375 ft)

32.2

0.75 0.0524 0.1572

0.2795 lb

y

x

x

B

B

B

−= × ⋅ ⋅

 + 
 

= +
=

 

 (on ) 0.280 lbxAB =B  
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PROBLEM 16.140  (Continued) 

 

Rod AB: 

 

 eff( ) :x x x x AB ABF F A B m aΣ = Σ − =  

 

24 lb
0.2795 lb (4.5 ft/s )

32.2

0.2795 lb 0.5590 lb

0.8385 lb

x

x

x

A

A

A

 − =  
 

− =
=  0.839 lbx =A  

 : 2 lbA yMΣ =B  

 : 2 lbB yMΣ =A  
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PROBLEM 16.141 

Two rotating rods in the vertical plane are connected by a slider 
block P of negligible mass. The rod attached at A has a weight of 
1.6 lb and a length of 8 in. Rod BP weighs 2 lb and is 10 in. long 
and the friction between block P and AE is negligible. The motion 
of the system is controlled by a couple M applied to rod BP. 
Knowing that rod BP has a constant angular velocity of 20 rad/s 
clockwise, determine (a) the couple M, (b) the components of the 
force exerted on AE by block P. 

 

SOLUTION 

Unit vectors: 1=i , 1=j , 1=k . 

Geometry: /

/

/

10
sin 30  ft

12

10 10
cos30  ft sin 30  ft

12 12

8
 ft

12

P A

P B

P A

 = − ° 
 
   = − ° − °   
   
 = − 
 

r j

r i j

r j

 

Kinematics: (20 rad/s) , 0BP BP= − =ω k α  

Velocity analysis. 

 Rod BP: /

10 10
20 cos30 sin 30

12 12

(8.3333 ft/s) (14.4338 ft/s)

P BP P B= ×

 = − × − ° − ° 
 

= − +

v ω r

k i j

i j

 

Rod AE:   Use a frame of reference rotating with angular velocity .AE AEω=ω k  The collar P slides on the rod 
with relative velocity /P A u=v j  

 
/ /

10
sin 30 0.41667

12

P P P AE AE P A

AE AE

u

u uω ω

′= + = × +

 = × − ° + = + 
 

v v v ω r j

k j j i j
 

Equate the two expressions for vP and resolve into components. 

 : 8.3333 0.41667 AEω− =i  20 rad/sAEω = −  

 : 14.4388 u=j  14.4338 ft/su =  

Acceleration analysis. 

 Rod BP: 2
/ /

2

2 2

10 10
0 (20) cos30 sin 30

12 12

(288.68 ft/s ) (166.67 ft/s )

P BP P B BP P Bω= × −

 = − − ° − ° 
 

= +

a α r r

i j

i j
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PROBLEM 16.141  (Continued) 

 

Rod AE: /,AE AE P AE u= =α α k a j  

 / /2P P P AE P AE′= + + ×a a a ω v  

where 2
/ /

2

2

10 10
sin 30 (20) sin 30

12 12

0.41667 (166.67 ft/s )

P AB P A AE P A

AE

AE

r ω

α

α

′ = × −

   = × − ° − − °   
   

= +

a α r

k j j

i j

 

and /

2

2 (2)( 20 ) (14.4338 )

577.35 ft/s

AE P AE× = − ×

=

ω v k j

i

 

Equate the two expressions for Pa  and resolve into components. 

 : 288.68 0.41667 577.35AEα= +i  

  2692.8 rad/sAEα = −  

Summary:  
2

(20 rad/s) , (20 rad/s)

0, (692.8 rad/s )

BP AE

BP AE

= − = −

= = −

ω k ω k

α α k

 

Masses and moments of inertia. 

 

2
2

2
2

2
2 2 3 2

2 2

1.6 lb
0.049689 lb s /ft

32.2 ft/s

2 lb
0.062112 lb s /ft

32.2 ft/s

1 1 8
(0.049689 lb s /ft)  ft 1.8403 10  lb s ft

12 12 12

1 1 10
(0.062112 lb s /ft)  ft

12 12 12

AE
AE

BP
BP

AE AE AE

BP BP BP

W
m

g

W
m

g

I m l

I m l

−

= = = ⋅

= = = ⋅

 = = ⋅ = × ⋅ ⋅ 
 

= = ⋅
2

3 23.5944 10  lb s ft− = × ⋅ ⋅ 
 

 

Mass centers:  Let Point G be the mass center of rod AE and Point H be that of rod BP. 

 
/

/

4
 ft

12

10 10
cos30  ft sin 30  ft

12 12

G A

H B

 = − 
 
   = − ° − °   
   

r j

r i j

 

Acceleration of mass centers. 

2
/ /

2 2 2

2
/ /

2 2 2

( 692.8 ) ( 0.33333 ) (20) ( 0.33333 ) (230.93 ft/s ) (133.33 ft/s )

0 (20) ( 0.72169 0.41667 ) (288.68 ft/s ) (166.67 ft/s )

G AE G A AE G A

H BP H B BP H B

ω

ω

= × −

= − × − − − = − +

= × −

= − − − = +

a α r r

k j j i j

a α r r

i j i j
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PROBLEM 16.141  (Continued) 

 

Effective forces at mass centers. 

 Rod AE: (0.049689)( 230.93 133.33 ) (11.475 lb) (6.625 lb)AE Gm = − + = − +a i j i j  

 Rod BP: (0.062112)(288.68 166.67 ) (17.930 lb) (10.352 lb)BP Hm = + = +a i j i j  

Effective couples at mass centers. 

 Rod AE: 3(1.8403 10 )( 692.8 ) (1.2750 lb ft)AE AEI −= × − = − ⋅α k k  

 Rod BP: 0BP BPI =α  

Kinetics. 

 Rod AE: eff / /( ) : ( ) ( )A A P A G A AE G AE AEP m IΣ = Σ × − = × +M M r i r a α  

 

5 4
( ) ( 11.475 16.625 ) 1.2750

12 12

5
3.8249 1.2750 12.240 lb

12

P

P P

   − × − = − × − + −   
   

− = − − =

j i j i j k

k k k

 

 Rod BP: eff: / / /( ) ( ) ( )

5 5cos30
 ft (2 lb)

12 12

( 0.36084 0.20833 ) (17.930 10.352 ) 0

B B P B H B BP H B BP H BP BPP W M m I

P M

Σ = Σ × + × − + = × +

° + + 
 

= − − × + +

M M r i r j k r a α

k k k

i j i j

 

 

 

 

 

 

 

 

 

 

 

 

 
5.1 0.72169 3.7354 3.7354

5.82 lb ft

M

M

+ + = − +
= − ⋅
k k k k k

 

(a) Couple M.  5.82 lb ft= ⋅M   

(b) Force exerted on AE by block P. 12.24 lb=P   
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PROBLEM 16.142 

Two rotating rods in the vertical plane are connected by a slider 
block P of negligible mass. The rod attached at A has a mass of 0.8 kg 
and a length of 160 mm. Rod BP has a mass of 1 kg and is 200 mm 
long and the friction between block P and AE is negligible. The 
motion of the system is controlled by a couple M applied to bar AE. 
Knowing that at the instant shown rod BP has an angular velocity of 
20 rad/s clockwise and an angular acceleration of 80 rad/s2 clockwise, 
determine (a) the couple M, (b) the components of the force exerted 
on AE by block P. 

 

SOLUTION 

Geometry: / (0.200 m)sin 30P A = °r 0.100 m=  

 / 0.200 mP B =r 30°  

 / 0.160 mE A =r  

Kinematics: 20 rad/sBP =ω  

 
280 rad/sBP =α  

Velocity analysis. 

 Rod BP: / (20 rad/s) (0.200 m)P BP P B= × = ⋅v ω r 60 4 m/s° = 60°  

Rod AE: Use a frame of reference rotating with angular velocity AE AEω=ω . The collar slides on the rod 

with relative velocity /P AE u=v . 

  / /P P P AE AE P A uω′= + = × +v v v r  

  0.100 AEω= u+  

Equate the two expressions for Pv  using a triangle construction for vector addition. 

 0.100 4cos60AEω− = °  

 20 rad/s 20 rad/sAE AEω = − =ω  

 /4sin 60 3.461 m/s 3.4641 m/sP AEu = ° = =v  

Acceleration analysis. BP BPα=α  

 Rod BP: 2
/ /P BP P B BP P Bω= × −a α r r  

 2[(80 rad/s )(0.200 m)= 260 ] [(20 rad/s) (0.200 m)° + 30 ]°  

 2[16 m/s= 260 ] [80 m/s° + 30 ]°  
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PROBLEM 16.142  (Continued) 

 

Rod AE: AE AEα=α ,    /P AE u=a   

 / /2P P P AE AE P AE′= + + ×α a a ω v  

where 2
/ /P AE P A AE P Aω′ = × −a α r r  

 [(0.100 m) AEα= 2] [(20 rad/s )(0.100 m)+  ] 

 [0.100 AEα= 2] [40 m/s+  ] 

and  /2 [(2)(20 rad/s)(3.4641 m/s)AE P AE× =ω v 2] 138.564 m/s=  

Equate the two expressions for Pa  and resolve into components. 

 : 2 2

2

(16 m/s )cos60 (80 m/s )cos30

0.100 138.564 m/sAEα
− ° + °

= +

 

 2772.82 rad/sAEα = −  2772.82 rad/sAE =α  

Masses, weights, and moments of inertia. 

 

2

2

2 2 3 2

2 2 3 2

0.8 kg (0.8 kg)(9.81 m/s ) 7.848 N

1.0 kg (1.0 kg)(9.81 m/s ) 9.81 N

1 1
(0.8 kg)(0.16 m) 1.70667 10  kg m

12 12
1 1

(1.0 kg)(0.20 m) 3.3333 10  kg m
12 12

AE AE AE

BP BP BP

AE AE AE

BP BP BP

m W m g

m W m g

I m l

I m l

−

−

= = = =

= = = =

= = = × ⋅

= = = × ⋅

 

Mass centers: Let Point G be the mass center of rod AE and Point H be that of rod BP. 

 / 0.08 mG A =r  / 0.10 mH B =r 30°  

Accelerations of mass centers. 

 2
/ /G AE G A AE G Aω= × −a α r r  

 2(772.82 rad/s )(0.08 m)= 2(20 rad/s )(0.08 m)+  

 2[61.826 m/s= 2] [32 m/s+  ] 

 
2

/ /H BP H A BP H Bω= × −a α r r  

 2[(80 rad/s )(0.10 m)= 260°] [(20 rad/s) (0.10 m)+ 30 ]°  

 2[8 m/s= 260 ] [40 m/s° + 30 ]°  
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PROBLEM 16.142  (Continued) 

 

Effective forces at mass centers. 

 Rod AE: [49.460 NAE Gm =a ] [25.6 N+  ] 

 Rod BP: [8 NBP Hm =a 60 ] [40 N° + 30 ]°  

Effective couples at mass centers. 

 Rod AE: 1.3189 N mAE AEI = ⋅α  

 Rod BP: 0.2667 N mBP BPI = ⋅α  

Kinetics: 

 Rod AE: eff( ) : 0.10 (0.08)(49.460) 1.3189

52.757 N
A AM M P

P

Σ = Σ − = − −
=

 

 Rod BP: eff( ) : (52.757 N)(0.1 m) (9.81 N)(0.086603 m)

(8 N)(0.1 m) 0.2667 N m

7.1919 N m

B BM M M

M

Σ = Σ + +
= − − ⋅
= ⋅

 

 

(a) Couple M.  7.19 N mM = ⋅   

(b) Force exerted on AE by force by block P. 52.8 NP =   
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PROBLEM 16.143* 

Two disks, each of mass m and radius r are connected as shown by a continuous 
chain belt of negligible mass. If a pin at Point C of the chain belt is suddenly 
removed, determine (a) the angular acceleration of each disk, (b) the tension in the 
left-hand portion of the belt, (c) the acceleration of the center of disk B. 

 

SOLUTION 

Kinematics:  Assume Aα     and   Bα  

 0A Bω ω= =  

 D Arα=a   

 E D Aa rα= =a   

 / ( )B E B E A Ba a r rα α= + = +a  

 ( )B A Br α α= +a  

 

Kinetics: Disk A:  eff( ) :A A AM M Tr IαΣ = Σ =  

 21

2 ATr mr α=  

 
2

A
T

mr
α =  (1) 

 

Disk B:  eff( ) :B B BM M Tr IαΣ = Σ =  

 21

2 BTr mr α=  

 
2

B
T

mr
α =  (2) 
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PROBLEM 16.143*  (Continued)

 

From Eqs. (1) and (2) we note that A Bα α=  

 eff( ) : ( )E E B BM M Wr I ma rαΣ = Σ = +  

 21
( )

2 B A BWr mr mr rα α α= + +  

 25
:

2A B AWr mrα α α= =  
2

5A
g

r
=α     

 
2

5B
g

r
=α     

Substitute for Aα  into (1): 
2 2

5

g T

r mr
=  

1

5
T mg=   

 

( )

(2 )

2
2

5

B A B

A

a r

r

g
r

r

α α
α

= +
=

 =  
 

 
4

5B g=a   
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PROBLEM 16.144* 

A uniform slender bar AB of mass m is suspended as shown from a uniform 
disk of the same mass m. Neglecting the effect of friction, determine the 
accelerations of Points A and B immediately after a horizontal force P has 
been applied at B. 

 

SOLUTION 

Kinematics: 

Cylinder: 

 

Rod AB: 

 

Kinetics: 

Cylinder: 

 

Rod AB: 



 

 0ω =  

Rolling without sliding  ( ) 0C xa =  

 /( ) 0A C x A C Arα= + = +a a a  

 A Arα=a   

 A
A

a

r
=α  

 
2A AB AB
L

a aα= −  

 

 eff( ) :C C x A AM M A r ma r IαΣ = Σ = +  

 

21

2

3

2
3

2 2

A
x A

x A

x AB AB

a
A r ma r mr

r

A ma

L
A m aα

 = +  
 

=

 = − 
 

 (1) 

 

 eff( ) :A AM MΣ = Σ  
2AB AB
L

PL ma Iα= +  

 2

2 12AB AB
L m

PL ma L α= +  (2) 

 eff( ) :x xF FΣ = Σ  x ABP A ma+ = 
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PROBLEM 16.144*  (Continued) 

 

Substitute from (1): 

 

3

2 2

5 3

2 4

AB AB AB

AB AB

L
P m a ma

P ma mL

α

α

 + − = 
 

= −  (3) 

Multiply by :
9

L
 21 5 1

9 18 12AB AB
L

PL ma mL α= −  (4) 

(4) + (2): 
10 1 5 7

9 2 18 9AB ABPL mLa mLa
 = + = 
 

 

 
10

7AB
P

m
=a  (5) 

(5)  (3) 
5 10 3

2 7 4

25 3

7 4

AB

AB

P
P m mL

m

P P mL

α

α

 = − 
 

= −

 

 
18 3

7 4 ABP mLα− =  
24

7AB
P

mL
=α    

 :    
2

24 10

2 7 7

A AB AB
L

a a

L P P

mL m

α= −

 = − 
 

 

 
12 10

7 7A
P

a
m

 = − 
 

 
2

7A
P

m
=a    

 :    
2

24 10

2 7 7

B AB AB
L

a a

L P P

mL m

α= +

 = + 
 

 

 
12 10

7 7B
P

a
m

 = + 
 

 
22

7B
P

m
=a   
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PROBLEM 16.145 

A uniform rod AB, of mass 15 kg and length 1 m, is attached to the 20-kg 
cart C. Neglecting friction, determine immediately after the system has been 
released from rest, (a) the acceleration of the cart, (b) the angular acceleration 
of the rod. 

 

SOLUTION 

Kinematics: We resolve the acceleration of G into the acceleration of the cart and the acceleration of G 
relative to A: 

 /

/

R G A G A

R C G A

= = +
= +

a a a a

a a a
 

where /
1

2G Aa Lα=  

Kinetics: Cart and rod 

 

 

2

/

15 kg

20 kg

1 m

1

12
1

(1) 0.5
2

R

C

R R

G A

m

m

L

I m L

a α α

=
=
=

=

= =

 

 eff /( ) : ( ) sin 25 ( ) cos 25x x C R C R C R G AF F m m g m m m aΣ = Σ + ° = + − °a  

 

sin 25 cos 25
2

15
(9.81)sin 25 (0.5cos 25 )

20 15

(9.81)sin 25 0.19421

g
C

C R

C

C

m L
g a

m m

a

a

α

α

α

  ° = − °  +   
 = ° + ° + 

= ° +  (1) 
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PROBLEM 16.145  (Continued) 

 

Rod 

 

 eff /( ) : 0 ( ) ( cos 25 )
2 2A A R G R R C
L L

M M I m a m aαΣ = Σ = + − °  

 

21
15(1) 15(0.5 )(0.5) (15 cos 25 )(0.5) 0

12
1.25 3.75 (7.5cos 25 ) 0

(1.50cos 25 )

C

C

C

a

a

a

α α

α α
α

+ − ° =

+ − ° =
= °  (2) 

(a) Acceleration of the cart. 

 Substitute for α  from (2) into (1): 

 (9.81)sin 25 0.19421(1.5cos 25 )C Ca a= ° + °  

 2

9.81sin 25

1 0.19421(1.5cos 25 )

5.6331 m/s

Ca
°=

− °

=  25.63 m/sC =a   25°  

(b) Angular acceleration. 

 From (2): (1.50cos 25 )(5.6331)α = °  

 27.6580 rad/s=  27.66 rad/s=α    
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PROBLEM 16.146* 

The 5-kg slender rod AB is pin-connected to an 8-kg 
uniform disk as shown. Immediately after the system 
is released from rest, determine the acceleration of  
(a) Point A, (b) Point B. 

 

SOLUTION 

Kinematics: 0ω =  

 B Crα=a  

 /B G B= +a a a  

 
2C AB
L

rα α = + 
 

a  

Kinetics:  Disk eff( ) :C C CM M Br I αΣ = Σ =  

 

21

2
1

2

C C

C C

Br m r

B m r

α

α

=

=
 

Rod AB: 

 

 eff( ) :
2G G AB
L

M M B I αΣ = Σ =  

 

21 1

2 2 12

1

3

C C AB AB

AB
C AB

C

L
m r m L

m L

m r

α α

α α

  = 
 

= ⋅  (1) 

 eff( ) :y y AB ABF F m g B m aΣ = Σ − =  

 

1

2 2

1
1

2 2

AB C C AB C AB

C
AB C

AB

L
m g m r m r

mL
g r

m

α α α

α α

 − = + 
 

 
= + + 
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PROBLEM 16.146*  (Continued) 

 

 ( )

1 1 1
1

2 2 3

1 1 1 1
2

2 6 3 3

3 1

2 AB

C

C AB
AB AB

AB C

AB AB
AB AB

C C

AB m
m

m mg r L

L m L m r

m mg

L m m

g

L

α α

α α

α

  
= + + ⋅ ⋅  

   
   

= + + = +   
   

=
+

 (2) 

 5 kg, 8 kg, 0.1 m, 0.25 mAB Cm m r L= = = =  

Eq. (1): 
2

2
5 kg
8 kg

3(9.81)m/s 1
44.846 rad/s

0.25 m 2
AB = ⋅ =

+
α  

Eq. (2): 2 21 5 kg 0.25 m
(44.846 rad/s ) 23.357 rad/s

3 8 kg 0.1 mC = ⋅ ⋅ =α  

(b) Acceleration of B. 
2(0.1 m)(23.357 rad/s )

B Ca rα=

=

 

 22.336 m/s=  22.34 m/sB =a    

(a) Acceleration of A. /A B B A= +a a a  

 [A B ABLα= +a a ]  

 

2

2

2.336 m/s

(0.25 m)(44.846 rad/s )

2.336 11.212

A

A

a

a

=

+
= +  213.55 m/sA =a   
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PROBLEM 16.147* 

The 6-lb cylinder B and the 4-lb wedge A are held at rest in the position 
shown by cord C. Assuming that the cylinder rolls without sliding on 
the wedge and neglecting friction between the wedge and the ground, 
determine, immediately after cord C has been cut, (a) the acceleration 
of the wedge, (b) the angular acceleration of the cylinder. 

 

SOLUTION 

Kinematics: We resolve Ba  into Aa  and a component parallel to the incline 

 /B A B A= +a a a  

Where / ,B Aa rα=  since the cylinder rolls on wedge A. 

 / (0.25 ft)B Aa α=  

Kinetics: Cylinder and wedge 

 

 eff /( ) : 0 cos 20x x A A B A B B AF F m a m a m aΣ = Σ = + − °  

 

(4 6)lb 6 lb 3
0 ft cos 20

12

(0.15cos 20 )

A

n

a
g g

a

α

α

+  = − ° 
 

= °  (1) 

Cylinder 

 

  2 21 1 6 lb
(0.25 ft)

2 2

3

16

W
I r

g g

I
g

= =

=
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PROBLEM 16.147*  (Continued) 

 

(b) Angular acceleration of the cylinder. 

 eff /( ) : (6 lb)sin 20 (0.25 ft) (0.25 ft) cos 20 (0.25 ft)E E B B A B AM M I m a m aαΣ = Σ ° = + − °  

 

3 6 lb
1.5sin 20 (0.25 )(0.25)

16(32.2) 32.2

6 lb
cos 20 (0.25)

32.2
0.51303 0.00582 0.01165 0.04378

A

A

a

a

α α

α α

° = +

− °

= + −

 

 Substitute from (1): 0.51303 0.01747 0.04378(0.15 cos 20 )

0.51303 (0.01747 0.00617)

α α
α

= − °
= −

 

 245.41 rad/sα =  245.4 rad/s=α    

(a) Acceleration of the wedge. 

 Eq. (1): (0.15cos 20 )

(0.15cos 20 )(45.41)
Aa α= °

= °
 

 26.401 ft/sAa =  26.40 ft/sA =a   
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PROBLEM 16.148* 

The 6-lb cylinder B and the 4-lb wedge A are held at rest in the 
position shown by cord C. Assuming that the cylinder rolls 
without sliding on the wedge and neglecting friction between the 
wedge and the ground, determine, immediately after cord C has 
been cut, (a) the acceleration of the wedge, (b) the angular 
acceleration of the cylinder. 

 

SOLUTION 

Kinematics: We resolve Ba  into Aa  and a horizontal component /B Aa  

 /B A B A= +a a a  

Where / ,B Aa rα=  since the cylinder B rolls on wedge A. 

 / (0.25 ft)B Aa α=  

Kinetics: Cylinder and wedge: 

 

 eff /( ) : ( )sin 20 ( ) cos 20x x A B A B A B B AF F W W m m a m aΣ = Σ + ° = + − °  

 

10 6
(10 lb)sin 20 (0.25 )cos 20

6
sin 20 (0.25)cos 20

10
sin 20 0.15 cos 20

A

A

A

a
g g

a g

a g

α

α

α

   
° = − °   

   

= ° + °

= ° + °  (1) 

Cylinder: eff /( ) : 0 ( )(0.25 ft) ( cos 20 )(0.25 ft)E E B B A B AM M I m a m aαΣ = Σ = + − °  

 

21 6 lb 6 lb
0 (0.25 ft) (0.25 )(0.25)

2
6 lb

cos20 (0.25)

1
0 [0.1875 0.325 1.4095 ]

0 0.5625 1.4095

2.506

A

A

A

A

g g

a
g

a
g

a

a

α α

α α

α
α

= +

− °

= + −

= −
=  (2) 
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PROBLEM 16.148*  (Continued) 

 

(a) Acceleration of the wedge. 

 Substitute for α  from (2) into (1): 

 2

sin 20 0.15cos 20 (2.506 )

11.013 0.3532

(1 0.3532) 11.013

17.027 ft/s

A A

A A

A

A

a g a

a a

a

a

= ° + °
= +

− =

=  217.03 ft/sA =a   20°  

(b) Angular acceleration of the cylinder. 

 Eq. (2): 2.506

2.506(17.027)
Aaα =

=
 

 242.7 rad/sα =  242.7 rad/s=α   
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PROBLEM 16.149* 

Each of the 3-kg bars AB and BC is of length L = 500 mm. A horizontal force P of 
magnitude 20 N is applied to bar BC as shown. Knowing that b = L (P is applied at C) , 
determine the angular acceleration each bar. 

 

SOLUTION 

Kinematics: Assume αAB  αBC  and 0AB BCω ω= =  

  

Kinetics: Bar BC  

 

 eff( ) : ( )
2B B BC BC
L

M M PL I maαΣ = Σ = +  

 

2

12 2 2

1 1

2 3

BC AB BC

AB BC

m L L
L m L

P mL mL

α α α

α α

 = + + 
 

= +  (1) 

 eff( ) :x x x BCF F P B maΣ = Σ − =  

 
1

2x AB BCP B m L Lα α − = + 
 

 (2) 
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PROBLEM 16.149*  (Continued) 

 

Bar AB: 

 

 eff( ) : ( )
2A A x AB AB
L

M M B L I maαΣ = Σ = +  

 

2

12 2 2

1

3

AB AB

x AB

m L L
L m

B mL

α α

α

 = +  
 

=  (3) 

Add (2) and (3): 
4 1

3 2AB BCP mL mLα α= +  (4) 

Subtract (1) from (4) 
5 1

0
6 6AB BCmL mLα α= +  

 5BC ABα α= −  (5) 

Substitute for BCα in (1): 
1 1 7

( 5 )
2 3 6AB AB ABP mL mL mLα α α= + − = −  

 
6

7AB
P

mL
α = −  (6) 

Eq. (5) 
6 30

5
7 7BC BC

P P

mL mL
α α = − − = 

 
 (7) 

Data: 500 mm 0.5 m, 3 kg, 20 NL m P= = = =  

 2

6 6 20 N

7 7 (3 kg)(0.5 m)

11.249 rad/s

AB
P

mL
α = − = −

= −  211.43 rad/sAB =α    

 2

30 30 20 N

7 7 (3 kg)(0.5 m)

57.143 rad/s

BC
P

mL
α = =

=  257.1 rad/sBC =α    
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PROBLEM 16.150* 

Each of the 3-kg bars AB and BC is of length 500 mm.L =  A horizontal force P of 
magnitude 20 N is applied to bar BC. For the position shown, determine (a) the 
distance b for which the bars move as if they formed a single rigid body, (b) the 
corresponding angular acceleration of the bars. 

 

SOLUTION 

Kinematics: We choose AB BCα α α= =   

 

Kinetics: Bars AB and BC (acting as rigid body) 

 

 2

2

2

1
(2 )(2 )

12
2

3

ABCm m

I m L

I mL

=

=

=

 

 eff( ) : ( )A A ABC ABC BM M P L b I m a LαΣ = Σ + = +  

 

2

2

2
( ) (2 )( )

3
8

( )
3

P L b mL m L L

P L b mL

α α

α

+ = +

+ =  (1) 
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PROBLEM 16.150*  (Continued) 

 

Bar BC: 

 

  eff( ) : ( )
2B B BC BC
L

M M Pb I maαΣ = Σ = +  

 

2

2

2

3

12 2 2

5

6
6

5

m L
L m L

Pb mL

Pb

mL

α α

α

α

 = +  
 

=

=  (2) 

Substitute for α  into (1): 2
2

8 6
( )

3 5

16

5
16 11

1
5 5

5

11

Pb
P L b mL

mL

PL Pb Pb

L b b

b L

 + =  
 

+ =

 = − = 
 

=

 

Eq. (2)  
2

6 5 6

5 11 11

P P
L

mLmL
α α = = 

 
 

Data: 500 mm 0.5 m

3 kg

20 N

L

m

P

= =
=
=

 

(a) 
5 5

(0.5) 0.22727 m
11 11

b L= = =  227 mmb =   

(b) 26 6 (20 N)
7.2727 rad/s

11 11 (3 kg)(0.5 m)

P

mL
α = = =  27.27 rad/s=α  
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PROBLEM 16.151* 

(a) Determine the magnitude and the location of the maximum bending moment in the rod of Problem 16.78. 
(b) Show that the answer to Part a is independent of the weight of the rod. 

 

SOLUTION 

Rod AB: 
2

L
a α=  

  eff( ) : ( )
2A A
L

M M PL ma I αΣ = Σ = +  

  21 1

2 2 12

L
m m Lα α = + 
 

 

  
3P

mL
=α  (1) 

  eff( ) :x x xF F A P maΣ = Σ − = −  

  
3

2 2 2x
L L P P

A P m P m
mL

α  = − = − = − 
 

 
1

2x P=A  

Portion AJ of Rod: 

External forces: , ,x AJA W  axial force FJ, shear ,JV and bending moment MJ. 

Effective forces: Since acceleration at any point is proportional to distance from A, effective forces are 
linearly distributed. Since mass per unit length is m/L, at Point J we find 

  ( )J
m m

a x
L L

α  = 
 

 

Using (1): 

2

3

3

J

J

m m P
a

L L mL

m Px
a

L L

 =  
 

=

 

  eff 2

1 3 2
( ) :

2 3J J J x
Px x

M M M A x
L

  Σ = Σ − = −   
  

 

  
3

2

1 1

2 2J
P

M Px x
L

= −  (2) 

For max :M  
2

2

3
0

2 2
JdM P P

x
dx L

= − =  

  
3

L
x =  (3) 
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PROBLEM 16.151*  (Continued) 

 

Substituting into (2) 

 

3

max 2

max

1 1 1 2
( )

2 2 2 33 3 3

( )
3 3

J

J

PL P L PL
M

L

PL
M

   = − =   
  

=  (4) 

Note: Eqs. (3) and (4) are independent of W. 

Data:  36 in., 1.5 lbL P= =  

Eq. (3): 
36 in.

20.78 in.
3 3

L
x = = =  

Eq. (4): max
(1.5 lb)(36 in.)

( )
3 3

10.392 lb in.

JM =

= ⋅

 

   max 10.39 lb in. located 20.8 in. below M A= ⋅   
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PROBLEM 16.152* 

Draw the shear and bending-moment diagrams for the beam of Problem 16.84 immediately after the cable  
at B breaks. 

 

SOLUTION 

From answers to Problem 16.84: 

  
3

2B g=a
1

4
mg=A  

We now find 

  Ba

L
=α  

3

2

g

L
=  

  
3

2J
g

x x
L

α= =a  

Portion AJ of rod: 

External forces: Reaction A, distributed load per unit length mg/L, shear ,JV  bending moment .JM  

Effective forces: Since a is proportional to x, the effective forces are linearly distributed. The effective force 
per unit length at J is: 

  
2

3 3

2 2
J

m m g mg
a x x

L L L L
= ⋅ =  

 

 eff 2

1 3
( ) :

4 2 2
y y J

mg mg mg
F F x V x x

L L

 Σ = Σ − + =  
 

 

  2
2

3

4 4J
mg mg mg

V x x
L L

= − +  

 eff 2

1 3
( ) :

2 4 2 32
J J J

mg x mg mg x
M M x x M x x

L L

     Σ = Σ − + =     
     

 

  2 3
2

1 1

4 2 4J
mg mg mg

M x x x
L L

= − +  

Find min:V  2

3 2
0;         

2 3
JdV mg mg

x x L
dx L L

= − + = =  

  
2

min min2

2 3 2
;        

4 3 4 3 12

mg mg mg mg
V L L V

L L

   = − + = −   
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PROBLEM 16.152*  (Continued)

 

Find maxM  where  23
0: 0

4 4J J
mg mg mg

V V x x
L L

= = − + =  

  2 23 4 0x Lx L− + =  

  (3 )( ) 0           and   
3

L
x L x L x x L− − = = =  

  
2 3

max
1 1

4 3 2 3 4 3 27

mg L mg L mg L mgL
M

L L
      = − + =      
      

 

  2 3
min

1 1
0

4 2 4

mg mg mg
M L L L

L L
= − + =  

   max  at  from 
27 3

mgL L
M A=   
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PROBLEM 16.153 

A cyclist is riding a bicycle at a speed of 20 mph on a horizontal road. The distance between the axles is  
42 in., and the mass center of the cyclist and the bicycle is located 26 in. behind the front axle and 40 in. 
above the ground. If the cyclist applies the brakes only on the front wheel, determine the shortest distance in 
which he can stop without being thrown over the front wheel. 

 

SOLUTION 

0 20 mphv =  

 

When cyclist is about to be thrown over the front wheel, 0AN =  

 

 eff( ) : (26 in.) (40in.)B BM M mg maΣ = Σ =  

 
2 226 26

(32.2 ft/s ) 20.93 ft/s
40 40

a g= = =  

Uniformly accelerated motion: 

 

0

2 2 2 2
0

20 mph 29.333 ft/s

2 : 0 (29.333 ft/s) 2( 20.93 ft/s )

20.555 ft

v

v v as s

s

= =

− = − = −
=  20.6 fts =  
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PROBLEM 16.154 

The forklift truck shown weighs 2250 lb and is used to 
lift a crate of weight 2500 lb.W =  The truck is moving 
to the left at a speed of 10 ft/s when the brakes are 
applied on all four wheels. Knowing that the coefficient 
of static friction between the crate and the fork lift is 
0.30, determine the smallest distance in which the truck 
can be brought to a stop if the crate is not to slide and if 
the truck is not to tip forward. 

 

SOLUTION 

 

 
Assume crate does not slide and that tipping impends about A. ( 0)B =  

 eff( ) :A AM MΣ = Σ  

 2

(2500 lb)(3 ft) (2250 lb)(4 ft) 2500 (4 ft) 2250 (3 ft)

7500 9000 (10,000 6750)

0.09;  0.09(32.2 ft/s )

a a

g g

a

g

a
a

g

   
− = − −   

   

− = − +

= =  22.884 ft/s=a  

Uniformly accelerated motion 

 2 2 2 2
0 2 ; 0 (10 ft/s) 2(2.884 ft/s )v v ax x= + = −  17.34 ftx =   

Check whether crate slides 

 

2

req 2

2.884 ft/s

32.2 ft/s

N W

W
F ma a

g

F a

N g
μ

=

= =

= = =

 

 req 0.09 0.30.μ = <  The crate does not slide.  
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PROBLEM 16.155 

A 5-kg uniform disk is attached to the 3-kg uniform rod BC by 
means of a frictionless pin AB. An elastic cord is wound around 
the edge of the disk and is attached to a ring at E. Both ring E and 
rod BC can rotate freely about the vertical shaft. Knowing that the 
system is released from rest when the tension in the elastic cord is 
15 N, determine (a) the angular acceleration of the disk, (b) the 
acceleration of the center of the disk. 

 

SOLUTION 

(a) Angular acceleration of the disk. 

 Disk: 2 2
disk disk

1 1
(5 kg)(0.075 m)

2 2
I m r= =  

 3 2
disk 14.06 10 kg mI −= × ⋅  

 eff disk disk( ) : (15 N)(0.075 N)A AM M I αΣ = Σ =  

 3 2
disk1.125 N m (14.06 10 kg m )α⋅ = × ⋅  

 2
disk 80.0 rad/sα =  2

disk 80.0 rad/s=α    

(b) Acceleration of center of disk. 

 Entire assembly 

 2 2 3 21 1
( ) (3 kg)(0.15 m) 5.625 10 kg m

12 12BC BCI m BC −= = = × ⋅  
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PROBLEM 16.155  (Continued) 

 

Assume   isBCα       (0.15 m)A BCα=a  

 (0.075 m) BCa α=  

 eff disk disk disk( ) : 0 (0.15 m) (0.075 m)C C A BC BC BCM M I m a m a Iα αΣ = Σ = − − −  

 3 2 2 20 (14.06 10 kg m )(80 rad/s ) (5 kg)(0.15 m) BCα−= × ⋅ −  

 2 3 2(3 kg)(0.075 m) (5.625 10 kg m )BC BCα α− − × ⋅  

 3 30 1.125 0.1125 16.875 10 5.625 10BC BC BCα α α− −= − − × − ×  

 0 1.125 0.135 BCα= −  

 28.333 rad/sBCα = +  28.33 rad/sBC =α  

 2( ) (0.15 m)(8.333 rad/s )A BCa AC α= =  

 21.25 m/sAa = +  21.250 m/sA =a    

Note: Answers can also be written: 

 2 2
disk (80 rad/s ) (1.25 m/s )A= = −j a iα  
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PROBLEM 16.156 

Identical cylinders of mass m and radius r are pushed by a series of moving arms. Assuming the coefficient of 
friction between all surfaces to be 1μ <  and denoting by a the magnitude of the acceleration of the arms, 
derive an expression for (a) the maximum allowable value of a if each cylinder is to roll without sliding,  
(b) the minimum allowable value of a if each cylinder is to move to the right without rotating. 

 

 

SOLUTION 

(a) Cylinder rolls without sliding a rα=  or 
a

r
α =  

 P is horizontal component of force that the arm exerts on cylinder. 

 eff( ) : ( ) ( )A A kM M Pr P r I m a rμ αΣ = Σ − = +  

  

21
(1 ) ( )

2

3

2 (1 )

a
P r mr ma r

r

ma
P

μ

μ

 − = + 
 

=
−

 (1) 

 0:yFΣ =  0N P mgμ− − =  (2) 

 eff( ) :x xF FΣ = Σ  P N maμ− =  (3) 

 Solve (2) for N and substitute for N into (3). 

  2P P mg maμ μ− − =  

 Substitute P from (1): 2 3
(1 )

2 (1 )

ma
mg maμ μ

μ
− − =

−
 

  

3(1 ) 2 2

(1 3 ) 2 0

a g a

a g

μ μ
μ μ

+ − =
+ − =  

2

1 3
a g

μ
μ

=
+
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PROBLEM 16.156  (Continued)

 

(b) Cylinder translates: 0α =  

 Sliding occurs at A: xA Nμ=  

 Assume sliding impends at B: yB Pμ=  

  eff( ) :A AM MΣ = Σ  ( )Pr Pr ma rμ− =  

  (1 )P r m a rμ− =  

  
1

m a
P

μ
=

−
 (4) 

  eff( ) :x xF FΣ = Σ  P N maμ− =  (5) 

 eff( ) :y yF FΣ = Σ  0N P mgμ− − =  (6) 

 Solve (5) for N and substitute for N into (6). 

  2P P mg maμ μ− − =  

 Substitute for P from (4): 

  

2(1 )
1

(1 )

0

ma
mg ma

a g a

a g

μ μ
μ

μ μ
μ μ

− − =
−

+ − =
− =  a g=  

 Summary: 
2

:
1 3

a g
μ

μ
<

+
 Rolling 

  
3

:
1 3

g a g
μ

μ
< <

+
 Rotating and sliding 

  :a g>  Translation 
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PROBLEM 16.157 

The uniform rod AB of weight W is released from rest when 70 .β = °  
Assuming that the friction force between end A and the surface is large 
enough to prevent sliding, determine immediately after release (a) the 
angular acceleration of the rod, (b) the normal reaction at A, (c) the 
friction force at A. 

 

SOLUTION 

We note that rod rotates about A. 0ω =  

 

21

12

2

I mL

L
a α

=

=
 

 eff( ) :A AM MΣ = Σ  cos ( )
2 2

L L
mg I maβ α  = + 

 
 

 

2

2

1 1
cos

2 12 2 2

1

3

L L
mgL mL m

mL

β α α

α

 = +  
 

=
 

 
3 cos

2

g

L

βα =  (1) 

 eff( ) :x xF FΣ = Σ  sinAF ma β=  

 
3 cos

sin sin
2 2 2A
L L g

F m m
L

βα β β = =  
 

 

 
3

sin cos
4AF mg β β=  (2) 

 eff( ) :y yF FΣ = Σ  cos cos
2A
L

N mg ma mβ α β − = − = −  
 

 

 
2

3 cos
cos

2 2

3
1 cos

4

A

A

L g
N mg m

L

N mg

β β

β

 − = −  
 

 = − 
 

 (3) 
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PROBLEM 16.157  (Continued) 

 

For 70 :β = °  

(a) Eq. (1): 
3 cos70

2

g

L
α °=  0.513

g

L
=α   

(b) Eq. (3): 23
1 cos 70

4AN mg
 = − ° 
 

 0.912A mg=N   

(c) Eq. (2) 
3

sin 70 cos70
4AF mg= ° °  0.241A mg=F  
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PROBLEM 16.158 

The uniform rod AB of weight W is released from rest when 70 .β = °  
Assuming that the friction force is zero between end A and the surface, 
determine immediately after release (a) the angular acceleration of the 
rod, (b) the acceleration of the mass center of the rod, (c) the reaction at A. 

 

SOLUTION 

 eff( ) :x xF FΣ = Σ  0x xa m= =a a  

 2A y
L α= +a a  β  

 0 cos
2y
L

a α β= −  

 cos
2y
L α β=a  

 eff( ) :y yF FΣ = Σ  cos
2y
L

mg A ma m α β − = =  
   (1) 

 
2

eff
1

( ) : cos
2 12G G
L

M M A I mLβ α α Σ = Σ = = 
 

 

 6 cos

mL
A

α
β

=  (2) 

Substitute (2) into (1): 

 

2

cos
6 cos 2

cos
2 6cos

1
3cos

6 cos

3cos 1

6 cos

mL L
mg m

L L
g

L
g

L
g

α α β
β

β α
β

β α
β

β α
β

− =

 
= + 
 
 

= + 
 
 +=   
 

 

 
2

6 cos

1 3cos

g

L

βα
β

 
=  

+ 
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PROBLEM 16.158  (Continued) 

 

 
2

2 2

6 cos cos
cos cos 3

2 2 1 3cos 1 3cos

L L g
g

L

β βα β β
β β

  
= = ⋅ =     + +   

a  

 
2 2

6 cos 1 1

6 cos 6 cos1 3cos 1 3cos

mL mL g
mg

L

α β
β ββ β

 
= ⋅ = ⋅ ⋅ = 

+ + 
A  

For 70 :β = °  

(a) 
2

6 cos70

1 3cos 70

g

L
α °=

+ °
 1.519

g

L
=α    

(b) 
2

2

cos 70
3

1 3cos 70
a g=

+ °
 0.260g=a    

(c) 
2

1

1 3cos 70
A mg=

+ °
 0.740mg=A   
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 (a) (b) (c) 

PROBLEM 16.159 

A bar of mass 5 kgm =  is held as shown between 
four disks, each of mass 2 kgm′ =  and radius 

75 mm.r =  Knowing that the normal forces on the 
disks are sufficient to prevent any slipping, for each 
of the cases shown determine the acceleration of the 
bar immediately after it has been released from rest. 

 

SOLUTION 

(a) Configuration (a) 

Kinematics: 

 
a

a r
r

α α= =  

Kinetics of bar 

 

 eff( ) :y yF FΣ = Σ  

 4W F ma− =  (1) 

Kinetics of one disk 

 

 eff( ) :C CM M Fr IαΣ = Σ =  

 

21

2

1

2

a
Fr m r

r

F m a

 ′=  
 

′=  (2) 

Substitute for F from (2) into (1). 

 
1

4
2

mg m a ma
 ′− = 
 

 

 ( 2 )
2

mg
mg m m a a

m m
′= + =

′+
 

 
5

5 kg, 2 kg:
5 2(2)

m m a g′= = =
+

 
5

9
g=a   

(b) Configuration (b) 

Kinematics: 

Disk is rolling on vertical wall 

 
2

C

r

a a r

a a r

α
α

′ = =
= =

 

Therefore: 
2

1

2

a

r

a r a

α

α

=

′ = =
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PROBLEM 16.159  (Continued) 

Kinetics of bar 

 

 

 eff( ) :y yF FΣ = Σ  

 

4

2(2 )

W F ma

mg F ma

− =
− =  (1) 

Kinetics of one disk 

 21

2
I m r′=  

 

 eff( ) :D DM MΣ = Σ  

 

2

(2 )

1
2

2 2 2

1 1
2

4 2

F r m gr I m a r

a a
Fr m gr m r m r

r

F m a a m g

α′ ′ ′+ = +

 ′ ′ ′= = + 
 

 ′ ′= + − 
 

 (2) 

Substitute for 2F from (2) into (1): 

 

3
2 2

4

3 2
( 2 )

32
2

mg m a m g ma

m m
m m a m m g a g

m m

 ′ ′− + = 
 

′+ ′ ′+ = + = 
  ′+

 

 
5 4

5 kg, 2 kg :
5 3

m m a g
+′= = =
+

 
9

8
g=a   

(c) Configuration (c) 

Kinematics: 

Disk is rolling on vertical wall a a rα′= =  

Kinetics of bar 

 

 eff( ) :y yF FΣ = Σ  

 4W F ma− =  

 4mg F ma− =  (1)

Kinetics of one disk 

 21

2

a
I m r

r
α  ′=  

 
 

 

 eff( ) :D DM MΣ = Σ  

 

( )

1
( )

2

3

2

F w r I m a r

a
F m g r m r m at

r

F m a m g

α′ ′ ′+ = +

 ′ ′ ′ ′+ = + 
 

′ ′= −  (2) 
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PROBLEM 16.159  (Continued) 

 

Substitute for F from (2) into (1): 

 
6 4

4
( 6 ) ( 4 )

6

mg m a m g ma

m m
m m a m m g a g

m m

′ ′− + =
′+′ ′+ = + =
′+

 

 
5 8

5 kg, 2 kg :
5 12

m m a
+′= = =
+

 
13

17
g=a   
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PROBLEM 16.160 

A uniform plate of mass m is suspended in each of the ways shown. For each case determine immediately 
after the connection at B has been released (a) the angular acceleration of the plate, (b) the acceleration of its 
mass center. 

 

 

SOLUTION 

(1) Plate attached to pins 

 Kinematics: Assume α       ( 0)=ω  

 rα=a  θ  

 x comp: sin ( sin )xa r rα θ θ α= =  

  y comp: cos ( cos )ya r rα θ θ α= =  

 Thus: 
1

4x cα=a ;
1

2y cα=a  (1) 

 Kinetics: 
2

2 21 5

12 2 48

c
I m c mc

  = + =  
   

 

 

(a) eff( ) : ( ) ( )
2 4 2A A x y
c c c

M M W I ma maα     Σ = Σ = + +     
     

 

 21 5 1 1

2 48 4 4 2 2

c c
mgc mc m c m cα α α     = + +     

     
 

 21 20
1.2

2 48

g
mgc mc

c
α α= =  1.2

g

c
=α   
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PROBLEM 16.160  (Continued) 

 

(b) From (1): 
1 1

(1.2 ) 0.3
4 4x xa c g gα= = =a  

 
1 1

(1.2 ) 0.6
2 2y ya c g gα= = =a  0.671g=a  63.4°  

(2) Plate suspended from wires. 

 Kinematics: Assume α    ( 0)=ω  

 /C A G A= = +a a a a  

 Aa rα= ↔ +  θ 

 y comp. 

 
0 cos

( cos )

ya r

r

α θ
θ α

= −

= −
 

 
1

cos
2

r cθ =  

 Thus: 
1 1

2 2y ya c cα α= − =a  (2) 

 Kinetics: 
2

2 21

12 2 48

c I
I m c mc

  = + =  
   

 

 

 eff( ) :x xF FΣ = Σ  20

0x

ma

a

=
=

 

 eff
1 1

( ) : ( )
2 2A A yM M W c I ma cα   Σ = Σ = +   

   
 

 Recalling (1): 21 5 1 1

2 48 2 2
mgc mc mc cα α  = +   

  
 

 21 17 24

2 48 17

g
mgc mc

c
α α= =  

24

17

g

c
α =    

 
1 1 24 12

2 2 17 17y
g

a c c g
c

α  = = = 
 

 
12

17
g=a    
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PROBLEM 16.160  (Continued) 

 

(3) Plate suspended from springs. Immediately after spring B is released, the tension in spring A is still 
1
2 mg since its elongation is unchanged. 

 

(a) Angular acceleration. 

 eff
1 1

( ) :
2 2G GM M mg c I α  Σ = Σ =  

  
 

 
21 5

4 48
mgc mc α=  2.4

g

c
=α   

(b) Acceleration at mass center. 

 eff( ) : 0 0x x x xF F ma aΣ = Σ = =  

 eff( ) :y yF FΣ = Σ  
1

2 ymg mg ma− =  

 
1

2ya g=  0.5g=a   
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PROBLEM 16.161 

A cylinder with a circular hole is rolling without slipping on a fixed 
curved surface as shown. The cylinder would have a weight of 16 lb 
without the hole, but with the hole it has a weight of 15 lb. Knowing 
that at the instant shown the disk has an angular velocity of 5 rad/s 
clockwise, determine (a) the angular acceleration of the disk, (b) the 
components of the reaction force between the cylinder and the ground 
at this instant. 

 

SOLUTION 

Geometry: Let the mass center G of the cylinder lie a distance b below the geometric center for the position 
shown. Let C, the contact point between the cylinder and the fixed curved surface, be the origin of a 
coordinate system, as shown. The position vector of a point is 

  x y= +r i j  
Let r be the radius of the cylinder and R that of the fixed curved surface 

Kinematics: 

The acceleration Pa  at a point is given by 

  2
/ /P C P C P Cω= + × −a a α r r  

Let   α=α  

Then, using the coordinate system 

  [( )P C xa=a ] [( )C ya+ ] 

  [yα+ ] [xα+ ]  

  
2[yω+ 2] [xω+ ]  

Since the cylinder rolls without slipping on a fixed surface, 
  ( ) 0C xa =  

For Points G and A, 

  [( )G C ya=a ] [( )r b α+ − 2] [( )r b ω+ − ]  (1) 

  [( )A C ya=a ] [rα+ 2] [rω+ ]  (2) 

Subtract Eq. (2) from Eq. (1) to eliminate ( )C ya  

  [G A bα= =a a 2] [bω+ ]  

  [G A bα= +a a 2] [bω+ ]  

  [( )A xa= ] [( )A y+ a ] [bα+ 2] [bω+ ]  

  [( )r b α= − ] [( )A y+ a 2] [bω+ ]  (3) 
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PROBLEM 16.161  (Continued) 

 

Point C is the instantaneous center, so that 

  A rω=v  

Point A is constrained to move on a circle of radius 

  R rρ = +  

so its vertical component of acceleration is 

  
2

( ) A
A y

v

ρ
=a

2 2r ω
ρ

=  

Using Eq. 3,  [( )G r b α= −a
2

]
r

b
ρ

 
+ −  
 

 

The effective force at the mass center is 

  [ ( )Gm m r b α= −a
2

2]
r

b ω
ρ

 
+ −  
 

 

Kinetics: 

  eff

2

( ) : 0 ( ) ( )

[ ( ) ]

C CM M I r b m r b

I m r b

α α

α

Σ = Σ + + − −

= + −
 

 

(a) Angular acceleration.  0=α   

(b) Force components at C. 

  eff( ) : ( ) 0x x xF F C m r b αΣ = Σ = − =  0x =C   

  
2

2
eff

2
2

( ) :y y y

y

r
F F C W m b

W r
C W b

g

ω
ρ

ω
ρ

 
Σ = Σ − = − −  

 
 

= − −  
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PROBLEM 16.161  (Continued) 

 

It remains to determine the distance b from the mass distribution of the cylinder. 

The mass center G coincides with the centroid of a circular cylinder of area 2
1A rπ=  with a circular cut out of 

area 1
2 16 ,A A=  with its center located 2

3 r  above the center of 1.A  

 

 
1A  1y  1 1A y  1

2 315 1

16 24
2

45
2

45

Y A Ay

r Y r

Y r

b r

π π

Σ = Σ

= −

= −

=

 

(1) 2rπ  0 0 

(2) 21

16
rπ−  

2

3
r  31

24
rπ−  

Σ  215

16
rπ   

31

24
rπ−  

 

Data: 12 in. 1 ft, 36 in., 48 in.r R ρ= = = =  

 
2

2
2

2
(12) 0.53333 in.

45

144
0.53333 2.4667 in. 0.20556 ft

48

15 lb
15 lb (0.20556 ft)(5 rad/s)

32.2 ft/s
y

b

r
b

C

ρ

= =

 
− = − = =  

 

= −

 

  12.61 lb=C   
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PROBLEM 16.162 

The motion of a square plate of side 150 mm and mass 2.5 kg is guided 
by pins at corners A and B that slide in slots cut in a vertical wall. 
Immediately after the plate is released from rest in the position shown, 
determine (a) the angular acceleration of the plate, (b) the reaction at 
corner A. 

 

SOLUTION 

Kinematics: /2 ( )
2 2 2

G A
L L L

AG a AB
αα= = = =  

 

 Plane motion = Translation + Rotation 

 Ba Aa= /B Aa+  60° 

 Ba Aa= Lα+  60° 

 Aa a= /G Aa+  15° 

 [ sin 30Lα= °a ]
2

Lα+ 


  15 [0.5Lα° = ] [0.707Lα+   15 ]°   

Law of cosines 

 

2 2 2
/ /

2 2 2

2 2 2

2 2 2

2 cos15

(0.5 ) (0.707 )

2(0.5 )(0.707 )cos15

(0.25 0.5 0.68301)

(0.06699)

0.25882

A G A A G Aa a a a a

a L L

L L

a L

a L

a L

α α
α α

α
α

α

= ⋅ − °

= +
− °

= + −

=
=
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PROBLEM 16.162  (Continued) 

 

Law of sines. 

 / / 0.707
; sin sin15 sin15

sin15 sin 0.25950
G A G Aa aa L

a L

αβ
β α

= = ° = °
°

 

 sin 0.707; 135β β= = °  

 0.2583Lα=a  45° 

Kinetics: ( 0)ω =  

We find the location of Point E where lines of action of A and B intersect. 

 
2

15

L
MG

EAG

=

= °  

 

 
( ) 0.6829 0.5 0.183

( ) (0.183 ) 2 0.2588

yEG L L L

EG L L

= − =

= =
 

 21

6
I mL=  
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PROBLEM 16.162  (Continued) 

 

(a) Angular acceleration. 

 eff( ) : (0.183 ) ( )(0.2588 )A AM M mg L I ma LαΣ = Σ = +  

 

2

2

1
0.183 (0.2588 )(0.2588 )

6
1

0.183 0.06698
6

0.183 0.2336 ; 0.7834

mgL mL m L L

gL L

g g

L L

α α

α

α α

= +

 = + 
 

= =

 

 
29.81 m/s

0.7834
0.15 m

α =  251.2 rad/s=α    

(b) Reaction at corner A. 

 eff( ) : sin 45y yF F A mg maΣ = Σ − = − °  

 

2

(0.2588 )sin 45

(0.2588 ) 0.7834 sin 45

0.1434

0.8566

0.8566(2.5 kg)(9.81 m/s )

21.01 N

m L

g
m L

L

A mg mg

A mg

α= − °

 = − ° 
 

− =
=

=
=  21.0 N=A   
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PROBLEM 16.163 

Solve Problem 16.162, assuming that the plate is fitted with a single pin 
at corner A. 

Problem 16.162 The motion of a square plate of side 150 mm and mass 
2.5 kg is guided by pins at corners A and B that slide in slots cut in a 
vertical wall. Immediately after the plate is released from rest in the 
position shown, determine (a) the angular acceleration of the plate,  
(b) the reaction of corner A. 

 

SOLUTION 

Since both A and mg are vertical, 0xa =  and a  is  

Kinematics: 

 
2

L
AG =   /15 ( )G A AG α° =a   15°  

 a A= a /G A+a  15°  

 

 0.183Lα=a  15°  

Kinetics: 21

6
I mL=  
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PROBLEM 16.163  (Continued) 

 

(a) Angular acceleration. 

 eff( ) : ( )sin15 ( )sin15A AM M mg AG I ma AGαΣ = Σ ° = + °  

 

2

2

1
sin15 (0.183 ) sin15

62 2

1
0.183 0.033494

6

0.183 0.2002

0.9143

9.81 m/s
0.9143

0.15 m

L L
mg mL m L

g

L

g

L
g

L

α α

α

α

α

   ° = + °   
   

 = + 
 

=

=

=  259.8 rad/s=α   

(b) Reaction at corner A. 

 eff( ) :y yF F A mg maΣ = Σ − = −  

 2

(0.183 )

(0.183 ) 0.9143

0.1673

0.8326

0.8326(2.5 kg)(9.81 m/s )

A mg m L

g
m L

L

A mg mg

A mg

A

α− = −

 = −  
 

− = −
=

=  20.4 N=A   
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PROBLEM 16.164 

The Geneva mechanism shown is used to provide an intermit-
tent rotary motion of disk S. Disk D weighs 2 lb and has a 
radius of gyration of 0.9 in. and disk S weighs 6 lb and has a 
radius of gyration of 1.5 in. The motion of the system is 
controlled by a couple M applied to disk D. A pin P is attached 
to disk D and can slide in one of the six equally spaced slots cut 
in disk S. It is desirable that the angular velocity of disk S be 
zero as the pin enters and leaves each of the six slots; this will 
occur if the distance between the centers of the disks and the 
radii of the disks are related as shown. Knowing disk D rotates 
with a constant counterclockwise angular velocity of 8 rad/s 
and the friction between the slot and pin P is negligible, 
determine when φ  = 150° (a) the couple M, (b) the magnitude 
of the force pin P applies to disk S. 

 

SOLUTION 

Geometry: 

Law of cosines. 2 2 21.25 2.50 (2)(1.25)(2.50)cos30

1.54914 in.

r

r

= + − °
=

 

Law of sines. 
sin sin 30

1.25
23.794

r

β

β

°=

= °

 

Let disk S be a rotating frame of reference. 

 Sω=Ω , Sα=Ω  

Motion of coinciding Point P′ on the disk. 

 1.54914P S Srω ω′ = =v β  

 2
/ /k r r [1.54914P S P O S P O Sα ω α′ = − × − =a 2] [1.54914 Sβ ω+ ]β  

Motion relative to the frame. 

 /P S u=v /aP S uβ =  β  

Coriolis acceleration. 2 Suω β  

 / [1.54914P P P S Sω′= + =v v v ] [uβ + ]β  

 / 2P P P S Suω= + +a a a  

 [1.54914 Sα= 2] [1.54914 Sβ ω+ ] [uβ +  ] [2 Suβ ω+ ]β  
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PROBLEM 16.164  (Continued) 

 

Motion of disk D. (rotation about B) 

 ( ) (1.25)(8) 10 in./sP DBP ω= = =v 30°  

 [( )P DBP α=a 260 ] [( ) SBP ω° + 230 ] 0 [(1.25)(8)° = + 30 ]°  

 280 in./s= 30°  

Equate the two expressions for Pv  and resolve into components. 

 : 1.54914 10cos(30 )Sβ ω β= ° +  

 

10cos53.794

1.54914
3.8130 rad/s

Sω °=

=  

 : 10sin(30 ) 10sin 53.794 8.0690 in./suβ β= ° + = ° =  

Equate the two expressions for Pa  and resolve into components. 

 : 1.54914 2 80sin (30 )S Suβ α ω β− = ° +  

  
2

80sin 53.794 (2)(3.8130)(8.0690)

1.54914

81.391 rad/s

Sα ° +=

=  

Kinetics: 
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PROBLEM 16.164  (Continued) 

 

  

2
2

2

6 lb 1.5
ft (81.391 rad/s ) 0.23697 lb ft

1232.2 ft/s

0 since    0

s s

D D

I

I

α

α

  = = ⋅  
  

= =α
 

Disk S: 0 eff : S SM M Pr = I αΣ = Σ  

  
1.54914

 ft 0.23697 lb ft 1.8356 lb
12

P P
  = ⋅ = 
 

 

Disk D: 90 30 36.206r β= ° − ° − = °  

  eff
1.25

( ) : ( sin ) ft
12B BM M M P r

 Σ = Σ −  
 

 

  
(1.25)(1.8356sin 36.206 )

0.11294 lb ft
12

M
°= = ⋅  

(a) Couple M.  1.355 lb in= ⋅M   

(b) Magnitude of contact force. 1.836 lbP =  
 



CCHHAAPPTTEERR  1177  
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PROBLEM 17.CQ1 

A round object of mass m and radius r is released from rest at the top of a curved surface and rolls without 
slipping until it leaves the surface with a horizontal velocity as shown. Will a solid sphere, a solid cylinder or 
a hoop travel the greatest distance c? 

(a) A solid sphere 

(b) A solid cylinder 

(c) A hoop 

(d ) They will all travel the same distance. 

 

 

SOLUTION 

Answer: (a) It has the smallest mass moment of inertia, so it will have the greatest speed at the bottom of the 
surface. 
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PROBLEM 17.CQ2 

A solid steel sphere A of radius r and mass m is released from rest and rolls without slipping down an incline 
as shown. After traveling a distance d the sphere has a speed v. If a solid steel sphere of radius 2r is released 
from rest on the same incline, what will its speed be after rolling a distance d? 

(a) 0.25 v 

(b) 0.5 v 

(c) v 

(d) 2v 

(e) 4v 

 

SOLUTION 

Answer: (c) Using conservation of energy you can show that the speed after traveling a distance d will be 
independent of the mass and the radius. 
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PROBLEM 17.CQ3 

Slender bar A is rigidly connected to a massless rod BC in Case 1 and two massless cords in Case 2 as shown. 
The vertical thickness of bar A is negligible compared to L. In both cases A is released from rest at an angle 
θ  = θ0. When θ = 0° which system will have the larger kinetic energy? 

(a) Case 1 

(b) Case 2 

(c) The kinetic energy will be the same. 

 

 

 

SOLUTION 

Answer: (c) 
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PROBLEM 17.CQ4 

In Problem 17.CQ3, how will the speeds of the centers of gravity compare for the two cases when θ = 0°? 

(a) Case 1 will be larger. 

(b) Case 2 will be larger. 

(c) The speeds will be the same. 

 

SOLUTION 

Answer: (b) Case 1 will also have rotational kinetic energy, so the speed will be smaller. 
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PROBLEM 17.CQ5 

Slender bar A is rigidly connected to a massless rod BC in Case 1 and two massless cords in Case 2 as shown. 
The vertical thickness of bar A is not negligible compared to L. In both cases A is released from rest at an 
angle 0.θ θ=  Whenθ θ= °  which system will have the largest kinetic energy? 

(a) Case 1 

(b) Case 2 

(c) The kinetic energy will be the same. 

 

 

 

SOLUTION 

Answer: (a) Case 1 will have a greater change in gravitational potential energy, so the kinetic energy will be 
larger. 
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PROBLEM 17.1 

The rotor of an electric motor has an angular velocity of 3600 rpm when the load and power are cut off. The 
50-kg rotor then coasts to rest after 5000 revolutions. Knowing that the kinetic friction of the rotor produces a 
couple of magnitude 4 N · m, determine the centroidal radius of gyration of the rotor. 

 

SOLUTION 

Angular velocities: 1

2

rev 1min 2 rad
3600 120 rad/s

min 60 s rev

0

πω π

ω

= ⋅ ⋅ =

=

 

Angular displacement: 5000 rev 10000 radπ=  

Principle of work and energy: 1 1 2 2:T U T→+ =  

 

2 2 3
1 1

2
2 2

1 2

3

2

2

1 1
(120 ) 71.061 10

2 2
1

0
2

(4 N m)(10000 rad) 40000 N m

71.061 10 40000 0

1.76839 kg m

T I I I

T I

U M

I

I

I m k

ω π

ω

θ π π

π
→

= = = ×

= =

= − = − ⋅ = − ⋅

× − =

= ⋅

=

 

Centroidal radius of gyration. 
21.76839 kg m

0.1881 m
50 kg

I
k

m

⋅= = =  

   188.1 mmk =   
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PROBLEM 17.2 

It is known that 1500 revolutions are required for the 6000-lb flywheel to coast to rest from an angular 
velocity of 300 rpm. Knowing that the radius of gyration of the flywheel is 36 in., determine the average 
magnitude of the couple due to kinetic friction in the bearings. 

 

SOLUTION 

Angular velocity: 0

2

300 rpm

10 rad/s

0

ω
π

ω

=
=
=

 

Moment of inertia: 2 2
2

2

6000 lb
(3 ft)

32.2 ft/s

1677 lb ft s

I mk= =

= ⋅ ⋅

 

Kinetic energy: 2
1 0

2

2

1

2
1

(1677)(10 )
2
827,600 ft lb

0

T I

T

ω

π

=

=

= ⋅
=

 

Work:  1 2

(1500 rev)(2 rad/rev)

9424.7

U M

M

M

θ
π

→ = −
= −
= −

 

Principle of work and energy: 1 1 2 2

827,600 9424.7 0

T U T

M
→+ =

− =
 

Average friction couple: 87.81 lb ftM = ⋅  87.8 lb ftM = ⋅   



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1702 

 

 

PROBLEM 17.3 

Two disks of the same material are attached to a shaft as shown. Disk A has a 
weight of 30 lb and a radius 5r = in. Disk B is three times as thick as disk A. 
Knowing that a couple M of magnitude 15 lb ⋅ ft is to be applied to disk A when 
the system is at rest, determine the radius nr of disk B if the angular velocity of 
the system is to be 600 rpm after 4 revolutions. 

 

SOLUTION 

For any disk: 2

2

4

( )

1

2
1

2

m r t

I mr

tr

ρ π

πρ

=

=

=

 

Moment of inertia. 

Disk A:  41

2AI brπρ=  

Disk B:  4

4 4

4

1
(3 )( )

2
1

3
2

3

B

A

I b nr

n br

n I

πρ

πρ

=

 =   
=

 

  4
total (1 3 )A B AI I I n I= + = +  (1) 

Angular velocity: 1

2

0

600 rpm

20 rad/s

ω
ω

π

=
=
=

 

Rotation: 4 rev 8 radθ π= =  

Kinetic energy: 1

2
2 total 2

0

1

2

T

T I ω

=

=

 

Work:  1 2

(15 lb ft)(8 rad)

376.99 lb ft

U Mθ
π

→ =
= ⋅
= ⋅
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PROBLEM 17.3  (Continued) 

 

Principle of work and energy: 1 1 2 2

2
total

2
total

1
0 376.991 (20 )

2

0.19099 slug ft

T U T

I

I

π

→+ =

+ =

= ⋅

 

But,  2

2

2

1

2

1 30 lb 5
ft

2 32.2 12

0.080875 slug ft

A A AI m r=

  =   
  

= ⋅

 

From (1) 4

4

0.19099 (1 3 )(0.080875)

0.45383

0.82078

n

n

n

= +

=
=

 

Radius of disk B: (0.82078)(5 in.) 4.1039 in.B Ar nr= = =  4.10 in.Br =   



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1704 

 

 

PROBLEM 17.4 

Two disks of the same material are attached to a shaft as shown. Disk A is of radius 
r and has a thickness b, while disk B is of radius nr and thickness 3b. A couple M of 
constant magnitude is applied when the system is at rest and is removed after the 
system has executed 2 revolutions. Determine the value of n which results in the 
largest final speed for a point on the rim of disk B. 

 

SOLUTION 

For any disk: 2

2

4

( )

1

2
1

2

m r t

I mr

tr

ρ π

πρ

=

=

=

 

Moment of inertia. 

Disk A: 41

2AI b rπ ρ=  

Disk B: 4

4 4

4

total

4

1
(3 )( )

2
1

3
2

3

(1 3 )

B

A

A B

A

I b nr

n br

n I

I I I

n I

π ρ

πρ

=

 =   

=
= +

= +

 

Work-energy. 1 1 2

2
2 total 2

0 (4 rad)

1

2

T U M M

T I

θ π

ω

→= = =

=

 

 4 2
1 1 2 2 2

1
: 0 (4 ) (1 3 )

2 AT U T M n Iπ ω→+ = + = +  

  2
2 4

8

(1 3 ) A

M

n I

πω =
+

 

For Point D on rim of disk B 

  2( )Dv nr ω=    or   
2 2

2 2 2 2
2 4

8

1 3
D

A

Mr n
v n r

I n

πω= = ⋅
+
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PROBLEM 17.4  (Continued) 

 

Value of n for maximum final speed. 

For maximum 
2

4
: 0

1 3
D

d n
v

dn n

 
=  + 

 

 

2 3 4
4 2

5 5

4

1
[ (12 ) (1 3 )(2 )] 0

(1 3 )

12 2 6 0

2 (3 1) 0

n n n n
n

n n n

n n

− + =
+

− − =

− =

 

0n = and 
0.25

1
0.7598

3
n

 = = 
 

  0.760n =   
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PROBLEM 17.5 

The flywheel of a small punch rotates at 300 rpm. It is known that 1800 ft ⋅ lb of work must be done each time a 
hole is punched. It is desired that the speed of the flywheel after one punching be not less that 90 percent of the 
original speed of 300 rpm. (a) Determine the required moment of inertia of the flywheel. (b) If a constant 25-lb ⋅ ft 
couple is applied to the shaft of the flywheel, determine the number of revolutions which must occur between each 
punching, knowing that the initial velocity is to be 300 rpm at the start of each punching. 

 

SOLUTION 

Angular velocities: 1

2 1

300 rpm 10 rad/s

0.90 9 rad/s

ω π
ω ω π

= =
= =

 

Principle of work and energy:  1 1 2 2T U T→+ =  

  

2 2
1 1

2
2 2

1 2

2 2

1 1
(10 )

2 2
1 1

(9 )
2 2
1800 ft lb

1 1
(10 ) 1800 (9 )

2 2

T I I

T I I

U

I I

ω π

ω π

π π

→

= =

= =

= − ⋅

− =

 

(a) Required moment of inertia. 

  2
2

2(1800)
19.198 lb ft s

(100 81)
I

π
= = ⋅ ⋅

−
 219.20 lb ft sI = ⋅ ⋅   

(b) Number of revolution between each punching. 

 Definition of work: 2 1 :U Mθ→ =  

  1800 ft lb (25 lb ft)θ⋅ = ⋅     

  72 rad 11.459 revθ = =  11.46 revθ =   
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PROBLEM 17.6 

The flywheel of a punching machine has a mass of 300 kg and a radius of gyration of 600 mm. Each punching 
operation requires 2500 J of work. (a) Knowing that the speed of the flywheel is 300 rpm just before a 
punching, determine the speed immediately after the punching. (b) If a constant 25-N ⋅ m couple is applied to 
the shaft of the flywheel, determine the number of revolutions executed before the speed is again 300 rpm. 

 

SOLUTION 

Moment of inertia. 2

2

2

(300 kg)(0.6 m)

108 kg m

I mk=

=

= ⋅

 

Kinetic energy. Position 1. 1

2
1 1

2

3

300 rpm

10 rad/s

1

2
1

(108)(10 )
2

53.296 10 J

T I

ω
π

ω

π

=
=

=

=

= ×

 

Position 2. 2 2
2 2 2

1
54

2
T Iω ω= =  

Work.  1 2 2500 JU → = −  

Principle of work and energy for punching. 

 3 2
1 1 2 2 2: 53.296 10 2500 54T U T ω→+ = × − =  

(a)  2
2 940.66ω =  

 2 30.67 rad/sω =  2 293 rpmω =   

 Principle of work and energy for speed recovery. 

 

2 2 1 1

2 1

2 1

2500 J

25 N m

2500 25 100 rad

T U T

U

M

U Mθ θ θ

→

→

→

+ =
=
= ⋅
= = =

 

(b)   15.92 revθ =   
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PROBLEM 17.7 

Disk A, of weight 10 lb and radius 6r = in., is at rest when it is placed in 
contact with belt BC, which moves to the right with a constant speed 

40v = ft/s. Knowing that 0.20kμ = between the disk and the belt, determine 
the number of revolutions executed by the disk before it attains a constant 
angular velocity. 

 

SOLUTION 

Work of external friction force on disk A. 

Only force doing work is F. Since its moment about A is ,M rF=  we have 

 1 2

( )k

U M

rF

r mg

θ
θ
μ θ

→ =
=
=

 

Kinetic energy of disk A. 

Angular velocity becomes constant when 2

1

2
2 2

2
2

2

0

1

2

1 1

2 2

4

v

r
T

T I

v
mr

r

mv

ω

ω

=

=

=

  =   
  

=

 

Principle of work and energy for disk A. 

 
2

1 1 2 2: 0
4k

mv
T U T r mgμ θ−+ = + =  

Angle change 
2

rad
4 k

v

r g
θ

μ
=  

2

rev
8 k

v

r g
θ

π μ
=  

Data: 0.5 ft

0.20

40 ft/s
k

r

v

μ
=
=
=

 

 
2

2

(40 ft/s)

8 (0.5 ft)(0.20)(32.2 ft/s )
θ

π
=  19.77 revθ =   
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PROBLEM 17.8 

Disk A is of constant thickness and is at rest when it is placed in contact 
with belt BC, which moves with a constant velocity v. Denoting by kμ  the 
coefficient of kinetic friction between the disk and the belt, derive an 
expression for the number of revolutions executed by the disk before it 
attains a constant angular velocity. 

 

SOLUTION 

Work of external friction force on disk A. 

Only force doing work is F. Since its moment about A is ,M rF=  we have 

 1 2

( )k

U M

rF

r mg

θ
θ
μ θ

→ =
=
=

 

Kinetic energy of disk A. 

Angular velocity becomes constant when 2

1

2
2 2

2
2

2

0

1

2

1 1

2 2

4

v

r
T

T I

v
mr

r

mv

ω

ω

=

=

=

  =   
  

=

 

Principle of work and energy for disk A. 

 
2

1 1 2 2: 0
4k

mv
T U T r mgμ θ→+ = + =  

Angle change. 
2

rad
4 k

v

r g
θ

μ
=  

2

rev
8 k

v

r g
θ

π μ
=   
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PROBLEM 17.9 

The 10-in.-radius brake drum is attached to a larger flywheel 
which is not shown. The total mass moment of inertia of the 
flywheel and drum is 16 lb ⋅ ft ⋅ s2 and the coefficient of kinetic 
friction between the drum and the brake shoe is 0.40. Knowing that 
the initial angular velocity is 240 rpm clockwise, determine the 
force which must be exerted by the hydraulic cylinder if the system 
is to stop in 75 revolutions. 

 

SOLUTION 

Kinetic energies. 

 1

2

2 2
1 1

2 2

240 rpm 8 rad/s

16 lb ft s

1 1
(16)(8 ) 5053 ft lb

2 2
0 0

I

T I

T

ω π

ω π

ω

= =

= ⋅ ⋅

= = = ⋅

= =

  

Angular displacement. 75 rev 75(2 ) 150 radθ π π= = =  

Work. 1 2
10

ft (150 rad) 392.7
12

U M F Fθ π−
  = − = − = −  

  
 

Principle of work and energy.            1 1 2 2 :T U T−+ =  

 5053 392.7 0F− =                12.868 lbF =  

 : 12.868 (0.40)kF N Nμ= =    32.17 lbN =  

Free body brake arm: 

 0: (6 in.) (6 in.) (18 in.) 0AM B F NΣ = + − =  

 
(6 in.) (12.868 lb)(6 in.) (32.17 lb)(18 in.) 0

83.64 lb

B

B

+ − =
=

 

  83.6 lbB =   
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PROBLEM 17.10 

Solve Problem 17.9, assuming that the initial angular velocity of the 
flywheel is 240 rpm counterclockwise. 

PROBLEM 17.9 The 10-in.-radius brake drum is attached to a 
larger flywheel which is not shown. The total mass moment of 
inertia of the flywheel and drum is 16 lb ⋅ ft ⋅ s2 and the coefficient of 
kinetic friction between the drum and the brake shoe is 0.40. 
Knowing that the initial angular velocity is 240 rpm clockwise, 
determine the force which must be exerted by the hydraulic cylinder 
if the system is to stop in 75 revolutions. 

 

SOLUTION 

Kinetic energies. 

 1

2

2 2
1 1

2 2

240 rpm 8 rad/s

16 lb ft s

1 1
(16)(8 ) 5053 ft lb

2 2
0 0

I

T I

T

ω π

ω π

ω

= =

= ⋅ ⋅

= = = ⋅

= =

  

Angular displacement. 75 rev 75(2 ) 150 radθ π π= = =  

Work. 1 2
10

ft (150 rad) 392.7
12

U M F Fθ π−
  = − = − = −  

  
 

Principle of work and energy.    1 1 2 2 :T U T−+ =  

 5053 392.7 0F− =                12.868 lbF =  

 : 12.868 (0.40)kF N Nμ= =     32.17 lbN =  

Free body brake arm: 

 0: (6 in.) (6 in.) (18 in.) 0AM B F NΣ = − − =  

 
(6 in.) (12.868 lb)(6 in.) (32.17 lb)(18 in.) 0

109.37 lb

B

B

− − =
=

 

  109.4 lbB =   
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PROBLEM 17.11 

Each of the gears A and B has a mass of 2.4 kg and a radius of 
gyration of 60 mm, while gear C has a mass of 12 kg and a radius 
of gyration of 150 mm. A couple M of constant magnitude 10 N ⋅ m 
is applied to gear C. Determine (a) the number of revolutions of 
gear C required for its angular velocity to increase from 100 to 
450 rpm, (b) the corresponding tangential force acting on gear A. 

 

SOLUTION 

Moments of inertia. 

 Gears A and B: 2 2 3 2(2.4)(0.06) 8.64 10 kg mA BI I mk −= = = = × ⋅  

 Gear C: 2 3 2(12)(0.15) 270 10 kg mCI −= = × ⋅  

Kinematics. 

200
2.5

80
2.5

A A B B C C

A B C C

A B C

r r rω ω ω

ω ω ω ω

θ θ θ

= =

= = =

= =

 

Kinetic energy. 21
:

2
T Iω=  

 Position 1. 
10

100 rpm rad/s
3

25
250 rpm rad/s

3

C

A B

ω π

ω ω π

= =

= = =

 

 Gear A: 
2

3
1

1 25
( ) (8.64 10 ) 2.9609 J

2 3AT
π−  = × = 

 
 

 Gear B: 
2

3
1

1 25
( ) (8.64 10 ) 2.9609 J

2 3BT
π−  = × = 

 
 

 Gear C: 
2

3
1

1 10
( ) (270 10 ) 14.8044 J

2 3CT
π−  = × = 

 
 

 System:  1 1 1 1( ) ( ) ( ) 20.726 JA B CT T T T= + + =  

 Position 2. 450 rpm 15 rad/s

37.5 rad/s
C

A B

ω π
ω ω π

= =
= =

 

 Gear A: 3 2
2

1
( ) (8.64 10 )(37.5 ) 59.957 J

2AT π−= × =  
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PROBLEM 17.11  (Continued) 

 

 Gear B: 3 2
2

1
( ) (8.64 10 )(37.5 ) 59.957 J

2BT π−= × =  

 Gear C: 3 2
2

1
( ) (270 10 )(15 ) 299.789 J

2CT π−= × =  

 System: 2 2 2 2( ) ( ) ( ) 419.7 JA B CT T T T= + + =  

Work of couple. 1 2 10C CU Mθ θ→ = =  

Principle of work and energy for system. 

 1 1 2 2: 20.726 10 419.7CT U T θ→+ = + =  

 39.898 radiansCθ =  

(a) Rotation of gear C.  6.35 revCθ =   

 Rotation of gear A. (2.5)(39.898)

99.744 radians
Aθ =

=
 

 Principle of work and energy for gear A. 

 1 2( ) ( ) : 2.9609 (99.744) 59.957A A A A AT M T Mθ+ = + =  

 0.57142 N mAM = ⋅  

(b) Tangential force on gear A. 
0.57142

0.08
A

t
A

M
F

r
= =  7.14 NtF =   
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PROBLEM 17.12 

Solve Problem 17.11, assuming that the 10-N ⋅ m couple is applied 
to gear B. 

PROBLEM 17.11 Each of the gears A and B has a mass of 2.4 kg and 
a radius of gyration of 60 mm, while gear C has a mass of 12 kg 
and a radius of gyration of 150 mm. A couple M of constant 
magnitude 10 N ⋅ m is applied to gear C. Determine (a) the number 
of revolutions of gear C required for its angular velocity to increase 
from 100 to 450 rpm, (b) the corresponding tangential force acting 
on gear A. 

 

SOLUTION 

Moments of inertia. 

 Gears A and B: 2 2 3 2(2.4)(0.06) 8.64 10 kg mA BI I mk −= = = = × ⋅  

 Gear C: 2 3 2(12)(0.15) 270 10 kg mCI −= = × ⋅  

Kinematics. 

200
2.5

80
2.5

A A B B C C

A B C C

A B C

r r rω ω ω

ω ω ω ω

θ θ θ

= =

= = =

= =

 

Kinetic energy. 21
:

2
T Iω=  

 Position 1. 
10

100 rpm rad/s
3

25
250 rpm rad/s

3

C

A B

ω π

ω ω π

= =

= = =

 

 Gear A: 
2

3
1

1 25
( ) (8.64 10 ) 2.9609 J

2 3AT
π−  = × = 

 
 

 Gear B: 
2

3
1

1 25
( ) (8.64 10 ) 2.9609 J

2 3BT
π−  = × = 

 
 

 Gear C: 
2

3
1

1 10
( ) (270 10 ) 14.8044 J

2 3CT
π−  = × = 

 
 

 System:  1 1 1 1( ) ( ) ( ) 20.726 JA B CT T T T= + + =  
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PROBLEM 17.12  (Continued) 

 

 Position 2. 450 rpm 15 rad/s

37.5 rad/s
C

A B

ω π
ω ω π

= =
= =

 

 Gear A: 3 2
2

1
( ) (8.64 10 )(37.5 ) 59.957 J

2AT π−= × =  

 Gear B: 3 2
2

1
( ) (8.64 10 )(37.5 ) 59.957 J

2BT π−= × =  

 Gear C: 3 2
2

1
( ) (270 10 )(15 ) 299.789 J

2CT π−= × =  

 System: 2 2 2 2( ) ( ) ( ) 419.7 JA B CT T T T= + + =  

Work of couple. 1 2 10B BU Mθ θ→ = =  

Principle of work and energy for system. 

 1 1 2 2: 20.726 10 419.7BT U T θ→+ = + =  

 39.898 radiansBθ =  

(a) Rotation of gear C. 
39.898

15.959 radians
2.5Cθ = =  2.54 revCθ =   

 Rotation of gear A. 39.898 radiansA Bθ θ= =  

 Principle of work and energy for gear A. 

 1 2( ) ( ) : 2.9609 (39.898) 59.957A A A A AT M T Mθ+ = + =  

 1.4285 N mAM = ⋅  

(b) Tangential force on gear A. 
1.4285

0.08
A

t
A

M
F

r
= =  17.86 NtF =   
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PROBLEM 17.13 

The gear train shown consists of four gears of the same 
thickness and of the same material; two gears are of radius r, 
and the other two are of radius nr. The system is at rest when 
the couple M0 is applied to shaft C. Denoting by I0 the moment 
of inertia of a gear of radius r, determine the angular velocity 
of shaft A if the couple M0 is applied for one revolution of 
shaft C. 

 

SOLUTION 

Mass and moment of inertia: 

For a disk of radius r and thickness t: 2 2

2 2 2 4
0

( )

1 1 1
( )

2 2 2

m r t tr

I mr tr r tr

ρ π ρπ

ρπ ρπ

= =

= = =

 

For a disk of radius nr and thickness t, 4 4
0

1
( )

2
I t nr I n Iρπ= =  

Kinematics: If for shaft A we have Aω  

 Then, for shaft B we have /B A nω ω=  

 And, for shaft C we have 2/C A nω ω=  

Principle of work-energy: 

Couple 0M  applied to shaft C for one revolution. 2θ π=  radians,     1 0,T =  

 

1 2 0 0 0

2 2 2
2 shaft shaft shaft

2 2
2 4 4

0 0 0 0 2

2 2
0 2

2
2

0

(2 radians) 2

1 1 1
( ) ( ) ( )

2 2 2

1 1 1
( ) ( )

2 2 2

1 1
2

2

1 1

2

A A B B C C

A A
A

A

A

U M M M

T I w I I

I w I n I n I
n n

I n
n

I n
n

θ π π

ω ω

ω ω

ω

ω

− = = =

= + +

   = + + +   
   

 = + + 
 

 = + 
   

 
2

2
1 1 2 2 0 0

1 1
: 0 2

2 AT U T M I n
n

π ω−
 + = + = + 
 

 

Angular velocity. 
( )

2 0
210

4 1
A

n

M

I n

πω =
+

 0
2

0

2

1
A

Mn

In

πω =
+
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PROBLEM 17.14 

The double pulley shown has a mass of 15 kg and a 
centroidal radius of gyration of 160 mm. Cylinder A 
and block B are attached to cords that are wrapped 
on the pulleys as shown. The coefficient of kinetic 
friction between block B and the surface is 0.2. 
Knowing that the system is at rest in the position 
shown when a constant force P = 200 N is applied to 
cylinder A, determine (a) the velocity of cylinder A 
as it strikes the ground, (b) the total distance that 
block B moves before coming to rest. 

 

SOLUTION 

Kinematics. Let rA be the radius of the outer pulley and rB that of the inner pulley. 

 

B
A A C B B C A

A

B
A A C B A

A

r
v r v r v

r

r
s r s s

r

ω ω

θ

= = =

= =
 

Use the principle of work and energy with position 1 being the initial rest position and position 2 being when 
cylinder A strikes the ground. 

 1 1 2 2:T U T→+ =  

where 1 0T =  

and 2 2 2
2

1 1 1

2 2 2A A B B C CT m v m v I ω= + +  

with    2 2 25 kg, 15 kg, (15 kg)(0.160 m) 0.384 kg mA B C C Cm m I m k= = = = = ⋅  

 

2
2

2 2 2

2 2
2

2 2

2

1

2

1 (15 kg)(0.150 m) 0.384 kg m
5 kg

2 (0.250 m) (0.250 m)

(8.272 kg)

CB B
A A

A A

A

A

Im r
T m v

r r

v

v

 
= + + 

  
 ⋅= + + 
 

=

 

 
Principle of work and energy applied to the system consisting of blocks A and B and the double pulley C. 

Work. 1 2 sin 30A A A F B B BU Ps m g s F s m g s→ = + − − °  

where 1 mAs =  
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PROBLEM 17.14  (Continued) 

 

and 
0.150 m

(1 m) 0.6 m
0.250 m

B
B A

A

r
s s

r
= = =  

To find Ff use the free body diagram of block B. 

60° 0: cos30 0B BF N m gΣ = − ° =  

  cos30 (15 kg)(9.81 m/s)cos30 127.44 NB BN m g= ° = ° =  

  
2

1 2

2

(0.2)(127.44 N) 25.487 N

(200 N)(1 m) (5 kg)(9.81 m/s )(1 m)

(25.487 N)(0.6 m) (15 kg)(9.81 m/s )(0.6 m)sin 30

189.613 J

f k BF N

U

μ

→

= = =

= +

− − °
=

 

Work-energy: 20 189.613 J (8.272 kg) Av+ =  

(a) Velocity of A. 4.7877 m/sAv =  4.79 m/sA =v   

 when the cylinder strikes the ground, 

  

0.150 m
(4.7877 m/s) 2.8726 m/s

0.250 m

4.7877 m/s
19.1508 rad/s

0.250 m

B
B A

A

A
C

A

r
v v

r

v

r
ω

= = =

= = =
 

 After the cylinder strikes the ground use the principle of work and energy applied to a system 
consisting of block B and double pulley C. 

 Let T3 be its kinetic energy when A strikes the ground. 

  

2 2
3

2 2 2

1 1

2 2
1 1

(15 kg)(2.8726 m/s) (0.384 kg m )(19.1508 rad/s)
2 2
132.305 J

B B C CT m v I ω= +

= + ⋅

=

 

 When the system comes to rest,       4 0T =  

  
2

3 4 (25.487 N) (15 kg)(9.81 m/s )( sin 30 )

(99.062 N)
B B

B

U s s

s
→ ′ ′= − − °

′= −
 

 where Bs′  is the additional travel of block B. 

  3 3 4 4: 132.305 J (99.062 N) 0BT U T s→ ′+ = − =  

                                                                  1.3356 mBs′ =  

(b) Total distance:  1.936 mB Bs s′+ =   
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PROBLEM 17.15 

Gear A has a mass of 1 kg and a radius of gyration of 30 mm; gear B 
has a mass of 4 kg and a radius of gyration of 75 mm; gear C has a 
mass of 9 kg and a radius of gyration of 100 mm. The system is at rest 
when a couple M0 of constant magnitude 4 N · m is applied to gear C. 
Assuming that no slipping occurs between the gears, determine the 
number of revolutions required for disk A to reach an angular velocity 
of 300 rpm. 

 

SOLUTION 

Moments of inertia: 2I mk=  

Gear A: 2 3 2(1 kg)(0.030 m) 0.9 10 kg mAI −= = × ⋅  

Gear B: 2 3 2(4 kg)(0.075 m) 22.5 10 kg mBI −= = × ⋅  

Gear C: 2 3 2(9 kg)(0.100 m) 90 10 kg mCI −= = × ⋅  

Let rA be the radius of gear A, r1 the outer radius of gear B, r2 the inner radius of gear B, and rC the radius of 
gear C. 

 1 250 mm, 100 mm, 50 mm, 150 mmA Cr r r r= = = =  

At the contact point between gears A and B, 

 1
1

: 0.5A
B A A B A A

r
r r

r
ω ω ω ω ω= = =  

At the contact point between gear B and C. 

 2
2 : 0.33333C C B C B B

C

r
r r

r
ω ω ω ω ω= = =  

                          0.16667C Aω ω=  

Kinetic energy: 2 2 2

3 2 3 2 3 2

3 2 2

1 1 1

2 2 2
1

[0.9 10 (22.5 10 )(0.5 ) (90 10 )(0.16667 ) ]
2

(4.5125 10 kg m )

A A B B C C

A A A

A

T I I I

T

ω ω ω

ω ω ω

ω

− − −

−

= + +

= × + × + ×

= × ⋅

 

 

 

 

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1720 

PROBLEM 17.15  (Continued) 

 

Use the principle of work and energy applied to the system of all three gears with position 1 being the initial 
rest position and position 2 being when 300 rpm.Aω =  

 1

3 2 2
2

2 rad 1min rev
300 31.416 rad/s

rev 60 s min

0

(4.5125 10 kg m )(31.416 rad/s) 4.4565 J

A

T

T

πω

−

= ⋅ ⋅ =

=

= × ⋅ =

 

   1 2 (4 N m)C CU Mθ θ→ = = ⋅  

Principle of work and energy. 

        1 1 2 2: 0 4.4565 J 4(N m) CT U T θ→+ = + = ⋅  

                   

1.11413 rad

6 6.6848 rad
0.16667
6.6848 rad

2 rad/rev

C

C
A C

A

θ
θθ θ

θ
π

=

= = =

=  1.063 revAθ =   
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PROBLEM 17.16 

A slender rod of length l and weight W is pivoted at one end as shown. It is 
released from rest in a horizontal position and swings freely. (a) Determine 
the angular velocity of the rod as it passes through a vertical position  
and determine the corresponding reaction at the pivot, (b) Solve part a for  
W = 1.8 lb and l = 3 ft. 

 

SOLUTION 

Position 1: 1

1

1

2 2

0

0

0

2

v

T

l
v

ω

ω

=
=
=

=

 

Position 2: 2 2
2 2 2

2
2 2

2 2

2 2
2 2

1 1

2 2

1 1 1

2 2 2 12

1

6

T mr I

l
m ml

T ml

ω

ω ω

ω

= +

   = +   
   

=

 

Work: 1 2 2

l
U mg→ =  

Principle of work and energy: 1 1 2 2

2 2
2

1
0

2 6

T U T

l
mg ml ω

→+ =

+ =

 

(a) Expressions for angular velocity and reactions. 

 2
2

2
2

3

3 3

2 2 2

g

l
l l g

a g
l

ω

ω

=

= = ⋅ =

 2
3g

l
=ω   

 eff( ) :F F A W maΣ = Σ − =  

 

3

2
5

2

A mg m g

A mg

− =

=  
5

2
W=A   
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PROBLEM 17.16  (Continued) 

 

(b) Application of data: 

 2 2 2
2

1.8 lb, 3 ft

3 3
32.2 rad /s

3

W l

g g

l
ω

= =

= = =  2 5.67 rad/s=ω   

 
5 5

(1.8 lb)
2 2

A W= =  4.5 lb=A   
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PROBLEM 17.17 

A slender rod of length l is pivoted about a Point C located at a distance b 
from its center G. It is released from rest in a horizontal position and swings 
freely. Determine (a) the distance b for which the angular velocity of the rod 
as it passes through a vertical position is maximum, (b) the corresponding 
values of its angular velocity and of the reaction at C. 

 

SOLUTION 

Position 1. 10,         0        0v Tω= = =  

Elevation: 10        0h V mgh= = =  

Position 2. 2 2

2

2 2
2 2 2

2 2 2
2

1

12
1 1

2 2
1 1

2 12

v b

I ml

T mv I

m b l

ω

ω

ω

=

=

= +

 = + 
 

 

Elevation: 2        h b V mgb= − = −  

Principle of conservation of energy. 

 2 2 2
1 1 2 2 2

1 1
: 0 0

2 12
T V T V m b l mgbω + = + + = + − 

 
 

 2
2 2 21

12

2gb

b l
ω =

+
 

(a) Value of b for maximum 2.ω  

 
( ) ( )

( )
2 21

12 2 2
2 2 21 2 2112 12

2 1
0        

12

b l b bd b
b l

db b l b l

+ − 
= = =  + + 

 
12

l
b =   

(b) Angular velocity. 2 2

122
2

12 12

2

12

l

l l

g

g

l

ω =
+

=

 

 1/4
2 12

g

l
ω =  2 1.861

g

l
ω =  
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PROBLEM 17.17  (Continued) 

 

 Reaction at C. 2
2

12
12

na b

l g

l

g

ω=

=

=

 

 :y n yF ma C mg mgΣ = − =  

 2yC mg=  

 :C tM mba IαΣ = +  
20 ( )mb I α= +  

 0, 0taα = =  

 :x tF maΣ =  0x tC ma= − =  2mg=C   
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PROBLEM 17.18 

A slender 9 lb rod can rotate in a vertical plane about a pivot at B. A spring 
of constant k = 30 lb/ft and of unstretched length 6 in. is attached to the rod 
as shown. Knowing that the rod is released from rest in the position shown, 
determine its angular velocity after it has rotated through 90°. 

 

SOLUTION 

          

Position 1: 

Spring: 


Unstretched 
Length

1

2 2
1

( 6 in. ) 14.866 6 8.8661 in. 0.73884 ft

1 1
(30 lb/ft)(0.73884) 8.1882 lb ft

2 2e

x CD

V kx

= − = − = =

= = = ⋅

 

Gravity: 

1

7
(9 lb) ft 5.25 lb ft

12

8.1882 lb ft 5.25 lb ft 13.438 lb ft

g

e g

V Wh

V V V

 = = = ⋅ 
 

= + = ⋅ + ⋅ = ⋅

 

Kinetic energy: 1 0T =  

Position 2: 

Spring: 2

2 2
2

9 in. 6 in. 3 in. 0.25 ft

1 1
(30 lb/ft)(0.25 ft) 0.9375 lb ft

2 2e

x

V kx

= − = =

= = = ⋅
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PROBLEM 17.18  (Continued) 

 

Gravity: 

2

0

0.9375 lb ft

g

e g

V Wh

V V V

= =

= +

= ⋅

 

Kinetic energy: 2 2 2

2 2 2

2 2
2 2 2

2
2

2 2

2
2 2

7
ft

12

1 1 9 lb
(2 ft) 0.093168 slug ft

12 12 32.2

1 1

2 2

1 9 lb 7 1
ft (0.093168)

2 32.2 12 2

0.094138

v r

I mL

T mv I

T

ω ω

ω

ω ω

ω

 = =  
 

 = = = ⋅ 
 

= +

    = +    
    

=

 

Conservation of energy: 

 

1 1 2 2

2
2

2
2

2

0 13.438 0.094138 0.9375

132.79

11.524 rad/s

T V T V

ω
ω
ω

+ = +

+ = +

=
=  2 11.52 rad/s=ω   
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PROBLEM 17.19 

A slender 9 lb rod can rotate in a vertical plane about a pivot at B. A spring of 
constant k = 30 lb/ft and of unstretched length 6 in. is attached to the rod as 
shown. Knowing that the rod is released from rest in the position shown, 
determine its angular velocity after it has rotated through 90°. 

 

SOLUTION 

            

Position 1:  2 214 5 14.866 in.CD = + =  

Spring: 


Unstretched 
Length

1

2 2
1

( 6 in. ) 14.866 6 8.8661 in. 0.73884 ft

1 1
(30 lb/ft)(0.73884) 8.1882 lb ft

2 2e

x CD

V kx

= − = − = =

= = = ⋅

 

Gravity: 

1

7
9 lb ft 5.25 lb ft

12

8.1882 lb ft 5.25 lb ft 2.9382 lb ft

g

e g

V Wh

V V V

 = = = − = − ⋅ 
 

= + = ⋅ − ⋅ = ⋅

 

Kinetic energy: 1 0T =  

Position 2: 

Spring: 2

2 2
2

9 in. 6 in. 3 in. 0.25 ft

1 1
(30 lb/ft)(0.25 ft) 0.9375 lb ft

2 2e

x

V kx

= − = =

= = = ⋅
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PROBLEM 17.19  (Continued) 

 

Gravity: 

2

0

0.9375 lb ft

g

e g

V Wh

V V V

= =

= +

= ⋅

 

Kinetic energy: 2 2 2

2 2 2

2 2
2 2 2

2
2

2 2

2
2 2

7
ft

12

1 1 9 lb
(2 ft) 0.093168 slug ft

12 12 32.2

1 1

2 2

1 9 lb 7 1
ft (0.093168)

2 32.2 12 2

0.094138

v r

I mL

T mv I

T

ω ω

ω

ω ω

ω

 = =  
 

 = = = ⋅ 
 

= +

    = +    
    

=

 

Conservation of energy: 

 

1 1 2 2

2
2

2
2

2

0 2.9382 0.094138 0.9375

21.253

4.6101 rad/s

T V T V

ω
ω
ω

+ = +

+ = +

=
=  2 4.61 rad/s=ω   
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PROBLEM 17.20 

A 160-lb gymnast is executing a series of full-circle swings 
on the horizontal bar. In the position shown he has a small 
and negligible clockwise angular velocity and will maintain 
his body straight and rigid as he swings downward. Assuming 
that during the swing the centroidal radius of gyration of his 
body is 1.5 ft, determine his angular velocity and the force 
exerted on his hands after he has rotated through (a) 90°,  
(b) 180°. 

 

SOLUTION 

Position 1. (Directly above the bar). 

Elevation:  1 3.5 fth =  

Potential energy: 1 1 (160 lb)(3.5 ft) 560 ft lbV Wh= = = ⋅   

Speeds: 1 10,   0vω = =  

Kinetic energy: 1 0T =  

(a) Position 2. (Body at level of bar after rotating 90 ).°  

 Elevation:  2 0.h =  

 Potential energy: 2 0V =  

 Speeds: 2 23.5 .v ω=  

 Kinetic energy: 2 2 2
2 2 2

2 2 2
2 2 2

2
2

1 1

2 2
1 160 1 160

(3.5 ) (1.5)
2 32.2 2 32.2

36.025

T mv mk

T

ω

ω ω

ω

= +

   = +   
   

=

 

 Principle of conservation of energy. 

 2
1 1 2 2 2: 0 560 36.025T V T V ω+ = + + =  

 2
2 15.545ω =  2 3.94 rad/s=ω  
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PROBLEM 17.20  (Continued) 

 

 Kinematics: 3.5ta α=  

 2 2
23.5 (3.5)(15.545) 54.407 ft/sna ω= = =   

 ( ) 2
0 0 eff

160 160
: (3.5)(160) (3.5)(3.5 ) (1.5)

32.2 32.2
M M α α   Σ = Σ = +   

   
 

 2 27.7724 rad/s         27.203 ft/staα = =  

 :x nF maΣ =  
160

(54.407) 270.35 lb
32.2xR

 = = 
 

 

 :y tF maΣ = −  
160

160 (27.203)
32.2yR

 − = − 
   

 24.83 lbyR =  271 lb=R   5.25°   

(b) Position 3. (Directly below bar after rotating 180 ).°  

 Elevation: 3 3.5 ft.h = −  

 Potential energy: 3 3 (160)( 3.5) 560 ft lbV Wh= = − = − ⋅  

 Speeds: 3 33.5 .v ω=  

 Kinetic energy: 2
3 336.025T ω=  

 Principle of conservation of energy. 

  2
1 1 3 3 3: 0 560 36.025 560T V T V ω+ = + + = −  

  2
3 31.09ω =  3 5.58 rad/s=ω   

 Kinematics: 2(3.5)(31.09) 108.81 ft/sna = =  

 From 0 0 eff( ) and  0,xM M FΣ = Σ Σ =  

  0,         0        0t xa Rα = = =  

  
160

: 160 (108.81)
32.2y n yF ma R

 Σ = − =  
 

 

  700.62 lbyR =  701 lb=R   
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PROBLEM 17.21 

A collar with a mass of 1 kg is rigidly attached at a distance  
d = 300 mm from the end of a uniform slender rod AB. The rod 
has a mass of 3 kg and is of length L = 600 mm. Knowing that the 
rod is released from rest in the position shown, determine the 
angular velocity of the rod after it has rotated through 90°. 

 

SOLUTION 

Kinematics. 

Rod 
2R
L

v ω=  

Collar Cv dω=  

Position 1. 

1 1

0

0 0T V

ω =
= =

 

Position 2. 2 2 2
2

2
2 2 2 2

2 2 2 2

2

1 1 1

2 2 2

1 1 1 1

2 2 2 12 2

1 1

6 2

2

R R R C C

R R C

R C

C R

T m v I m v

L
m m L m d

m L m d

L
V W d W

ω

ω ω ω

ω ω

= + +

   = + +   
   

= +

= − −

 

 2 2 2
1 1 2 2

1 1
: 0 0

6 2 2R C C R
L

T V T V m L m d W d Wω + = + + = + − − 
 

 

 2
2 2 2 2

3(2 ) 3 (2 )

3 3
C C C R

C R C R

W d W L g m d m L

m d m L m d m L
ω + +

= =
+ +

 (1) 

Data: 1 kg, 0.3 m, 3 kg, 0.6 mC Rm d m L= = = =  

From Eq. (1), 2
2 2

(2)(1)(0.3) 3(0.6)
3(9.81)

3(1)(0.3) 3(0.6)
ω

 +=  + 
 

 52.32=  7.23 rad/s=ω  
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PROBLEM 17.22 

A collar with a mass of 1 kg is rigidly attached to a slender rod AB 
of mass 3 kg and length L = 600 mm. The rod is released from rest 
in the position shown. Determine the distance d for which the 
angular velocity of the rod is maximum after it has rotated 90°. 

 

SOLUTION 

Kinematics. 

Rod 
2R
L

v ω=  

Collar Cv dω=  

Position 1. 

1 1

0

0 0T V

ω =
= =

 

Position 2. 2 2 2
2

2
2 2 2 2

2 2 2 2

2

1 1 1

2 2 2

1 1 1 1

2 2 2 12 2

1 1

6 2

2

R R R C C

R R C

R C

C R

T m v I m v

L
m m L m d

m L m d

L
V W d W

ω

ω ω ω

ω ω

= + +

   = + +   
   

= +

= − −

 

 2 2 2
1 1 2 2

1 1
: 0 0

6 2 2R C C R
L

T V T V m L m d W d Wω + = + + = + − − 
 

 

 2
2 2 2 2

3(2 ) 3 (2 )

3 3
C C C R

C R C R

W d W L g m d m L

m d m L m d m L
ω + +

= =
+ +

 (1) 

Let  .
d

x
L

=  

 2

2

2
3

3

R

C

R

C

m
x

mg
mL x
m

ω
+

= ⋅
+

 

Data: 
2

2

1 kg, 3 kg

2 3

3 3 3

C Rm m

L x

g x

ω

= =

+=
+
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PROBLEM 17.22  (Continued) 

 

2/3L gω is maximum. Set its derivative with respect to x equal to zero. 

 
2 2

2 2

2

(3 3)(2) (2 3)(6 )
0

3 (3 3)

6 18 6 0

d L x x x

dx g x

x x

ω  + − += =   + 

− − + =

 

Solving the quadratic equation 

 3.30 and 0.30278x x= − =  

 

0.30278

(0.30278)(0.6)

0.1817 m

d L=
=
=  181.7 mmd =  
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PROBLEM 17.23 

Two identical slender rods AB and BC are welded together to 
form an L-shaped assembly. The assembly is pressed against a 
spring at D and released from the position shown. Knowing that 
the maximum angle of rotation of the assembly in its subsequent 
motion is 90° counterclockwise, determine the magnitude of the 
angular velocity of the assembly as it passes through the position 
where rod AB forms an angle of 30° with the horizontal. 

 

SOLUTION 

Moment of inertia about B. 2 21 1

3 3B AB BCI m l m l= +  

 

Position 2. 

2 2 2

2 2 2
2 2 2

30

( ) ( )

sin 30 cos30
2 2

1 1
( )

2 6

AB AB BC BC

AB BC

B AB BC

V W h W h

l l
W W

T I m m l

θ

ω ω

= °
= +

 = ° + − ° 
 

= = +

 

Position 3. 

3 3

90

0
2AB
l

V W T

θ = °

= =

 

Conservation of energy.  

 2 2 3 3:T V T V+ = +  

 2 2
2

1
( ) sin 30 cos30 0

6 2 2 2AB BC AB BC AB
l l l

m m l W W Wω+ + ° − ° = +  

 

2
2

(1 sin 30 ) cos303

3
[1 sin 30 cos30 ]

2
9.81

2.049 2.049 50.25
0.4

AB BC

AB BC

W W

l m m

g

l
g

l

ω − ° + °
= ⋅

+

= − ° + °

= = =  2 7.09 rad/sω =  
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PROBLEM 17.24 

The 30-kg turbine disk has a centroidal radius of gyration of 175 mm and is 
rotating clockwise at a constant rate of 60 rpm when a small blade of weight  
0.5 N at Point A becomes loose and is thrown off. Neglecting friction, determine 
the change in the angular velocity of the turbine disk after it has rotated through 
(a) 90°, (b) 270°. 

 

SOLUTION 

Mass of blade. 51 grams 0.051 kgAm = =  

Weight of blade. (0.051)(9.81) 0.5 NAm g = =  

Moment of inertia about O. 2 2 2 3 2 2
2 30(0.175) 51 10 (0.3) 0.91416 kg mO AI mk m r −= − = − × = ⋅  

Location of mass center for the position shown. 

  ( )         A A
A A A

A

m r
m m x m r x

m m
− = − = −

−
 

Position 1. 10 , 60 rpm 2  rad/sθ ω π= ° = =  

Kinetic energy: 2
1 1

1

2 OT I ω=  

Center of gravity lies at the level of Point O. 1 0h =  

Potential energy: 1 1( ) 0AV mg m g h= − =  

(a) Position 2. 90θ = °  

 Kinetic energy: 2
2 2

1

2 OT I ω=  

 Center of gravity lies a distance A A

A

m r

m m−
 above Point O. 

  2
A A

A

m r
h

m m
=

−
 

 Potential energy:    2 2( ) (0.5)(0.3) 0.150 N mA A AV mg m g h m gr= − = = = ⋅  
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PROBLEM 17.24  (Continued) 

 

 Conservation of energy. 1 1 2 2 :T V T V+ = +  

2 2
1 2 2

1 1
0

2 2O OI I Vω ω+ = +  

             2 2 22
2 1 2

2 (2)(0.15)
(2 )         6.257016 rad/s

0.91416O

V

I
ω ω π ω= − − − =  

     2 1 6.257016 2 0.02617 rad/sω ω ω πΔ = − = − = −  

   0.250 rpmωΔ = −  

(b) Position 3.        270θ = °  

 Kinetic energy:            2
3 3

1

2 OT I ω=  

 Center of gravity lies a distance A A

A

m r

m m−
 below Point O. 

  3
A A

A

m r
h

m m
= −

−
 

 Potential energy:      3 3( ) (0.5)(0.3) 0.15 N mA A AV mg m g h m gr= − = − = − = − ⋅  

 Conservation of energy. 1 1 3 3 :T V T V+ = +  

      2 2
1 3 3

1 1
0

2 2O OI I Vω ω+ = +  

        

2 2 23
3 1

3

2 (2)( 0.15)
(2 )

0.91416 

6.309246 rad/s
O

V

I
ω ω π

ω

−= − = −

=
 

  3 1 6.309246 2 0.026061 rad/sω ω ω πΔ = − = − =  

  0.249 rpmωΔ = 
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PROBLEM 17.25 

A rope is wrapped around a cylinder of radius r and mass m as shown. Knowing that 
the cylinder is released from rest, determine the velocity of the center of the cylinder 
after it has moved downward a distance s. 

 

SOLUTION 

Point C is the instantaneous center. 

 
v

v r
r

ω ω= =  

Position 1. At rest. 1 0T =  

Position 2. Cylinder has fallen through distance s. 

 2 2
2

2
2 2

2

1 1

2 2

1 1 1

2 2 2

3

4

T mv I

v
mv mr

r

mv

ω= +

  = +   
  

=

 

Work. 1 2U mgs→ =  

Principle of work and energy. 

 2
1 1 2 2

3
: 0

4
T U T mgs mv→+ = + =  

 2 4

3

gs
v = 

4

3

gs=v   
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PROBLEM 17.26 

Solve Problem 17.25, assuming that the cylinder is replaced by a thin-walled pipe of 
radius r and mass m. 

PROBLEM 17.25 A rope is wrapped around a cylinder of radius r and mass m as 
shown. Knowing that the cylinder is released from rest, determine the velocity of the 
center of the cylinder after it has moved downward a distance s. 

 

SOLUTION 

Point C is the instantaneous center. 

 
v

v r
r

ω ω= =  

Position 1. At rest. 1 0T =  

Position 2. Cylinder has fallen through distance s. 

 2 2
2

2
2 2

2

1 1

2 2

1 1
( )

2 2

T mv I

v
mv mr

r

mv

ω= +

 = +  
 

=

 

Work. 1 2U mgs→ =  

Principle of work and energy. 

 2
1 1 2 2: 0T U T mgs mv→+ = + =  

 2v gs=  gs=v   
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PROBLEM 17.27 

A 45-lb uniform cylindrical roller, initially at rest, is acted upon by a 20-lb 
force as shown. Knowing that the body rolls without slipping, determine 
(a) the velocity of its center G after it has moved 5 ft, (b) the friction force 
required to prevent slipping. 

 

SOLUTION 

Since the cylinder rolls without slipping, the point of contact with the ground is the instantaneous center. 

Kinematics: v rω=  

Position 1. At rest. 1 0T =  

Position 2. 

2 2
2

2
2 2

2 2 2

5 ft

1 1

2 2

1 1 1

2 2 2

3 3 45
1.04815

4 4 32.2

G
G

G
G

G G G

v
s v v

r

T mv I

v
mv mr

r

mv v v

ω

ω

= = =

= +

  = +   
  
 = = = 
 

 

Work: 1 2 (20)(5) 100 lb ft.   does no work.fU Ps F→ = = = ⋅  

(a) Principle of work and energy. 

 2
1 1 2 2: 0 100 1.0481 GT U T v→+ = + =  

 2 95.407Gv =  9.77 ft/sG =v   

(b) Since the forces are constant, 
2

2

constant

2
95.407

(2)(5)

9.5407 ft/s

G

G
G

a a

v
a

s

= =

=

=

=

 

 :x fF ma P F maΣ = − =  

 
45

20 (9.5407)
32.2

fF P ma= −

 = −  
 

 6.67 lbf =F  
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PROBLEM 17.28 

A small sphere of mass m and radius r is released from rest at A and 
rolls without sliding on the curved surface to Point B where it leaves 
the surface with a horizontal velocity. Knowing that a = 1.5 m and  
b = 1.2 m, determine (a) the speed of the sphere as it strikes the ground 
at C, (b) the corresponding distance c. 

 

SOLUTION 

 

Work: 1 2U mga→ =  

Kinetic energy: 1 0T =  

Rolling motion at position 2. 2

2 2
2

2
2 2 2

or 60

1 1

2 2

1 1 2 7

2 2 5 10

v
v r

r

T mv I

v
mv mr mv

r

ω ω

ω

= =

= +

  = + =  
  

 

Principle of work and energy. 

 2
1 1 2 2

7
: 0

10
T U T mga mv→+ = + =  

 

2
2 210 (10)(9.81 m/s )(1.5 m)

 21.021 m/s
7 7

4.5849 m/s

ga
v

v

= = =

=
 

For path B to C the motion is projectile motion. Let t = 0 at Point B. Let y = 0 at Point C. 

Vertical motion: 0

2
0 0

( )

1
( )

2

y y

y

v v gt gt

y y v t gt

= − = −

= + −

 

At Point C, 21
0 0

2 Cb gt= + −  

  2

2

2 (2)(1.2 m)
0.49462 s

9.81 m/s

( ) (9.81 m/s )(0.49462 s) 4.8522 m/s

C

y C C

b
t

g

v gt

= = =

= − = − = −
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PROBLEM 17.28  (Continued) 

 

Horizontal motion: Let the x coordinate point to the left with origin below B. 

  ( ) 4.5849 m/sx x Bv v v= = =  

(a) Speed at C. 2 2

2 2

( ) ( )

(4.5849) (4.8522)

C x C y C

C

v v v

v

= +

= +

 

   6.68 m/sCv =   

(b) Distance c. x Cc v t=  

 (4.5849 m/s)(0.49462 s)c =  2.27 mc =  
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PROBLEM 17.29 

The mass center G of a 3-kg wheel of radius 180 mmR = is located at a distance  
r = 60 mm from its geometric center C. The centroidal radius of gyration of the 
wheel is 90 mm.k =  As the wheel rolls without sliding, its angular velocity is 
observed to vary. Knowing that 8 rad/sω =  in the position shown, determine  
(a) the angular velocity of the wheel when the mass center G is directly above the 
geometric center C, (b) the reaction at the horizontal surface at the same instant. 

 

SOLUTION 

 

 1 1

2 2

2 2

( )

(0.18) (0.06) (8)

8 0.036  m/s

0.24

3 kg

0.09 m

v BG

v

m

k

ω

ω

=

= +

=
=
=

=

 

Position 1. 1

2 2
1 1 1

2 2 2

0

1 1

2 2
1 1

(3)(8 0.036) (3)(0.09) (8)
2 2
4.2336 J

V

T mv I ω

=

= +

= +

=

 

Position 2. 2

2 2
2 2 2

2 2 2
2 2

2
2

(3)(9.81)(0.06)

1.7658 J

1 1

2 2
1 1

(3)(0.24 ) (3)(0.09)
2 2
0.09855

V Wh

mgh

T mv I ω

ω ω

ω

=
=
=
=

= +

= +

=
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PROBLEM 17.29  (Continued) 

 

(a) Conservation of energy. 

 

1 1 2 2

2
2

2
2

2

4.2336 J 0 0.09855 1.7658 J

25.041

5.004 rad/s

T V T V

ω
ω
ω

+ = +

+ = +

=
=  2 5.00 rad/s=ω   

(b) Reaction at B. 

 

  2
2

2

( )

(3 kg)(0.06 m)(5.00 rad/s)

nma m CG ω=

=

 

 4.5 N=  

 :y y nF ma N mg maΣ = − = −  

 (3)(9.81) 4.5N − = −  24.9 N=N   
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PROBLEM 17.30 

A half section of pipe of mass m and radius r is released from rest in the position 
shown. Knowing that the pipe rolls without sliding, determine (a) its angular 
velocity after it has rolled through 90°, (b) the reaction at the horizontal surface 
at the same instant. [Hint: Note that 2 /GO r π= and that, by the parallel-axis 
theorem, 2 2( ) .]I mr m GO= −  

 

SOLUTION 

Position 1. 1 1 10 0 0v Tω = = =  

 

Position 2. Kinematics: 2 2 2
2

( ) 1v AG rω ω
π

 = = − 
 

 

Moment of inertia: 
2

2 2 2 2
2

2 4
(0.6) 1

r
I mr m mr m mr

π π
   = − = − = −   
   

 

Kinetic energy: 2 2
2 2 2

2
2 2 2 2

2 22

2
2 2

2

1 1

2 2

1 2 1 4
1 1

2 2

1 4 4 4
1 1

2

1 4
2

2

T mv I

m r mr

mr

mr

ω

ω ω
π π

π π π

π

= +

   = − + −   
   
    = − + + −    
    
 = − 
 

 

Work: 1 2
2 2

( )
r

U W OG mg mgr
π π→ = = =  

Principle of work and energy: 

( )

1 1 2 2

2 2
2

2
2 2

2 1 4
0 2

2
2

1.7519
1

T U T

r
mg mr

g g

r rπ

ω
π π

ω
π

→+ =
 + = − 
 

= ⋅ =
−
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PROBLEM 17.30  (Continued) 

 

(a) Angular velocity. 2 1.324
g

r
=ω   

(b) Reaction at A. 

 Kinematics: Since O moves horizontally, 0( ) 0ya =  

 

2
2(0.6)

2
1.7519

na

r g

r

ω

π

=

 =  
 

 

 1.1153g=  

 Kinetics: 

 

  eff( ) : 1.1153y yF F A mg mgΣ = Σ − =  2.12mg=A  
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PROBLEM 17.31 

A sphere of mass m and radius r rolls without slipping inside a curved 
surface of radius R. Knowing that the sphere is released from rest in the 
position shown, derive an expression (a) for the linear velocity of the 
sphere as it passes through B, (b) for the magnitude of the vertical 
reaction at that instant. 

 

SOLUTION 

Kinematics: The sphere rolls without slipping. 

 
v

v r
r

ω ω= =  

Kinetic energy. 

 

2 2

2
2 2

2

2
1 2 2

1 1

2 2

1 1 2

2 2 5

7

10
7

0
10

T mv I

v
mv mr

r

T mv

T T mv

ω= +

  = +   
  

=

= =

 

Work. 1 2 ( )(1 cos )U mgh mg R r β− = = − −  

Principle of work and energy.    1 1 2 2:T U T−+ =  

 2
2

7
0 ( )(1 cos )

10
mg R r mvβ+ − − =  

(a) Linear velocity at B.  2
10

( )(1 cos )
7

v g R r β= − −   

 Free body diagram when 0.β =  

 : 0t tF ma aΣ = =      

 : 0GM I α αΣ = =  
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PROBLEM 17.31  (Continued) 

 

 The sphere rolls so that its mass center moves on a circle of radius .R rρ = −  

  
2

2
n

v
a a

R r
= =

−
 

 eff( ) :y yF F N mg maΣ = Σ − =  

                    

1 10
( )(1 cos )

7

10
1 (1 cos )

7

N mg m g R r
R r

N mg

β

β

   − = − −   −   
 = + −  

 

(b) Vertical reaction.  
1

[17 10cos ]
7

N mg β= −   
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PROBLEM 17.32 

Two uniform cylinders, each of weight W = 14 lb and radius r = 5 in., are connected 
by a belt as shown. Knowing that at the instant shown the angular velocity of 
cylinder B is 30 rad/s clockwise, determine (a) the distance through which cylinder A 
will rise before the angular velocity of cylinder B is reduced to 5 rad/s, (b) the 
tension in the portion of belt connecting the two cylinders. 

 

SOLUTION 

Kinematics. 

 D E Bv v rω= =  

Point C is the instantaneous center of cylinder A. 

 

1

2 2
1

2
2

D B
A B

A A B

D A

v r

cd r

v r r

v v

ωω ω

ω ω

= = =

= =

=

 

Kinetic energy of the system. 

 

2 2 2

2 2
2 2 2

2 2

1 1 1

2 2 2

1 1 1 1 1

2 2 2 2 2 2

7

16

A A B

B B B

B

T mv I I

r
T m mr mr

T mr

ω ω

ω ω ω

ω

= + +

      = + +      
      

=  (1) 

Position 1: 1( ) 30 rad/sBω =  

Position 2: 2( ) 5 rad/sBω =  

Work. For the system considered, the only force which does work is the weight of disk A. 

 1 2U Wh mgh− = − = −  

where h is the rise of cylinder A. 
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PROBLEM 17.32  (Continued) 

 

Principle of work and energy. 

  2 2 2 2
1 1 2 2 1 2

7 7
: ( ) ( )

16 16B BT U T mr mgh mrω ω−+ = − =  

                                          
2

2 2
1 2

7
[( ) ( ) ]

16 B B
r

h
g

ω ω= −  (2) 

  
2

2 2
2

7 5 1
ft [(30 rad/s) (5 rad/s) ] 2.064 ft

16 12 32.2 ft/s
h

 = − = 
 

 

(a) Rise of cylinder A.  2.06 fth =   

(b) Tension in cord .DE  Let Q be its value. 

 Recall that 2D Av v=  thus D moves twice the distance that A moves, i.e 2h  

  

2
1 1

2
2 2

1 2

1 1 2 2

1
( )

2
1

( )
2

(2 )

B

B

T I

T I

U Q h

T U T

ω

ω

−

−

=

=

= −
+ =

 

  2 2
1 2

1 1
( ) 2 ( )

2 2B BI Qh Iω ω− =  

  2 2
1 2

1
[( ) ( ) ]

4 B BQh I ω ω= −  (3) 

Divide Equation (3) by Equation (2): 

   2
2 2

1 16 g 1 1 16 g 2 2

4 4 2 7 77 7
Q I mr mg W

r r

 = = = = 
 

 (4) 

   
2

(14 lb)
7

Q =  Tension 4.00 lbQ= =   
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PROBLEM 17.33 

Two uniform cylinders, each of weight W = 14 lb and radius r = 5 in., are connected 
by a belt as shown. If the system is released from rest, determine (a) the velocity of 
the center of cylinder A after it has moved through 3 ft, (b) the tension in the portion 
of belt connecting the two cylinders. 

 

SOLUTION 

Kinematics. 

 D E Bv v rω= =  

Point C is the instantaneous center of cylinder A. 

 

1

2 2
1

2
2

D B
A B

A A B

D A

v r

CD r

v r r

v v

ωω ω

ω ω

= = =

= =

=

 

Kinetic energy of the system. 

 

2 2 2

2 2
2 2 2

2 2

1 1 1

2 2 2

1 1 1 1 1 1

2 2 2 2 2 2 2

7

16

A A B

B B B

B

T mv I I

r
T m mr mr

T mr

ω ω

ω ω ω

ω

= + +

      = + +      
      

=  (1) 

Position 1: At rest                 1 0T =  

Position 2: Center of cylinder C has moved 3 ft . 

Work. For the system considered, the only force which does work is the weight of disk A. 

 1 2 (14 lb)(3 ft) 42 ft lbU Wh− = = = ⋅  

where h is the distance that cylinder A falls. 
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PROBLEM 17.33  (Continued) 

 

Principle of work and energy: 

  
2

2
1 1 2 2 22

7 14 lb 5
: 0 42 ft lb ft ( )

16 1232.2 ft/s
BT U T ω→

 + = + ⋅ =  
 

 

                     2( ) 35.662 rad/sBω =  

(a) Velocity of A. 
1 1 5

ft (35.66 rad/s)
2 2 12A Bv rω  = =  

 
 7.43 ft/sA =v   

(b) Tension in cord .DE  Let Q be its value. 

 Recall that 2D Av v=  thus D moves twice the distance that A moves, i.e 2h  

  

1

2
2 2

1 2

1 1 2 2

0

1
( )

2
(2 )

B

T

T I

U Q h

T U T

ω

−

−

=

=

=
+ =

 

                 2 21 1
0

2 2 B
W

Qh r
g

ω 
+ =  

 
 

                        

2
2

2 2

2

1

4

1 14 lb 5 (35.662 rad/s)
ft

4 12 6 ft32.2 ft/s

4.00 lb

BW
Q r

g h

ω
=

 =  
 

=  

    4.00 lb.Q =   
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PROBLEM 17.34 

A bar of mass m = 5 kg is held as shown between 
four disks each of mass m′  = 2 kg and radius  
r = 75 mm. Knowing that the forces exerted on 
the disks are sufficient to prevent slipping and 
that the bar is released from rest, for each of the 
cases shown determine the velocity of the bar 
after it has moved through the distance h. 

 

SOLUTION 

Let v be the velocity of the bar (v v= ), v′  be the velocity of the mass center G of the upper left disk, 

(v v′ ′= ) and ω be its angular velocity. 

For all three arrangements, the magnitudes of mass center velocities are the same for all disks. Likewise, the 
angular speeds are the same for all disks. 

Moment of inertia of one disk. 21

2
I m r′=  

Kinetic energy. 22 21 1 1
4 ( )

2 2 2
T mv m v I ω ′ ′= + +  

 

  
22 2 2

2 2 2 2

1 1 1 1
(5) 4 (2)( ) (2)

2 2 2 2

2.5 4( ) 2

T v v r

v v r

ω

ω

  ′= + +   
  

′= + +

 

Position 1. Initial at rest position. T1 = 0 

Position 2. Bar has moved down a distance h. All the disks move down a distance .h′  

Work  1 2 4 5 8U mgh m gh gh gh→ ′ ′ ′= + = +  

Kinematics and kinetic energy for case (a). 

 The mass center of each disk is not moving. 

  0,v′ =  0h′ =  

  
v

r
ω =  r vω =  

  2 2 2
2 2.5 0 2 4.5aT v v v= + + =  
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PROBLEM 17.34  (Continued) 

 

Kinematics and kinetic energy for case (b). 

  The instantaneous center C of a typical disk lies at its point of contact  
  with the fixed wall. 

  
2

v

r
ω =  

  
1

,
2

v r vω′= =  
1

2
h h=′  

  
2 2

2 2
2

1 1
2.5 (4) 2 4.0

2 2bT v v v v
   = + + =   
   

 

Kinematics and kinetic energy for case (c). 

  The mass center of each disk moves with the bar. 

  ,v v′ =  h h′′ =  

  The instantaneous center C of a typical disk lies at its point of contact  
  with the fixed wall. 

  ,v r vω′= =  

  2 2 2 2
2 2.5 (4) 2 8.5cT v v v v= + + =  

Principle of Work and Energy. 1 1 2 2T U T→+ =  

(a) 20 5 0 4.5gh v+ + =  1.054v gh=   

(b) 20 5 4 4.0gh gh v+ + =  1.500v gh=   

(c) 20 5 8 8.5gh gh v+ + =  1.237v gh=   
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PROBLEM 17.35 

The 5-kg rod BC is attached by pins to two uniform disks as 
shown. The mass of the 150-mm-radius disk is 6 kg and that 
of the 75-mm-radius disk is 1.5 kg. Knowing that the system 
is released from rest in the position shown, determine the 
velocity of the rod after disk A has rotated through 90°. 

 

SOLUTION 

Position 1. 1 0T =  

 
Position 2. 

Kinematics. 

 

 2 2
0.075 m

0
0.075 m

B AB
B AB A A B AB

C AB
C AB C AB

v v
v v v v v

BE

v v
v v

CF

ω

ω ω

= = = = =

= = = =

 

Kinetic energy. 2 2 2 2 2
2

1 1 1 1 1

2 2 2 2 2A A A A AB AB B B B BT m v I m v m v Iω ω= + + + +  

 

[ ]

2
2 2 2

2
2 2

2

2
2

1 1
(6 ft/s)(2 ) (6 kg)(0.15 m) (5 kg)

2 2 0.075

1
(1.5 kg)( ) (1.5 kg)(0.075 m)

2 0.075

1
24 12 5 1.5 0.75

2
21.625

AB
AB AB

AB
AB

AB

AB

v
v v

v
v

v

T v

  = + +  
 

 + +  
  

= + + + +

=
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PROBLEM 17.35  (Continued) 

 

Work: 1 2

1 2

(0.1125 m 0.075 m)

(5 kg)(9.81)(0.0375 m)

1.8394 J

ABU W

U

→

→

= −
=
=

 

Principle of work and energy: 1 1 2 2

2

2

0 1.8394 J 21.625

0.08506

0.2916 m/s

AB

AB

AB

T U T

v

v

v

→+ =

+ =

=
=

 

Velocity of the rod.  292 mm/sAB =v   
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PROBLEM 17.36 

The motion of the uniform rod AB is guided by small wheels of 
negligible mass that roll on the surface shown. If the rod is released 
from rest when 0,θ =  determine the velocities of A and B when 
θ 30 .= °  

 

SOLUTION 

Position 1. 

