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Ans.

Let .

Since and are independent of one another, they do not change their direction
or magnitude. Thus,

Ans.a = vy vx i - vx vz j

a = 0 + (vx i + vy j) * (vy k)

a = v
#

= Av$ Bxyz + (vx + vy) * vz

vyvx

Æ = vx i + vy j

v = vx i + vy j + vz k

•20–1. The anemometer located on the ship at A spins
about its own axis at a rate , while the ship rolls about the x
axis at the rate and about the y axis at the rate .
Determine the angular velocity and angular acceleration of
the anemometer at the instant the ship is level as shown.
Assume that the magnitudes of all components of angular
velocity are constant and that the rolling motion caused by
the sea is independent in the x and y directions.

vyvx

vs
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x

y
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Ans.

Let x, y, z axes have angular velocity of , thus

Ans.a = v = {-3.39i} rad>s2

v2 = Av2 Bxyz + (v1 * v2) = 0 + (0.6k) * (8 cos 45°j + 8 sin 45°k) = -3.394i

v
#

1 = 0

Æ = v1

v
#

= v
#

1 + v
#

2

v = {5.66j + 6.26k} rad>s
v = 0.6k + 8 cos 45° j + 8 sin 45°k

v = v1 + v2

20–2. The motion of the top is such that at the instant
shown it rotates about the z axis at , while it
spins at . Determine the angular velocity and
angular acceleration of the top at this instant. Express the
result as a Cartesian vector.

v2 = 8 rad>s
v1 = 0.6 rad>s

45�

z

x y

V1

V2
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Angular Velocity: The coordinate axes for the fixed frame (X, Y, Z) and rotating
frame (x, y, z) at the instant shown are set to be coincident. Thus, the angular
velocity of the satellite at this instant (with reference to X, Y, Z) can be expressed in
terms of i, j, k components.

Angular Acceleration: The angular acceleration will be determined by
investigating separately the time rate of change of each angular velocity component
with respect to the fixed XYZ frame. is observed to have a constant direction
from the rotating xyz frame if this frame is rotating at .
Applying Eq. 20–6 with . we have

Since is always directed along the Z axis , then

Thus, the angular acceleration of the satellite is

Velocity and Acceleration: Applying Eqs. 20–3 and 20–4 with the and obtained
above and , we have

Ans.

Ans. = {10.4i - 51.6j - 0.463k} m>s2

+ (2i + 6k) * [(2i + 6k) * (1.2688j + 0.5917k)]

 = (1.3i + 12j + 3k) * (1.2688j + 0.5917k)

 aA = a * rA + v * (v * rA)

 = {-7.61i - 1.18j + 2.54k} m>s
 vA = v * rA = (2i + 6k) * (1.2688j + 0.5917k)

rA = {1.4 cos 25°j + 1.4 sin 25°k} m = {1.2688j + 0.5917k} m
av

a = v
#

1 + v
#

2 = {1.5i + 12j + 3k} rad>s2

v
#

1 = (v
#

1)xyz + 0 * v1 = {3k} rad>s2

(Æ = 0)v1

v
#

2 = (v
#

2)xyz + v1 * v2 = 1.5i + 6k * 2i = {1.5i + 12j} rad>s2

(v
#

2)xyz = {1.5i} rad>s2
Æ = v1 = {6k} rad>s

v2

a

v = v1 + v2 = {2i + 6k} rad>s

20–3. At a given instant, the satellite dish has an angular
motion and about the z axis. At
this same instant , the angular motion about the x
axis is , and . Determine the
velocity and acceleration of the signal horn A at this instant.

v
#

2 = 1.5 rad>s2v2 = 2 rad>s
u = 25°

v
#

1 = 3 rad>s2v1 = 6 rad>s
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Ans.

For , .

For , .

Ans. = {-1.73i + 11.1j + 11.0k} rad>s2

 a = 12k + (-1.7320i + 11.0851j - 1k)

 a = v
#

= (v
#

1)XYZ + (v
#

2)XYZ

 = {12k} rad>s2

 = (12k) + 0

 (v1)XYZ = (v1)xyz + Æ * v1

Æ = 0v1

 = {-1.7320i + 11.0851j - 1k} rad>s2

 = (-2 cos 30°i - 2 sin 30°k) + (0.8k) * (16 cos 30°i + 16 sin 30°k)

 (v
#

2)XYZ = (v
#

2)xyz + Æ * v2

Æ = v1 = {0.8k} rad>sv2

 = {13.9i + 8.80k} rad>s
 = 0.8k + (16 cos 30°i + 16 sin 30°k)

 v = v1 + v2

*20–4. The fan is mounted on a swivel support such that 
at the instant shown it is rotating about the z axis at

, which is increasing at .The blade is
spinning at , which is decreasing at .
Determine the angular velocity and angular acceleration of
the blade at this instant.

2 rad>s2v2 = 16 rad>s
12 rad>s2v1 = 0.8 rad>s
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The resultant angular velocity is always directed along the
instantaneous axis of zero velocity IA.

Equating j and k components

Hence Ans.

For , .

For , .

Ans.a = 0 + (32i) = {32i} rad>s2

a = v
#

= (v
#

1)XYZ + (v
#

2)XYZ

(v
#

1)XYZ = (v
#

1)xyz + Æ * v1 = 0 + 0 = 0

Æ = 0v1

 = {32i} rad>s2

 = 0 + (4k) * (-8j)

 (v
#

2)XYZ = (v
#

2)xyz + Æ * v2

Æ = v1 = {4k} rad>sv2

v =

2

25
 (-8.944)j -

1

25
(-8.944)k = {-8.0j + 4.0k} rad>s

v2 =

2

25
 (-8.944) = -8.0 rad>s

-

1

25
 v = 4 v = -8.944 rad>s

2

25
 vj -

1

25
 vk = 4k + v2 j

v = v1 + v2

v = v1 + v2

•20–5. Gears A and B are fixed, while gears C and D are
free to rotate about the shaft S. If the shaft turns about the z
axis at a constant rate of , determine the
angular velocity and angular acceleration of gear C.

v1 = 4 rad>s
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Angular Velocity: The coordinate axes for the fixed frame (X, Y, Z) and rotating
frame (x, y, z) at the instant shown are set to be coincident. Thus, the angular
velocity of the disk at this instant (with reference to X, Y, Z) can be expressed in
terms of i, j, k components. Since the disk rolls without slipping, then its angular
velocity is always directed along the instantaneous axis of zero
velocity (y axis). Thus,

Equating k and j components, we have

Angular Acceleration: The angular acceleration will be determined by investigating

the time rate of change of angular velocity with respect to the fixed XYZ frame. Since

always lies in the fixed X–Y plane, then is observed to have a

constant direction from the rotating xyz frame if this frame is rotating at

.

.

Thus, . Applying Eq. 20–6, we have

Velocity and Acceleration: Applying Eqs. 20–3 and 20–4 with the and obtained
above and , we
have

Ans.

Ans. = {-0.135i - 0.1125j - 0.130k} m>s2

+ (-0.8660j) * [(-0.8660j) * (0.15j + 0.2598k)]

 = (0.4330i - 0.5196j) * (0.15j + 0.2598k)

aA = a * rA + v * (v * rA)

vA = v * rA = (-0.8660j) * (0.15j + 0.2598k) = {-0.225i} m>s

rA = {(0.3 - 0.3 cos 60°)j + 0.3 sin 60°k} m = {0.15j + 0.2598k} m
av

 = {0.4330i - 0.5196j} rad>s2

 = -0.5196j + 0.5k * (-0.8660j)

 a = v
#

= (v
#

)xyz + vz * v

(v
#

)xyz = v
#

z + (v
#

x)xyz = {-0.5196j} rad>s2

= e -

0.3
sin 30°

 (cos 30°) j -

0.3
sin 30°

 (sin 30°) k f  rad>s2
= {-0.5196j - 0.3k} rad>s2

(v
#

s)xyzÆ = vz = {0.5k} rad>s

v = {-0.8660j} rad>sv

a

-v = -1.00 cos 30° v = 0.8660 rad>s
0 = -vs sin 30° + 0.5 vs = 1.00 rad>s

 -vj = -vs cos 30°j - vs sin 30°k + 0.5k

 v = vs + vz

 v = vs + vz

20–6. The disk rotates about the z axis 
without slipping on the horizontal plane. If at this same
instant is increasing at , determine the
velocity and acceleration of point A on the disk.

v
#

z = 0.3 rad>s2vz

vz = 0.5 rad>s
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Also,

Thus,

(1)

From Eq. (1)

Ans.vA = a rC

h1
b a rB h1 v

rC h2 + rB h1
b j + a rB h1v

rC h2 + rB h1
bk

vAz =

rB h1 v

rC h2 + rB h1
; vAy = a rC

h1
b a rB h1v

rC h2 + rB h1
b

vrB = vAz c a rC h2

h1
b + rB d

vAy = vAza rC

h1
b

vR = 0 = 3
i j k
0 vAy vAz

0 -rC -h1

3 = (-vAy h1 + vAz rC)i

vAx = 0

0 = vAx rB

0 = vAx h2

vrB = vAy h2 + vAz rB

 = (vAy h2 + vAz rB)i - (vAx h2)j - vAx rB k

 vP = vA * (-rB j + h2k) = 3
i j k
vAx vAy vAz

0 -rB h2

3

vP = vk * (-rB j) = vrB i

20–7. If the top gear B rotates at a constant rate of ,
determine the angular velocity of gear A, which is free to
rotate about the shaft and rolls on the bottom fixed gear C.

V
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Angular Velocity: The coordinate axes for the fixed frame (X, Y, Z) and rotating
frame (x, y, z) at the instant shown are coincident. Thus, the angular velocity of the
frame at this instant is

Angular Acceleration: is observed to have a constant direction relative 

to the rotating xyz frame which rotates at . With

, we obtain

Since is always directed along the X axis , then

Thus, the angular acceleration of the frame is

Velocity and Acceleration:

Ans.

 ac = a * roc + v * (v * roc)

 = [2.598i + 4.00j] m>s = [2.60i + 4.00j] m>s
 vc = v * roc = (-0.4i + 0.2598j + 0.15k) * (10k)

a = v
#

y¿
+ u

$

= [-0.5i + 0.2332j - 0.003923k] rad>s2

u
$

= (u
$

)xyz + 0 * u
#

= [-0.5i] rad>s2

(Æ = 0)u
#

 = [0.2332j - 0.003923k] rad>s2

 = (0.1732j + 0.1k) + (-0.4i) * (0.3 cos 30°j + 0.3 sin 30°k)

 v
#

y¿
= Av# y¿ Bxyz + Æ * vy¿

Av# y¿ Bxyz = ay¿
= 0.2 cos 30°j + 0.2 sin 30°k = [0.1732j + 0.1k] rad>s2

Æ = u
#

= [-0.4i] rad>s
vy¿

 = [-0.4i + 0.2598j + 0.15k] rad>s
 v = u

#

+ vy¿
= -0.4i + (0.3 cos 30°j + 0.3 sin 30°k)

*20–8. The telescope is mounted on the frame F that
allows it to be directed to any point in the sky.At the instant

the frame has an angular acceleration of
and an angular velocity of 

about the axis, and while .
Determine the velocity and acceleration of the observing
capsule at C at this instant.

u
#

= 0.4 rad>su
$

= 0.5 rad>s2y¿

vy¿
= 0.3 rad>say¿

= 0.2 rad>s2
u = 30°,
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10 m

u � 0.4 rad/s·

u � 0.5 rad/s2··

vy¿ � 0.3 rad/s
vy¿ � 0.2 rad/s2

x

z

C

F

O

y

u y¿

·

 = (-0.5i + 0.2332j - 0.003923k) * (10k) + (-0.4i + 0.2598j + 0.15k) * [(-0.4i + 0.2598j + 0.15k) * (10k)]

Ans. = [1.73i + 5.39j - 2.275k] m>s2

 = [1.732i + 5.390j - 2.275k] m>s2
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Here, the solar panel rotates about a fixed point O. The XYZ fixed reference frame
is set to coincide with the xyz rotating frame at the instant considered. Thus, the
angular velocity of the solar panel can be obtained by vector addition of and .

Ans.

The angular acceleration of the solar panel can be determined from

If we set the xyz frame to have an angular velocity of , then
the direction of will remain constant with respect to the xyz frame, which is along
the y axis. Thus,

Since is always directed along the Z axis when , then

Thus,

When , . Thus,

Ans.

and

Ans. = [243i - 1353j + 1.5k] ft>s2

 = (-90i + 15j + 3k) * (-1i + 6j) + (6j + 15k) * [(6j + 15k) * (-1i + 6j)]

 aB = a * rOB + v * (v * rOB)

 = [-90i - 15j + 6k] ft>s
 vB = v * rOB = (6j + 15k) * (-1i + 6j)

rOB = [-1i + 6j] ftu = 90°

 = [-90i + 1.5j + 3k] rad>s2

 a = 3k + (-90i + 1.5j)

v
#

1 = (v
#

1)xyz + v1 * v1 = [3k] rad>s2

Æ = v1v1

v
#

2 = (v
#

2)xyz + v1 * v2 = 1.5j + (15k * 6j) = [-90i + 1.5j] rad>s2

v2

Æ = v1 = [15k] rad>s
a = v

#

= v
#

1 + v
#

2

v = v1 + v2 = [6j + 15k] rad>s
v2v1

•20–9. At the instant when , the satellite’s body is
rotating with an angular velocity of and
angular acceleration of Simultaneously, the
solar panels rotate with an angular velocity of 
and angular acceleration of . Determine the
velocity and acceleration of point B on the solar panel at
this instant.

v
#

2 = 1.5 rad>s2
v2 = 6 rad>s

v
#

1 = 3 rad>s2.
v1 = 15 rad>s

u = 90°
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The XYZ translating reference frame is set to coincide with the xyz rotating frame
at the instant considered. Thus, the angular velocity of the solar panel at this instant
can be obtained by vector addition of and .

The angular acceleration of the solar panel can be determined from

If we set the xyz frame to have an angular velocity of , then
the direction of will remain constant with respect to the xyz frame, which is along
the y axis. Thus,

Since is always directed along the Z axis when , then

Thus,

When , . Since the satellite undergoes general motion,
then

Ans.

and

 aB = aO + a * rB>O + v * (v * rB>O)

 = [410i - 15j + 6k] ft>s
 vB = vO + v * rB>O = (500i) + (6j + 15k) * (-1i + 6j)

rB>O = [-1i + 6j] ftu = 90°

 = [-90i + 1.5j + 3k] rad>s2

 a = 3k + (-90i + 1.5j)

v
#

1 = (v
#

1)xyz + v1 * v1 = [3k] rad>s2

Æ = v1v1

v
#

2 = (v
#

2)xyz + v1 * v2 = 1.5j + (15k * 6j) = [-90i + 15j] rad>s2

v2

Æ = v1 = [15k] rad>s
a = v

#

= v1 + v2

v = v1 + v2 = [6j + 15k] rad>s
v2v1

20–10. At the instant when , the satellite’s body
travels in the x direction with a velocity of 
and acceleration of . Simultaneously, the
body also rotates with an angular velocity of 
and angular acceleration of At the same
time, the solar panels rotate with an angular velocity of

and angular acceleration of 
Determine the velocity and acceleration of point B on the
solar panel.

v
#

2 = 1.5 rad>s2v2 = 6 rad>s
v
#

1 = 3 rad>s2.
v1 = 15 rad>s

aO = 550i6 m>s2
vO = 5500i6 m>s

u = 90°
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 = 50i + (-90i + 1.5j + 3k) * (-1i + 6j) + (6j + 15k) * [(6j + 15k) * (-1i + 6j)]

Ans. = [293i - 1353j + 1.5k] ft>s2
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Angular Velocity: The coordinate axes for the fixed frame (X, Y, Z) and rotating
frame (x, y, z) at the instant shown are set to be coincident. Thus, the angular
velocity of the disk at this instant (with reference to X, Y, Z) can be expressed in
terms of i, j, k components. Since the disk rolls without slipping, then its angular
velocity is always directed along the instantaneuos axis of zero
velocity (y axis). Thus,

Equating k and j components, we have

Thus, Ans.

Angular Acceleration: The angular acceleration will be determined by
investigating the time rate of change of angular velocity with respect to the fixed
XYZ frame. Since always lies in the fixed X–Y plane, then is
observed to have a constant direction from the rotating xyz frame if this frame is
rotating at . Applying Eq. 20–6 with , we have

Ans.

Velocity and Acceleration: Applying Eqs. 20–3 and 20–4 with the and obtained
above and , we have

Ans.

Ans. = {-7.24j - 7.24k} m>s2

 = (64.0i) * (0.1131k) + (-8.00j) * [(-8.00j) * (0.1131k)]

 aA = a * rA + v * (v * rA)

vA = v * rA = (-8.00j) * (0.1131k) = {-0.905i} m>s
rA = {0.16 cos 45°k} m = {0.1131k} m

av

a = v
#

= (v
#

)xyz + vz * v = 0 + 8k * (-8.00j) = {64.0i} rad>s2

(v
#

)xyz = 0Æ = vz = {8k} rad>s
v = {-8.00j} rad>sv

a

v = {-8.00j} rad>s
-v = -11.13 cos 45° v = 8.00 rad>s

0 = -vs sin 45° + 8 vs = 11.31 rad>s

 -vj = -vs cos 45°j - vs sin 45°k + 8k

 v = vs + vz

v = vs + vz

20–11. The cone rolls in a circle and rotates about the
z axis at a constant rate . Determine the
angular velocity and angular acceleration of the cone if it
rolls without slipping. Also, what are the velocity and
acceleration of point A?

vz = 8 rad>s
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The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. Thus, the angular velocity and angular acceleration of this frame
with respect to the XYZ frame are

Since point A rotates about a fixed axis (Z axis), its motion can be determined from

In order to determine the motion of point C relative to point A, it is necessary to
establish a second rotating frame that coincides with the xyz frame at the
instant considered, Fig. a. If we set the frame to have an angular velocity
relative to the xyz frame of , the direction of will
remain unchanged with respect to the frame. Taking the time derivative of

,

Since has a constant direction with respect to the xyz frame, then
. Taking the time derivative of ,(r

#

C>A)xyzÆ

#

¿ = v
#

2 = [3j] rad>s2
Æ¿ = v2

 = [-1.8i - 6k] m>s
 = (-6k) + 6j * (-0.3k)

 (vC>A)xyz = (r
#

C>A)xyz = C(r
#

C>A)x¿y¿z¿
+ v2 * (rC>A)xyz D

ArC>A Bxyz

x¿y¿z¿

ArC>A BxyzÆ¿ = v2 = [6j] rad>s
x¿y¿z¿

x¿y¿z¿

= [-0.45i - 2.7j] m>s2

= (1.5k) * (0.3j) + (3k) * (3k * 0.3j)

aA = v
#

1 * rOA + v1 * (v * rOA)

vA = v1 * rOA = (3k) * (0.3j) = [-0.9i] m>s

Æ = v1 = [3k] rad>s  v
#

= [1.5k] rad>s2

*20–12. At the instant shown, the motor rotates about the
z axis with an angular velocity of  and angular
acceleration of . Simultaneously, shaft OA
rotates with an angular velocity of and angular
acceleration of and collar C slides along rod
AB with a velocity and acceleration of and .
Determine the velocity and acceleration of collar C at this
instant.

3 m>s26 m>s
v
#

2 = 3 rad>s2,
v2 = 6 rad>s

v
#

1 = 1.5 rad>s2
v1 = 3 rad>s
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Thus,

Ans.

and

Ans. = [-73.35i - 13.5j + 7.8k] m>s
 = (-0.45i - 2.7j) + 1.5k * (-0.3k) + (3k) * [(3k) * (-0.3k)] + 2(3k) * (-1.8i - 6k) + (-72.9i + 7.8k)

 aC = aA + Æ

#

* rC>A + Æ * (Æ * rC>A) + 2Æ * (vC>A)xyz + (aC>A)xyz

 = [-2.7i - 6k] m>s
 = (-0.9i) + 3k * (-0.3k) + (-1.8i - 6k)

 vC = vA + Æ * rC>A + (vC>A)xyz

 = [-72.9i + 7.8k] m>s
 = [(-3k) + 6j * (-6k)] + (3j) * (-0.3k) + 6j * (-1.8i - 6k)

 (aC>A)xyz = (r
$

C>A)xyz = C(r
$

C>A)x¿y¿z¿
+ v2 * (r

#

C>A)x¿y¿z¿ D + v
#

2 * (rC>A)xyz + v2 * (r
#

C>A)xyz

x

O

C300 mm

300 mm

B

A

z

y

V2
V2

V1
V1

6 m/s
3 m/s2
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Ans.

Ans.aA = {-24.8i + 8.29j - 30.9k}ft>s2

aA = a # rA + v * vA = (-0.8i-0.1j + 0.6k) * (34.64j + 20k) + (-0.4i + 0.25k) * (-8.66i + 8.00j - 13.9k)

vA = {-8.66i + 8.00j - 13.9k}ft>s
vA = v * rA = 1 - 0.4 i + 0.25 k) * (34.64j + 20k)

rA = 40 cos 30°j + 40 sin 30°k = {34.64j + 20k} ft

 = {-0.8i - 0.1j + 0.6k} rad>s2

 v = v1 #2 + Æ * v = (-0.8 i + 0.6k) + (0.25k) * (-0.4 i + 0.25k)

Æ = {0.25 k} rad>s
v = v1

# v2 = {-0.4 i + 0.25k} rad>s

•20–13. At the instant shown, the tower crane rotates about
the z axis with an angular velocity , which is
increasing at . The boom OA rotates downward
with an angular velocity , which is increasing
at . Determine the velocity and acceleration of
point A located at the end of the boom at this instant.

0.8 rad>s2
v2 = 0.4 rad>s

0.6 rad>s2
v1 = 0.25 rad>s
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Since gear C rotates about the fixed axis (zaxis), the velocity of the contact point P
between gears B and C is

Here, gear B spins about its axle with an angular velocity of and precesses about
shaft DE with an angular velocity of .Thus, the angular velocity of gear B is

Here, . Thus,

(1)

Since gear A is held fixed, will be directed along the instantaneous axis of zero
velocity, which is along the line where gears A and B mesh. From the geometry of Fig. a,

(2)

Solving Eqs. (1) and (2),

Thus,

Ans.vB = [5j + 5k] rad>s

(vB)y = (vB)z = 5 rad>s

(vB)z

(vB)y
= tan 45° (vB)z = (vB)y

vB

(vB)y + (vB)z = 10

1.5 = 0.15(vB)y + 0.15(vB)z

1.5i = C0.15(vB)y - (-0.15)(vB)z D i
1.5i = C(vB)y j + (vB)z k D * (-0.15j + 0.15k)

vP = vB * rFP

rFP = [-0.15j + 0.15k] m

vB = (vB)y j + (vB)z k

(vB)z

(vB)y

vP = vDE * rC = (10k) * (-0.15j) = [1.5i] m>s

20–14. Gear C is driven by shaft DE, while gear B spins
freely about its axle GF, which precesses freely about shaft
DE. If gear A is held fixed , and shaft DE rotates
with a constant angular velocity of ,
determine the angular velocity of gear B.

vDE = 10 rad>s
(vA = 0)
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Since gears A and C rotate about the fixed axis (z axis), the velocity of the contact
point P between gears B and C and point between gears A and B are

and

Gear B spins about its axle with an angular velocity of and precesses about
shaft DE with an angular velocity of . Thus, the angular velocity of gear B is

Here, and . Thus,

so that

(1)

and

Thus,

(2)

Solving Eqs. (1) and (2), we obtain

Thus,

Ans.vB = [7.5j + 2.5k] rad>s

(vB)z = 2.5 rad>s
(vB)y = 7.5 rad>s

(vB)y - (vB)z = 5

-0.75 = 0.15(vB)z - 0.15(vB)y

-0.75i = C0.15(vB)z - 0.15(vB)y D i
-0.75i = C(vB)y j + (vB)z k D * (-0.15j - 0.15k)

vP¿
= vB * rFP¿

(vB)y + (vB)z = 10

1.5 = 0.15(vB)y + 0.15(vB)z

1.5i = C0.15(vB)y + 0.15(vB)z D i
1.5i = C(vB)y j + (vB)z k D * (-0.15j + 0.15k)

vP = vB * rFP

rFP¿
= [-0.15 j - 0.15k]rFP = [-0.15 j + 0.15k] m

vB = (vB)y j + (vB)z k

(vB)z

(vB)y

vP¿
= vA * rA = (-5k) * (-0.15j) = [-0.75i] m>s

vP = vDE * rC = (10k) * (-0.15j) = [1.5i] m>s
P¿

20–15. Gear C is driven by shaft DE, while gear B spins
freely about its axle GF, which precesses freely about shaft
DE. If gear A is driven with a constant angular velocity of

and shaft DE rotates with a constant angular
velocity of , determine the angular velocity
of gear B.

vDE = 10 rad>s
vA = 5 rad>s
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The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. Thus, the angular velocity and angular acceleration of this frame
with respect to the XYZ frame are

Since point A rotates about a fixed axis (Z axis), its motion can be determined from

and

In order to determine the motion of point B relative to point A, it is necessary to
establish a second rotating frame that coincides with the xyz frame at the
instant considered, Fig. a. If we set the frame to have an angular velocity
relative to the xyz frame of , the direction of will
remain unchanged with respect to the frame. Taking the time derivative of

,

Since has a constant direction with respect to the xyz frame, then
. Taking the time derivative of ,(r

#

B>A)xyzÆ

#

¿ = v
#

2 = [3i] rad>s2
Æ¿ = v2

 = [30k] m>s
 = 0 + (5i) * (6j)

 (vB>A)xyz = (r
#

B>A)xyz = C(r
#

B>A)x¿y¿z¿
+ v2 * (rB>A)xyz D

(rB>A)xyz

x¿y¿z¿

(rB>A)xyzÆ¿ = v2 = [5i] rad>s
x¿y¿z¿

x¿y¿z¿

 = [-5i - 400j] m>s2

 = (5k) * (1j) + (20i) * C(20i) * (1j) D
 aA = v

#

1 * rOA + v1 * (v1 * rOA)

vA = v1 * rOA = (20k) * (1j) = [-20i] m>s

Æ = v1 = [20k] rad>s    v
#

= v
#

1 = [5k] rad>s2

*20–16. At the instant the satellite’s body is
rotating with an angular velocity of , and it has
an angular acceleration of . Simultaneously, the
solar panels rotate with an angular velocity of 
and angular acceleration of . Determine the
velocity and acceleration of point B located at the end of one
of the solar panels at this instant.

v
#

2 = 3 rad>s2
v2 = 5 rad>s

v
#

1 = 5 rad>s2
v1 = 20 rad>s

u = 0°,
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y

B

z

6 m

1 m

O

V1, V1

u

x A
V2, V2

Thus,

Ans.

and

Ans. = [-35i - 2950j + 18k] m>s2

 = (-5i - 400j) + (5k) * (6j) + (20k) * C(20k) * (6j) D + 2(20k) * 30k + (-150j + 18k)

 aB = aA + Æ

#

* rB>A + Æ * (Æ * rB>A) + 2Æ * (vB>A)xyz + (aB>A)xyz

 = [-140i + 30k] m>s
 = (-20i) + (20k) * (6j) + (30k)

 vB = vA + Æ * rB>A + (vB>A)xyz

 = [-150 j + 18k] m>s2

 = [0 + 0] + (3i) * (6j) + (5i) * (30k)

 (aB>A)xyz = (r
$

B>A)xyz = C(r
$

B>A)x¿y¿z¿
+ v2 * (r

#

B>A)x¿y¿z¿ D + v
#

2 * (rB>A)xyz + v2 * (r
#

B>A)xyz
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The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. Thus, the angular velocity and angular acceleration of this frame
with respect to the XYZ frame are

Since point A rotates about a fixed axis (Z axis), its motion can be determined from

and

In order to determined the motion of point B relative to point A, it is necessary to
establish a second rotating frame that coincides with the xyz frame at the
instant considered, Fig. a. If we set the frame to have an angular velocity
relative to the xyz frame of , the direction of will
remain unchanged with respect to the frame. Taking the time derivative of

,

Since has a constant direction with respect to the xyz frame, then
. Taking the time derivative of ,(r

#

B>A)xyzÆ

#

¿ = v
#

2 = 0
Æ¿ = v2

 = [-15j + 25.98k] m>s
 = 0 + (5i) * (6 cos 30° j + 6 sin 30° k)

 (vB>A)xyz = (r
#

B>A)xyz = C(r
#

B>A)x¿y¿z¿
+ v2 * (rB>A)xyz D

(rB>A)xyz

x¿y¿z¿

(rB>A)xyzÆ¿ = v2 = [5k] rad>s
x¿y¿z¿

x¿y¿z¿

 = [-5i - 400j] m>s2

 = (5k) * (1j) + (20k) * [(20k) * (1j)]

 aA = v
#

1 * rOA + v1 * (v1 * rOA)

vA = v1 * rOA = (20k) * (1j) = [-20i] m>s

Æ = v1 = [20k] rad>s    v
#

= v
#

1 = [5k] rad>s2

•20–17. At the instant , the satellite’s body is rotating
with an angular velocity of ,and it has an angular
acceleration of . Simultaneously, the solar panels
rotate with a constant angular velocity of .
Determine the velocity and acceleration of point B located at
the end of one of the solar panels at this instant.

v2 = 5 rad>s
v
#

1 = 5 rad>s2
v1 = 20 rad>s
u = 30°

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

y

B

z
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1 m

O

V1, V1

u
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V2, V2

Thus,

Ans.

and

Ans. = [569i - 2608j - 75k]m>s2        +2(20k)*(-15j +  25.98k)+(-129.90j -  75k)

 = (-5i -  400j)+(5k)*(6 cos 30°j +  6 sin 30° k)+(20k)* C(20k)*(6 cos 30° j +  6 sin 30°k) D
 aB = aA + Æ

#

* rB>A + Æ * (Æ * rB>A) + 2Æ * (vB>A)xyz + (aB>A)xyz

 = [-124i - 15j + 26.0k] m>s
 = (-20i) + (20k) * (6 cos 30° j + 6 sin 30°k) + (-15j + 25.98k)

 vB = vA + Æ * rB>A + (vB>A)xyz

 = [-129.90 j - 75k] m>s2

 = [0 + 0] + 0 + (5i) * (-15j + 25.98k)

 (aB>A)xyz = ar
$

B>Ab
xyz

= C ar
$

B>Ab
x¿y¿z¿

+ v2 * (r
#

B>A)x¿y¿z¿ D + v
#

2 * (rB>A)xyz + v2 * (r
#

B>A)xyz
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The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. Thus, the angular velocity and angular acceleration of this frame
with respect to the XYZ frame are

Since the body of the satellite undergoes general motion, the motion of points O
and A can be related using

and

In order to determine the motion of point B relative to point A, it is necessary to
establish a second rotating frame that coincides with the xyz frame at the
instant considered, Fig. a. If we set the frame to have an angular velocity of

, the direction of will remain unchanged with respect
to the frame. Taking the time derivative of ,

Since has a constant direction with respect to the xyz frame, then
. Taking the time derivative of ,(r

#

B>A)xyzÆ

#

= v
#

2 = 0
Æ¿ = v2

 = [-15j + 25.98k] m>s
 = 0 + (5i) * (6 cos 30° j + 6 sin 30° k)

 (vB>A)xyz = (r
#

B>A)xyz = C(r
#

B>A)x¿y¿z¿
+ v2 * (rB>A)xyz D

(rB>A)xyzx¿y¿z¿

(rB>A)xyzÆ¿ = v2 = [5i] rad>s
x¿y¿z¿

x¿y¿z¿

 = [495i - 400j] m>s2

 = (500i) + (5k) * (1j) + (20k) * [(20k) * (1j)]

 aA = aO + v
#

1 * rA>O + v1 * (v1 * rO>A)

vA = vO + v1 * rA>O = 5000i + (20k) * (1j) = [4980i] m>s

Æ = v1 = [20k] rad>s    v
#

= v
#

1 = [5k] rad>s2

20–18. At the instant , the satellite’s body is
rotating with an angular velocity of , and it
has an angular acceleration of . At the same
instant, the satellite travels in the x direction with a velocity
of , and it has an acceleration of

. Simultaneously, the solar panels rotate
with a constant angular speed of . Determine
the velocity and acceleration of point B located at the end
of one of the solar panels at this instant.

v2 = 5 rad>s
aO = 5500i6 m>s2

vO = 55000i6 m>s
v
#

1 = 5 rad>s2
v1 = 20 rad>s

u = 30°
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Thus,

Ans.

and

Ans. = [1069i - 2608j - 75k] m>s2        + 2(20k)*(-15j +  25.98k)+(-129.90j -  75k)

 = (495i -  400j)+  (5k)*(6 cos 30°j+6 sin 30° k) +  (20k)* C(20k)*(6 cos 30° j +  6 sin 30°k) D
 aB = aA + Æ

#

* rB>A + Æ * (Æ * rB>A) + 2Æ * (vB>A)xyz + (aB>A)xyz

 = [4876i - 15j + 26.0k]m>s
 = (4980i) + (20k) * (6 cos 30° j + 6 sin 30°k) + (-15j + 25.98k)

 vB = vA + Æ * rB>A + (vB>A)xyz

 = [-129.90 j - 75k] m>s2

 = [0 + 0] + 0 + (5i) * (-15j + 25.98k)

 (aB>A)xyz = Ar$B>A Bxyz = C Ar$B>A Bx¿y¿z¿
+ v2 * (r

#

B>A)x¿y¿z¿ D + v
#

2 * (rB>A)xyz + v2 * (r
#

B>A)xyz

20–18. Continued
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Let the x, y, z axes rotate at , then

Ans.

Ans.aA = {-6.12i + 3j - 2k} ft>s2

aA = a + rA + v + vA = 3
i j k

-0.03 0 0
97.98 0 50

3 + 3
i j k
0 0.2 0.15
10 14.7 -19.6

3

vA = {10i + 117j - 19.6k} ft>s

vA = vA rA = 3
i j k
0 0.2 0.15

97.98 0 50

3

rA = C2(110)2
- (50)2 D i + 50k = {97.98i + 50k} ft

v = 0 + 0.15k * 0.2j = {-0.03i} rad>s2

v = v = | v | + v1 * v2

Æ = v1

v = v1 - v2

v
#

= v1 + v2 = {0.2j + 0.15k} rad>s

20–19. The crane boom OA rotates about the z axis with a
constant angular velocity of , while it is
rotating downward with a constant angular velocity of

. Determine the velocity and acceleration of
point A located at the end of the boom at the instant shown.
v2 = 0.2 rad>s

v1 = 0.15 rad>s
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If the bevel gear A spins about its axle with an angular velocity of , then its
angular velocity is

Since gear B rotates about the fixed axis (zaxis), the velocity of the contact point P
between gears A and B is

Since gear A rotates about a fixed point O then . Also,

Thus,

Ans.

We will set the XYZ fixed reference frame to coincide with the xyz rotating
reference frame at the instant considered. If the xyz frame rotates with an angular
velocity of , the direction of will remain constant with
respect to the xyz frame. Thus,

If , then is always directed along the z axis. Thus,

Thus,

Ans.a = v
#

= v
#

s + v
#

p = (259.81i) + 0 = [260i] rad>s2

v
#

p = Av# p Bxyz + vp * vp = 0 + 0 = 0

vpÆ = vp

 = [259.81i] rad>s2

 = 0 + (-10k) * (25.98j + 15k)

 v
#

s = (v
#

S)xyz + vp * vs

vsÆ = vp = [-10k] rad>s

v = 0.8660(30)j + [0.5(30) - 10]k = [26.0j + 5k] rad>s
vs = 30 cos 30° j + 30 sin 30°k = [25.98j + 15k] rad>s

vs = 30 rad>s
-7.5 = -1.5(0.5vs - 10)

-7.5i = -1.5(0.5vs - 10)i

-7.5i = [0.8660vs j + (0.5vs - 10)k] * (1.5j)

vp = v * rOP

rOP = [1.5j] ft

vp = vB * rB = (5k) * (1.5j) = [-7.5i]ft>s

 = 0.8660vs j + (0.5vs - 10)k

 = (vs cos 30° j + vs sin 30° k) - 10 k

 v = vs + vp

vS

*20–20. If the frame rotates with a constant angular
velocity of  and the horizontal gear B
rotates with a constant angular velocity of ,
determine the angular velocity and angular acceleration of
the bevel gear A.

vB = 55k6 rad>s
vp = 5—10k6 rad>s
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Velocity Equation: Here,
, , and .

Applying Eq. 20–7, we have

Equating i, j and k components, we have

[1]

[2]

[3]

If is specified acting perpendicular to the axis of the rod AB. then

[4]

Solving Eqs. [1], [2], [3] and [4] yields

Thus,

Ans.