1

1

0
0

0
0
0

A Bv v

T
V

θ

ω

=
= =
=
=
=

 

Position 2. 30θ = °  

Kinematics. Locate the instantaneous center C. Triangle ABC is equilateral. 

  

cos30
A B

G

v v L

v L

ω
ω

= =
= °

 

Moment of inertia. 21

12
I ml=  

Kinetic energy. 2 2 2 2 2
2 2

1 1 1 1 1
: ( cos30 )

2 2 2 2 12GT mv I T m L mLω ω ω = + = ° +  
 

 

  2 25

12
ml ω=  

Potential energy. 2
1

sin 30
2 4

L
V mg mgL= − ° = −  

Conservation of energy. 

 2 2
1 1 2 2

5 1
: 0 0

12 4
T V T V mL mgLω+ = + + = −  

  

2 0.6

0.775

0.775

0.775

A

B

g

L

g

L

v gL

v gL

ω

ω

=

=

=

=  0.775A gL=v  

   0.775B gL=v   60°   
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PROBLEM 17.37 

A 5-m long ladder has a mass of 15 kg and is placed against a house at an 
angle 20 .θ = °  Knowing that the ladder is released from rest, determine 
the angular velocity of the ladder and the velocity of A when 45 .θ = °  
Assume the ladder can slide freely on the horizontal ground and on the 
vertical wall. 

 

SOLUTION 

Kinematics: 

Let A Av=v , B Bv=v , and ω=ω . Locate the instantaneous  

center C by drawing AC perpendicular to vA and BC perpendicular 
to vB. Triangle GCB is isosceles. 

/2.GA GB GC L= = =  The velocity of the mass center G is 

  /2Gv v Lω= =  

Kinetic energy:              2 2

2 2

1 1

2 2
1 1

2 4

T mv I

I mL

ω

ω

= +

 = + 
 

 

 

Since the ladder can slide freely, the friction forces at A and B are zero. 

Use the principle of conservation of energy. 

  1 1 2 2:T V T V+ = +  

Potential energy: Use the ground as the datum.  

  V mgh=  

where  cos
2

L
h θ=  
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PROBLEM 17.37  (Continued) 

 

Position 1. 20 ;θ = °         rest (T1 = 0) 

Position 2. 45 ; ?θ ω= ° =  

  2 21 1
0 cos 20 cos 45

2 2 4 2

L L
mg I mL mgω + ° = + + ° 

 
 

Data:  215 kg. 5 m 9.81 m/sm L g= = =  

Assume                           2 2 21 1
(15 kg)(5 m) 31.25 kg m

12 12
I mL= = = ⋅  

  2 2 2 21 1
31.25 kg m (15 kg)(5 m) 125 kg m

4 4
I mL+ = ⋅ + = ⋅  

  2 2 21
(15 kg)(9.81 m/s )(2.5 m)(cos 20 cos 45 ) (125 kg m )

2
ω° − ° = ⋅  

  2 2 21.3690 rad /s 1.17004 rad/sω ω= =  

Angular velocity.  1.170 rad/s=ω   

Velocity of end A. 

  cos (1.17004 rad/s)(5 m)cos30Av Lω θ= = °  5.07 m/sA =v   
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PROBLEM 17.38 

A long ladder of length l, mass m, and centroidal mass moment of inertia 
I  is placed against a house at an angle θ = θ0. Knowing that the ladder is 
released from rest, determine the angular velocity of the ladder when 

2
.θ θ=  Assume the ladder can slide freely on the horizontal ground and 

on the vertical wall. 

 

SOLUTION 

Kinematics: 

Let A Av=v , B Bv=v , and ω=ω . Locate the instantaneous  

center C by drawing AC perpendicular to vA and BC perpendicular 
to vB. Triangle GCB is isosceles. 

/2.GA GB GC L= = =  The velocity of the mass center G is 

  /2Gv v Lω= =  

Kinetic energy:              2 2

2 2

1 1

2 2
1 1

2 4

T mv I

I mL

ω

ω

= +

 = + 
 

 

Since the ladder can slide freely, the friction forces at A and B are zero.  

Use the principle of conservation of energy. 

  1 1 2 2:T V T V+ = +  

Potential energy: Use the ground as the datum.  

  V mgh=  

where  cos
2

L
h θ=  

Position 1. 0;θ θ=    rest   (T1 = 0) 
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PROBLEM 17.38  (Continued) 

 

Position 2. 2 ; ?θ θ ω= =  

  2 2
2

1 1
0 cos cos

2 2 4 2

L L
mg I mL mgθ ω θ + = + + 

 
 

Assume 2

2 2

2
0 2

1

12
1 1

4 3
3

(cos cos )

I mL

I mL mL

g

L
ω θ θ

=

+ =

= −

 

Angular velocity.  0 23 (cos cos )/g Lθ θ= −ω   
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PROBLEM 17.39 

The ends of a 9-lb rod AB are constrained to move along slots cut in a 
vertical plate as shown. A spring of constant 3k = lb/in. is attached to 
end A in such a way that its tension is zero when 0.θ =  If the rod is 
released from rest when 50 ,θ = °  determine the angular velocity of the 
rod and the velocity of end B when 0.θ =  

 

SOLUTION 

 

  

2 2

2

1

2

cos50

(25 in.)(1 cos50 )

8.9303 in.

B

L
v

v L

x L L

ω

ω

=

=
= − °
= − °
=

 

Position 1. 2
1 1

2
1

1

1
sin 50

2 2
25 in. 1

(9 lb) sin 50 (3 lb/in.)(8.9303 in.)
2 2

86.18 119.63

33.45 in. lb

2.787 ft lb.

0

L
V W kx

V

T

= − ° +

 = − ° + 
 

= − +
= ⋅
= ⋅
=

 

Position 2. 2 2 2

2 2
2 2 2

2
2 2

2 2

2
2 2 2 2

2 2 2

( ) ( ) 0

1 1

2 2

1 1 1

2 2 2 12

1 1 9 lb 25 in.
0.2022

6 6 32.2 12

g eV V V

T mv I

L
m mL

mL

ω

ω ω

ω ω ω

= + =

= +

   = +   
   

  = = =  
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PROBLEM 17.39  (Continued) 

 

Conservation of energy: 1 1 2 2

2
20 2.787 ft lb 0.2022

T V T V

ω
+ = +

+ ⋅ =

 

  

2
2

2

13.7849

3.713 rad/s

ω
ω

=
=  2 3.71 rad/s=ω  

Velocity of B: 2
25 in.

(3.713 rad/s)
12Bv Lω  = =  

 
 

  7.735 ft/s=  7.74 ft/sB =v   
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PROBLEM 17.40 

The ends of a 9-lb rod AB are constrained to move along slots cut in a 
vertical plane as shown. A spring of constant 3k =  lb/in. is attached to 
end A in such a way that its tension is zero when 0θ = . If the rod is 
released from rest when 0,θ =  determine the angular velocity of the 
rod and the velocity of end B when 30 .θ = °  

 

SOLUTION 

Moment of inertia. Rod. 21

12
I mL=  

Position 1. 1 1 1

1 1

1 1

0        0        0

elevation above slot.        0

elongation of spring.        0

v

h h

e e

θ ω= = =
= =
= =

 

  2 2
1 1 1

2
1 1 1

1 1
0

2 2
1

0
2

T mv I

V ke Wh

ω= + =

= + =

 

Position 2. 30θ = °  

  

2

2

2

2 2 2
2 2 2

cos30

(1 cos30 )

1
sin 30

2 4
1 1 1

(1 cos30 )
2 2 4

e L L

e L

L
h L

V ke Wh k L WL

+ ° =
= − °

= − ° = −

= + = − ° −

 

Kinematics. Velocities at A and B are directed as shown. Point C is the instantaneous center of rotation. From 
geometry, 2 .Lb =  

 

2 2
2

2
2

2 2

2
( cos30 )

1 1

2 2

1 1 1

2 2 2 12

1

6

B

L
v b

v L

T mv I

L
m mL

W
L

g

ω ω

ω

ω

ω

ω

= =

= °

= +

   = +   
   

=
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PROBLEM 17.40  (Continued) 

 

Conservation of energy. 

 2 2 2 2
1 1 2 2

1 1 1
: 0 0 (1 cos30 )

6 2 4

W
T V T V L kL WL

g
ω+ = + + = + − ° −  

  2 23 3 
(1 cos30 )

2

g kg

L W
ω = − − °  

Data:  
2

9 lb

32.2 ft/s

25 in. 2.0833 ft

3 lb/in. 36 lb/ft

W

g

L

k

=

=
= =
= =

 

  

2
2 (3)(32.2) (3)(36)(32.2)(1 cos30 )

(2)(2.0833) 9

16.2484

ω − °= −

=  4.03 rad/s=ω   

  (2.0833)(cos30 )(4.03)Bv = °  7.27 ft/sB =v   
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PROBLEM 17.41 

The motion of a slender rod of length R is guided by pins at A and B which 
slide freely in slots cut in a vertical plate as shown. If end B is moved 
slightly to the left and then released, determine the angular velocity of the 
rod and the velocity of its mass center (a) at the instant when the velocity 
of end B is zero, (b) as end B passes through Point D. 

 

SOLUTION 

The rod AB moves from Position 1, where it is nearly vertical, to Position 2, where 0.B =v  

In Position 2, Av  is perpendicular to both CA and AB, so CAB is a straight line of length 2L and slope 
angle 30°. 

In Position 3 the end B passes through Point D. 

 

Position 1: 1 10
2

R
T V Wh mg= = =  

Position 2: Since instantaneous center is at B, 

 

2 2

2 2
2 2 2

2
2 2

2 2

2 2
2

2 2

1

2
1 1

2 2

1 1 1 1

2 2 2 12

1

6

4

v R

T mv I

m R mR

mR

R
V Wh mg

ω

ω

ω ω

ω

=

= +

   = +   
   

=

= =

 

Position 3:  3 0V =  

Since both Av  and Bv  are horizontal, 3 0ω =  (1) 

 2
3 2

1

2
T mv=  
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PROBLEM 17.41  (Continued) 

 

(a) From 1 to 2: Conservation of energy 

 2 2
1 1 2 2 2

1 1 1
: 0

2 6 4
T V T V mgR mR mgRω+ = + + = +  

 

2
2

2

3

2

3

2

g

R

g

R

ω

ω

=

=  2 1.225
g

R
=ω    

 2 2
1 1 3 3

2 2 2 8
v R gR gRω= = =  0.612R gR=v   60°   

(b) From 1 to 3: Conservation of energy 

 From Eq. (1) we have 3 0=ω   

 2
1 1 3 3 3

1 1
: 0

2 2
T V T V mgR mv+ = + + =  

 2
3v gR=  3 gR=v   
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PROBLEM 17.42 

Each of the two rods shown is of length L = 1 m and has a mass of 5 kg. 
Point D is connected to a spring of constant k = 20 N/m and is constrained 
to move along a vertical slot. Knowing that the system is released from 
rest when rod BD is horizontal and the spring connected to Point D is 
initially unstretched, determine the velocity of Point D when it is directly 
to the right of Point A. 

 

SOLUTION 

Moments of inertia. 2 21 1
,

12 3AI mL I mL= =  

Use the principle of conservation of energy applied to the system consisting of both rods. Use the level at A as 
the datum for the potential energy of each rod. 

Position 1. (no motion) 

  

1

2
1 1

2
1

0

1 1

2 2

3 1

2 2

T

V mg L mgL kx

mgL kx

=

 = + + 
 

= +

  

 

 

 

Position 2. 

  
2

2
2

sin 60 sin 60
2 2

3 1

2 2

L L
V mg mg

mgL kx

= ° + °

= +
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PROBLEM 17.42  (Continued) 

 

Kinematics.  AB ABω=ω  

 B AB B ABv L Lω ω= =v  30° 

 D Dv=v  

 

 

 

 

Locate the instantaneous center C of rod BD by drawing BC perpendicular to vB and DC perpendicular to vD. 
Point C coincides with Point A in position 2. 

Let  BD BDω=ω  

 
2

3
( sin 60 )

2

B
BD AB

E AB

G BD AB

v

L
L

v

v L L

ω ω

ω

ω ω

= =

=

= ° =

 

 

2 2 2
2

2

2 2 2 2

2 2 2 2

1 1 1

2 2 2

1 1 1 1 1 3

2 3 2 12 2 2

1 1 3 7

6 24 8 12

D BD AB

A AB BD G

AB AB AB

AB AB

v L L

T I I mv

mL mL m

mL mL

ω ω

ω ω

ω ω ω

ω ω

= =

= + +

    = + +            
 = + + = 
 

 (1) 

Principle of conservation of energy. 

 

2 2 2 2
1 1 2 2 1 2

2 2 2 2
2 1

3 1 7 3 1
: 0

2 2 12 2 2

7 3 3 1
( )

12 2 2 2

AB

AB

T V T V mgL kx mL mgL kx

mL mgL k x x

ω

ω

+ = + + + = + +

 
= − − −  
 

 (2) 

Data: 2

1 2

5 kg, 1 m, 9.81 m/s

20 N m, 0, 1 m

m L g

k x x L

= = =
= ⋅ = = =

 

 

2

2 2 2
2 1

3 3
(0.63397)(5 kg)(9.81 m/s )(1 m) 31.096 J

2 2

1 1
( ) (20 N/m)(1 m) 10 J

2 2

mgL

k x x

 
− = =  

 

− − = = −
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PROBLEM 17.42  (Continued) 

 

By Eq. (2), 2 2 2 27 35
kg m 21.096 J

12 12AB ABmL ω ω = ⋅ = 
 

 

            2 2 27.2329 rad /s 2.6894 rad/sAB ABω ω= =  

By Eq. (1),              (1 m)(2.6894 rad/s)Dv =  2.69 m/sD =v    
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PROBLEM 17.43 

The 4-kg rod AB is attached to a collar of negligible mass at A and to a flywheel  
at B. The flywheel has a mass of 16 kg and a radius of gyration of 180 mm. 
Knowing that in the position shown the angular velocity of the flywheel is 60 rpm 
clockwise, determine the velocity of the flywheel when Point B is directly below C. 

 

SOLUTION 

Moments of inertia. 

Rod AB: 2

2

2

1

12
1

(4 kg)(0.72 m)
12
0.1728 kg m

AB AB ABI m L=

=

= ⋅

 

Flywheel: 2

2

2

(16 kg)(0.18 m)

0.5184  kg m

CI mk=

=
= ⋅

 

Position 1. As shown. 1ω=ω  

 

1

1 1

0.24
sin 19.471

0.72
1

(0.72)cos 0.33941 m
2

(4)(9.81)(0.33941)
13.3185 J

AB

h

V W h

β β

β

= = °

= =

=
=
=

 

Kinematics. 1 10.24Bv rω ω= =  

Bar AB is in translation. 0,AB Bv vω = =  

 

2 2 2
1 1

2 2
1 1

2
1

1 1 1

2 2 2
1 1

(4)(0.24 ) 0 (0.5184)
2 2
0.3744

AB AB AB CT m v I Iω ω

ω ω

ω

= + +

= + +

=
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PROBLEM 17.43  (Continued) 

 

Position 2. Point B is directly below C. 

 2

2 2

1

2
1

(0.72) 0.24
2
0.12 m

(4)(9.81)(0.12)

4.7088 J

AB

AB

h L r

V W h

= −

= −

=
=
=
=

 

Kinematics. 2 20.24Bv rω ω= =  

 2

2

2 2 2
2 2

2 2 2
2 2 2

2
2

0.33333
0.72
1

0.12
2
1 1 1

2 2 2
1 1 1

(4)(0.12 ) (0.1728)(0.33333 ) (0.5184)
2 2 2

0.2976

B
AB

B

AB AB AB C

v

v v

T m v I I

ω ω

ω

ω ω

ω ω ω

ω

= =

= =

= + +

= + +

=

 

Conservation of energy. 2 2
1 1 2 2 1 2: 0.3744 13.3185 0.2976 4.7088T V T V ω ω+ = + + = +  (1) 

Angular speed data: 1 60 rpm 2 rad/sω π= =  

Solving Equation (1) for 2 ,ω  2 8.8655 rad/sω =  2 84.7 rpm=ω  
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PROBLEM 17.44 

If in Problem 17.43 the angular velocity of the flywheel is to be the same in the 
position shown and when Point B is directly above C, determine the required 
value of its angular velocity in the position shown. 

PROBLEM 17.43 The 4-kg rod AB is attached to a collar of negligible mass at A 
and to a flywheel at B. The flywheel has a mass of 16 kg and a radius of gyration 
of 180 mm. Knowing that in the position shown the angular velocity of the 
flywheel is 60 rpm clockwise, determine the velocity of the flywheel when Point 
B is directly below C. 

 

SOLUTION 

Moments of inertia. 

Rod AB: 2

2

2

1

12
1

(4 kg)(0.72 m)
12
0.1728 kg m

AB AB ABI m L=

=

= ⋅

 

Flywheel: 2

2

2

(16 kg)(0.18 m)

0.5184  kg m

CI mk=

=
= ⋅

 

Position 1. As shown. 1ω=ω  

 

1

1 1

0.24
sin 19.471

0.72
1

(0.72)cos 0.33941 m
2

(4)(9.81)(0.33941)
13.3185 J

AB

h

V W h

β β

β

= = °

= =

=
=
=

 

Kinematics. 1 10.24Bv rω ω= =  

Bar AB is in translation. 0,AB Bv vω = =  

 

2 2 2
1 1

2 2
1 1

2
1

1 1 1

2 2 2
1 1

(4)(0.24 ) 0 (0.5184)
2 2
0.3744

AB AB AB CT m v I Iω ω

ω ω

ω

= + +

= + +

=
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PROBLEM 17.44  (Continued) 

 

Position 2. Point B is directly above C. 

 2

2 2

1

2
1

(0.72) 0.24
2
0.6 m

(4)(9.81)(0.6)

23.544 J

AB

AB

h L r

V W h

= +

= +

=
=
=
=

 

Kinematics. 2 20.24Bv rω ω= =  

 2

2

2 2 2
2 2

2 2 2
2 2 2

2
2

0.33333
0.72
1

0.12
2
1 1 1

2 2 2
1 1 1

(4)(0.12 ) (0.1728)(0.33333 ) (0.5184)
2 2 2

0.2976

B
AB

B

AB AB AB C

v

v v

T m v I I

ω ω

ω

ω ω

ω ω ω

ω

= =

= =

= + +

= + +

=

 

Conservation of energy. 2 2
1 1 2 2 1 2: 0.3744 13.3135 0.2976 23.544T V T V ω ω+ = + + = +   

Angular speed data: 2 1ω ω=  

Then, 2
10.0760 0.4105ω = +  

 1 11.602 rad/sω =  1 110.8 rpm=ω  
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PROBLEM 17.45 

The uniform rods AB and BC of masses 2.4 kg and 4 kg, 
respectively, and the small wheel at C is of negligible mass. If the 
wheel is moved slightly to the right and then released, determine the 
velocity of pin B after rod AB has rotated through 90 .°  

 

SOLUTION 

Moments of inertia. 

Rod AB: 2 2 21 1
(2.4)(0.360) 0.10368 kg m

3 3A AB ABI m L= = = ⋅  

Rod BC: 2 2 21 1
(4)(0.600) 0.1200 kg m

12 12BC BCI m L= = = ⋅  

Position 1. As shown with bar AB vertical. Point G is the midpoint of BC. 

1 (2.4)(9.81)(0.180) (4)(9.81)(0.180) 11.3011 JAB AB BC BCV m gh m gh= + = + =  

Rod BC is at rest.  0BCω =  

0 0B
G B C AB

AB

v
v v v v

L
ω= = = = = =  

  1 0T =  

Position 2. Rod AB is horizontal. 

 

2 0V =  

Kinematics. 
1

0.360 0.600 2
B B B B

AB BC B
AB BC

v v v v
v v

L L
ω ω= = = = =  

  

2 2 2
2

2 2 2

2

1 1 1

2 2 2

1 1 1 1
(0.10368) (4) (0.1200)

2 0.360 2 2 2 0.600

1.06667

A AB BC BC

B B
B

B

T I m v I

v v
v

v

ω ω= + +

     = + +     
     

=

 

Conservation of energy.   2
1 1 2 2: 0 11.3011 1.06667 BT V T V v+ = + + =  

 3.25 m/sBv =  3.25 m/sB =v    
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PROBLEM 17.46 

The uniform rods AB and BC of masses 2.4 kg and 4 kg, respectively, 
and the small wheel at C is of negligible mass. Knowing that in the 
position shown the velocity of wheel C is 2 m/s to the right, 
determine the velocity of pin B after rod AB has rotated through 90°. 

 

SOLUTION 

Moments of inertia. 

Rod AB: 2 2 21 1
(2.4)(0.36) 0.10368 kg m

3 3A AB ABI m L= = = ⋅  

Rod BC: 2
2 21 1

(4)(0.600) 0.1200 kg m
12 12BC BC

I m L= = = ⋅  

Position 1. As shown with rod AB vertical. Point G is the midpoint of BC. 

 1

(2.4)(9.81)(0.180) (4)(9.81)(0.180)

11.301 J

AB AB BC BCV W h W h= +
= +
=

 

Kinematics: At the instant shown in Position 1,  

  0BCω =  

 2 2 2
1

2 2

2 m/s

2
5.5556 rad/s

0.36

1 1 1

2 2 2
1 1

(0.10368)(5.5556) (4)(2) 0
2 2
9.6 J

G B C

B
AB

AB

A AB BC BC

v v v v

v

L

T I m v I

ω

ω ω

= = = =

= = =

= + +

= + +

=

 

Position 2. Rod AB is horizontal. 

 

 

 2 0V =  
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PROBLEM 17.46  (Continued) 

 

Kinematics. 
0.36

0.60

1

2

B B
AB

AB

B B
BC

BC

B

v v

L

v v

L

v v

ω

ω

= =

= =

=

 

 

2 2 2
2

2 22

2

1 1 1

2 2 2

1 1 1 1
(0.10368) (4) (0.12)

2 0.36 2 2 2 0.60

1.0667

A AB BC BC

B B
B

B

T I m v I

v v
v

v

ω ω= + +

    = + +    
    

=

 

Conservation of energy. 2
1 1 2 2: 9.6 11.301 1.0667 0BT V T V v+ = + + = +  

 4.4266 m/sBv =  4.43 m/sB =v  
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PROBLEM 17.47 

The 80-mm-radius gear shown has a mass of 5 kg and a centroidal 
radius of gyration of 60 mm. The 4-kg rod AB is attached to the center 
of the gear and to a pin at B that slides freely in a vertical slot. 
Knowing that the system is released from rest when 60 ,θ = °  determine 
the velocity of the center of the gear when 20 .θ = °  

 

SOLUTION 

Kinematics. A Av=v  

 B Bv=v  

Point D is the instantaneous center of rod AB. 

 
cos

( sin ) tan

2 2cos

A
AB

B AB A

A
G AB

v

L
v L v

vL
v

ω
θ
θ ω θ

ω
θ

=

= =

= =

 

Gear A effectively rolls without slipping, with Point C being the contact point. 

 0Cv =  

Angular velocity of gear .A
A

v

r
ω =  

Potential energy: Use the level of the center of gear A as the datum. 

 
1

cos cos
2 2AB AB
L

V W m gLθ θ = − = − 
 

 

Kinetic energy: 2 2 2 21 1 1 1

2 2 2 2A A A A AB AB ABT m v I m v Iθω ω= + + +  

Masses and moments of inertia: 5 kg, 4 kgA ABm m= =  

 

2 2 2

2 2 2

(5)(0.060) 0.018 kg m

1 1
(4)(0.320) 0.03413 kg m

12 12

A A

AB AB

I m k

I m L

= = = ⋅

= = = ⋅
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PROBLEM 17.47  (Continued) 

 

Conservation of energy: 1 1 2 2T V T V+ = +  

Position 1: 

1

1

60

0 0

1
(4)(9.81)(0.320)cos60

2
3.1392 J

Av T

V

θ = °
= =

= − °

= −

 

Position 2: 20 ?Avθ = ° =  

 
2 2

2
2

2

2

2

2

1 1 1
(5) (0.018) (4)

2 2 0.080 2 2cos 20

1
(0.03413)

2 0.320cos 20

(2.5 1.40625 0.56624 0.18875)

4.66124

1
(4)(9.81)(0.320)cos20

2
5.8998 J

A A
A

A

A

A

v v
T v

v

v

v

V

   = + +   °   

 +  ° 

= + + +

=

= − °

= −

 

Conservation of energy: 1 1 2 2T V T V+ = +  

 20 3.1392 4.66124 5.8998Av− = −  

 

2 2 20.59225 m /s

0.770 m/s
A

A

v

v

=
=  0.770 m/sA =v  
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PROBLEM 17.48 

Knowing that the maximum allowable couple that can be applied to a shaft is 15.5 kip ⋅ in., determine the 
maximum horsepower that can be transmitted by the shaft at (a) 180 rpm, (b) 480 rpm. 

 

SOLUTION 

 

15.5 kip in.

1.2917 kip ft

1291.7 lb ft

M = ⋅
= ⋅
= ⋅

 

(a) 180 rpm

6  rad/s

Power

(1291.7 lb ft)(6  rad/s)

24348 ft lb/s

M

ω
π

ω
π

=
=
=
= ⋅
= ⋅

 

 

24348
Horsepower

550
44.3 hp

=

=   

(b) 480 rpm

16  rad/s

Power

(1291.7 lb ft)(16  rad/s)

64930 ft lb/s

M

ω
π
ω

π

=
=
=
= ⋅
= ⋅

 

 

64930
Horsepower

550
118.1 hp

=

=  
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PROBLEM 17.49 

Three shafts and four gears are used to form a gear train 
which will transmit 7.5 kW from the motor at A to a machine 
tool at F. (Bearings for the shafts are omitted from the 
sketch.) Knowing that the frequency of the motor is 30 Hz, 
determine the magnitude of the couple which is applied to 
shaft (a) AB, (b) CD, (c) EF. 

 

SOLUTION 

Kinematics. 30 Hz

30(2 )rad/s

60  rad/s

ABω
π

π

=
=
=

 

Gears B and C. 75 mm

180 mm
B

C

r

r

=
=

 

 : (75 mm)(60  rad/s) (180 mm)( )B AB C CD CDr rω ω π ω= =  

Gears D and E. 25  rad/s

75 mm

180 mm

CD

D

E

r

r

ω π=
=
=

 

 : (75 mm)(25  rad/s) (180 mm)( )D CD E EF EFr rω ω π ω= =  

 10.4167  rad/s

Power 7.5 kW
EFω π=

=
 

(a) Shaft AB. Power : 7500 W (60  rad/s)AB AB ABM Mω π= =  39.8 N mABM = ⋅   

(b) Shaft CD. Power : 7500 W (25  rad/s)CD CD CDM Mω π= =  95.5 N mCDM = ⋅   

(c) Shaft EF. Power : 7500 W (10.4167  rad/s)EF EF EFM Mω π= =  229 N mEFM = ⋅  
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PROBLEM 17.50 

The shaft-disk-belt arrangement shown is used to transmit 2.4 kW from 
Point A to Point D. Knowing that the maximum allowable couples that can 
be applied to shafts AB and CD are 25 N m⋅  and 80 N m,⋅  respectively, 
determine the required minimum speed of shaft AB. 

 

SOLUTION 

Power. 2.4 kW 2400 W

25 N mABM

=
< ⋅

 

 

2400
min 96 rad/s

max 25

80 N m

2400
min 30 rad/s

max 80

AB AB

AB
AB

CD

CD CD

CD
CD

P M

P

M

M

P M

P

M

ω

ω

ω

ω

=

= = =

< ⋅
=

= = =

 

Kinematics. 

min (min )

120
(30)

30

120 rad/s

A AB C CD

C
AB CD

A

r r

r

r

ω ω

ω ω

=

=

 =  
 

=

 

Choose the larger value for min .ABω  min 120 rad/sABω =  min 1146 rpmABω =  
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PROBLEM 17.51 

The experimental setup shown is used to measure the power output of a small turbine. 
When the turbine is operating at 200 rpm, the readings of the two spring scales are  
10 and 22 lb, respectively. Determine the power being developed by the turbine. 

 

SOLUTION 

 Angular velocity.          200 rpm 20.944 rad/sω = =  

 Moments about the fixed axle. 

 

 

 
9

(22 lb 10 lb) ft 9 lb ft
12

M
 = − = ⋅ 
 

 

  Power (9)(20.994) 188.5 lb ft/sMω= = = ⋅  

  
188.5 lb ft/s

550 lb ft/s/hp

⋅ =
⋅

 Power 0.343 hp=   
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PROBLEM 17.CQ6 

Slender bar A is rigidly connected to a massless rod BC in Case 1 and two massless cords in Case 2 as shown. 
The vertical thickness of bar A is negligible compared to L. If bullet D strikes A with a speed v0 and becomes 
embedded in it, how will the speeds of the center of gravity of A immediately after the impact compare for the 
two cases? 

(a) Case 1 will be larger. 
(b) Case 2 will be larger. 
(c) The speeds will be the same. 

 

 

 

SOLUTION 

Answer: (b) 
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PROBLEM 17.CQ7 

A 1-m long uniform slender bar AB has an angular velocity of 12 rad/s and its 
center of gravity has a velocity of 2 m/s as shown. About which point is the 
angular momentum of A smallest at this instant? 

(a) P1 
(b) P2 

(c) P3 

(d ) P4 

(e) It is the same about all the points. 

 

SOLUTION 

Answer: (a) 
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PROBLEM 17.F1 

The 350-kg flywheel of a small hoisting engine has a radius of gyration 
of 600 mm. If the power is cut off when the angular velocity of the 
flywheel is 100 rpm clockwise, draw an impulse-momentum diagram 
that can be used to determine the time required for the system to come 
to rest. 

 

SOLUTION 

Answer: 

 
 Syst. Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 
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PROBLEM 17.F2 

A sphere of radius r and mass m is placed on a horizontal floor with no linear velocity 
but with a clockwise angular velocity 0.ω  Denoting by kμ  the coefficient of kinetic 
friction between the sphere and the floor, draw the impulse-momentum diagram that 
can be used to determine the time t1 at which the sphere will start rolling without 
sliding. 

 

SOLUTION 

Answer: 
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PROBLEM 17.F3 

Two panels A and B are attached with hinges to a rectangular plate 
and held by a wire as shown. The plate and the panels are made of 
the same material and have the same thickness. The entire assembly 
is rotating with an angular velocity ω0 when the wire breaks. Draw 
the impulse-momentum diagram that is needed to determine the 
angular velocity of the assembly after the panels have come to rest 
against the plate. 

 

SOLUTION 

Answer: 
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PROBLEM 17.52 

The rotor of an electric motor has a mass of 25 kg, and it is observed that 4.2 min is required for the rotor to 
coast to rest from an angular velocity of 3600 rpm. Knowing that kinetic friction produces a couple of 
magnitude 1.2 N⋅m, determine the centroidal radius of gyration for the rotor. 

 

SOLUTION 

Coasting time: 4.2 min 252 st = =  

Initial angular velocity: 1 3600 rpm 120 rad/sω π= =  

Principle of impulse and momentum. 

 
 1Syst. Momenta  + 1 2→ΣSyst. Impulses.  = 2 Syst. Momenta  

   Moments about axle A: 1

1

2

2

0

(1.2 N m)(252 s)

120 rad/s

0.80214 kg m

I Mt

Mt
I

I mk

ω

ω

π

− =

=

⋅=

= ⋅

=

 

Radius of gyration: 
20.80214 kg m

0.1791 m
25 kg

I
k

m

⋅= = =  

  179.1 mmk =   
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1789 

 

 

PROBLEM 17.53 

A small grinding wheel is attached to the shaft of an electric motor 
which has a rated speed of 3600 rpm. When the power is turned off, the 
unit coasts to rest in 70 s. The grinding wheel and rotor have a combined 
weight of 6 lb and a combined radius of gyration of 2 in. Determine the 
average magnitude of the couple due to kinetic friction in the bearings 
of the motor. 

 

SOLUTION 

Use the principle of impulse and momentum applied to the grinding wheel and rotor with 

 1 20 70 st t= =  

 1 23600 rpm 120 rad/s 0ω π ω= = =  

Moment of inertia. 
2

2 2
2

6 lb 2
ft 0.00518 lb ft s

1232.2 ft/s
I mk

 = = = ⋅ ⋅ 
 

 

 
 1Syst. Momenta  + 1 2→Syst. Ext. Imp.  = 2 Syst. Momenta  

 
Moments about A: 1 0

(0.00518)(120 ) (70 s) 0

0.02788 lb ft

0.33451 lb in.

I Mt

M

M

M

ω
π

− =
− =

= ⋅
= ⋅

 

  0.335 lb in.M = ⋅   
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1790 

 

 

PROBLEM 17.54 

A bolt located 50 mm from the center of an automobile wheel is 
tightened by applying the couple shown for 0.10 s. Assuming that the 
wheel is free to rotate and is initially at rest, determine the resulting 
angular velocity of the wheel. The wheel has a mass of 19 kg and has a 
radius of gyration of 250 mm. 

  

SOLUTION 

Moment of inertia. 2 2 2(19 kg)(0.25 m) 1.1875 kg-mI mk= = =  

Applied couple. (100 N)(0.460 m) 46 N-mM = =  

 

 1Syst. Momenta  +   1 2Syst. Ext. Imp. →  =  2Syst. Momenta  

Moments about axle: 0 Mt I ω+ =  

 20 (46 N-m)(0.10 s) (1.1875 kg-m )ω+ =  

 3.87 rad/sω =   
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PROBLEM 17.55 

Two disks of the same thickness and same material are attached to a 
shaft as shown. The 8-lb disk A has a radius 3 in.,Ar =  and disk B has a 
radius 4.5 in.Br =  Knowing that a couple M of magnitude 20 lb ⋅ in. is 
applied to disk A when the system is at rest, determine the time required 
for the angular velocity of the system to reach 960 rpm. 

 

SOLUTION 

Weight of disk B. 
2

2
4.5 in.

(8 lb)
3 in.

18 lb

B
B B

A

r
W W

r

 
=  
 

 
=  
 

=

 

Moment of inertia. 
2 2

2

1 8 lb 3 1 18 lb 4.5
ft ft

2 32.2 12 2 32.2 12

0.04707 lb ft s

A BI I I= +

   = +   
   

= ⋅ ⋅

 

Angular velocity. 2 960 rpm 100.53 rad/sω = =  

Moment. 20 lb in. 1.667 lb ftM = ⋅ = ⋅  

Principle of impulse and momentum. 

  

 Syst. Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 

 Moments about C: 20 Mt I ω+ =  

Required time. 2

2(0.04707 lb ft s )(100.53 rad/s)

1.667 lb ft

I
t

M

ω=

⋅ ⋅=
⋅

 

 2.839 st =  2.84 st =  
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PROBLEM 17.56 

Two disks of the same thickness and same material are attached to a 
shaft as shown. The 3-kg disk A has a radius 100 mm,Ar =  and disk B 
has a radius 125 mm.Br =  Knowing that the angular velocity of the 
system is to be increased from 200 rpm to 800 rpm during a 3-s 
interval, determine the magnitude of the couple M that must be applied 
to disk A. 

 

SOLUTION 

Mass of disk B. 
2

2
125 mm

3 kg
100 mm

4.6875 kg

B
B A

A

r
m m

r

 
=  
 

 
=  
 

=

 

Moment of inertia. 

2 2

2

1 1
(3 kg)(0.1 m) (4.6875 kg)(0.125 m)

2 2

0.05162 kg m

A BI I I= +

= +

= ⋅

 

Angular velocities. 1

2

200 rpm 20.944 rad/s

800 rpm 83.776 rad/s

ω
ω

= =
= =

 

Principle of impulse and momentum. 

 

 Syst. Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 

 Moments about B: 1 2I Mt Iω ω+ =  

Couple M. 2 1( )
I

M
t

ω ω= −  

 
20.05162 kg m

(83.776 rad/s 20.944 rad/s)
3 s

⋅= −  1.081 N mM = ⋅   
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PROBLEM 17.57 

A disk of constant thickness, initially at rest, is placed in contact with a belt 
that moves with a constant velocity v. Denoting by kμ  the coefficient of 
kinetic friction between the disk and the belt, derive an expression for the 
time required for the disk to reach a constant angular velocity. 

 

SOLUTION 

Moment of inertia. 21

2
I mr=  

Final state of constant angular velocity. 2
v

r
ω =  

 

 Syst. Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 

 y components: 0 0Nt mgt N mg+ − = =  

 Moments about A: 20 k Ntr Iμ ω+ =  

 

21
2 2

2

v
r

k k k

mrI v
t

mgr mgr g

ω
μ μ μ

= = =  
2 k

v
t

gμ
=  
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PROBLEM 17.58 

Disk A, of weight 5 lb and radius 3 in.,r =  is at rest when it is placed in 
contact with a belt which moves at a constant speed 50 ft/s.v =  Knowing 
that 0.20kμ =  between the disk and the belt, determine the time required 
for the disk to reach a constant angular velocity. 

 

SOLUTION 

Moment of inertia. 21

2
I mr=  

Final state of constant angular velocity. 2
v

r
ω =  

 

 Syst. Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 

y components: 0 0Nt mgt N mg+ − = =  

 Moments about A: 2

21
2 2

0

2

2

k

v
r

k k k

k

Ntr I

mrI v
t

mgr mgr g

v
t

g

μ ω

ω
μ μ μ

μ

+ =

= = =

=

 

Data: 50 ft/s

0.20k

v

μ
=
=

 

 
50

(2)(0.20)(32.2)
t =  3.88 st =  
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PROBLEM 17.59 

A cylinder of radius r and weight W with an initial counterclockwise 
angular velocity 0ω  is placed in the corner formed by the floor and a 
vertical wall. Denoting by kμ  the coefficient of kinetic friction between the 
cylinder and the wall and the floor derive an expression for the time 
required for the cylinder to come to rest. 

 

SOLUTION 

For the cylinder 21
,

2
I mr W mg= =  

Principle of impulse and momentum. 

 

 Syst. Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 

Linear momentum : 0 0B A

B A

N t F t

N F

+ − =
=

 

Linear momentum : 0 0A BN t F t Wt+ + − =  

 

2

2

2

2

2

2

1

1

1

1

A B A k B

A k A A k A

A
k

k
A k A

k

k
B

k

k
B

k

N F N N

N F N N W
W

N

W
F N

W
N

W
F

μ
μ μ

μ
μμ

μ
μ

μ
μ

μ

+ = +
= + + + =

=
+

= =
+

=
+

=
+

 

 Moments about G: 0 0A BI F rt F rtω − − =  

 

2
0 0(1 )

( ) (1 )
k

A B k k

I I
t

F F r Wr

ω μ ω
μ μ

+
= =

+ +  

2
01

2 (1 )
k

k k

r
t

g

μ ω
μ μ

+
=

+
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PROBLEM 17.60 

Two uniform disks and two cylinders are assembled as indicated. Disk A 
has a mass of 10 kg and disk B has a mass of 6 kg. Knowing that the 
system is released from rest, determine the time required for cylinder C 
to have a speed of 0.5 m/s. 

Disks A and B are bolted together and the cylinders are attached to 
separate cords wrapped on the disks. 

 

SOLUTION 

Moments of inertia. 

Disk A: 2 2 21 1
(10 kg)(0.200 m) 0.2 kg m

2 2A A AI m r= = = ⋅  

Disk B: 2 2 21 1
(6 kg)(0.150 m) 0.0675 kg m

2 2B B BI m r= = = ⋅  

Kinematics: C Cv=v           A Aω=ω  = C

A

v

r
 

 B A= =ω ω ω  

 D Dv=v  = Brω  = B
C

A

r
v

r
 

Principle of impulse and momentum. 

 

 Syst. Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 
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PROBLEM 17.60  (Continued) 

 

 
Moments about axle 0. 

 00 ( )A D B C C A D D B A Bm gtr m gtr m v r m v r I I ω+ − = + + +  (1) 

Data: 0.5 m/s ?Cv t= =  

 2

2

2

2

(8 kg)(9.81 m/s )(0.200 m) 15.696 N m

(10 kg)(9.81 m/s )(0.150 m) 14.715 N m

0.981 N m

(8 kg)(0.5 m/s)(0.200 m) 0.8 kg m /s

0.150 m
(10 kg) (0.5 m/s)(0.150 m) 0.5625 kg m /s

0.200 m

(

C A

D B

C A D B

C C A

D D B

m gr

m gr

m gr m gr

m v r

m v r

= = ⋅

= = ⋅
− = ⋅

= = ⋅

 
= = ⋅ 

 

2 20.5 m/s
) (0.2675 kg m ) 0.66875 kg m /s

0.200 mA BI I ω
 

+ = ⋅ = ⋅ 
 

 

 2( ) 2.03125 kg m /sC C A D D B A Bm v r m v r I I ω+ + + = ⋅  

Solving Eq. (1) for t, 
22.03125 kg m /s

0.981 N m
t

⋅=
⋅

 

  2.07 st =   
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PROBLEM 17.61 

Two uniform disks and two cylinders are assembled as indicated. Disk A 
has a mass of 10 kg and disk B has a mass of 6 kg. Knowing that the 
system is released from rest, determine the time required for cylinder C 
to have a speed of 0.5 m/s. 

The cylinders are attached to a single cord that passes over the disks. 
Assume that no slipping occurs between the cord and the disks. 

 

SOLUTION 

Moments of inertia. 

Disk A: 2 2 21 1
(10 kg)(0.200 m) 0.2 kg m

2 2A A AI m r= = = ⋅  

Disk B: 2 2 21 1
(6 kg)(0.150 m) 0.0675 kg m

2 2B B BI m r= = = ⋅  

Kinematics: C v=v           D v=v  

 A
A

v

r
=ω       B

B

v

r
=ω  

Principle of impulse and momentum. 

Disk A and cylinder C 

 

Disk B and cylinder D 

 

 Syst. Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 
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PROBLEM 17.61  (Continued) 

 

Disk A and cylinder C.        Moments about A: 

 A C A A A A AQtr m gtr m vr I ω− = +  (1) 

Disk B and cylinder D.        Moments about B: 

 B D B D B B BQtr m gtr m r v I ω− − = +  (2) 

To eliminate Qt divide Equation (1) by rA and Equation (2) by rB, and then add the resulting equations. 

 
2 2

( ) A B
D C A B

A B

I I
m m gt m m v

r r

 
− = + + +  

 
 (3) 

Data: 
2

0.5 m/s ?

( ) (2 kg)(9.81 m/s ) 19.62 ND C

v t

m m g

= =

− = =

 

 
2 2

2 2 2 2

0.2 kg m 0.0675 kg m
8 kg 10 kg 26 kg

(0.200 m) (0.150 m)
A B

C D
A B

I I
m m

r r

⋅ ⋅+ + + = + + + =  

Equation (3) becomes (19.62 N) (26 kg)(0.5 m)t =  

 0.66259 st =  0.663 st =   
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1800 

 

 

PROBLEM 17.62 

Disk B has an initial angular velocity 0ω  when it is brought into contact with 
disk A which is at rest. Show that the final angular velocity of disk B depends 
only on 0ω  and the ratio of the masses Am  and Bm  of the two disks. 

 

SOLUTION 

Let Points A and B be the centers of the two disks and Point C be the contact point between the two disks. 
Let Aω  and Bω  be the final angular velocities of disks A and B, respectively, and let Cv  be the final velocity 
at C common to both disks. 

Kinematics: No slipping C A A B Bv r rω ω= =  

Moments of inertia. Assume that both disks are uniform cylinders. 

 2 21 1

2 2A A A B B BI m r I m r= =  

Principle of impulse and momentum. 
Disk A 

 
Disk B 

 
 1 Syst. Momenta  + 1 2→Syst. Ext. Imp.  = 2Syst. Momenta  

Disk A:  Moments about A: 
2

2

0

1

2

1

2
1

2

A A A

A A CA A

A A

A C

A B B

r Ft I

m r vI
Ft

r r

m v

m r

ω
ω

ω

+ =

= =

=

=

 

Disk B:  Moments about B: 0B B B BI r Ft Iω ω− =  

  2 2
0

1 1 1

2 2 2B B B A B B B Bm r r m r mrω ω ω − = 
 

 0

1 A

B

B m
m

ωω =
+
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PROBLEM 17.63 

The 7.5-lb disk A has a radius 6Ar =  in. and is initially at rest. The 
10-lb disk B has a radius 8Br =  in. and an angular velocity 0ω  of 
900 rpm when it is brought into contact with disk A. Neglecting 
friction in the bearings, determine (a) the final angular velocity of 
each disk, (b) the total impulse of the friction force exerted on disk A. 

 

SOLUTION 

Let Points A and B be the centers of the two disks and Point C be the contact point between the two disks. 

Let Aω  and Bω  be the final angular velocities of disks A and B, respectively, and let Cv  be the final velocity 
at C common to both disks. 

Kinematics: No slipping C A A B Bv r rω ω= =  

Moments of inertia. Assume that both disks are uniform cylinders. 

 2 21 1
        

2 2A A A B B BI m r I m r= =  

Principle of impulse and momentum. 

Disk A 

 

Disk B 

 

 1Syst. Momenta  + 1 2→Syst. Ext. Imp.  = 2Syst. Momenta  

Disk A:  Moments about A: 

2

2

0

1 1

2 2

1

2

A A A

A A

A

A A C
A C

A

A B B

r Ft I

I
Ft

r

m r v
m v

r

m r

ω
ω

ω

+ =

=

= =

=
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PROBLEM 17.63  (Continued) 

 

Disk B:  Moments about B: 0

2 2
0

0

1 1 1

2 2 2

1 A

B

B B B B

B B B A B B B B

B m
m

I r Ft I

m r r m r mr

ω ω

ω ω ω

ωω

− =

 − = 
 

=
+

 

Data: 27.5
0.23292 lb s /ft

32.2
7.5

0.75
10

A

A A

B B

m

m W

m W

= = ⋅

= = =

  

 

0

8
 ft

12
8

6

900 rpm 30  rad/s

B

B

A

r

r

r

ω π

=

=

= =

 

(a)  0

1 0.75
30

1.75
53.856 rad/s

B
ωω

π

=
+

=

=

 

  

8
(53.856)

6

71.808 rad/s

B
A B

A

r

r
ω ω=

 =  
 

=  686 rpmA =ω   

  514 rpmB =ω   

(b) 
( )8

12(0.23292) (30 )1

2 1 0.75
Ft

π
=

+
 4.18 lb st = ⋅F   
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PROBLEM 17.64 

A tape moves over the two drums shown. Drum A weighs 1.4 lb and 
has a radius of gyration of 0.75 in., while drum B weighs 3.5 lb and 
has a radius of gyration of 1.25 in. In the lower portion of the tape 
the tension is constant and equal to 0.75AT = lb. Knowing that the 
tape is initially at rest, determine (a) the required constant tension  
TB if the velocity of the tape is to be 10v =  ft/s after 0.24 s, (b) the 
corresponding tension in the portion of tape between the drums. 

 

SOLUTION 

Kinematics. Drums A and B rotate about fixed axes. Let v be the tape velocity in ft/s. 

  
0.9

12A A Av r ω ω= =  13.3333A vω =  

  
1.5

12B B Bv r ω ω= =  8B vω =  

Moments of inertia. 
2

2 6 2

2
2 3 2

1.4 0.75
169.837 10 lb s ft

32.2 12

3.5 1.25
1.17942 10 lb s ft

32.2 12

A A A

B B B

I m k

I m k

−

−

  = = = × ⋅ ⋅  
  

  = = = × ⋅ ⋅  
  

 

State 1. 0t =  0v =  0A Bω ω= =  

State 2. 0.24 s,t =  10 ft/sv =  

 (13.3333)(10) 133.333 rad/sAω = =  

 (8)(10) 80 rad/sBω = =  

Drum A. 

 

 1Syst. Momenta  + 1 2→Syst. Ext. Imp.  = 2 Syst. Momenta  
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PROBLEM 17.64  (Continued) 

 

 Moments about A: 0 A AB A A A Ar T t r T t I ω+ − =  

  60.9 0.9
0 ( ) (0.75)(0.24) (169.837 10 )(133.333)

12 12

0.48193 lb s

AB

AB

T t

T t

−   + − = ×   
   

= ⋅

 

Drum B. 

 

 1Syst. Momenta  + 1 2→Syst. Ext. Imp.  = 2 Syst. Momenta  

Moments about B: 0 B B B AB B Br T t r T t I ω+ − =  

 
31.5 1.5

0 ( ) (0.48193) (1.17942 10 )(80)
12 12

1.23676 lb s

B

B

T t

T t

− + − = × 
 

= ⋅
 

(a) 
1.23676

0.24
B

B
T t

T
t

= =  5.15 lbBT =   

(b) 
0.48193

0.24
AB

AB
T t

T
t

= =  2.01 lbABT =   
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PROBLEM 17.65 

Show that the system of momenta for a rigid slab in plane motion reduces to a single vector, and express the 
distance from the mass center G to the line of action of this vector in terms of the centroidal radius of gyration 
k  of the slab, the magnitude v  of the velocity of G, and the angular velocity .ω  

 

SOLUTION 

 

  Syst. Momenta  =  Single Vector  

Components parallel to :mv  m =v X  m=X v   

 Moments about G: ( )I mv dω =  

  
2I mk

d
mv mv

ω ω= =  
2k

d
v

ω=   
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PROBLEM 17.66 

Show that, when a rigid slab rotates about a fixed axis through O perpendicular 
to the slab, the system of the momenta of its particles is equivalent to a single 
vector of magnitude ,mrω  perpendicular to the line OG, and applied to a 
Point P on this line, called the center of percussion, at a distance 2/GP k r=  
from the mass center of the slab. 

 

SOLUTION 

 

Kinematics. Point O is fixed. v rω=  

System momenta. 

Components parallel to :mv  X mv mrω= =  X mrω=   

Moments about G: ( )GP X I ω=  

  2( )GP m r mkω ω=  
2

( )
k

GP
r

=   
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PROBLEM 17.67 

Show that the sum AH  of the moments about a Point A of the momenta of the particles of a rigid slab in plane 
motion is equal to ,AI ω  where ω  is the angular velocity of the slab at the instant considered and AI  the 
moment of inertia of the slab about A, if and only if one of the following conditions is satisfied: (a) A is  
the mass center of the slab, (b) A is the instantaneous center of rotation, (c) the velocity of A is directed along 
a line joining Point A and the mass center G. 

 

SOLUTION 

Kinematics. 

Let ω=ω k  

and / /G A G Ar=r   θ  

Then, / / /( )G A G A G Arω= × =v ω r   β  

where 90β θ= + °  

Also /A G A= +v v v  

Define / /

2 2
/ / / /( )( ) ( ) ( )

G A G A

G A G A G A G Ar v r rω

= ×

= = =

h r v

h k k ω

 

System momenta. Moments about A: 

 /

/ /

/ / /

/

2
/ /

2
/ /

( )

( )

A G A

G A A G A

G A A G A G A

G A A

G A A G A

G A A G A

m I

m I

m m I

m m I

m mr I

m m r I

ω

= × +

= × + +

= × + × +

= × + +

= × + +

= × + +

H r v ω

r v v

r v r v ω

r v h ω

r v ω ω

r v ω

 

The first term on the right hand side is equal to zero if 

 (a) / 0    (  is the mass center)G A A=r  

or (b) 0    (  is the instantaneous center of rotation)A A=v  

or (c) / is perpendicular to .G A Ar v  

In the second term, 2
/G A Amr I I+ =          by the parallel axis theorem. 

Thus,  A AI=H ω  

when one or more of the conditions (a), (b) or (c) is satisfied. 
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PROBLEM 17.68 

Consider a rigid slab initially at rest and subjected to an impulsive force F 
contained in the plane of the slab. We define the center of percussion P as the 
point of intersection of the line of action of F with the perpendicular drawn from G. 
(a) Show that the instantaneous center of rotation C of the slab is located on line GP 
at a distance 2/GC k GP=  on the opposite side of G. (b) Show that if the center  
of percussion were located at C the instantaneous center of rotation would be 
located at P. 

 

SOLUTION 

(a) Locate the instantaneous center C corresponding to center of percussion P. Let .Pd GP=  

 

 1 Syst. Momenta  + 1 2→Syst. Ext. Imp.  = 2Syst. Momenta  

 Components parallel to :tΔF  0 F t mv+ Δ =  

 Moments about G: 0 ( )Pd F t I ω+ Δ =  

 Eliminate F tΔ  to obtain 

2

P

P

v I

md

k

d

ω
=

=

 

 Kinematics. Locate Point C. 
2

C
P

v k
GC d

dω
= = =  

2k
GC

GP
=   

(b) Place the center of percussion at .P C′ =  Locate the corresponding instantaneous center .C′  Let 

  .P Cd GP GC d′ ′= = =  

 

 1 Syst. Momenta  + 1 2→Syst. Ext. Imp.  = 2Syst. Momenta  



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1809 

PROBLEM 17.68  (Continued) 

 

 Components parallel to :tΔF  0 F t mv′+ Δ =  

 Moments about G: 0 ( )Pd F t I ω′ ′+ Δ =  

 Eliminate F tΔ  to obtain 
2

P P

v I k

md dω ′ ′

′
= =

′
 

 Kinematics. Locate Point .C′  
2 2

C
P C

v k k
GC d

d dω′
′

′′ = = = =
′

 

 Using 
2

C P
P

k
d d

d
′= =  gives    or  C Pd d GC GP′ ′= =   

 Thus Point C′  coincides with Point P. 
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PROBLEM 17.69 

A flywheel is rigidly attached to a 1.5-in.-radius shaft that rolls without sliding 
along parallel rails. Knowing that after being released from rest the system 
attains a speed of 6 in./s in 30 s, determine the centroidal radius of gyration of 
the system. 

 

SOLUTION 

 
Kinematics. Rolling motion. Instantaneous center at C. 

  Gv v rω= =  

Moment of inertia. 2I mk=  

Kinetics. 

 

 1Syst. Momenta  + 1 2→Syst. Ext. Imp.  = 2 Syst. Momenta  

 Moments about C: 
2

0 ( ) sin

sin

mgt r mvr I

k
mgtr m r v

r

β ω

β

+ = +

 
= +  

 

 

Solving for 2,k  2 2 sin
1

gt
k r

v

β = − 
 

 

Data:  1.5 in. 0.125 ft

32.2 ft/s

30 s

6 in./s 0.5 ft/s

r

g

t

v

= =
=
=
= =

 

 

2 2

2

(32.2)(30)sin15
(0.125) 1

0.5

7.7974 ft

k
° = −  

=  2.79 ftk =   
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PROBLEM 17.70 

A wheel of radius r and centroidal radius of gyration k  is released from rest on 
the incline shown at time 0.t =  Assuming that the wheel rolls without sliding, 
determine (a) the velocity of its center at time t, (b) the coefficient of static 
friction required to prevent slipping. 

 

SOLUTION 

Kinematics. Rolling motion. Instantaneous center at C. 

  
Gv v r

v

r

ω

ω

= =

=
 

Moment of inertia. 2I mk=  

Kinetics. 

 

 1 Syst. Momenta  + 1 2→Syst. Ext. Imp.  = 2Syst. Momenta  

 moments about C: 
2

0 ( ) sin

( sin )

mgt r mvr I

mk v
mgr t mrv

r

β ω

β

+ = +

= +

 

(a) Velocity of Point G. 
2

2 2

sinr gt

r k

β=
+

v   β  

  components parallel to incline: 

  
2

2 2

2

2 2

0 sin

sin
sin

sin

mgt Ft mv

mr gt
Ft mgt

r k

k mgt

r k

β
ββ

β

+ − =

= −
+

=
+
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PROBLEM 17.70  (Continued) 

 

  components normal to incline: 

 0 cos 0

cos

Nt mgt

Nt mgt

β
β

+ − =
=

 

(b) Required coefficient of static friction. 

 
2

2 2

sin

( ) cos

s
F

N
Ft

Nt

k mgt

r k mgt

μ

β
β

≥

=

=
+

 
2

2 2

tan
s

k

r k

βμ ≥
+
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PROBLEM 17.71 

The double pulley shown has a mass of 3 kg and a radius of gyration of 100 mm. 
Knowing that when the pulley is at rest, a force P of magnitude 24 N is 
applied to cord B, determine (a) the velocity of the center of the pulley after 
1.5 s, (b) the tension in cord C. 

 

SOLUTION 

For the double pulley,  0.150 m

0.080 m

0.100 m

C

B

r

r

k

=
=
=

 

Principle of impulse and momentum. 

 

 1 Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

Kinematics. Point C is the instantaneous center. Cv r ω=  

 Moments about C: 
2

0 ( )

( )

C B C C

C C

Pt r r mgtr I mvr

mk m r r

ω

ω ω

+ + − = +

= +

 

 

( )2 2

2 2

( )

(24)(1.5)(0.230) (3)(9.81)(1.5)(0.150)

3(0.100 0.150 )

17.0077 rad/s

C B C

C

Pt r r mgtr

m k r
ω + −

=
+

−=
+

=

 

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1814 

PROBLEM 17.71  (Continued) 

 

(a) (0.150)(17.0077) 2.55115 m/sv = =  2.55 m/s=v  

  Linear components: 0 Pt mgt Qt mv+ − + =  

 
(3)(2.55115)

(3)(9.81) 24
1.5

mv
Q mg P

t
= + −

= + −
 

(b) Tension in cord C. 10.53 NQ =   
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PROBLEM 17.72 

A 9-in.-radius cylinder of weight 18 lb rests on a 6-lb carriage. The 
system is at rest when a force P of magnitude 2.5 lb is applied as shown 
for 1.2 s. Knowing that the cylinder rolls without sliding on the carriage 
and neglecting the mass of the wheels of the carriage, determine the 
resulting velocity of (a) the carriage, (b) the center of the cylinder. 

 

SOLUTION 

Moment of inertia. 2

2

2

1

2

1 18 lb 9 in.

2 32.2 12

0.15722 slug ft

AI m r=

  =   
  

= ⋅

 

Cylinder alone: 

 

 1Syst. Momenta  +  1 2 →Syst. Ext. Imp.  =  2 Syst. Momenta  

 Moments about C: 0 0 A AI m v rω+ = −  

or 
18 9

0 0.15722
32.2 12 Avω   = −   

  
 (1) 

Cylinder and carriage: 

 

 1Syst. Momenta  +  1 2 →Syst. Ext. Imp.  =  2 Syst. Momenta  

 Horizontal components: 0 A A B BPt m v m v+ = +  

or 
18 6

0 (2.5)(1.2)
32.2 32.2A Bv v

   + = +   
   

 (2) 
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PROBLEM 17.72  (Continued) 

 

Kinematics. A Bv v rω= −  

 
9

12A Bv v ω = −  
 

 (3) 

Solving Equations (1), (2) and (3) simultaneously gives 7.16 rad/s=ω  

(a) Velocity of the carriage. 8.05 ft/sB =v   

(b) Velocity of the center of the cylinder. 2.68 ft/sA =v  
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PROBLEM 17.73 

A 9-in.-radius cylinder of weight 18 lb rests on a 6-lb carriage. The 
system is at rest when a force P of magnitude 2.5 lb is applied as shown 
for 1.2 s. Knowing that the cylinder rolls without sliding on the carriage 
and neglecting the mass of the wheels of the carriage, determine the 
resulting velocity of (a) the carriage, (b) the center of the cylinder. 

 

SOLUTION 

Moment of inertia. 2

2

2

1

2

1 18 lb 9 in.

2 32.2 12

0.15722 slug ft

AI m r=

  =   
  

= ⋅

 

Cylinder alone: 

 

 1Syst. Momenta  + 1 2 →Syst. Ext. Imp.  = 2 Syst. Momenta  

 Moments about C: 0 A APtr I m v rω+ = +  

or 
9 18 9

0 (2.5)(1.2) 0.15722
12 32.2 12 Avω    + = +    
    

 (1) 

Cylinder and carriage: 

 

 1Syst. Momenta  + 1 2 →Syst. Ext. Imp.  = 2 Syst. Momenta  

 Horizontal components: 0 A A B BPt m v m v+ = +  

or 
18 6

0 (2.5)(1.2)
32.2 32.2A Bv v

   + = +   
   

 (2) 
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PROBLEM 17.73  (Continued) 

 

Kinematics. A Bv v rω= +  

 
9

12A Bv v ω = +  
 

 (3) 

Solving Equations (1), (2) and (3) simultaneously gives 2.39 rad/s=ω  

(a) Velocity of the carriage. 2.68 ft/sB =v   

(b) Velocity of the center of the cylinder. 4.47 ft/sA =v   
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PROBLEM 17.74 

Two uniform cylinders, each of mass 6m =  kg and radius 125r =  mm, 
are connected by a belt as shown. If the system is released from rest 
when 0,t =  determine (a) the velocity of the center of cylinder B  
at 3 s,t =  (b) the tension in the portion of belt connecting the two 
cylinders. 

 

SOLUTION 

Kinematics. AB Bv rω=  

Point C is the instantaneous center of cylinder A. 

 

1

2 2
1

2

AB
A B

A A B

v

r

v r r

ω ω

ω ω

= =

= =
 

Moment of inertia. 21

2
I mr=  

(a) Velocity of the center of A. 

 Cylinder B: 

 

 1 Syst. Momenta  + 1 2→Syst. Ext. Imp.  = 2Syst. Momenta  

  Moments about B: 0 BPtr Iω+ =  (1) 

 Cylinder. A: 

 

 1 Syst. Momenta  + 1 2→Syst. Ext. Imp.  = 2Syst. Momenta  
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PROBLEM 17.74  (Continued) 

 

  Moments about C: 

2

2
2

0 2

1 1
0 2

2 2

5 1

2 2

5 1

2 2 2

A A

B B B

B

B

Ptr mgtr mv r I

I mgtr m r r I

I mr mgrt

mr
mr mgrt

ω

ω ω ω

ω

ω

− + = +

   − + = +   
   

 + = 
 

 
+ =  

 

 

 

7

4
4

7

B

B

r gt

gt

r

ω

ω

=

=  (2) 

 
1 2 2

(9.81)(3)
2 7 7A Bv r gtω= = =  8.41 m/sA =v   

(b) Tension in the belt. 

 From Eqs. (1) and (2), 
4

7

gt
Ptr I

r
 =  
 

 

 21 1 4 2 2
(6)(9.81) 16.817 N

2 7 7 7

gt
P mr mg

tr r
  = = = =  
  

 16.82 NP =   
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PROBLEM 17.75 

Two uniform cylinders, each of mass 6m =  kg and radius r 125=  mm, 
are connected by a belt as shown. Knowing that at the instant shown the 
angular velocity of cylinder A is 30 rad/s counterclockwise, determine  
(a) the time required for the angular velocity of cylinder A to be reduced 
to 5 rad/s, (b) the tension in the portion of belt connecting the two 
cylinders. 

 

SOLUTION 

Kinematics. AB Bv rω=  

Point C is the instantaneous center of cylinder A. 

 

1

2 2
1

2

AB
A B

A A B

v

r

v r r

ω ω

ω ω

= =

= =
 

Moment of inertia. 21

2

W
I r

g
=  

(a) Required time. 

 Cylinder B: 

 

 1 Syst. Momenta  + 1 2→Syst. Ext. Imp.  = 2Syst. Momenta  

  Moments about B: 1 2( ) ( )B BI Ptr Iω ω− =  

 

1 2

2
1 2

[( ) ( ) ]

1
[( ) ( ) ]

2

B B

B B

Ptr I

mr

ω ω

ω ω

= −

= −  (1) 

 Cylinder A: 

 
 1 Syst. Momenta  + 1 2→Syst. Ext. Imp.  = 2Syst. Momenta  



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1822 

PROBLEM 17.75  (Continued) 

 

  Moments about C: 1 1 2 2( ) ( ) 2 ( ) ( )A A A AI m v r Ptr mgtr I m v rω ω+ + − = +  

 

2
1 2 1 2

2 2
2 1 2

1

2
1 2

1
[( ) ( ) [( ) ( ) ] 2 0

2

3 1 1 1
( ) 2 [( ) ( ) ] 0

2 2 2 2

7
[( ) ( ) ] 0

4

A A A A

B B B B

B B

mr mr r Ptr mgtr

mr mr mgtr

mr mgtr

ω ω ω ω

ω ω ω ω

ω ω

− + − + − =

    − + − − =   
    

− − =

 

 1 27 [( ) ( ) ]

4
B Br

t
g

ω ω−
=  (2) 

 Data: 6 kg

125 mm 0.125 m

m

r

=
= =

 

 From Equation (2), 
(7)(0.125)(30 5)

0.55747
(4)(9.81)

t
−= =  0.557 st =   

(b) Tension in belt between cylinders. 

 From Equation (1), 21
(6)(0.125) (30 5)

2
1.172 N m s

Ptr = −

= ⋅ ⋅

 

  
1.172

16.817
(0.55747)(0.125)

Ptr
P

tr
= = =  16.82 NP =   
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PROBLEM 17.76 

In the gear arrangement shown, gears A and C are attached to rod ABC, 
which is free to rotate about B, while the inner gear B is fixed. Knowing 
that the system is at rest, determine the magnitude of the couple M which 
must be applied to rod ABC, if 2.5 s later the angular velocity of the rod is 
to be 240 rpm clockwise. Gears A and C weigh 2.5 lb each and may be 
considered as disks of radius 2 in.; rod ABC weighs 4 lb.  

 

SOLUTION 

Kinematics of motion 

Let ABCω ω=  ( ) 2A Cv v BC rω ω= = =  

Since gears A and C roll on the fixed gear B, 

 
2

2C
A C

v r

r r

ωω ω ω= = = =  

Principle of impulse and momentum. 

 

 1Syst. Momenta  +  1 2 →Syst. Ext. Imp.  =  2Syst. Momenta  

 Moments about D: 0 ( ) C C C CQt r m v r I w+ = +  

 

21
( ) (2 ) (2 )

2
3

C C

C

Qt r m r r m r

Qt m r

ω ω

ω

= +

=  (1) 

 

 1Syst. Momenta  +  1 2 →Syst. Ext. Imp.  =  2 Syst. Momenta  
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PROBLEM 17.76  (Continued) 

 

 Moments about B: 

2

(4 )

1
4( ) (4 )

12

ABC

ABC

Mt Qt r I

Mt Qt r m r

ω

ω

− =

− =

 

 24
4( )

3 ABCMt Qt r m r ω− =  (2) 

Substitute for (Qt) from (1) into (2): 

 

2

2

4
4(3 )

3
4

( 9 )
3

C ABC

ABC C

Mt m r r m r

Mt r m m

ω ω

ω

− =

= +  (3) 

Couple M. 

Data: 

2

2.5 s

2
ft

12
4 lb

32.2 ft/s

2.5 lb

32.2 ft/s

ABC

C

t

r

m

m

=

=

=

=

 

 240 rpm

8 rad/s

ω
π

=
=

 

Eq. (3): 
2

4 2 4 2.5
(2.5 s) ft (8 rad/s) 9

3 12 32.2 32.2
M π     = +    

    
 

 

2.5 M 0.76607

0.3064 lb ftM

=
= ⋅  0.306 lb ft= ⋅M   
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PROBLEM 17.77 

A sphere of radius r and mass m is projected along a rough horizontal surface 
with the initial velocities shown. If the final velocity of the sphere is to be zero, 
express (a) the required magnitude of 0ω  in terms of v0 and r, (b) the time 
required for the sphere to come to rest in terms of v0 and coefficient of kinetic 
friction .kμ  

 

SOLUTION 

Moment of inertia. Solid sphere. 22

5
I mr=  

 

 1Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2 Syst. Momenta  

 y components: 0Nt Wt N W mg− = = =  (1) 

 x components: 0 00mv Ft Ft mv− = =  (2) 

 Moments about G: 0

2
0 0

0

2
0

5

I Ftr

mr mv r

ω

ω

− =

− =

 (3) 

(a) Solving for 0,ω  0
0

5

2

v

r
ω =  

(b) Time to come to rest. 

 From Equation (2), 0 0

k

mv mv
t

F mgμ
= =  0

k

v
t

gμ
=  
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PROBLEM 17.78 

A bowler projects an 8.5-in.-diameter ball weighing 16 lb along an alley with a forward 
velocity v0 of 25 ft/s and a backspin ω0 of 9 rad/s. Knowing that the coefficient of 
kinetic friction between the ball and the alley is 0.10, determine (a) the time t1 at which 
the ball will start rolling without sliding, (b) the speed of the ball at time t1. 

 

SOLUTION 

Radius: 
1 1

(8.5 in.) 4.25 in. 0.35417 ft
2 2

r d= = = =  

Mass: 2
2

16 lb
0.49689 lb s /ft

32.2 ft/s

W
m

g
= = = ⋅  

Moment of inertia: 2 2 22 2
(0.49689)(0.35417) 0.02493 lb s ft

5 5
I mr

 = = = ⋅ ⋅ 
 

 

Use the principle of impulse and momentum. 

 

 1Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2 Syst. Momenta  

: 0 16 lbNt Wt N W− = = =  

 Friction force: (0.10)(16) 1.6 lb.F kF Nμ= = =  

: 0 2

2 0
1.6

25 ft/s
0.49689

25 3.22

F

F

mv F t mv

F t t
v v

m
t

− =

= − = −

= −

 

 Moments about G: 0 2FI F tr Iω ω− = −  

  2 0
(1.6 )(0.35417)

9
0.02493

22.731 9

FF tr t

I
t

ω ω= − = −

= −
 

Slipping stops when 2 2v rω=  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1827 

PROBLEM 17.78  (Continued) 

 

(a) Time t when slipping stops. 

 
(25 3.22 ) (0.35417 ft)(22.731 9)

(25 3.1875) (3.22 8.0506)

t t

t

− = −
+ = +

 

 2.501st =  2.50 st =  

(b) Corresponding velocity. 

  2 25 3.22v t= −  2 16.95 ft/sv =  
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1828 

 

 

PROBLEM 17.79 

Four rectangular panels, each of length b and height 1
2 ,b  are 

attached with hinges to a circular plate of diameter 2b  and held by 
a wire loop in the position shown. The plate and the panels are made 
of the same material and have the same thickness. The entire assembly 
is rotating with an angular velocity 0ω  when the wire breaks. 
Determine the angular velocity of the assembly after the panels have 
come to rest in a horizontal position. 

 

SOLUTION 

Kinematics: When the panels are in the up position, the speed of the mass center of each panel is 

 0 0
1

2
v bω=  

When the panels are in the down position the speed of the mass center of each panel is 

 1 1
3

4
v bω=  
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PROBLEM 17.79  (Continued) 

 

Let ρ =  mass density of plate and of panels 

 t =  thickness of plate and of panels 

Disk: 2 2

2 2 2
disk disk

4

(0.707 ) (0.500)

1 1
( ) (0.500)(0.707 )

2 2
1

8

D

D

m V t b t b

I I m r t b b

I t b

ρ ρπ ρ π

ρ π

ρ π

= = =

= = =

=

 

Each panel: 21 1

2 2
m b b t tbρ ρ ρ = = 

 
 

In up position 2 2 2 4
0

1 1 1 1

12 12 2 24
I m b tb b tbρ ρ ρ = = = 

 
 

In down position 
2

2 2 2 4
1

1 1 1 1 5 5

12 2 12 2 4 96
I m b b tb b tbρ ρ ρ

     = + = =        
 

Principle of impulse and momentum. 

 

 0Syst. Momenta  +  0 1→Syst. Ext. Imp.  =  1 Syst. Momenta  

In the up position, the angular momentum of one panel about the vertical axle is 

  0 0 0
1

2
m v b Iρ ω  + 

 
 

In the down position it is 

  1 1 1
3

4
m v b Iρ ω+  

Conservation of angular momentum. 
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PROBLEM 17.79  (Continued) 

 

 

disk 0 0 0 disk 1 1 1 1

2 2

disk 0 0 0 disk 1 1 1

1 3
4 4

2 4

1 3
4 4

2 4

DI m v b I I m v b I

I m b I I m b I

ρ ρ

ρ ρ

ω ω ω ω

ω ω ω ω

      + + = + +      
      

      + + = + +      
         

 

 

2
4 2 4

0

2
4 2 4

1

1 1 1 1
4

8 2 2 24

1 1 3 5
4

8 2 4 96

t b tb b tb

t b tb b tb

ρ π ρ ρ ω

ρ π ρ ρ ω

    + +   
     

    = + +   
     

 

 0 1

0 1

1 1 9 5

8 2 6 8 8 24

{1.059} {1.726}

π πω ω

ω ω

   + + = + +   
   

=


   1 00.614ω=ω  
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PROBLEM 17.80 

A 2.5-lb disk of radius 4 in. is attached to the yoke BCD by means 
of short shafts fitted in bearings at B and D. The 1.5-lb yoke has a 
radius of gyration of 3 in. about the x axis. Initially the assembly is 
rotating at 120 rpm with the disk in the plane of the yoke (θ = 0). 
If the disk is slightly disturbed and rotates with respect to the yoke 
until 90 ,θ = °  where it is stopped by a small bar at D, determine 
the final angular velocity of the assembly. 

 

SOLUTION 

Moment of inertia of yoke: 
2

2 3 21.5 3
2.9115 10 lb s ft

32.2 12C CI mk −   = = = × ⋅ ⋅   
   

 

Moment of inertia of disk: 21
0:

4AI mrθ = =  

 

2

3 2

1 2.5 4

4 32.2 12

2.15666 10 lb s ft−

  =   
  

= × ⋅ ⋅

 

 21
90 :

2AI mrθ = ° =  

 

2

3 2

1 2.5 4

2 32.2 12

4.3133 10 lb s ft−

  =   
  

= × ⋅ ⋅

 

Total moment of inertia about the x axis: 

 1
3 2

0: ( )

5.0682 10 lb s ft
x C AI I Iθ

−

= = +
= × ⋅ ⋅

 

 2
3 2

90 : ( )

7.2248 10 lb s ft
x C AI I Iθ

−

= ° = +
= × ⋅ ⋅

 

Angular momentum about the x axis: 

  1 1 1
3

1

0: ( )

5.0682 10
xH Iθ ω

ω−

= =
= ×

 

  2 2 2
3

2

90 : ( )

7.2248 10
xH Iθ ω

ω−

= ° =
= ×

 

Conservation of angular momentum. 

 3 3
1 2 1 2: 5.0682 10 7.2248 10H H ω ω− −= × = ×  

 2 10.7015 (0.7015)(120 rpm)ω ω= =  2 84.2 rpmω =   
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PROBLEM 17.81 

Two 10-lb disks and a small motor are mounted on a 15-lb rectangular 
platform which is free to rotate about a central vertical spindle. The 
normal operating speed of the motor is 180 rpm. If the motor is started 
when the system is at rest, determine the angular velocity of all elements 
of the system after the motor has attained its normal operating speed. 
Neglect the mass of the motor and of the belt. 

 

SOLUTION 

Kinematics. Motor speed: 180 rpm 6 rad/sMω π= =  

Let , , andA B Pω ω ω  be the angular velocities, respectfully, of disk A, disk B and the platform. Since the motor 
speed is the angular velocity of disk B relative to the platform, 

  6B P M Pω ω ω ω π= + = +  (1) 

Since, the disks have the same outer radius, B Aω ω=  (2) 

Velocity of the center of disk A 
4

12A Pv ω=  (3) 

Velocity of the center of disk B 
4

12B Pv ω=  (4) 

Moments of inertia. 

 Disks A and B: 
2

2 3 21 1 10 3
9.705 10 lb s ft

2 2 32.2 12A B
W

I I r
g

−  = = = = × ⋅ ⋅  
  

 

 Platform: 
2 2

2 2 3 21 1 15 16 6
( ) 78.718 10 lb s ft

12 12 32.2 12 12P
W

I a b
g

−
      = + = + = × ⋅ ⋅      

       
 

Principle of impulse and momentum for system. 

 

 1Syst. Momenta  +  1 2 Syst. Ext. Imp. →  =  2 Syst. Momenta  
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PROBLEM 17.81  (Continued) 

 Moments about O: 

 0 0 P P A A OA A A B B OB B BI m v l I m v l Iω ω ω+ = + + + +  

 3 310 4 4 10 4 4
(78.718 10 ) (9.705 10 )( 6 )

32.2 12 12 32.2 12 12P P P Pω ω ω π ω− −       = × + + × + +       
       

 

 3(9.705 10 )( 6 )Pω π−+ × +  

 3 3167.141 10 365.87 10Pω− −= × + ×  

 2.189 rad/sPω = −  

 2.189 6 16.66 rad/sA Bω ω π= = − + =  

Angular velocities. 159.1 rpmAω =   

 159.1 rpmBω =   

 20.9 rpmPω =   
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PROBLEM 17.82 

A 3-kg rod of length 800 mm can slide freely in the 240-mm 
cylinder DE, which in turn can rotate freely in a horizontal plane. In 
the position shown the assembly is rotating with an angular velocity 
of magnitude 40 rad/sω =  and end B of the rod is moving toward 
the cylinder at a speed of 75 mm/s relative to the cylinder. Knowing 
that the centroidal mass moment of inertia of the cylinder about a 
vertical axis is 20.025 kg m⋅  and neglecting the effect of friction, 
determine the angular velocity of the assembly as end B of the rod 
strikes end E of the cylinder. 

 

SOLUTION 

Kinematics and geometry. 

 

 1 1

1

(0.04 m) (0.4 m)(40 rad/s)

1.6 m/s

v

v

ω= =
=

 2 2(0.28 m)v ω=  

 Initial position Final position 

Conservation of angular momentum about C. 

 

 Moments about C: 2 21
(3 kg)(0.8 m) 0.16 kg m

12ABI = = ⋅  

 1 1 1 2 2 2(0.04 m) (0.028 m)AB DE AB DEI mv I I mv Iω ω ω ω+ + = + +  

 2 2(0.16 kg m )(40 rad/s) (3 kg)(1.6 m/s)(0.04 m) (0.025 kg m )(40 rad/s)⋅ + + ⋅  

 2 2
2 2 2(0.16 kg m ) (3 kg)(0.28 )(0.28) (0.025 kg m )ω ω ω= ⋅ + + ⋅  

 2(6.4 0.192 1.00) (0.16 0.2352 0.025)ω+ + = + +  

 2 27.592 0.4202 ; 18.068 rad/sω ω= =  

Angular velocity. 2 18.07 rad/sω =  
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PROBLEM 17.83 

A 1.6-kg tube AB can slide freely on rod DE, which in turn can rotate freely 
in a horizontal plane. Initially the assembly is rotating with an angular 
velocity 5 rad/sω =  and the tube is held in position by a cord. The moment 
of inertia of the rod and bracket about the vertical axis of rotation is 

20.30 kg m⋅  and the centroidal moment of inertia of the tube about a vertical 
axis is 20.0025 kg m .⋅  If the cord suddenly breaks, determine (a) the angular 
velocity of the assembly after the tube has moved to end E, (b) the energy 
lost during the plastic impact at E. 

 

SOLUTION 

Let Point C be the intersection of axle C and rod DE. Let Point G be the mass center of tube AB. 

Masses and moments of inertia about vertical axes. 

 
2

2

1.6 kg

0.0025 kg m

0.30 kg m

AB

AB

DCE

m

I

I

=

= ⋅

= ⋅

 

State 1. / 1

1

1
( ) (125)

2
62.5 mm

5 rad/s

G Ar

ω

=

=
=

 

State 2. / 2

2

( ) 500 62.5

437.5 mm
G Ar

ω ω

= −
=
=

 

Kinematics. /( )G G Cv v rθ θ ω= =  

 

 Syst. Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 
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PROBLEM 17.83  (Continued) 

 

Moments about C: 

 

1 1 1 / 1 2 2 2 / 2

2 2
/ 1 1 / 2 2

2 2
2

2

2

( ) ( ) 0 ( ) ( )

( ) ( )

[0.0025 0.30 (1.6)(0.0625) ](5) [0.0025 0.30 (1.6)(0.4375) ]

(0.30875)(5) 0.60875

2

AB DCE AB G C AB DCE AB G C

AB DCE AB G G AB DCE AB G C

I I m v r I I m v r

I I m r I I m r

θ θω ω ω ω

ω ω

ω
ω

ω

+ + + = + +

   + + = + +   

+ + = + +
=
= .5359 rad/s  

(a) Angular velocity after the plastic impact. 2.54 rad/s   

 Kinetic energy. 2 2 21 1 1

2 2 2AB DCE ABT I I m vω ω= + +  

 

2 2 2 2
1

2 2 2 2
2

1 1 1
(0.0025)(5) (0.30)(5) (1.6)(0.0625) (5)

2 2 2
3.859375 J

1 1 1
(0.0025)(2.5359) (0.30)(2.5359) (1.6)(0.4375) (2.5359)

2 2 2
1.9573 J

T

T

= + +

=

= + +

=

 

(b) Energy lost. 1 2 1.902 JT T− =  
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PROBLEM 17.84 

In the helicopter shown, a vertical tail propeller is used to prevent 
rotation of the cab as the speed of the main blades is changed. 
Assuming that the tail propeller is not operating, determine the 
final angular velocity of the cab after the speed of the main blades 
has been changed from 180 to 240 rpm. (The speed of the main 
blades is measured relative to the cab, and the cab has a centroidal 
moment of inertia of 2650 lb ft s .⋅ ⋅  Each of the four main blades is 
assumed to be a slender 14-ft rod weighting 55 lb.) 

 

SOLUTION 

Let Ω  be the angular velocity of the cab and ω  be the angular velocity of the blades relative to the cab. The 
absolute angular velocity of the blades is .ωΩ +  

 1

2

180 rpm 6  rad/s

240 rpm 8  rad/s

ω π
ω π

= =
= =

 

Moments of inertia. 

Cab: 2650 lb ft sCI = ⋅ ⋅  

Blades: 

( )

2

2

2

1
4

3

1 55
4 (14)

3 32.2

446.38 lb ft s

BI mL
 =  
 
  =   
  

= ⋅ ⋅

 

Assume 1 0.Ω =  

Conservation of angular momentum about shaft. 

 1 1 1 2 2 2( ) ( )B C B CI I I Iω ω+ Ω + Ω = + Ω + Ω  

 

2 1
2

( )

(446.38)(8 6 )

446.38 650
2.5581 rad/s

B

C B

I

I I

ω ω

π π

−Ω = −
+

−= −
+

= −  2 24.4 rpmΩ = −  
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PROBLEM 17.85 

Assuming that the tail propeller in Problem 17.84 is operating and 
that the angular velocity of the cab remains zero, determine the final 
horizontal velocity of the cab when the speed of the main blades is 
changed from 180 to 240 rpm. The cab weighs 1250 lb and is 
initially at rest. Also determine the force exerted by the tail propeller 
if the change in speed takes place uniformly in 12 s. 

 

SOLUTION 

Let Ω  be the angular velocity of the cab and ω  be the angular velocity of the blades relative to the cab. The 
absolute angular velocity of the blades is .ωΩ +  

 1

2

180 rpm 6  rad/s

240 rpm 8  rad/s

ω π
ω π

= =
= =

 

Moments of inertia. 

Cab: 2650 lb ft sCI = ⋅ ⋅  

Blades: 2 2

2

1 1 55
4 (4) (14)

3 3 32.2

446.38 lb ft s

BI mL
    = =    
    

= ⋅ ⋅

 

The cab does not rotate. 1 2 0Ω = Ω =  

 1 1 2 2 →+ =Syst. Momenta Syst. Ext. Imp. Syst. Momenta  

Moments about shaft: 1 1 1 2 2 2

2 1

( ) ( )

( )

(446.38)(8 6 )

2804.7 lb ft s

2804.7
175.29 lb s

16

B C B C

B

I I Frt I I

Frt I

Frt
Ft

r

ω ω
ω ω

π π

+ Ω + Ω + = + Ω + Ω
= −
= −
= ⋅ ⋅

= = = ⋅

 

Linear components: 

( )

1 2

2 1 1250 55
32.2 32.2

175.29

(4)

3.8398 ft/s

mv Ft mv

Ft
v v

m

+ =

− = =
+

=

 

(a) Assume 1 0.v =  2 3.84 ft/sv =   

(b) Force. 
175.29

12

Ft
F

t
= =  14.61 lbF =   
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PROBLEM 17.86 

The circular platform A is fitted with a rim of 200-mm inner radius and can 
rotate freely about the vertical shaft. It is known that the platform-rim unit has 
a mass of 5 kg and a radius of gyration of 175 mm with respect to the shaft. 
At a time when the platform is rotating with an angular velocity of 50 rpm, a 
3-kg disk B of radius 80 mm is placed on the platform with no velocity. 
Knowing that disk B then slides until it comes to rest relative to the platform 
against the rim, determine the final angular velocity of the platform. 

 

SOLUTION 

Moments of inertia. 2

2

2

2

2

3 2

(5 kg)(0.175 m)

0.153125 kg m

1

2
1

(3 kg)(0.08 m)
2

9.6 10  kg m

A A

B B B

I m k

I m r

−

=

=

= ⋅

=

=

= × ⋅

 

State 1 Disk B is at rest. 

State 2 Disk B moves with platform A. 

Kinematics. In State 2, 2(0.12 m)Bv ω=  

Principle of conservation of angular momentum. 

 Moments about D: 1 2 2 (0.12 m)A A B B BI I I m vω ω ω= + +  

 2 2
1 2

3 2 2
2 2

2 1

2 1

(0.153125 kg m ) (0.153125 kg m )

(9.6 10 kg m ) (3 kg)(0.12 m)

0.153125 0.20593

0.7436

0.7436(50 rpm)

ω ω

ω ω
ω ω
ω ω

−

⋅ = ⋅

+ × ⋅ +
=
=
=

 

Final angular velocity 2 37.2 rpmω =   
 

Syst. Momenta1 

Syst. Momenta2 
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PROBLEM 17.87 

Two 4-kg disks and a small motor are mounted on a 6-kg 
rectangular platform which is free to rotate about a central vertical 
spindle. The normal operating speed of the motor is 240 rpm. If 
the motor is started when the system is at rest, determine the 
angular velocity of all elements of the system after the motor has 
attained its normal operating speed. Neglect the mass of the motor 
and of the belt. 

 

SOLUTION 

Moments of inertia. 

 Disks: 2 21 1
(4 kg)(0.075 m) 0.01125 kg m

2 2A BI I mr= = = = ⋅  

 Platform: 2 2 2 2 21 1
( ) (6 kg)[(0.15 m) (0.4 m) ] 0.09125 kg m

12 12PI m a b= + = + = ⋅  

Kinematics: 

    
240 rev 1 min 2 rad

8 rad/s
min 60 s revM

πω π    = =    
    

 

Let , andA B Pω ω ω  be the angular velocities of A, B, and the platform. The motor speed is the angular 
velocity of B relative to the platform. 

  
8B P M P

A B

ω ω ω ω π
ω ω

= + = +
=

 

Velocity of center of disk A. / 0.1A P A O Av rω ω= =  

Velocity of center of disk B. / 0.1B P B O Av rω ω= =  

Principle of impulse and momentum for system. 

 

 1Syst. Momenta  +  1 2 Syst. Ext. Imp. →  =  2 Syst. Momenta  
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PROBLEM 17.87  (Continued) 

 Moments about O: 

 / /0 0 P P A A A O A A B B B O B BI m v r I m v r Iω ω ω+ = + + + +  

 

2 2
/ /

2
/ /

2 2

0 ( ) ( 8 ) ( ) ( 8 )

8 ( )

8 (0.01125 0.01125)

0.09125 (4)(0.1) 0.01125 4(0.1) 0.01125

2.9186 rad/s 27.87 rpm

P P A P A O A P B P B O B P

A B
P

P A A O A B B O B

P

I m r I m r I

I I

I m r I m r I

ω ω ω π ω ω π

πω

πω

= + + + + + +

+= −
+ + + +

+= −
+ + + +

= − = −

 

 2.9186 8 22.214 rad/sB Aω ω π= = − + =  

 
60s 1 rev

22.214 rad/s 212.13 rpm
min 2π

  = =  
  

 

Angular velocities. 212 rpmAω =   

 212 rpmBω =   

 27.9 rpmPω =   
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PROBLEM 17.88 

The 4-kg rod AB can slide freely inside the 6-kg tube CD. The rod was 
entirely within the tube (x = 0) and released with no initial velocity 
relative to the tube when the angular velocity of the assembly was 5 rad/s. 
Neglecting the effect of friction, determine the speed of the rod relative to 
the tube when x = 400 mm. 

 

SOLUTION 

Let l be the length of the tube and the rod and Point O be the point of intersection of the tube and the axle. 

Moments of inertia. 21
,

12T TI m l=  21

12R RI m l=  

Kinematics. ( )
2T T
l

v rθ ω ω= =  

 ( ) ,
2R R
l

v r xθ ω ω = = + 
 

 ( )r T rv v=  

Angular momentum about Point O. 

 ( ) ( )O T T T R R R RH m r v I m r v Iθ θω ω= + + +  

 

2 2

2 2 2

1 1

2 2 12 2 2 12

1 1

3 3

T T R R

T R

l l l l
m m l m x x m l

m l m l lx x

ω ω ω ω

ω

     = + + + + +          

  = + + +    

 

Kinetic energy. 

 2 2 2 2 21 1 1 1 1
( ) ( )

2 2 2 2 2T T T R R R r RT m v I m v m v Iθ θω ω= + + + +  

 
2 2

2 2 2 2 2 21 1 1 1 1

2 2 12 2 2 2 12T T R R r R
l l

m m l m x m v m lω ω ω ω
    = + + + + +         

 

 2 2 2 2 2 21 1 1 1 1 1

2 3 3 2 2 2T R R r O R rm l m l lx x m v H m vω ω  = + + + + = +  
  

 

Potential energy. All motion is horizontal.    V = 0 
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PROBLEM 17.88  (Continued) 

 

State 1. 0,x =  1 5 rad/s,ω ω= =  0rv =  

 2 2 2
1

1 1
( ) ( ) (6 4)(0.800) (5) 10.6667 kg m /s

3 3O T RH m m l ω= + = + = ⋅  

 2 2
1 1

1 1 1 1
( ) 0 ( ) (10.6667)(5) 26.667 J

2 3 2 2T R OT m m l Hω ω = + + = = =  
 

 1 0V =  

State 2. 0.400 m,
2

l
x = =  2 ?,ω ω= =  ?rv =  

 2 2 2
2 2

1 1
( ) (6)(0.800) (4) (0.800) (0.800)(0.400) (0.400)

3 3OH ω  = + + +  
  

 

 24.05333ω=  

 2 2 2
2 2 2 2

1 1
(4.05333 ) (4) 2.026667 2

2 2 r rT v vω ω ω= + = +  

 2 0V =  

Conservation of angular momentum: 1 2( ) ( )O OH H=  

 210.6667 4.05333ω=  2 2.6316 rad/sω =  

Conservation of energy. 1 1 2 2T V T V+ = +  

 2 226.667 0 (2.02667)(2.6316) 2 0rv+ = + +  

 2 2 26.3158 m /srv =  2.51 m/srv = 
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PROBLEM 17.89 

A 1.8-kg collar A and a 0.7-kg collar B can slide without 
friction on a frame, consisting of the horizontal rod OE and the 
vertical rod CD, which is free to rotate about its vertical axis of 
symmetry. The two collars are connected by a cord running 
over a pulley that is attached to the frame at O. At the instant 
shown, the velocity Av  of collar A has a magnitude of 2.1 m/s 
and a stop prevents collar B from moving. The stop is suddenly 
removed and collar A moves toward E. As it reaches a distance 
of 0.12 m from O, the magnitude of its velocity is observed to 
be 2.5 m/s. Determine at that instant the magnitude of the 
angular velocity of the frame and the moment of inertia of the 
frame and pulley system about CD. 

 

SOLUTION 

Components of velocity of collar A. 2 2 2( ) ( )A A r Av v v θ= +  (1) 

Constraint of rod OE. ( )A Av rθ ω=  (2) 

Constraint of cable AB. , ( )A B A r Br y v vΔ = Δ =  (3) 

Position 1.  1 1( ) 0.1 m, [( ) ] 0, ( ) 2.1 m/sA A r Ar v vΔ = = =  

From Equation (1), 2 2
1 1(2.1) 0 [( ) ] [( ) ] 2.1 m/sA Av vθ θ= + =  

From Equation (2), 1 1(2.1) 0.1 21 rad/sω ω= =  

From Equation (3), 0Bv =  

Potential energy. Take position 1 as datum. 1 0V =  (4) 

Angular momentum. 1 1 1 1( ) [( ) ] ( ) :O A A r AH I m v rω= +  

 1 1( ) (21) (1.8)(2.1)(0.1) ( ) 21 0.378O OH I H I= + = +  (5) 

Kinetic energy. 2 2 2
1 1

1 1 1
:

2 2 2A A B BT I m v m vω= + +  

 2 2
1 1

1 1
(21) (1.8)(2.1) 220.5 3.969

2 2
T I T I= + = +  (6) 

Position 2. 2 2 2( ) 0.12 m, ( ) 2.5 m/sA Ar v ω ω= = =  

From Equation (2), 2 2[( ) ] 0.12Av θ ω=  

From Equation (1), 2 2 2 2 2 2
2 2 2 2[( ) ] ( ) [( ) ] (2.5) (0.12)A r A Av v v θ ω= − = −  

 2
26.25 0.0144ω= −  
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PROBLEM 17.89  (Continued) 

 

From Equation (3), 2 2
26.25 0.0144Bv ω= −  

Change in radial position. 2 1( ) ( ) 0.02 mA A Ar r rΔ = − =  

From Equation (3), 0.02 mByΔ =  

Potential energy. 2 ( ) (0.7)(9.81)(0.02)B BV m g y= Δ =  

 2 0.13734 JV =  (7) 

Angular momentum. 2 2 2 2( ) [( ) ] ( ) :O A A AH I m v rθω= +  

 2 2 2 2 2( ) (1.8)(0.12 )(0.12) ( ) ( 0.02592)O OH I H Iω ω ω= + = +  (8) 

Kinetic energy. 2 2 2
2 2

1 1 1
:

2 2 2A A B BT I m v m vω= + +  

 2 2 2
2 2 2

1 1 1
(1.8)(2.5) (0.7)(6.25 0.0144 )

2 2 2
T Iω ω= + + −  

 2
2 2(0.5 0.00504) 7.8125T I ω= − +  (9) 

Conservation of angular momentum. 1 2( ) ( ) :O OH H=  

 221 0.378 ( 0.02592)I I ω+ = +  

Solving for 2,ω  2
21 0.378

0.02592

I N

I D
ω += =

+
 (10) 

Conservation of energy. 1 1 2 2:T V T V+ = +  

2
2220.5 3.969 (0.5 0.00504) 7.8125 0.13734I I ω+ = − + +  

2

2220.5 (0.5 0.00504) 3.98084 0
N

I I
D

− − − =  

2 2 2 2220.5 0.5 0.00504 3.98084 0ID IN N D− + − =  

 2 2220.5 ( 0.05184 0.0006718464) 0.5 (441 15.876 0.142884)I I I I I I+ + − + +  

 2 20.00504(441 15.876 0.142884) (3.98084)( 0.05184 0.0006718464) 0I I I I+ + + − + + =  

3 20 1.73452 0.04965167 0.001954378 0I I I+ − − =  

 

 

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1846 

PROBLEM 17.89  (Continued) 

 

Solving the quadratic equation for ,I  

 
0.04965167 0.126590

0.050804 and 0.022179
3.46904

I
±= = −  

Reject the negative root. 

From Equation (10), 2
(21)(0.050804) 0.378

0.050804 0.02592
ω +=

+
 18.83 rad/sω = 

  20.0508 kg mI = ⋅ 
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PROBLEM 17.90 

A 6-lb collar C is attached to a spring and can slide on rod AB, which 
in turn can rotate in a horizontal plane. The mass moment of inertia of 
rod AB with respect to end A is 0.35 lb ⋅ ft ⋅ s2. The spring has a 
constant 15 lb/in.k =  and an undeformed length of 10 in. At the 
instant shown the velocity of the collar relative to the rod is zero, and 
the assembly is rotating with an angular velocity of 12 rad/s. 
Neglecting the effect of friction, determine (a) the angular velocity of 
the assembly as the collar passes through a point located 7.5 in. from 
end A of the rod, (b) the corresponding velocity of the collar relative to 
the rod. 

 

SOLUTION 

Potential energy of spring: undeformed length = 10 in. 

 Position 1: Position 2: 

  

 

 

 

 

 

 

Kinematics: 

 

Kinetics:  Since moments of all forces about shaft at A are zero, 1 2( ) ( )A A=H H  

 ( ) ( )
1 0 1 0 2 2

2 3
1 1 2 2

( ) ( )R C R C C

R C R C

I m v r I m v r

I m r I m r

ω ω

ω ω

+ = +

+ = +
 

2 2
1

1

26 in. 10 in. 16 in.

1 1
(15 lb/in.)(16 in.)

2 2
1920 in. lb

160 ft lb

V k

V

Δ = − =

= Δ =

= ⋅
= ⋅

 
2 2

2

2

12.5 in. 10 in. 2.5 in.

1 1
(15 lb/in.)(2.5 in.)

2 2
46.875 in. lb

3.91 ft lb

V k

V

Δ = − =

= Δ =

= ⋅
= ⋅
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PROBLEM 17.90  (Continued) 

 

Data: 2

1 2 1

6 lb
0.35 lb ft s ,

32.2
7.5

2 ft, ft, 12 rad/s
12

R CI m

r r ω

= ⋅ ⋅ =

= = =

 

 

2
2 2 2

2

2 2

6 lb 6 lb 7.5
0.35 lb ft s (2 ft) (12 rad/s) 0.35 lb ft s ft

32.2 32.2 12

13.1441 0.42279 ; 31.089 rad/s

ω

ω ω

    ⋅ ⋅ + = ⋅ ⋅ +        
= =

 

(a) Angular velocity. 2 31.1 rad/sω =   

 Kinetic energy. 2 2 2
1 1 1 1

2 2 2 2

1 1 1
( ) ( )

2 2 2
1 1 6 lb

(0.35 lb ft s )(12 rad/s) (2 ft) (12 rad/s) 0
2 2 32.2

A C D C rT I m v m vω= + +

 = ⋅ ⋅ + + 
 

 

 

1

2 2 2
2 2 2 2 2

2 2

2
2 2

2

2
2 2

78.865 ft lb

1 1 1
( ) ( )

2 2 2
1

(0.35 lb ft s )(31.089 rad/s)
2

1 6 lb 7.5 1 6 lb
ft (31.089 rad/s) ( )

2 32.2 12 2 32.2

204.32 0.09317( )

R B r

r

r

T

T I m v m v

v

T v

ω

= ⋅

= + +

= ⋅ ⋅

    + +    
    

= +

 

 Principle of conservation of energy: 1 1 2 2T V T V+ = +  

 Recall: 1 2160 ft lb and 3.91 ft lbV V= ⋅ = ⋅  

 
2
2

2
2

78.865 160 204.32 0.09317( ) 3.91

30.638 0.09317( )

r

r

v

v

+ = + +

=
 

(b) Velocity of collar relative to rod. 2( ) 18.13 ft/srv =  
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PROBLEM 17.91 

A small 4-lb collar C can slide freely on a thin ring of weight 6 lb and radius 
10 in. The ring is welded to a short vertical shaft, which can rotate freely in a 
fixed bearing. Initially the ring has an angular velocity of 35 rad/s and the 
collar is at the top of the ring ( 0)θ =  when it is given a slight nudge. 
Neglecting the effect of friction, determine (a) the angular velocity of the ring 
as the collar passes through the position 90 ,θ = °  (b) the corresponding velocity 
of the collar relative to the ring. 

 

SOLUTION 

Moment of inertia of ring. 21

2R RI m R=  

 

 Position 1 Position 2 

Position 1. 0

0Cv

θ =
=

 

Position 2. 

2

90

( )C y yv v R

θ
ω

= °
= =

 

Conservation of angular momentum about y axis for system. 

 

1 2

2 2 2
1 2 2

2 2
1 2

2 1

1 1

2 2

( 2 )

2

R R C y

R R C

R R C

R

R C

I I m v R

m R m R m R

m R m m R

m

m m

ω ω

ω ω ω

ω ω

ω ω

= +

= +

= +

=
+

 (1) 
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PROBLEM 17.91  (Continued) 

 

Potential energy. Datum is the center of the ring. 

 1 2 0CV m gR V= =  

Kinetic energy: 

( )

2 2 2
1 1 1

2 2
1

2 2 2
2 2

2 2 2 2 2
2 2

1 1 1

2 2 2

1

4
1 1

2 2
1 1 1

4 2 2

R R

R

R C x y

R C C y

T I m R

m R

T I m v v

m R m R m v

ω ω

ω

ω

ω ω

 = =  
 

=

= + +

= + +

 

Principle of conservation of energy: 

 

1 1 2 2

2 2 2 2 2
1 2

1 1 1 1

4 4 2 2R C R C C y

T V T V

m R m gR m m R m vω ω

+ = +

 + = + + 
 

 (2) 

Data: 

1

4 lb

6 lb

10 in. 0.83333 ft

35 rad/s

C

R

W

W

R

ω

=
=
= =
=

 

(a) Angular velocity. 

 From Eq. (1), ( )
6 lb

2 4 lb6 lb
(35 rad/s)

2

g

g g

ω =
+

 2 15.00 rad/sω =   

(b) Velocity of collar relative to ring. 

 From Eq. (2), 
2

2

2
2 2

1 6 lb 10 10
ft (35 rad/s) (4 lb) ft

4 32.2 12 12

1 6 lb 1 4 lb 10 1 4 lb
ft (15 rad/s)

4 32.2 2 32.2 12 2 32.2 yv

    +    
    

        = + +        
        

 



2

2

39.629 3.3333 16.984 0.062112

418.25

y

y

v

v

+ = +

=  20.5 ft/syv =  
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PROBLEM 17.92 

A uniform rod AB, of mass 7 kg and length 1.2 m, is attached to the 11-kg cart C. 
Knowing that the system is released from rest in the position shown and 
neglecting friction, determine (a) the velocity of Point B as rod AB passes through 
a vertical position (b) the corresponding velocity of cart C. 

 

SOLUTION 

Kinematics C A=v v  

 ABv Cv=  (0.6 m)ω+  

 0.6C ABv v ω= −  (1) 

 1.2 mAB =  

 

Weights. 

Kinetics 

 

Linear momentum 

 :   0 C C AB ABm v m v= +  

 
(11 kg) 11

,
(7 kg) 7

C
AB C C AB C

AB

m
v v v v v

m
= − = − = −  (2) 

Substitute into Eq. (1): 
11

0.6
7C Cv v ω= − −  

 
18

0.6
7 Cv ω= −  0.23333Cv ω= −  (3) 

Substitute into Eq. (2): 
11

( 0.23333 )
7ABv ω= − −  

 0.36667ABv ω=  (4) 
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PROBLEM 17.92  (Continued) 

 

Kinetic and potential energies. 

 

1

1

2

2 2 2
2

2 2 2 2

2

2

0

(7 kg)(9.81)(0.6 m)(1 cos30 )

5.520 N m

0

1 1 1

2 2 2
1 1 1 1

(11)( 0.23333 ) (7)(0.36667 ) (7)(1.2)
2 2 2 12

(0.29944 0.47056 0.4200)

1.190

AB

C C AB AB AB

T

V m gb

V

T m v m v I ω

ω ω ω

ω
ω

=
= = − °
= ⋅
=

= + +

 = − + +  
 

= + +

=

 

Conservation of energy: 1 1 2 2T V T V+ = +  

 
2

2

0 5.52 1.190

4.6387 2.1538 rad/s

ω
ω ω

+ =

= =
 

(b) Velocity of C:     Eq. (3) 0.23333(2.1538)Cv = −  0.503 m/sC =v   

(a) Velocity of B: [(1.2)B C ω= +v v ] [0.50254 m/s= ] [1.2(2.1538)+ ]  

 [0.50254B =v ] [2.5845+ ]  2.08 m/sB =v  
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PROBLEM 17.93 

In Problem 17.82, determine the velocity of rod AB relative to cylinder DE as end B of the rod strikes end E of 
the cylinder. 

 

SOLUTION 

Kinematics and geometry. 

 

 1 1

1

(0.04 m) (0.4 m)(40 rad/s)

1.6 m/s

v

v

ω= =
=

 2 2(0.28 m)v ω=  

 Initial position Final position 

Conservation of angular momentum about C. 

 

 Moments about C: 2 21
(3 kg)(0.8 m) 0.16 kg m

12ABI = = ⋅  

 1 1 1 2 2 2(0.04 m) (0.28 m)AB DE AB DEI mv I I mv Iω ω ω ω+ + = + +  

 2 2(0.16 kg m )(40 rad/s) (3 kg)(1.6 m/s)(0.04 m) (0.025 kg m )(40 rad/s)⋅ + + ⋅  

 2 2
2 2 2(0.16 kg m ) (3 kg)(0.28 )(0.28) (0.025 kg m )ω ω ω= ⋅ + + ⋅  

 2(6.4 0.192 1.00) (0.16 0.2352 0.025)ω+ + = + +  

 2 2 27.592 0.4202 ; 18.068 rad/s: 18.07 rad/sω ω ω= = =  

Conservation of energy ( ) 0.075 m/srv =  

 

1 2

2 2 2 2
1 1 1 1 1

2 2 2 2

2 2

0

1 1 1 1
( )

2 2 2 2
1 1

(0.025 kg m )(40 rad/s) (0.16 kg m )(40 rad/s)
2 2

1 1
(3 kg)(1.6 m/s) (3 kg)(0.075 m/s)

2 2

DE AB AB AB r

V V

T I I m v m vω ω

= =

= + + +

= ⋅ + ⋅

+ +
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PROBLEM 17.93  (Continued) 

 

 

1

2 2

2 2 2 2
2 2 2 2 2

2 2

2 2

2

20 J 128 J 3.84 J 0.008 J 151.85 J

(0.28 m) (0.28 m)(18.068 rad/s) 5.059 m/s

1 1 1 1
( )

2 2 2 2
1

(0.025 kg m )(18.068 rad/s)
2

1
(0.16 kg m )(18.068 rad/s)

2
1 1

(3 kg)(5.059 m/s) (3 kg
2 2

DE AB AB AB r

T

v

T I I m v m v

ω

ω ω

= + + + =
= = =

= + + +

= ⋅

+ ⋅

= + 2
2)( )rv

 

 
2

2 2

2
2 2

4.081 J 26.116 J 38.391 J 1.5( )

68.587 J 1.5( )

r

r

T v

T v

= + + +

= +
 

 2
1 1 2 2 2: 151.85 J 0 68.587 J 1.5( )rT V T V v+ = + + = +  

 2
283.263 1.5( )rv=  

Velocity of rod relative to cylinder. 2( ) 7.45 m/srv =  
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PROBLEM 17.94 

In Problem 17.83 determine the velocity of the tube relative to the rod as the 
tube strikes end E of the assembly. 

PROBLEM 17.83 A 1.6-kg tube AB can slide freely on rod DE which in 
turn can rotate freely in a horizontal plane. Initially the assembly is rotating 
with an angular velocity 5 rad/sω =  and the tube is held in position by a 
cord.  The moment of inertia of the rod and bracket about the vertical axis of 
rotation is 20.30 kg m⋅  and the centroidal moment of inertia of the tube about 
a vertical axis is 20.0025 kg m .⋅  If the cord suddenly breaks, determine  
(a) the angular velocity of the assembly after the tube has moved to end E, 
(b) the energy lost during the plastic impact at E. 

 

SOLUTION 

Let Point C be the intersection of axle C and rod DE. Let Point G be the mass center of tube AB. 

Masses and moments of inertia about vertical axes. 

 2 21.6 kg, 0.0025 kg m , 0.30 kg mAB AB DCEm I I= = ⋅ = ⋅  

State 1. / 1 1 1
1

( ) (125) 62.5 mm, 5 rad/s, ( ) 0
2G A rr vω= = = =  

State 2. / 2 2( ) 500 62.5 437.5 mm, ,G Ar ω ω= − = =  2( ) 0r rv v= =  

Kinematics. /( )G G Cv v rθ θ ω= =  

 

 Syst. Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 

Moments about C: 

 1 1 1 / 1 2 2 2 / 2( ) ( ) 0 ( ) ( )AB DCE AB G C AB DCE AB G CI I m v r I I m v rθ θω ω ω ω+ + + = + +  

 

2 2
/ 1 1 / 2 2

2 2
2

2 2

( ) ( )

[0.0025 0.30 (1.6)(0.0625) ](5) [0.0025 0.30 (1.6)(0.4375) ]

(0.30875)(5) 0.60875 2.5359 rad/s

AB DCE AB G C AB DCE AB G CI I m r I I m rω ω

ω
ω ω

   + + = + +   

+ + = + +
= =
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PROBLEM 17.94  (Continued) 

 

Kinetic energy. 

( )

2 2 2

2 2 2 2 2
/

2 2 2
1

1 1 1

2 2 2
1 1 1

2 2 2
1 1 1

(0.0025)(5) (0.3)(5) (1.6)(0.0625) 0 3.859375 J
2 2 2

AB DCE AB

AB DCE AB G C r

T I I m v

I I m r v

T

ω ω

ω ω ω

= + +

= + + +

= + + + =

 

 2 2
2

2 2 2
2

2
2

1 1
(0.0025)(2.5359) (0.30)(2.5359)

2 2
1 1

(1.6)(0.4375) (2.5359) (1.6)( )
2 2

1.95737 0.8( )

r

r

T

v

v

= +

+ +

= +

 

Work. The work of the bearing reactions at C is zero. Since the sliding contact between the rod and the tube 
is frictionless, the work of the contact force is zero. 

 1 2 0U → =  

Principle of work and energy. 1 1 2 2T U T→+ =  

 2
23.859375 0 1.95737 0.8( )rv+ = +  

Velocity of the tube relative to the rod. 2( ) 1.542 m/srv =  
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PROBLEM 17.95 

The 6-lb steel cylinder A and the 10-lb wooden cart B are at rest 
in the position shown when the cylinder is given a slight nudge, 
causing it to roll without sliding along the top surface of the cart. 
Neglecting friction between the cart and the ground, determine 
the velocity of the cart as the cylinder passes through the lowest 
point of the surface at C. 

 

SOLUTION 

Kinematics (when cylinder is passing C) 

 B C Av v r vω= = −  

 
A Bv v

r
ω +=  

Principle of impulse and momentum. 

 

 Syst. of Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 

 x components: 0

6 lb 10 lb
; 0.6

g g

A A B B

A B B A

m v m v

v v v v

− =

= =

 

Work: 1 2 1
6

(6 in.) (6 lb) ft 3 ft lb; 0
12AU W T→
 = = = ⋅ = 
 

 

Kinetic energy: 2 2 2
2 3

1 1 1

2 2 2A A BT m v I m vω= + +  

 

0

2
2 2 2

2

2 2 2 2

0.6 1.6
0.6 ;

1.61 6 lb 1 1 6 lb 1 10 lb
(0.6 )

2 2 2 2
3 3.84 1.8 8.64

A A A A
B A

A
A A

A A A A

v v v v v
v v

r r r

v
T v r v

g g r g

v v v v
g g g g

ω + +
= = = =

     = + +     
    

= + + =

 

Principle of work and energy: 1 1 2 2T U T→+ =  

 

2

2

8.64
0 3 ft lb

32.2

11.181 3.344 ft/s

A

A A

v

v

+ ⋅ =

= =v  

 0.6 0.6(3.344)B Av v= =  2.01 ft/sB =v    
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PROBLEM 17.F4 

A uniform slender rod AB of mass m is at rest on a frictionless 
horizontal surface when hook C engages a small pin at A. 
Knowing that the hook is pulled upward with a constant 
velocity v0, draw the impulse-momentum diagram that is needed 
to determine the impulse exerted on the rod at A and B. Assume 
that the velocity of the hook is unchanged and that the impact is 
perfectly plastic. 

 

SOLUTION 

Answer:  

 

 1Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  
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PROBLEM 17.F5 

A uniform slender rod AB of length L is falling freely 
with a velocity v0 when cord AC suddenly becomes 
taut. Assuming that the impact is perfectly plastic, 
draw the impulse-momentum diagram that is needed to 
determine the angular velocity of the rod and the 
velocity of its mass center immediately after the cord 
becomes taut. 

 

SOLUTION 

Answer: 
 
Principle of impulse and momentum. 

 

 1 1 2 2 →+ =Syst. Momenta Syst. Ext. Imp. Syst. Momenta  

Note:  For the momentum after the impact a general Gxa  and Gya  can be used. These can be related to ω and 

vA using kinematics. 
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PROBLEM 17.F6 

A slender rod CDE of length L and mass m is attached to a pin 
support at its midpoint D. A second and identical rod AB is 
rotating about a pin support at A with an angular velocity ω1 
when its end B strikes end C of rod CDE. The coefficient of 
restitution between the rods is e. Draw the impulse-momentum 
diagrams that are needed to determine the angular velocity of 
each rod immediately after the impact. 

 

SOLUTION 

Answer: 
Rod AB. 

 

 
 1 Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

Rod CE. 

 
 1 Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  
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PROBLEM 17.96 

At what height h above its center G should a billiard ball of radius r be 
struck horizontally by a cue if the ball is to start rolling without sliding? 

 

SOLUTION 

Moment of inertia. 22

5
I mr=  

Principle of impulse and momentum. 

 

 Syst. Momenta1 + Syst. Ext. Imp. 1→2 = Syst. Momenta2 

Kinematics. Rolling without sliding. Point C is the instantaneous center of rotation. 

 Linear components: 20 P t mv+ Δ =  

 2mrω=  

 Moments about G:  20 hP t Iω+ Δ =  

 2
2 2

2
0 ( )

5
h mr mrω ω + =  

 
 

2

5
h r=   
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PROBLEM 17.97 

A bullet weighing 0.08 lb is fired with a horizontal velocity of 1800 ft/s into the 
lower end of a slender 15-lb bar of length 30 in.L =  Knowing that 12 in.h =  
and that the bar is initially at rest, determine (a) the angular velocity of the bar 
immediately after the bullet becomes embedded, (b) the impulsive reaction at C, 
assuming that the bullet becomes embedded in 0.001 s. 

 

SOLUTION 

Bar: 2

2 2 2

15
30 in. 2.5 ft 0.46584 lb s /ft

32.2
1 1

(0.46584)(2.5) 0.24262 lb s ft
12 12

L m

I mL

= = = = ⋅

= = = ⋅ ⋅

 

Bullet: 2
0

0.08
0.0024845 lb s /ft

32.2
m = = ⋅  

Support location: 12 in. 1.0 fth = =  

Kinematics. ( ) (2.5 1.0) 1.5

(1.25 1.0) 0.25
2

B

G

v L h

L
v h

ω ω ω

ω ω ω

= − = − =

 = − = − = 
 

 

Kinetics. 

 

 Syst. Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 

Moments about C: 0 0 0 0( ) ( )
2B
L

m v L h m v L h mv h I ω − = − + − + 
 

 

 (0.0024845)(1800)(1.5) (0.0024845)(1.5 ) (0.46584)(0.25 )(0.25) (0.24262 )ω ω ω= + +  
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PROBLEM 17.97  (Continued) 

 

(a) 6.7082 0.27546 or 24.353ω ω= =  24.4 rad/s=ω   

 
(1.5)(24.353) 36.53 ft/s

(0.25)(24.353) 6.0881 ft/s
B

G

v

v

= =
= =

 

  Horizontal components: 

 0 0 0 0 0 0( ) : ( ) ( )B G Bm v C t m v mv C t m v v mv− + Δ = − − Δ = − −  

 
( ) (0.0024845)(1800 36.53) (0.46584)(6.0881)

1.545 lb s

C tΔ = − −
= ⋅

 

(b) 
1.545

0.001

C t
C

t

Δ= =
Δ

 1545 lb=C   
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PROBLEM 17.98 

In Problem 17.97, determine (a) the required distance h if the impulsive reaction 
at C is to be zero, (b) the corresponding angular velocity of the bar immediately 
after the bullet becomes embedded. 

PROBLEM 17.97 A bullet weighing 0.08 lb is fired with a horizontal velocity of 
1800 ft/s into the lower end of a slender 15-lb bar of length 30 in.L =  Knowing 
that 12 in.h =  and that the bar is initially at rest, determine (a) the angular 
velocity of the bar immediately after the bullet becomes embedded, (b) the 
impulsive reaction at C, assuming that the bullet becomes embedded in 0.001 s. 

 

SOLUTION 

Bar: 2

2 2 2

15
30 in. 2.5 ft 0.46584 lb s /ft

32.2
1 1

(0.46584)(2.5) 2.24262 lb s /ft
12 12

L m

I mL

= = = = ⋅

= = = ⋅

 

Bullet: 2
0

0.08
0.0024845 lb s /ft

32.2
m = = ⋅  

Kinematics. ( ) (2.5 )

(1.25 )
2

B

G

v L h h

L
v h h

ω ω

ω ω

= − = −

 = − = − 
 

 

Kinetics. 

 

 Syst. Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 

 moment about B: 0 0
2G
L

I mvω  + = −  
 

 

 0 0 0.24262 (0.46584)(1.25 ) (1.25)hω ω+ = − −  

Divide by ω 0 0.24262 0.5823(1.25 )h= − −  
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PROBLEM 17.98  (Continued) 

 

(a) 0.8333 fth =  10.00 in.h =   

 
(2.5 0.8333) 1.6667

(1.25 0.8333) 0.4167
B

G

v

v

ω ω
ω ω

= − =
= − =

 

 Horizontal components: 0 0 00 G Bm v mv m v+ = +  

 (0.0024845)(1800) 0 (0.46584)(0.4167 ) (0.0024845)(1.6667 )ω ω+ = +  

(b) 22.56ω =  22.6 rad/s=ω    
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PROBLEM 17.99 

A 16-lb wooden panel is suspended from a pin support at A and is initially at 
rest. A 4-lb metal sphere is released from rest at B and falls into a hemispherical 
cup C attached to the panel at a point located on its top edge. Assuming that 
the impact is perfectly plastic, determine the velocity of the mass center G of 
the panel immediately after the impact. 

 

SOLUTION 

Mass and moment of inertia 

 2
2 2

4 lb 16 lb

1 1 16 18
( ) 0.18634 slug ft

6 6 32.2 12

s P

P

W W

I m L

= =

  = = = ⋅  
  

 

Velocity of sphere at C. ( )2 9
1 12( ) 2 2(32.2 ft/s ) ft 6.9498 ft/sCv gy= = =  

Impact analysis. 

Kinematics: Immediately after impact in terms of 2ω  

 
2 2

2 2

9

12
7

( )
12C

v

v

ω

ω

=

=
 

Principle of impulse and momentum. 

 
 Syst. Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 
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PROBLEM 17.99  (Continued) 

 

 Moments about A: 

 

1 2 2 2

2 2 2

7 7 9
( ) ft 0 ( ) ft ft

12 12 12

4 lb 7 4 lb 7 7 16 lb 9 9
(6.9498 ft/s) ft ft 0.18634 ft

32.2 12 32.2 12 12 32.2 12 12
0.50361 (0.042271 0.18

s C s C Pm v m v I m vω

ω ω ω

     + = + +     
     

           = + +           
           

= + 2634 0.2795)ω+

 

 2 20.99115 rad/s 0.99115 rad/sω = =ω   

Velocity of the mass center 

 2 2
9 9

ft ft (0.99115 rad/s)
12 12

v ω   = =   
   

 

 2 0.74336 ft/sv =  2 8.92 in./s=v    
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PROBLEM 17.100 

An 16-lb wooden panel is suspended from a pin support at A and is initially at 
rest. A 4-lb metal sphere is released from rest at B′ and falls into a hemispherical 
cup C ′ attached to the panel at the same level as the mass center G. Assuming 
that the impact is perfectly plastic, determine the velocity of the mass center G 
of the panel immediately after the impact. 

 

SOLUTION 

Mass and moment of inertia. 

2

2

2

4 lb
16 lb
1

(0.5 m)
6

1 16 18

6 32.2 12

0.18634 slug ft

s

P

P

W
W

I m

=
=

=

  =   
  

= ⋅

 

Velocity of sphere at C ′. 

( )
1

2 18
12

( ) 2

2(32.2 ft/s ) ft

9.8285 ft/s

Cv gy′ =

=

=

 

Impact analysis. 

Kinematics: Immediately after impact in terms of 2.ω  

 
2 2

7 9
0.95015 ft

12 12
AC

   ′ = + =   
   

 

 2 2( )C AC ω′ ′=v  

 20.95015ω=   (perpendicular to .)ACθ  

 2 2
9

12
v ω=  
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PROBLEM 17.100  (Continued) 

 

Principle of impulse and momentum. 

 

 1Syst. Momenta  + 1 2−Syst. Ext. Imp.  = 2Syst. Momenta  

 Moments about A: 

 1 2 2 2

2 2

2

7 9
( ) ft 0 ( ) (0.95015 ft) ft

12 12

4 lb 7 4 lb
(9.8285 ft/s) ft (0.95015 )(0.95015 ft) 0.18634

32.2 12 32.2

16 lb 9 9
ft

32.2 12 12

0.71221 (0.11215 0.186

s C s C Pm v m v I m vω

ω ω

ω

   + = + +   
   

     = +     
     

   +    
   

= + 2

2

34 0.2795)

1.2322

ω
ω

+
=

 

Velocity of the mass center. 2 2
9 ft

12

9 ft
(1.2322 rad/s)

12

v ω =  
 
 =  
 

 

 0.92418 ft/s=  2 11.09 in./s=v    
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PROBLEM 17.101 

A 45-g bullet is fired with a velocity of 400 m/s at 30θ = °  into a 9-kg 
square panel of side 200b = mm. Knowing that 150h = mm and that the 
panel is initially at rest, determine (a) the velocity of the center of the panel 
immediately after the bullet becomes embedded, (b) the impulsive reaction 
at A, assuming that the bullet becomes embedded in 2 ms. 

 

SOLUTION 

 2 2 21 1
0.045 kg 9 kg (9)(0.200) 0.06 kg m

6 6B P G Pm m I m b= = = = = ⋅  

Kinematics. After impact, the plate is rotating about the fixed Point A with angular velocity ω=ω . 

 
2G
b ω=v   

Principle of impulse and momentum. To simplify the analysis, neglect the mass of the bullet after impact. 

 

 Syst. Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 

(a)  Moments about A: 

 
0 0

2
0

( cos30 ) sin 30 0
2 2

1
cos30 sin 30

2 4

B B G P G

B G P

b b
m v h m v I m v

b
m v h I m b

ω

ω

 ° + ° + = + 
 

   ° + ° = +   
   

 

 (0.045)(400)(0.150cos30 0.100sin 30 )° + °  

 
21

0.06 (9)(0.2) 0.15
4

21.588 rad/s

ω ω

ω

 = + =  
=

 

 (0.100)(21.588) 2.1588 m/sBv = =  2.16 m/sG =v   
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PROBLEM 17.101  (Continued) 

 

(b)  Linear momentum: 0 cos30 ( )

(0.045)(400cos30 ) (0.002) (9)(2.1588)
B x P G

x

m v A t m v

A

° + Δ =
° + =

 

 1920 NxA =  1920 Nx =A  

 Linear momentum: 0 sin 30 ( ) 0B ym v A t− ° + Δ =  

 (0.045)(400)sin 30 (0.002) 0yA− ° + =  

 4500 NyA =  4500 Ny =A  

 
4500

4892 N 4.892 kN tan 66.9
1920

A β β= = = = °  

 4.87 kN=A  66.9° 
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PROBLEM 17.102 

A 45-g bullet is fired with a velocity of 400 m/s at 5θ = °  into a 9-kg 
square panel of side 200b = mm. Knowing that the panel is initially at 
rest, determine (a) the required distance h if the horizontal component 
of the impulsive reaction at A is to be zero, (b) the corresponding 
velocity of the center of the panel immediately after the bullet becomes 
embedded. 

 

SOLUTION 

 2 2 21 1
0.045 kg 9 kg (9)(0.200) 0.06 kg m

6 6B P G Pm m I m b= = = = = ⋅  

Kinematics. After impact, the plate is rotating about the fixed Point A with angular velocity ω=ω  . 

 
2G
b ω=v  . 

Principle of impulse and momentum. To simplify the analysis, neglect the mass of the bullet after impact. 

Also ( ) 0.XA tΔ =  

 

 Syst. Momenta1 + Syst. Ext. Imp.1→2 = Syst. Momenta2 

 Linear momentum: 0 cos5 0
2B P G P
b

m v m v m ω ° + = =  
 

 

 (0.045)(400cos5 ) (9)(0.100) 19.9239 rad/sω ω° = =  

 (0.100)(19.9239) 1.99239 m/sGv = =  (1) 

 Moments about A: 0 0( cos5 ) ( sin 5 )
2 2B B G P G
b b

m v h m v I m vω° + ° = +  

 

2
0

2

1
cos5 sin 5

2 4

1
(0.045)(400)( cos5 0.100sin 5 ) 0.06 (9)(0.200) (19.9239)

4

17.9315 0.1569 2.9886

B G P
b

m v h I m b

h

h

ω   ° + ° = +   
   

 ° + ° = +  
+ =

 

(a) 0.15792 mh =  158 mmh =   

(b) From Eq. (1), 1.992 m/sG =v   
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PROBLEM 17.103 

The uniform rods, each of mass m, form the L-shaped rigid body 
ABC which is initially at rest on the frictionless horizontal surface 
when hook D of the carriage E engages a small pin at C. Knowing 
that the carriage is pulled to the right with a constant velocity v0, 
determine immediately after the impact (a) the angular velocity of 
the body, (b) the velocity of corner B. Assume that the velocity of 
the carriage is unchanged and that the impact is perfectly plastic. 

 

SOLUTION 

Kinematics: B Bv=v ,   ω=ω  

 0[BC v=v ]
2

L ω+ 
 

 0 2BC
L

v ω = −  
v  

 0[B v=v ] [Lω+ ] 

 0[ ]B v Lω= −v  

 0( ) [ ]AB x Bv v v Lω= = −  

 ( ) ( )
2AB y B y
L

v v ω= +  
2

L ω=  

Let m be the mass of each rod. 

Moment of inertia of each rod. 21

12
I mL=  

(a) Principle of impulse and momentum. 

 

 Syst. Momenta0 + Syst. Ext. Imp.0−1 = Syst. Momenta1 
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PROBLEM 17.103  (Continued) 

 

 Moments about C: 

 2 2
0 0

2 0
0

1 1
0 0 ( ) ( ) ( )

2 2

1 1 1 1
0 ( )

2 2 12 2 2 12

3 5 9
0

2 3 10

AB y AB x BCm v L m v L I m v L I

L L
m L m v L L mL m v L mL

v
mLv mL

L

ω ω

ω ω ω ω ω

ω ω

   + = − + − +   
   

     = − − + − − +     
     

= − + =

 

(a) Angular velocity  00.900 /v L=ω   

(b) Velocity of B. 0 0
1

10Bv v L vω= − =  00.100B v=v   
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PROBLEM 17.104 

The uniform slender rod AB of weight 5 lb and length 30 in. forms an 
angle 30β = ° with the vertical as it strikes the smooth corner shown with a 
vertical velocity 1v  of magnitude 8 ft/s and no angular velocity. Assuming that 
the impact is perfectly plastic, determine the angular velocity of the rod 
immediately after the impact. 

 

SOLUTION 

Moment of inertia. 
2

2 3 21 1 5 30
80.875 10  lb s ft

12 12 32.2 12
I mL −  = = = × ⋅ ⋅  

  
 

 

Kinematics. (Rotation about A) 30β = °  

15

2 12G
L

v ω ω= =  

Kinetics. 

 

 1 Syst. Momenta  +  1 2Syst. Ext. Imp. →  =  2Syst. Momenta  

 moments about A: 1 sin 0
2 2G
L L

mv I mvβ ω+ = +  

35 15 5 15 15
(8) sin 30 0 80.875 10

32.2 12 32.2 12 12
ω ω−       ° + = × +       

       
 

  2.4 rad/sω =  

  2.40 rad/s=ω   
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1876 

 

 

PROBLEM 17.105 

A bullet weighing 0.08 lb is fired with a horizontal velocity of 1800 ft/s into the 15-lb 
wooden rod AB of length L = 30 in. The rod, which is initially at rest, is suspended by 
a cord of length L = 30 in. Determine the distance h for which, immediately after the 
bullet becomes embedded, the instantaneous center of rotation of the rod is Point C. 

 

SOLUTION 

Let mB be the mass of the bullet and m the mass of the rod. The moment of inertia I of the rod is 

 21

12
I mL=  

Principle of impulse and momentum. 

 
 1 Syst. Momenta  + 1 2Syst. Ext. Imp. →  = 2Syst. Momenta  

 Moments about G: 0 2Bm v h I ω=  (1) 

 x components:   0 2Bm v mv=  (2) 

From Eq. (2). 2 0 0
B Bm W

v v v
m W

= =  (3) 

From Eq. (3). 
00 0

2 2 21
12

12
BW

gB B
W
g

v hm v h v hW
w

I WL L
= = =  (4) 

For the instantaneous center to lie at Point C,    2 2
3

2
v Lω=  
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PROBLEM 17.105  (Continued) 

 

Substitute for 2v  and 2ω  from Equations (3) and (4). 

 

0
0 2

3
12

2

1 30 in.

18 18

B B v hW W
v L

W W L

h L

 = ⋅  

= =  1.667 in.h =   
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PROBLEM 17.106 

A uniform sphere of radius r rolls down the incline shown without slipping. 
It hits a horizontal surface and, after slipping for a while, it starts rolling 
again. Assuming that the sphere does not bounce as it hits the horizontal 
surface, determine its angular velocity and the velocity of its mass center 
after it has resumed rolling. 

 

SOLUTION 

Moment of inertia. Solid sphere. 22

5
I mr=  

Kinematics. 

 

Before 
 

After 

Before impact (rolling). 

 1 1v rω=  

After slipping has stopped. 

 2 2v rω=  

Kinetics. 

 

 1 Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

 Moments about C: 1 1 2 2

2 2
1 1 2 2

cos 0

cos

I mv r I mv r

I mr I mr

ω β ω

ω ω β ω ω

+ + = +

+ = +

 

 
2 222

5
2 1 12 2 22

5

coscos mr mrI mr

I mr mr mr

ββω ω ω
++= =

+ +
 2 1

1
(2 5cos ) /

7
v rβ= +ω   

 2 2 1
2 5cos

7
v r r

βω ω+= =  2 1
1

(2 5cos )
7

vβ= +v    
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PROBLEM 17.107 

A uniformly loaded rectangular crate is released from rest in the 
position shown. Assuming that the floor is sufficiently rough to 
prevent slipping and that the impact at B is perfectly plastic, 
determine the smallest value of the ratio a/b for which corner A 
will remain in contact with the floor. 

 

SOLUTION 

We consider the limiting case when the crate is just ready to rotate about B. At that instant the velocities must 
be zero and the reaction at corner A must be zero. Use the principle of impulse and momentum. 

 

 1 1 2 2 →+ =Syst. Momenta Syst. Ext. Imp. Syst. Momenta  

 Moments about B: 

 1 1 2 1( ) ( ) 0 0
2 2y
b a

I mv mvω + − + =  (1) 

Note: 
2 2 2 2

sin , cos
b a

a b a b
φ φ= =

+ +
 

 2 2
1 1 1

1
( )

2
v AG v a b ω= = +  

Thus: 2 2
1 1 1 12 2

1
( ) ( )sin

2 2x
m b

mv mv a b mb
a b

φ ω ω= = + =
+

 

Also, 1 1
1

( ) ( )cos
2ymv mv maφ ω= =  

 2 21
( )

12
I m a b= +  

From Eq. (1) 2 2
1 1 1

1 1 1
( ) ( ) ( ) 0

12 2 2 2 2

b a
m a b mb maω ω ω+ + − =  

 2 2
1 1

1 1
0

3 6
mb ma vω − =  

2

2
2 2 1.414

a a a

b bb
= = =  
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PROBLEM 17.108 

A bullet of mass m is fired with a horizontal velocity v0 and at a 
height 1

2h R=  into a wooden disk of much larger mass M and 
radius R. The disk rests on a horizontal plane and the coefficient of 
friction between the disk and the plane is finite. (a) Determine the 
linear velocity 1v  and the angular velocity 1ω  of the disk 
immediately after the bullet has penetrated the disk. (b) Describe 
the ensuing motion of the disk and determine its linear velocity 
after the motion has become uniform. 

 

SOLUTION 

(a) Conditions immediately after the bullet has penetrated the disk. 

 Principle of impulse and momentum: 

 

 0 Syst. Momenta  +  0 1→Syst. Ext. Imp.  =  1Syst. Momenta  

       y components: 0 0N t W t N W+ Δ − Δ = =  

       x components:    0 1

0 1

mv F t M v

mv W t M vμ
− Δ =

− Δ =
 

 Since 0,tΔ ≈                   0 1mv mv=  0
1

mv

M
=v  (1) 

  Moments about G: 0 1( ) ( )mv R h R W t Iμ ω= − − Δ =  

 Since 0,tΔ ≈  2
0 1

1
( )

2
mv R h MR ω= − =  

    1 02
2

m R h
v

M R
ω −=  (2) 

 But 
1

2
h R=  

  
1
2

1 2
2

R Rm

M R
ω

−
=  0

1
mv

MR
ω =  
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PROBLEM 17.108  (Continued) 

 

(b) After the motion becomes uniform, the disk rolls without slipping. 

 Kinematics. 2 2v Rω=  

 

 

             0 Syst. Momenta  +  0 2→Syst. Ext. Imp.  =  2Syst. Momenta  

  Moments about A: 0 2 20mv h M v R I ω+ = +  

 Since 1
2h R=  is given: 

  

2
0 2 2

0 2

1 1
( )

2 2

1 3

2 2

mv R MR R MR

mv MR

ω ω

ω

  = + 
 

=  

              0
2 3

mv

MR
ω =  

              2 2v Rω=  0
2 3

mv

M
=v   

 At first the disk slides  and rotates , it latter rolls with a constant linear velocity 2v  and a constant 

angular velocity 2.ω 
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PROBLEM 17.109 

Determine the height h at which the bullet of Problem 17.108 
should be fired (a) if the disk is to roll without sliding immediately 
after impact, (b) if the disk is to slide without rolling immediately 
after impact. 

 

SOLUTION 

Principle of impulse and momentum: 

 

 0 Syst. Momenta  +  Syst. Ext. Imp.  =  1Syst. Momenta  

       y components: 0 0N t W t N W+ Δ − Δ = =  

       x components:    0 1

0 1

mv F t M v

mv W t M vμ
− Δ =

− Δ =
 

 Since 0;tΔ ≈                   0 1mv mv=  0
1

mv

M
=v  (1) 

  Moments about G: 0 1( ) ( )mv R h R W t Iμ ω= − − Δ =  

 Since 0;tΔ ≈  2
0 1

1
( )

2
mv R h MR ω= − =  

    1 02
2

m R h
v

M R
ω −=  (2) 

(a) If disk is to roll without sliding immediately after impact, we must have 

 1ω  and 1 1v Rω=  

  

0
02

2

1 2

mv m R h
R v

M M R

R h

R

− = − ⋅  
−= −  

3

2
h R=   

(b) If disk is to slide without rotating, 

  1 02

2
0

m R h
v

M R
ω −= ⋅ =  h R=  
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PROBLEM 17.110 

A uniform slender bar of length L = 200 mm and mass m = 0.5 
kg is supported by a frictionless horizontal table. Initially the bar 
is spinning about its mass center G with a constant angular 
velocity 1 6 rad/s.=ω  Suddenly latch D is moved to the right 
and is struck by end A of the bar. Knowing that the coefficient 
of restitution between A and D is e = 0.6, determine the 
angular velocity of the bar and the velocity of its mass center 
immediately after the impact. 

 

SOLUTION 

Moment of inertia. 21

12
I mL=  

Before impact. 1 1( )
2A
L ω=v   

Impact condition. 2 1 1
1

( ) ( )
2A Ae eLω= − =v v   

Kinematics after impact. 2 2 2 1 2
1 1

( )
2 2 2A
L

v v eL Lω ω ω= + = +  

Principle of impulse-momentum at impact. 

 

 1Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

 Moments about D: 1 2 2

1 2 1 2

0
2

1 1

2 2 2

L
I I mv

L
I I m eL L

ω ω

ω ω ω ω

+ = +

 = + + 
 

 

 

2 2 2 2
1 2 1 2

2 1

2 1 1 1

1 1 1 1

12 12 4 4
1

(1 3 )
4
1 1 1 1

(1 3 ) (1 )
2 2 4 8

mL mL mL e mL

e

v Le L e e L

ω ω ω ω

ω ω

ω ω ω

= + +

= −

 = + − = + 
 

 

Coefficient of restitution, 0.6e =  

 2
1

(1 (3)(0.6))(6 rad/s) 1.200
4

ω = − = −  2 1.200 rad/s=ω   

  2
1

(1 0.6)(6 rad/s)(0.2 m) 0.240 m/s
8

v = + =  2 0.240 m/s=v   
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PROBLEM 17.111 

A uniform slender rod of length L is dropped onto rigid supports at 
A and B. Since support B is slightly lower than support A, the rod 
strikes A with a velocity 1v  before it strikes B. Assuming perfectly 
elastic impact at both A and B, determine the angular velocity of 
the rod and the velocity of its mass center immediately after the 
rod (a) strikes support A, (b) strikes support B, (c) again strikes 
support A. 

 

SOLUTION 

Moment of inertia. 21

12
I mL=  

(a) First impact at A. 

 

 1Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

Condition of impact: 2 11: ( )Ae v= =v   

Kinematics: 2 2 1( )
2 2A
L L

v v vω ω= − = −  

 Moments about A: 1 2 20
2 2

L L
mv mv I ω+ = +  

 2
1 2

1

2 2 12

L L
m v mLω ω   = − +   
   

 1
2

3v

L
=ω   

 1
2 1 1

3 1

2 2

vL
v v v

L
 = − = 
 

 2 1
1

2
v=v    

 2 2 1 1 1( ) ( ) 3 2B Av L v v v vω= − = − =  

(b) Impact at B. 

 

 1Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  3Syst. Momenta  

Condition of impact. 3 11: ( ) 2Be v= =v   

Kinematics: 3 2 1( ) 2
2 2B
L L

v v vω ω= − = −  



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1885 

PROBLEM 17.111  (Continued) 

 

 Moments about B: 2 2 3 30
2 2

L L
mv I mv Iω ω− + + = −  

 2 21
1 1 3 3

31 1 1
0 2

2 2 12 2 2 12

vL L L
m v mL m v mL

L
ω ω        − + + = − −                

 1
3

3v

L
=ω   

 1
3 1 1

3 1
2

2 2

vL
v v v

L
 = − = 
 

 3 1
1

2
v=v    

 3 3 1 1 1( ) ( ) 3 2A Bv L v v v vω= − = − =   

(c) Second impact at A. 

 

 3 Syst. Momenta  +  3 4→Syst. Ext. Imp.  =  4Syst. Momenta  

Condition of impact. 4 11: ( )Ae v= =v   

Kinematics: 4 4 4 1 4( )
2 2A
L L

v v vω ω= + = +  

 Moments about A: 3 3 4 40
2 2

L L
mv I mv Iω ω+ + = +  

 2 21
1 1 4 4

31 1 1
0

2 2 12 2 2 12

vL L L
m v mL m v mL

L
ω ω        + + = + +                

 4 0=ω   

 4 1 0v v= +  4 1v=v    
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PROBLEM 17.112 

The slender rod AB of length L forms an angle β with the vertical as it strikes 
the frictionless surface shown with a vertical velocity 1v  and no angular 
velocity. Assuming that the impact is perfectly plastic, derive an expression for 
the angular velocity of the rod immediately after the impact. 

 

SOLUTION 

Moment of inertia. 21

12
I mL=  

Perfectly plastic impact. 2 10        [( ) ] ( ) 0A y A ye v e v= = − =  

 ( ) ( ) ( )A A x A y A xv v v= + =v i j i  

Kinetics. 

 

 1 Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

 horizontal components: 0 0         0x xmv mv+ = =  

Kinematics. /         [G A G A yv= +v v v ] [( )A xv=  ]
2

L ω+ 
  β 

 

Velocity components  : sin
2y
L

v ω β= −  

 Moments about A: 1

2
1

sin 0 sin
2 2

1
sin sin sin

2 2 2 12

y
L L

mv mv I

L L L
mv m mL

β β ω

β ω β β ω

+ = − +

 = + 
 

 

 2 2 2
1

1 1 1
sin sin

12 4 2
mL mL mv Lβ ω β + = 

 
 1

2

6sin

1 3sin

v

L

βω
β

=
+
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PROBLEM 17.113 

The slender rod AB of length L = 1 m forms an angle β = 30° with the vertical as 
it strikes the frictionless surface shown with a vertical velocity 1 2=v m/s and 
no angular velocity. Knowing that the coefficient of restitution between the rod 
and the ground is e = 0.8, determine the angular velocity of the rod immediately 
after the impact. 

 

SOLUTION 

Moment of inertia. 21

12
I mL=  

Apply coefficient of restitution. 2 1 1[( ) ] [( ) ]A y A yv e v ev= − =   

            1( ) ( ) ( )A A x A y A xv v v ev= + = +v i j i j  

Kinetics. 

 

 1 Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

 horizontal components: 0 0         0x xmv mv+ = =  

Kinematics. /         [G A G A yv= +v v v ] 1[ev=  ] [( )A xv+  ]
2

L ω+ 
 β 

 

Velocity components  : 1 sin
2y
L

v ev ω β= −  

 Moments about A: 1

2
1 1

sin 0 sin
2 2

1
sin sin sin

2 2 2 12

y
L L

mv mv I

L L L
mv m ev mL

β β ω

β ω β β ω

+ = − +

 = − + 
 

 

 

2 2 2
1

1
2

1 1 1
sin sin

12 4 2

6(1 )sin

11 3sin

e
mL mL mv L

ve

L

β ω β

βω
β

+ + = 
 

+=
+
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PROBLEM 17.113  (Continued) 

 

Data: 11 m, 30 , 2 m/s, 0.8L v eβ= = ° = =  

                  
2

(6)(1.8)sin 30 2 m/s

1 m1 3sin 30
ω °= ⋅

+ °
 6.17 rad/s=ω   
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PROBLEM 17.114 

The trapeze/lanyard air drop (t/LAD) launch is a proposed innovative method for airborne launch of a 
payload-carrying rocket. The release sequence involves several steps as shown in (1) where the payload rocket is 
shown at various instances during the launch. To investigate the first step of this process where the rocket 
body drops freely from the carrier aircraft until the 2-m lanyard stops the vertical motion of B, a trial rocket is 
tested as shown in (2). The rocket can be considered a uniform 1-m by 7-m rectangle with a mass of 4000 kg. 
Knowing that the rocket is released from rest and falls vertically 2 m before the lanyard becomes taut, 
determine the angular velocity of the rocket immediately after the lanyard is taut. 

 

 

SOLUTION 

While the lanyard is slack, the rocket falls freely without rotation. Considering its motion relative to the 
airplane (a Newtonian frame of reference), its vertical velocity is 

 

2 2
1 0

1

2 2

2 (2)(9.81 m/s)(2 m)

v v gy gy

v gy

= + =

= =  1 6.2642 m/s=v           (1) 

Moment of inertia: 2 2

2 2 2

1
( )

12
1

(4000 kg)[(7 m) (1 m) ] 16.667 kg m
12

I m a b= +

= + = ⋅
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PROBLEM 17.114  (Continued) 

 

For impact use the principle of impulse and momentum. 

 

 1 Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

x-components  : 0 0         0x xmv v′ ′+ = =  

 Moments about B:     1(3.5) 0 (3.5)ymv I mvω′ ′+ = +  (2) 

Kinematics. B Bv=v  

               [ xv v=  ] [ yv+ ] [ Bv= ] [3.5ω′+ ] [0.5ω+ ]  

y-components  : 3.5yv ω′=  (3) 

Substitute from Eqs. (1) and (3) into Eq. (2). 

 2
1(3.5) [ (3.5) ]mv I m ω′= +  

     2 2(4000 kg)(6.2642 m/s)(3.5 m) [16667 kg m (4000 kg)(3.5 m) ]ω′= ⋅ +  

Angular velocity.                   1.336 rad/s′ =ω   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1891 

 

 

PROBLEM 17.115 

The uniform rectangular block shown is moving along a 
frictionless surface with a velocity 1v  when it strikes a 
small obstruction at B. Assuming that the impact between 
corner A and obstruction B is perfectly plastic, determine 
the magnitude of the velocity 1v  for which the maximum 
angle θ through which the block will rotate is 30°. 

 

SOLUTION 

Let m be the mass of the block. 

Dimensions: 0.200 m

0.100 m

a

b

=
=

 

Moment of inertia about the mass center. 

 2 21
( )

12
I m a b= +  

Let d be one half the diagonal. 2 21
0.1118 m

2
d a b= + =  

Kinematics. Before impact 1 1v=v 1, 0=ω  

After impact, the block is rotating about corner at B. 

 2 2ω=ω 2 2dω=v  

Principle of impulse and momentum. 

 

 1 1 2 2 →+ =Syst. Momenta Syst. Ext. Imp. Syst. Momenta  

 

 Moments about B: 1
2 2

2 2 2
1 2 2

2 2
2

0
2
1 1

( )
2 12

1
( )

3

mv b
I mdv

mv b m a b md

m a b

ω

ω ω

ω

+ = +

= + +

= +
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PROBLEM 17.115  (Continued) 

 

Angular velocity after impact 1
2 2 2

3

2( )

v b

a b
=

+
ω  (1) 

The motion after impact is a rotation about corner B. 

Position 2 (immediately after impact). 2 2v dω=  

Position 3 ( 30 ).θ = °  1 1

3 3

tan tan 0.5 26.565

sin( 30 ) 0.11180sin 56.565 0.093301 m

0 0

b

a
h d

v

β

β
ω

− −= = = °

= + ° = ° =
= =

 

 

Potential energy: 2 32

mgb
V V mgh= =  

Kinetic energy: 2 2 2 2
2 2 2 2

2 2 2
2 3

1 1 1
( )

2 2 2
1

( ) 0
6

T I mv I md

m a b T

ω ω

ω

= + = +

= + =

 

Principle of conservation of energy: 

 2 3 3 3T V T V+ = +  

 2 2 2
2

1
( ) 0

6 2

mgb
m a b mghω+ + = +  

 2
2 2 2 2 2

3 (2 ) (3)(9.81)(0.18660 0.100)

( ) (0.200) (0.100)

g h b

a b
ω − −= =

+ +
 

 250.974 (rad/s)=  2 7.1396 rad/s=ω  

Magnitude of initial velocity. 

Solving Eq. (1) for 1v  
2 2

2
1

2( )

3

a b
v

b

ω+
=  


2 2

1
(2)[(0.200) (0.100) ](7.1396)

(3)(0.100)
v

+=  1 2.38 m/sv =  
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PROBLEM 17.116 

A slender rod of length L and mass m is released from rest in the position 
shown. It is observed that after the rod strikes the vertical surface it 
rebounds to form an angle of 30° with the vertical. (a) Determine the 
coefficient of restitution between knob K and the surface. (b) Show that 
the same rebound can be expected for any position of knob K. 

 

SOLUTION 

For analysis of the downward swing of the rod before impact and for the upward swing after impact use the 
principle of conservation of energy. 

Before impact. 

 

 
1

2

0

2 2

V

L L
V W mg

=

= − = −
 

 1 0T =  

 
2

2 2 2 2 2 2
2 2 2 2 2 2

1 1 1 1 1 1 1

2 2 2 12 2 2 6
T I mv mL v m mLω ω ω   = + = + =   

   
 

 2 2 2
1 1 2 2 2 2

1
: 0 ; 3

6 2

L g
T V T V mL mg

L
ω ω+ = + = = − =  2 1.73205

g

L
=ω  

After impact. 

 

 3 2 2

L L
V W mg= − = −  
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PROBLEM 17.116  (Continued) 

 

 4 cos30
2

L
V W= − °  

 

2 2
3 3 3

2
2 2

3 3

2 2
3

4

1 1

2 2

1 1 1 1

2 12 2 2

1

6
0

T I mv

mL m

mL

T

ω

ω ω

ω

= +

   = +   
   

=

=

 

 2 2
3 3 4 4 3

1
: 0 cos30

6 2 2

L L
T V T V mL mg mgω+ = + − = − °  

 2
3 3(1 cos30 )

g

L
ω = − °  3 0.63397

g

L
=ω  

Analysis of impact. 

Let r be the distance BK. 

Before impact, 3 3( )k rω=v 1.73205
g

r
L

=  

After impact, 4 4( )k rω=v 0.63397
g

r
L

=  

Coefficient of restitution. 4

3

|( ) |

|( ) |
k n

k n

v
e

v
=  

 
0.63397

1.73205
e =  0.366e =  
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PROBLEM 17.117 

A slender rod of mass m and length L is released from rest in the 
position shown and hits edge D. Assuming perfectly plastic impact at D, 
determine for 0.6 ,b L=  (a) the angular velocity of the rod immediately 
after the impact, (b) the maximum angle through which the rod will 
rotate after the impact. 

 

SOLUTION 

For analysis of the falling motion before impact use the principle of conservation of energy. 

Position 1: 1 10,
4

L
T V mg= =  

Position 2: 2 0V =  

 
2

2 2
2 2 2

1 1 1

2 2 2 12

L
T m mLω ω   = +   

   
 

 2 2
2 2

1

6
T mL ω=  

 2 2
1 1 2 2 2 2

1 3
: 0

4 6 2

L g
T V T V mg mL

L
ω ω+ = + + = =  

Analysis of impact.  Kinematics 

Before impact, rotation is about Point A. 2 22

L
v ω=  

After impact, rotation is about Point D. 3 310

L
v ω=  

Principle of impulse-momentum. 

 

 2 2 3 3 →+ =Syst. Momenta Syst. Ext. Imp. Syst. Momenta  

 Moments about D: 2 2 3 310 10

L L
I mv I mvω ω   − = +   

   
 (1) 

 

2 2
2 2 3 3

2 3

1 1

12 2 10 12 10 10

1 1 1 1

12 20 12 100

L L L L
mL m mL mω ω ω ω

ω ω

   − = +   
   

   − = +   
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PROBLEM 17.117  (Continued) 

 

(a) Angular velocity. 3 2
5 5 3

14 14 2

g

L
ω ω= =  3 0.437

g

L
=ω   

 For analysis of the rotation about Point D after the impact use the principle of conservation of energy. 

 

 Position 3 (just after impact) 

 3 3 3 0
10

L
v Vω= =  

 
2

2 2 2 2
3 3 3 3

2

2

1 1 1 14

2 10 2 12 300

14 5 3

300 14 2 112

L
T m mL mL

g mgL
mL

L

ω ω ω   = + =   
   

 
= =  

 

 

 Position 4. maximum rotation angle.

sin
10

L
h

θ

θ

=

′ =

 

 4

4 4 4

sin
10

0, 0, 0

mgL
V mgh

v T

θ

ω

′= =

= = =
 

 3 3 4 4; 0 0 sin
112 10

mgL mgL
T V T V θ+ = + + = +  

(b) Maximum rotation angle. 
10

sin
112

θ =  5.12θ = °   
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PROBLEM 17.118 

A uniformly loaded square crate is released from rest with 
its corner D directly above A; it rotates about A until its 
corner B strikes the floor, and then rotates about B. The floor 
is sufficiently rough to prevent slipping and the impact at B 
is perfectly plastic. Denoting by 0ω  the angular velocity of 
the crate immediately before B strikes the floor, determine 
(a) the angular velocity of the crate immediately after B 
strikes the floor, (b) the fraction of the kinetic energy of the 
crate lost during the impact, (c) the angle θ  through which 
the crate will rotate after B strikes the floor. 

 

SOLUTION 

Let m be the mass of the crate and c be the length of an edge. 

Moment of inertia 2 2 21 1
( )

12 6
I m c c mc= + =  

 
 1 1 2 2 →+ =Syst. Momenta Syst. Ext. Imp. Syst. Momenta  

Kinematics: 0 / 0 0

/

1
2

2
1

2
2

G A

G B

v r c

v r c

ω ω

ω ω

= =

= =

 

Moments about B: 0 /

2 2 2
0

0

1 1 1 1 2
0 2 2

6 6 2 2 3

G BI I r mv

mc mc c m c mc

ω ω

ω ω ω ω

+ = +

   + = + =   
   

 

(a) Solving for ,ω  0
1

4
ω=ω   

 Kinetic Energy. 

 Before impact: 2 2
1 0 0

2
2 2

0 0

2 2
0

1 1

2 2

1 1 1 1
2

2 6 2 2
1

3

T I mv

mc m c

mc

ω

ω ω

ω

= +

   = +   
   

=
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PROBLEM 17.118  (Continued) 

 

 After impact: 
2

2 2 2 2
2

2
2 2 2 2

0 0

1 1 1 1 1 1
2

2 2 2 6 2 2

1 1 1 1

3 3 4 48

T I mv mc m c

mc mc mc

ω ω ω

ω ω ω

   = + = +   
   

 = = = 
 

 

(b) Fraction of energy lost: 
1 1
3 481 2

1
1 3

1
1

16

T T

T

−−
= = −  

15

16
  

 Conservation of energy during falling. 0 0 1 1T V T V+ = +  (1) 

 Conservation of energy during rising. 3 3 2 2T V T V+ = +  (2) 

 Conditions: 0 3 2 1
1

0, 0
16

T T T T= = =  

 0 1 2 3 3
1 1

2
2 2

V mg c V V mg c V mgh
   = = = =   
   

 

 From Equation (1), 1 0 1
1

( 2 1)
2

T V V mgc= − = −  

 From Equation (2), 2 3 2 3
1

2
T V V mgh mgc= − = −  

 
1

3 2
31

2

1 1 1
( 2 1)

16 2 162 1

h c
h c

−  = = + − −  
 

(c) From geometry, 3
1

2 sin ( 45 )
2

h c θ= + °  

 Equating the two expressions for 3 ,h  

 
1 1
2 16

1
2

( 2 1)
sin (45 )

2
θ

+ −
° + =  

 45 46.503θ° + = °  1.50θ = °  
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PROBLEM 17.119 

A 1-oz bullet is fired with a horizontal velocity of 750 mi/h into the 18-lb 
wooden beam AB. The beam is suspended from a collar of negligible mass 
that can slide along a horizontal rod. Neglecting friction between the collar 
and the rod, determine the maximum angle of rotation of the beam during its 
subsequent motion. 

 

SOLUTION 

Mass of bullet. 1 ounce 0.0625 lbW ′ = =  

Mass of beam AB. 18 lbW =  

Mass ratio. 0.0034722
W

W W
W

β β′ ′= = =  and m mβ′ =  

Since β is so small, the mass of the bullet will be neglected in comparison with that of the beam in 

determining the motion after the impact. 

Moment of inertia. 21

12
I mL=  

Impact kinetics. 

 

 1 1 2 2 →+ =Syst. Momenta Syst. Ext. Imp. Syst. Momenta  

 linear components: 0 2 2 00  mv mv v vβ β− + = =  

 Moments about B: 20 0
2

L
I mvω+ = −  

 02
2

0

12

2 2
6

m v Lmv L

I mL
v

L

βω

βω

= =

=
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PROBLEM 17.119  (Continued) 

 

Motion during rising. Position 2. Just after the impact. 

 2

2 2
2 2 2

2
2 2 0

0

2 2
0

(datum at level )
2

1 1

2 2

61 1 1
( )

2 2 12

2

L
V mg A

T mv I

v
m v mL

L

mv

ω

ββ

β

= −

= +

  = +   
  

=

 

Position 3. 0,     .mω θ θ= =  

 

 2 2 3 3 →+ =Syst. Momenta Syst. Ext. Imp. Syst. Momenta  

 3 cos
2 m
L

V mg θ= −  

 2
3 3

1

2
T mv=  

 linear components: 2 3 3 2 00         mv mv v v vβ+ = = =  where 0 750 mi/h 1100 ft/sv = =  

Conservation of energy. 2 2 2
2 2 3 3 0 0

1
: 2 ( ) cos

2 2 2 m
L L

T V T V mv mg m v mgβ β θ+ = + − = −  

 

2 2
0

2 2
0

2 2

3
1 cos

3
cos 1

(3)(0.0034722) (1100)
1

(32.2)(4)

0.66021

m

m

v

gL

v

gL

β θ

βθ

= −

= −

= −

=  48.7mθ = °   
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PROBLEM 17.120 

For the beam of Problem 17.119, determine the velocity of the 1-oz bullet for 
which the maximum angle of rotation of the beam will be 90 .°  

PROBLEM 17.119 A 1-oz bullet is fired with a horizontal velocity of 350 m/s 
into the 18-lb wooden beam AB. The beam is suspended from a collar of 
negligible weight that can slide along a horizontal rod. Neglecting friction 
between the collar and the rod, determine the maximum angle of rotation of the 
beam during its subsequent motion. 

 

SOLUTION 

Mass of bullet. 1 ounce 0.0625 lbW ′ = =  

Mass of beam AB. 18 lbW =  

Mass ratio. 0.0034722
W

W W
W

β β′ ′= = =  and m mβ′ =  

Since β is so small, the mass of the bullet will be neglected in comparison with that of the beam in 

determining the motion after the impact. 

Moment of inertia. 21

12
I mL=  

Impact Kinetics. 

 

 1 1 2 2 →+ =Syst. Momenta Syst. Ext. Imp. Syst. Momenta  

 linear components: 0 2 2 00mv mv v vβ β− + = =  

 Moments about B: 20 0
2

L
I mvω+ = −  

 

02
2

0

12

2 2
6

m v Lmv L

I mL
v

L

βω

βω

= =

=
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PROBLEM 17.120  (Continued) 

 

Motion during rising. Position 2. Just after the impact. 

 

2

2 2
2 2 2

2
2 2 0

0

2 2
0

    (datum at level )
2

1 1

2 2

61 1 1
( )

2 2 12

2

L
V mg A

T mv I

v
m v mL

L

mv

ω

ββ

β

= −

= +

  = +   
  

=

 

Position 3. 0,     .mω θ θ= =   

 

 2 2 3 3 →+ =Syst. Momenta Syst. Ext. Imp. Syst. Momenta  

 3 cos
2 m
L

V mg θ= −  

 2
3 3

1

2
T mv=  

 linear components: 2 3 3 2 00  mv mv v v vβ+ = = =  

Conservation of energy. 

 2 2 3 3:T V T V+ = + 2 2 2
0 0

1
2 ( ) cos

2 2 2 m
L L

mv mg m v mgβ β θ− = −  

 

0
1

(1 cos )
3

1
(32.2)(4)(1 cos90 )

3

6.5524 ft/s

mv gLβ θ= −

 = − ° 
 

=

 

 0
6.5524

0.0034722
v =  0 1887 ft/sv =  
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PROBLEM 17.121 

The plank CDE has a mass of 15 kg and rests on a small pivot 
at D. The 55-kg gymnast A is standing on the plank at C when 
the 70-kg gymnast B jumps from a height of 2.5 m and strikes 
the plank at E. Assuming perfectly plastic impact and that 
gymnast A is standing absolutely straight, determine the height 
to which gymnast A will rise.  

 

SOLUTION 

Moment of inertia. 2 21 1
(2 )

12 3P PI m L m L= =  

Velocity of jumper at E. 1 1( ) 2v gh=  (1) 

Principle of impulse-momentum. 

 

 1 Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

Kinematics: C Dv L v Lω ω= =  

 Moments about D: 1

2 2 2

1
1
3

0

1

3

E E E C C

E C P

E

E C P

m v L m v L m v L I

m L m L m L

m v

m m m L

ω

ω ω ω

ω

+ = + +

= + +

=
+ +

 

  1
1
3

E
C

E C P

m v
v L

m m m
ω= =

+ +
 (2) 

Gymnast (flier) rising. 
2

2
C

C

v
h

g
=  (3) 

Data:  

1

70 kg

55 kg

15 kg

2.5 m

E B

C A

P

m m

m m

m

h

= =
= =
=
=
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PROBLEM 17.121  (Continued) 

 

From Equation (1) 1 (2)(9.81)(2.5)

7.0036 m/s

v =
=

 

From Equation (2) 
(70)(7.0036)

70 55 5
3.7712 m/s

Cv =
+ +

=

 

From Equation (3) 
2

2
(3.7712)

(2)(9.81)
h =  

  0.725 m=  2 725 mmh =   
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PROBLEM 17.122 

Solve Problem 17.121, assuming that the gymnasts change 
places so that gymnast A jumps onto the plank while gymnast B 
stands at C. 

PROBLEM 17.121 The plank CDE has a mass of 15 kg and 
rests on a small pivot at D. The 55-kg gymnast A is standing on 
the plank at C when the 70-kg gymnast B jumps from a height 
of 2.5 m and strikes the plank at E. Assuming perfectly plastic 
impact and that gymnast A is standing absolutely straight, 
determine the height to which gymnast A will rise. 

 

SOLUTION 

Moment of inertia. 2 21 1
(2 )

12 3P PI m L m L= =  

Velocity of jumper at E. 1 1( ) 2v gh=  (1) 

Principle of impulse-momentum. 

 

 1 Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

Kinematics: C Dv L v Lω ω= =  

 Moments about D: 1

2 2 2

1
1
3

0

1

3

E E E C C

E C P

E

E C P

m v L m v L m v L I

m L m L m L

m v

m m m L

ω

ω ω ω

ω

+ = + +

= + +

=
+ +

 

  1
1
3

E
C

E C P

m v
v L

m m m
ω= =

+ +
 (2) 

Gymnast (flier) rising. 
2

2
C

C

v
h

g
=  (3) 
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PROBLEM 17.122  (Continued) 

 

Data:  

1

55 kg

70 kg

15 kg

2.5 m

E A

C B

P

m m

m m

m

h

= =
= =
=
=

 

From Equation (1) 1 (2)(9.81)(2.5)

7.0036 m/s

v =
=

 

From Equation (2) 
(55)(7.0036)

55 70 5
2.9631 m/s

Cv =
+ +

=

 

From Equation (3) 
2

2
(2.9631)

(2)(9.81)
h =  

  0.447 m=  2 447 mmh =   
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PROBLEM 17.123 

A small plate B is attached to a cord that is wrapped around a uniform 8-lb 
disk of radius 9R = in. A 3-lb collar A is released from rest and falls through a 
distance 15h =  in. before hitting plate B. Assuming that the impact is 
perfectly plastic and neglecting the weight of the plate, determine immediately 
after the impact (a) the velocity of the collar, (b) the angular velocity of the disk. 

 

SOLUTION 

The collar A falls a distance h. From the principle of conservation of energy. 

  1 2v gh=  

Impact analysis:     0e =  

Kinematics.   Collar A and plate B move together. The cord is inextensible. 

  2v Rω=     or    2
2

v

R
ω =  

Let m = mass of collar A and M = mass of disk. 

Moment of inertia of disk: 21

2
I MR=  

Principle of impulse and momentum. 

 

 1 Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

 Moments about C: 1 2 2mv R I mv Rω= +  (1) 

  

2 2
1 2

1 2 2

2 1

1

2

1

2
2

2

v
mv R MR mv R

R

mv Mv mv

m
v v

m M

 = + 
 

= +

=
+

 

1 0I ω =
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PROBLEM 17.123  (Continued) 

 

Data:  3 lb/g

8 lb/g

15 in. 1.25 ft

9 in. 0.75 ft

m

M

h

R

=
=
= =
= =

 

 1 (2)(32.2)(1.25)

8.972 ft/s

v =
=

 

(a) Velocity of A. 2 1 1
(2)(3) 3

(2)(3) 8 7
v v v= =

+
 

  2
3

(8.972) 3.8452 ft/s
7

v = =  2 3.85 ft/s=v   

(b) Angular velocity. 2
3.8452

0.75
ω =  2 5.13 rad/s=ω   
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PROBLEM 17.124 

Solve Problem 17.123, assuming that the coefficient of restitution between A 
and B is 0.8. 

PROBLEM 17.123 A small plate B is attached to a cord that is wrapped 
around a uniform 8-lb disk of radius 9R = in. A 3-lb collar A is released from 
rest and falls through a distance 15h =  in. before hitting plate B. Assuming 
that the impact is perfectly plastic and neglecting the weight of the plate, 
determine immediately after the impact (a) the velocity of the collar, (b) the 
angular velocity of the disk. 

 

SOLUTION 

  

2

2 2

2

8 lb

8
0.2484 lb s /ft

32.2

9 in. 0.75 ft

1
0.06988 lb s ft

2
3 lb

3
0.09317 lb s /ft

32.2

15 in. 1.25 ft

D

D
D

D D

A

A
A

W

W
m

g

R

I m R

W

W
m

g

h

=

= = = ⋅

= =

= = ⋅ ⋅

=

= = = ⋅

= =

 

Collar A falls through distance h. Use conservation of energy. 

  1

1

2
2

2

0

1

2
0

A

A A

T

V W h

T m v

V

=
=

=

=

 

 2
1 1 2 2

1
: 0 0

2A A AT V T V W h m v+ = + + = +  

  2

2 2

2
2

(2)(32.2)(1.25)

80.5 ft /s

A
A

A

m h
v gh

W
= =

=

=

 

  8.972 ft/sA =v  

Impact. Neglect the mass of plate B. Neglect the effect of weight over the duration of the impact. 
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PROBLEM 17.124  (Continued) 

 

Kinematics. ω′ =ω  B Rω′ =v 0.75ω′=  

Conservation of momentum. 

 

 Moments about D: 0A A A A D B Bm v R m v R I m v Rω′ ′ ′+ = + +  

  (0.09317)(8.972)(0.75) (0.09317)(0.75) 0.06988Av ω′ ′= +  (1) 

Coefficient of restitution. ( )B A A Bv v e v v′ ′− = −  

  0.75 0.8(8.972 0)Avω′ ′− = −  (2) 

Solving Eqs. (1) and (2) simultaneously 

(a) Velocity of A. 0.25648 ft/sAv′ = −  0.256 ft/sA′ =v  

(b) Angular velocity. 9.228 rad/sω′ =  9.23 rad/s′ =ω   
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PROBLEM 17.125 

Two identical slender rods may swing freely from the pivots shown. Rod 
A is released from rest in a horizontal position and swings to a vertical 
position, at which time the small knob K strikes rod B which was at rest. 
If 1

2h l= and 1
2 ,e =  determine (a) the angle through which rod B will 

swing, (b) the angle through which rod A will rebound. 

 

SOLUTION 

Let  AC BDm m m= =  

Moment of inertia. 2

2

1

12
1

12

AC

BD

I I mL

I mL

= =

=

 

Rod AB falls to vertical position. 

 

Position 0. 1 10 0V T= =  

Position 1. 2

1 1

2 2
1 1 1

2 2
1

2

( ) ( )
2
1 1

( ) ( )
2 2
1

( )
6

AC AC

AC AC

AC

L
V mg

L
v

T m v I

mL

ω

ω

ω

= −

=

= +

=

 

Conservation of energy. 2 2
0 0 1 1 1

1 1
: 0 0 ( )

6 2ACT V T V mL mgLω+ = + + = −  

  2
1

3
( )AC

g

L
ω =  (1) 
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PROBLEM 17.125  (Continued) 

 

Impact. 

 

 Syst. Momenta1 + Syst. Ext. Imp.1→ 2 = Syst. Momenta2 

Kinematics 1 1

2 2

( ) ( )
2

( ) ( )
2

AC AC

AC AC

L
v

L
v

ω

ω

=

=

 

 Moments about C: 1 1 2 2( ) ( ) ( ) ( )
2 2AC AC AC AC
L L

m v I L Kdt m v Iω ω + −  = + 
 

 

               2 2
1 2

1 1
( ) ( )

3 3AC ACmL L Kdt mLω ω−  =  (2) 

 

 Syst. Momenta1 + Syst. Ext. Imp.1→ 2 = Syst. Momenta2 

Kinematics            2 2( ) ( )
2BD BD
L

v ω=  

 Moments about D: 2 20 ( ) ( ) ( )
2BD BD
L

L h Kdt m v I ω+ −  = +  

     2
2

1
( ) ( )

3 BDL h Kdt mL ω−  =  (3) 

 

Multiply Eq. (2) by (L − h) and Eq. (3) by L and then add to eliminate  Kdt. 

                         2 2 3
1 2 2

1 1 1
( )( ) ( )( ) ( )

3 3 3AC AC BDmL L h mL L h mLω ω ω− = − +  (1) 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1913 

PROBLEM 17.125  (Continued) 

 

Condition of impact: 2 2 1( ) ( )( ) ( )AC BD ACL L h eLω ω ω− − = −  (2) 

For 1
2h L=  and 0.5e =  Eqs. (1) and (2) become 

            3 3 3
1 2 2

1 1 1
( ) ( ) ( )

6 6 3AC AC BDmL mL mLω ω ω= +  (3) 

  1
1

0.5 ( )
2 ABL ω− =  (4) 

Dividing Eq. (3) by 31
6 mL  and transposing terms gives 

  2 2 1( ) 2( ) ( )AC BD ACω ω ω+ =  (5) 

Dividing Eq. (4) by /2L  and transposing terms gives 

  2 2 12( ) ( ) ( )AC BD ACω ω ω− = −  (6) 

Solving Eqs. (5) and (6) simultaneously for 2( )ACω  and 2( )BDω  gives 

  2 1( ) 0.2( )AC ACω ω= −  (7) 

  2 1( ) 0.6( )BD ACω ω=  (8) 

(a) Angle of swing Bθ  for rod B. 

 Apply the principle of conservation of energy to rod B. 

  2 2 3 3T V T V+ = +  

 Position (2): Just after impact. 

 Position (3): At maximum angle of swing. 

 Potential energy.  

 Use the pivot point D as the datum. 

 
2

3

2

cos
2 B

L
V mg

L
V mg θ

= −

= −
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PROBLEM 17.125  (Continued) 

 

 Kinetic energy. 

                              
2 3 2

2 2 2

3

1 1
( ) ( )

2 6
0

D BD BDT I mL

T

ω ω= =

=
 

  

2 2
2

2
2

2
1

1
( ) 0 cos

6 2 2
1

1 cos ( )
3

1
[0.6( ) ]

3

1 3
(0.36) 0.36

3

BD B

B BD

AB

L L
mL mg mg

L

g

L

g

L g

g L

ω θ

θ ω

ω

− = −

− =

=

    = =    
    

 

  cos 0.64Bθ =  50.2Bθ = °   

(b) Angle of rebound θA for rod A. 

 Apply the principle of conservation of energy to rod A. 

  2 2 4 4T V T V+ = +  

 Position (2): Just after impact. 

 Position (4): At maximum angle of rebound. 

 Potential energy. Use the pivot Point C as the datum. 

 2 4 cos
2 2 A
L L

V mg V mg θ= − = −  

 Kinetic energy. 

 2 2 2
2 2 2 4

1 1
( ) ( ) 0

2 6C AB ACT I mL Tω ω= = =  

 

2 2
2

2
2

2
1

1
( ) 0 cos

6 2 2
1

1 cos ( )
3

1
[ 0.2( ) ]

3

1 3
(0.04) 0.04

3

AC A

A AC

AB

L L
mL mg mg

L

g

L

g

L g

g L

ω θ

θ ω

ω

− = −

− =

= −

    = =    
    

 

  cos 0.96Aθ =  16.26Aθ = °   
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PROBLEM 17.126 

A 2-kg solid sphere of radius r = 40 mm is dropped from a 
height h = 200 mm and lands on a uniform slender plank 
AB of mass 4 kg and length L = 500 mm which is held by 
two inextensible cords. Knowing that the impact is perfectly 
plastic and that the sphere remains attached to the plank at 
a distance a = 40 mm from the left end, determine the 
velocity of the sphere immediately after impact. Neglect 
the thickness of the plank. 

 

SOLUTION 

Masses and moments of inertia. 

Sphere: 

2 2 3 2

2 kg, 40 mm 0.040 m

2 2
(2 kg)(0.04 m) 1.28 10 kg m

5 5

S

S S

m r

I m r −

= = =

 = = = × ⋅ 
 

 

Plank AB: 

2 2 3 2

4 kg, 500 mm 0.5 m

1 1
(4 kg)(0.5 m) 83.333 10 kg m

12 12

AB

AB AB

m L

I m L −

= = =

 = = = × ⋅ 
 

 

Velocity of sphere at impact. 

     2 (2)(9.81 m/s)(0.200 m) 1.9809 m/sSv gh= = =  

Before impact. 

Linear momentum: (4 kg)(1.9809 m/s)S Sm =v 7.9236 kg m/s= ⋅  

with its line of action lying at distance 2
L a− from the midpoint of the plank. 

  0.25 m 0.04 m 0.21 m.
2

L
a− = − =  

After impact. Assume that both cables are taut so vA is perpendicular to the cable at A and vB is perpendicular 
to the cable at B. 
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PROBLEM 17.126  (Continued) 

 

Kinematics. 

To locate the instantaneous center C  

draw line AC  perpendicular to vA and  

line BC  perpendicular to vB. Let point G  
be the mass center of the plank AB and  
Point S be that of the sphere. 

    

cos30

(0.500 m)cos30 0.040 m

0.47301 m

CH L r= ° +
= ° +
=

 

 

2 2

0.21 m
2

0.51753 m

tan 0.44397 23.94

( ) 0.51753

( cos30 ) 0.43301
S

G

L
HS a

CS CH HS

HS

CH

v CS

v L

β β

ω ω
ω ω

= − =

= + =

= = = °

= =
= ° =

 

Principle of impulse and momentum. 

 

 

 

 

 

 

 

 

 

 Syst. Momenta1 + Syst. Ext. Imp.1→ 2 = Syst. Momenta2 

 Moments about C: 

  

1 1

22

0 ( ) ( )
2

[ ( ) ]
2

S S S S AB G S AB

S S S AB S AB C

L
m v a m v CS m v CH I I

L
m v a m CS m CG I I I

ω ω

ω ω

 − + = + + + 
 

 − = + + + = 
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PROBLEM 17.126  (Continued) 

 

where                  2(2 kg)(1.9809 m/s)(0.21 m) 0.83198 kg m /s
2S S
L

m v a
 − = = ⋅ 
 

 

and  2 2 3 2 3 2

2 2

(2 kg)(0.51753 m) (4 kg)(0.43301 m) 1.28 10 kg m 83.333 10 kg m

(0.53567 0.75 0.00128 0.08333) kg m 1.37028 kg m

CI − −= + + × ⋅ + × ⋅

= + + + ⋅ = ⋅

 

                           2 20.83198 kg m /s (1.37028 kg m )ω⋅ = ⋅  0.60716 rad/s=ω   

    
1

1

(0.51753 m)(0.60716 rad/s) 0.31422 m/s

(0.43301 m)(0.60716 rad/s) 0.26291 m/s

S

G

v

v

= =

= =
 

To check that neither cable becomes slack during the impact, we show that  Adt and  B dt are positive 
quantities. 

components: 1

1
1

( )cos30 sin

3
( ) [ sin ]/ cos30

2
7.9236 (2)(0.31422)sin 23.94

7.6686 N s

S S S

S S S

m v Adt Bdt mv

Adt Bdt m v m v

β

β

− +  +  ° = −

 +  = − °

= − °
= ⋅

 

components:                10 ( )sin 30 cos

1
( ) (4)(0.26291) (2)(0.31422)cos 23.94

2
1.6260 N s

AB G S SAdt Bdt m v m v

Adt Bdt

β+  −  ° = +

 −  = + °

= ⋅

 

Solving the simultaneous equation gives 

  6.05 N s 2.80 N sAdt Bdt = ⋅  = ⋅  

The cables remain taut as assumed. 

Velocity of sphere:  1 0.314 m/sS =v   23.9°  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1918 

 

 

PROBLEM 17.127 

Member ABC has a mass of 2.4 kg and is attached to a pin 
support at B. An 800-g sphere D strikes the end of member ABC 
with a vertical velocity 1v  of 3 m/s. Knowing that 750L = mm 
and that the coefficient of restitution between the sphere and 
member ABC is 0.5, determine immediately after the impact  
(a) the angular velocity of member ABC, (b) the velocity of the 
sphere. 

 

SOLUTION 

 0.800 kg

0.750 m

1
0.1875 m

4
2.4 kg

D

AC

m

L

L

m

=
=

=

=

 

Let Point G be the mass center of member ABC. 

 

2

2

2

1

12
1

(2.4)(0.750)
12

0.1125 kg m

G ACI m L=

=

= ⋅

 

Kinematics after impact. ω′ ′=ω , 
4G
L ω′ ′=v   , 4A

L ω′ ′=v  

Conservation of momentum. 

 

 Moments about B: 

2

0
2 2 4

4 4 4

D D D D G AC G

D D D D G AD

L L L
m v m v I m v

L L L
m v m v I m

ω

ω

′ ′ ′+ = + +

  ′ ′= + +  
   

 

  

2(0.800)(3)(0.1875) (0.800)(0.1875) [0.1125 (2.4)(0.1875) ]

0.45 0.15 0.196875
D

D

v

v

ω
ω

′ ′= + +
′ ′= +  (1) 
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PROBLEM 17.127  (Continued) 

 

Coefficient of restitution. 
4

( )

D A D

D A

L
v v v

e v v

ω′ ′ ′ ′− = −

= − −

 

 0.1875 (0.5)(3 0)Dv ω′ ′− = − −  (2) 

Solving Eqs. (1) and (2) simultaneously. 

(a) Angular velocity. 3ω′ =  3.00 rad/s′ =ω   

(b) Velocity of D. 0.9375Dv′ = −  0.938 m/sDv′ =   
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PROBLEM 17.128 

Member ABC has a mass of 2.4 kg and is attached to a pin 
support at B. An 800-g sphere D strikes the end of member 
ABC with a vertical velocity 1v  of 3 m/s. Knowing  
that 750L = mm and that the coefficient of restitution 
between the sphere and member ABC is 0.5, determine 
immediately after the impact (a) the angular velocity of 
member ABC, (b) the velocity of the sphere. 

 

SOLUTION 

Let M be the mass of member ABC and I its moment of inertia about B. 

 21
2.4 kg (2 )

12
M I M L= =  

where 750 mm 0.75 mL = =  

Let m be the mass of sphere D. 800 g 0.8 kgm = =  

Impact kinematics and coefficient of restitution. 

 

 1 2 2 1( sin ) ( ) : ( ) ( sin )D n D nv e L v v L v eθ ω ω θ= − = −  (1) 

Principle of impulse and momentum. 

 
 1 Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

 Moments about B: 1 2

2
1 2 2 1

sin ( )

1
sin (2 ) [ ( sin ) ]

12

D nmv L I m v L

mv L M L m L v e L

θ ω

θ ω ω θ

= +

= + −

 

 
1 2 2 1

1
2

1
sin ( sin )

3
1

(1 ) sin
3

mv ML mL m v e

v
m e M m

L

θ ω ω θ

θ ω

= − −

 + = + 
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PROBLEM 17.128  (Continued) 

 

(a) Angular velocity. 1
2

(3)(1 ) sin

( 3 )

e mv

M m L

θω +
=

+
 

 

2
(3)(1.5)(0.8)(3)sin 60

(2.4 2.4)(0.75)

2.5981

ω °=
+

=  2 2.60 rad/s=ω   

(b) Velocity of D. 

 From Eq. (1), 

1

( ) (0.75)(2.5981) (3sin 60 )(0.5)

0.64976 m/s

( ) cos60

3cos60

1.5 m/s

D n

D t

v

v v

= − °
=
= °
= °
=

 

 ( ) 0.64976 m/sD n =v     30°  

 ( ) 1.5 m/sD t =v  30°  

  

2 2(0.64976) (1.5)

1.63468 m/s

0.64976
tan

1.5
23.4

30 53.4

Dv

θ

θ
θ

= +
=

=

= °
+ ° = °  1.635 m/sD =v   53.4°   
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PROBLEM 17.129 

Sphere A of mass mA = 2 kg and radius r = 40 mm rolls without 
slipping with a velocity 

1
v = 2 m/s on a horizontal surface when 

it hits squarely a uniform slender bar B of mass mB = 0.5 kg and 
length L = 100 mm that is standing on end and at rest. Denoting 
by μk the coefficient of kinetic friction between the sphere and 
the horizontal surface, neglecting friction between the sphere 
and the bar, and knowing the coefficient of restitution between 
A and B is 0.1, determine the angular velocities of the sphere 
and the bar immediately after the impact. 

 

SOLUTION 

Before impact sphere A rolls without slipping so that its instantaneous center of rotation is its contact point 
with the floor. 

  1
1

2 m/s
50 rad/s

0.040 m

v

r
ω = = =  1 50 rad/s=ω   

Analysis of impact. Use the principle of impulse and momentum. Let point A be the center of sphere A, point 
B be the mass center of bar B, and Points P and Q the contact point between the sphere and the bar, Point P 
being on sphere A and Point Q being on the bar B. 

 

 1 Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

 A Aω=ω  B Bω=ω  

 A Av=v  B Bv=v , 
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PROBLEM 17.129  (Continued) 

 

Sphere A alone. 

 Moments about A:     1 10A A A AI Iω ω ω ω+ = =  50.0 rad/sA =ω   

Kinematics: 50 mm 40 mm 10 mm 0.010 m
2

L
b r= − = − = =  

  ( )Q B Bv bω= +v  

Condition of impact. 1v v vA Q e− = −  

  1A B Bv v b evω− − = −  (1) 

Bar B alone: 

 Moments about Q: 0 0 B B B BI bm vω+ = −  

  

2

2

1
0

12
1

0
12

B B B B

B B

m L bm v

bv L

ω

ω

− =

− =  (2) 

Sphere A and bar B together. 

components: 

  
1

1

0A A A B B

A A B B A

m v m v m v

m v m v m v

+ = +
+ =  (3) 

Data: 

1

2 kg, 0.5 kg, 0.1

2 m/s, 0.100 m, 0.010 m
A Bm m e

v L b

= = =
= = =

 

 (0.010 m) (0.1)(2 m/s)A B Bv v ω− − = −  (1)′ 

 21
(0.010 m) (0.100 m) 0

12B Bv ω− =  (2)′ 

 (2 kg) (0.5 kg) (2 kg)(2 m/s)A Bv v+ =  (3)′ 

Solving Eqs. (1)′, (2)′, and (3)′ simultaneously, 

 1.599 m/s 1.606 m/s 19.27 rad/sA B Bv v ω= = =  

  19.27 rad/sB =ω   
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PROBLEM 17.130 

A large 3-lb sphere with a radius r = 3 in. is thrown into a light 
basket at the end of a thin, uniform rod weighing 2 lb and length 
L = 10 in. as shown. Immediately before the impact the angular 
velocity of the rod is 3 rad/s counterclockwise and the velocity of 
the sphere is 2 ft/s down. Assume the sphere sticks in the basket. 
Determine after the impact (a) the angular velocity of the bar and 
sphere, (b) the components of the reactions at A. 

 

SOLUTION 

Let Point G be the mass center of the sphere and Point C be that of the rod AB. 

Rod AB: 2

2
2 2

2
2 lb. 0.06211 lb s /ft

32.2

1 1 10
(0.06211) 0.003594 lb s ft

12 12 12

AB AB

AB P

W m

I m L

= = = ⋅

 = = = ⋅ ⋅ 
 

 

Sphere: 2

2
2 2

3
3 lb 0.09317 lb s /ft

32.2

2 2 3
(0.09317) 0.002329 lb s ft

5 5 12

S S

G S

W m

I m r

= = = ⋅

 = = = ⋅ ⋅ 
 

 

Impact. Before impact, bar AB is rotating about A with angular velocity 0 0ω=ω  0( 3 rad/s)ω = and the 

sphere is falling with velocity 0 0v=v 0( 2 ft/s).v =  After impact, the rod and the sphere move together, 

rotating about A with angular velocity ω=ω . 

Geometry. 2 2 2 210 3 10.44 in. 0.8700 ft

3
tan 16.7

10

R L r

r

L
θ θ

= + = + = =

= = = °

 

Kinematics: Before impact,  0
5

(3) 1.25 ft/s
2 12C
L

v ω  = = = 
 

 

After impact, 
2C
L ω′=v , G Rω′=v   θ 

Principle of impulse and momentum. Neglect weights of the rod and sphere over the duration of the impact. 
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PROBLEM 17.130  (Continued) 

 

(a)  Moments about A: 

 0 0 0
2 2S AB AB C G S G AB AB C
L L

m v L I m v I m v R I m vω ω ω′ ′ ′− − + = + + +  

 or 2 2 2
0 0

1

2 4S AB AB C G S AB AB
L

m v L I m v I m R I m Lω ω  ′− − = + + + 
 

 (1) 

 
10 5

(0.09317)(2) (0.003594)(3) (0.06211)(1.25)
12 12
   − −   
   

 

 
2

2 1 10
0.002329 (0.09317)(0.87) 0.003594 (0.06211)

4 12
ω

   ′= + + +  
   

 

 0.112152 0.087226 1.2858ω ω′ ′= =  1.286 rad/s′ =ω   

 Normal accelerations at C and G. 

 2 2 25
( ) ( ) (1.2858) 0.6889 ft/s

2 12C n
L ω  ′= = = 

 
a  

 2 2 2( ) ( ) (0.87)(1.2858) 1.4384 ft/sG na R ω′= = =  16.7° 

 Tangential accelerations at C and G. α=α  

 
5

( )
2 12C t
L

a α α= = ( ) 0.87G ta Rα α= =   16.7° 

(b) Kinetics. Use bar AB and the sphere as a free body. 

 

 eff( ) :A AM MΣ = Σ  

 ( ) ( )
2 2AB S AB AB C t G S G t
L L

W W L I m a I m a Rα α+ = + + +  

 2 21

4AB AB G SI m L I m R α = + + + 
 

 

 
2

25 10 1 10
(2) (3) 0.003594 (0.06211) 0.002329 (0.09317)(0.87)

12 12 4 12
α

      + = + + +      
       

 

 3.3333 0.087226α=  238.214 rad/s=α  

 25
( ) (38.214) 15.923 ft/s

12C t
 = = 
 

a ,
2( ) (0.87)(38.214) 33.247 ft/sG t = =a   16.7° 
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PROBLEM 17.130  (Continued) 

 

 eff( ) :x xF FΣ = Σ  

 ( ) ( ) cos16.7 ( ) sin16.70x AB C n S G n S G tA m a m a m a= − − ° +  

 (0.06211)(0.6889) (0.09317)(1.4384)cos16.7 (0.09317)(33.247)sin16.7xA = − − ° + °  

 0.719 lbxA =  0.719 lbx =A   

 eff( ) : ( ) ( ) cos16.7 ( ) sin16.7y y y AB S AB C t S G t S G nF F A W W m a m a m aΣ = Σ − − = − − ° − °  

 2 3 (0.06211)(15.923) (0.09317)(33.247)cos16.7 (0.09317)(1.4384)sin16.7yA − − = − − ° − °  

 1.006 lbyA =  1.006 lby =A   
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PROBLEM 17.131 

A small rubber ball of radius r is thrown against a rough floor 
with a velocity Av  of magnitude 0v  and a backspin Aω  of 
magnitude 0.ω  It is observed that the ball bounces from A to B, 
then from B to A, then from A to B, etc. Assuming perfectly 
elastic impact, determine the required magnitude 0ω  of the 
backspin in terms of 0v  and r. 

 

SOLUTION 

Moment of inertia. 22

5
I mr=  Ball is assumed to be a solid sphere. 

Impact at A. 

 

 1Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

For the velocity of the ball to be reversed on each impact, 

 0

0

A A

A A

v v v

ω ω ω
′ = =
′ = =

 

This is consistent with the assumption of perfectly elastic impact. 

 Moments about C: cos60 0 cos60A A A Amv r I I mv rω ω′ ′° − + = − °  

 

2 2
0 0 0 0

0 0

2 2
cos60 0 cos60

5 5
2

cos60
5

mv r mr mr mv r

r v

ω ω

ω

° − + = − °

= °  0
0

5

4

v

r
ω =  
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PROBLEM 17.132 

Sphere A of mass m and radius r rolls without slipping with a 
velocity 1v  on a horizontal surface when it hits squarely an 
identical sphere B that is at rest. Denoting by kμ  the coefficient 
of kinetic friction between the spheres and the surface, neglecting 
friction between the spheres, and assuming perfectly elastic 
impact, determine (a) the linear and angular velocities of each 
sphere immediately after the impact, (b) the velocity of each 
sphere after it has started rolling uniformly. 

 

SOLUTION 

Moment of inertia. 22

5
I mr=  

Analysis of impact. Sphere A. 

 

 1 1 2 2 →+ =Syst. Momenta Syst. Ext. Imp. Syst. Momenta  

Kinematics: Rolling without slipping in Position 1. 

 1
A

v

r
ω =  

 Moments about G: 1

1
1

0 A

A

I I

v

r

ω ω

ω ω

+ =

= =

 

 Linear components: 1 Amv Pdt mv− =  (1) 

Analysis of impact. Sphere B. 

 

 1 1 2 2 →+ =Syst. Momenta Syst. Ext. Imp. Syst. Momenta  

 Linear components: 0 BPdt mv+  =  (2) 
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PROBLEM 17.132  (Continued) 

 

Add Equations (1) and (2) to eliminate .Pdt  

 1 1orA B B Amv mv mv v v v= + + =  (3) 

Condition of impact. 1.e =  1 1B Av v ev v− = =  (4) 

Solving Equations (3) and (4) simultaneously,  

 10,A Bv v v= =  

 Moments about G: 0 0 0B BI ω ω+ = =  

(a) Velocities after impact. 10;A A
v

r
= =v ω  ;    1B v=v  ; 0B =ω   

 Motion after Impact. Sphere A. 

 

 1.Syst  Momenta  +  1 2. . . →Syst  Ext  Imp  =  2.Syst  Momenta  

 Condition of rolling without slipping: A Av rω′ ′=  

  Moments about C: 0A A AI I mv rω ω′ ′+ + +  

 

2 21

1

1

2 2
0 ( )

3 5

2

7
2

7

A A

A

A

v
mr mr m r r

r

v

r

v v

ω ω

ω

     ′ ′+ = +        

′ =

′ =

 

 Motion after impact. Sphere B. 

 

 1Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  
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PROBLEM 17.132  (Continued) 

 

 Condition of rolling without slipping: B Bv rω′ ′=  

  Moments about C: 

2
1

1

1

0

2
0 ( )

5

5

7
5

7

B B B

B B

B

B

mv r I mv r

mv r mr m r r

v

r

v v

ω

ω ω

ω

′ ′+ = +

  ′ ′+ = + 
 

′ =

′ =

 

(b) Final Rolling Velocities. 1
2

7A v′ =v  1
5

;
7B v′ =v  
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PROBLEM 17.133 

In a game of pool, ball A is rolling without slipping with a velocity 0v  as it hits 
obliquely ball B, which is at rest. Denoting by r the radius of each ball and  
by kμ  the coefficient of kinetic friction between a ball and the table and 
assuming perfectly elastic impact, determine (a) the linear and angular velocity 
of each ball immediately after the impact, (b) the velocity of ball B after it has 
started rolling uniformly. 

 

SOLUTION 

Moment of inertia. 22

5
I mr=  

(a) Impact analysis. 

 Ball A: 

 

 1Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

 Kinematics of rolling: 0
0

v

r
ω = 

  Linear components: 0 cos ( )A xmv Pdt m vθ − =  (1) 

  Linear components: 0 sin 0 ( )A ymv m vθ + =  (2) 

 Moments about y axis: 0 cos 0 cosAI Iω θ ω β+ =  (3) 

 Moments about x axis: 0 sin 0 sinAI Iω θ ω β− + = −  (4) 

 Ball B: 

 

 1Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

  Linear components: 0 ( )B xPdt m v+ =  (5) 

  Linear components: 0 0 ( )B ym v+ =  (6) 
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PROBLEM 17.133  (Continued) 

 

 Moments about y axis: 0 0 cosBI ω γ+ =  (7) 

 Moments about x axis: 0 0 sinBI ω γ+ =  (8) 

 Adding Equations (1) and (5) to eliminate ,Pdt  

 0 cos 0 ( ) ( )A x B xmv m v m vθ + = +  

 or 0( ) ( ) cosB x A xv v v θ+ =  (9) 

 Condition of impact. 0 01: ( ) ( ) cos cosB x A xe v v ev vθ θ= − = =  (10) 

 Solving Equations (9) and (10) simultaneously,  

 0( ) 0, ( ) cosA x B xv v v θ= =  

 From Equations (2) and (6), 0( ) sin , ( ) 0A y B yv v vθ= =  0( sin )Av v θ= j   

 0( cos )Bv v θ= i   

 From Equations (3) and (4) simultaneously, 

 0
0, A

v

r
β θ ω ω= = =  0 ( sin cos )A

v

r
θ θ= − +i jω   

 From Equations (7) and (8) simultaneously, 

 0Bω =  0B =ω   

(b) Subsequent motion of ball B. 

 

 1Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

 Kinematics of rolling without slipping. B Bv rω′ ′=  

  Moments about C: 

2

1

0

2
( )

5
cos5 5

7 7

B B B

B B

B
B

mv r I mv r

mr m r r

v v

r r

ω

ω ω

θω

′ ′+ = +

′ ′= +

′′ = =

 

 1
5

cos
7Bv v θ′ =  0

5
( cos )

7B v θ′ =v i  
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PROBLEM 17.134 

Each of the bars AB and BC is of length 400 mmL =  and mass 1.2 kg.m =  Determine 
the angular velocity of each bar immediately after the impulse Q (1.5 N s) itΔ = ⋅  is 
applied at C. 

 

SOLUTION 

Principle of impulse and momentum. 

Bar BC: 

 
 1Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

Kinematics 2 2BC B BC AB BC
L L

v v Lω ω ω= + = +  

 Moments about B: 

2

0 ( )
2

1
( )

12 2 2

BC BC

BC AB BC

L
Q t L I mv

L L
Q t L mL m L

ω

ω ω ω

+ Δ = +

 Δ = + + 
 

 

 
1 1

2 3AB BCQ t mL mLω ωΔ = +  (1) 

 x components: 
2x AB BC
L

Q t B t m Lω ω Δ − Δ = + 
 

 (2) 

Bar AB: 

 
 1Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  
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PROBLEM 17.134  (Continued) 

 

 Moments about A: 

2

0 ( )
2

1
( )

12 2 2

x AB AB

x AB AB

L
B t L I mv

L L
B t L mL m

ω

ω ω

+ Δ = +

 Δ = +  
 

 

 
1

3x ABB t mLωΔ =  (3) 

We now have 3 unknowns (Bx Δ t1, ωAB, and ωBC) and 3 equations. 

Add Eqs. (2) and (3): 
4 1

3 2AB BCQ t mL mLω ωΔ = +  (4) 

Subtract Eq. (1) from Eq. (4): 
5 1

0
6 6AB BCmL mLω ω= +  

 5BC ABω ω= −  (5) 

Substitute for BCω  in Eq. (1): 
1 1

( 5 )
2 3

7

6

AB AB

AB

Q t mL mL

mL

ω ω

ω

Δ = + −

= −

 

 
6

7AB
Q t

mL
ω Δ= −  (6) 

Substituting into Eq. (5): 
6

5
7BC

Q t

mL
ω Δ = − − 

 
 

 
30

7BC
Q t

mL
ω Δ=  (7) 

Given data: 0.400 m

1.5 N s

1.2 kg

L

Q t

m

=
Δ = ⋅

=

 

Angular velocity of bar AB. 
6 (6)(1.5)

7 (7)(1.2)(0.4)AB
Q t

mL
ω Δ= − = −  2.68 rad/sAB =ω   

Angular velocity of bar BC. 
30 (30)(1.5)

7 (7)(1.2)(0.4)BC
Q t

mL
ω Δ= =  13.39 rad/sBC =ω  
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PROBLEM 17.135 

A uniform disk of constant thickness and initially at rest is placed in 
contact with the belt shown, which moves at a constant speed 
v 80 ft/s.=  Knowing that the coefficient of kinetic friction between 
the disk and the belt is 0.15, determine (a) the number of revolutions 
executed by the disk before it reaches a constant angular velocity,  
(b) the time required for the disk to reach that constant angular 
velocity. 

 

SOLUTION 

Kinetic friction. 0.15 Nf kF Nμ= =  

 cos 25 sin 25 0y fF N F mgΣ = ° − ° − =  

 (cos 25 sin 25 )

cos 25 0.15sin 25
1.18636

(0.15)(1.18636)

0.177954

k

f

N mg

mg
N

mg

F mg

mg

μ° − ° =

=
° − °

=
=

=

 

Final angular velocity. 2
v

r
ω =  

Moment of inertia. 21

2
I mr=  

(a) Principle of work and energy. 

 1 1 2 2 1: 0T W T T→+ = =  

 

( )

1 2

2
2 2 2

2 2

2

2

2

5
12

0.177954

1 1 1 1

2 2 2 4

1
0 0.177954

4

1.40486

(1.40486)(80)

(32.2)

670.14 radians

fW F r mgr

v
T I mr mv

r

mgr mv

v

gr

θ θ

ω

θ

θ

→ = =

  = = =  
  

+ =

=

=

=  106.7 revθ =   
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PROBLEM 17.135  (Continued) 

 

(b) Principle of impulse-momentum. 

 

 1 Syst. Momenta  +  1 2→Syst. Ext. Imp.  =  2Syst. Momenta  

  Moments about A: 20 fF tr I ω+ =  

 

( )( )

2

21
2

0.177954

2.8097

(2.8097)(80)

32.2

f

v
r

I
t

F r

mr

mgr

v

g

ω=

=

=

=  6.98 st =   
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PROBLEM 17.136 

The 8-in.-radius brake drum is attached to a larger flywheel that is not 
shown. The total mass moment of inertia of the flywheel and drum  
is 214 lb ft s⋅ ⋅  and the coefficient of kinetic friction between the drum 
and the brake shoe is 0.35. Knowing that the initial angular velocity 
of the flywheel is 360 rpm counterclockwise, determine the vertical 
force P that must be applied to the pedal C if the system is to stop in  
100 revolutions. 

 

SOLUTION 

Kinetic energy. 1

2

2
1 1

2

3

2

360 rpm 12  rad/s

0

1

2
1

(14)(12 )
2

9.9486 10 ft lb

0

T I

T

ω π
ω

ω

π

= =
=

=

=

= × ⋅
=

 

Work. 

1 2

(100)(2 ) 628.32 rad

8

12

8
(628.32)

12

418.88

D f f

D f

f

M F r F

U M F

F

θ π

θ→

= =

 = =  
 

 = − = −  
 

= −

 

Principle of work and energy. 

 3
1 1 2 2: 9.9486 10 418.88 0fT U T F→+ = × − =  

 23.75 lbfF =  

Kinetic friction force. 

23.75
67.859 lb

0.35

f k

f

k

F N

F
N

μ

μ

=

= = =

 

Statics. 0: (9 in.) (2 in.) (10 in.) 0A fM P F NΣ = + − =  

 

9 (2)(23.75) (10)(67.859) 0

70.12

P

P

+ − =
=  70.1 lb=P   
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PROBLEM 17.137 

A 6 8 in.× −  rectangular plate is suspended by pins at A and B. The 
pin at B is removed and the plate swings freely about pin A. 
Determine (a) the angular velocity of the plate after it has rotated 
through 90°, (b) the maximum angular velocity attained by the plate 
as it swings freely. 

 

SOLUTION 

Let m be the mass of the plate. 

Dimensions: 8 in. 0.66667 ft 6 in. 0.5 fta b= = = =  

Moment of inertia about A 2 21
( )

3AI m a b= +  

Position 1. Initial position. 1 0ω =  

Position 2. Plate has rotated about A through 90°. 

Position 3. Mass center is directly below pivot A. 

 
Potential energy. Use level A as datum. 

 1 2 32 2

mab mga
V V V mgd= − = − = −  

Where  2 21
0.41667 ft

2
d a b= + =  

Kinetic energy. 2 2
1 2 2 3 3

1 1
0

2 2A AT T I T Iω ω= = =  

(a) 90° rotation. Conservation of energy. 

 

2 2 2
1 1 2 2 2

2 2
2 2 2 2 2

1 1
: 0 ( )

2 2 3 2
3 ( ) (3)(32.2)(0.66667 0.5)

23.184(rad/s)
(0.66667) (0.5)

mgb mga
T V T V m a b

g a b

a b

ω

ω

+ = + − = ⋅ + +

− −= = =
+ +

 

 2 4.81 rad/s=ω   
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PROBLEM 17.137  (Continued) 

 

(b) ω is maximum. Conservation of energy. 

 

2 2 2
1 1 3 3 3

2 2
3 2 2 2 2

1 1
: 0 ( )

2 2 3
(6 3 ) (32.2)(2.5 1.5)

46.386 (rad/s)
(0.66667) (0.5)

mgb
T V T V m a b mgd

g d b

a b

ω

ω

+ = + − = ⋅ + −

− −= = =
+ +

 

 3 6.81 rad/s=ω  
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PROBLEM 17.138 

The gear shown has a radius R = 150 mm and a radius of 
gyration 125 mm.k =  The gear is rolling without sliding with 
a velocity 

1
v of magnitude 3 m/s when it strikes a step of 

height h = 75 mm. Because the edge of the step engages the 
gear teeth, no slipping occurs between the gear and the step. 
Assuming perfectly plastic impact, determine (a) the angular 
velocity of the gear immediately after the impact, (b) the 
angular velocity of the gear after it has rotated to the top of 
the step. 

 

SOLUTION 

Part (a) Conditions just after impact. 

Kinematics. Just before impact, the contact Point C with the floor the instantaneous center of rotation of the gear. 

 1 1Rω=v  

Just after impact, Point S is the instantaneous center of rotation. 

 2 2Rω=v   (perpendicular to )GSθ  

Principle of impulse and momentum. 

 

 Moments about S: 2 1 2 2( )mv R h I mv R Iω ω− + = +  

 

2 2
1 1 2 2

2 2 2
1 2

2 2

2 1 2 12 2 2 2

( )( ) ( )

[ ( ) ] ( )

1

m R R h mk m R R mk

R R h k R k

R k Rh Rh

R k R k

ω ω ω ω
ω ω

ω ω ω ω

− + = +

− + = +

+ −  = = − + + 
 (1) 

Data: 1150 mm, 125 mm, 3 m/s, 75 mmR k v h= = = =  

 1
1

3 m/s
20 rad/s

0.150 m

v

R
ω = = =  

Angular velocity. 

From (1),  2 2 2

(150)(75)
1 (20 rad/s) 0.7049(20)

(150 125 )
ω

 
= − = + 

 2 14.10 rad/s=ω  
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PROBLEM 17.138  (Continued) 

 

Part (b) Conditions at the top of the step. 

The gear pivots about the edge of the step. Use the principle of conservation of energy. 

Position (2): The gear has just broken contact with the floor. 

Position (3): The center of the gear is above the edge of the step. 

 

Kinematics: (Rotation about S)  v Rω=  

Kinetic energy: 2 2

2 2 2 2

2 2 2

1 1

2 2
1 1

2 2
1

( )
2

T I mv

mk mR

m k R

ω

ω ω

ω

= +

= +

= +

 

Position (2): 2 2 2
2 2

2

1
( )

2
T m k R

V mgR

ω= +

=

 

Position (3): 2 2 2
3 3

3

1
( )

2
( )

T m k R

V mg R h

ω= +

= +

 

Principle of conservation of energy:                    2 2 3 3T V T V+ = +  

 2 2 2 2 2 2
2 3

1 1
( ) ( ) ( )

2 2
m k R mgR m k R mg R hω ω+ + = + + +  

Angular velocity: 

 

2 2
3 3 2 2

2
2

2 2

2 2

2

(2)(9.81 m/s )(0.075 m)
(14.10 rad/s)

(0.125 m) (0.150 m)

160.21 rad /s

gh

k R
ω ω= −

+

= −
+

=

 

  3 12.66 rad/s=ω   
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PROBLEM 17.139 

A uniform slender rod is placed at corner B and is given a slight 
clockwise motion. Assuming that the corner is sharp and becomes 
slightly embedded in the end of the rod, so that the coefficient of static 
friction at B is very large, determine (a) the angle β  through which the 
rod will have rotated when it loses contact with the corner, (b) the 
corresponding velocity of end A. 

 

SOLUTION 

Position 1 1

1 1

0

2

T

mgL
V mgh

=

= =

 

Position 2 2 2

2 2 2
2 2 2

cos

2
1 1 1

2 2 3

mgL
V mgh

T I mL

β

ω ω

= =

 = =  
 

 

Principle of conservation of energy. 

 

1 1 2 2

2 2
2

2
2

1 1 cos
0

2 2 3 2
3

(1 cos )

T V T V

mgL mgL
mL

g

L

βω

ω β

+ = +
 + = + 
 

= −  (1) 

Normal acceleration of mass center. 

 2
2

3
(1 cos )

2 2n
L

a gω β= = −  

 eff nF F maΣ = +Σ =  

 
3

cos (1 cos )
2

mg mgβ β= −  

(a) Angle .β  
5 3

cos cos 0.6
2 2

β β= =  53.1β = °  

 From (1) 2
2

3
(1 0.6) 1.2

g g

L L
ω = − =  2 1.09545

g

L
ω =  

(b) Velocity of end A 2Av Lω=  1.095A gL=v  53.1°  
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1943 

 

 

PROBLEM 17.140 

The motion of the slender 250-mm rod AB is guided by pins at A and B that 
slide freely in slots cut in a vertical plate as shown. Knowing that the rod has 
a mass of 2 kg and is released from rest when 0,θ =  determine the reactions 
at A and B when 90 .θ = °  

 

SOLUTION 

Let Point G be the mass center of rod AB. 

 

2 2

2 kg

0.25 m

1
0.0104667 kg m

12G

m

L

I mL

=
=

= = ⋅

 

Kinematics. 90

0.125 m

0.25 m

1
sin 30

2

0.125 m
2

0.125 m

AD R

AB L

R

L
L

AG

BG

θ

β β

= °

= =
= =

= = = °

= =

=

 

Point E is the instantaneous center of rotation of bar AB. 

 

0.125 
2
( cos30 ) 0.21651

( sin 30 ) 0.125

G

A

B

L
v

v L

v L

ω ω

ω ω
ω ω

= =

= ° =
= ° =

 

Use principle of conservation of energy to obtain the velocities when 90 :θ = °  

Use level A as the datum for potential energy. 

Position 1 

1

1

0

0

(2)(9.81)(0.125) 2.4525 J
2

T

L
V mg

θ =
=

= − = − = −
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1944 

PROBLEM 17.140  (Continued) 

 

Position 2 90θ = °  

 2 2
2

2 2

2

2

1 1

2 2
1 1

(0.0104667) (2)(0.125 )
2 2

0.0208583

cos
2

(2)(9.81)(0.125 0.125cos30 )

4.5764 J

G GT I mv

L
V mg R

ω

ω ω

ω

β

= +

= +

=

 = − + 
 

= − + °
= −

 

 2
1 1 2 2: 0 2.4525 0.0208583 4.5764T V T V ω+ = + − = −  

 

2 2 2101.826 rad /s

10.091 rad/s

(0.21651)(10.091)

2.1848 m/s

(0.125)(10.091)

1.2614 m/s

A

G

v

v

ω
ω

=
=
=
=
=
=

 

More kinematics: For Point A moving in the curved slot, 

 

2

2

( )

(2.1847)
( )

0.125
( ) 38.1833

A
A C x

C x

C x

v
a

R

a

a

= +

= +

= +

a i j

i j

i j

 

For the rod AB, , B Bvα= =k v jα  

 

/

/ /

2
/ /

2

sin 30 cos30

0.125 0.21651

1

2
0.0625 0.108253

( 0.125 0.21651 )

(10.091) ( 0.125 0.21651 )

0.125 0.21651 12.7285 22.0468

A B

G B A B

A B A B A B

B

B

L L

a

a

ω
α

α α

= − ° + °
= − +

=

= − +

= + + −
= + × − +

− − +
= − − + −

r i j

i j

r r

i j

a a r r

j k i j

i j

j j i i j

α
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1945 

PROBLEM 17.140  (Continued) 

 

Matching vertical components of Aa  

 

/

2
/ /

2

38.1833 0.125 22.0468

0.125 60.2301

(0.125 60.2324) ( 0.0625 0.108253 )

(10.091) ( 0.0625 0.108253 )

0.125 60.2301 0.0625 0.108253

6.3643 11.0232

(

B

B

G B G B

B G B G B

G

a

a

r

α
α

α ω
α α

α α α

= − −
= +
= +

= + × −
= + + × − +

− − +
= + − −

+ −
=

a a a

a k r

j k i j

i j

j j j i

i j

a 0.108253 6.3643) (0.0625 49.2069)α α− + + +i j  

Kinetics: Use rod AB as a free body. 

 eff( ) :E EΣ = ΣM M  

 /sin ( )
2

(2)(9.81)(0.125)sin 30

G G E G
L

mg I mβ− = + ×

− °

k r a

k

α
 

 
2

2 2

0.0104667 (0.0625 0.10825 ) ( )

1.22625 0.0104667 0.03125 4.7730

0.0417167 5.99925

143.808 rad/s

( 21.933 m/s ) (40.2189 m/s )

G

G

m

α α
α
α

= + + ×
− = + +

= −

= −

= − +

i j a

a i j

α

 

 

 eff( ) ( ) : (2)( 21.932) 43.864 Nx x G xF F m a BΣ = Σ = − = − =  43.9 N=B   

 eff( ) ( ) : (2)(40.4289) 80.4378y y G yF F m a A mgΣ = Σ = − = =  

 (2)(9.81) 80.4378 100.058A = + =  100.1 N=A   

Check by considering 

 eff :G GM MΣ = Σ     (0.0625) 0.108253 1.5052 N mGM A BΣ = − = ⋅  

 eff( ) ( ) (0.0104667)(143.808) 1.5052 N mG GM I αΣ = − = = ⋅  
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1946 

 

 

PROBLEM 17.141 

A 35-g bullet B is fired horizontally with a velocity of 400 m/s into 
the side of a 3-kg square panel suspended from a pin at A. Knowing 
that the panel is initially at rest, determine the components of the 
reaction at A after the panel has rotated 45°. 

 

SOLUTION 

Masses and moment of inertia. 

2 2 2

0.035 kg

3 kg

500 mm 0.5 m

1 1
(3)(0.5) 0.125 kg m

6 6

B

P

G P

m

m

b

I m b

=
=
= =

= = = ⋅

 

Note:  The mass of the bullet is neglected in comparison with that of the plate after impact. 

Analysis of impact: Use principle of impulse and momentum. 

 

Kinematics: After impact the plate rotates about the pin at A. 

 
0.5

2 2
G

b
v ω ω= =  

 Moments about A: 0
2 2 2 2

B G p G
b b b

m v I m vω + = + 
 

 

 

2
0

2

3 1
( )

22 2
3 1

(0.035)(400)(0.5) 0.125 (3)(0.5)
22 2

14.8492 rad/s
0.5

(14.8492) 5.25 m/s
2

G G P

G

m v b I m b

v

ω

ω

ω

= +

 = +  
=

= =
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1947 

PROBLEM 17.141  (Continued) 

 

Corresponding kinetic energy. 2 2
1

2 2
1

1 1

2 2
1 1

(0.125)(14.8492) (3)(5.25)
2 2
55.125 J

G P GT I m v

T

ω= +

= +

=

 

Plate rotates through 45 .°  

Position 1: 0θ = °  

Use Point A as the datum for potential energy. 

 1
2

0.5
(3)(9.81)

2
10.4051 J

P
b

V m g= −

= −

= −

 

Position 2: 90θ = °  

 2 0V =  since G is at level A. 

 

2 2
2 2 2

2
2
2 2

2
2

1 1
( )

2 2

1 1 0.5
(0.125) (3)

2 2 2

0.25

G P GT I m vω

ω ω

ω

= +

 
= +  

 
=

 

Principle of conservation of energy: 

 1 1 2 2

2
2

2 2
2

2

55.125 J 10.4051 J 0.25 0

178.879 (rad/s )

13.3746 rad/s

T V T V

ω
ω
ω

+ = +

− = +

=
=

 

Analysis at 90°  rotation. α=α  

Kinematics: 
0.5

( )
2 2

G t
b

a α α= =  ( ) 0.35355G t α=a  

  

2( )
2

(0.5)(178.879)

2

G n
b

a ω=

=  2( ) 63.2434 m/sG n =a  
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1948 

PROBLEM 17.141  (Continued) 

 

Kinematics:  Use the free body diagram of the plate. 

 eff( ) : ( )
2 2

A A P G P G t
b b

M M m g I m aαΣ = Σ = +  

 2

2

1

2

(3)(9.81)(0.5) 1
0.125 (3)(0.5)

22

G PI m b α

α

 = + 
 
 = +  

 

 220.810 rad/s=α  

 2( ) 7.3574 m/sG t =a  

 eff( ) : ( ) (3)(63.2434)x x x P G nF F A m aΣ = Σ = =  189.7 NAx =   

 eff( ) : ( )y y y P P G yF F A m g m aΣ = Σ − = −  

 (3)(9.81) (3)( 7.3574)yA − = −  7.36 Ny =A  
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1949 

 

 

PROBLEM 17.142 

Two panels A and B are attached with hinges to a rectangular 
plate and held by a wire as shown. The plate and the panels 
are made of the same material and have the same thickness. 
The entire assembly is rotating with an angular velocity ω0 
when the wire breaks. Determine the angular velocity of the 
assembly after the panels have come to rest against the plate. 

 

SOLUTION 

Geometry and kinematics: 

 

 Panels in up position Panels in down position 

 0 0v bω=  2 0
3

2
v bω=  

Let mass density, thicknesstρ = =  

Plate: 2
plate

2 2 2
plate

4

4

(2 )(4 ) 8

1
(8 )[(2 ) (4 ) ]

12
160

12
40

3

m t b b tb

I tb b b

tb

tb

ρ ρ

ρ

ρ

ρ

= =

= +

=

=

 

Each panel: 2
panel ( )(2 ) 2m t b b tbρ ρ= =  

Panel in up position 2 2
panel 0

4 4

1
( ) (2 )(2 )

12
8 2

12 3

I t b b

t b tb

ρ

ρ ρ

=

= =
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1950 

PROBLEM 17.142  (Continued) 

 

Panel in down position 2 2 2
panel 1

4

4

1
( ) (2 )[ (2 ) ]

12
10

12
5

6

I tb b b

tb

tb

ρ

ρ

ρ

= +

=

=

 

Conservation of angular momentum about the vertical spindle. 

 

 Initial momenta Final momenta 

 Moments about C: 

 

plate 0 panel 0 0 panel 0 plate 1 panel 1 1 panel 1

4 4 2 4 4 2
0 0 0 0 1 0

4
0

3
2[( ) ( )] 2 ( )

2

40 2 40 5 3 3
2 (2 )( ) 2 2

3 3 3 6 2 2

40 4 40 10
4

3 3 3 6

b
I I m v b I I m v

tb tb tb b b tb tb tb b b

tb

ω ω ω ω

ρ ω ρ ω ρ ω ρ ω ρ ω ρ ω

ρ ω

  + + = + +  
  

     + + = + +         
 + + = +  

4
19 tbρ ω +  

 

 

0 1

1

56
24

3
56

(3)(24)

ω ω

ω

=

=  1 2
7

9
ω ω=   
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1951 

 

 

PROBLEM 17.143 

Disks A and B are made of the same material and are of the same 
thickness; they can rotate freely about the vertical shaft. Disk B is at 
rest when it is dropped onto disk A, which is rotating with an angular 
velocity of 500 rpm. Knowing that disk A has a mass of 8 kg, determine  
(a) the final angular velocity of the disks, (b) the change is kinetic 
energy of the system. 

 

SOLUTION 

Disk A: 8 kg 0.15 mA Am r= =  

 2 2 21 1
(8)(0.15) 0.0900 kg m

2 2A A AI m r= = = ⋅  

Disk B: 0.100 mBr =  

 

2 2

2 2 2

0.10
(8) 3.5556 kg

0.15

1 1
(3.5556)(0.10) 0.017778 kg m

2 2

B
B A

A

B B B

r
m m

r

I m r

   = = =   
  

= = = ⋅

 

Principle of impulse and momentum. 

 

 Syst. Momenta1 + Syst. Ext. Imp. 1→2 = Syst. Momenta2 

 Moments about B: 0 2 20 0A A BI I Iω ω ω+ + = +  

 2 1 1 1
0.09

0.83505
0.10778

A

A B

I

I I
ω ω ω ω= = =

+  

Initial angular velocity of disk A: 1 500 rpm 52.36 rad/sω = =  
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1952 

PROBLEM 17.143  (Continued) 

 

(a) Final angular velocity of system: 2 (0.83505)(52.36)ω =  

 2 43.723 rad/sω =  2 418 rpmω =   

 Initial kinetic energy: 2
1 1

1

2 AT I ω=  

 2
1

1
(0.09)(52.36) 123.37 J

2
T = =  

 Final kinetic energy: 2
2 2

1
( )

2 A BT I I ω= +  

 2
2

1
(0.10778)(43.723) 103.02 J

2
T = =  

(b) Change in energy: 2 1 20.35 JT T− = −  20.4 JTΔ = −  
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1953 

 

 

PROBLEM 17.144 

A square block of mass m is falling with a velocity 
1

v when it strikes a small 
obstruction at B. Knowing that the coefficient of restitution for the impact between 
corner A and the obstruction B is e = 0.5, determine immediately after the impact 
(a) the angular velocity of the block, (b) the velocity of its mass center G. 

 

SOLUTION  

Moments of inertia. 21

6
I mb=  

Kinematics. Before impact, block is translating. 

 1 1v=v 1 0ω =  

After impact, 1A ev=v  

 2 /A G A= +v v v  

 1[ev= 2]
2

b ω+ 


45


°


 (1) 

Principle of impulse and momentum. 

 

 Syst. Momenta1 + Syst. Ext. Imp. 1→2 = Syst. Momenta2 
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1954 

PROBLEM 17.144  (Continued) 

 
Moments about A: 

 

1 1 1 2

2

2
2

1 2 1 2

21
2

2 2 2 2
1

6

1

2 6 2 2

(1 ) 2

2 3

b b b b
mv I mev m

I mb

b b b
mv mb mev m

e v b
b

ω ω

ω ω

ω

= − +

=

 = − +  
 

+ =

 

(a) Angular velocity. 2 1
3

(1 )
4

e v
b

ω = +  1
2 1.125

v

b
=ω  

(b) Velocity of the mass center. 

 From Eq. (1), 2 1v ev= 1
3

(1 )
42

b
e v

b

+ +


45


° 


 

 1ev= 1
3

(1 ) sin 45
4 2

e v
+ + °


  1
3

(1 ) cos 45
4 2

e v
+ + °


 

 1ev= 1
3

(1 )
8

e v
+ +

  1
3

(1 )
8

e v
+ +

 

 1 1
5 3

8 8
ev v

 = − 
 

  1
3

(1 )
8

e v
+ +  

 
1

5 3
(0.5)

8 8
v

 = − 
 

   1
3

(1 0.5)
8

v+ +
 

 [ 0.0625= − ] [0.5625+ ]
 

 2 0.566 m/s=v  6.34°
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1955 

 

 

PROBLEM 17.145 

A 3-kg bar AB is attached by a pin at D to a 4-kg square plate, which can rotate 
freely about a vertical axis. Knowing that the angular velocity of the plate is 
120 rpm when the bar is vertical, determine (a) the angular velocity of the 
plate after the bar has swung into a horizontal position and has come to rest 
against pin C, (b) the energy lost during the plastic impact at C. 

 

SOLUTION 

Moments of inertia about the vertical centroidal axis. 

Square plate. 2 2 21 1
(4)(0.500) 0.083333 kg m

12 12
I mL= = = ⋅  

Bar AB vertical. approximately zeroI =  

Bar AB horizontal. 2 2 21 1
(3)(0.500) 0.0625 kg m

12 12
I mL= = = ⋅  

Position 1. Bar AB is vertical. 2
1 0.083333 kg mI = ⋅  

Angular velocity. 1 120 rpm 4  rad/sω π= =  

Angular momentum about the vertical axis. 

 2
1 1 1( ) (0.083333)(4 ) 1.04720 kg m /sOH I ω π= = = ⋅  

Kinetic energy. 2 2
1 1 1

1 1
(0.083333)(4 ) 6.5797 J

2 2
T I ω π= = =  

Position 2. Bar AB is horizontal. 2
2 0.145833 kg mI = ⋅  

 2 2 2 2( ) 0.145833OH I ω ω= =  

Conservation of angular momentum. 1 2( ) ( ) :O OH H=  

 2 21.04720 0.145833 7.1808 rad/sω ω= =  

(a) Final angular velocity. 2 68.6 rpmω =   

(b) Loss of energy. 

 2 2
1 2 1 2 2

1 1
6.5797 (0.145833)(7.1808)

2 2
T T T I ω− = − = −  

  1 2 2.82 JT T− =  
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1956 

 

PROBLEM 17.146 

A 1.8-lb javelin DE impacts a 10-lb slender rod ABC with a horizontal 
velocity of v0 = 30 ft/s as shown. Knowing that the javelin becomes 
embedded into the end of the rod at Point C and does not penetrate very 
far into it, determine immediately after the impact (a) the angular velocity 
of the rod ABC after the impact, (b) the components of the reaction at B. 
Assume that the javelin and the rod move as a single body after the 
impact. 

 

SOLUTION 

Masses and moments of inertia. 

 2
2

2
2

2 2 2

2 2 2

10 lb
0.31056 lb s /ft

32.2 ft/s

1.8 lb
0.05590 lb s /ft

32.2 ft/s

1 1
(0.31056)(10) 2.5880 lb s ft

12 12
1 1

(0.05590)(8.5) 0.3365 lb s ft
12 12

AC
AC

DE
DE

AC AC AC

DE DE DE

W
m

g

W
m

g

I m L

I m L

= = = ⋅

= = = ⋅

= = = ⋅ ⋅

= = = ⋅ ⋅

 

(a) Angular velocity immediately after the impact. 

 Principle of impulse and momentum. 

  DE AB ω= = =ω ω ω  

 

 Syst. Momenta1 + Syst. Ext. Imp. 1→2 = Syst. Momenta2 

 Moments about B: 0 0 1 20DE AC AC AC DE DE DEm v r I m v r I m v rω ω+ = + + +  

where                0 0

1

2 2
2

30 ft/s 10 ft 2 ft 8 ft

5 ft 2 ft 3 ft

(4.25 ft) (8 ft) 9.0588 ft

v r

r

r

= = − =
= − =

= + =
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1957 

PROBLEM 17.146  (Continued) 

 

Kinematics: (Rotation about B) 

 

1

2

2 2
0 0 1 2

4.25 ft
tan 27.98

8 ft

AC

DE

DE AC AC DE DE

B

v r

v r

m v r I m r I m r

I

ω
ω

β β

ω ω ω ω
ω

=
=

= = °

= + + +
=

 

where 2 2
1 2

2 2

2

2
0 0

2

2.5880 (0.31056)(3) 0.3365 (0.05590)(9.0588)

10.3068 lb s ft

(0.05590 lb s /ft)(30 ft/s)(8 ft)

10.3068 lb s ft

1.30167 rad/s

B AC AC DE DE

DE

B

I I m r I m r

m v r

I
ω

= + + +

= + + +

= ⋅ ⋅

⋅= =
⋅ ⋅

=

 

  1.302 rad/s=ω   

Accelerations: α=α  

 1[ADa rα= 2
1] [rω+ ]  

 2[DEa r α= 2
2] [rβ ω+ ]β  

Free body and kinetic diagrams. 

 

 Moments about B: 

 

4 1 2

2 2
1 2

4
2

2

( ) ( )

(1.8 lb)(4.25)

10.3068 lb s ft

0.74223 rad/s

DE AC AC AC t DE DE DE t

AC AC DE DE

B

DE

B

W r I m a r I m a r

I m r I m r

I

W r

I

α α

α α α α
α

α

= + + +

= + + +
=

= =
⋅ ⋅

=  20.742 rad/s=α  
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1958 

PROBLEM 17.146  (Continued) 

 

(b) Components of reaction at B. 

 :F maΣ = Σ  

 [ ACW+B ] [ DEW+ 1] [ ACm rα= 2
1] [ ACm rω+ 2] [ DEm r α+  2

2] [ DEm rβ ω+  ]β  

Component : 

                          

2
1 2 2

2

( cos ) ( sin )

(0.31056)(3)(0.74223) (0.05590)(8)(0.74223) (0.05590)(4.25)(1.30167)

0.6915 0.3319 0.4025

x AC DE DEB m r m r m rα β α β ω= + +

= + +
= + +  

  1.426 lbx =B   

Component : 

     

2 2
1 1 2

2 2

( sin ) ( cos )

10 1.8 (0.31056)(3)(1.30167) (0.05590)(4.25)(0.74223) (0.05590)(8)(1.30167)

11.8 1.5785 0.1763 0.7577

y AC DC AC DE DE

y

y

B W W m r m r m r

B

B

ω β α β ω− − = − +

− − = − +

= + − +  

  13.96 lby =B   
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1961 

 

 

PROBLEM 18.1 

A thin, homogeneous disk of mass m and radius r spins at the constant 
rate 1ω  about an axle held by a fork-ended vertical rod, which rotates 
at the constant rate 2.ω Determine the angular momentum GH  of the 
disk about its mass center G. 

 

SOLUTION 

Angular velocity: 2 1ω ω= +j kω  

Moments of inertia: 2 2 21 1 1
, ,

4 4 2x y zI mr I mr I mr= = =  

Products of inertia: by symmetry, 0xy yz zxI I I= = =  

Angular momentum: G x x y y z zI I Iω ω ω= + +H i j k  

 2 2
2 1

1 1
0

4 2G mr mrω ω= + +H j k  2 2
2 1

1 1

4 2G mr mrω ω= +H j k  
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1962 

 

 

PROBLEM 18.2 

A thin rectangular plate of weight 15 lb rotates about its vertical 
diagonal AB with an angular velocity ω. Knowing that the z axis is 
perpendicular to the plate and that ω is constant and equal to 5 rad/s, 
determine the angular momentum of the plate about its mass center G. 

 

SOLUTION 

 

            2 2(9 in.) (12 in.) 15 in.h = + =  

 Resolving ω along the principal axes x′, y′, z: 

         

12
0.8(5 rad/s) 4 rad/s

15
9

0.6(5 rad/s) 3 rad/s
15
0

x

y

z

ω ω

ω ω

ω

′

′

= = =

= = =

=

 

 

Moments of inertia: 
2

2

2
2

1 15 lb 9
ft 0.021836 slug ft

12 32.2 12

1 15 lb 12
ft 0.038820 slug ft

12 32.2 12

x

y

I

I

′

′

  = = ⋅  
  

  = = ⋅  
  

 

From Eqs. (18.10): 2

2

2 2

(0.021836)(4) 0.087345 slug ft /s

(0.038820)(3) 0.11646 slug ft /s

0

(0.087345 slug ft /s) (0.11646 slug ft /s)

x x x

y y y

z z z

G

H I

H I

H I

ω

ω
ω

′ ′ ′

′ ′ ′

′

= = = ⋅

= = = ⋅

= =

′ ′= ⋅ + ⋅H i j
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1963 

PROBLEM 18.2  (Continued) 

 

 Components along x and y axes: 

 
3 4 3 4

(0.087345) (0.11646)
5 5 5 5

0.040761

4 3

5 5
4 3

(0.087345) (0.11646) 0.13975
5 5

x x y

y x y

H H H

H H H

′ ′

′ ′

   = − = −   
   

= −

= +

   = + =   
   

 

  2 2(0.0408 slug ft /s) (0.1398 slug ft /s)G = − ⋅ + ⋅H i j  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1964 

 

 

PROBLEM 18.3 

Two uniform rods AB and CE, each of weight 3 lb and 
length 2 ft, are welded to each other at their midpoints. 
Knowing that this assembly has an angular velocity of 
constant magnitude ω = 12 rad/s, determine the magnitude 
and direction of the angular momentum HD of the assembly 
about D. 

 

SOLUTION 

 

 

 

 

 

23
0.093168 lb s /ft, 2 ft,

32.2

W
m l

g
= = = ⋅ =  

 (12 rad/s)=ω i  

For rod ADB,    0,     since 0.D x xI Iω= ≈ ≈H i  

For rod CDE, use principal axes ,  x y′ ′  as shown. 

   
9

cos , 41.410
12

θ θ= = °  

2cos 9 rad/sxω ω θ′ = =  

 2sin 7.93725 rad/syω ω θ′ = =  

 0zω ′ =  

  0′ ≈xI  

                 
2 2

2

1 1
(0.093168)(2)

12 12

0.0310559 lb s ft

yI ml′ = =

= ⋅ ⋅
 

            
0 (0.0310559)(7.93725) 0

D x x y y z zI I Iω ω ω′ ′ ′ ′ ′ ′′ ′ ′= + +

′= + +

H i j k

j
 

    0.246498 ′= j  

   0.246 lb s ftDH = ⋅ ⋅  

 0.246498(sin cos ) 0.163045 0.184874D θ θ= + = +H i j i j  

 
0.163045

cos
0.246498xθ =  48.6θ = °x 

 
0.184874

cos
0.246498

θ =y  41.4θ = °y 

 cos 0zθ =  90θ = °z  



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1965 

 

PROBLEM 18.4 

A homogeneous disk of weight 6 lbW =  rotates at the constant 
rate 1 16ω =  rad/s with respect to arm ABC, which is welded to 
a shaft DCE rotating at the constant rate 2 8 rad/s.ω =  Determine 
the angular momentum AH  of the disk about its center A. 

 

SOLUTION 

 1 2 (8 rad/s) (16 rad/s)ω ω= + = +ω j i i j  

For axes ,  ,  x y z′ ′ ′ parallel to x, y, z with origin at A, 

 

2

2
2

2

2

2

6
0.186335 lb s /ft

32.2

1 1 8
(0.186335)

4 4 12

0.020704 lb s ft

0.020704 lb s ft

0.041408 lb s ft

(0.020704)(8) (0.041408)(16)

0.1656 0.6625

x

z x

y x z

A x x y y z z

W
m

g

I mr

I I

I I I

I I Iω ω ω

′

′ ′

′ ′ ′

′ ′ ′ ′ ′ ′

= = = ⋅

 = =  
 

= ⋅ ⋅

= = ⋅ ⋅

= + = ⋅ ⋅

= + +

= +
= +

H i j k

i j

i j

 

 (0.1656 lb ft s) (0.663 lb ft s)A = ⋅ ⋅ + ⋅ ⋅H i j   
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1966 

 

 

PROBLEM 18.5 

A thin disk of mass 4 kgm =  rotates at the constant rate 2 15 rad/sω =  
with respect to arm ABC, which itself rotates at the constant rate 

1 5 rad/sω =  about the y axis. Determine the angular momentum of the 
disk about its center C. 

 

SOLUTION 

 150 mmr =  

Angular velocity of disk: 

 1 2

(5 rad/s) (15 rad/s)

ω ω= +
= +

ω j k

j k
 

Centroidal moments of inertia: 

 

2

2 2

2 2

1

4
1

(4)(0.150 m) 0.0225 kg m
4
1

0.045 kg m
2

x y

z

I I mr

I mr

′ ′

′

= =

= = ⋅

= = ⋅

 

Angular momentum about Point C. 

 C x x y y z zI I Iω ω ω′ ′ ′ ′ ′ ′= + +H i j k  

 
2 2

0 (0.0225)(5) (0.045)(15)

(0.1125 kg m /s) (0.6750 kg m /s)

= + +

= ⋅ + ⋅

j k

j k
 

 2 2(0.1125 kg m /s) (0.675 kg m /s)C = ⋅ + ⋅H j k   
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1967 

 

 

PROBLEM 18.6 

A solid rectangular parallelepiped of mass m has a square base of side a 
and a length 2a. Knowing that it rotates at the constant rate ω  about its 
diagonal AC′  and that its rotation is observed from A as counterclockwise, 
determine (a) the magnitude of the angular momentum GH  of the 
parallelepiped about its mass center G, (b) the angle that GH  forms with 
the diagonal .AC ′  

 

SOLUTION 

Body diagonal: 2 2 2

2 2 2

2 2 2

2 2 2

(2 ) 6
2

( 2 )
6 6 6

1 5
[(2 ) ]

12 12
1 1

[ ]
12 6
1 5

[ (2 ) ]
12 12

ω ω ω ω
= + + =

= − + − = − + −

= + =

= + =

= + =

x

y

z

d a a a a

a a a
d

I m a a ma

I m a a ma

I m a a ma

ω i j k i j k

 

(a) 

2 2 2

2

5 1 2 5

12 6 126 6 6

( 5 4 5 )
12 6

G x x y y z zI I I

ma ma ma

ma

ω ω ω

ω ω ω

ω

= + +

          = − + + −          
          

= − + −

H i j k

i j k

i j k

 

 
2 2

2 2 2 11
5 4 5

1212 6
G

ma ma
H

ω ω= + + =  20.276G ma ω=H   

(b) 
2 2

2 2
2

2 2

( 5 4 5 ) ( 2 )
(12)(6)

18 1

(12)(6) 4

11

12

G

G

ma

ma
ma

H ma

ω

ω ω

ω ω

⋅ = − + − ⋅ − + −

= =

=

H ω i j k i j k  

 
12

cos 0.90453
4 11

G

GH
θ

ω
⋅

= = =
H ω

 25.2θ = °   
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1968 

 

PROBLEM 18.7 

Solve Problem 18.6, assuming that the solid rectangular parallelepiped 
has been replaced by a hollow one consisting of six thin metal plates 
welded together. 

PROBLEM 18.6 A solid rectangular parallelepiped of mass m has a 
square base of side a and a length 2a. Knowing that it rotates at the 
constant rate ω  about its diagonal AC′  and that its rotation is observed 
from A as counterclockwise, determine (a) the magnitude of the angular 
momentum GH  of the parallelepiped about its mass center G, (b) the 
angle that GH  forms with the diagonal .AC ′  

 

SOLUTION 

Body diagonal: ( )22 2

2 2 2 2

2 6

2
( 2 )

6 6 6

Total area 2( 2 2 ) 10

d a a a a

a a a
d

a a a a

ω ω ω ω

= + + =

= − + − = − + −

= + + =

ω i j k i j k

 

For each square plate:  

2 2 2 2

2 2

2

1

10
1 13 13

12 12 120
1 1

6 60
13

120

x

y

z x

m m

I m a m a m a ma

I m a ma

I I ma

′ =

′ ′ ′= + = =

′= =

= =

 

For each plate parallel to the yz plane:  
1

5
m m′ =  

 

2 2 2 2

2
2 2 2

2
2 2 2

1 5 1
[ (2 ) ]

12 12 12

1 1 1

12 2 3 15

1 7 7
(2 )

12 2 12 60

x

y

z

I m a a m a ma

a
I m a m m a ma

a
I m a m m a ma

′ ′= + = =

 ′ ′ ′= + = = 
 

 ′ ′= + = = 
 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1969 

PROBLEM 18.7  (Continued) 

 

For each plate parallel to the xy plane:
1

5
m m′ =  

 

2
2 2 2

2
2 2 2

2 2 2 2

1 7 7
(2 )

12 2 12 60

1 1 1

12 2 3 15

1 5 1
[ (2 ) ]

12 12 12

x

y

z

a
I m a m m a ma

a
I m a m m a ma

I m a a m a ma

 ′ ′ ′= + = = 
 

 ′ ′ ′= + = = 
 

′ ′= + = =

 

Total moments of inertia: 

 

2 2

2 2

2 2

13 1 7 37
2

120 12 60 60

1 1 1 3
2

60 15 15 10

13 7 1 37
2

120 60 12 60

x

y

z

I ma ma

I ma ma

I ma ma

 = + + = 
 
 = + + = 
 
 = + + = 
 

 

(a) 
2

2
2 2 2 2

( 37 36 37 )
60 6

(37) (36) (37) 0.43216
60 6

G x x y y z z

G

ma
I I I

ma
H ma

ωω ω ω

ω ω

= + + = − + −

= + + =

H i j k i j k  

 20.432GH ma ω=   

(b) 
2

2 2( 37 36 37 ) ( 2 ) 0.40556
(60)(6)G
ma

ma
ω ω⋅ = − + − ⋅ − + − =H ω i j k i j k 

 
0.40556

cos 0.93844
0.43216

G

GH
θ

ω
⋅

= = =
H ω

 20.2θ = °  



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1970 

 

 

PROBLEM 18.8 

A homogeneous disk of mass m and radius r is mounted on the vertical 
shaft AB. The normal to the disk at G forms an angle 25β = ° with 
the shaft. Knowing that the shaft has a constant angular velocity ω, 
determine the angle θ formed by the shaft AB and the angular 
momentum HG of the disk about its mass center G. 

 

SOLUTION 

Use the principal centroidal axes Gx′, y′ z. 

Moments of inertia: 

 

2

2

1

4
1

2

x z

y

I I mr

I mr

′

′

= =

=
 

Angular velocities: 

 

sin

cos

0

x

y

z

ω ω β
ω ω β
ω

′

′

= −
=

=

 

Using Eq. (18.10): 

 

2

2

1
sin

4
1

cos
2

0

x x x

y y y

z z z

H I mr

H I mr

H I

ω ω β

ω ω β

ω

′ ′ ′

′ ′ ′

= = −

= =

= =

 

We have 
 G x y zH H H′ ′′ ′= + +H i j k  
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1971 

PROBLEM 18.8  (Continued) 

 

where i′, j′, k are the unit vectors along the x′, y′, z axes. 

 2 21 1
sin cos

4 2G mr mrω β ω β′ ′= − +H i j  (1) 

 21
( sin 2cos )

4G mr ω β β′ ′= − +H i j  

 

Forming the scalar product, 

 

| | cos

cos
| |

G G

G

G

ω θ

θ
ω

⋅ =
⋅

=

H ω H

H ω
H

 (2) 

But 21
( sin 2cos )

4G mr ω β β ω′ ′⋅ = − + ⋅H ω i j j  

or observing that sin and cosβ β′ ′⋅ = − ⋅ =i i j j  

 

2 2 2 2

2 2 2

1
(sin 2cos )

4
1

(1 cos )
4

G mr

mr

ω β β

ω β

⋅ = +

= +

H ω

 (3) 

Also, 2 2 2 21
| | sin 4cos

4G mrω ω β β= +H  

 2 2 21
1 3cos

4
mr ω β= +  (4) 

Substituting from Eqs. (3) and (4) into Eq. (2), 

 
2

2

1 cos
cos

1 3cos

βθ
β

+=
+

 

For 25 ,β = °  cos 0.9786θ =  11.88θ = °  
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1972 

 

 

PROBLEM 18.9 

Determine the angular momentum HD of the disk of Problem 18.4 
about Point D. 

PROBLEM 18.4 A homogeneous disk of weight 6 lbW =  rotates 
at the constant rate 1 16ω =  rad/s with respect to arm ABC, which 
is welded to a shaft DCE rotating at the constant rate 2 8 rad/s.ω =  
Determine the angular momentum AH  of the disk about its center A. 

 

SOLUTION 

 2 1 (8 rad/s) (16 rad/s)ω ω= + = +ω i j i j  

For axes ,  ,  x y z′ ′ ′ parallel to x, y, z with origin at A, 

 

2

2
2

2

2

2

6
0.186335 lb s /ft

32.2

1 1 8
(0.186335)

4 4 12

0.020704 lb s ft

0.020704 lb s ft,

0.041408 lb s ft

(0.020704)(8) (0.041408)(16)

(0.1656 lb ft

x

z x

y x z

A x x y y z z

W
m

g

I mr

I I

I I I

I I Iω ω ω

′

′ ′

′ ′ ′

′ ′ ′ ′ ′ ′

= = = ⋅

 = =  
 

= ⋅ ⋅

= = ⋅ ⋅

= + = ⋅ ⋅

= + +

= +
= ⋅ ⋅

H i j k

i j

s) (0.6625 lb ft s)+ ⋅ ⋅i j

 

Point A is the mass center of the disk. 

 

/

2 /

/

(1.0 ft) (0.75 ft) (0.75 ft)

8 (1.0 0.75 0.75 )

(6 ft/s) (6 ft/s)

(1.118 lb s) (1.118 lb s)

1.0 0.75 0.75

0 1.118 1.118

(1.677 lb ft s) (1.118 lb ft s) (1.118 lb ft s)

A D

A A D

A D

D

m

m

ω
= + −

= = ×

= × + −
= +
= ⋅ + ⋅

× = −

= ⋅ ⋅ − ⋅ ⋅ + ⋅ ⋅
=

r i j k

v v i r

i i j k

j k

v j k

i j k

r v

i j k

H H /A A D m+ ×r v

 

 (1.843 lb ft s) (0.455 lb ft s) (1.118 lb ft s)D = ⋅ ⋅ − ⋅ ⋅ + ⋅ ⋅H i j k   
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1973 

 

 

PROBLEM 18.10 

Determine the angular momentum of the disk of Problem 18.5 about 
Point A. 

PROBLEM 18.5 A thin disk of mass 4 kgm =  rotates at the constant 
rate 2 15 rad/sω =  with respect to arm ABC, which itself rotates at the 
constant rate 1 5 rad/sω =  about the y axis. Determine the angular 
momentum of the disk about its center C. 

 

SOLUTION 

 150 in.r =  

Angular velocity of disk: 

 1 2 (5 rad/s) (15 rad/s)ω ω= + = +ω j k j k  

Centroidal moments of inertia: 

 

2

2 2

2 2

1

4
1

(4)(0.150 m) 0.0225 kg m
4
1

0.045 kg m
2

x y

z

I I mr

I mr

′ ′

′

= =

= = ⋅

= = ⋅

 

Angular momentum about Point C. 

 
2 2

0 (0.0225)(5) (0.045)(15)

(0.1125 kg m /s) (0.6750 kg m /s)

C x x y y z zI I Iω ω ω′ ′ ′ ′ ′ ′= + +

= + +

= ⋅ + ⋅

H i j k

j k

j k

 

Location of mass center.  / (0.450 m) (0.225 m)C A = +r i j  

Velocity of mass center. 1 / 5 (0.45 0.225 )

(2.25 m/s)

C A= × = × +

= −

v ω r j i j

k

 

Angular momentum about Point A . 

 / ( )A C C A m= + ×H H r v  

 
0.1125 0.675 (0.45 0.225 ) [ (4)(2.25) ]

0.1125 0.675 4.05 2.025
A = + + + × −

= + + −
H j k i j k

j k j i
 

 2 2 2(2.03 kg m /s) (4.16 kg m /s) (0.675 kg m /s)A = − ⋅ + ⋅ + ⋅H i j k  
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1974 

 

PROBLEM 18.11 

Determine the angular momentum OH  of the disk of Sample Problem 18.2 
from the expressions obtained for its linear momentum mv  and its 
angular momentum HG using Eq. (18.11). Verify that the result obtained is 
the same as that obtained by direct computation. 

PROBLEM 18.2 A homogeneous disk of radius r and mass m is 
mounted on an axle OG of length L and negligible mass. The axle is 
pivoted at the fixed Point O, and the disk is constrained to roll on a 
horizontal floor. Knowing that the disk rotates counterclockwise at the 
rate ω1 about the axle OG, determine (a) the angular velocity of the disk, 
(b) its angular momentum about O, (c) its kinetic energy, (d) the vector 
and couple at G equivalent to the momenta of the particles of the disk. 

 

SOLUTION 

Using Equation (18.11), 

 2
1 1

3
2

1 1 1

1
( ) ( )

2 2

1 1

2 4

O Gm

r
L mr mr

L

r
mrL mr m

L

ω ω

ω ω ω

= × +

 = × + − 
 

= − + −

H r v H

i k i j

j i j

 

 2 2 2 1
1

1 1

2 4O
r

mr m L r
L

ωω   = − +    
H i j  

which is the answer obtained in Part b of Sample Problem 18.2.
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1975 

 

 

PROBLEM 18.12 

The 100-kg projectile shown has a radius of gyration of 100 mm 
about its axis of symmetry Gx  and a radius of gyration of 250 mm 
about the transverse axis .Gy  Its angular velocity ω can be resolved 
into two components; one component, directed along ,Gx  measures 
the rate of spin of the projectile, while the other component, directed 
along GD, measures its rate of precession. Knowing that 6θ = °  and 
that the angular momentum of the projectile about its mass center G is 

2(500 g m /s)G = ⋅H i 2(10 g m /s) ,− ⋅ j  determine (a) the rate of spin, 
(b) the rate of precession. 

 

SOLUTION 

 100 kg, 100 mm 0.1 m, 250 mm 0.25 mx ym k k= = = = =  

 2 2 2(100)(0.1) 1 kg mx xI mk= = = ⋅  

 2 2 2(100)(0.25) 6.25 kg my z yI I mk= = = = ⋅  

 ( ) ( ) ( )G G x G y G z x x y y z zH H H I I Iω ω ω= + + = + +H i j k i j k  

 
2

2

( ) 0.500 kg m /s
0.5 rad/s

1 kg m
G x

x
x

H

I
ω ⋅= = =

⋅
 

 
2

2

( ) 0.01 kg m /s
0.0016 rad/s

6.25 kg m

G y
y

y

H

I
ω − ⋅= = = −

⋅
 

 0zω =  

 sinP yω θ ω= −  

 
0.0016

0.015307 rad/s
sin sin 6

y
P

ω
ω

θ
−

= = =
°

 

(a) Rate of spin. 

 cosx s Pω ω ω θ= +  

 coss x Pω ω ω θ= −  

 

0.5 0.15307cos6

0.4847

= − °
=  0.485 rad/ssω =   

(b) Rate of precession.  0.01531 rad/sPω =  
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1976 

 

PROBLEM 18.13 

Determine the angular momentum HA of the projectile of Problem 18.12 
about the center A of its base, knowing that its mass center G has a 
velocity v  of 750 m/s. Give your answer in terms of components 
respectively parallel to the x and y axes shown and to a third axis z 
pointing toward you. 

PROBLEM 18.12  The 100-kg projectile shown has a radius of gyration 
of 100 mm about its axis of symmetry Gx  and a radius of gyration of 
250 mm about the transverse axis .Gy  Its angular velocity ω can be 
resolved into two components; one component, directed along ,Gx  
measures the rate of spin of the projectile, while the other component, 
directed along GD, measures its rate of precession. Knowing that 

6θ = °  and that the angular momentum of the projectile about its mass 
center G is 2(500 g m /s)G = ⋅H i 2(10 g m /s) ,− ⋅ j  determine (a) the rate 
of spin, (b) the rate of precession. 

 

SOLUTION 

 /100 kg, (0.300 m)G Am = =r i  

 cos sinv vθ θ= −v i j  

 

2 2(0.50 kg m /s) (0.10 kg m /s)

(100)(750)(cos 6° sin 6 )

(74589 kg m/s) (7839 kg m/s)

G

m

= ⋅ − ⋅
= − °
= ⋅ − ⋅

H i j

v i j

i j

 

 /

2

/

0.3 (74589 7839.6 )

(2351.9 kg m /s)

0.5 0.1 ( 2351.9 )

G A

A G G A

m

m

× = × −

= − ⋅
= + ×
= − + −

r v i i j

k

H H r v

i j k

 

 2 2 2(0.500 kg m /s) (0.100 kg m /s) (2350 kg m /s)A = ⋅ − ⋅ − ⋅H i j k  
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1977 

 

PROBLEM 18.14 

(a) Show that the angular momentum BH  of a rigid body about Point B can be obtained by adding to the 
angular momentum AH of that body about Point A the vector product of the vector /A Br drawn from B to A and 
the linear momentum mv  of the body: 

/B A A B m= + ×H H r v  

(b) Further show that when a rigid body rotates about a fixed axis, its angular momentum is the same about 
any two Points A and B located on the fixed axis ( )A B=H H  if, and only if, the mass center G of the body is 
located on the fixed axis. 

 

SOLUTION 

(a) Angular momenta AH  and BH  are related to GH  and mv  by 

 / /andA G A G B G B Gm m= × + = × +H r v H H r v H  

 Subtracting, / /

/ /

/ /

/

( )

( )

B A G B G A

B A G B G A

A G B A G

B A A B

m m

m

m

m

− = × − ×

= + − ×

= + + ×
= + ×

H H r v r v

H H r r v

H r r v

H H r v

 

(b) It follows that A B=H H  if, and only if 

 / 0A B m× =r v  

 With Points A and B located on the fixed axis, 

 ωω = λ  

 where λ is a unit vector along the fixed axis, and 

 / /G A G Aω= ω× = ×v r rλ  

 Then / /( ) 0A B G Amω× × =r rλ  

 but /A Br  is parallel to λ, hence, 

 /( ) 0G A× × =rλ λ  

 Let /G A= ×u rλ , so that 0.× =uλ  

 Note that u must be either perpendicular to λ or equal to zero. But if u is perpendicular 
 to λ, × uλ cannot be equal to zero. 

 Hence, / 0G A= × =u rλ  

 /G Ar  is parallel to λ and Point G lies on the fixed axis.
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1978 

 

 

PROBLEM 18.15 

A 5-kg rod of uniform cross section is used to form 
the shaft shown. Knowing that the shaft rotates with 
a constant angular velocity ω of magnitude 12 rad/s, 
determine (a) the angular momentum GH  of the 
shaft about its mass center G, (b) the angle formed 
by GH  and the axis AB. 

 

SOLUTION 

   (12 rad/s) ,         0y zω ω ω= = =i  

  ( )G x xH I ω=  

       ( )G y xyH I ω= −  

       ( )G z xzH I ω= −  

   The shaft is comprised of 8 sections, each of length 

   0.25 m =a and of mass 0.625 kg.
8

m
m′ = =  

2 2 2 2 2

2 2 2

2

1 10 10
(4) (2)( ) (0.625)(0.25) 0.130208 kg m

3 3 3

0

(4) 2 (2)(0.625)(0.25) 0.078125 kg m
2

( ) (0.130208)(12) 1.5625 kg m /s

( ) 0

( ) (0.078125)(12) 0.93

x

xy

xz

G x

G y

G z

I m a m a m a

I

a
I m a m a

H

H

H

 ′ ′ ′= + = = = ⋅ 
 

=

 ′ ′= = = = ⋅ 
 

= = ⋅
=

= − = − 275 kg m /s⋅

 

(a)  2 2(1.563 kg m /s) (0.938 kg m /s)G = ⋅ − ⋅H i k  

  2 2 2(1.5625) (0.9375) 1.82217 kg m /sGH = + = ⋅  

(b)         2 2(1.5625 0.9375 ) 12 18.75 kg m /sG ⋅ = − ⋅ = ⋅H i k iω  

 
18.75

cos 0.85749
(1.82217)(12)

G

GH
θ

ω
⋅= = =H ω

 31.0θ = °
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PROBLEM 18.16 

Determine the angular momentum of the shaft of Problem 18.15 
about (a) Point A, (b) Point B. 

 

SOLUTION 

   (12 rad/s) ,         0,         5 kgy z mω ω ω= = = =i  

  ( )G x xH I ω=  

       ( )G y xyH I ω= −  

       ( )G z xzH I ω= −  

   The shaft is comprised of 8 sections, each of length 

   0.25 m =a and of mass 0.625 kg.
8

m
m′ = =  

2 2 2 2 2

2 2 2

2

1 10 10
(4) (2)( ) (0.625)(0.25) 0.130208 kg m

3 3 3

0

(4) 2 (2)(0.625)(0.25) 0.078125 kg m
2

( ) (0.130208)(12) 1.5625 kg m /s

( ) 0

( ) (0.078125)(12) 0.93

x

xy

xz

G x

G y

G z

I m a m a m a

I

a
I m a m a

H

H

H

 ′ ′ ′= + = = = ⋅ 
 

=

 ′ ′= = = = ⋅ 
 

= = ⋅
=

= − = − 2

2 2

75 kg m /s

(1.5625 kg m /s) (0.9375 kg m /s)G

⋅

= ⋅ − ⋅H i k

 

Since Point G lies on the axis of rotation, its velocity is zero. 

  0G= =v v  

(a)  /A G G A Gm= + × =H H r v H  2 2(1.563 kg m /s) (0.938 kg m /s)A = ⋅ − ⋅H i k 

(b)                             /B G G B Gm= + × =H H r v H   2 2(1.563 kg m /s) (0.938 kg m /s)B = ⋅ − ⋅H i k
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1980 

 

 

PROBLEM 18.17 

Two L-shaped arms, each weighing 4 lb, are welded at the third 
points of the 2-ft shaft AB. Knowing that shaft AB rotates at the 
constant rate 240 rpm,ω =  determine (a) the angular momentum of 
the body about A, (b) the angle formed by the angular momentum 
and shaft AB. 

 

SOLUTION 

 24
4 lb, 0.12422 lb s /ft , 8 in. 0.66667 ft

32.2
W m a= = = ⋅ = =  

 
(2 )(240)

8  rad/s, 0, 0, 8  rad/s
60 x y z

πω π ω ω ω π= = = = =  

 

Use parallel axes , ,x y z′ ′ ′ with origin at Point A as shown. 

 ( )A x x zH I ω′ ′ ′= −  

 ( )A y y zH I ω′ ′ ′= −  

 ( )A z zH I ω′ ′=  

 

Segments 1, 2, 3, and 4, each of mass 20.06211 lb s /ftm′ = ⋅ , contribute to ,  , and .x z y z zI I I′ ′ ′ ′ ′  

Part x zI ′ ′  y zI ′ ′  zI ′  

 
22m a′  2m a′−  

21 1
1

12 4
m a

  ′+ + 
 

 

 
2m a′  0 21

3
m a′  

 
21

2
m a′−  0 21

3
m a′  

 
2m a′−  

21

2
m a′−  21 1

1
12 4

m a
  ′+ + 
 

 

Σ  23

2
m a′  23

2
m a′−  210

3
m a′  
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1981 

PROBLEM 18.17  (Continued) 

 

(a) Angular momentum about A. 