Ans. v = {0.667i + 0.333j + 0.833k} rad>s
 vB = {6.00j} ft>s

 vy = 0.3333 rad>s vz = 0.8333 rad>s
yB = 6.00 ft>s        vx = 0.6667 rad>s

 4vx + 2vy - 4vz = 0

 Avx i + vy j + vz k B # (4i + 2j - 4k) = 0

 v # rB>A = 0

v

2vx - 4vy = 0

yB = 4vx + 4vz

3 - 4vy - 2vz = 0

 yB j = A3 - 4vy - 2vz B  i + (4vx + 4vz) j + A2vx - 4vy B  k
 yB j = 3i + Avx i + vy j + vzk B * (4i + 2j - 4k)

 vB = vA + v * rB>A

v = vx i + vy j + vz kvB = yB jvA = {3i} ft>s= {4i + 2j - 4k} ft
rB>A = {[0 - (-4)] i + (2 - 0) j + (0 - 4)k} ft

•20–21. Rod AB is attached to collars at its ends by ball-
and-socket joints. If the collar A has a velocity of ,
determine the angular velocity of the rod and the velocity of
collar B at the instant shown. Assume the angular velocity of
the rod is directed perpendicular to the rod.

vA = 3 ft>s
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Velocity Equation: Here,
, , and .

Applying Eq. 20–7. we have

Equating i, j, k components, we have

[1]

[2]

[3]

If is specified acting perpendicular to the axis of rod AB, then

[4]

Solving Eqs. [1], [2], [3] and [4] yields

Thus,

Acceleration Equation: With and the result obtained above,
applying Eq. 20–8, we have

 aB j = 8 i + Aax i + ay j + azk B * (4i + 2j - 4k)

 aB = aA + a * rB>A + v * (v * rB>A)

a = ax i + ay j + az k

v = {0.6667i + 0.3333j + 0.8333k} rad>s
 vy = 0.3333 rad>s vz = 0.8333 rad>s

 yB = 6.00 ft>s vx = 0.6667 rad>s

 4vx + 2vy - 4vz = 0

 Avx i + vy j + vz k B # (4i + 2j - 4k) = 0

 v # rB>A = 0

v

2vx - 4vy = 0

yB = 4vx + 4vz

3 - 4vy - 2vz = 0

 yB j = A3 - 4vy - 2vz B  i + (4vx + 4vz) j + A2vx - 4vy B  k
 yB j = 3i + Avx i + vy j + vzk B * (4i + 2j - 4k)

 vB = vA + v * rB>A

v = vx i + vy j + vz kvB = yB jvA = {3i} ft>s= {4i + 2j - 4k} ft
rB>A = {[0 - (-4)] i + (2 - 0) j + (0 - 4)k} ft

20–22. The rod AB is attached to collars at its ends by ball-
and-socket joints. If collar A has an acceleration of

and a velocity , determine the
angular acceleration of the rod and the acceleration of collar B
at the instant shown. Assume the angular acceleration of the
rod is directed perpendicular to the rod.

vA = 53i6 ft>saA = 58i6 ft>s2

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Equating i, j, k components, we have

[5]

[6]

[7]

If is specified acting perpendicular to the axis of rod AB, then

[8]

Solving Eqs. [5], [6], [7] and [8] yields

Thus,

Ans.

Ans. a = {-0.722i + 0.889j - 0.278k} rad>s2

 aB = {-6.50j} ft>s2

ay = 0.8889 rad>s az = -0.2778 rad>s2

aB = -6.50 ft>s2 ax = -0.7222 rad>s2

 4ax + 2ay - 4az = 0

 Aax i + ay j + a2 k B # (4i + 2 - 4k) = 0

 a # rB>A = 0

a

5 + 2ax - 4ay = 0

aB = -2.50 + 4ax + 4az

3 - 4ay - 2az = 0

 aB j = A3 - 4ay - 2az B  i + (-2.50 + 4ax + 4az)j + A5 + 2ax - 4ay B  k
 +(0.6667i + 0.3333j + 0.8333k) * [(0.6667i + 0.3333j + 0.8333k) * (4i + 2j - 4k)

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Equating i, j, and k

(1)

(2)

(3)

Since is perpendicular to the axis of the rod,

(4)

Solving Eqs.(1) to (4) yields:

Ans.

Then Ans.vAB = {1.17i + 1.27j - 0.779k} rad>s
yB = 4.71 ft>s

vx = 1.1684 rad>s vy = 1.2657rad>s vz = -0.7789 rad>s

1.5vx - 2vy - vz = 0

vAB
# rB>A = (vx i + vy j + vzk) # (1.5i - 2j - 1k) = 0

vAB

v - 2vx - 1.5vx =

4
5

 yB

vz + 1.5vz = 0

-vz + 2vz = -  
3
5

 yB

-  
3
5

 yB i +

4
5

 yBk = 8k + 3
i j k
vx vy vz

1.5 -2 -1

3

vB = vA + vAB * rB>A

 rB>A = {1.5i - 2j - 1k} ft

vB = {8k} ft>s vB = -  
3
5

 yBi +

4
5

 yB k vAB = vx i + vy j + vz k

20–23. Rod AB is attached to collars at its ends by ball-and-
socket joints. If collar A moves upward with a velocity of

determine the angular velocity of the rod and
the speed of collar B at the instant shown. Assume that the
rod’s angular velocity is directed perpendicular to the rod.

vA = 58k6ft>s,

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.
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From Prob. 20–23

Equating i, j, and k components

(1)

(2)

(3)

Since is perpendicular to the axis of the rod,

(4)

Solving Eqs.(1) to (4) yields:

Ans.

Then Ans.aAB = {-2.78i - 0.628j - 2.91k} rad>s2

aB = 17.6 ft>s2

ax = -2.7794 rad>s2 ay = -0.6285rad>s2 az = -2.91213 rad>s2

1.5ax - 2ay - az = 0

aAB
# rB>A = (ax i + ay j + azk) # (1.5i - 2j - 1k) = 0

aAB

7.5737 - 2ax - 1.5ay =

4
5

 a

ax + 1.5az + 7.1479 = 0

-ay + 2az - 5.3607 = -  
3
5

 aB

 * C(1.1684i + 1.2657j - 0.7789k) * (1.5i - 2j - 1k) D
 +(1.1684i + 1.2657j - 0.7789k)

 -  
3
5

 aB i +

4
5

 aB k = 4k + (axi + ay j + az k) * (1.5i - 2j - 1k)

 aB = aA + aAB * rB>A + vAB * (vAB * rB>A)

 aA = {4k} ft>s2  aB = -  
3
5

 aB i +

4
5

 aB k

aAB = ax i + ay j + az k

rB #A = {1.5i - 2j - 1k} ft

vAB = {1.1684i + 1.2657j - 0.7789k} rad>s

*20–24. Rod AB is attached to collars at its ends by ball-and-
socket joints. If collar A moves upward with an acceleration of

,determine the angular acceleration of rod AB
and the magnitude of acceleration of collar B.Assume that the
rod’s angular acceleration is directed perpendicular to the rod.

aA = 54k6ft>s2

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Since rod AB undergoes general motion vA and vB can be related using the relative
velocity equation.

Assume and . Also,

. Thus,rB>A = [-2i + 4j - 4k] ft
vAB = (vAB)x i + (vAB)y j + (vAB)z kvB =

4
5

 vB i -

3
5

 vB k

vB = vA + vAB * rB>A

•20–25. If collar A moves with a constant velocity of
, determine the velocity of collar B when

rod AB is in the position shown. Assume the angular
velocity of AB is perpendicular to the rod.

vA = 510i6 ft>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

Equating the i, j, and k components

(1)

(2)

(3)

The fourth equation can be obtained from the dot product of

(4)

Solving Eqs. (1) through (4),

Then,

Ans.vB =

4
5

 (-25)i -

3
5

 (-25)k = [-20i + 15k] ft>s

vB = -25 ft>s
(vAB)x = 1.667 rad>s   (vAB)y = 4.167 rad>s   (vAB)z = 3.333 rad>s

-2(vAB)x + 4(vAB)y - 4(vAB)z = 0

c(vAB)x i + (vAB)y j + (vAB)zk d # (-2i + 4j - 4k) = 0

vAB
# rB>A = 0

-  
3
5

 vB = 4(vAB)x + 2(vAB)y

0 = 4(vAB)x - 2(vAB)z

4
5

 vB = 10 - 4(vAB)y - 4(vAB)z

4
5

 vBi -

3
5

 vB k = c10 - 4(vAB)y - 4(vAB)z d i + c4(vAB)x - 2(vAB)z d j + c4(vAB)x + 2(vAB)y dk

4
5

 vB i -

3
5

 vBk = 10i + c(vAB)x i + (vAB)y j + (vAB)zk d * (-2i + 4j - 4k)

z

x

y

A

3

4

5

B

4 ft

4 ft

2 ft

91962_11_s20_p0867-0924  6/8/09  5:16 PM  Page 892



893

For general motion, aA and aB can be related using the relative acceleration
equation.

Using the result of Prob. 19-17, .

Assume and . Also,

. Thus,rB>A = [-2i + 4j - 4k] ft

aAB = (aAB)x i + (aAB)y j + (aAB)z kaB =

4
5

 aB i -

3
5

 aB k

vAB = [1.667i + 4.166j + 3.333k] rad>s
aB = aA + aAB * rB>A + vAB * (vAB * rB>A)

20–26. When rod AB is in the position shown, collar A
moves with a velocity of and acceleration of

. Determine the acceleration of collar B at
this instant. Assume the angular velocity and angular
acceleration of AB are perpendicular to the rod.

aA = 52i6 ft>s2
vA = 510i6 ft>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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z

x

y

A

3

4

5

B

4 ft

4 ft

2 ft

Equating the i, j, and k components

(1)

(2)

(3)

The fourth equation can be obtained from the dot product of

(4)

Solving Eqs. (1) through (4),

Then,

Ans.aB =

4
5

 (-1411.25)i -

3
5

(-1411.25)k = [-1129i + 846.75k] ft>s

aB = -1411.25 ft>s2

(aAB)x = 94.08 rad>s2  (aAB)y = 172.71 rad>s2   (aAB)z = 125.67 rad>s2

-2(aAB)x + 4(aAB)y - 4(aAB)z = 0

c(aAB)x i + (aAB)y j + (aAB)zk d # (-2i + 4j - 4k) = 0

aAB
# rB>A = 0

-  
3
5

 aB = 4(aAB)x + 2(aAB)y + 125

0 = 4(aAB)x - 2(aAB)z - 125

4
5

 aB = 64.5 - 4(aAB)y - 4(aAB)z     

 
4
5

 aB i -

3
5

 aB k = c64.5 - 4(aAB)y - 4(aAB)z d i + C4(aAB)x - 2(aAB)z - 125 Dj + c4(aAB)x + 2(aAB)y + 125 dk
 +(1.667i + 4.166j + 3.333k) * [(1.667i + 4.166j + 3.333k) * (-2i + 4j - 4k)]

 
4
5

 aB i -

3
5

 aB k = 2i + c(aAB)x i + (aAB)y j + (aAB)z k d * (-2i + 4j - 4k)
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Since rod AB undergoes general motion vA and vB can be related using the relative
velocity equation.

Assume , , and

. Thus,

vB j = 3i + c(vAB)x i + (vAB)yj + (vAB)z k d * (0.2i + 0.6j - 0.3k)

rB>A = [0.2i + 0.6j - 0.3k] ft

vAB = c(vAB)x i + (vAB)y j + (vAB)z k dvB = vB j

vB = vA + vAB * rB>A

20–27. If collar A moves with a constant velocity of
, determine the velocity of collar B when rod

AB is in the position shown. Assume the angular velocity of
AB is perpendicular to the rod.

vA = 53i6 m>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Equating the i, j, and k components

(1)

(2)

(3)

The fourth equation can be obtained from the dot product of

(4)

Solving Eqs. (1) through (4),

Then,

Ans.vB = [1j]m>s

vB = 1 m>s
(vAB)x = 0.6122 rad>s (vAB)y = 1.837 rad>s  (vAB)z = 4.082 rad>s

0.2(vAB)x + 0.6(vAB)y - 0.3(vAB)z = 0   

C(vAB)x i + (vAB)y j + (vAB)z k D # (0.2i + 0.6j - 0.3k) = 0

vAB
# rB>A = 0

0 = 0.6(vAB)x - 0.2(vAB)y      

vB = 0.3(vAB)x + 0.2(vAB)z

0 = 3 - 0.3(vAB)y - 0.6(vAB)z     

vB j = c3 - 0.3(vAB)y - 0.6(vAB)z d i + C0.3(vAB)x + 0.2(vAB)z D j + c0.6(vAB)x - 0.2(vAB)y dk

z

x

y

A

B

200 mm

300 mm

600 mm

91962_11_s20_p0867-0924  6/8/09  5:17 PM  Page 894



895

For general motion, aA and aB can be related using the relative acceleration
equation.

Using the result of Prob. 19-22,

Also, , , and
. Thus,

 aB j = (0.5i) + c(aAB)x i + (aAB)y j + (aAB)z k d * (0.2i + 0.6j - 0.3k)

rB>A = [0.2i + 0.6j - 0.3k] m
aAB = (aAB)x i + (aAB)y j + (aAB)z kaB = aB j

vAB = [0.6122i + 1837j + 4.082k] rad>s
aB = aA + aAB * rB>A + vAB * (vAB * rB>A)

*20–28. When rod AB is in the position shown, collar A
moves with a velocity of and acceleration of

. Determine the acceleration of collar B at
this instant. Assume the angular velocity and angular
acceleration of AB are perpendicular to the rod.

aA = 50.5i6 m>s2
vA = 53i6 m>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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z

x

y

A

B

200 mm

300 mm

600 mm

Equating the i, j, and k components

(1)

(2)

(3)

The fourth equation can be obtained from the dot product of

(4)

Solving Eqs. (1) through (4),

Then,

Ans.aB = [-16.5j]m>s2

aB = -16.5 m>s2

(aAB)x = -10.1020 rad>s2 (aAB)y = 0.3061rad>s2 (aAB)z = -6.1224 rad>s2

0.2(aAB)x + 0.6(aAB)y - 0.3(aAB)z = 0

C(aAB)x i + (aAB)y j + (aAB)z k D # (0.2i + 0.6j - 0.3k) = 0

aAB
# rB>A = 0

0 = 0.6(aAB)x - 0.2(aAB)y + 6.1224

aB = 0.3(aAB)x + 0.2(aAB)z - 12.2449

0 = - c0.3(aAB)y + 0.6(aAB)z + 3.5816 d

 aBj = - c0.3(aAB)y + 0.6(aAB)z + 3.5816 d i + C0.3(aAB)x + 0.2(aAB)z - 12.2449 Dj + c0.6(aAB)x - 0.2(aAB)y + 6.1224 dk
 +(0.6122i + 1837j + 4.082k) * [(0.6122i + 1837j + 4.082k) * (0.2i + 0.6j - 0.3k)]
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Here, and . Since crank BC rotates about a fixed
axis, then

Since rod AB undergoes general motion vA and vB can be related using the relative
velocity equation.

Here, , , and

. Thus,

vA k = -1.8j + c(vAB)x i + (vAB)yj + (vAB)z k d * (-0.3i - 1j + 0.8k)

rA>B = [-0.3i - 1j + 0.8k] m

vAB = c(vAB)x i + (vAB)y j + (vAB)z k dvB = vA k

vA = vB + vAB * rA>B

vB = vAB * rB>C = A6k B * A -0.3i B = [-1.8j] m>s

vBC = [6k] rad>srC>B = [-0.3i] m

•20–29. If crank BC rotates with a constant angular
velocity of , determine the velocity of the
collar at A. Assume the angular velocity of AB is
perpendicular to the rod.

vBC = 6 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

Equating the i, j, and k components

(1)

(2)

(3)

The fourth equation can be obtained from the dot product of

(4)

Solving Eqs. (1) through (4),

Then,

Ans.vA = [2.25k]m>s

vA = 2.25 m>s
(vAB)x = -2.133 rad>s (vAB)y = 0.3902rad>s  (vAB)z = -0.3121 rad>s2

-0.3(vAB)x - (vAB)y + 0.8(vAB)z = 0

c(vAB)x i + (vAB)y j + (vAB)z k d # (-0.3i - 1j + 0.8k) = 0

vAB
# rA>B = 0

vA = 0.3(vAB)y - (vAB)x

0 = - c0.8(vAB)x + 0.3(vAB)z + 1.8 d
0 = 0.8(vAB)y + (vAB)z

vA k = c0.8(vAB)y + (vAB)z d i- c0.8(vAB)x + 0.3(vAB)z + 1.8 d j + c0.3(vAB)y - (vAB)x dk

800 mm

300 mm

1000 mm

300 mmz

A

B

C y

x VBC, VBC
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Here, and . Since crank BC rotates about a
fixed axis, then

aBC = [1.5k] rad>s2rCB = [-0.3i] m

20–30. If crank BC is rotating with an angular velocity 
of and an angular acceleration of

, determine the acceleration of collar A at
this instant. Assume the angular velocity and angular
acceleration of AB are perpendicular to the rod.

v
#

BC = 1.5 rad>s2
vBC = 6 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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For general motion, aA and aB can be related using the acceleration equation.

Using the result of Prob. 20-29, .

Also, , , and

. Thus,

Equating the i, j, and k components

(1)

(2)

(3)

The fourth equation can be obtained from the dot product of

(4)

Solving Eqs. (1) through (4).

Then,

Ans.aA = [-13.9k]m>s2

aA = -13.9 m>s2

(aAB)x = 7.807 rad>s2 (aAB)y = -7.399rad>s2 (aAB)z = -6.321 rad>s2

-0.3(aAB)x - (aAB)y + 0.8(aAB)z = 0

C(aAB)x i + (aAB)y j + (aAB)z k D # (-0.3i - 1j + 0.8k) = 0

aAB
# rA>B = 0

aA = 0.3(aAB)y - (aAB)x - 3.839

0 = 4.349 - 0.8(aAB)x - 0.3(aAB)z

0 = 0.8(aAB)y + (aAB)z + 12.24

aAk = C0.8(aAB)y + (aAB)z + 12.24 D i + C4.349 - 0.8(aAB)x - 0.3(aAB)z Dj + C0.3(aAB)y - (aAB)x - 3.839 Dk
+(-2.133i + 0.3902j - 0.3121k) * [(-2.133i + 0.3902j - 0.3121k) * (-0.3i - 1j + 0.8k)]

 aAk = (10.8i - 0.45j) + C(aAB)x i + (aAB)yj + (aAB)z k D * (-0.3i - 1j + 0.8k)

rA>B = [-0.3i - 1j + 0.8k] m

aAB = (aAB)x i + (aAB)y j + (aAB)z kaA = aA k

vAB = [-2.133i + 0.3902j - 0.3121k] rad>s
aA = aB + aAB * rA>B + vAB * (vAB * rA>B)

 = [10.8i - 0.45j] m>s2

 aB = aBC * rCB + vBC * (vBC * rCB) = (1.5k) * (-0.3i) + 6k * [(6k) * (-0.3i)]

800 mm

300 mm

1000 mm

300 mmz

A

B

C y

x VBC, VBC
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Equating i, j, and k components yields:

(1)

(2)

(3)

If is perpendicular to the axis of the rod,

(4)

Solving Eqs. (1) to (4) yields:

Note: vB can be obtained by solving Eqs. (1)-(3) without knowing the direction of 

Hence 

Ans.vB = {10k} ft>s
vAB = {1.2245i + 1.3265j + 1.8367k} rad>s

v

vx = 1.2245 rad>s vy = 1.3265 rad>s vz = 1.8367 rad>s yB = 10 ft>s

 -2vx + 6vy - 3vz = 0

 vAB
# rB>A = (vx i + vy j + vz k) #  (-2i + 6j - 3k) = 0

vAB

6vx + 2vy = yB

3 vx - 2 vz = 0

15 - 3 vy - 6vz = 0

yBk = 15i + 3
i j k
vx vy vz

-2 6 -3

3

vB = vA + vAB * rB>A

rB>A = {-2 i + 6j - 3k} ft

vA = {15i} ft>s vB = yBk vAB = vx i + vy j + vz k

20–31. Rod AB is attached to collars at its ends by ball-
and-socket joints. If collar A has a velocity at
the instant shown, determine the velocity of collar B.
Assume the angular velocity is perpendicular to the rod.

vA = 15 ft>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

x

y

z

A

B

2 ft 6 ft

3 ft
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From Prob. 20–31

Equating i, j, and k components yields:

(1)

(2)

(3)

If is perpendicular to the axis of the rod,

(4)

Solving Eqs. (1) to (4) yields:

Note: aB can be obtained by solving Eqs. (1)-(3) without knowing the direction of 

Hence Ans.aB = { 110k } ft>s2

a

ax = 13.43 rad>s2 ay = 4.599 rad>s2 az = 0.2449 rad>s2 aB = 109.7 ft>s2

-2ax + 6ay - 3az = 0

aAB
# rB>A = (ax i + ay j + azk) # (-2i + 6j - 3k) = 0

aAB

6ax + 2ay + 19.8975 = aB

3ax - 2az - 39.7955 = 0

15.2653 - 3 ay - 6az = 0

* C(1.2245i + 1.3265j + 1.8367k) * (-2i + 6j - 3k) D
+(1.2245i + 1.3265j + 1.8367k)

aB k = 2i + (ax i + ay j + azk) * (-2i + 6j - 3k)

aB = aA + aAB * rB>A + vAB * (vAB * rB>A)

aA = { 2i } ft>s2    aB = aB k

aAB = ax i + ay j + az k

rB>A = {-2 i + 6j - 3k} ft

vAB = {1.2245i + 1.3265j + 1.8367k} rad>s

*20–32. Rod AB is attached to collars at its ends by ball-
and-socket joints. If collar A has a velocity of

and an acceleration of at
the instant shown, determine the acceleration of collar B.
Assume the angular velocity and angular acceleration are
perpendicular to the rod.

aA = 52i6 ft>s2vA = 515i6 ft>s
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Velocity Equation: Here, ,

, and

. Applying Eq. 20–7, we have

Equating i, j and k components, we have.

[1]

[2]

[3]

If is specified acting perpendicular to the axis of the rod AB, then

[4]

Solving Eqs. [1], [2], [3] and [4] yields

Ans.

vx = 1.50 rad>s vy = 0.225 rad>s vz = 0.450 rad>s
yB = 1.875 m>s

 2vy - vz = 0

 ( vx i + vy j + vz k) # (2j - 1k) = 0

 v # rB>A = 0

v

0 = 2 vx - 3

0.8 yB = vx

-0.6 yB = -vy - 2vz

 -0.6 yB i + 0.8 yB j = (-  vy - 2vz)i + vx j + (2vx - 3) k

 -0.6 yB i + 0.8 yB j = -3k + ( vxi + vy j + vz k) * (2j - 1k)

 vB = vA + v * rB>A

v = vx i + vy j + vz k

vB = yB B (0 - 1.5) i + (2 - 0) j

2(0 - 1.5)2
+ (2 - 0)2

R = -0.6 yB i + 0.8 yB jvA = {-3k} m>s
rB>A = {(2 - 0) j + (0 - 1 k) m = {2j - 1k} m

•20–33. Rod AB is attached to collars at its ends by ball-
and-socket joints. If collar A has a speed ,
determine the speed of collar B at the instant shown.
Assume the angular velocity is perpendicular to the rod.

vA = 3 m>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Velocity Equation: Here, ,

, and

. Applying Eq. 20–7, we have

Equating i, j, and k components, we have

[1]

[2]

[3]

If is specified acting perpendicular to the axis of the rod AB, then

[4]

Solving Eqs. [1], [2], [3] and [4] yields

Thus,

v = {1.50i + 0.225j + 0.450k} rad>s

vy = 0.225 rad>s vz = 0.450 rad>s
yB = 1.875 m>s vx = 1.50 rad>s

 2vy - vz = 0

 A  vx i + vy j + vz k B # (2j - 1k) = 0

 v # rB>A = 0

v

0 = 2vx - 3

0.8 yB = vx

-0.6 yB = -3-vy - 2vz

 -0.6 yB i + 0.8 yB j = ( - 3-vy - 2vz)i + vx j + (2 vx - 3) k

 -0.6yB i + 0.8 yB j = -3k + (vxi + vy j + vz k) * (2j - 1k)

 vB = vA + v * rB>A

v =  v j + vz k

vB = yB B (0 - 1.5)i + (2 - 0)j

2(0 - 1.5)2
+ (2 - 0)2

R = -0.6 yB i + 0.8 yB jvA = { - 3k}  m>s
rB>A = {(2 - 0)j + (0 - 1) k} m = {2j - 1k) m

20–34. If the collar at A in Prob 20–33 has an acceleration
of at the instant its velocity is

, determine the magnitude of the
acceleration of the collar at B at this instant. Assume the
angular velocity and angular acceleration are perpendicular
to the rod.

vA = 5-3k6 m>s
aA = 5-2k6 m>s2

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Acceleration Equation: With and the result obtained above,
Applying Eq. 20–8, we have

Equating i, j, and k components. we have

[5]

[6]

[7]

Solving Eqs. [6] and [7] yields

Ans.

Negative sign indicates that aB is directed in the opposite direction to that of the
above assumed direction

Note: In order to determine and . one should obtain another equation by
pacifying the direction of which acts perpendicular to the axis of rod AB.a

azay

aB = -6.57 m>s2

ax = -0.2515 rad>s2

0 = 2ay + 0.503125

0.8aB = ay - 5.00625

-0.6aB = -ay - 2az

 -0.6aB i + 0.8aB j = A  -ay - 2az B i + (ax - 5.00625) j + (2ax + 0.503125) k

 + (1.50i + 0.225j + 0.450k) * [(1.50i + 0.225j + 0.450k) * (2j - 1k)]

 -0.6aB i + 0.8aB j = -2k + Aax i + ay j + az k B * (2j - 1k)

 aB = aA + a * rB>A + v * (v * rB>A)

a = ax i + ay j + az k

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Solving,

Thus,

Ans.

Ans.vC = {10.4i - 7.79k} ft>s
v = {1.50i + 2.60j + 2.00k} rad>s

(vC)z = -7.7942 ft>s
(vC)x = 10.392 ft>s
vy = 2.5981 rad>s

(vC)z = -3vy

0 = 4vx - 6; vx = 1.5 rad>s
(vC)x = 4vy

(vC)x i + (vC)zk = 3
i j k
vx vy 2
3 0 4

3

vC = v * rC>A

2.165vx - 1.25vy = 0; vy = 1.732vx

-2.165vz = -4.33 ; vz = 2 rad>s

-4.33i + 2.5j = 3
i j k
vx vy vz

1.25 2.165 0

3

vB = v * rB>A

rB>A = {1.25i + 2.165j} ft

rC>A = {3i + 4k} ft

vC = (vC)x i + (vC)z k

= {-4.33i + 2.5j} ft>s
vB = -5 sin 60°i + 5 cos 60°j

20–35. The triangular plate ABC is supported at A by a
ball-and-socket joint and at C by the plane.The side AB
lies in the plane. At the instant ,
and point C has the coordinates shown. Determine the
angular velocity of the plate and the velocity of point C at
this instant.

u
#

= 2 rad>su = 60°x-y
x-z

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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From Prob. 20–35.

(1)

(2)

(3)

(4)

Solving Eqs. (1)-(4),

Ans.

Ans.a = {10.4i + 30.0j + 3k} rad>s2

aC = {99.6i - 117k}ft>s2

(aC)z = -117 ft>s2

(aC)x = 99.6 ft>s2

ay = 29.96 rad>s2

ax = 10.369 rad>s2

 (aC)z = -3ay - 27

 0 = 3az - 4ax + 32.4760

 (aC)x = 4ay - 20.25

aC = (aC)x i + (aC)zk = 3
i j k
ax ay az

3 0 4

3 + 3
i j k

1.5 2.5981 2
10.39 0 -7.794

3

vC>A = 10.39i - 7.794k

aC = a * rC>A + v * vC>A

 0 = 2.165ax - 1.25ay + 15

az = 3 rad>s2

-4.91025 = 1.25az - 8.66

-11.4952 = -2.165az - 5

-11.4952i - 4.91025j = 3
i j k
ax ay az

1.25 2.165 0

3 + 3
i j k

1.5 2.5981 2
-4.33 2.5 0

3

aB = a * rB>A + v * vB>A

aB = -11.4952i - 4.91025j

aB = -7.5 sin 60°i + 7.5 cos 60°j - 10 cos 60°i - 10 sin 60°j

(aB)n = (2)2(2.5) = 10 ft>s2

(aB)t = 3(2.5) = 7.5 ft>s2

vB = -4.33i + 2.5j

rB>A = 1.25i + 2.165j

v = 1.5i + 2.5981j + 2k

*20–36. The triangular plate ABC is supported at A by a
ball-and-socket joint and at C by the plane. The side
AB l ies  in  the  p lane. At  the  ins tant  ,

, and point C has the coordinates
shown. Determine the angular acceleration of the plate and
the acceleration of point C at this instant.

u
$

= 3 rad>s2u
#

= 2 rad>s
u = 60°x-y

x-z

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Equating i, j, and k components

(1)

(2)

(3)

Since is perpendicular to the axis of the rod,

(4)

Solving Eqs. (1) to (4) yields:

Then

Ans.

Ans.vB = {-0.333j} m>s
vBC = {0.204i - 0.612j + 1.36k} rad>s

vx = 0.204 rad>s vy = -0.612 rad>s vz = 1.36 rad>s vB = 0.333 m>s

 -0.2vx + 0.6vy + 0.3vz = 0

 vBC rB>C = (vx i + vy j + vzk) # (-0.2i + 0.6j + 0.3k) = 0

vBC

0.6vx + 0.2vy = 0

0.3vx + 0.2vz = vB

1 - 0.3vy - 0.6vz = 0

-vB = 1i + 3
i j k
vx vy vz

-0.2 0.6 0.3

3

 vB = vC + vBC * rB>C

 rB>C = {-0.2i + 0.6j + 0.3k} m

vC = {1i} m>s vB = -vBj vBC = vx i + vy j + vz k

•20–37. Disk A rotates at a constant angular velocity of
If rod BC is joined to the disk and a collar by ball-

and-socket joints, determine the velocity of collar B at the
instant shown. Also, what is the rod’s angular velocity 
if it is directed perpendicular to the axis of the rod?

VBC

10 rad>s.

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Equating i, j, and k components

(1)

(2)

(3)

Also,

(4)

Solving Eqs. (1) to (4) yields:

Then

Ans.

Ans.vB = {-0.333j} m>s
vBC = {0.769i - 2.31j + 0.513k} rad>s

vx = 0.769 rad>s vy = -2.31 rad>s vz = 0.513 rad>s vB = 0.333 m>s

0.5547vx - 0.8321vz = 0

vBC
# u = (vx i + vy j + vzk) # (0.5547i - 0.8321k) = 0

u = j * n = j * (0.8321i + 0.5547k) = 0.5547i - 0.8321k

n =

0.18i + 0.12k

20.182
+ 0.122

= 0.8321i + 0.5547k

rB>C * rD>C = 3
i j k

-0.2 0.6 0.3
-0.2 0 0.3

3 = {0.18i + 0.12k} m2

rD>C = {-0.2i + 0.3k} m

rB>C = {-0.2i + 0.6j + 0.3k} m

0.6vx + 0.2vz = 0

0.3vx + 0.2vz = vB

1 + 0.3vx - 0.6vz = 0

-vBj = 1i + 3
i j k
vx vy vz

-0.2 0.6 0.3

3

 vB = vC + vBC * rB>C

 rB>C = {-0.2i + 0.6j + 0.3k} m

vC = {1i} m>s vB = -vBj vBC = vx i + vy j + vz k

20–38. Solve Prob. 20–37 if the connection at B consists of
a pin as shown in the figure below, rather than a ball-and-
socket joint. Hint: The constraint allows rotation of the rod
both about bar DE (j direction) and about the axis of the
pin (n direction). Since there is no rotational component in
the u direction, i.e., perpendicular to n and j where

, an additional equation for solution can be
obtained from . The vector n is in the same
direction as .rB>C :  rD>C

V # u = 0
u = j :  n

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Relative to XYZ, let xyz have

Relative to xyz, let be coincident with xyz and be fixed to BD. Then

 + C(v# 1 + v
#

2) * (rC>B)xyz D + C(v1 + v2) * (r
#

C>B)xyz D
 (aC>B)xyz = (r

$

C>B)xyz = C(r
$

C>B)x¿y¿z¿
+ (v1 + v2) * (r

#

C>B)x¿y¿z¿ D
 = {-1i + 3j + 0.8k} m>s
 = 3j + (4i + 5k) * (0.2j)

 (vC>B)xyz = (r
#

C>B)xyz = (r
#

C>B)x¿y¿z¿
+ (v1 + v2) * (rC>B)xyz

(rC>B)xyz = {0.2j} m

Æxyz = v1 + v2 = {4i + 5k} rad>s v
#

xyz = v
#

1 + v
#

2 = {1.5i - 6k} rad>s2

x¿ y¿ z¿

aB = {0.75j + 8k} m>s2

vB = {2j} m>s
rB = {-0.5k} m

Æ = 0 Æ

#

= 0

20–39. Solve Example 20–5 such that the x, y, z axes move
with curvilinear translation, in which case the collar
appears to have both an angular velocity 
and radial motion.

æxyz = V1 + V2

æ = 0

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Ans.

Ans. = {-28.8i - 5.45j + 32.3k} m>s2

 = (0.75j + 8k) + 0 + 0 + 0 + (-28.8i - 6.2j + 24.3k)

 aC = aB + Æ * rC>B + Æ * (Æ * rC>B) + 2Æ * (vC>B)xyz + (aC>B)xyz

 = {-1.00i + 5.00j + 0.800k} m>s
 = 2j + 0 + (-1i + 3j + 0.8k)

 vC = vB + Æ * rC>B + (vC>B)xyz

 = {-28.8i - 6.2j + 24.3k} m>s2

 (aC>B)xyz = C2j + (4i + 5k) * 3j D + C(1.5i - 6k) * 0.2j D + C(4i + 5k) * (-1i + 3j + 0.8k) D
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Relative to XYZ, let be concident with XYZ and have and 

Relative to , let xyz have

Ans.

 aC = aB + Æ * rC>B + Æ * (Æ * rC>B) + 2Æ * (vC>B)xyz + (aC>B)xyz

 = {-1i + 5j + 0.8k}m>s
 = 2j + C(4i + 5k) * (0.2j) D + 3j

 vC = vB + Æ * rC>B + (vC>B)xyz

(aC>B)xyz = {2j} m>s2

(vC>B)xyz = {3j} m>s
arC>Bb

xyz
= {0.2j} m

Æx¿y¿z¿
= 0; Æ

#

x¿y¿z¿
= 0;

x¿y¿z¿

 = 0 + 0 + C(1.5i) * (-0.5k) D + (4i * 2j) = {0.75j + 8k} m>s2

 aB = r
#

B = c ar
$

Bb
x¿y¿z¿

+ v1 * ar
#

Bb
x¿y¿z¿

d + v
#

1 * rB + v1 * r
#

B

vB = r
#

B = ar
#

Bb
x¿y¿z¿

+ v1 * rB = 0 + (4i) * (-0.5k) = {2j} m>s
rB = {-0.5k} m

 = (1.5i + 0) + C -6k + (4i) * (5k) D = {1.5i - 20j - 6k} rad>s2

 v
#

= v
#

1 + v
#

2 = c av# 1b
x¿y¿z¿

+ v1 * v1 d + c av2b
x¿y¿z¿

+ v1 * v2 d
v
#

= v
#

1 + v
#

2 = {4i + 5k} rad>s
Æ

#

¿ = v
#

1Æ¿ = v1x¿ y¿ z¿

*20–40. Solve Example 20–5 by fixing x, y, z axes to rod
BD so that . In this case the collar appears
only to move radially outward along BD; hence .æxyz = 0

æ = V1 + V2

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Ans.aC = {-28.2i - 5.45j + 32.3k} m>s2

 = (0.75j + 8k) + C(1.5i - 20j - 6k) * (0.2j) D + (4i + 5k) * C(4i + 5k) * (0.2j) D + 2 C(4i + 5k) * (3j) D + 2j
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The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. The angular velocity and angular acceleration of this frame with
respect to the XYZ frame are

Since point A rotates about a fixed axis (Z axis), its motion can be determined from

In order to determine the motion of point C relative to point A, it is necessary to
establish a second rotating frame that coincides with the xyz frame at the
instant considered, Fig. a. If we set the frame to have an angular velocity
relative to the xyz frame of , the direction of will
remain unchanged with respect to the frame. Taking the time derivative of

,

Thus,

Ans. = [-4.5i - 1.8j] m>s
 = (-4.5i) + 6k * 0.15k + (-1.8j)

 vC = vA + Æ * rC>A + (vC>A)xyz

= [-1.8j] m>s
= 0 + (12i) * (0.15k)

 (vC>A)xyz = (r
#

C>A)xyz = C(r
#

C>A)x¿y¿z¿
+ vs * (rC>A)xyz D

(rC>A)xyz

x¿y¿z¿

(rC>A)xyzÆ¿ = vS = [12i] rad>s
x¿y¿z¿

x¿y¿z¿

vA = vP * rOA = (6k) * (0.75j) = [-4.5i] m>s

Æ = vp = [6k] rad>s     v
#

= v
#

p = [3k] rad>s2

•20–41. At the instant shown, the shaft rotates with an
angular velocity of and has an angular
acceleration of . At the same instant, the 
disk spins about its axle with an angular velocity 
of , increasing at a constant rate of

. Determine the velocity of point C located on
the rim of the disk at this instant.
v
#

s = 6 rad>s2
vs = 12 rad>s

v
#

p = 3 rad>s2
vp = 6 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. The angular velocity and angular acceleration of this frame with
respect to the XYZ frame are

Since point A rotates about a fixed axis (Z axis), its motion can be determined from

In order to determine the motion of the point C relative to point A, it is neccessary
to establish a second rotating frame that coincides with the xyz frame at the
instant considered, Fig. a. If we set the frame to have an angular velocity
relative to the xyz frame of , the direction of will
remain unchanged with respect to the frame. Taking the time derivative of

,

Since has a constant direction with respect to the xyz frame, then
. Taking the time derivative of ,(r

#

C>A)xyzÆ

#

= v
#

s = [6i] rad>s2
Æ¿ = vs

 = [-1.8j] m>s
 = 0 + (12i) * (0.15k)

 (vC>A)xyz = (r
#

C>A)xyz = C(r
#

C>A)x¿y¿z¿
+ vS * (rC>A)xyz D

(rC>A)xyz

x¿y¿z¿

(rC>A)xyzÆ¿ = vs = [12i] rad>s
x¿y¿z¿

x¿y¿z¿

 = [-2.25i - 27j] m>s2

 = (3k) * (0.75j) + 6k * [6k * 0.75j]

 aA = v
#

p * rOA + vp * Avp * rOA B
vA = vp * rOA = (6k) * (0.75j) = [-4.5i] m>s

Æ = vp = [6k] rad>s      v
#

= Æ

#

p = [3k] rad>s2

20–42. At the instant shown, the shaft rotates with an
angular velocity of and has an angular
acceleration of . At the same instant, the disk
spins about its axle with an angular velocity of  
increasing at a constant rate of . Determine
the acceleration of point C located on the rim of the disk at
this instant.

v
#

s = 6 rad>s2
vs = 12 rad>s,

v
#

p = 3 rad>s2
vp = 6 rad>s
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Thus,

Ans. = [19.35i - 27.9j - 21.6k]m>s2

 = (-2.25i - 27j) + 3k * 0.15k + 6k * (6k * 0.15k) + 2(6k) * (-1.8j) + (-0.9j - 21.6k)

 aC = aA + Æ

#

* rC>A + Æ * (Æ * rC>A) + 2Æ * (vC>A)xyz + (aC>A)xyz

 = [-0.9j - 21.6k] m>s2

 = [0 + 0] + (6i) * (0.15k) + (12i) * (-1.8j)

 (aC>A) = (r
$

C>A)xyz = C(r
$

C>A)x¿y¿z¿
+ vs * (r

#

C>A)x¿y¿z¿ D + v
#

s * (rC>A)xyz + vs * (r
#

C>A)xyz
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Relative to XYZ, let xyz have

( does not change direction relative to XYZ.)