 

2

2

3
( )

2
3

(0.06211)(0.66667) (8 )
2
1.04067 lb s ft

A x x zH I m aω ω

π

′ ′ ′ ′= − = −

= −

= − ⋅ ⋅

 

 2

2

3
( )

2

3
(0.06211)(0.66667) (8 )

2
1.04067 lb ft s

A y y zH I m aω ω

π

′ ′ ′
 ′= − = − − 
 

=

= ⋅ ⋅

 

 

2

2

10
( )

3
10

(0.06211)(0.66667) (8 )
3

2.3126 lb ft s

A z zH I m aω ω

π

′ ′ ′= =

=

= ⋅ ⋅

 

 (1.041 lb ft s) (1.041 lb ft s) (2.31 lb ft s)A = − ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅H i j k   

 2 2 2(1.04067) (1.04067) (2.3126) 2.7412 lb ft sAH = + + = ⋅ ⋅  

(b) Angle formed by  and shaft .A ABH  

 Unit vector along shaft AB:  = −kλ  

 
2.3126

cos 0.84365
2.7412

A

AH
θ ⋅ −= = = −H λ

 147.5θ = °  
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1982 

 

 

PROBLEM 18.18 

For the body of Problem 18.17, determine (a) the angular 
momentum about B, (b) the angle formed by the angular 
momentum about shaft BA. 

 

SOLUTION 

 24
4 lb. 0.12422 lb s /ft

32.2
W m= = = ⋅  

 8 in. 0.66667 fta = =  

 
(2 )(240)

8  rad/s, 0, 0, 8  rad/s
60 x y z

πω π ω ω ω π= = = = =  

 

Use parallel axes ,  ,  x y z′ ′  with origin at Point B as shown.  

 ( )B x xzH I ω= −  

 ( )B y yzH I ω= −  

 ( )B z zH I ω=  

Segments 1, 2, 3, and 4, each of mass 20.06211 lb s /ft ,m′ = ⋅  contribute to ,  , and .xz yz zI I I  

Part xzI  yzI  zI  

 
2m a′−  

21

2
m a′  21 1

1
12 4

m a
  ′+ + 
 

 

 
21

2
m a′−  0 21

3
m a′  

 
2m a′  0 21

3
m a′  

 
22m a′  2m a′  

21 1
1

12 4
m a

  ′+ + 
 

 

Σ  23

2
m a′  23

2
m a′  210

3
m a′  
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1983 

PROBLEM 18.18  (Continued) 

 

(a) Angular momentum about B. 

 

2

2

3
( )

2
3

(0.06211)(0.66667) (8 )
2
1.04067 lb s ft

B x xzH I m aω ω

π

′= − = −

= −

= − ⋅ ⋅

 

 

2

2

3
( )

2
3

(0.06211)(0.66667) (8 )
2
1.04067 lb s ft

B y yzH I m aω ω

π

′= − = −

= −

= − ⋅ ⋅

 

 

2

2

10
( )

3
10

(0.06211)(0.66667) (8 )
3

2.3126 lb s ft

B z zH I m aω ω

π

′= =

=

= ⋅ ⋅

 

 (1.041 lb ft s) (1.041 lb ft s) (2.31 lb ft s)B = − ⋅ ⋅ − ⋅ ⋅ + ⋅ ⋅H i j k  

 2 2 2(1.04067) (1.04067) (2.3126) 2.7412 lb ft sBH = + + = ⋅ ⋅  

(b) Angle formed by  and shaft .B BAH  

 Unit vector along shaft BA: = kλ  

 
2.3126

cos 0.84365
2.7412

B

BH
θ ⋅= = =H λ

 32.5θ = ° 
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1984 

 

 

PROBLEM 18.19 

The triangular plate shown has a mass of 7.5 kg and is welded to a vertical 
shaft AB. Knowing that the plate rotates at the constant rate ω 12 rad/s,=  
determine its angular momentum about (a) Point C, (b) Point A. (Hint: To solve 
part b find v  and use the property indicated in part a of Problem 18.14.) 

 

SOLUTION 

 (12 rad/s) 0, 12 rad/s, 0x y zω ω ω= = = =j,ω  

(a) ( ) , ( ) , ( )C x xy C y y C z yzH I H I H Iω ω ω= − = = −  

 Use axes with origin at C as shown. Divide the plate ABD into right triangles ACD and CBD. 

 For plate ACD, the product of inertia of the area is 

 2 2
area

1
( )

24xyI a c= −  

 For plate BCD, it is 

 2 2
area

1
( )

24xyI a b=  

 For both areas together, 

 2 2 2
area

1
( ) ( )

24xyI c b a= − −  

 Area: 
1

( )
2

A c b a= +  

 mass area
( )

( ) ( )
12xy xy

m m c b a
I I

A

−= = −  

 For both areas together, 3
area

1
( ) ( )

12yI c b a= +  

 2
mass area

1
( ) ( )

6y y
m

I I ma
A

= =  

 mass( ) 0xzI ≈  
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1985 

PROBLEM 18.19  (Continued) 

 

 Data: 7.5 kg 120 mm 0.12 mm a= = =  

 90 mm 0.09 m 160 mm 0.16 mb c= = = =  

 2
mass

(7.5)(0.07)(0.12)
( ) 0.00525 kg m

12xyI = − = − ⋅  

 
2

2
mass

(7.5)(0.12)
( ) 0.018 kg m

6yI = = ⋅  

 2( ) ( 0.00525)(12) 0.063 kg m /sC xH = − − = ⋅  

 2( ) (0.018)(12) 0.216 kg m /sC yH = = ⋅  

 ( ) 0C zH =  2 2(0.063 kg m /s) (0.216 kg m /s)C = ⋅ + ⋅H i j   

 Locate the mass center. / 3G C
a

y= +r i j  

 Velocity of mass center: /G C= ×v rω  

 
1 1

(12)(0.12) (0.48 m/s)
3 3 3

a
y aω ω   = × + = − = − = −   

   
v j i j k k k  

 / (0.16 m)C A c= =r j j  

 2
/ (0.16 ) [(7.5)( 0.48 )] (0.576 kg m s)C A m× = × − = − ⋅ /r v j k i  

(b) / (0.063 0.576) 0.216A C C A m= + × = − +H H r v i j  

 2 2(0.513 kg m /s) (0.216 kg m /s)A = − ⋅ + ⋅H i j   
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1986 

 

 

PROBLEM 18.20 

The triangular plate shown has a mass of 7.5 kg and is welded to a vertical shaft 
AB. Knowing that the plate rotates at the constant rate ω = 12 rad/s, determine its 
angular momentum about (a) Point C, (b) Point B. (See hint of Problem 18.19.) 

 

SOLUTION 

 (12 rad/s) 0, 12 rad/s, 0x y zω ω ω= = = =j,ω  

(a) ( ) , ( ) ,         ( )C x xy C y y C z yzH I H I H Iω ω ω= − = = −  

 Use axes with origin at C as shown. Divide the plate ABD into right triangles ACD and CBD. 

 For plate ACD, the product of inertia of the area is 

 2 2
area

1
( )

24xyI a c= −  

 For plate BCD, it is 

 2 2
area

1
( )

24xyI a b=  

 For both areas together, 

 2 2 2
area

1
( ) ( )

24xyI c b a= − −  

 Area: 
1

( )
2

A c b a= +  

 mass area
( )

( ) ( )
12xy xy

m m c b a
I I

A

−= = −  

 For both areas together, 

 

3
area

2
mass area

mass

1
( ) ( )

12
1

( ) ( )
6

( ) 0

y

y y

xz

I c b a

m
I I ma

A
I

= +

= =

≈
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PROBLEM 18.20  (Continued) 

 

 Data: 7.5 kg 120 mm 0.12 mm a= = =  

 90 mm 0.09 m 160 mm 0.16 mb c= = = =  

 2
mass

(7.5)(0.07)(0.12)
( ) 0.00525 kg m

12xyI = − = − ⋅  

 
2

2
mass

(7.5)(0.12)
( ) 0.018 kg m

6yI = = ⋅  

 2( ) ( 0.00525)(12) 0.063 kg m /sC xH = − − = ⋅  

 2( ) (0.018)(12) 0.216 kg m /sC yH = = ⋅  

 ( ) 0C zH =  

 2 2(0.063 kg m /s) (0.216 kg m /s)C = ⋅ + ⋅H i j   

 Locate the mass center. / 3G C
a

y= +r i j  

 Velocity of mass center: /G Cω= ×v r  

 
1 1

(12)(0.12) (0.48 m/s)
3 3 3

a
y aω ω   = × + = − = − = −   

   
v j i j k k k  

 / (0.09 m)C B b= − = −r j j  

 2
/ ( 0.09 ) [(7.5)( 0.48 )] (0.324 kg m /s)C B m× = − × − = ⋅r v j k i  

(b) / (0.063 0.324) 0.216B C C B m= + × = + +H H r v i j  

 2 2(0.387 kg m /s) (0.216 kg m /s)B = ⋅ + ⋅H i j   
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PROBLEM 18.21 

One of the sculptures displayed on a university campus consists of a 
hollow cube made of six aluminum sheets, each 1.5 1.5 m,×  welded 
together and reinforced with internal braces of negligible weight. The 
cube is mounted on a fixed base at A and can rotate freely about its 
vertical diagonal AB. As she passes by this display on the way to a class 
in mechanics, an engineering student grabs corner C of the cube and 
pushes it for 1.2 s in a direction perpendicular to the plane ABC with an 
average force of 50 N. Having observed that it takes 5 s for the cube to 
complete one full revolution, she flips out her calculator and proceeds 
to determine the mass of the cube. What is the result of her calculation? 
(Hint: The perpendicular distance from the diagonal joining two vertices 
of a cube to any of its other six vertices can be obtained by multiplying 
the side of the cube by 2/3.)  

 

SOLUTION 

Let 1
6m m′ =  be the mass of one side of the cube. Choose x, y, and z axes perpendicular to the face of the 

cube. Let a be the side of the cube. 

For a side perpendicular to the x axis, 21
1 6( ) .xI m a′=  

For a side perpendicular to the y or z axis, 2 2
2

1 1 1
( )

12 4 3xI m a m a
  ′ ′= + = 
 

 

Total moment of inertia: 2 2
1 2

5 5
2( ) 4( )

3 18x x xI I I m a ma′= + = =  

By symmetry, y xI I=  and .z xI I=  

Since all three moments of inertia are equal, the ellipsoid of inertia is a sphere. All centroidal axes are 
principal axes. 

Moment of inertia about the vertical axis: 25

18vI ma=  

Let 2
3b a=  be the moment arm of the impulse applied to the corner. 

Using the impulse-momentum principle and taking moments about the vertical axis, 

  25
( )

18v vbF t H I maω ωΔ = = =  (1) 

Data:  
2

1.5 m,        (1.5) 1.22474 m
3

a b= = =  

2
1.25664 rad/s,        50 N,        1.2 s.

5
F t

πω = = = Δ =  

Solving Equation (1) for m,       2 2

18 ( ) 18 (1.22474)(50)(1.2)
93.563 kg

5 5 (1.5) (1.25664)

bF t
m

a ω
Δ= = =  93.6 kgm = 
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PROBLEM 18.22 

If the aluminum cube of Problem 18.21 were replaced by a cube 
of the same size, made of six plywood sheets with mass 8 kg 
each, how long would it take for that cube to complete one full 
revolution if the student pushed its corner C in the same way 
that she pushed the corner of the aluminum cube? 

 

SOLUTION 

Let 1
6m m′ =  be the mass of one side of the cube. Choose x, y, and z axes perpendicular to the face of the 

cube. Let a be the side of the cube. 

For a side perpendicular to the x axis, 21
1 6( ) .xI m a′=  

For a side perpendicular to the y or z axis, 2 2
2

1 1 1
( )

12 4 3xI m a m a
  ′ ′= + = 
 

 

Total moment of inertia: 2 2
1 2

5 5
2( ) 4( )

3 18x x xI I I m a ma′= + = =  

By symmetry, y xI I=  and .z xI I=  

Since all three moments of inertia are equal, the ellipsoid of inertia is a sphere. All centroidal axes 
are principal axes. 

Moment of inertia about the vertical axis: 25

18vI ma=  

Let 2
3b a=  be the moment arm of the impulse applied to the corner. 

Using the impulse-momentum principle and taking moments about the vertical axis, 

 25
( )

18v vbF t H I maω ωΔ = = =  (1) 

Data:  8 kg,        6 48 kg,        1.5 m,m m m a′ ′= = = =  

       
2

1.22474 m,        50 N,        1.2 s
3

b a F t= = = Δ =  

Solving (1) for ,ω  

       2 2

18 ( ) 18 (1.22474)(50)(1.2)
2.4495 rad/s

5 5 (48)(1.5)

bF t

ma
ω Δ= = =  

 
2 2

2.4495
t

π π
ω

= =  2.57 st = 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1990 

 

 

PROBLEM 18.23 

A uniform rod of total mass m is bent into the shape shown and is suspended by a 
wire attached at B. The bent rod is hit at D in a direction perpendicular to the 
plane containing the rod (in the negative z direction). Denoting the corresponding 
impulse by FΔ t, determine (a) the velocity of the mass center of the rod, (b) the 
angular velocity of the rod. 

 

SOLUTION 

We apply the principle of impulse and momentum, considering only the impulsive forces. 

 

(a) Velocity of mass center 

 From constraints: 0yv =  

  x components: 0 xmv=     0xv =  

  y components: 0yT t mvΔ = =  0T tΔ =  

 z components: tF t mv− Δ =    z
F t

v
m

Δ= −  

  
F t

m

Δ= −v k   

(b) Angular velocity 

 Equating moments about G: 

  
( ) ( ) x y z

x y z

a a F t H H H

aF t aF t H H H

− − × − Δ = + +

Δ − Δ = + +

i j k i j k

i j i j k
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PROBLEM 18.23  (Continued) 

 

 Thus:   , , 0x y zH aF t H aF t H= Δ = − Δ =  (1) 

 To determine angular velocity, we shall use Eqs. (18.7). 

 First, we determine the moments & products of inertia: 

 2 2 2 21 2
(2 )

12 2 4 4 3x
m m m

I a a a ma
 = + + = 
 

 (2) 

 2 21 1
2

3 4 6y
m

I a ma
  = =  

  
 (3) 

 21
( ) ( )

4 2 4 2 4xy
m a m a

I a a ma
   = + − − = +   
   

 (4) 

 0 0xz yzI I= =  (5) 

 We substitute the expressions (1) through (5) into Eqs. (18.7): 

 2 22 1
0

3 4x yaF t ma maω ωΔ = − +  (6) 

 2 21 1
0

4 6x yaF t ma maω ω− Δ = − + +  (7) 

        0 0 0 z zI ω= + +  (8) 

 Multiplying Eq. (7) by 3/2 and adding to Eq. (6): 

 21 7 12

2 24 7x x
F t

aF t ma
ma

ω ω Δ− Δ = = −  

 Substituting for ω into (7): 

 
2

21 12 1 60
,

4 7 6 7y y
F t

aF t aF t ma
ma

ω ω
  Δ− Δ + − Δ = = −  
 

 

 From Eq. (8): 0 0z z zI ω ω= =  

Thus:   
12

( 5 )
7

F t

ma

Δ= − −ω i j  
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PROBLEM 18.24 

Solve Problem 18.23, assuming that the bent rod is hit at C. 

PROBLEM 18.23 A uniform rod of total mass m is bent into the shape shown and is 
suspended by a wire attached at B. The bent rod is hit at D in a direction 
perpendicular to the plane containing the rod (in the negative z direction). Denoting 
the corresponding impulse by FΔ t, determine (a) the velocity of the mass center of 
the rod, (b) the angular velocity of the rod. 

 

SOLUTION 

We apply the principle of impulse and momentum, consider only impulsive forces. 

 

(a) Velocity of mass center 

 From constraints: 0yv =  

  x components: 0 xmv=    0xv =  

  y components: 0yT t mvΔ = =  0T tΔ =  

 z components: zF t mv− Δ =    z
F t

v
m

Δ= −  

    
F t

m

Δ=v k   

(b) Angular velocity 

 Equating moments about G: 

  
( ) x y z

x y z

a F t H H H

aF t H H H

− × − Δ = + +

Δ = + +

j k i j k

i i j k
 

 Thus:       , 0, 0x y zH aF t H H= Δ = =  (1) 
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PROBLEM 18.24  (Continued) 

 

 To determine angular velocity, we shall use Eqs. (18.7) first, we determine the moments & products of 
inertia: 

 2 2 2 21 2
(2 )

12 2 4 4 3x
m m m

I a a a ma
 = + + = 
 

 (2) 

 2 21 1
2

3 4 6y
m

I a ma
  = =  

  
 (3) 

 21
( ) ( )

4 2 4 2 4xy
m a m a

I a a ma
   = + − − = +   
   

 (4) 

 0 0xz yzI I= =  (5) 

 2 22 1
0

3 4x yaF t ma maω ωΔ = − +  (6) 

 2 21 1
0 0

4 6x yma maω ω= − + +  (7) 

 0 0 0 z zI ω= + +  (8) 

 Multiplying Eq. (7) by 3/2 and adding to Eq. (6): 

 2
,

2 3 24

3 8 7x x
F t

aF t ma
ma

ω ω Δ Δ = − = 
 

 

 Substituting for ωx into (7): 

 
3 3 24 36

,
2 2 7 7y x y

F t
aF t

ma
ω ω ω Δ= = Δ =  

 From Eq. (8): 0, 0z z zI ω ω= =  

 Thus:  
12

(2 3 )
7

F t

ma

Δ= +ω i j  

 Note that ω y ≠ 0, even though Point C where impulse is applied is on the y axis. 
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PROBLEM 18.25 

Three slender rods, each of mass m and length 2a, are welded 
together to form the assembly shown. The assembly is hit at A in a 
vertical downward direction. Denoting the corresponding impulse 
by F ,tΔ  determine immediately after the impact (a) the velocity of 
the mass center G, (b) the angular velocity of the rod. 

 

SOLUTION 

Computation of moments and products of inertia. 

 
2

2 2 2 2
1 2 3

1 8
( ) ( ) ( )

3 3 3x x x x
a

I I I I ma ma m a ma
 

= + + = + + + =  
 

 

 
2

2 2 2 2
1 2 3

1 8
( ) ( ) ( )

3 3 3y y y y
a

I I I I m a ma ma ma
 

= + + = + + + =  
 

 (1) 

 2 2 2
1 2 3

1 1 2
( ) ( ) ( ) 0

3 3 3z z z zI I I I ma ma ma= + + = + + =  

 0, 0, 0xy yz zxI I I= = =  

Impulse-momentum principle. 

 

The impulses consist of ( )F t− Δ j  applied at A and ( )T tΔ j  applied at G. Because of constraints, 0.yv =  

(a) Velocity of mass center. 

 Equate sums of vectors: ( ) ( ) x zT t F t mv mvΔ − Δ = +j j i k  

 Thus, , 0, 0. Since 0x z yT t F t v v vΔ = Δ = = =  from above, 0=v   
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PROBLEM 18.25  (Continued) 

(b) Angular velocity. 

 Equate moments about G: 

 ( ) ( ) x y za a F t H H H+ × − Δ = + +i k j i j k  

 ( ) ( ) x y zaF t aF t H H H− Δ + Δ = + +k i i j k  

 Thus, , 0,x y zH aF t H H aF t= Δ = = − Δ  (2) 

Since the three products of inertia are zero, the x, y, and z axes are principal centroidal axes and we can 
use Eqs. (18.10). Substituting from Eqs. (1) and (2) into these equations, we have 

 :x x xH I ω=  28
3 /8

3 x xaF t ma F t maω ωΔ = = Δ  (3) 

 :y y yH I ω=  28
0 0

3 y yma ω ω= =  (4) 

 22
: 3 /2

3z z z zH I aF t ma F t maω ω= − Δ = = − Δ  (5) 

 Therefore, 

 (3 /8 )( 4 )F t ma= Δ −ω i k  
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PROBLEM 18.26 

Solve Problem 18.25, assuming that the assembly is hit at B in a 
direction opposite to that of the x axis. 

PROBLEM 18.25 Three slender rods, each of mass m and length 2a, 
are welded together to form the assembly shown. The assembly is hit 
at A in a vertical downward direction. Denoting the corresponding 
impulse by F ,tΔ  determine immediately after the impact (a) the 
velocity of the mass center G, (b) the angular velocity of the rod. 

 

SOLUTION 

Computation of moments and products of inertia. 

 
2

2 2 2 2
1 2 3

1 8
( ) ( ) ( )

3 3 3x x x x
a

I I I I ma ma m a ma
 

= + + = + + + =  
 

 

 
2

2 2 2 2
1 2 3

1 8
( ) ( ) ( )

3 3 3y y y y
a

I I I I m a ma ma ma
 

= + + = + + + =  
 

 (1) 

 2 2 2
1 2 3

1 1 2
( ) ( ) ( ) 0

3 3 3z z z zI I I I ma ma ma= + + = + + =  

 0xy yz zxI I I= = =  

Impulse-momentum principle. 

 

The only impulse is ( ) .F t F tΔ = − Δ i  

(a) Velocity of mass center. 

 Equate sums of vectors: ( ) x y zF t mv mv mv− Δ = + +i i j k  

 Thus, / , 0, 0x y zv F t m v v= − Δ = =  

 ( / )F t m= − Δv i   
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PROBLEM 18.26  (Continued) 

 

(b) Angular velocity. 

 Equate moments about G: 

 ( ) ( ) x y za a F t H H H− × − Δ = + +j k i i j k  

 ( ) ( ) x y zaF t aF t H H HΔ + Δ = + +k j i j k  

 Thus, 0, ,x y zH H aF t H aF t= = Δ = Δ  (2) 

Since the three products of inertia are zero, the x, y, and z axes are principal centroidal axes and we can 
use Eqs. (18.10). Substituting from Eqs. (1) and (2) into these equations, we have 

 :x x xH I ω=  28
0 0

3 x xma ω ω= =  (3) 

 :y y yH I ω=  28
3 /8

3 y yaF t ma F t maω ωΔ = = Δ  (4) 

 22
: 3 /2

3z z z z zH I aF t ma F t maω ω ω= Δ = = Δ  (5) 

Therefore, 

 (3 /8 )( 4 )F t ma= Δ +ω j k   
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PROBLEM 18.27 

Two circular plates, each of mass 4 kg, are rigidly connected by 
a rod AB of negligible mass and are suspended from Point A as 
shown. Knowing that an impulse (2.4 N s)tΔ = − ⋅F k  is applied 
at Point D, determine (a) the velocity of the mass center G of the 
assembly, (b) the angular velocity of the assembly. 

 

SOLUTION 

Moments and products of inertia: 

 2 2 2 2 21 1
2 2 (4)(0.18) (4)(0.15) 0.2448 kg m

4 4xI mr mb
   = + = + = ⋅      

 

 2 2 2 2 21
2 3 (3)(4)(0.18) 0.3888 kg m

2yI mr mr mr
 = + = = = ⋅ 
 

 

 

2 2 2

2 2 2 2

1
2 ( )

4

1
2 (4)(0.18) (4)(0.15 0.18 ) 0.504 kg m

4

zI mr m b r
 = + +  
 = + + = ⋅  

 

 2( ) ( )( ) 2 (2)(4)(0.15)(0.18) 0.216 kg mxyI mb r m b r mbr= − + − = − = − = − ⋅  

 0,  0, total mass 2xz yzI I m= = =  

Constraint of cable: ( ) 0G y Gv = =v v  

Principle of impulse-momentum: 2 0, 0  initially.Gm = =v H  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

1999 

PROBLEM 18.27  (Continued) 

 

(a) Direct components:  

 2t mΔ =F v  

 0 2         0x xmv v= =  

 2 0yT t mvΔ = =  

 

2

2.4
0.3 m/s

2 (2)(4)

z

z

F t mv

F t
v

m

− Δ =
Δ= − = − = −  (0.300 m/s)= −v k   

(b) Moments about G. ( ) ( ) Gb r F t− × − Δ =j i k H  

 ( ) ( ) ( )x x xy y xy x y y z zbF t rF t I I I I Iω ω ω ω ω− Δ − Δ = − + − + +i j i j k  

 Resolve into components and apply the numerical data. 

 : (0.15)(2.4) 0.2448 ( 0.216)x yω ω− = − −i  (1) 

 : (0.18)(2.4) ( 0.216) 0.3888x yω ω− = − − +j  (2) 

 k: 0 0.504 0z zω ω= =  

 Solving Eqs. (1) and (2),  0.962 rad/s, 0.577 rad/sx yω ω= − = −  

 (0.962 rad/s) (0.577 rad/s)= − −i jω  
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PROBLEM 18.28 

Two circular plates, each of mass 4 kg, are rigidly connected by 
a rod AB of negligible mass and are suspended from Point A as 
shown. Knowing that an impulse (2.4 N s)tΔ = ⋅F j  is applied 
at Point D, determine (a) the velocity of the mass center G of 
the assembly, (b) the angular velocity of the assembly. 

 

SOLUTION 

Moments and products of inertia: 

 2 2 2 2 21 1
2 2 (4)(0.18) (4)(0.15) 0.2448 kg m

4 4xI mr mb
   = + = + = ⋅      

 

 2 2 2 2 21
2 3 (3)(4)(0.18) 0.3888 kg m

2yI mr mr mr
 = + = = = ⋅ 
 

 

 

2 2 2

2 2 2 2

1
2 ( )

4

1
2 (4)(0.18) (4)(0.15 0.18 ) 0.504 kg m

4

zI mr m b r
 = + +  
 = + + = ⋅  

 

 2( ) ( )( ) 2 (2)(4)(0.15)(0.18) 0.216 kg mxyI mb r m b r mbr= − + − = − = − = − ⋅  

 0,  0, total mass 2xz yzI I m= = =  

Constraint of cable: ( ) 0G y Gv = =v v  

Principle of impulse-momentum: 2 0, 0  initially.Gm = =v H  
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PROBLEM 18.28  (Continued) 

 

(a) Direct components:  

 2t mΔ =F v  

 0 2         0x xmv v= =  

 ( ) 2 0yF t T t mvΔ + Δ = =  
( ) ( )

2y
F t T t

v
m

Δ + Δ=  

 0 2 0z zmv v= =  

 Point A moves upward. The cord becomes slack. ( ) 0T tΔ =  

 
2.4

0.300 m/s
(2)(4)yv = =  (0.300 m/s)=v j   

(b) Moments about G. ( ) ( ) Gb r F t− × − Δ =j i j H  

 ( ) ( ) ( ) ( )x x xy y xy x y y z zrF t rF t I I I I Iω ω ω ω ω− Δ − Δ = − + − + +i k i j k  

 Resolve into components and apply the numerical data. 

 : (0.18)(2.4) 0.2448 ( 0.216)x yω ω− = − −i  (1) 

 :j  0 ( 0.216) 0.3888x yω ω= − − +  (2) 

 k: (0.18)(2.4) 0.504 0.857 rad/sz zω ω− = = −  

 Solving Eqs. (1) and (2), 3.46 rad/s, 1.923 rad/sx yω ω= − = −  

 (3.46 rad/s) (1.923 rad/s) (0.857 rad/s)= − + −i j kω  
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PROBLEM 18.29 

A circular plate of mass m is falling with a velocity 0v  and no angular 
velocity when its edge C strikes an obstruction. Assuming the impact to 
be perfectly plastic ( 0),e =  determine the angular velocity of the plate 
immediately after the impact. 

 

SOLUTION 

Principal moments of inertia. 2 21 1
,

2 4y x zI mR I I mR= = =  
Principle of impulse and momentum. 

 

 Syst. Momenta1 +  Syst. Ext. Imp.1→2  =  Syst. Momenta2 

Linear momentum: 0 x y zmv C t mv mv mv− + Δ = + +j j i j k  

 i: 0 xmv=  0xv =  

 j: 0 ym C t mv− + Δ =v  0( )yC t m v vΔ = +  (1) 

 k: 0 zmv=  0zv =  

Geometry: /
1

( )
2

C G R= −r i k  

Condition of impact:  ( 0) ( ) 0C ye v= =  

Kinematics: /C C G= + ×v v ω r  

 

( ) ( ) ( ) ( )
2

( )
2 2 2

C x C z y x y z

y x y z

R
v v v

R R R
v

ω ω ω

ω ω ω

+ = + + + × −

= + − + +

i k j i j k i k

j j k i j
 

 : 0 ( )
2

y x z
R

v ω ω= + +j  ( )
2

y x z
R

v ω ω= − +  
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PROBLEM 18.29  (Continued) 

 

Moments about G: 

 

/

2 2 2

0 ( ) ( ) ( )

( ) ( )
2

1 1 1
( )( )

4 2 42

C G G x G y G z

x x y y z z

x y z

C t H H H

R
C t I I I

R
C t mR mR mR

ω ω ω

ω ω ω

+ × Δ = + +

− × Δ = + +

Δ + = + +

r j i j k

i k j i j k

k i i j k  (2) 

 i:            21

42
x

R
C t mR ωΔ =   (3) 

 j:                      21
0

2 ymR ω=          0yω =  

 k:           21

42
z

R
C t mR ωΔ =   (4) 

From Eqs. (1) and (2), 0 ( )
2

x z
R

C t m v ω ω Δ = − + 
 

 

   02 2 2( )x x z
v

R
ω ω ω= − +        03 2 2 2x z

v

R
ω ω+ =  (5) 

   02 2 2( )z x z
v

R
ω ω ω= − +        02 3 2 2x z

v

R
ω ω+ =  (6) 

Solving Eqs. (5) and (6) simultaneously, 

 02 2

5x z
v

R
ω ω= =  

Angular velocity. x y zω ω ω= + +ω i j k   02 2
( )

5

v

R
= +i kω   
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PROBLEM 18.30 

For the plate of Problem 18.29, determine (a) the velocity of its mass center 
G immediately after the impact, (b) the impulse exerted on the plate by the 
obstruction during the impact. 

 

SOLUTION 

Principal moments of inertia. 2 21 1
,

2 4y x zI mR I I mR= = =  

Principle of impulse and momentum. 

 

 Syst. Momenta1 +  Syst. Ext. Imp.1→2  =  Syst. Momenta2 

Linear momentum: 0 x y zmv C t mv mv mv− + Δ = + +j j i j k  

 i: 0 xmv=  0xv =  

 j: 0 ymv C t mv− + Δ =  0( )yC t m v vΔ = +  (1) 

 k: 0 zmv=  0zv =  

Geometry: /
1

( )
2

C G R= −r i k  

Condition of impact:  ( 0) ( ) 0C ye v= =  

Kinematics: /C C G= + ×v v ω r  

 

( ) ( ) ( ) ( )
2

( )
2 2 2

C x C z y x y z

y x y z

R
v v v

R R R
v

ω ω ω

ω ω ω

+ = + + + × −

= + − + +

i k j i j k i k

j j k i j
 

 : 0 ( )
2

y x z
R

v ω ω= + +j  ( )
2

y x z
R

v ω ω= − +  
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PROBLEM 18.30  (Continued) 

 

Moments about G: 

 

/

2 2 2

0 ( ) ( ) ( )

( ) ( )
2

1 1 1
( )( )

4 2 42

C G G x G y G z

x x y y z z

x y z

C t H H H

R
C t I I I

R
C t mR mR mR

ω ω ω

ω ω ω

+ × Δ = + +

− × Δ = + +

Δ + = + +

r j i j k

i k j i j k

k i i j k  (2) 

 i:            21

42
x

R
C t mR ωΔ =   (3) 

 j:                      21
0

2 ymR ω=          0yω =  

 k:           21

42
z

R
C t mR ωΔ =   (4) 

From Eqs. (1) and (2), 0 ( )
2

x z
R

C t m v ω ω Δ = − + 
 

 

   02 2 2( )x x z
v

R
ω ω ω= − +        03 2 2 2x z

v

R
ω ω+ =  (5) 

   02 2 2( )z x z
v

R
ω ω ω= − +        02 3 2 2x z

v

R
ω ω+ =  (6) 

Solving Eqs. (5) and (6) simultaneously, 

 02 2

5x z
v

R
ω ω= =  

(a) Velocity of the mass center. 

 From Eq. (2), 0
4

( )
52

y x z
R

v vω ω= − + = −  

  x y zv v v= + +v i j k   0
4

5
v= −v j  

(b) Impulse at C. 

 From Eq. (1), 0 0 0
4 1

5 5
C t m v v mv

 Δ = − = 
 

 

    0
1

5
t mvΔ =C j   
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PROBLEM 18.31 

A square plate of side a and mass m supported by a ball-and-socket 
joint at A is rotating about the y axis with a constant angular 
velocity 0ω= jω  when an obstruction is suddenly introduced at B 
in the xy plane. Assuming the impact at B to be perfectly plastic 
(e 0),=  determine immediately after impact (a) the angular velocity 
of the plate, (b) the velocity of its mass center G. 

 

SOLUTION 

For the x′  and y′  axes shown, the initial angular velocity 0ω j has components 

 0 0
2 2

,         ,
2 2x yω ω ω ω′ ′= =  

Initial angular momentum about the mass center: 

 2
0 0

1 2
( ) ( )

12 2G x x y yI I maω ω ω′ ′ ′ ′′ ′ ′ ′= + = +H i j i j  

Initial velocity of the mass center: 0 0=v  

Let ω  be the angular velocity and v  be the velocity of the mass center immediately after impact.  
Let ( )F tΔ k be the impulse at B. 

Kinematics: / ( ) ( )B B A x y z aω ω ω′ ′ ′′ ′ ′ ′= × = + + × −v r i j k jω  

  ( )B z xa ω ω′ ′′ ′= +v i k  

Since the corner B does not rebound, ( ) 0 or 0B z xv ω′ ′= =  

 
/

1
( ) ( )

2
1

( )
2

G A y z

z z y

a

a

ω ω

ω ω ω

′ ′

′ ′

 ′ ′ ′ ′= × = + × − − 
 

′ ′= − +

v r j k i j

i j k

ω
 

Also, 2
/

1
( 2 )

4G A y y zm ma ω ω ω′ ′ ′′ ′ ′× = − + +r v i j k  

and 2 21 1

12 6G x x y y z z y zI I I ma maω ω ω ω ω′ ′ ′ ′ ′ ′ ′ ′′ ′ ′ ′ ′= + + = +H i j k j k  
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PROBLEM 18.31  (Continued) 

 

Principle of impulse-momentum. 

 

Moments about A: 0( ) ( ) ( )A Aa F t+ − × Δ =H j k H  

 0 / 0 /( ) ( )G G A G G Am aF t m+ × − Δ = + ×H r v i H r v  

Resolve into components. 

 2 2
0

1 1
: 2 ( )

24 4 yma aF t maω ω ′′ − Δ = −i  

 2 2 2
0 0

1 1 1 2
: 2

24 12 4 8y y yma ma maω ω ω ω ω′ ′ ′′ = + =j  

 2 21 1
: 0 0

6 2z z zma maω ω ω′ ′ ′′ = + =k  

(a)  0 0
2 1 2

2 ( )
8 8 2

ω ω′= = −j j iω  0
1

( )
8

ω= − +i jω   

(b) 0
1 2

2 16ya aω ω′= =v k k  00.0884aω=v k  
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PROBLEM 18.32 

Determine the impulse exerted on the plate of Problem 18.31 during 
the impact by (a) the obstruction at B, (b) the support at A. 

PROBLEM 18.31 A square plate of side a and mass m supported 
by a ball-and-socket joint at A is rotating about the y axis with a 
constant angular velocity 0ω= jω  when an obstruction is suddenly 
introduced at B in the xy plane. Assuming the impact at B to be 
perfectly plastic (e 0),=  determine immediately after impact (a) the 
angular velocity of the plate, (b) the velocity of its mass center G. 

 

SOLUTION 

For the simpler x′ and y′ axes, the initial angular velocity 0ω j  has components 

 0 0
2 2

,         ,
2 2x yω ω ω ω′ ′= =  

Initial angular momentum about the mass center: 

 2
0 0

1 2
( ) ( )

12 2G x x y yI I maω ω ω′ ′ ′ ′′ ′ ′ ′= + = +H i j i j  

Initial velocity of the mass center: 0 0=v  

Let ω  be the angular velocity and v  be the velocity of the mass center immediately after impact.  
Let ( )F tΔ k be the impulse at B. 

Kinematics: / ( ) ( )B B A x y z aω ω ω′ ′ ′′ ′ ′ ′= × = + + × −v r i j k jω  

 ( )B z xa ω ω′ ′′ ′= +v i k  

Since the corner B does not rebound, ( ) 0 or 0B z xv ω′ ′= =  

 
/

1
( ) ( )

2

1
( )

2

G A y z

z z y

a

a

ω ω

ω ω ω

′ ′

′ ′

 ′ ′ ′ ′= × = + × − − 
 

′ ′= − +

v r j k i j

i j k

ω
 

Also, 2
/

1
( 2 )

4G A y y zm ma ω ω ω′ ′ ′′ ′ ′× = − + +r v i j k  

and 

2 21 1

12 6

G x x y y z z

y z

I I I

ma ma

ω ω ω

ω ω

′ ′ ′ ′ ′ ′

′ ′

′ ′ ′= + +

′ ′= +

H i j k

j k
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PROBLEM 18.32  (Continued) 

 

Principle of impulse-momentum. 

 

Moments about A: 0( ) ( ) ( )A Aa F t′+ − × Δ =H j k H  

 0 / 0 /( )G G A G G Am aF t m′+ × + Δ = + ×H r v i H r v  

Resolve into components. 

 2 2
0

1 1
: 2 ( )

24 4 yma aF t maω ω ′′ − Δ = −i  (1) 

 2 2 2
0 0

1 1 1 1
: 2 2

24 12 4 8y y yma ma maω ω ω ω ω′ ′ ′′ = + =j  

  2 21 1
: 0 0

6 2z z zma maω ω ω′ ′ ′′ = + =k  

(a) From Eq. (1), 0 0 0
1 1 7

2 2 2
24 32 96

F t ma ma maω ω ωΔ = + =  

 0( ) 0.1031F t maωΔ =k k   

 0
1 1

2
2 16ya aω ω′ ′= =v k k  

 Linear momentum: 0m t F t m+ Δ + Δ =v A k v  

 0 0
7 1

0 2 2
96 16

t ma maω ω′ ′+ Δ + =A k k  

(b) 0
1

2
96

t maωΔ = −A  00.01473t maωΔ = −A k  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2010 

 

PROBLEM 18.33 

The coordinate axes shown represent the principal centroidal axes of inertia of a 3000-lb space probe whose radii 
of gyration are 1.375 ft,xk =  1.425 ft,yk =  and 1.250 ft.zk =  The probe has no angular velocity when a 5-oz 
meteorite strikes one of its solar panels at Point A with a velocity 0 (2400 ft/s) (3000 ft/s)= − +v i j (3200 ft/s)k 
relative to the probe. Knowing that the meteorite emerges on the other side of the panel with no change in the 
direction of its velocity, but with a speed reduced by 20 percent, determine the final angular velocity of the 
probe. 

 

 

SOLUTION 

Masses: Space probe:  23000
93.17 lb s /ft

32.2
m′ = = ⋅  

 Meteorite:  25
0.009705 lb s /ft

(16)(32.2)
m = = ⋅  

Point of impact:  r (9 ft) (0.75 ft)A = +i k  

Initial linear momentum of the meteorite, (lb s):⋅  

 0 (0.009705)(2400 3000 3200 ) 23.292 29.115 31.056m = + + = − +v i j k i j k  

Its moment about the origin, (lb ft s):⋅ ⋅  

 0 9 0 0.75 21.836 262.04 262.04

23.292 29.115 31.056
A m× = = − −

−

i j k

r v i j k  

Final linear momentum of meteorite and its moment about the origin, (lb s) and (lb s ft):⋅ ⋅ ⋅  

 00.8 18.634 23.292 24.845m = − +v i j k  

 0(0.8 ) 17.469 209.63 209.63A m× = − −r v i j k  
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PROBLEM 18.33  (Continued) 

 
Let AH  be the angular momentum of the probe and m′  be its mass. Conservation of angular momentum 
about the origin for a system of particles consisting of the probe plus the meteorite: 

 0 0(0.8 )A A Am m× = + ×r v H r v  

 (4.367 lb s ft) (52.41 lb s ft) (52.41 lb s ft)A = ⋅ ⋅ − ⋅ ⋅ − ⋅ ⋅H i j k  

 
2 2

( ) 4.367
( )         0.02479 rad/s

(93.17)(1.375)
A x

x x A x x
x

H
I H

m k
ω ω= = = =

′
 

 
2 2

( ) 52.41
( )         0.2770 rad/s

(93.17)(1.425)
A y

y y A y y
y

H
I H

m k
ω ω −= = = = −

′
 

 
2 2

( ) 52.41
( )         0.3600 rad/s

(93.17)(1.250)
A z

z z A z z
z

H
I H

m k
ω ω −= = = = −

′
 

 (0.0248 rad/s) (0.277 rad/s) (0.360 rad/s)= − −i j kω   
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PROBLEM 18.34 

The coordinate axes shown represent the principal centroidal axes of inertia of a 3000-lb space probe whose 
radii of gyration are 1.375 ft,xk =  1.425 ft,yk =  and 1.250 ft.zk =  The probe has no angular velocity when a 
5-oz meteorite strikes one of its solar panels at Point A and emerges on the other side of the panel with no 
change in the direction of its velocity, but with a speed reduced by 25 percent. Knowing that the final angular 
velocity of the probe is (0.05 rad/s) (0.12 rad/s) zω= − +i j kω  and that the x component of the resulting 
change in the velocity of the mass center of the probe is 0.675 in./s,−  determine (a) the component zω  of the 
final angular velocity of the probe, (b) the relative velocity 0v  with which the meteorite strikes the panel. 

 

 

SOLUTION 

Masses: Space probe: 23000
93.17 lb s /ft

32.2
m′ = = ⋅  

 Meteorite: 25
0.009705 lb s /ft

(16)(32.2)
m = = ⋅  

Point of impact:  (9 ft) (0.75 ft)A = +r i k  

Initial linear momentum of the meteorite, (lb s):⋅  

 0 (0.009705)( )x y zm v v v= + +v i j k  

Its moment about the origin, (lb ft s):⋅ ⋅  

 0 0( ) 0.009705 9 0 0.75A A

x y z

m

v v v

= × =
i j k

H r v  

 0.009705[ 0.75 (0.75 9 ) 9 ]y x z yv v v v= − + − +i j k  

Final linear momentum of the meteorite, (lb s):⋅  

 00.75 0.007279( )x y zm v v v= + +v i j k  

Its moment about the origin, (lb ft s):⋅ ⋅  

 0(0.75 ) 0.007279[ 0.75 (0.75 9 ) 9 ]A y x z ym v v v v× = − + − +r v i j k  
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PROBLEM 18.34  (Continued) 

 

Initial linear momentum of the space probe, (lb s):⋅   0 0m′ ′ =v  

Final linear momentum of the space probe, (lb s):⋅  

 
0.675

( ) 93.17
12x y z y zm v v v v v

 ′ ′ ′ ′ ′ ′+ + = − + + 
 

i j k i j k  

Final angular momentum of space probe, (lb ft s):⋅ ⋅  

 ( )2 2 2
A x x y y z zm k k kω ω ω′= + +H i j k  

 2 2 293.17[(1.375) (0.05) (1.425) ( 0.12) (1.250) ]zω= + − +i j k  

 8.8075 22.703 145.58 zω= − +i j k  

Conservation of linear momentum of the probe plus the meteorite, (lb s):⋅  

 0.009705( ) 0.007279( ) 93.17( 0.05625 )x y z x y z y zv v v v v v v v′ ′+ + = + + + − + +i j k i j k i j k  

 i: 0.002426 5.2408xv = −  2160 ft/sxv = −  

 j: 0.002426 93.17y yv v′=  

 k: 0.002426 93.17z zv v′=  

Conservation of angular momentum about the origin, (lb ft s):⋅ ⋅  

 (0.009705)[ 0.75 (0.75 9 ) 9 ]y x z yv v v v− + − +i j k  

 (0.007279)[ 0.75 (0.75 9 ) 9 ] 8.8075 22.703 145.58y x z y zv v v v ω= − + − + + − +i j k i j k  

 i: 0.0018195 8.8075yv− =  4840.5 ft/syv =  

 j: 0.021834 0.0018195 22.703 0.08333 1039.8 859.8 ft/sz x z xv v v v− + = − = + =  

 k: 0.021834 145.58y zv ω− =  

(a) 6149.98 10z yvω −= − ×  0.726 rad/szω = −  

(b) 0 (2160 ft/s) (4840 ft/s) (860 ft/s)= − − +v i j k   
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PROBLEM 18.35 

A 2500-kg probe in orbit about the moon is 2.4 m high and has 
octagonal bases of sides 1.2 m. The coordinate axes shown are the 
principal centroidal axes of inertia of the probe, and its radii of gyration 
are 0.98 m,xk =  1.06 m,yk =  and 1.02 m.zk =  The probe is equipped 
with a main 500-N thruster E and with four 20-N thrusters A, B, C, and 
D which can expel fuel in the positive y direction. The probe has an 
angular velocity (0.040 rad/s) (0.060 rad/s)= +i kω  when two of the 
20-N thrusters are used to reduce the angular velocity to zero. 
Determine (a) which of the thrusters should be used, (b) the operating 
time of each of these thrusters, (c) for how long the main thruster E 
should be activated if the velocity of the mass center of the probe is to 
remain unchanged. 

 

SOLUTION 

 ( )2 2 2 2
2G x x y y z z x x y y zI I I m k k kω ω ω ω ω ω= + + = + +H i j k i j k  

 2 2 2(2500)[(0.98) (0.040) (1.06) (0) (1.02) (0.060) ]= + +i j k  

 2 2(96.04 kg m /s) (156.06 kg m /s)= ⋅ + ⋅i k  

Let ,  ,  ,A B C− − −j j j  and D− j  be the impulses provided by the 20 N thrusters at A, B, C, and D, respectively. 
Let Ej  be that provided by the 500 N main thruster. 

Position vectors for intersections of the lines of action of the thruster impulses with the xz plane: 

 
1

(1.2) 0.6 m,        0.6 0.6 2 1.4485 m
2

a b= = = + =  

 ,A a b= − +r i k  B a b= +r i k  

 ,C a b= −r i k  D a b= − −r i k  

The final linear and angular momenta are zero. 

Principle of impulse-momentum. Moments about G:

 ( ) ( ) ( ) ( ) 0G A B C DA B C D+ × − + × − + × − + × − =H r j r j r j r j 

 ( ) ( ) 0G b A B C D a A B C D+ + − − + − − + =H i k 

Resolve into components.

 i: 
( ) 96.04

66.30 N s
1.4485

G xH
A B C D

b
+ − − = − = − = − ⋅  (1) 

 k: 
( ) 156.06

260.1 N s
0.6

G zH
A B C D

a
− − + = − = − = − ⋅  (2) 

Of A, B, C, and D, two must be zero or positive, the other two zero. 
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PROBLEM 18.35  (Continued) 

 

Set 0A = and .B D N− =  Solve the simultaneous equations (1) and (2). 

 163.2 N sC = ⋅  and 96.9.N =     Set 0D =  and 96.9 N sB = ⋅  

(a) Use thrusters C and B.  

(b) 
163.2

( ) ,         
20C C C

C

C
F t C t

F
Δ = Δ = =  8.16 sCtΔ =   

 
96.9

( ) ,         
20B B B

B

B
F t B t

F
Δ = Δ = =  4.84 sBtΔ =   

(c) Linear momentum: 0,         30.291 lb sE B C E− − = = ⋅j j j  

 
260.1

( )         
500E E E

E

E
F t E t

F
Δ = Δ = =  0.520 sEtΔ =   
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PROBLEM 18.36 

Solve Problem 18.35, assuming that the angular velocity of the probe  
is (0.060 rad/s) (0.040 rad/s) .= −i kω  

PROBLEM 18.35 A 2500-kg probe in orbit about the moon is 2.4 m 
high and has octagonal bases of sides 1.2 m. The coordinate axes 
shown are the principal centroidal axes of inertia of the probe, and its 
radii of gyration are 0.98 m,xk =  1.06 m,yk =  and 1.02 m.zk =  The 
probe is equipped with a main 500-N thruster E and with four 20-N 
thrusters A, B, C, and D which can expel fuel in the positive y direction. 
The probe has an angular velocity (0.040 rad/s) (0.060 rad/s)= +i kω  
when two of the 20-N thrusters are used to reduce the angular velocity 
to zero. Determine (a) which of the thrusters should be used, (b) the 
operating time of each of these thrusters, (c) for how long the main 
thruster E should be activated if the velocity of the mass center of the 
probe is to remain unchanged. 

 

SOLUTION 

 ( )2 2 2 2
2

G x x y y z z

x x y y z

I I I

m k k k

ω ω ω

ω ω ω

= + +

= + +

H i j k

i j k
 

 2 2 2(2500)[(0.98) (0.060) (1.06) (0) (1.02) ( 0.040) ]= + + − k  

 2 2(144.06 kg m /s) (104.04 kg m /s)= ⋅ − ⋅i k  

Let , , ,A B C− − −j j j  and D− j  be the impulses provided by the 20 N thrusters at A, B, C, and D, 
respectively. Let Ej  be that provided by the 500 N main thruster. 

Position vectors for intersections of the lines of action of the thruster impulses with the xz plane: 

 
1

(1.2) 0.6 m,        0.6 0.6 2 1.4485 m
2

a b= = = + =  

 ,A a b= − +r i k  B a b= +r i k  

 ,C a b= −r i k  D a b= − −r i k  

The final linear and angular momenta are zero. 

Principle of impulse-momentum. Moments about G:

 ( ) ( ) ( ) ( ) 0G A B C DA B C D+ × − + × − + × − + × − =H r j r j r j r j 

 ( ) ( ) 0G b A B C D a A B C D+ + − − + − − + =H i k  
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PROBLEM 18.36  (Continued) 

 

Resolve into components.

 i: 
( ) 144.06

99.455 N s
1.4485

G xH
A B C D

b
+ − − = − = − = − ⋅  (1) 

 k: 
( ) 104.04

173.4 N s
0.6

G zH
A B C D

a

−− − + = − = − = ⋅  (2) 

Of A, B, C, and D, two must be zero or positive, the other two zero. 

Set 0B = and .A C N− =  Solve the simultaneous equations (1) and (2). 

136.43 N sD = ⋅  and 36.97 N s.N = ⋅  Set 0C =  and 36.97 N sA = ⋅  

(a) Use thrusters D and A.  

(b) ( ) ,D DF t DΔ =  
136.43

20D
D

D
t

F
Δ = =  6.82 sDtΔ =   

 
36.97

( ) ,         
20A A A

A

A
F t A t

F
Δ = Δ = =  1.848 sAtΔ =   

(c) Linear momentum: 0E D A− − =j j j  173.4 N sE = ⋅  

 ( )E EF t EΔ =  
173.4

500E
E

E
t

F
Δ = =  0.347 sEtΔ =   
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PROBLEM 18.37 

Denoting, respectively, by ,ω  ,OH  and T the angular velocity, the angular momentum, and the kinetic energy 
of a rigid body with a fixed Point O, (a) prove that 2 ;O T⋅ =H ω  (b) show that the angle θ  between ω  and 
HO will always be acute. 

 

SOLUTION 

(a) 0 ( ) ( ) ( )x x xy y xz z xy x y y yz z xz x yz y z zI I I I I I I I Iω ω ω ω ω ω ω ω ω= − − + − + − + − − +H i j k  

 x y zω ω ω= + +i j kω  

 2 2
0 x x xy y x xz z x xy x y y y yz z yI I I I I Iω ω ω ω ω ω ω ω ω ω⋅ = − − − + −H ω  

 2
xz x z yz y z z zI I Iω ω ω ω ω− − +  

 ( )2 2 21
(2) 2 2 2

2 x x y y z z xy x y yz y z xz x zI I I I I Iω ω ω ω ω ω ω ω ω = + + − − − 
 

 

 2T=  

(b) 0 0 cosH ω θ⋅ =H ω  

 02 cosT H ω θ=  

 
0

2
cos

T

H
θ

ω
=  

But 00,  0,  0T H ω> > >  

 cos 0        90θ θ> < °  
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PROBLEM 18.38 

Show that the kinetic energy of a rigid body with a fixed Point O can be 
expressed as 21

2 ,OLT I ω=  where ω  is the instantaneous angular velocity of 
the body and OLI  is its moment of inertia about the line of action OL of .ω  
Derive this expression (a) from Eqs. (9.46) and (18.19), (b) by considering T as 
the sum of the kinetic energies of particles iP  describing circles of radius iρ  
about line OL. 

 

SOLUTION 

(a) ( )2 2 21
2 2 2

2 x x y y z z xy x y yz y z xz x zT I I I I I Iω ω ω ω ω ω ω ω ω= + + − − −  

Let cosx x xω ω θ ωλ= =  

 cosy y yω ω θ ωλ= =  

 cosz z zω ω θ ωλ= =  

 ( )2 2 2 21
2 2 2

2 x x y y z z xy x y yz y z xz x zT I I I I I Iλ λ λ λ λ λ λ λ λ ω= + + − − −  

 21

2 OLI ω=  21

2 OLT I ω=   

(b) Each particle of mass ( )imΔ  describes a circle of radius .iρ  

The speed of the particle is .i iv ρ ω=  

Its kinetic energy is 2 2 21 1
( ) ( ) ( )

2 2i i i i iT m v m ρ ωΔ = Δ = Δ  

The kinetic energy of the entire body is 

 2 21
( ) ( )

2i i iT T m ρ ω= Σ Δ = Σ Δ  

but  2( )OL i iI m ρ= Σ Δ  

Hence,  21

2 OLT I ω=   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2020 

 

PROBLEM 18.39 

Determine the kinetic energy of the disk of Problem 18.1. 

PROBLEM 18.1 A thin, homogeneous disk of mass m and radius r 
spins at the constant rate 1ω  about an axle held by a fork-ended vertical 
rod, which rotates at the constant rate 2.ω Determine the angular 
momentum GH  of the disk about its mass center G. 

 

SOLUTION 

Angular velocity: 2 1ω ω= +j kω  

Moments of inertia: 2 2 21 1 1
,         ,         

4 4 2x y zI mr I mr I mr= = =  

Products of inertia: by symmetry, 0xy yz zxI I I= = =  

Kinetic energy: ( )2 21

2 x x y y z zT I I Iω ω ω= + +  

 2 2 2 2
2 1

1 1 1
0

2 4 2
T mr mrω ω    = + +    

    
 

 ( )2 2 2
2 1

1
2

8
T mr ω ω= +   
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PROBLEM 18.40 

Determine the kinetic energy of the plate of Problem 18.2. 

PROBLEM 18.2 A thin rectangular plate of weight 15 lb rotates 
about its vertical diagonal AB with an angular velocity ω. Knowing 
that the z axis is perpendicular to the plate and that ω is constant 
and equal to 5 rad/s, determine the angular momentum of the plate 
about its mass center G. 

 

SOLUTION 

 2 2(9 in.) (12 in.) 15 in.h = + =  

Resolving ω along the principal axes x′, y′, z: 

 

12
0.8(5 rad/s) 4 rad/s

15
9

0.6(5 rad/s) 3 rad/s
15
0

x

y

z

ω ω

ω ω

ω

′

′

= = =

= = =

=

 

Moments of inertia: 

 

2

2
2

1 15 lb 9
ft 0.021836 slug ft

12 32.2 12

1 15 lb 12
ft 0.038820 slug ft

12 32.2 12

x

y

I

I

′

′

  = = ⋅  
  

  = = ⋅  
  

 

 

From Eqs. (18.20): 

 

2 2 2

2 2

1
( )

2
1

[(0.021836)(4) (0.038820)(3) 0]
2
0.34938 ft lb

x x y y z zT I I I

T

ω ω ω′ ′ ′ ′ ′ ′= + +

= + +

= ⋅  

  0.349 ft lbT = ⋅  
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PROBLEM 18.41 

Determine the kinetic energy of the assembly of Problem 18.3. 

PROBLEM 18.3 Two uniform rods AB and CE, each of 
weight 3 lb and length 2 ft, are welded to each other at their 
midpoints. Knowing that this assembly has an angular velocity 
of constant magnitude ω = 12 rad/s, determine the magnitude 
and direction of the angular momentum HD of the assembly 
about D. 

 

SOLUTION 

 

 

 

23
0.093168 lb s /ft,        24 in. 2 ft,

32.2

W
m l

g
= = = ⋅ = =  

 (12 rad/s)=ω i  

 

For rod ADB, 21
0,  since 0.

2 x xT I Iω= ≈ ≈  

For rod CDE, use principal axes ,  x y′ ′ as shown. 

9
cos ,         41.410

12
θ θ= = °  

  2cos 9 rad/sxω ω θ′ = =  

  2sin 7.93725 rad/syω ω θ′ = =  

  0zω ′ =  

  0xI ′ ≈  

2 21 1
(0.093168)(2)

12 12yI ml′ = =  

  20.0310559 lb s ft= ⋅ ⋅  

2 2 2 21 1 1 1

2 2 2 2x y zx y zT mv I I Iω ω ω
′ ′ ′′ ′ ′= + + +  

 
1

0 0 (0.0310559)(7.93725) 0
2

2= + + +  

 0.97826 ft lb= ⋅  0.978 ft lbT = ⋅  
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PROBLEM 18.42 

Determine the kinetic energy of the disk of Problem 18.4. 

PROBLEM 18.4 A homogeneous disk of weight 6 lbW =  
rotates at the constant rate 1 16ω =  rad/s with respect to arm 
ABC, which is welded to a shaft DCE rotating at the constant 
rate 2 8 rad/s.ω =  Determine the angular momentum AH  of the 
disk about its center A. 

 

SOLUTION 

 26
0.1863 lb s /ft

32.2

W
m

g
= = = ⋅  

 2 1 (8 rad/s) (16 rad/s)ω ω= + = +ω i j i j  

For axes ,  ,  x y z′ ′ ′  parallel to ,  ,  x y z  with origin at A, 

 
2

2 21 1 8
(0.1863) 0.0207 lb s ft

4 4 12xI mr′
 = = = ⋅ ⋅ 
 

 

 2 20.0207 lb s ft, 0.0414 lb s ftz x y x zI I I I I′ ′ ′ ′ ′= = ⋅ ⋅ = + = ⋅ ⋅  

Point A is the mass center of the disk. 

 

/

2 /

2 2

(9 in.) (9 in.) (0.75 ft) (0.75 ft)

8 (0.75 0.75 )

(6 ft/s) (6 ft/s)

(6) (6) 8.4853 ft/s

A C

A A C

v

ω
= − = −

= = × = × −

= +

= + =

r i k i k

v v i r i j k

j k
 

Kinetic energy: 2 2 2 2

2 2 2

1 1 1 1

2 2 2 2
1 1 1

(0.1863)(8.4853) (0.0207)(8) (0.0414)(16) 0
2 2 2

x x y y z zT mv I I I

T

ω ω ω′ ′ ′= + + +

= + + +

 

 6.7068 0.6624 5.2992 12.6684 ft lb= + + = ⋅  12.67 ft lbT = ⋅  
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PROBLEM 18.43 

Determine the kinetic energy of the disk of Problem 18.5. 

PROBLEM 18.5 A thin disk of mass 4 kgm =  rotates at the 
constant rate 2 15 rad/sω =  with respect to arm ABC, which itself 
rotates at the constant rate 1 5 rad/sω =  about the y axis. Determine 
the angular momentum of the disk about its center C. 

 

SOLUTION 

 150 mmr =  

Angular velocity of disk: 

 1 2

(5 rad/s) (15 rad/s)

ω ω= +
= +

ω j k

j k
 

Centroidal moments of inertia: 

 

2

2 2

2 2

1

4
1

(4)(0.150 m) 0.0225 kg m
4
1

0.045 kg m
2

x y

z

I I mr

I mr

′ ′

′

= =

= = ⋅

= = ⋅

 

Location of mass center. / (0.450 m) (0.225 m)C A = +r i j  

Velocity of mass center. 1 / 5 (0.45 0.225 )

(2.25 m/s)

C A= × = × +

= −

v ω r j i j

k

 

Kinetic energy: 2 2 2 2

2 2 2

1 1 1 1

2 2 2 2
1 1 1

(4)(2.25) 0 (0.0225)(5) (0.0450)(15)
2 2 2

x x y y z zT mv I I Iω ω ω= + + +

= + + +

 

 10.125 0 0.28125 5.0625= + + +  15.47 JT =   
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PROBLEM 18.44 

Determine the kinetic energy of the solid parallelepiped of Problem 18.6. 

PROBLEM 18.6 A solid rectangular parallelepiped of mass m has a 
square base of side a and a length 2a. Knowing that it rotates at the 
constant rate ω  about its diagonal AC′  and that its rotation is observed 
from A as counterclockwise, determine (a) the magnitude of the angular 
momentum GH  of the parallelepiped about its mass center G, (b) the 
angle that GH  forms with the diagonal .AC ′  

 

SOLUTION 

Body diagonal: 2 2 2

2 2 2

2 2 2

2 2 2

(2 ) 6

2
( 2 )

6
1 5

[(2 ) ]
12 12
1 1

[ ]
12 6
1 5

[ (2 ) ]
12 12

x

y

z

d a a a a

a a a
d

I m a a ma

I m a a ma

I m a a ma

ω ω ω ω
= + + =

= − + − = − + −
6 6

= + =

= + =

= + =

ω i j k i j k

 

Axis of rotation passes through the mass center, hence 0.=v  

Kinetic energy:  2 2 2 21 1 1 1

2 2 2 2x x y y z zT mv I I Iω ω ω= + + +  

 
2 2 2

2 2 2 2 21 5 1 1 2 1 5 1
0

2 12 2 6 2 12 86
T ma ma ma ma

ω ω ω ω          = + + + =          6 6          
 

 2 20.1250 T ma ω=  
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PROBLEM 18.45 

Determine the kinetic energy of the hollow parallelepiped of Problem 18.7. 

PROBLEM 18.7 Solve Problem 18.6, assuming that the solid rectangular 
parallelepiped has been replaced by a hollow one consisting of six thin 
metal plates welded together. 

 

SOLUTION 

Body diagonal: 2 2 2

2 2 2 2

(2 ) 6

2
( 2 )

6

Total area 2( 2 2 ) 10

d a a a a

a a a
d

a a a a

ω ω ω ω
= + + =

= − + − = − + −
6 6

= + + =

ω i j k i j k

 

For each square plate,  

2 2 2 2

2 2

2

1

10
1 13 13

12 12 120
1 1

6 60
13

120

x

y

z x

m m

I m a m a m a ma

I m a ma

I I ma

′ =

′ ′ ′= + = =

′= =

= =

 

For each plate parallel to the yz plane,  
1

5
m m′ =  

 

2 2 2 2

2
2 2 2

2
2 2 2

1 5 1
[ (2 ) ]

12 12 12

1 1 1

12 2 3 15

1 7 7
(2 )

12 2 12 60

x

y

z

I m a a m a ma

a
I m a m m a ma

a
I m a m m a ma

′ ′= + = =

 ′ ′ ′= + = = 
 

 ′ ′ ′= + = = 
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PROBLEM 18.45  (Continued) 

 

For each plate parallel to the xy plane, 
1

5
m m′ =  

 

2
2 2 2

2
2 2 2

2 2 2 2

1 7 7
(2 )

12 2 12 60

1 1 1

12 2 3 15

1 5 1
[ (2 ) ]

12 12 12

x

y

z

a
I m a m m a ma

a
I m a m m a ma

I m a a m a ma

 ′ ′ ′= + = = 
 

 ′ ′ ′= + = = 
 

′ ′= + = =

 

Total moments of inertia: 

 

2 2

2 2

2 2

13 1 7 37
2

120 12 60 60

1 1 1 3
2

60 15 15 10

13 7 1 37
2

120 60 12 60

x

y

z

I ma ma

I ma ma

I ma ma

 = + + = 
 
 = + + = 
 
 = + + = 
 

 

Axis of rotation passes through the mass center, hence 0.=v  

Kinetic energy:  

 2 2 2 2

2 2 2
2 2 2 2 2

1 1 1 1

2 2 2 2

1 37 1 3 2 1 37 73
0  

2 60 2 10 2 60 3606

x x y y z zT mv I I I

T ma ma ma ma

ω ω ω

ω ω ω ω

= + + +

          = + + + =          6 6          

 

 2 20.203 T ma ω=   
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PROBLEM 18.46 

Determine the kinetic energy of the disk of Problem 18.8. 

PROBLEM 18.8 A homogeneous disk of mass m and radius r is mounted 
on the vertical shaft AB. The normal to the disk at G forms an angle 

25β = ° with the shaft. Knowing that the shaft has a constant angular 
velocity ω, determine the angle θ formed by the shaft AB and the angular 
momentum HG of the disk about its mass center G. 

 

SOLUTION 

Use the principal centroidal axes .Gx y z′ ′  

Moments of inertia. 

 

2

2

1

4
1

2

x z

y

I I mr

I mr

′

′

= =

=
 

Angular velocities. 

 

sin

cos

0

x

y

z

ω ω β
ω ω β
ω

′

′

= −
=

=

 

Kinetic energy: 2 2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

1 1 1 1

2 2 2 2
1 1 1 1

0 ( sin ) ( cos ) 0
2 4 2 2

1
(sin 2cos )

8
1

(sin 25 2cos 25 )
8

x x y y z zT mv I I I

mr mr

mr

mr

ω ω ω

ω β ω β

ω β β

ω

′ ′ ′ ′ ′ ′= + + +

= + ⋅ − + ⋅ +

= +

= ° + °

 

 2 20.228T mr ω=  
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PROBLEM 18.47 

Determine the kinetic energy of the shaft of Problem 18.15. 

PROBLEM 18.15 A 5-kg rod of uniform cross section is used 
to form the shaft shown. Knowing that the shaft rotates with a 
constant angular velocity ω of magnitude 12 rad/s, determine 
(a) the angular momentum GH  of the shaft about its mass 
center G, (b) the angle formed by GH  and the axis AB. 

 

SOLUTION 

      (12 rad/s) ,         0y zω ω ω= = =i  

     2 2 21 1 1

2 2 2x y zx y z xy x y yz y z xz x zT I I I I I Iω ω ω ω ω ω ω ω ω= + + − − −  

  
1

2 xI ω 2=  

  The shaft is comprised of eight sections, each of length 

  0.25 ma =  and of mass 0.625 kg.
8

m
m′ = =  

2 2 2 2 21 10 10
(4) (2)( ) (0.625)(0.25) 0.130208 kg m

3 3 3xI m a m a m a
 ′ ′ ′= + = = = ⋅ 
 

 

                             2 2 21
(0.130208)(12) 9.38 kg m /s 9.38 N m 9.38 J

2
T = = ⋅ = ⋅ =  

9.38 JT =  
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PROBLEM 18.48 

Determine the kinetic energy of the body of Problem 18.17. 

PROBLEM 18.17 Two L-shaped arms, each weighing 4 lb, are 
welded at the third points of the 2-ft shaft AB. Knowing that 
shaft AB rotates at the constant rate 240 rpm,ω =  determine  
(a) the angular momentum of the body about A, (b) the angle 
formed by the angular momentum and shaft AB. 

 

SOLUTION 

 

24
4 lb 0.12422 lb s /ft

32.2
8 in. 0.66667 ft

(2 )(240)
8 rad/s, 0, 0, 8 rad/s

60 x y z

W m

a

πω π ω ω ω π

= = = ⋅

= =

= = = = =

 

For rotation about the fixed Point B, the kinetic energy is 

 2 2 2 21 1 1 1

2 2 2 2x x y y z z xy x y xz x z yz y z zT I I I I I I Iω ω ω ω ω ω ω ω ω ω= + + − − − =  

Calculation of Iz: Segments 1, 2, 3, and 4, each of mass 20.06211 lb s /ftm′ = ⋅  contribute to 

Part Iz 

 
21 1

1
12 4

m a
  ′+ + 
 

 

 
21

3
m a′  

 
21

3
m a′  

 
21 1

1
12 4

m a
  ′+ + 
 

 

Σ  210

3
m a′  

 

Kinetic energy: 2 2 2 21 10 1 10
(0.06211)(0.66667) (8 )

2 3 2 3
T m a ω π   ′= =   

   
 29.1 ft lbT = ⋅   
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PROBLEM 18.49 

Determine the kinetic energy of the triangular plate of Problem 18.19. 

PROBLEM 18.19 The triangular plate shown has a mass of 7.5 kg and is 
welded to a vertical shaft AB. Knowing that the plate rotates at the constant rate 
ω 12 rad/s,=  determine its angular momentum about (a) Point C, (b) Point A. 
(Hint: To solve part b find v  and use the property indicated in part a of 
Problem 18.13.) 

 

SOLUTION 

 (12 rad/s) , 0, 12 rad/s, 0x y zω ω ω= = = =ω j  

Kinetic energy: 2 2 2

2

1 1 1

2 2 2
1

2

x x y y z z yz y z zx z x xy x y

y

T I I I I I I

I

ω ω ω ω ω ω ω ω ω

ω

= + + − − −

=

 

For the plate: 90 160 250 mm 0.25 m

120 mm 0.12 m

b AB

h CD

= = + = =
= = =

 

Area: 3 2

3 6 4
area

6
3 2

mass area 3

1
15 10 m

2
1

( ) 36 10 m
12
7.5 kg

(7.5)(36 10 )
( ) ( ) 18 10 kg m

15 10

y

y y

A bh

I bh

m

m
I I

A

−

−

−
−

−

= = ×

= = ×

=

×= = = × ⋅
×

 

 3 21
(18 10 )(12) 1.296 J

2
T −= × =  1.296 JT =  
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PROBLEM 18.50 

Determine the kinetic energy imparted to the cube of Problem 18.21. 

PROBLEM 18.21 One of the sculptures displayed on a university 
campus consists of a hollow cube made of six aluminum sheets, each 
1.5 1.5 m,×  welded together and reinforced with internal braces of 
negligible weight. The cube is mounted on a fixed base at A and can 
rotate freely about its vertical diagonal AB. As she passes by this 
display on the way to a class in mechanics, an engineering student 
grabs corner C of the cube and pushes it for 1.2 s in a direction 
perpendicular to the plane ABC with an average force of 50 N. 
Having observed that it takes 5 s for the cube to complete one full 
revolution, she flips out her calculator and proceeds to determine the 
mass of the cube. What is the result of her calculation? (Hint: The 
perpendicular distance from the diagonal joining two vertices of a cube 
to any of its other six vertices can be obtained by multiplying the side 
of the cube by 2/3.)  

 

SOLUTION 

Let 
1
6m m′ =  be the mass of one side of the cube. Choose x, y, and z axes perpendicular to the face of the cube. 

Let a be the side of the cube. For a side perpendicular to the x axis, 21
1 6( ) .xI m a′=  

For a side perpendicular to the y or z axis, 2 2
2

1 1 1
( )

12 4 3xI m a m a
  ′ ′= + = 
 

 

Total moment of inertia: 2 2
1 2

5 5
2( ) 4( )

3 18x x xI I I m a ma′= + = =  

By symmetry, y xI I=  and .z xI I=  

Since all three moments of inertia are equal, the ellipsoid of inertia is a sphere. All centroidal axes are 
principal axes. 

Moment of inertia about the vertical axis: 25

18vI ma=  

Let 2
3b a=  be the moment arm of the impulse applied to the corner. 

Using the impulse-momentum principle and taking moments about the vertical axis, 

 25
( )

18v vbF t H I maω ωΔ = = =  (1) 

Data: 
2

1.5 m, (1.5) 1.22474 m
3

2
1.25664 rad/s, 50 N, 1.2 s.

5

a b

F t
πω

= = =

= = = Δ =
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PROBLEM 18.50  (Continued) 

 

Solving Equation (1) for m, 

 
2 2

18 ( ) 18 (1.22474)(50)(1.2)
93.563 kg

5 5 (1.5) (1.25664)

bF t
m

a ω
Δ= = =  

  93.6 kgm =   

For principal axes,  2 2 2

2 2 2

1 1 1

2 2 2
1 1 5

2 2 18

x x y y z z

v

T I I I

T I ma

ω ω ω

ω ω

= + +

 = =  
 

 

 2 21 5
(93.563)(1.5) (1.2566)

2 18
=  46.2 JT =   
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PROBLEM 18.51 

Determine the kinetic energy lost when edge C of the plate of Problem 18.29 
hits the obstruction. 

 

SOLUTION 

For principal moments of inertia, the kinetic energy is 

 2 2 2 21 1 1 1

2 2 2 2x x y y z zT mv I I Iω ω ω= + + +  

Before impact: 0

2
0 0

0

1

2

x y z

v v

T mv

ω ω ω
=
= = =

=

 

After impact: 

From Problem 18.30, 

0

0

0

4

5
4

5

x z

y

v v

v v

v v

= =

= −

=

 

From Problem 18.29, 0

2

2 2

5
0

1

4

x z

y

x z

v

R

I I mR

ω ω

ω

= =

=

= =

 

                                                       

2 22
2 20 0

0

2 2
0 0

1 4 1 1 2 2 1 1 2 2
0

2 5 2 4 5 2 4 5

1 16 2 2 2
0

2 25 25 25 5

v v
T m v mR mR

R R

mv mv

          = + + +                       
 = + + + =  

 

Energy loss: 2 2
0 0 0

1 2

2 5
T T mv mv− = −  2

0 0
1

10
T T mv− =  
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PROBLEM 18.52 

Determine the kinetic energy lost when the plate of Problem 18.31 
hits the obstruction at B. 

 

SOLUTION 

For the x′  and y′  axes shown, the initial angular velocity 0ω j has components 

 0 0
2 2

,
2 2x yω ω ω ω′ ′= =  

Initial angular momentum about the mass center: 

 
0

2
0

( )

1 2
( )

12 2

G x x y yI I

ma

ω ω

ω

′ ′ ′ ′′ ′= +

′ ′= +

H i j

i j
 

Initial velocity of the mass center: 0 0=v  

Let ω  be the angular velocity and v  be the velocity of the mass center immediately after impact. 
Let ( )F tΔ k be the impulse at B. 

Kinematics: 
/ ( ) ( )

( )

B B A x y z

B z x

a

a

ω ω ω
ω ω

′ ′ ′

′ ′

′ ′ ′ ′= × = + + × −

′ ′= +

v r i j k j

v i k

ω
 

Since the corner B does not rebound, ( ) 0 or 0B z xv ω′ ′= =  

 
/

1
( ) ( )

2

1
( )

2

G A y z

z z y

a

a

ω ω

ω ω ω

′ ′

′ ′

 ′ ′ ′ ′= × = + × − − 
 

′ ′= − +

v r j k i j

i j k

ω
 

Also, 2
/

1
( 2 )

4G A y y zm ma ω ω ω′ ′ ′′ ′ ′× = − + +r v i j k  

and 

2 21 1

12 6

G x x y y z z

y z

I I I

ma ma

ω ω ω

ω ω

′ ′ ′ ′ ′ ′

′ ′

′ ′ ′= + +

′ ′= +

H i j k

j k
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PROBLEM 18.52  (Continued) 

 
Principle of impulse-momentum. 

 

Moments about A: 0

0 / 0 /

( ) ( ) ( )

( ) ( )
A A

G G A G G A

a F t

m aF t m

+ − × Δ =
+ × − Δ = + ×
H j k H

H r v i H r v

 

Resolve into components. 

 :′i  2 2
0

1 1
2 ( )

24 4 yma aF t maω ω ′− Δ = −  

 :′j  2 2 2
0 0

1 1 1 2
2

24 12 4 8y y yma ma maω ω ω ω ω′ ′ ′= + =  

 2 21 1
: 0 0

6 2z z zma maω ω ω′ ′ ′′ = + =k  

 
0 0

0

2 1 2
2 ( )

8 8 2

1 2

2 16ya a

ω ω

ω ω

′= = −

′= =

ω j j i

v k k

 

Kinetic energy: 2 2 2 21 1 1 1

2 2 2 2x x y y z zT mv I I Iω ω ω′ ′ ′ ′= + + +  

Before impact: 0 0 0
2 2

0, , , 0
2 2x y zv ω ω ω ω ω′ ′ ′= = = =  

 

2 2

2 2 2 2
0 0 0 0

1 1 2 1 1 2 1
0 0

2 12 2 2 12 2 24
T ma ma maω ω ω

      = + + − + =               
 

After impact: 0 0
2 2

, 0, , 0
16 8x y zv aω ω ω ω ω′ ′ ′= = = =  

 

2 2

2 2 2
1 0 0 0

1 2 1 1 2 1
0 0

2 16 2 12 8 192
T m a ma maω ω ω

    = + + + =           
 

Kinetic energy lost. 2 2
0 1 0

7

192
T T ma ω− =  
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PROBLEM 18.53 

Determine the kinetic energy of the space probe of Problem 18.33 in its motion about its mass center after its 
collision with the meteorite. 

 

 

SOLUTION 

Masses: Space probe:  23000
93.17 lb s /ft

32.2
m′ = = ⋅  

 Meteorite:  25
0.009705 lb s /ft

(16)(32.2)
m = = ⋅  

Point of impact:  (9 ft) (0.75 ft)A = +r i k  

Initial linear momentum of the meteorite, (lb s):⋅  

 0 (0.009705)(2400 3000 3200 ) 23.292 29.115 31.056m = + + = − +v i j k i j k  

Its moment about the origin, (lb ft s):⋅ ⋅  

 0 9 0 0.75 21.836 262.04 262.04

23.292 29.115 31.056
A m× = = − −

−

i j k

r v i j k  

Final linear momentum of meteorite and its moment about the origin, (lb s) and (lb s ft):⋅ ⋅ ⋅  

 0

0

0.8 18.634 23.292 24.845

(0.8 ) 17.469 209.63 209.63A

m

m

= − +
× = − −

v i j k

r v i j k
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PROBLEM 18.53  (Continued) 

 

Let AH  be the angular momentum of the probe and m′  be its mass. Conservation of angular momentum 
about the origin for a system of particles consisting of the probe plus the meteorite: 

 0 0(0.8 )A A Am m× = + ×r v H r v  

 (4.367 lb s ft) (52.41 lb s ft) (52.41 lb s ft)A = ⋅ ⋅ − ⋅ ⋅ − ⋅ ⋅H i j k  

 
2 2

( ) 4.367
( )         0.02479 rad/s

(93.17)(1.375)
A x

x x A x x
x

H
I H

m k
ω ω= = = =

′
 

 
2 2

( ) 52.41
( )         0.2770 rad/s

(93.17)(1.425)
A y

y y A y y
y

H
I H

m k
ω ω −= = = = −

′
 

 
2 2

( ) 52.41
( )         0.3600 rad/s

(93.17)(1.250)
A z

z z A z z
z

H
I H

m k
ω ω −= = = = −

′
 

Kinetic energy of motion of the probe about its mass center: 

 

( ) ( )2 2 2 2 2 2 2 2 2

2 2 2 2 2 2

1

2 2
93.17

[(1.375) (0.02479) (1.425) ( 0.2770) (1.250) ( 0.3600) ]
2

x x y y z z x x y y z z
m

T I I I k k kω ω ω ω ω ω′ = + + = + +

= + − + −  

 16.75 ft lb= ⋅  16.75 ft lbT ′ = ⋅  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2039 

 

PROBLEM 18.54 

Determine the kinetic energy of the space probe of Problem 18.34 in its motion about its mass center after its 
collision with the meteorite. 

 

 

SOLUTION 

Masses: Space probe: 23000
93.17 lb s /ft

32.2
m′ = = ⋅  

 Meteorite: 25
0.009705 lb s /ft

(16)(32.2)
m = = ⋅  

Point of impact:  (9 ft) (0.75 ft)A = +r i k  

Initial linear momentum of the meteorite, ( )lb s :⋅  

 0 (0.009705)( )x y zm v v v= + +v i j k  

Its moment about the origin, (lb ft s):⋅ ⋅  

 
0 0( ) 0.009705 9 0 0.75

0.009705[ 0.75 (0.75 9 ) 9 ]

A A

x y z

y x z y

m

v v v

v v v v

= × =

= − + − +

i j k

H r v

i j k

 

Final linear momentum of the meteorite, (lb s):⋅  

 00.75 0.007279( )x y zm v v v= + +v i j k  

Its moment about the origin, (lb ft s):⋅ ⋅  

 0(0.75 ) 0.007279[ 0.75 (0.75 9 ) 9 ]A y x z ym v v v v× = − + − +r v i j k  

Initial linear momentum of the space probe, (lb s):⋅   0 0m′ ′ =v  
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PROBLEM 18.54  (Continued) 

 

Final linear momentum of the space probe, (lb s):⋅  

 
0.675

( ) 93.17
12x y z y zm v v v v v

 ′ ′ ′ ′ ′ ′+ + = − + + 
 

i j k i j k  

Final angular momentum of space probe, (lb ft s):⋅ ⋅  

 

2 2 2

2 2 2

( )

93.17[(1.375) (0.05) (1.425) ( 0.12) (1.250) ]

8.8075 22.703 145.58

A x x y y z z

z

z

m k k kω ω ω

ω
ω

′= + +

= + − +
= − +

H i j k

i j k

i j k

 

Conservation of linear momentum of the probe plus the meteorite (lb s):⋅  

 0.009705( ) 0.007279( ) 93.17( 0.05625 )x y z x y z y zv v v v v v v v′ ′+ + = + + + − + +i j k i j k i j k  

 :i  0.002426 5.2408 2160 ft/sx xv v= − = −  

 :j  0.002426 93.17y yv v′=  

 :k  0.002426 93.17z zv v′=  

Conservation of angular momentum about the origin (lb ft s):⋅ ⋅  

 
(0.009705)[ 0.75 (0.75 9 ) 9 ] (0.007279)[ 0.75 (0.75 9 ) 9 ]

8.8075 22.703 145.58

y x z y y x z y

z

v v v v v v v v

ω
− + − + = − + − +

+ − +

i j k i j k

i j k
 

 : 0.0018195 8.8075 4840.5 ft/sy yv v− = = −i  

 :k  0.021834 145.58y zv ω− =  

 6149.98 10 0.726 rad/sz y zvω ω−= − × = −  

Kinetic energy of motion of probe relative to its mass center: 

 

( ) ( )2 2 2 2 2 2 2 2

2 2 2 2 2 2

1 1

2 2
1

(93.17)[(1.375) (0.05) (1.425) ( 0.12) (1.250) ( 0.726) ]
2

x x y y z z x x y z zT I I I m k kω ω ω ω ω ω′ = + + = +

= + − + −  

 39.9 ft lb= ⋅  39.9 ft lbT ′ = ⋅  
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PROBLEM 18.55 

Determine the rate of change GH  of the angular momentum GH  of the disk 
of Problem 18.1. 

PROBLEM 18.1 A thin, homogeneous disk of mass m and radius r spins 
at the constant rate 1ω  about an axle held by a fork-ended vertical rod, 
which rotates at the constant rate 2.ω  Determine the angular momentum 

GH  of the disk about its mass center G. 

 

SOLUTION 

Angular velocity: 2 1ω ω= +j kω  

Moments of inertia: 2 2 21 1 1
,         ,         

4 4 2x y zI mr I mr I mr= = =  

Products of inertia: by symmetry, 0xy yz zxI I I= = =  

Angular momentum: 

2 2
2 1

2 2
2 1

1 1
0

4 2

1 1

4 2

G x x y y z z

G

G

I I I

mr mr

mr mr

ω ω ω

ω ω

ω ω

= + +

 = + + 
 

= +

H i j k

H j k

H j k

 

Rate of change of angular momentum. Let the frame of reference Gxyz be rotating with angular velocity 

 1ω=Ω j  

Then 

2 2
2 2 1

( )

1 1
0

4 2

G G Gxyz G

mr mrω ω ω

= + ×

 = + × + 
 

H H Ω H

j j k

   

 2
1 2

1

2
mr ω ω= i  2

1 2
1

2G mr ω ω=H i   
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PROBLEM 18.56 

Determine the rate of change GH  of the angular momentum GH  of 
the plate of Problem 18.2. 

PROBLEM 18.2 A thin rectangular plate of weight 15 lb rotates 
about its vertical diagonal AB with an angular velocity ω. Knowing 
that the z axis is perpendicular to the plate and that ω is constant and 
equal to 5 rad/s, determine the angular momentum of the plate about 
its mass center G. 

 

SOLUTION 

 2 2(9 in.) (12 in.) 15 in.h = + =  

Resolving ω along the principal axes x′, y′, z: 

 

12
0.8(5 rad/s) 4 rad/s

15
9

0.6(5 rad/s) 3 rad/s
15
0

x

y

z

ω ω

ω ω

ω

′

′

= = =

= = =

=

 

Moments of inertia: 

 

2
2

2
2

1 15 lb 9
ft 0.021836 slug ft

12 32.2 12

1 15 lb 12
ft 0.038820 slug ft

12 32.2 12

x

y

I

I

′

′

  = = ⋅  
  

  = = ⋅  
  

 

From Eqs. (18.10): 

 

2

2

2 2

(0.021836)(4) 0.087345 slug ft /s

(0.038820)(3) 0.11646 slug ft /s

0

(0.087345 slug ft /s) (0.11646 slug ft /s)

x x x

y y y

z z z

G

H I

H I

H I

ω

ω
ω

′ ′ ′

′ ′ ′

= = =

= = =

= =

′ ′= +H i j
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PROBLEM 18.56  (Continued) 

 

Components along x and y axes: 

 

3 4

5 5
3 4

(0.087345) (0.11646)
5 5
0.040761

4 3

5 5
4 3

(0.087345) (0.11646)
5 5
0.13975

x x y

y x y

H H H

H H H

′ ′

′ ′

= −

= −

= −

= +

= +

=

 

 2 2( 0.040761slug ft /s) (0.13975 slug ft /s)G = − ⋅ + ⋅H i j  

where the frame Axyz rotates with the plate with the angular velocity. 

 (5 rod/s)= =Ω ω j  

We have ( ) 0.G Axyz =H  Substituting into Eq. (18.22): 

 

( ) 0 5 ( 0.040761 0.13975 )

(0.20380 ft/lb)

G G Axyz G= + × = + × − +

=

H H Ω H j i j

k

 

 

  (0.204 ft/lb)G =H k  
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PROBLEM 18.57 

Determine the rate of change DH  of the angular momentum 

DH  of the assembly of Problem 18.3. 

PROBLEM 18.3 Two uniform rods AB and CE, each of weight 
3 lb and length 2 ft, are welded to each other at their midpoints. 
Knowing that this assembly has an angular velocity of constant 
magnitude ω = 12 rad/s, determine the magnitude and direction 
of the angular momentum HD of the assembly about D. 

 

SOLUTION 

 

 

 

 

23
0.093168 lb s /ft, 24 in. 2 ft,

32.2

W
m l

g
= = = ⋅ = =  

(12 rad/s)= iω  

For rod ADB,    0,     since 0.D x xI Iω= ≈ ≈H i  

For rod CDE, use principal axes ,  x y′ ′  as shown. 

 
9

cos , 41.410
12

θ θ= = °  

 2cos 9 rad/sxω ω θ′ = =  

  2sin 7.93725 rad/syω ω θ′ = =  

 0zω ′ =  

  0xI ′ ≈  

  2 21 1
(0.093168)(2)

12 12yI ml′ = =  

 20.0310559 lb s ft= ⋅ ⋅ 

 D x x y y z zI I Iω ω ω′ ′ ′ ′ ′ ′′ ′ ′= + +H i j k  

 0 (0.0310559)(7.93725) 0′= + +j  

 0.246498 ′= j  

0.246498(sin cos ) 0.163045 0.184874D θ θ= + = +H i j i j  

Let the frame of reference Dxyz be rotating with angular velocity 

(12 rad/s)= = iΩ ω  

Then,  ( ) 0D D Dxyz D D= + × = + ×H H Η Η  Ω ω  

 12 (0.163045 0.184874 )D = × +H i i j  (2.22 lb ft)D = ⋅H k 
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PROBLEM 18.58 

Determine the rate of change AH  of the angular momentum HA of 
the disk of Problem 18.4. 

PROBLEM 18.4 A homogeneous disk of weight 6 lbW =  rotates at 
the constant rate 1 16ω =  rad/s with respect to arm ABC, which is 
welded to a shaft DCE rotating at the constant rate 2 8 rad/s.ω =  
Determine the angular momentum AH  of the disk about its center A. 

 

SOLUTION 

 2 1 (8 rad/s) (16 rad/s)ω ω= + = +i j i jω  

For axes ,  ,  x y z′ ′ ′ parallel to x, y, z with origin at A, 

 

2

2
2 2

2

2

6
0.186335 lb s /ft

32.2

1 1 8
(0.186335) 0.020704 lb s ft

4 4 12

0.020704 lb s ft

0.041408 lb s ft

(0.020704)(8) (0.041408)(16)

(0.1656 lb s f

x

z x

y x z

A x x y y z z

W
m

g

I mr

I I

I I I

I I Iω ω ω

′

′ ′

′ ′ ′

′ ′ ′ ′ ′ ′

= = = ⋅

 = = = ⋅ ⋅ 
 

= = ⋅ ⋅

= + = ⋅ ⋅

′= + +

= +
= ⋅ ⋅

H i j k

i j

t) (0.6625 lb s ft)+ ⋅ ⋅i j

 

Let the frame of reference Axyz be rotating with angular velocity 

 2 (8 rad/s)ω= =i iΩ  

Then  2( ) 0A A Axyz A Aω= + × = + ×H H Η i Η  Ω  

 8 (0.1656 0.6625 ) (5.30 lb ft)A = × + = ⋅H i i j k  (5.30 lb ft)A = ⋅H k   
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PROBLEM 18.59 

Determine the rate of change CH  of the angular momentum CH  of 
the disk of Problem 18.5. 

PROBLEM 18.5 A thin disk of mass 4 kgm =  rotates at the constant 
rate 2 15 rad/sω =  with respect to arm ABC, which itself rotates at the 
constant rate 1 5 rad/sω =  about the y axis. Determine the angular 
momentum of the disk about its center C. 

 

SOLUTION 

 150 mmr =  

Angular velocity of disk: 

 1 2

(5 rad/s) (15 rad/s)

ω ω= +
= +

ω j k

j k
 

Centroidal moments of inertia: 

 

2

2 2

2 2

1

4
1

(4)(0.150 m) 0.0225 kg m
4
1

0.045 kg m
2

x y

z

I I mr

I mr

′ ′

′

= =

= = ⋅

= = ⋅

 

Angular momentum about C. 

 
2 2

0 (0.0225)(5) (0.045)(15)

(0.1125 kg m /s) (0.6750 kg m /s)

C x x y y z zI I Iω ω ω′ ′ ′ ′ ′ ′= + +

= + +

= ⋅ + ⋅

H i j k

j k

j k

 

Rate of change of angular momentum. Let the reference frame Oxyz be rotating with angular velocity. 

 1 (5 rad/s)= =Ω ω j  

Then ( )

0 5 (0.1125 0.6750 )

C C Oxyz C= + ×

= + × +

H H Ω H

j j k

   

 (3.3750 N m)= ⋅ i  (3.38 N m)C = ⋅H i  
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PROBLEM 18.60 

Determine the rate of change GH  of the angular momentum HG of 
the disk of Problem 18.8. 

PROBLEM 18.8 A homogeneous disk of mass m and radius r is 
mounted on the vertical shaft AB. The normal to the disk at G forms 
an angle 25β = ° with the shaft. Knowing that the shaft has a 
constant angular velocity ω, determine the angle θ formed by the 
shaft AB and the angular momentum HG of the disk about its mass 
center G. 

 

SOLUTION 

Use the principal centroidal axes ,Gx y z′ ′ ′  

Moments of inertia. 

 

2

2

1

4
1

2

x z

y

I I mr

I mr

′

′

= =

=
 

Angular velocity. 

 

sin

cos

0

x

y

z

ω ω β
ω ω β
ω

′

′

= −
=

=

 

Angular momentum about G. 

Using Eqs. (18.10), 

 

2

2

1
sin

4
1

cos
2

0

x x x

y y y

z z z

G x y z

H I mr

H I mr

H I

H H H

ω ω β

ω ω β

ω

′ ′ ′

′ ′ ′

′ ′

= = −

= =

= =
′ ′= + +H i j k
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PROBLEM 18.60  (Continued) 

 

where i′, j′, k are the unit vectors along the x y z′ ′  axes. 

 2 21 1
sin cos

4 2G mr mrω β ω β′ ′= − +H i j  

Rate of change of angular momentum. Let the frame of reference Gx y z′ ′ ′  be rotating with angular velocity 

 ( sin cos )ω ω β β′ ′= = − +Ω j i j  

Then 

2 2

2 2 2 2

2 2

( )

1 1
0 ( sin cos ) sin cos

4 2

1 1
cos sin sin cos

4 2
1

sin cos
4

G G Gxyz G

mr mr

mr mr

mr

ω β β ω β ω β

ω β β ω β β

ω β β

= + ×

 ′ ′ ′ ′= + − + × − + 
 

= −

= −

H H Ω H

i j i j

k k

k

   

With 25 ,β = °  2 21
sin 25 cos 25

4G mr ω= − ° °H k  2 20.0958G mr ω= −H k  
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PROBLEM 18.61 

Determine the rate of change DH of the angular momentum HD of 
the assembly of Problem 18.3, assuming that at the instant considered 
the assembly has an angular velocity (12=ω rad/s)i and an angular 
acceleration 2(96 rad/s ) .α = − i  

 

SOLUTION 

 2 23
0.093168 lb s /ft , 24 in. 2 ft, (12 rad/s)

32.2

W
m l

g
= = = ⋅ = = = iω  

For rod ADB, 0,  since 0.D x xI Iω= ≈ ≈H i  

For rod CDE, use principal axes , x y′ ′  as shown. 

 

2

2

2

2

2 2 2

9
cos , 41.410

12

cos 9 rad/s

sin 7.93725 rad/s

0

(96 rad/s )

cos 72 rad/s

sin 63.498 rad/s

0

1 1
(0.93168)(2) 0.0310559 kg m

12 12

x

y

z

x

y

x

y

z y

D x x y y

I

I ml

I I

I I I

θ θ

ω ω θ
ω ω θ
ω

α
α α θ
α α θ

ω ω

′

′

′

′

′

′

′

′ ′

′ ′ ′ ′

= = °

= =

= =
=

= −
= = −

= = −
≈

= = = ⋅

=
′ ′= + +

i

H i j

0 (0.0310559)(7.93725) 0 (0.24698 lb s/ft)
z zω′ ′ ′

′ ′= + + = ⋅
k

j j

 

Let the reference frame Dx y z′ ′ ′  be rotating with angular velocity 

 

2 2

(9 rad/s) (7.93725 rad/s)

( )

0 (0.0310559)( 63.498) 0 (9 7.93725 ) (0.246498 )

1.97199 2.21848

(1.97199 kg m /s )(sin

x y

D D Dx y z D

x x y y z z DI I I

ω ω ω

α α α

θ

′ ′

′ ′ ′

′ ′ ′ ′ ′ ′

′ ′ ′ ′= = + = +

= + ×
′ ′ ′= + + + ×

′ ′ ′= + − + + + ×
′= − +

= − ⋅ +

Ω i i j i j

H H H

i j k H

j i j j

j k

i

  Ω

Ω

2 2cos ) (2.21848 kg m /s )θ + ⋅j k

 

 (1.304 N m) (1.479 N m) (2.22 N m)D = − ⋅ − ⋅ + ⋅H i j k  
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PROBLEM 18.62 

Determine the rate of change DH  of the angular momentum HD of the 
assembly of Problem 18.3, assuming that at the instant considered the 
assembly has an angular velocity (12=ω rad/s)i and an angular 
acceleration 

2(96 rad/s ) .= iα  

 

SOLUTION 

 23
0.093168 lb s /ft, 24 in. 2 ft, (12 rad/s)

32.2

W
m l

g
= = = ⋅ = = = iω  

For rod ADB, 0,  since 0.D x xI Iω= ≈ ≈H i  

For rod CDE, use principal axes ,x y′ ′  as shown. 

 

2

2

2

2

2 2 2

9
cos , 41.410

12
cos 9 rad/s

sin 7.93725 rad/s

0

(96 rad/s )
cos 72 rad/s

sin 63.498 rad/s

0

1 1
(0.93168)(2) 0.0310559 kg m

12 12

x

y

z

x

y

x

y

z y

D x x y y z

I

I ml

I I

I I I

θ θ

ω ω θ
ω ω θ
ω

α
α α θ
α α θ

ω ω ω

′

′

′

′

′

′

′

′ ′

′ ′ ′ ′ ′

= = °

= =
= =
=
=
= =
= =
≈

= = = ⋅

=
′ ′= + +

i

H i j

0 (0.0310559)(7.93725) 0 (0.246498 lb s/ft)
z′ ′

′= + + = ⋅
k

j j

 

Let the reference frame Dx y z′ ′ ′
 be rotating with angular velocity 

 (9 rad/s) (7.93725 rad/s)x yω ω ω′ ′′ ′ ′ ′= = + = +Ω i i j i j  

 

2 2 2 2

( )

0 (0.310559)(63.498) 0 (9 7.93725 ) (0.246498 )
1.97199 2.21848

(1.97199 kg m /s )(sin cos ) (2.21848 kg m /s )

D D Dx y z D

x x y y z z DI I Iα α α

θ θ

′ ′ ′

′ ′ ′ ′ ′ ′

= + ×
′ ′ ′= + + + ×

′ ′ ′= + + + + ×
′= +

= ⋅ + + ⋅

H H H

i j k H

j i j j
j k

i j k

  Ω
Ω

 

 (1.304 N m) (1.479 N m) (2.22 N m)D = ⋅ + ⋅ + ⋅H i j k  
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PROBLEM 18.63 

A thin homogeneous square of mass m and side a is welded to a vertical 
shaft AB with which it forms an angle of 45 .°  Knowing that the shaft 
rotates with an angular velocity ω= jω  and an angular acceleration 

,α= jα  determine the rate of change AH of the angular momentum HA of 
the plate assembly. 

 

SOLUTION 

Use principal axes ,  y z′ ′ as shown. 

 

2 2

2

2 2

2

2

cos 45 , sin 45

0

1 1
,

3 12
5

12

1 5
0 ( cos 45 ) ( sin 45 )

12 12

1
( cos 45 )(cos 45 sin 45 )

12

5
(

12

y z

x

x y

z x y

A x x y y z z

A

I ma I ma

I I I ma

I I I

ma ma

ma

ma

ω ω ω ω
ω

ω ω ω

ω ω

ω

′ ′

′

′ ′

′ ′ ′

′ ′ ′ ′ ′ ′

= ° = °
=

= =

= + =

′ ′ ′= + +

   ′ ′= + ° + °   
   

 = ° ° − ° 
 
 +  
 

H i j k

j k

H j k

2

sin 45 )(sin 45 cos 45 )

(3 2 )
12A

ma

ω

ω

° ° + °

= +

j k

H j k
 

Angular acceleration. ; cos 45 , sin 45y zα ω α ω α′ ′= = ° = °j  α  

Let the reference frame Axyz be rotating with angular velocity 

 ω jΩ =  

With respect to this frame, 

 

2 2

2

( )

1 5
0 ( cos 45 ) ( sin 45 )

12 12

(3 2 )
12

A Axyz x x y y z zI I I

ma ma

ma

ω ω ω

α α

α

′ ′ ′ ′ ′′ ′ ′= + +

   ′ ′= + ° + °   
   

= +

H i j k

i k

j k
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PROBLEM 18.63  (Continued) 

 

With respect to the fixed reference frame, 

 2 2

( )

(3 2 ) (3 2 )
12 12

A A Axyz A

ma maα ωω

= + ×

 
= + + × + 

 

H H H

j k j j k

  Ω

 

 
2

2(2 3 2 )
12A

ma ω α α= + +H i j k  
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PROBLEM 18.64 

Determine the rate of change GH of the angular momentum GH of the 
disk of Problem 18.8, assuming that at the instant considered the 
assembly has an angular velocity ω= jω and an angular acceleration 
α .α= j  

PROBLEM 18.8 A homogeneous disk of mass m and radius r is 
mounted on the vertical shaft AB. The normal to the disk at G forms 
an angle 25β = ° with the shaft. Knowing that the shaft has a 
constant angular velocity ω, determine the angle θ formed by the 
shaft AB and the angular momentum HG of the disk about its mass 
center G. 

 

SOLUTION 

Use the principal centroidal axes Gx y z′ ′ ′  

Moments of inertia. 

 

2

2

1

4
1

2

x z

y

I I mr

I mr

′ ′

′

= =

=
 

Angular velocity. 

 

sin

cos

0

x

y

z

ω ω β
ω ω β
ω

′

′

= −
=

=

 

Angular momentum about G. 

Using Eqs. (18.10), 

 

2

2

1
sin

4
1

cos
2

0

x x x

y y y

z z z

G x y z

H I mr

H I mr

H I

H H H

ω ω β

ω ω β

ω

′ ′ ′

′ ′ ′

′ ′

= = −

= =

= =
′= + +H i j k
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PROBLEM 18.64  (Continued) 

 

where , ,i j k  are the unit vectors along the , ,x y z′ ′ ′  axes. 

 2 21 1
sin cos

4 2G mr mrω β ω β′ ′= − +H i j  

Angular acceleration. , sin , cos , 0x y zα ω α β ω α β ω′ ′ ′= = − = =j   α  

Rate of change of angular momentum. Let the reference frame Gxyz be rotating with angular velocity 

 ( sin ) ( cos )ω ω β ω β′ ′= = − +j i jΩ  

With respect to this frame, 

 

2 2

2 2

( )

1 1
( sin ) ( cos ) 0

4 2

1 1
sin cos

4 2

G Gxyz x x y y z zI I I

mr mr

mr mr

ω ω ω

α β α β

α β α β

′ ′ ′ ′ ′ ′′ ′ ′= + +

   ′ ′= − + +   
   

′ ′= − +

H i j k

i j

i j

     

 2 2

2 2 2

2 2 2

2

1 1
sin ( cos sin ) cos ( sin cos )

4 2
1

[ sin cos (2cos sin )]
4
1

[ sin 25 cos25 (2cos 25 sin 25 )]
4

(0.0957556 0.45535 )

mr mr

mr

mr

mr

α β β β α β β β

α β β β β

α

α

= − − + +

= + +

= ° ° + ° + °

= +

i j i j

i j

i j

i j

 

With respect to the fixed reference frame, 

 ( ) whereG G Gxyz G= + ×H H Ω H   

 

2 2

2 2 2 2

2 2

2 2 2 2

( sin cos )

1 1
sin cos

4 2

1 1
cos sin sin cos

4 2
1

sin cos
4
1

sin 25 cos 25 0.095756
4

G

mr mr

mr mr

mr

mr mr

ω β ω β

ω β ω β

ω β β ω β β

ω β β

ω ω

′ ′× = + − +

 × − + 
 

= −

= −

= − ° ° = −

Ω H i j

k k

k

k k

 

Then 2 2(0.0958 0.455 0.0958 )G mr α α ω= + −H i j k  
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PROBLEM 18.65 

A slender, uniform rod AB of mass m and a vertical shaft CD, each 
of length 2b, are welded together at their midpoints G. Knowing 
that the shaft rotates at the constant rate ω, determine the dynamic 
reactions at C and D. 

 

SOLUTION 

Using the principal axes :Gx y z′ ′  

 21
0,

3x y zI I I mb′ ′= = =  

 sin , cos , 0x y zω ω β ω ω β ω′ ′= − = =  

Angular momentum about G. 

21
cos

3

G x x y y z z

G

I I I

mb

ω ω ω

ω β

′ ′ ′ ′′ ′= + +

′=

H i j k

H j

 

or, since sin cos :β β′ = +j i j  21
cos (sin cos )

3G mb ω β β β= +H i j  (1) 

Rate of change of angular momentum. 

 

2

2 2

( ) 0

1
cos (sin cos )

3
1

sin cos
3

G G Gxyz G B

mb

mb

ω ω β β β

ω β β

= + × = + ×

 = × +  

= −

H H Ω H ω H

j i j

k
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PROBLEM 18.65  (Continued) 

 

Equations of motion. 

We equate the systems of external and effective forces 

 eff

2 2

( ) : 2 ( )

1
2 2 sin cos

3

D D x z G

x z

b C C

bC bC mb ω β β

Σ = Σ × + =

− + = −

M M j i k H

k i k

  

 

Thus, 21
sin cos , 0

6x zC mb Cω β β= =  21
sin cos

6
mbω β β=C i  

 eff : 0Σ = Σ + =F F C D  21
sin cos

6
mbω β β= −D i   
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PROBLEM 18.66 

A thin homogeneous triangular plate of weight 10 pounds is welded to a light 
vertical axle supported by bearings at A and B. Knowing that the plate rotates 
at the constant rate 8 rad/s,ω =  determine the dynamic reactions at A and B. 

 

SOLUTION 

We shall use Eqs. (18.1) and (18.28): 

 ( )A A Axyz AmΣ = Σ = + ×F a M H Ω H  

Computation of :AH  

 ω=ω j  

 A xy y yzI I Iω ω ω= − + −H i j k  

The moment of inertia of the triangle is 

 3
area

1 1
( ) ,

12 2yI b h A bh= =  

 2
mass area

1
( ) ( )

6y y
m

I I mb
A

= =  

The product of inertia of the triangle is 

 2 2
area

1
( )

24xyI b h=  

 mass area
1

( ) ( )
12xy xy

m
I I mbh

A
= =  

Since the z-coordinate is negligible, 

 mass( ) 0yzI =  

Thus, 21 1
.

12 6A mbh mbω ω= − +H i j  (1) 

where the frame of reference Axyz rotates with the plate with the angular velocity 

 ω= =Ω ω j  
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PROBLEM 18.66  (Continued) 

 

Equations of motion. (Weight is omitted for dynamic reactions.) 

Eq. (18.28), 

 ( ) .A A Axyz AΣ = + ×M H Ω H  

Since constant,ω =  it follows from Eq. (1) that 

 ( ) 0A Axyz =H  

Thus, 

 

2

2

( ) 0
12 6

1

12

x z x z
mbh mb

h B B hB h

mbh

ω ω ω

ω

 
× + = + × − + − +  

 

= +

j i k j i j k B i

k

 

Equating coefficients of unit vectors:  21
, 0

12x zB mb Bω= − =  

 21

12
mbω= −B i  

The dynamic reactions must also satisfy Eq. (18.1): 

 2 2

2 2 2

:
3

1 1 1
,

3 12 4

b
m mx m

mb mb mb

ω ω

ω ω ω

 Σ = + = − = −  
 

 = − − − = − 
 

F a A B i i

A i i A i

 

Given data: 10 lb, 12 in. 1 ft, 24 in. 2 ft, 8 rad/sW b h ω= = = = = =  

 21 10 lbs
(1 ft)(8 rad/s)

4 32.2
 = −  
 

A i  (4.97 lb)= −A i   

 21 10 lbs
(1 ft)(8 rad/s)

12 32.2
 = −  
 

B i  (1.656 lb)= −B i   
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PROBLEM 18.67 

The assembly shown consists of pieces of sheet aluminum of 
uniform thickness and of total weight 2.7 lb welded to a light 
axle supported by bearings at A and B. Knowing that the 
assembly rotates at the constant rate 240ω = rpm, determine 
the dynamic reactions at A and B. 

 

SOLUTION 

Mass of sheet metal: 22.7
0.08385 lb s /ft

32.2
m = = ⋅  

Sheet metal dimension: 6 in. 0.5 ftb = =  

Area of sheet metal: 2 2 2 2 2 21 1
3 0.75 ft

2 2
A b b b b b= + + + = =  

Let 2 30.08385
0.1118 lb s /ft mass per unit area.

0.75

m

A
ρ = = = ⋅ =  

Moments and products of inertia: mass areaI Iρ=  

 xy plane (rectangles) 

 4 4 41 1 2

3 3 3xI b b b= + =  

 

4

4

2

3
2

(0.1118)(0.5)
3

xI bρ=

=
 

 3 24.658 10 lb s ft−= × ⋅ ⋅  

 

2 2

4

3 1 5 1
( ) ( )

2 2 2 2

1

2

xyI b b b b b b

b

     = + −     
     

= −
 

 
4 4

3 2

1 1
(0.1118)(0.5)

2 2

3.4938 10 lb s ft

xyI bρ

−

= − = −

= − × ⋅ ⋅
 

 xz plane (triangles) 

 4 4 41 1 1

12 12 6xI b b b= + =  

 
4 4

3 2

1 1
(0.1118)(0.5)

6 6

1.1646 10 lb s ft

xI bρ

−

= =

= × ⋅ ⋅
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PROBLEM 18.67  (Continued) 

 

For calculation of ,xzI use pairs of elements 1dA  and 2 :dA  

 2 1 .dA dA=  

 2
1 2 1 0(4 ) (2 ) (2 )

2 2

b
xz

z z
I x dA b x dA b x zdA b x z dx

 =  +  − − = −  − = −  − 
 

 

but .z x=  

Hence, 2 3 4 4 4
0

2 1 5
(2 )

3 4 12

a
xzI bx x dx b b b

 = −  − = − − = − 
 

 

 4 4 3 25 5
(0.1118)(0.5) 2.9115 10 lb s ft

12 12xzI bρ −= − = − = − × ⋅ ⋅  

Total for :xI  3 3 3 24.658 10 1.1646 10 5.823 10 lb s ftxI − − −= × + × = × ⋅ ⋅  

The mass center lies on the rotation axis, therefore 

 0=a  

 0mΣ = + = = = −F A B a A B  

 ,A x xy xzI I Iω ω ω ω α= − − = =H i j k i iω α  

Let the frame of reference Axyz be rotating with angular velocity 

 ω= = iΩ ω  

 ( )A A A Axyz AΣ = = + ×M H H H  Ω  

 0 4 ( ) ( )y z x xy xz x xy xzM b B B I I I I I Iα α α ω ω ω ω+ × + = − − + × − −i i j k i j k i i j k  

 2 2
0 4 4 ( ) ( )z y x xy xz xz xyM bB bB I I I I Iα α ω α ω− + = − − − +i j k i j k  

Resolve into components and solve for yB  and .zB  

 0:     xM I α=i  

 j: 
2( )

4
xy xz

z

I I
B

b

α ω−
=  

 k: 
2( )

4
xz xy

y

I I
B

b

α ω+
= −  

Data: 0
2 (240)

0, 25.133 rad/s, 0.5 ft 0
60

b M
πα ω= = = = =  

 
3 20 ( 2.9115 10 )(25.133)

0.91955 lb.
(4)(0.5)zB

−− − ×= =  
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PROBLEM 18.67  (Continued) 

 

 
3 20 ( 3.4938 10 )(25.133)

1.10346 lb.
(4)(0.5)yB

−− − ×= =  

 1.10346 lb.y yA B= − = −  

 0.91955 lb.z zA B= − = −  

 (1.103 lb) (0.920lb)= − −A j k   

 (1.103 lb) (0.920 lb)= +B j k  
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PROBLEM 18.68 

The 8-kg shaft shown has a uniform cross section. Knowing 
that the shaft rotates at the constant rate ω 12 rad/s,=  determine 
the dynamic reactions at A and B. 

 

SOLUTION 

Angular velocity: ω= iω  

Angular momentum about the mass center G: 

 G x xy xzI I Iω ω ω= − −H i j k  

Let the reference frame Axyz be rotating with angular velocity 

 

2 2

.

( )

0 ( )

G G Axyz G

x xy xz

xz xy

I I I

I I

ω

ω ω ω ω

ω ω

=

= + ×

= + × − −

= −

i

H H H

i i j k

j k

 
Ω

Ω
 

Since the shaft lies in the xz plane, 0.xyI =  

By symmetry, the mass center lies on line AB. 

 0m =a  

 eff : 0  and  form a couple.F mΣ = + = =F A B a A BΣ  

 = −A B  

  

 ( )y z Gb B B× + =i j k H  

 
2

, 0xz
z y xz z y

I
bB bB I B B

b

ωω− + = = − =j k j  

Calculation of .xzI  

Divide the shaft into eight segments, each of length 
 200 mm 0.2 ma = =  

Let m′ be the mass of one segment. 

 
8 kg

1 kg
8

m′ = =  

For  , , , and , 0xzI =  
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PROBLEM 18.68  (Continued) 

 

Then 2

2 2 2 2

( ) ( ) ( ) ( ) 2
2 2 2 2

2 (2)(1)(0.2) (12)
14.4 N

4 (4)(0.2)

0,         14.4 N

xz

z

y z z

a a a a
I m a m a m a m a m a

m a
B

a

A A B

ω

       ′ ′ ′ ′ ′= − − + − − + + =       
       

′
= − = − = −

= = − =

 

 (14.4 N)=A k   

 (14.4 N)= −B k   
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PROBLEM 18.69 

After attaching the 18-kg wheel shown to a balancing machine and 
making it spin at the rate of 15 rev/s, a mechanic has found that to balance 
the wheel both statically and dynamically, he should use two corrective 
masses, a 170-g mass placed at B and a 56-g mass placed at D. Using a 
right-handed frame of reference rotating with the wheel (with the z axis 
perpendicular to the plane of the figure), determine before the corrective 
masses have been attached (a) the distance from the axis of rotation to the 
mass center of the wheel and the products of inertia xyI  and ,zxI  (b) the 
force-couple system at C equivalent to the forces exerted by the wheel on 
the machine. 

 

SOLUTION 

 

18 kg, 2 (15) (94.248 rad/s)

170 g 0.17 kg

56 g 0.056 kg

75 mm 0.075 m, 182 mm 0.182 m

0.075 m, 0.182 m

B

D

B B

D D

m

m

m

x y

x y

π= = =
= =
= =
= = = =
= − = −

ω i i

 

(a) Balance masses are added to move the mass center to Point C and to reduce the products of inertia to  
 zero. 

 0B B D Dm y m y my+ + =  

 (0.17)(0.182) (0.056)( 0.182) 18 0y+ − + =  

 31.15267 10 my −= − ×  1.153 mmy = −   

 0z =  0z =   

 0B B B D D D xym x y m x y I+ + =  

 (0.17)(0.075)(0.182) (0.056)( 0.075)( 0.182) 0xyI+ − − + =  

 33.0848 10xyI −= − ×  3 23.08 10 kg mxyI −= − × ⋅   

 0zxI =  
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PROBLEM 18.69  (Continued) 

 

(b) Force-couple system exerted on the wheel: 

 
2 3 2(18)( 1.15267 10 )(94.248)

(184.3 N)
nm m ω −′ = = − = − − ×

=
F a r j

j
 

 C x xy xzI I Iω ω ω= − −H i j k  

 
2 2

3 20 ( 3.0848 10 )(94.248) (27.4 N m)

C C C xz xyI Iω ω
−

′ = = × = −

= − − × = ⋅

M H H j k

k k

 ω
 

 Force-couple system exerted by the wheel on the machine: 

 ′= −F F  (184.3 N)= −F j   

 C C′= −M M  (27.4 N m)C = − ⋅M k   
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PROBLEM 18.70 

When the 18-kg wheel shown is attached to a balancing machine and made 
to spin at a rate of 12.5 rev/s, it is found that the forces exerted by the 
wheel on the machine are equivalent to a force-couple system consisting of 
a force (160 N)=F j  applied at C and a couple (14.7 N m) ,C = ⋅M k  where 
the unit vectors form a triad which rotates with the wheel. (a) Determine the 
distance from the axis of rotation to the mass center of the wheel and  
the products of inertia xyI  and .zxI  (b) If only two corrective masses are to 
be used to balance the wheel statically and dynamically, what should these 
masses be and at which of the Points A, B, D, or E should they be placed? 

 

SOLUTION 

 18 kg, 2 (12.5) (78.54 rad/s)m ω π= = =i i  

(a) The force-couple system acting on the wheel is 

 (160 N) , (14.7 N m)C′ ′= − = − ⋅F j M k  

 2
2

        nm m y z
m

ω
ω

′−′ = = − = + = F
F a r r j k  

 3
2 2

160
1.441 10  m 1.441 mm

(18)(78.54)
yF

y y
mω

−′−
= = = × =  

 
2

0zF
z

mω
′−= =  1.441 mmr =   

 C x xy xzI I Iω ω ω= − −H i j k  

 ( )C C C x xy xzI I Iω ω ω ω′ = = × = × − −M H H i i j k ω  

 2 2( ) ( )C y C z xz xyM M I Iω ω′ ′+ = −j k j k  

 3 2
2 2

( ) ( 14.7)
2.3831 10 kg m

(78.54)
C z

xy
M

I
ω

−′ − −= − = = × ⋅  

 3 22.38 10 kg mxyI −= × ⋅   

 
2

( )
0C y

xz

M
I

ω
′

= =  0xzI =   
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PROBLEM 18.70  (Continued) 

 

(b) Positions for the balance masses. 

 182 mm 0.182 mA B E Dy y y y= = − = − = =  

 75 mm 0.075 mA B E Dx x x x− = = = − = =  

 Balance masses must be added to move the mass center to Point C and to reduce the product 
 of inertia to zero. 

 0A A B B E E D Dm y m y m y m y my+ + + + =  

 3(0.182)( ) (18)(1.441 10 )A B E Dm m m m −+ − − + ×  

 0.1425 kgA B E Dm m m m+ − − = −  (1) 

 0A A A B B B E E E D D D xym x y m x y m x y m x y I+ + + + =  

 3(0.075)(0.182)( ) 2.3831 10 0A B E Dm m m m −− + − + + × =  

 0.17459 kgA B E Dm m m m− + − + = −  (2) 

 To solve Eqs. (1) and (2), set 0Bm = and let .AD A Dm m m= −  

 Then 0.1425AD Em m− = −  

 and 0.17459AD Em m− − = −  

 Solving, 0.01605 kg, 0.1585 kgAD Em m= =  

 Set 0,Dm =  so that 0.01605 kgAm =  158.5 gEm =   

 16.05 gAm =  
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PROBLEM 18.71 

Knowing that the assembly of Problem 18.65 is initially at rest 
(ω 0)=  when a couple of moment 0 0=M M j  is applied to shaft CD, 
determine (a) the resulting angular acceleration of the assembly,  
(b) the dynamic reactions at C and D immediately after the couple 
is applied. 

 

SOLUTION 

Using the principal axes :Gx y z′ ′  

 21
0,

3x y zI I I mb′ ′= = =  

 sin , cos , 0x y zω ω β ω ω β ω′ ′= − = =  

Angular momentum about G. 

 G x x y y z zI I Iω ω ω′ ′ ′ ′′ ′= + +H i j k  

 21
cos

3G mb ω β ′=H j  

or, since  21
sin cos : cos (sin cos )

3G mbβ β ω β β β′ = + = +j i j H i j  (1) 

Rate of change of angular momentum. 

Eq. (18.22): ( ) ( ) 0G G Gxyz G G Gxyz= + × = +H H H H  Ω  

Since 0= =Ω ω when couple is applied, thus, 

 21
( ) cos (sin cos )

3G G Gxyz mb α β β β= = +H H i j   (2) 
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PROBLEM 18.71  (Continued) 

 

Equations of motion: Equivalence of applied and effective forces. 

 

 2 2 2
eff 0

1 1
( ) : 2 ( ) sin cos cos

3 3D D x zb C C M mb mbα β β α βΣ = Σ × + + = +M M j i k j i j  

 2 2 2
0

1 1
2 2 sin cos cos

3 3x zbC bC M mb mbα β β α β− + + = +k i j i j  

Equating the coefficients of i, j, k: 

 i: 21
2 sin cos

3zbC mb α β β=  (3) 

 j: 2 2
0

1
cos

3
M mb α β=  (4) 

 k: 0xC =  (5) 

(a) Angular acceleration. 

From Eq. (4), 0
2 2

3

cos

M

mb
α

β
=   

(b) Initial dynamic reactions. 

From Eq. (3), 

 0
2 2

31 1
sin cos sin cos

6 6 cos
z

M
C mb mb

mb
α β β β β

β
 

= =   
 

 

 0 tan
2z
M

C
b

β =  
 

 

Recalling Eq. (5),  0xC =  

 0 tan
2

M

b
β =  

 
C k   

 eff( ) :Σ = ΣF F  0,+ = = −C D D C  0 tan
2

M

b
β = − 

 
D k   
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PROBLEM 18.72 

Knowing that the plate of Problem 18.66 is initially at rest ( 0)ω = when a 
couple of moment 0 (0.75 ft= ⋅M lb)j is applied to it, determine (a) the 
resulting angular acceleration of the plate, (b) the dynamic reactions A and B 
immediately after the couple has been applied. 

PROBLEM 18.66 A thin homogeneous triangular plate of weight 10 pounds 
is welded to a light vertical axle supported by bearings at A and B. Knowing 
that the plate rotates at the constant rate 8 rad/s,ω =  determine the dynamic 
reactions at A and B. 

 

SOLUTION 

We shall use Eqs. (18.1) and (18.28): 

 ( )A A Axyz AmΣ = Σ = + ×F a M H Ω H  

Computation of :AH  

 ω=ω j  

 A xy y yzI I Iω ω ω= − + −H i j k  

The moment of inertia of the triangle is 

 3
area

1 1
( ) ,

12 2yI b h A bh= =  

 2
mass area

1
( ) ( )

6y y
m

I I mb
A

= =  

The product of inertia of the triangle is 

 2 2
area

1
( )

24xyI b h=  

 mass area
1

( ) ( )
12xy xy

m
I I mbh

A
= =  

Since the z-coordinate is negligible, 

 mass( ) 0yzI =  

Thus, 21 1

12 6A mbh mbω ω= − +H i j  (1) 

where the frame of reference Axyz rotates with the plate with the angular velocity 

 ω= =Ω ω j  
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PROBLEM 18.72  (Continued) 

 

Equations of motion. We first use Eq. (18.28): 

 M ( )A A Axyz AΣ = + ×H H Ω  

Where AH  was obtained in Eq. (1) of Problem 18.66: 

 21 1

12 6A mbh mbω ω= − +H i j  

Differentiating with respect to the rotating frame: 

 21 1
( )

12 6A Axyz mbh mbα α= − +H i j  

Substituting for and ( )A A AxyzH H  into Eq. (18.28), noting that 0,ω =  and computing AΣM  from diagram: 

 2
0

1 1
( ) 0

12 6x zM h B B mbh mbα α+ × + = − + +j j i k i j  

 2
0

1 1

12 6x zM hB hB mbh mbα α− + = − +j k i i j  

Equating the coefficients of the unit vectors: 

 j: 2
0

1

6
M mb α=  0

2

6M

mb
α =  

(a)  2
10 lb 2
32.2

6(0.75 lb ft)
14.49 rad/s

( )(1 ft)
α ⋅= =  2(14.49 rad/s )= jα   

 k: 0xhB− =  0xB =  

 i: 
1 1 1 10 lb

, (1)(14.49)
12 12 12 32.2z zhB mbh B mbα α  = − = − = −  

 
 

(b) 0.375 lbzB = −  (0.375 lb)= −B k   

 We shall now apply Eq. (18.1):  :mΣ =F a  

 Since 0 :ω =  
1

3 3t
b

bα α= = × = −a a j i k  

 Substituting in Eq. (12.1): 

 
1

3
mbα+ = −A B k  

 
1

3
mb Bα= − −A k  

 
1 1

3 12
mb mbα α= − +k k  

 21 1 10 lb
(1 ft)(14.49 rad/s )

4 4 32.2
mbα  = − = −  

 
A k k  (1.125 lb)= −A k   
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PROBLEM 18.73 

The assembly of Problem 18.67 is initially at rest (ω 0)=  when 
a couple 0M  is applied to axle AB. Knowing that the resulting 
angular acceleration of the assembly is 2(150 rad/s ) ,=α i  
determine (a) the couple 0 ,M  (b) the dynamic reactions at A 
and B immediately after the couple is applied. 

 

SOLUTION 

Mass of sheet metal:  22.7
0.08385 lb s /ft

32.2
m = = ⋅  

Sheet metal dimension:  6 in. 0.5 ftb = =  

Area of sheet metal: 2 2 2 2 2 21 1
3 0.75 ft

2 2
A b b b b b= + + + = =  

Let 2 30.08385
0.1118 lb s /ft mass per unit area

0.75

m

A
ρ = = = ⋅ =  

Moments and products of inertia: mass (area)( )I Iρ=  

xy plane (rectangles) 

 

4 4 4

4 4

3 2

1 1 2

3 3 3
2 2

(0.1118)(0.5)
3 3

4.658 10 lb s ft

x

x

I b b b

I bρ

−

= + =

= =

= × ⋅ ⋅

 

 

2 2 4

4 4

3 2

3 1 5 1 1
( ) ( )

2 2 2 2 2

1 1
(0.1118)(0.5)

4 4

3.4938 10 lb s ft

xy

xy

I b b b b b b b

I bρ

−

     = + − = −     
     

= − = −

= − × ⋅ ⋅

 

xz plane (triangles) 

 4 4 41 1 1

12 12 6xI b b b= + =  

 
4 4

3 2

1 1
(0.1118)(0.5)

6 6

1.1646 10 lb s ft

xI bρ

−

= =

= × ⋅ ⋅
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PROBLEM 18.73  (Continued) 

 
For calculation of ,xzI  use pairs of elements 1dA and 2:dA  2 1dA dA=  

 2
1 2 1 0(4 ) (2 ) (2 )

2 2
 =  +  − − = −  − = −  − 
 

b
xz

z z
I x dA b x dA b x zdA b x z dx  

But .z x=  

Hence, 2 3 4 4 4
0

2 1 5
(2 )

3 4 12

a

xzI bx x dx b b b
 = −  − = − − = − 
 

 

 4 4 3 25 5
(0.1118)(0.5) 2.9115 10 lb s ft

12 12xzI bρ −= − = − = − × ⋅ ⋅  

Total for :xI  3 3 3 24.658 10 1.1646 10 5.823 10 kg mxI − − −= × + × = × ⋅  

The mass center lies on the rotation axis, therefore, 0=a  

 0mΣ = + = =F A B a  = −A B  

 A x xy xzI I Iω ω ω= − −H i j k  ,ω α= =i α iω  

Let the frame of reference Axyz be rotating with angular velocity .ω= = iΩ ω  

 ( )A A A Axyz AΣ = = + ×M H H H  Ω  

 0 4 ( ) ( )y z x xy xz x xy xzM b B B I I I I I Iα α α ω ω ω ω+ × + = − − + × − −i i j k i j k i i j k  

 2 2
0 4 4 ( ) ( )z y x xy xz xz xyM bB bB I I I I Iα α ω α ω− + = − − − +i j k i j k  

Resolve into components and solve for and .y zB B  

 i: 0 xM I α=  

 j: 
2( )

4
xy xz

z

I I
B

b

α ω−
=  

 k: 
2( )

4
xz xy

y

I I
B

b

α ω+
= −  

Data:  2150 rad/s ,        0,       0.5 ftbα ω= = =  

(a) 3
0 (5.823 10 )(150) 0.87345 lb ftM −= × = ⋅  0 (0.873 lb ft)M = ⋅ i   

(b) 
3( 3.4938 10 )(150) 0

0.262 lb
(4)(0.5)zB

−− × −= = −  

 
3( 2.9115 10 )(150) 0

0.218 lb
(4)(0.5)yB

−− × += − =  

 0.218 lby yA B= − = −  

 0.262 lbz zA B= − =  (0.218 lb) (0.262 lb)= − +A j k  

 (0.218 lb) (0.262 lb)= −B j k   
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PROBLEM 18.74 

The shaft of Problem 18.68 is initially at rest ( 0)ω = when a 
couple M0 is applied to it. Knowing that the resulting angular 
acceleration of the shaft is 2(20 rad/s ) ,=α i determine (a) the 
couple M0, (b) the dynamic reactions at A and B immediately 
after the couple is applied. 

PROBLEM 18.68 The 8-kg shaft shown has a uniform cross 
section. Knowing that the shaft rotates at the constant rate 
ω 12 rad/s,=  determine the dynamic reactions at A and B. 

 

SOLUTION 

Angular velocity and angular acceleration: ω α= =ω i i   

Angular momentum about the mass center G: G x xy xzI I Iω ω ω= − −H i j k  

Let the reference frame Axyz be rotating with angular velocity 0ωΩ = =i  

 
( )

0

G G Axyz G

x xy xzI I Iα α α

= + ×

= − − +

H H Ω H

i j k

 
 

 x xy xzI I Iα α α= − −i j k  

Since the shaft lies in the xz plane, 0.xyI =  

By symmetry, the mass center lies on line AB. 0m =a  

 eff : 0 and form a couple.F mΣ = Σ + = =F A B a A B  

 = −A B  

 

 0 ( )y z GM b B B+ × + =i i j k H  

 0 y z x xzM bB bB I Iα α+ − = −i k j i k  

 0 , , 0xz
x y z

I
M I B B

b

αα= = − =  
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PROBLEM 18.74  (Continued) 

 

Calculation of xI  and .xzI  

Divide the shaft into eight segments, each of length 

 200 mm 0.2 ma = =  

Let m′  be the mass of one segment. 

 
8 kg

1 kg
8

m′ = =  

For  and , 0xI =  

For , , , and , 21

3xI ma=  

For  and , 2
xI m a′=  

Total: 210

3xI m a′=  

For , , , and , 0xzI =  

For , , , and , 2( ) ( ) ( ) ( ) 2
2 2 2 2xz
a a a a

I m a m a m a m a m a
       ′ ′ ′ ′ ′= − − + − − + + =       
       

 

(a) 2 2
0

10 10
(1)(0.2) (20)

3 3
M m a α′= =  0 (2.67 N m)= ⋅M i   

(b) 
2 22 (2)(1)(0.2) (20)

(4)(0.2)y
m a

B
b

α′
= − = −  (2.00 N)= −B j   

 0, 2 Nz y yA A B= = − =  (2.00 N)=A j   
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PROBLEM 18.75 

The assembly shown weighs 12 lb and consists of 4 thin 16-in.-
diameter semicircular aluminum plates welded to a light 40-in.-long 
shaft AB. The assembly is at rest ( 0)ω =  at time t = 0 when a 
couple 0M  is applied to it as shown, causing the assembly to 
complete one full revolution in 2 s. Determine (a) the couple M0,  
(b) the dynamic reactions at A and B at 0.t =  

 

SOLUTION 

Fixed axis rotation with constant angular acceleration. ,      α α ω ω= =i i  

 2 2
0 0

1 1

2 2
t t tθ θ ω α α= + + =  2

2 2

2 2(2 )
3.1416 rad/s

2t

θ πα = = =  

 0ω =  

Use centroidal axes x, y, z with origin at C.  C x xy xzI I Iω ω ω= − −H i j k  

Let the reference frame Cxyz rotate with angular velocity  ω= = iΩ ω  

 2 2( )C C Cxyz C x xy xz xz xyI I I I Iα α α ω ω= + × = − − + −H H Ω H i j k j k   

Required moments and products of inertia. Let mass per unit area.
m

A
ρ = =  

 2
mass area

12
         8 in. 0.66667 ft 0.37267 lb s /ft

32.2
I I r mρ= = = = = ⋅  

 

 
Part A xI  xyI  xzI  

 
21

2
rπ  41

8
rπ  42

3
r−  0 

 
21

2
rπ  41

8
rπ  0 42

3
r−  

 
21

2
rπ  41

8
rπ  0 42

3
r−  

 
21

2
rπ  41

8
rπ  42

3
r−  0 

Σ  22 rπ  
41

2
rπ  44

3
r−  44

3
r−  
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PROBLEM 18.75  (Continued) 

 

 

2 3
2 2

4 2

4 2

4 2

0.37267
0.13345 lb s /ft

2 2 (0.66667)

1
(0.13345) (0.66667) 0.041407 lb s ft

2

4
(0.13345) (0.66667) 0.035147 lb s ft

3

4
(0.13345) (0.66667) 0.035147 lb s ft

3

x

xy

xz

m

r

I

I

I

ρ
π π

π

= = = ⋅

 = = ⋅ ⋅ 
 
 = − = − ⋅ ⋅ 
 
 = − = − ⋅ ⋅ 
 

 

Since the mass center lies on the rotation axis, 0=a  

 eff 0mΣ = + = Σ = =F A B F a  = −A B  

 0 0( ) 2 ( )C y zM b b M b B BΣ = + − × + × = + × +M i i A i B i i j k  

 0 2 2z yM bB bB= − +i j k  where 2 40 in. 3.3333 ftb = =  

 C CMΣ = H  Resolve into components. 

(a) i: 0 (0.041407)(3.1416)xM I α= =  0 (0.1301 lb ft)= ⋅M i   

(b) j: 22 z xy xzb B I Iα ω− = − +  

 
( 0.035147)(3.1416) 0

0.0331 lb
3.3333zB

− − += − = −  0.0331 lbzA =  

 k: 22 y xz xybB I Iα ω= − −  

 
( 0.035147)(3.1416) 0

0.0331 lb
3.3333yB

− += − =  0.0331 lbyA = −  

 (0.0331 lb) (0.0331 lb)= − +A j k  

  (0.0331 lb) (0.0331 lb)= −B j k   
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PROBLEM 18.76 

For the assembly of Problem 18.75, determine the dynamic reactions 
at A and B at 2 s.t =  

PROBLEM 18.75 The assembly shown weighs 12 lb and consists 
of four thin 16-in.-diameter semicircular aluminum plates welded 
to a light 40-in.-long shaft AB. The assembly is at rest ( 0)ω =  at 
time t 0=  when a couple 0M  is applied to it as shown, causing the 
assembly to complete one full revolution in 2 s. Determine (a) the 
couple M0, (b) the dynamic reactions at A and B at 0.t =  

 

SOLUTION 

Fixed axis rotation with constant angular acceleration. ,      α α ω ω= =i i  

 2 2
0 0

1 1

2 2
t t tθ θ ω α α= + + =  2

2 2

2 2(2 )
3.1416 rad/s

2t

θ πα = = =  

 0 (3.1416)(2) 6.2832 rad/st tω ω α α= + = = =  

Use centroidal axes x, y, z with origin at C. C x xy xzI I Iω ω ω= − −H i j k  

Let the reference frame Cxyz rotate with angular velocity  ω= = iΩ ω  

 2 2( )C C Cxyz C x xy xz xz xyI I I I Iα α α ω ω= + × = − − + −H H H i j k j k  Ω  

Required moments and products of inertia. Let mass per unit area.
m

A
ρ = =  

 2
mass area

12
         8 in. 0.66667 ft 0.37267 lb s /ft

32.2
I I r mρ= = = = = ⋅  

 
 

 

 

 

 

 

 

 

 

 

 

 
 

 
Part A xI  xyI  xzI  

 
21

2
rπ  41

8
rπ  42

3
r−  0 

 
21

2
rπ  41

8
rπ  0 42

3
r−  

 
21

2
rπ  41

8
rπ  0 42

3
r−  

 
21

2
rπ  41

8
rπ  42

3
r−  0 

  22 rπ  
41

2
rπ  44

3
r−  44

3
r−  
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PROBLEM 18.76  (Continued) 

 

 2 3
2 2

0.37267
0.13345 lb s /ft

2 2 (0.66667)

m

r
ρ

π π
= = = ⋅  

 4 21
(0.13345) (0.66667) 0.041407 lb s ft

2xI π = = ⋅ ⋅ 
 

 

 4 24
(0.13345) (0.66667) 0.035147 lb s ft

3xyI
 = − = − ⋅ ⋅ 
 

 

 4 24
(0.13345) (0.66667) 0.035147 lb s ft

3xzI
 = − = − ⋅ ⋅ 
 

 

Since the mass center lies on the rotation axis, 0=a  

 eff 0mΣ = + = Σ = =F A B F a  = −A B  

 0 0( ) 2 ( )C y zM b b M b B BΣ = + − × + × = + × +M i i A i B i i j k  

 0 2 2z yM bB bB= − +i j k  where 2 40 in. 3.3333 ftb = =  

 C CMΣ = H  Resolve into components. 

 i: 0 (0.041407)(3.1416)xM I α= =  0 0.1301 lb ftM = ⋅  

 j: 22 z xy xzb B I Iα ω− = − +  

 
2( 0.035147)(3.1416) ( 0.035147)(6.2832)

0.383 lb,
3.3333zB

− − + −= − =  0.383 lbzA = −  

 k: 22 y xz xybB I Iα ω= − −  

 
2( 0.035147)(3.1416) ( 0.035147)(6.2832)

0.449 lb,
3.3333yB

− + −= − =  0.449lbyA = −  

 (0.449 lb) (0.383 lb)= − −A j k  

 (0.449 lb) (0.383 lb)= +B j k   
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PROBLEM 18.77 

The sheet-metal component shown is of uniform thickness and has 
a mass of 600 g. It is attached to a light axle supported by bearings 
at A and B located 150 mm apart. The component is at rest when it 
is subjected to a couple M0 as shown. If the resulting angular 
acceleration is α 2(12 rad/s ) ,= k  determine (a) the couple M0,  
(b) the dynamic reactions at A and B immediately after the couple 
has been applied. 

 

SOLUTION 

The sheet metal component rotates about the fixed z axis, so that Equations (18.29) of the textbook apply. 
These are relisted below as equations (1), (2), and (3). 

 2
x xz yzM I Iα ωΣ = − +  (1) 

 2
y yz xzM I Iα ωΣ = − −  (2) 

 z zM I αΣ =  (3) 

Calculation of the required moment and products of inertia. 

Total mass: 600 g 0.6 kgm = =  

Total area: 2 2 3 21 1
(0.075) (0.150)(0.075) (0.075) 16.875 10 m

2 2
A −= + + = ×  

Let ρ be the mass per unit area. 235.556 kg/m
m

A
ρ = =  

The component is comprised of 3 parts: triangle , triangle , and rectangle  as shown. Let the lengths of 
75 mm be labeled b. 

Triangle . The equation of the upper edge is 

 
2

b
y z= −  

Use elements of width dz and height y. 

 2
el

1
( )

12zdm ydz dI y dmρ= =  

 el el( ) 0 ( ) 0xz yzdI dI= =  
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PROBLEM 18.77  (Continued) 

 

Coordinates of the element mass center: 

 el el el
1

, ,
2

x b y y z z= − = =  

 el el el( )xz xzdI dI x z dm= +  

 0 ( ) ( )
2z
b

b z yd bz z dzρ ρ  = + − = − − 
 

 

 
/2

4

/2

1

2 12

b

xz
b

b
I b z z dz bρ ρ

−

 = − − = 
   

 el el el( )yz yzdI dI y z dm= +  

 ( )
2

1 1
0

2 2 2

b
y z ydz z zdzρ ρ   = + = −   

   
 

 
2

/2
4

/2

1 1

2 2 24

b

yz
b

b
I z zdz bρ ρ

−

 = − = − 
   

 2 2
el el el( ) ( )z zdI dI x y dm= + +  

 2 2 2 2 31 1 1

12 4 3
y b y ydz b y y dzρ ρ   = + + = +   

   
 

 3 2 2 313 5 1 1

24 4 2 3
b b z bz z dzρ  = − + − 

 
 

 
/2

3 2 2 3 4

/2

13 5 1 1 7

24 4 2 3 12

b

z
b

I b b z bz z dz bρ ρ
−

 = − + − = 
   

Applying the data, 

 4 6 21
(35.556)(0.075) 93.75 10 kg m

12xzI −= = × ⋅  

 4 6 21
(35.556)(0.075) 46.875 10 kg m

24yzI −= − = − × ⋅  

 4 6 27
(35.556)(0.075) 656.25 10 kg m

12zI −= = × ⋅  
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PROBLEM 18.77  (Continued) 

 

Triangle . The equation of the lower edge is .
2

b
y z

 = − − 
 

 

Use elements of width dz and height .y−  

 2
el el el

1
, ( ) , ( ) 0, ( ) 0

12z zx yzdm ydz dI y dm dI dIρ= − = = =  

Coordinates of the element mass center: 

 el el el
1

, ,
2

x b y y z z= = =  

The integrals for , ,xz yzI I  and zI  turn out to be the same as those of triangle . 

 6 2 6 2 6 293.75 10 kg m , 46.875 10 kg m , 656.25 10 kg mxz yz zI I I− − −= × ⋅ = − × ⋅ = × ⋅  

Rectangle . Area: 3 2(0.150)(0.075) 11.25 10 mA −= = ×  

 Mass: 3400 10 kgm Aρ −= = ×  

 0, 0xz yzI I= =  

 2 3 2 6 21 1
(2 ) (400 10 )(0.150) 750 10 kg m

12 12zI m b − −= = × = × ⋅  

Totals. 6 2187.5 10 kg mxz xzI I −= Σ = × ⋅  

 6 293.75 10 kg myz yzI I −= Σ = − × ⋅  

 6 22062.5 10 kg mz zI I −= Σ = × ⋅  

Since the mass center lies on the fixed axis, the acceleration a  of the mass center is zero. 

 0mΣ = =F a  

The reactions at A and B form a couple. 

 = −B A  

Let x yA A= +A i j  

Resultant couple acting on the body: 

 0( )x yc A A M= × + +M k i j k  

 0y xcA cA M= − + +i j k  

(a) 0Moment .M  Using Equation (3), 

 6
0 (2062.5 10 )(12)z zM M I α −Σ = = = ×  3

0 24.8 10 N mM −= × ⋅   
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PROBLEM 18.77  (Continued) 

 

(b) Reactions at  and  for the case 0.A B ω =  

 2
x y xz yz xzM cA I I Iα ω αΣ = − = − − = −  

 
6

3(187.5 10 )(12)
15 10 N

0.150
xz

y
I

A
c

α −
−×= = = ×  

 2
y x yz xz yzM cA I I Iα ω αΣ = = − − = −  

 
6

3( 93.75 10 )(12)
7.5 10 N

0.150
yz

x

I
A

c

α −
−− ×= − = − = ×  

 3 3(7.50 10 N) (15.00 10 N)− −= × + ×A i j  

 3 3(7.50 10 N) (15.00 10 N)− −= − × − ×B i j  
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PROBLEM 18.78 

For the sheet-metal component of Problem 18.77, determine  
(a) the angular velocity of the component 0.6 s after the couple M0 
has been applied to it, (b) the magnitude of the dynamic reactions 
at A and B at that time. 

 

SOLUTION 

The sheet metal component rotates about the fixed z axis with angular acceleration 2(12 rad/s ) .=α k  

(a) Angular velocity at 0.6 s.t =  

 0 0 (12)(0.6) 7.2 rad/stω ω α= + = + =  (7.20 rad/s)=ω k   

(b) Dynamic reactions. 
Equations (18.29) of the textbook apply. These are relisted below as equations (1), (2), and (3). 

 2
x xz yzM I Iα ωΣ = − +  (1) 

 2
y yz xzM I Iα ωΣ = − −  (2) 

 z zM I αΣ =  (3) 

Calculation of the required moment and products of inertia. 
Total mass: 600 g 0.6 kgm = =  

Total area: 2 2 3 21 1
(0.075) (0.150)(0.075) (0.075) 16.875 10 m

2 2
A −= + + = ×  

Let ρ  be the mass per unit area. 235.556 kg/m
m

A
ρ = =  

The component is comprised of 3 parts: triangle , triangle , and rectangle  as shown. Let the lengths of 
75 mm be labeled b. 
Triangle . The equation of the upper edge is 

 
2

b
y z= −  

Use elements of width dz and height y. 

 dm ydzρ=  2
el

1
( )

12zdI y dm=  

 el( ) 0xzdI =  el( ) 0yzdI =  
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PROBLEM 18.78  (Continued) 

 

Coordinates of the element mass center: 

 el ,x b= −  el
1

,
2

y y=  elz z=  

 
el el el( )

0 ( ) ( )
2

xz xzdI dI x z dm

b
b z ydz bz z dzρ ρ

= +

 = + − = − − 
 

 

 
/2

4

/2

1

2 12

b

xz
b

b
I b z z dz bρ ρ

−

 = − − = 
   

 
el el el

2

( )

1 1
0 ( )

2 2 2

yz yzdI dI y z dm

b
y z ydz z zdzρ ρ

= +

   = + = −   
   

 

 
2

/2
4

/2

1 1

2 2 24

b

yz
b

b
I z zdz bρ ρ

−

 = − = − 
   

 

( )2 2
el el el

2 2 2 2 3

3 2 2 3

( )

1 1 1

12 4 3

13 5 1 1

24 4 2 3

z z

i

dI dI x y dm

y b y y dz b y y dz

b b z bz z dz

ρ ρ

ρ

= + +

   = + + = +   
   
 = − + − 
 

 

 
/2

3 2 2 3 4

/2

13 5 1 1 7

24 4 2 3 12

b

z
b

I b b z bz z dz bρ ρ
−

 = − + − = 
   

Applying the data, 

 4 6 21
(35.556)(0.075) 93.75 10 kg m

12xzI −= = × ⋅  

 4 6 21
(35.556)(0.075) 46.875 10 kg m

24yzI −= − = − × ⋅  

 4 6 27
(35.556)(0.075) 656.25 10 kg m

12zI = = × ⋅  

Triangle . The equation of the lower edge is .
2

b
y z

 = − − 
 

 

Use elements of width dz and height .y−  

 2
el el el

1
, ( ) , ( ) 0, ( ) 0

12z zx yzdm ydz dI y dm dI dIρ= − = = =  
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PROBLEM 18.78  (Continued) 

 

Coordinates of the element mass center: 

 el ,x b=  el
1

,
2

y y=  elz z=  

The integrals for , ,xz yzI I  and zI  turn out to be the same as those of triangle . 

 3 2 6 2 6 293.75 10 kg m , 46.875 10 kg m , 656.25 10 kg mxz yz zI I I− − −= × ⋅ = − × ⋅ = × ⋅  

Rectangle . Area: 3 2(0.150)(0.075) 11.25 10 mA −= = ×  

 Mass: 3400 10 kgm Aρ −= = ×  

 0,xzI =  0yzI =  

 2 3 2 6 21 1
(2 ) (400 10 )(0.150) 750 10 kg m

12 12zI m b − −= = × = × ⋅  

Totals. 6 2187.5 10 kg mxz xzI I −= Σ = × ⋅  

 6 293.75 10 kg myz yzI I −= Σ = − × ⋅  

 6 22062.5 10 kg mz zI I −= Σ = × ⋅  

Since the mass center lies on the fixed axis, the acceleration a  of the mass center is zero. 

 0mΣ = =F a  

The reactions at A and B form a couple. 

 = −B A  

Let x yA A= +A i j  

Resultant couple acting on the body: 

 0( )x yc A A M= × + +M k i j k  

 0y xcA cA M= − + +i j k  

From Eq. (1), 2
y xz yzcA I Iα ω− = − +  

 
2 6 6 2

3(187.5 10 )(12) ( 93.75 10 )(7.2)
47.4 10 N

0.150 0.150
yzxz

y

II
A

c c

ωα − −
−× − ×= − = − = ×  

From Eq. (2), 2
x yz xzcA I Iα ω= − −  

 
2 6 6 2

3( 93.75 10 )(12) (187.5 10 )(7.2)
57.3 10 N

0.150 0.150
yz xz

x

I I
A

c c

α ω − −
−− × ×= − − = − − = − ×  

 3 3(57.3 10 N) (47.3 10 N)− −= − × + ×A i j  

 3 3(57.3 10 N) (47.3 10 N)− −= × − ×B i j   
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PROBLEM 18.79 

The blade of an oscillating fan and the rotor of its motor have a total 
weight of 300 g and a combined radius of gyration of 75 mm. They are 
supported by bearings at A and B, 125 mm apart, and rotate at the rate 
ω1 1800 rpm.= Determine the dynamic reactions at A and B when the 
motor casing has an angular velocity 2 (0.6 rad/s) .ω = j  

 

SOLUTION 

  

1 1

1
2 (1800)

60
188.5 rad/s

ω
πω

=

=

=

iω

 

Angular velocity: 1 2ω ω= +i jω  

Angular momentum: 1 2G x yI Iω ω= +H i j  

Let the reference frame be rotating with angular velocity 2 .ω= jΩ  

 2 1 2

1 2

( )

0 ( )

G G Gxyz G

x y

x

I I

I

ω ω ω
ω ω

= + ×

= + × +

= −

H H H

j i j

k

  Ω

 

Assume that the acceleration of the mass center is negligible. Then the dynamic reactions at A and B reduce to 
a couple. 

  
( )y z

z y

b

b B B

b B b B

= −
= ×
= × +

= − +

A B

M i B

i j k

j k

 

  G=M H         Resolve into components. 

  :     0zb B− =j         0,zB =         0zA =  

  k: 1 2y xb B I ω ω= −         
2

1 2 1 2x x
y

I mk
B

b b

ω ω ω ω= − = −  
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PROBLEM 18.79  (Continued) 

 

Data:  0.300 kg

0.075 m

0.125 m
x

m

k

b

=
=
=

 

  

3 2(0.300)(75 10 ) (188.5)(0.6)
1.527 N

0.125
1.527 N

y

y

B

A

−×= − = −

=  (1.527 N)=A j  

    (1.527 N)= −B j   
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PROBLEM 18.80 

The blade of a portable saw and the rotor of its motor have a 
total weight of 2.5 lb and a combined radius of gyration of 
1.5 in. Knowing that the blade rotates as shown at the rate 
ω1 1500 rpm,=  determine the magnitude and direction of the 
couple M that a worker must exert on the handle of the saw to 
rotate it with a constant angular velocity 2 (2.4 rad/s) .= −ω j  

 

SOLUTION 

  

1

1 1

(2 )(1500)

60
157.08 rad/s

π

ω

=

=
= k

ω

ω
 

Angular velocity: 2 1ω ω= +j kω  

Angular momentum of rotor: 2 1G y zI Iω ω= +H j k  

Let the reference frame Gxyz be rotating with angular velocity 2 .ω= jΩ  

  2 2 1

1 2

( )

0 ( )

G G Gxyz G

y z

z

I I

I

ω ω ω
ω ω

= + ×

= + × +

=

H H H

j j k

i

  Ω

 

Couple exerted on the saw: 

1 2

2
1 2

G

z

z

I

mk

ω ω

ω ω

=
=

=

M H

i

i

  

Data:  

2

2.5 lb

2.5

32.2

0.07764 lb s /ft

W

m

=

=

= ⋅

 

  2

1.5 in.

0.125 ft

(0.07764)(0.125) (157.08)( 2.4)

zk =
=

= −M i  (0.457 lb ft)= − ⋅M i   
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PROBLEM 18.81 

The flywheel of an automobile engine, which is rigidly attached to the crankshaft, is equivalent to a 400-mm-
diameter, 15-mm-thick steel plate. Determine the magnitude of the couple exerted by the flywheel on the 
horizontal crankshaft as the automobile travels around an unbanked curve of 200-m radius at a speed of  
90 km/h, with the flywheel rotating at 2700 rpm. Assume the automobile to have (a) a rear-wheel drive with 
the engine mounted longitudinally, (b) a front-wheel drive with the engine mounted transversely. (Density of 
steel 37860 kg/m .= ) 

 

SOLUTION 

Let the x axis be a horizontal axis directed along the engine mounting, i.e., longitudinally for rear-wheel drive 
and transversely for front-wheel drive. 

Let the y axis be vertical. 

The angular velocity of the automobile, 2 ,ω is equal to ( / ) ,v ρ j  where 

 90 km/h 25 m/s  and  200 m.v ρ= = =  

 2
25

(0.125 rad/s)
200

= =j jω  

Angular velocity of the fly wheel relative to the automobile: 1 1ω= iω  

where 1
2 (2700)

282.74 rad/s
60

πω = =  

Angular momentum of fly wheel: 1G x y yI Iω ω= +H i j  

Let the reference frame Gxyz be rotating with angular velocity  2ω= jΩ  

 2 1 2

1 2

( )

0 ( )

G G Gxyz G

x y

x

I I

I

ω ω ω
ω ω

= + ×

= + × +

= −

H H H

j i j

k

  Ω

 

Couple exerted by the shaft on the fly wheel: 1 2xI ω ω= −M k  

Couple exerted by the fly wheel on the shaft: 1 2xI ω ω′ = − =M M k  (1) 

Data for fly wheel: 2 2(7860) (0.4) (0.015) 14.816 kg
4 4

m d t
π πρ  = = = 

 
 

For a circular plate, 2 2 21 1
(14.816)(0.2) 0.29632 kg m

2 2xI mr= = = ⋅  

Using Equation (1), (0.29632)(282.74)(0.125) (10.47 N m)′ = = ⋅M k k  

(a) Magnitude of couple for rear-wheel drive: 10.47 N mM ′ = ⋅  

(b) For front-wheel drive: 10.47 N mM ′ = ⋅   
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PROBLEM 18.82 

Each wheel of an automobile has a mass of 22 kg, a diameter of 575 mm, and a radius of gyration of 225 mm. 
The automobile travels around an unbanked curve of radius 150 m at a speed of 95 km/h. Knowing that the 
transverse distance between the wheels is 1.5 m, determine the additional normal force exerted by the ground 
on each outside wheel due to the motion of the car. 

 

SOLUTION 

For each wheel, 95 km/h 26.389 m/s

0

26.389
0.17593 rad/s

150

x

y

v

v

ω

ω
ρ

= =
=

= = =

 

 

2 2 2

575
287.5 mm 0.2875 m

2 2

(22)(0.225) 1.11375 kg m

26.389
91.787 rad/s

0.2875

z

z

G x x y y z z

y y z z

d
r

I mk

v

r

I I I

I I

ω

ω ω ω

ω ω

= = = =

= = = ⋅

= − = − = −

= + +

= +

H i j k

j k

 

Let reference frame Gxyz be rotating with angular velocity .yω= jΩ  

 ( )

0 ( )

(1.11375)( 91.787)(0.17593)

(17.985 N m)

G G Gxyz G

y y y z z

z z y

G

I I

I

ω ω ω

ω ω

= + ×

= + × +

=

= −
= − ⋅

H H H

j j k

i

H i

i

 



Ω  

Let O be the point at the center of the axle. For the two wheels plus the axle, 

 (35.97 N m)O G G= + = − ⋅H H H i    

The distance between the wheels is 1.5 m. 

 1.5 1.5O y yF F= × = −M k j i  

Set O O=M H  and solve for .yF  

 
35.97

23.98 N
1.5yF

−= =
−

 24.0 Ny =F   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2092 

 

 

PROBLEM 18.83 

The uniform thin 5-lb disk spins at a constant rate 2ω = 6 rad/s 
about an axis held by a housing attached to a horizontal rod that 
rotates at the constant rate 1ω = 3 rad/s. Determine the couple which 
represents the dynamic reaction at the support A. 

 

SOLUTION 

Angular velocity: 1,xω ω=  0,yω =  2.zω ω=  

 2+ω ω1i kω =  

Angular momentum: + +O x x y y z zI I Iω ω ω=H i j k  

 1 2+x zI Iω ω= i k  

Let frame Oxyz be rotating with angular velocity 1 .ω= iΩ  

Rate of change of angular momentum. 

  1 2 1 1 2

2
1 2 1 2

( )

+ + ( + )

1
0 0 0 =

2

O O Oxyz O

x z x z

z

I I I I

I mr

ω ω ω ω ω

ω ω ω ω

= + ×

= ×

= + + − −

H H

i k i i k

j j

 

 

Ω Η

 

Dynamic reaction couple: = OM H  

               
2

2
1 2

1 1 5 4
(3)(6)

2 2 32.2 12
mr =ω ω −   = −   

  
M j j  

 = (0.1553 lb ft)− ⋅M j  
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PROBLEM 18.84 

The essential structure of a certain type of aircraft turn indicator is shown. 
Each spring has a constant of 500 N/m, and the 200-g uniform disk of 40-mm 
radius spins at the rate of 10,000 rpm. The springs are stretched and exert 
equal vertical forces on yoke AB when the airplane is traveling in a straight 
path. Determine the angle through which the yoke will rotate when the pilot 
executes a horizontal turn of 750-m radius to the right at a speed of 800 km/h. 
Indicate whether Point A will move up or down. 

 

SOLUTION 

Let the x axis lie along the axle AB and the y axis be vertical. 

 

2 (10,000)
1047.2 rad/s

60
800 km/h 222.22 m/s

750 m

22.222
0.2963 rad/s

750

0

x

y

z

v

v

πω

ρ

ω ρ

ω

= =

= =
=

= − = − = −

=

 

Angular momentum: G x x y y z z

x x y y

I I I

I I

ω ω ω
ω ω

= + +

= +

H i j k

i j

 

Let the reference frame Gxyz be turning about the y axis with angular velocity .yω= jΩ  

 

( )

( )

G G Gxyz G

y x x y y

x x y

I I

I

ω ω ω
ω ω

= + ×

= × +

= −

H H Η

j i j

k

  Ω

 

Data for the disk: 200 g 0.2 kgm = =  

 

2

2

6 2

6

1

2
1

(0.2)(0.040)
2

160 10 kg m

(160 10 ) (1047.2) ( 0.2963)

(0.049646 N m)

x

G G

I mr

−

−

=

=

= × ⋅

=

= − × −
= ⋅

M H

k

k
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PROBLEM 18.84  (Continued) 

 

The spring forces AF  and BF  exerted on the yoke provide the couple .GM  The force exerted by spring B is  
upward. 

Let B F=F j  

Then 

/

0.100

0.1

A

G B A

F

F

F

F

= −
= ×

= ×
=

F j

M r i j

i j

k

 

From  ,

0.1 0.049646

0.49646 N.

G G

F

F

=
=
=

M H  

Compression of spring B: 

3

0.49646

500

0.99291 10 m

0.9929 mm

B
F

k
δ

−

=

=

= ×
=

 

Point B moves 0.9929 mm down. Point A moves 0.9929 mm up. 

Turning angle for yoke: 
0.9929 0.9929

100
θ +=  

 0.019858 rad=  1.138= °θ   

  Point  moves .A up   
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PROBLEM 18.85 

A slender rod is bent to form a square frame of side 6 in. The 
frame is attached by a collar at A to a vertical shaft which rotates 
with a constant angular velocity .ω  Determine the value of ω for 
which line AB forms an angle 48β = °  with the horizontal x axis. 

 

SOLUTION 

Choose principal axes ,  ,  x y z′ ′ ′ with origin at the fixed Point A. 

  

2
2 2

2 2 2

2

1 1
2 2

4 12 4 2 6

1 5
2 ( )

4 3 4 12

7

12

x

z

y x z

m m a
I a ma

m m
I a a ma

I I I ma

′

′

′ ′ ′

     = + =     
     
    = + =    
    

= + =

 

Angular velocity: sin cosω β ω β′ ′= − +i jω  

Angular momentum about A: sin cosA x yI Iω β ω β′ ′′ ′= − +H i j  

Let the reference from Axyz be rotating with angular velocity .=Ω ω  

 2

2 2

2 2

( ) 0

( sin cos )

( sin cos )

( ) sin cos

5
sin cos

12

cos
2

5
cos sin cos

2 12

A A Axyz A A

x y

y z

A A

I I

I I

ma

a
mg

a
mg ma

ω β ω β
ω β ω β

ω β β

ω β β

β

β ω β β

′ ′

= + × = + ×
′ ′= − +

′ ′× − +

= − −

= −

Σ = − =

− = −

H H H H

i j
i j

k

k

M k H

 



Ω ω

 

 2 36 (6)(32.2)
103.99(rad/s)

5 sin (5)(0.5)sin 48

g

a
ω

β
= = =

°
 10.20 rad/sω =   
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PROBLEM 18.86 

A uniform semicircular plate of radius 120 mm is hinged at A and B 
to a clevis which rotates with a constant angular velocity ω about a 
vertical axis. Determine (a) the angle β  that the plate forms with the 
horizontal x axis when ω = 15 rad/s, (b) the largest value of ω for 
which the plate remains vertical (β  = 90°). 

 

SOLUTION 

Moments and products of inertia. 

We use the axes Cx y z′ ′  shown. 

We note that xI ′ and yI ′  are half those for a circular plate, and so is the mass m. Thus, 

  

2

2

1

4
1

2

x

y

I mr

I mr

′

′

=

=
 

Because of symmetry, all products of inertia are equal to zero: 

  0x y y z zxI I I′ ′ ′ ′= = =  

Angular momentum about C. 

  2 2

2

1 1
( sin ) ( cos )

4 2
1

( sin 2 cos )
4

C x x y yI I

mx mr

mx

ω ω

ω β ω β

ω β β

′ ′ ′ ′′ ′= +

′ ′= − +

′ ′= − +

H i j

i j

i j

 

Since C is a fixed point, we can use Equation (18.28): 

  ( ) 0C C C x y z C Cω′ ′Σ = + × = + ×M H Ω H j H  

Or, since sin cos :β β′ ′= − +j i j  2

2 2

1
( sin cos ) ( sin 2 cos )

4
1

( 2 sin cos cos sin )
4

C mx

mr

ω β β ω β β

ω β β β β

′ ′ ′ ′Σ = − + × − +

= − +

M i j i j

k k

 

  2 21
sin cos

4C mr ω β βΣ = −M k  (1) 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2097 

PROBLEM 18.86  (Continued) 

 

But  cosC mgx β′Σ = −M k  

  
4

cos
3

r
mg β

π
= − k  (2) 

 

Equating (1) and (2): 2 21 4
sin cos cos

4 3

mgr
mr ω β β β

π
=  

  
2

2 16 16 9.81 m/s
sin

3 3 0.12 m

g

r
ω β

π π
= =  2 2sin 138.78 sω β −=  (3) 

(a) Let 15ω = rad/s in Eq. (3): 
2

138.78
sin 0.61681

(15)
β = =  38.1β = °   

(b) Let 90β = °  in Eq. (3): 2 2138.78 sω −=  11.78 rad/sω =   
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PROBLEM 18.87 

A uniform semicircular plate of radius 120 mm is hinged at A and B 
to a clevis which rotates with a constant angular velocity ω about a 
vertical axis. Determine the value of ω  for which the plate forms an 
angle 50β = °  with the horizontal x axis. 

 

SOLUTION 

Moments and products of inertia. 

We use the axes Cx y z′ ′  shown. 

We note that xI ′ and yI ′  are half those for a circular plate, and so is the mass m. Thus, 

  

2

2

1

4
1

2

x

y

I mr

I mr

′

′

=

=
 

Because of symmetry, all products of inertia are equal to zero: 

  0x y y z zxI I I′ ′ ′ ′= = =  

Angular momentum about C. 

  2 2

2

1 1
( sin ) ( cos )

4 2
1

( sin 2 cos )
4

C x x y yI I

mr mr

mr

ω ω

ω β ω β

ω β β

′ ′ ′ ′′ ′= +

′ ′= − +

′ ′= − +

H i j

i j

i j

 

Since C is a fixed point, we can use Equation (18.28): 

  
( )

0

C C C x y z C

Cω
′ ′Σ = + ×

= + ×

M H Ω H

j H


 

Or, since sin cos :β β′ ′= − +j i j  2

2 2

1
( sin cos ) ( sin 2 cos )

4
1

( 2sin cos cos sin )
4

C mr

mr

ω β β ω β β

ω β β β β

′ ′ ′ ′Σ = − + × − +

= − +

M i j i j

k k

 

  2 21
sin cos

4C mr ω β βΣ = −M k  (1) 
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PROBLEM 18.87  (Continued) 

 

But  cosC mgx β′Σ = −M k  

  
4

cos
3

r
mg β

π
= − k  (2) 

 

Equating (1) and (2): 2 21 4
sin cos cos

4 3

mgr
mr ω β β β

π
=  

  
2

2 16 16 9.81 m/s
sin

3 3 0.12 m

g

r
ω β

π π
= =  2 2sin 138.78 sω β −=  (3) 

Let 50β = ° in Equation (3): 
2

2 2138.78 s
181.17 s

sin 50
ω

−
−= =

°
 13.46 rad/sω =   
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PROBLEM 18.88 

The slender rod AB is attached by a clevis to arm BCD which 
rotates with a constant angular velocity ω about the centerline of 
its vertical portion CD. Determine the magnitude of the angular 
velocity ω. 

 

SOLUTION 

Let 15 in. 1.25 ft, and 5 in. 0.41667 ftAB L BC b= = = = = =  

Choose , ,x y z axes as shown. 21
0,

12x y zI I I mL≈ = =  

Angular velocity: sin 30 cos30ω ω= ° + °i jω  

Angular momentum of rod AB about its mass center G: 

 cos30G x x y y z z yI I I Iω ω ω ω= + + = °H i j k j  

Let the reference frame Gxyz be rotating with angular velocity .=Ω ω  

 ( )G G Gxyz G= + ×H H Η  Ω  

 0 ( sin 30 cos30 ) cos30yIω ω ω= + ° + ° × °i j j  

 2 2 23
sin 30 cos30

48yI mLω ω= ° ° =k k  

Radius of circular path of Point G:  cos30 0.95793 ft
2

L
r b= ° + =  

Acceleration of the mass center:  2rω=a  

Equations of motion: 
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PROBLEM 18.88  (Continued) 

 

 2cos30 sin 30
2 2B G
L L

mg mrω Σ = ° = ° + 
 

M k k H  

 2 23 1 3

4 4 48
mgL mLr mL ω

 
= +  
 

k k  

 23 1 3

4 4 48
g r L ω

 
= +  
 

 

 23 1 3
(32.2) (0.95793) (1.25)

4 4 48
ω

 
= + 
  

 

 2 48.994ω =  7.00 rad/sω =  
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PROBLEM 18.89 

The slender rod AB is attached by a clevis to arm BCD, which rotates with a constant 
angular velocity ω about the centerline of its vertical portion CD. Determine the 
magnitude of the angular velocity ω. 

 

SOLUTION 

Let 15 in. 1.25 ft, and 5 in. 0.41667 ftAB L BC b= = = = = =  

Choose , ,x y z axes as shown. 21
0,

12x y zI I I mL≈ = =  

Angular velocity: sin 30 cos30ω ω= − ° + °i jω  

Angular momentum of rod AB about its mass center G: 

 cos30G x x y y z z yI I I Iω ω ω ω= + + = °H i j k j  

Let the reference frame Gxyz be rotating with angular velocity .Ω = ω  

 

2 2 2

( )

0 ( sin 30 cos30 ) cos30

3
sin 30 cos30

48

G G Gxyz G

y

y

I

I mL

ω ω ω

ω ω

= + ×

= + − ° + ° × °

= − ° ° = −

H H Η

i j j

k k

  Ω

 

Radius of circular path of Point G:  cos30 0.1246 ft
2

L
r b= ° − =  

Acceleration of the mass center:  2rω=a  

Equations of motion: 
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PROBLEM 18.89  (Continued) 

 

 2cos30 sin 30
2 2B G
L L

mg mrω Σ = − ° = − ° + 
 

M k k H  

 2 23 1 3

4 4 48
mgL mLr mL ω

 
− = − +  

 
k k  

 23 1 3

4 4 48
g r L ω

 
= +  
 

 

 23 1 3
(32.3) (0.1246) (1.25)

4 4 48
ω

 
= + 
  

 

 2 182.85ω =  13.52 rad/sω =  
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PROBLEM 18.90 

The 950-g gear A is constrained to roll on the fixed gear B, but is free 
to rotate about axle AD. Axle AD, of length 400 mm and negligible 
mass, is connected by a clevis to the vertical shaft DE, which rotates as 
shown with a constant angular velocity 1.ω  Assuming that gear A can 
be approximated by a thin disk of radius 80 mm, determine the largest 
allowable value of 1ω  if gear A is not to lose contact with gear B. 

 

SOLUTION 

 30

400 mm 0.4 m

80 mm 0.08 m

L

r

β = °
= =
= =

 

Choose principal axes x, y, z as shown. 

Kinematics: 1 1 1

2 2

sin cosω β ω β
ω

= +
=

i j

j

ω
ω

 

 

1 2

1 1 2

1

1 2

1 / 1 /

1

sin ( cos )

sin

cos

sin

x

y

G G D G D

L

ω β ω β ω
ω ω β
ω ω β ω

ω β

= +
= + +
=
= +

= × = ×

= −

i j

v r j r

k

ω ω ω

ω ω

 

 2
1 1 sinG G Lω β= × =a vω  

 

/

1

1

1

0 sin ( ) ( )

sin

sin

C G C G

x y

y

y

L r

L r

L

r

ω β ω ω
ω β ω

ω ω β

= + ×

= − + + × −

= − +

=

v v r

k i j i

k k

ω

 

Angular momentum: G x x y yI Iω ω= +H i j  
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PROBLEM 18.90  (Continued) 

 

Let the reference frame Dxyz be rotating with angular velocity 1.=Ω ω  

  
1 1

1 1

2 2
1

( )

0 ( sin cos ) ( )

( sin cos )

1 1
sin cos

2 4

G G Gxyz G

x x y y

y y x x

y x

I I

I I

mr mr

ω β ω β ω ω

ω ω β ω ω β

ωω β ω β

= + ×

= + + × +

= −

 = − 
 

H H Η

i j i j

k

k

  Ω

 

 

Moments about D: sinD Fd mgL β= −M k k  

where 2 2

eff /

2 2
1

( )

( )

sin cos

D G G D G

G

d DC L r

m

m Lω β β

= = +

= + ×

= +

M H r a

H k





 

Equating eff( )D D=M M and taking the z component, 

 

2 2 2 2 2 2
1 1

2 2 2
1

1 1
sin sin sin cos sin cos

2 4

1 1
sin sin cos cos

2 4

C
LF d mgL mr mr m L
r

m rL r L

β β β β ω ω β β

ω β β β β

 − = − + 
 

 = − − 
 

 

Set 2
10 and solve for :CF ω=  2

1
2 2

2 21 1
4 2

1 1
cos cos sin

4 2
(9.81)(0.4)

(0.4) cos30 (0.08) cos30 (0.08)(0.4)sin 30

gL

L r rL
ω

β β β
=

+ −

=
° + ° − °

 

  29.739=  2 5.45 rad/sω =   
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PROBLEM 18.91 

Determine the force F exerted by gear B on gear A of Problem 18.90 
when shaft DE rotates with the constant angular velocity 1 4ω =  rad/s. 
(Hint: The force F must be perpendicular to the line drawn 
from D to C.) 

 

SOLUTION 

  

30

400 mm 0.4 m

80 mm 0.08 m

L

r

β = °
= =
= =

 

Choose principal axes x, y, z as shown. 

Kinematics: 1 1 1

2 2

sin cosω β ω β
ω

= +
=

i j

j

ω
ω

 

  

1 2

1 1 2

1

1 2

1 /

1 /

1

sin ( cos )

sin

cos

sin

x

y

G G D

G D

L

ω β ω β ω
ω ω β
ω ω β ω

ω β

= +
= + +
=
= +

= ×

= ×

= −

i j

v r

j r

k

ω ω ω

ω

ω

 

  2
1 1 sinG G Lω β= × =a vω  

  

/

1

1

1

0 sin ( ) ( )

sin

sin

C G C G

x y

y

y

L r

L r

L

r

ω β ω ω
ω β ω

ω ω β

= + ×

= − + + × −

= − +

=

v v r

k i j i

k k

ω

 

Angular momentum: G x x y yI Iω ω= +H i j  
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PROBLEM 18.91  (Continued) 

 

Let the reference frame Dxyz be rotating with angular velocity 1.=Ω ω  

  
1 1

1 1

2 2
1

( )

0 ( sin cos ) ( )

( sin cos )

1 1
sin cos

2 4

G G Gxyz G

x x y y

y y x x

y x

I I

I I

mr mr

ω β ω β ω ω

ω ω β ω ω β

ω β ω β ω

= + ×

= + + × +

= −

 = − 
 

H H Η

i j i j

k

k

  Ω

 

 

Moments about D: sinD Fd mgL β= −M k k  

where 2 2

2 2
eff / 1

( )

( ) sin cosD G G D G G

d DC L r

m m Lω β β
= = +

= + × = +M H r a H k 
 

Equating eff( )D D=M M and taking the z component, 

 

2 2 2 2 2 2
1 1

2 2 2
1

1 1
sin sin sin cos sin cos

2 4

1 1
sin sin cos cos

2 4

C
LF d mgL mr mr m L
r

m rL r L

β β β β ω ω β β

ω β β β β

 − = − + 
 

 = − − 
 

 

Solving for ,CF  2 2 2
1

sin 1 1
cos cos sin

4 2C
m

F gL L r rL
d

β ω β β β  = − + −  
  

 

Additional data:  1

2 2

950 0.95 kg, 4 rad/s

(0.4) (0.08) 0.40792 m

m g

d

ω= = =

= + =

 

 
2 2 2(0.95)sin 30 1 1

(9.81)(0.4) (4) (0.4) cos30 (0.08) cos30 (0.4)(0.08)sin 30
0.40792 4 2

2.11 N

CF
 °  = − ° + ° − °    

=
 

 

1 1 4
tan 30 tan

20

18.7

r

L
α β

α

− −  = − = ° −  
 

= °  2.11 N 18.7°   
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PROBLEM 18.92 

The essential structure of a certain type of aircraft turn indicator is shown. 
Springs AC and BD are initially stretched and exert equal vertical forces at A 
and B when the airplane is traveling in a straight path. Each spring has a 
constant of 600 N/m and the uniform disk has a mass of 250 g and spins at 
the rate of 12,000 rpm. Determine the angle through which the yoke will 
rotate when the pilot executes a horizontal turn of 800-m radius to the right 
at a speed of 720 km/h. Indicate whether point A will move up or down. 

 

SOLUTION 

Aircraft speed: 720 km/h 200 m/sv = =  

Radius of turn: 800 mρ =  

Angular velocity: 12000 rpm 1256.6 rad/sxω = =  

yω  is negative since the aircraft is turning to the right. 

 

200 m/s
0.25 rad/s

800 m

0

y

z

vω
ρ

ω

= − = − = −

=
 

Angular momentum: G x x y yI Iω ω= +H i j  

where the reference frame Gxyz is turning with the aircraft with an angular velocity 

  yω=Ω j  

Rate of change of angular momentum: 

Since xω  and yω  are constant, ( ) 0G Gxyz =H  and Eq. (18.22) yields 

 

2

2

3

( ) 0 ( )

1

2

1
(0.25 kg)(0.05 m) (1256.6 rad/s)( 0.250 rad/s)

2

(98.172 10 N m)

G G Gxyz G y x x y y

x x y x y

G

I I

I mr

ω ω ω

ω ω ω ω

−

= + × = + × +

 = − = − 
 

= − −

= + × ⋅

H H Ω H j i j

k k

k

H k

 



 

 

 

 

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2109 

PROBLEM 18.92  (Continued) 

 

Free Body and kinetic diagrams 

 

The forces A and B exerted by the springs must be equivalent to the couple .GH  They must therefore be 
directed as shown, which means that the spring at A will stretch and A will move up.  

We have A = B, 3(0.12 m) 98.172 10 N mA −= × ⋅  

 0.81810 NF A= =  

 Deflection of spring 30.81810 N
1.3635 10 m

600 N/m

F
x

k
−= = = = ×  

 Angle of rotation 
31.3635 10 m

0.022725 rad 1.30
0.06 m

x

GA

−×= = = = °  
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PROBLEM 18.93 

The 10-oz disk shown spins at the rate 1 750ω = rpm, while 
axle AB rotates as shown with an angular velocity ω2  of  
6 rad/s. Determine the dynamic reactions at A and B. 

 

SOLUTION 

Angular velocity: 2 1ω ω= −i kω  

Angular momentum: 2 1C x x y y z z x zI I I I Iω ω ω ω ω= + + = −H i j k i k  

Let the reference frame Cxyz be rotating with angular velocity 2 .ω= iΩ  

 2 2 1 2 1( ) 0 ( i )C C Cxyz C x z zI I Iω ω ω ω ω= + × = + × − =H H H i k j  Ω  

 
Acceleration of mass center: 

 

0

0

m

A B

=
Σ =

− =

a

F a

k k

 

 A B=  

 C C=M H  

 2 1
2 1

z
z

I
LB I B

L

ω ωω ω= =j j  

Data: 2

2 2 6 2

10
0.01941 lb s /ft 2 in. 0.16667 ft

(16)(32.2)

1 1
(0.01941)(0.16667) 269.6 10  lb s ft

2 2Z

W
m r

g

I mr −

= = = ⋅ = =

= = = × ⋅ ⋅

 

 1 2
2 (750)

25  rad/s, 6 rad/s, 8 in. 0.66667 ft
60

L
πω π ω= = = = =  

 
6(269.6 10 )(6)(25 )

0.1906 lb
0.66667

A B
π−×= = =  (0.1906 lb)=A k   

 (0.1906 lb)= −B k   
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PROBLEM 18.94 

The 10-oz disk shown spins at the rate 1 750 rpm,ω =  while 
axle AB rotates as shown with an angular velocity ω2. 
Determine the maximum allowable magnitude of 2ω if the 
dynamic reactions at A and B are not to exceed 0.25 lb each. 

 

SOLUTION 

Angular velocity: 2 1ω ω= −i kω  

Angular momentum: 2 1C x x y y z z x zI I I I Iω ω ω ω ω= + + = −H i j k i k  

Let the reference frame Cxyz be rotating with angular velocity 2 .ω= iΩ  

 2 2 1 2 1( ) 0 ( )C C Cxyz C x z zI I Iω ω ω ω ω= + × = + × − =H H H i i k j  Ω  

 
Acceleration of mass center: 
 0=a  

 mΣ =F a  

 0A B− =k k  

 A B=  

 C C=M H  

 2 1
2 1

z
z

I
LB I B

L

ω ωω ω= =j j  

Data:  2

2 2 6 2

10
0.01941 lb s /ft 2 in. 0.16667 ft

(16)(32.2)

1 1
(0.01941)(0.16667) 269.6 10  lb s ft

2 2z

W
m r

g

I mr −

= = = ⋅ = =

= = = × ⋅ ⋅

 

 1
2 (750)

25  rad/s, 8 in. 0.66667 ft
60

L
πω π= = = =  

 0.25 lbA B= =  

 2 6
1

(0.66667)(0.25)

(269.6 10 )(25 )z

LB

I
ω

ω π−= =
×

 2 7.87 rad/sω =   
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PROBLEM 18.95 

Two disks, each of mass 5 kg and radius 100 mm, spin as shown at 
the rate 1 1500 rpmω =  about a rod AB of negligible mass which 
rotates about a vertical axis at the rate 2 45 rpm.ω =  (a) Determine 
the dynamic reactions at C and D. (b) Solve part a, assuming that 
the direction of spin of disk B is reversed. 

 

SOLUTION 

Angular momentum of each disk about its mass center. 

 2 2
1 2

1 1

2 4G x x y yI I mr mrω ω ω ω= + = − +H i j i j  

 2
1 2

1
( 2 )

4G mr ω ω= − +H i j   (1) 

Eq. (18.22): 

 2
2 1 2

1
( ) 0 ( 2 )

4G G Gxyz G mrω ω ω= + × = + × − +H H Ω H j i j   

 2
1 2

1

2B mr ω ω= +H k  (2) 

Equations of motion. 

 

Since Ama  and Bma  cancel out, effective forces reduce to couple 2
1 22 .G mr ω ω=H k  

It follows that the reactions form an equivalent couple with 

 
2

1 2

0.3 m

mr ω ω 
− = =   

 
C D i  (3) 
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PROBLEM 18.95  (Continued) 

 

(a) With 15 kg, 0.1 m, 1500 rpm 50  rad/s,m r ω π= = = =  and 2 45 rpm 1.5  rad/s,ω π= =  Eq. (3) yields 

 2 1.5  rad/s
(5 kg)(0.1 m) (50  rad/s) 123.37 N

0.3 m
C D

ππ  = = = 
 

 

 (123.4 N) ; (123.4 N)= − =C i D i   

(b) With direction of spin of B reversed, its angular momentum will also be reversed and the effective 
 forces (and thus, the applied forces) reduce to zero: 

 0= =C D  
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PROBLEM 18.96 

Two disks, each of mass 5 kg and radius 100 mm, spin as shown at 
the rate 1 1500 rpmω = about a rod AB of negligible mass which 
rotates about a vertical axis at a rate 2.ω  Determine the maximum 
allowable value of 2ω  if the dynamic reactions at C and D are not 
to exceed 250 N each. 

 

SOLUTION 

Angular momentum of each disk about its mass center. 

 2 2
1 2

1 1

2 4G x x y yI I mr i mrω ω ω ω= + = − +H i j j  

 2
1 2

1
( 2 )

4G mr ω ω= − +H i j  (1) 

Eq. (18.22): 

 2
2 1 2

1
( ) 0 ( 2 )

4G G Gxyz G mrω ω ω= + × = + × − +H H Ω H j i j   

 2
1 2

1

2B mr ω ω= +H k  (2) 

Equations of motion. 

 

Since Ama  and Bma  cancel out, effective forces reduce to couple 2
1 22 .G mr ω ω=H k  It follows that  

the reactions form an equivalent couple with 

 
2

1 2

0.3 m

mr ω ω 
− = =   

 
C D i  (3) 
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PROBLEM 18.96  (Continued) 

 

Making 250 N in Eq. (3) yieldsC D= −  

 
2

1 2 250 N
0.3 m

mr ω ω
=  

With 15 kg, 0.1 m, 1500 rpm 50  rad/sm r ω π= = = =  

We have 2 2

(250 N)(0.3 m)
9.5493 rad/s

(5 kg)(0.1 m) (50  rad/s)
ω

π
= =  2 91.2 rpmω =  
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PROBLEM 18.97 

A stationary horizontal plate is attached to the ceiling by means of a 
fixed vertical tube. A wheel of radius a and mass m is mounted on a 
light axle AC which is attached by means of a clevis at A to a rod AB 
fitted inside the vertical tube. The rod AB is made to rotate with a 
constant angular velocity Ω causing the wheel to roll on the lower face 
of the stationary plate. Determine the minimum angular velocity Ω for 
which contact is maintained between the wheel and the plate. Consider 
the particular cases (a) when the mass of the wheel is concentrated in 
the rim, (b) when the wheel is equivalent to a thin disk of radius a. 

 

SOLUTION 

Angular momentum of wheel:GH  , , 0y x z
R

a
ω ω ω= Ω = Ω =  

 G x x y y z z

G x y

I I I

R
I I

a

ω ω ω= + +

= Ω + Ω

H i j k

H i j

 

Rate of change of angular momentum: 

Since xω  and yω  are constant, and observing that the frame Gxyz rotates with the angular velocity := ΩΩ i  

 ( ) 0G Gxyz =H  

Eq. (18.22):          ( )

0

G G Gxyz G

G x y
R

I a I
a

= + ×

 = + Ω × + Ω 
 

H H Ω H

H j i j

 



 

          2
G z

R
I

a
= − ΩH k  (1) 

The free body and kinetic diagrams  
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PROBLEM 18.97  (Continued) 

 

Equating moments about A: 

 2

( ) G

z

x

R W

R
Rmg I

a

mga

I

× − =

− = − Ω

Ω =

i j H

k k



 

(a) mass in rim: 2
xI ma=   /g aΩ =   

(b) thin disk: 21

2xI ma=    2 /g aΩ =   
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PROBLEM 18.98 

Assuming that the wheel of Problem 18.97 weights 8 lb, has a radius a = 4 in. 
and a radius of gyration of 3 in., and that R = 20 in., determine the force 
exerted by the plate on the wheel when Ω = 25 rad/s. 

PROBLEM 18.97 A stationary horizontal plate is attached to the ceiling 
by means of a fixed vertical tube. A wheel of radius a and mass m is 
mounted on a light axle AC which is attached by means of a clevis at A to a 
rod AB fitted inside the vertical tube. The rod AB is made to rotate with a 
constant angular velocity Ω causing the wheel to roll on the lower face of 
the stationary plate. Determine the minimum angular velocity Ω for which 
contact is maintained between the wheel and the plate. Consider the 
particular cases (a) when the mass of the wheel is concentrated in the rim, 
(b) when the wheel is equivalent to a thin disk of radius a. 

 

SOLUTION 

Angular momentum of wheel:GH  , , 0y x z
R

a
ω ω ω= Ω = Ω =  

 G x x y y z z

G x y

I I I

R
I I

a

ω ω ω= + +

= Ω + Ω

H i j k

H i j

 

Rate of change of angular momentum: 

Since xω  and yω  are constant, and observing that the frame Gxyz rotates with the angular velocity := ΩΩ j  

 ( ) 0G Gxyz =H  

Eq. (18.22):          ( )

0

G G Gxyz G

G x y
R

I a I
a

= + ×

 = + Ω × + Ω 
 

H H Ω H

H j i j

 



 

          2
G z

R
I

a
= − ΩH k  (1) 

With 
8

20 in., 4 in., 25 rad/s,R a m
g

= = Ω = =  

and  
2

2 3 2

3 2

8 3
ft 15.53 10 lb ft s

12

20
15.53 10 (25) 48.52

4

x x

G

I mk
g

−

−

 = = = × ⋅ ⋅ 
 

 = − × = 
 

H k k
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PROBLEM 18.98  (Continued) 

 

 

Taking moments about A: 

 

( )

20
( 8 ) 48.52

12
5

( 8) 48.52
3

3
(48.52) 8 21.1 lb

5

GR D W

D

D

D

× − − =

× − − = −

− + = −

= − =

i j j H

i j j k

k k



 21.1 lb=D   
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PROBLEM 18.99 

A thin disk of mass 4 kgm =  rotates with an angular velocity 

2ω  with respect to arm ABC, which itself rotates with an 
angular velocity 1ω  about the y axis. Knowing that ω1 5 rad/s=  
and 2 15 rad/sω =  and that both are constant, determine the 
force-couple system representing the dynamic reaction at the 
support at A. 

 

SOLUTION 

Angular velocity of the disk. 1 2 (5 rad/s) (15 rad/s)ω ω= + = +ω j k j k  

Moments of inertia about principal axes passing through the mass center. 

 2

2 2

2 2

1

4
1

(4)(0.150 m) 0.0225 kg m
4
1

0.045 kg m
2

x y

z

I I mr

I mr

′ ′

′

= =

= = ⋅

= = ⋅

 

Angular momentum about mass center C. 

 

2 2

0 (0.0225)5 (0.045)15

(0.1125 kg m /s) (0.6750 kg m /s)

C x x y y z z

C

I I Iω ω ω′ ′ ′ ′ ′ ′= + +

= + +

= ⋅ + ⋅

H i j k

j k

H j k

 

Rate of change of .CH  Let the frame Axyz be turning with angular velocity 1 .ω= jΩ  

 ( ) 0

5 (0.1125 0.675 ) (3.375 N m)

C C Axyz C C= + × = + ×

= × + = ⋅

H H Ω H Ω H

j j k i

   

Position vector of Point C. 

 / (0.450 m)  + (0.225 m)C A =r i j  

Velocity of Point C, the mass center of the disk. 

 1 / 5 (0.45 0.225 )

(2.25 m/s)
C C Aω= × = × +

= −
v r j i j

k
 

Acceleration of Point C. 

 2
1 / 1 0 5 ( 2.25 )= (11.25 m/s )C C A Cα ω= × + × = + × − −a j r j v j k i  
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PROBLEM 18.99  (Continued) 

 

 (4)( 11.25 ) (45 N)Cm = − = −a i i  

Free body and kinetic diagrams 

 

Linear components: Cm=A a  (45 N)= −A i  

Moments about A. /

(0.450 0.225 ) ( 45 ) 3.375
A C A C C

A

m= × +
= + × − +

M r a H

M i j i i

  

 (3.38 N m) (10.13 N m)A = ⋅ + ⋅M i k   
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PROBLEM 18.100 

An experimental Fresnel-lens solar-energy concentrator can rotate about 
the horizontal axis AB, which passes through its mass center G. It is 
supported at A and B by a steel framework, which can rotate about the 
vertical y axis. The concentrator has a mass of 30 Mg, a radius of 
gyration of 12 m about its axis of symmetry CD, and a radius of gyration 
of 10 m about any transverse axis through G. Knowing that the angular 
velocities 1ω  and 2ω  have constant magnitudes equal to 0.20 rad/s and 
0.25 rad/s, respectively, determine for the position 60θ = °  (a) the forces 
exerted on the concentrator at A and B, (b) the couple 2M k  applied to 
the concentrator at that instant. 

 

SOLUTION 

Let the y axis be vertical and the y′  axis be the symmetry axis. 

Let the z axis be directed along axle BA as shown and the x′ axis be the transverse axis perpendicular to BA. 

Unit vectors. 90

cos sin

sin cos

cos sin

sin cos

β θ
β β
β β
β β
β β

= ° −
′ = −
′ = +

′ ′= +
′= − +

i i j

j i j

i i j

j i j

 

Angular velocity. 2 1

2 2 1

2 2 1

( sin ) ( cos )

cos sin

ω ω
ω ω β ω β ω

ω θ ω θ ω

= +
′ ′= − + +

= − + +

ω j k

i j k

i j k

 

 

2 2 1

1 1 2

2 1

2 1 2

cos  sin

and  are constant.

sin

cos , 0

x y z

x

y

ω ω θ ω ω θ ω ω

θ ω ω ω
ω ω ω θ
ω ω ω θ ω

′ ′

′

′

= = =

=
=
= =




 

 

Radii of gyration: 10 m

12 m

10 m

x

y

z

k

k

k

′

′

=
=

=

 

Moments of inertia: 2I mk=  
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PROBLEM 18.100  (Continued) 

 

Angular momentum about Point G. 

2 2 2

2 1

[(10) (12) (10) ]

(100 cos 144 sin 100 )

G x x y y z z

G x y z

z

I I I

m

m

ω ω ω

ω ω ω
ω θ ω θ ω

′ ′ ′

′ ′

′= + +

′ ′= + +
′ ′= + +

H i j k

H i j k

i j k

 

where m is the mass. 30,000 kgm =  

Acceleration of the mass center. 

Since the mass center lies at the center of the axle BA, 0=a  

Rate of change of angular momentum. 

Let the reference frame x y zG ′ ′  be turning with angular velocity =Ω ω  

 G Gx y z G′ ′= + ×H H Ω H   

where 

2 2
2 1 2 1[(10) sin (12) cos 0]

[(100)(0.25)(0.20)sin 60 (144)(0.25)(0.20)cos60 ]

(4.3301 3.6 )

Gx y z x x y y z zI I I

m

m

m

ω ω ω

ω ω θ ω ω θ
′ ′ ′ ′ ′′ ′= + +

′ ′= + +
′ ′= ° + °

′ ′= +

H i j k

i j

i j

i j

     

and 2 2 1

2 2 1

cos sin

100 cos 144 sin 100
G m ω θ ω θ ω

ω θ ω θ ω

′ ′
× = −

−

i j k

Ω H  

 

2
1 2 2

2

[ 44 sin 44 sin cos ]

[ (44)(0.20)(0.25)sin 60

(44)(0.25) sin 60 cos60 ]

( 1.9053 1.1908 )

[2.4248 3.6 1.1908 ]

(30,000)[2.4248( cos30 sin 30 )

3.6( sin 30 cos30 ) 1.1908 ]

G

m

m

m

m

ω ω θ ω θ θ′= − −
′= − °

+ ° °
′= − +

′ ′= + −
= ° − °

+ ° + ° −

=

i k

i

k

i k

H i j k

i j

i j k



3 3

3

(117 10 N m) (57.158 10 N m)

(35.724 10 N m)

× ⋅ + × ⋅

− × ⋅

i j

k

 

Weight: 3

3

(30 10 )(9.81)

(294.3 10 N)

mg= − = − ×

= − ×

W j j

j

 

Equations of motion. 

 eff / / 2( ) : ( ) )B B A B x y G B GA B MΣ = Σ × + + × + =M M r i j r W k H  

 
3

2

6
2

32 ( ) 16 ( 294.3 10 )

( 32 4.7088 10 ) 32

x y G

y x G

A A M

A A M

× + + × − × + =

− + × + + =

k i j k j k H

i j k H
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PROBLEM 18.100  (Continued) 

 

Equate like components: 

 6 3: 32 4.7088 10 117 10yA− + × = ×i  3143.5 10 NyA = ×  

 3: 32 57.158 10xA = ×j  31.786 10 NxA = ×  

 3
2: 35.724 10M = − ×k  

(a) Reaction at A. (1.786 kN) (143.5 kN)= +A i j   

 
eff

3

: 0

294.3 10

Σ = Σ + + =

= − − = × −

F F B A W

B W A j A
 

 Reaction at B. (1.786 kN) (150.8 kN)= − +B i j   

(b) 2Couple :M k  2 (35.7 kN m)M = − ⋅k k  
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PROBLEM 18.101 

A 6-lb homogeneous disk of radius 3 in. spins as shown at the 
constant rate 1 60ω =  rad/s. The disk is supported by the fork-
ended rod AB, which is welded to the vertical shaft CBD. The 
system is at rest when a couple 0 (0.25 ft lb)= ⋅M j  is applied to 
the shaft for 2 s and then removed. Determine the dynamic 
reactions at C and D after the couple has been removed. 

 

SOLUTION 

Angular velocity of shaft CBD and arm AB: 2ω=Ω j  

Angular velocity of disk A: 2 1ω ω= +j kω  

Its angular momentum about A: 2 1A x x y y z z y zI I I I Iω ω ω ω ω= + + = +H i j k j k  

Let the reference frame Bxyz be rotating with angular velocity .Ω  

 
2 1 2 2 1

1 2 2 1

2 2 2
1 2 2 1

( )

( )

1 1 1

2 4 2

A A Axyz A

y z y z

z y z

I I I I

I I I

mr mr mr

ω ω ω ω ω
ω ω ω ω

ω ω ω ω

= + ×

= + + × +

= + +

= + +

H H H

j k j j k

i j k

i j k

 

 

 

 

Ω

 

Velocity and acceleration of the mass center A of the disk: 

 
2 2

2
2 2 2 2

,c c

c c c

ω ω
ω ω ω ω

= × = −

= × + × = − −

v j i k

a j i j v k i 
 

 

 
eff

x y x z

m

C C D D m

Σ = Σ =
+ + + =

F F a

i k i k a
 

Resolve into components. 

 
2
2

2

x x

z z

C D mc

C D mc

ω
ω

+ = −
+ = − 
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PROBLEM 18.101  (Continued) 

 

 

/

2
2 2

2 2
0 2 2 2

( ) ( )

2 ( )

D D A A D

A

x z A

m

c b c c

M b C C mbc mc mbc

ω ω
ω ω ω

Σ = = + ×

= + + × − −

+ × + = − + +

M H H r a

H i j k i

j j i k H i j k

 

 
  

 

 2 2 2 2 2
0 1 2 2 2 1 2

1 1 1
2 2

2 4 2z xbC M bC m r bc m r c m r bcω ω ω ω ω ω     + − = − + + + +     
     

i j k i j k    

 2 2
0 2

1
:

4
M m r c ω = + 

 
j   (1) 

 2 2 2 2
1 2 1 2

1 1
:

2 2 2 2x x
m m

C r bc D r bc
b b

ω ω ω ω   = − + = − − +   
   

k    (2) 

 2 2
1 2 2 1 2 2

1 1
:

2 2 2 2z z
m m

C r bc D r bc
b b

ω ω ω ω ω ω   = − = − +   
   

i    (3) 

Data:                 

1 1

6 lb, 3 in. 0.25 ft, 4 in. 0.33333 ft,

5 in. 0.41667 ft, 60 rad/s, 0

W r b

c ω ω
= = = = =
= = = =

 

While the couple is applied,  0 0.25 ft lbM = ⋅  

Rearranging Equation (1)  ( ) ( )
20

2 2 22 2 6 11
32.2 44

0.25
7.0899 rad/s

(0.25) (0.41667)

M

m r c
ω = = =

 ++  
  

At 2s,t =   2 2 0 2( ) 0 (7.0899)(2) 14.18 rad/stω ω ω= + = + =  

For 2s,t >  0 20, 0M ω= =  

From Equations (2), (3) 
6

232.2

6
232.2

6
232.2

6
32.2

[0 (0.33333)(0.41667)(14.1798) ] 7.8054 lb
(2)(0.33333)

[0 (0.33333)(0.41667)(14.1798) ] 7.8054 lb
(2)(0.33333)

1
(0.25) (60)(14.1798) 0 7.4312 lb

(2)(0.33333) 2

(2)(0.333

x

x

z

z

C

D

C

D

= + = −

= + = −

 = − =  

= 21
(0.25) (60)(14.1798) 0 7.4312 lb

33) 2
 − − = −  

 

   (7.81 lb) (7.43 lb)= − +C i k  

   (7.81 lb) (7.43 lb)= − −D i k  
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PROBLEM 18.102 

A 6-lb homogeneous disk of radius 3 in. spins as shown at the 
constant rate 1 60ω =  rad/s. The disk is supported by the fork-
ended rod AB, which is welded to the vertical shaft CBD. The 
system is at rest when a couple 0M  is applied as shown to the 
shaft for 3 s and then removed. Knowing that the maximum 
angular velocity reached by the shaft is 18 rad/s, determine (a) the 
couple 0 ,M  (b) the dynamic reactions at C and D after the couple 
has been removed. 

 

SOLUTION 

Angular velocity of shaft CBD and arm AB: 2ω=Ω j  

Angular velocity of disk A: 2 1ω ω= +j kω  

Its angular momentum about A: 2 1A x x y y z z y zI I I I Iω ω ω ω ω= + + = +H i j k j k  

Let the reference frame Bxyz be rotating with angular velocity .Ω  

 
2 1 2 2 1

1 2 2 1

2 2 2
1 2 2 1

( )

( )

1 1 1

2 4 2

A A Axyz A

y z y z

z y z

I I I I

I I I

mr mr mr

ω ω ω ω ω
ω ω ω ω

ω ω ω ω

= + ×

= + + × +

= + +

= + +

H H H

j k j j k

i j k

i j k

 

 

 

 

Ω

 

Velocity and acceleration of the mass center A of the disk: 

 
2 2

2
2 2 2 2

,c c

c c c

ω ω
ω ω ω ω

= × = −

= × + × = − −

v j i k

a j i j v k i 
 

 

 
eff

x y x z

m

C C D D m

Σ = Σ =
+ + + =

F F a

i k i k a
 

Resolve into components. 

 
2
2

2

x x

z z

C D mc

C D mc

ω
ω

+ = −
+ = − 
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PROBLEM 18.102  (Continued) 

 

 

/

2
2 2

2 2
0 2 2 2

( ) ( )

2 ( )

D D A A D

A

x z A

m

c b c c

M b C C mbc mc mbc

ω ω
ω ω ω

Σ = = + ×

= + + × − −

+ × + = − + +

M H H r a

H i j k i

j j i k H i j k

 

 
  

 

 2 2 2 2 2
0 1 2 2 2 1 2

1 1 1
2 2

2 4 2z xbC M bC m r bc m r c m r bcω ω ω ω ω ω     + − = − + + + +     
     

i j k i j k    

 2 2
0 2

1
:

4
M m r c ω = + 

 
j   (1) 

 2 2 2 2
1 2 1 2

1 1
:

2 2 2 2x x
m m

C r bc D r bc
b b

ω ω ω ω   = − + = − − +   
   

k    (2) 

 2 2
1 2 2 1 2 2

1 1
:

2 2 2 2z z
m m

C r bc D r bc
b b

ω ω ω ω ω ω   = − = − +   
   

i    (3) 

Data:                 

1 1

6 lb, 3 in. 0.25 ft, 4 in. 0.33333 ft,

5 in. 0.41667 ft, 60 rad/s, 0

W r b

c ω ω
= = = = =
= = = =

 

(a) While the couple is applied  22
2

18
6 rad/s

3t

ωω = = =  

 From Equation (1) 2 2
0 2

1

4
M m r c ω = + 

 
  

  2 26 1
(0.25) (0.41667) (6)

32.2 4
   = +      

 0 (0.212 ft lb)M = ⋅ j   

(b) For 3 s,t >  0 20, 0M ω= =  

From Equations (2), (3) 
6

232.2

6
232.2

6
232.2

6
232.2

[0 (0.33333)(0.41667)(18) ] 12.578 lb
(2)(0.33333)

[0 (0.33333)(0.41667)(18) ] 12.578 lb
(2)(0.33333)

1
(0.25) (60)(18) 0 9.4332 lb

(2)(0.33333) 2

1
(0.25) (6

(2)(0.33333) 2

x

x

z

z

C

D

C

D

= + = −

= + = −

 = − =  

= − 0)(18) 0 9.4332 lb
 − = −  

 

   (12.58 lb) (9.43 lb)= − +C i k  

   (12.58 lb) (9.43 lb)= − −D i k  
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PROBLEM 18.103 

A 2.5 kg homogeneous disk of radius 80 mm rotates with an 
angular velocity 1ω  with respect to arm ABC, which is welded to 
a shaft DCE rotating as shown at the constant rate 2 12ω =  rad/s. 
Friction in the bearing at A causes 1ω  to decrease at the rate of 

215 rad/s .  Determine the dynamic reactions at D and E at a time 
when 1ω  has decreased to 50 rad/s. 

 

SOLUTION 

Angular velocity of shaft DCE and arm CBA: 2ω= kΩ  

Angular velocity of disk A: 1 2ω ω= +j kω  

Its angular momentum about A: 1 2A x x y y z z y zI I I I Iω ω ω ω ω= + + = +H i j k j k  

Let the reference frame Cxyz be rotating with angular velocity .Ω  

 
1 2 2 1 2

2 1 1 2

2 2 2
2 1 1 2

( )

( )

1 1 1

2 2 4

A A Axyz A

y z y z

y y z

I I I I

I I I

mr mr mr

ω ω ω ω ω

ω ω ω ω

ω ω ω ω

= + ×

= + + × +

= − + +

= − + +

H H H

j k k j k

i j k

i j k

 

 

 

 

Ω

 

Velocity and acceleration of the mass center A of the disk: 

 
2 / 2 2 2

2 2
2 / 2 2 2 2 2

( )

( ) ( )

A A C

A A C A

b c c b

c b b c

ω ω ω

ω ω ω ω ω ω

= × = × − = +

= × + × = − + +

v k r k i j i j

a k r k v i j  

ω
 

 

 
eff

x y x y AD D E E m

Σ = Σ
+ + + =

F F

i j i j a
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PROBLEM 18.103  (Continued) 

 

Resolve into components. 

 

2
2 2

2
2 2

/

2 2 2 2
0 2 2 2 2 2

( )

( )

( )

2 ( ) ( ) ( ) ( )

x x

y y

E E A A E A A A

x y A

D E m c b

D E m b c

m b c l m

l D D M m bl cl m cl bl m b c

ω ω

ω ω

ω ω ω ω ω

+ = −

+ = +

Σ = = + × = + − + ×

× + + = + − + + + +

M H H r a H i j k a

k i j k H i j k




  

   

 

 2 2
0 2 1 2 2

1
2 2

2y xlD lD M m r bl clω ω ω ω − + + = − + − 
 

i j k i  

 2 2 2 2 2
1 2 2 2

1 1

2 4
m r cl bl m r b cω ω ω ω   + + − + + +   
   

j k    

 

2 2 2
0 2

2 2 2 2
1 2 2 1 2 2

2 2 2 2
2 1 2 2 2 1 2 2

1
:

4

1 1
:

2 2 2 2

1 1
:    

2 2 2 2

x x

y y

M m r b c

m m
D r cl bl E r cl bl

l l

m m
D r bl cl E r bl cl

l l

ω

ω ω ω ω ω ω

ω ω ω ω ω ω ω ω

 = + + 
 
   = + − = − + −   
   
   = + + = − + +   
   

k

j

i



   

 

 

Data: 

2
1 1 2 2

2.5 kg, 80 mm 0.08 m

120 mm 0.12 m, 60 mm 0.06 m, 150 mm 0.15 m

50 rad/s, 15 rad/s , 12 rad/s, 0

m r

b c l

ω ω ω ω

= = =
= = = = = =

= = − = = 

 

 

2 2

2 2

2.5 1
(0.08) ( 15) 0 (0.12)(0.15)(12) 22.0 N

(2)(0.15) 2

2.5 1
(0.08) (12)(50) 0 (0.06)(0.15)(12) 26.8 N

(2)(0.15) 2

x

y

D

D

 = − + − = −  
 = + + =  

 

 (22.0 N) (26.8 N)= − +D i j  

 

2 2

2 2

2.5 1
(0.08) ( 15) 0 (0.12)(0.15)(12) 21.2 N

(2)(0.15) 2

2.5 1
(0.08) (12)(50) 0 (0.06)(0.15)(12) 5.20 N

(2)(0.15) 2

x

y

E

E

 = − − + − = −  
 = − + + = −  

 

 (21.2 N) (5.20 N)= − −E i j   
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PROBLEM 18.104 

A 2.5-kg homogeneous disk of radius 80 mm rotates at the 
constant rate 1 50ω = rad/s with respect to arm ABC, which is 
welded to a shaft DCE. Knowing that at the instant shown shaft 
DCE has an angular velocity 2ω = (12 rad/s)k and an angular 
acceleration 2

2 (8 rad/s ) ,α = k  determine (a) the couple which 
must be applied to shaft DCE to produce that acceleration,  
(b) the corresponding dynamic reactions at D and E. 

 

SOLUTION 

Angular velocity of shaft DCE and arm CBA: 2ω= kΩ  

Angular velocity of disk A: 1 2ω ω= +j kω  

Its angular momentum about A: 1 2A x x y y z z y zI I I I Iω ω ω ω ω= + + = +H i j k j k  

Let the reference frame Cxyz be rotating with angular velocity .Ω  

 
1 2 2 1 2

2 1 1 2

2 2 2
2 1 1 2

( )

( )

1 1 1

2 2 4

A A Axyz A

y z y z

y y z

I I I I

I I I

mr mr mr

ω ω ω ω ω

ω ω ω ω

ω ω ω ω

= + ×

= + + × +

= − + +

= − + +

H H H

j k k j k

i j k

i j k

 

 

 

 

Ω

 

Velocity and acceleration of the mass center A of the disk: 

 
2 / 2 2 2

2 2
2 / 2 2 2 2 2

( )

( ) ( )

A A C

A A C A

b c c b

c b b c

ω ω ω

ω ω ω ω ω ω

= × = × − = +

= × + × = − + +

v k r k i j i j

a k r k v i j  

ω
 

 

 
eff

x y x y AD D E E m

Σ = Σ
+ + + =

F F

i j i j a
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PROBLEM 18.104  (Continued) 

 

Resolve into components. 

 

2
2 2

2
2 2

/

2 2 2 2
0 2 2 2 2 2

( )

( )

( )

2 ( ) ( ) ( ) ( )

x x

y y

E E A A E A A A

x y A

D E m c b

D E m b c

m b c l m

l D D M m bl cl m cl bl m b c

ω ω

ω ω

ω ω ω ω ω

+ = −

+ = +

Σ = = + × = + − + ×

× + + = + − + + + +

M H H r a H i j k a

k i j k H i j k




  

   

 

 2 2
0 2 1 2 2

1
2 2

2y xlD lD M m r bl clω ω ω ω − + + = − + − 
 

i j k i  

 2 2 2 2 2
1 2 2 2

1 1

2 4
m r cl bl m r b cω ω ω ω   + + − + + +   
   

j k    

 

2 2 2
0 2

2 2 2 2
1 2 2 1 2 2

2 2 2 2
2 1 2 2 2 1 2 2

1
:

4

1 1
:

2 2 2 2

1 1
:    

2 2 2 2

x x

y y

M m r b c

m m
D r cl bl E r cl bl

l l

m m
D r bl cl E r bl cl

l l

ω

ω ω ω ω ω ω

ω ω ω ω ω ω ω ω

 = + + 
 
   = + − = − + −   
   
   = + + = − + +   
   

k

j

i



   

 

 

Data: 

2
1 1 2 2 2

2.5 kg, 80 mm 0.08 m

120 mm 0.12 m, 60 mm 0.06 m, 150 mm 0.15 m

50 rad/s, 0, 12 rad/s, 8 rad/s

m r

b c l

ω ω ω ω α

= = =
= = = = = =

= = = = = 

 

(a)  2 2 2
0

1
(2.5) (0.08) (0.12) (0.06) (8)

4
M

 = + +  
 0 (0.392 N m)= ⋅M k   

(b) 2

2 2

2.5
[0 (0.06)(0.15)(8) (0.12)(0.15)(12) ] 21.0 N

(2)(0.15)

2.5 1
(0.08) (12)(50) (0.12)(0.15)(8) (0.06)(0.15)(12) 28.0 N

(2)(0.15) 2

x

y

D

D

= + − = −

 = + + =  

 

 (21.0 N) (28.0 N)= − +D i j  

 

2

2 2

2.5
[ 0 (0.06)(0.15)(8) (0.12)(0.15)(12) ] 21.0 N

(2)(0.15)

2.5 1
(0.08) (12)(50) (0.12)(0.15)(8) (0.06)(0.15)(12)

(2)(0.15) 2

4.00 N

x

y

E

E

= − + − = −

 = − + +  
= −

 

 (21.0 N) (4.00 N)= − −E i j   
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PROBLEM 18.105 

For the disk of Problem 18.99, determine (a) the couple M1j 
which should be applied to arm ABC to give it an angular 
acceleration 2

1 (7.5 rad/s )α = − j  when 1 5 rad/s,ω =  knowing 
that the disk rotates at the constant rate 2 15 rad/s,ω =  (b) the 
force-couple system representing the dynamic reaction at A at 
that instant. Assume that ABC has a negligible mass. 

PROBLEM 18.99 A thin disk of mass 4 kgm =  rotates with 
an angular velocity 2ω  with respect to arm ABC, which itself 
rotates with an angular velocity 1ω  about the y axis. Knowing 
that ω1 5 rad/s=  and 2 15 rad/sω =  and that both are constant, 
determine the force-couple system representing the dynamic 
reaction at the support at A. 

 

SOLUTION 

Angular velocity of the disk. 1 2 (5 rad/s) (15 rad/s)ω ω= + = +ω j k j k  

Moments of inertia about principal axes passing through the mass center. 

 

2

2 2

2 2

1

4
1

(4)(0.150 m) 0.0225 kg m
4
1

0.045 kg m
2

x y

z

I I mr

I mr

= =

= = ⋅

= = ⋅

 

Angular momentum about mass center C. 

 
2 2

0 (0.0225)5 (0.045)15

(0.1125 kg m /s) (0.6750 kg m /s)

C x x y y z zI I Iω ω ω′ ′ ′ ′ ′ ′= + +

= + +

= ⋅ + ⋅

H i j k

j k

j k

 

Rate of change of .CH  Let the frame Axyz be turning with angular velocity 1 .ω=Ω j  

 

( )

0 (0.0225)( 7.5) 0 5 (0.1125 0.675 )

(0.16875 N m) (3.375 N m)

C C Axyz C x x y y z z CI I Iω ω ω= + × = + + + ×

= + − + + × +
= − ⋅ + ⋅

H H Ω H i j k Ω H

j j j k

j i

    

 

Position vector of Point C. / (0.450 m) (0.225 m)C A = +r i j  

Velocity of Point C, the mass center of the disk. 

 1 / 5 (0.45 0.225 ) (2.25 m/s)C C Aω= × = × + = −v r j i j k  
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PROBLEM 18.105  (Continued) 

 

Acceleration of Point C. 

 
1 / 1

2 2

( 7.5 ) (0.45 0.225 ) 5 ( 2.25 )

(3.3750 m/s ) (11.25 m/s )

C C A Cα ω= × + × = − × + + × −

= −

a j r j v j i j j k

k i
 

 (4)( 11.25 3.3750 )

(45 N) (13.5 N)
Cm = − +

= − +
a i k

i k

 

Free body and kinetic diagrams 

 

Linear components: (45 N) (13.5 N)Cm= = − +A a A i k  

Moments about A. /

(0.450 0.225 ) ( 45 13.5 ) 0.16875 3.375

6.0750 10.125 3.0375 0.16875 3.375

6.4125 6.2438 10.125

A C A C C

A

m= × +

= + × − + − +
= − + + − +
= − +

M r a H

M i j i k j i

j k i j i

i j k

  

(a) Required couple. 1 (6.24 N m)= − ⋅M j j   

(b) Dynamic reaction. (45.0 N) (13.50 N)= − +A i k  

 (6.41 N m) (10.13 N m)A = ⋅ + ⋅M i k  
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PROBLEM 18.106* 

A slender homogeneous rod AB of mass m and length L is made to 
rotate at the constant rate ω2 about the horizontal z axis, while frame 
CD is made to rotate at the constant rate ω1 about the y axis. Express as 
a function of the angle θ (a) the couple M1 required to maintain the 
rotation of the frame, (b) the couple M2 required to maintain the 
rotation of the rod, (c) the dynamic reactions at the supports C and D. 

 

SOLUTION 

Angular momentum :GH  

We resolve the angular velocity 1 2ω ω= +ω j k into components along the principal axes :Gx y z′ ′  

 
1

1

2

cos

sin
x

y

z

ω ω θ
ω ω θ
ω ω

′

′

= −
=

=

 

Moments of inertia: 

 21
0

12x z yI I mL I′ ′= = =  

We have 2
1

2
2

1
cos

12
0

1

12

x x x

y y y

z z z

H I mL

H I

H I mL

ω ω θ

ω

ω ω

′ ′ ′

′ ′ ′

= = −

= =

= =

 

Computing the components of GH  along the x, y, z axes: 

 

2 2
1 1

2 2
1

2
2

1 1
sin cos sin sin 2

12 24
1

cos cos
12

1

12

x x

y x

z

H H mL mL

H H mL

H mL

θ ω θ θ ω θ

θ ω θ

ω

′

′

= = − = −

= − = +

=

 

The angular momentum is therefore 

 2 2 2 2
1 1 2

1 1 1
sin 2 cos

24 12 12G mL mL mLω θ ω θ ω= − + +H i j k  

where the reference frame Gxyz rotates with the angular velocity 

 1ω=Ω j  
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PROBLEM 18.106*  (Continued) 

 
Rate of change of .GH  We note that 1ω  and 2ω are constant, while θ varies with t, with 2.θ ω=  

Eq. (18.22) yields 

 

2 2
1 1

2 2
1 1 2

2 2
1 2 1 2

2 2 2
1 1 2

2 2
1 2 1 2

1 1
( ) (2cos 2 ) ( 2cos sin )

24 12
1 1

sin 2
24 12

1 1
cos 2 sin 2

12 12
1 1

sin 2
24 12

1 1
(1 cos 2 ) sin

12 12

G G Gxyz G

G

mL mL

mL mL

mL mL

mL mL

mL mL

ω θθ ω θ θθ

ω ω θ ω

ω ω θ ω ω θ

ω θ ω ω

ω ω θ ω ω

= + × = − + −

 + × − + 
 

= − −

+ +

= − −

H H Ω H i j

j i k

i j

k i

H i

  



2 2
1

2

1
sin 2

24
mL

θ

ω θ+

j

k  (1) 

Equivalence of external and effective forces. 

 

Equating the moments of the variable couples: 

 

1 2

2 2
1 2 1 2 1 2

2 2
1

1 1
(1 cos 2 ) sin 2

12 12
1

sin 2
24

GL C M M

LC M M mL mL

mL

ω ω θ ω ω θ

ω θ

× + + =

+ + = − −

+

j k j k H

i j k i j

k



 

Equating the coefficients of the unit vectors: 

 2
1 1 2

1
: sin 2

12
M mL ω ω θ= −j  

(a) Couple 1:M  2
1 1 2

1
sin 2

12
mL ω ω θ= −M j   

 2 2
2 1

1
: sin 2

24
M mL ω θ=k  
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PROBLEM 18.106*  (Continued) 

 

(b) Couple 2:M  2 2
2 1

1
sin 2

24
mL ω θ=M k   

 2
1 2

1
: (1 cos2 )

12
LC mL ω ω θ= −i  

 2
1 2 1 2

1 1
(1 cos 2 ) sin

12 6
C mL mLω ω θ ω ω θ= − =  

 Dynamic reactions. 

  2
1 2

1
sin ;

6
mLω ω θ=C k 2

1 2
1

sin
6

mLω ω θ= −D k   
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PROBLEM 18.107 

A solid cone of height 9 in. with a circular base of radius 3 in. is supported by  
a ball-and-socket joint at A. Knowing that the cone is observed to precess about 
the vertical axis AC at the constant rate of 40 rpm in the sense indicated and that 
its axis of symmetry AB forms an angle 40β = °  with AC, determine the rate at 
which the cone spins about the axis AB. 

 

SOLUTION 

Use principal axes xyz with origin at A as shown. 

For the solid cone, 

2 2 2

2 2

3 in. 0.25 ft
3

9 in. 0.75 ft 0.5625 ft
4

3 3 1

10 5 4
3 1

5 4

r
h

h c

I mr I m h r

I I m h r

= =

= = = =

 ′= = + 
 

 ′ − = − 
 

 

Angular velocity. 

spin:  ψ  about negative z axis 

precession:  φ  about positive Z axis 

 (cos sin )

0, sin , cosx y z

φ ψ
φ β β ψ

ω ω φ β ω φ β ψ

= −
= + −
= = = −

K k

k j k

 
 

  

ω
 

Angular momentum about fixed Point A. 

 
sin ( cos )

A x y zI I I

I I

ω ω ω

φ β φ β ψ

′ ′= + +

′= + −

H i j k

j k  
 

Let frame Axyz be rotating with angular velocity .Ω  

 cos sinφ φ β φ β= = +K j k  Ω  

Rate of change of .AH  

 

2

0 sin cos

0 sin ( cos )

[( ) cos sin sin ]

A A

I I

I I I

φ β φ β
φ β φ β ψ

φ β β φψ β

= × =
′ −

′= − − +

i j k

H Ω H

i
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PROBLEM 18.107  (Continued) 

 

Moment about A. sinA mgc β= −M i  

 A A=M H  leads to 

 

2

2 2 2 2

2 2 2 2

2 2 2

2

cos

3 1 3
cos

5 4 10

20 (12 3 ) cos 6

20 (12 3 ) cos

6

I I I
gc

m m

h r r

gc h r r

gc h r

r

φ β φψ

φ β φψ

φ β φψ
φ βψ

φ

′ −= +

 = − + 
 

= − +

− −=

  

  

  


 

 

Data: 

2 2 2

2

40

40 rpm 4.1888 rad/s

(20)(32.2)(0.5625) [(12)(0.75) (3)(0.25) ]4.1888 cos 40

(6)(0.25) (4.1888)

β
φ

ψ

= °

= =

− − °=





 

 174.46 rad/s=  1666 rpmψ =  
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PROBLEM 18.108 

A solid cone of height 9 in. with a circular base of radius 3 in. is supported by a 
ball-and-socket joint at A. Knowing that the cone is spinning about its axis of 
symmetry AB at the rate of 3000 rpm and that AB forms an angle 60β = °  with 
the vertical axis AC, determine the two possible rates of steady precession of the 
cone about the axis AC. 

 

SOLUTION 

Use principal axes xyz with origin at A as shown. 

For the solid cone, 

2 2 2

2 2

3 in. 0.25 ft

3
9 in. 0.75 ft 0.5625 ft

4
3 3 1

10 5 4

3 1

5 4

r

h
h c

I mr I m h r

I I m h r

= =

= = = =

 ′= = + 
 

 ′ − = − 
 

 

Angular velocity. 
spin:  ψ  about negative z axis 

precession:  φ  about positive Z axis 

 (cos sin )

0, sin , cosx y z

φ ψ
φ β β ψ

ω ω φ β ω φ β ψ

= −

= + −

= = = −

K k

k j k

 
 

  

ω

 

Angular momentum about fixed Point A. 

 
sin ( cos )

A x y zI I I

I I

ω ω ω

φ β φ β ψ

′ ′= + +

′= + −

H i j k

j k  
 

Let frame Axyz be rotating with angular velocity .Ω  

 cos sinφ φ β φ β= = +K j k  Ω  

Rate of change of .AH  

 

2

0 sin cos

0 sin ( cos )

[( ) cos sin sin ]

A A

I I

I I I

φ β φ β
φ β φ β ψ

φ β β φψ β

= × =
′ −

′= − − +

i j k

H H

i

 
  

  

Ω
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PROBLEM 18.108  (Continued) 

 

Moment about A. sinA mgc β= −M i  

 A A=M H  leads to 

 

2

2 2 2 2

2 2 2 2

cos

3 1 3
cos

5 4 10

20 (12 3 ) cos 6

I I I
gc

m m

h r r

gc h r r

φ β φψ

φ β φψ

φ β φψ

′ −= +

 = − + 
 

= − +

  

  

  

 

 2 2 2 2(12 3 ) cos 6 20 0h r r gcφ β ψ φ− + − =   

Data: 3000 rpm 314.16 rad/s

60

ψ
β

= =
= °
  

 2 2 2 2[(12)(0.75) (3)(0.25) ](cos60 ) (6)(0.25) (314.16) (20)(32.2)(0.5625) 0φ φ− ° + − =   

 23.28125 117.81 362.25 0φ φ+ − =   

Solving the quadratic equation, 2.8488 rad/s, 38.753 rad/sφ = −  27.2 rpm, 370 rpmφ = −   
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PROBLEM 18.109 

The 85-g top shown is supported at the fixed Point O. The radii of gyration of 
the top with respect to its axis of symmetry and with respect to a transverse axis 
through O are 21 mm and 45 mm, respectively. Knowing that 37.5 mmc =  
and that the rate of spin of the top about its axis of symmetry is 1800 rpm, 
determine the two possible rates of steady precession corresponding to 30 .θ = °  

 

SOLUTION 

Use principal axes x, y, z with origin at O. 

Angular velocity: sin ( cos )ϕ θ ψ ϕ θ= + +i k  ω  

 sin , 0, cosx y zω ϕ θ ω ω ψ ϕ θ= = = +    

Angular momentum about O: 

 
sin

O x x y y z z

z

I I I

I I

ω ω ω
ϕ θ ω

= + +
′= +

H i j k

i k
 

Let the reference frame Oxyz be rotating with angular velocity sin cos .ϕ θ ϕ θ= +i k Ω  

 ( sin cos ) ( sin )

( sin cos sin )

O

z

z

I I

I I

Ο

ϕ θ ϕ θ ϕ θ ω
ϕ θ θ ω θ ϕ

= ×
′= + × +

′= −

H H

i k k

j



  
 

Ω
 

 O OΣ =M H  

 sin ( sin cos sin )zWc I Iθ ϕ θ θ ω θ′− = −j j  

 ( cos )zWc I Iω ϕ θ ϕ′= −    

 [ ( ) cos ]Wc I I Iψ ϕ θ ϕ′= − −    (1) 

Data: 85 g 0.085 kg

(0.085)(9.81) 0.83385 N

m

W mg

= =
= = =

 

 
2 2 6 2

2 2 6 2

(0.085)(0.021) 37.485 10 kg m

(0.085)(0.045) 172.125 10 kg m

z

x

I mk

I mk

−

−

= = = × ⋅

′ = = = × ⋅
 

 37.5 mm 0.0375 m, 1800 rpm 188.496 rad/sc ψ= = = =  

 30θ = °  
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PROBLEM 18.109  (Continued) 

 

Substituting into Eq. (1), 

 6 6(0.83385)(0.0375) [(37.485 10 )(188.496) (134.64 10 ) cos30 ]ϕ ϕ− −= × − × °   

 6 2 3 3116.602 10 7.0658 10 31.269 10 0ϕ ϕ− − −× − × + × =   

 30.299 25.492 4.807 rad/s, 55.791 rad/sϕ ϕ= ± =   

 45.9 rpm, 533 rpmϕ =  
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PROBLEM 18.110 

The top shown is supported at the fixed Point O and its moments of inertia about 
its axis of symmetry and about a transverse axis through O are denoted, 
respectively, by I  and .I ′  (a) Show that the condition for steady precession of 
the top is 

 ( cos )zI I Wcω φ θ φ′− =   

where φ  is the rate of precession and zω  is the rectangular component of the 
angular velocity along the axis of symmetry of the top. (b) Show that if the rate of 
spin ψ  of the top is very large compared with its rate of precession ,φ  the 
condition for steady precession is .I Wcψφ ≈  (c) Determine the percentage error 
introduced when this last relation is used to approximate the slower of the two 
rates of precession obtained for the top of Problem 18.109. 

 

SOLUTION 

Use principal axes x, y, z with origin at O. 

Angular velocity: sin ( cos )ϕ θ ψ ϕ θ= + +i k  ω  

 sin , 0, cosx y zω ϕ θ ω ω ψ ϕ θ= = = +    

Angular momentum about O: 

 sinO x x y y z z zI I I I Iω ω ω ϕ θ ω′= + + = +H i j k i k  

Let the reference frame Oxyz be rotating with angular velocity sin cos .ϕ θ ϕ θ= +i k Ω  

 ( sin cos ) ( sin )

( sin cos sin )

O

z

z

I I

I I

Ο

ϕ θ ϕ θ ϕ θ ω
ϕ θ θ ω θ ϕ

= ×
′= + × +

′= −

H H

i k k

j



  
 

Ω
 

 O OΣ =M H  

 sin ( sin cos sin )zWc I Iθ ϕ θ θ ω θ′− = −j j  

 

(a) ( cos )zWc I Iω ϕ θ ϕ′= −     

 [ ( ) cos ]Wc I I Iψ ϕ θ ϕ′= − −    (1) 

(b) For | | ,ϕ ψ<<   Wc Iψϕ≈    (2) 
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PROBLEM 18.110  (Continued) 

 

(c) Data: 

2 2 6 2

2 2 6 2

85 g 0.085 kg

(0.085)(9.81) 0.83385 N

(0.085)(0.021) 37.485 10 kg m

(0.085)(0.045) 172.125 10 kg m

z

x

m

W mg

I mk

I mk

−

−

= =
= = =

= = = × ⋅

= = = × ⋅

 

 
37.5 mm 0.0375 m, 1800 rpm 188.496 rad/s

30

c ψ
θ

= = = =
= °


 

 Substituting into Eq. (1), 

 6 6(0.83385)(0.0375) [(37.485 10 )(188.496) (134.64 10 ) cos30 ]ϕ ϕ− −= × − × °   

 6 2 3 3116.602 10 7.0658 10 31.269 10 0ϕ ϕ− − −× − × + × =   

 30.299 25.492 4.807 rad/s, 55.791 rad/sϕ ϕ= ± =   

 From Eq. (2), 
6

(0.83385)(0.0375)
4.425 rad/s

(37.485 10 )(188.496)

Wc

I
ϕ

ψ −= = =
×




 

 
4.425 4.807

% error 100%
4.807

−= ×  % error 7.95%= −  
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PROBLEM 18.111 

A solid aluminum sphere of radius 4 in. is welded to the end of a10-in.-long rod AB 
of negligible mass which is supported by a ball-and-socket joint at A. Knowing that 
the sphere is observed to precess about a vertical axis at the constant rate of 60 rpm 
in the sense indicated and that rod AB forms an angle 20β = °  with the vertical, 
determine the rate of spin of the sphere about line AB. 

 

SOLUTION 

Use principal axes x, y, z with origin at A. 

Angular velocity: sin ( cos )

sin , 0, cosx y z

ϕ β ψ ϕ β
ω ϕ β ω ω ψ ϕ β

= + −
= = = −

i k  
  

ω  

Angular momentum about A: 

 
sin ( cos )

A x x y y z zI I I

I I

ω ω ω
ϕ β ψ ϕ β

= + +
′= + −

H i j k

i k  
 

 

Let the reference frame Axyz be rotating with angular velocity sin cos .ϕ β ϕ β= −i k Ω  
 

 

2

[ sin ( ) sin cos ]

sin [ sin ( ) sin cos ]

( ) cos

A

A A

I I I

mgc I I I

mgc I I I

Α

ϕ ψ β ϕ β β

β ϕ ψ β ϕ β β
ϕψ ϕ β

= ×
′= − + −

Σ =
′− = − + −

′= − −

H H

j

M H

j j



  


  

  

Ω

 

 
2( ) cos

1 0
I I I

mgc mgc

ϕψ ϕ β′ −− + =
  

 (1) 

Data: 

2

4 in. 0.333 ft

10 in. 4 in.

14 in. 1.1667 ft,

32.2 ft/s

r

c

g

= =
= +
= =

=
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PROBLEM 18.111  (Continued) 

 

 2 2 2

2 2 2 2 2

2 2
(0.3333) 0.04444 ft

5 5
2 2

(0.3333) (1.16667) 1.4056 ft
5 5
20 , 60 rpm 6.2832 rad/s

I
r

m
I

r c
m
β ϕ

= = =

′
= + = + =

= ° = =

 

Substituting into Eq. (1), 

 

2

3

(0.04444)(6.2832) (1.4056 0.04444)(6.2832) cos20
1 0

(32.2)(1.1667) (32.2)(1.1667)

7.4335 10 1.34412 1 0

ψ

ψ−

− °− + =

× − + =




 

 46.293 rad/s 442 rpmψ = =  442 rpmψ =   
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PROBLEM 18.112 

A solid aluminum sphere of radius 4 in. is welded to the end of a 10-in.-long 
rod AB of negligible mass which is supported by a ball-and-socket joint at A. 
Knowing that the sphere spins as shown about line AB at the rate of 600 rpm, 
determine the angle β  for which the sphere will precess about a vertical axis at 
the constant rate of 60 rpm in the sense indicated. 

 

SOLUTION 

Use principal axes x, y, z with origin at A. 

Angular velocity: sin ( cos )

sin , 0, cosx y z

ϕ β ψ ϕ β
ω ϕ β ω ω ψ ϕ β

= + −
= = = −

i k  
  

ω  

Angular momentum about A: 

 
sin ( cos )

A x x y y z zI I I

I I

ω ω ω
ϕ β ψ ϕ β

= + +
′= + −

H i j k

i k  
 

 

Let the reference frame Axyz be rotating with angular velocity sin cos .ϕ β ϕ β= −i k Ω  

 

2

[ sin ( ) sin cos ]

sin [ sin ( ) sin cos ]

( ) cos

A

A A

I I I

mgc I I I

mgc I I I

Α

ϕ ψ β ϕ β β

β ϕ ψ β ϕ β β
ϕψ ϕ β

= ×
′= − + −

Σ =
′− = − + −

′= − −

H H

j

M H

j j



  


  

  

Ω

 

 
2( ) cos

1 0
I I I

mgc mgc

ϕψ ϕ β′ −− + =
  

 (1) 

Data: 

2

1
4 in. ft

3
10 4 14 in.

14 7
ft,

12 6

32.2 ft/s

r

c

g

= =

= + =

= =

=
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PROBLEM 18.112  (Continued) 

 

 
2

2 2

2 2
2 2 2

2 2 1
0.04444 ft

5 5 3

2 2 1 7
1.4056 ft

5 5 3 6

600 rpm 62.832 rad/s 60 rpm 6.2832 rad/s

I
r

m

I
r c

m

ψ ϕ

 = = = 
 

′    = + = + =   
   

= = = − = − 

 

Substituting into Eq. (1), 

 

2(0.044444)( 6.2832)(62.832) (1.40556 0.04444)( 6.2832)
cos 1 0

(32.2)(1.16667) (32.2)(1.16667)

0.46706 1.43038cos 1 0

β

β

− − −− + =

− − + =
 

 cos 0.37259β =  68.1β = °   
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PROBLEM 18.113 

A solid sphere of radius 3 in.c =  is attached as shown to cord AB. The sphere is 
observed to precess at the constant rate 6 rad/sφ =  about the vertical axis AD. 
Knowing that 40 ,β = °  determine the angle θ  that the diameter BC forms with 
the vertical when the sphere (a) has no spin, (b) spins about its diameter BC at 
the rate 50 rad/s,ψ =  (c) spins about BC at the rate 50 rad/s.ψ = −  

 

SOLUTION 

Use principal centroidal axes x, y, z as shown. 

Angular velocity:  sin ( cos )ϕ θ ψ ϕ θ= − + +i k  ω  

Angular momentum about the mass center G: 

 
sin ( cos )

G x x y y z zI I I

I I

ω ω ω
ϕ θ ψ ϕ θ

= + +
′= − + +

H i j k

i k  
 

Let the reference frame Gxyz  be rotating with angular velocity  

 
2

sin cos

[ sin ( ) sin cos ]

G G

I I I

ϕ θ ϕ θ

ϕψ θ ϕ θ θ

= − +

= ×

′= − −

i k

H H

j

 


  

Ω

Ω  

Acceleration of the mass center: 

 2( sin sin )l cβ θ ϕ= +a    

 eff :Σ = ΣF F  

 : cos 0,         
cos

mg
T mg Tβ

β
− = =  (1) 

 : sinT maβ =  

 2tan ( sin sin )g l cβ β θ ϕ= +   (2) 

 sin( )G GM Tc Hβ θΣ = − =   

 2sin( )
sin ( ) sin cos

cos

mgc
I I I

β θ ψϕ θ ϕ θ θ
β

− ′= − −    (3) 

Data:  3 in. 0.25 ft, 40 , 6 rad/sc β ϕ= = = ° =  

 2 22
0.025 ft 0

5

I I
c I I

m m

′ ′= = = − =  
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PROBLEM 18.113  (Continued) 

 

Substituting into Eq. (1), 

 

(32.2)(0.25)sin( )
(0.025)(6) sin

cos

8.05(sin cos cos sin ) 0.15 sin cos

tan
tan

1 0.018634

β θ ψ θ
β

β θ β θ ψ θ β
βθ

ψ

− =

− =

=
+







 

(a) 0,ψ =  tan tanθ β θ β= =  40.0θ = °  

(b) 50 rad/s,ψ =  
tan 40

tan
1 (0.018634)(50)

θ °=
+

 23.5θ = °  

(c) 50 rad/s,ψ = −  
tan 40

tan
1 (0.018634)( 50)

θ °=
+ −

 85.3θ = °  
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PROBLEM 18.114 

A solid sphere of radius 3 in.c =  is attached as shown to a cord AB of length 15 in. 
The sphere spins about its diameter BC and precesses about the vertical axis AD. 
Knowing that 20θ = °  and 35 ,β = °  determine (a) the rate of spin of the sphere, 
(b) its rate of precession. 

 

SOLUTION 

Use principal centroidal axes x, y, z as shown. 

Angular velocity:  sin ( cos )ϕ θ ψ ϕ θ= − + +i k  ω  

Angular momentum about the mass center G: 

 
sin ( cos )

G x x y y z zI I I

I I

ω ω ω
ϕ θ ψ ϕ θ

= + +
′= − + +

H i j k

i k  
 

Let the reference frame Gxyz  be rotating with angular velocity  

 
2

sin cos

[ sin ( ) sin cos ]
G G

I I I

ϕ θ ϕ θ

ϕψ θ ϕ θ θ

= − +
= ×

′= − −

i k
H H

j

 


  

Ω
Ω  

Acceleration of the mass center: 

 2( sin sin )l cβ θ ϕ= +a   

 eff :Σ = ΣF F  

 : cos 0,         
cos

mg
T mg Tβ

β
− = =  (1) 

 :  sinT maβ =  

 2tan ( sin sin )g l cβ β θ ϕ= +   (2) 

 sin( )G GM Tc Hβ θΣ = − =   

 2sin( )
sin ( ) sin cos

cos

mgc
I I I

β θ ψϕ θ ϕ θ θ
β

− ′= − −    (3) 

Data:  
2

3 in. 0.25 ft, 15 in. 1.25 ft

32.2 ft/s

c l

g

= = = =

=

 

 
2 22

0.025 ft 0,
5

35 , 20

I I
c I I

m m
β θ

′ ′= = = − =

= ° = °
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PROBLEM 18.114  (Continued) 

 

From Equation (2), 

 

2

2

(32.2) tan 35 (1.25sin 35 0.25sin 20 )

28.096

5.3006 rad/s

ϕ
ϕ
ϕ

° = ° + °

=
=






 

From Equation (3), 
(32.2)(0.25)sin15

(0.025) (5.3006)sin 20
cos35

ψ° = °
°

  

(a) 56.119 rad/sψ =  56.1 rad/sψ =  

(b) 5.30 rad/sϕ =  
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PROBLEM 18.115 

A solid cube of side 80 mmc =  is attached as shown to cord AB. It is 
observed to spin at the rate 40 rad/sψ =  about its diagonal BC and to 
precess at the constant rate 5 rad/sφ =  about the vertical axis AD. 
Knowing that 30 ,β = °  determine the angle φ  that the diagonal BC 
forms with the vertical. (Hint: The moment of inertia of a cube about an 
axis through its center is independent of the orientation of that axis.) 

 

SOLUTION 











 

Use centroidal axes x, y, z such that the z axis lies along the body 
diagonal BC and the x axis lies in the plane of A, B, C, and D. Let e be 
the length GB. 

 
3

2
e c=  

Moment of inertia: 
21

6x y zI I I mc= = =  

Angular velocity: sin ( cos )φ θ ψ ϕ θ= − + +i k  ω  

Angular momentum about the mass center G: 

 sin ( cos )G x x y y z zI I I I Iω ω ω ϕ θ ψ ϕ θ′= + + = − + +H i j k i k    

Let the reference frame Gxyz be rotating with angular velocity 

 
2

sin cos

[ sin ( ) sin cos ]
G G

I I I

ϕ θ ϕ θ

ϕψ θ ϕ θ θ

= − +
= ×

′= − −

i k

H H

j

 


  

Ω
Ω  

Acceleration of the mass center: 

 
2( sin sin )l eβ θ ϕ= +a     

 eff :Σ = ΣF F  

 : cos 0,
cos

mg
T mg Tβ

β
− = =  (1) 

 :  sinT maβ =  

 2tan ( sin sin )g l eβ β θ ϕ= +   (2) 

 sin( )G GM Te Hβ θ⋅Σ = − =   

 2sin( )
sin ( ) sin cos

cos

mge
I I I

β θ ψϕ θ ϕ θ θ
β

− ′= − −    (3)
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PROBLEM 18.115  (Continued) 

 

Data: 
3

80 mm 0.08 m (0.08) 0.069282 m
2

c e= = = =  

 
2 3 21

1.06667 10 m 0
6

30 40 rad/s 5 rad/s

I I
c I I

m m
β ψ ϕ

−′ ′= = = × − =

= ° = = 
 

Substituting into Eq. (3), 

 3(9.81)(0.069282)sin( )
(1.06667 10 )(40)(5)sin

cos

β θ θ
β

−− = ×  

 0.67966(sin cos cos sin ) 0.21333sin cosβ θ β θ θ β− =  

 0.89299sin cos 0.67966sin cosθ β β θ=  

 tan 0.76111 tan 0.76111 tan 30 0.43942θ β= = ° =  23.7θ = °   
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PROBLEM 18.116 

A solid cube of side 120 mmc =  is attached as shown to a cord AB of length 
240 mm. The cube spins about its diagonal BC and precesses about the 
vertical axis AD. Knowing that θ 25= °  and 40 ,β = °  determine (a) the rate of 
spin of the cube, (b) its rate of precession. (See hint of Problem 18.115.) 

 

SOLUTION 








 

Use centroidal axes x, y, z such that the z axis lies along the body 
diagonal BC and the x axis lies in the plane of A, B, C, and D. Let e be 
the length GB. 

 
3

2
e c=  

Moment of inertia: 
21

6x y zI I I mc= = =  

Angular velocity: sin ( cos )φ θ ψ ϕ θ= − + +i k  ω  

Angular momentum about the mass center G: 

 sin ( cos )G x x y y z zI I I I Iω ω ω ϕ θ ψ ϕ θ′= + + = − + +H i j k i k    
Let the reference frame Gxyz be rotating with angular velocity 

 
2

sin cos

[ sin ( ) sin cos ]
G G

I I I

ϕ θ ϕ θ

ϕψ θ ϕ θ θ

= − +
= ×

′= − −

i k

H H

j

 


  

Ω
Ω  

Acceleration of the mass center: 

 
2( sin sin )l eβ θ ϕ= +a     

 eff :Σ = ΣF F  

 : cos 0,
cos

mg
T mg Tβ

β
− = =  (1) 

 :  sinT maβ =  

 2tan ( sin sin )g l eβ β θ ϕ= +   (2) 

 sin( )G GM Te Hβ θ⋅Σ = − =   

 2sin( )
sin ( ) sin cos

cos

mge
I I I

β θ ψϕ θ ϕ θ θ
β

− ′= − −    (3)
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PROBLEM 18.116  (Continued) 

 

Data: 120 mm 0.12 m

3
(0.12) 0.103923 m

2

c

e

= =

= =

 

 240 mm 0.24 ml = =  

 
2 2 3 21 1

(0.12) 2.4 10 m 0
6 6

25 40 15

I I
c I I

m m
θ β θ β

′ ′= = = = × − =

= ° = ° − = °
 

From Eq. (2), 2(9.81) tan 40 (0.24sin 40 0.103923sin 25 )ϕ° = ° + °   

 2 41.534 6.4447 rad/sϕ ϕ= =   

From Eq. (3), 3(9.81)(0.103923)sin15
(2.4 10 ) (6.4447)sin 25

cos40
ψ−° = × °

°
  

(a) 52.694 rad/sψ =  52.7 rad/sψ =   

(b) 6.44 rad/sϕ =  
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PROBLEM 18.117 

A high-speed photographic record shows that a certain projectile was fired 
with a horizontal velocity v  of 2000 ft/s and with its axis of symmetry 
forming an angle 3β = °  with the horizontal. The rate of spin ψ  of the 
projectile was 6000 rpm, and the atmospheric drag was equivalent to a 
force D of 25 lb acting at the center of pressure PC  located at a distance 
c 6 in.=  from G. (a) Knowing that the projectile has a weight of 45 lb and a 
radius of gyration of 2 in. with respect to its axis of symmetry, determine its 
approximate rate of steady precession. (b) If it is further known that the 
radius of gyration of the projectile with respect to a transverse axis through 
G is 8 in., determine the exact values of the two possible rates of precession. 

 

SOLUTION 

Choose principal centroidal axes x, y, z as shown. 

The symmetry (spin) axis is the z axis. 

Reduce the drag force to a force-couple system at the mass center. 

 
( sin cos ) ( cos sin )

sinG

D W D W

Dc

β β β β
β

= − − −
=

F i k

M j
 

For the occurrence of steady precession, the precession axis must be parallel to the drag force. 

Thus, 3 .θ β= = °  

(a) Using Equation (18.44), 

sin ( cos ) sin
G G

z

M

Dc I Iβ ω ϕ θ ϕ θ
Σ =

′= −
H

 
 

 Using  and coszβ θ ω ψ ϕ θ= = +   gives 

  2( ) cosI I I Dcψϕ ϕ θ′− − =    (1) 

 Neglecting the quadratic term in ,ϕ  

         
Dc

I Dc
I

ψϕ ϕ
ψ

≈ ≈  


 

 Data: 

2
2 2

45
45 lb, 1.3975 slug

32.2

2
(1.3975) 0.0388205 slug ft

12z

W
W m

g

I mk

= = = =

 = = = ⋅ 
 

 

 
6

6000 rpm 628.32 rad/s,  in. 0.5 ft
12

cψ = = = =  

 
(25)(0.5)

0.51248 rad/s
(0.0388205)(628.32)

ϕ ≈ =  4.89 rpmϕ ≈  
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PROBLEM 18.117  (Continued) 

 

(b) 
2

2 28
(1.3975) 0.62112 slug ft

12xI mk
 ′ = = = ⋅ 
 

 

 20.58230 slug ftI I′ − = ⋅  

 Substituting into Equation (1), 

 2(0.0388205)(628.32) (0.58230) cos3 (25)(0.5)ϕ ϕ− ° =   

 20.58150 24.3912 12.5 0ϕ ϕ− + =   

 

20.9727 20.4538

0.51890 rad/s, 41.427 rad/s

ϕ = ±
=


 4.96 rpm, 396 rpmϕ =   
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PROBLEM 18.118 

If the earth were a sphere, the gravitational attraction of the sun, moon, 
and planets would at all times be equivalent to a single force R acting at 
the mass center of the earth. However, the earth is actually an oblate 
spheroid and the gravitational system acting on the earth is equivalent 
to a force R and a couple M. Knowing that the effect of the couple M is 
to cause the axis of the earth to precess about the axis GA at the rate of 
one revolution in 25,800 years, determine the average magnitude of the 
couple M applied to the earth. Assume that the average density of the 
earth is 35.51 g/cm ,  that the average radius of the earth is 6370 km, 
and that 22

5 .I mR=  (Note: This forced precession is known as the 
precession of the equinoxes and is not to be confused with the free 
precession discussed in Problem 18.123.) 

 

SOLUTION 

 

9

12
9

6

25,800 years (25,800 yr)(365.24 day/yr)(24 h/day)(3600 s/h)

814.16 10 s

2
7.7173 10 rad/s

814.16 10
2

72.935 10 rad/s
(23.93 h)(3600 s/h)

πϕ

πψ

−

−

=

= ×

= = ×
×

= = ×





 

Mass density of Earth: 3 35.51 g/cm  5510 kg/mρ = =  

Radius of Earth: 66370 km 6.370 10 mR = = ×  

Mass of Earth: 3 6 3 24

2 24 6 2

36 2

4 4
(6.370 10 ) (5510) 5.9657 10 kg

3 3
2 2

(5.9657 10 )(6.370 10 )
5 5

96.827 10 kg m

R

I mR

π ρ π= × = ×

= = × ×

= × ⋅

 

Using Equation (18.44), 

 
36 6 12

21

( cos ) sin

[ ( ) cos ] sin

sin

(96.827 10 )(72.935 10 )(7.7173 10 )sin 23.45

21.688 10 N m

zM I I

I I I

I

ω ϕ θ ϕ θ
ψ ϕ θ ϕ θ

ψϕ θ
− −

′= −
′= + −

=

= × × × °

= × ⋅

 
  
   

 2121.7 10 N mM = × ⋅  
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PROBLEM 18.119 

Show that for an axisymmetrical body under no force, the rates of precession and spin can be expressed, 
respectively, as 

GH

I
ϕ =

′
  

and 

 
cos ( )GH I I

II

θψ
′ −=

′
  

where GH  is the constant value of the angular momentum of the body. 

 

SOLUTION 

By Equations (18.48), 
sin cos

, 0,G G
x y z

H H

I I

θ θω ω ω= − = =
′

 

By Equation (18.35) with 0,θ =  

 sin , 0, cosx y zω ϕ θ ω ω ψ ϕ θ= − = = +    

Eliminating  and ,x zω ω  

 
cos

cos

cos cos cos ( )cos
cos

G

G

G G G G

H

I
H

I
H H H H I I

I I I II

ϕ

θψ ϕ θ

θ θ θ θψ ϕ θ

=
′

+ =

′ −
= − = − =

′ ′
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PROBLEM 18.120 

(a) Show that for an axisymmetrical body under no force, the rate of precession can be expressed as  

cos
zI

I

ω
φ

θ
=

′
  

where zω  is the rectangular component of ω  along the axis of symmetry of the body. (b) Use this result to 
check that the condition (18.44) for steady precession is satisfied by an axisymmetrical body under no force. 

 

SOLUTION 

(a) Angular velocity of the body: 2sinϕ θ ω= − +i kω  

 Its angular momentum about G: 2sinG I Iϕ θ ω′= − +H i k  

 Let the reference frame Gxyz  be rotating with angular velocity ,Ω  where  

 sin cosϕ θ ϕ θ= − +i k Ω  

 
2

( )

0 ( sin cos ) ( sin )

sin sin cos

G G Gxyz G

z

z

I I

I I

ϕ θ ϕ θ ϕ θ ω

ϕω θ ϕ θ θ

= + ×
′= + − + × − +

′= −

H H H

i k i k

 

  

 

Ω

 

 For no force, 0G =H  

 Hence,  ( cos ) sin 0 or cos 0z zI I I Iω ϕ θ ϕ θ ω ϕ θ′ ′− = − =    (1) 

 Solving for ,ϕ  
cos

zI

I

ωϕ
θ

=
′

  

(b) Comparing Equation (1) with Equation (18.44) yields 0 0,Σ =M  which is the condition for no force.
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PROBLEM 18.121 

Show that the angular velocity vector ω of an axisymmetrical body under no force is observed from the body 
itself to rotate about the axis of symmetry at the constant rate 

z
I I

n
I

ω′ −=
′

 

where ω z is the rectangular component of ω along the axis of symmetry of the body. 

 

SOLUTION 

Angular velocity of the body: sin ( cos )ϕ θ ϕ θ ψ= − + +i k  ω  

Let the reference frame Gxyz  be rotating with angular velocity ,Ω  where  

 sin cosϕ θ ϕ θ= − +i j Ω  

Angular acceleration of the body: Gxyz= + ×α ω Ω ω  

 0 sinϕψ θ= + j α  

The rate of change of angular velocity as observed from the body is .−α  

Assume that −α  may be represented as the angular velocity vector rotating with angular velocity .l m n+ +i j k  

 
( ) ( )

( )
x z

z x z x

l m n

m n l m

ω ω
ω ω ω ω

− = + + × +
= + − −

i j k i k

i j k

α
 

Matching components: i: 0 0zm mω= =  

 :   sin x zn lϕψ θ ω ω− = −j    (1) 

 :    0  0xm mω= − =k  

From Equation (1),  sin sin ( cos )n lϕψ θ ϕ θ ϕ θ ψ− = − − +      

from which  0 and .l n ψ= =   

Using Equation (18.44) with 0 0 yields cos 0zI Iω ϕ θ′Σ = − =M   

or cos zI

I

ωϕ θ =
′

  

But cos z
z

I

I

ωω ψ ϕ θ ψ= + = +
′

    

Solving for ,ψ  z
I I

I
ψ ω′ −=  

Using 2 and  yieldsz nω ω ψ= =   .z
I I

n
I

ω′ −=
′
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PROBLEM 18.122 

For an axisymmetrical body under no force, prove (a) that the rate of retrograde precession can never be less 
than twice the rate of spin of the body about its axis of symmetry, (b) that in Figure 18.24 the axis of symmetry 
of the body can never lie within the space cone. 

 

SOLUTION 

For no force, 0G =M  

(a) Using Equation (18.44), 0 ( cos ) sinzI Iω ϕ θ ϕ θ′= −    

 cos 0zI Iω ϕ θ′− =  

 Using cos yields ( ) cos 0

( )cos

sec
( )

z I I I

I

I I

I

I I

ω ψ ϕ θ ψ ϕ θ
ψϕ

θ
ψϕ θ

′= + − − =

=
′ −

=
′−

   




  

 For a flat disk, 
1

2
I I′ =  

 For any other shape, 
1

2
I I′ >  

 Hence, 
1

and 2
2

I
I I I

I I
′− < >

′−
 

 Also, sec 1:θ >  2ϕ ψ>   

(b) 
1

tan tan or tan tan tan
2

I I

I I
γ θ θ γ γ′

= = >
′

 

 Angle of surface of space cone is .γ θ−  

 Angle of axis is .θ  

 
1 1 tan tan( )

tan tan[ ( )]
2 2 1 tan tan( )

θ γ θθ θ γ θ
θ γ θ
+ −> + − =

+ −
 

 
1 1

[1 tan tan( )]tan tan tan( )
2 2

θ γ θ θ θ γ θ+ − > + −  
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PROBLEM 18.122  (Continued) 

 

 2 1 1
tan tan tan( ) tan tan( )

2 2
θ θ γ θ θ γ θ+ − > + −  

 21 1
tan tan( ) tan tan( )

2 2
θ γ θ θ γ θ> − − −  

 
1 1

tan tan( )
2 2

θ γ θ> −  

 tan tan( )θ γ θ> −  

 ( )θ γ θ> −  

 The axis lies outside the space cone.  
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PROBLEM 18.123 

Using the relation given in Problem 18.121, determine the period of precession of the north pole of the earth 
about the axis of symmetry of the earth. The earth may be approximated by an oblate spheroid of axial 
moment of inertia I and of transverse moment of inertia 0.9967 .I I′ =  (Note: Actual observations show a 
period of precession of the north pole of about 432.5 mean solar days; the difference between the observed 
and computed periods is due to the fact that the earth is not a perfectly rigid body. The free precession 
considered here should not be confused with the much slower precession of the equinoxes, which is a forced 
precession. See Problem 18.118.) 

 

SOLUTION 

Angular velocity of the body: sin ( cos )ϕ θ ϕ θ ψ= − + +i k  ω  

Let the reference frame Gxyz  be rotating with angular velocity Ω, where 

 sin cosϕ θ ϕ θ= − +i j Ω  

Angular acceleration of the body: Gxyzω= + ×α Ω ω  

The rate of change of angular velocity as observed from the body is .−α  

Assume that α−  may be represented as the angular velocity vector rotating with angular velocity 

 .l m n+ +i j k  

 ( ( )

( )
x z

z x z x

l m n

m n l m

ω ω
ω ω ω ω

− = + + × +
= − + − −

i j k) i k

i j k

α  

Matching components: :    0 zmω=i  0m =  

 j: sin x zn lϕψ θ ω ω− = −   (1) 

 :k    0 xmω= −  0m =  

From Equation (1), sin sin ( cos )n lϕψ θ ϕ θ ϕ θ ψ− = − − +     

From which 0 and .l n ψ= =   

Using Equation (18.44) with 0 0 yields cos 0zI Iω ϕ θ′Σ = − =M   

or cos zI

I

ωϕ θ =
′

  

But cos z
z

I

I

ωω ψ ϕ θ ψ= + = +
′

    

Solving for ,ψ  z
I I

I
ψ ω′ −=  
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PROBLEM 18.123  (Continued) 

 

Using 2 2and yieldsz
I I

n n
I

ω ω ψ ω′ −= = =
′

  

Data for Earth: 

2 2

2 2

0.9967

0.0033 ,

0.0033
0.003311

0.9967
2 1 2 2

period 302.03
| | 0.003311

I I

I I I

n

n

ω ω

π π π
ω ω

′ =
′ − = −

= − = −

= = =

 

 (302.03)(24 h) 7248 h= =  period 302 days=  
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PROBLEM 18.124 

A coin is tossed into the air. It is observed to spin at the rate of 600 rpm about an axis 
GC perpendicular to the coin and to precess about the vertical direction GD. Knowing 
that GC forms an angle of 15° with GD, determine (a) the angle that the angular 
velocity ω of the coin forms with GD, (b) the rate of precession of the coin about GD. 

 

SOLUTION 

Moments of inertia: 2

2

1

2
1

4

I mr

I mr

=

′ =

 

Euler angle θ for steady precession: 15θ = °  

For axisymmetric body under no force, Equation (18.49) gives for the body cone angle: 

 tan tan 2 tan15 28.187
I

I
γ θ γ= = ° = °

′
 

(a) Angular velocity: ( sin cos )iω γ γ= − + kω  

 Its projection onto the vertical direction is 

 
cos ( sin cos ) ( sin cos )

(sin sin cos cos ) cos( )

iω β ω γ γ θ θ
ω γ θ γ θ ω γ θ

= ⋅ = − + ⋅ − +
= + = −

k k i kω
 

 cos cos( )        | | 28.187 15 13.187β γ θ β γ θ= − = − = ° − ° = °  

 Angle between ω  and vertical direction GD: 13.19β = °   

(b) 
sin

tan
cos

x

z

ω ϕ θγ
ω ϕ θ ψ

= − =
+


 

 

 from which 
sin sin 28.187

2.0705
sin( ) sin13.187

ψ γ ψϕ ψ
θ γ

°= = = −
− − °

    

 With 600 rpm, ( 2.0705)(600)ψ ϕ= = −   | | 1242 rpmϕ = (retrograde) 
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PROBLEM 18.125 

The angular velocity vector of a football which has just been kicked is 
horizontal, and its axis of symmetry OC is oriented as shown. 
Knowing that the magnitude of the angular velocity is 200 rpm and 
that the ratio of the axis and transverse moments of inertia is 1

3/ ,I I ′ =  
determine (a) the orientation of the axis of precession OA, (b) the rates 
of precession and spin. 