Relative to xyz, let be coincident with xyz at O and have

( does not change direction
relative to XYZ.)

ÆxyzÆxyz = {0.6i} rad>s, Æ

#

xyz = {0.2i} rad>s2

x¿y¿z¿

rO = 0, vO = 0, aO = 0

ÆÆ = {0.3k} rad>s, v
#

= 0

20–43. At the instant shown, the cab of the excavator
rotates about the z axis with a constant angular velocity of

. At the same instant , and the boom
OBC has an angular velocity of , which is
increasing at , both measured relative to the
cab. Determine the velocity and acceleration of point C on
the grapple at this instant.

u
$

= 0.2 rad>s2
u
#

= 0.6 rad>s
u = 60°vz = 0.3 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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change direction relative to XYZ.)

Thus,

Ans.

Ans. = {0.839i - 3.15j + 0.354k} m>s2

 + 2(0.3k) * (-1.3981j + 3.5785k) - 2.61310j + 0.35397k

 = 0 + 0 + (0.3k) * C(0.3k) * (5.9641j + 2.3301k) D
 aC = aO + Æ

#

* rC>O + Æ * aÆ * rC>Ob + 2Æ * (vC>O)xyz + (aC>O)xyz

 = {-1.79i - 1.40j + 3.58k} m>s
 vC = vO + Æ * rC>O + (vC>O)xyz = 0 + (0.3k) * (5.9641j + 2.3301k) - 1.3981j + 3.5785k

= {-2.61310j + 0.35397k} m>s2

= C0 + 0 D + (0.2i) * (5.9641j + 2.3301k) + (0.6i) * (-1.3981j + 3.5785k)

(aC>O)xyz = ar
$

C>Ob
xyz

= c ar
$

C>Ob
x¿y¿z¿

+ Æxyz * ar
#

C>Ob
x¿y¿z¿

d + Æ

#

xyz * r
#

C>O + Æxyz * r
#

C>O

= 0 + (0.6i) * (5.9641j + 2.3301k) = {-1.3981j + 3.5785k} m>s
(vC>O)xyz = ar

#

C>Ob
xyz

= ar
#

C>Ob
x¿y¿z¿

+ Æxyz * arC>Ob
xyz

(rC>O)xyz

(rC>O)xyz = (5 cos 60° + 4 cos 30°)j + (5 sin 60° - 4sin 30°)k = {5.9641j + 2.3301k} m

z

y

x

4 m

90∞

θ

5 m
ω z = 0.3 rad/s

O

B

C
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912

Relative to XYZ, let xyz have

( does not change direction relative 
to XYZ.)

(ro does not change direction relative to XYZ.)

Relative to xyz, let have

( does not change direction relative to
xyz.)

ÆxyzÆxyz = {0.6i} rad>s, v
#

xyz = {0.2i} rad>s2

x¿y¿z¿

aO = {1j} m>s2

vO = {2j} m>s
rO = 0

ÆÆ = {0.3k} rad>s, v
#

= {0.4k} rad>s2

*20–44. At the instant shown, the frame of the excavator
travels forward in the y direction with a velocity of 
and an acceleration of , while the cab rotates about
the z axis with an angular velocity of ,
which is increasing at . At the same instant

and the boom OBC has an angular velocity of
which is increasing at , both

measured relative to the cab. Determine the velocity and
acceleration of point C on the grapple at this instant.

u
$

= 0.2 rad>s2u
#

= 0.6 rad>s,
u = 60°,

az = 0.4 rad>s2
vz = 0.3 rad>s

1 m>s2
2 m>s
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( change direction relative to xyz.)

Thus,

Ans.

Ans. = {-1.55i - 2.15j + 0.354k} m>s2

 + 2(0.3k) * (-1.3981j + 3.5785k) - 2.61310j + 0.35397k

 = 1j + 0.4k * (5.9641j + 2.3301k) + (0.3k) * C(0.3k) * (5.9641j + 2.3301k) D
 aC = aO + Æ

#

* rC>O + Æ * aÆ * rC>Ob + 2Æ * (vC>O)xyz + (aC>O)xyz

 = {-1.79i + 0.602j + 3.58k} m>s
 vC = vO + Æ * rC>O + (vC>O)xyz = 2j + (0.3k) * (5.9641j + 2.3301k) - 1.3981j + 3.5785k

= {-2.61310j + 0.35397k} m>s2

= C0 + 0 D + (0.2i) * (5.9641j + 2.3301k) + (0.6i) * (-1.3981j + 3.5785k)

(aC>O)xyz = ar
$

C>Ob
xyz

= c ar
$

C>Ob
x¿y¿z¿

+ Æxyz * ar
#

C>Ob
x¿y¿z¿

d + Æxyz * arC>Ob
xyz

+ Æxyz * ar
#

C>Ob
xyz

 = 0 + (0.6i) * (5.9641j + 2.3301k) = {-1.3981j + 3.5785k} m>s
(vC>O)xyz = ar

#

C>Ob
xyz

= ar
#

C>Ob
x¿y¿z¿

+ Æxyz * arC>Ob
xyz

(rC>O)xyz

(rC>O)xyz = (5 cos 60° + 4 cos 30°)j + (5 sin 60° - 4 sin 30°)k = {5.9641j + 2.3301k} m

z

y

x

4 m

90∞

θ

5 m
ω z = 0.3 rad/s

O

B

C
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Coordinate Axes: The rotating x, y, z frame and fixed X, Y, Z frame are set with the
origin at point B and O respectively.

Motion of B: Here, rB changes direction with respect to X, Y, Z frame. The time
derivatives of rB can be found by setting another set of coordinate axis , , ,
coincident with X, Y, Z rotating at and . Here,

Motion of A with Respect to B: Let xyz axis rotate at 
and . Here, .rA>B = {8j + 6k} mÆ

#

xyz = v
#

2 = 0
Æxyz = v2 = {-0.2i} rad>s

 = (0 + 0) + 0 + 0.6k * (-0.9i) = {-0.540j} m>s2

 aB = r
$

B = C(r
$

B)x¿y¿z¿
+ Æ¿ * (r

#

B)x¿y¿z¿ D + Æ

#

¿ * rB + Æ¿ * r
#

B

vB = r
#

B = (r
#

B)x¿y¿z¿
+ Æ¿ * rB = 0 + 0.6k * 1.5j = {-0.9i} m>s

rB = {1.5j} m
Æ¿ = v

#

1 = 0Æ = v1 = {0.6k} rad>s
z¿y¿x¿

•20–45. The crane rotates about the z axis with a constant
rate , while the boom rotates downward with
a constant rate . Determine the velocity and
acceleration of point A located at the end of the boom at
the instant shown.

v2 = 0.2 rad>s
v1 = 0.6 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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 = {-0.320j - 0.240k} m>s2

 = 0 + 0 + 0 + (-0.2i) * (1.20j - 1.60k)

 (aA>B)xyz = r
$

A>B = C(r
$

A>B)xyz + Æxyz * (r
#

A>B)xyz D + Æ

#

xyz * rA>B + Æxyz * r
#

A>B

(vA>B)xyz = r
#

A>B = (r
#

A>B)xyz + Æxyz * rA>B = 0 + (-0.2i) * (8j + 6k) = {1.20j - 1.60k} m>s

Motion of Point A: Here, and . Applying 
Eqs. 20–11 and 20-12, we have

v
#

= v
#

1 = 0Æ = v1 = {0.6k} rad>s

Ans.

Ans. = {-1.44i - 3.74j - 0.240k}m>s2

 = (-0.540j) + 0 + 0.6k * [0.6k * (8j + 6k)] + 2(0.6k) * (1.20j - 1.60k) + (-0.320j - 0.240k)

 aA = aB + Æ

#

* rAB + Æ * (Æ * rA>B) + 2Æ * (vA>B)xyz + (aA>B)xyz

 = {-5.70i + 1.20j - 1.60k}m>s
vA = vB + Æ * rA>B + (vA>B)xyz = (-0.9i) + 0.6k * (8j + 6k) + (1.20j - 1.60k)

y

A

x

B
O

z

1.5 m

v1 � 0.6 rad/s

v2 � 0.2 rad/s

8 m

6 m
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Coordinate Axes: The rotating x, y, z frame and fixed and fixed X, Y, Z frame are set
with the origin at point B and O respectively.

Motion of B: Here, rB change direction with respect to X, Y, Z frame. The time
derivatives of rB can be found by seeting another set of coordinate axis , ,
coincident with X, Y, Z rotating at and

. Here,

Motion of A with Respect to B: Let xyz axis rotate at 
and . Here, rA>B = {8j + 6k} mÆxyz = v

#

2 = {-0.3i} rad>s2
Æxyz = v2 = {-0.2i} rad>s

 = (0 + 0) + 0.6k * 1.5j + 0.6k * (-0.9i) = {-0.9i - 0.540j} m>s2

 aB = r
$

B = C(r
$

B)x¿y¿z¿
+ Æ¿ * (r

#

B)x¿y¿z¿ D + Æ

#

¿ * rB + Æ¿ * r
#

B

vB = r
#

B = (r
#

B)
¿y¿z¿

+ Æ¿ * rB = 0 + 0.6k * 1.5j = {-0.9i} m>s
rB = {1.5j} mÆ

#

= v
#

1 = {0.6k} rad>s2
Æ¿ = v1 = {0.6k} rad>s

z¿y¿x¿

20–46. The crane rotates about the z axis with a rate of
, which is increasing at . Also,

the boom rotates downward at , which is
increasing at . Determine the velocity and
acceleration of point A located at the end of the boom at
the instant shown.

v
#

2 = 0.3 rad/s2
v2 = 0.2 rad/s
v
#

1 = 0.6 rad/s2v1 = 0.6 rad/s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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 = {1.48j - 2.64k} m>s2

 = 0 + 0 + (-0.3i) * (8i + 6k) + (-0.2i) * (1.20j - 1.60k)

 (aA>B)xyz = r
$

A>B = C(r
$

A>B)xyz + Æxyz * (r
#

A>B)xyz D + Æ

#

xyz * rA>B + Æxyz * r
#

A>B

(vA>B)xyz = r
#

A>B = (r
#

A>B)xyz + Æxyz * rA>B = 0 + (-0.2i) * (8j + 6k) = {1.20j - 1.60k} m>s

Motion of Point A: Here, and .
Applying Eqs. 20–11 and 20-12, we have

Æ

#

= v
#

1 = {0.6k} rad>s2
Æ = v1 = {0.6k} rad>s

Ans.

Ans. = {-7.14i - 1.94j - 2.64k} m>s2

 + 2(0.6k) * (1.20j - 1.60k) + (1.48j - 2.64k)

 = (-0.9i - 0.540j) + 0.6k * (8j + 6k) + 0.6k * [0.6k * (8j + 6k)]

 aA = aB + Æ

#

* rA>B + Æ * (Æ * rA>B) + 2Æ * (vA>B)xyz + (aA>B)xyz

 = {-5.70i + 1.20j - 1.60k} m>s
 vA = vB + Æ * rA>B + (vA>B)xyz = (-0.9i) + 0.6k * (8j + 6k) + (1.20j - 1.60k)

y

A

x

B
O

z

1.5 m

v1 � 0.6 rad/s

v2 � 0.2 rad/s

8 m

6 m
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The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. Thus, the angular velocity and angular acceleration of this frame
with respect to the XYZ frame are

Since point A rotates about a fixed axis (Z axis), its motion can be determined from

In order to determine the motion of the point C relative to point A, it is necessary to
establish a second rotating frame that coincides with the xyz frame at the instant
considered, Fig. a. If we set the frame to have an angular velocity relative to the
xyz frame of , the direction of will remain unchanged
with respect to the frame.Taking the time derivative of ,

Since has a constant direction with respect to the xyz frame, then
. Taking the time derivative of ,(r

#

C>A)xyzÆ

#

¿ = v
#

2 = 0
Æ¿ = v2

 = [-1.8i - 6k] m>s
 = (-6k) + 6j * (-0.3k)

 (vC>A)xyz = (r
#

C>A)xyz = C(r
#

C>A)x¿y¿z¿
+ v2 * (rC>A)xyz D

(rC>A)xyzx¿y¿z¿

(rC>A)xyzÆ¿ = v2 = [6j] rad>s
x¿y¿z¿

x¿y¿z¿

= [-2.7j] m>s2

= 0 + (3k) * C(3k) * (0.3j) D
aA = v

#

1 * rOA + v1 * (v1 * rOA)

vA = v1 * rOA = (3k) * (0.3j) = [-0.9i] m>s

Æ = v1 = [3k] rad>s   Æ

#

= v
#

1 = 0

20–47. The motor rotates about the z axis with a constant
angular velocity of . Simultaneously, shaft OA
rotates with a constant angular velocity of .
Also, collar C slides along  rod AB with a velocity and
acceleration of and . Determine the velocity
and acceleration of collar C at the instant shown.

3 m>s26 m>s
v2 = 6 rad>s

v1 = 3 rad>s
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Thus,

Ans.

and

Ans. = [-72i - 13.5j + 7.8k] m>s2

 = (-2.7j) + 0 + 3k * [(3k) * (-0.3k)] + 2(3k) * (-1.8i - 6k) + (-72i + 7.8k)

 aC = aA + Æ

#

* rC>A + Æ * (Æ * rC>A) + 2Æ * (vC>A)xyz + (aC>A)xyz

 = [-2.7i - 6k] m>s
 = (-0.9i) + 3k * (-0.3k) + (-1.8i - 6k)

 vC = vA + Æ * rC>A + (vC>A)xyz

 = [-72i + 7.8k] m>s2

 = [(-3k) + 6j * (-6k)] + 0 + [6j * (-18j - 6k)]

 (aC>A)xyz = (r
$

C>A)xyz = C(r
$

C>A)x¿y¿z¿
+ v2 * (r

#

C>A)x¿y¿z¿ D + v
#

2 * (rC>A)xyz + v2 * (r
#

C>A)xyz

y
x

z

B

C

A

O

6 m/s
3 m/s2

300 mm

300 mm

V2

V1
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Relative to XYZ, let xyz have

( does note change direction relative to XYZ.)

(rB changes direction relative to XYZ.)

Relative to xyz, let have

( does not change direction relative to
xyz.)

ÆxyzÆxyz = {-180i} rad>s Æ

#

xyz = 0

x¿y¿z¿

 = {-16.2j + 2k} ft>s2

 = C2k + 0 D + 0 + C(0.9k) * (-18i + 4k) D
 aB = r

#

B = c(r
$

B)xyz + Æ * ar
#

Bb
xyz
d + Æ * rB + Æ * r

#

B

vB = r
#

B = (r
#

B)xyz + Æ * rB = 4k + (0.9k) * (20j) = {-18i + 4k} ft>s
rB = {20j} ft

ÆÆ = {0.9k} rad>s v
#

= 0

*20–48. At the instant shown, the helicopter is moving
upwards with a velocity and has an
acceleration . At the same instant the frame H,
not the horizontal blade, rotates about a vertical axis with a
constant angular velocity . If the tail blade B
rotates with a constant angular velocity ,
measured relative to H, determine the velocity and
acceleration of point P, located on the end of the blade, at
the instant the blade is in the vertical position.

vB>H = 180 rad>s
vH = 0.9 rad>s

aH = 2 ft>s2
vH = 4  ft>s
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H

B

y

P

z

20 ft

2.5 ft

VH

VB/H

vH 
aH 

x

( change direction relative to xyz.)

Thus,

Ans.

Ans. = {-810i - 16.2j - 81 000k} ft>s2

 = (-16.2j + 2k) + 0 + (0.9k) * C(0.9k) * (2.5k) D + C2(0.9k) * (450j) D + (-81000k)

 aP = aB + Æ

#

* rP>B + Æ * (Æ * rP>B) + 2Æ * (vP>B)xyz + (aP>B)xyz

 = {-18i + 450j + 4k}ft>s
 = (-18i + 4k) + C(0.9k) * (2.5k) D + (450j)

 vF = vB + Æ * rP>B + (vP>B)xyz

(aP>B)xyz = C0 + 0 D + 0 + (-180i) * (450j) = {-81 000k} ft>s2

(aP>B)xyz = (r
$

P>B)xyz = C(r
$

P>B)x¿y¿z¿
+ Æxyz * (r

#

P>B)x¿y¿z¿ D + Æ

#

xyz * (rP>B)xyz + Æxyz * (r
#

P>B)xyz

(vP>B)xyz = (rP>B)xyz = (r
#

P>B)x¿y¿z¿
+ Æxyz * (rP>B)xyz = 0 + (-180i) * (2.5k) = {450j} ft>s

(rP>B)xyz(rP>B)xyz = {2.5k} ft
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Coordinate Axis: The rotating x, y, z frame is set to be coincident with the fixed X,Y,
Z frame with origin at point B.

Motion of B: Since point B does not move, then

Motion of A with Respect to B: Let xyz axis rotate at 
and . Here.

.rA>B = {40 cos 60°i + 40 sin 60°k} m = {20.0i + 34.64k} m
Æ

#

xyz = u
$

= {0.6j} rad>s2
Æxyz = u

#

= {0.4j} rad>s
aB = vB = 0

•20–49. At a given instant the boom AB of the tower crane
rotates about the z axis with the motion shown.At this same
instant, and the boom is rotating downward such
that and . Determine the
velocity and acceleration of the end of the boom A at this
instant. The boom has a length of .lAB = 40 m

u
$

= 0.6 rad>s2u
#

= 0.4 rad>s
u = 60°

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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v1 � 2 rad/s

z

u � 0.4 rad/s
.

u � 60�
B

x

v1 � 3 rad/s2

u � 0.6 rad/s2
....

A

. 

 = {17.58i - 17.54k} m>s2

 = 0 + 0 + 0.6j * (20.0i + 34.64k) + 0.4j * (13.86i - 8.00k)

 (aA>B)xyz = r
$

A>B = C(r
$

A>B)xyz + Æxyz * (r
$

A>B)xyz D + Æ

#

xyz * rA>B + Æxyz * r
#

A>B

(vA>B)xyz = r
#

A>B = (r
#

A>B)xyz + Æxyz * rA>B = 0 + 0.4j * (20.0i + 34.640k) = {13.86i - 8.00k} m>s

Motion of Point A: Here, and .Applying
Eqs. 20–11 and 20-12. we have

Æ

#

= v
#

1 = {3k} rad>s2
Æ = v1 = {2k} rad>s

Ans.

Ans. = {-62.4i + 115j - 17.5k} m>s2

 = 0 + 3k * (20.0i + 34.64k) + 2k * [2k * (20.0i + 34.64k)] + 2(2k) * (13.86i - 8.00k) + 17.58i - 17.54k

 aA = aB + Æ

#

* rA>B + Æ * (Æ * rA>B) + 2Æ * (vA>B)xyz + (aA>B)xyz

 = {13.9i - 40.0j - 8.00k} m>s
 vA = vB + Æ * rA>B + (vA>B)xyz = 0 + 2k * (20.0i + 34.64k) + (13.86i - 8.00k)
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Coordinate Axis: The rotating x, y, z frame is set to be coincident with the fixed X,Y,
Z frame with origin at point A.

Motion of A: Since point A does not move, then

Motion of B with Respect to A: Let xyz axis rotate at and
. Here, ,

and
.

 (vB>A)xyz = r
#

B>A = (r
#

B>A)xyz + Æxyz * rB>A

(r
$

B>A)xyz = {2 cos 30j + 2 sin 30°k} m>s2
= {1.7321j + 1k} m>s2

(r
#

B>A)xyz = {7 cos 30°j + 7 sin 30°k} m>s = {6.0621j + 3.50k} m>s
rB>A = {3 cos 30°j + 3 sin 30°k} m = {2.5981j + 1.50k} mÆ

#

xyz = v
#

2 = 0
Æxyz = v2 = {5i} rad>s

aA = vA = 0

20–50. At the instant shown, the tube rotates about the
z axis with a constant angular velocity , while
at the same instant the tube rotates upward at a constant
rate . If the ball B is blown through the tube at
a rate , which is increasing at ,
determine the velocity and acceleration of the ball at the
instant shown. Neglect the size of the ball.

r
$

= 2 m>s2r
#

= 7 m>s
v2 =  5 rad>s

v1 = 2 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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z

y

x

r � 3 m
v1 � 2 rad/s

v2 � 5 rad/s

B

u � 30�

 = {-98.2199j - 24.1218k} m>s2

 = 1.7321j + 1k + 5i * (6.0621j + 3.50k) + 0 + 5i * (-1.4378j + 16.4903k)

 (aB>A)xyz = r
$

B>A = C(r
$

B>A)xyz + Æxyz * (r
$

B>A)xyz D + Æ

#

xyz * rB>A + Æxyz * r
#

B>A

 = 6.0621j + 3.50k + 5i * (2.5981j + 1.50k) = {-1.4378j + 16.4903k} m>s

Motion of Point B: Here, and . Applying 
Eqs. 20–11 and 20–12, we have

Æ

#

= v
#

1 = 0Æ = v1 = {2k} rad>s

Ans.

Ans. = {5.75i - 109j + 24.1k} m>s2

 = 0 + 0 + 2k * [2k * (2.5981j + 1.50k)] + 2(2k) * (-1.4378j + 16.4903k) + (-98.2199j + 24.1218k)

 aB = aA + + Æ

#

* rB>A + Æ * (Æ * rB>A) + 2Æ * (vB>A)xyz + (aB>A)xyz

 = {-5.20i - 1.44j + 16.5k} m>s
 vB = vA + Æ * rB>A + (vB>A)xyz = 0 + 2k * (2.5981j + 1.50k) + (-1.4378j + 16.4903k)
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Coordinate Axis: The rotating x, y, z frame is set to be coincident with the fixed X,Y,
Z frame with origin at point A.

Motion of A: Since point A does not move, then

Motion of B with Respect to A: Let xyz axis rotate at and
. Here,

and .

 (vB>A)xyz = r
#

B>A = (r
#

B>A)xyz + Æxyz * rB>A

(r
#

B>A)xyz = {7 cos 30j + 7 sin 30°k} m>s = {6.0621j + 3.50k} m>s
rB>A = {3 cos 30°j + 3 sin 30°k} m = {2.5981j + 1.50k} mÆ

#

xyz = v
#

2 = 0
Æxyz = v2 = {5i} rad>s

aA = vA = 0

20–51. At the instant shown, the tube rotates about the
z axis with a constant angular velocity , while
at the same instant the tube rotates upward at a constant
rate . If the ball B is blown through the tube at
a constant rate , determine the velocity and
acceleration of the ball at the instant shown. Neglect the
size of the ball.

r
#

= 7 m>s
v2 = 5 rad>s

v1 = 2 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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z

y

x

r � 3 m
v1 � 2 rad/s

v2 � 5 rad/s

B

u � 30�

 = {-99.9519j + 23.1218k} m>s2

 = 0 + 5i * (6.0621j + 3.50k) + 0 + 5i * (-1.4378j + 16.4903k)

 (aB>A)xyz = r
$

B>A = C(r
$

B>A)xyz + Æxyz * (r
#

B>A)xyz D + Æ

#

xyz * rB>A + Æxyz * r
#

B>A

 = 6.0621j + 3.50k + 5i * (2.5981j + 1.50k) = {-1.4378j + 16.4903k} m>s

Motion of Point B: Here, and . Applying 
Eqs. 20–11 and 20–12, we have

Æ

#

= v
#

1 = 0Æ = v1 = {2k} rad>s

Ans.

Ans. = {5.75i - 110j + 23.1k} m>s2

 = 0 + 0 + 2k * [2k * (2.5981j + 1.50k)] + 2(2k) * (-1.4378j + 16.4903k) + (-99.9519j + 23.1218k)

 aB = aA + + Æ

#

* rB>A + Æ * (Æ * rB>A) + 2Æ * (vB>A)xyz + (aB>A)xyz

 = {-5.20i - 1.44j + 16.5k}m>s
 vB = vA + Æ * rB>A + (vB>A)xyz = 0 + 2k * (2.5981j + 1.50k) + (-1.4378j + 16.4903k)
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The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. The angular velocity and angular acceleration of this frame with
respect to the XYZ frame are

Since point A rotates about a fixed axis (Z axis), its motion can be determined from

In order to determine the motion of point B relative to point A, it is necessary to
establish a second rotating frame that coincides with the xyz frame at the
instant considered, Fig. a. If we set the frame to have an angular velocity
relative to the xyz frame of , the direction of will
remain unchanged with respect to the frame. Taking the time derivative of

,

Since has a constant direction with respect to the xyz frame, then
. Taking the time derivative of ,(r

#

A>B)xyzÆ

#

¿ = v
#

2 = 0
Æ¿ = v2

 = [-3j + 5.196k] m>s
 = 0 + (0.5i) * (12 cos 30° j + 12 sin 30°k)

 (vB>A)xyz = (r
#

B>A)xyz = C(r
#

B>A)x¿y¿z¿
+ v2 * (rB>A)xyz D

(rB>A)xyz

x¿y¿z¿

(rB>A)xyzÆ¿ = v2 = [0.5i] rad>s
x¿y¿z¿

x¿y¿z¿

 = [-3.375j] m>s2

 = 0 + (1.5k) * [(1.5k) * (1.5j)]

 aA = v
#

1 * rOA + v1 * (v1 * rOA)

vA = v1 * rOA = (1.5k) * (1.5j) = [-2.25i] m>s

Æ = v1 = [1.5k] rad>s     Æ

#

= v
#

1 = 0

*20–52. At the instant , the frame of the crane and
the boom AB rotate with a constant angular velocity of

and , respectively. Determine
the velocity and acceleration of point B at this instant.

v2 = 0.5 rad>sv1 = 1.5 rad>s
u = 30°

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Thus,

Ans.

and

Ans. = [9i - 29.4j - 1.5k] m>s2

 = (-3.375j) + 0 + 1.5k * C(1.5k) * (12 cos 30° j + 12 sin 30° k) D + 2(1.5k) * (-3j + 5.196k) + (-2.598j - 1.5k)

 aB = aA + Æ

#

* rB>A + Æ * (Æ * rB>A) + 2Æ * (vAB)xyz + (aAB)xyz

 = [-17.8i - 3j + 5.20k] m>s
 = (-2.25i) + 1.5k * (12 cos 30° j + 12 sin 30° k) + (-3j + 5.196k)

 vB = vA + Æ * rB>A + (vB>A)xyz

 = [-2.598j - 1.5k] m>s2

 = [0 + 0] + 0 + (0.5i) * (-3j + 5.196k)

 (aA>B)xyz = (r
$

A>B)xyz = C(r
$

A>B)x¿y¿z¿
+ v2 * (r

#

A>B)x¿y¿z¿ D + v
#

2 * (rA>B)xyz + v2 * (r
#

A>B)xyz

12 m
1.5 m

z

y
A

B

O u

V2, V2

V1, V1
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The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. Thus, the angular velocity and angular acceleration of this frame
with respect to the XYZ frame are

Since point A rotates about a fixed axis (Z axis), its motion can be determined from

In order to determine the motion of point B relative to point A, it is necessary to
establish a second rotating frame that coincides with the xyz frame at the
instant considered, Fig. a. If we set the frame to have an angular velocity
relative to the xyz frame of , the direction of will
remain unchanged with respect to the frame. Taking the time derivative of

,

Since has a constant direction with respect to the xyz frame, then
. Taking the time derivative of ,(r

#

B>A)xyzÆ

#

¿ = v
#

2 = [0.25i] m>s2
Æ¿ = v2

 = [-3j + 5.196k] m>s
 = 0 + (0.5i) * (12 cos 30° j + 12 sin 30° k)

 (vB>A)xyz = (r
#

B>A)xyz = C(r
#

B>A)x¿y¿z¿
+ v2 * (rB>A)xyz D

(rB>A)xyz

x¿y¿z¿

(rB>A)xyzÆ¿ = v2 = [0.5i] rad>s
x¿y¿z¿

x¿y¿z¿

= [-0.75i - 3.375j] m>s2

= (0.5k) * (1.5j) + (1.5k) * C(1.5k) * (1.5j) D
aA = v

#

1 * rOA + v1 * (v1 * rOA)

vA = v1 * rOA = (1.5k) * (1.5j) = [-2.25i] m>s

Æ = v1 = [1.5k] rad>s     Æ

#

= [0.5k] rad>s2

•20–53. At the instant , the frame of the crane is
rotating with an angular velocity of and
angular acceleration of , while the boom AB
rotates with an angular velocity of and angular
acceleration of . Determine the velocity and
acceleration of point B at this instant.

v
#

2 = 0.25 rad>s2
v2 = 0.5 rad>s

v
#

1 = 0.5 rad>s2
v1 = 1.5 rad>s

u = 30°

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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12 m
1.5 m

z

y
A

B

O u

V2, V2

V1, V1
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Thus,

Ans.

and

Ans. = [3.05i - 30.9j + 1.10k] m>s2

 +2(1.5k) * (-3j + 5.196k) + (-4.098j + 1.098k)

 = (-0.75i - 3.375j) + 0.5k * (12 cos 30°j + 12 sin 30° k) + (1.5k) * C(1.5k) * (12 cos 30° j + 12 sin 30° k) D
aB = aA = Æ

#

* rB>A + Æ * (Æ * rB>A) + 2Æ * (vB>A)xyz + (aB>A)xyz

 = [-17.8i - 3j + 5.20k] m>s
 = (-2.25i) + 1.5k * (12 cos 30° j + 12 sin 30°k) + (-3j + 5.196k)

 vB = vA + Æ * rB>A + (vB>A)xyz

 = [-4.098j + 1.098k] m>s2

 = [0 + 0] + (0.25i) * (12 cos 30° j + 12 sin 30°k) + 0.5i * (-3j + 5.196k)

 (aB>A) = (r
$

B>A)xyz = C(r
$

B>A)x¿y¿z¿
+ v2 * (r

#

B>A)x¿y¿z¿ D + Æ

#

2 * (rB>A)xyz + v2 * (r
#

B>A)xyz

•20–53. Continued
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Relative to XYZ, let xyz have origin at B and have

( does not change direction relative to
XYZ.)

(rB does not change direction relative to XYZ.)

Relative to xyz, let coincident have origin at B and have

( does not change direction relative to xyz.)

( changes direction relative to xyz.)(rC>B)xyz(rC>B)xyz = {0.7i} m

ÆxyzÆxyz = {8j} rad>s, Æxyz = 0

x¿y¿z¿

aB = 0

vB = 0

rB = {0.5k} m

ÆÆ = {4k} rad>s, Æ = {3k} rad>s2

20–54. At the instant shown, the base of the robotic arm
rotates about the z axis with an angular velocity of

, which is increasing at .Also, the
boom BC rotates at a constant rate of .
Determine the velocity and acceleration of the part C held
in its grip at this instant.

vBC = 8 rad>s
v
#

1 = 3 rad>s2v1 = 4 rad>s

Thus,

Ans.

Ans. = {-56i + 2.1j}  m>s2

 = 2(4k) * (-5.6k) - 44.8i

 = 0 + (3k) * (0.7i) + (4k) * C(4k) * (0.7i) D
 aC = aB + Æ * rC>B + Æ * aÆ * rC>Bb + 2Æ * (vC>B)xyz + (aC>B)xyz

 = {2.80j - 5.60k} m>s
 vC = vB + Æ * rC>B + (vC>B)xyz = 0 + (4k) * (0.7i) + (-5.6k)

= 0 + 0 + 0 + (8j) * (-5.6k) = {-44.8i} m>s2

(aC>B)xyz = arC>Bb
xyz

= B ar
$

C>Bb
x¿y¿z¿

+ Æxyz * ar
#

C>Bb
x¿y¿z¿

R + Æ

#

xyz * arC>Bb
xyz

+ Æxyz * ar
#

C>Bb
xyz

(vC>B)xyz = arC>Bb
xyz

= ar
#

C>Bb
x¿y¿z¿

+ Æxyz * arC>Bb
xyz

= 0 + (8j) * (0.7i) = {-5.6k} m>s

X

B

Y

Z

0.7 m

0.5 m

v1 � 4 rad/s
v1 � 3 rad/s2

vBC � 8 rad/s

A

C

·
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Relative to XYZ, let xyz with origin at B have

( does not change direction relative 
to XYZ.)

(rB does not change direction relative to XYZ.)

Relative to xyz, let coincident have origin at B and have

( does not change direction relative 
to xyz.)

( does not change direction relative to xyz.)Æ(rC>B)xyz = {0.7i} m

ÆÆxyz = {8j} rad>s, Æxyz = {2j} rad>s2

x¿y¿z¿

aB = 0

vB = 0

rB = {0.5k} m

ÆÆ = {4k} rad>s, Æ = {3k} rad>s2

Thus,

Ans.