 

SOLUTION 

 
tan

15

x

z

ωγ
ω

γ

= −

= °
 

For steady precession with no force, 

 

tan tan

3tan15

38.794

I

I
θ γ

θ

′
=

= °
= °

 

(a) 38.794 15β θ γ= − = − °  23.8β = °   

(b) sin sin

sin (200 rpm)sin15

sin sin(38.794 )

xω ϕ θ ω γ
ω γϕ

θ

= − = −
°= =

°





 

 82.621 rpm=  precession: 82.6 rpmϕ =   

 
cos cos

cos cos
zω ψ ϕ θ ω γ

ψ ω γ ϕ θ
= + =
= −
 

 
 

 200cos15 82.621cos38.794= ° − °  spin: 128.8 rpmψ =  
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PROBLEM 18.126 

The space capsule has no angular velocity when the jet at A is activated 
for 1 s in a direction parallel to the x axis. Knowing that the capsule 
has a mass of 1000 kg, that its radii of gyration are 1.00 mz yk k= =  
and 1.25 m,zk =  and that the jet at A produces a thrust of 50 N, 
determine the axis of precession and the rates of precession and spin 
after the jet has stopped. 

 

SOLUTION 

Initial angular momentum about the mass center: 

 0G x x y y z zI I Iω ω ω= + + =H i j k  

Applied impulse at A: (50 N)(1s) (50 N s)tΔ = = ⋅A i i  

Its moment about the mass center G: 

  / [(2 m) (1.25 m) ] (50 N s)

(100 N m s) (62.5 N m s)
A G t× Δ = − × ⋅

= − ⋅ ⋅ − ⋅ ⋅
r A j k i

k j
 

Principle of impulse and momentum. (Moments about G) 

         0 /( )G A G Gt= × Δ =H r A H  

where GH  is the final angular momentum about G. 

  /0 ( ) ( ) ( )G A G x G y G zt H H H+ × Δ = + +r A i j k  

Angular momentum vector components:  

 

 i:                     0 ( )G xH=  

 j: 262.5 N m s ( ) 62.5 kg m /sG yH− ⋅ ⋅ = = − ⋅  

 k:  2100 N m s ( ) 100 kg m /sG zH− ⋅ ⋅ = = − ⋅  

                               
( )

tan 0.625
( )

G y

G z

H

H
θ = =  32.005θ = °   
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PROBLEM 18.126  (Continued) 

 

Moments of inertia: 

  

2 2 2

2 2 2

2 2 2

(1000 kg)(1 m) 1000 kg m

(1000 kg)(1 m) 1000 kg m

(1000 kg)(1.25 m) 1562.5 kg m

x k

y y

z z

I mk

I mk

I mk

= = = ⋅

= = = ⋅

= = = ⋅

 

Angular velocity vector components: 

  
2 2

( )
0

( ) 62.5
0.0625 rad/s

1000

( ) 100
0.0640 rad/s

1562.5

tan 0.97656 44.321

0.089455 rad/s.

G x
x

x

G y
y

y

G z
z

z

y

z

y z

H

I

H

I

H

I

ω

ω

ω

ω
γ γ

ω

ω ω ω

= =

−= = = −

−= = = −

= = = °

= + =  

Rates of precession and spin. 

The angular velocity is resolved into a component ϕ  (rate of precession) parallel to HG and ψ  (rate of spin) 
parallel to the axis of symmetry. 

  12.316γ θ− = °  

Law of sines: 

  

sin sin( ) sin

sin 0.089455 sin 44.321

sin sin 32.005
sin( ) 0.089455 sin12.316

sin sin 32.005

ϕ ψ ω
γ γ θ θ

ω γϕ
θ

ω γ θψ
θ

= =
−

°= =
°

− °= =
°

 





 

 

 

Rate of precession:      0.1179 rad/sϕ =  1.126 rpmϕ =   

Rate of spin: 0.0360 rad/sψ =  0.344 rpmψ =   

Since ,γ θ>  the precession is retrograde.

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2172 

 

PROBLEM 18.127 

The space capsule has an angular velocity ω = (0.02 rad/s)j + (0.10 rad/s)k 
when the jet at B is activated for 1 s in a direction parallel to the x axis. 
Knowing that the capsule has a mass of 1000 kg, that its radii of gyration 
are 1.00 mz yk k= =  and 1.25 m,zk =  and that the jet at B produces a 
thrust of 50 N, determine the axis of precession and the rates of precession 
and spin after the jet has stopped. 

 

SOLUTION 

Moments of inertia: 

   

2 2 2

2 2 2

2 2 2

(1000 kg)(1 m) 1000 kg m

(1000 kg)(1 m) 1000 kg m

(1000 kg)(1.25 m) 1562.5 kg m

x k

y y

z z

I mk

I mk

I mk

= = = ⋅

= = = ⋅

= = = ⋅

 

Initial angular velocity: 0

0

0

( ) 0

( ) 0.02 rad/s

( ) 0.10 rad/s

x

y

z

ω
ω
ω

=
=

=

 

Initial angular momentum about G: 

 0 0 0 0

2 2

( ) ( ) ( ) ( )

(1000)(0) (1000)(0.02) (1562.5)(0.10)

(20 kg m /s) (156.25 kg m /s)

G x x y y z zI I Iω ω ω= + +

= + +

= ⋅ + ⋅

H i j k

i j k

j k

 

Applied impulse at B:         (50 N)(1s) (50 N s)tΔ = = ⋅B i i  

Its moment about the mass center G: 

  / [(1.25 m) (2 m) ] (50 N s)

(100 N m s) (62.5 N m s)
B G t× Δ = + × ⋅

= ⋅ ⋅ − ⋅ ⋅
r B j k i

j k
 

Principle of impulse and momentum. (Moments about G): 

         0 /( )G B G Gt+ × Δ =H r B H  

where GH  is the final angular momentum about G. 
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PROBLEM 18.127  (Continued) 

 

Angular momentum vector components:  

 i:                               0 0 ( ) 0G xH+ = =  

 j: 2 220 kg m /s 100 N m s ( ) 120 kg m /sG yH⋅ + ⋅ ⋅ = = ⋅  

 k: 2 2156.25 kg m /s 62.5 N m s ( ) 93.75 kg m /sG zH⋅ − ⋅ ⋅ = = ⋅  

 
 

                               
( )

tan 1.28
( )

G y

G z

H

H
θ = =  52.001θ = °   

Angular velocity vector components: 

  
2 2

( )
0

( ) 120
0.12 rad/s

1000

( ) 93.75
0.060 rad/s

1562.5

tan 2.0000 63.435

0.134164 rad/s

G x
x

x

G y
y

y

G z
z

z

y

z

y z

H

I

H

I

H

I

ω

ω

ω

ω
γ γ

ω

ω ω ω

= =

= = =

= = =

= = = °

= + =  

Rates of precession and spin. 

The angular velocity is resolved into a component ϕ  (rate of precession) parallel to HG and ψ  (rate of spin) 
parallel to the axis of symmetry. 

  11.434γ θ− = °  

Law of sines: 

  

sin sin( ) sin

sin 0.134164sin 63.435

sin sin 52.001
sin( ) 0.134164sin11.434

sin sin 52.001

ϕ ψ ω
γ γ θ θ

ω γϕ
θ

ω γ θψ
θ

= =
−

°= =
°

− °= =
°

 





 

Rate of precession:       0.1523 rad/sϕ =   

Rate of spin:  0.0338 rad/sψ =   

Since ,γ θ>  the precession is retrograde.
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PROBLEM 18.128 

Solve Sample Problem 18.6, assuming that the meteorite strikes the satellite at C with a 
velocity 0 (2000 m/s) .=v i  

PROBLEM 18.6 A space satellite of mass m is known to be dynamically equivalent to 
two thin disks of equal mass. The disks are of radius a = 800 mm and are rigidly 
connected by a light rod of length 2a. Initially the satellite is spinning freely about its 
axis of symmetry at the rate 0 60 rpm.ω =  A meteorite, of mass 0 /1000m m=  and 
traveling with a velocity v0 of 2000 m/s relative to the satellite, strikes the satellite and 
becomes embedded at C. Determine (a) the angular velocity of the satellite immediately 
after impact, (b) the precession axis of the ensuing motion, (c) the rates of precession 
and spin of the ensuing motion. 

 

SOLUTION 

(a) Angular velocity after impact. 

 From Sample Problem 18.6: 

 2 21 5

2 4z x yI I ma I I I ma′= = = = =  

 Conservation of angular momentum: Angular momentum after  impact: 

 0 0 0

0 0 0

0 0 0 0 0

( )

( )

G C m I

a a m v I

am v I am v

ω
ω

ω

= × +
= − − × +
= − + +

H r v k
j k i k

j k

 

 Data: 

0

800 mm 0.8 m

60 rpm 2  rad/s

a

ω π
= =
= =

 

 

0 0

0 0 0 0
25

4

0 0 0 0
0 021

2

2000 m/s,
1000

( )
0

( ) 4 4 1 2000
2 rad/s

5 5 1000 0.8

( )
2

1 2000
2 2 11.2832 rad/s

1000 0.8

(2.00 rad/s) (11.28 rad/s)

G x
x

x

G y
y

y

G z
z

z

m
v m

H

I

H am v m v

I m ama

H am v m v

I m ama

ω

ω

ω ω ω

π

ω

= =

= =

 = = − = − = − = − 
 

= = + = +

 = + = 
 

= − +

=

j kω
2 2(2) (11.2832) 11.4591 rad/s 109.426 rpm+ = = 109.4 rpmω =   
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PROBLEM 18.128  (Continued) 

 

 
2

tan 10.0515
11.2832

y

z

ω
γ γ

ω
= = = °  90 , 100.05 , 10.05x y zγ γ γ= ° = ° = °   

(b) Precession axis. 

 

tan tan

5 2
(2)

4 11.2832

23.900

I

I
θ γ

θ

′
=

 =  
 

= °  90 ,    113.9 ,    23.9x y zθ θ θ= ° = ° = °   

  

(c) Rates of precession and spin. 

 13.8484θ γ− = °  

 Law of sines. 

 
sin sin( ) sin

sin 109.4sin10.05

sin sin 23.9

ϕ ψ ω
γ θ γ θ

ω γϕ
θ

= =
−

°= =
°

 


 

 precession: 47.1 rpmϕ =  

 
sin( ) 109.4sin13.85

sin sin 23.9

ω θ γψ
θ
− °= =

°
  

 spin: 64.6 rpmψ =   
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PROBLEM 18.129 

An 800-lb geostationary satellite is spinning with an angular velocity 
ω0 (1.5 rad/s)= j  when it is hit at B by a 6-oz meteorite traveling with 
a velocity 0 (1600 ft/s) (1300 ft/s) (4000 ft/s)= − + +v i j k  relative to 
the satellite. Knowing that 20 in.b =  and that the radii of gyration of 
the satellite are 28.8 in.x zk k= = and 32.4 in.yk = , determine the 
precession axis and the rates of precession and spin of the satellite 
after the impact. 

 

SOLUTION 

Mass of satellite: 2800
24.845 lb s /ft

32.2

W
m

g
= = = ⋅  

Principal moments of inertia: 
2

2

2

2
2

2

2

28.8
(24.845)

12

143.106 lb s ft

32.4
(24.845)

12

181.118 lb s ft

143.106 lb s ft

x x

y y

z x

I mk

I mk

I I

 = =  
 

= ⋅ ⋅

 = =  
 

= ⋅ ⋅

= = ⋅ ⋅

 

Mass of meteorite: 26
0.011649 lb s /ft

(16)(32.2)
m′ = = ⋅  

Initial momentum of meteorite: 

 0 (0.011649)( 1600 1300 4000 )

(18.633 lb s) (15.140 lb s) (46.584 lb s)

m′ = − + +
= − ⋅ + ⋅ + ⋅

v i j k

i j k
 

Assume that the position of the mass center of the satellite plus the meteorite is essentially that of the satellite 
alone. 

Position of Point B relative to the mass center: 

 /
42 20

12 12

(3.5 ft) (1.66667 ft)

B G
 = − 
 

= −

r i j

i j

 

Angular velocity of satellite before impact: 

 0 0 0 0(1.5 rad/s) ( ) ( ) 0, ( ) 1.5 rad/sx z yω ω ω= = = =ω j  
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PROBLEM 18.129  (Continued) 

 

Angular momentum of satellite-meteorite system before impact: 

 

0 0 / 0( ) ( )

(181.118)(1.5) 3.5 1.66667 0

18.633 15.140 46.584

(77.64 lb s ft) (108.637 lb s ft) (21.935 lb s ft)

G y B GI mω ′= + ×

= + −
−

= − ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅

H j r v

i j k

j

i j k

 

Principle of impulse and momentum for satellite-meteorite system. Moments about G: 

 1 0( ) ( )G G G= =H H H  

Angular velocity immediately after impact. 

 x y zω ω ω= + +ω i j k  

Neglect the mass of the meteorite. 

 

z

( ) 77.64
0.54253 rad/s

143.106

( ) 108.637
0.59981 rad/s

181.118

( ) 21.934
0.15327 rad/s

143.106

G x x y y z z

G x
x

x

G y
y

y

G z

z

I I I

H

I

H

I

H

I

ω ω ω

ω

ω

ω

= + +

−= = = −

= = =

= = =

H i j k  

 

2 2 2

2 2 2

(0.54253 rad/s) (0.59981 rad/s) (0.15327 rad/s)

(0.54253) (0.59981) (0.15327) 0.82317 rad/s

(77.64) (108.637) (21.935) 135.319 lb s ftGH

ω

= − + +

= + + =

= + + = ⋅ ⋅

ω i j k  

Motion after impact. Since the moments of inertia xI  and zI  are equal, the body moves as an axisymmetrical 
body with the y axis as the symmetry axis. 

Moment of inertia about the symmetry axis: 2181.118 lb s ftyI I= = ⋅ ⋅  

Moment of inertia about a transverse axis through G: 2143.106 lb s ftx zI I I′ = = = ⋅ ⋅  

The motion is a steady precession φ  about the precession axis together with a steady spin ψ  about the spin or 

symmetry axis. Since ,I I ′>  the precession is retrograde. 
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PROBLEM 18.129  (Continued) 

 
Precession axis. The precession axis is directed along the angular momentum vector ,GH  which remains fixed. 
Immediately after impact, its direction cosines relative to the body axes , ,x y z  are: 

 
( ) 77.64

cos 0.57376
135.319

G x
x

G

H

H
θ −= = = −  125.0xθ = °   

 
( ) 108.637

cos 0.80282
135.319

G y
y

G

H

H
θ = = =  36.6yθ = °   

 
( ) 21.935

cos 0.16210
135.319

G z
z

G

H

H
θ = = =  80.7zθ = °   

The angle θ  between the spin axis (y axis) and the precession axis remains constant. 

 36.600yθ θ= = °  

The angle γ  between the angular velocity vector and the spin axis (y axis) is 

 
0.59981

cos 43.226
0.82317

yω
γ γ

ω
= = = °  

The angle γ  could also have been calculated from 

 
181.118

tan tan tan 36.600
143.106

I

I
γ β= = °

′
 

The angle between the precession axis and the angular velocity vector is 

 6.626γ θ− = °  

Rates of precession and spin. 

Set up the triangle of vector addition for the components of angular velocity. Apply the law of sines. 

 

 

sin sin( ) sin

0.82317

sin 36.600 sin 6.626 sin 43.226

ω ψ ϕ
θ γ θ γ

ψ ϕ

= =
−

= =
° ° °

 

 
 

 

Rate of precession: 0.946 rad/sϕ =   

Rate of spin: 0.1593 rad/sψ =   

 Since ,γ θ>  precession is retrograde.  
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PROBLEM 18.130 

Solve Problem 18.129, assuming that the meteorite hits the satellite at A 
instead of B. 

PROBLEM 18.129 An 800-lb geostationary satellite is spinning with 
an angular velocity 0 (1.5 rad/s)ω = j  when it is hit at B by a 6-oz 
meteorite traveling with a velocity 0 (1600 ft/s)= −v i (1300 ft/s)+ +j  
(4000 ft/s)k  relative to the satellite. Knowing that 20 in.b =  and that the 
radii of gyration of the satellite are 28.8 in.x zk k= = and 32.4 in.,yk =  
determine the precession axis and the rates of precession and spin of the 
satellite after the impact. 

 

SOLUTION 

Mass of satellite: 2800
24.845 lb s /ft

32.2

W
m

g
= = = ⋅  

Principal moments of inertia: 
2

2 2

2
2 2

2

28.8
(24.845) 143.106 lb s ft

12

32.4
(24.845) 181.118 lb s ft

12

143.106 lb s ft

x x

y y

z x

I mk

I mk

I I

 = = = ⋅ ⋅ 
 

 = = = ⋅ ⋅ 
 

= = ⋅ ⋅

 

Mass of meteorite: 26
0.011649 lb s /ft

(16)(32.2)
m′ = = ⋅  

Initial momentum of meteorite: 

 0 (0.011649)( 1600 1300 4000 )

(18.633 lb s) (15.140 lb s) (46.584 lb s)

m′ = − + +
= − ⋅ + ⋅ + ⋅

v i j k

i j k
 

Assume that the position of the mass center of the satellite plus the meteorite is essentially that of the satellite 
alone. 

Position of Point A relative to the mass center: 

 /
42

(3.5 ft)
12A G = =r i i  

Angular velocity of satellite before impact: 

 0 0 0 0(1.5 rad/s) , ( ) ( ) 0, ( ) 1.5 rad/sx z yω ω ω= = = =ω j  
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PROBLEM 18.130  (Continued) 

 

Angular momentum of satellite-meteorite system before impact: 

 0 0 / 0( ) ( )

(181.118)(1.5) 3.5 0 0

18.633 15.140 46.584

(108.637 lb s ft) (52.99 lb s ft)

G y A GI mω ′= + ×

= +
−

= ⋅ ⋅ + ⋅ ⋅

H j r v

i j k

j

j k

 

Principle of impulse and momentum for satellite-meteorite system. Moments about G: 

 1 0( ) ( )G G G= =H H H  

Angular velocity immediately after impact. 

 x y zω ω ω= + +ω i j k  

Neglect the mass of the meteorite. 

 

z

( )
0

( ) 108.637
0.59981 rad/s

181.118

( ) 52.99
0.37028 rad/s

143.106

G x x y y z z

G x
x

x

G y
y

y

G z

z

I I I

H

I

H

I

H

I

ω ω ω

ω

ω

ω

= + +

= =

= = =

= = =

H i j k  

 

2 2

2 2

(0.59981 rad/s) (0.37028 rad/s)

(0.59981) (0.37028) 0.70490 rad/s

(108.637) (52.99) 120.872 lb s ftGH

ω

= +

= + =

= + = ⋅ ⋅

ω j k  

Motion after impact. Since the moments of inertia xI  and zI  are equal, the body moves as an axisymmetrical 
body with the y axis as the symmetry axis. 

Moment of inertia about the symmetry axis: 

 2181.118 lb s ftyI I= = ⋅ ⋅  

Moment of inertia about a transverse axis through G: 

 2143.106 lb s ftx zI I I′ = = = ⋅ ⋅  

The motion is a steady precession φ  about the precession axis together with a steady spin ψ  about the spin or 
symmetry axis. Since ,I I ′>  the precession is retrograde. 
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PROBLEM 18.130  (Continued) 

 
Precession axis. The precession axis is directed along the angular momentum vector ,GH  which remains 
fixed. Immediately after impact, its direction cosines relative to the body axes , ,x y z  are: 

 
( )

cos 0G x
x

G

H

H
θ = =  90.0xθ = °   

 
( ) 108.637

cos 0.89878
120.872

G y
y

G

H

H
θ = = =  26.0yθ = °   

 
( ) 52.99

cos 0.43840
120.872

G z
z

G

H

H
θ = = =  64.0zθ = °   

The angle θ  between the spin axis (y axis) and the precession axis remains constant. 

 26.002yθ θ= = °  

The angle γ  between the angular velocity vector and the spin axis (y axis) is 

 
0.59981

cos 31.689
0.70490

yω
γ γ

ω
= = = °  

The angle γ  could also have been calculated from 

 
181.118

tan tan tan 26.002
143.106

I

I
γ θ= = °

′
 

The angle between the precession axis and the angular velocity vector is 

 5.687γ θ− = °  

Rates of precession and spin. 

Set up the triangle of vector addition for the components of angular velocity. Apply the law of sines. 

 

 

sin sin( ) sin

0.70490

sin 26.002 sin 5.687 sin 31.689

ω ψ ϕ
θ γ θ γ

ψ ϕ

= =
−

= =
° ° °

 

 
 

 

Rate of precession: 0.844 rad/sϕ =   

Rate of spin: 0.1593 rad/sψ =   

 Since ,γ θ>  the precession is retrograde.  
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PROBLEM 18.131 

A homogeneous rectangular plate of mass m and sides c and 
2c is held at A and B by a fork-ended shaft of negligible 
mass, which is supported by a bearing at C. The plate is free 
to rotate about AB, and the shaft is free to rotate about a 
horizontal axis through C. Knowing that, initially, 0 40 ,θ = °  

0 0,θ =  and 0 10φ =  rad/s, determine for the ensuring motion 
(a) the range of values of ,θ  (b) the minimum value of ,φ  
(c) the maximum value of .θ  

 

SOLUTION 

Let the fixed Z axis lie along the axle of the fork-ended shaft. Let the axes Gxyz be attached at the mass center 
with x perpendicular to the plate, y along the axle AB and z parallel to the long edges of the plate. 

Angular velocity vector: 

cos sin

ϕ θ
ϕ θ θ ϕ θ

= +

= + +

ω k j

i j k

 
 

 

Conservation of angular momentum. 

Since plate is free to rotate about Z axis, 

  constantZH =  (1) 

But   cos sinZ x zH H Hθ θ= +  

  

2 2 2 2

2 2 2

2 2

cos sin

1 5
cos sin

12 12
1

(cos 5sin )
12
1

(1 4sin )
12

Z x x z zH I I

mc mc

mc

mc

ω θ ω θ

φ θ φ θ

φ θ θ

φ θ

= +

= +

= +

= +

 





 

Using the initial conditions, Eq. (1) yields 

  2 2
0 0(1 4sin ) (1 4sin )φ θ φ θ+ = +   (2) 

Conservation of energy. 

Since no work is done, we have constantT =  (3) 

where  2 2 21
( )

2 x x y y z zT I I Iω ω ω= + +  

 

2 2 2 2 2 2 2 2

2 2 2 2 2

2 2 2 2

1 1 1 5
cos sin

2 12 3 12
1

[4 (cos 5sin )]
24
1

[4 (1 4sin )]
24

T mc mc mc

mc

mc

φ θ θ φ θ

θ φ θ θ

θ φ θ

 = + + 
 

= + +

= + +
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PROBLEM 18.131  (Continued) 

 

Using the initial conditions, including 0 0,θ =  Eq. (3) yields 

  2 2 2 2 2
0 04 (1 4sin ) (1 4sin )θ φ θ φ θ+ + = +    (4) 

(a) With 0 40θ = °  and 0 10 rad/sφ =  in. Eqs. (2) and (4), 

  2(1 4sin ) 26.527φ θ+ =  

  
2

2 2 2

26.527

1 4sin

4 (1 4sin ) 265.27

φ
θ

θ φ θ

=
+

+ + =



 

 (2′) 

 Eliminate φ  and solve for 2:θ  

  
2

2
2

(26.527)
4 265.27

1 4sin
θ

θ
= −

+
  (5) 

 For 
2

2 2

2

(26.527)
0, 1 4sin 2.6527

265.27

sin 0.4132 sin 0.6428

θ θ

θ θ

= + = =

= =

  

 From which  40θ = ° and 140° 40 140θ° < < °  

(b) From Eq. (2′), φ  is minimum for 90 .θ = °  

  min 5.3054φ =  min 5.31 rad/sφ =  

(c) From Eq. (5), 

  2
2

175.92
66.318

1 4sin
θ

θ
= −

+
  

 2θ  is maximum for 90 .θ = °  

  2 2 2
max 31.134 rad /sθ =  max 5.58 rad/sθ =   
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PROBLEM 18.132 

A homogeneous rectangular plate of mass m and sides c and 
2c is held at A and B by a fork-ended shaft of negligible 
mass which is supported by a bearing at C. The plate is free 
to rotate about AB, and the shaft is free to rotate about a 
horizontal axis through C. Initially the plate lies in the plane 
of the fork 0( 0)θ =  and the shaft has an angular velocity 

0 10φ = rad/s. If the plate is slightly disturbed, determine for 
the ensuring motion (a) the minimum value of ,φ  (b) the 
maximum value of .θ  

 

SOLUTION 

Let the fixed Z axis lie along the axle of the fork-ended shaft. Let the axes Gxyz be attached at the mass center 
with x perpendicular to the plate, y along the axle AB and z parallel to the long edges of the plate. 

Angular velocity vector: 

cos sin

ϕ θ
ϕ θ θ ϕ θ

= +

= + +

ω k j

i j k

 
 

 

Conservation of angular momentum. 

Since plate is free to rotate about Z axis, 

  constantZH =  (1) 

But   cos sinZ x zH H Hθ θ= +  

  

2 2 2 2

2 2 2

2 2

cos sin

1 5
cos sin

12 12
1

(cos 5sin )
12
1

(1 4sin )
12

Z x x z zH I I

mc mc

mc

mc

ω θ ω θ

φ θ φ θ

φ θ θ

φ θ

= +

= +

= +

= +

 





 

Using the initial conditions, Eq. (1) yields 

  2 2
0 0(1 4sin ) (1 4sin )φ θ φ θ+ = +   (2) 

Conservation of energy. 

Since no work is done, we have constantT =  (3) 

where  2 2 21
( )

2 x x y y z zT I I Iω ω ω= + +  

 

2 2 2 2 2 2 2 2

2 2 2 2 2

2 2 2 2

1 1 1 5
cos sin

2 12 3 12
1

[4 (cos 5sin )]
24
1

[4 (1 4sin )]
24

T mc mc mc

mc

mc

φ θ θ φ θ

θ φ θ θ

θ φ θ

 = + + 
 

= + +

= + +
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PROBLEM 18.132  (Continued) 

 

Using the initial conditions, including 0 0,θ =  Eq. (3) yields 

  2 2 2 2 2
0 04 (1 4sin ) (1 4sin )θ φ θ φ θ+ + = +    (4) 

(a) With                        0 00, 10 rad/sθ φ= =  

 Eq. (2) yields         
2

10

1 4sin
φ

θ
=

+
  

 φ  is minimum for 90 :θ = °  min 2.00 rad/sφ =   

(b) Eq. (4) yields 2 2 2
2

1
4 100 (1 4sin ) 100 1

1 4sin
θ φ θ

θ
 = − + = − + 

   

 2θ  is largest for 90 :θ = °  

             

2
max

2
max

1
4 100 1

5

20

θ

θ

 = − 
 

=



  max 4.47 rad/sθ =   
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PROBLEM 18.133 

A homogeneous disk of radius 180 mm is welded to a rod AG of length 
360 mm and of negligible mass which is connected by a clevis to a 
vertical shaft AB. The rod and disk can rotate freely about a horizontal 
axis AC, and shaft AB can rotate freely about a vertical axis. Initially, 
rod AG is horizontal 0( 90 )θ = °  and has no angular velocity about AC. 
Knowing that the maximum value mφ  of the angular velocity of shaft 
AB in the ensuing motion is twice its initial value 0 ,φ  determine (a) the 
minimum value of ,θ  (b) the initial angular velocity 0φ of shaft AB. 

 

SOLUTION 

Let the Z axis be vertical. 

For principal axes xyz with origin at A, the principal moments of inertia are 

 2 2 2

2

1 17
(2 )

4 4

1

2

x y

z

I I I

m a a ma

I I ma

′ = =

 = + =  

= =

 

Angular velocity components: sin

cos

x

y

z

ω ϕ θ
ω θ
ω ψ ϕ θ

=

= −

= +




 

 

Angular momentum about A: 

sin

A x x y y z z

z

I I I

I I I

ω ω ω

ϕ θ θ ω

= + +

′ ′= − +

H i j k

i j k

 

Kinetic energy: 2 2 2

2 2 2 2

1 1 1

2 2 2
1 1

( sin )
2 2

x x y y z z

z

T I I I

T I I

ω ω ω

ϕ θ θ ω

= + +

′= + +

 

Potential energy: 2 cosV mga θ= −  

Conservation of angular momentum about fixed Z axis: 

  

2

2 2 2

( sin cos )

sin cos

17 1
sin cos

4 2

A A

z

z

I I

ma ma

θ θ
ϕ θ ω θ

ϕ θ ω θ α

⋅ = ⋅ +

′= +

= + =

H K H i k



  (1) 

where α  is a constant. 
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PROBLEM 18.133  (Continued) 

 

Conservation of energy: ,T V E+ =  where E is a constant. 

  2 2 2 2 2 217 1
( sin ) 2 cos

8 4 zma ma mga Eϕ θ θ ω θ+ + − =  (2) 

Constraint of clevis: 0        coszψ ω ϕ θ= =   

(a) From Eq. (1),  2 2 2 2 2 2 2 2
0 0

17 1 17 1
sin cos sin 90 cos 90

4 2 4 2m m m mma ma ma maϕ θ ϕ θ ϕ ϕ+ = ° + °     

  

2 2 0

2 2

2

17 1 17 17 1 17
sin cos

4 2 4 4 2 8

17 1 17
sin (1 sin )

4 2 8
13

sin
30

sin 0.65828

41.169

m m
m

m m

m

m

m

ϕθ θ
ϕ

θ θ

θ

θ
θ

  + = = =  
  

+ − =

=

=
= °




 41.2mθ = °   

(b) At the minimum value of ,θ  0θ =  

 From Eq. (2), 2 2 2 2 2 217 1
( sin 0) cos 2 cos

8 4m m m m mma ma mgaϕ θ ϕ θ θ+ + −   

 2 2 2 2 2 2
0 0 0

17 1
( sin 0) cos 90 2 cos90

8 4
ma ma mgaϕ θ ϕ= + + ° − °   

 
2 2 2 2 2 2

0

2 2
0

17 1 17
(2) sin (2) cos 2 cos

8 4 8

2.1250 1.5055

m m mma mga

ma mga

θ θ ϕ θ

ϕ

    + − =    
    

=




 

 2
0

9.81
0.70849 0.70849 38.613

0.18

g

a
ϕ = = =  0 6.21 rad/sϕ =   
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PROBLEM 18.134 

A homogeneous disk of radius 180 mm is welded to a rod AG of length 
360 mm and of negligible mass which is connected by a clevis to a 
vertical shaft AB. The rod and disk can rotate freely about a horizontal, 
axis AC, and shaft AB can rotate freely about a vertical axis. Initially, 
rod AG is horizontal 0( 90 )θ = °  and has no angular velocity about AC. 
Knowing that the smallest value of θ  in the ensuing motion is 30 ,°  
determine (a) the initial angular velocity of shaft AB, (b) its maximum 
angular velocity. 

 

SOLUTION 

Let the Z axis be vertical. 

For principal axes x, y, z with origin at A, the principal moments of inertia are 

 2 2 2

2

1 17
(2 )

4 4

1

2

x y

z

I I I

m a a ma

I I ma

′ = =

 = + =  

= =

 

Angular velocity components: sin

cos

x

y

z

ω ϕ θ
ω θ
ω ψ ϕ θ

=

= −

= +




 

 

Angular momentum about A: 

sin

A x x y y z z

z

I I I

I I I

ω ω ω

ϕ θ θ ω

= + +

′ ′= − +

H i j k

i j k

 

Kinetic energy: 2 2 2

2 2 2 2

1 1 1

2 2 2
1 1

( sin )
2 2

x x y y z z

z

T I I I

T I I

ω ω ω

ϕ θ θ ω

= + +

′= + +

 

Potential energy: 2 cosV mga θ= −  

Conservation of angular momentum about fixed Z axis:  

  

2

2 2 2

( sin cos )

sin cos

17 1
sin cos

4 2

A A

z

z

I I

ma ma

θ θ
ϕ θ ω θ

ϕ θ ω θ α

⋅ = ⋅ +

′= +

= + =

H K H i k



  (1) 

where α  is a constant 
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PROBLEM 18.134  (Continued) 

 

Conservation of energy: ,T V E+ = where E is a constant. 

  2 2 2 2 2 217 1
( sin ) 2 cos

8 4 zma ma mga Eϕ θ θ ω θ+ + − =  (2) 

Constraint of clevis: 0        coszψ ω ϕ θ= =   

(a) At 030   and at  90 ,     0.mθ θ θ θ θ= = ° = = ° =  

 From Eq. (1), 2 2 2 2 2 2
0 0

22
2 2

0

0

17 1 17
sin cos sin 0

4 2 4

17 1 1 3 17

4 2 2 2 4

68

23

m m m m

m

m

ma ma ma

ma ma

ϕ θ ϕ θ ϕ θ

ϕ ϕ

ϕ ϕ

+ = +

       + =             

=

  

 

 

 

 From Eq. (2), 
2 2

2 2 2 2
0 0

17 68 1 68
sin 30 cos 30 2 cos30

8 23 4 23
ma ma mgaϕ ϕ   ° + ° − °   

   
   

  2 2 2 2 2 2
0 0

17 1
sin 90 cos 90 2 cos90

32 4
ma ma mgaϕ ϕ= ° + ° − °   

 

2
2 2

0

2
0

17 3 68 17
2 cos30

32 16 23 8

0.41660

9.81
0.41660 

0.18
22.705

ma mga

g

a

ϕ

ϕ

   + − = °   
    

=

=

=



  

  0 4.7649 rad/sϕ =  0 4.76 rad/sϕ =  

(b)  
68

(4.7649)
23mϕ =  14.09 rad/smϕ =   
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PROBLEM 18.135 

The slender homogeneous rod AB of mass m and length L is free to rotate about a 
horizontal axle through its mass center G. The axle is supported by a frame of negligible 
mass which is free to rotate about the vertical CD. Knowing that, initially, 0 , 0,θ θ θ= =  
and 0 ,φ φ=   show that the rod will oscillate about the horizontal axle and determine (a) the 
range of values of angle θ  during this motion, (b) the maximum value of ,θ  (c) the 
minimum value of .φ  

 

SOLUTION 

Angular velocity. 

Using the coordinate axes , ,x y z  shown (with y running into the paper), we have 

 

  sin cosφ θ θ φ θ= − + +ω i j k    (1) 

Moments of inertia. 

For slender rod of length L are mass m: 

  

21

12
0

x y

z

I I

mL

I

=

=

=  (2) 

Conservation of energy. 

Since the , ,x y z axes are principal axis, we use 

  

( )2 2 2

2 2 2 2 2

2 2 2 2

1

2
1 1 1

sin 0
2 12 12

1
( sin )

24

x x y y z zT I I I

mL mL

T mL

ω ω ω

φ θ θ

φ θ θ

= + +

 = + + 
 

= +

 

   (3) 

Using a datum through ,G we have  0.V =  

  2 2 2 21
constant: ( sin ) constant

24
T V mL φ θ θ+ = + =   

Recalling the initial conditions 0 0, 0, ,θ θ θ ϕ φ= = =   we determine the constant and write 

  2 2 2 2 2
0 0sin sinφ θ θ φ θ+ =    (4) 
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PROBLEM 18.135  (Continued) 

 

Conservation of angular momentum. 

Since the only forces exerted on the rod are its weight and the reaction at G, we have 0.GΣ =M  

Using a fixed reference frame ,GXYZ with Z directed vertically upward, we have from Eq. (18.2) 

  0G G= Σ =H M  

or, integrating with respect to the frame ,GXYZ  

  constantG =H  

Considering the vertical component of ,GH  

  constantZH =  

But   

2

cos sin cos sin

1
0 ( sin )sin

12

Z z x z z x xH H H I I

mL

θ θ ω θ ω θ

φ θ θ

= − = −

= − − 

 

Thus,  2 21
sin constant

12ZH m L φ θ= =  

Recalling the initial conditions, we obtain 

  2 2
0 0sin sinφ θ φ θ=   (5) 

Solving Eq. (5) for φ and substituting into Eq. (4): 

  

22
2 2 20 0

0 02

2
2 2 2 0

0 0 2

sin
sin sin

sin

sin
sin 1

sin

φ θ θ θ φ θ
θ

θθ φ θ
θ

 
+ =  

 
 

= −  
 

  

   (6) 

(a) Range of values of θ. 

 Since 0,θ ≥ we must have 

  
2

0
2

sin
1 0

sin

θ
θ

− ≥  

  
2 2

0

0

sin sin

|sin | |sin |

θ θ
θ θ

≥
≥

 

 

 From trigonometric circle, we conclude that the range is 

   0 0180θ θ θ≤ ≤ ° −  

 Rod oscillates about axle and about horizontal line (dashed line). 
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PROBLEM 18.135  (Continued) 

 

(b) Maximum value of .θ  

 Referring to Eq. (6), we note that this occurs when sin 1,θ = that is, when 90 .θ = °  We have 

  

2 2 2 2
max 0 0 0

2 2 2
0 0 0

sin (1 sin )

sin cos

θ φ θ θ

φ θ θ

= −

=

 

  max 0 0 0sin cosθ φ θ θ=    

(c) 0Minimum value of .φ  

 Referring to Eq. (5), we note that φ  is minimum when sin 1,θ =  that is, when 90 .θ = °  
 We have 

   2
min 0 0sinφ φ θ=    
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PROBLEM 18.136 

The gimbal ABA′B′, is of negligible mass and may rotate freely about the vertical 
AA′. The uniform disk of radius a and mass m may rotate freely about its diameter 
BB′, which is also the horizontal diameter of the gimbal. (a) Applying the principle 
of conservation of energy, and observing that, since 0,AAM ′Σ =  the component of 
the angular momentum of the disk along the fixed axis AA′ must be constant, write 
two first-order differential equations defining the motion of the disk. (b) Given the 
initial conditions 0 00, 0,θ φ≠ =  and 0 0,θ =  express the rate of nutation θ  as a 
function of .θ  (c) Show that the angle θ  will never be larger than 0θ  during the 
ensuing motion. 

 

SOLUTION 

We use a reference frame Cxyz attached to the disk as shown. The angular velocity of the disk is 

  
sin cos

ω φ θ
ω φ θ θ φ θ

= +

= − + +

k j

i j k

 
    

(a) Conservation of energy:  T + V = constant 

 Since V = constant, we have 

  T = constant. 

 For principal centroidal axes and 0,v = the kinetic energy is given by 

  2 2 21
( )

2 z z y y z zT I I Iω ω ω= + +  

 But  2 21 1
,

4 2x y zI I ma I ma= = =  

 Using the components of ω computed above: 

  

2 2 2 2 2 2 2

2 2 2 2

1 1 1
sin

8 8 4
1

[(1 cos ) ]
8

T ma ma ma s

T ma

φ θ θ ω θ

θ φ θ

= + +

= + +

 

 
 

 We have therefore  2 2 2(1 cos ) constantθ φ θ+ + =   (1)   
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PROBLEM 18.136  (Continued) 

 

 We now determine the angular momentum HC: 

  
2 2 21 1 1

sin cos
4 4 2

C z x y y z zI I I

ma ma ma

ω ω ω

φ θ θ φ θ

= + +

= − + +

H i j k

i j k    

 Since constant,zH =  we write 

  2

constant

1
( sin 2 cos ) constant

4

z CH

ma φ θ θ φ θ

= ⋅ =

− + + ⋅ =/

H K

i j k K    

 Since sin , 0, cos ,θ θ⋅ = − ⋅ = ⋅ =i K j K k K  we have 

  2 2sin 2 cos constantφ θ φ θ+ =   

            2(1 cos ) constantφ θ+ =  (2)   

(b) We determine the constants in (1) and (2) from the initial conditions 0 0 0, , 0,θ φ θ =   and write 

  2 2 2 2 2
0 0(1 cos ) (1 cos )θ φ θ θ φ+ + = +    (1′) 

            2 2
0 0(1 cos ) (1 cos )φ θ φ θ+ = +   (2′) 

 Solving (2′) for :φ                             
2

0
0 2

1 cos

1 cos

θφ φ
θ

+
=

+
   

 Substituting into (1′): 

  

2 2
2 2 2 20
0 0 02

2
2 2 2 0

0 0 2
0

2 2 2
0 0

0 2

(1 cos )
(1 cos )

1 cos

1 cos
(1 cos ) 1

1 cos

(1 cos )(cos cos )

1 cos

θ φ θ θ φ
θ

θθ φ θ
θ

θ θ θθ φ
θ

+
+ = +

+
 +

= + −  + 

+ −
=

+

  

 

    

(c) For θ  to be real, we need 2 2
0 0cos cos 0θ θ− ≥  

 Thus  0|cos | |cos |θ θ≥  

 Assuming that the axes have been chosen so that 0 90 ,θ ≤ °  we must have 

  0cos cosθ θ≥  0θ θ≤  
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PROBLEM 18.137* 

The top shown is supported at the fixed Point O. Denoting by , ,φ θ  and 
ψ  the Eulerian angles defining the position of the top with respect to a 
fixed frame of reference, consider the general motion of the top in 
which all Eulerian angles vary. 

(a) Observing that 0ZMΣ =  and 0,zMΣ =  and denoting by I and 
,I ′  respectively, the moments of inertia of the top about its axis 

of symmetry and about a transverse axis through O, derive the 
two first-order differential equations of motion 

 2sin ( cos )cosI Iφ θ ψ φ θ θ α′ + + =   

 ( cos )I ψ φ θ β+ =  

 where α and β are constants depending upon the initial conditions. 
These equations express that the angular momentum of the top is 
conserved about both the Z and z axes, i.e., that the rectangular 
component of OH  along each of these axes is constant. 

(b) Use Eqs. (1) and (2) to show that the rectangular component zω of 
the angular velocity of the top is constant and that the rate of 
precession φ  depends upon the value of the angle of nutation .θ  

 

SOLUTION 

 

 

 

 

 

Use a rotating frame of reference with the y axis pointing into the paper. 
Angular velocity of the frame: 

 sin cosφ θ θ φ θ= − + +i j k  Ω  

Angular velocity of the top: 

 sin ( cos )φ θ θ ψ φ θ= − + + +ω i j k    

Its angular momentum about O: 

 

sin ( cos )

O x x y y z zI I I

I I I

ω ω ω

φ θ θ ψ φ θ

= + +

′ ′= − + + +

H i j k

i j k  

 

where and .x y zI I I I I′= = =  

The moment OM  about O is due to the weight mg. 

 0 sinmgc θ=M j  

(a) Since the fixed Z axis refers to a Newtonian frame of reference and 
( ) 0,O ZM =  it follows that ( )O ZH  is constant. Thus,  

 2

( ) ( sin cos )

sin ( cos )cos

O Z O OH

I I

θ θ

φ θ ψ φ θ θ α

= ⋅ = ⋅ − +

′= + + =

H K H i k
   (1)  

 where α  is a constant. 
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PROBLEM 18.137*  (Continued) 

 

 

2

( )

sin ( sin ) ( cos )

[ ( cos ) cos ]

[ ( cos ) sin sin cos ]

O O O Oxyz O

d d
mgc I I I

dt dt

I I

I I

θ φ θ θ ψ φ θ

ψ φ θ θ φθ θ
ψ φ θ φ θ φ θ θ

= = + ×

′ ′= − + + +

′+ + −

′+ + −

M H H H

j i j k

i

j

 

  

   
  

Ω

 

 z-components: 0 ( cos )
d

dt
ψ φ θ= +   

 Integrating, ( cos )I ψ φ θ β+ =   (2)  

 where β  is a constant. 

(b) Since coszω ψ φ θ= +   constantz I

βω = =   (3)   

 From Eqs. (1) and (2), 2sin cosI φ θ β θ α′ + =  
2

cos

sinI

α β θφ
θ

−=
′

   (4)  

 which is a function of .θ  
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PROBLEM 18.138* 

(a) Applying the principle of conservation of energy, derive a third differential 
equation for the general motion of the top of Problem 18.137. 

(b) Eliminating the derivatives φ  and ψ  from the equation obtained and 
from the two equations of Problem 18.139, show that the rate of nutation 
θ  is defined by the differential equation 2 ( ),fθ θ=  where 

 
221 cos

( ) 2 2 cos
sin

f E mgc
I I I

β α β θθ θ
θ

   −= − − −    ′ ′  
 

(c) Further show, by introducing the auxiliary variable cos ,x θ=  that the 
maximum and minimum values of θ  can be obtained by solving for x 
the cubic equation 

 
2

2 21
2 2 (1 ) ( ) 0E mgcx x x

I I

β α β
 

− − − − − =   ′ 
 

 

SOLUTION 

 

 

 

 

 

 

 

 

(a) Angular velocity of the top: 

 sin ( cos )ϕ θ θ ψ ϕ θ= − + + +ω i j k    

 Kinetic energy: 

 

2 2 2

2 2 2

1 1 1

2 2 2
1 1 1

( sin )
2 2 2

x x y y z z

z z

T I I I

I I I

ω ω ω

ϕ θ θ ω

= + +

′ ′= + +
 

 Potential energy: cosV mgc θ=  

 Principle of conservation of energy: T V E+ =  

  2 2 21 1 1
( sin ) cos

2 2 2 zI I I mgc Eϕ θ θ ω θ′ ′+ + + =   

(b) Solving for 2 ,θ  

 2 2 21
(2 2 cos ) ( sin )z zE I mgc

I
θ ω θ ϕ θ= − − −

′
   (A) 

 Equation (2) of Problem 18.137, with coszω ψ ϕ θ= +   gives 

 
2

2
z zI

I

βω =  (B) 
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PROBLEM 18.138*  (Continued) 

 

 Equation (1) of Problem 18.137 gives 

 2sin cosI ϕ θ β θ α′ + =  (C) 

 
2

cos

sinI

α β θϕ
θ

−=
′

  (D) 

 Substituting Equations (D) and (B) into Equation (A), 

  2 ( )fθ θ=  

 where 
221 cos

 ( ) 2 2 cos
sin

f E mgc
I I I

β α β θθ θ
θ

  − = − − −    ′ ′  
 (1)  

(c) Maximum and minimum values of θ  occur when ( ) 0.f θ =  Setting  
 cos xθ =  and 2 2sin 1 xθ = −  in Equation (1), and letting ( ) 0f θ =   
 gives 

 
2 2

2 2

1 ( )
2 2 0

( ) (1 )

x
E mgcx

I I I x

β α β  −− + − =  ′ ′ − 
 

 Multiplying by 2(1 )I x′ −  gives the cubic equation ( ) 0:F x =  

 
2

2 21
2 2 (1 ) ( ) 0E mgcx x x

I I

β α β
 

− − − − − =   ′ 
 (2) 

 Solving this equation will yield three values of x. The two values lying between 
−1 and +1 correspond to the maximum and minimum values of .θ  
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PROBLEM 18.139 

A solid cone of height 180 mm with a circular base of radius 60 mm is 
supported by a ball and socket at A. The cone is released from the position 

0 30θ = °  with a rate of spin 0 300 rad/s,ψ =  a rate of precession 
0 20 rad/s,φ =  and a zero rate of nutation. Determine (a) the maximum 

value of θ  in the ensuing motion, (b) the corresponding values of the rates 
of spin and precession. [Hint: Use Eq. (2) of Prob. 18.138; you can either 
solve this equation numerically or reduce it to a quadratic equation, since 
one of its roots is known.] 

 

SOLUTION 

Data:  
3

60 mm 0.06 m,        180 mm 0.18 m,       0.135 m,
4

r h c h= = = = = =  

  0 0 0 030 ,         300 rad/s,        20 rad/s,       0θ ψ φ θ= ° = = =   

Calculate the following: 

  

2 2 3 2

2 2 2 2 3 2

3 3
(0.06) 1.08 10 m

10 10

3 1 3 1
(0.06) (0.18) 19.98 10 m

5 4 5 4

I
r

m

I
r h

m

−

−

= = = ×

′    = + = + = ×      

 

Initially, 0 0 0sin 20sin 30 10 rad/s,         0x yω φ θ ω θ= − = − ° = − = =   

  0 0 0cos 300 20cos30 317.32 rad/szω ψ φ θ= + = + ° =  

  

2 2 2

3 2 3 2 2 2

1 1
( )

2 2
1 1

(19.98 10 )(10 0) (1.08 10 )(317.32) 55.3728 m /s
2 2

x y z
T I I

m m m
ω ω ω

− −

′
= + +

= × + + × =
 

  

2 2
0

2 2

3 2

cos (9.81)(0.135)cos30 1.1469 m /s

2
2(55.3728 1.1469) 113.0394 m /s

(1.08 10 )(317.32) 0.342706 m /sz

V
gc

m
E

m
I

m m

θ

β ω −

= = ° =

= + =

= = × =

 

  

2
0 0 0

3 2

2

sin cos

(19.98 10 )(20)sin 30 0.342706cos30

0.396692 m /s

I

m m

α φ θ β θ

−

′
= +

= × ° + °

=
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PROBLEM 18.139  (Continued) 

 

After dividing by m, Equation (2) of Problem 18.138 becomes 

2

2
2

2

2 2
2

3 3

2 2

2
( ) 2 (1 ) 0

(0.342706) (0.396692 0.342706 )
113.0394 (2)(9.81)(0.135) (1 ) 0

1.08 10 19.98 10

(4.29198 2.6487 )(1 ) 5.87825(1.157529 ) 0

m
I
m

E m x
F x gcx x

m I m m

x
x x

x x x

β
α β

− −

 
  = − − − − − =   ′   

 

  −− − − − = × × 

− − − − =

 

(a) Roots are: cos 0.68170,         0.86603,        2.2919x θ= =  

  1
max cos (0.68170) 47.023θ −= = °  max 47.0θ = ° 

(b) By Equation (4) of Problem 18.137, 

   

2 3 2

cos 0.396692 (0.342706)(0.68170)
15.2474

sin (19.98 10 )sin 47.023

317.32 rad/s

cos 317.32 (15.2474)(0.68170)

z

z

I

α β θφ
θ

ω

ψ ω φ θ

−
− −= = =
′ × °

=

= − = −



 spin: 307 rad/sψ = 

  precession: 15.25 rad/sφ =  
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PROBLEM 18.140 

A solid cone of height 180 mm with a circular base of radius 60 mm is supported 
by a ball and socket at A. The cone is released from the position 0 30θ = °  
with a rate of spin 0 300 rad/s,ψ =  a rate of precession 0 4 rad/s,φ = −  and a 
zero rate of nutation. Determine (a) the maximum value of θ  in the ensuing 
motion, (b) the corresponding values of the rates of spin and precession, (c) the 
value of θ  for which the sense of the precession is reversed. (See hint of 
Problem 18.139.) 

 

SOLUTION 

Data:  
3

60 mm 0.06 m,        180 mm 0.18 m,       0.135 m,
4

r h c h= = = = = =  

  0 0 0 030 ,         300 rad/s,        4 rad/s,       0θ ψ φ θ= ° = = − =   

Calculate the following: 

  

2 2 3 2

2 2 2 2 3 2

3 3
(0.06) 1.08 10 m

10 10

3 1 3 1
(0.06) (0.18) 19.98 10 m

5 4 5 4

I
r

m

I
r h

m

−

−

= = = ×

′    = + = + = ×      

 

Initially, 0 0 0sin ( 4)sin 30 2 rad/s,         0x yω φ θ ω θ= − = − − ° = = =   

  300 ( 4)cos30 296.536 rad/szω = + − ° =  

  

2 2 2

3 2 3 2 2 2

1 1
( )

2 2
1 1

(19.98 10 )((2) 0) (1.08 10 )(296.536) 47.5241 m /s
2 2

x y z
T I I

m m m
ω ω ω

− −

′
= + +

= × + + × =
 

  

2 2

2 2

3 2

cos (9.81)(0.135)cos30 1.1469 m /s

2
2(47.5241 1.1469) 97.3419 m /s

(1.08 10 )(296.536) 0.320259 m /sz

V
gc

m
E

m
I

m m

θ

β ω −

= = ° =

= + =

= = × =

 

  

2
0 0 0

3 2

2

sin cos

(19.98 10 )( 4)sin 30 0.320259cos30

0.257372 m /s

I

m m

α φ θ β θ

−

′
= +

= × − ° + °

=
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PROBLEM 18.140  (Continued) 

 

After dividing by m, Equation (2) of Problem 18.138 becomes 

2

2
2

2

2 2
2

3 3

2 2

2
( ) 2 (1 ) 0

(0.320259) (0.257372 0.320259 )
97.3419 (2)(9.81)(0.135) (1 ) 0

1.08 10 19.98 10

(2.37324 2.6487 )(1 ) 5.13342(0.80364 ) 0

m
I
m

E m x
F x gcx x

m I m m

x
x x

x x x

β
α β

− −

 
  = − − − − − =   ′   

 

  −− − − − = × × 

− − − − =

 

(a) Roots are: cos 0.23732, 0.86603, 1.73x θ= =  

  1
max cos (0.23732) 76.272θ −= = °  max 76.3θ = ° 

(b) By Equation (4) of Problem 18.137, 

   

2 3 2

cos 0.257372 (0.320259)(0.23732)
9.6192 rad/s

sin (19.98 10 )sin 76.272

296.536 rad/s

cos 296.536 (9.6192)(0.23732)

z

z

I

α β θφ
θ

ω

ψ ω φ θ

−
− −= = =
′ × °

=

= − = −



 spin: 294 rad/sψ = 

  precession: 9.62 rad/sφ = 

(c)  
2

cos
0

sinI

α β θφ
θ

−= =
′

  

  
0.257372

cos
0.320259

αθ
β

= =  36.5θ = ° 
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PROBLEM 18.141* 

A homogeneous sphere of mass m and radius a is welded to a rod AB of negligible 
mass, which is held by a ball-and-socket support at A. The sphere is released in the 
position 0β =  with a rate of precession 0 17 /11g aφ =  with no spin or nutation. 
Determine the largest value of β  in the ensuing motion. 

 

SOLUTION 

Conservation of angular momentum about the Z and z axes. 

Since the only external forces are the weight of the sphere and the reaction at A, a reasoning similar to that 
used in Problem 18.109 shows that the angular momentum is conserved about the Z and z axes. 

Choosing the principal axes Axyz shown (with y horizontal and pointing into the paper), we have 

 cos ( sin )φ β β ψ φ β= − + + −i j k  ω  

The moments of inertia are 

 22

5zI ma=  

 2 2 22 22
(2 )

5 5x yI I ma m a ma= = + =  

Angular momentum about A: 

 A x x y y z zI I Iω ω ω= + +H i j k  

 2 2 222 22 2
cos ( sin )

5 5 5A ma ma maφ β β ψ φ β= − + + −H i j k    

We write constant, or constantz A= ⋅ =H H Κ  

Since cos ,β⋅ = −i K  0,  sin β⋅ = ⋅ = −j K k K  

 2
0

2

22
cos ( cos )

5
2

( sin )( sin ) constant
5

ma

ma

φ β β

ψ φ β β

⋅ = − −

+ − − =

H K 



 

With the initial conditions 0 ,  0,  0,φ φ ψ β β= = = =   we find that the constant is 222
05 .ma φ  Thus, 

 2
011 cos ( sin )sin 11φ β ψ φ β β φ− − =    (1) 
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PROBLEM 18.141*  (Continued) 

 

We now write constant:zH =  

 22
( sin ) constant

5zH ma ψ φ β= − =  

and, from the initial conditions, we find that the constant is zero. Thus, 

 sin 0ψ φ β− =  (2) 

Conservation of energy. 

We have 

 

2 2 2

2 2 2 2 2 2 2

1
( )

2
1 22 22 2

cos ( sin )
2 5 5 5

x x y y z zT I I I

T ma ma ma

ω ω ω

φ β β ψ φ β

= + +

 = + + −  
  

 

and selecting the datum at 0:β =  

 2 2 2 2 2 2 2

2 sin

1 22 22 2
constant: cos ( sin ) 2 sin constant

2 5 5 5

V mga

T V ma ma ma mga

β

φ β β ψ φ β β

= −

 + = + + − − =  
    

From the initial conditions 0 ,  0,  0,φ φ ψ β β= = = =    we find that the constant is 2 211
05 .ma φ  Thus, 

 2 2 2 2 2
011 cos 11 ( sin ) 10 sin 11

g

a
φ β β ψ φ β β φ+ + − − =     (3) 

Substituting for sinψ φ β−   from Eq. (2) into Eqs. (1) and (3): 

Eq. (1): 2
011 cos 11φ β φ=   (1 )′  

Eq. (3): 2 2 2 2
011 cos 11 10 sin 11

g

a
φ β β β φ+ − =    (3 )′  

Solving (1 )′  for ,φ  

 2
0 secφ φ β=   (4) 

Substituting for φ  from Eq. (4) into Eq. (3 ):′  

 2 2 2 2 2
0 011( sec ) cos 11 10 sin 11

g

a
φ θ β β β φ+ − =    (5) 

For the maximum value of ,β  we have 0β =  and Eq. (5) yields 

 2
0 2

1 10
1 sin

11cos

g

a
φ β

θ
 − = 
 

  

 
2

2
0

10 cos

11 sin

g

a

βφ
β

=  (6) 
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PROBLEM 18.141*  (Continued) 

 

Given data: 2 17
0 11

g
a

φ = ⋅  Substituting into Eq. (6), 

 
2

217 10 cos
cos 1.7sin

11 11 sin

g g

a a

β β β
β

= =  

Letting 2 2cos 1 sin ,β β= −  we have 

 2sin 1.7sin 1 0β β+ − =  

Solving the quadratic, 

 sin 2.162 (impossible) and sin 0.46244β β= − =  max 27.5β = °  
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PROBLEM 18.142* 

A homogeneous sphere of mass m and radius a is welded to a rod AB of negligible 
mass, which is held by a ball-and-socket support at A. The sphere is released in the 
position 0β =  with a rate of precession 0φ φ=  with no spin or nutation. Knowing 
that the largest value of β in the ensuing motion is 30°, determine (a) the rate of 
precession 0φ  of the sphere in its initial position, (b) the rates of precession and spin 
when 30 .β = °  

 

SOLUTION 

Conservation of angular momentum about the Z and z axes. 

Since the only external forces are the weight of the sphere and the reaction at A, a reasoning similar to that 
used in Problem 18.109 shows that the angular momentum is conserved about the Z and z axes. 

Choosing the principal axes Axyz shown (with y horizontal and pointing into the paper), we have 

 cos ( sin )φ β β ψ φ β= − + + −i j k  ω  

The moments of inertia are 

 

2

2 2 2

2

5
2 22

(2 )
5 5

z

x y

I ma

I I ma m a ma

=

= = + =
 

Angular momentum about A: 

 

2 2 222 22 2
cos ( sin )

5 5 5

A x x y y z z

A

I I I

ma ma ma

ω ω ω

φ β β ψ φ β

= + +

= − + + −

H i j k

H i j k  

 

We write constant, or constantZ A= ⋅ =H H Κ  

Since cos ,β⋅ = −i K  0,  sin β⋅ = ⋅ = −j K k K  

 2
0

2

22
cos ( cos )

5
2

( sin )( sin ) constant
5

ma

ma

φ β β

ψ φ β β

⋅ = − −

+ − − =

H K 



 

With the initial conditions 0 ,  0,  0,φ φ ψ β β= = = =   we find that the constant is 222
05 .ma φ  Thus, 

 2
011 cos ( sin )sin 11φ β ψ φ β β φ− − =    (1) 
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PROBLEM 18.142*  (Continued) 

 

We now write constant:zH =  

 22
( sin ) constant

5zH ma ψ φ β= − =  

and, from the initial conditions, we find that the constant is zero. Thus, 

 sin 0ψ φ β− =  (2) 

Conservation of energy. 

We have 

 

2 2 2

2 2 2 2 2 2 2

1
( )

2
1 22 22 2

cos ( sin )
2 5 5 5

x x y y z zT I I I

T ma ma ma

ω ω ω

φ β β ψ φ β

= + +

 = + + −  
  

 

and, selecting the datum at 0:β =  

 2 2 2 2 2 2 2

2 sin

1 22 22 2
constant: cos ( sin ) 2 sin constant

2 5 5 5

V mga

T V ma ma ma mga

β

φ β β ψ φ β β

= −

 + = + + − − =  
    

From the initial conditions 0 ,  0,  0,φ φ ψ β β= = = =    we find that the constant is 2 211
05 .ma φ  Thus, 

 2 2 2 2 2
011 cos 11 ( sin ) 10 sin 11

g

a
φ β β ψ φ β β φ+ + − − =     (3) 

Substituting for sinψ φ β−   from Eq. (2) into Eqs. (1) and (3), 

Eq. (1): 2
011 cos 11φ β φ=   (1 )′  

Eq. (3): 2 2 2 2
011 cos 11 10 sin 11

g

a
φ β β β φ+ − =    (3 )′  

Solving (1 )′  for ,φ  

 2
0 secφ φ β=   (4) 

Substituting for φ  from Eq. (4) into Eq. (3 ),′  

 2 2 2 2 2
0 011( sec ) cos 11 10 sin 11

g

a
φ θ β β β φ+ − =    (5) 

For the maximum value of ,β  we have 0β =  and Eq. (5) yields 

 2
0 2

1 10
1 sin

11cos

g

a
φ β

θ
 − = 
 

  

 
2

2
0

10 cos

11 sin

g

a

βφ
β

=  (6) 
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PROBLEM 18.142*  (Continued) 

 

(a) Making 30β = °  in Eq. (6), we have 

 2
0

10 0.75 15

11 0.5 11

g g

a a
φ = =  0

15

11

g

a
φ =   

(b) Substituting for 0φ  in Eq. (4), and making 30 :β = °  

 2
0

15 4 15(16)
sec 30

11 3 11(9)

g g

a a
φ φ  = ° = = 

 
   

20
2

33

g

a
φ =   

 Substituting for in Eq. (2), and making 30 :β = °  

 
1

sin 30
2

ψ φ φ= ° =   
20

33

g

a
ψ =  
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PROBLEM 18.143* 

Consider a rigid body of arbitrary shape which is attached at its mass center O 
and subjected to no force other than its weight and the reaction of the support at O. 

(a) Prove that the angular momentum OH of the body about the fixed Point O is 
constant in magnitude and direction, that the kinetic energy T of the body is 
constant, and that the projection along OH of the angular velocity ω of the body 
is constant. 

(b) Show that the tip of the vector ω describes a curve on a fixed plane in space 
(called the invariable plane), which is perpendicular to HO  and at a distance 
2 / OT H  from O. 

(c) Show that with respect to a frame of reference attached to the body and 
coinciding with its principal axes of inertia, the tip of the vector ω appears to 
describe a curve on an ellipsoid of equation 

2 2 2 2 constantx x y y z zI I I Tω ω ω+ + = =  

The ellipsoid (called the Poinsot ellipsoid ) is rigidly attached to the body and is 
of the same shape as the ellipsoid of inertia, but of a different size.  

 

SOLUTION 

(a) From Equation (18.27), O OΣ =M H  

 Since  0, 0.O OΣ = =M H  constant    (1)O =H   

 Conservation of energy: constantT V+ =  

 Since  0,V =  constant    (2)T =   

 For a rigid body rotating about Point O, 

 ( )2 2 2

2 2 2

1

2

2

x x y y z z

O x x y y z z

x y z

O x x y y z z

T I I I

I I I

I I I T

ω ω ω

ω ω ω
ω ω ω

ω ω ω ω

= + +

= + +

= + +

⋅ = + + =

H i j k

ω i j k

H

 

 Let β  be the angle between the vectors OH  and .ω  

 cosO OH ω β⋅ =H ω  

 The projection of ω  along is cosO ω βH  

 
2

cos constant
O

T

H
ω β = =  cos constant    (3)ω β =  
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PROBLEM 18.143*  (Continued) 

 

(b) cosω β is the perpendicular distance from the invariable plane. This distance is equal to 2 .
O

T
H  

(c) For a frame of reference attached to the body, the moments of inertia with respect of orthogonal axes 
 of the frame do not change. 

 2 2 2 2x x y y z zI I I Tω ω ω+ + =  (4) 

 Let 1 1 1
2 2 2

,  ,  
x y z

T T T
a b c

I I I
= = =  (5) 

 Then 
22 2

2 2 2
1 1 1

1yx z

a b c

ωω ω+ + =  (6) 

 which is the equation of an ellipsoid. 
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PROBLEM 18.144* 

Referring to Problem 18.143, (a) prove that the Poinsot ellipsoid is tangent to the 
invariable plane, (b) show that the motion of the rigid body must be such that the 
Poinsot ellipsoid appears to roll on the invariable plane. [Hint: In part a, show that 
the normal to the Poinsot ellipsoid at the tip of ω is parallel to .OH  It is recalled 
that the direction of the normal to a surface of equation ( ,  ,  ) constantF x y z =  at a 
Point P is the same as that of grad F at Point P.] 

 

SOLUTION 

(a) From Problem 18.143, the equation of the Poinsot ellipsoid is 

 2 2 2 2 constantx x y y z zI I I Tω ω ω+ + = =  

 Let 2 2 2( , , )x y z x x y y z zF I I Iω ω ω ω ω ω= + +  

 grad 

2 2 2 2

x y z

x x y y z z O

F F F
F

I I I

ω ω ω
ω ω ω

∂ ∂ ∂= + +
∂ ∂ ∂

= + + =

i j k

i j k H

 

 The direction of the normal at a point on the surface of the ellipsoid is parallel to grad F, which in turn 
is parallel to .OH  Since OH  is normal also to the invariable plane, it follows that the Poinsot ellipsoid 
is tangent to the invariable plane at the point common to the plane and the ellipsoid. 

(b) The Poinsot elipsoid moves with the body. Thus, its angular velocity is ,ω  the angular velocity of the 
body. Since Point O is regarded as fixed, the angular velocity vector lies along the axis of rotation, or 
the locus of points of zero velocity. Thus, the velocity of the point of contact of the Poinsot ellipsoid 
with the invariable plane is zero. The Poinsot ellipsoid rolls without slipping on the invariable plane.
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PROBLEM 18.145* 

Using the results obtained in Problems 18.143 and 18.144, show that for an 
axisymmetrical body attached at its mass center O and under no force other than 
its weight and the reaction at O, the Poinsot ellipsoid is an ellipsoid of revolution 
and the space and body cones are both circular and are tangent to each other. 
Further show that (a) the two cones are tangent externally, and the precession is 
direct, when ,I I ′<  where I  and I ′  denote, respectively, the axial and transverse 
moment of inertia of the body, (b) the space cone is inside the body cone, and the 
precession is retrograde, when .I I ′>   

 

SOLUTION 

Let  and x y zI I I I I′= = =  so that the z axis is the symmetry axis. Then, the equation of the Poinsot ellipsoid 

(Equation (4) of Problem 18.143) becomes 

 ( )2 2 2 2 constantx y zI I Tω ω ω′ + + = =  

which is the equation of an ellipsoid of revolution. It follows that the tip of ω  describes circles on both the 
Poinsot ellipsoid and on the invariable plane, and that the vector ω  itself describes circular body and space 
cones. The Poinsot ellipsoid, the invariable plane, and the body and space cones are shown below for cases a 
and b. 

(a) I I ′<  (b) I I ′>  

 

Direct Precession 

  
 Retrograde Precession 
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PROBLEM 18.146* 

Refer to Problems 18.143 and 18.144. 

(a) Show that the curve (called polhode) described by the tip of the 
vector ω with respect to a frame of reference coinciding with the 
principal axes of inertia of the rigid body is defined by the equations 

 2 2 2 2 constantx x y y z zI I I Tω ω ω+ + = =  (1) 

 2 2 2 2 2 2 2 constantx x y y z z OI I I Hω ω ω+ + = =  (2) 

and that this curve can, therefore, be obtained by intersecting the 
Poinsot ellipsoid with the ellipsoid defined by Eq. (2). 

(b) Further show, assuming ,x y zI I I> >  that the polhodes obtained for 
various values of OH  have the shapes indicated in the figure. 

(c) Using the result obtained in part b, show that a rigid body under no 
force can rotate about a fixed centroidal axis if, and only if, that axis 
coincides with one of the principal axes of inertia of the body, and that 
the motion will be stable if the axis of rotation coincides with the major 
or minor axis of the Poinsot ellipsoid (z or x axis in the figure) and 
unstable if it coincides with the intermediate axis ( y axis). 

 

SOLUTION 

(a) Equation (1) expresses conservation of energy as shown in the solution to Problem 18.143. It is the 
equation of the Poinsot ellipsoid. 

 Let 1 1 1
2 2 2

, ,
x y z

T T T
a b c

I I I
= = =  

 Then 
22 2

2 2 2
1 1 1

1yx z

a b c

ωω ω
+ + =  (3) 

 which is the equation of an ellipsoid. 

 Equation (2) expresses the constancy of 2 2 2 2( ) ( ) ( )O O x O y O zH H H H= + + , the square of the magnitude  

 of the angular momentum vector. 

 Let 2 2 2, ,O O O

x y z

H H H
a b c

I I I
= = =  

 Then 
22 2

2 2 2
2 2 2

1yx z

a b c

ωω ω
+ + =  (4) 

 which is the equation of a second ellipsoid. 

 Since the coordinates ,  ,  x y zω ω ω of the tip of the vector ω  must satisfy both Equations (1) and (2),  
 the curve described by the tip of ω is the intersection of the two ellipsoids. 
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PROBLEM 18.146*  (Continued) 

 

 

(b) Assume .x y zI I I> >  

 Then 1 1 1 2 2 2and .a b c a b c< < < <  

 

Thus, for both ellipsoids, the minor axis is directed along the x axis, the intermediate axis along the  
y axis, and the major axis along the z axis. However, because the ratio of the major to minor semiaxis  

is x

z

I
I for the Poinsot ellipsoid and is x

z

I
I  for the second ellipsoid, the deviation from a spherical shape 

is more pronounced in the second ellipsoid. 

The largest ellipsoid of the second type to be in contact with the Poinsot ellipsoid will lie outside that 
ellipsoid and touch it at its points of intersection with the x axis, and the smallest will lie inside the 
Poinsot ellipsoid and touch it at its points of intersection with the z axis (see left-hand sketch). All 
ellipsoids of the second type comprised between these two will intersect the Poinsot ellipsoid along the 
curves called polhodes, as shown in the right-hand figure. 

 

Note that the ellipsoid of the second type, which has the same intermediate axis as the Poinsot ellipsoid, 
intersects that ellipsoid along two ellipses whose planes contain the y axis. These curves are not 
polhodes, since the tip of ω  will not describe them, but they separate the polhodes into four groups. 
Two groups loop around the minor axis (x axis) and the other two around the major axis (z axis). 

(c) If the body is set to spin about one of the principal axes, the Poinsot ellipsoid will remain in contact 
with the invariable plane at the same point (on the x, y, or z axis); the rotation is steady. In any other 
case, the point of contact will be located on one of the polhodes, and the tip of ω  will start describing 
that polhode, while the Poinsot ellipsoid rolls on the invariable plane. 

A rotation about the minor or the major axis (x or z axis) is stable. If that motion is disturbed, the tip  
of ω  will move to a very small polhode surrounding that axis and stay close to its original position. 

On the other hand, a rotation about the intermediate axis (y axis) is unstable. If that motion is disturbed, 
the tip of ω  will move to one of the polhodes located near that axis and start describing it, departing 
completely from its original position and causing the body to tumble. 
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PROBLEM 18.147 

Three 25-lb rotor disks are attached to a shaft which rotates 
at 720 rpm. Disk A is attached eccentrically so that its mass 
center is 1

4 in.  from the axis of rotation, while disks B and C 
are attached so that their mass centers coincide with the axis 
of rotation. Where should 2-lb weights be bolted to disks B 
and C to balance the system dynamically? 

 

SOLUTION 

The system is dynamically balanced if the effective forces are equivalent to zero. Let Points A, B, and C be the 
points where the disks are attached to the shaft and let Point G be the mass center of disk A. Let m be the mass 
of each rotor and m′ the magnitude of each added mass. 

  

 

 Since constant,

0GH

ω =

=
 

 
 
 
 
 
 
for each disk. We treat the added masses as particles so that their moments of inertia about their mass centers 
are negligible. The effective force of disk A is. 

 2
eff( )A AF mr ω= − j  

The effective forces of the added masses are 

 2 2and ,B Cm r m rω ω′ ′j j  

respectively for the masses added to disks B and C. 

 2 2 2
eff 0: 0A B CF mr m r m rω ω ω′ ′Σ = − + + =j j j  

   B C A
m

r r r
m

+ =
′

 (1) 

 2 2 2
0 eff( ) 0 4 ( ) 10 ( ) 16 ( )A B CM mr m r m rω ω ω′ ′Σ = × − + × + ×i j i j i j  

 210 16 4B A
m

r r r
m

+ =
′

 (2) 
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PROBLEM 18.147  (Continued) 

 

Data: 
1 25 lb

in. 0.25 in. 12.5
4 2 lbA

m
r

m
= = = =

′
 

 3.125 in.A Br r+ =  (1)′ 

 10 16 12.5 in.A Br r+ =  (2)′ 

Solving the simultaneous equations. 

 6.25 in. 3.125B Cr r= = −  

Placement of added masses. 

 1 1
4 8On : 6 in. below shaft. On :3 in. above shaftB C   
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PROBLEM 18.148 

A homogeneous disk of mass 5 kgm =  rotates at the constant 
rate 1 8 rad/sω =  with respect to the bent axle ABC, which itself 
rotates at the constant rate 2 3 rad/sω =  about the y axis. Determine 
the angular momentum CH  of the disk about its center C. 

 

SOLUTION 

Using frame :Cx y z′ ′ ′  

 

2

2

2 1

2
2 1

1

4
1

2

1
( 2 )

4

x y

z

C y z

I I mr

I mr

I I

mr

ω ω

ω ω

′ ′

′

′ ′

= =

=

= +

= +

H j k

j k

 

 21
(5 kg)(0.25 m) [(3 rad/s) 2(8 rad/s) ]

4C = +H j k  

 2 2(0.234 kg m /s) (1.250 kg m /s)C = ⋅ + ⋅H j k   
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PROBLEM 18.149 

A rod of uniform cross section is used to form the shaft 
shown. Denoting by m the total mass of the shaft and 
knowing that the shaft rotates with a constant angular 
velocity ω, determine (a) the angular momentum GH  of 
the shaft about its mass center G, (b) the angle formed by 
HG and the axis AB, (c) the angular momentum of the shaft 
about Point A. 

 

SOLUTION 

Length of rod: 2 2 8.2832L r r rπ= + =  

Angular velocity: ω= iω  

Angular momentum: G x xzI Iω ω= −H i k  

Calculation of xI  and xzI : 

Let mass per unit length .
m

L
ρ = =  

For portions AC and DB, 

 0, 0x xzI I= =  

For portion CG, use polar coordinate .θ  

 (1 cos ), sinx r z r dm rdθ θ ρ θ= − − = − =  

 2 2 2 3

0
sin

2xI z dm r rd r
π πθρ θ ρ= = =   

 2 3

0
(1 cos )sin 2xzI xzdm r rd r

π
θ θρ θ ρ= = − =   

Likewise, for portion GD, 3 3, 2
2x xzI r I r
π ρ ρ= =  

Total: 
3 3

3 3 4
,  4x xz

mr mr
I r I r

L L

ππρ ρ= = = =  

(a) Angular momentum .GH  
3 3

24
(0.37927 0.48291 )G

mr mr
mr

L L

π ω ω ω= − = −H i k i k  

 2 (0.379 0.483 )G mr ω= −H i k   

 2 2 2 1/2 2(0.37927 0.48291 ) 0.61404GH mr mrω ω= + =  
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PROBLEM 18.149  (Continued) 

 

(b) Angle formed by  and the axis .G ABH  

 20.37927G mr ω⋅ =H i  

 
2

2

0.37927
cos 0.61766

0.61404
G

G

mr

H mr

ωθ
ω

⋅
= = =

H i
 51.9θ = °  

(c) Angular momentum about Point :A  

 / ( )A G G A mv= + ×H H r  

 0A G= +H H  2 (0.379 0.483 )A mr ω= −H i k   
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PROBLEM 18.150 

A uniform rod of mass m and length 5a is bent into the shape shown and is 
suspended from a wire attached at Point B. Knowing that the rod is hit at Point A 
in the negative y direction and denoting the corresponding impulse by ( ) ,F t− Δ j  
determine immediately after the impact (a) the velocity of the mass center G,  
(b) the angular velocity of the rod. 

 

SOLUTION 

Moments and products of inertia:  

Part m xI  yI
 zI  xyI  

OA 1
5 m  

( )
( )
1
5

2 2 21 1 1
12 4 4

m

a a a× + +
 

( )
( )
1
5

2 2 21 1
12 4

m

a a a× + +
 ( )( )2 21 1

5 4
m a a+  ( )( )21 1

5 2
m a−  

AB 1
5 m  ( )( )21 1

5 4
m a  ( )( )21 1

5 3
m a  

( )
( )
1
5

2 2 21 1 1
12 4 4

m

a a a× + +
 ( )( )21 1

5 4
m a−  

BC 1
5 m  ( )( )21 1

5 12
m a  0 ( )( )21 1

5 12
m a  0 

CD 1
5 m  ( )( )21 1

5 4
m a  ( )( )21 1

5 3
m a  

( )
( )
1
5

2 2 21 1 1
12 4 4

m

a a a× + +
 ( )( )21 1

5 4
m a−  

DE 1
5 m  

( )
( )
1
5

2 2 21 1 1
12 4 4

m

a a a× + +
 

( )
( )
1
5

2 2 21 1
12 4

m

a a a× + +
 ( )( )2 21 1

5 4
m a a+  ( )( )21 1

5 2
m a−  

Σ  m 20.35ma  20.66667ma  20.75ma  20.3ma−  

2 2 21 1 1 1
0.2

5 2 5 2xzI m a m a ma
     = + =     
     

 

2 2 21 1 1 1
0.1

5 4 5 4yzI m a m a ma
       = − + − = −       
       

 

Angular momentum about the mass center. 

  2 2 2( ) 0.35 0.3 0.2G x x x xy y xz z x y zH I I I ma ma maω ω ω ω ω ω= − − = + −  

  2 2 2( ) 0.3 0.66667 0.1G y xy x y y yz z x y zH I I I ma ma maω ω ω ω ω ω= − + − = + +  

  2 2 2( ) 0.2 0.1 0.75G z xz x yz z z z x y zH I I I ma ma maω ω ω ω ω ω= − − + = − + +  
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PROBLEM 18.150  (Continued) 

 

Constraint of the supporting cable: 0yv =  

Impulse-momentum principle:     Before impact,    0,     0.G= =v H  

 

(a) Linear momentum:  ( )t T t mΔ + Δ =F j v     Resolve into components. 

0 ,         0,         0x zmv F t T t mv= − Δ + Δ = =j  

  0,xv =  ,T t F tΔ = Δ  0zv =  0=v  

(b) Angular momentum, moments about G: /A G Gt× Δ =r F H  

[ ( ) ] ( ) ( ) ( ) ( )
2 G x G y G z
a

a F t aF t H H H
 − × − Δ = Δ = + + 
 

j i j k i j k  

 Using expressions for ( ) ,  ( ) ,G x G yH H  and ( )G zH  and resolving into components, 

  2 2 2:    0 0.35 0.3 0.2x y zma ma maω ω ω= + −i  

  2 2 2:    0 0.3 0.66667 0.1x y zma ma maω ω ω= + +j  

  2 2 2:   0.2 0.1 0.75x y zaF t ma ma maω ω ωΔ = − + +k  

 Solving, 
( ) ( ) ( )

2.5 ,         1.454 ,         2.19x y z
F t F t F t

ma ma ma
ω ω ωΔ Δ Δ= = − =  

   (2.50 1.454 2.19 )
F t

ma

Δ = − + 
 

i j kω  
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PROBLEM 18.151 

A four-bladed airplane propeller has a mass of 160 kg and a radius of gyration of 
800 mm. Knowing that the propeller rotates at 1600 rpm as the airplane is 
traveling in a circular path of 600-m radius at 540 km/h, determine the magnitude 
of the couple exerted by the propeller on its shaft due to the rotation of the 
airplane. 

 

SOLUTION 

We assume senses shown for , ,x yω ω and .v  

 540 km/h 150 m/sv = =  

 
2 rad

1600 rpm
60 s

167.55 rad/s

x
πω  

=  
 

=
 

 
150 m/s

0.25 rad/s
600 my

vω
ρ

= = =  

 2 2 2(160 kg)(0.8 m) 102.4 kg mxI mk= = = ⋅  

Angular momentum about G: 

 G x x y yI Iω ω= +H i j  

Eq. (18.22), ( ) 0 ( )G G Gxyz G y x x y yI Iω ω ω= + × = + × +H H Ω H j i j   

 2(102.4 kg m )(167.55 rad/s)(0.25 rad/s)G x x yI ω ω= − = − ⋅H k k  

 (4289 N m) (4.29 kN m)G = − ⋅ = − ⋅H k k  

The couple exerted on the propeller, therefore, must be (4.29 kN m) ,G= = − ⋅M H k  and the couple exerted by 

the propeller on its shaft is (4.29 kN m) .− = ⋅M k  

Magnitude of couple. 4.29 kN m⋅   
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PROBLEM 18.152 

A 2.4-kg piece of sheet steel with dimensions 160 640 mm×  was bent 
to form the component shown. The component is at rest ( 0)ω =  
when a couple 0 (0.8 N m)= ⋅M k  is applied to it. Determine (a) the 
angular acceleration of the component, (b) the dynamic reactions at A 
and B immediately after the couple is applied. 

 

SOLUTION 

 2.4 kg, 160 mm 0.16 mm b= = =  

Area of sheet metal: 2 2 2 2(2 ) 4 0.1024 mA b b b b b= + + = =  

Let 

2

2.4

0.1024
23.4375 kg/m

mass per unit area

m

A
ρ = =

=
=

 

Angular velocity and angular acceleration: ω
α α

=
=

k

k

ω  

Angular momentum about G: G xz yz z

yz z

I I I

I I

ω ω ω
ω ω

= − − +

= − +

H i j k

j k

 

Let the frame of reference Gxyz be rotating with angular velocity ω= = kΩ ω  

 

2

( )G G Gxyz G

yz z yzI I Iα α ω

= + ×

= − + +

H H H

j k i

  Ω  

Required moment and product of inertia: mass areaI Iρ=  

Part A  zI  yzI  

plate A 2b  
2

2 21 1

6 2
b b b

 +  
 

 
2 1
( )

2
b b b

 
 
 

 

plate AB 22b  
31

(2 )
12

b b  0  

plate B 2b  
2

2 21 1

6 2
b b b

 +  
 

 
2 1
( )

2
b b b

 − − 
 

 

Σ  24b  4b  4b  

4

4

2

4

2

(23.4375)(0.16)

0.01536 kg m

0.01536 kg m

z

yz

I b

I b

ρ

ρ

=

=

= ⋅

=

= ⋅
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PROBLEM 18.152  (Continued)

 

Since the mass center lies on the rotation axis,     0=a  

 0

0

0

( )

2 ( )

2 2

G

x y

x y

m

M b b

M b A A

M bA bA

Σ = + =
= −

Σ = + × + − ×
= + × +

= + −

F A B a

B A

M k k A k B

k k i j

k j i

 

         Resolve into components.G GΣ =M H  

(a) :k  20
0

0.8
52.083 rad/s

0.01536z
z

M
M I

I
α α= = = =  252.1 rad/sα =  

(b) :j  
(0.01536)(52.083)

2 2.50 N
2 (2)(0.16)
yz

x yz x

I
bA I A

b

α
α= − = − = − = −  

 :i  22 0        0y yz ybA I Aω− = = =  (2.50 N)= −A i  

 (2.50 N)=B i  
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PROBLEM 18.153 

A homogeneous disk of weight 6 lbW =  rotates at the constant 
rate 1 16 rad/sω =  with respect to arm ABC, which is welded to 
a shaft DCE rotating at the constant rate 2 8 rad/s.ω =  
Determine the dynamic reactions at D and E. 

 

SOLUTION 

Angular velocity of shaft DE and arm CBA: 2ω= iΩ  

Angular velocity of disk A: 2 1ω ω= +i jω  

Angular velocity about its mass center A: 
 

2 1

2 2
2 1

1 1

4 2

A x x y y z z

x y

I I I

I I

mr mr

ω ω ω
ω ω

ω ω

= + +

= +

= +

H i j k

i j

i j

 

Let the reference frame Oxyz be rotating with angular velocity 2 .ω= iΩ  

 

2 2
2 1 2

2 2 2
2 1 1 2

( )

1 1

4 2
1 1 1

4 2 2

A A Oxyz A

Amr mr

mr mr mr

ω ω ω

ω ω ω ω

= + ×

= + + ×

= + +

H H H

i j i H

i j k

 

 

 

Ω  

Velocity of Point A: 2 /

2

2 2

(
A A O

b c

b c

ω
ω
ω ω

= ×
= × − +
= +

v i r

i k j)
j k

 

Acceleration of Point A: 2 / 2A A O Aω ω= × + ×a j r j v  

 2
2 2 2 2( (A b c c bω ω ω ω= − + +a )j )k   

Consider the system of particles consisting of the shaft, the arm, and the disk. Neglect the mass of the arm. 

 
A

y z y z A

m

D D E E m

Σ =
+ + + =

F a

j k j k a
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PROBLEM 18.153  (Continued) 

 

Resolve into components. 

 

2
2 2

2
2 2

/

0

( )

( )

( ) 2 ( ) ( )

y y

z z

D D A A D A

y z A A

D E m b c

D E m c b

m

M l E E l c b m

ω ω

ω ω

+ = −

+ = +

Σ = = + ×

+ × + = + + − ×

M H H r a

i i j k H i j k a




 



 

 2 2 2 2 2
0 2 1 2 2

2 2
1 2 2 2

1 1
( ) 2 2

4 2

1

2

z yM lE lE m r b c m r lc lb

m r lb lc

ω ω ω ω

ω ω ω ω

   − + = + + + − −   
   
 + + − 
 

i j k i j

k

  



 

 i: 2 2 2
0 2

1

4
M m r b c ω = + + 

 
  

 k: 2 2
1 2 2 2

2 2
1 2 2 2

1

2 2

1

2 2

y

y

m
E r lb lc

l

m
D r lb lc

l

ω ω ω ω

ω ω ω ω

 = + − 
 
 = − + − 
 





 

 j: 2 2
2 2 1

2 2
2 2 1

1

2 2

1

2 2

z

z

m
E lc lb r

l

m
D lc lb r

l

ω ω ω

ω ω ω

 = + − 
 
 = + + 
 

 

 

 

Data: 
6

6 lb. 0.186335 8 in. 0.66667 ft
32.2

9 in. 0.75 ft 12 in. 1.0 ft

W m r

b c l

= = = = =

= = = = =

 

 1 1 2 216 rad/s, 0, 8 rad/s, 0ω ω ω ω= = = =   

 2 2

2

0.186335 1
(0.66667) (16)(8) 0 (1.0)(0.75)(8) 7.12 lb

(2)(1.0) 2

0.186335
[0 (1.0)(0.75)(8) 0] 4.47 lb

(2)(1.0)

y

z

D

D

  = − + − = −  
  

= + + =

 

 (7.12 lb) (4.47 lb)= − +D j k   

 2 2

2

0.186335 1
(0.66667) (16)(8) 0 (1.0)(0.75)(8) 1.822 lb

(2)(1.0) 2

0.186335
[0 (1.0)(0.75)(8) 0] 4.47 lb

(2)(1.0)

y

z

E

E

  = + − = −  
  

= + + =

 

 (1.822 lb) (4.47 lb)= − +E j k  
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PROBLEM 18.154 

A 48-kg advertising panel of length 2 2.4 ma =  and width 2b 1.6 m= is 
kept rotating at a constant rate 1ω  about its horizontal axis by a small 
electric motor attached at A to frame ACB. This frame itself is kept 
rotating at a constant rate ω2  about a vertical axis by a second motor 
attached at C to the column CD. Knowing that the panel and the frame 
complete a full revolution in 6 s and 12 s, respectively, express, as a 
function of the angle ,θ  the dynamic reaction exerted on column CD 
by its support at D. 

 

SOLUTION 

Use principal axes ,  ,  x y z′ ′ ′  as shown. 

Moments of inertia: 2 21
( )

3xI m a b′ = +  

 2 21 1
,

3 3y zI ma I mb′ ′= =  

Kinematics: 1θ ω=  

 2 2 1sin , cos ,x y zω ω θ ω ω θ ω ω′ ′ ′= = =  

 1 2 1 2cos , sin , 0x y zω ω ω θ ω ω ω θ ω′ ′ ′= = − =    

Since the acceleration of the mass center is zero, the resultant force acting on the column CD is zero. 
 0=R   
Euler’s equations of motion for the plate:  

 

1 2 1 2

( )

cos ( ) cos

x x x y z y z

x y z

M I I I

I I I

ω ω ω

ω ω θ ω ω θ
′ ′ ′ ′ ′ ′ ′

′ ′ ′

Σ = − −

= − −

  

 2
1 2 1 2

2
( ) cos cos

3x z yI I I mbω ω θ ω ω θ′ ′ ′= + − =  

 

1 2 1 2

( )

sin ( ) sin

y y y z x x z

y z x

M I I I

I I I

ω ω ω

ω ω θ ω ω θ
′ ′ ′ ′ ′ ′ ′Σ = − −

= − − −

  

 1 2( ) sin 0x y zI I I ω ω θ′ ′ ′= − − =  

 

2
2

2 2
2

( )

0 ( ) sin cos

1
sin cos

3

z z z x y x y

x y

M I I I

I I

mb

ω ω ω

ω θ θ

ω θ θ

′ ′ ′ ′ ′ ′

′

Σ = − −

= − −

= −
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PROBLEM 18.154  (Continued) 

 

 2 2 2
1 2 2

2 1
cos sin cos

3 3
mb mbω ω θ ω θ θ′Σ = −M i k  

 2 2 2
1 2 2

2 1
cos (cos sin ) sin cos

3 3
mb mbω ω θ θ θ ω θ θ= + −i j k  

Resolve into components: 2 2
1 2

2
cos

3xM mb ω ω θΣ =  

 

2
1 2

2 2
2

2
sin cos

3
1

sin cos
3

y

z

M mb

M mb

ω ω θ θ

ω θ θ

Σ =

Σ = −
 

Data: 48 kg,         0.8 mm b= =  

 1 2
2 2

1.0472 rad/s, 0.5236 rad/s
6 12

π πω ω= = = =  

 2 2

2

2
(48)(0.8) (1.0472)(0.5236)cos

3

11.23cos  N m

xM θ

θ

Σ =

= ⋅

 

 22
(48)(0.8) (1.0472)(0.5236)sin cos

3
11.23sin cos  N m

yM θ θ

θ θ

Σ =

= ⋅

 

 2 21
(48)(0.8) (0.5236) sin cos

3
2.81sin cos  N m

zM θ θ

θ θ

Σ = −

= − ⋅

 

 2(11.23 N m)cos (11.23 N m)sin cos (2.81 N m)sin cosD θ θ θ θ θ= ⋅ + ⋅ − ⋅M i j k  
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PROBLEM 18.155 

A 2500-kg satellite is 2.4 m high and has octagonal bases of sides  
1.2 m. The coordinate axes shown are the principal centroidal axes of 
inertia of the satellite, and its radii of gyration are 0.90 mx zk k= =  
and 0.98 m.yk =  The satellite is equipped with a main 500-N 
thruster E and four 20-N thrusters A, B, C, and D, which can expel 
fuel in the positive y direction. The satellite is spinning at the rate of 
36 rev/h about its axis of symmetry ,yG  which maintains a fixed 
direction in space, when thrusters A and B are activated for 2 s. 
Determine (a) the precession axis of the satellite, (b) its rate of 
precession, (c) its rate of spin. 

 

SOLUTION 

 

0

2 2 2

2

2 2 2

2
0 0

2  rad 1 h
(36 rev/h)

rev 3600 s
0.062832 rad/s
2500 kg

(2500)(0.90) 2025 kg m

2025 kg m

(2500)(0.98) 2401 kg m

( ) (2401)(0.062832) (150.86 kg m /s)

0.6 

x x

z x

y y

G y

m

I mk

I I

I mk

I

a

πω

ω

  =   
  

=
=
= = = ⋅
= = ⋅

= = = ⋅

= = = ⋅
=

H j j j

m, 0.6 1.2 cos 45° 1.4485b = + =



When thrusters A and B are activated, 

 

( )

(1.4485)(40)

(57.941 N m)

G A Bb F F= − +
= −
= − ⋅

M i

i

i



Angular momentum after 2 s: 

 

0

2 2

( ) ( )

150.86 ( 57.941)(2)

(115.88 kg m /s) (150.86 kg m /s)

115.88
0.057225 rad/s 32.788 rev/h

2025

36 rev/h

0

G G G

x
x

x

y
y

y

z
z

z

t

H

I

H

I

H

I

ω

ω

ω

= + Δ
= + −

= − ⋅ + ⋅

= = − = − = −

= =

= =

H H M

j i

i j
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PROBLEM 18.155  (Continued) 

 

(a) Precession axis: 

 
115.88

tan 37.529
150.86

x

y

H

H
θ θ= − = = °  52.5 ,   37.5 ,   90x y zθ θ θ= ° = ° = °  



2 2

tan

32.788

36
42.327

4.798

48.693 rev/h

x

y

x y

ωγ
ω

γ
γ θ

ω ω ω

= −

=

= °
− = °

= +

=



 Law of sines. 

 
sin sin( ) sin

ϕ ψ ω
γ γ θ θ

= =
−

 
 

 

(b) 
48.693sin 42.327

sin 37.529
ϕ °=

°
  

 53.8 rev/hϕ =  

(c) 
48.693sin 4.798

sin 37.529
ψ °=

°
  6.68 rev/hψ =   
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PROBLEM 18.156 

A thin disk of weight 8 lbW =  rotates with an angular velocity ω2 
with respect to arm OA, which itself rotates with an angular velocity 

1ω  about the y axis. Determine (a) the couple 1M j  which should be 
applied to arm OA to give it an angular acceleration 2

1 (6 rad/s )= jα  
with 1 4 rad/s,ω =  knowing that the disk rotates at the constant rate 

2 12 rad/s,ω =  (b) the force-couple system representing the dynamic 
reaction at O at that instant. Assume that arm OA has a negligible mass. 

 

SOLUTION 

Angular velocity of arm OA: 1ω= jΩ  

Angular velocity of disk A: 1 2ω ω= +j kω  

Angular momentum about its mass center A: 

 

1 2

2 2
1 2

1 1

4 2

A x x y y z z

y z

I I I

I I

mr mr

ω ω ω

ω ω

ω ω

= + +

= +

= +

H i j k

j k

j k

 

Let the reference Oxyz be rotating with angular velocity 2 .ω= jΩ  

 

2 2
1 2 1

2 2 2
1 2 1 2

( )

1 1

4 2
1 1 1

2 4 2

A A Oxyz A

Amr mr

mr mr mr

ω ω ω

ω ω ω ω

= + ×

= + + ×

= + +

H H Ω H

j k j H

i j k

 

 

 

 

Velocity of Point A: 1 /

1

1

( )

A A O

b c

b

ω
ω

ω

= ×

= × −
= −

v j r

j i j

k

 

Acceleration of Point A: 1 / 1

2
1 1

A A O A

b b

ω ω

ω ω

= × + ×

= − −

a j r j v

i k
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PROBLEM 18.156  (Continued) 

 

Consider the system of particles consisting of the arm OA and disk A. Neglect the mass of the arm. 

 

 

2
1 1

2
1

1

/

2
1 2 1

2 2 2 2
1 2 1

:

1
( ) ( ) ( )

2

1 1

4 2

A

x z

x

z

O O A A O A

O x O y O z

m

R R mb mb

R mb

R mb

m

M M M m r bc

m r b m r bc

ω ω

ω
ω

ω ω ω

ω ω ω

Σ =

+ = − −

= −
= −

Σ = = + ×

 + + = + 
 
   + + + −   
   

F a

i k i k

M H H r a

i j k i

j k




 



 

 

Data: 

2

8 lb

8
0.24845 lb s /ft

32.2
5 in. 0.41667 ft

16 in. 1.33333 ft

10 in. 0.83333 ft

W

m

r

b

c

=

= = ⋅

= =
= =
= =

 

 1

2
1

2

2

4 rad/s

6 rad/s

12 rad/s

0

ω
ω
ω
ω

=

=
=
=





 

(a) Required couple: The required couple is the y-component of the couple at Point O. 

 2 21
( ) (0.24845) (0.41667) (1.33333) (6)

4O y
 = +  

M j  ( ) (2.71 lb ft)O y = ⋅M j   
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PROBLEM 18.156  (Continued) 

 

(b) Dynamic reaction at Point O. 

 
2(0.24845)(1.33333)(4) 5.30 lb,  0

(0.24845)(1.33333)(6) 1.988 lb

x y

z

R R

R

= − = − =

= − = −
 

 (5.30 lb) (1.988 lb)= − −R i k   

 

2

2

1
( ) (0.24845) (0.41667) (4)(12) (1.33333)(0.83333)(6)

2

2.69 lb ft

( ) (0.24845)[0 (1.33333)(0.83333)(4) ]

4.42 lb ft

O x

O z

M

M

  = +  
  

= ⋅

= −
= − ⋅

 

 (2.69 lb ft) (4.42 lb ft)O = ⋅ − ⋅M i k  
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PROBLEM 18.157 

A homogeneous disk of mass m connected at A and B to a fork-ended shaft of 
negligible mass which is supported by a bearing at C. The disk is free to rotate 
about its horizontal diameter AB and the shaft is free to rotate about a vertical 
axis through C. Initially, the disk lies in a vertical plane 0( 90 )θ = °  and the shaft 
has an angular velocity 0 8φ =  rad/s. If the disk is slightly disturbed, determine 
for the ensuring motion (a) the minimum value of ,φ  (b) the maximum value of .θ  

 

SOLUTION 

Place the origin at the center of mass and let Oxyz be a principal axis frame of reference with the y axis 
directed along the moving axle AB. Let the Z axis lie along the fixed axle. Useful unit vectors are i, j and k 
along the x, y, z axes and K along the Z axis. 

  sin cosθ θ= − +K i k  

Angular velocity: 

sin cos

ϕ θ
ϕ θ θ ϕ θ

= +

= − + +

ω k j

ω i j k


 

 

Moments of inertia:  1 2,         x y z yI e I I e I= =  

Angular momentum about O. 

1 2( sin cos )

O x x y y z z

y

I I I

I e e

ω ω ω

ϕ θ θ ϕ θ

= + +

= − + +

H i j k

i j k 

 

The moment about the fixed Z axis is zero, hence, constant.O ⋅ =H K  

  

2 2
1 2 1

1
2 2

1 2

2 2
1 1 0 2 0 0

( sin cos )

sin cos

( sin cos )

O y yI e e I C

C

e e

C e e

θ θ ϕ

ϕ
θ θ
θ θ ϕ

⋅ = + =

=
+

= +

H K 





 

Twice the kinetic energy: 2 2 22 constantx x y y z zT I I Iω ω ω= + + =  

  

2 2 2 2
1 2

2
1

2

2
2 1

2
2 0 1 0

2 [( sin cos ) ]

( )

y

y

y

T I e e

I C

I C

C C

C C

θ θ ϕ θ

ϕ θ

θ ϕ

θ ϕ

= + +

= +

=

= −

= +
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PROBLEM 18.157  (Continued) 

 

Data: 1

2

2 2 2
1 2

0

0

0

1

2

sin cos 1 cos

90

0

16 rad/s

e

e

e eθ θ θ
θ
θ
ϕ

=
=

+ = +
= °

=
=





 

 

2
1 (1 cos 90 )(8)

8 rad/s

8

1 cos

C

ϕ
θ

= + °
=

=
+

  

(a)  min
8

4
1 cos

ϕ
θ

= =
+

  min 4.00 rad/sϕ =  

 
2

2

2
2 1

0 (8)(8) 64 (rad/s)C

C Cθ ϕ
= + =

= − 
 

(b)  2
max 2 1 min( )

64 (8)(4)

C Cθ ϕ= −
= −

   

  232 (rad/s)=  max 5.66 rad/sθ =   
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PROBLEM 18.158 

The essential features of the gyrocompass are shown. The rotor 
spins at the rate ψ  about an axis mounted in a single gimbal, 
which may rotate freely about the vertical axis AB. The angle 
formed by the axis of the rotor and the plane of the meridian is 
denoted by ,θ  and the latitude of the position on the earth is 
denoted by .λ  We note that line OC is parallel to the axis of the 
earth, and we denote by eω  the angular velocity of the earth about 
its axis. 

(a) Show that the equations of motion of the gyrocompass are 

 2 2cos sin cos sin cos 0z e eI I Iθ ω ω λ θ ω λ θ θ′ ′+ − =  

 0zIω =  

where zω  is the rectangular component of the total angular 
velocity ω  along the axis of the rotor, and I and I ′ are the 
moments of inertia of the rotor with respect to its axis of 
symmetry and a transverse axis through O, respectively. 

(b) Neglecting the term containing 2 ,eω show that for small values 
of θ, we have 

 
cos

0z eI

I

ω ω λθ θ+ =
′

  

and that the axis of the gyrocompass oscillates about the 
north-south direction. 

 

SOLUTION 









 

(a) Angular momentum about O. 

We select a frame of reference Oxyz attached to the gimbal. The angular 
velocity of Oxyz with respect to a Newtonian frame is eω θ= +Ω K j  

 where cos sin sin cos cosλ θ λ λ θ= − + +K i j k  

 Thus, cos sin ( sin ) cos cose e eω λ θ θ ω λ ω λ θ= − + + +Ω i j k  (1) 

The angular velocity ω  of the rotor is obtained by adding its spin ψ k  to .Ω  
Setting 

 cos cos .e zψ ω λ θ ω+ =  

 We have  cos sin ( sin )e e zω λ θ θ ω λ ω= − + + +ω i j k  (2)

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2237 

PROBLEM 18.158  (Continued) 

 

 The angular momentum OH  of the rotor is 

 O x z y y z zI I Iω ω ω= + +H i j k  

 where and .x y zI I I I I′= = =  Recalling Eq. (2), we write 

  cos sin ( sin )O e e zI I Iω λ θ θ ω λ ω′ ′= − + + +H i j k  (3) 

 Equations of motion. 

 Eq. (18.28):  ( )O O Oxyz OΣ = + ×M H Ω H  or, from Eqs. (1) and (3): 

 

cos cos

cos sin sin cos cos

cos sin ( sin )

O e z

e e e

e e z

I I I

I I I

ω λ θθ θ ω

ω λ θ θ ω λ ω λ θ
ω λ θ θ ω λ ω

′ ′Σ = − + +

+ − +
′ ′− +

M i j k

i j k

  




 (4) 

We observe that the rotor is free to spin about the z axis and free to rotate about the y axis. Therefore, 
the y and z components of OΣM  must be zero. It follows that the coefficients of j and k at the right-
hand member of Eq. (4) must also be zero. 

 Setting the coefficient of j in the right-hand member of Eq. (4) equal to zero, 

 2 2

( cos sin )( cos cos ) ( cos sin ) 0

cos sin cos sin cos 0

e e e z

z e e

I I I

I I I

θ ω λ θ ω λ θ ω λ θ ω

θ ω ω λ θ ω λ θ θ

′ ′+ − − − =

′ ′+ − =



  (5)  

 Q. E. D 

 Setting the coefficient of k equal to zero, 

 ( cos sin ) ( sin ) ( cos sin )( sin ) 0z e e e eI I Iω ω λ θ θ ω λ ω λ θ θ ω λ′ ′+ − + − − + =  

 Observing that the last two terms cancel out, we have 

 0zIω =  Q. E. D. (6)  

(b) It follows from Eq. (6) that constantzω =  (7) 

 Rewrite Eq. (5) as follows: ( cos cos ) cos sin 0z e eI I Iθ ω ω λ θ ω λ θ′ ′+ − =  

 It is evident that .z eω ω>>>  We can therefore neglect the second term in the parenthesis and write 

 cos sin 0z eI Iθ ω ω λ θ′ + =  

 or 
cos

sin 0z eI

I

ω ω λθ θ+ =
′

  (8) 
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PROBLEM 18.158  (Continued) 

 

 where the coefficient of sin θ  is a constant. The rotor, therefore, oscillates about the line NS as a  
 simple pendulum. For small oscillations, sin ,θ θ≈  and Eq. (8) yields  

 
cos

0z eI

I

ω ω λθ θ+ =
′

  Q. E. D. (9)  

 Eq. (9) is the equation of simple harmonic motion with period 

 2
cosz e

I

I
τ π

ω ω λ
′

=  (10) 

 Since its rotor oscillates about the line NS, the gyrocompass can be used to determine the direction of 
that line. We should note, however, that for values of λ  close to 90° or –90°, the period of oscillation 
becomes very large and the line about which the rotor oscillates cannot be determined. The 
gyrocompass, therefore, cannot be used in the polar regions.

 



CCHHAAPPTTEERR  1199  
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PROBLEM 19.1 

Determine the maximum velocity and maximum acceleration of a particle which moves in simple harmonic 
motion with an amplitude of 3 mm and a frequency of 20 Hz. 

 

SOLUTION 

Frequency: 20 Hzf =  

 2 (2 )(20) 125.66 rad/sn fω π π= = =  

Amplitude: 3 mmmx =  

Simple harmonic motion: sin( )m nx x tω φ= +  

 
2

cos( )

sin( )

n m n

n m n

v x x t

a v x x t

ω ω φ

ω ω φ

= = +

= = = − +



 
 

Maximum velocity: (125.66 rad/s)(3 mm)

377 mm/s
m n mv xω= =

=
 

  0.377 m/smv =   

Maximum acceleration: 2 2

3 2

(125.66 rad/s) (3 mm)

47.3 10 mm/s

m n ma xω= =

= ×

 

  247.3 m/sma =  
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PROBLEM 19.2 

A particle moves in simple harmonic motion. Knowing that the amplitude is 15 in. and the maximum 
acceleration is 15 ft/s2, determine the maximum velocity of the particle and the frequency of its motion. 

 

SOLUTION 

Simple harmonic motion. 

2

2

sin( )

15 in. 1.25 ft

cos( )

sin( )

m n

m

m n n

m n n

m m n

x x t

x

x v x t

x a x t

a x

ω φ

ω ω φ

ω ω φ

ω

= +
= =
= = +

= = − +

= −





 

 2 2| | 15 ft/s (1.25 ft)m na ω= =  

Natural frequency 3.4641 rad/s

0.55133 Hz
2

n

n
nf

ω
ω
π

=

= =

 

  0.551 Hznf =   

Maximum velocity (1.25 ft)(3.4641 rad/s)m m nv x ω= =  

 4.3301 ft/s=  

  4.33 ft/smv =  
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PROBLEM 19.3 

Determine the amplitude and maximum velocity of a particle which moves in simple harmonic motion with a 
maximum acceleration of 15 ft/s2 and a frequency of 8 Hz. 

 

SOLUTION 

Simple harmonic motion sin( )m nx x tω φ= +  

 2 2 (8 Hz) 16 rad/sn nfω π π π= = =  

 2

2

cos( )

sin( )

m n n

m m n

m n n

m m n

x v x t

v x

x a x t

a x

ω ω φ
ω

ω ω φ

ω

= = +
=

= = − +

=




 

 2 215 ft/s (16 rad/s)mx π=  

Maximum displacement. 0.005937 ft 0.0712 in.mx = =  

  0.0712 in.mx =   

Maximum velocity. (0.005937 ft)(16 rad/s)m m nv x ω π= =  

 0.2984 ft/s 3.58 in./s= =  

  3.58 in./smv =  
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PROBLEM 19.4 

A 32-kg block is attached to a spring and can move without friction in a 
slot as shown. The block is in its equilibrium position when it is struck by 
a hammer, which imparts to the block an initial velocity of 250 mm/s. 
Determine (a) the period and frequency of the resulting motion, (b) the 
amplitude of the motion and the maximum acceleration of the block. 

 

SOLUTION 

(a) 

3

sin( )

12 10 N/m

32 kg

19.365 rad/s

2

m n

n

n

n
n

x x t

k

m

ω φ

ω

ω
πτ

ω

= +

×= =

=

=

 

 
2

19.365n
πτ =  0.324 snτ =   

  
1 1

3.08 Hz
0.324n

n

f
τ

= = =   

(b) At 00, 0,t x= =  0 0 250 mm/sx v= =  

 Thus, 0 0 sin( (0) )m nx x ω φ= = +  

 and 0φ =  

 

0 0

0

3

cos( (0) 0)

0.250 m/s (19.365 rad/s)

(0.250 m/s)

(19.365 rad/s)

12.91 10 m

m n n m n

m

m

m

x v x x

v x

x

x

ω ω ω

−

= = + =
= =

=

= ×



 12.91 mmmx =   

 2 3 2(12.91 10 m)(19.365 rad/s)m m na x ω −= = ×  24.84 m/sma =   
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PROBLEM 19.5 

A 12-kg block is supported by the spring shown. If the block is moved vertically downward 
from its equilibrium position and released, determine (a) the period and frequency of the 
resulting motion, (b) the maximum velocity and acceleration of the block if the amplitude 
of its motion is 50 mm. 

 

SOLUTION 

(a) Simple harmonic motion. sin( )m nx x tω φ= +  

 Natural frequency. 5 kN/m 5000 N/m

(5000 N/m)

12 kg

20.412 rad/s

2

n

n

n

n
n

k
k

m
ω

ω

ω
πτ

ω

= = =

=

=

=

 

 
2

0.30781s
20.412n

πτ = =  0.308snτ =  


1 1

3.25 Hz
0.30781n

n

f
τ

= = =   

(b) 50 mm 0.05 m

0.05 sin (20.412 )
mx

x t φ
= =
= +

 

 Maximum velocity. (0.05 m)(20.412 rad/s)m m nv x ω= =  1.021 m/smv =   

 Maximum acceleration. 2 2(0.05 m)(20.412 rad/s)m m na x ω= =  220.8 m/sma =  
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PROBLEM 19.6 

An instrument package A is bolted to a shaker table as shown. The table 
moves vertically in simple harmonic motion at the same frequency as 
the variable-speed motor which drives it. The package is to be tested at 
a peak acceleration of 150 ft/s2. Knowing that the amplitude of the 
shaker table is 2.3 in., determine (a) the required speed of the motor in 
rpm, (b) the maximum velocity of the table. 

 

SOLUTION 

In simple harmonic motion, 

 

2
max max

2 2

2 2

2.3
150 ft/s ft

12

(782.6 rad/s)

27.98 rad/s

2
27.98

2
4.452 Hz (cycles per second)

n

n

n

n

n
n

a x

f

ω

ω

ω
ω

ω
π

π

=

 =  
 

=
=

=

=

=

 

(a) Motor speed. (4.452 rev/s)(60 s/min)  speed 267 rpm=   

(b) Maximum velocity. max max
2.3

ft (27.98 rad/s)
12nv x ω  = =  

 
 max 5.36 ft/sv =  
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PROBLEM 19.7 

A simple pendulum consisting of a bob attached to a cord oscillates in a vertical plane 
with a period of 1.3 s. Assuming simple harmonic motion and knowing that the 
maximum velocity of the bob is 0.4 m/s, determine (a) the amplitude of the motion in 
degrees, (b) the maximum tangential acceleration of the bob. 

 

SOLUTION 

(a) Simple harmonic motion sin( )

2 2

(1.3 s)

4.8332 rad/s

cos( )

m n

n
n

m n n

m m n

m m m n

t

t

v l l

θ θ ω φ
π πω

τ

θ θ ω ω φ
θ θ ω

θ θ ω

= +

= =

=

= +

=

= =







 

 Thus, m
m

n

v

l
θ

ω
=  (1) 

 For a simple pendulum, n
g

l
ω =  

 Thus, 
2

2 2

9.81 m/s

(4.8332 rad/s)

0.41995 m
n

g
l

ω
= =

=

 

 Amplitude from (1), 
0.4 m/s

(0.42 m)(4.833rad/s)
m

m
n

v

l
θ

ω
= =  

 

0.19707 rad

11.291

=
= °  11.29mθ = °   

(b) Maximum tangential acceleration ta lθ=   

 The maximum tangential acceleration occurs when θ  is maximum. 

  

2

2

2

2

2

sin( )

( )

( ) (0.41995 m)(0.19707 rad)(4.8332 rad/s)

1.933 m/s

m n n

m m n

t m m n

t m

t

a l

a

θ θ ω ω φ

θ θ ω

θ ω

= − +

=

=

=

=





 2( ) 1.933 m/st ma =   
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PROBLEM 19.8 

A simple pendulum consisting of a bob attached to a cord of length 800 mml =  
oscillates in a vertical plane. Assuming simple harmonic motion and knowing that 
the bob is released from rest when 6 ,θ = °  determine (a) the frequency of oscillation, 
(b) the maximum velocity of the bob. 

 

SOLUTION 

(a) Frequency. 
2(9.81 m/s )

(0.8 m)n
g

l
ω = =  

 

3.502 rad/s

(3.502 rad/s)

2 2

n

n
nf

ω
ω
π π

=

= =  0.557 Hznf =   

(b) Simple harmonic motion. sin( )m ntθ θ ω φ= +  

 where 6 0.10472 radmθ = ° =  

 Maximum velocity. cos( )m n ntθ θ ω ω φ= +  

 3

(0.8 m)(0.10472)(3.502)

293.4 10 m/s

m m n

m m m n

m

v l l

v

θ θ ω
θ θ ω

−

=

= = =

= ×





 293 mm/smv =   
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PROBLEM 19.9 

An instrument package B is placed on the shaking table C as shown. The table 
is made to move horizontally in simple harmonic motion with a frequency of  
3 Hz. Knowing that the coefficient of static friction is 0.40sμ =  between the 
package and the table, determine the largest allowable amplitude of the motion 
if the package is not to slip on the table. Given the answers in both SI and U.S. 
customary units. 

 

SOLUTION 

Maximum allowable acceleration of B. 

 

 0.40sμ =  

:F maΣ =  

0.40

m m

s m

m s m

F ma

mg ma

a g a g

μ
μ

=
=
= =

 

Simple harmonic motion. 

2

2

3

3 Hz
2

6 rad/s

0.40 (6 rad/s)

1.1258 10

n
n

n

m m n

m

m

f

a x

g x

x g

ω
π

ω π

ω

π
−

= =

=

=

=

= ×

 

Largest allowable amplitude. 

SI: 
3 31.1258 10 (9.81) 11.044 10 mmx − −= × = ×  11.04 mmmx =   

U.S.: 31.1258 10 (32.2) 0.03625 ftmx −= × =  0.435 in.mx =   
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PROBLEM 19.10 

A 5-kg fragile glass vase is surrounded by packing material in a cardboard box of negligible weight. The 
packing material has negligible damping and a force-deflection relationship as shown. Knowing that the box 
is dropped from a height of 1 m and the impact with the ground is perfectly plastic, determine (a) the 
amplitude of vibration for the vase, (b) the maximum acceleration the vase experiences in g’s. 

 

 

SOLUTION 

Velocity at end of free fall: 

2

2

(2)(9.81 m/s )(1 m) 4.4294 m/s

v gh

v

=

= =

 

Assume that the spring is unstretched during the free fall. Use a simple spring-mass model for the motion of 
the vase and the packing material. 

 

5 kg

100 N
(slope from graph)

10 mm

10 N/m 10000 N/m

m

k

k

=

=

= =

 

 

Natural frequency: 
10000 N/m

44.721 rad/s
5 kgn

k

m
ω = = =  

Simple harmonic motion: sin( )

cos( )
m n

n m n

x x t

v x x t

ω φ
ω ω φ

= +
= = +

 

Let t = 0 at the instant when the box bottom hits the ground. 

Then, at t = 0,          x = 0          and          v = 4.4294 m/s 

from which  0φ =  

and 4.4294 m/sn mxω =  
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PROBLEM 19.10  (Continued) 

 

(a) Amplitude: 
4.4294 m/s

0.099045 m
44.721 rad/smx = =  

  99.0 mmmx =   

(b) Maximum acceleration: 

 

2 2

2 2

(44.721 rad/s) (0.099045 m)

198.087 m/s (20.192)(9.81 m/s )

m n ma xω= =

= =
 

  20.2ma g=   
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PROBLEM 19.11 

A 3-lb block is supported as shown by a spring of constant 2 lb/in.k =  which can act in 
tension or compression. The block is in its equilibrium position when it is struck from 
below by a hammer which imparts to the block an upward velocity of 90 in./s. Determine 
(a) the time required for the block to move 3 in. upward, (b) the corresponding velocity 
and acceleration of the block. 

 

SOLUTION 

Simple harmonic motion. sin( )m nx x tω φ= +  

Natural frequency. , 2 lb/in. 24 lb/ftn
k

k
m

ω = = =  

 

( )2
3 lb

32.2 ft/s

24 lb/ft

16.05 rad/s

(0) 0 sin(0 )

0

(0) cos(0 0)

90
(0) 7.5 ft/s

12

n

n

m

m n

x x

x x

x

ω

ω
φ

φ
ω

=

=
= = +
=
= +

= =





 

 

7.5 (16.05) 0.4673 ft

(0.4673)sin(16.05 )(ft/s)
m mx x

x t

= =
=  (1) 

(a) Time at 3 in. ( 0.25 ft)x x= =  

 
( )1 0.25

0.4673

0.25 0.4673sin(16.05 )

sin

16.05

t

t
−

=

=  0.0352 st =   

(b) Velocity and acceleration. 

 

2

cos( )

sin

0.0352

(0.4673)(16.05)cos[(16.05)(0.0352)]

6.34 ft/s

m n n

m n n

x x t

x x t

t

x

x

ω ω

ω ω

=

= −
=
=
=






  6.34 ft/s=v    

 

2

2

(0.4673)(16.05) sin[(16.05)(0.0352)]

64.4 ft/s

x = −

= −



 264.4 ft/s=a   
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PROBLEM 19.12 

In Problem 19.11, determine the position, velocity, and acceleration of the block 0.90 s after it has been struck 
by the hammer. 

 

SOLUTION 

Simple harmonic motion. sin( )m nx x tω φ= +  

Natural frequency. 

( )2
3 lb

32.2 ft/s

, 2 lb/in. 24 lb/ft

24 lb/ft

16.05 rad/s

n

n

n

k
k

m
ω

ω

ω

= = =

=

=

 

 (0) 0 sin(0 )

0

90
(0) cos(0 0) (0) 7.5 ft/s

12
7.5 (16.05) 0.4673 ft

(0.4673)sin(16.05 )(ft/s)

m

m n

m m

x x

x x x

x x

x t

φ
φ

ω

= = +
=

= + = =

= =
=

 

 

Simple harmonic motion. 

2

sin( )

cos( )

sin( )

m n

m n n

m n n

x x t

x x t

x x t

ω φ
ω ω φ

ω ω φ

= +
= +

= − +





 

At 0.90 s: (0.4673)sin[(16.05)(0.90)] 0.445 ftx = =  0.445 ft=x   

 (0.4673)(16.05)cos[(16.05)(0.90)] 2.27 ft/sx = = −  2.27 ft/s=v   

 2 2(0.4673)(16.05) sin[(16.05)(0.90)] 114.7 ft/sx = − = −  2114.7 ft/s=a  
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PROBLEM 19.13 

The bob of a simple pendulum of length 40 in.l =  is released from rest when 5 .θ = + °  
Assuming simple harmonic motion, determine 1.6 s after release (a) the angle ,θ   
(b) the magnitudes of the velocity and acceleration of the bob. 

 

SOLUTION 

 For simple harmonic motion and 40 in. 3.333 ft:l = =  

 
232.2 ft/s

3.1082 rad/s
3.333 ftn

g

l
ω = = =  

 Angular displacement: sin( )m ntθ θ ω φ= +  

 Initial conditions: (0) 5 0.08727 rad, and (0) 0:θ θ= ° = =  

  
(0) 0 cos(0 )

2
5

(0) 0.08727 rad
180

m n

m

πθ θ ω φ φ

πθ θ

= = + =

= = =


 

  

5
sin (3.1082 rad/s)

180 2

(0.08727 rad)sin (3.1082 rad/s)
2

t

t

π πθ

π

 = +  
 = +  

 

 (a) At t = 1.6 s. 

  
5

sin (3.1082 rad/s)(1.6 s)
180 2

0.022496 rad 1.288

π πθ  = +  
= = °

 

   1.288°θ =   

 (b) Velocity: 

  

cos( )

5
(3.1082 rad/s)cos (3.1082 rad/s)(1.6 s)

180 2

0.262074 rad/s

(3.3333 ft)(0.262074 rad/s) 0.874 ft/s

m n nt

v l

θ θ ω ω φ
π π

θ

= +

 = +  
=

= = =





 

  0.874 ft/sv =   
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PROBLEM 19.13  (Continued) 

 

Angular acceleration: 

 

2 2

2

5
sin( ) (3.1082 rad/s) cos (3.1082 rad/s)(1.6 s)

180 2

0.21733 rad/s

m n nt
π πθ θ ω ω φ  = − + = − +  

= −



 
Acceleration: 

 

2 2

2
2 2 2

2 2 2

( ) ( )

(3.3333 ft)(0.26207 rad/s) 0.22894 ft/s

(3.333 ft)( 0.21733 rad/s ) 0.72443 m/s

n t

n

t

a a a

v
a l

l

a l

θ

θ

= +

= = = =

= = − = −





 

 20.75974 ft/sa =  20.760 ft/sa =  
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PROBLEM 19.14 

A 150-kg electromagnet is at rest and is holding 100 kg of scrap steel when 
the current is turned off and the steel is dropped. Knowing that the cable 
and the supporting crane have a total stiffness equivalent to a spring of 
constant 200 kN/m, determine (a) the frequency, the amplitude, and the 
maximum velocity of the resulting motion, (b) the minimum tension which 
will occur in the cable during the motion, (c) the velocity of the magnet 
0.03 s after the current is turned off. 

 

SOLUTION 

 

Data: 3
1 2150 kg 100 kg 200 10 N/mm m k= = = ×  

From the first two sketches, 0 1 2( )mT kx m m g+ = +  (1) 

 0 1T m g=  (2) 

Subtracting Eq. (2) from Eq. (1), 2mkx m g=  

 32
3

(100)(9.81)
4.905 10  m 4.91 mm

200 10
m

m g
x

k
−= = = × =

×
 

Natural circular frequency: 
3

1

200 10
36.515 rad/s

150n
k

m
ω ×= = =  

Natural frequency: 
36.515

5.81 Hz
2 2

n
n nf f

ω
π π

= = =  

Maximum velocity: 3(36.515)(4.905 10 ) 0.1791 m/sm n mv xω −= = × =  

(a) Resulting motion: amplitude 4.91 mmmx =   

 frequency 5.81 Hznf =   

 maximum velocity 0.1791 m/smv =   
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PROBLEM 19.14  (Continued) 

 

(b) Minimum value of tension occurs when .mx x= −  

 

min 0

1 2

1 2( )

(50)(9.81)

mT T kx

m g m g

m m g

= −
= −
= −
=  min 491 NT =   

 The motion is given by sin( )

cos( )
m n

n m n

x x t

x x t

ω ϕ
ω ω ϕ

= +
= +

 

 Initally, 0

0

or sin 1

0 or cos 0

2

cos
2

m

n m n

x x

x

x x t

ϕ
ϕ

πϕ

πω ω

= − = −
= =

= −

 = − 
 





 

(c) Velocity at 0.03 s.t =  

 

(36.515)(0.03) 1.09545 rad

0.47535 rad

cos( ) 0.88913

n

n

n

t

t

t

ω
ω ϕ

ω ϕ

= =
− = −

− =
 

 3(36.515)(4.905 10 )(0.88913)x −= ×  0.1592 m/s=x   
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PROBLEM 19.15 

A variable-speed motor is rigidly attached to beam BC. The rotor is slightly 
unbalanced and causes the beam to vibrate with a frequency equal to the 
motor speed. When the speed of the motor is less than 600 rpm or more than 
1200 rpm, a small object placed at A is observed to remain in contact with 
the beam. For speeds between 600 rpm and 1200 rpm, the object is observed 
to “dance” and actually to lose contact with the beam. Determine the 
amplitude of the motion of A when the speed of the motor is (a) 600 rpm, 
(b) 1200 rpm. Give answers in both SI and U.S. customary units. 

 

SOLUTION 

 At both 600 rpm and 1200 rpm, the maximum acceleration is just equal to g. 

(a) 600 rpm 62.832 rad/sω = =  

 Eq. (19.15):  2
2(62.832)

m m m
g

a x xω= =  

 SI:  3
2

9.81
2.4849 10 m

(62.832)
mx −= = ×  2.48 mmmx =   

 US: 2

32.2
0.008156 ft

(62.832)
mx = =  0.0979 in.mx =   

(b) 1200 rpm 125.664 rad/sω = =  

 Eq. (19.15):  2
2(125.664)

m m m
g

a x xω= =  

 SI:  6
2

9.81
621.2 10 m

(125.664)
mx −= = ×  0.621 mmmx =   

 US: 2

32.2
0.002039 ft

(125.664)
mx = =  0.0245 in.mx =   
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PROBLEM 19.16 

A small bob is attached to a cord of length 1.2 m and is released from rest when 
5 .Aθ = °  Knowing that d = 0.6 m, determine (a) the time required for the bob 

to return to Point A, (b) the amplitude .Cθ  

 

SOLUTION 

As the pendulum moves between Points A and B, the length of the pendulum is 1.2 m.ABl l= =  

 

2

1

1
1

9.81 m/s
2.8592 rad/s

1.2 m

2 2
2.1975 s

2.8592 rad/s

n n
AB

n

g

l
ω ω

π πτ
ω

= = = =

= = =

 

The falling from A to B is one quarter period. 

 1
1

0.54938 s.
4ABτ τ= =  

As the pendulum moves between Points B and C, the length of the pendulum is 
1.2 m 0.6 m 0.6 m.BCl l= = − =  

  

2

2

2
2

9.81 m/s
4.0435 rad/s

0.6 m

2 2
1.55389 s

4.0435 rad/s

n n
BC

n

g

l
ω ω

π πτ
ω

= = = =

= = =

 

The motion from B to C and back to B is one half period 

 2
1

0.77695 s
2BCBτ τ= =  

As the pendulum moves from B to A, the length is again 1.2 meters. 

 1
1

0.54938 s
4BAτ τ= =  

(a) Time required to return to A. 

 1.87571s
AB BCB BAτ τ τ τ

τ
= + +
=  1.876 sτ =   
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PROBLEM 19.16  (Continued) 

 

 For falling from A to B, m Aθ θ=  

 At B, 1

1

B m n A

B AB B AB n Av l l

θ θ ω θ
θ ω θ

= =

= =

 


 

 For rising from B to C, 

  1 max

max 1
max

2 2

(1.2 m)(2.8592 rad/s)
1.4142

(0.6 m)(4.0435 rad/s)

B AB
B n A

BC BC

AB n
C A

n BC n

C A A

v l

l l

l

l

θ ω θ θ

θ ωθ θ θ
ω ω

θ θ θ

= = =

= = =

= =

 



 

(b) Amplitude :Cθ  

 With 5 ,Aθ = °  7.07Cθ = °   
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PROBLEM 19.17 

A 5-kg block, attached to the lower end of a spring whose upper end is fixed, vibrates with a period of 6.8 s. 
Knowing that the constant k of a spring is inversely proportional to its length, determine the period of a 3-kg 
block which is attached to the center of the same spring if the upper and lower ends of the spring are fixed. 