Ans. = {-56i + 2.1j - 1.40k} m>s2

 = 2(4k) * (-5.6k) - 44.8i - 1.40k

 = 0 + (3k) * (0.7i) + (4k) * C(4k) * (0.7i) D
 aC = aB + Æ * rC>B + Æ * aÆ * rC>Bb + 2Æ * (vC>B)xyz + (aC>B)xyz

 = {2.80j - 5.60k} m>s
 vC = vB + Æ * rC>B + (vC>B)xyz = 0 + (4k) * (0.7i) + (-5.6k)

= 0 + 0 + (2j) * (0.7i) + (8j) * (-5.6k) = {-44.8i - 1.40k} m>s2

(aC>B)xyz = arC>Bb
xyz

= B ar
$

C>Bb
x¿y¿z¿

+ Æxyz * ar
#

C>Bb
x¿y¿z¿

R + Æ

#

xyz * arC>Bb
xyz

+ Æxyz * arC>Bb
xyz

(vC>B)xyz = arC>Bb
xyz

= arC>Bb
x¿y¿z¿

+ Æxyz * arC>Bb
xyz

= 0 + (8j) * (0.7i) = {-5.6k} m>s

20–55. At the instant shown, the base of the robotic arm
rotates about the z axis with an angular velocity of

, which is increasing at . Also,
the boom BC rotates at , which is increasing
at . Determine the velocity and acceleration
of the part C held in its grip at this instant.
v
#

BC = 2 rad>s2
vBC = 8 rad>s

v
#

1 = 3 rad>s2v1 = 4 rad>s

X

B

Y

Z

0.7 m

0.5 m

v1 � 4 rad/s
v1 � 3 rad/s2

vBC � 8 rad/s

A

C

·

vBC � 2 rad/s2·
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However, , where r is the distance from the origin O to dm. Since
is constant, it does not depend on the orientation of the x, y, z axis. Consequently,

is also indepenent of the orientation of the x, y, z axis. Q.E.D.Ixx + Iyy + Izz

ƒ r ƒ

x2
+ y2

+ z2
= r2

 = 2
Lm

 (x2
+ y2

+ z2)dm

 Ixx + Iyy + Izz =

Lm
 (y2

+ z2)dm +

Lm
(x2

+ z2)dm +

Lm
 (x2

+ y2)dm

•21–1. Show that the sum of the moments of inertia of a
body, , is independent of the orientation of
the x, y, z axes and thus depends only on the location of its
origin.

Ixx + Iyy + Izz

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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The mass of the differential element is .

However,

Hence,

Using the parallel axis theorem:

Ans.

Ans. =

m

20
 (2h2

+ 3a2)

 =

3m

80
 (h2

+ 4a2) + mah

4
b2

 Iv = Iy + md2

Iv =

3m

80
 (h2

+ 4a2)

3m

20
 (4h2

+ a2) = Iv + ma3h

4
b2

Iv = Iv + md2

Iy =

3m

20
 (4h2

+ a2)

m =

Lm
 dm =

r pa2

h2  
L

h

0
 x2 dx =

r pa2h

3

Iv =

L
 dIv =

rpa2

4h4  (4h2
+ a2) 

L

h

0
 x4dx =

r pa2h

20
 (4h2

+ a2)

 =

r pa2

4h4  (4h2
+ a2) x4 dx

 =

1
4

 Brpa2

h2  x2 dxR a a

h
xb2

+ ¢r pa2

h2  x2≤x2 dx

 dIv =

1
4

 dmy2
+ dmx2

dm = rdV = r(py2) dx =

rpa2

h2  x2dx

21–2. Determine the moment of inertia of the cone with
respect to a vertical axis that passes through the cone’s
center of mass.What is the moment of inertia about a parallel
axis that passes through the diameter of the base of the
cone? The cone has a mass m.

y¿

y

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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h

x

y

a

y y¿–
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Thus,

Ans.Ix =

1
3

 mr2

Iv =

Lm
 
1
2

 dm z2
=

1
2

 rp 
L

a

0
 z4dy =

1
2

 rpa r4

a2 b  
L

a

0
 v2dy = rpa r4

6
ba

m = r
L

a

0
 pz2 dy = rp 

L

a

0
 a r2

a
bydy = rra r2

2
ba

21–3. Determine the moments of inertia and of the
paraboloid of revolution. The mass of the paraboloid is m.

IyIx

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Ans.Ix =

m

6
 (r2

+ 3a2)

 =

1
4

 r pa r4

a2 bL
a

0
 y2dy + rpa r2

a
b
L

a

0
 y3dy =

rpr 
4a

12
+

rpr 
2a 

3

4
=

1
6

 mr 
2

+

1
2

 ma 
2

 Ix =

Lm
 a1

4
 dm z2

+ dm y2b =

1
4

 rp
L

a

0
 z4 dy + r 

L

a

0
 pz2 y2 dy

z

x a

r

y

z2 �       yr2

—
a

The mass of the differential element is .

Using the parallel axis theorem:

Ans.Iyz =

rh2

2
 
L

a

0
 (ay - y2) dy =

ra3h2

12
=

1
6
ara2h

2
b(ah) =

m

6
 ah

 =

rh2

2
 (ay - y2) dy

 =

rh2

2
 xydy

 = 0 + (rhxdy) (y) ah

2
b

 dIyz = (dIy¿z¿
)G + dmyGzG

m =

Lm
 dm = rh 

L

a

0
 (a - y)dy =

ra2h

2

dm = rdV = rhxdy = rh(a - y)dy

*21–4. Determine by direct integration the product of
inertia for the homogeneous prism. The density of the
material is . Express the result in terms of the total mass m
of the prism.

r

Iyz

a

x

y

z

a

h
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The mass of the differential element is .

Using the parallel axis theorem:

Ans. =

ra 
4h

24
=

1
12

 ara 
2h

2
ba 

2
=

m

12
a 

2

 Ixy =

rh

2
 
L

a

0
 (y3

- 2ay2
+ a 2 y) dy

 =

rh2

2
 (y3

- 2ay2
+ a 

2 y) dy

 =

rh2

2
 x2ydy

 = 0 + (rhxdy)ax

2
b(y)

 dIxy = (dIx¿y¿
)G + dmxGyG

m =

Lm
 dm = rh 

L

a

0
 (a - y)dy =

ra2h

2

dm = rdV = rhxdy = rh(a - y)dy

•21–5. Determine by direct integration the product of
inertia for the homogeneous prism. The density of the
material is . Express the result in terms of the total mass m
of the prism.

r

Ixy

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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a

x

y

z

a

h

From Prob. 21–5 the product of inertia of a triangular prism with respect to the xz

and yz planes is . For the element above, . Hence,

or,

Ans.Ixy =

ma 
2

20

Ixy =

ra 
5

120

Ixy =

r

24
 
L

a

0
 (a4

- 4a3z + 6z 
2a 

2
- 4az 

3
+ z 

4)dz

dIxy =

rdz

24
 (a - z)4Ixy =

ra 
4h

24

m =

r

2
 
L

a

0
 (a2

- 2az + z2)dz =

ra3

6

dm = r dV = r c1
2

 (a - z)(a - z) ddz =

r

2
 (a - z)2 dz

21–6. Determine the product of inertia for the
homogeneous tetrahedron. The density of the material is .
Express the result in terms of the total mass m of the solid.
Suggestion: Use a triangular element of thickness dz and
then express in terms of the size and mass of the
element using the result of Prob. 21–5.

dIxy

r

Ixy z

a

a

a
x

y
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Due to symmetry

For ,

Ans.

For ,

Ans.

For ,

Ans. =

13
24

 mr 
2

 =

7mr 
2

12
 ¢ -  

1

22
b2

+ 0 +

1
2

mr 
2a -  

1

22
b2

- 0 -  0 -  0

 Iz¿
= Ix u2

x + Iy u2
y + Iz u

2
z - 2Ixy ux uy - 2Iyz uy uz - 2Izx uz ux

ux = cos 135° = -

1

22
, uy = cos 90° = 0, uz = cos 45° =

1

22

z¿

Iy¿
= Iy =

7mr 
2

12

y¿

 =

13
24

 mr 
2

 =

7mr 
2

12
 ¢ -  

1

22
b2

+ 0 +

1
2

mr 
2a -  

1

22
b2

- 0 -  0 -  0

 Ix = Ix u2
x + Iy u2

y + Iz u
2
z - 2Ixy ux uy - 2Iyz uy uz - 2Izx uz ux

ux = cos 135° = -

1

22
, uy = cos 90° = 0, uz = cos 135° = -

1

22

x¿

Iy = Ix =

1
12

 m(3r 
2

+ r 
2) + ma r

2
b2

=

7mr 
2

12
 Iz =

1
2

mr 
2

Ixy = Iyz = Izx = 0

21–7. Determine the moments of inertia for the
homogeneous cylinder of mass m about the , , axes.z¿y¿x¿

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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The mass of the differential rectangular volume element shown in Fig. a is
. Using the parallel - plane theorem,

However, . Then

Thus,

However, . Then

Ans.Ixy =

1
12

 ra 2b2h§ m

1
2

 rabh

¥ =

1
6

mab

m = rV = a1
2

 ahbb =

1
2

 rabh

 =

1
12

 ra 
2b 

2 h

 =

rb2h

2a
 ¢ay2

2
-

y3

3
b 2 a

0

 Ixy =

L
 dIxy =

rb 
2h

2a
 
L

a

0
 Aay - y2 Bdy

dIxy =

rb2

2
 ch

a
 (a - y)y ddy =

rb2h

2a
 Aay - y2 B  dy

z =

h
a

 (a - y)

 =

rb2

2
 zydy

 = 0 + [rbzdy]ab

2
by

 dIxy = dI x¿y¿
+ dmxGyG

dm = rdV = rbzdy

*21–8. Determine the product of inertia of the
homogeneous triangular block. The material has a
density of . Express the result in terms of the total mass
m of the block.

r

Ixy

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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The mass of segments (1), (2), and (3) shown in Fig. a is
. The mass moments of inertia of the bent rod about

the x, y, and z axes are
m1 = m2 = m3 = 6(2) = 12 kg

•21–9. The slender rod has a mass per unit length of
. Determine its moments and products of inertia

with respect to the x, y, z axes.
6 kg>m

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

Ans.

Ans.

Ans. = 176 kg # m2

 = c 1
12

 (12) A22 B + 12 A12
+ 02 B d + c1

2
(12) A22 B + 12 A22

+ 12 B d + c0 + 12 A22
+ 22 B d

 Iz = ©Iz¿
+ m AxG 

2
+ yG 

2 B
 = 128 kg # m2

 = c 1
12

 (12) A22 B + 12 A12
+ 02 B d + c0 + 12 A22

+ 02 B d + c 1
12

(12) A22 B + 12 C22
+ A -1 B2 D d

 Iy = ©Iy¿
+ m AxG 

2
+ zG 

2 B
 = 80 kg # m2

 = A0 + 0 B + c 1
12

 (12) A22 B + 12 A12
+ 02 B d + c 1

12
(12) A22 B + 12 C22

+ A -1 B2 D d
 Ix = ©Ix¿

+ m AyG 
2

+ zG 
2 B

Due to symmetry, the products of inertia of segments (1), (2), and (3) with respect to
their centroidal planes are equal to zero. Thus,

Ans.

Ans.

Ans. = -24 kg # m2

 = C0 + 12(1)(0) D + C0 + 12(2)(0) D + C0 + 12(2)(-1) D
 Ixz = ©Ix¿z¿

+ mxGzG

 = -24 kg # m2

 = C0 + 12(0)(0) D + C0 + 12(1)(0) D + C0 + 12(2)(-1) D
 Iyz = ©Iy¿z¿

+ myGzG

 = 72 kg # m2

 = C0 + 12(1)(0) D + C0 + 12(2)(1) D + C0 + 12(2)(2) D
 Ixy = ©Ix¿y¿

+ mxGyG

2 m

2 m

2 m

O

y
x

z
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21–10. Determine the products of inertia , , and 
of the homogeneous solid. The material has a density of

.7.85 Mg>m3

IxzIyzIxy

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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z

yx

100 mm

200 mm

200 mm

200 mm

200 mm

The masses of segments (1) and (2) shown in Fig. a are 
and .

Due to symmetry for segment (1) and
for segment (2). Since segment (2) is a hole, it should be

considered as a negative segment. Thus

Ans.

Ans.

Ans. = 0.785 kg # m2

 = C0 + 125.6(0.2)(0.05) D - C0 + 31.4(0.3)(0.05) D
 Ixz = ©Ix¿z¿

+ mxGzG

 = 1.10 kg # m2

 = C0 + 125.6(0.2)(0.05) D - C0 + 31.4(0.1)(0.05) D
 Iyz = ©Iy¿z¿

+ myGzG

 = 4.08 kg # m2

 = C0 + 125.6(0.2)(0.2) D - C0 + 31.4(0.3)(0.1) D
 Ixy = ©Ix¿y¿

+ mxGyG

Ix–y–
= Iy–z–

= Ix–z–
= 0

Ix¿y¿
= Iy¿z¿

= Ix¿z¿
= 0

m2 = r V2 = 7850(0.2)(0.2)(0.1) = 31.4 kg= 7850(0.4)(0.4)(0.1) = 125.6 kg
m1 = r V1
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For zG,

For yG,

Ans.

Ans.

Ans.Iz = 1.26 kg # m2

Iz =

1
12

 (4.5)[(0.6)2
+ (0.4)2] + 2[0.05 + 3(0.3 + 0.1)2]

Iy = 0.380 kg # m2

Iy =

1
12

 (4.5)(0.4)2
+ 2[0.07 + 3(0.1732)2]

Ix = 1.36 kg # m2

Ix =

1
12

 (4.5)(0.6)2
+ 2[0.04 + 3{(0.3 + 0.1)2

+ (0.1732)2}]

 = 0.07 kg # m2

 IyG
= 0 + 0.08(0.866)2

+ 0.04(-0.5)2
- 0 - 0 - 0

uz¿
=  cos 120° = - 0.50

uy¿
=  cos 30° = 0.866

ux¿
= 0

IxG
= Ix¿

= 0.04 kg # m2

 = 0.05 kg # m2

 IzG
= 0 + 0.08(0.5)2

+ 0.04(0.866)2
- 0 - 0 - 0

uz¿
= cos 30° = 0.8660

uy¿
= cos 60° = 0.50

ux¿
= 0

Ix¿y¿
= Iz¿y¿

= Iz¿x¿
= 0

Iy¿
=

1
12

 (3)[(0.4)2
+ (0.4)2] = 0.08 kg # m2

Ix¿
= Iz¿

=

1
12

 (3)(0.4)2
= 0.04 kg # m2

21–11. The assembly consists of two thin plates A and B
which have a mass of 3 kg each and a thin plate C which has
a mass of 4.5 kg. Determine the moments of inertia 
and Iz .

IyIx ,

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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0.3 m
0.3 m

x

y

z

0.4 m

0.4 m
60�

60�
0.2 m

0.2 m

AC

B

91962_12_s21_p0925-0987  6/8/09  1:11 PM  Page 933



*21–12. Determine the products of inertia , , and ,
of the thin plate. The material has a density per unit area of

.50 kg>m2

IxzIyzIxy

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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200 mm

400 mm

400 mm

z

yx

The masses of segments (1) and (2) shown in Fig. a are 
and . Due to symmetry for
segment (1) and for segment (2).

Ans.

Ans.

Ans. = 0         = C0 + 8(0.2)(0) D + C0 + 4(0)(0.1) D
 Ixz = ©Ix¿z¿

+ mxGzG

 = 0.08 kg # m2

 = C0 + 8(0.2)(0) D + C0 + 4(0.2)(0.1) D
 Iyz = ©Iy¿z¿

+ myGzG

 = 0.32 kg # m2

 = C0 + 8(0.2)(0.2) D + C0 + 4(0)(0.2) D
 Ixy = ©Ix¿y¿

+ mxGyG

Ix–y–
= Iy–z–

= Ix–z–
= 0

Ix¿y¿
= Iy¿z¿

= Ix¿z¿
= 0m2 = 50(0.4)(0.2) = 4 kg

m1 = 50(0.4)(0.4) = 8 kg

•21–13. The bent rod has a weight of Locate the
center of gravity G( ) and determine the principal
moments of inertia and of the rod with respect
to the axes.z¿y¿,x¿,

Iz¿
Iy¿

,Ix¿
,

yx,
1.5 lb>ft.

x

y

z

x¿

y¿

z¿

1 ft

1 ft

G

A

_
x

_
yDue to symmetry

Ans.

Ans.

Ans.

Ans.

Ans.= 0.0427 slug #  ft2

+

1
12

 a 1.5
32.2
b(1)2

+ a 1.5
32.2
b(0.3333)2

Iz¿
= 2 c 1

12
a 1.5

32.2
b(1)2

+ a 1.5
32.2
b(0.52

+ 0.16672) d
 = 0.0155 slug #  ft2

 Iy¿
= 2 c 1

12
a 1.5

32.2
b(1)2

+ a 1.5
32.2
b(0.667 - 0.5)2 d + a 1.5

32.2
b(1 - 0.667)2

 = 0.0272 slug #  ft2

 Ix¿
= 2 c a 1.5

32.2
b(0.5)2 d +

1
12

 a 1.5
32.2
b(1)2

x =

©x W

©w
=

(-1)(1.5)(1) + 2 C(-0.5)(1.5)(1) D
3 C1.5(1) D = -0.667 ft

y = 0.5 ft

934
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The mass of moment inertia of the assembly about the x, y, and z axes are

Due to symmetry, . From the geometry shown in Fig. a,

. Thus, the direction of the axis is defined by the unit

vector

Thus,

Then

Ans. = 1.25 slug # ft2

 = 4.3737(0) + 0.4658(0.8944)2
+ 4.3737(-0.4472)2

- 0 - 0 - 0

 Iy¿
= Ix ux 

2
+ Iy uy 

2
+ Iz uz 

2
- 2Ixy  ux uy - 2Iyz uy uz - 2Ixzux uz

ux = 0   uy = 0.8944    uz = -0.4472

u = cos 26.57°j - sin 26.57°k = 0.8944j - 0.4472k

y¿u = tan-1a1
2
b = 26.57°

Ixy = Iyz = Ixz = 0

Iy =

1
2

 a 30
32.2
b A12 B + 0 = 0.4658 slug # ft2

 = 4.3737 slug # ft2

 Ix = Iz = c1
4

 a 30
32.2
b A12 B +

30
32.2

 A22 B d + c 1
12
a 10

32.2
b A22 B +

10
32.2

 A12 B d

21–14. The assembly consists of a 10-lb slender rod and a
30-lb thin circular disk. Determine its moment of inertia
about the axis.y¿

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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2 ft

1 ft
A

B
x

y

z

y¿

21–15. The top consists of a cone having a mass of 0.7 kg
and a hemisphere of mass 0.2 kg. Determine the moment of
inertia when the top is in the position shown.Iz

30 mm

z

y

x

30 mm
100 mm

45�

Ans.Iz = 3.54 A10-3 B  kg # m2

 = 0 + 6.816 A10-3 B(0.7071)2
+ (0.261) A10-3 B(0.7071)2

- 0 - 0 - 0

 Iz = Ix¿
 u2

x¿
+ Iy¿

 u2
y¿

+ Iz¿
 u2

z¿
- 2Ix¿y¿

ux¿
 uy¿

- 2Iy¿z¿
 uy¿

 uz¿
- 2Ix¿z¿

 ux¿
 uz¿

ux = cos 90° = 0, uy¿
= cos 45° = 0.7071, uz¿

= cos 45° = 0.7071

Iz = 0.261 A10-3 B  kg # m2

Iz¿
= a 3

10
b(0.7)(0.03)2

+ a2
5
b(0.2)(0.03)2

+ a 83
320
b(0.2)(0.03)2

+ (0.2) c3
8

 (0.03) + (0.1) d2 = 6.816 A10-3 Bkg # m2

Ix¿
= Iy¿

=

3
80

 (0.7) C(4)(0.3)2
+ (0.1)2 D + (0.7) c3

4
(0.1) d2
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*21–16. Determine the products of inertia , , and
of the thin plate. The material has a mass per unit area

of .50 kg>m2
Ixz

IyzIxy

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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z

yx

400 mm

400 mm

200 mm

200 mm

200 mm

200 mm

100 mm

The masses of segments (1), (2), and (3) shown in Fig. a are 

and .

Due to symmetry for segment (1),
for segment (2), and for segment (3). Since segment (3) is
a hole, it should be considered as a negative segment. Thus

Ans.

Ans.

Ans. = 0 kg # m2

 = C0 + 8(0.2)(0) D + C0 + 8(0)(0.2) D - C0 + 0.5p(0)(0.2) D
 Ixz = ©Ix¿z¿

+ mxGzG

 = 0.257 kg # m2

 = C0 + 8(0.2)(0) D + C0 + 8(0.2)(0.2) D - C0 + 0.5p(0.2)(0.2) D
 Iyz = ©Iy¿z¿

+ myGzG

 = 0.32 kg # m2

 = C0 + 8(0.2)(0.2) D + C0 + 8(0)(0.2) D - C0 + 0.5p(0)(0.2) D
 Ixy = ©Ix¿y¿

+ mxGyG

Ix‡y‡
= Iy‡z‡

= Ix‡z‡
= 0

Ix–y–
= Iy–z–

= Ix–z–
= 0Ix¿y¿

= Iy¿z¿
= Ix¿z¿

= 0

m3 = 50 cp(0.1)2 d = 0.5p kg=  50(0.4)(0.4) = 8 kg

m1 = m2

•21–17. Determine the product of inertia for the bent
rod. The rod has a mass per unit length of .2 kg>m

Ixy z

y

x

400 mm

600 mm

500 mm

Product of Inertia: Applying Eq. 21–4. we have

Ans. = 0.330 kg # m2

 = [0 + 0.4 (2) (0) (0.5)] + [0 + 0.6 (2) (0.3) (0.5)] + [0 + 0.5 (2) (0.6) (0.25)]

 Ixy = © AIx¿y¿ BG + mxG yG

91962_12_s21_p0925-0987  6/8/09  1:13 PM  Page 936



937

Moments of Inertia: Applying Eq. 21–3, we have

Ans.

Ans.

Ans. = 1.09 kg # m2

+ c 1
12

 (0.5) (2) A0.52 B + 0.5 (2) A0.62
+ 0.252 B d

+ c 1
12

 (0.6) (2) A0.62 B + 0.6 (2) A0.32
+ 0.52 B d

 = C0 + 0.4 (2) A02
+ 0.52 B D

 Izz = ©(Iz¿z¿
)G + m(x2

G + y2
G)

 = 0.547 kg # m2

+ C0 + 0.5(2) A0.62
+ 02 B D

+ c 1
12

 (0.6) (2) A0.62 B + 0.6 (2) A0.32
+ 02 B d

 = c 1
12

 (0.4) (2) A0.42 B + 0.4 (2) A02
+ 0.22 B d

 Ixy = ©(Iy¿y¿
)G + m(x2

G + z2
G)

 = 0.626 kg # m2

+ c 1
12

 (0.5) (2) A0.52 B + 0.5 (2) A0.252
+ 02 B d

+ C0 + 0.6 (2) A0.52
+ 02 B D

 = c 1
12

 (0.4) (2) A0.42 B + 0.4 (2) A0.52
+ 0.22 B d

 Ixx = ©(Ix¿x¿
)G + m(y2

G + z2
G)

21–18. Determine the moments of inertia , , for
the bent rod. The rod has a mass per unit length of .2 kg>m

IzzIyyIxx

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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y

x

400 mm

600 mm

500 mm
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For the rod,

From Eq. 21–5,

For the ring,

The radius is 

Thus,

Thus the moment of inertia of the assembly is

Ans.Iz = 3(0.03) + 0.339 = 0.429 kg # m2

Iz = mR2
= [2 (2p)(0.3)](0.3)2

= 0.3393 kg # m2

r = 0.3 m

Iz = 0.03 kg # m2

Iz = 0.08333(0.6)2
+ 0 + 0 - 0 - 0 - 0

Ix¿y¿
= Iy¿z¿

= Ix¿z¿
= 0

Ix¿
= 0

Ix = Iy =

1
3

 [(0.5)(2)](0.5)2
= 0.08333 kg # m2

ux¿
= 0.6, uy¿

= 0, uz¿
= 0.8

21–19. Determine the moment of inertia of the rod-and-
thin-ring assembly about the z axis. The rods and ring have
a mass per unit length of .2 kg>m

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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z

x

y

C

D

B

A

O

500 mm
400 mm

120�

120�
120�
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Equating the i, j, k components to the scalar equations (Eq. 21–10) yields

Solution for , , and requires

Expanding

Q.E.D.- AIxx Iyy Izz - 2Ixy Iyz Izx - Ixx I2
yz - IyyI2

zx - Izz I
2
xy B = 0

I3
- (Ixx + Iyy + Izz)I2

+ AIxx Iyy + Iyy Izz + Izz Ixx - I2
xy - I2

yz - I2
zx BI

3 (Ixx - I) -Ixy -Ixz

-Iyx (Iyy - I) -Iyz

-Izx -Izy (Izz - I)

3 = 0

vzvyvx

-Izx vz - Izy vy + (Izz - I) vz = 0

-Ixx vx + (Ixy - I) vy - Iyz vz = 0

(Ixx - I) vx - Ixy vy - Ixz vz = 0

H = Iv = Ivx i + Ivy j + Ivz k

*21–20. If a body contains no planes of symmetry, the
principal moments of inertia can be determined
mathematically. To show how this is done, consider the rigid
body which is spinning with an angular velocity , directed
along one of its principal axes of inertia. If the principal
moment of inertia about this axis is I, the angular momentum
can be expressed as . The
components of H may also be expressed by Eqs. 21–10,
where the inertia tensor is assumed to be known. Equate the
i, j, and k components of both expressions for H and consider

, , and to be unknown. The solution of these three
equations is obtained provided the determinant of the
coefficients is zero. Show that this determinant, when
expanded, yields the cubic equation

The three positive roots of I, obtained from the solution of
this equation, represent the principal moments of inertia

, , and .IzIyIx

- IyyI2
zx - IzzI

2
xy) = 0

- (IxxIyyIzz - 2IxyIyzIzx - IxxI2
yz

+ (IxxIyy + IyyIzz + IzzIxx - I2
xy - I2

yz - I2
zx)I

I3
- (Ixx + Iyy + Izz)I2

vzvyvx

H = IV = Ivx i + Ivy j + Ivz k

V
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exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

y

V

z

x

O

91962_12_s21_p0925-0987  6/8/09  1:14 PM  Page 939



940

•21–21. Show that if the angular momentum of a body is
determined with respect to an arbitrary point A, then 
can be expressed by Eq. 21–9. This requires substituting

into Eq. 21–6 and expanding, noting 
that by definition of the mass center and

.vG = vA + V  :  RG>A
1RG dm = 0

RA = RG + RG>A

HA

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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RA

RG

RG/A

G P

A
y

Y

Z
z

x

X

Since and from Eq. 21–8 

Q.E.D. = (rG>A * mvG) + HG

 = rG>A * (vA + (v * rG>A))m + HG

 HA = (rG>A * vA)m + HG + rG>A * (v * rG>A)m

HG =

Lm
 rG * (v * rG)dm

Lm
 rG dm = 0

+ a
Lm

 rGdmb * (v * rG>A) + rG>A * av *

Lm
 rG dmb + rG>A * (v * rG>A)

Lm
 dm

 = a
Lm

 rG dmb * vA + (rG>A * vA) 
Lm

dm +

Lm
 rG * (v * rG) dm

 = a
Lm

 (rG + rG>A) dmb * vA +

Lm
(rG + rG>A) * Cv * rG + rG>A) Ddm

 HA = a
Lm

 rA dmb * vA +

Lm
 rA * (v * rA)dm
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Expand and equate components:

(1)

(2)

(3)

Also:

(4)

Solving Eqs. (1)–(4):

is perpendicular to the rod.

Ans.T = 0.0920 ft #  lb

T = a1
2
b a 4

32.2
b(1.054)2

+ a1
2
b c 1

12
 a 4

32.2
b(3.3166)2 d(0.6356)2

v = 2(0.1818)2
+ (-0.06061)2

+ (0.6061)2
= 0.6356 rad>s

vG = 2(0.333)2
+ (-1)2

= 1.054 ft>s
vG = {0.333i - 1j} ft>s

vG = -2j +

1
2
3 i j k
0.1818 -0.06061 0.6061

3 -1 -1

3

vG = vB + v *

rA>B
2

rA>B = {3i - 1j - 1k} ft

vB = {-2j} ft>s
vz = 0.1818 rad>s, vy = -0.06061 rad>s, vz = 0.6061 rad>s

v

vA = 0.667 ft>s
vz = 0.6061 rad>s
vy = -0.06061 rad>s
vx = 0.1818 rad>s

3vx - vy - vz = 0

v # rA>B = 0

0 = -vx - 3 vy

2 = vx + 3 vz

vA = -vy + vz

vAi = -(1)(2)j + 3
i j k
vx vy vz

3 -1 -1

3

vA = vB + v * rA>B

21–22. The 4-lb rod AB is attached to the disk and collar
using ball-and-socket joints. If the disk has a constant
angular velocity of determine the kinetic energy of
the rod when it is in the position shown.Assume the angular
velocity of the rod is directed perpendicular to the axis of
the rod.

2 rad>s,
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Expand and equate components:

(1)

(2)

(3)

Also:

(4)

Solving Eqs. (1)–(4):

is perpendicular to the rod.

Ans.HG = {0.0207i - 0.00690j + 0.0690k) slug #  ft2>s
HG = IG v = 0.1139 (0.1818i - 0.06061j + 0.6061k)

IG = a 1
12
b a 4

32.2
b(3.3166)2

= 0.1139 slug #  ft2

rA>B = 2(3)2
+ (-1)2

+ (-1)2
= 3.3166 ft

v

vA = 0.667 ft>s
vz = 0.6061 rad>s
vy = -0.06061 rad>s
vx = 0.1818 rad>s

3vx - vy - vz = 0

v # rA>B = 0

0 = -vx - 3 vy

2 = vx + 3 vz

vA = -vy + vz

vAi = -(1)(2)j + 3
i j k
vx vy vz

3 -1 -1

3

vA = vB + v * rA>B

21–23. Determine the angular momentum of rod AB in
Prob. 21–22 about its mass center at the instant shown.
Assume the angular velocity of the rod is directed
perpendicular to the axis of the rod.

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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*21–24. The uniform thin plate has a mass of 15 kg. Just
before its corner A strikes the hook, it is falling with a
velocity of with no rotational motion.
Determine its angular velocity immediately after corner A
strikes the hook without rebounding.

vG = 5-5k6 m>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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y

z

x

G
A

200 mm

200 mm
300 mm

300 mm

vG

Referring to Fig. a, the mass moments of inertia of the plate about the x, y, and z
axes are

Iy = Iy¿
+ m AxG 

2
+ zG 

2 B =

1
12

 (15) A0.62 B + 15 c(-0.3)2
+ 02 d = 1.8 kg # m2

Ix = Ix¿
+ m AyG 

2
+ zG 

2 B =

1
12

 (15) A0.42 B + 15 A0.22
+ 02 B = 0.8 kg # m2

Iz = Iz¿
+ m AxG 

2
+ yG 

2 B =

1
12

 (15) A0.42
+ 0.62 B + 15 c(-0.3)2

+ 0.22 d = 2.6 kg # m2

Due to symmetry, . Thus,

Since the plate falls without rotational motion just before the impact, its angular
momentum about point A is

Since the plate rotates about point A just after impact, the components of its
angular momentum at this instant can be determined from

Thus,

Referring to the free-body diagram of the plate shown in Fig. b, the weight W is a
nonimpulsive force and the impulsive force FA acts through point A. Therefore,
angular momentum of the plate is conserved about point A. Thus,

Equating the i, j, and k components,

(1)

(2)

(3)

Solving Eqs. (1) through (3),

Thus,
Ans.v = [-10.7i - 7.14j] rad>s

vx = -10.71 rad>s  vy = -7.143 rad>s   vz = 0

0 = 2.6vz

-22.5 = 0.9vx + 1.8vy

-15 = 0.8vx + 0.9vy

-15i - 22.5j = (0.8vx + 0.9vy)i + (0.9vx + 1.8vy)j + 2.6vz k

(HA)1 = (HA)2

(HA)2 = (0.8vx + 0.9vy)i + (0.9vx + 1.8vy)j + 2.6vz k

 = 2.6vz

 = 0(vx) - 0(vy) + 2.6vz

 C(HA)2 Dz = -Ixz vx + Iyzvy - Iz vz

 = 0.9vx + 1.8vy

 = -(-0.9)vx + 1.8vy - 0(vz)

 C(HA)2 Dy = -Ixyvx + Iyvy - Iyz vz

 = 0.8vx + 0.9vy

 = 0.8vx - (-0.9)vy - 0(vz)

 C(HA)2 Dx = Ixvx - Ixyvy - Ixz vz

 = [-15i - 22.5j] kg # m2>s
 (HA)1 = rG>A * mvG = (-0.3i + 0.2j) * 15(-5k)

Ixz = Ix¿z¿
+ mxGzG = 0 + 15(-0.3)(0) = 0

Iyz = Iy¿z¿
+ myGzG = 0 + 15(0.2)(0) = 0

Ixy = Ix¿y¿
+ mxGyG = 0 + 15(-0.3)(0.2) = -0.9 kg # m2

Ix¿y¿
= Iy¿z¿

= Ix¿z¿
= 0
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Since points A and C have zero velocity,

Thus,

Ans.vz = 2 58 rad>s
0 + 5(2p) (2) = 0 +

1
2

 (0.100)(-7.4342 vz)
2

+

1
2

 (13.55)(0.99123 vz)
2

T1 + ©U1 - 2 = T2

v = -7.4342 vz j¿ + 0.99123 vz k¿

vy¿
= 7.5664 vz

0 = -1.48684vz - 0.026433 vz + 0.2 vy¿

0 = 0 + C(0.13216 vz - vy¿
)j¿ + 0.99123vz k¿ D * (1.5j¿ - 0.2k¿)

vC = vA + v * rC>A

 = (0.13216vz - vy¿
)j¿ + 0.99123 vz k¿

 v = -vy j¿ + vz k = -vy¿
 j¿ + vz sin 7.595°j¿ + vz cos 7.595°k¿

Iv =

1
2

 (5)(0.2)2
= 0.100

Ix = Iz =

1
4

 (5)(0.2)2
+ 5(1.5)2

+

1
3

 (3)(1.5)2
= 13.55

•21–25. The 5-kg disk is connected to the 3-kg slender
rod. If the assembly is attached to a ball-and-socket joint at
A and the couple moment is applied, determine the
angular velocity of the rod about the z axis after the
assembly has made two revolutions about the z axis starting
from rest. The disk rolls without slipping.

5-N # m

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Since points A and C have zero velocity,

Thus,

Since 

So that,

Ans.HA = 2(-1.4868)2
+ (26.862)2

= 26.9 kg # m2>s
 = -1.4868j¿ + 26.862k¿

 HA = Ix¿ vx i¿ + Iy¿
 vy¿

 j + Iz¿
 vz¿

 k¿ = 0 + 0.100(-14.868)j¿ + 13.55(1.9825) k¿

v = -14.868j¿ + 1 9825k¿

vz = 2 rad>s
v = -7.4342 vz j¿ + 0.99123 vz k¿

vy¿
= -7.5664 vz

0 = -1 48684vz - 0.26433vz + 0.2vy

0 = 0 + C(0.13216 vz - vy ) j¿ + 0.99123 vz k¿ D * (1.5j¿ - 0.2k¿)

vC = vA + v * rC>A

 = (0.13216vz - vy )j¿ + 0.99123 vz k¿

 v = -vy j¿ + vz k = -vy¿
 j¿ + vz sin 7.595°j¿ + vz cos 7.595°k¿

Ix =

1
2

 (5)(0.2)2
= 0.100

Ix = Iz =

1
4

 (5)(0.2)2
+ 5(1.5)2

+

1
3

 (3)(1.5)2
= 13.55

21–26. The 5-kg disk is connected to the 3-kg slender rod.
If the assembly is attached to a ball-and-socket joint at A
and the couple moment gives it an angular velocity
about the z axis of , determine the magnitude
of the angular momentum of the assembly about A.

vz = 2 rad>s
5-N # m
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Conservation of Angular Momentum: The angular momentum is conserved about
the center of mass of the space capsule G. Neglect the mass of the meteroid after the
impact.

Equating i, j and k components, we have

Thus,

Ans.v = {-0.0625i - 0.119j + 0.106k} rad>s

896 = 8450vz vz = 0.1060 rad>s
-120 = 1012.5vy vy = -0.11852 rad>s
-528 = 8450vx vx = -0.06249 rad>s

 -528i - 120j + 896k = 8450vx i + 1012.5vy j + 8450 vz k

 = 5000 A1.302 B  vx i + 5000 A0.452 B  vy j + 5000 A1.302 B  vz k

 (0.8i + 3.2j + 0.9k) * 0.8(-300i + 200j - 150k)

 rGA * mm vm = IG v

 (HG)1 = (HG)2

21–27. The space capsule has a mass of 5 Mg and the
radii of gyration are and .
If it travels with a velocity ,
compute its angular velocity just after it is struck by a
meteoroid having a mass of 0.80 kg and a velocity

. Assume that the
meteoroid embeds itself into the capsule at point A and
that the capsule initially has no angular velocity.

vm = 5-300i + 200j - 150k6 m>s

vG = 5400j + 200k6 m>s
ky = 0.45 mkx = kz = 1.30 m

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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*21–28. Each of the two disks has a weight of 10 lb. The
axle AB weighs 3 lb. If the assembly rotates about the z
axis at , determine its angular momentum
about the z axis and its kinetic energy. The disks roll
without slipping.

vz = 6 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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y

z

x vz � 6 rad/s

2 ft

2 ft

1 ft

A

1 ft

B

Ans.

Ans. = 72.1 lb # ft

 +

1
2

 b2 c1
4

 a 10
32.2
b(1)2

+

10
32.2

 (2)2 d +

1
12
a 3

32.2
b(4)2 r(6)2

 =

1
2

 c2a1
2

 a 10
32.2
b(1)2b d(12)2

+ 0

 T =

1
2

 Ix v2
x +

1
2

 Iy v2
y +

1
2

 Iz v
2
z

Hz = {16.6k} slug # ft2>s
 + 0 + b2 c1

4
 a 10

32.2
b(1)2

+

10
32.2

(2)2 d(6) +

1
12

 a 3
32.2
b(4)2(6) rk

 Hz = c1
2

 a 10
32.2
b(1)2 d(12i) + c1

2
a 10

32.2
b(1)2 d(-12i)

vA = {-12i} rad>s vB = {12i} rad>s

6
vx

=

1
2
 vx = 12 rad>s
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The mass moments of inertia of the disk about the centroidal , , and axes,
Fig. a, are

Due to symmetry, the products of inertia of the disk with respect to its centroidal
planes are equal to zero.

Here, the angular velocity of the disk can be determined from the vector addition of
and . Thus,

The angular momentum of the disk about its mass center G can be obtained by
applying

Thus,

Since the mass center G rotates about the x axis with a constant angular velocity of
, its velocity is

Since the disk does not rotate about a fixed point O, its angular momentum must be
determined from

Ans.

The kinetic energy of the disk is therefore

Ans. = 78.5 J

 =

1
2

 (6i + 15k) # (21.9375i + 1.6875k)

 T =

1
2

 v # HO

 = [21.9i + 1.69k] kg # m2>s
 = [21.9375i + 1.6875k] kg # m2>s
 = (0.6j) * 10(3.6k) + (0.3375i + 1.6875k)

 HO = rC>O * mvC + HG

vG = v3 * rC>O = (6i) * (0.6j) = [3.6k] m>s
v3 = [6i] rad>s

HG = [0.3375i + 1.6875k] kg # m2>s

Hz = Iz¿
vz = 0.1125(15) = 1.6875 kg # m2>s

Hy = Iy¿
vy = 0.05625(0) = 0

Hx = Ix¿
vx = 0.05625(6) = 0.3375 kg # m2>s

v = v1 + v2 = [6i + 15k] rad>s
v3v1

Ix¿y¿
= Iy¿z¿

= Ix¿z¿
= 0

Iz¿
=

1
2

 mr2
=

1
2

 (10) A0.152 B = 0.1125 kg # m2

Ix¿
= Iy¿

=

1
4

 mr2
=

1
4

 (10) A0.152 B = 0.05625 kg # m2

z¿y¿x¿

•21–29. The 10-kg circular disk spins about its axle with a
constant angular velocity of . Simultaneously,
arm OB and shaft OA rotate about their axes with constant
angular velocities of and , respectively.
Determine the angular momentum of the disk about point O,
and its kinetic energy.

v3 = 6 rad>sv2 = 0

v1 = 15 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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The mass moments of inertia of the disk about the centroidal , , and axes.
Fig. a, are

Due to symmetry, the products of inertia of the disk with respect to its centroidal
planes are equal to zero.

Here, the angular velocity of the disk can be determined from the vector addition of
, , and . Thus,

The angular momentum of the disk about its mass center G can be obtained by
applying

Thus,

Since the mass center G rotates about the fixed point O with an angular velocity of
, its velocity is

Since the disk does not rotate about a fixed point O, its angular momentum must be
determined from

Ans.

The kinetic energy of the disk is therefore

Ans. = 81.3J

 =

1
2

(6i + 10j + 15k) # (21.9375i + 0.5625j + 1.6875k)

 T =

1
2

 v # HO

 = [21.9i + 0.5625j + 1.69k] kg # m2>s
 = [21.9375i + 0.5625j + 1.6875k] kg # m2>s
 = (0.6j) * 10(3.6k) + (0.3375i + 0.5625j + 1.6875k)

 HO = rC>O * mvG + HG

vG = Æ * rG>O = (6i + 10j) * (0.6j) = [3.6k] m>s
Æ = v2 + v3 = [6i + 10j]

HG = [0.3375i + 0.5625j + 1.6875k] kg # m2

Hz = Iz¿
vz = 0.1125(15) = 1.6875 kg # m2

Hy = Iy¿
vy = 0.05625(10) = 0.5625 kg # m2

Hx = Ix¿
vx = 0.05625(6) = 0.3375 kg # m2

v = v1 + v2 + v3 = [6i + 10j + 15k] rad>s
v3v2v1

Ix¿y¿
= Iy¿z¿

= Ix¿z¿
= 0

Iz¿
=

1
2

 mr2
=

1
2

 (10) A0.152 B = 0.1125 kg # m2

Ix¿
= Iy¿

=

1
4

 mr2
=

1
4

 (10) A0.152 B = 0.05625 kg # m2

z¿y¿x¿

21–30. The 10-kg circular disk spins about its axle with a
constant angular velocity of . Simultaneously,
arm OB and shaft OA rotate about their axes with constant
angular velocities of and ,
respectively. Determine the angular momentum of the disk
about point O, and its kinetic energy.

v3 = 6 rad>sv2 = 10 rad>s
v1 = 15 rad>s
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The mass moments of inertia of the satellite about the , , and axes are

Due to symmetry, the products of inertia of the satellite with respect to the , ,
and coordinate system are equal to zero.

The angular velocity of the satellite is

Thus,

Then, the components of the angular momentum of the satellite about its mass
center G are

Thus,

The angular momentum of the satellite about point A can be determined from

Ans. = [-2000i - 25 000j + 22 500k] kg # m2>s
 = (0.8k) * 200(-250i + 200j + 120k) + (30 000i + 15 000j + 22 500k)

 HA = rG>A * mvG + HG

HG = [30 000i + 15 000j + 22 500k] kg # m2>s

(HG)z¿
= Iz¿

vz¿
= 18(1250) = 22 500 kg # m2>s

(HG)y¿
= Iy¿

vy¿
= 50(-300) = 15 000 kg # m2>s

(HG)x¿
= Ix¿

vx¿
= 50(600) = 30 000 kg # m2>s

vx¿
= 600 rad>s vy¿

= -300 rad>s vz¿
= 1250 rad>s

v = [600i + 300j + 1250k] rad>s

Ix¿y¿
= Iy¿z¿

= Ix¿z¿
= 0

z¿

y¿x¿

Iz¿
= 200 A0.32 B = 18 kg # m2

Ix¿
= Iy¿

= 200 A0.52 B = 50 kg # m2

z¿y¿x¿

21–31. The 200-kg satellite has its center of mass at point G.
Its radii of gyration about the , , axes are

, respectively. At the
instant shown, the satellite rotates about the , and 
axes with the angular velocity shown, and its center of mass
G has a velocity of .
Determine the angular momentum of the satellite about
point A at this instant.

vG = 5—250i + 200j +  120k6 m>s
z¿y¿x¿,

kx¿
= ky¿

= 500 mmkz¿
= 300 mm,

y¿x¿z¿
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The mass moments of inertia of the satellite about the , , and axes are

Due to symmetry, the products of inertia of the satellite with respect to the , ,
and coordinate system are equal to zero.

The angular velocity of the satellite is

Thus,

Since , the kinetic energy of the
satellite can be determined from

Ans. = 37.0025 A106 BJ = 37.0MJ

 =

1
2

 (200)(116 900) +

1
2

 (50) A6002 B +

1
2

 (50)(-300)2
+

1
2

(18) A12502 B

 T =

1
2

 mvG 
2

+

1
2

 Ix¿
vx¿

 
2

+

1
2

Iy¿
vy¿

 
2

+

1
2

 Iz¿
vz¿

 
2

vG 
2

= (-250)2
+ 2002

+ 1202
= 116 900 m2>s2

vx¿
= 600 rad>s vy¿

= -300 rad>s vz¿
= 1250 rad>s

v = [600i - 300j + 1250k] rad>s

Ix¿y¿
= Iy¿z¿

= Ix¿z¿
= 0

z¿

y¿x¿

Iz¿
= 200 A0.32 B = 18 kg # m2

Ix¿
= Iy¿

= 200 A0.52 B = 50 kg # m2

z¿y¿x¿

*21–32. The 200-kg satellite has its center of mass at point G.
Its radii of gyration about the , , axes are 

, respectively. At the instant shown, the
satellite rotates about the , , and axes with the angular
velocity shown, and its center of mass G has a velocity of

. Determine the kinetic
energy of the satellite at this instant.
vG = 5—250i + 200j +  120k6 m>s

z¿y¿x¿

kx¿
= ky¿

= 500 mm
kz¿

= 300 mm,y¿x¿z¿
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•21–33. The 25-lb thin plate is suspended from a ball-and-
socket joint at O. A 0.2-lb projectile is fired with a velocity
of into the plate and
becomes embedded in the plate at point A. Determine the
angular velocity of the plate just after impact and the axis
about which it begins to rotate. Neglect the mass of the
projectile after it embeds into the plate.

v = 5-300i - 250j + 300k6 ft>s
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z

y

0.5 ft

0.75 ft

0.25 ft

v

0.5 ft

x

0.25 ft

O

A
Angular momentum about point O is conserved.

Ans.

Axis of rotation line is along :

Ans. = -0.233i + 0.583j + 0.778k

 uO =

-2.160i + 5.400j + 7.200k

2(-2.160)2
+ (5.400)2

+ (7.200)2

v

v = {-2.16i + 5.40j + 7.20k} rad>s
vz =

0.4658
0.06470

= 7.200 rad>s

vy =

1.3975
0.2588

= 5.400 rad>s

vx =

-0.6988
0.3235

= -2.160 rad>s
-0.6988i + 1.3975j + 0.4658k = 0.3235vx i + 0.2588vy j + 0.06470vz k

(HO)1 = (HO)2

Iz = a 1
12
b a 25

32.2
b(1)2

= 0.06470 slug #  ft2

Iy = a 1
12
b a 25

32.2
b(1)2

+ a 25
32.2
b(0.5)2

= 0.2588 slug # ft2

Ix = a 1
12
b a 25

32.2
b C(1)2

+ (1)2 D + a 25
32.2
b(0.5)2

= 0.3235 slug #  ft2

(HO)1 = (0.25j - 0.75k) * a 0.2
32.2
b(-300i - 250j + 300k) = {-0.6988i + 1.3975j + 0.4658k} lb #  ft #  s

(HO)2 = (HO)1 = rOA * mp vp
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953

21–34. Solve Prob. 21–33 if the projectile emerges from
the plate with a velocity of in the same direction.275 ft>s
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z

y

0.5 ft

0.75 ft

0.25 ft

v

0.5 ft

x

0.25 ft

O

A

Expanding, the i, j, k, components are:

Ans.

Axis of rotation is along :

Ans.uA = -0.233i + 0.583j + 0.778k

uA =

-0.954i + 2.38j + 3.18k

2(-0.954)2
+ (2.38)2

+ (3.18)2

v

v = {-0.954i + 2.38j + 3.18k} rad>s
vx = -0.9538, vy = 2.3844, vz = 3.179

0.4658 = 0.06470vz + 0.26014

1.3975 = 0.25880vy + 0.78043

-0.6988 = 0.32350vx - 0.390215

+(0.25j - 0.75k) * a 0.2
32.2
b(275)(-0.6092i - 0.5077j + 0.6092k)

(0.25j - 0.75k) * a 0.2
32.2
b(-300i - 250j + 300k) + 0 = 0.32350vx i + 0.25880vy j + 0.06470vz k

H1 + ©

L
MO dt = H2

Iz = a 1
12
b a 25

32.2
b(1)2

= 0.06470 slug #  ft2

Iy = a 1
12
b a 25

32.2
b(1)2

+ a 25
32.2
b(0.5)2

= 0.25880 slug # ft2

Ix = a 1
12
b a 25

32.2
b C(1)2

+ (1)2 D + a 25
32.2
b(0.5)2

= 0.32350 slug #  ft2

uv = a -300
492.4

b i - a 250
492.4

b j + a 300
492.4

bk = -0.6092i - 0.5077j + 0.6092k
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Expand and equate components:

(1)

(2)

(3)

For (IO)y, use the parallel axis theorem.

Hence, from Eqs. (1) and (2):

The instantaneous axis of rotation is thus,

Ans.

The velocity of G just after the plate is hit is

Ans.
L

FO dt = {8.57i} N #  s

0 - 60i +

L
FO dt = -4(12.857)i

m(vG)1 + ©

L
F dt = m(vG)2

vG = (90.914j - 636.340k) * (-0.2(0.7071)k) = -12.857i

vG = v * rG>O

ulA =

90.914j - 636.340k

2(90.914)2
+ (-636.340)2

= 0.141j - 0.990k

vx = 0, vy = 90.914, vz = -636.340

(IO)y = 0.01333 + 4 C0.7071(0.2) D2, (IO)y = 0.09333

(IG)z = (IO)z = 0.01333

 = 0 + (0.01333)(-0.7071)2
+ (0.01333)(0.7071)2

- 0 - 0 - 0

 (IG)z = Ix¿ u
2
x¿

+ Iy¿ u
2
y¿

+ Iz¿ u
2
z¿

- 2Ix¿y¿
ux¿

uy¿
- 2Iy¿z¿

uy¿
uz¿

- 2Iz¿x¿
uz¿

ux¿

ux¿
= cos 90° = 0, uy¿

= cos 135° = -0.7071, uz¿
= cos 45° = 0.7071

Iy¿
= a 1

12
b(4)(0.2)2

= 0.01333, Iz¿
= a 1

12
b(4)(0.2)2

= 0.01333

Ix¿y¿
= 0, Iy¿z¿

= 0, Ix¿z¿
= 0

-8.4853 = (IO)z vz

8.4853 = (IO)y vy

0 = (IO)x vx

0 + (-0.2(0.7071)j - 0.2(0.7071)k) * (-60i) = (IO)x vx i + (IO)y vy j + (IO)z vz k

0 + rA>O * IS = (HO)2

(HO)1 + ©

L
MO dt = (HO)2

21–35. A thin plate, having a mass of 4 kg, is suspended
from one of its corners by a ball-and-socket joint O. If a
stone strikes the plate perpendicular to its surface at an
adjacent corner A with an impulse of 
determine the instantaneous axis of rotation for the plate
and the impulse created at O.

Is = 5-60i6 N # s,
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z

x

O

A
y

200 mm

200 mm

Is � {�60i} N�s
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Due to symmetry

For z axis

Principle of work and energy:

Ans.v = 58.4 rad>s
0 + 8(1.2 sin 18.43°)(2p) =

1
2

 (0.01118)v2

T1 + ©U1 - 2 = T2

 = 0.01118 slug #  ft2

 = 0.05590(0.3162)2
+ 0 + 0.006211(0.9487)2

- 0 - 0 - 0

 Iz = Ix¿ u
2
x¿

+ Iy¿ u
2
y¿

+ Iz¿ u
2
z¿

- 2Ix¿y¿
ux¿

uy¿
- 2Iy¿z¿

uy¿
uz¿

- 2Iz¿x¿
uz¿

ux¿

uz¿
= cos 18.43° = 0.9487

ux¿
= cos 71.57° = 0.3162 uy¿

= cos 90° = 0

Iz¿
=

1
12

 a 15
32.2
b(0.4)2

= 0.006211 slug #  ft2

Iy¿
=

1
12

 a 15
32.2
b(1.22

+ 0.42) = 0.06211 slug #  ft2

Ix¿
=

1
12

 a 15
32.2
b(1.2)2

= 0.05590 slug #  ft2

Ix¿y¿
= Iy¿z¿

= Iz¿x¿
= 0

*21–36. The 15-lb plate is subjected to a force 
which is always directed perpendicular to the face of the
plate. If the plate is originally at rest, determine its angular
velocity after it has rotated one revolution (360°). The plate
is supported by ball-and-socket joints at A and B.

F = 8 lb

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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1.2 ft

y
x

0.4 ft

F � 8 lb

z

B

A

Consevation Energy: Datum is set at the initial position of the plate. When the
plate is at its final position and its mass center is located h above the datum. Thus,
its gravitational potential energy at this position is . Since the
plate momentarily stops swinging, its final kinetic energy . Its initial kinetic
energy i

Ans. h = 0.00358 m = 3.58 mm

0.3516 + 0 = 0 + 98.1h

T1 + V1 = T2 + V2

T1 =

1
2

 IG v2
=

1
2

 c1
2

 (10) A0.252 B d A1.52 B = 0.3516 J

T2 = 0
10(9.81)h = 98.1h

•21–37. The plate has a mass of 10 kg and is suspended
from parallel cords. If the plate has an angular velocity of

about the z axis at the instant shown, determine
how high the center of the plate rises at the instant the plate
momentarily stops swinging.

1.5 rad>s
z

y

x

120�

120�
120�

1.5 rad/s

250 mm
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The mass moments of inertia of the satellite about the x, y, and z axes are

Due to symmetry,

Thus, the angular momentum of the satellite about its mass center G is

Applying the principle of angular impulse and momentum about the x, y, and z axes,

Thus

Ans.v = {-28.1j + 80k} rad>s

vz = 80 rad>s
0 + 1000(0.5) + 1000(0.5) = 12.5vz

(Hz)1 + ©

L

t2

t1

My dt = (Hz)2

vy = -28.125 rad>s
0 - 1000(0.4) - 1000(0.5) = 32vy

AHy B1 + ©

L

t2

t1

My dt = AHy B2
vx = 0

0 + 0 = 32vx

(Hx)1 + ©

L

t2

t1

Mx dt = (Hx)2

Hx = Ixvx = 32vx  Hy = Iyvy = 32vy  Hz = Izvz = 12.5vz

Ixy = Iyz = Ixz = 0

Iz = 200 A0.252 B = 12.5 kg # m2

Ix = Iy = 200 A0.42 B = 32 kg # m2

21–38. The satellite has a mass of 200 kg and radii of
gyration of and . When it
is not rotating, the two small jets A and B are ignited
simultaneously, and each jet provides an impulse of

on the satellite. Determine the satellite’s
angular velocity immediately after the ignition.
I = 1000 N # s

kz = 250 mmkx = ky = 400 mm

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

y

x

z

400 mm

500 mm

500 mm

500 mm

A
B

G

I

�I
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Here, the angular velocity of the rod is

Thus,

The rod rotates about a fixed point O. Using the results of Prob. 20–91

Thus,

Ans.

The kinetic energy of the rod can be determined from

Ans. = 3168 J = 3.17 kJ

 =

1
2

 (6k) # (144i + 144j + 1056k)

 T =

1
2

 v # HO

HO = [144i + 144j + 1056k] kg # m2>s

 = -(-24)(0) - (-24)(0) + 176(6) = 1056 kg # m2>s
 Hz = -Ixzvx - Iyzvy + Izvz

 = -72(0) + 128(0) - (-24)(6) = 144 kg # m2>s
 Hy = -Ixyvx + Iyvy - Iyzvz

 = 80(0) - 72(0) - (-24)(6) = 144 kg # m2>s
 Hx = Ixvx - Ixyvy - Ixzvz

vx = vy = 0   vz = 6 rad>s

v = [6k] rad>s

21–39. The bent rod has a mass per unit length of ,
and its moments and products of inertia have been
calculated in Prob. 21–9. If shaft AB rotates with a constant
angular velocity of , determine the angular
momentum of the rod about point O, and the kinetic energy
of the rod.

vz = 6 rad>s

6 kg>m

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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y
x

2 m

2 m

2 m

z

O

B

AVz
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In general

Substitute and expanding the cross product yields

Subsitute Hx, Hy and Hz using Eq. 21–10. For the i component

Ans.

One can obtain y and z components in a similar manner.

+ Æy (Iz vz - Izx vx - Izy vy)

©Mx =

d

dt
 (Ix vx - Ixy vy - Ixz vz) - Æz (Iy vy - Iyz vz - Iyxvx)

+ a AH#

z Bxyz - Æy Hx + Æx Hybk

M = a AH#

x Bxyz - Æz Hy + ÆyHzb i + a AH#

y Bxyz - Æx Hz + ÆzHxb j

Æ = Æx i + Æy j + Æz k

 = AH#

x i + H
#

y j + H
#

z k Bxyz + Æ * (Hx i + Hyj + Hz k)

 M =

d

dt
 (Hx i + Hy j + Hz k)

*21–40. Derive the scalar form of the rotational equation
of motion about the x axis if and the moments and
products of inertia of the body are not constant with respect
to time.

æ Z V
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In general

Substitute and expanding the cross product yields

Substitute Hx, Hy and Hz using Eq. 21–10. For the i component

For constant inertia, expanding the time derivative of the above equation yields

Ans.

One can obtain y and z components in a similar manner.

+ Æy (Iz vz - Izxvx - Izy vy)

©Mx = (Ix v
#

x - Ixy v
#

y - Ixzv
#

z) - Æz (Iy vy - Iyz vz - Iyx vx)

+ Æy (Iz vz - Izx vx - Izy vy)

©Mx =

d

dt
 (Ix vx - Ixy vy - Ixz vz) - Æz (Iy vy - Iyz vz - Iyxvx)

+ a AH#

z Bxyz - Æy Hx + Æx Hybk

M = a AH#

x Bxyz - Æz Hy + ÆyHzb i + a AH#

y Bxyz - Æx Hz + ÆzHxb j

Æ = Æx i + Æy j + Æz k

 = AH#

x i + H
#

yj + H
#

z k Bxyz + Æ * (Hx i + Hyj + Hz k)

 M =

d

dt
 (Hx i + Hy j + Hz k)

•21–41. Derive the scalar form of the rotational
equation of motion about the x axis if and the
moments and products of inertia of the body are constant
with respect to time.

æ Z V

91962_12_s21_p0925-0987  6/8/09  1:57 PM  Page 958



959

In general

Substitute and expanding the cross product yields

Substitute Hx, Hy and Hz using Eq. 21–10. For the i component

Set and require Ix, Iy, Iz to be constant. This yields

Ans.

One can obtain y and z components in a similar manner.

©Mx = Ix v
#

x - Iy Æz vy + Iz Æyvz

Ixy = Iyz = Izx = 0

+ Æy (Iz vz - Izx vx - Izy vy)

©Mx =

d

dt
 (Ix vx - Ixy vy - Ixz vz) - Æz (Iy vy - Iyz vz - Iyxvx)

+ a AH#

z Bxyz - Æy Hx + Æx Hybk

M = a AH#

x Bxyz - Æz Hy + ÆyHzb i + a AH#

y Bxyz - Æx Hz + ÆzHxb j

Æ = Æx i + Æy j + Æz k

 = AH#

x i + H
#

yj + H
#

z k Bxyz + Æ * (Hx i + Hyj + Hz k)

 M =

d

dt
 (Hx i + Hy j + Hz k)

21–42. Derive the Euler equations of motion for ,
i.e., Eqs. 21–26.

æ Z V
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Substitute the data,

Solving:

Ans.

Ans.Bx = 9.98 N

Ax = 9.64 N

Ax + Bx = 2(9.81)

Bx - Ax =

2(0.2)(0.3)

6
 C (0.3)2

- (0.2)2

C(0.3)2
+ (0.2)2 D 32 S(-4)2

= 0.34135

©Fx = m(aG)x ; Ax + Bx - mg = 0

Bx - Ax = amac

6
b £ c2

- a2

Ca2
+ c2 D 32 ≥v2

Bx B aa

2
b2

+ a c

2
b2R

1
2

- AxB aa

2
b2

+ a c

2
b2R

1
2

= -Izx (v)2

- Ixyav# x + vy vzb
©My = Iyy v

#

y - (Izz - Ixx)vz vx - Iyzav# z - vx vyb - Izx Av2
z - v2

x B
v
#

x = 0, v
#

y = 0, v
#

z = 0

vx = 0, vy = 0, vz = -4

21–43. The uniform rectangular plate has a mass of
and is given a rotation of about its

bearings at A and B. If and , determine
the vertical reactions at A and B at the instant the plate 
is vertical as shown. Use the x, y, z axes shown and note that

Izx = -  amac

12
b a c2

- a2

c2
+ a2 b .

c = 0.3 ma = 0.2 m
v = 4 rad>sm = 2 kg

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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x

A

B

V

c
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z
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Solving,

Ans.

Ans.

Ans.Bz = 18.5 N

Az = 23.1 N

Ax = Bx = 0

©Fz = maz ; Az + Bz - 3(9.81) = 3(9)2(0.05)

©Fx = max ; Ax + Bx = 0

Ax (1) - Bx (1.25) = 0 - 0

©Mz = Iz v
#

z - (Ix - Iy)vx vy

Bz (1.25) - Az (1) = 0 - 0

©Mx = Ix v
#

x - (Iy - Iz)vy vz

vx = 0, vy = -9, vz = 0

*21–44. The disk, having a mass of is mounted
eccentrically on shaft AB. If the shaft is rotating at a constant
rate of determine the reactions at the journal bearing
supports when the disk is in the position shown.

9 rad>s,

3 kg,

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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A

B

v � 9 rad/s

1.25 m

50 mm
75 mm

1 m

91962_12_s21_p0925-0987  6/8/09  1:58 PM  Page 961



962

The rotating xyz frame is set with its origin at the rod’s mass center, Fig. a. This
frame will be attached to the rod so that its angular velocity is and the x, y, z
axes will always be the principal axes of inertia. Referring to Fig. b,

Thus,

Since both the direction and the magnitude is constant . Also, since ,
. Thus,

The mass moments of inertia of the rod about the x, y, z axes are

Applying the equation of motion and referring to the free-body diagram of the rod,
Fig. a,

Ix = Iz =

1
12

 mL2   Iy = 0

v
#

x = v
#

y = v
#

z = 0

Av# xyz B = v
#

= 0
Æ = vv

#

= 0

vx = 0   vy = -v cos u    vz = v sin u

v = -v cos uj + v sin uk

Æ = v

•21–45. The slender rod AB has a mass m and it is
connected to the bracket by a smooth pin at A. The bracket
is rigidly attached to the shaft. Determine the required
constant angular velocity of of the shaft, in order for the
rod to make an angle of with the vertical.u

V

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

A

B

L

L
3

V

u

(1) Az =

mv2L

6
 sin u cos u

 ©Mx = Ixv
#

x - AIy - Iz Bvyvz; - AzaL

2
b = 0 - ¢0 -

1
12

 mL2≤(-v cos u)(v sin u)

The acceleration of the mass center of the rod can be determined from

and is directed as shown in

Fig. c. Thus,

(2)

Equating Eqs. (1) and (2),

Ans.v = A
3g tan u

L(2 sin u + 1)

mv2L

6
 sin u cos u = mg sin u -

mv2L

6
 (3 sin u + 2) cos u

 Az = mg sin u = -

mv2L

6
 (3 sin u + 2) cos u

 ©Fz = m(aG)z ;    Az - mg sin u = -

mv2L

6
 (3 sin u + 2) cos u

aG = v2 r = v2aL

2
 sin u +

L

3
b =

v2L

6
 (3 sin u + 2)
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Applying Eq. 21–25 with 

(1)

(2)

Also,

Ans.

(3)

(4)

Solving Eqs. (1) to (4) yields:

Ans.Ay = By = 0 Az = Bz = 24.5 N

©Fz = m(aG)z ; Az + Bz - 5(9.81) = 0

©Fy = m(aG)y ; Ay + By = 0

©Fx = m(aG)x ; Bx = -5(10)2 (0.5) Bx = -250N

©Mz = Iz v
#

z - (Ix - Iy)vx vy ; Ay (0.5) - By(0.5) = 0

©My = Iy v
#

y - (Iz - Ix)vz vx ; Bz (0.5) - Az(0.5) = 0

©Mx = Ix v
#

x - (Iy - Iz)vy vz ; 0 = 0

vx = vy = 0 vz = 10 rad>s v# x = v
#

y = v
#

z = 0

Iy = Iz =

1
12

 (5)(1)2
= 0.4167 kg #  m2 Ix = 0

21–46. The 5-kg rod AB is supported by a rotating arm.The
support at A is a journal bearing, which develops reactions
normal to the rod.The support at B is a thrust bearing, which
develops reactions both normal to the rod and along the axis
of the rod. Neglecting friction, determine the x, y, z
components of reaction at these supports when the frame
rotates with a constant angular velocity of .v = 10 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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ω

z

0.5 m

y

x

A

B

G

= 10 rad/s

0.5 m

Applying Eq. 21–24 with ,

Ans.

Ans.

Ans.

Note:This result indicates the normal reactions of the tires on the ground are not all
necessarily equal. Instead, they depend upon the speed of the car, radius of
curvature, and the products of inertia Iyz and Izx. (See Example 13–6.)

©Mz = 0

©My = -Izx B avG

r
b2

- 0R = -

Izx

r2 v2
G

©Mx = -Iyz B0 - avG

r
b2R =

Iyz

r2  v2
G

vx = vy = vz = 0

vx = 0, vy = 0, vz =

vG

r

21–47. The car travels around the curved road of radius 
such that its mass center has a constant speed . Write the
equations of rotational motion with respect to the x, y, z
axes. Assume that the car’s six moments and products of
inertia with respect to these axes are known.

vG

r

x

z

y

G

r
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Applying Eq. 21–25 with 

(1)

Ans.

(2)

Also,

(3)

Ans.

(4)

Solving Eqs. (1) to (4) yields:

Ans.Ax = Bx = 72.0 N Az = Bz = 12.9 N

©Fz = m(aG)z ; Az + Bz - 35.316 = -1.8(2)(0.04444)(58.9)

©Fy = m(aG)y ; Ay = 0

©Fx = m(aG)x ; -Ax - Bx = -1.8(2)(0.04444)(30)2

 ©Mz = Iz v
#

z - (Ix - Iy)vx vy ; Bx (0.7) - Ax(0.7) = 0

 v
#

y = 58.9 rad>s2

©My = Iy v
#

y - (Iz - Ix)vz vx; 35.316(0.04444) = 0.02667v
#

y

 ©Mx = Ix v
#

x - (Iy - Iz)vy vz ; Bz (0.7) - Az(0.7) = 0

vx = vz = 0 vy = 30 rad>s v# x = v
#

z = 0

 Ix = 2 c1
3

 C0.2(2) D(0.2)2 d + C0.2(2) D(0.2)2
= 0.02667 kg #  m2

 x =

© xW

© W
=

1.5696
35.316

= 0.04444 m

 ©xW = 0 C1.2(2)(9.81) D + 0.1 C0.4(2)(9.81) D + 0.2 C0.2(2)(9.81) D = 1.5696 N #  m

 ©W = C3(0.2) + 1.2 D(2)(9.81) = 35.316 N

*21–48. The shaft is constructed from a rod which has a
mass per unit length of Determine the x, y, z
components of reaction at the bearings A and B if at the
instant shown the shaft spins freely and has an angular
velocity of .What is the angular acceleration of
the shaft at this instant? Bearing A can support a component
of force in the y direction, whereas bearing B cannot.

v = 30 rad>s

2 kg>m.
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x

0.6 m

0.6 m
0.2 m

z

y

B

O

A

0.2 m

0.1 m

v � 30 rad/s
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For 

(1)

For 

(2)

For 

(3)

For 

(4)

Solving,

Ans.

Ans.

Ans.

Ans.mF = 1.32 kg

uF = 40.9°

mD = 0.661 kg

uD = 139°

+ (0.1 cos uF)(0.4)(mF) = 0

(0.1)(0.1)(1) + (0.2)(0.2 cos uD)mD - (0.3)(0.1 sin 30°)(2)

Ixy = 0; ©x1y1 m1 = 0

-(0.2)(0.2 sin uD)mD + (0.3)(0.1 cos 30°)(2) - (0.4)(0.1 sin uF)mF = 0

Ixz = 0; ©x1z1 m1 = 0

(0.1)(1) - (0.1 sin 30°)(2) + (0.2 cos uD)mD + (0.1 cos uF)mF = 0

z = 0; ©z1 m1 = 0

(0.1 cos 30°)(2) - (0.1 sin uF)mF - (0.2 sin uD)mD = 0

x = 0; ©x1 m1 = 0

•21–49. Four spheres are connected to shaft AB. If
and , determine the mass of spheres

D and F and the angles of the rods, and , so that the
shaft is dynamically balanced, that is, so that the bearings at
A and B exert only vertical reactions on the shaft as it
rotates. Neglect the mass of the rods.

uFuD

mE = 2 kgmC = 1 kg

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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A

V

C

D

F

E

B
yx

z

0.1 m

0.1 m

0.1 m 0.1 m

0.2 m

0.1 m

30�

uD

uF

0.1 m
0.1 m
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The rotating xyz frame will be set with an angular velocity of .
Since the wheel is symmetric about its spinning axis, the x, y, and z axes will remain as
the principle axes of inertia.Thus,

The angular velocity of the wheel is . Thus,

Since the directions of and do not change with respect to the xyz frame and
their magnitudes are constant, . Thus,

Applying the equations of motion and referring to the free-body diagram shown in
Fig. a,

v
#

x = v
#

y = v
#

z = 0

v
#

xyz = 0
vpvs

vx = -30 rad>s   vy = 0    vz = 10 rad>s
v = vs + vP = [-30i + 10k] rad>s

Ix =  mr2
= 3 A0.32 B = 0.27 kg # m2

Iy = Iz =

1
2

 mr2
=

1
2

 (3) A0.32 B = 0.135 kg # m2

Æ = vP = [10k] rad>s

21–50. A man stands on a turntable that rotates about a
vertical axis with a constant angular velocity of

. If the wheel that he holds spins with a
constant angular speed of , determine the
magnitude of moment that he must exert on the wheel to
hold it in the position shown. Consider the wheel as a thin
circular hoop (ring) having a mass of 3 kg and a mean radius
of 300 mm.

vs = 30 rad>s
vp = 10 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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500 mm

300 mm

vs � 30 rad/s

vp � 10 rad/s

Thus,

Ans.M = 2Mx 
2

+ My 
2

+ Mz 
2

= 202
+ (-81.0)2

+ 02
= 81.0 N # m

©Mz = Izv
#

z - IxÆyvx + IyÆxvy; Mz = 0

©My = Iyv
#

y - IzÆxvz + IxÆzvx; My = 0 - 0 + 0.27(10)(-30) = -81.0 N # m

©Mx = Ixv
#

x - IyÆzvy + IzÆyvz; Mx = 0
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The rotating xyz frame is established as shown in Fig. a. This frame will be set to
have an angular velocity of . Since the disk is symmetric about
its spinning axis, the x, y, and z axes will remain as the principle axes of inertia.Thus,

The angular velocity of the disk is . Thus,

Since the directions of and do not change with respect to the xyz frame and
their magnitudes are constant, . Thus,

Applying the equations of motion and referring to the free-body diagram shown in
Fig. a,

(1)

Ans.

Ans.