 

SOLUTION 

Equivalent spring constant. 

 2 2 4k k k k′ = + =  (Deflection of each spring is the same.) 

For case , 1

1
1

2

1

2 2
1 1

6.8 s

2 2
0.924 rad/s

6.8

(5)(0.924) 4.2689 N/m

n

n
n

n

n

k

m

k m

τ
π πω

τ

ω

ω

=

= = =

=

= = =

 

For case , 2 2
2

2

4 (4)(4.2689)
5.6918 (rad/s)

3n
k

m
ω = = =  

 

2

2

2.3857 rad/s

2 2

2.3857

n

n
n

ω
π πτ

ω

=

= =  2 2.63 snτ =   
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PROBLEM 19.18 

A 75-lb block is supported by the spring arrangement shown. The block is moved 
vertically downward from its equilibrium position and released. Knowing that the 
amplitude of the resulting motion is 2 in., determine (a) the period and frequency 
of the motion, (b) the maximum velocity and maximum acceleration of the block. 

 

SOLUTION 

(a) Determine the constant k of a single spring equivalent to the three springs 

 90 45 45

180 lb/in. 2160 lb/ft

P k

k

k

δ
δ δ δ δ

=
= + +
= =

 

 Natural frequency. 

 
2

75 lb
32.2 ft/s

2160 lb/ft

30.453 rad/s

n

n

k

m
ω

ω

=

=

=

 

 
2 2

0.20633 s
30.453n

n

π πτ
ω

= = =  0.206 snτ =   

 
1

n
n

f
τ

=  4.85 Hznf =   

(b) 0sin( ) 2 in. 0.16667 ftm n mx x t x xω φ= + = = =  

 30.453 rad/snω =  

 

0.16667 sin(30.453 )

(0.16667)(30.453)cos(30.453 )

x t

x t

φ
φ

= +
= +  max 5.08 ft/sv =   

 2(0.16667)(30.453) sin(30.453 )x t φ= − +  2
max 154.6 ft/sa =   
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PROBLEM 19.19 

A 75-lb block is supported by the spring arrangement shown. The block is moved 
vertically downward from its equilibrium position and released. Knowing that the 
amplitude of the resulting motion is 2 in., determine (a) the period and frequency of 
the motion, (b) the maximum velocity and maximum acceleration of the block. 

 

SOLUTION 

(a) Determine the constant k of a single spring equivalent to the two springs shown. 

 
1 2 90 lb/in. 90 lb/in.

1 1 1
45 lb/in. 540 lb/ft

90 90

P P P

k

k
k

δ δ δ= + = + =

= + = =
 

 Period of the motion. 

 
540

75/32.2

2 2
0.41265 sn k

m

π πτ = = =  0.413 snτ =   

 
1 1

2.42 Hz
0.41265n

n

f
τ

= = =   

(b) 0sin( ) 2 in. 0.16667 ft

2 2 (2.4233) 15.226 rad/s

0.16667sin(15.226 )

(0.16667)(15.226)cos(15.226 )

m n m

n n

x x t x x

f

x t

x t

ω φ
ω π π

φ
φ

= + = = =
= = =
= +
= +

 

   max 2.54 ft/sv =   

 2(0.16667)(15.226) sin(15.226 )x t φ= − +  2
max 38.6 ft/sa =  
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PROBLEM 19.20 

A 13.6-kg block is supported by the spring arrangement shown. If the block is 
moved from its equilibrium position 44 mm vertically downward and released, 
determine (a) the period and frequency of the resulting motion, (b) the maximum 
velocity and acceleration of the block. 

 

SOLUTION 

 
Determine the constant k of a single spring equivalent to the three springs shown. 

Springs 1 and 2: 1 1 1
1 2

1 2

, and
P P P

k k k
δ δ δ= + = +

′
 

Hence, 1 2

1 2

k k
k

k k
′ =

+
 

where k ′ is the spring constant of a single spring equivalent of springs 1 and 2. 
Springs k ′ and 3: (Deflection in each spring is the same). 

So 1 2 1 2 3, and , ,P P P P k P k P kδ δ δ′= + = = =  

Now 3

1 2
3 3

1 2

k k k

k k
k k k k

k k

δ δ δ′= +

′= + = +
+

 

or 3(3.5 kN/m)(2.1 kN/m)
2.8 kN/m 4.11 kN/m 4.11 10 N/m

(3.5 kN/m) (2.1 kN/m)
k = + = = ×

+
 

(a) Period and frequency: 
34.11 10 N/m

13.6 kg

2 2
n k

m

π πτ
×

= =   0.361snt =   

  
1 1

0.3614 sn
n

f
τ

= =  2.77 Hznf =   
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PROBLEM 19.20  (Continued) 

 

(b) Displacement: 

 sin( )m nx x tω φ= +  

 44 mm 0.044 mmx = =  

 2 (2 )(2.77 Hz) 17.384 rad/sn nfω π π= = =  

 
(0.044 m)sin[(17.384 rad/s) ]

(0.044 m)(17.384 rad/s)cos[(17.384 rad/s) ]

x t

x t

φ
φ

= +
= +  

 Velocity: max

2

(0.044 m)(17.384 rad/s) 0.765 m/s

(0.044 m)(17.384 rad/s) sin[(17.384 rad/s) ]

v

x t φ

= =

= − +
 

 Acceleration: 2 2
max (0.044 m)(17.384 rad/s) 13.30 m/sa = =  

   max 0.765 m/sv =   

   2
max 13.30 m/sa =  
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PROBLEM 19.21 

A 11-lb block, attached to the lower end of a spring whose upper end is fixed, vibrates with a period of 7.2 s. 
Knowing that the constant k of a spring is inversely proportional to its length (e.g., if you cut a 10 lb/in. spring 
in half, the remaining two springs each have a spring constant of 20 lb/in.), determine the period of a 7-lb 
block which is attached to the center of the same spring if the upper and lower ends of the spring are fixed. 

 

SOLUTION 

Equivalent spring constant. 

 2 2 4k k k k′ = + =  (Deflection of each spring is the same.) 

For case , 1

1
1

2

1

2 2
1 1

7.2 s

2 2
0.87266 rad/s

7.2

11
(0.87266) 0.26015 lb/ft

32.2

n

n
n

n

n

k

m

k m

τ
π πω

τ

ω

ω

=

= = =

=

 = = = 
 

 

For case , 2 2
2 7

2 32.2

4 (4)(0.26015)
4.7868 (rad/s)n

k

m
ω = = =  

 

2

2

2.1879 rad/s

2 2

2.1879

n

n
n

ω
π πτ

ω

=

= =  2 2.87 snτ =   
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PROBLEM 19.22 

Block A of mass m is supported by the spring arrangement as shown. Knowing that the mass of 
the pulley is negligible and that the block is moved vertically downward from its equilibrium 
position and released, determine the frequency of the motion. 

 

SOLUTION 

We first determine the constant keq of a single spring equivalent to the spring and pulley system supporting the 
block by finding the total displacement Aδ  of the end of the cable under a given static load P. Owing to the 
force 2P in the upper spring the pulley moves down a distance 

 1
2

2

P

k
δ =  

 Owing to the force P in the lower spring, Point A moves down an 
additional distance 

  2
P

k
δ =  

 The total displacement is 

  1 2
2 2

2A
P P P

k k k
δ δ δ= + = + =  

 But 
eq

A
P

k
δ =  so that 

  eq 2

k
k =  

Natural frequency: eq
n

k

m
ω =  

   
2n
k

m
ω =  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2268 

 

 

PROBLEM 19.23 

The period of vibration of the system shown is observed to be 0.2 s. After the spring of 
constant 2 20 lb/in.k =  is removed and block A is connected to the spring of constant 
k1, the period is observed to be 0.12 s. Determine (a) the constant k1 of the remaining 
spring, (b) the weight of block A. 

 

SOLUTION 

Equivalent spring constant for springs in series. 

 1 2

1 2( )e
k k

k
k k

=
+

 

1 2For  and ,k k  
1 2

1 2

( )
( )( )

2 2

e

AA

k k k
m k km

π πτ
+

= =  

1For  alone,k  
1

2

A

k
m

πτ ′ =  

(a) 1 2 1 1 2

1 2 2

2

2 1 2

2

( )( )

( )

0.2 s
1.6667

0.12 s
20 lb/in.

k k k k k

k k k

k k k

k

τ
τ

τ
τ

τ
τ

+ += =
′

  = + ′ 

= =
′

=

 

 2
1(20 lb/in.)(1.6667) 20 lb/in.k= +  1 35.6 lb/in.k =   

(b) 
1

2

A

A
Ak

m

W
m

g

πτ ′ = =  

 

2
1

2

1

2 2

2

( )

(2 )

35.6 lb/in. 426.7 lb/ft

(32.2 ft/s )(0.12 s) (426.7 lb/ft)

(2 )

A

A

k
m

k

W

τ
π

π

′
=

= =

=  5.01 lbAW =  
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PROBLEM 19.24 

The period of vibration of the system shown is observed to be 0.8 s. 
If block A is removed, the period is observed to be 0.7 s. Determine 
(a) the mass of block C, (b) the period of vibration when both blocks A 
and B have been removed. 

 

SOLUTION 

 

1 1

1
1

2
2 2
1 1 1

1

6 kg 0.8 s

2 2 2
 rad/s

0.8 s 0.8

2
; ( 6)

0.8

C

C

m m

k
k m m

m

τ
π π πω

τ

πω ω

= + =

= = =

 = = = +  
 

 (1) 

 

2 2

2
2

2
2 2
2 2 2

2

3 kg 0.7 s

2 2 2
rad/s

0.7 s 0.7

2
; ( 3)

0.7

C

C

m m

k
k m m

m

τ
π π πω

τ

πω ω

= + =

= = =

 = = = +  
 

 (2) 

Equating the expressions found for k in Eqs. (1) and (2): 

 

2 2

2

2 2
( 6) ( 3)

0.8 0.7

6 0.8
; Solvefor :

3 0.7

C C

C
C

C

m m

m
m

m

π π   + = +   
   

+  =  +  
 6.80 kgCm =   

 

3
3

2

2 2
3 3

3

2

2
; C C

C

k
k m m

m

πω
τ

πω ω
τ

=

 
= = =  

 
 (3) 

Equating expressions for k from Eqs. (2) and (3), 

 
22

3

2 2
( 3)

0.7C Cm m
π π

τ
  + =   

   
 

Recall 6.8 kg:Cm =  
22

3

2 2
(6.8 3) 6.8

0.7

π π
τ

  + =   
   

 

 
2

3 36.8
; 0.833

0.7 9.8 0.7

τ τ  = = 
 

 3 0.583 sτ =  
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PROBLEM 19.25 

The 100-lb platform A is attached to springs B and D, each of which 
has a constant 120 lb/ft.k =  Knowing that the frequency of vibration of 
the platform is to remain unchanged when an 80-lb block is placed on it 
and a third spring C is added between springs B and D, determine the 
required constant of spring C. 

 

SOLUTION 

Frequency of the original system. 

Springs B and D are in parallel. 

( )2

2

100 lb
32.2 ft/s

2 2

2(120 lb/ft) 240 lb/ft

240 lb/ft

77.28(rad/s)

e B D

e
n

A

n

k k k

k

m
ω

ω

= + = =

= =

=

 

Frequency of new system. 

Springs A, B, and C are in parallel.  (2)(120)e B D C ek k k k k′ = + + = +  

 

2
2

2

2 2

(240 )(32.2 ft/s )
( )

(100 lb 80 lb)

( ) (0.1789)(240 )

( )

77.28 (0.1789)(240 )

191.97 lb/ft

e C
n

A B

n C

n n

C

C

k k

m m

k

k

k

ω

ω

ω ω

′ +′ = =
+ +

′ = +

′=
= +
=  192.0 lb/ftCk =   
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PROBLEM 19.26 

The period of vibration for a barrel floating in salt water is found to be 
0.58 s when the barrel is empty and 1.8 s when it is filled with 55 gallons 
of crude oil. Knowing that the density of the oil is 900 kg/m3, determine 
(a) the mass of the empty barrel, (b) the density of the salt water, ρsw. 
[Hint: the force of the water on the bottom of the barrel can be modeled 
as a spring with constant k = ρswgA.] 

 

SOLUTION 

Area of bottom of barrel: 
2 2

2(0.572 m)
0.2570 m

4 4

D
A

π π= = =  

Mass of oil: 
3

3
oil

1 m
(55 gal) (900 kg/m ) 187.378 kg

264.172 gal
m

 
= =  

 
 

Barrel empty: 1

1
1

0.58 s

2 2
10.833 rad/s

0.58 sn

τ
π πω

τ

=

= = =

 

 1n
b

k

m
ω =  (1) 

Barrel full: 2

2
2

1.8 s

2 2
3.4907 rad/s

1.8 sn

τ
π πω

τ

=

= = =

 

 2
oil

n
b

k k

m m m
ω = =

+
 (2) 

(a) Mass mb of empty barrel. 

 Divide Eq. (1) by Eq. (2) and square both sides. 

 

2 2
1 oil

2 2
2

oil

oil

(10.833)
9.6310

(3.4907)

9.6310

187.378 kg
21.710 kg

9.6310 1 8.6310

n b

bn

b b

b

m m

m

m m m

m
m

ω
ω

+
= = =

= +

= = =
−

 

  21.7 kgbm =  

 Spring constant: 2 2 3
1 (21.710)(10.833) 2.5477 10 N/mb nk m ω= = = ×  
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PROBLEM 19.26  (Continued) 

 

(b) Density of the salt water. 

  
sw

3

sw 2 2

2.5477 10 N/m

(9.81 m/s )(0.2570 m )

k gA

k

gA

ρ

ρ

=

×= =
 

  3
sw 1011 kg/mρ =   
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PROBLEM 19.27 

From mechanics of materials it is known that for a cantilever 
beam of constant cross section, a static load P applied at end B 
will cause a deflection 3/3 ,B PL EIδ =  where L is the length of 
the beam, E is the modulus of elasticity, and I is the moment of 
inertia of the cross-sectional area of the beam. Knowing that  
L = 10 ft, 6 229 10 lb/in. ,E = ×  and I = 12.4 in.4, determine (a) the 
equivalent spring constant of the beam, (b) the frequency of 
vibration of a 520-lb block attached to end B of the same beam. 

 

SOLUTION 

(a) Equivalent spring constant. 

3

3

3
3

e
B

e B

B

B

P
k

P k

PL

EI
EI

P
L

δ
δ

δ

δ

=

=

=

 =  
 

 

 

3

6 2 4

3

3

(3)(29 10 lb/in. )(12.4 in. )

(10 12 in.)

624.3 lb/in.

e

e

EI
k

L

k

=

×=
×

=  624.3 lb/in.ek =   

(b) Natural frequency. 

3

2
624.3 lb/in.

7.492 10 lb/ft

ek
m

n

e

f

k
π

=

=

= ×

 

 

3

2

(7.492 10 lb/ft )

(520 lb)

(32.2 ft/s )

2
3.428 Hz

n

n

f

f
π

×
 
  
 =

=  3.43 Hznf =   
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PROBLEM 19.28 

From mechanics of materials it is known that when a static load P is 
applied at the end B of a uniform metal rod fixed at end A, the length 
of the rod will increase by an amount / ,PL AEδ =  where L is the 
length of the undeformed rod. A is its cross-sectional area, and E is 
the modulus of elasticity of the metal. Knowing that L = 450 mm and 
E = 200 GPa and that the diameter of the rod is 8 mm, and neglecting 
the mass of the rod, determine (a) the equivalent spring constant of 
the rod, (b) the frequency of the vertical vibrations of a block of mass 
m = 8 kg attached to end B of the same rod. 

 

SOLUTION 

(a) e

e

P k

PL

AE
AE

P
L

AE
k

L

δ

δ

δ

=

=

 =  
 

=

 

 

2 3 2

5 2

9 2

5 2 9 2

6

(8 10 m)

4 4

5.027 10 m

0.450 m

200 10 N/m

(5.027 10 m )(200 10 N/m )

(0.450 m)

22.34 10 N/m

e

e

d
A

A

L

E

k

k

π π −

−

−

×= =

= ×
=

= ×

× ×=

= ×  22.3 MN/mek =   

(b) 

622.3 10
8

2

2

ek
m

nf π

π

×

=

=

 

 265.96 Hz=  266 Hznf =  
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PROBLEM 19.29 

Denoting by stδ the static deflection of a beam under a given load, show that the frequency of vibration of the 
load is 

st

1

2

g
f

π δ
=  

Neglect the mass of the beam, and assume that the load remains in contact with the beam. 

 

SOLUTION 

 

 st

st

2

st

W

n W
g

W
k

W
m

g

k g

m
δ

δ

ω
δ

=

=

= = = 
st

1

2 2
n

n
g

f
ω
π π δ

= =   
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PROBLEM 19.30 

A 40-mm deflection of the second floor of a building is measured directly under a newly installed 3500-kg 
piece of rotating machinery, which has a slightly unbalanced rotor. Assuming that the deflection of the floor is 
proportional to the load it supports, determine (a) the equivalent spring constant of the floor system, (b) the 
speed in rpm of the rotating machinery that should be avoided if it is not to coincide with the natural 
frequency of the floor-machinery system. 

 

SOLUTION 

 

 

 

(a) Equivalent spring constant. 

 
3500(9.81) N

40 mm

e s

e

W k

mg
k

δ

δ

=

=

=  858 N/mmek =   

(b) Natural frequency. 

(858.38 1000 N/m)
(3500 kg)

2

2
2.4924 Hz

1 Hz 1 cycle/s

60 rpm

ek
m

n

n

f

f

π

π

×

=

=

=
=
=

 

 
(60 rpm)

Speed (2.424 Hz)
Hz

=  Speed 149.5 rpm=  
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PROBLEM 19.31 

If 700 mmh =  and 500 mmd = and each spring has a constant 600 N/m,k =  
determine the mass m for which the period of small oscillations is (a) 0.50 s, 
(b) infinite. Neglect the mass of the rod and assume that each spring can act in 
either tension or compression. 

 

SOLUTION 

 

 

2 2 2

s

s

d
x x

h
d

F kx k x
h

=

= =
 

 eff( ) : 2 ( )A AM M Fd mgx mx hΣ = Σ − = −   

 

2

2

2
2

2

2
2

2

2
0

2

2

n

n

d
k x d mgx mxh

h

kd g
x x

hmh

kd g

hmh

k d g

m h h

ω

ω

  − = − 
 
 

+ − = 
 

 
= − 
 

 = − 
 





 (1) 

Data: 0.5 m

0.7 m

600 N/m

d

h

k

=
=
=
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PROBLEM 19.31  (Continued) 

 

(a) For 0.5 s:τ =  
2 2

; 0.5 4n
n n

π πτ ω π
ω ω

= = =  

 Eq. (1): 
2

2 2(600) 0.5 9.81
(4 )

0.7 0.7m
π  = − 

 
 

  3.561 kgm =  3.56 kgm =   

(b) For infinite:τ =  
2

0n
n

πτ ω
ω

= =  

 Eq. (1): 
2

2(600) 0.5 9.81
0

0.7 0.7m
 = − 
 

 

  43.69 kgm =  43.7 kgm =   
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PROBLEM 19.32 

The force-deflection equation for a nonlinear spring fixed at one end is 1/21.5F x=  where F is the force, 
expressed in newtons, applied at the other end, and x is the deflection expressed in meters. (a) Determine the 
deflection x0 if a 4-oz block is suspended from the spring and is at rest. (b) Assuming that the slope of the 
force-deflection curve at the point corresponding to this loading can be used as an equivalent spring constant, 
determine the frequency of vibration of the block if it is given a very small downward displacement from its 
equilibrium position and released. 

 

SOLUTION 

(a) 0Deflection .x  

1/2
0

4 oz 0.25 lb

1.5

W

F W

x

= =
=

=

 

 

2

0
0.25

1.5

0.027778 ft

x
 =  
 

=  0 0.333 in.x =   

 Equivalent spring constant. 

 At 0 ,x  
0

0

1/2 1/2
0

1.5 1.5
( ) (0.027778)

2 2

4.5 lb/ft

4.5 lb/ft

x

x

e

dF
x

dx

dF

dx

k

− −  = = 
 

  = 
 

=

 

(b) Natural frequency. 

(4.5 lb/ft )
(0.25/32.2)

2

2

ek
m

nf π

π

=

=

 

 3.8316 Hznf =  3.83 Hznf =  
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PROBLEM 19.33* 

Expanding the integrand in Equation (19.19) of Section 19.4 into a series of even powers of sinφ  and 
integrating, show that the period of a simple pendulum of length l may be approximated by the formula 

21

4
2 1 sin

2
ml

g

θτ π  = + 
 

 

where mθ  is the amplitude of the oscillations. 

 

SOLUTION 

Using the Binomial Theorem, we write 

 ( )
1/2

2

2 2
2

2 2

1
1 sin sin

21 sin sin

1
1 sin sin

2 2

m

m

m

θ

θ φ
φ

θ φ

−
  = −  

  −

= + + ⋅ ⋅ ⋅ ⋅

 

Neglecting terms of order higher than 2 and setting 2 1
2sin (1 cos 2 ),φ φ= − we have 

 ( )
/2

2

0

/2
2 2

0

1 1
4 1 sin 1 cos 2

2 2 2

1 1
4 1 sin sin cos 2

4 2 4 2

m
n

m m

l
d

g

l
d

g

π

π

θτ φ φ

θ θ φ φ

  = + −    

 = + − 
 





 

 

/2
2 2

0

2

1 1
4 sin sin sin 2

4 2 8 2

1
4 sin 0

2 4 2 2

m m

m

l

g

l

g

πθ θφ φ φ

θπ π

  = + −  
  

  = + +  
  

 21
2 1 sin

4 2
m

n
l

g

θτ π  = + 
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PROBLEM 19.34* 

Using the formula given in Problem 19.33, determine the amplitude mθ for which the period of a simple 
pendulum is 1

2 percent longer than the period of the same pendulum for small oscillations. 

 

SOLUTION 

For small oscillations, 0( ) 2n
l

g
τ π=  

We want 01.005( )

1.005 2

n n

l

g

τ τ

π

=

=

 

Using the formula of Problem 19.33, we write 

 

2
0

0

2

1
( ) 1 sin

4 2

1.005( )

sin 4[1.005 1] 0.02
2

sin 0.02
2

8.130
2

m
n n

n

m

m

m

θτ τ

τ
θ

θ

θ

 = + 
 

=

= − =

=

= °  16.26mθ = °   
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PROBLEM 19.35* 

Using the data of Table 19.1, determine the period of a simple pendulum of length 750 mml =  (a) for small 
oscillations, (b) for oscillations of amplitude 60 ,mθ = °  (c) for oscillations of amplitude 90 .mθ = °  

 

SOLUTION 

(a) 2n
l

g
τ π= (Equation 19.18 for small oscillations): 

 

2

0.750 m
2

9.81 m/s

1.737 s

nτ π=

=  1.737 snτ =   

(b) For large oscillations (Eq. 19.20), 

 

2
2

2
(1.737 s)

n
K l

g

K

τ π
π

π

  =      

=

 

 For 60 ,mθ = °  1.686K =  (Table 19.1) 

 

2(1.686)(1.737 s)
(60 )

1.864 s

nτ
π

° =

=  1.864 snτ =   

(c) For 90 ,mθ = °  1.854K =  
2(1.854)(1.737 s)

2.05 snτ
π

= =   
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PROBLEM 19.36* 

Using the data of Table 19.1, determine the length in inches of a simple pendulum which oscillates with a 
period of 2 s and an amplitude of 90°. 

 

SOLUTION 

For large oscillations (Eq. 19.20), 

 
2

2n
K l

g
τ π

π
  =      

 

for 90mθ = °  

 1.854K =  (Table 19.1) 

 

2

2 2

2

(2 s) (2)(1.854)(2)
32.2 ft/s

(2 s) (32.2 ft/s )

[(4)(1.854)]

2.342 ft

l

l

=

=

=  28.1 in.l =   
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PROBLEM 19.37 

The uniform rod shown has mass 6 kg and is attached to a 
spring of constant 700 N/m.k =  If end B of the rod is depressed 
10 mm and released, determine (a) the period of vibration,  
(b) the maximum velocity of end B. 

 

SOLUTION 

 
700 N/mk

W mg

=
=

 

 

where  st

st

2

( )

(0.5 )

6(0.1 m) 0.6

1
(6)(0.8 m)

12

0.32

F k x

k

ma mr

I

δ
θ δ

α θ θ

α θ

θ

= +
= +

= = =

=

=

 





 

(a) Equation of motion. 

 : (0.1 m) (0.5 m) (0.1 m)CM I mad W F I maα αΣ = + − = +  

  st(0.1) (0.5 )(0.5 m) 0.32 0.6 (0.1)W k θ δ θ θ− + = +   

 But in equilibrium, we have st(0.1 m) (0.5 m) 0W kδ− =  

 Thus, 2

2

(0.5) [0.32 0.06]

(700 N/m)(0.5) 0.38

(460.53) 0

k θ θ
θ θ

θ θ

− = +

− =

+ =
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PROBLEM 19.37  (Continued) 

 

 Natural frequency and period. 

 

2 460.53

21.46 rad/s

2 2

21.46 rad/s

n

n

n

ω
ω

π πτ
ω

=
=

= =  0.293 sτ =   

(b) At end B. 0.010 mmx =  

 

(10 mm)(21.46 rad/s)

214.6 mm/s

m m nv x ω=
=
=  0.215 m/smv =   
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PROBLEM 19.38 

A belt is placed around the rim of a 500-lb flywheel and attached as 
shown to two springs, each of constant 85 lb/in.k =  If end C of the belt 
is pulled 1.5 in. down and released, the period of vibration of the 
flywheel is observed to be 0.5 s. Knowing that the initial tension in the 
belt is sufficient to prevent slipping, determine (a) the maximum 
angular velocity of the flywheel, (b) the centroidal radius of gyration of 
the flywheel. 

 

SOLUTION 

Denote the initial tension by T0. 

 

Equation of motion. 0

0 0

:

( ) ( )

A BM I T r T r I

T kr r T kr I

θ θ
θ θ θ θ

Σ = − + =

− + + − =

 


 

 

2

2
2

2
0

2
n

kr

I
kr

I

θ θ

ω

+ =

=



 (1) 

Data: 
500 lb

85 lb/in. 1020 lb/ft
32.2

0.5 s 18 in. 1.5 ft

2 2 2
; 4 rad/s

0.5n
n

W
m k

g

rτ
π π πτ ω π

ω τ

= = = =

= = =

= = = =

 

(a) Maximum angular velocity. If Point C is pulled down 1.5 in. and released, 

  

3
max

3

1.5 in.
83.333 10 rad

18 in.

(83.333 10 rad)(4 rad/s)

m

m m n

θ θ

θ θ ω π

−

−

 = = = × 
 

= = ×  1.047 rad/smθ =   
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PROBLEM 19.38  (Continued) 

 

(b) Centroidal radius of gyration. 

  

2
2

2
2

2

2

2(1020 lb/ft)(1.5 ft)
(4 rad/s)

29.067 slug ft

n
kr

I

I

I

ω

π

=

=

= ⋅

 

 or since  2

2 2
2

500 lb
29.067 slug ft

32.2 ft/s

I mk

k

=

 
= ⋅  

 

 

  1.3682 ftk =  16.42 in.k =   
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PROBLEM 19.39 

An 8-kg uniform rod AB is hinged to a fixed support at A and is 
attached by means of pins B and C to a 12-kg disk of radius 
400 mm. A spring attached at D holds the rod at rest in the 
position shown. If Point B is moved down 25 mm and released, 
determine (a) the period of vibration, (b) the maximum velocity 
of Point B. 

 

SOLUTION 

(a) 

  

Equation of motion. eff st( ) : (0.6 )A A SM M F k θ δΣ = Σ = +  

 0.6( ) 1.2 ( ) 0.6( )( ) 1.2( )( )R S D R D R t D D t Bm g F m g I I m a m aα− + = + + +  (1) 

At equilibrium ( 0),θ =  stSF kδ=  

 st0 0.6( ( )) 1.2A R DM m g k m gδΣ = = − +  (2) 

Substituting Eq. (2) into Eq. (1), 2( ) 0.6 ( ) 1.2 ( ) (0.6) 0R D R t D D t BI I m a m a kα θ+ + + + =  

 

2 2

2 2

( ) 0.6

( ) 1.2

1 1
(8)(1.2)

12 12
0.960 kg m

1 1
(12)(0.4) 0.960 kg m

2 2

t B

t D

R R

D D

a

a

I m l

I m R

α θ
θ
θ

=

=

=

= =

= ⋅

= = = ⋅






 

 

2 2 2

2

[0.960 0.960 (0.6) (8) (1.2) (12)] (0.6) (800) 0

288 N m
0

(22.08 kg m )

θ θ

θ θ

+ + + + =
⋅+ =
⋅
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PROBLEM 19.39  (Continued) 

 

(a) Natural frequency and period. 

 

288

22.08
3.6116 rad/s

2 2

3.6116

n

n
n

ω

π πτ
ω

=

=

= =  1.740 snτ =   

(b) Maximum velocity at B. 

 max max

max

( ) (1.2)( )

1.2
0.025

0.02083 rad
1.2

sin( )

cos( )

(0.02083)(3.612) 0.07524 rad/s

B

B
m

m

m n

m n n

m n

v

y

t

t

θ

θ

θ

θ θ ω φ
θ θ ω ω φ

θ θ ω

=

=

= =

= +

= +

= = =







 

 max max( ) (1.2)( ) (1.2 m)(0.07524) rad/sBv θ= =  

 max( ) 0.09029 m/sBv =  max( ) 90.3 mm/sBv =  
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PROBLEM 19.40 

Solve Problem 19.39, assuming that pin C is removed and that 
the disk can rotate freely about pin B. 

PROBLEM 19.39 An 8-kg uniform rod AB is hinged to a fixed 
support at A and is attached by means of pins B and C to a 12-kg 
disk of radius 400 mm. A spring attached at D holds the rod at 
rest in the position shown. If Point B is moved down 25 mm and 
released, determine (a) the period of vibration, (b) the maximum 
velocity of Point B. 

 

SOLUTION 

(a) 

 
Note: This problem is the same as Problem 19.39, except that the disk does not rotate, so that the effective 
moment 0.DI α =  

Equation of motion. eff st( ) : (0.60 )A A SM M F k δΣ = Σ = +  

 (0.6)( ) 1.2 (0.6)( )( ) 1.2( )( )R S D R R t D D t Bm g F m g I m a m aα− + = + +  (1) 

At equilibrium ( 0),θ =  stSF kδ=  

 st0 0.6( ) 1.2A R DM m g m gδΣ = = − +  (2) 

Substituting Eq. (2) into Eq. (1), 20.6 ( ) 1.2 ( ) (0.6) 0R R t D D t BI m a m a kα θ+ + + =  

 

2 2

( ) 0.6

( ) 1.2

1 1
(8)(1.2)

12 12
0.960 kg m

t B

t D

R R

a

a

I m l

α θ
θ
θ

=

=

=

= =

= ⋅




  

 

2 2 2

2

[0.960 (0.6) (8) (1.2) (12)] (0.6) (800) 0

(288 N m)
0

21.12 kg m

θ θ

θ θ

+ + + =
⋅+ =
⋅
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PROBLEM 19.40  (Continued) 

 

(a) Natural frequency and period. 

 

288

21.12
3.693 rad/s

2 2

3.693

n

n
n

ω

π πτ
ω

=

=

= =  1.701 snτ =   

(b) Maximum velocity at B. 

 max max( ) (1.2)( )Bv θ=   

 

max

max max

0.025
0.02083 rad

1.2 1.20
sin( )

cos( )

(0.02083)(3.693)

0.07694 rad/s

( ) (1.2)( )

(1.2)(0.07694)

0.09233 m/s

B
m

m n

m n n

m n

B

y

t

t

v

θ

θ θ ω φ
θ θ ω ω φ

θ θ ω

θ

= = =

= +

= +

=
=
=

=
=
=







 max( ) 92.3 mm/sBv =  
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PROBLEM 19.41 

A 15-lb slender rod AB is riveted to a 12-lb uniform disk as shown. A 
belt is attached to the rim of the disk and to a spring which holds the rod 
at rest in the position shown. If end A of the rod is moved 0.75 in. down 
and released, determine (a) the period of vibration, (b) the maximum 
velocity of end A. 

 

SOLUTION 

 

Equation of motion. eff disk( ) : cos
2 2 2B B AB
L L L

M M mg kxr I m Iθ α α α  Σ = Σ − = + +  
    (1) 

where stx rθ δ= +  and from statics, st2

L
mg k rδ=  

Assuming small angles (cos 1),θ ≈  Equation (1) becomes 

 
2

L
mg 2

stkr krθ θ δ− −
2

disk

2
2

disk

2

0
4

AB

AB

L
I m I

mL
I I kr

α

θ θ

   = + +    
 

+ + + =  
 


 

Data: 

2

15

32.2

0.46584 lb s /ft

m =

= ⋅

 

 disk

2

12

32.2

0.37267 lb s /ft

36 in. 3.0 ft

10 in. 0.83333 ft

30 lb/in. 360 lb/ft

m

L

r

k

=

= ⋅
= =
= =
= =
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PROBLEM 19.41  (Continued) 

 

 

2

2

2

2
disk disk

2

2

1

12
1

(0.46584)(3.0)
12

0.34938 lb s ft

1

2
1

(0.37267)(0.83333)
2

0.1294 lb s ft

ABI mL

I m r

=

=

= ⋅ ⋅

=

=

= ⋅ ⋅

 

 2 21
0.34935 (0.46584)(3.0) 0.1294 (360)(0.83333) 0

4
θ θ + + + =  
  

 1.5269 250 0θ θ+ =   or  163.73 0θ θ+ =  

(a) Natural frequency and period. 2 2163.73 (rad/s)nω =  

  

12.796 rad/s

2 2

12.796

n

n

ω
π πτ

ω

=

= =  0.491sτ =   

(b) Maximum velocity. (12.796)(0.75)m n mv xω= =  9.60 in./smv =   
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PROBLEM 19.42 

A 30-lb uniform cylinder can roll without sliding on a 15°-incline. 
A belt is attached to the rim of the cylinder, and a spring holds the 
cylinder at rest in the position shown. If the center of the cylinder 
is moved 2 in. down the incline and released, determine (a) the 
period of vibration, (b) the maximum acceleration of the center of 
the cylinder. 

 

SOLUTION 

 

Spring deflection. 0 /0

/0

0

0

st 0 st

2

( ) (2 )

A A

A

A

S A

x x x

x r

x

r
x x

F k x k x

θ

θ

δ δ

= +

=

=

=
= + = +

 

  eff 0 st 0( ) : 2 (2 ) sin15CM M rk x rW rmx Iδ θΣ = Σ − + + ° = +   (1) 

But in equilibrium,  0 0x =  

  st0 2 sin15CM rk rWδΣ = = − + °  (2) 

Substituting Eq. (2) into Eq. (1) and noting that  0 0,
x x

r r
θ θ= =

  

 

0
0 0

2

0 0

0 0

4 0

1

2
3

4 0
2

8
0

3

x
rmx I rkx

r

I mr

mrx rkx

k
x x

m

+ + =

=

+ =

 + = 
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PROBLEM 19.42  (Continued) 

 

Natural frequency. 
2

1
(30 lb)

(32.2 ft/s )

8 (8)(30 12 lb/ft)
32.1 s

3 (3)
n

k

m
ω −×= = =  

(a) Period. 
2 2

0.1957 s
32.1n

n

π πτ
ω

= = =  0.1957 snτ =   

(b)  0 0( ) sin( )m nx x tω φ= +  

 At 0,t =  0 0

0 0

0

2
 ft        0

12
( ) cos( )

0

0 ( ) cos

m n n

m n

x x

x x t

t

x

ω ω φ

ω φ

= =

= +
=
=





 

 Thus, 

0 0 0

2
0

1
(0)  ft ( ) sin ( ) (1)

6 m m

t

x x x

πφ

φ

=

=

= = =

 

  

0

2
0 0

0 max 0 max

2
0

1 2

2

1
( ) ft

6

( ) sin( )

( ) ( )

( )

1
ft (32.1 s )

6

171.7 ft/s

m

m n n

m n

x

x x t

a x

x

ω ω φ

ω

−

=

= − +
=

= −

 = − 
 

=




 2
0 max( ) 171.7 ft/sa =   
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PROBLEM 19.43 

A square plate of mass m is held by eight springs, each of constant k. Knowing 
that each spring can act in either tension or compression, determine the 
frequency of the resulting vibration (a) if the plate is given a small vertical 
displacement and released, (b) if the plate is rotated through a small angle 
about G and released. 

 

SOLUTION 

(a) Small vertical displacement. 

 Let the plate be displaced downward a distance x from the equilibrium position. Each corner moves 
downward a distance x and the four vertical springs exert additional forces k x for each spring. The 
horizontal springs exert negligible change. 

 

 : 4F ma kx mxΣ = − =   

 
4

0
k

x x
m

+ =  

 2 4
n

k

m
ω =  

 

 Frequency: 
1 4

2 2
n k

f
m

ω
π π

= =  0.318
k

f
m

=  

(b) Small rotation about G. 

 Let the plate be rotated through a small counterclockwise angle θ from the equilibrium position. The 
corners A, B, C, and D move as indicated below: 

  A: ( /2)l θ  ( /2)l θ+  

  B: ( /2)l θ  ( /2)l θ+  

  C: ( /2)l θ  ( /2)l θ+  

  D: ( /2)l θ  ( /2)l θ+  

 The additional force exerted by each of the eight springs is ( /2)F kl θ=  and directed as shown on the 
free body diagram. The eight forces reduce to four clockwise couples, each of magnitude Fl. For a 
square plate  

  21

6
I ml=  
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PROBLEM 19.43  (Continued) 

 

  2: 4 4( /2)GM I Fl I klα θ θ= = −  

  

2

2

1

6
12

0
m

12

mn

ml

k

k

θ

θ θ

ω

=

+ =

=



  

  

 Frequency: 
1 12

2 2
n k

f
m

ω
π π

= =  0.551
k

f
m

=   
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PROBLEM 19.44 

Two small weights w are attached at A and B to the rim of a uniform disk of radius r 
and weight W. Denoting by 0τ the period of small oscillations when 0,β = determine 
the angle β for which the period of small oscillations is 02 .τ  

 

SOLUTION 

 

 

21

2

t

D

a r r

W
I r

g

α θ
α θ

=
= =

=


  

Equation of motion. 

 eff
2

( ) : sin( ) sin( )C C t
w

M M wr wr ra I
g

β θ β θ αΣ = Σ − − + = +  

 

2 2

[sin( ) sin( )] 2 sin cos
sin

2
(2 cos ) 0

2

wr wr

w W
r r wr

g g

β θ β θ θ β
θ θ

θ β θ

− − + = −
≈

 
+ + = 

 


 

Natural frequency. ( )2

0 4
0

(4 )

0cos 4
(4 ) (4 )

2 cos 4 cos

(4 )2

2 2
0

2 4
2

W
w

W W
w w

n WW
w

g
r

n g
r r

wg g

rw r

β

β βω

π πβ τ
ω

π πτ τ

+

+ +

= =
++

= = =

= = =

 (1) 

  
2

1 1
cos

2 4
β  = = 

 
 75.5β = °   
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PROBLEM 19.45 

Two 40-g weights are attached at A and B to the rim of a 1.5-kg uniform disk of 
radius 100r =  mm. Determine the frequency of small oscillations when 60 .β = °  

 

SOLUTION 

 

 

21

2

t

D D

a r r

I m r

α θ
α θ

=
= =

=


  

Equation of motion. 

 
2

: sin( ) sin( )C t
w

M I mad wr wr ra I
g

α β θ β θ αΣ = + − − + = +  

 

2 2

[sin( ) sin( )] 2 sin cos
sin

2
(2 cos ) 0

2

wr wr

w W
r r wr

g g

β θ β θ θ β
θ θ

θ β θ

− − + = −
≈

 
+ + = 

 


 

Natural frequency. ( )2

2 cos 4 cos

(4 )2
n WW

w

wg g

rw r

β βω = =
++

 (1) 

Data: 
1.5

0.04 1.5 37.5
0.04

0.100 m 60

(4)(9.81)cos60
2.1743 rad/s

(4 37.5)(0.10)

D

n

W g
w mg g W m g g

w g

r β

ω

= = = = = =

= = °

°= =
+

 

 
2.1743

2 2
n

nf
ω
π π

= =  0.346 Hznf =   
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PROBLEM 19.46 

A three-bladed wind turbine used for research is supported on a shaft so that it is 
free to rotate about O. One technique to determine the centroidal mass moment of 
inertia of an object is to place a known weight at a known distance from the axis 
of rotation and to measure the frequency of oscillations after releasing it from rest 
with a small initial angle. In this case, a weight of Wadd = 50 lb is attached to one 
of the blades at a distance R = 20 ft from the axis of rotation. Knowing that when 
the blade with the added weight is displaced slightly from the vertical axis, the 
system is found to have a period of 7.6 s, determine the centroidal mass moment 
of inertia of the 3-bladed rotor. 

 

SOLUTION 

Let the turbine rotor be turned counterclockwise through a small angle θ. The moment of the added weight 
about Point O is 

 

 add sinM W R θ= −  

 0 0 eff add add( ) : sin aM M W R I m Raθ αΣ = Σ − = +  

 

2
add

2
add

( )

( )

I m R

I m R

α
θ

= +

= +   

 add
2

add

sin 0
W R

I m R
θ θ+ =

+
  

Using sin givesθ θ≈  

 

add
2

add

2 2 add
2

add

0

0n n

W R

I m R

W R

I m R

θ θ

θ ω θ ω

+ =
+

+ = =
+
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PROBLEM 19.46  (Continued) 

 

Solving for ,I  

  2add
add2

n

W R
I m R

ω
= −  (1) 

Data: add

2add
add 2

20 ft, 50 lb

50 lb
1.5528 lb s /ft

32.2 ft/s

R W

W
m

g

= =

= = = ⋅

 

Period and frequency: 7.6 s

1 1
Hz

7.6
2

2 0.82673 rad/s
7.6n

f

f

τ

τ
πω π

=

= =

= = =

 

From Eq. (1), 2 2
2

(50 lb)(20 ft)
(1.5528 lb s /ft)(20 ft)

(0.82673 rad/s)

1463.10 621.12

I = − ⋅

= −

 

  2842 lb s ftI = ⋅ ⋅   
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PROBLEM 19.47 

A connecting rod is supported by a knife-edge at Point A; the period of its small 
oscillations is observed to be 0.87 s. The rod is then inverted and supported by a knife-
edge at Point B and the period of small oscillations is observed to be 0.78 s. Knowing 
that 10 in.a br r+ = determine (a) the location of the mass center G, (b) the centroidal 
radius of gyration .k  

 

SOLUTION 

Consider general pendulum of centroidal radius of gyration .k  

 

Equation of motion. 2
0 0 eff( ) : sin ( )M M mgr mr r mkθ θ θΣ = Σ − = +   

 
2 2

sin 0
gr

r k
θ θ + = + 
  

For small oscillations, sin ,θ θ≈  we have 

 
2 2

2
2 2

2 2

0

2
2

n

n

gr

r k
gr

r k

r k

gr

θ θ

ω

πτ π
ω

 + = + 

=
+

+= =

  

For rod suspended at A, 
2 2

2 a
A

a

r k

gr
τ π +

=  

 ( )2 2 2 24A a ag r r kτ π= +  (1) 

For rod suspended at B, 
2 2

2 b
B

b

r k

gr
τ π +

=  

 ( )2 2 2 24B b bg r r kτ π= +  (2) 
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PROBLEM 19.47  (Continued) 

 

(a) Value of .ar  

 Subtracting Eq. (2) from Eq. (1), ( )2 2 2 2 2

2 2 2

4

4 ( )( )

A a B b a b

A a B b a b a b

g r g r r r

g r g r r r r r

τ τ π

τ τ π

− = −

− = + −

 

 Applying the numerical data with 10 in. 0.83333 fta br r+ = =  

  
2 2 2(32.2)(0.87) (32.2)(0.78) 4 (0.83333)( )

24.372 19.590 32.899( )
a b a b

a b a b

r r r r

r r r r

π− = −
− = −

 

  

13.309 8.527 0.6407

0.83333 0.6407 0.5079 ft
b a b a

a a a

r r r r

r r r

= =
= + =  6.09 in.ar =   

  0.83333 0.5079br = −  0.32543 ftbr =  3.91 in.br =  

(b) Centroidal radius of gyration. 

 From Eq. (1), 2 2 2 2 2

2 2 2 2

4 4

(32.2)(0.87) (0.5079) 4 (0.5079) 2.1947 ft

A a ak g r rπ τ π

π

= −

= − =

 

  0.2398 ftk =  2.83 in.k =   
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PROBLEM 19.48 

A 75-mm-radius hole is cut in a 200-mm-radius uniform disk, which is 
attached to a frictionless pin at its geometric center O. Determine (a) the 
period of small oscillations of the disk, (b) the length of a simple pendulum 
which has the same period. 

 

SOLUTION 

 

Equation of motion. 

 0 0 eff( ) :M MΣ = Σ          2(0.1)sin (0.1)H D H Hm g I I mθ θ θ θ− = − − 
 

 

2

2

2

2

2 2

6

2

2

6

( )(0.2)

(0.04)

( ) (0.075)

(0.005625)

1 1
(0.04 )(.2)

2 2
800 10

1

2
1

(0.005625 )(0.75)
2
15.82 10

D

H

D D

H H

m t R

t

t

m t r

t

t

I m R t

t

I m r

t

t

ρ π
ρ π

πρ
ρ π
ρ π

πρ

πρ

πρ

πρ

πρ

−

−

=
=
=
=
=
=

= =

= ×

=

=

= ×
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PROBLEM 19.48  (Continued) 

 

Small angles. sinθ θ≈  

 
6 6[800 10 15.82 10 (0.1)(0.005625) ]

(0.005625 ) (9.81)(0.1) 0

t t t

t

πρ πρ πρ θ
πρ θ

− −× − × −
+ =


 

 6 3727.9 10 5.518 10 0θ θ− −× + × =  

(a) Natural frequency and period. 

 

3
2

6

5.518 10

727.9 10
7.581

2.753 rad/s

2

n

n

n
n

ω

ω
πτ

ω

−

−
×=
×

=
=

=  
2

2.28 s
2.753n

πτ = =   

(b) Length and period of a simple pendulum.  

 

2

2
2

2

2

(2.753)
(9.81 m/s )

2

n

n

l

g

l g

l

τ π

τ
π

π

=

 =  
 

 =   
 1.294 ml =   
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PROBLEM 19.49 

A uniform disk of radius 250r = mm is attached at A to a 650-mm rod AB of 
negligible mass, which can rotate freely in a vertical plane about B. Determine 
the period of small oscillations (a) if the disk is free to rotate in a bearing at A, 
(b) if the rod is riveted to the disk at A. 

 

SOLUTION 

 

 

2

2

1

2
1

(0.250)
2 32

0.650t

I mr

m
m

a lα α
α θ

=

= =

= =

= 

 

(a) The disk is free to rotate and is in curvilinear translation. 

 Thus, 0Iα =  

 eff( ) :B BM MΣ = Σ    sin sintmgl lmaθ θ θ− = ≈  

  

2

2
2

0

9.81 m/s

0.650 m

15.092

3.885 rad/s

2 2

3.885

n

n

n
n

ml mgl

g

I

θ θ

ω

ω
π πτ

ω

− =

= =

=
=

= =



 1.617 snτ =  
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PROBLEM 19.49  (Continued) 

 

(b) When the disk is riveted at ,A  it rotates at an angular acceleration .α  

 eff( ) :B BM MΣ = Σ    21
sin

2tmgl I lma I mrθ α− = + =  

 

( )

( )

2

2

2 2

2

2
2

2

20.250
2

1
0

2

(9.81 m/s )(0.650 m)

(0.650)

14.053

3.749 rad/s

2

2

3.749

n
r

n

n
n

mr ml mgl

gl

l

θ θ

ω

ω
πτ

ω
π

 + + = 
 

=
+

=
 +  

=
=

=

=



 1.676 snτ =   
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PROBLEM 19.50 

A small collar of mass 1 kg is rigidly attached to a 3-kg uniform rod of length 
750 mm.L =  Determine (a) the distance d to maximize the frequency of oscillation 

when the rod is given a small initial displacement, (b) the corresponding period of 
oscillation. 

 

SOLUTION 

 
Equation of motion. 

 eff( ) :A AM MΣ = Σ      sin sin ( ) ( )
2 2R C R R t R C t C
L L

W W d I m a m d aθ θ α− − = + +  

 sinθ θ≈  , ( ) , ( )
2 2t R t C
L L

a a d dα θ α θ α θ= = = = =    

 
2

2 0
2 2R R C R C
L L

I m m d m g m gdθ θ
     + + + + =        

  

 

( )
( )2

2

2 2

2
2

2

2
3

1

12

2 3

0
3 2

0

1

3

C

R

C

R

R R

R
R R

R
C R C

mL
m

mL
m

C

R

I m L

m LL
I m

m L L
m d m g m gd

d g

d

m

m

θ θ

θ θ

=

 + = 
 

   + + + =       

+
+ =

+

=
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PROBLEM 19.50  (Continued) 

 

Natural frequency. 
( ) ( )

2

3
2 22

2 22
3

( )

C

R

C

R

mL L
m

n mL
m

d g d g

L dd
ω

+ +
= =

++
 

(a) To maximize the frequency, we need to take the derivative with respect to d and set it equal to zero. 

 

( ) ( )2 2 2 3
2

2 2 2

2 2 2

2 2

( )(1) (2 )1
0

( ) ( )

3 2 0

3 0

L
nd L d d d

g d d L d

d L Ld d

d Ld L

ω + − +
= =

+

+ − − =

+ − =

 

 Solve for d knowing that L = 0.75 m 0.22708 or 2.4771d = −  

  0.22708 md =  227 mmd =   

 

( )3(0.75)
22

2 2

0.22708 9.81

(0.75 0.22708 )

21.6

nω
+

=
+

=  4.6476 rad/snω =  

(b) Period of oscillation. 
2 2

4.6476n
n

π πτ
ω

= =  1.352 snτ =  
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PROBLEM 19.51 

For the uniform square plate of side 12 in,b = determine (a) the 
period of small oscillations if the plate is suspended as shown, 
(b) the distance c from O to a Point A from which the plate should 
be suspended for the period to be a minimum. 

 

SOLUTION 

 

(a) Equation of motion. 

 0 :M I madα α θΣ = + =   

 

21

6
( )( )

2

2

2

2

t

t

I mb

a OG

OG b

a b

α

θ

=

=

=

 
=   
 



 

 ( )(sin )( ) ( ) sintOG mg OG ma Iθ α θ θ= − − ≈  

 

22 2 1 2
0

2 2 6 2

1 1 2
( ) 0

2 6 2

b m b mb b mg

b m mg

θ θ θ

θ θ

     
+ + =          

     
  + + =       
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PROBLEM 19.51  (Continued) 

 

 
( )
( )

2
2

2
3

3 2
0 or 0

4

g g

bb
θ θ θ+ = + =   

 Natural frequency and period. 

 

2
0

0

0
0

3 2 3 2(32.2)
34.153

4 (4)(1)

5.8441 rad/s

2

n

n

n
n

g

b
ω

ω
πτ

ω

= = =

=

=  0 1.075 snτ =   

(b) Suspended about A. Let ( )e OG c= −  

  ta eα=  

 Equation of motion. 

 :AM I madαΣ = +    2

2 2

sin ( )

1
0

6

tmge ema I me I

m e b mge

θ α α

θ θ

= − − = − +

 + + = 
 



 

 Frequency and period. 2
2 21

6

2 2 212
2 6

2

2 2
2

4 ( )4

4

6

n

n
n

n

eg

e b

e b

eg

b
e

g e

ω

ππτ
ω

πτ

=
+

+
= =

 
= +  

 

 

 For nτ to be minimum, 
2

0
6

d b
e

de e

 
+ =  

 
 

  

2 2

2 2
1 0 6

6 6

2
0.29886

2 6
(0.29886)(12 in.)

b b b
e

e e

b
c OG e b b

c

− = = =

= − = − =

=  3.59 in.c =   
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PROBLEM 19.52 

A compound pendulum is defined as a rigid slab which oscillates about a fixed Point O, 
called the center of suspension. Show that the period of oscillation of a compound 
pendulum is equal to the period of a simple pendulum of length OA, where the distance 
from A to the mass center G is 2/GA k r= . Point A is defined as the center of oscillation 
and coincides with the center of percussion defined in Problem 17.66. 

 

SOLUTION 

 

 0 0 eff( ) : sin tM M W r I ma rθ αΣ = Σ − = +  

 2 2sinmgr mk mrθ θ θ− = +   

 
2 2

sin 0
gr

r k
θ θ+ =

+
  (1) 

For a simple pendulum of length ,OA l=  

 

 0
g

l
θ θ+ =  (2) 

Comparing Equations (1) and (2), 
2 2r k

l
r

+=  
2k

GA l r
r

= − =  Q.E.D. 
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PROBLEM 19.53 

A rigid slab oscillates about a fixed Point O. Show that the smallest period of oscillation 
occurs when the distance r  from Point O to the mass center G is equal to .k  

 

SOLUTION 

See Solution to Problem 19.52 for derivation of 

 
2 2

sin 0
gr

r k
θ θ+ =

+
  

For small oscillations, sinθ θ≈  and 

 
2 2 22 2

2n
n

r k k
r

gr rg

π πτ π
ω

+= = = +  

For smallest ,nτ  we must have 
2k

rr +  as a minimum: 

 
( )2

2

2
1 0

k
rd r k

dr r

+
= − =  

 2 2r k=  Q.E.D.r k=  
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PROBLEM 19.54 

Show that if the compound pendulum of Problem 19.52 is suspended from A instead of O, the period of 
oscillation is the same as before and the new center of oscillation is located at O. 

 

SOLUTION 

Same derivation as in Problem 19.52 with r  replaced by .R  

Thus, 
2

0
gR

R k
θ θ+ =

+
  

Length of the equivalent simple pendulum is  

 

2

2 2 2

2

( )
k
r

R k k
L R

R R

k
L l r l

+= = +

= − + =
 

Thus, the length of the equivalent simple pendulum is the same as in Problem 19.52. It follows that the period 
is the same and that the new center of oscillation is at O. Q.E.D.
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2315 

 

 

PROBLEM 19.55 

The 8-kg uniform bar AB is hinged at C and is attached at A to a spring of 
constant 500 N/m.k =  If end A is given a small displacement and released, 
determine (a) the frequency of small oscillations, (b) the smallest value of 
the spring constant k for which oscillations will occur. 

 

SOLUTION 

 

2 2

2

1 1
(8)(0.250)

12 12

0.04167 kg m

0.04 0.04

sin
t

I ml

I

a

α θ
α θ

θ θ

 = =  
 

= ⋅

=

= =
≈




 

Equation of motion. 

 eff( ) :C CM MΣ = Σ      2 2(0.165) 0.04 (0.04)k mg I mθ θ θ θ− + = +   

 (0.04167 0.01280) (0.02722 0.32 ) 0k gθ θ+ + − =  (1) 

(a) Frequency if 500 N m.k = ⋅  

 0.05447 (10.47) 0θ θ+ =  

 
( )10.47

0.05447

2 2
n

nf
ω
π π

= =  2.21 Hznf =   

(b) For nτ  ∞  or nω  0,  oscillations will not occur. 

 From Equation (1), 2 0.02722 0.32
0

(0.05447)n
k gω −= =  

 
0.32 (0.32)(9.81)

0.02722 (0.02722)

g
k = =  115.3 N/mk =   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2316 

 

 

PROBLEM 19.56 

Two uniform rods, each of mass 12 kgm =  and length L = 800 mm, are 
welded together to form the assembly shown. Knowing that the constant of 
each spring is 500 N/mk =  and that end A is given a small displacement 
and released, determine the frequency of the resulting motion. 

 

SOLUTION 

 

Equation of motion. 0 0 eff( ) :M MΣ = Σ      
2 2

2 ( )
2 2 2AC AC BD AC
L L L

m g k I I mθ α α
    − = + +    

     
 

 21

2

BD AC

BD AC

m m m

I I I mL

= =

= = =
 

 
2

21 1
2 0

6 4 2 2

L L
mL k mgθ θ

    + + − =    
     

  

 
2

2 210 6( )
0

24 2 2 5n
kL mgL kL mg

mL
mL

θ θ ω
  −+ − =  = 
 

  

Data: 800 mm 0.8m, 12 kg, 500 N/mL m k= = = =  

Frequency. 2 6[(500)(0.8) (12)(9.81)]
35.285

(5)(12)(0.8)nω −= =  

 5.9401 rad/s
2

n
n nf

ωω
π

= =  0.945 Hznf =   
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PROBLEM 19.57 

A 45-lb uniform square plate is suspended from a pin located 
at the midpoint A of one of its 1.2-ft edges and is attached to 
springs, each of constant 8 lb/in.k =  If corner B is given a small 
displacement and released, determine the frequency of the 
resulting vibration. Assume that each spring can act in either 
tension or compression. 

 

SOLUTION 

 

 
2 2

sin

t
b b

a

α θ

α θ

θ θ

=

= −

≈



  

Equation of motion. 
2

2
0 0 eff( ) : 2

2 2

b b
M M mg kb I mθ θ α α Σ = Σ − + = +  

 
 

 
2 2

2 21 5

2 6 4 12

b b
I m mb m mb

 + = + = 
 

 

 

25
2 0

12 2

12 24
0

10 5

b
mb mg kb

g k

b mb

θ θ

θ θ

 + + = 
 
 + + = 
 




 

Data: 245
1.2 ft; 1.3975 lb s /ft

32.2
8 lb/in. 96 lb/ft

b m

k

= = = ⋅

= =

 

 
(12)(32.2) (24)(96)

0
(10)(1.2) (5)(1.3975)(1.2)

θ θ 
+ + = 
 

  

 
2

306.98 0

306.98 17.521 rad/sn n

θ θ
ω ω

+ =

= =

  

Frequency. 
17.521

2 2
n

nf
ω
π π

= =  2.79 Hznf =   
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PROBLEM 19.58 

A 1300-kg sports car has a center of gravity G located a distance h above a line 
connecting the front and rear axles. The car is suspended from cables that are 
attached to the front and rear axles as shown. Knowing that the periods of 
oscillation are 4.04 s when L = 4 m and 3.54 s when L = 3 m, determine h and the 
centroidal radius of gyration. 

 

SOLUTION 

Let the mass center of the car be displaced a small distance x to the right. The mass center is moves on a 
circular arc of radius L − h, so that x = (L − h) sin θ, where θ is the counterclockwise rotation of the car.  
From kinematics 

 ( )ta L hα θ θ= = −   

The moment of the weight force about O is 

 

 

  0 ( )sinM mg L h θ= − −  

  0 ( ) tM I L h maα= + −  

 2( )sin ( )mg L h I m L hθ θ θ− − = + −   
Dividing by m and transposing terms yields 

 2 2[ ( ) ] ( )sin 0k L h g L hθ θ+ − + − =  

For small angle θ,  sinθ θ≈  

 
2 2

2 2
2 2

( )
0

( )

( )
0

( )
n n

g L h

k L h

g L h

k L h

θ θ

θ ω θ ω

−+ =
+ −

−+ = =
+ −




 

 2 2
2

( ) ( )
n

g
k L h L h

ω
+ − = −  
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PROBLEM 19.58  (Continued) 

 

Using the two different values (L1 and L2) for L, 

 2 2
1 12

1

( ) ( )
n

g
k L h L h

ω
+ − = −  (1) 

 2 2
2 22

2

( ) ( )
n

g
k L h L h

ω
+ − = −  (2) 

Subtracting Eq. (2) from Eq. (1) to eliminate 2 ,k  

 

( )

1 22 2
1 2 2 2 2 2

1 2 1 2

2 2
1 2 1 2

( ) ( )

2( )

n n n n

gL gL g g
L h L h h

L L L L h A Bh

ω ω ω ω
 

− − − = − − −  
 

− − − = −

 

where 1 2

2 2
1 2n n

gL gL
A

ω ω
= −  

and 
2 2
1 2

2 2
1 2

1 22( )

n n

g g
B

L L A
h

L L B

ω ω
= −

− −
=

− −

 

Data: 2
1 24 m, 3 m, 9.81 m/sL L g= = =  

 

1
1

2
2

2
2 2

2 2

2 2

2 2
1.55524 rad/s

4.04 s

2 2
1.77491 rad/s

3.54 s

(9.81)(4) (9.81)(3)
6.8812 m

(1.55524) (1.77491)

9.81 9.81
0.94190 m

(1.55524) (1.77491)

(4) (3) 6.8812
0.11228 m

2(4 3) 0.94190

n

n

A

B

h

π πω
τ
π πω

τ

= = =

= = =

= − =

= − =

− −= =
− −

 

  0.1123 mh =   

 1 23.88772 m 2.88772 mL h L h− = − =  

From Eq. (1), 2 2
2

(9.81)(3.88772)
(3.88772)

(1.55524)
k + =  

 2 20.65336 mk =  0.808 mk =   

Checking, using Eq. (2), 2 2
2

2 2

(9.81)(2.88772)
(2.88772)

(1.77491)

0.65339 m

k

k

+ =

=
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PROBLEM 19.59 

A 6-lb slender rod is suspended from a steel wire which is known to 
have a torsional spring constant 1.5 ft lb/rad.K = ⋅  If the rod is rotated 
through 180° about the vertical and released, determine (a) the period 
of oscillation, (b) the maximum velocity of end A of the rod. 

 

SOLUTION 

Equation of motion.    eff

2 2

( ) : 0

0

G G

n n

K
M M K I

I
K

I

θ θ θ θ

θ ω θ ω

Σ = Σ − = + =

+ = =

 



 

Data: 

2

6 lb.

6
0.186335 lb s /ft

32.2

W

W
m

g

=

= = = ⋅

 

 

2
2

2

2

2
8 in. ft

3

1 1 2
(0.186335)

12 12 3

0.006901 lb s ft
1.5 lb ft/rad

1.5
217.35

0.006901
14.743 rad/s

n

n

l

I ml

K

ω

ω

= =

 = =  
 

= ⋅ ⋅
= ⋅

= =

=

 

(a) Period of oscillation. 
2 2

14.743n
n

π πτ
ω

= =  0.426 snτ =   

 Simple harmonic motion: sin ( )

cos ( )

1
( )

2 2
180  radians

m n

n m n

m n m

A m m A m

m

t

t

l
v l

θ θ ω ϕ
θ ω θ ω ϕ

θ ω θ

θ ω θ

θ π

= +

= +

=

= =

= ° =







 

(b) Maximum velocity at end A. 
1 2

( ) (14.743)( )
2 3A mv π  =   

  
 ( ) 15.44 ft/sA mv =   
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PROBLEM 19.60 

A uniform disk of radius 250 mmr =  is attached at A to a 650-mm rod AB of 
negligible mass which can rotate freely in a vertical plane about B. If the rod is 
displaced 2° from the position shown and released, determine the magnitude of 
the maximum velocity of Point A, assuming that the disk (a) is free to rotate in 
a bearing at A, (b) is riveted to the rod at A. 

 

SOLUTION 

 

 21

2
I mr=  

Kinematics: 

ta l l

α θ
α θ

=

= =




 

(a) The disk is free to rotate and is in curvilinear translation. 

 Thus, 0I α =  

 Equation of motion. eff( ) : sin ,   sinB B tM M mgl lmaθ θ θΣ = Σ − = ≈  

 2 0ml mglθ θ+ =  

 Frequency. 2

9.81

0.650
15.092

3.8849 rad/s

n

n

g

l
ω

ω

=

=

=
=

 

 

2 0.034906 rad

(3.8849)(0.034906) 0.13561 rad/s

( ) (0.650)(0.13561)

m

m n m

A m mv l

θ
θ ω θ

θ

= ° =

= = =

= =






  ( ) 0.0881 m/sA mv =   
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PROBLEM 19.60  (Continued) 

 

(b) When the disk is riveted at A, it rotates at an angular acceleration .α  

 Equation of motion. 2
eff

1
( ) : sin , , sin

2B B tM M mgl I lma I mrθ α θ θΣ = Σ − = + = ≈  

 2 21
0

2
mr ml mglθ θ + + = 

 
  

 Frequency. ( )2

2

2
2

2 21
2

(9.81)(0.650)

(0.250) (0.650)

14.053

3.7487 rad/s

n
r

n

gl

l
ω

ω

=
+

=
+

=
=

 

 

2 0.034906 rad

(3.7487)(0.034906) 0.13085 rad/s

( ) (0.650)(0.13085)

m

m n m

A m mv l

θ
θ ω θ

θ

= ° =

= = =

= =






  ( ) 0.0851 m/sA mv =   
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PROBLEM 19.61 

Two uniform rods, each of mass m and length l, are welded together to form 
the T-shaped assembly shown. Determine the frequency of small oscillations 
of the assembly. 

 

SOLUTION 

Let the assembly be rotated counterclockwise through the small angle θ about the fixed Point A. 

 

Equation of motion. eff( ) : sin sin
2 2A A AB AB CD CD
l l

M M mg mgl I ma I ma lθ θ α αΣ = Σ − − = + + +  

 

2
2 2 2

2

3 1 1
sin

2 12 2 12

3 17
sin

2 12
18

sin 0
17

l
mgl ml m ml ml

mgl ml

g

l

θ θ θ θ θ

θ θ

θ θ

 − = + + + 
 

− =

+ =

   





 

For small oscillations, sinθ θ≈  

 
2

18
0

17

18 18

17 17n n

g

l

g g

l l

θ θ

ω ω

+ =

= =



 

Frequency. 
1 18

2 2 17
n g

f f
l

ω
π π

= =  0.1638
g

f
l

=  
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PROBLEM 19.62 

A homogeneous wire bent to form the figure shown is attached to 
a pin support at A. Knowing that 220 mmr =  and that Point B is 
pushed down 20 mm and released, determine the magnitude of the 
velocity of B, 8 s later. 

 

SOLUTION 

 

Determine location of the centroid G. 

Let  mass per unit lengthρ =  

Then total mass (2 ) (2 )m r r rρ π ρ π= + = +  

About C: 22
0 2

r
mgc r g r gπ ρ ρ

π
 = + = 
 

 

 
2

for a semicircle
r

y
π

=  

 2 2
(2 ) 2 ,

(2 )

r
r c r cρ π ρ

π
+ = =

+
 

Equation of motion. 0 0 eff( ) : tM M a c cα θ α θΣ = Σ = = =   

 sin         sinnmgc I mcaθ α θ θ− = + ≈  

 2
0( ) 0        0I mc mgc I mgcθ θ θ θ+ + = + =   

Moment of inertia. 2
0I mc I+ =  

 

2
2

0 0 semicirc. 0 line semicirc. line

semicirc. line

(2 )
( ) ( )

12

        2         
(2 )

r
I I I m r m

m
m r m r

r
ρπ ρ ρ

π

= + = +

= = =
+

 

 
2 2

2
0

2
2

3 (2 ) 3

r mr
I r r rρ π π

π
   = ⋅ + ⋅ = +   +   

 

 
2 2 2

0
(2 ) 3 (2 )

mr r
mgπ θ θ

π π
 + + = + + 
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PROBLEM 19.62  (Continued)

 

Frequency. ( ) ( )
2

2 2
3 3

2 2

2 (2)(9.81)

(0.220)

23.418 s 4.8392 rad/s

n

n n

g

r
ω

π π

ω ω−

= =
+ +

= =

 

 sin( )m n Bt y rθ θ ω φ θ= + =  

At 0,t =  20 mm, 0B By y= =  

 0 ( ) cos(0 ),
2B B m ny y
πω φ φ= = + =  

 20 mm ( ) sin 0 ,   ( ) 20 mm
2B B m B my y y
π = = + = 

 
 

 (20 mm)sin 4.8392 rad/s
2B n ny t
πω ω = + = 

 
 

 20 cos (20 mm) sin
2B n n ny t t
πω ω ω ω = + = − 

 
  

At 8 s,t =  (20)(4.8392)sin[(4.8392)(8)] (96.78)(0.8492)By = − = −  

 82.2 mm/s= −  82.2 mm/sBv =  
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PROBLEM 19.63 

A horizontal platform P is held by several rigid bars which are 
connected to a vertical wire. The period of oscillation of the platform is 
found to be 2.2 s when the platform is empty and 3.8 s when an object A 
of unknown moment of inertia is placed on the platform with its mass 
center directly above the center of the plate. Knowing that the wire has 
a torsional constant 27 N m/rad,K = ⋅  determine the centroidal moment 
of inertia of object A. 

 

SOLUTION 

 

Equation of motion. :GM I K Iα θ θΣ = − =   

 20 n
K K

II
θ θ ω+ = =

  

Case 1. The platform is empty. 1
1

2
1 2 2

1

2 2
2.856 rad/s

2.2

27
3.31 kg m

(2.856)

n

n

K
I

π πω
τ

ω

= = =

= = = ⋅

 

Case 2. Object A is on the platform. 2
2

2 2
1.653 rad/s

3.8n
π πω

τ
= = =  

 2
2 2 2

2

27
9.8814 kg m

(1.653)n

K
I

ω
= = = ⋅  

Moment of inertia of object A. 2 1AI I I= −  26.57 kg mAI = ⋅  
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PROBLEM 19.64 

A uniform disk of radius 120 mmr =  is welded at its center to two elastic rods of 
equal length with fixed ends at A and B. Knowing that the disk rotates through an 
8°  angle when a 500-mN m⋅  couple is applied to the disk and that it oscillates with  
a period of 1.3 s when the couple is removed, determine (a) the mass of the disk,  
(b) the period of vibration if one of the rods is removed. 

 

SOLUTION 

Torsional spring constant. 

 ( )180

0.5 N m

(8)

3.581 N m/rad

T
k

k

πθ
⋅= =

= ⋅

 

Equation of motion. 

 0 0 eff( ) : 0
K

M M K I
I

θ θ θ θΣ = Σ − = + =   

Natural frequency and period. 2
n

K

I
ω =  

Period. 
2

2n
n

I

K

πτ π
ω

= =  

Mass moment of inertia. 
2 2

2 2

(1.35) (3581 N m/r)

(2 ) (2 )
n K

I
τ

π π
⋅= =  

 2 2 21 1
0.1533 N m s (0.120 m)

2 2
I mr m= ⋅ ⋅ = =  

(a) Mass of the disk. 
2

2

(0.1533N m s )(2)

(0.120 m)
m

⋅ ⋅=  21.3 kgm =   

(b) With one rod removed: 
3.581

1.791 N m/rad
2 2

K
K ′ = = = ⋅  

 Period. 
2(0.1533 N m s )

2 2
1.791 N m/rad

I

K
τ π π ⋅ ⋅= =

′ ⋅
 1.838 sτ =  
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PROBLEM 19.65 

A 5-kg uniform rod CD of length 0.7 ml =  is welded at C to two 
elastic rods, which have fixed ends at A and B and are known to have 
a combined torsional spring constant 24 N m/rad.K = ⋅  Determine 
the period of small oscillation, if the equilibrium position of CD is  
(a) vertical as shown, (b) horizontal. 

 

SOLUTION 

(a) Equation of motion. 

 

 
2 2t
l l

aα θ α θ= = =   

 : ( ) sin ( )
2 2C t
l l

M I mad K mg I maα θ θ αΣ = + − − = +  

 21 1
sin

2 4
K mgl I mlθ θ θ θ− − = +   

 

2

2 2

2

1 1
sin 0

4 2

1 1 1
0

12 4 2

1 1
0

3 2

I ml mgl K

ml ml K mgl

ml K mgl

θ θ θ

θ θ θ

θ θ

 + + + = 
 

 + + + = 
 

 + + = 
 







 

 
2

3 3
0

2

K g

lml
θ θ + + = 
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PROBLEM 19.65  (Continued)

 

 Data: 24 N m/rad, 5 kg, 0.7 mK m l= ⋅ = =  

 2

(3)(24) (3)(9.81)
0

(2)(0.7)(5)(0.7)

50.409 0

θ θ

θ θ

 
+ + = 
 

+ =




 

 Frequency. 2 50.409 7.1 rad/sn nω ω= =  

 Period. 
2 2

7.1n

π πτ
ω

= =  0.885 snτ =   

(b) If the rod is horizontal, the gravity term is not present and the equation of motion is 

 
2

3
0

K

ml
θ θ+ =  

 2
2 2

3 (3)(24)
29.388

(5)(0.7)
n

K

ml
ω = = =  

 
2 2

5.4210 rad/s
5.4210n

n

π πω τ
ω

= = =  1.159 snτ =  
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PROBLEM 19.66 

A 1.8-kg uniform plate in the shape of an equilateral triangle is suspended at 
its center of gravity from a steel wire which is known to have a torsional 
constant 35 mN m/rad.K = ⋅  If the plate is rotated 360° about the vertical and 
then released, determine (a) the period of oscillation, (b) the maximum velocity 
of one of the vertices of the triangle. 

 

SOLUTION 

Mass moment of inertia of plate about a vertical axis: 

 23 1 3

2 2 4
h b A bh b= = =  

For area, 
4

31 3

36 96x y
b

I I bh= = =  

 43

48z x yI I I b= + =  

For mass, area

4 2

( )

4 3 1

48 123

z
m

I I
A

m
b mb

b

=

  
= =     

 

 2 3 21
(1.8)(0.150) 3.375 10 kg m

12
I −= = × ⋅  

 

Equation of motion. eff( ) :G GM M K Iθ θ+ Σ = Σ − =   

 0
K

I
θ θ+ =  

Frequency. 
3

2
3

35 10
10.37

3.375 10
3.2203 rad/s

n

n

K

I
ω

ω

−

−
×= = =

×
=
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PROBLEM 19.66  (Continued)

 

(a) Period. 
2 2

3.2203n

π πτ
ω

= =  1.951 sτ =   

 Maximum rotation. 360 2 radmθ π= ° =  

 Maximum angular velocity. (3.2203)(2 ) 20.234 rad/sm n mθ ω θ π= = =  

(b) Maximum velocity at a vertex. 

 
2 2 3 2 3

(0.150)(20.234)
3 3 2 3 2m m mv r h bθ θ

  = = = =      
   

 1.752 m/smv =  
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PROBLEM 19.67 

A period of 6.00 s is observed for the angular oscillations of a 4-oz gyroscope rotor 
suspended from a wire as shown. Knowing that a period of 3.80 s is obtained when a 
1.25-in.-diameter steel sphere is suspended in the same fashion, determine the centroidal 
radius of gyration of the rotor. (Specific weight of steel = 490 lb/ft3.) 

 

SOLUTION 

 eff( ) :M M K Iθ θΣ = Σ − = 
 

 

2

0

2

n

K

I
K

I

I

K

θ θ

ω

τ π

+ =

=

=



 (1) 

 
2

2

4 I
K

π
τ

=  (2) 

 
2

24

K
I

τ
π

=  (3) 

For the sphere, 30.625 in. 52.083 10 ft
2

d
r −= = = ×  

Volume: 3 3 3

6 3

4 4
(52.083 10 )

3 3

591.81 10 ft

sV rπ π −

−

= = ×

= ×

 

Weight: 
3 6 3(490 lb/ft )(591.81 10 ft )

0.28999 lb

s sW Vγ
−

=

= ×
=

 

Mass: 

3 2

0.28999

32.2

9.0059 10 lb s /ft

s
s

W
m

g
−

= =

= × ⋅

 

Moment of inertia: 2 3 3 2

6 2

2 2
(9.0059 10 )(52.083 10 )

5 5

9.7719 10 lb s ft

sI m r − −

−

= = × ×

= × ⋅ ⋅

 

Period: 3.80 ssτ =  
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PROBLEM 19.67  (Continued) 

 

From Eq. (2): 
2 6

2

6

4 (9.7719 10 )

(3.80)

26.716 10 lb ft/rad

K
π −

−

×=

= × ⋅

 

For the rotor, 

3 2

4 1

16 32.2

7.764 10 lb s /ft

6.00 s

W
m

g

τ

−

  = =   
  

= × ⋅
=

 

From Eq. (3): 
2

6
2

6 2

(6.00)
(26.716 10 )

4

24.362 10 lb s ft

I
π

−

−

= ×

= × ⋅ ⋅

 

Radius of gyration. 2I mk=  

 

6

3

24.362 10

7.764 10
0.056016 ft

I
k

m
−

−

=

×=
×

=  0.672 in.k =  
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PROBLEM 19.68 

The centroidal radius of gyration yk  of an airplane is determined by 
suspending the airplane by two 12-ft-long cables as shown. The 
airplane is rotated through a small angle about the vertical through G 
and then released. Knowing that the observed period of oscillation is 
3.3 s, determine the centroidal radius of gyration .yk  

 

SOLUTION 

Let the airplane rotate through the small angle θ about a vertical axis. Suspension Points C and D on the 
airplane each move horizontally a distance (10 ft) sin θ  ≈ (10 ft) θ. Let ϕ be the angle between a cable and 
the vertical direction. Then, 5

6sin (10 ft) /(12 ft) .ϕ θ θ= =  

 0: 2 cos 0

2cos 2

F T W

W W
T

ϕ

ϕ

Σ = − =

= ≈

 

Let F be the horizontal component of T. 

 
5 5

sin
2 6 12

W
F T Wϕ θ θ= ≈ ⋅ =  

 

The two forces F form a couple of moment 

 
5

(20 ft) (20)
12

M F Wθ = − = −  
 

 

Equation of motion: 
2

2

5
: 20

12

(20)(5)
0

12

y y y

y

W W
M I k

g

g

k

α θ θ

θ θ

 Σ = − = 
 

+ =
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PROBLEM 19.68  (Continued) 

 

Natural frequency: 

 

2
2 2 2

2
2

(20)(5) (20)(5)(32.2) 268.33

12 12

268.33

16.381 16.381

2

2.607
2.607

n
y y y

y
n

y
n

g

k k k

k

k
f

f

ω

ω

ω π

τ

= = =

=

= =

= =

 

With 3.3 s,τ =  (2.607)(3.3)yk =  

  8.60 ftyk =  
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PROBLEM 19.69 

A 1.8-kg collar A is attached to a spring of constant 800 N/m and can slide 
without friction on a horizontal rod. If the collar is moved 70 mm to the 
left from its equilibrium position and released, determine the maximum 
velocity and maximum acceleration of the collar during the resulting motion. 

 

SOLUTION 

Datum at : 

Position  

 2
1 1

1
0

2 mT V kx= =  

Position  

 

2
2 2 2 2

2 2
1 1 2 2

2 2 2 2

2 2

1
0

2

1 1
0 0

2 2
1 1 800 N/m

2 2 1.8 kg

444.4 s 21.08 rad/s

m

m n m

m m

m n m n

n n

T mv V v x

x x

T V T V kx mx

k
kx m x

m

ω

ω ω

ω ω−

= = =

=

+ = + + = +

= = =

= =





  

 1(21.08 s )(0.070 m)m n mx xω −= =   1.476 m/smx =   

 2 2(21.08 s )(0.070 m)m n mx xω −= =   mx 231.1 m/s=  
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PROBLEM 19.70 

Two blocks, each of weight 3 lb, are attached to links which are 
pin-connected to bar BC as shown. The weights of the links and 
bar are negligible, and the blocks can slide without friction. 
Block D is attached to a spring of constant 4 lb/in.k =  
Knowing that block A is moved 0.5 in. from its equilibrium 
position and released, determine the magnitude of the maximum 
velocity of block D during the resulting motion. 

 

SOLUTION 

 2 2 21
( )

2
T m b c θ= +   

 

2 2

2
2

2 2

2
2

2
2

2 2

0.5 in.
12 in./ft

0

1

2

( )

48 lb/ft

3 lb
0.093167 lb s /ft

32.2 ft/s

(48)(2)
329.73

(0.093167)(1.5 2 )

18.158 rad/s

0.0277 rad
1.5 ft

n

n

n

V kc

kc

m b c

k

m

θ

ω

ω

ω

θ

=

=
+

=

= = ⋅

= =
+

=

= =

 

 
0| |

(2)(18.158)(0.02778) 1.009 ft
D m nv cω θ=

= =  | | 12.11 in./sD mv =  
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2338 

 

 

PROBLEM 19.71 

A 14-oz sphere A and a 10-oz sphere C are attached to the ends of a rod AC of 
negligible weight which can rotate in a vertical plane about an axis at B. Determine the 
period of small oscillations of the rod. 

 

SOLUTION 

Datum at : 

Position  

 

1

1

0

(1 cos )

(1 cos )

C C A A

C m

A m

T

V W h W h

h BC

h BA

θ
θ

=
= −
= −
= −

 

Small angles. 

 
2

1 cos
2
m

m
θθ− ≈  

 
2

1 [( )( ) ( )( )]
2
m

C AV W BC W BA
θ= −  

 

2

1

2 2

1

10 8 14 5
lb ft lb ft

16 12 16 12 2

(0.4167 0.3646) 0.05208
2 2

m

m m

V

V

θ

θ θ

      = −      
      

= − =

 

Position  

 

2

2

2

0

8 5
( ) ( )

12 12
10

0.019410 lb s /ft
(16)(32.2)

14
0.027174 lb s /ft

(16)(32.2)

C m m A m m

C
C

A
A

V

v v

W
m

g

W
m

g

θ θ

=

= =

= = = ⋅

= = = ⋅
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PROBLEM 19.71  (Continued)

 

 

2 2
2

2 2
2

2

2 2

1 1
( ) ( )

2 2

1 8 1 5
(0.019410) (0.027174)

2 12 2 12

0.013344
2

0.013344
2

C C m A A m

m

m

n m

T m v m v

θ

θ

ω θ

= +

    = +    
     

=

=




 

Conservation of energy. 
2 2 2

1 1 2 2 : 0 0.05208 0.013344 0
2 2
m n mT V T V

θ ω θ+ = + + = +  

 
2 0.05208

3.902
0.013344
1.9755 rad/s

n

n

ω

ω

= =

=
 

Period of oscillations. 
2

n
n

πτ
ω

=  3.18 snτ =  
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PROBLEM 19.72 

Determine the period of small oscillations of a small particle which 
moves without friction inside a cylindrical surface of radius R. 

 

SOLUTION 

Datum at : 

Position  

 1

1

0

(1 cos )m

T

V WR θ
=
= −

 

Small oscillations: 

 
2

2(1 cos ) 2sin
2 2
m m

m
θ θθ− = ≈  

 
2

1 2
mWR

V
θ=  

Position  

 2 2 2
2

1 1

2 2m m m mv R T mv mRθ θ= = =   

 2 0V =  

Conservation of energy. 1 1 2 2T Y T V+ = +  

 
2

2 21
0 0

2 2
m

m m n mWR mR
θ θ θ ω θ+ = + =   

 W mg=  

 
2

2 2 21

2 2
m

n mmgR mR
θ ω θ=  

 n
g

R
ω =  

Period of oscillations. 
2

2n
n

R

g

πτ π
ω

= =  
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PROBLEM 19.73 

The inner rim of an 85-lb flywheel is placed on a knife edge, and the 
period of its small oscillations is found to be 1.26 s. Determine the 
centroidal moment of inertia of the flywheel. 

 

SOLUTION 

Datum at : 

Position  

 2
1 0 1

1
0

2 mT I Vθ= =  

Position  

 

2 2

2

2

2

2

0

(1 cos ) 2sin
2

2

2

m
m

m

m

T V mgh

h r r

r

V mgr

θθ

θ

θ

= =

 = − =  
 

≈

=

 

Conservation of energy. 

 
2

2
1 1 2 2 0

1
: 0 0

2 2
m

mT V T V I mgr
θθ+ = + + = +  

For simple harmonic motion, m n mθ ω θ=  

 
22

2 2 2 2 2 0
0 2

0

(4 )4
n m m n n

n

Imgr
I mgr

I mgr

ππω θ θ ω τ
ω

= = = =  

Moment of inertia. 
( )

( )

2

2 2
0 2

2 22
2

2 2 2

( )

4

( ) (1.26 s) (85 lb) 7 (85 lb) 7
ft ft

12 124 4 (32.2 ft/s )

n

n

mgr
I I mr I mr

mgr
I mr

τ

π
τ

π π

= + + =

   = − = −   
   

 

 1.994 0.8983I = −  21.096 lb ft sI = ⋅ ⋅   
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PROBLEM 19.74 

A connecting rod is supported by a knife edge at Point A; the period of its small 
oscillations is observed to be 1.03 s. Knowing that the distance ra is 6 in. determine the 
centroidal radius of gyration of the connecting rod. 

 

SOLUTION 

Position  Displacement is maximum. 

 2
1 1

1
0, (1 cos )

2a m a mT V mgr mgrθ θ= = − ≈  

Position  Velocity is maximum. 

 

( )

2 2 2 2 2 2
2

2 2 2

2

( )

1 1 1 1

2 2 2 2
1

2
0

G m a m

G m a m m

a m

v r

T mv I mr mk

m r k

V

θ

θ θ θ

θ

=

= + = +

= +

=



  


 

For simple harmonic motion, m n mθ ω θ=  

Conservation of energy. 1 1 2 2T V T V+ = +  

 
( )2 2 2 2 2

2 2 2
2 2 2

1 1
0 0

2 2

or

a m a n m

a a
n a

a n

mgr m r k

gr gr
k r

r k

θ ω θ

ω
ω

+ = + +

= = −
+

 

Data: 

2

2 2 2
2

2 2
1.03 s 6.1002 rad/s

1.03

6 in. 0.5 ft 32.2 ft/s

(32.2)(0.5)
(0.5) 0.43265 0.25 0.18265 ft

(6.1002)

n n
n

ar g

k

π πτ ω
τ

= = = =

= = =

= − = − =

 

 0.42738 ftk =  5.13 in.k =   
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PROBLEM 19.75 

A uniform rod AB can rotate in a vertical plane about a horizontal axis at C located at a 
distance c above the mass center G of the rod. For small oscillations, determine the value of c 
for which the frequency of the motion will be maximum. 

 

SOLUTION 

Find nω as a function of c. 

Datum at : 

Position  1 1

1
2

2

2

1

0

(1 cos )

1 cos 2sin
2 2

2

m

m m
m

m

T V mgh

V mgc

V mgc

θ
θ θθ

θ

= =
= −

− = ≈

=

 

Position  2
2

2 2 2

2
2 2

2 2

1

2
1

12

1
       0

2 12

C m

C

m

T I

I I mc ml mc

l
T m c V

θ

θ

=

= + = +

 
= + =  

 





 

 

( )2

2 22
2

1 1 2 2

2
2 2

2

2
12

0 0
2 12 2

12

m m

m n m

n

n
l

l
T V T V mgc m c

l
gc m c

gc

c

θ θ

θ ω θ

ω

ω

 
+ = + + = + +  

 
=

 
= +  

 

=
+





 

Maximum c, when 
( )

( )
2

2

2 22
12

2
12

2
0 0

l

n

l

g c c gd

dc c

ω + −
= = =

+
 


2

2 0 
12

l
c− = 

12

l
c =  
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PROBLEM 19.76 

A homogeneous wire of length 2l is bent as shown and allowed to 
oscillate about a frictionless pin at B. Denoting by 0τ  the period of 
small oscillations when 0,β =  determine the angle β for which the 
period of small oscillations is 02 .τ  

 

SOLUTION 

We denote by m the mass of half the wire. 

 

Position  Maximum deflections: 

 

1 1

1

0, cos( ) cos( )
2 2

(cos cos sin sin cos cos sin sin )
2
cos cos

m m

m m m m

m

l l
T V mg mg

l
mg

V mgl

θ β θ β

θ β θ β θ β θ β

β θ

= = − − − +

= − + + −

= −

 

For small oscillations, 2

2
1

1
cos 1

2
1

cos cos
2

m m

mV mgl mgl

θ θ

β β θ

≈ −

= − +

 

Position  Maximum velocity: 

 2 2
2

1 1
but 2

2 3B m BT I I mlθ  = =  
 

  

Thus, 2 2
2

2

1 2

2 3

2 cos cos
2

mT ml

l
V mg mgl

θ

β β

 =  
 

 = − = − 
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PROBLEM 19.76  (Continued) 

 

Conservation of energy. 1 1 2 2T V T V+ = +  

 2 2 21 1
cos cos cos

2 3m mmgl mgl ml mglβ β θ θ β− + = −  

Setting ,m m nθ θ ω=  2 2 2 21 1
cos

2 3m m nmgl mlβ θ θ ω=  

 2 3 2 2
cos 2

2 3 cosn
n

g l

l g

πω β τ π
ω β

= = =  (1) 

But for 0,β =  0
2

2
3

l

g
τ π=  

For 02 ,τ τ=  
2 2

2 2 2
3 cos 3

l l

g g
π π

β
 

=   
 

 

Squaring and reducing, 

 
1 1

4 cos
cos 4

β
β

= =  75.5β = °  
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PROBLEM 19.77 

A uniform disk of radius r and mass m can roll without slipping on a cylindrical 
surface and is attached to bar ABC of length L and negligible mass. The bar is 
attached to a spring of constant k and can rotate freely in the vertical plane about 
Point B. Knowing that end A is given a small displacement and released, 
determine the frequency of the resulting oscillations in terms of m, L, k, and g. 

 

SOLUTION 

 

 

 

 
2 21

2 2 4

L L
V k mg

θ θ = + 
 

 

2 2 2 2 2

2

1 1

2 4 2 2 4

L mr L
T m

r

θ θ   
= +      

   

 
 

 
2 23

16

mL θ=


 

 
2

2
2 8 4

3
16

mgLkL

n mL
ω

+
=  

 
2 2

3

k g

m L
 = + 
 

 

1 2 4

2 3 3n
k g

f
m Lπ

= +  
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PROBLEM 19.78 

Two uniform rods, each of weight W = 1.2 lb and length l = 8 in., are welded 
together to form the assembly shown. Knowing that the constant of each 
spring is k = 0.6 lb/in. and that end A is given a small displacement and 
released, determine the frequency of the resulting motion. 

 

SOLUTION 

Mass and moment of inertia of one rod. 21.2
0.037267 lb s /ft

32.2

W
m

g
= = = ⋅  

 
2

2 3 21 1 8
(0.037267) 1.38026 10 lb s ft

12 12 12
I ml − = = = × ⋅ ⋅ 

 
 

 

Approximation. 

 
2 2

sin tan

1
1 cos 2sin

2 2

m m m

m
m m

θ θ θ
θθ θ

≈ ≈

− = ≈
 

Spring constant: 0.6 lb/in. 7.2 lb/ftk = =  

Position  
2

2
1

2
3 2

3 2

1

1 1
2

2 2 2

1 1 4
(2) (1.38026 10 ) (0.037267)

2 2 12

3.4506 10

0

m m

m m

m

l
T I m

V

θ θ

θ θ

θ

−

−

   = +   
   

     = × +     
     

= ×
=
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PROBLEM 19.78  (Continued) 

 

Position  2

2

2

2
2

2

0

1
(1 cos ) 2

2 2 2

(1.2)(0.66667) 1 1 0.66667
(2) (7.2)

2 2 2 2

0.6

m m

m m

m

T

Wl l
V kθ θ

θ θ

θ

=

   = − − +    
   

     ≈ − +     
     

≈

 

Conservation of energy. 1 1 2 2T V T V+ = +  

 
3 2 23.4506 10 0 0 0.6

13.186

m m

m m

θ θ
θ θ

−× + = +

=



  

Simple harmonic motion. m n mθ ω θ=  

 13.186 rad/snω =  

Frequency. 
2

n
nf

ω
π

=  2.10 Hznf =  
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PROBLEM 19.79 

A 15-lb uniform cylinder can roll without sliding on an incline 
and is attached to a spring AB as shown. If the center of the 
cylinder is moved 0.4 in. down the incline and released, determine 
(a) the period of vibration, (b) the maximum velocity of the center 
of the cylinder. 

 

SOLUTION 

 

(a) Position  

 2
1 1 st

1
0 ( )

2 mT V k rδ θ= = +  

 Position  

 

2 2
2

2
2 st

1 1

2 2
1

( )
2

m mT I mv

V mgh k

θ

δ

= +

= +


 

 Conservation of energy. 

 2 2 2 2
1 1 2 2 st st

1 1 1 1
: 0 ( ) ( )

2 2 2 2m m mT V T V k r I mv mgh kδ θ θ δ+ = + + + = + + +  

 2 2 2 2 2 2
st st st2 2m m m mk k r kr I mv mgh kδ δ θ θ θ δ+ + = + + +  (1) 

 When the disk is in equilibrium, 

 st0 sincM mg r k rβ δΣ = = −  

 Also, sin mh r β θ=  

 Thus, 

 st 0mgh k rδ− =  (2) 
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PROBLEM 19.79  (Continued) 

 

 Substituting Eq. (2) into Eq. (1) 

 

2 2 2 2

2 2 2 2 2

2
2

2

( )

m m m

m n m m m n m

m m n

n

kr I mv

v r r

kr I mr

kr

J mr

θ θ
θ ω θ θ ω θ

θ θ ω

ω

= +

= = =

= +

=
+



 

 21

2
I mr=  

 
2

2

2 2

2
1 3
2

n
kr k

mmr mr
ω = =

+
 

 

( )15 lb 2
32.2

2 2

2 (4.5 12 lb/ft)

3 ft/s

n
n

π πτ
ω

= =
×

 0.715 snτ =   

(b) Maximum velocity. 

 

0.4
ft

12

m m

m m n

m m n m

v r

v r r

θ
θ θ ω

θ ω θ

=

=

= =



  

 
0.4 2

ft
12 0.715 smv

π  =   
  

 0.293 ft/smv =  
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PROBLEM 19.80 

A 3-kg slender rod AB is bolted to a 5-kg uniform disk. A spring of 
constant 280 N/m is attached to the disk and is unstretched in the 
position shown. If end B of the rod is given a small displacement and 
released, determine the period of vibration of the system. 

 

SOLUTION 

 

  
0.08 m

0.3 m

r

l

=
=

 

Position  2 2
1 disk rod

1

2
disk 0

2
rod

1 1
( )

2 2
0

1

2
1

3

m A m

A AB

T I I

V

I m r

I m l

θ θ= +

=

=

=

   

Position  2 0T =  

  

( )

2
2

2
2

22 2 2
2

1
( ) (1 cos )

2 2

1 cos 2sin
2 2

1

2 2

m AB m

m m
m

l
AB

m m

l
V k r m g

m g
V kr

θ θ

θ θθ

θ θ

= + −

− = ≈

= +
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PROBLEM 19.80  (Continued) 

 

Conservation of energy. 

 2 2 2 2 2 2
1 1 2 2 0

1 1 1 1 1
: 0 0

2 2 3 2 2 2AB m m AB m
l

T V T V m r m l kr m gθ θ θ + = + + + = + + 
 

  

For simple harmonic motion, 

 

( )

2 2 2 2 2 2
0

2
2

2 21 1
02 3

2 2 0.3
22

2 21 1
2 3

2

1 1

2 3 2

(280 N/m)(0.08 m) (3 kg)(9.81 m/s ) m

(5 kg)(0.08 m) (3 kg)(0.300 m)

6.207
58.55

0.106

m n m

AB n m AB m

AB
n

AB

n

n

l
m t m l kr m g

kr m gl

m r m l

θ ω θ

ω θ θ

ω

ω

ω

=

   + = +   
   

+=
+

+
=

+

= =



 

Period of vibration. 
2 2

58.55
n

n

π πτ
ω

= =  0.821snτ =   
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PROBLEM 19.81 

A slender rod AB of mass m and length l is connected to two 
collars of negligible mass in a horizontal plane as shown. Collar 
A is attached to a spring of constant k. Knowing that the collars 
can slide freely on their respective rods and the system is in 
equilibrium in the position shown, determine the period of 
vibration if collar A is given a small displacement and released. 

 

SOLUTION 

Moment of inertia: 21

12
I ml=  

Position  Maximum deflection: Let collar A be moved a small distance xm as shown. Since the movement is 

horizontal, there is no change in gravitational potential energy. 

  

2 2
1

2 2 2
1

1

( cos )

1 1
( cos )

2 2
1

cos
2
0

m m

m m

m

x l

V kx k l

V kl

T

β θ

βθ

βθ

=

= =

=

=

 

 

 

Position  Maximum velocity: The instantaneous center of rotation lies at Point C, the intersection of lines 

perpendicular, respectively, to vA and vB. 

  

2 2
2

2
2 2

2 2
2

1
( )

2
1 1

2 2

1 1 1 1

2 2 2 12

1

6

m m m

m m

m m

m

v GC l

T mv I

m l ml

T ml

ω ω

ω

ω ω

ω

= =

= +

   = +   
   

=

 

But,  m mω θ= −   

so that 
2 2

2

2

1

6
0

mT ml

V

θ=

=
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PROBLEM 19.81  (Continued) 

 

For simple harmonic motion, m n mθ ω θ=  

Conservation of energy: 2 2 2 2 2 2
1 1 2 2

1 1
: 0 cos 0

2 6m n mT V T V kl mlβθ ω θ+ = + + = +  

Natural frequency: 2 23
cosn

k

m
ω β=  

Period of vibration: 
2

n

πτ
ω

=  22 /3 cosm kτ π β=   
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PROBLEM 19.82 

A slender rod AB of mass m and length l is connected to two 
collars of mass mC in a horizontal plane as shown. Collar A is 
attached to a spring of constant k. Knowing that the collars can 
slide freely on their respective rods and the system is in 
equilibrium in the position shown, determine the period of 
vibration if collar A is given a small displacement and released. 

 

SOLUTION 

Moment of inertia of rod: 21

12
I ml=  

Position  Maximum deflection: Let collar A be moved a small distance xm as shown. Since the movement is 

horizontal, there is no change in gravitational potential energy. 

  

2 2
1

2 2 2
1

1

( cos )

1 1
( cos )

2 2
1

cos
2
0

m m

m m

m

x l

V kx k l

V kl

T

β θ

βθ

βθ

=

= =

=

=

 

 

 

Position  Maximum velocity: The instantaneous center of rotation lies at Point C, the intersection of lines 

perpendicular, respectively, to vA and vB. 

  

( ) cos

( ) sin

1
( )

2

A m m

B m m

m m m

v AC l

v BC l

v CG l

ω βω
ω βω

ω ω

= =
= =

= =

 

  

2 2 2 2
2

2
2 2

2 2

2 2 2 2 2 2

2 2
2

1 1 1 1

2 2 2 2

1 1 1 1

2 2 2 12

1 1
( sin ) ( cos )

2 2
1 1 1

(sin cos )
2 3 2
1 1

2 3

m C A C B

m m

C m C m

m C m

C m

T mv I m v m v

m lv ml

m l m l

ml m l

T m m l

ω

ω

βω βω

ω β β ω

ω

= + + +

   = +   
   

+ +

= + +

 = + 
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PROBLEM 19.82  (Continued) 

 

But,  m mω θ= −   

so that 
2 2

2

2

1 1

2 3

0

C mT m m l

V

θ = + 
 

=


 

Conservation of energy: 2 2 2 2 2 2
1 1 2 2

1 1 1
: 0 cos

2 2 3m C n mT V T V kl m m lβθ ω θ + = + + = + 
 

 

Natural frequency: 
2

2

3

cos
n m

C

k

m

βω =
+

 

Period of vibration: 
2

n

πτ
ω

=  22 / cos
3 C
m

m kτ π β = + 
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PROBLEM 19.83 

An 800-g rod AB is bolted to a 1.2-kg disk. A spring of constant 
k 12 N/m=  is attached to the center of the disk at A and to the wall 
at C. Knowing that the disk rolls without sliding, determine the 
period of small oscillations of the system. 

 

SOLUTION 

 

Position  

 

2
2 2 2 2

1 disk  disk

2 2 2

2
2 2

2 2 2
disk disk

2
disk

1 1 1 1
( ) ( )

2 2 2 2 2

1 1
( ) (0.8)(0.6) 0.024 kg m

12 12

(0.8)(0.3 0.25) 0.002 kg m
2

1 1
( ) (1.2)(0.25) 0.0375 kg m

2 2

G AB m AB m G m m

G AB

AB

G

l
T I m r I m r

I ml

l
m r

I m r

m r

θ θ θ θ = + − + + 
 

= = = ⋅

 − = − = ⋅ 
 

= = = ⋅

   

[ ]

2 2

2
1

2
1

1

1.2(0.25) 0.0750 kg m

1
0.024 0.002 0.0375 0.0750

2
1

[0.1385]
2
0

m

m

T

T

V

θ

θ

= = ⋅

= + + +

=

=





 

Position  2

2
2

2
2

2
2 2 2

2

0

1
( ) (1 cos )

2 2

1 cos 2sin  (small angles)
2 2

1 0.6 m
(12 N/m)(0.25 m) (0.8 kg)(9.81 m/s )

2 2 2

m AB m

m m
m

m
m

T

l
V k r m g

V

θ θ

θ θθ

θθ

=

= + −

− = ≈

 = +  
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PROBLEM 19.83  (Continued) 

 

 

2
2

2

1 1 2 2

2 2 2

2 2 2

2
2

2

1
[0.750 2.354]

2
1

(3.104)  N m
2

1 1
(0.1385) 0 0 (3.104)

2 2
(3.104 N m)

(0.1385 kg m )

22.41 s

m

m

m n m

m n m

n

V

T V T V

θ

θ

θ ω θ

θ ω θ

ω

−

= +

= ⋅

+ = +

=

+ = +

⋅=
⋅

=



 

 
2 2

22.41
n

n

π πτ
ω

= =  1.327 snτ =   
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PROBLEM 19.84 

Three identical rods are connected as shown. If 3
4 ,b l= determine the 

frequency of small oscillations of the system. 

 

SOLUTION 

l = length of each rod 

m = mass of each rod 

 

Kinematics: 
2

( )

m m

BE m m

l
v

v b

θ

θ

=

=





 

Position  1

1

1

0

2 cos cos
2

( )cos

m m

m

T

l
V mg mgb

V mg l b

θ θ

θ

=

= − −

= − +

 

Position  2

2 2 2
2

2
2 2 2

2 2 2
2

2
2

( )

1 1 1
2 ( )

2 2 2

1 1
( )

12 2 2

1 1

3 2

m m BE m

m m m

m

l
V mg mgb

mg l b

T I mv m v

l
ml m m b

T l b m

θ

θ θ θ

θ

= − −

= − +

 = + +  

 = + + 
 

 = + 
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PROBLEM 19.84  (Continued) 

 

Conservation of energy. 2 2 2
1 1 2 2

1 1
: 0 ( )cos ( )

3 2m mT V T V mg l b l b m mg l bθ θ + = + − + = + − + 
 

  

 2 2 21 1
( )(1 cos )

3 2m mmg l b l b mθ θ + − = + 
 

  

For small oscillations, 2

2 2 2 2

1
(1 cos )

2
1 1 1

( )
2 3 2

m m

m mmg l b l b m

θ θ

θ θ

− =

 + = + 
 



 

But for simple harmonic motion, 2 2 2 21 1 1
: ( ) ( )

2 3 2m n m m n mmg l b l b mθ ω θ θ ω θ = + = + 
 

  

 2
2 21 1

3 2

1

2n
l b

g
l b

ω +=
+

 

or 2
2 2

3
2 3

n
l b

g
l b

ω +=
+

 (1) 

For 
3

,
4

b l= we have 
( )
3

2 4
22 3

4

7
4

259
16

3
2 3

3

1.4237

1.1932

n

n

l l
g

l l

l
g

l

g

l

g

l

ω

ω

+
=

+

=

=

=

 

 

2

1.1932

2

n
nf

g

l

ω
π

π

=

=  0.1899n
g

f
l

=   
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PROBLEM 19.85 

A 14-oz sphere A and a 10-oz sphere C are attached to the ends of a 20-oz rod AC which can 
rotate in a vertical plane about an axis at B. Determine the period of small oscillations of the rod. 

 

SOLUTION 

 

Position  

  
2 2 2

2
1

1 5 1 8 1 1 1

2 12 2 12 2 8 2
C ACA

m m m AC m
W WW

T I
g g g

θ θ θ θ     = + + +     
     

     

  

2

2 2 2 2
2

1

2
1 2

2
2

1 2

1 13

12 12

1 14 5 10 8 20 1 1 20 13

2 16 12 16 12 16 8 12 16 12

1
[0.1519 0.2778 0.01953 0.1223]

2(32.2 ft/s )

1 0.5715 lb ft 1
(

2 232.2 ft/s

AC
AC

m

m

m

W
I

g

T
g

T

T

θ

θ

θ

 =  
 

         = + + +         
          

= + + +

 ⋅= =  
 





 2

1

0.01775) (lb ft)

0

m

V

θ ⋅

=
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PROBLEM 19.85  (Continued) 

 

Position  

  

2

2

2
2

2

2

2

2

2

2

0

5 8 1
(1 cos ) (1 cos ) (1 cos )

12 12 8

1 cos 2sin
2 2

14 5 10 8 20 1
(lb ft)

16 12 16 12 16 8 2

[ 0.3646 0.4167 0.1563]
2

0.2084

2

A m C m AC m

m m
m

m

m

m

T

V W W W

V

V

V

θ θ θ

θ θθ

θ

θ

θ

=

= − − + − + −

− = ≈

         = − + + ⋅         
         

= − + +

=

 

Conservation of energy. 2 2
1 1 2 2

1 0.2084
: (0.01775) 0 0

2 2m mT V T V θ θ+ = + + = +  

Simple harmonic motion. 

  

2 0.2084
11.738

0.01775
2 2

11.738

m n m

n

n
n

θ ω θ

ω

π πτ
ω

=

= =

= =



 1.834 snτ =   
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PROBLEM 19.86 

A 10-lb uniform rod CD is welded at C to a shaft of negligible mass 
which is welded to the centers of two 20-lb uniform disks A and B. 
Knowing that the disks roll without sliding, determine the period of 
small oscillations of the system. 

 

SOLUTION 

diskA BW W W= =  

 

Position  2 2disk
1 disk

2
2 2

21 1
2( ) ( )

2 2

1 1

2 2 2

A m m

CD
CD m m

W
T I r

g

W l
I r

g

θ θ

θ θ

 
= +  

 

 + + − 
 

 

 

 

  

2 2disk
disk

2 2

2
1

2
1 1

1 1 (20) 10
( ) (1)

2 2

1 1 (10) 15
(3)

12 12 2

1 15 5
20 40

2 2 2

1
(70) 0

2

A

CD
CD

m

m

W
I r

g g g

W
I l

g g g

T
g

T g V

θ

θ

= = =

= = =

 = + + +  

= =





 

Position  2

2

0

(1 cos )
2CD m

T

l
V W θ

=

= −
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PROBLEM 19.86  (Continued) 

 

Small angles: 
2

2

2

2

2

2

1 cos 2sin
2 2

1

2 2
1

(10)(1.5)
2
1

(15)
2

m m
m

m
CD

m

m

V W l

θ θθ

θ

θ

θ

− = ≈

=

=

=

 

Conservation of energy and simple harmonic motion. 

  1 1 2 2

2 2 2

2

1 1
(70) 0 0 (15)

2 2

15

70

m n m

n m m

n

T V T V

g

g

θ ω θ

ω θ θ

ω

+ = +

=

+ = +

=


 

Period of oscillations. 
2 70

2
(15)(32.2)n

n

πτ π
ω

= =  2.39 snτ =   
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PROBLEM 19.87 

Two uniform rods AB and CD, each of length l and mass m, are attached to gears 
as shown. Knowing that the mass of gear C is m and that the mass of gear A is 
4m, determine the period of small oscillations of the system. 

 

SOLUTION 

                        
Kinematics: 2

2

2

A C

A C

A C

r rθ θ
θ θ
θ θ

=
=

= 

 

Let  

2 ( )

2 ( )

A m

m C m

m C m

θ θ
θ θ
θ θ

=
=

= 

 

Position  2 2 2 2
1

2 2

1 1 1 1
(2 ) (2 )

2 2 2 2

1 1
2

2 2 2 2

A m C m AB m CD m

AB m CD m

T I I I I

l l
m m

θ θ θ θ

θ θ

= + + +

   + +   
   

   

 

 

  

2 2

2 2

2 2

2 2 2 2
2 2

1

2 2 2
1

1

1
(4 )(2 ) 8

2
1 1

( )( )
2 2
1 1

        
12 12

1
8 4

2 2 12 3 4

1 5
10

2 3
0

A

C

AB CD

m

I m r mr

I m r mr

I ml I ml

r l l l
T m r l

T m r l

V

θ

= =

= =

= =

  
= + + + + +      

 = +  
=
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PROBLEM 19.87  (Continued) 

 

Position  1

1

0

(1 cos ) (1 cos 2 )
2 2m m

T

l mgl
V mg θ θ

=

= − + −

 

For small angles, 
2

2

2 2

2 2
2

1

2 2 2
1 1 2 2

2
2 2 2 2

1 cos 2sin
2 2

1 cos 2 2sin 2

51 1
2

2 2 2 2

        

51 5 1
10 0 0

2 3 2 2

m m
m

m m m

m m
m

m n m

m
n m

V mgl mgl

T V T V

m r l mgl

θ θθ

θ θ θ

θ θθ

θ ω θ

θω θ

− = ≈

− = ≈

 
= + =  

 

+ = + =

 + + = +  



 

 

5
2 2

2 25
3

2 2

10

3

12 2

n

gl

r l

gl

r l

ω =
+

=
+


2 22 12 2

2
3n

n

r l

gl

πτ π
ω

+= =   
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PROBLEM 19.88 

Two uniform rods AB and CD, each of length l and mass m, are attached to gears 
as shown. Knowing that the mass of gear C is m and that the mass of gear A is 
4m, determine the period of small oscillations of the system. 

 

SOLUTION 

                         

Kinematics: 2         2

2

A C A C

A C

r rθ θ θ θ
θ θ

= =

= 
 

Let          2 ( )

2 ( )

A m m C m

m C m

θ θ θ θ
θ θ

= =

= 
 

Position  

2 2
2 2 2 2

1
1 1 1 1 1 1

(2 ) (2 ) 2
2 2 2 2 2 2 2 2A m C m AB m CD m AB m CD m

l l
T I I I I m mθ θ θ θ θ θ   = + + + + +   

   
       

  

2 2

2 2

2 2

2 2 2 2
2 2 2

1

2 2 2
1 1

1
(4 )(2 ) 8

2
1 1

( )( )
2 2
1 1

        
12 12

1
8 4

2 2 12 3 4

1 5
10         0

2 3

A

C

AB CD

m

m

I m r mr

I m r mr

I ml I ml

r l l l
T m r l

T m r l V

θ

θ

= =

= =

= =

  
= + + + + +      

 = + =  
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PROBLEM 19.88  (Continued) 

 

Position  2

2

0

(1 cos ) (1 cos 2 )
2 2m m

T

l mgl
V mg θ θ

=

= − − + −

 

For small angles, 
2

2

2 2

2
2

2

2

1 1 2 2

1 cos 2sin
2 2

1 cos 2 2sin 2

2
2 2 2

1 3

2 2

        

m m
m

m m m

m
m

m

m n m

l mgl
V mg

mgl

T V T V

θ θθ

θ θ θ

θ θ

θ

θ ω θ

− = ≈

− = ≈

= − +

=

+ = + =

 

  

2 2 2 2 2

3
2 2

2 25
3

2 2

1 5 1 3
10 0 0

2 3 2 2

10

9

60 10

m n m

n

m r l mgl

gl

r l

gl

r l

θ ω θ

ω

 + + = +  

=
+

=
+


2 22 60 10

2
9n

n

r l

gl

πτ π
ω

+= =   
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PROBLEM 19.89 

An inverted pendulum consisting of a rigid bar ABC of length l and mass m is 
supported by a pin and bracket at C. A spring of constant k is attached to the 
bar at B and is undeformed when the bar is in the vertical position shown. 
Determine (a) the frequency of small oscillations, (b) the smallest value of a 
for which these oscillations will occur. 

 

SOLUTION 

Moment of inertia: 21

12
I ml=  

Position  Maximum deflection. Let rod AC rotate through angle .mθ  The spring stretches an amount 

  sinm mx a θ=  

  and the center of gravity moves down an amount 

  

2
1

2

2 2 2

2 2

1

(1 cos )
2
1

2
1

( sin ) (1 cos )
2 2
1 1

2 2 2

1 1

2 2

0

m m

m m

m m

m m

m

l
y

V kx mgy

l
k a mg

l
ka mg

ka mgl

T

θ

θ θ

θ θ

θ

− = −

= +

= − −

  ≈ −   
  

 = − 
 

=

 

Position  Maximum velocity: 

 For simple harmonic motion,  n mθ ω θ= −  

  Velocity of the mass center of the rod: 
2

l
v θ=   
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PROBLEM 19.89  (Continued) 

 

  Kinetic energy: 2 2
2

1 1

2 2
T mv I θ= +   

   
2

2 2

2 2

2 2 2

2

1 1

2 2 12

1 1

2 3

1 1

2 3

0

n m

l
m ml

ml

ml

V

θ θ

θ

ω θ

  
 = + 
   
 =   
 =  
 

=

 



 

 Conservation of energy: 1 1 2 2

2 2 2 2 2

2
2

2

1 1 1 1
0

2 2 2 3

6 3

2

m n m

n

T V T V

ka mgl ml

ka mgl

ml

θ ω θ

ω

+ = +

   + − =   
   

−=

 

(a) Frequency: 2 nf πω=  

  2 22 (6 3 )/2f ka mgl mlπ= −  

(b) Smallest value of a for oscillations. f is real for 26 3ka mgl>  

 
2

mgl
a

k
>  min 2

mgl
a

k
=  
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PROBLEM 19.90 

Two 12-lb uniform disks are attached to the 20-lb rod AB as 
shown. Knowing that the constant of the spring is 30 lb/in. and 
that the disks roll without sliding, determine the frequency of 
vibration of the system. 

 

SOLUTION 

 

Position 1: 1 0,T =  2
1

1

2 mV kx=  

Position 2: 2 0,V =  2 2 2
2 disk

1 1 1
2

2 2 2AB m m mT m v I m vω = + + 
 

 

 
2

2 2 2
2 disk disk

1 1

2 2
m

AB m m
v

T m v m r m v
r

  = + +  
  

 

 2
2 disk

1
( 3 )

2 AB mT m m v= +  

Conservation of energy 

 1 1 2 2:T V T V+ = +  2 2
disk

1 1
0 ( 3 )

2 2m AB mkx m m v+ = +  

But for simple harmonic motion, :m n mv xω=  

 2 2
disk

1 1
( 3 )( )

2 2m AB n mkx m m xω= +  

 2

disk3n
AB

k

m m
ω =

+
 Note: Result is independent of r 

Data: disk
disk disk30 lb/in. 20 lb 12 lb AB

AB AB
W W

k W W m m
g g

= = = = =  

 2 30(12) lb/ft
207

20 lb/32.2 3(12/32.2)nω = =
+

 14.387 rad/snω =  

 
14.387 rad/s

2 2
nf

ω
π π

= =  2.29 Hzf =   
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PROBLEM 19.91 

The 20-lb rod AB is attached to two 8-lb disks as shown. Knowing that the 
disks roll without sliding, determine the frequency of small oscillations of 
the system. 

 

SOLUTION 

 Position  Position  

 6 in.r =  

 

Masses and moments of inertia. 2

2
2

2

8
0.24845 lb s /ft

32.2

1 1 6
(0.24845)

2 2 12
0.031056 lb s ft
20

0.62112 lb s /ft
32.2

A B

A B A A

AB

m m

I I m r

m

= = = ⋅

 = = =  
 

= ⋅ ⋅

= = ⋅

 

Kinematics: 
6

0.5
12

2 1

12 6

m A m m m

AB m m

v r

v

θ θ θ

θ θ

= = =

 = = 
 

  

 

 

Position  (Maximum displacement) 1

1

0

4 80
cos cos

12 12AB m m

T

V W θ θ

=

 = − = − 
 

 

Position  (Maximum speed) 2 2 2 2 2
2

2
2 2

2

2

1 1 1 1 1

2 2 2 2 2

1 1 1 1
2 (0.24845)(0.5 ) (0.031056) (0.62112)

2 2 2 6

0.101795

4 80

12 12

A m A m B m B m AB AB

m m m

m

AB

T m v I m v I m v

V W

θ θ

θ θ θ

θ

= + + + +

   = + +      
=

 = − = − 
 

 

  



 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2373 

PROBLEM 19.91  (Continued) 

 

Conservation of energy. 1 1 2 2

2

2

2

2

80 80
0 cos 0.101795

12 12

65.491(1 cos )

1
65.491

2

32.745

5.7224

m m

m m

m

m

m m

T V T V

θ θ

θ θ

θ

θ
θ θ

+ = +

− = −

= −

 ≈  
 

=
=





 

Simple harmonic motion. m n mθ ω θ=  5.7224 rad/snω =  

Frequency. 
5.7224

2 2
n

nf
ω
π π

= =  0.911 Hznf =   
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PROBLEM 19.92 

A half section of a uniform cylinder of radius r and mass m rests on two 
casters A and B, each of which is a uniform cylinder of radius r/4 and mass m/8. 
Knowing that the half cylinder is rotated through a small angle and released 
and that no slipping occurs, determine the frequency of small oscillations. 

 

SOLUTION 

  1
4

(1 cos )
3

r
V mgh mg θ

π
 = = − 
 

 

  
2

1 cos
2
mθθ− ≈  

  
2

1 2
3

mV mgr
θ
π

=  

  2 2 2 2
2

1 1 1 1

2 2 2 2A A B BT I I mrω ω ω = + +  
 

 

Where 
2 21

2 8 4 256A B
m r mr

I I
  = = =  
  

 

and 4A Bω ω ω= =  

 
2 2 2 2

2
2

5

16 4 16

mr mr mr
T

ωω
 

∴ = + =  
 

 

 1 2

2
,

m
V T=

2
mgrθ 5

3

m

π
=

2 2 2
n mr ω θ

16
 

 2 32
,

15n
g

r
ω

π
=  

 
1 32

2 15n
g

f
rπ π

 =  
 

 0.1312n
g

f
r

=   
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PROBLEM 19.93 

The motion of the uniform rod AB is guided by the cord BC and by the 
small roller at A. Determine the frequency of oscillation when the end B of 
the rod is given a small horizontal displacement and released. 

 

SOLUTION 

Position . (Maximum deflection): 

Let mθ  be the small angle between the cord CB and the vertical. As the rod is moved from the equilibrium 

position the center of gravity G moves up an amount .my  

 

2 2

2

2
1

1

1 1
(1 cos ) 1 1

2 2

1 1

2 4
1

4
0,

B m m m

m G B m

m m

y l l l

y y y l

V mgy mgl

T

θ θ θ

θ

θ

 = − ≈ − + = 
 

= = =

= =

=

 

 

Position . (Maximum velocity): At the equilibrium position the motion of the rod is a translation. 

 2 2 2
2

2

1 1

2 2
0

m m

m m

v l l

T mv ml

V

ω θ

θ

= =

= =

=



  

 

 

 

Conservation of energy: 2 2 2
1 1 2 2

1 1
:

4 2m mT V T V mgl mlθ θ+ = + =   

For simple harmonic motion; m n mθ ω θ=  so that 

 2 2 2 21 1

4 2m n mmgl mlθ ω θ=  

Natural frequency: 2

2n
g

l
ω =  

 
1

2 2 2
n g

f
l

ω
π π

= =  0.1125
g

f
l

=   
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PROBLEM 19.94 

A uniform rod of length L is supported by a ball-and-socket 
joint at A and by a vertical wire CD. Derive an expression for 
the period of oscillation of the rod if end B is given a small 
horizontal displacement and then released. 

 

SOLUTION 

Position  (Maximum deflection) 

Looking from above: 

Horizontal displacement of C:  C mx bθ=  

Looking from right: C
m m

x b

h h
φ θ= =  

 

2

2 2
2

21
22

2

1
(1 cos )

2

1 1

2 2

1

2

1

4

C m m

C m m

m G C m

m m

y h h

b b
y h

h h

LAG b
y y y

AC b h

bL
y

h

φ φ

θ θ

θ

θ

= − ≈

 = = 
 

 
= = − =   

 

= ⋅

 

We have 1

2
1

0

1

4m m

T

mgbL
V mgy

h
θ

=

= =

 

Position  (Maximum velocity) 

Looking from above: 2 2
2

2
2 2

2 2
2

2

1 1

2 2

1 1 1

2 12 2 2

1

6
0

m m

m

m

T I mv

L
mL m

T mL

V

θ

θ θ

θ

= +

   = +   
   

=

=



 



 

Conservation of energy. 2 2 2
1 1 2 2

1 1
: 0

4 6m m
mgbL

T V T V mL
h

θ θ+ = + + =   
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PROBLEM 19.94  (Continued) 

 

But for simple harmonic motion, 

2 2 2

2

1 1
( )

4 6
3

2

m n m

m n m

n

mgbL
mL

h
bg

hL

θ ω θ

θ ω θ

ω

=

=

=

  

Period of vibration. 
2

n
n

πτ
ω

=  
2

2
3n

hL

bg
τ π=  
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PROBLEM 19.95 

A section of uniform pipe is suspended from two vertical cables 
attached at A and B. Determine the frequency of oscillation when the pipe 
is given a small rotation about the centroidal axis OO′ and released. 

 

SOLUTION 

 

       
2 2m m m m
a a

AA BB l
l

θ α α θ′ ′= = = =  

Position  

1 10        (1 cos )cT V mgy mgl α= = = −  

For small angles  
2 2

2
21 cos 2sin

2 2 8
m m

m m
a

l

α αα θ− = ≈ =  

  
2

2
1 28

m
a

V mgl
l

θ
 

=   
 

 

Position  2 2 2
2 2

1 1 1
       0

2 2 12m mT I ma Vθ θ = = = 
 

   

  m n mθ ω θ=  

  1 1 2 2T V T V+ = +  

2
2 2 2

2

1
0

248
n m

a
mgl ma

l
ω θ

 
+ +  

 
 

  2 3
n

g

l
ω =  

  
1 3

2n
g

f
lπ

=   
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PROBLEM 19.96 

A 0.6-kg uniform arm ABC is supported by a pin at B and is attached 
to a spring at A. It is connected at C to a 1.4-kg mass M which is 
attached to a spring. Knowing that each spring can act in tension or 
compression, determine the frequency of small oscillations of the 
system when the weight is given a small vertical displacement and 
released. 

 

SOLUTION 

Data: 260 N/m 350 N/m

0.200 m 0.300 m

0.500 m

0.6 kg 1.4 kg

0.200 2
(0.6 kg) 0.24 kg

0.500 5

A C

AB BC

ABC BA BA

ABC C

BA ABC

k k

l l

l l l

m m

m m

= =
= =
= + =
= =

= = =

 

 
2

2

2

0.300 3
(0.6 kg) 0.36 kg

0.500 5

(0.24 kg)(9.81 m/s ) 2.3544 N

(0.36 kg)(9.81 m/s ) 3.5316 N

(1.4 kg)(9.81 m/s ) 13.734 N

BC ABC

BA BA

BC BC

C C

m m

W m g

W m g

W m g

= = =

= = =

= = =

= = =

 

Let Ax  and Cx  be the amounts of stretch from their zero force lengths of the springs at locations A and C, 
respectively. Let θ  be the small clockwise rotation of arm ABC about the fixed Point B, measured from the 
equilibrium position. Let BAy  and BCy  be the upward movement of the mass centers of portions BA and BC 
of the arm ABC. 
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PROBLEM 19.96  (Continued) 

 

Potential energy: 

 

2 2

2 2

1 1

2 2
1 1

sin sin (1 cos )
2 2

1 1
( sin ) ( sin )

2 2
1 1

sin sin (1 cos )
2 2

C C BC BC BA BA A A B B

C BC BC BC BA BA

A BA A C BC C

C BC BC BC BA BA

V W y W y W y k x k x

W l W l W l

k l k l

W l W l W l

θ θ θ

θ δ θ δ

θ θ θ

= + + + +

   = + − −      

+ + + +

= + − −

 

      2 2 21 1
sin sin

2 2A BA A BA A A Ak l k l kθ δ θ δ+ + +  

      2 2 21 1
sin sin

2 2C BC C BC C C Ck l k l kθ δ θ δ+ + +  (1) 

where Aδ  and Cδ  are the spring elongations at the equilibrium position. 

In the static equilibrium position, 

 
1

0: ( ) ( ) 0
2B C BC BC BC A A BA C C BCM W l W l k l k lδ δΣ = + + + =  (2) 

Substiting Eq. (2) into Eq. (1) gives 

 2 21 1
(1 cos ) sin

2 2BA BA A BAV W l k lθ θ= − − +  

       2 2 2 21 1 1
sin

2 2 2C BC A A C Ck l k kθ δ δ+ + +  (3) 

Kinematics for position with 0.θ =  

 

                
1

2
1

2

C BC

BC BC

BA BA

v l

v l

v l

θ

θ

θ

=

=

=







 

  

 
 

Kinetic energy: 2 2 2 2 2

2
2 2 2 2

2
2

1 1 1 1 1

2 2 2 2 2

1 1 1 1 1

2 2 2 2 12

1 1 1 1

2 2 2 12

C C BC BC BC BA BA BA

C BC BC BC BC BC

BA BA BA BA

T m v m v I m v I

m l m l m l

m l m l

θ θ

θ θ θ

θ θ

= + + + +

   = + +   
   

   + +   
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PROBLEM 19.96  (Continued) 

 

 2 2 2 21 1 1

2 3 3C BC BC BC B BAm l m l m l θ = + + 
 

  (4) 

 
Conservation of energy: 1 1 2 2T V T V+ = +  (5) 

Position . (Maximum deflection) mθ θ=  

  1 0T =  (6) 

  

2 2
1

2 2 2 2

1 1
(1 cos ) sin

2 2
1 1 1

sin
2 2 2

AB AB m A BA m

C BC m A A C C

V W l k l

k l k k

θ θ

θ δ δ

= − − +

+ + +
 

For small angle ,mθ   sin m mθ θ≈  

  

2 2

2 2 2
1

1
1 cos 2sin

2 2
1 1

2 2

m
m m

BA BA A BA C BC mV W l k l k l

θθ θ

θ

− = ≈

 ≈ − + + 
 

 

  2 21 1

2 2A A C Ck kδ δ+ +  (7) 

Position : Maximum velocity. 0θ =  

For simple harmonic motion n mθ ω θ=  (8) 

 2 2 2 2 2
2

1 1 1

2 3 3BC BC BC BC BA BA n mT m l m l m l ω θ = + + 
 

 (9) 

Substituting Eqs. (6), (7), (8), and (9) into Eq. (5) and noting that the terms containing Aδ  and Cδ  cancel, 

 

2 2 2

2 2 2 2 2

1 1
0

2 2

1 1 1
0

2 3 3

BA BC A BA C BC m

C BC BC BC BA BA n m

W l k l k l

m l m l m l

θ

ω θ

 + − + + 
 
 = + + + 
 

 

Applying the numerical data: 2 2

2 2

1

2
1

(2.3544)(0.2) (350)(0.2) (260)(0.3)
2
0.23544 14.0 23.4 37.165 N m

BA BA A BA C BCW l k l k l− + +

= − + +

= − + + = ⋅
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PROBLEM 19.96  (Continued) 

 

 

2 2 2

2 2 2

2

1 1

3 3
1 1

(1.4)(0.3) (0.36)(0.3) (0.24)(0.2)
3 3

0.126 0.0108 0.0032 0.1400 kg m

C BC BC BC BA BAm l m l m l+ +

= + +

= + + = ⋅

 

Then, 2 2 21 1
(37.165) (0.1400)

2 2m n mθ ω θ=  

Natural frequency: 2 37.165
265.46

0.1400nω = =  

 16.293 rad/snω =  

 
2

nf
ω
π

=  2.59 Hzf =   
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PROBLEM 19.97* 

A thin plate of length l rests on a half cylinder of radius r. Derive an expression 
for the period of small oscillations of the plate. 