Since the mass center of the disk rotates about the X axis with a constant angular
velocity of , its acceleration is 

. Thus,

Substituting this result into Eq. (1), we have

Ans.MX = 100 lb # ft

©FZ = m(aG)Z ; AZ - 50 =

50
32.2

 (0) AZ = 50 lb

= 0 - 102(2j) = [-200j] ft>s2
aG = v

#

2 * rG - v2rGv1 = [10i] rad>s

MZ = 0

©Mz = Izv
#

z - IxÆyvzx + IyÆxvy;       MZ = 0 - 0 + 0

MY = -218.36 lb # ft = -218 lb # ft

©My = Iyv
#

y - IzÆxvz + IxÆzvx; MY = 0 - 0.4367(10)(50) + 0

©Mx = Ixv
#

x - IyÆzvy + IzÆyvz; MX - AZ(2) = 0

v
#

x = v
#

y = v
#

z = 0

v
#

xyz = 0
v2v1

vx = 10 rad>s    vy = 0   vz = 50 rad>s
v = vs + vp = [10i + 50k] rad>s

Iz =

1
2

 a 50
32.2
b A0.752 B = 0.4367 slug # ft2

Ix = Iy =

1
4

 a 50
32.2
b A0.752 B = 0.2184 slug # ft2

Æ = v2 = [10i] rad>s

21–51. The 50-lb disk spins with a constant angular rate of
about its axle. Simultaneously, the shaft

rotates with a constant angular rate of .
Determine the x, y, z components of the moment developed
in the arm at A at the instant shown. Neglect the weight of
arm AB.

v2 = 10 rad>s
v1 = 50 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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z

y

B

A

x

2 ft

0.75 ft

v1 � 50 rad/s

v2 � 10 rad/s
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The rotating xyz frame shown in Fig. a will be attached to the head so that it rotates
with an angular velocity of , where . Referring to Fig. b,

. Thus,
. Then

The angular acceleration of the head with respect to the XYZ frame can be
obtained by setting another frame having an angular velocity of

. Thus

Since , . Thus,

Also, the x, y, z axes will remain as principal axes of inertia. Thus,

Applying the moment equations of motion and referring to the free-body diagram
shown in Fig. a,

Iy =

2
5

 a 10
32.2
b A0.3752 B = 0.01747 slug # ft2

Ix = Iz =

2
5

 
10

32.2
 A0.3752 B + a 10

32.2
b A0.3752 B = 0.06114 slug # ft2

v
#

x = 0   v
#

y = -4.5 rad>s2   v
#

z = 7.794 rad>s2

v
#

x¿y¿z¿
= v

#

= [-4.5j + 7.794k] rad>s2
Æ = v

 = [-4.5j + 7.794k] rad>s2

 = 0 + 0 + 0 + (5.196j + 3k) * (-1.5i)

 = (v
#

1)x¿y¿z¿
+ (v

#

2)x¿y¿z¿
+ Æ¿ * v1 + Æ¿ * v2

 v
#

= Av# x¿y¿z¿ B + Æ¿ * v

Æ¿ = v1 = [5.196j + 3k] rad>s
x¿y¿z¿

v
#

vx = -1.5 rad>s   vy = 5.196 rad>s vz = 3 rad>s
+  5.196j + 3k] rad>s

v = [-1.5iv1 = [6 cos 30° j + 6 sin 30° k] rad>s = [5.196j + 3k] rad>s
v = v1 + v2Æ = v

*21–52. The man stands on a turntable that rotates about a
vertical axis with a constant angular velocity of . If
he tilts his head forward at a constant angular velocity of

about point O, determine the magnitude of the
moment that must be resisted by his neck at O at the instant

. Assume that his head can be considered as a uniform
10-lb sphere, having a radius of 4.5 in. and center of gravity
located at G, and point O is on the surface of the sphere.

u = 30°

v2 = 1.5 rad>s
v1 = 6 rad>s
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Thus,

Ans.MA = 2Mx 
2

+ My 
2

+ Mz 
2

= 22.5562
+ (-0.07861)2

+ 0.81612
= 2.68 lb # ft

 = 0.8161 lb # ft

 ©Mz = Izv
#

z - (Ix - Iy)vxvy ; Mz = 0.06114(7.794) - (0.06114 - 0.01747)(-1.5)(5.196)

©My = Iyv
#

y - (Iz - Ix)vzvx ; My = 0.01747(-4.5) - 0  My = -0.07861 lb # ft

Mx = 2.556 lb # ft

 ©Mx = Ixv
#

x - AIy - Iz Bvyvz ; Mx - 10 sin 30°(0.375) = 0 - (0.01747 - 0.06114)(5.196)(3)

O

G
4.5 in.

u

V2 � 1.5 rad/s

V1 � 6 rad/s
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The rotating xyz frame shown in Fig. a will be attached to the blade so that it rotates
with an angular velocity of , where . Referring to Fig. b

. Thus, . Then

The angular acceleration of the blade with respect to the XYZ frame can be
obtained by setting another frame having an angular velocity of

. Thus,

Since , . Thus,

Also, the x, y, and z axes will remain as principle axes of inertia for the blade. Thus,

Applying the moment equations of motion and referring to the free-body diagram
shown in Fig. a,

Ix = Iy =

1
12

 (2m)(2l)2
=

2
3

 ml2    Iz = 0

v
#

x = -vsvp cos u   v
#

y = 0   v
#

z = vsvp sin u

v
#

x¿y¿z¿
= v

#

Æ = v

 = -vsvp cos ui + vsvp sin uk

 = 0 + 0 + Avp sin ui + vp cos uk B * (vsj) + 0

 = (v
#

1)x¿y¿z¿
+ (v

#

2)x¿y¿z¿
+ Æ¿ * vS + Æ¿ * vP

 v
#

= Av# x¿y¿z¿ B + Æ¿ * v

Æ¿ = vp = vp sin ui + vp cos uk
x¿y¿z¿

v
#

vx = vp sin u    vy = vs vz = vp cos u

v = vp sin ui + vs j + vp cos ukvp = vp sin ui + vp cos uk
v = vs + vpÆ = v

•21–53. The blades of a wind turbine spin about the shaft S
with a constant angular speed of , while the frame
precesses about the vertical axis with a constant angular
speed of . Determine the x, y, and z components of
moment that the shaft exerts on the blades as a function of .
Consider each blade as a slender rod of mass m and length l.

u

vp

vs

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Ans.

Ans.

Ans.©Mz = Izv
#

z - (Ix - Iy)vxvy ; Mz = 0 - 0 = 0

=

1
3

 ml2 vp 
2 sin 2u

 ©My = Iyv
#

y - AIz - Ix Bvzvx; My = 0 - a0 -

2
3

 ml2b(vp cos u)(vp sin u)

= -

4
3

 ml2 vsvp cos u

 ©Mx = Ixv
#

x - AIy - Iz Bvyvz; Mx =

2
3

ml2(-vsvp cos u) - a2
3

 ml2
- 0b(vs)(vp cos u)

z

x

y

S
u

u

Vs

Vp
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The rotating xyz frame shown in Fig. a will be attached to the rod so that it rotates
with an angular velocity of , where . Thus,

The angular acceleration of the rod with respect to the XYZ frame can be
obtained by using another rotating frame having an angular velocity of

. Fig. a. Thus,

Since , . Thus,

Also, the x, y, and z axes will remain as principal axes of inertia for the rod. Thus,

Applying the equations of motion and referring to the free-body diagram shown in
Fig. a,

(1)EZ - FZ = 0

©My = Iyv
#

y - AIz - Ix Bvzvx; EZ (a) - FZ (a) = 0 - 0

©Mx = Ixv
#

x - AIy - Iz Bvyvz; 0 = 0

Ix = 0    Iy = Iz =

1
12

 mL2

v
#

x = v
#

y = 0    v
#

z = -v1v2

v
#

x¿y¿z¿
= v

#

Æ = v

 = -v1v2k

 = 0 + 0 + Av2i B * (-v1j) + 0

 = (v
#

1)x¿y¿z¿
+ (v

#

2)x¿y¿z¿
+ Æ¿ * v1 + Æ¿ * v2

 v
#

= Av# x¿y¿z¿ B + Æ¿ * v

Æ¿ = v2 = v2i
x¿y¿z¿

v
#

vx = v2  vy = -v1  vz = 0

v = v1 + v2 = v2i - v1jÆ = v

21–54. Rod CD of mass m and length L is rotating with a
constant angular rate of about axle AB, while shaft EF
rotates with a constant angular rate of . Determine the X,
Y, and Z components of reaction at thrust bearing E and
journal bearing F at the instant shown. Neglect the mass of
the other members.

v2

v1

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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(2)

Since the mass center G does not move, . Thus,

Ans.

(3)

(4)

Solving Eqs. (1) through (4),

Ans.

Ans.EZ = FZ =

mg

2

FY = -

mL2 v1v2

12a
   EY =

mL2v1v2

12a

©FZ = m(aG)Z ; FZ + EZ - mg = 0

©FY = m(aG)Y; FY + EY = 0

©FX = m(aG)X; EX = 0

aG = 0

FY - EY = -

mL2v1v2

6a

©Mz = Izv
#

z - (Ix - Iy)vxvy ; FY(a) - EY(a) =

1
12

 mL2 (-v1 v2) - a0 -

1
12

mL2b(v2)(-v1)

D

C

F

E
B

A

z

x y

L
2L

2

a

a

V1

V2
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21–55. If shaft AB is driven by the motor  with an angular
velocity of and angular acceleration of

at the instant shown, and the 10-kg wheel
rolls without slipping, determine the frictional force and the
normal reaction on the wheel, and the moment M that must
be supplied by the motor at this instant. Assume that the
wheel is a uniform circular disk.

v
#

1 = 20 rad>s2
v1 = 50 rad>s
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z

yx

0.3 m

0.1 m

0.1 m

A

M
V1 � 20 rad/s2
V1 � 50 rad/s

B

The rotating xyz frame is established to coincide with the fixed XYZ frame at the
instant considered, Fig. a. This frame will be set to have an angular velocity of

. Since the wheel is symmetric about its spinning axis, the x, y,
z axes will remain as the principal axes of inertia. Thus,

Since the wheel rolls without slipping, the instantaneous axis of zero velocity is
shown in Fig. b. Thus

The angular velocity of the wheel is . Then,

Since the directions of and do not change with respect to the xyz frame,
where . Thus,

, so that

Applying the equations of motion and referring to the free-body diagram shown in
Fig. a,

v
#

x = 60 rad>s2 v
#

y = 0   v
#

z = 20 rad>s2

v
#

xyz = [60i + 20k] rad>s2
(v

#

2)xyz = 3(v
#

1)xyz = 3(20) = 60 rad>s2v
#

xyz = (v
#

1)xyz + (v
#

2)xyz

v2v1

vx = 150 rad>s   vy = 0   vz = 50 rad>s
v = v1 + v2 = [150i + 50k] rad>s

v2

v1
=

3
1
   v2 = 3v1 = 3(50) = 150 rad>s

Ix =

1
2

 (10) A0.12 B = 0.05 kg # m2

Iz = Iy =

1
4

 (10) A0.12 B + 10 A0.32 B = 0.925 kg # m2

Æ = v1 = [50k] rad>s

Ans.

Ans.

Ans. M = 27.5 N # m

©Mz = Izv
#

z - IxÆyvx + IyÆxvy;  M - 30(0.3) = 0.925(20) - 0 + 0

 N = 1348.1 N = 1.35 kN

©My = Iyv
#

y - IzÆxvz + IxÆzvx;  N(0.3) - 10(9.81)(0.3) = 0 - 0 + 0.05(50)(150)

©Mx = Ixv
#

x - IyÆzvy + IzÆyvz;  F(0.1) = 0.05(60) - 0 + 0  F = 30N
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, where 

Thus,

Ans.ND = 405 N

ND (0.8) - 25(9.81)(0.8) = (16.25)(256) - (0.5 - 16.25)(-32)(8)

©Mx = Ix vx - (Iy - Iz) vy vz

vx = 256 rad>s2

v
#

= v
#

xyz + Æ * v = 0 + (8k) * (-32j + 8k) = 256i

v = -32j + 8k

vy = -  
6.4
0.2

= -32 rad>s
v = 0.8vz = (0.8)(8) = 6.4 m>s

vz = 8 rad>sv = -vy j + vz k

Iy =

1
2

 (25)(0.2)2
= 0.5 kg # m2

Ix = Iz =

1
4

 (25)(0.2)2
+ 25(0.8)2

= 16.25 kg # m2

*21–56. A stone crusher consists of a large thin disk which
is pin connected to a horizontal axle. If the axle rotates at a
constant rate of determine the normal force which
the disk exerts on the stones. Assume that the disk rolls
without slipping and has a mass of 25 kg. Neglect the mass
of the axle.

8 rad>s,

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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0.8 m

0.2 m

8 rad/s
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Applying the third of Eq. 21–25 with , ,

Ans.©Mz = Iz v
#

z - (Ix - Iy) vx vy ; T = 3.9079(6) = 23.4 lb # ft

v
#

z = 6 rad>s2vx = vy = 0Ix = Iy

Iz =

1
2

 a 25
32.2
b(1)2

+ a 25
32.2
b(2)2

+

1
3
a2(2)

32.2
b(2)2

+ a1(2)

32.2
b(2)2

= 3.9079 slug # ft2

21–58. Solve Prob. 21–57, assuming rod BCD has a weight
per unit length of .2 lb>ft

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Applying the third of Eq. 21–25 with , ,

Ans.©Mz = Iz v
#

z - (Ix - Iy)vx vy ; T = 3.4938(6) = 21.0 lb # ft

v
#

z = 6 rad>s2vx = vy = 0Ix = Iy

Iz =

1
2

 a 25
32.2
b(1)2

+ a 25
32.2
b(2)2

= 3.4938 slug # ft2

•21–57. The 25-lb disk is fixed to rod BCD, which has
negligible mass. Determine the torque T which must be
applied to the vertical shaft so that the shaft has an angular
acceleration of . The shaft is free to turn in its
bearings.

a = 6 rad>s2

2 ft

D

A

1 ft

1 ft

C

T

B

2 ft

D

A

1 ft

1 ft

C

T

B
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21–59. If shaft AB rotates with a constant angular velocity
of , determine the X, Y, Z components of
reaction at journal bearing A and thrust bearing B at the
instant shown. The thin plate has a mass of 10 kg. Neglect
the mass of shaft AB.

v = 50 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Applying the equations of motion,

(1)BZ - AZ = 180.42

©Mx = Ixv
#

x - AIy - Iz Bvyvz; BZ(0.45) - AZ(0.45) = 0 - (0.15 - 0.075)(-43.30)(25)

Ix = Iz =

1
12

 (10) A0.32 B = 0.075 kg # m2   Iy =

1
12

(10) A0.32
+ 0.32 B = 0.15 kg # m2

(2)

(3)

Ans.

(4)

Solving Eqs. (1) through (4),

Ans.

Ans.

The negative sign indicates that AZ acts in the opposite sense to that shown on the
free-body diagram.

AX = BX = 0

AZ = -41.16N = -41.6 N    BZ = 139.26 N = 139 N

©FZ = m(aG)Z ; AZ + BZ - 10(9.81) = 0

©FY = m(aG)Y; BY = 0

©FX = m(aG)X; BX - AX = 0

AX = -BX

©Mz = Izv
#

z - AIx - Iy Bvxvy; -AX(0.45 sin 60°) - BX(0.45 sin 60°) = 0 - 0

AX = -BX

©My = Iyv
#

y - (Iz - Ix)vzvx; -AX(0.45 cos 60°) - BX(0.45 cos 60°) = 0 - 0

A

B

150 mm
150 mm

450 mm

450 mm

150 mm

150 mm

z

y

x

60�

V � 50 rad/s

The rotating xyz frame is set with its origin at the plate’s mass center as shown on
the free-body diagram, Fig. a. This frame will be fixed to the plate so that its angular
velocity is and the x, y, and z axes will always be the principal axes of inertia
of the plate. Referring to Fig. b,

Thus,

Since is always directed towards the –Y axis and has a constant magnitude, .
Also, since , . Thus,

The mass moments of inertia of the plate about the x, y, and z axes are

v
#

x = v
#

y = v
#

z = 0

v
#

xyz = v
#

= 0Æ = v

v
#

= 0v

vx = 0   vy = -43.30 rad>s   vz = 25 rad>s

v = [-50 sin 60° j + 50 cos 60° k] rad>s = [-43.30j + 25k] rad>s

Æ = v
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Using the principal axis shown,

Ans.

The couple acts outward, perpendicular to the face of the plate.

Mz = -0.9 A10- 3 Bv2 N # m = -0.9v2 mN # m

Mz = 0 - C3 A10- 3 B - 0.75 A10- 3 B Dv2 sin 26.57°cos 26.57°

©Mz = Iz vz - (Ix - Iy)vx vy

My = 0

©My = Iy vy - (Iz - Ix)vz vz

Mx = 0

©Mx = Ix vx - (Iy - Iz)vy vz

vz = 0, v
#

z = 0

vy = v cos 26.57°, vy = 0

vx = v sin 26.57°, v
#

x = 0

u = tan- 1 a 75
150
b = 26.57°

Iz =

1
12

 (0.4) C(0.3)2
+ (0.15)2 D = 3.75 A10- 3 B  kg # m2

Iy =

1
12

 (0.4)(0.15)2
= 0.75 A10- 3 B  kg # m2

Ix =

1
12

 (0.4)(0.3)2
= 3 A10- 3 B  kg # m2

*21–60. A thin uniform plate having a mass of 0.4 kg spins
with a constant angular velocity about its diagonal AB. If
the person holding the corner of the plate at B releases his
finger, the plate will fall downward on its side AC.
Determine the necessary couple moment M which if
applied to the plate would prevent this from happening.

V
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A

B

C

V

x

G

y

300 mm

150 mm
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From Fig. 21–15b. due to rotation , the x, y, z components of are simply along
z axis.

From Fig 21–15c, due to rotation , the x, y, z components of and are in
the y direction, in the z direction, and in the x direction.

Lastly, rotation . Fig. 21–15d, produces the final components which yieldsc

u
#

f
#  

cos u
f
#  

sin uu
#

f
#

u

f
#

f
#

f

21–61. Show that the angular velocity of a body, in
terms of Euler angles , , and , can be expressed as

, where i, j, and k are directed along the x, y,
z axes as shown in Fig. 21–15d.
(f

#

 cos u + c
#

)k
v =  (f

#

 sin u sin c + u
#

 cos c)i + (f
#

 sin u cos c - u
#

 sin c)j +
cuf
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Q.E.D.v = Af#  
sin u sin c + u

#  
cos c B i + Af 

#

sin u cos c - u
#

 sin c B j + Af#  
cos u + c

# Bk

Ans.

Ans.

Ans.g = cos- 1(0.7071) = 45°          

b = cos- 1(-0.6124) = 128°         

a = cos- 1 0.3536 = 69.3°

u = 0.3536i - 0.6124j + 0.7071k

u = (1 sin 45°) sin 30° i - (1 sin 45°) cos 30°j + 1 cos 45° k

21–62. A thin rod is initially coincident with the Z axis
when it is given three rotations defined by the Euler angles

, , and . If these rotations are given in
the order stated, determine the coordinate direction angles ,

, of the axis of the rod with respect to the X, Y, and Z
axes. Are these directions the same for any order of the
rotations? Why?

gb

a

c = 60°u = 45°f = 30°
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Ans. Nw = 77.7 lb

 ©Mz = IzÆy vz; 30(3) - Nw(3) = c a 30
32.2
b(1.2)2 d(8)(-13.33)

vz = -  

3(8)

1.8
= -13.33 rad>s

Æy = v = 8 rad>s

21–63. The 30-lb wheel rolls without slipping. If it has a
radius of gyration about its axle AB, and the
vertical drive shaft is turning at determine the
normal reaction the wheel exerts on the ground at C.
Neglect the mass of the axle.

8 rad>s,
kAB = 1.2 ft

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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x
3 ft

y

V

z 1.8 ft

A

C

B

*21–64. The 30-lb wheel rolls without slipping. If it has a
radius of gyration about its axle AB,
determine its angular velocity so that the normal reaction
at C becomes 60 lb. Neglect the mass of the axle.

V

kAB = 1.2 ft

x
3 ft

y

V

z 1.8 ft

A

C

B

Ans. v = 6.34 rad>s
 ©Mx = IxÆyvz ; 30(3) - 60(3) = c 30

32.2
 (1.2)2 dv(-1.667v)
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•21–65. The motor weighs 50 lb and has a radius of
gyration of 0.2 ft about the z axis. The shaft of the motor is
supported by bearings at A and B, and spins at a constant
rate of , while the frame has an angular
velocity of . Determine the moment which
the bearing forces at A and B exert on the shaft due to this
motion.

Vy = 52j6 rad>s
Vs = 5100k6 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Ans.¢F = 53.4 N

¢F(1.30) = 2.88(69.44)(0.347)

M = I vs vp

vp =

100(1000)

80(3600)
= 0.347 rad>s

vs =

100(1000)

3600(0.4)
= 69.44 rad>s

I = 2[16(0.3)2] = 2.88 kg # m2

21–66. The car travels at a constant speed of
around the horizontal curve having a radius

of 80 m. If each wheel has a mass of 16 kg, a radius of
gyration about its spinning axis, and a radius
of 400 mm, determine the difference between the normal
forces of the rear wheels, caused by the gyroscopic effect.
The distance between the wheels is 1.30 m.

kG = 300 mm

vC = 100 km>h

0.5 ft

0.5 ft

y

x

z

A

B

Vy

Vs

Applying Eq. 21–30: For the coordinate system shown 
.

reduces to

Ans.

Since 

Ans.

Ans.©Mz = 0; Mz = 0

©My = 0; My = 0

vx = 0

©Mx = Izf
#

c
#

; Mx = c a 50
32.2
b(0.2)2 d(2)(100) = 12.4 lb # ft

©Mx = -If
#

2 sin u cos u + Iz f
#  

sin u(f 
#

cos u + c
#

)

u
#

= 0 f
#

= 2 rad>s c
#

= 100 rad>s
u = 90° f = 90°

vC � 100 km/h

80 m

1.30 m
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Ans.vs = c = 3.63 A103 B  rad>s
+ 0.090(0.018)2(0.5)(0.7071) C0.5(0.7071) + c

# D
0.090(9.81)(0.06) sin 45° = -0.090(0.035)2 (0.5)2 (0.7071)2

©Mx = -If
#

2 sin u cos u + Izf
#  

sin uaf 
#

cos u + c
# b

vp = 0.5 rad>s

21–67. The top has a mass of 90 g, a center of mass at G,
and a radius of gyration about its axis of
symmetry. About any transverse axis acting through point O
the radius of gyration is . If the top is connected
to a ball-and-socket joint at O and the precession is

, determine the spin .Vsvp = 0.5 rad>s
kt = 35 mm

k = 18 mm

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Vp

Vs

60 mm

G

O

45�

Ans.c = 652 rad>s
(3)a4.5

12
b(sin 30°) - (0.01419)(5)2 sin 30° cos 30° + 0.43672 A10- 3 B(5) sin 30°a5 cos 30° + c

# b
©Mx = -If2 sin u cos u + Iz f 

#

sin uaf 
#

cos u + c
# b

Iz =

3
10

 a 3
32.2
b a1.5

12
b2

= 0.43672 A10- 3 B  slug # ft2

I =

3
80

 a 3
32.2
b B4a1.5

12
b2

+ a 6
12
b2R +

3
32.2
a4.5

12
b2

= 0.01419 slug # ft2

*21–68. The top has a weight of and can be considered
as a solid cone. If it is observed to precess about the vertical
axis at a constant rate of determine its spin.5 rad>s,

3 lb

5 rad/s

1.5 in.

30�6 in.

Vs
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Since the beer keg rolls without slipping, the instantaneous axis of zero velocity is
indicated in Fig. a. Thus, .

Since , , and are constant, the beer keg
undergoes steady precession.

and . Referring to the

free-body diagram of the beer keg in Fig. b,

(1)

Since the mass center G of the beer keg rotates about the Z axis, Fig. a, its

acceleration can be found from 

and it is directed towards the negative axis. Fig. a. Since the

mass center does not move along the , . Thus,

Substituting these results into Eq. (1),

Ans.vS = B
16g

r cos a A16 cos2 a - 26  sin2a + 1 B

©FZ¿
= m(aG)Z¿

 ; NB - mg = 0    NB = mg

 FB = mvs
2r sin a cos2 a

 ©FY¿
= m(aG)Y¿ ; -FB = -m Avs

2
 r  sin a cos2 a B

(aG)Z¿
= 0Z¿

Y¿= vs
2r sin a cos2 a

aG = vp
2R = (-vs sin a)2¢ r cos2 a

sin a
≤

FB cos a - NB sin a =

1
16

 mr vs
2  sin a cos a A26 sin2 a - 1 B

 +  
1

16
 mr2(-vs  sin a) sin (90°-a)[(-vs  sin a) cos (90°-a) + vs]

FB cos a(r) - NB sin a(r) = -  
25
16

 mr2(-vs  sin a)2 sin (90° - a) cos (90° - a)

©Mx = -If
#

2 sin u cos u + Izf 
#

sin u(f
#

 cos u + c
#

);

Iz = ma1
4

 rb2

=

1
16

 mr2I = Ix = Iy = ma5
4

 rb2

=

25
16

 mr2

u = 90° - af
#

= -vp = -vs sin ac
#

= vs

vp = vs sin a

•21–69. The empty aluminum beer keg has a mass of m,
center of mass at G, and radii of gyration about the x and 
y axes of , and about the z axis of ,
respectively. If the keg rolls without slipping with a constant
angular velocity, determine its largest value without having
the rim A leave the floor.

kz =
1
4 rkx = ky =

5
4 r

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Z

G

A B

h

r
a

y

z
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Here, , , and are constants.Thus,

this is a special case of steady precession. ,

, and . Thus,

Ans. vp = -4.905 rad>s
©Mx = IzÆyvz;   -10(9.81)(0.225) = 0.03 A -vp B(-150)

vz = c
#

= -150 rad>sÆy = -f
#

= -vp

Iz =

3
10

 (10) A0.12 B = 0.03 kg # m2

f
#

= vpc
#

= vs = -150 rad>su = 180° - 90° = 90°

21–70. The 10-kg cone spins at a constant rate of
. Determine the constant rate at which it

precesses if .f = 90°
vpvs = 150 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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A

p 

s 

300 mm

100 mm
V

V

f

Since , , and are constants, the 

cone undergoes steady precession. and 

.Iy =

3
80

 (10) c4 A0.12 B + 0.32 d + 10 A0.2252 B = 0.555 kg # m2

I = Ix =Iz =

3
10

 (10) A0.22 B = 0.03 kg # m2

u = 180° - 30° = 150°f
#

= vpc
#

= vs = -150 rad>s

21–71. The 10-kg cone is spinning at a constant rate of
. Determine the constant rate at which it

precesses if .f = 30°
vpvs = 150 rad>s

A

p 

s 

300 mm

100 mm
V

V

f

Thus,

Solving,

Ans.vp = 13.5 rad>s or 3.60 rad>s

 0.2273vp
2

- 2.25vp + 11.036 = 0

-10(9.81) sin 30°(0.225) = -0.555vp
2 sin 150° cos 150° + 0.03vp sin 150° Cvp cos 150° + (-150) D

©Mx = -If
#

2 sin u cos u + Izf
#

 sin u Af#  cos u + c
# B
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Since and and are constant, the top
undergoes steady precession.

and 

.

Thus,

=  3.4507 A10- 3 B  slug # ft2

I = Ix = Iy = a 1
32.2
b a 4

12
b2

Iz = a 1
32.2
b a 1

12
b2

= 215.67 A10- 6 B  slug # ft2

uf
#

= vp = -10 rad>sc
#

= vs = 60 rad>s

*21–72. The 1-lb top has a center of gravity at point G. If it
spins about its axis of symmetry and precesses about the
vertical axis at constant rates of and

, respectively, determine the steady state
angle . The radius of gyration of the top about the z axis is

., and about the x and y axes it is .kx = ky = 4 inkz = 1 in
u

vp = 10 rad>s
vs = 60 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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y
x

O

z

3 in.

vp � 10 rad/s
u

G

vs � 60 rad/s

Ans.u = 68.1°

-1 sin u(0.25) = -3.4507 A10- 3 B(-10)2 sin u cos u + 215.67 A10- 6 B(-10) sin u[(-10) cos u + 60]

©Mx = -If
#

2 sin u cos u + Izf
#

 sin u Af#  cos + c
# B

When the plane travels with a speed of 

, its wheel spins with a constant angular velocity of

. Here, , and

are constants. This is a special case of steady precession.

. Thus,

Ans.©Mx = IzÆyvz;   Mx = 4.5(2)(222.22) = 2000 N # m = 2kN # m

Iz = 50 A0.32 B = 4.5 kg # m2

vz = vs = 222.22 rad>s
Æy = vp = 2 rad>su = 90°vs =

v
r

=

88.89
0.4

= 222.22 rad>s
a 1 h

3600 s
b = 88.89 m>s

v = a320 
km
h
b a 1000 m

1 km
b

•21–73. At the moment of take off, the landing gear of an
airplane is retracted with a constant angular velocity of

, while the wheel continues to spin. If the plane
takes off with a speed of , determine the
torque at A due to the gyroscopic effect. The wheel has a
mass of 50 kg, and the radius of gyration about its spinning
axis is .k = 300 mm

v = 320 km>h
vp = 2 rad>s

B

A

0.4 m

Vp

Vs
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From Eq. 21–34 and Hence 

However, and 

Q.E.D.tan u =

I

Iz
 tan b

vy

vz
= tan b =

Iz

I
 tan u

vz = v cos bvy = v sin b

vy

vz
=

Iz

I
 tan uvz =

HG cos u

Iz
vy =

HG sin u

I

21–74. The projectile shown is subjected to torque-free
motion. The transverse and axial moments of inertia are I
and , respectively. If represents the angle between the
precessional axis Z and the axis of symmetry z, and 
is the angle between the angular velocity and the z
axis, show that and are related by the equation

.tan u = (I>Iz) tan b
ub

V

b

uIz

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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Gyroscopic Motion: Here, the spinning angular velocity
. The moment of inertia of the satelite about the

z axis is and the moment of inertia of the satelite

about its transverse axis is . Applying the third of
Eq. 21–36 with , we have

Ans. HG = 17.16 A103 B  kg # m2>s = 17.2 Mg # m2>s
 1.6pB10 952 - 2592

10 952(2592)
RHG  cos 6°

 c
#

=

I - Iz

IIz
 HG  cos u

u = 6°
I = 3200 A1.852 B = 10 952 kg # m2

Iz = 3200 A0.92 B = 2592 kg # m2

c = vs = 0.8(2p) = 1.6p rad>s

21–75. The space capsule has a mass of 3.2 Mg, and about
axes passing through the mass center G the axial and
transverse radii of gyration are and ,
respectively. If it spins at , determine its
angular momentum. Precession occurs about the Z axis.

vs = 0.8 rev>s
kt = 1.85 mkz = 0.90 m

G

Z

u

V

y

x z

b

6�

Vs z

G

Z
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Use the result of Prob. 21–74.

From the law of sines,

Ans.c = 2.33 rev>h

sin 5.387°
c

=

sin 4.613°
2

b = 4.613°

tan 10° = a28 900
13 225

b tan b

tan u = a I

Iz
b  tan b

I = 2500(3.4)2
= 28 900 kg # m2

Iz = 2500(2.3)2
= 13 225 kg # m2

*21–76. The radius of gyration about an axis passing through
the axis of symmetry of the 2.5-Mg satellite is ,
and about any transverse axis passing through the center of
mass G, . If the satellite has a steady-state
precession of two revolutions per hour about the Z axis,
determine the rate of spin about the z axis.

kt = 3.4 m

kz = 2.3 m

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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10�

Zz

G

2 rev/h

Applying Eq. 21–36 with and 

Ans.

Note that this is a case of retrograde precession since .Iz 7 I

f =

HG

I
=

0.1995
0.015625

= 12.8 rad>s
 HG = 0.1995 kg # m2>s

 6 =

0.015625 - 0.03125
0.015625(0.03125)

 HO cos 160°

c
#

=

I - Iz

IIz
 HO cos u

c
#

= 6 rad>su = 160°

I =
1
4 (4)(0.125)2

= 0.015625 kg # m2 Iz =
1
2 (4)(0.125)2

= 0.03125 kg # m2

•21–77. The 4-kg disk is thrown with a spin 
If the angle is measured as 160°, determine the precession
about the Z axis.

u

vz = 6 rad>s.

125 mm

vz � 6 rad/s

Z

z

u
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Since the only force that acts on the projectile is its own weight, the projectile

undergoes torque-free motion. ,

, and . Thus,

Ans.

Ans. = 35.1 rad>s
 =

0.0234375 - 6.3375 A10- 3 B
6.3375 A10- 3 B  (15) cos 30°

 c
#

=

I - Iz

Iz
f
#

 cos u

f
#

=

HG

I
; HG = If

#

= 0.0234375(15) = 0.352 kg # m2>s
u = 30°I = Ix = Iy = 1.5 A0.1252 B = 0.0234375 kg # m2

Iz = 1.5 A0.0652 B = 6.3375 A10- 3 B  kg # m2

21–78. The projectile precesses about the Z axis at a
constant rate of when it leaves the barrel of a
gun. Determine its spin and the magnitude of its angular
momentum .The projectile has a mass of 1.5 kg and radii
of gyration about its axis of symmetry (z axis) and about
its transverse axes (x and y axes) of and

, respectively.kx = ky = 125 mm
kz = 65 mm

HG

c
#

f
#

= 15 rad>s

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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G
y

Z

z

x
30�

f � 15 rad/s

Since the weight is the only force acting on the satellite, it undergoes torque-free
motion.

Here, , , and
. Then,

Using this result,

Ans.HG = 2096 kg # m2>s = 2.10 Mg # m2>s
25.88 =

HG

81

f
#

=

HG

I

f
#

= 25.88 rad>s
200 = a81 - 9

9
bf#  cos 15°

c
#

=

I - Iz

Iz
 f

#

 cos u

u = 15°
I = Ix = Iy = 100 A0.92 B = 81 kg # m2Iz = 100 A0.32 B = 9 kg # m2

21–79. The satellite has a mass of 100 kg and radii of gyration
about its axis of symmetry (z axis) and its transverse axes (x or
y axis) of and , respectively.
If the satellite spins about the z axis at a constant rate of

, and precesses about the Z axis, determine the
precession and the magnitude of its angular momentum .HGf

#
c
#

= 200 rad>s
kx = ky = 900 mmkz = 300 mm

z Z

y

x

15�
c � 200 rad/s
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Since the weight is the only force acting on the football, it undergoes torque-free

motion. ,

, and .

Thus,

Ans.

Ans.

Also,

Thus,

Ans.b = tan- 1¢vy

vz
≤ = tan- 1a12.57

34.92
b = 19.8°

vz =

HG cos u

Iz
=

0.02 cos 45°

0.405 A10- 3 B = 34.92 rad>s

vy =

HG sin u

I
=

0.02 sin 45°

1.125 A10- 3 B = 12.57 rad>s

 = 22.35 rad>s = 22.3 rad>s
 c
#

=

I - Iz

IIz
 HG cos u =

1.125 A10- 3 B - 0.405 A10- 3 B
1.125 A10- 3 B(0.405) A10- 3 B  (0.02) cos 45°

 f
#

=

HG

I
=

0.02

1.125 A10- 3 B = 17.78 rad>s = 17.8 rad>s

u = 45°= 1.125 A10- 3 B  kg # m2

I = Ix = Iy = 0.45 A0.052 BIz = 0.45 A0.032 B = 0.405 A10- 3 B  kg # m2

*21–80. The football has a mass of 450 g and radii of
gyration about its axis of symmetry (z axis) and its transverse
axes (x or y axis) of and ,
respectively. If the football has an angular momentum of

, determine its precession and spin .
Also, find the angle that the angular velocity vector
makes with the z axis.

b

c
#

f
#

HG = 0.02 kg # m2>s
kx = ky = 50 mmkz = 30 mm
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z

y

x

G

45�

V

B

HG � 0.02 kg � m2/s
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The only force acting on the space capsule is its own weight. Thus, it undergoes
torque-free motion. ,

. Thus,

(1)

(2)

Solving Eqs. (1) and (2),

Using these results,

Ans.

Ans.

Since , the motion is regular precession. Ans.I 7 Iz

 = 212 rad>s
 c
#

=

I - Iz

IIz
HG cos u = B60 500 - 15 125

60 500(15125)
R4.9446 A106 B  cos 30°

f
#

=

HG

I
=

HG

60 500
=

4.9446 A106 B
60 500

= 81.7 rad>s

HG = 4.9446 A106 B  kg # m2>s   u = 66.59°

HG cos u = 1 964 795.13

150 cos 30° =

HG cos u

15 125

vz =

HG cos u

Iz

HG sin u = 4 537 500

150 sin 30° =

HG sin u

60 500

vy =

HG  sin u

I

= 60 500 kg # m2
I = Ix = Iy = 2000 A5.52 BIz = 2000 A2.752 B = 15 125 kg # m2

•21–81. The space capsule has a mass of 2 Mg, center of
mass at G, and radii of gyration about its axis of symmetry
(z axis) and its transverse axes (x or y axis) of
and , respectively. If the capsule has the
angular velocity shown, determine its precession and spin

. Indicate whether the precession is regular or retrograde.
Also, draw the space cone and body cone for the motion.
c
#

f
#

kx = ky = 5.5 m
kz = 2.75 m

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
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y

x

G

z

30�

v � 150 rad/s
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Hence 

Ans.

The solution of the above differential equation is of the form:

(1)

(2)

At , and 

From Eq. (1) 

From Eq. (2) 

Hence 

At ,

Ans. = 0.192 m

 y = 0.2003 sin C7.487(0.22) D + 0.1 cos C7.487(0.22) Dt = 0.22 s

 y = 0.2003 sin 7.487t + 0.1 cos 7.487t

 y0 = Ap cos 0 - 0 A -

y0

p
=

1.50
7.487

= 0.2003 m

 0.1 = A sin 0 + B cos 0 B = 0.1 m

y = y0 = 1.50 m>sy = 0.1 mt = 0

y = y
#

= Ap cos pt - Bp sin pt

y = A sin pt + B cos pt

 ‹ y
$

+ (7.487)2y = 0 y
$

+ 56.1y = 0

 = A
448.46

8
= 7.487

 p = A
k
m
 Where k =

8(9.81)

0.175
= 448.46 N>m

 y
$

+

k
m

 y = 0

 + T ©Fy = may ; mg - k(y + yst) = my
$ where kyst = mg

•22–1. A spring is stretched by an 8-kg block. If
the block is displaced downward from its
equilibrium position and given a downward velocity of

determine the differential equation which
describes the motion. Assume that positive displacement is
downward. Also, determine the position of the block when

.t = 0.22 s

1.50 m>s,

100 mm
175 mm

Ans.

Ans.t =

1
f

=

1
4.985

= 0.201 s

f =

p

2p
=

31.321
2p

= 4.985 Hz

p = A
k
m

= A
490.5
0.5

= 31.321

k =

F
y

=

2(9.81)

0.040
= 490.5 N>m

22–2. When a 2-kg block is suspended from a spring, the
spring is stretched a distance of Determine the
frequency and the period of vibration for a 0.5-kg block
attached to the same spring.

40 mm.
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Hence 

Ans.

The solution of the above differential equation is of the form:

(1)

(2)

At , and 

From Eq. (1) 

From Eq. (2) 

Hence Ans.

Amplitude Ans. C = 0.2 ft

 y = -0.2 cos 12.7t

 y0 = Ap cos 0° - 0 A =

y0

p
=

0
12.689

= 0

 -0.2 = A sin 0° + B cos 0° B = -0.2 ft

y = y0 = 0y = -0.2 ftt = 0

y = y
#

= Ap cos pt - Bp sin pt

v = A sin pt + B cos pt

 f =

p

2p
=

12.689
2p

= 2.02 Hz

 p = A
k
m

= A
40

8>32.2
= 12.689

 y
$

+

k
m

 y = 0

 + T ©Fy = may ; mg - k(y + yst) = my
$ where kyst = mg

22–3. A block having a weight of is suspended from a
spring having a stiffness . If the block is
pushed upward from its equilibrium position
and then released from rest, determine the equation which
describes the motion. What are the amplitude and the
natural frequency of the vibration? Assume that positive
displacement is downward.

y = 0.2 ft
k = 40 lb>ft

8 lb

when ,

when ,

Thus,

Ans.y = -0.05 cos (20t)

0 = A(20) - 0; A = 0

t = 0v = 0

v = Ap cos pt - Bp sin pt

-0.05 = 0 + B; B = -0.05

t = 0y = -0.05 m

y = A sin pt + B cos pt

p = A
k
m

= A
800
2

= 20

*22–4. A spring has a stiffness of If a 2-kg block
is attached to the spring, pushed above its
equilibrium position, and released from rest, determine the
equation that describes the block’s motion. Assume that
positive displacement is downward.

50 mm
800 N>m.
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when ,

when ,

Thus,

Ans.

Ans.C = 2A2
+ B2

= 2(0.1)2
+ (0.150)2

= 0.180 m

x = 0.1 sin (20t) + 0.150 cos (20t)

-2 = A(20) - 0; A = -0.1

t = 0v = -2 m>s
v = Ap cos pt - Bp sin pt

0.150 = 0 + B; B = 0.150

t = 0x = 0.150 m

x = A sin pt + B cos pt

p = A
k
m

= A
800
2

= 20

•22–5. A 2-kg block is suspended from a spring having a
stiffness of If the block is given an upward
velocity of when it is displaced downward a distance
of from its equilibrium position, determine the
equation which describes the motion.What is the amplitude
of the motion? Assume that positive displacement is
downward.

150 mm
2 m>s

800 N>m.

when ,

when ,

Ans.

Ans.f = tan- 1aB

A
b = tan- 1a0.100

0.107
b = 43.0°

y = 0.107 sin (7.00t) + 0.100 cos (7.00t)

A = 0.107

0.75 = A(7.00)

t = 0v = 0.75 m>s
v = Ap cos pt - Bp sin pt

0.1 = 0 + B; B = 0.1

t = 0y = 0.1 m

y = A sin pt + B cos pt

p = A
k
m

= A
735.75

15
= 7.00

k =

F
y

=

15(9.81)

0.2
= 735.75 N>m

22–6. A spring is stretched by a 15-kg block. If the
block is displaced downward from its equilibrium
position and given a downward velocity of 
determine the equation which describes the motion.What is
the phase angle? Assume that positive displacement is
downward.

0.75 m>s,
100 mm

200 mm
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when .

when ,

Thus,

Ans.

Ans.C = 2A2
+ B2

= 2(-0.0693)2
+ (-0.075)2

= 0.102 m

x = -0.0693 sin (5.77t) - 0.075 cos (5.77t)

-0.4 = A(5.774) - 0; A = -0.0693

t = 0v = -0.4 m>s
v = Ap cos pt - Bp sin pt

-0.075 = 0 + B; B = -0.075

t = 0x = 0.075 m

x = A sin pt + B cos pt

p = A
k
m

= A
200
6

= 5.774

22–7. A 6-kg block is suspended from a spring having a
stiffness of . If the block is given an upward
velocity of when it is above its equilibrium
position, determine the equation which describes the
motion and the maximum upward displacement of the
block measured from the equilibrium position.Assume that
positive displacement is downward.

75 mm0.4 m>s
k = 200 N>m

Ans.

when ,

when ,

Hence,

Ans.

Ans.C = 2A2
+ B2

= 2(0)2
+ (-0.05) = 0.05 m = 50 mm

x = -0.05 cos (8.16t)

0 = A(8.165) - 0; A = 0

t = 0v = 0

v = Ap cos pt - Bp sin pt

-0.05 = 0 + B; B = -0.05

t = 0x = -0.05 m

x = A sin pt + B cos pt

f =

p

2p
=

8.165
2p

= 1.299 = 1.30 Hz

p = A
k
m

= A
200
3

= 8.165

*22–8. A 3-kg block is suspended from a spring having a
stiffness of If the block is pushed 
upward from its equilibrium position and then released
from rest, determine the equation that describes the
motion. What are the amplitude and the frequency of the
vibration? Assume that positive displacement is downward.

50 mmk = 200 N>m.
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Free-body Diagram: Here the stiffness of the cable is .

When the safe is being displaced by an amount y downward vertically from its

equilibrium position, the restoring force that developed in the cable

.

Equation of Motion:

[1]

Kinematics: Since , then substituting this value into Eq. [1], we have

[2]

From Eq. [2], , thus, . Applying Eq. 22–14, we have

Ans.

The solution of the above differential equation (Eq. [2]) is in the form of

[3]

Taking the time derivative of Eq. [3], we have

[4]

Applying the initial condition of and at to Eqs. [3] and [4] yields

[5]

[6]

Solving Eqs. [5] and [6] yields

Since , the maximum cable tension is given by

Ans.Tmax = W + kymax = 800(9.81) + 200 A103 B(0.3795) = 83.7 kN

vmax = C = 0.3795 m

f = 0° C = 0.3795 m

6 = 15.81 C cos f

0 = C sin f

t = 0y
#

= 6 m>sy = 0

y
#

= 15.81 C cos (15.81t + f)

y = C sin (15.81t + f)

f =

p

2p
=

15.81
2p

= 2.52 Hz

p = 15.81 rad>sp2
= 250

 y
$

+ 250x = 0

 200 A103 B  y = -800y
$

a =

d2y

dt2 = y
$

+ c ©Fx = 0; 800(9.81) + 200 A103 B  y - 800(9.81) = -800a

T = W + ky = 800(9.81) + 200 A103 B  y

k =

4000
0.02

= 200 A103 B N>m

•22–9. A cable is used to suspend the 800-kg safe. If the
safe is being lowered at when the motor controlling the
cable suddenly jams (stops), determine the maximum tension
in the cable and the frequency of vibration of the safe.
Neglect the mass of the cable and assume it is elastic such
that it stretches when subjected to a tension of .4 kN20 mm

6 m>s

6 m/s
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a

However, for small rotation . Hence

From the above differential equation, .

Ans.t =

2p
p

=

2p

A
gd

k2
G + d2

= 2pC
k2

G + d2

gd

p = B
gd

k2
G + d2

u
$

+

gd

k2
+ d2 u = 0

sin uLu

 u
$

+

gd

k2
G + d2 sin u = 0

 + ©MO = IO a; -mgd sin u = Cmk2
G + md2 Du$

22–10. The body of arbitrary shape has a mass m, mass
center at G, and a radius of gyration about G of . If it is
displaced a slight amount from its equilibrium position
and released, determine the natural period of vibration.

u

kG O

u

G

d

a

Ans. t =

2p
p

= 2pA
3r

2g

 p = B
2g

3r

 u
$

+ a2g

3r
bu = 0

 + ©MO = IO a;   -mgru = a3
2

mr2bu$

22–11. The circular disk has a mass m and is pinned at O.
Determine the natural period of vibration if it is displaced a
small amount and released.

r

O
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a

Ans. t =

2p
p

= 6.10A
a
g

 p = D
322g

4a

 u
#

+ ¢322g

4a
≤u = 0

 + ©MO = IO a;  -mg¢22
2

a≤u = a2
3

 ma2bu$
IO =

1
12

 m(a2
+ a2) + m¢22

2
 a≤2

=

1
6

 ma2
+

1
2

 ma2
=

2
3

 ma2

*22–12. The square plate has a mass m and is suspended
at its corner from a pin O. Determine the natural period of
vibration if it is displaced a small amount and released.

a a

O
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Free-body Diagram: When an object of arbitary shape having a mass m is pinned at
O and is displaced by an angular displacement of , the tangential component of its
weight will create the restoring moment about point O.

Equation of Motion: Sum monent about point O to eliminate Ox and Oy.

a [1]

Kinematics: Since and if is small, then substitute these

values into Eq. [1], we have

[2]

From Eq. [2], , thus, . Applying Eq. 22–12, we have

[3]

When the rod is rotating about B, and . Substitute these
values into Eq. [3], we have

When the rod is rotating about B, and . Substitute
these values into Eq. [3], we have

However, the mass moment inertia of the rod about its mass center is

Then,

Ans.

Thus, the mass moment inertia of the rod about its mass center is

The radius of gyration is

Ans.kG = B
IG

m
= A

0.3937m
m

= 0.627 m

IG = IA - md2
= 0.2894m (9.81)(0.1462) - m A0.14622 B = 0.3937 m

 d = 0.1462 m = 146 mm

 0.2894mgd - md2
= 0.3972mg (0.25 - d) - m (0.25 - d)2

IG = IA - mg2
= IB - m(0.25 - d)2

3.96 = 2pB
IB

mg (0.25 - d)
 IB = 0.3972mg (0.25 - d)

l = 0.25 - dt = tB = 3.96 s

3.38 = 2pB
IA

mgd
 IA = 0.2894mgd

l = dt = tA = 3.38 s

t =

2p
p

= 2pB
IO

mgl

p = B
mgl

IO
p2

=

mgl

IO

-mglu = IO u
$ or u

$

+

mgl

IO
u = 0

usin u = ua =

d2u

dt2 = u
$

+ ©MO = IO a;  -mg sin u(I) = IO a

u

•22–13. The connecting rod is supported by a knife edge
at A and the period of vibration is measured as .
It is then removed and rotated so that it is supported
by the knife edge at B. In this case the perod of vibration is
measured as . Determine the location d of the
center of gravity G, and compute the radius of gyration .kG

tB = 3.96 s

180°
tA = 3.38 s A

d

250 mm

B

G

91962_13_s22_p0988-1046  6/8/09  5:41 PM  Page 995



996

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

For equilibrium:

a

Ans. t =

2p
p

=

2p

2245.3
= 0.401 s

 u
$

+ 245.3u = 0

 -2.25 - 45u + 2.25 = 0.131u
$

+ 0.05241u
$

 -Tst (0.75) - (80)(u)(0.75)(0.75) + (3)(0.75) = c1
2
a 15

32.2
b(0.75)2 du$ + a 3

32.2
b(0.75)u

$

(0.75)

a = 0.75a

©MO = IO a + ma(0.75)

Tst = 3 lb

22–14. The disk, having a weight of is pinned at its
center O and supports the block A that has a weight of 
If the belt which passes over the disk does not slip at its
contacting surface, determine the natural period of
vibration of the system.

3 lb.
15 lb,

k � 80 lb/ft

0.75 ft
O

A
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For an arbitrarily shaped body which rotates about a fixed point.

a

However, for small rotation . Hence

From the above differential equation, .

In order to have an equal period

Ans. l = 0.457 m

 
8(l2)

8gl
=

375(0.4)2

375g(0.35)

 
(IO)T

mTgdT
=

(IO)B

mB gdB

(IO)B = moment of inertia of bell about O.

(IO)T = moment of inertia of tongue about O.

t = 2pB
(IO)T

mTgdT
= 2pB

(IO)B

mB gdB

t =

2p
p

=

2p

A
mgd

IO

= 2pB
IO

mgd

p = B
mgd

IO

u
$

+

mgd

IO
 u = 0

sin uLu

 u
$

+

mgd

IO
 sin u = 0

 + ©MO = IO a; mgd sin u = -IO u
$

22–15. The bell has a mass of a center of mass at
G, and a radius of gyration about point D of .
The tongue consists of a slender rod attached to the inside
of the bell at C. If an 8-kg mass is attached to the end of the
rod, determine the length l of the rod so that the bell will
“ring silent,” i.e., so that the natural period of vibration of
the tongue is the same as that of the bell. For the
calculation, neglect the small distance between C and D and
neglect the mass of the rod.

kD = 0.4 m
375 kg,

0.35 m

l

G

C
D
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Free-body Diagram: When an object of arbitrary shape having a mass m is pinned at
O and being displaced by and angular displacement of , the tangential component
of its weight will create the restoring moment about point O.

Equation of Motion: Sum monent about point O to eliminate Ox and Oy.

a [1]

Kinematics: Since and if is small, then substitute these

values into Eq. [1], we have

[2]

From Eq. [2], , thus, . Applying Eq. 22–12, we have

[3]

When the platform is empty, . and . Substitute
these values into Eq. [3], we have

When the car is on the platform, ,

, and 

. Substitute these values into Eq. [3], we have

Thus, the mass moment inertia of the car about its mass center is

Ans. = 6522.76 - 1200 A1.832 B = 2.50 A103 B kg # m2

 (IG)C = (IO)C - mCd2

3.16 = 2pB
(IO)C + 1407.55

1600(9.81)(1.9975)
 (IO)C = 6522.76 kg # m2

= (IO)C + 1407.55

IO = (IO)C + (IO)pl =

2.50(400) + 1.83(1200)

1600
= 1.9975 m= 1600 kg

m = 400 kg + 1200 kgt = t2 = 3.16 s

2.38 = 2pC
(IO)p

400(9.81)(2.50)
 (IO)p = 1407.55 kg # m2

l = 250 mm = 400 kgt = t1 = 2.38 s

t =

2p
p

= 2pB
IO

mgl

p = B
mgl

IO
p2

=

mgl

IO

-mgIu = IO u
$ or u

$

+

mgl

IO
u = 0

usin u L ua =

d2u

dt2 = u
$

+ ©MO = IO a;  -mg sin u(l) = IO a

u

*22–16. The platform AB when empty has a mass of
center of mass at and natural period of

oscillation . If a car, having a mass of 
and center of mass at , is placed on the platform, the
natural period of oscillation becomes .
Determine the moment of inertia of the car about an axis
passing through .G2

t2 = 3.16 s
G2

1.2 Mgt1 = 2.38 s
G1,400 kg,

A B

2.50 m
1.83 m

O

G2

G1
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Kinematics: Since the wheel rolls without slipping, then . Also when
the wheel undergoes a small angular displacement about point A, the spring is
stretched by . Since us small, then . Thus, .

Free-body Diagram: The spring force will create the
restoring moment about point A.

Equation of Motion: The mass moment inertia of the wheel about its mass center is

.

a

[1]

Since , then substitute this values into Eq. [1], we have

[2]

From Eq. [2], , thus, . Applying Eq. 22–14, we have

Ans.f =

p

2p
=

3.921
2p

= 0.624 Hz

p = 3.921 rad>sp2
= 15.376

u
$

+ 15.376u = 0

a =

d2 u

dt2 = u
$

 a + 15.376u = 0

 + ©MA = (Mk)A ; -28.8u(1.6) =

50
32.2

 (1.2a)(1.2) + 0.7609a

IG = mk2
G =

50
32.2

 A0.72 B = 0.7609 slug # ft2

Fsp = kx = 18(1.6u) = 28.8u

x = 1.6 usin u - uux = 1.6 sin u u
u

aG = ar = 1.2a

•22–17. The 50-lb wheel has a radius of gyration about its
mass center G of . Determine the frequency of
vibration if it is displaced slightly from the equilibrium
position and released. Assume no slipping.

kG = 0.7 ft

G
0.4 ft

k � 18 lb/ft

1.2 ft
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Equation of Motion: When the gear rack is displaced horizontally downward by a
small distance x, the spring is stretched by Thus, . Since the gears

rotate about fixed axes, or . The mass moment of inertia of a gear

about its mass center is . Referring to the free-body diagrams of the rack
and gear in Figs. a and b,

(1)

and

c

(2)

Eliminating F from Eqs. (1) and (2),

Comparing this equation to that of the standard from, the natural circular frequency
of the system is

Thus, the natural period of the oscillation is

Ans.t =

2p
vn

= 2pC
Mr2

+ 2mkO 
2

kr2

vn = C
kr2

Mr2
+ 2mkO 

2

x + ¢ kr2

Mr2
+ 2mkO 

2 ≤x = 0

Mx +

2mkO 
2

r2  x + kx = 0

 F = -  

mkO 
2

r2 x

 + ©MO = IO a;    -F(r) = mkO 
2ax

r
b

 2F - kx = Mx

 + : ©Fx = max ; 2F - (kx) = Mx

IO = mkO 
2

u
#

=

x
r

x = u
#

r

Fsp = kxs1 = x

22–18. The two identical gears each have a mass of m and
a radius of gyration about their center of mass of . They
are in mesh with the gear rack, which has a mass of M and is
attached to a spring having a stiffness k. If the gear rack is
displaced slightly horizontally, determine the natural period
of oscillation.

k0

k

r

r
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Since very small, the vibration can be assumed to occur along the horizontal.
Here, the equivalent spring stiffness of the cantilever column is

. Thus, the natural circular frequency of the system is

Then the natural frequency of the system is

Ans.fn =

vn

2p
=

1
2pA

12EI

mL3

vn = C
keq

m
= Q

12EI

I3

m
= A

12EI

mL3

keq =

P

d
=

P

PL3>12EI
=

12EI

I3

d

22–19. In the “lump mass theory”, a single-story building
can be modeled in such a way that the whole mass of the
building is lumped at the top of the building, which is
supported by a cantilever column of negligible mass as
shown. When a horizontal force P is applied to the model,
the column deflects an amount of , where L
is the effective length of the column, E is Young’s modulus
of elasticity for the material, and I is the moment of inertia
of the cross section of the column. If the lump mass is m,
determine the frequency of vibration in terms of these
parameters.

d = PL3>12EI
P

L

PL3

12EI
�d

Equation of Motion: The mass moment of inertia of the wheel about point O is
. Referring to Fig. a,

a

Comparing this equation to the standard equation, the natural circular frequency of
the wheel is

Thus, the natural period of the oscillation is

Ans.t =

2p
vn

= 2pkOA
m

C

vn = A
C

mkO 
2 =

1
kOA

C
m

 u
$

+

C

mkO 
2 u = 0

 +  ©MO = IO a;  -Cu = mkO 
2u
$

IO = mkO 
2

*22–20. A flywheel of mass m, which has a radius of
gyration about its center of mass of , is suspended from a
circular shaft that has a torsional resistance of . If
the flywheel is given a small angular displacement of and
released, determine the natural period of oscillation.

u

M = Cu
kO

L

u
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•22–21. The cart has a mass of m and is attached to two
springs, each having a stiffness of , unstretched
length of , and a stretched length of l when the cart is in
the equilibrium position. If the cart is displaced a distance
of such that both springs remain in tension

, determine the natural frequency of oscillation.(x0 6 l - l0)
x = x0

l0

k1 = k2 = k
xD C A Bk2 k1

Equation of Motion: When the cart is displaced x to the right, spring CD stretches
and spring AB compresses . Thus, and

. Referring to the free-body diagram of the cart shown in Fig. a,

Simple Harmonic Motion: Comparing this equation with that of the standard
equation, the natural circular frequency of the system is

Ans.vn = B
k1 + k2

m

 x + ak1 + k2

m
bx = 0

 -(k1 + k2)x = mx

 :+ ©Fx = max;  -k1x - k2x = mx

FAB = k1sAB = k1x
FCD = k2sCD = k2xsAB = xsCD = x

22–22. The cart has a mass of m and is attached to two
springs, each having a stiffness of and , respectively. If
both springs are unstretched when the cart is in the
equilibrium position shown, determine the natural frequency
of oscillation.

k2k1
xD C A Bk2 k1

Equation of Motion: When the cart is displaced x to the right, the stretch of springs
AB and CD are and . Thus,

and . Referring to
the free-body diagram of the cart shown in Fig. a,

Simple Harmonic Motion: Comparing this equation with that of the standard form,
the natural circular frequency of the system is

Ans.vn = A
2k
m

 x +

2k
m

 x = 0

 -2kx = mx

 :+ ©Fx = max;  k[(l - l0) - x] - k[(l - l0) + x] = mx

FAC = ksAC = k[(l - l0) + x]FAB = ksAB = k[(l - l0) - x]
sAC = (l - l0) + xsAB = (l - l0) - x0
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Conservation of Linear Momentum: The velocity of the target after impact can be
determined from

Since the springs are arranged in parallel, the equivalent stiffness of a single spring
is . Thus, the natural circular frequency of
the system is

Ans.

The equation that describes the oscillation of the system is

(1)

Since when ,

Since , . Then . Thus, Eq. (1) becomes

(2)

Taking the time derivative of Eq. (2),

(3)

Here, when . Thus, Eq. (3) gives

Ans.C = 0.2301 m = 230 mm

17.65 = 76.70C cos 0

t = 0v = 17.65 m>s
y
#

= v = 76.70C cos (76.70t) m>s

y = C sin (76.70t)

f = 0°sin f = 0C Z 0

0 = C sin f

t = 0y = 0

y = C sin (76.70t + f) m

vn = B
keq

m
= A

18000
3.06

= 76.70 rad>s = 76.7 rad>s

keq = 2k = 2(9000 N>m) = 18000 N>m

v = 17.65 m>s
0.06(900) = (0.06 + 3)v

mb(vb)1 = (mb + mA)v

22–23. The 3-kg target slides freely along the smooth
horizontal guides BC and DE, which are ‘nested’ in springs
that each have a stiffness of . If a 60-g bullet is
fired with a velocity of and embeds into the target,
determine the amplitude and frequency of oscillation of
the target.

900 m>s
k = 9 kN>m

k � 9 kN/m

k � 9 kN/m

C B

DE

900 m/s
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*22–24. If the spool undergoes a small angular
displacement of and is then released, determine the
frequency of oscillation.The spool has a mass of and a
radius of gyration about its center of mass O of

. The spool rolls without slipping.kO = 250 mm

50 kg
u 300 mm

150 mm O

A

B

k � 500 N/m

k � 500 N/m

u

Equation of Motion: Referring to the kinematic diagram of the spool, Fig. a, the
stretch of the spring at A andB when the spool rotates through a small angle is

and . Thus,

and . Also,

. The mass moment of inertia of the spool about its mass

center is . Referring the free-body and
kinetic diagrams of the spool, Fig. b,

IO = mkO 
2

= 50 A0.252 B = 3.125 kg # m2

aO = u
$

rO>IC = u
$

(0.15)

AFsp BB = ksB = 500[u(0.15)] = 75u= 500[u(0.45)] = 225u

AFsp BA = ksAsB = urB>IC = u(0.15)sA = urA>IC = u(0.45)

u

 +  ©MIC = ©(Mk)IC; - 225u(0.045) - 75u(0.15) = 50 Cu$(0.15) D(0.15) + 3.125u
$

Comparing this equation to that of the standard equation, the natural circular
frequency of the spool is

Thus, the natural frequency of the oscillation is

Ans.fn =

vn

2p
=

5.145
2p

= 0.819 Hz

vn = 226.47 rad>s = 5.145 rad>s

 u
$

+ 26.47u = 0

 -112.5u = 4.25u
$
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Equation of Motion: The mass moment of inertia of the bar about the z axis is

. Referring to the free-body diagram of the bar shown in Fig. a,

Then,

(1)

Since is very small, from the geometry of Fig. b,

Substituting this result into Eq. (1)

Since is very small, . Thus,

Comparing this equation to that of the standard form, the natural circular frequency
of the bar is

Thus, the natural period of oscillation is

Ans.t =

2p
vn

=

2pL
a A

l

12g

vn = C
12ga2

IL2 =

a

L
 B

12g

l

u
$

+

12ga2

IL2  u = 0

tanag

l
 ub �

g

l
 uu

u
$

+

12ga

L2  tanaa

l
 ub = 0

f =

a

l
u

lf = au

u

 u
$

+

12ga

L2  tan f = 0

 c + ©Mz = Iza;    -2a mg

2 cos f
b  sin f(a) = a 1

12
 mL2bu$

+ c ©Fz = maz; 2T cos f - mg = 0   T =

mg

2 cos f

Iz =

1
12

 mL2

•22–25. The slender bar of mass m is supported by two
equal-length cords. If it is given a small angular
displacement of about the vertical axis and released,
determine the natural period of oscillation.

u

l

z

a

a

L

L

u

2

2
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Equation of Motion: The mass moment of inertia of the wheel about is z axis is
. Referring to the free-body diagram of the wheel shown in Fig. a,

Then,

(1)

Since is very small, from the geometry of Fig. b,

Substituting this result into Eq. (1)

Since is very small, . Thus,

Comparing this equation to that of the standard form, the natural circular frequency
of the wheel is

Thus, the natural period of oscillation is

Ans.kz =

tr

2p
 A

g

L

t = 2p¢kz

r
 A

L
g
≤

t =

2p
vn

vn = C
gr2

kz 
2L

=

r

kz
 A

g

L

u
$

+

gr2

kz 
2L

 u = 0

tana r

L
 ub �

r

L
 uu

u
$

+

gr

kz 
2 tan a r

L
 ub = 0

f =

r

L
 u

Lf = ru

u

 u
$

+

gr

kz 
2 tan f = 0

 c + ©Mz = Iz a;    -2a mg

2  cos f
b  sin f(r) = Amkz 

2 Bu$

+ c ©Fz = maz; 2T cos f - mg = 0   T =

mg

2 cos f

Iz = mkz 
2

22–26. A wheel of mass m is suspended from two equal-
length cords as shown. When it is given a small angular
displacement of about the z axis and released, it is
observed that the period of oscillation is . Determine the
radius of gyration of the wheel about the z axis.

t

u

L

z

r

r

u
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Equation of Motion: Due to symmetry, the force in each cord is the same. The mass
moment of inertia of the wheel about is z axis is . Referring to the free-
body diagram of the wheel shown in Fig. a,

Then,

(1)

Since is very small, from the geometry of Fig. b,

Substituting this result into Eq. (1)

(2)

Since is very small, . Thus,

Comparing this equation to that of the standard form, the natural circular frequency
of the wheel is

Thus, the natural period of oscillation is

Ans.kz =

tr

2p
 A

g

L

t = 2p¢kz

r
 A

L
g
≤

t =

2p
vn

vn = C
gr2

kz 
2L

=

r

kz
 A

g

L

u
$

+

gr2

kz2L
 u = 0

tan a r

L
 ub �

r

L
 uu

u
$

+

gr

kz 
2 tan a r

L
ub = 0

f =

r

L
 u

ru = Lf

u

 u
$

+

gr

kz 
2 tan f = 0

 c + ©Mz = Iz a;    -3¢ mg

3 cos f
≤  sin f(r) = mkz 

2u
$

+ c ©Fz = maz; 3T cos f - mg = 0   T =

mg

3 cos f

Iz = mkz 
2

22–27. A wheel of mass m is suspended from three equal-
length cords. When it is given a small angular displacement
of about the z axis and released, it is observed that the
period of oscillation is . Determine the radius of gyration
of the wheel about the z axis.

t

u

L

r

z

120�

120�

120�

u
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Ans.t =

2p
p

= 2pD
Ak2

G + d2 B
gd

u
$

+

gd

Ak2
G + d2 B  u = 0

sin u = u

Ak2
G + d2 Bu#  u$ + gd(sin u)u

#

= 0

T + V =

1
2

 Cmk2
G + md2 Du2

+ mg(d)(1 - cos u)

*22–28. Solve Prob. 22–10 using energy methods.
O

u

G

d

Ans.t =

2p
p

= 2pA
3r

2g

u + a2
3
b ag

r
bu = 0

sin u = u

3
2

 mr2 u
#

u
#

+ mg(r)(sin u)u
#

= 0

T + V =

1
2

 c3
2

 mr2 du# 2
+ mg(r)(1 - cos u)

•22–29. Solve Prob. 22–11 using energy methods.

r

O
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Ans.t =

2p
p

=

2p
1.0299

 aA
a
g
b = 6.10A

a
g

u +

3g

222a
 u = 0

sin u = u

2
3

 ma2 u
#

 u
$

+ mg¢ a

22
≤(sin u)u

#

= 0

T + V =

1
2

 C 1
12

m Aa2
+ a2 B + m¢ a

22
≤2Su# 2

+ mg¢ a

22
≤(1 - cos u)

22–30. Solve Prob. 22–12 using energy methods.

a a

O

Thus,

Ans.t =

2 p
p

=

2p

2245.3
= 0.401 s

u
$

+ 245.36 = 0

0.1834u
$

+ 45 u = 0

seq = 0.0375 ft

Feq = 80s eq = 3

0 = 0.1834u
#

 u
$

+ 80(seq + 0.75 u) a0.75 u
# b - 2.25u

#

 +

1
2

 (80) (se q + 0.75 u)2
- 3(0.75 u)

 T + V =

1
2

 c1
2

 a 15
32.2
b(0.75)2 du# 2

+

1
2
a 3

32.2
b a0.75 u

# b2

s = 0.75 u, s
#

= 0.75u
#

22–31. Solve Prob. 22–14 using energy methods.

k � 80 lb/ft

0.75 ft
O

A
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Since 

Then

Ans.t =

2p
p

= pC
m

k

p = C
4k
m

y +

4k
m

 y = 0

my
$

+ 4ky = 0

¢s =

mg

4k

m y
$

+ m g + 4ky - 4k¢s = 0

m y
#

 y
$

+ m g y
#

- 4k(¢sy)y
#

= 0

T + V =

1
2

 m(y
#

)2
+ m g y +

1
2

 (4k)(¢s - y)2

V = m g y +

1
2

 (4k)(¢s - y)2

T =

1
2

 m(y
#

)2

T + V = const.

*22–32. The machine has a mass m and is uniformly
supported by four springs, each having a stiffness k.
Determine the natural period of vertical vibration.

d—
2

d—
2

G

kk
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Energy Equation: Since the spool rolls without slipping, the stretching of both

springs can be approximated as and when the spool is being

displaced by a small angular displacement . Thus, the elastic potential energy is

. Thus,

The mass moment inertia of the spool about point A is 
. The kinetic energy is

The total energy of the system is

[1]

Time Derivative: Taking the time derivative of Eq. [1], we have

Since , then 

Ans.u
$

+ 26.0 u = 0

0.384375 u
$

+ 10 u = 0u
#

Z 0

u
#

 (0.384375 u
$

+ 10 u) = 0

0.384375u
#

 u
$

+ 10 u u
#

= 0

U = T + V = 0.1921875u
#
2

+ 5u
2

T =

1
2

 IA v2
=

1
2

 (0.384375) u
#
2

= 0.1921875u
# 2

+ 15 A0.12 B = 0.384375 kg # m2
IA = 15 A0.1252 B

V = Ve = 5 u2

Vp =

1
2

 k x 21 +

1
2

 k x 22 =

1
2

 (200)(0.1u)2
+

1
2

 (200) (0.2u)2
= 5u2

u

x2 = 0.2ux1 = 0.1u

•22–33. Determine the differential equation of motion of
the 15-kg spool. Assume that it does not slip at the surface
of contact as it oscillates. The radius of gyration of the spool
about its center of mass is . The springs are
originally unstretched.

kG = 125 mm

k � 200 N/m

k � 200 N/m

G

200 mm

100 mm
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Ans.t =

2 p
p

=

2p

A
8k

3m

= 3.85 A
m

k

u +

8k

3m
 u = 0

0 =

3
2

 mr 2 uu
#

+ 4 kr 2 uu
#

T + V =

1
2

 c1
2

 mr2
+ mr2 du# 2

+

1
2

 k(2r u)2

s = (2r) u

T + V = const.

22–34. Determine the natural period of vibration of the
disk having a mass m and radius r.Assume the disk does not
slip on the surface of contact as it oscillates.

k

r

Potential and Kinetic Energy: With reference to the datum established in Fig. a, the
gravitational potential energy of the wheel is

As shown in Fig. b, . Also, . Then, or .

The mass moment of inertia of the wheel about its mass center is . Thus,

the kinetic energy of the wheel is

The energy function of the wheel is

1
2

 mR2a r 
2

+ kG 
2

 

r 
2 bu# 2

- mgR cos u = constant

T + V = constant

 =

1
2

 mR2¢ r 
2

+ kG 
2

r 
2 bu# 2

 =

1
2

 m Au# R B2 +

1
2

(mk2
G) c aR

r
bu# d2

 T =

1
2

 mvG 
2

+

1
2

 IG v2

IG = mkG 
2

v = aR
r
bu#vr = u

#

RvG = vrG>IC = vrvG = u
#

R

V = Vg = -WyG = -mgR cos u

22–35. If the wheel is given a small angular displacement
of and released from rest, it is observed that it oscillates
with a natural period of . Determine the wheel’s radius of
gyration about its center of mass G.The wheel has a mass of
m and rolls on the rails without slipping.

t

u

r
G

R

u
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Taking the time derivative of this equation,

Since is not always equal to zero, then

Since is small, . This equation becomes

Comparing this equation to that of the standard form, the natural circular frequency
of the system is

The natural period of the oscillation is therefore

Ans.kG =

r

2p
 C
t 

2g - 4 p 
2R

R

t =

2p
vn

= 2pC
R
g

 ¢ r 
2

+ kG 
2

r 
2 ≤

vn = C
g

R
 ¢ r 

2

r 
2

+ kG 
2 ≤

u
$

+

g

R
 ¢ r 

2

r 
2

+ kG 
2 ≤u = 0

sin u � uu

u
$

+

g

R
 ¢ r 

2

r 
2

+ kG 
2 ≤  sin u = 0

mR2¢ r 
2

+ kG 
2

r 
2 ≤u$ + mgR sin u = 0

u
#

u
# cmR2¢ r 

2
+ kG 

2

r 
2 ≤u# + mgR sin u d = 0

mR2a r 
2

+ kG 
2

r 
2 bu#  u$ + mgR sin uu

#

= 0

*22–36. Without an adjustable screw, the 1.5-lb
pendulum has a center of gravity at If it is required that it
oscillates with a period of determine the distance from
pin to the screw. The pendulum’s radius of gyration aboutO

a1 s,
G.

A,

a G

A

O

7.5 in. u

Potential and Kinetic Energy: With reference to the datum established in Fig. a, the
gravitational potential energy of the system is

The mass moment of inertia of the pendulum about point O is 

. Since the pendulum rotates about point O,

. Thus, the kinetic energy of the system is

 T =

1
2

 IO u
#
2

+

1
2

 mAvA
2

vA = u
#

rOA = u
#

a

=

1.5
32.2

 a8.5
12
b2

= 0.02337 slug # ft2

IO = mkO 
2

 = -(0.9375 + 0.05 a) cos u

 = -1.5(0.625 cos u) - 0.05(a cos u)

 V = Vg = -WP yG - WA yA

is and the screw has a weight of 0.05 lb.kO = 8.5 in.O
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Thus, the energy function of the system is

Taking the time derivative of this equation,

Since is not always equal to zero, then

Since is small, . This equation becomes

Comparing this equation to that of the standard form, the natural circular frequency
of the system is

The natural period of the oscillation is therefore

Solving for the positive root,

Ans.a = 1.05 ft

0.06130a2
- 0.05a - 0.01478 = 0

1 = 2 pC
0.02337 + 0.001553a 

2

0.9375 + 0.05a

t =

2p
vn

vn = C
0.9375 + 0.05a

0.02337 + 0.001553a 
2

u
$

+ ¢ 0.9375 + 0.05a

0.02337 + 0.001553a 
2 ≤u = 0

sin u � 0u

u
$

+ ¢ 0.9375 + 0.05a

0.02337 + 0.001553a 
2 ≤  sin u = 0

A0.02337 + 0.001553a 
2 Bu$ + (0.9375 + 0.05a) sin u = 0

u

u
# c a0.02337 + 0.001553 a 

2bu$ + (0.9375 + 0.05a) sin u d = 0

A0.02337 + 0.001553a 
2 Bu#  u$ + (0.9375 + 0.05a) sin u u

#

= 0

A0.01169 + 0.0007764a 
2 Bu# 2

- (0.9375 + 0.05a) cos u = constant

T + V = constant

 = A0.01169 + 0.0007764 a 2 Bu# 2

 =

1
2

 (0.02337)u
#
2

+

1
2
¢0.05

32.2
≤ Au# a B2

*22–36. Continued
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Potential and Kinetic Energy: The elastic potential energy of the system is

The mass moment of inertia of the wheel about the z axis is . Thus, the
kinetic energy of the wheel is

The energy function of the wheel is

Taking the time derivative of this equation,

Since is not always equal to zero, then

Comparing this equation to that of the standard form, the natural circular frequency
of the system is

The natural period of the oscillation is therefore

Ans.t = 2pC
Mkz 

2

k

t =

2p
(vn)1

(vn) = C
k

Mkz 
2

u
#

+

k

Mkz 
2 u = 0

Mkz 
2u
$

+ ku = 0

u
#

u
# AMkz 

2u
#

+ ku B = 0

Mkz 
2u

#

 u
$

+ kuu
#

= 0

1
2

 Mkz 
2u

#
2

+

1
2

 ku
2

= constant

T1 + V = constant

T1 =

1
2

 Izu
#
2

=

1
2

Mkz 
2u

#
2

Iz = Mkz 
2

V = Ve =

1
2

 ku2

•22–37. A torsional spring of stiffness k is attached to a
wheel that has a mass of . If the wheel is given a small
angular displacement of about the determine the
natural period of oscillation. The wheel has a radius of
gyration about the z axis of .kz

z axisu

M
z

k

u
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Potential and Kinetic Energy: Referring to the free-body diagram of the system at
its equilibrium position, Fig. a,

Thus, the initial stretch of the spring is . Referring to Fig. b,

When the cylinder is displaced vertically downward a distance , the spring
is stretched further by .