 

SOLUTION 

 

2

2

( sin )sin

(1 cos )
2

m m m

m
m

r r

r r

θ θ θ

θθ

≈

− ≈
 

Position  (Maximum deflection) 1

1

2

0

2

m

m

T

V Wy

mgr
θ

=
=

=

 

Position ( 0):θ =  2
2

2 2

2 2 2
2

1 1 2 2

1

2
1 1

2 12

1 1

2 12

m

m

m n m

n m

T I

ml

T ml

T V T V

θ

θ

θ ω θ

ω θ

=

 =  
 

=

 =  
 

+ = +







 

 

2 2 2 2

2
2

2

1 1 1
0

2 2 12

12

2
2

12

m n m

n

n
n

mgr ml

gr

l

l

gr

θ ω θ

ω

πτ π
ω

 + =  
 

=

= =  
3

n
l

gr

πτ =  
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PROBLEM 19.98* 

As a submerged body moves through a fluid, the particles of the fluid flow around 
the body and thus acquire kinetic energy. In the case of a sphere moving in an 
ideal fluid, the total kinetic energy acquired by the fluid is 21

4 Vvρ , where ρ is the 
mass density of the fluid, V is the volume of the sphere, and v is the velocity of the 
sphere. Consider a 500-g hollow spherical shell of radius 80 mm, which is held 
submerged in a tank of water by a spring of constant 500 N/m. (a) Neglecting 
fluid friction, determine the period of vibration of the shell when it is displaced 
vertically and then released. (b) Solve Part a, assuming that the tank is accelerated 
upward at the constant rate of 8 m/s2. 

 

SOLUTION 

This is not a damped vibration. However, the kinetic energy of the fluid must be included. 

(a) Position  2

2
2

0

1

2 m

T

V kx

=

=

 

 Position  2 2
1 spere fluid

1

1 1

2 4
0

s m mT T T m v Vv

V

ρ= + = +

=

 

 Conservation of energy and simple harmonic motion. 

 2 2 2
1 1 2 2

1 1 1
:       0 0

2 4 2s m m mT V T V m v Vv kxρ+ = + + + = +  

 

( )

2 2 2

2
1
2

2

1
2

3 3

2 2

1 1 1

2 2 2

500 N/m

(0.5 kg)

1 1 4
(1000 kg/m ) (0.08 m)

2 2 3
1

1.0723 kg
2

500 N/m
318 s

(0.5 kg) (1.0723 kg)

m m m n

s m n m

n
s

n

n

v x x

m V x kx

k

m V

V

V

V

ω

ρ ω

ω
ρ

ω
ρ

ρ π

ρ

ω −

= =
 + = 
 

=
+

=
+

 =  
 

=

= =
+



 

 Period of vibration. 
2 2

318
n

n

π πτ
ω

= =  0.352 snτ =   

(b) Acceleration does not change mass. 0.352 snτ =   
 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2385 

 

 

PROBLEM 19.99 

A 20-kg block is attached to a spring of constant 8 N/mk =  and can move 
without friction in a vertical slot as shown. The block is acted upon by a 
periodic force of magnitude sin ,m fP P tω=  where 100 N.mP =  Determine the 
amplitude of the motion of the block if (a) 10 rad/s,fω =  (b) 19 rad/s,fω =  
(c) 30 rad/s.fω =  

 

SOLUTION 

Equation of motion: sinm fmx kx P tω+ =  

The steady state response is 

( )2

/

1 f

n

m
m

P k
x

ω
ω

=
−

 

where 
8000 N/m

20 rad/s
20 kgn

k

m
ω = = =  

and 
100 N

/ 0.0125 m
8000 N/mmP k = =  

(a) 10 rad/s:fω =  
10

0.5
20

f

n

ω
ω

= =  

  
2

0.0125
0.01667 m

1 (0.5)
mx = =

−
 166.7 mm

(in-phase)
mx =  

(b) 19 rad/s:fω =  
19

0.95
20

f

n

ω
ω

= =  

  
2

0.0125
0.1282 m

1 (0.95)
mx = =

−
 128.2 mm

(in-phase)
mx =   

(c) 30 rad/s:fω =  
30

=1.5
20

f

n

ω
ω

=  

 
2

0.0125
0.0100 m

1 (1.5)
mx = = −

−
 10.00 mm

(out-of-phase)
mx =   
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PROBLEM 19.100 

A 20-kg block is attached to a spring of constant 8 kN/mk =  and can move 
without friction in a vertical slot as shown. The block is acted upon by a 
periodic force of magnitude sin ,m fP P tω=  where 10 N.mP =  Knowing 
that the amplitude of the motion is 3 mm, determine the value of .fω  

 

SOLUTION 

Equation of motion: sinm fmx kx P tω+ =  

The steady state response is 

( )2

/

1 f

n

m
m

P k
x

ω
ω

=
−

 

where 
8000 N/m

20 rad/s
20 kgn

k

m
ω = = =  

and 
10 N

/ 0.00125 m
8000 N/mmP k = =  

Solve for / :f nω ω  
1/2

1f m

n m

P

kx

ω
ω

 
= − 
 

 

The amplitude is 3 mm so that  0.003 m.mx = ±  

so that 
0.00125 m

0.41667
0.003

m

m

P

kx
= = ±

±
 

For the in-phase motion, 

  1/2(1 0.41667) 0.76376f

n

ω
ω

= − =  

  (0.76376)(20 rad/s)fω =  15.28 rad/sfω =   

For the out-of-phase motion, 1/2(1 0.41667) 1.19024f

n

ω
ω

= + =  

  (1.19024)(20 rad/s)fω =  23.8 rad/sfω =  
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PROBLEM 19.101 

A 9-lb collar can slide on a frictionless horizontal rod and is attached to 
a spring of constant k. It is acted upon by a periodic force of magnitude 
P sin ,m fP tω=  where 2 lbmP =  and 5 rad/s.fω =  Determine the value 
of the spring constant k  knowing that the motion of the collar has an 
amplitude of 6 in. and is (a) in phase with the applied force, (b) out of 
phase with the applied force. 

 

SOLUTION 

Eq. (19.33): 

( )2

1

m

f

n

P
k

mx
ω
ω

=
−

 2
n

k

m
ω =  

 
2

2

m
m

f

m
f

m

P
x

k m

P
k m

x

ω

ω

=
−

= +
 

Data: 2 lb,mP =  29
0.2795 lb s /ft

32.2

W
m

g
= = = ⋅  

 2

5 rad/s

(0.2795)(5)

6.9876

f

m

m

m

m

P
k

x

P

x

ω =

= +

= +

 

(a) (In phase) 6 in. 0.5 ftmx = =  

 
2

6.9876
0.5

k = +  10.99 lb/ftk =   

(b) (Out of phase) 6 in. 0.5 ftmx = − = −  

 
2

6.9876
0.5

k = +
−

 2.99 lb/ftk =   
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PROBLEM 19.102 

A collar of mass m which slides on a frictionless horizontal rod is attached 
to a spring of constant k and is acted upon by a periodic force of 
magnitude sin .m fP P tω=  Determine the range of values of fω  for which 
the amplitude of the vibration exceeds two times the static deflection 
caused by a constant force of magnitude .mP  

 

SOLUTION 

Circular natural frequency. n
k

m
ω =  

For forced vibration, the equation of motion is 

 sin ( )m fmx kx P tω ϕ+ = +  

The amplitude of vibration is 

 

( ) ( )
st

2 2

1 1

m

f f

n n

P
k

mx
ω ω
ω ω

δ
= =

− −
 

For f nω ω<  and st2 ,mx δ=  we have 

 

( )
2

st
st 2

1
2 or 1

2
1 f

n

f

nω
ω

ωδδ
ω

 
= − = 

 −
 

 2 21 1

2 2f n
k

m
ω ω= =  

2f
k

m
ω =  (1) 

For ,
2 f n
k

m
ω ω< ≤  st| | exceeds 2mx δ  

For f nω ω>  and st2 ,mx δ=  we have 

 
2

st
st 2 2

1
2 or 1

2( ) 1
f

f n n

ωδδ
ω ω ω

= − =
− −

 

 2 23 3

2 2f n
k

m
ω ω= =  

3

2f
k

m
ω =  (2) 

For 
3

2n f
k

m
ω ω≤ ≤  st| | exceeds 2mx δ  

From Eqs. (1) and (2), Range: 
3

2 2f
k k

m m
ω< <   
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PROBLEM 19.103 

A small 20-kg block A is attached to the rod BC of negligible mass 
which is supported at B by a pin and bracket and at C by a spring of 
constant k = 2 kN/m. The system can move in a vertical plane and is 
in equilibrium when the rod is horizontal. The rod is acted upon at C 
by a periodic force P of magnitude sin ,m fP P tω=  where 6 N.mP =  
Knowing that b = 200 mm, determine the range of values of fω for 
which the amplitude of vibration of block A exceeds 3.5 mm. 

 

SOLUTION 

 

 2 2 sinB m fM mb kl P l tθ θ ωΣ = = − +  

  2 2 sinm fmb kl P l tθ θ ω+ =  

2

2 40 rad/s, sinn m f
kl

t
mb

ω θ θ ω= = =  

  
2

2 2 2

3.5 mm 6
0.0175 rad

1600

mP l

mb
m

n f fb
θ

ω ω ω
±= = ± = =

− −
 

Lower frequency: ( )26 0.0175 1600 ,  35.5 rad/sf fω ω= − =  

Upper frequency: ( )26 0.0175 1600 ,  44.1 rad/sf fω ω= − − =  

  35.5 rad/s 44.1 rad/sfω< <  
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PROBLEM 19.104 

An 8-kg uniform disk of radius 200 mm is welded to a vertical shaft 
with a fixed end at B. The disk rotates through an angle of 3°  when a 
static couple of magnitude 50 N m⋅  is applied to it. If the disk is acted 
upon by a periodic torsional couple of magnitude sin ,m fT T tω=  where 
Tm 60 N m,= ⋅  determine the range of values of fω  for which the 
amplitude of the vibration is less than the angle of rotation caused by a 
static couple of magnitude .mT  

 

SOLUTION 

Mass moment of inertia: 2 2 21 1
(8)(0.200) 0.16 kg m

2 2
I mr= = = ⋅  

Torsional spring constant: 

50 N m

3 0.05236 rad

50

0.05236
954.93 N m/rad

T
K

T

K

θ

θ

=

= ⋅
= ° =

=

= ⋅

 

Natural circular frequency:  
954.93

77.254 rad/s
0.16n

K

I
ω = = =  

For forced vibration, 

( ) ( )
st

2 2

1 1

m

f f

n n

T
K

m
ω ω
ω ω

θθ = =
− −

 

For the amplitude | |mθ  to be less than st ,θ  we must have .f nω ω>  

Then 

( )
st

st2
| |

1f

n

m
ω
ω

θθ θ= <
−

 

 
2

1 1f

n

ω
ω

 
− > 

 
 

 
2

2f

n

ω
ω

 
> 

 
 2 ( 2)(77.254)f nω ω> =  

 109.3 rad/sfω >  
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PROBLEM 19.105 

An 18-lb block A slides in a vertical frictionless slot and is 
connected to a moving support B by means of a spring AB of 
constant k = 10 lb/in. Knowing that the displacement of the support 
is sin ,m f tδ δ ω=  where 6 in.,mδ =  determine the range of values 
of fω  for which the amplitude of the fluctuating force exerted by 
the spring on the block is less than 30 lb. 

 

SOLUTION 

Natural circular frequency: 
18 lb
32.2

10 12
14.652 rad/sn

k

m
ω ×= = =  

Eq. (19.33′): 
( )2

1 f

n

m
mx

ω
ω

δ
=

−
 

Spring force: 

( )2

1
( ) 1

1 f

n

m m m mF k x k
ω
ω

δ δ

 
 

= − − = − − 
 −  

 

 
( )

( )

2

2

1

f

n

f

n

mk

ω
ω

ω
ω

δ=
−

 

 
( )

( )
( )

( )

2 2

2 2
(120)(0.50) 60

1 1

f f

n n

f f

n n

ω ω
ω ω

ω ω
ω ω

= =
− −

 

Limit on spring force: | | 30 lbmF <  

 
( )

( )
( )

( )

2 2

2 2

1
60 30 or

2
1 1

f f

n n

f f

n n

ω ω
ω ω

ω ω
ω ω

< <
− −
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PROBLEM 19.105  (Continued) 

 

In phase motion. 
( )

( )

2

2

1

2
1

f

n

f

n

ω
ω

ω
ω

<
−

 

 

2 2

2

1 1

2 2

3 1 1

2 2 3

1

3

f f

n n

f f

n n

f n

ω ω
ω ω

ω ω
ω ω

ω ω

   
< −   

   

 
< > 

 

<  8.46 rad/sfω <   

Out of phase motion. 
( )

( )

2

2

2 2

1

2
1

1 1

2 2

f

n

f

n

f f

n n

ω
ω

ω
ω

ω ω
ω ω

<
−

   
< −   

   

 

 
2

1

2
f

n

ω
ω

 
< − 

 
 No solution for .fω  
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PROBLEM 19.106 

A cantilever beam AB supports a block which causes a static 
deflection of 8 mm at B. Assuming that the support at A undergoes 
a vertical periodic displacement sin ,m f tδ δ ω=  where mδ = 2 mm, 
determine the range of values of fω  for which the amplitude of 
the motion of the block will be less than 4 mm. Neglect the weight 
of the beam and assume that the block does not leave the beam. 

 

SOLUTION 

For the static condition. stmg kδ=  

Natural circular frequency. 
st

st9.81 m/s, 8 mm 0.008 m

9.81
35.018 rad/s

0.008

n

n

k g

m

g

ω
δ

δ

ω

= =

= = =

= =

 

From Eqs. (19.31 and 19.33′): 
( )2

( )
1 f

n

m
m Bx

ω
ω

δ
=

−
 

Conditions: | | 4 mm 2 mmm B mx δ< =  

In phase motion. 

( )
( )

2

2

2

1

1 1

1

f

n

f

n

m
m

m m

f m

n m

x

x

x

ω
ω

ω
ω

δ

δ

ω δ
ω

<
−

−
>

 
− > 
 

 

 
2

1 fm

m nx

ωδ
ω

 
− >  

 
 

 1 m
f n

mx

δω ω
 

< −  
 

 

 
2

1 (35.018)
4fω

 
< −  
 

 24.8 rad/sfω <   
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PROBLEM 19.106  (Continued) 

 

Out of phase motion. 

( )2

1f

n

m
mx

ω
ω

δ
<

−
 

 
( )2

21 1
1

f

n f m

m m n mx x

ω
ω ω δ

δ ω

−  
> − > 

 
 

 
2

1.5f

n

ω
ω

 
> 

 
 1.5f nω ω>  42.9 rad/sfω >   
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PROBLEM 19.107 

Rod AB is rigidly attached to the frame of a motor running at a 
constant speed. When a collar of mass m is placed on the spring, it is 
observed to vibrate with an amplitude of 15 mm. When two collars, 
each of mass m, are placed on the spring, the amplitude is observed 
to be 18 mm. What amplitude of vibration should be expected when 
three collars, each of mass m, are placed on the spring? (Obtain two 
answers.) 

 

SOLUTION 

(a) One collar:  2
1 1( ) 15 mm ( )m n

k
x

m
ω= =  

(b) Two collars:  2 2
2 2 1

1
( ) 18 mm ( ) ( )

2 2m n n
k

x
m

ω ω= = =  

 
2 1

2
n n

ω ω
ω ω
   

=   
   

 

(c) Three collars:  

 2 2
3 3 1

3 1

1
( ) unknown, ( ) ( ) , 3

3 3m n n
n n

k
x

m

ω ωω ω
ω ω

   
= = = =   

   
 

We also note that the amplitude mδ  of the displacement of the base remains constant. 

Referring to Section 19.7, Figure 19.9, we note that, since 
2 1

2 1 ( ) ( )( ) ( )   and  ,
n n

m mx x ω ω
ω ω> >  we must 

have 
1( ) 1

n

ω
ω <  and 1( ) 0.mx >  However, 

2( )n

ω
ω  may be either 1 or 1,< >  with 2( )mx  being 

correspondingly either 0 or 0.> <  

1. Assuming 2( ) 0:mx >  

For one collar, 

 

( ) ( )1 2 2

1 1

( ) 15 mm
1 1

n n

m m
mx

ω ω
ω ω

δ δ
= + =

− −
 (1) 

For two collars, 

 

( ) ( )2 2 2

2 1

( ) 18 mm
1 1 2

n n

m m
mx

ω ω
ω ω

δ δ
= + =

− −
 (2) 
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PROBLEM 19.107  (Continued) 

 

Dividing Eq. (2) by Eq. (1), member by member: 

 
( )
( )

2
2

1
2

1
1

1 1
1.2 ; we find 

71 2

n

n

n

ω
ω

ω
ω

ω
ω

−  
= = 

 −
 

Substituting into Eq. (1), 
1 90

(15 mm) 1 mm
7 7mδ  = − = 

 
 

For three collars, 

 

( )
( )

( )
90
7

3 2 1
7

1

 mm 90
( ) mm,

41 31 3
n

m
mx

ω
ω

δ
= = =

−−
 3( ) 22.5 mmmx =   

2. Assuming 2( ) 0:mx <  

For two collars, we have 

( )2

1

18 mm
1 2

n

m

ω
ω

δ
− =

−
 (3) 

Dividing Eq. (3) by Eq. (1), member by member: 

 
( )
( )

2

1
2

1

1
1.2

1 2

n

n

ω
ω

ω
ω

−
− =

−
 

 
2 2

1 1

1.2 2.4 1
n n

ω ω
ω ω
   

− + = −   
   

 

 
2

1

2.2 1.1

3.4 1.7n

ω
ω
 

= = 
 

 

Substitute into Eq. (1), 
1.1 9

(15 mm) 1 mm
1.7 1.7mδ  = − = 

 
 

For three collars, 

 

( )
( )

( )
9

1.7
3 2 1.1

1.7
1

9 mm
( ) ,

1.61 31 3
n

m
mx

ω
ω

δ
= = =

−−−
 3( ) 5.63 mmmx = −   

(out of phase)  
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PROBLEM 19.107  (Continued) 

 

Points corresponding to the two solutions are indicated below: 
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PROBLEM 19.108 

The crude-oil-pumping rig shown in the accompanying 
figure is driven at 20 rpm. The inside diameter of the well 
pipe is 2 in., and the diameter of the pump rod is 0.75 in. The 
length of the pump rod and the length of the column of oil 
lifted during the stroke are essentially the same, and equal to 
6000 ft. During the downward stroke, a valve at the lower 
end of the pump rod opens to let a quantity of oil into the 
well pipe, and the column of oil is then lifted to obtain a 
discharge into the connecting pipeline. Thus, the amount of 
oil pumped in a given time depends upon the stroke of the 
lower end of the pump rod. Knowing that the upper end of 
the rod at D is essentially sinusoidal with a stroke of 45 in. 
and the specific weight of crude oil is 56.2 lb/ft3, determine 
(a) the output of the well in ft3/min if the shaft is rigid,  
(b) the output of the well in ft3/min if the stiffness of the rod 
is 2210 N/m, the equivalent mass of the oil and shaft is 290 kg 
and damping is negligible. 

 

SOLUTION 

Forcing frequency: 20 rpm 2.0944 rad/sfω = =  

Cross sectional area of the flow chamber 

 2 2 2 2
oil (2 in.) (0.75 in.) 2.6998 in 0.018749 ft

4
A

π  = − = =   

Let s be the stroke at the lower end of the pump in feet. Stroke is twice the amplitude.   2 ms x=  

Volume of oil pumped per revolution: 

 oil oil 0.018749V A s s= =  

Amplitude of motion at top of shaft: 

 
1

(45 in.) 22.5 in. 1.875 ft
2mδ = = =  

Amplitude of motion at bottom of shaft: 

 

( )2

1 f

n

m
mx

ω
ω

δ=
−

 

(a) Rigid shaft: 

2 3
oil

1.875 ft

(2)(1.875) 3.75 ft

(0.018749 ft )(3.75 ft) 0.070309 ft /rev

n

m mx

s

V

ω
δ

= ∞
= =
= =

= =
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PROBLEM 19.108  (Continued) 

 

 output rate: 3(0.070309 ft /rev)(20 rev/min)  31.406 ft /min   

(b) Flexible shaft. 

  

eq

eq

2

2 3
oil

2210 N/m 290 kg

2210 N/m
2.7606 rad/s

290 kg

2.0944
0.75869

2.7606

1.875
4.4178 ft

1 (0.75869)

(2)(4.4178) 8.8358 ft

(0.018749 ft )(8.8358 ft) 0.16566 ft /rev

n

f

n

m

k m

k

m

x

s

V

ω

ω
ω

= =

= = =

= =

= =
−

= =

= =
 

 output rate: 3(0.16566 ft /rev)(20 rev/min)  33.31 ft /min   

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2400 

 

 

PROBLEM 19.109 

A simple pendulum of length l is suspended from a collar C which is forced to 
move horizontally according to the relation sinC mx δ= ωft. Determine the 
range of values of fω for which the amplitude of the motion of the bob is less 
than .mδ  (assume that mδ  is small compared with the length l of the pendulum). 

 

SOLUTION 

Geometry. sin

sin

C

C

x x l

x x

l

θ

θ

= +
−

=

 

 0: cos 0y yF ma T mg T mgθΣ = ≈ − = ≈  

 :x xF maΣ =  sinT mxθ− =   

 

( )
0C

C

mg x x
mx

l
g g

x x x
l l

−
+ =

+ =




 

Using the given motion of  xC, 

 sinm f
g g

x x t
l l

δ ω+ =  

Circular natural frequency. n
g

l
ω =  

 2 2 sinn n m fx x tω ω δ ω+ =  

The steady state response is  

( )2

1 f

n

m
mx

ω
ω

δ
=

−
 

 

( )
2

2 2
22

1 f

n

m
m mx

ω
ω

δ δ= ≤
 − 
 

 

Consider 2 2 .m mx δ=  
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PROBLEM 19.109  (Continued) 

 

Then 

22 2 4

2 2

1 1 2 1

0 and 2

0 and 2

f f f

n n n

f f

n n

f f

n n

ω ω ω
ω ω ω

ω ω
ω ω

ω ω
ω ω

      
 − = − + =     
       

   
= =   

   
 

= = 
 

 

For 0 2, | |f
m m

n

x
ω

δ
ω

< < >  

For 2, | |f
m n

n

x
ω

δ
ω

> <  

Then 
2

2f n
g

l
ω ω> =  

2
f

g

l
ω >  
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PROBLEM 19.110 

The 2.75-lb bob of a simple pendulum of length l = 24 in. is suspended from 
a 3-lb collar C. The collar is forced to move according to the relation 
xC sin ,m f tδ ω=  with an amplitude δm = 0.4 in. and a frequency ff  = 0.5 Hz. 
Determine (a) the amplitude of the motion of the bob, (b) the force that must 
be applied to collar C to maintain the motion. 

 

SOLUTION 

(a) 

 sin

cos 0

x x

y

F ma

T mx

F T mg

θ
θ

Σ =
− =

Σ = − =
  

For small angles cos 1.θ ≈  Acceleration in the y direction is second order and is neglected. 

 

2

2 2

sin

sin

sin

sin

c

c m f

n

n n m f

T mg

mx mg

x x

l
mg g mg

mx x x t
l l l

g

l

x x t

θ

θ

δ ω

ω

ω ω δ ω

=
= −

−
=

+ = =

=

+ =







 

From Equation (19.33 ):′  

 2

21 f

n

m
mx

ω
ω

δ
=

−
 

So 2 2 2 2 2 2

2
2 2

(2 ) 4 (0.5)

32.2 ft/s
16.1s

2ft

f f

n

f s

g

l

ω π π π

ω

−

−

= = =

= = =

 

 2

0.4
12

16.1

ft
0.086137 ft

1
mx

π
= =

−
 1.034 in.mx =   
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PROBLEM 19.110  (Continued) 

 

(b) 

 2 sinc c m f fa x tδ ω ω= = −  

 x c cF m aΣ =  

 sin c cF T m aθ− =  

 From Part (a): , sin cx x
T mg

l
θ −

= =  

 Thus, 

( ) ( )

2 2

2 2 2

20.4 0.4
12 12

sin sin sin

2.75 lb 2.75 lb 3 lb
(16.1)(0.086137) (16.1) sin

32.2 32.2 32.2

0.10326sin

c
c c

n n c c c

n m f n m f c f m f

x x
F mg m x

l

m x m x m x

m x t m t m t

t

t

ω ω

ω ω ω δ ω ω δ ω

π π

π

− = − +  

= − + +

= − + −

      = − + −      
      

= −





 

 0.1033sin (lb)F tπ= −  
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PROBLEM 19.111 

An 18-lb block A slides in a vertical frictionless slot and is connected to a 
moving support B by means of a spring AB of constant 8 lb/ft.k =  Knowing 
that the acceleration of the support is sin ,m fa a tω=  where 25 ft/sma =  
and 6 rad/s,fω =  determine (a) the maximum displacement of block A, (b) the 
amplitude of the fluctuating force exerted by the spring on the block. 

 

SOLUTION 

(a) Support motion. 

  sinm fa a tδ ω= =  

 
2

sinm
f

f

a
tδ ω

ω

 
 = −
 
 

 

 
2

2 2

5 ft/s
0.13889 ft

(6 rad/s)
m

m
f

aδ
ω
−

= = − = −  

 From Equations (19.31 and 19.33 ):′  

 2

2

2 2
18

32.2

8 lb/ft
14.311 (rad/s)

1 f

n

m
m n

k
x

mω
ω

δ ω= = = =
−

 

 ( )36
14.311

0.13889
0.091643 ft

1
mx

−= =
−

 1.100 in.mx =   

 

(b) x is out of phase with δ  for 6 rad/s.fω =  

 Thus, 

 ( ) 8 lb/ft (0.091643 ft 0.13889 ft)m m mF k x δ= + = +  

 1.8443 lb=  1.844 lbmF =   
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PROBLEM 19.112 

A variable-speed motor is rigidly attached to a beam BC. When the 
speed of the motor is less than 600 rpm or more than 1200 rpm, a 
small object placed at A is observed to remain in contact with the 
beam. For speeds between 600 and 1200 rpm the object is observed 
to “dance” and actually to lose contact with the beam. Determine the 
speed at which resonance will occur. 

 

SOLUTION 

Let m be the unbalanced mass and r  the eccentricity of the unbalanced mass. The vertical force exerted on 
the beam due to the rotating unbalanced mass is 

 2 sin sinf f m fP mr t P tω ω ω= =  

Then from Eq. 19.33, 

( ) ( )
2

2 2

1 1

fm

f f

n n

mrP
k k

mx
ω

ω ω
ω ω

= =
− −

 

For simple harmonic motion, the acceleration is 

 

( )
4

2
2

1

f

f

n

mr

k
m f ma x

ω

ω
ω

ω= − =
−

 

When the object loses contact with the beam, the acceleration | |ma  is greater than g.  
Let 1 600 rpm 62.832 rad/s.ω = =  

 

( )
4 44

1

1
1 2 2

| |
11

n

n

mr Umr
k k

ma
U

ωω

ω
ω

= =
−−

 (1) 

where 1 .
n

U
ω
ω

=  

Let  2 11200 rpm 125.664 rad/s 2ω ω= = =  

 

( )
4 44

2

2

(2 )

2 2 2
| |

4 11

n

n

mr Umr
k k

ma
U

ωω

ω
ω

= =
−−

 (2) 
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PROBLEM 19.112  (Continued) 

 

Dividing Eq. (1) by Eq. (2), 

 

2
2 2

2

2

1
1 1

4 1
1 or 16 16 4 1

16(1 )

17
20 17

20

17 20
1.08465

20 17n
n

U
U U

U

U U

ω ω ω ω
ω

−= − = −
−

= =

= = =

 

 (1.08465)(600 rpm)nω =  651 rpmnω =   
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PROBLEM 19.113 

A motor of mass M is supported by springs with an equivalent spring constant k. The unbalance of its rotor is 
equivalent to a mass m located at a distance r from the axis of rotation. Show that when the angular velocity 
of the motor is ,fω  the amplitude xm of the motion of the motor is 

( )( )
( )

2

2

1

f

n

f

n

m
M

m

r
x

ω
ω

ω
ω

=
−

 

where .n
k

M
ω =  

 

SOLUTION 

 Rotor Motor 

 

 sinm fF ma P t kx MxωΣ = − =   

 

2

sin

sin

m f

m
f

n

Mx kx P t

Pk
x x t

M M
k

M

ω

ω

ω

+ =

+ =

=



  

From Equation (19.33): 

 

( )2

1

m

f

n

P
k

mx
ω
ω

=
−

 

But 
2

2

2

fm
n

fm

n

mrP
k M

k k

P m
r

k M

ω
ω

ω
ω

= =

  =   
  

 

Thus, 
( )( )

( )

2

2
Q.E.D.

1

f

n

f

n

m
M

m

r
x

ω
ω

ω
ω

=
−
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PROBLEM 19.114 

As the rotational speed of a spring-supported 100-kg motor is increased, the amplitude of the vibration due to 
the unbalance of its 15-kg rotor first increases and then decreases. It is observed that as very high speeds are 
reached, the amplitude of the vibration approaches 3.3 mm. Determine the distance between the mass center 
of the rotor and its axis of rotation. (Hint: Use the formula derived in Problem 19.113.) 

 

SOLUTION 

Use the equation derived in Problem 19.113. 

 
( )( )

( )
( )

( )2

2

2 1 1
1

f

n

f
f

n n

m m
M M

m

r r
x

ω
ω

ω
ω

ω
ω

= =
−−

 

For very high speeds, 

( )2

1

f

n

ω
ω

 0    and    mx ,
rm

M
 

thus, 
15

3.3 mm
100

r
 =  
 

 22 mmr =  
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PROBLEM 19.115 

A motor of weight 40 lb is supported by four springs, each of constant 
225 lb/in. The motor is constrained to move vertically, and the amplitude of its 
motion is observed to be 0.05 in. at a speed of 1200 rpm. Knowing that the 
weight of the rotor is 9 lb, determine the distance between the mass center of 
the rotor and the axis of the shaft. 

 

SOLUTION 

 W 40 lb=  

 Four springs each of constant 225 lb/in.  

 We note that the motor is constrained to move vertically. 

 4(225 lb/in.) 900 lb/in. 10800 lb/ft= =  

 
10800 lb/ft

93.242 rad/s
(40 lb/32.2)n

k

m
ω = = =  

 For  1200 rpm 125.664 rad/sω = =  we have 

 30.05 in. 4.1667 10 ftmx −= = ×  

 Eq. (19.33):  

( )2
1

m

n

P
k

mx
ω
ω

=
−

 

 Thus:  
2

1m
m

n

P
x

k

ω
ω

   = −  
   

 

 
2

3 3125.664
(4.1667 10 ft) 1 3.4015 10 ft

93.242
− −

  = × − = − ×  
   

 (out of phase) 

 3(10800 lb/ft)(3.4015 10 ft) 36.736 lbmP −= × =  

 We have found: 36.736 lbmP =  

 For an unbalanced rotor of weight 9 lb,RW =  rotating at 1200 rpm 125.664 rad/s,ω = =  with the mass 
center at a distance r  from the axis of rotation, we have,  

 2
m RP m rω=  

 3
2 2

36.736 lb
8.3231 10 ft

(9 lb/32.2)(125.664 rad/s)
m

R

P
r

m ω
−= = = ×  

 0.0999in.r =   
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PROBLEM 19.116 

A motor weighing 400 lb is supported by springs having a total constant of 1200 lb/in. The unbalance of the 
rotor is equivalent to a 1-oz weight located 8 in. from the axis of rotation. Determine the range of allowable 
values of the motor speed if the amplitude of the vibration is not to exceed 0.06 in. 

 

SOLUTION 

Let mass of motor, unbalance mass, eccentricityM m r= = =  

 

2

2

400
12.4224 lb s /ft

32.2
1 1

0.001941 lb s /ft
16 32.2

8 in. 0.66667 ft 1200 lb/in. 14,400 lb/ft

M

m

r k

= = ⋅

  = = ⋅  
  

= = = =

 

Natural circular frequency: 
14,400

34.047 rad/s
12.4224

(0.66667)(0.001941)

12.4224
0.00014017 ft 0.00125  in.

n
k

M

rm

M

ω = = =

=

= =

 

From the derivation given in Problem 19.113, 

 
( )( )

( )
( )

( )

2 2

2 2

0.00125
in.

1 1

f f

n n

f f

n n

rm
M

mx

ω ω
ω ω

ω ω
ω ω

= =
− −

 

In phase motion with | | 0.06 in.mx <  

 

( )
( )

2

2

2 2 2

2

0.00125
0.06

1

0.00125 0.06 0.06

0.06125 0.06

0.06
0.98974

0.06125

f

n

f

n

f f f

n n n

f

n

f

n

ω
ω

ω
ω

ω ω ω
ω ω ω

ω
ω

ω
ω

<
−

     
< −     

     

 
< 

 

< =

 

 (0.98974)(34.047) 33.698 rad/sfω < =  322 rpmfω <   
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PROBLEM 19.116  (Continued) 

 

Out of phase motion with | | 0.06 in.mx =  

 

( )
( )

2

2

2 2

2

0.00125
0.06

1

0.00125 0.06 0.06

0.06 0.05875

f

n

f

n

f f

n n

f

n

ω
ω

ω
ω

ω ω
ω ω

ω
ω

<
−

   
< −   

   

 
<  

 

 

 
0.06

1.01058
0.05875

f

n

ω
ω

> =  

 (1.01058)(34.047) 34.407 rad/sfω > =  329 rpmfω >   
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PROBLEM 19.117 

A 180-kg motor is bolted to a light horizontal beam. The unbalance of 
its rotor is equivalent to a 28-g mass located 150 mm from the axis of 
rotation, and the static deflection of the beam due to the weight of the 
motor is 12 mm. The amplitude of the vibration due to the unbalance can 
be decreased by adding a plate to the base of the motor. If the amplitude 
of vibration is to be less than 60 μm for motor speeds above 300 rpm, 
determine the required mass of the plate. 

 

SOLUTION 

Before the plate is added, 3
1 180 kg, 28 10 kg

150 mm 0.150 m

M m

r

−= = ×
= =

 

Equivalent spring constant: 1 1

st st

3
3

(180)(9.81)
147.15 10 N/m

12 10

W M g
k

k

δ δ

−

= =

= = ×
×

 

Let M2 be the mass of motor plus the plate. 

Natural circular frequency. 
2

n
k

M
ω =  

Forcing frequency: 
2 2 2

2 2
23

300 rpm 31.416 rad/s

(31.416)
0.006707

147.15 10

f

f f

n

M M
M

k

ω

ω ω
ω

= =

 
= = = 

× 

 

From the derivation in Problem 19.113, 

 
( )( )

( )
2

2

2

1

f

n

f

n

rm
M

mx

ω
ω

ω
ω

=
−

 

For out of phase motion with  660 10 m,mx −= − ×  

 

3

2

(0.150)(28 10 )
2

6

2

(0.006707 )
60 10

1 0.006707

M M

M

−×

−
 
  − × =

−
 

 

6 6 6
2

9 6
2

2

60 10 (60 10 )(0.006707) 28.170 10

402.49 10 88.170 10

219.10 kg

M

M

M

− − −

− −

− × + × = ×
× = ×

=
 

Added mass: 2 1 219.10 180M M MΔ = − = −  39.1 kgMΔ =  
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PROBLEM 19.118 

The unbalance of the rotor of a 400-lb motor is equivalent to a 3-oz weight 
located 6 in. from the axis of rotation. In order to limit to 0.2 lb the 
amplitude of the fluctuating force exerted on the foundation when the motor 
is run at speeds of 100 rpm and above, a pad is to be placed between the 
motor and the foundation. Determine (a) the maximum allowable spring 
constant k of the pad, (b) the corresponding amplitude of the fluctuating 
force exerted on the foundation when the motor is run at 200 rpm. 

 

SOLUTION 

Mass of motor. 2400
12.422 lb s /ft

32.2
M = = ⋅  

Unbalance mass. 23 1
0.005823 lb s /ft

16 32.2
m

  = = ⋅  
  

 

Eccentricity. 6 in. 0.5 ftr = =  

Equation of motion: 2sin sinm f f fMx kx P t mr tω ω ω+ = =  

 

2 2

2

2

( )f m f

f
m

f

M k x mr

mr
x

k M

ω ω

ω
ω

− + =

=
−

 

Transmitted force. 
2

2

f
m m

f

kmr
F kx

k M

ω
ω

= =
−

 

For out of phase motion, 
2

2
| | f

m
f

kmr
F

M k

ω
ω

=
−

 (1) 

(a) Required value of k. 

 Solve Eq. (1) for k. 2 2| | ( )m f fF M k kmrω ω− =  

 2 2( | |) | |f m m fk mr F F Mω ω+ =  

 
2

2

| |

| |
m f

f m

F M
k

mr F

ω
ω

=
+

 

 Data:   | | 0.2 lbmF =  100 rpm 10.472 rad/sfω = =  

 
2

2

(0.2)(12.422)(10.472)
524.65

(0.005823)(0.5)(10.472) 0.2
k = =

+
 525 lb/ftk =  
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PROBLEM 19.118  (Continued) 

 

(b) Force amplitude at 200 rpm. 20.944 rad/sfω =  

 From Eq. (1), 
2

2

(524.65)(0.005823)(0.5)(20.944)
| |

(12.422)(20.944) 524.65
mF =

−
 

 | | 0.1361 lbmF =  
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PROBLEM 19.119 

A counter-rotating eccentric mass exciter consisting of two rotating 100-g 
masses describing circles of radius r at the same speed but in opposite senses 
is placed on a machine element to induce a steady-state vibration of the 
element. The total mass of the system is 300 kg, the constant of each spring is 
k = 600 kN/m, and the rotational speed of the exciter is 1200 rpm. Knowing 
that the amplitude of the total fluctuating force exerted on the foundation is 
160 N, determine the radius r. 

 

SOLUTION 

( )
22

2 22
2

2
2 , ,

1

f

f

n

mr

k
m f m n

k
P mr x

M

ω

ω
ω

ω ω= = =
−

 

With 2

2

2

2
2 160 N , 40 rad/s

1 f

f
m fM

k

mr
kx

ω

ω
ω π= = ± =

−
 

Solving for r, 

( )( )21300 kg 40 s

1200000 N/m

1 2

160 N 1

0.1493 m
2(0.1 kg)(40 s )

r

π

π

−

−

 
 −
  = ± =  

 149.3 mmr =  
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PROBLEM 19.120 

A 360-lb motor is supported by springs of total constant 12.5 kips/ft. The unbalance of the rotor is equivalent 
to a 0.9-oz weight located 7.5 in. from the axis of rotation. Determine the range of speeds of the motor for 
which the amplitude of the fluctuating force exerted on the foundation is less than 5 lb. 

 

SOLUTION 

 

 

 

 

 

From Problem 19.113 
( )( )

( )

2

2

1

f

n

f

n

m
M

m

r
x

ω
ω

ω
ω

=
−

 

And 

( )
2

2
2

( ) , , ( )

1 f

n

f
T m m n T m

rmk
F kx F

M ω
ω

ω
ω= = =

 
− 

 

 

Then 
( )0.9

16 2
2

lb7.5
ft 0.0010918 lb s

12 32.2 ft/s
rm

   = = ⋅    
 

2

2 2
360 lb

32.2 ft/s

12500 lb/ft
1118.1sn

k

M
ω −= = =  

2

2
2

1118.1

( ) (0.0010918 lb s )
1 f

f
T mF

ω

ω
= ⋅

−
 

or 
2

2 2( ) 1 (0.0010918 lb s )
1118.1

f
T m fF

ω
ω

 
− = ⋅ 

  
 

( ) 2( )
( ) 0.0010918

1118.1
T m

T m f
F

F ω = +  
 

Then 2 1118.1( )

( ) 1.2207
T m

f
T m

F

F
ω =

+
 

(a) 
( )2 21118.1 5

( ) 5: 898.69 s ,
5 1.2207T m fF ω −= + = =

+
 

 29.978 rad/sfω ≤  

 286.26 rpm≤  286 rpmfω ≤  

(b) 2 21118.1 ( 5)
( ) 5: 1479.2 s ,

5 1.2207T m fF ω −−= − = =
− +

 

 38.461 rad/sfω >  

 367.27 rpm>  367 rpmfω >  
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PROBLEM 19.121 

Figures (1) and (2) show how springs can be used to support a 
block in two different situations. In Figure (1), they help 
decrease the amplitude of the fluctuating force transmitted by 
the block to the foundation. In Figure (2), they help decrease 
the amplitude of the fluctuating displacement transmitted by the 
foundation to the block. The ratio of the transmitted force to 
the impressed force or the ratio of the transmitted displacement 
to the impressed displacement is called the transmissibility. 
Derive an equation for the transmissibility for each situation. 
Give your answer in terms of the ratio /f nω ω  of the frequency 
ωf of the impressed force or impressed displacement to the 
natural frequency nω  of the spring-mass system. Show that in 
order to cause any reduction in transmissibility, the ratio /f nω ω  
must be greater than 2.  

 

SOLUTION 

(1) From Equation (19.33): 

( )2

1

m

f

n

P
k

mx
ω
ω

=
−

 

 Force transmitted: ( )2( )
1

m

f

n

P
k

T m mP kx k ω
ω

 
 = =  −  

 

 Thus, Transmissibility 

( )2

( ) 1

1 f

n

T m

m

P

P ω
ω

= =
−

  

(2) From Equation (19.33 ):′  

 Displacement transmitted: 

( )2

1 f

n

m
mx

ω
ω

δ
=

−
 Transmissibility 

( )2

1

1 f

n

m

m

x

ω
ω

δ
= =

−
  

 For ( ) or  to be less than 1,T m m

m m

P x
P δ  

( )2

1
1

1 f

n

ω
ω

<
−

 

 ( )2

1 1 f

n

ω
ω< −  

 
2

2f

n

ω
ω

 
> 

 
 2 Q.E.D.f

n

ω
ω

>  
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PROBLEM 19.122 

A vibrometer used to measure the amplitude of vibrations consists 
essentially of a box containing a mass-spring system with a known 
natural frequency of 120 Hz. The box is rigidly attached to a surface, 
which is moving according to the equation sin .m fy tδ ω=  If the 
amplitude mz  of the motion of the mass relative to the box is used 
as a measure of the amplitude mδ  of the vibration of the surface, 
determine (a) the percent error when the frequency of the vibration 
is 600 Hz, (b) the frequency at which the error is zero. 

 

SOLUTION 

 

2

2

2

2

2

2
2

2
2

2

sin
1

sin

relative motion

sin
1

1
1

1 1

f

n

f

n

f

n
f

f
n

n

m

f

m f

m
m

f

m

m m

x t

y t

z

z x y t

z

ω
ω

ω
ω

ω
ω

ω
ω

ω
ω

δ
ω

δ ω

δ δ ω

δ
δ

 
 =

− 
 

=

=

 − = − =
−  

 − = =
−  − 

 

(a) 
( )

( )

2

2

2

2

2600
120

2600
120

25
1.0417

2411

f

n

f

n

m

m

z
ω
ω

ω
ω

δ
= = = =

−−
  

  Error 4.17%=  

(b) 

2

2

2

2

1
1

f

n

f

n

m

m

z
ω
ω

ω
ω

δ
= =

−
 

 

2

21 2

2 2
(120) 84.853 Hz

2 2

f

n

f nf f

ω
ω

=

= = =  84.9 Hznf =  
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PROBLEM 19.123 

A certain accelerometer consists essentially of a box containing a 
mass-spring system with a known natural frequency of 2200 Hz. 
The box is rigidly attached to a surface, which is moving according 
to the equation sin .m fy tδ ω=  If the amplitude mz  of the motion of 
the mass relative to the box times a scale factor 2

nω  is used as a 
measure of the maximum acceleration 2

m m fα δ ω=  of the vibrating 
surface, determine the percent error when the frequency of the 
vibration is 600 Hz. 

 

SOLUTION 

 

2

2

2

2

2

2
2

2
2

2

sin
1

sin

relative motion

sin
1

1
1

1 1

f

n

f

n

f

n
f

f
n

n

m

f

m f

m
m

f

m

m m

x t

y t

z

z x y t

z

ω
ω

ω
ω

ω
ω

ω
ω

ω
ω

δ
ω

δ ω

δ δ ω

δ
δ

 
 =

− 
 

=

=

 − = − =
−  

 − = =
−  − 

 

The actual acceleration is 2
m f ma ω δ= −  

The measurement is proportional to 2.m nz ω  

Then 

( )

( )

2
2

2

2600
2200

1

1

1

1

f

n

m n m n

m m f

z z

a

ω
ω

ω ω
δ ω

 
=   

 

=
−

=
−

 

 1.0804=  Error 8.04%=  
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PROBLEM 19.124 

Block A can move without friction in the slot as shown and is acted upon by 
a vertical periodic force of magnitude sin ,m fP P tω=  where 2fω =  rad/s 
and 20 N.mP =  A spring of constant k is attached to the bottom of block A 
and to a 22-kg block B. Determine (a) the value of the constant k which will 
prevent a steady-state vibration of block A, (b) the corresponding amplitude 
of the vibration of block B. 

 

SOLUTION 

In steady state vibration, block A does not move and therefore, remains in its original equilibrium position. 

Block A: 0FΣ =  

 
sinm fkx P tω= −  (1) 

Block B: BF m xΣ =   

 
2

0

sin

/

B

m n

n B

m x kx

x x t

k m

ω

ω

+ =
=

=


 

From Eq. (1): 

2

sin sin

2 rad/s

m n m f

n f

m m

n
B

B n

kx t P t

kx P

k

m

k m

ω ω
ω ω

ω

ω

= −

= =

= −

=

=

 

(a) Required spring constant. 2(22)(2)k =  88.0 N/mk =   

(b) Corresponding amplitude of vibration of B. 

 
20 N

88 N/m

m m

m
m

m

kx P

P
x

k

x

= −

= −

= −  0.227 mmx = −  
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PROBLEM 19.125 

A 60-lb disk is attached with an eccentricity 0.006 in.e =  to the midpoint of a 
vertical shaft AB, which revolves at a constant angular velocity .fω  Knowing that 
the spring constant k for horizontal movement of the disk is 40,000 lb/ft, determine 
(a) the angular velocity fω  at which resonance will occur, (b) the deflection r of 
the shaft when 1200 rpm.fω =  

 

SOLUTION 

 

G describes a circle about the axis AB of radius .r e+  

Thus, 2( )n fa r e ω= +  

Deflection of the shaft is F kr=  

Thus, 
2

2
2

( )

n

f

n
n

F ma

kr m r e

k k
m

m

ω

ω
ω

=

= +

= =

 

 2

2

2

2

2
2

( )

1

f

n

f

n

f
n

k
kr r e

e
r

ω
ω
ω
ω

ω
ω

= +

=
−
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PROBLEM 19.125  (Continued) 

 

(a) Resonance occurs when , i.e., f n rω ω=   ∞  

 

(40,000)(32.2)

60
146.52 rad/s

1399.1 rpm

n
k kg

m W
ω = =

=

=
=  1399 rpmn fω ω= =   

(b) 
( )

( )

21200
1399.1

21200
1399.1

(0.006 in.)

1
r =

−
 

 0.01670 in.=  0.01670 in.r =  
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PROBLEM 19.126 

A small trailer and its load have a total mass of 250-kg. The trailer 
is supported by two springs, each of constant 10 kN/m, and is 
pulled over a road, the surface of which can be approximated by a 
sine curve with an amplitude of 40 mm and a wavelength of 5 m 
(i.e., the distance between successive crests is 5 m and the vertical 
distance from crest to trough is 80 mm). Determine (a) the speed at 
which resonance will occur, (b) the amplitude of the vibration of 
the trailer at a speed of 50 km/h. 

 

SOLUTION 

Total spring constant  3

3

2(10 10 N/m)

20 10 N/m

k = ×

= ×

 

(a) 
3

2 2

3

20 10 N/m
80 s

250 kg

5 m

40 mm 40 10 m

n

m

k

m
ω

λ
δ

−

−

×= = =

=

= = ×

 

 

3

2
sin where

sin

2

40 mm 40 10 m

m

m f

f

m

x
y x vt

y t

v

πδ
λ

δ ω
πω
λ

δ −

= =

=

=

= = ×

 

 From Equation (19.33 ):′  
2

21 f

n

m
mx

ω
ω

δ
=
 − 
 

 

 Resonance: 12
80 s ,

5f n
vπω ω −= = =  

  7.1176 m/sv =  25.6 km/hv =   

(b) Amplitude at 

2 2

50 km/h 13.8889 m/s

2 (13.8889)
17.4533 rad/s

5

304.60 s

f

f

v

πω

ω −

= =

= =

=

 

 
3

3
304.62

80

40 10
14.246 10 m

1mx
−

−×= = − ×
−

 14.25 mmmx = −  
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PROBLEM 19.127 

Show that in the case of heavy damping ( ),cc c>  a body never passes through its position of equilibrium O 
(a) if it is released with no initial velocity from an arbitrary position or (b) if it is started from O with an 
arbitrary initial velocity. 

 

SOLUTION 

Since ,cc c> we use Equation (19.42), where 

 1 20, 0λ λ< <  

 1 2
1 2

t tx C e C eλ λ= +  (1) 

 1 2
1 1 2 2

t tdx
v C e C e

dt
λ λλ λ= = +  (2) 

(a) 00, , 0:t x x v= = =  

 From Eqs. (1) and (2): 0 1 2

1 1 2 20

x C C

C Cλ λ
= +
= +

 

 Solving for 1c  and 2 ,c  2
1 0

2 1

1
2 0

2 1

C x

C x
x

λ
λ λ

λ
λ

=
−

−=
−

 

 Substituting for 1C  and 2C  in Eq. (1), 1 22
2 1

2 1

t tx
x e eλ λλ λ

λ λ
 = − −

 

 For 0:x =  when ,t ≠ ∞  we must have 

 2 1 2 1( )2
1 2

1

0t t te e eλ λ λ λλλ λ
λ

−− = =  (3) 

 Recall that 

 1 20, 0.λ λ< <  Choosing 1 2and λ λ  so that 1 2 0,λ λ< <  we have 

 2
2 1

1

0 1 and 0
λ λ λ
λ

< < − >  

 Thus a positive solution for 0t >  for Equation (3) cannot exist, since it would require that e raised to a 
positive power be less than 1, which is impossible. Thus, x is never 0. 

The x t−  curve for 
this case is as shown. 

  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2425 

PROBLEM 19.127  (Continued) 

 

(b) 00, 0, :t x v v= = =  Equations (1) and (2) yield 

 1 2

0 1 1 2 2

0 C C

v C Cλ λ
= +
= +

 

 Solving for 1 2and ,C C  0
1

2 1

2
2

2 1

v
C

v
C

λ λ

λ λ

= −
−

=
−

 

 Substituting into Eq. (1), 2 10

2 1

[ ]t tv
x e eλ λ

λ λ
= −

−
 

 For 0,x =  and 0t >  

 2 1t te eλ λ=  

 For 1 2, ;cc c λ λ> ≠  thus, no solution can exist for t, and x is never 0 when 0.t >  

The x t− curve for this
motion is as shown. 
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PROBLEM 19.128 

Show that in the case of heavy damping ( ),cc c>  a body released from an arbitrary position with an arbitrary 
initial velocity cannot pass more than once through its equilibrium position. 

 

SOLUTION 

Substitute the initial conditions, 0 00, ,t x x v v= = = in Equations (1) and (2) of Problem 19.127. 

 0 1 2 0 1 1 2 2x C C v C Cλ λ= + = +  

Solving for 1 2 and ,C C  0 2 0
1

2 1

0 1 0
2

2 1

( )

( )

v x
C

v x
C

λ
λ λ

λ
λ λ

−
= −

−
−

=
−

 

And substituting in Eq. (1) 2 1
0 1 0 0 2 0

2 1

1
( ) ( )t tx v x e v x eλ λλ λλ λ
 = − − − −

 

For 0, :x t= ≠ ∞  2 1

2 1

0 1 0 0 2 0

0 2 0( )

0 1 0

0 2 0

2 1 0 1 0

( ) ( )

( )

( )

1
ln

( )

t

t tv x e v x e

v x
e

v x

v x
t

v x

λ λ

λ λ

λ λ
λ
λ

λ
λ λ λ

−

− = −

−
=

−

−
=

− −

 

This defines one value of t only for 0,x =  which will exist if the argument of the natural logarithm is positive, 

i.e., if 0 2 0

0 1 0
1.v x

v x
λ
λ

−
− >  Assuming 1 2 0,λ λ< <  

this occurs if 0 1 0.v xλ<  
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PROBLEM 19.129 

In the case of light damping, the displacements 1,x  2,x  3,x  shown in Figure 19.11 may be assumed equal to 
the maximum displacements. Show that the ratio of any two successive maximum displacements nx and 1nx +  
is a constant and that the natural logarithm of this ratio, called the logarithmic decrement, is 

 
2

1

2 ( / )
ln

1 ( / )

n c

n c

x c c

x c c

π
+

=
−

 

 

SOLUTION 

For light damping, 

Equation (19.46): ( )2
0 0sin( )

c
m t

x x e tω φ−= +  

At given maximum displacement, 

( )2

0

0

,

sin( ) 1
c

nm

n n

n

t
n

t t x x

t

x x e

ω φ
−

= =
+ =

=

 

At next maximum displacement, 

( ) 12

1 1

0 1

1 0

,

sin( ) 1
c

nm

n n

n

t
n

t t x x

t

x x e

ω φ
+

+ +

+

−
+

= =
+ =

=

 

But 1

1

2

2
D n D n

n n
D

t t

t t

ω ω π
π

ω

+

+

− =

− =

 

Ratio of successive displacements: 

( )

2

12

2
212

0

1 0

c
nm

c
nm

cc
mn nm D

t
n

t
n

t t

x x e

x x e

e e
π

ω

+

+

−

−
+

+− −

=

= =

 

Thus, 
1

ln n

n D

x c

x m

π
ω+

=  (1) 

From Equations (19.45) and (19.41): 
2

2

1

1
2

D n
c

c
D

c

c

c c

m c

ω ω

ω

 
= −  

 

 = −  
 

 

Thus, 
2

1

2 1
ln

1

n

n c

c

x c m

x m c
c

c

π
+

=
 

−  
 

 
( )
( )2

1

2
ln Q.E.D.

1

c

c

c
cn

n c
c

x

x

π

+
=

−
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PROBLEM 19.130 

In practice, it is often difficult to determine the logarithmic decrement of a system with light damping defined 
in Problem 19.129 by measuring two successive maximum displacements. Show that the logarithmic 
decrement can also be expressed as (1/ ) ln ( / ),n n kk x x +  where k is the number of cycles between readings of 
the maximum displacement. 

 

SOLUTION 

As in Problem 19.129, for maximum displacements nx  and n kx +  at 0and t ,  sin( ) 1n n k nt tω φ+ + =  

and sin( ) 1.n n ktω φ+ + =  ( )

( )

2

2

0

( )
0

c
nm

c
n km

t
n

t
n k

x x e

x x e +

−

−
+

=

=

 

Ratio of maximum displacements: 
( )

( )
( )2

2

2

0

0

c
nm c

n n km
c

n km

t
t tn

t
n k

x x e
e

x x e

−
−

+
−

+

−

+
= =  

But (2 )

2
D n k D n

n n k
D

t t k

t t k

ω ω π
π

ω

+

+

− =

− =

 

Thus, 
2

2
n

n k D

x c k

x m

π
ω+

 
= +  

 
 

 ln n

n k D

x c
k

x m

π
ω+

=  (2) 

But from Problem 19.129, Equation (1): 

 
1

log  decrement ln n

n D

x c

x m

π
ω+

= =  

Comparing with Equation (2), 
1

log  decrement ln Q.E.D.n

n k

x

k x +
=  
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PROBLEM 19.131 

In a system with light damping ( ),cc c<  the period of vibration is commonly defined as the time interval 
2 /d dτ π ω=  corresponding to two successive points where the displacement-time curve touches one of the 

limiting curves shown in Figure 19.11. Show that the interval of time (a) between a maximum positive 
displacement and the following maximum negative displacement is 1

2 ,dτ  (b) between two successive zero 
displacements is 1

2 ,dτ  (c) between a maximum positive displacement and the following zero displacement is 
greater than 1

4 .dτ  

 

SOLUTION 

 

Equation (19.46): ( )2
0 sin( )

c
m t

dx x e tω φ−= +  

(a) Maxima (positive or negative) when 0:x =  

 ( ) ( )2 2
0 0sin( ) cos( )

2

c c
m mt t

d d d
c

x x e t x e t
m

ω φ ω ω φ− −− = + + + 
 

  

 Thus, zero velocities occur at times when 

 
2

0, or tan( ) d
d

m
x t

c

ωω φ= + =  (1) 

 The time to the first zero velocity, 1,t  is 

 
( )21

1

tan dm
c

d

t

ω φ

ω

− −  =  (2) 

 The time to the next zero velocity where the displacement is negative is 

 
( )21

1

tan dm
c

d

t

ω φ π

ω

− − +  ′ =  (3) 

 Subtracting Eq. (2) from Eq. (3), 

 1 1 Q.E.D.
2 2

d d

d

t t
π τ τπ

ω π
⋅′ − = = =  
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PROBLEM 19.131  (Continued) 



(b) Zero displacements occur when 

 sin( ) 0 or at intervals oftθω φ+ =  

  , 2d t nω φ π π π+ =  

 Thus, 1 0
1 0

( ) ( ) (2 )
and ( )

d d

t
t

π φ π φ
ω ω
= − −′ =  

 Time between 1 0 1 0
2

0 ( ) ( ) Q.E.D.
2 2

d d
s

d

t t
πτ τπ π

ω π
−′ ′= − = = =  

 

  Plot of Equation (1) 

(c) The first maximum occurs at 1:  1( )d tω φ+  

 The first zero occurs at 1 0( ( ) )d tω φ π+ =  

 From the above plot, 1 0 1( ( ) ) ( )
2d Dt t
πω φ ω φ+ − + >  

 or 1 0 1 1 0 1( ) ( ) Q.E.D.
2 4

d

d

t t t t
τπ

ω
− > − >  

 Similar proofs can be made for subsequent maximum and minimum.
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PROBLEM 19.132 

A loaded railroad car weighing 30,000 lb is rolling at a constant velocity v0 when it couples with a spring and 
dashpot bumper system (Figure 1). The recorded displacement-time curve of the loaded railroad car after 
coupling is as shown (Figure 2). Determine (a) the damping constant, (b) the spring constant. (Hint: Use the 
definition of logarithmic decrement given in Problem 19.129.) 

 

 

SOLUTION 

Mass of railroad car: 

2

30,000

32.2

931.67 lb s /ft

W
m

g
= =

= ⋅

 

The differential equation of motion for the system is 

 0mx cx kx+ + =   

For light damping, the solution is given by Eq. (19.44): 

 ( )2
1 2( sin cos )

c
m t

d dx e C t C tω ω−= +  

From the displacement versus time curve, 

 0.41 s

2 2
15.325 rad/s

0.41

d

d
d

τ
π πω

τ

=

= = =

 

At the first peak, 1 10.5 in. and .x t t= =  

At the second peak, 2 10.12 in. and .dx t t τ= = +  

Forming the ratio 2

1
,x

x  
( )

( )
( )12

2

12

2

( )
2

1

1

2

c
dm c

dm

c
m

c d
m

t

t

x e
e

x e
x

e
x

τ

τ
τ

− +
−

−
= =

=

 (1) 
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PROBLEM 19.132  (Continued) 

 

(a) Damping constant. 

 From Eq. (1): 1

2

ln
2

dc x

m x

τ  
=  

 
 

  

1

2

2
ln

(2)(931.67) 0.5
ln

0.41 0.12
6485.9 lb s/ft

d

xm
c

xτ
=

=

= ⋅  6.49 kip s/ftc = ⋅   

(b) Spring constant. 

 Equation for :dω  
2

2

2d
k c

m m
ω  = −  

 
 

 

2
2

2
2

3

4

(6485.9)
(931.67)(15.325)

(4)(931.67)

230 10 lb/ft

d
c

k m
m

ω= +

= +

= ×  230 kips/ftk =  
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PROBLEM 19.133 

A torsional pendulum has a centroidal mass moment of inertia of 0.3 kg-m2 and when given an initial twist 
and released is found to have a frequency of oscillation of 200 rpm. Knowing that when this pendulum is 
immersed in oil and given the same initial condition it is found to have a frequency of oscillation of 180 rpm, 
determine the damping constant for the oil. 

 

SOLUTION 

Let the mass be rotated through the small angle θ from the equilibrium position. 

Couples acting on the mass:  Shaft:   Kθ−  

 Oil: Cθ−   

Equation of motion: :M I K C Iθ θ θ θΣ = − − =    

 0I C Kθ θ θ+ + =   

Solution for light damping: 1 2( sin sin )t
d de C t C tλθ ω ω−= +  

where 

2 2

2

n

d n

C

I

K

I

λ

ω

ω ω λ

=

=

= −

 

When there is no oil, assume 0.C ≈  

 200 rpm 20.944 rad/snω = =  

When oil is present, 

 180 rpm 18.8496 rad/sdω = =  

 2 2 19.1293 sn dλ ω ω −= − =  

Damping constant for oil. 

 2 12 (2)(0.3 kg m )(9.1293 s )C Iλ −= = ⋅  5.48 N m sC = ⋅ ⋅  
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PROBLEM 19.134 

The barrel of a field gun weighs 1500 lb and is returned into firing position after recoil by a recuperator of 
constant 1100 lb s/ft.c = ⋅  Determine (a) the constant k which should be used for the recuperator to return the 
barrel into firing position in the shortest possible time without any oscillation, (b) the time needed for the 
barrel to move back two-thirds of the way from its maximum-recoil position to its firing position. 

 

SOLUTION 

(a) A critically damped system regains its equilibrium position in the shortest time. 

 

1100

2

cc c

k
m

m

=
=

=

 

 Then 
( ) ( )

2

2 21100
2 2

1500 lb
32.2 ft/s

6494 lb/ft
cc

k
m

= = =  6490 lb/ftk =   

(b) For a critically damped system, Equation (19.43): 

 1 2( ) ntx C C t e ω−= +  

 We take 0t =  at maximum deflection 0.x  

 Thus, 

0

(0) 0

 (0)

x

x x

=
=

  

 Using the initial conditions, 0
0 1 1 0

0 2

(0) ( 0) ,         so  

( ) nt

x x C e C x

x x C t e ω−

= = + =

= +

 

 and 0 2 2

0 2 2 0

( )

(0) 0 , so  

n nt t
n

n n

x x C t e C e

x x C C x

ω ωω
ω ω

− −= − + +
= = − + =



 

 Thus, 0 (1 ) nt
nx x t e ωω −= +  

 For 0 1
, (1 )

3 3
nt

n
x

x t e ωω −= = +  

 Solving by trial for ntω  gives: 2.289ntω =  

 But ( )2

1

1500 lb
32.2 ft/s

6494 lb/ft
11.807 sn

k

m
ω −= = =  

 Then  
2.289

0.19387
11.807

n

n

t
t

ω
ω

= = =  0.1939 st =   
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PROBLEM 19.135 

A platform of weight 200 lb, supported by two springs each of constant  
k = 250 lb/in., is subjected to a periodic force of maximum magnitude 
equal to 125 lb. Knowing that the coefficient of damping is 12 lb s/in.,⋅  
determine (a) the natural frequency in rpm of the platform if there were 
no damping, (b) the frequency in rpm of the periodic force corresponding 
to the maximum value of the magnification factor, assuming damping,  
(c) the amplitude of the actual motion of the platform for each of the 
frequencies found in parts a and b. 

 

SOLUTION 

(a)  No Damping: 

 2(250 lb/in.) 500 lb/in. = 6000 lb/ftk = =  

 2

6000 lb/ft
31.08 rad/s

(2000 lb)/(32.2 ft/s )

4.947 Hz

n
k

m

f

ω = = =

=

 

 297 rpmf =   

(b)  Damped Motion: 

 12 lb s/in. 144 lb s/ftc = ⋅ = ⋅  

 
200

2 (2) (31.08) 386.09 lb s/ft
32.2c nc mω  = = = ⋅ 

 
 

 
144 lb s/ft

0.37297
386.09 lb s/ftc

c

c

⋅= =
⋅

 

From Eq. (19.53): 

 

( ) ( ) 22

1

1 2
n c n

m

m c
c

x

ω ω
ω ω

δ
=

   − +     

 

For maximum amplitude we set equal to zero the derivative with respect to 
ω
ω
 
 
 n

 of the square of the 

denominator. 

 
2 2

2 1 2 8 0
ω ω ω
ω ω ω

           − − + =        
            n n c n

c

c
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PROBLEM 19.135 (Continued) 

 

Rearranging, we obtain 

 
2 2

4 1 2 0
ω ω
ω ω

       − + =     
       n n c

c

c
 

 
2 2

1 2
ω
ω
   

= −   
   n c

c

c
 

 
2 2

21 2 1 2(0.37297) 0.72179
n c

c

c

ω
ω
   

= − = − =   
   

 

 0.84958
n

ω
ω

=  (0.84958) (0.84958)(31.08 rad/s)nω ω= =  

 26.405 rad/sω =  4.2025 Hzf =   252 rpmf =  

(c)  Amplitude: 

 From Eq. (19.53): 

( ) ( )( )
2 22

1 2

m

n c n

P
k

m

c
c

x

ω ω
ω ω

=
   − +     

 

 For part (a) with 125 lbmP =  and nω ω=  

 
125 lb

6000 lb/ft

2 2
0.02793 ft

[1 1] [2(0.37297) (1)]
mx = =

− +
 0.335 in.mx =   

 For part (b) with 125 lbmP = and 0.84958
n

ω
ω
 

= 
 

 

 
125 lb

6000 lb/ft

2 2 2
0.0301 ft

[1 (0.84958) ] [2(0.84958)(0.37297)]
mx = =

− +
 

 0.361 in.mx =   
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PROBLEM 19.136 

A 4-kg block A is dropped from a height of 800 mm onto a 9-kg block B 
which is at rest. Block B is supported by a spring of constant 1500 N/mk =  
and is attached to a dashpot of damping coefficient 230 N s/m.c = ⋅  
Knowing that there is no rebound, determine the maximum distance the 
blocks will move after the impact. 

 

SOLUTION 

Velocity of Block A just before impact. 

 2

2(9.81)(0.8)

3.962 m/s

Av gh=

=
=

 

Velocity of Blocks A and B immediately after impact. 

Conservation of momentum. 

 

( )

(4)(3.962) 0 (4 9)

1.219 m/s

A A B B A Bm v m v m m v

v

v

′+ = +
′+ = +

′ =
 

 0 1.219 m/sx = +  0x=   

Static deflection (Block A): 0

(4)(9.82)

1500
0.02619 m

Am g
x

k
= −

= −

= −

 

0,x =  Equilibrium position for both blocks: 

 2

2 (1500)(13)

279.3 N s/m

cc km=

=
= ⋅

 

Since ,cc c<  Equation (19.44): ( )2
1 2

1

[ sin cos ]

230

2 (2)(13)

8.846 s

c
m t

d dx e C t C t

c

m

ω ω−

−

= +

=

=
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PROBLEM 19.136  (Continued) 

 

Expression for :dω   
2

2

2

8.846
1 2

2

1500 230

13 (2)(13)

6.094 rad/s

( sin 6.094 cos6.094 )

d

d

t

k c

m m

x e C t C t

ω

ω

−

 = −  
 

 
= −  

 
=

= +

 

Initial conditions: 0

0

0
0 1 2

2

( 8.846)0
1

0.02619 m

( 0)  1.219 m/s

0.02619 [ (0) (1)]

0.02619

(0) 8.846 [ (0) ( 0.02619)(1)]

x

t x

x e C C

C

x e C−

= −
= = +

= − = +
= −

= − + −





' 

 ( 8.846)(0)
1 2[6.094 (1) (0)] 1.219e C C−+ + =  

 1

1

8.846

1.219 ( 8.846)( 0.02619) 6.094

0.16202

(0.16202sin 6.094 0.02619cos6.094 )t

C

C

x e t t−

= − − +
=

= −

 

Maximum deflection occurs when  0x =  

 8.846

8.846

0 8.846 (0.16202sin 6.094 0.02619cos6.094 )

[6.094][0.1620cos6.094 0.02619sin 6.094 ]

0 [( 8.846)(0.16202) (6.094)(0.02619)]sin 6.094

[( 8.846)( 0.02619) (6.094)(0.1620)]cos6.

m

m

t
m m

t
m m

m

x e t t

e t t

t

−

−

= = − −

+ +
= − +

+ − − +



094

0 1.274sin 6.094 1.219cos6.094

1.219
tan 6.094 0.957

1.274

m

m m

m

t

t t

t

= − +

= =

 

 

1

(8.846)(0.1253)

tan 0.957
Time at maximum deflection 0.1253 s

6.094

[0.1620sin(6.094)(0.1253)

0.02619cos(6.094)(0.1253)]

(0.3301)(0.1120 0.0189) 0.0307 m

m

m

m

t

x e

x

−

−

= = =

=
−

= − =

 

Blocks move, static deflection mx+  Total distance 0.02619 0.0307 0.0569 m 56.9 mm= + = =  
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PROBLEM 19.137 

A 3-kg slender rod AB is bolted to a 5-kg uniform disk. A dashpot of 
damping coefficient 9 N s/mc = ⋅  is attached to the disk as shown. 
Determine (a) the differential equation of motion for small oscillations, 
(b) the damping factor / .cc c  

 

SOLUTION 

Data: 

2 2 2
disk disk

2 2 2

2

100 mm 0.100 m, 400 mm 0.400 m

1 1
(5 kg)(0.100 m) 0.025 kg m

2 2
1 1

(3 kg)(0.400 m) 0.040 kg m
2 12

(3 kg)(9.81 m/s ) 29.43 N

9 N s/m

AB AB

AB AB

r l

I m r

I m l

W m g

c

= = = =

= = = ⋅

= = = ⋅

= = =
= ⋅

 

Equation of motion: Let the disk and rod assembly be rotated through a small counterclockwise angle θ 

 

 
eff

disk

( ) :

2 2

A A

AB d AB AB

M M

l l
W x F r I I mθ θ θ

Σ = Σ

 − − = + +  
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PROBLEM 19.137  (Continued) 

 

where sin
2

(29.43 N)(0.2 m) sin 

5.886 sin  N m

5.886

AB AB
l

W x W θ

θ
θ

θ

= −

=
= ⋅
≈ −

 

Damping force: dF crθ=   

 2 2(9 N s m)(0.100 m) 0.09dF r cr Cθ θ θ θ= = ⋅ ⋅ = =     

Inertia: 
2

2 2
disk 0.025 0.040 (3)(0.2) 0.185 kg m

2

5.886 0.09 0.185

0.185 0.09 5.886 0

0

AB AB
l

I I m

M C K

θ θ θ
θ θ θ

θ θ θ

 + + = + + = ⋅ 
 

− − =

+ + =

+ + =

 
 

 

 

  
5.886

5.6406 rad/s
0.185n

K

M
ω = = =  

  22 (2)(0.185)(5.6406) 2.087cC Mω= = =  

  
0.09

2.087c c

c C

c C
= =  0.0431

c

c

c
=   
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PROBLEM 19.138 

A uniform rod of mass m is supported by a pin at A and a 
spring of constant k at B and is connected at D to a dashpot of 
damping coefficient c. Determine in terms of m, k, and c, for 
small oscillations, (a) the differential equation of motion,  
(b) the critical damping coefficient cc. 

 

SOLUTION 

In equilibrium, the force in the spring is mg. 

For small angles, sin cos 1

2B

C

l
y

y l

θ θ θ

δ θ

δ θ

≈ ≈

=

=

 

(a) Newton’s Law: eff( )A AM MΣ = Σ  

 
2 2 2 2t

mgl l l l
k mg cl l I maθ θ α − + − = + 
 

  

 Kinematics: 

2 2t
l l

a

α θ

α θ

=

= =





 

 

2 2
2

2
2

0
2 2

1

2 3

l l
I m cl k

l
I m ml

θ θ θ
    + + + =    

     

 + = 
 

 

 
3 3

0
4

c k

m m
θ θ θ   + + =   

   
   

(b) Substituting teλθ = into the differential equation obtained in (a), we obtain the characteristic  
 equation, 

 2 3 3
0

4

c k

m m
λ λ + + = 

 
 

 and obtain the roots 
( ) ( )23 3 3

2

c c k
m m mλ

− −
=


 

 The critical damping coefficient, ,cc  is the value of c, for which the radicand is zero. 

 Thus, 
2

3 3cc k

m m

  = 
 

 
3c

km
c =   
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PROBLEM 19.139 

A machine element weighing 800 lb is supported by two springs, each having a 
constant of 200 lb/in. A periodic force of maximum value 30 lb is applied to the 
element with a frequency of 2.5 cycles per second. Knowing that the coefficient 
of damping is 8 lb s/in.,⋅  determine the amplitude of the steady-state vibration of 
the element. 

 

SOLUTION 

Equivalent spring: 2(200) 400 lb/in. 4800 lb/ftk = = =  

Undamped natural frequency: 
4800

13.90 rad/s
800/32.2

13.90
2.212 Hz

2 2

n

n
n

k

m

f

ω

ω
π π

= = =

= = =

 

Critical damping coefficient: 
800

2 2 (13.90) 691 lb s/ft
32.2c nc mω  = = = ⋅ 

 
 

Damping coefficient: 8 lb s/in. 96 lb s/ftc = ⋅ = ⋅  

Damping ratio: 
96

0.1390
691c

c

c
= =  

Amplitude: 

( )
2 22

/

1 2f f

n c n

m
m

c
c

P k
x

ω ω
ω ω

=
   − +     

 (1) 

where  
2.5 Hz

1.130
2.212 Hz

f f

n n

f

f

ω
ω

= = =  

Substituting into Eq. (1) with 30 lb,mP = we have 

  
2 2 2

30 lb/400 lb/in.

[1 (1.130) ] [2(0.1390)(1.130)]
mx =

− +
 0.1791 in.mx =   
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PROBLEM 19.140 

In Problem 19.139, determine the required value of the coefficient of damping 
if the amplitude of the steady-state vibration of the element is to be 0.15 in. 

PROBLEM 19.139 A machine element weighing 800 lb is supported by two 
springs, each having a constant of 200 lb/in. A periodic force of maximum 
value 30 lb is applied to the element with a frequency of 2.5 cycles per 
second. Knowing that the coefficient of damping is 8 lb s/in.,⋅  determine the 
amplitude of the steady-state vibration of the element. 

 

SOLUTION 

Equivalent spring: 2(200) 400 lb/in. 4800 lb/ftk = = =  

Undamped natural frequency: 
4800

13.90 rad/s
800/32.2

13.90
2.212 Hz

2 2

n

n
n

k

m

f

ω

ω
π π

= = =

= = =

 

Critical damping coefficient: 
800

2 2 (13.90) 691 lb s/ft
32.2c nc mω  = = = ⋅ 

 
 

Amplitude: 

( )
2 22

/

1 2f f

n c n

m
m

c
c

P k
x

ω ω
ω ω

=
   − +     

 (1) 

where  
2.5 Hz

1.130
2.212 Hz

f f

n n

f

f

ω
ω

= = =  

Using 0.15 in., 30 lb, and 400 lb/in.m mx P k= = =  

  
2

2 2

30 lb/400 lb/in.
0.15 in.

[1 (1.130) ] 2 (1.130)
c

c

c

=
 

− +  
 

 

Solving for ,
c

c
c  we find 0.1842.

c

c
c =  

Since 691 lb s/ft,cc = ⋅  we have 

  (0.1842)(691)c =  1273 lb s/ftc = ⋅  

or   10.61 lb s/in.c = ⋅   
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PROBLEM 19.141 

In the case of the forced vibration of a system, determine the range of values of the damping factor / cc c  for 
which the magnification factor will always decrease as the frequency ratio /f nω ω  increases. 

 

SOLUTION 

 
From Eq. (19.53) :′  

Magnification factor: 

( ) ( )( )
2 22

1

1 2
m

f f

cn n

m
P
k c

c

x

ω ω
ω ω

=
   − +     

 

Find value of 
c

c

c
 for which there is no maximum for 

m

m
P
k

x
 as f

n

ω
ω

 increases. 

 

( )
( )

( ) ( )

( ) ( )( )

2

2

22

2 222 2

2 2

2 2

2

2

2 1 1 4

0

1 2

2 2 4 0

1 2

f
m

P nm c
k

f

f f
n

cn n

cx
c

c
c

f

n
c

f

n
c

d

d

c

c

c

c

ω
ω

ω
ω ωω
ω ω

ω
ω

ω
ω

  − − − +  
  = =

     − +    
     

 − + + = 
 

  = − 
 

 

For 
2

2

1
,

2c

c

c
≥  there is no maximum for ( )m

m
P
k

x
and the magnification factor will decrease as f

n

ω
ω

 increases. 

 
1

2c

c

c
≥  0.707

c

c

c
≥   
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PROBLEM 19.142 

Show that for a small value of the damping factor / ,cc c  the maximum amplitude of a forced vibration 
occurs when f nω ω≈  and that the corresponding value of the magnification factor is 1

2 ( / ).cc c  

 

SOLUTION 

From Eq. (19.53′): 

 

( ) ( )( )
2 22

1
Magnification factor

1 2
m

f f

cn n

m
P
k c

c

x

ω ω
ω ω

= =
   − +     

 

Find value of f

n

ω
ω

 for which 
m

m
P
k

x
 is a maximum. 

 
( )
( )

( ) ( )

( ) ( )( )

2

2

22

2 22 22

2 2

2 1 ( 1) 4

0

1 2

2 2 4 0

f
m

P nm c
k

f

f f
n

cn n

cx
c

c
c

f

n c

d

d

c

c

ω
ω

ω
ω ωω
ω ω

ω
ω

  − − +  
  = = −

    − +        

   
− + + =   

  

 

For small ,
c

c

c
 1        f

f n
n

ω
ω ω

ω
≈ ≈  

For 1f

n

ω
ω

=  

 

( ) 2
2

1

[1 1] 2 1
m

c

m
P

ck
c

x
=

 − +  

 ( )
1

2m

m c
P
k

x c

c
=   
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PROBLEM 19.143 

A counter-rotating eccentric mass exciter consisting of two rotating 14-oz masses 
describing circles of 6-in. radius at the same speed but in opposite senses is 
placed on a machine element to induce a steady-state vibration of the element 
and to determine some of the dynamic characteristics of the element. At a speed 
of 1200 rpm a stroboscope shows the eccentric masses to be exactly under their 
respective axes of rotation and the element to be passing through its position of 
static equilibrium. Knowing that the amplitude of the motion of the element at 
that speed is 0.6 in. and that the total mass of the system is 300 lb, determine  
(a) the combined spring constant k, (b) the damping factor / .cc c  

 

SOLUTION 

Forcing frequency: 1200 rpm 125.664 rad/sfω = =  

Unbalance of one mass: 14 oz 0.875 lb

6 in. 0.5 ft

w

r

= =
= =

 

Shaking force: 

( )
2

20.875
32.2

2 sin

(2) (0.5)(125.664) sin

429.11sin

429 lb

f f

f

f

m

P mr t

t

t

P

ω ω

ω

ω

=

=

=

=

 

Total weight: 300 lbW =  

By Eqs. (19.48) and (19.52), the vibratory response of the system is 

 sin( )m fx x tω ϕ= −  

where 

( )22 2( )

m
m

f f

P
x

k M cω ω
=

− +
 (1) 

and 
2

tan f

f

c

k M

ω
ϕ

ω
=

−
 (2) 

Since 90 ,
2

πϕ = ° =  2tan and 0.fk Mϕ ω= ∞ − =  

(a) Combined spring constant. 

  

( )
2

2300
32.2

3

(125.664)

147.12 10 lb/ft

fk Mω=

=

= ×  147 kip/ftk =  
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PROBLEM 19.143  (Continued) 

 

The observed amplitude is 0.6 in. 0.05 ftmx = =  

From Eq. (1): 
2

21
( )

429.11

(125.664)(0.05)

68.296 lb s/ft

m m
f

f m f m

P P
c k M

x x
ω

ω ω
 

= − − = 
 

=

= ⋅

 

Critical damping coefficient: 

( )3 300
32.2

3

2

2 (147.12 10 )

2.3416 10 lb s/ft

cc kM=

= ×

= × ⋅

 

(b) Damping factor. 
3

68.296

2.3416 10c

c

c
=

×
 0.0292

c

c

c
=   
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PROBLEM 19.144 

A 15-kg motor is supported by four springs, each of constant 40 kN/m. The 
unbalance of the motor is equivalent to a mass of 20 kg located 125 mm 
from the axis of rotation. Knowing that the motor is constrained to move 
vertically and that the damping factor / cc c  is equal to 0.4, determine the 
range of frequencies for which the amplitude of the steady-state vibration of 
the motor is less than 0.2 mm. 

 

SOLUTION 

Equivalent spring: 3 3(4)(40 10 N/m) 160 10 N/mk = × = ×  

Mass: 15 kgm =  

Natural frequency: 
3160 10

103.280 rad/s
15n

k

m
ω ×= = =  

Unbalanced force: 
2

2 2
eq eq

2

2

(0.020 kg)(0.125 m)(130.280 rad/s)

26.667 N

f
m f n

n

f

n

P m r m r
ω

ω ω
ω

ω
ω

 
= =  

 

=

 
=  

 

 

At steady state,  

( ) ( )
1/222 2

/

1 2f f

n c n

m
m

c
c

P k
x

ω ω
ω ω

=
   − + 
   

 

 ( ) ( )
1/222 2

1 2f f

n c n

mc
c

m

P

kx

ω ω
ω ω

   − + = 
   

 

 
2 4 2 2

1 2 2f f f m

n c n m

Pc

c kx

ω ω ω
ω ω ω

       
− + + =       

      
 (1) 

Amplitude: 30.2 mm 0.2 10 mmx −= = ×  

 
2 2

3 3

26.667
0.83333

(160 10 ) (0.2 10 )

f fm

m n n

P

kx

ω ω
ω ω−

   
= =   

× ×    
 

Damping factor: 0.4
c

c

c
=  
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PROBLEM 19.144  (Continued) 

 

Substituting into Eq. (1),  

22 4 2 2

2
1 2 (2)(0.4) 0.83333f f f f

n n n n

ω ω ω ω
ω ω ω ω

      
 − + + =              

 

 
4 2

2 2 2[(1 (0.83333) ] [2 (2) (0.4) ] 1 0f f

n n

ω ω
ω ω

   
− − − + =   

   
 

 
4 2

0.30556 1.36 1 0f f

n n

ω ω
ω ω

   
− + =   

   
 

Solving the quadratic equation for ( )2

,f

n

ω
ω  

 

2

3.5216 and 0.92934

1.8766 and 0.96402

f

n

f

n

ω
ω

ω
ω

 
= 

 

=

 

 (1.8766)(103.280 rad/s) 193.815 rad/sfω = =  

and (0.96402)(103.280 rad/s) 99.564 rad/sfω = =  

For 0.2 m,mx <  the forcing frequency must satisfy 

 193.8 rad/s and 99.6 rad/sf fω ω> <  

Since ,
2

f
ff

ω
π

=  

  30.8 Hz and 15.85 Hzf ff f> <   
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PROBLEM 19.145 

A 220-lb motor is supported by four springs, each of constant 500 lb/in., and is 
connected to the ground by a dashpot having a coefficient of damping c 35 lb s/in.= ⋅  
The motor is constrained to move vertically, and the amplitude of its motion is 
observed to be 0.08 in. at a speed of 1200 rpm. Knowing that the weight of the 
rotor is 30 lb, determine the distance between the mass center of the rotor and the 
axis of the shaft. 

 

SOLUTION 

Forcing frequency: 1200 rpm 125.664 rad/sfω = =  

Equivalent spring: (4)(500) 2000 lb/in. 24000 lb/ftk = = =  

Mass: 2
2

220 lb
6.8323 lb s /ft

32.2 ft/s

W
m

g
= = = ⋅  

Natural frequency: 
24000

59.268 rad/s
6.8323n

k

m
ω = = =  

 
125.664 rad/s

2.12026
59.268 rad/s

f

n

ω
ω

= =  

Critical damping coefficient: 2c nc mω=  

 (2)(6.8323)(59.268) 809.87 lb s/ftcc = = ⋅  

Damping coefficient: 35 lb s/in. 420 lb s/ftc = ⋅ = ⋅  

Damping factor: 
420

0.51860
809.87c

c

c
= =  

Amplitude: 

( ) ( )

3

1/222 2

0.08 in. 6.6667 10  ft

/

1 2f f

n c n

m

m
m

c
c

x

P k
x

ω ω
ω ω

−= = ×

=
   − + 
   

 

Unbalanced force: ( ) ( )
1/222 2

2 2 1/2

1/2

3

1 2

[(1 4.4955) ((2)(0.51860)(2.12026)) ]

[12.2185 4.8362]

4.1297 (4.1297)(24000)(6.6667 10 )

660.76 lb

f f

n c n

c
m m c

m

m

m

P kx

kx

kx

kx

ω ω
ω ω

−

   = − + 
   

= − +

= +

= = ×
=
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PROBLEM 19.145  (Continued) 

 

But, 2
m fP m eω′=  

where m′  is the mass of the rotor and e is the distance between the mass center of the rotor and the axis of the 
shaft. 

 

2
2

2 2 2

30 lb
0.93168 lb s /ft

32.2 ft/s
660.76 lb

(0.93168 lb s /ft)(125.664 rad/s)

0.044911 ft

m

f

m

P
e

m ω

′ = = ⋅

= =
′ ⋅

=

 

  0.539 in.e =   
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PROBLEM 19.146 

A 100-lb motor is directly supported by a light horizontal beam which 
has a static deflection of 0.2 in. due to the weight of the motor. The 
unbalance of the rotor is equivalent to a mass of 3.5 oz located 3 in. 
from the axis of rotation. Knowing that the amplitude of the vibration 
of the motor is 0.03 in. at a speed of 400 rpm, determine (a) the 
damping factor / ,cc c  (b) the coefficient of damping c. 

 

SOLUTION 

Spring constant: 
0.2

st 12

100
6000 lb/ft

W
k

δ
= = =  

Natural undamped circular frequency: 
100
32.2

6000
43.955 rad/sn

k

m
ω = = =  

Unbalance: 
3.5

316 6.7935 10 slug
32.2

3 in. 0.25 ft

w
m

g

r

−′ = = ×

= =

 

Forcing frequency: 400 rpm 41.888 rad/sfω = =  

Unbalance force: 2 3 2(6.7935 10 )(0.25)(41.888) 2.98 lbm fP m rω −′= = × =  

Static deflection: 3
st

2.98
0.49666 10 ft

6000
mP

k
δ −= = = ×  

Amplitude: 30.03 in. 2.5 10 ftmx −= = ×  

Frequency ratio: 
41.888

0.95298
43.955

f

n

ω
ω

= =  

Eq. (19.53): 

( ) ( )( )
st

2 22

1 2f f

n c n

m

c
c

x
ω ω
ω ω

δ
=

   − +     

 

 

2 22 2

st

2 23
2 2

3

2

2

1 2

0.49666 10
[1 (0.95298) ] 2 (0.95298)

2.5 10

0.0084326 3.6327 0.039467

0.0085431

f f

n c n m

c

c

c

c

c x

c

c

c

c

c

c

ω ω δ
ω ω

−

−

          − + =       
           

     ×− + =    
×     

 
+ = 

 

 
= 
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PROBLEM 19.146  (Continued) 

 

(a) Damping factor. 0.092429
c

c

c
=  0.0924

c

c

c
=   

Critical damping factor. 

( )100
32.2

2

2 (6000)

cc km=

=

 

 273.01 lb s/ft= ⋅  

(b) Coefficient of damping. c
c

c
c c

c

 
=  
 

 

 (0.092429)(273.01)=  25.2 lb s/ftc = ⋅   
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PROBLEM 19.147 

A machine element is supported by springs and is connected to a dashpot as 
shown. Show that if a periodic force of magnitude P = Pm sin ω f t is applied to 
the element, the amplitude of the fluctuating force transmitted to the foundation 
is 

( )( )
( ) ( )( )

2

2 22 2

1 2

1 2

f

c n

f f

n c n

c
c

m m

c
c

F P

ω
ω

ω ω
ω ω

 +   =
   − +   
   

 

 

SOLUTION 

From Equation (19.48), the motion of the machine is sin( )m fx x tω φ= −  

The force transmitted to the foundation is 

Springs: sin( )s m fF kx kx tω φ= = −  

Dashpot: cos( )

[ sin( ) cos( )]

d m f f

t m f f f

F cx cx t

F x k t c t

ω ω φ
ω φ ω ω φ

= = −

= − + −

  

or recalling the identity, 

 

2 2

2 2

2 2

2 2

sin cos sin( )

sin

cos

sin( )( )t fm f

A y B y A B y

B

A B
A

A B

F tx k c

ψ

ψ

ψ

ω φ ψω

+ = + +

=
+

=
+

 = − ++ 

 

Thus, the amplitude of tF  is 2 2( )m m fF x k cω= +  (1) 

From Equation (19.53): 

( ) ( )
2 22

1 2

m

f f

n c n

P
k

m

c
c

x
ω ω
ω ω

=
   − +     

 

Substituting for mx  in Equation (1), 
( )

( ) ( )( )2

2

22

2

1

1 2

f

f f

n c n

c
m k

m

c
c

n

P
F

k

m

ω

ω ω
ω ω

ω

+
=

   − +     

=

 (2) 
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PROBLEM 19.147  (Continued) 

 

and Equation (19.41), 

2

2

2

2

c n

n

f f f

c nn

c m

c
m

c c c

k cm

ω
ω

ω ω ω
ωω

=

=

  
= =   

  

 

Substituting in Eq. (2), 
( )( )

( ) ( )( )

2

2 22

1 2
   Q.E.D.

1 2

f

c n

f f

n c n

c
m c

m

c
c

P
F

ω
ω

ω ω
ω ω

 +   =
   − +     

  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2456 

 

 

PROBLEM 19.148 

A 91-kg machine element supported by four springs, each of constant k = 175 N/m,  
is subjected to a periodic force of frequency 0.8 Hz and amplitude 89 N. Determine 
the amplitude of the fluctuating force transmitted to the foundation if (a) a dashpot 
with a coefficient of damping c = 365 N ⋅ s/m is connected to the machine element 
and to the ground, (b) the dashpot is removed. 

 

SOLUTION 

Forcing frequency: 2 (2 )(0.8) 1.6 rad/sf ffω π π π= = =  

Exciting force amplitude: 89 NmP =  

Equivalent spring constant: (4)(175 N/m) 700 N/mk = =  

Natural frequency: 
700

91
2.7735 rad/s

n
k

m
ω = =

=

 

Frequency ratio: 
1.6

2.7735

1.8123

f

n

ω π
ω

=

=

 

Critical damping coefficient: 2

2 (700)(91)

504.78 N s/m

cc km=

=
= ⋅

 

From the derivation given in Problem 19.147, the amplitude of the force transmitted to the foundation is 

 
( )( )

( ) ( )( )

2

2 22

2

2

1 2

1 2

1 1 (1.8123) 2.2844

f

c n

f f

n c n

c
m c

m

c
c

f

n

P
F

ω
ω

ω ω
ω ω

ω
ω

 +   =
   − +     

 
− = − = − 
 

 (1) 
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PROBLEM 19.148  (Continued) 

 

(a) mF  when 365 N s/m:c = ⋅  
365

504.78

0.72309

2 (2)(0.72309)(1.8123)

2.6209

c

f

c n

c

c

c

c

ω
ω

=

=

  
=  

  
=

 

From Eq. (1): 
2

2 2

89 1 (2.6209)

( 2.2844) (2.6209)
mF

+
=

− +
 

 
89 7.8692

12.088
=  71.8 NmF =   

(b) mF  when 0:c =  

( )2

89

2.2844
1 f

n

m
m

P
F

ω
ω

= =
−

 39.0 NmF =  
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PROBLEM 19.149 

A simplified model of a washing machine is shown.  
A bundle of wet clothes forms a weight wb of 20 lb in 
the machine and causes a rotating unbalance. The 
rotating mass is 40 lb (including mb) and the radius of 
the washer basket e is 9 in. Knowing the washer has an 
equivalent spring constant k = 70 lb/ft and damping 
ratio ζ = c/cc = 0.05 and during the spin cycle the drum 
rotates at 250 rpm, determine the amplitude of the 
motion and the magnitude of the force transmitted to 
the sides of the washing machine. 

 

SOLUTION 

Forced circular frequency: 
(2 )(250)

26.18 rad/s
60f

πω = =  

System mass: 
40 lb

32.2

W
m

g
= =  

Spring constant: 70 lb/ftk =  

Natural circular frequency: 
40

32.2

70
7.5067 rad/sn

k

m
ω = = =  

Critical damping constant: ( )40
32.22 2 (70) 18.650 lb s/ftcc km= = = ⋅  

Damping constant: (0.05)(18.650) 0.9325 lb s/ftc
c

c
c c

c

 
= = = ⋅ 
 

 

Unbalance force: 

2

220 lb 9
ft (26.18 rad/s) 319.28 lb

32.2 12

b
b

m b f

m

w
m

g

P m e

P

ω

=

=

  = =  
  

 

The differential equation of motion is 

 sinm fmx cx kx P tω+ + =   

The steady state response is 

 sin( )m fx x tω ϕ= − cos( )f m fx x tω ω ϕ= −  

 

 

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2459 

PROBLEM 19.149  (Continued) 

 

where 

( )

( )

22 2

2 2 240
32.2

2 2

( )

319.28

[70 (26.18) ] [(0.9325)(26.18)]

319.28 319.28
0.40839 ft

781.796( 781.42) (24.413)

m
m

f f

P
x

k m cω ω
=

− +

=
− +

= = =
− +

 

(a) Amplitude of vibration. 4.90 in.mx =   

  0.40839sin( )

(26.18)(0.40839)cos( )

10.6917cos( )

f

f

f

x t

x t

t

ω ϕ
ω ϕ

ω ϕ

= −

= −

= −


 

Spring force: (70)(0.40839)sin( )

28.588sin( )

f

f

kx t

t

ω ϕ
ω ϕ

= −

= −

 

Damping force: (0.9325)(10.6917)cos( )

9.9701cos( )

f

f

cx t

t

ω ϕ
ω ϕ

= −

= −

  

(b) Total force: 28.588sin( ) 9.9701cos( )f fF t tω ϕ ω ϕ= − + −  

Let cos sin( ) sin sin( )

sin( )

m f m f

m f

F F t F t

F t

ψ ω ϕ ψ ω ϕ
ω ϕ ψ

= − + −

= − +

 

Maximum force. 2 2 2 2 2cos sinm m mF F Fψ ψ= +  

 

2 2(28.588) (9.9701)

916.65

= +
=  30.3 lbmF =   
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PROBLEM 19.150* 

For a steady-state vibration with damping under a harmonic force, show that the mechanical energy dissipated 
per cycle by the dashpot is 2 ,m fE cxπ ω=  where c is the coefficient of damping, mx  is the amplitude of the 
motion, and fω  is the circular frequency of the harmonic force. 

 

SOLUTION 

Energy is dissipated by the dashpot. 

From Equation (19.48), the deflection of the system is 

 sin( )m fx x tω ϕ= −  

The force on the dashpot. 

cos( )
d

d m f f

F cx

F cx tω ω ϕ
=
= −
  

The work done in a complete cycle with  

 
2 /

2 2 2

0

2

2 /
2 2

0

2 /2 2

0

2

 (i.e., force distance)

cos( )

cos ( )

[1 2cos( )]
cos ( )

2
1 2cos( )

2

2sin( )

2

f

f

f

f
f

d

m f f

m f f

f
D

f
m f

m f f

f

E F dx

dx x t dt

E cx t dt

t
t

t
E cx dt

cx t
E t

π ω

π ω

π ω

πτ
ω

ω ω ϕ

ω ω ϕ

ω φ
ω ϕ

ω φ
ω

ω ω φ
ω

=

= ×

= −

= −

− −
− =

− −
=

 −
= − 

  







 

 
2 2

2 2
(sin(2 ) sin )

2
m f

f f

cx
E

ω π π ϕ ϕ
ω ω
 

= − − + 
  

 2   Q.E.D.m fE cxπ ω=   
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PROBLEM 19.151* 

The suspension of an automobile can be approximated by the 
simplified spring-and-dashpot system shown. (a) Write the differential 
equation defining the vertical displacement of the mass m when the 
system moves at a speed v over a road with a sinusoidal cross section of 
amplitude mδ  and wave length L. (b) Derive an expression for the 
amplitude of the vertical displacement of the mass m. 

 

SOLUTION 

(a) 

 

  
2

st 2
: ( )

dx d d x
F ma W k x c m

dt dt dt

δδ δ  Σ = − + − − − = 
 

 

 Recalling that st,W kδ=  we write 

 
2

2

d x dx d
m c kx k c

dt dtdt

δδ+ + = +  (1) 

 Motion of wheel is a sine curve, sin .m f tδ δ ω=  The interval of time needed to travel a distance L at a 

speed v is .
L

t
v

=  

 Thus, 
2 2 2

f L
f v

v

L

π π πω
τ

= = =  

 and 
2

sin cosm
m f fL

v

d
t t

dt

δ πδδ δ ω ω= =  

 Thus, Equation (1) is 

 
2

( sin cos )f f f m
d x dx

m c kx k t c t
dt dt

ω ω ω δ+ + = +   
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PROBLEM 19.151*  (Continued) 

 

(b) From the identity 2 2

2 2

2 2

sin cos sin( )

sin

cos

A y B y A B y

B

A B
A

A B

ψ

ψ

ψ

+ = + +

=
+

=
+

 

 We can write the differential equation 

 

2
2 2

2

1

( ) sin( )

tan

m f f

f

d x dx
m c kx k c t

dtdt
c

k

δ ω ω ψ

ω
ψ −

+ + = + +

=
 

 The solution to this equation is analogous to Equations 19.47 and 19.48, with  

  2 2( )m m fP k cδ ω= +  

 sin( )m fx x tω ϕ ψ= − +  (where analogous to Equations (19.52))  

 

( )

2 2

2 22

( )

( )

m f
m

ff

k c
x

ck m

δ ω

ωω

+
=

+−
  

 
2

tan f

f

c

k m

ω
ϕ

ω
=

−
  

 tan fc

k

ω
ψ =  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2463 

 

 

PROBLEM 19.152* 

Two blocks A and B, each of mass m, are supported as shown by three springs of 
the same constant k. Blocks A and B are connected by a dashpot, and block B is 
connected to the ground by two dashpots, each dashpot having the same coefficient 
of damping c. Block A is subjected to a force of magnitude P sin .m fP tω=  Write 
the differential equations defining the displacements Ax and Bx of the two blocks 
from their equilibrium positions. 

 

SOLUTION 

 

Since the origins of coordinates are chosen from the equilibrium position, we may omit the initial spring 
compressions and the effect of gravity 

For load A, 

  : sin 2 ( ) ( )A m f B A B A AF ma P t k x x c x x mxωΣ = + − + − =    (1) 

For load B, 

  : 2 ( ) ( ) 2B B A B A B B BF ma k x x c x x kx cx mxΣ = − − − − − − =     (2) 

Rearranging Equations (1) and (2), we find: ( ) 2 ( ) sinA A B A B m fmx c x x k x x P tω+ − + − =     

 3 3 2 0B B A B Amx cx cx kx kx+ − + − =    
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PROBLEM 19.153 

Express in terms of L, C, and E the range of values of the resistance R 
for which oscillations will take place in the circuit shown when switch S 
is closed. 

 

SOLUTION 

For a mechanical system, oscillations take place if cc c< (lightly damped). 

But from Equation (19.41), 2 2c
k

c m km
m

= =  

Therefore, 2c km<  (1) 

From Table 19.2: c   R  

 m   L  

 k   
1

C
 (2) 

Substituting in Eq. (1) the analogous electrical values in Eq. (2), we find that oscillations will take place if 

 
1

2 ( )R L
C

 <  
 

 2
L

R
C

<  
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PROBLEM 19.154 

Consider the circuit of Problem 19.153 when the capacitor C is removed. If switch S is closed at time t = 0, 
determine (a) the final value of the current in the circuit, (b) the time t at which the current will have reached 
(1 1/ )e−  times its final value. (The desired value of t is known as the time constant of the circuit.) 

 

SOLUTION 

 Electrical system Mechanical system 

   

The mechanical analogue of closing a switch S is the sudden application of a constant force of magnitude P to 
the mass. 

(a) Final value of the current corresponds to the final velocity of the mass, and since the capacitance is 
zero, the spring constant is also zero 

 

  

2

2
:

dx d x
F ma P c m

dt dt
Σ = − =  (1) 

 Final velocity occurs when  
2

2

final
final final

0

0

d x

dt
dx dx

P c v
dt dt

=

− = =

 

 final
P

v
c

=  

 From Table 19.2: v    i,    P    E,    c    R 

 Thus, final
E

i
R

=   
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PROBLEM 19.154  (Continued) 

 

(b) Rearranging Equation (1), we have 

  
2

2

d x dx
m c P

dtdt
+ =  

 Substitute 
2

;         t tdx P d x
Ae A e

dt c dt
λ λλ− −= + = −  

 t t P
m A e c Ae P

c
λ λλ − −  − + + =    

 

 0
c

m c
m

λ λ− + = =  

 Thus, ( / )c m tdx P
Ae

dt c
−= +  

 At 0,t =  0 0
dx P P

A A
dt c c

= = + = −  

 ( / )1 c m tdx p
v e

dt c
− = = −   

 From Table 19.2: v    i,   P    E,   c    R,   m    L 

 ( / )1 R L tE
L e

R
− = −   

 For 
1

1 ,
E

i
R e

  = −  
  

 1
R

t
L

  = 
 

 
L

t
R

=  
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PROBLEM 19.155 

Draw the electrical analogue of the mechanical system shown. (Hint: Draw the loops 
corresponding to the free bodies m and A.) 

 

SOLUTION 

 

 

 

 

We note that both the spring and the dashpot affect the motion of Point A. Thus, one loop 

in the electrical circuit should consist of a capacitor ( )1
Ck  and a resistance ( ).c R  

The other loop consists of ( sinm fP tω sin ),m fE tω  an inductor (m )L and the 

resistor (c ).R  

Since the resistor is common to both loops, the circuit is 
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PROBLEM 19.156 

Draw the electrical analogue of the mechanical system shown. (Hint: Draw the 
loops corresponding to the free bodies m and A.) 

 

SOLUTION 

 

Loop 1 (Mass 1) Loop 2 (Mass 2) 

 1k  11/C  2k  21/C  

 1c  1R  2c  2R  

 1m  1L  2m  2L  

 1x  1q  2x  2q  

 1x  1x  2x  2x  

k2 is connected to both masses, so C2 is common to both loops. 
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PROBLEM 19.157 

Write the differential equations defining (a) the displacements of the mass m and of 
the Point A, (b) the charges on the capacitors of the electrical analogue. 

 

SOLUTION 

 

(a) Mechanical system. 

 Point A:  0:FΣ =  ( ) 0A m A
d

c x x kx
dt

− + =   

 Mass m: 

  

2

2
: ( ) sin m

m A m f

d xd
F ma c x x P t m

dt dt
ωΣ = − − = −  

 
2

2
( ) sinm

m A m f

d x d
m c x x P t

dtdt
ω+ − =   

(b) Electrical analogue. 

 From Table 19.2: 

 m    L 

 c    R 

 k    
1

C
 

 x   q  

 P   E  
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PROBLEM 19.157  (Continued) 

 

Substituting into the results from Part (a), the analogous electrical characteristics, 

 
1

( ) 0A m n
d

R q q q
dt C

 − + = 
 

  

 
2

2
( ) sinm

m A m f

d q d
L R q q E t

dtdt
ω+ − =   

Note:  These equations can also be obtained by summing the voltage drops around the loops in the circuit of 
Problem 19.155. 
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PROBLEM 19.158 

Write the differential equations defining (a) the displacements of the masses m1 
and m2, (b) the charges on the capacitors of the electrical analogue. 

 

SOLUTION 

(a) Displacements at masses m1 and m2 

  
2

1 1
1 1 1 1 2 1 22

( ) 0
d x dx

m c k x k x x
dtdt

+ + + − =   

  
2

2 2
2 2 2 2 12

( ) 0
d x dx

m c k x x
dtdt

+ + − =   

 (b) Electrical analogues. 

 We let: 1 1q i dt=   2 2q i dt=   

 Thus, 1
1

dq
i

dt
=  2

2
dq

i
dt

=  

  
2

1 1 1 1 2
1 12

1 2

( )
0

d q dq q q q
L R

dt C Cdt

−
+ + + =  

 
2

2 2 2 1
2 22

2

0
d q dq q q

L R
dt Cdt

−
+ + =   
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PROBLEM 19.159 

An automobile wheel-and-tire assembly of total weight 47 lb is attached to a mounting 
plate of negligible weight which is suspended from a steel wire. The torsional spring 
constant of the wire is known to be 0.40 lb in./rad.K = ⋅  The wheel is rotated through 
90° about the vertical and then released. Knowing that the period of oscillation is 
observed to be 30 s, determine the centroidal mass moment of inertia and the 
centroidal radius of gyration of the wheel-and-tire assembly. 

 

SOLUTION 

Torsional spring constant: 30.40 lb in/rad 33.333 10 lb ft/radK −= ⋅ = × ⋅  

Let the wheel-and-tire assembly be rotated through the small angle .θ  The moment that the wire exerts on the 
assembly is 

 M Kθ= −  

 
eff :

0

M M I K I I

K

I

α θ α θ

θ θ

Σ = Σ = − = =

+ =



  

 2
n

K

I
ω =  (1) 

Frequency: 
1 1

0.033333 H
30 s zf

τ
= = =  

 2 (2 )(0.033333) 0.20944 rad/sn fω π π= = =  

From Eq. (1), 
3

2 2

33.333 10 lb ft/rad

(0.20944 rad/s)n

K
I

ω

−× ⋅= =  

Centroidal mass moment of inertia: 20.75990 lb s ftI = ⋅ ⋅  20.760 lb s ftI = ⋅ ⋅   

Mass: 2
2

47 lb
1.4596 lb s /ft

32.2 ft/s

W
m

g
= = = ⋅  

Centroidal radius of gyration: 
2

2 2
2

0.75990 lb s ft
0.52061 ft

1.4596 lb s /ft

I
k

m

⋅ ⋅= = =
⋅

 

 0.7215 ftk =  8.66 in.k =   
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PROBLEM 19.160 

The period of vibration of the system shown is observed to be 0.6 s. After cylinder B has been 
removed, the period is observed to be 0.5 s. Determine (a) the weight of cylinder A, (b) the 
constant of the spring. 

 

SOLUTION 

 

1 1

1 1
1 1

2 2 2
1 1 1

1

3
0.6 s

2 2 2
3.333  rad/s

0.6

3
(3.333 )

A

A

W
m

g

Wk
k m

m g

τ

π π πτ ω π
ω τ

ω ω π

+
= =

= = = =

 +
= = =  

 
 (1) 

 

2 2

2 2
2 2

2 2 2
2 2 2

2

0.5 s

2 2 2
4  rad/s

0.5

(4 )

A

A

W
m

g

Wk
k m

m g

τ

π π πτ ω π
ω τ

ω ω π

= =

= = = =

= = =  (2) 

(a) Equating the expressions found for k in Eqs. (1) and (2): 

 2 23
(3.333 ) (4 )A AW W

g g
π π+

=  

 

(11.111)( 3) 16

4.889 33.333

6.818 lb

A A

A

A

W W

W

W

+ =
=
=  6.82 lbAW =   

(b) Eq. (1): 2
2

6.818 lb 3 lb
(3.333  rad/s)

32.2 ft/s
k π+=  

 33.44 lb/ftk =  33.4 lb/ftk =  
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PROBLEM 19.161 

Disks A and B weigh 30 lb and 12 lb, respectively, and a small 5-lb 
block C is attached to the rim of disk B. Assuming that no slipping 
occurs between the disks, determine the period of small oscillations 
of the system. 

 

SOLUTION 

 

Small oscillations: 
2

(1 cos )
2

B B
B m

r
h r

θθ= − ≈  

Position  B B A Ar rθ θ=   

 

2

2 2
1

2

2

22 2 22
1

2 2
1

1

1 1 1
( )

2 2 2

2

2

1

2 2 2

1

2 2 2

0

B
C B m B m A m

A

B B
B

A A
A

BB B A A mC B
A

B A
B mC

r
T m r I I

r

m r
I

m r
I

rm r m rT m r
r

m m
T rm

V

θ θ θ

θ

θ

 
= + +  

 

=

=

   =  + +   
    
  = + +    

=
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PROBLEM 19.161  (Continued) 

 

Position  2

2

2

0

2

C

C m

T

V m gh

m gθ

=
=

=


 

Conservation of energy and simple harmonic motion. 

 

1 1 2 2

2
2 2 2

2

2
2

2 2

1
0 0

2 22 2

( )

2

5 (32.2 ft/s )
(12 30) 65 ft

2 12

12.39 s

m n m

C B mB A
B n mC

C
n

B A B
C

n

n

T V T V

m grm m
rm

m g
m m rm

θ ω θ

θω θ

ω

ω

ω −

+ = +

=

   + = ++ +    

=
++

=
+  +  

 

=



 

Period of small oscillations. 
2 2

12.39
n

n

π πτ
ω

= =  1.785 snτ =  
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PROBLEM 19.162 

A 75-mm-radius hole is cut in a 200-mm-radius uniform disk, which is 
attached to a frictionless pin at its geometric center O. Determine (a) the 
period of small oscillations of the disk, (b) the length of a simple pendulum 
which has the same period. 

 

SOLUTION 

 

Equation of motion. 

 0 0 eff( ) :M MΣ = Σ    2(0.1)sin (0.1)H D H Hm g I I mθ θ θ θ− = − − 
 

 

2

2

2

2

2 2

6

2

2

6

( )(0.2)
(0.04)

( ) (0.075)

(0.005625)
1 1

(0.04 )(0.2)
2 2
800 10

1

2
1

(0.005625 )(0.075)
2
15.82 10

D

H

D D

H H

m t R

t

t

m t r

t

t

I m R t

t

I m r

t

t

ρ π
ρ π

πρ
ρ π
ρ π

πρ

πρ

πρ

πρ

πρ

−

−

=
=
=
=
=
=

= =

= ×

=

=

= ×

 

Small angles. sinθ θ≈  

 
6 6 2[(800 10 15.82 10 (0.1) (0.005625 )]

(0.005625) (9.81)(0.1) 0

t

t

π π π ρ θ
π ρ θ

− −× − × −
+ =


 

 6 3727.9 10 5.518 10 0θ θ− −× + × =  
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PROBLEM 19.162  (Continued) 

 

(a) Natural frequency and period. 

 

3
2

6

5.518 10

727.9 10
7.581

2.753 rad/s

2 2

2.753

n

n

n
n

ω

ω
π πτ

ω

−

−
×=
×

=
=

= =  2.28 snτ =   

(b) Length and period of a simple pendulum.  

 

2

2
2

2

2

(2.753)
(9.81 m/s )

2

n

n

l

g

l g

l

τ π

τ
π

π

=

 =  
 

 =   
 1.294 ml =   
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PROBLEM 19.163 

An 0.8-lb ball is connected to a paddle by means of an elastic cord AB 
of constant 5 lb/ft.k =  Knowing that the paddle is moved vertically 
according to the relation sin ,m f tδ δ ω=  where 8 in.,mδ =  determine 
the maximum allowable circular frequency fω  if the cord is not to 
become slack. 

 

SOLUTION 

 

         ( )F ma k x mxδΣ = − =   k
x x

m
δ + = 

 
  

From Equation (19.31 and 19.33 ):′  
2

21 f

n

m
mx

ω
ω

δ
=
 − 
 

 

Data: 

2

0.8

32.2

0.024845 lb s /ft

W
m

g
=

=

= ⋅

 

 5 lb/ftk =  8 in. 0.66667 ftmδ = =  

 

5

0.024845
14.186 rad/s

n
k

m
ω =

=

=

 

The cord becomes slack if m mx δ−  exceeds st,δ  where 

 st
0.8 lb

0.16 ft
5 lb/ft

W

k
δ = = =  

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2479 

PROBLEM 19.163  (Continued) 

 

Then 

( )2

0.66667
0.66667 0.16

1 f

n

ω
ω

− <
−

 

 
2 2

0.66667 0.66667 0.66667 0.16 0.16f f

n n

ω ω
ω ω

   
− + < −   

   
 

 
2

0.82667 0.16f

n

ω
ω

 
< 

 
 

 
0.16

0.43994
0.82667

f

n

ω
ω

< =  

Maximum allowable circular frequency. 

 (0.43994)(14.186 rad/s)fω <  6.24 rad/sfω <   
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PROBLEM 19.164 

The block shown is depressed 1.2 in. from its equilibrium position and released. 
Knowing that after 10 cycles the maximum displacement of the block is 0.5 in., 
determine (a) the damping factor c/c, (b) the value of the coefficient of viscous 
damping. (Hint: See Problems 19.129 and 19.130.) 

 

SOLUTION 

From Problems 19.130 and 19.129: 

 

( )2

21
ln

1

c

c

c
cn

n k c
c

x

k x

π

+

   =  
    −

 

where number of cycles 10k = =  

(a) First maximum is 1 1.2 in.x =  

 Thus, 1n =  

( )

1

1 10

2

1.2
2.4

0.5

1
ln 2.4 0.08755

10
2

1

c

c

c
c

c
c

x

x

π

+
= =

=

=
−

 

 Damping factor. 
2 22

2
1

0.08755c c

c c

c c
π    − =    

    
 

 

2 2

2

2
1 1

0.08755

1

(5150 1)

0.0001941

c

c

c

c

c

c

π     + =    
     

 
=  + 
=  0.01393

c

c

c
=   

 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2481 

PROBLEM 19.164  (Continued) 

 

(b) Critical damping coefficient. 2 (Eq. 19.41)c
k

c m
m

=  

 or 

( )2
9 lb

32.2 ft/s

2

2 (8 lb/ft)

2.991 lb s/ft

c

c

c

c km

c

c

=

=

= ⋅

 

 From Part (a), 0.01393

(0.01393)(2.991)
c

c

c

c

=

=

 

 Coefficient of viscous damping. 0.0417 lb s/ftc = ⋅  
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PROBLEM 19.165 

A 4-lb uniform rod is supported by a pin at O and a spring at A, 
and is connected to a dashpot at B. Determine (a) the differential 
equation of motion for small oscillations, (b) the angle that the 
rod will form with the horizontal 5 s after end B has been pushed 
0.9 in. down and released. 

 

SOLUTION 

Small angles: sin ,  cos 1

6
 ft

12 2

6
 ft

12 2

18 3
 ft

12 2

A

C

B

y

y

y

θ θ θ
θδ θ

θδ θ

θδ θ

≈ ≈

 = = 
 
 = = 
 
 = = 
 

 

(a) Newton’s Law: 0 0 eff( )M MΣ = Σ  

 
6 6 18

 ft ft (4)  ft
12 12 12s DF F
     − + −     
     

 

 
6

 ft
12 tI maα  = +  
 

 (1) 

 st st

2
2

( ( ) ) ( )
2

3

2

1 1 24 1
ft

12 12 12 3

s A A A

D B

F k y k

F c y c

I ml m m

θδ δ δ

δ θ

 = + = + 
 

= =

 = = = 
 



 

 Kinematics: 
6

,  ft
12 2ta

θα θ α = = = 
 

  

 Thus, from Eq. (1), 
2

st
3

( ) 2 0
3 4 2 2 2 A
m m k

c
θθ θ δ      + + + + − =           

   (2) 

 But in equilibrium, 0 0MΣ =  

 st st
6 6

( ) (4) 0, ( ) 2
12 12 2A A

k
k δ δ   − = =   
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PROBLEM 19.165 (Continued) 

 

 Equation (2) becomes 

 

7 9
0

12 4 4

7 7 4
0.07246

12 12 32.2

9 9
(0.15) 0.3375

4 4

5
1.25

4 4

k
m

m

c

k

θ θ θ    + + =    
    

  = =  
  
 = = 
 

= =

 

 0.07246 0.3375 1.25 0θ θ θ+ + =    

(b) Substituting teλ into the above differential equation, 

 

 2

2

0.07246 0.3375 1.25 0

( 0.3375 (0.3375) 4(.07246)(1.25))

(2)(0.07246)

( 0.3375 ( 0.2484)

(2)(0.07246)

2.329 3.439i

λ λ

λ

λ

λ

+ + =

− −
=

− −
=

= −

�

�

�

 

 Since the roots are complex and conjugate (light damping), the solution to the differential equation is 
 (Eq. 19.46): 

 2.329
0 sin (3.939 )te tθ θ φ−= +  (3) 

 Initial conditions. ( )(0) 0.9 in.

( ) 0.9
(0)

18 in. 18
(0) 0.05 rad

(0) 0

B

B

y

y

δ
δθ

θ
θ

=

= =

=

=

 

 From Eq. (3): 0

0 0

0

(0) 0.05 sin

(0) 0 2.329 sin 3.439 cos

3.439
tan

2.329
0.9755 rad

0.05
0.06039 rad

sin (0.9755)

θ θ φ
θ θ φ θ φ

φ

φ

θ

= =

= = − +

=

=

= =
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PROBLEM 19.165 (Continued) 

 

 Substituting into Eq. (3), 2.3290.06039 sin (3.439 0.9752)te tθ −= +  

 At 5 s,t =  (2.329)(5)

11.645

6

0.06039 sin[(3.439)(5) 0.9752]

0.06039 sin (18.1702)

(0.06039)(8.7627 10 )( 0.6283)

e

e

θ −

−

−

= +

=

= × −

 

 60.332 10 rad−= − ×  619.05 10 degreesθ −= − ×  
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PROBLEM 19.166 

A 400-kg motor supported by four springs, each of constant 150 kN/m, and 
a dashpot of constant 6500 N s/mc = ⋅  is constrained to move vertically. 
Knowing that the unbalance of the rotor is equivalent to a 23-g mass 
located at a distance of 100 mm from the axis of rotation, determine for a 
speed of 800 rpm (a) the amplitude of the fluctuating force transmitted to 
the foundation, (b) the amplitude of the vertical motion of the motor. 

 

SOLUTION 

Total mass: 400 kgM =  

Unbalance: 23 g 0.023 kg

100 mm 0.100 m

m

r

= =
= =

 

Forcing frequency: 800 rpm

83.776 rad/s

fω =

=

 

Spring constant: 3 3(4)(150 10 N/m) 600 10 N/m× = ×  

Natural frequency: 
3600 10

400
38.730 rad/s

n
k

m
ω ×= =

=

 

Frequency ratio: 2.1631f

n

ω
ω

=  

Viscous damping coefficient: 6500 N s/mc = ⋅  

Critical damping coefficient: 32 2 (600 10 )(400)

30,984 N s/m
cc kM= = ×

= ⋅
 

Damping factor: 0.20978
c

c

c
=  

Unbalance force: 2 2(0.023)(0.100)(83.776)

16.1424 N

m fP mrω= =

=

 

Static deflection: st 3

6

16.1424

600 10

26.904 10 m

mP

k
δ

−

= =
×

= ×
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PROBLEM 19.166  (Continued) 

 

Amplitude of vibration.  Use Eq. (19.53). 

 

( ) ( )( )
2 22

1 21

m

ff

c nn

P
k

m

c
c

x
ωω
ωω

=
   +−     

 

Where 
2

21 1 (2.1631) 3.679f

n

ω
ω

 
− = − = − 
 

 

and  

6

2 2

6

2 (2)(0.20978)(2.1631) 0.90755

26.904 10

( 3.679) (0.90755)

7.1000 10 m

f

c n

m

c

c

x

ω
ω

−

−

   = =  
  

×=
− +

= ×

 

Resulting motion: sin ( )

cos ( )

m f

f m f

x x t

x x t

ω ϕ
ω ω ϕ

= −

= −
 

Spring force: sin ( ) 4.26 sin ( )s m f fF kx kx t tω ϕ ω ϕ= = − = −  

Damping force: cos ( ) 3.8663cos( )d f m f fF cx c x t tω ω ϕ ω ϕ= = − = −  

Let cos sin ( ) and sin cos ( )s m f d m fF F t F F tψ ω ϕ ψ ω ϕ= − = −  

Total force: cos sin ( ) sin cos ( )

sin ( )

m f m f

m f

F F t F t

F t

ψ ω ϕ ψ ω ϕ
ω ϕ ψ

= − + −

= − +

 

(a) Force amplitude. 2 2

2 2

( cos ) ( sin )

( ) ( )

m m m

m m f m

F F F

F kx c x

ψ ψ

ω

= +

= +

 

 2 2(4.26) (3.8663)= +  5.75 NmF =   

(b) Amplitude of vibration. 0.00710 mmmx =  
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PROBLEM 19.167 

The compressor shown has a mass of 250 kg and operates at 2000 rpm. At this operating condition the force 
transmitted to the ground is excessively high and is found to be 2

fmrω  where mr is the unbalance and ωf is the 
forcing frequency. To fix this problem, it is proposed to isolate the compressor by mounting it on a square 
concrete block separated from the rest of the floor as shown. The density of concrete is 2400 kg/m3 and the 
spring constant for the soil is found to be 80 × 106 N/m. The geometry of the compressor leads to choosing a 
block that is 1.5 m by 1.5 m. Determine the depth h that will reduce the force transmitted to the ground by 75%. 

 

 

SOLUTION 

Forced circular frequency corresponding to 2000 rpm. 

  
(2 )(2000)

209.44 rad/s
60f

πω = =  

In the first case the natural frequency is very large so that the transmitted force is 2 .fmrω   

After the problem is fixed, the transmitted force is 

  

( )2

1 f

n

m
m

P
P kx

ω
ω

= =
−

 

Since the motion is out-of-phase, 

  

( ) ( )
2

2 2

1 1f f

n n

fm
mrP

P
ω ω
ω ω

ω
= =

− −
 (1) 

But  2 2(1 0.75) 0.25 f fP mr mrω ω= − =  (2) 

 



PROPRIETARY MATERIAL. © 2013 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed, 
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited 
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual, 
you are using it without permission. 

2488 

PROBLEM 19.167  (Continued) 

 

Equating expressions (1) and (2) dividing by 2 ,fmrω  

  

( )
( )

2

2

6

2 2

1
0.25

1

1 4

5

1 1
(209.44) 93.664 rad/s

5 5

80 10 N/m
9119 kg

(93.664 rad/s)

f

n

f

n

f

n

n f

n

n

k

m

k
m

ω
ω

ω
ω

ω
ω

ω ω

ω

ω

=
−

− =

=

= = =

=

×= = =

 

Required properties of the attached concrete block. 

Mass:  250 kg 8869 kgm − =  

  3
3

mass 8869 kg
volume 3.6954 m

density 2400 kg/m
= = =  

  2area 1.5 m 1.5 m 2.25 m= × =  

  
3

2

volume 3.6954 m
depth

area 2.25 m
= =  1.642 mh =   
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PROBLEM 19.168 

A small ball of mass m attached at the midpoint of 
a tightly stretched elastic cord of length l can slide 
on a horizontal plane. The ball is given a small 
displacement in a direction perpendicular to the 
cord and released. Assuming the tension T in the 
cord to remain constant, (a) write the differential 
equation of motion of the ball, (b) determine the 
period of vibration. 

 

SOLUTION 

(a) Differential equation of motion. 

 

 : 2 sinF ma T mxθΣ = = −   

 For small x, ( )2

2
sin tan

l

x x

l
θ θ≈ = =  

   
2

(2 ) 0
x

mx T
l

 + = 
 

   

  
4

0
T

mx x
l

 + = 
 

  

 Natural circular frequency. 2 4

2

n

n

T

ml

T

ml

ω

ω

=

=

 

(b) Period of vibration. 
2

n
n

πτ
ω

=  n
ml

T
τ π=   
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PROBLEM 19.169 

A certain vibrometer used to measure vibration amplitudes consists 
essentially of a box containing a slender rod to which a mass m is 
attached; the natural frequency of the mass-rod system is known to be 5 
Hz. When the box is rigidly attached to the casing of a motor rotating at 
600 rpm, the mass is observed to vibrate with an amplitude of 0.06 m. 
relative to the box. Determine the amplitude of the vertical motion of the 
motor. 

 

SOLUTION 

Natural frequency: 5 Hz

2 31.416 rad/s
n

n n

f

fω π
=
= =

 

Forcing frequency: 600 rpm 10 Hz

2 62.832 rad/s

f

f f

f

fω π
= =

= =
 

Ratio:  

( )2 2

2.000

31 (2)1

1

3

f

n

f

n

m m m
m

m m

x

x

ω
ω

ω
ω

δ δ δ

δ

=

= = =
−−−

= −

 

Relative motion: 
4

3m m m my x xδ= − =  

The observed relative motion is 0.06 in.my =  

  
3 3

(0.06 in.)
4 4m mx y= =  0.045 in.mx =   
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PROBLEM 19.170 

If either a simple or a compound pendulum is used to determine experimentally the 
acceleration of gravity g, difficulties are encountered. In the case of the simple pendulum, 
the string is not truly weightless, while in the case of the compound pendulum, the exact 
location of the mass center is difficult to establish. In the case of a compound pendulum, 
the difficulty can be eliminated by using a reversible, or Kater, pendulum. Two knife edges 
A and B are placed so that they are obviously not at the same distance from the mass center 
G, and the distance l is measured with great precision. The position of a counterweight D 
is then adjusted so that the period of oscillation τ is the same when either knife edge is 
used. Show that the period τ obtained is equal to that of a true simple pendulum of length l 
and that g = 4π2l/τ2. 

 

SOLUTION 

From Problem 19.52, the length of an equivalent simple pendulum is: 

 
2

A
k

l r
r

= +  

and 
2

B
k

l R
R

= +  

But 

2 2

A B

A Bl l

g g

τ τ

π π

=

=

 

Thus, A Bl l=  

For 
2 2

2 2 2 2

2[ ] [ ]

( ) 0

A Bl l

k k
r R

r R

r R k R r R k r

r R r R k r R

r R

=

+ = +

+ = +

− = −
− =

 

Thus, 2r R k=  

or 
2

2

k
r

R

k
R

r

=

=
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PROBLEM 19.170  (Continued) 

 

Thus, andAG GA BG GB′ ′= =  

That is, andA A B B′ ′= =  

Noting that 

2

A Bl l l

l

g
τ π

= =

=

 

or 
2

2

4 l
g

π
τ

=  
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