Thus, the elastic potential energy of the spring is

With reference to the datum established in Fig. b, the gravitational potential energy
of the cylinder is

The kinetic energy of the system is . Thus, the energy function of the
system is

Taking the time derivative of this equation,

Since is not equal to zero,

y
$

+

4k
m

 y = 0

my
$

+ 4 ky = 0

y
#

y
#

(my
$

+ 4ky) = 0

my
#

 y
$

+ k¢mg

2k
+ 2y≤(2y

#

) - mgy
#

= 0

1
2

 my
# 2

+

1
2

 k¢mg

2k
+ 2y≤2

- mgy = 0

T + V = constant

T =

1
2

 my
# 2

Vg = -Wy = -mgy

Ve =

1
2

 k(s0 + s1)
2

=

1
2

 k¢mg

2k
+ 2y≤2

s1 = ¢sP = 2y
¢sC = y

 ¢sP = 2¢sC

 2¢sC - ¢sP = 0

 2sC - sP = l

 (+ T) sC + (sC - sP) = l

s0 =

(Fsp)st

k
=

mg

2k

+ c ©Fy = 0;  2(Fsp)st - mg = 0   (Fsp)st =

mg

2

22–38. Determine the frequency of oscillation of the
cylinder of mass m when it is pulled down slightly and
released. Neglect the mass of the small pulley. k
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Comparing this equation to that of the standard form, the natural circular frequency
of the system is

Thus, the frequency of the oscillation is

Ans.f =

vn

2p
=

1
pC

k
m

vn = C
4k
m

= 2C
k
m

Potential and Kinetic Energy: Referring to the free-body diagram of the system at
its equilibrium position, Fig. a,

Thus, the initial stretch of the spring is . Referring to Fig. b,

When the cylinder is displaced vertically downward a distance , the spring

stretches further by . Thus, the elastic potential energy of the spring is

With reference to the datum established in Fig. c, the gravitational potential energy
of the cylinder is

The kinetic energy of the cylinder is . Thus, the energy function of the
system is

Taking the time derivative of this equation,

y
# ¢my

$

+

k

4
 y≤ = 0

my
#

 y
$

+ k¢2mg

k
+

y

2
≤ ay

#

2
b - mg y

#

= 0

1
2

 my
# 2

+ k¢2mg

2k
+

y

2
≤2

- mgy = constant

T + V = constant

T =

1
2

 my
# 2

Vg = -Wy = -mgy

Ve =

1
2

 k(s0 + s1)
2

=

1
2

 k¢2mg

k
+

y

2
≤2

s1 = ¢sP =

y

2

¢sC = y

 ¢sP = -

¢sC

2
=

¢sC

2
 c

 2¢sP - ¢sC = 0

 (+ T) 2sP + sC = l

s0 =

(Fsp)st

k
=

2mg

k

+ c ©Fy = 0;  2mg - (Fsp)st = 0   (Fsp)st = 2mg

22–39. Determine the frequency of oscillation of the
cylinder of mass m when it is pulled down slightly and
released. Neglect the mass of the small pulleys.

k
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Since is not always equal to zero,

Comparing this equation to that of the standard form, the natural circular frequency
of the system is

Thus, the natural frequency of oscillation is

Ans.fn =

vn

2p
=

1
4pC

k
m

vn = C
1
4

 a k
m
b =

1
2C

k
m

y
$

+

1
4

 a k
m
by = 0

my
$

+

k

4
 y = 0

y
#

Potential and Kinetic Energy: Since the gear rolls on the gear rack, springs AO and
BO stretch and compress . When the gear rotates a small angle ,
Fig. a, the elastic potential energy of the system is

Also, from Fig. a, .The mass moment of inertia of the gear about its
mass center is .

Thus, the kinetic energy of the system is

 =

1
2

 m(r 
2

+ kO 
2)u

#
2

 =

1
2

 m(u
#

r)2
+

1
2

 AmkO 
2 Bu# 2

 T =

1
2

 mvO 
2

+

1
2

 IO v2

IO = mkO 
2

vO = u
#

rO>IC = u
#

r

 =

1
2

 r 
2(k1 + k2)u

2

 =

1
2

 k1 (ru)2
+

1
2

 k2 (ru)2

 V = Ve =

1
2

 k1sO 
2

+

1
2

 k2sO 
2

usO = rO>ICu = ru

*22–40. The gear of mass m has a radius of gyration about
its center of mass O of . The springs have stiffnesses of 
and , respectively, and both springs are unstretched when
the gear is in an equilibrium position. If the gear is given a
small angular displacement of and released, determine its
natural period of oscillation.

u

k2

k1kO

r
A B

k1 k2

u

O
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The energy function of the system is therefore

Taking the time derivative of this equation,

Since is not always equal to zero, then

Comparing this equation to that of the standard form, the natural circular frequency
of the system is

Thus, the natural period of the oscillation is

Ans.t =

2p
vn

= 2pD
m Ar 

2
+ kO 

2 B
r 

2(k1 + k2)

vn = C
r 

2(k1 + k2)

m Ar 
2

+ kO 
2 B

u
$

+

r 
2(k1 + k2)

m Ar 
2

+ kO 
2 B  u = 0

m Ar 
2

+ kO 
2)u

$

+ r 
2(k1 + k2)u = 0

u
#

u
# cm Ar 

2
+ kO 

2 Bu$ + r 
2(k1 + k2)u d = 0

m Ar 
2

+ kO 
2 Bu#  u$ + r 

2(k1 + k2)uu
#

= 0

1
2

 m Ar 
2

+ kO 
2 Bu# 2

+

1
2

r 
2(k1 + k2)u

2
= constant

T + V = constant

Ans.t = 2.81 s

t =

2p
vn

=

2p
sin u

 C
m

2k
=

2p
sin 45°C

8
2(40)

y
$

+

2k sin2 u
m

 y = 0

2ky sin2 u + my
$

= 0

2k(
mg

2k sin u
+ y sin u) sin u - mg + my

$

= 0

E
#

= 2k(seq + y sin u)y
#

 sin u - mgy
#

+ my
#

 y
$

= 0

E = 2(
1
2

)k(seq + y sin u)2
- mgy +

1
2

 my
# 2

22–41. The bar has a mass of 8 kg and is suspended from
two springs such that when it is in equilibrium, the springs
make an angle of 45° with the horizontal as shown.
Determine the natural period of vibration if the bar is
pulled down a short distance and released. Each spring has
a stiffness of k = 40 N>m.

A

k k

B C

45� 45�

91962_13_s22_p0988-1046  6/8/09  6:00 PM  Page 1019



1020

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

(Q.E.D.)

(1)

The general solution of the above differential equation is of the form of
.

The complementary solution:

The particular solution:

(2)

(3)

Substitute Eqs. (2) and (3) into (1) yields:

The general solution is therefore

Ans.

The constants A and B can be found from the initial conditions.

s = A sin pt + B cos pt +

F0>k
1 - av

p
b2 cos vt

C =

F0

m

p 
2

- v2 =

F0>k
1 - avpb

2

-Cv2 cos v t + p2 (C cos vt) =

F0

m
  cos vt

x
$

P = -Cv2 cos v t

sp = .C cos vt

xc = A sin pt + B cos pt

x = xc + xp

 x
$

+ p2x =

F0

m
 cos vt Where p = C

k
m

 x
$

+

k
m

x =

F0

m
 cos vt

 :+ ©Fx = max; F0 cos vt - kx = mx
$

22–42. If the block-and-spring model is subjected to the
periodic force , show that the differential
equation of motion is , where
x is measured from the equilibrium position of the block.
What is the general solution of this equation?

x
$

+ (k>m)x = (F0>m) cos vt
F = F0 cos vt

F � F0 cos vtk

Equilibrium
position

x

m

91962_13_s22_p0988-1046  6/8/09  6:00 PM  Page 1020



1021

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

22–43. If the block is subjected to the periodic force
, show that the differential equation of

motion is , where y is
measured from the equilibrium position of the block. What
is the general solution of this equation?

y
$

+ (k>m)y = (F0>m)  cos  vt
F = F0 cos vt

k

F � F0 cos vt

y

m
Since ,

(1)  (Q.E.D.)

Substitute yp into Eq. (1).

Ans.y = A sin pt + B cos pt + ¢ F0

(k - mv2)
≤cos vt

y = yc + yp

C =

F0

m

¢ k
m

- v2≤

C¢ -v2
+

k
m
≤cos vt =

F0

m
 cos vt

yp = C cos vt  (particular solution)

yc = A sin py + B cos py (complementary solution)

y
$

+ a k
m
by =

F0

m
 cos vt

W = kdst

+ T ©Fy = may ; F0 cos vt + W - kdst - ky = my
$

Ans.td =

2p
pd

=

2p
9.432

= 0.666 s

pd = pC1 - a c
cc
b2

= 12.247C1 - a12.5
19.6
b2

= 9.432 rad>s
Cc = 2mp = 2(0.8)(12.247) = 19.60 N # s>m
p = C

k
m

= C
120
0.8

= 12.247 rad>s

F = cy c =

F
y

=

2.5
0.2

= 12.5 N # s>m

*22–44. A block having a mass of 0.8 kg is suspended from
a spring having a stiffness of If a dashpot provides
a damping force of when the speed of the block is

determine the period of free vibration.0.2 m>s,
2.5 N

120 N>m.
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However, from equilibrium , therefore

From the text, the general solution of the above differential equation is

The initial condition when , and .

The solution is therefore

For this problem:

Ans.y = (0.0186 sin 8.02t + 0.333 cos 8.02t - 0.0746 sin 2t) ft

y0

p
-

(FO>k)v

p -

v2

p

= 0 -

(-7>100)2

8.025 -

22

8.025

= 0.0186

FO>k
1 - av

p
b2 =

-7>100

1 - a 2
8.025

b2 = -0.0746 y0 = 0.333

k =

50
6>12

= 100 lb>ft p = A
k
m

= C
100

50>32.2
= 8.025 rad>s

y = §y0

p
-

(FO>k)v

p -

v2

p

¥sin pt + y0 cos pt +

FO>k
1 - av

p
b2 sin vt

y0 = Ap - 0 +

(FO>k)v

1 - av
p
b2 A =

y0

p
-

(FO>k)v

p -

v2

p

y0 = 0 + B + 0    B = y0

y = y0y = y0t = 0

y = y
#

= Ap cos pt - Bp sin pt +

(FO>k)v

1 - av
p
b2 cos vt

y = A sin pt + B cos pt +

FO>k
1 - av

p
b2 sin vt

y
$

+ p 2y =

FO

m
 sin vt

y
$

+

k
m

 y =

FO

m
 sin vt where p = C

k
m

my
$

+ ky = FO sin vt

kyst - mg = 0

 my
$

+ ky + kyst - mg = FO sin vt

 + c ©Fy = may ; k(yst + y) - mg - FO sin v t = -my
$

•22–45. The spring shown stretches 6 in. when it is loaded
with a 50-lb weight. Determine the equation which
describes the position of the weight as a function of time if
the weight is pulled 4 in. below its equilibrium position and
released from rest at . The weight is subjected to the
periodic force of , where t is in seconds.F = (-7 sin 2t) lb

t = 0
k

F � �7 sin 2t
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Free-body Diagram: When the block is being displaced by amount x to the right, the
restoring force that develops in both springs is .

Equation of Motion:

[1]

Kinematics: Since , then substituting this value into Eq. [1], we have

[2]

Since the friction will eventually dampen out the free vibration, we are only
interested in the particular solution of the above differential equation which is in the
form of

Taking second time derivative and substituting into Eq. [2], we have

Thus,

[3]

Taking the time derivative of Eq. [3], we have

Thus,

Ans.Ayp Bmax = 2.07 ft>s

yp = x
#

p = -2.0663 sin 3t

xp = 0.6888 cos 3t

 C = 0.6888 ft

 -9C cos 3t + 21.47C cos 3t = 8.587 cos 3t

xp = C cos 3t

x
$

+ 21.47x = 8.587 cos 3t

a =

d2x

dt2 = x
$

 a + 21.47x = 8.587 cos 3t

 :+ ©Fx = 0;  -2(10x) + 8 cos 3t =

30
32.2

 a

Fsp = kx = 10x

22–46. The 30-lb block is attached to two springs having a
stiffness of A periodic force ,
where t is in seconds, is applied to the block. Determine the
maximum speed of the block after frictional forces cause
the free vibrations to dampen out.

F = (8 cos 3t) lb10 lb>ft.

F �  8 cos 3t

    k � 10 lb/ft

    k � 10 lb/ft
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The general solution is defined by:

Since

Thus,

when ,

when ,

Expressing the results in mm, we have

Ans.y = (361 sin 7.75t + 100 cos 7.75t - 350 sin 8t) mm

v = A(7.746)-2.8 = 0; A = 0.361

t = 0v = y = 0

v = A(7.746) cos 7.746 - B(7.746) sin 7.746t - (0.35)(8) cos 8t

0.1 = 0 + B - 0; B = 0.1 m

t = 0y = 0.1 m

y = A sin 7.746t + B cos 7.746t + §
7

300

1 - a 8
7.746

b2¥sin 8t

p = C
k
m

= C
300
5

= 7.746 rad>s
F = 7 sin 8t, F0 = 7 N v = 8 rad>s, k = 300 N>m

v = A sin pt + B cos pt + §
F0

k

1 - Avp B2¥sin vt

22–47. A 5-kg block is suspended from a spring having a
stiffness of If the block is acted upon by a vertical
periodic force where t is in seconds,
determine the equation which describes the motion of the
block when it is pulled down 100 mm from the equilibrium
position and released from rest at Consider positive
displacement to be downward.

t = 0.

F = 17 sin 8t2 N,
300 N>m.

k � 300 N/m

F � 7 sin 8t

Ans.vn = v = 2.83 rad>s
vn = C

k
m

= C
4(100)

50
= 2.83 rad>s

*22–48. The electric motor has a mass of 50 kg and is
supported by four springs, each spring having a stiffness of

If the motor turns a disk D which is mounted
eccentrically, 20 mm from the disk’s center, determine the
angular velocity at which resonance occurs. Assume that
the motor only vibrates in the vertical direction.

v

100 N>m.

20 mm
V

k � 100 N/m

D

k � 100 N/m
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Resonance occurs when

Ans.v = p = 14.0 rad>s

p = C
k
m

= C
4905
25

= 14.01 rad>s

k =

F

¢y
=

25(9.81)

0.05
= 4905 N>m

•22–49. The fan has a mass of 25 kg and is fixed to the end
of a horizontal beam that has a negligible mass. The fan
blade is mounted eccentrically on the shaft such that it is
equivalent to an unbalanced 3.5-kg mass located 100 mm
from the axis of rotation. If the static deflection of the beam
is 50 mm as a result of the weight of the fan, determine the
angular velocity of the fan blade at which resonance will
occur. Hint: See the first part of Example 22.8.

V

The force caused by the unbalanced rotor is

Using Eq. 22–22, the amplitude is

Ans.(xp)max = 14.6 mm

(xp)max = 4
35

4905

1 - (
10

14.01
)2

4 = 0.0146 m

(xp)max = 4
F0

k

1 - (
v

p
)2

4

F0 = mr v2
= 3.5(0.1)(10)2

= 35 N

p = C
k
m

= C
4905
25

= 14.01 rad>s

k =

F

¢y
=

25(9.81)

0.05
= 4905 N>m

22–50. The fan has a mass of 25 kg and is fixed to the end
of a horizontal beam that has a negligible mass. The fan
blade is mounted eccentrically on the shaft such that it is
equivalent to an unbalanced 3.5-kg mass located 100 mm
from the axis of rotation. If the static deflection of the
beam is 50 mm as a result of the weight of the fan,
determine the amplitude of steady-state vibration of the
fan if the angular velocity of the fan blade is . Hint:
See the first part of Example 22.8.

10 rad>s

V
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The force caused by the unbalanced rotor is

Using Eq. 22–22, the amplitude is

Ans.(xp)max = 35.5 mm

(xp)max = 4
113.4
4905

1 - a 18
14.01

b2
4 = 0.0355 m

(xp)max = 4
F0

k

1 - av
p
b2
4

F0 = mrv2
= 3.5(0.1)(18)2

= 113.4 N

p = C
k
m

= C
4905
25

= 14.01 rad>s

k =

F

¢y
=

25(9.81)

0.05
= 4905 N>m

22–51. What will be the amplitude of steady-state vibration
of the fan in Prob. 22–50 if the angular velocity of the fan
blade is ? Hint: See the first part of Example 22.8.18 rad>s

V

Ans.f¿ = 9.89°

f¿ = tan-1 §
2a c

cc
b av

p
b

1 - av
p
b2 ¥ = tan-1 §

2(0.8)a 2
18.57

b
1 - a 2

18.57
b2 ¥

d0 = 0.15, v = 2

d = 0.15 sin 2t

p = C
k
m

=

S
75

a 7
32.2
b

= 18.57

*22–52. A 7-lb block is suspended from a spring having a
stiffness of . The support to which the spring is
attached is given simple harmonic motion which can be
expressed as , where t is in seconds. If the
damping factor is , determine the phase angle 
of forced vibration.

fc>cc = 0.8
d = (0.15 sin 2t) ft

k = 75 lb>ft
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Ans.MF = 0.997

MF =

1

CB1 - av
p
b2R2

+ B2a c
cc
b av

p
b R2

=

1

CB1 - a 2
18.57

b2R2

+ B2(0.8)a 2
18.57

b R2

d0 = 0.15, v = 2

d = 0.15 sin 2t

p = C
k
m

=

S
75

a 7
32.2
b

= 18.57

•22–53. Determine the magnification factor of the block,
spring, and dashpot combination in Prob. 22–52.
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Equation of Motion: When the rod rotates through a small angle , the springs

compress and stretch . Thus, the force in each spring is

. The mass moment of inertia of the rod about point A is

. Referring to the free-body diagram of the rod shown in Fig. a,

Since is small, and . Thus, this equation becomes

(1)

The particular solution of this differential equation is assumed to be in the form of

(2)

Taking the time derivative of Eq. (2) twice,

(3)

Substituting Eqs. (2) and (3) into Eq. (1),

Ans.C =

3FO

3
2

(mg + Lk) - mLv2

C =

3FO > mL

3
2

 a g

L
+

k
m
b - v2

CB3
2

 a g

L
+

k
m
≤ - v2Rsin vt =

3FO

mL
 sin vt

-Cv2 sin vt +

3
2

 a g

L
+

k
m
≤(C sin vt) =

3FO

mL
 sin vt

u
$

p = -Cv2 sin vt

up = C sin vt

u
$

+

3
2

 ¢ g

L
+

k
m
≤u =

3FO

mL
 sin vt

1
3

 mLu
$

+

1
2

 (mg + kL)u = FO sin vt

cos u � 1sin u � 0u

=

1
3

 mL2u
#

+ ©MA = IAa; FO sin vt cos u(L) - mg sin uaL

2
b -2akL

2
 ubcos uaL

2
b

IA =

1
3

mL2

Fsp = ks =

kL

2
 u

s = r AGu =

L

2
 u

u

22–54. The uniform rod has a mass of m. If it is acted upon
by a periodic force of , determine the
amplitude of the steady-state vibration.

F = F0 sin vt

kk

L
2

L
2

F � F0  sin vt

A
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If the first peak occurs when , then the successive peaks occur when

.

Thus, the two successive peaks are

and

Thus,

(Q.E.D.)ln¢ yn

yn + 1
≤ =

2p(c>cc)

21-(c>cc)
2

yn

yn + 1
= e£

2p(c>cc)

21-(c>cc)
2
≥

 = De- ((c>cc)vn)t e-

2p(c>cc)

21-(c>cc)
2

 yn + 1 = De- C(c>cc)vn£t +

2p

vn21-(c>cc)
2
≥S

yn = De- ((c>cc)vn)

tn + 1 = l + td = t +

2p
vd

= t +

2p

vn 21 - (c>cc)
2

tn = t

22–55. The motion of an underdamped system can be
described by the graph in Fig. 20–16. Show that the relation
between two successive peaks of vibration is given by

, where is the
damping factor and is called the logarithmic
decrement.

ln(xn>xn + 1)
c>ccln(xn>xn + 1) = 2p(c>cc)>21—(c>cc)

2
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Using the result of Prob. 22-55,

However,

Thus,

Ans.c = 9.15 N # s>m

c

200
= 0.04574

cc = 2mvn = 2(10)A
1000
10

= 200 N # s>m

c
cc

= 0.04574

ln¢100
75
≤ =

2p(c>cc)

21-(c>cc)
2

ln¢ yn

yn + 1
≤ =

2p(c>cc)

21-(c>cc)
2

*22–56. Two successive amplitudes of a spring-block
underdamped vibrating system are observed to be 100 mm
and 75 mm. Determine the damping coefficient of the
system. The block has a mass of 10 kg and the spring has a
stiffness of . Use the result of Prob. 22–55.k = 1000 N>m

When the two dash pots are arranged in parallel, the piston of the dashpots have the
same velocity. Thus, the force produced is

The equivalent damping coefficient ceq of a single dashpot is

For the vibration to occur (underdamped system), . However,

. Thus,

Ans.c 6 2mk

2c 6 2mA
k
m

ceq 6 cc

= 2mA
k
m

cc = 2mvnceq 6 cc

ceq =

F

y
# =

2cy
#

y
# = 2c

F = cy
#

+ cy
#

= 2cy
#

•22–57. Two identical dashpots are arranged parallel to
each other, as shown. Show that if the damping coefficient

, then the block of mass m will vibrate as an
underdamped system.
c 6 2mk

k 

cc
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In this case, Thus, the natural circular frequency
of the system is

Here, and , so that

Thus,

Ans.

or

Ans.
v2

100
= 0.5   v = 7.07 rad>s

v2

100
= 1.5   v = 12.2 rad>s

v2

100
= 1 ; 0.5

;0.4 =

0.2

1 - ¢ v
10
≤2

(YP)max =

dO

1 - ¢ v
vn
≤2

(YP)max = ;0.4 mdO = 0.2 m

vn = D
keq

m
= A

5000
50

= 10 rad>s

keq = 2k = 2(2500) = 5000 N>m

22–58. The spring system is connected to a crosshead that
oscillates vertically when the wheel rotates with a constant
angular velocity of . If the amplitude of the steady-state
vibration is observed to be 400 mm, and the springs each
have a stiffness of , determine the two
possible values of at which the wheel must rotate. The
block has a mass of 50 kg.

V

k = 2500 N>m
V

200 mm

k k

v
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In this case, Thus, the natural circular frequency of the system is

Here, and , so that

Thus,

Ans.

or

Ans.
625
k

= 0.5     k = 1250 N>m

625
k

= 1.5     k = 417 N>m

625
k

= 1 ; 0.5

;0.4 =

0.2

1 - ¢ 5

20.04k
≤2

(YP)max =

dO

1 - ¢ v
vn
≤2

(YP)max = ;0.4 mdO = 0.2 m

vn = D
keq

m
= A

2k

50
= 20.04k

keq = 2k

22–59. The spring system is connected to a crosshead that
oscillates vertically when the wheel rotates with a constant
angular velocity of . If the amplitude of the
steady-state vibration is observed to be 400 mm, determine
the two possible values of the stiffness k of the springs. The
block has a mass of 50 kg.

v = 5 rad>s
200 mm

k k

v
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*22–60. Find the differential equation for small
oscillations in terms of for the uniform rod of mass m.
Also show that if , then the system remains
underdamped. The rod is in a horizontal position when it is
in equilibrium.

c 6 2mk>2
u

A
B

a

C

c k 

2

u

a

Equation of Motion: When the rod is in equilibrium, , and
. writing the moment equation of motion about point B by

referring to the free-body diagram of the rod, Fig. a,

Thus, the initial stretch of the spring is . When the rod rotates about

point B through a small angle , the spring stretches further by . Thus, the

force in the spring is . Also, the velocity of end C

of the rod is .Thus, .The mass moment of inertia of

the rod about B is . Again, referring to Fig. a and

writing the moment equation of motion about B,

Since is small, . Thus, this equation becomes

Ans.

Comparing this equation to that of the standard form,

Thus,

For the system to be underdamped,

Ans.c 6

1
2
2mk

4c 6 22mk

ceq 6 cc

cc = 2mvn = 2mA
k
m

= 22mk

vn = A
k
m
      ceq = 4c

u
$

+

4c
m

 u
#

+

k
m
u = 0

cos u � 1u

 u
$

+

4c
m

 cos uu
#

+

k
m

 (cos u)u = 0

 = -ma2u
$

 ©MB = IB a; kamg

2k
+ aub  cos u(a) + A2au

# B  cos u(2a) - mg cos uaa

2
b

IB =

1
12

 m(3a)2
+ maa

2
b2

= ma2

Fc = cy
#

c = c(2au
#

)vc = y
#

c = 2au
#

FA = k(s0 + s1) = k¢mg

2k
+ au≤

s1 = auu

sO =

FA

k
=

mg

2k

+ ©MB = 0;  -FA (a) - mgaa

2
b = 0    FA =

mg

2

u
$

= 0
Fc = cy

#

c = 0u = 0°
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Equation of Motion: When the pendulum rotates point C through a small angle , the

spring compresses . Thus, the force in the spring is

. Also, the velocity of end A is . Thus,

.The mass moment of inertia of the pendulum about point

C is . Referring to the free-

body diagram of the pendulum, Fig. a,

Since is small, and . Thus, this equation becomes

Comparing this equation to that of the standard form,

Here, . Thus, . Also,
. Since , the system is underdamped

(Q.E.D.). Thus,

Thus, the period of under-damped oscillation of the pendulum is

Ans.td =

2p
vd

=

2p
8.566

= 0.734 s

 = 8.566 rad>s
 = 8.923£C1 - ¢ 60

214.15
≤2≥

 vd = vn C1 - ¢ ceq

cc
≤2

ceq 6 cccc = 2mvn = 2(12)8.923 = 214.15 N # m>s
ceq = 5m = 5(12) = 60 N # m>sm = 2 C(10)(0.6) D = 12 kg

ceq = 5    vn = 8.923 rad>s

u
$

+ 5u
#

+ 79.62 = 0

cos u � 1sin u � uu

 u
$

+ 5 cos uu
#

+ 60 cos uu + 16.62 sin u = 0

 ©MC = IC a; -180u cos u(0.3) - 15u
#

 cos u(0.3) - 0.6(10)(9.81) sin u(0.3) = 0.9u
$

IC =

1
12

 c0.6(10) A0.62 B d +

1
3

 c0.6(10) A0.62 B d = 0.9 kg # m2

FA = cy
#

A = 50(0.3u
#

) = 15u
#

vA = y
#

A = 0.3u
#

FB = ks = 600(0.3u) = 180u

s = 0.3u

u

•22–61. If the dashpot has a damping coefficient of
, and the spring has a stiffness of

, show that the system is underdamped, and
then find the pendulum’s period of oscillation. The uniform
rods have a mass per unit length of .10 kg>m
k = 600 N>m
c = 50 N # s>m

CA B

D

k � 600 N/mc � 50 N�s/m

0.6 m

0.3 m0.3 m
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Here, .Thus, the circular frequency of the system is

The critical damping coefficient is

Then, the damping factor is

Here, and .

Thus,

Ans.yP = 0.111 sin (5t - 0.588) m

f¿ = tan- 1 E
2 

c
cc
¢ v
vn
≤

1 - ¢ v
vn
≤2
U = tan- 1 D

2(0.5)a 5
10
b

1 - a 5
10
b2 T = 33.69° = 0.588 rad

 = 0.1109 m

 =

300>3000

Q C1 - a 5
10
b2S

2

+ B2(0.5)(5)

10
R2

 Y =

FO > keq

Q C1 - ¢ v
vn
≤2S

2

+ B ¢2
c
cc
≤ ¢ v
vn
≤ R2

v = 5 rad>sFO = 300 N

c
cc

=

300
600

= 0.5

cc = 2mvn = 2(30)(10) = 600 N # s>m

vn = D
keq

m
= A

3000
30

= 10 rad>s
keq = 2k = 2(1500) = 3000 N>m

22–62. If the 30-kg block is subjected to a periodic force of
, , and ,

determine the equation that describes the steady-state
vibration as a function of time.

c = 300 N # s>mk = 1500 N>mP = (300 sin 5t) N

P � (300 sin 5 t)N

k c k
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Viscous Damped Free Vibration: Here ,

and . Since , the

system is underdamped and the solution of the differential equation is in the form of

[1]

Taking the time derivative of Eq. [1], we have

[2]

Applying the initial condition at to Eq. [2], we have

[3]

Here, and 

. Substituting these values into Eq. [3] yields

[4]

Applying the initial condition at to Eq. [1], we have

[5]

Solving Eqs. [4] and [5] yields

Substituting these values into Eq. [1] yields

Ans.y = 0.803 Ce- 0.8597 sin (9.23t + 1.48) D

f = 84.68° = 1.50 rad D = 0.8035 ft

 0.8 = D sin f

 0.8 = D Ce- 0  sin (0 + f) D
t = 0y = 0.8 ft

0 = D[-0.8587 sin f + 9.227 cos f]

= 9.227 rad>s
pd = pB1 - a c

cc
b2

= 9.266B1 - a 0.8
8.633

b2c

2m
=

0.8
2(15>32.2)

= 0.8587

 0 = D c - a c

2m
b  sin f + pd cos f d

 0 = De- 0 c - a c

2m
b  sin (0 + f) + pd cos (0 + f) d

t = 0y = 0

 = De- (c>2m)t c - a c

2m
b  sin (pdt + f) + pd cos (pdt + f) d

 y = y
#

= D c - a c

2m
be- (c>2m)t sin (pdt + f) + pde- (c>2m)t cos (pdt + f) d

y = D Ce- (c>2m)t sin (pdt + f) D

c 6 cccc = 2mp = 2a 15
32.2
b(9.266) = 8.633 lb # s>ft= 9.266 rad>s

p = A
k
m

= A
40

15>32.2
c = 0.8 lb # s>ft

22–63. The block, having a weight of 15 lb, is immersed in
a liquid such that the damping force acting on the block has
a magnitude of , where is the velocity of
the block in If the block is pulled down 0.8 ft and
released from rest, determine the position of the block as a
function of time. The spring has a stiffness of .
Consider positive displacement to be downward.

k = 40 lb>ft
ft>s.

vF = (0.8 ƒ v ƒ ) lb

k � 40 lb/ft
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*22–64. The small block at A has a mass of 4 kg and is
mounted on the bent rod having negligible mass. If the rotor
at B causes a harmonic movement ,
where t is in seconds, determine the steady-state amplitude
of vibration of the block.

dB = (0.1 cos 15t) m

k � 15 N/m

0.6 m

1.2 m

A
O

B

V

Thus,

Set 

Ans.ymax = (0.6 m)(0.00595 rad) = 3.57 rad

umax = C = 0.00595 rad

C =

1.25
15 - (15)2 = -0.00595 m

-C(15)2 cos 15t + 15(C cos 15t) = 1.25 cos 15t

xp = C cos 15t

u + 15u = 1.25 cos 15t

x = 1.2u

-15(x - 0.1 cos 15t)(1.2) = 4(0.6)2u
$

 xst =

4(9.81)(0.6)

1.2(15)

 Fs = kx = 15(x + xst - 0.1 cos 15t)

 + ©MO = IO a; 4(9.81)(0.6) - Fs (1.2) = 4(0.6)2u
$
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a

[1]

From equilibrium . Also, for small , and hence
.

From Eq. [1] 

Ans.

By comparing the above differential equation to Eq. 22-27

Ans.Acd #p B c =

2
9

 2km =

2
9

 2200(1.55) = 3.92 lb # s>ft

£9 Acd #p B c
2m

≥
2

-

k
m

= 0

m = 1.55 k = 200 vn = A
200
1.55

= 11.35 rad>s c = 9cd #p

1.55u
#

+ 540u
#

+ 200u = 0

1.5528u
$

+ 180(3u
#

) + 40(5u) = 0

y
#

2 = 3u
y2 = 3uy1 = 5uu40yst - 15 = 0

 1.5528u
$

+ 180y
#

2 + 40y1 + 40yst - 15 = 0

 + ©MA = IA a; 6(2.5) - (60y
#

2)(3) - 8(y1 + yst)(5) = c1
3

 a 6
32.2
b(5)2 du$

•22–65. The bar has a weight of 6 lb. If the stiffness of the
spring is and the dashpot has a damping
coefficient determine the differential
equation which describes the motion in terms of the angle of
the bar’s rotation. Also, what should be the damping
coefficient of the dashpot if the bar is to be critically damped?

u

c = 60 lb # s>ft,
k = 8 lb>ft CA

k

B

c

2 ft 3 ft
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Since , the system is underdamped,

From Eq. 22-32

Applying the initial condition at , and .

Ans.y = {-0.0702[e- 3.57t sin (8.540)]} m

 D = -0.0702 m

 -0.6 = De- 0 [8.542 cos 0° - 0]

sin f = 0 f = 0°

0 = D[e- 0 sin (0 + f)] since D Z 0

y = -0.6 m>sy = 0t = 0

y = De-A c
2mBt Cvd cos (vdt + f) -

c

2m
 sin (vdt + f) D

v = y
#

= D C e-A c
2mBt vd  cos (vdt + f) + A -  

c

2m
B  e-A c

2mBt sin (vdt + f)S

y = D C e-A c
2mBt sin (vdt + f)S

c

2m
=

50
2(7)

= 3.751

vd = vn B1 - a c
cc
b2

= 9.258 B1 - a 50
129.6

b2

= 8.542 rad>s
c 6 cz

cc = 2mvn = 2(7)(9.258) = 129.6 N # s>m
vn = A

k
m

= A
600
7

= 9.258 rad>s
c = 50 N s>m k = 600 N>m m = 7 kg

22–66. A block having a mass of 7 kg is suspended from a
spring that has a stiffness If the block is given
an upward velocity of from its equilibrium position
at determine its position as a function of time.
Assume that positive displacement of the block is
downward and that motion takes place in a medium which
furnishes a damping force where is the
velocity of the block in m>s.

vF = 150 ƒ v ƒ 2 N,

t = 0,
0.6 m>s

k = 600 N>m.
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From Prob. 22-46

The initial condition when , and 

Thus,

Ans. y = {-0.0232 sin 8.97t + 0.333 cos 8.97t + 0.0520 sin 4t} ft

 
v0

vn
-

d0 v0

vn -

v
0

 2

vn

= 0 -

(0.5>12)4

8.972 -
42

8.972

= -0.0232

 
d0

1 - Av0

vn
B2 =

0.5>12

1 - A 4
8.972 B2 = 0.0520

 vn = A
k
m

= A
10

4>32.2
= 8.972

 y = ¢ v0

vn
-

d0 v0

vn -

v 2
0
vn

≤  sin vnt + y0 cos vnt +

d0

1 - Av0
vn
B2 sin v0t

v0 = Avn - 0 +

d0 v0

1 - Av0
vn
B2 A =

v0

vn
-

d0 v0

vn -

v 2
0
vn

y0 = 0 + B + 0 B = y0

v = v0y = y0t = 0

v = y
#

= Avn cos vnt - Bvn sin vnt +

d0 v0

1 - Av0
vn
B2 cos v0t

y = A sin vnt + B cos vnt +

d0

1 - Av0
v0
B2 sin v0t

22–67. A 4-lb weight is attached to a spring having a
stiffness The weight is drawn downward a
distance of 4 in. and released from rest. If the support
moves with a vertical displacement in.,
where t is in seconds, determine the equation which
describes the position of the weight as a function of time.

d = 10.5 sin 4t2
k = 10 lb>ft.
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Equilibrium 

Here 

(1)

Ans.

By comparing Eq. (1) to Eq. 22–27

Since , the system will not vibrate. Therefore, it is overdamped. Ans.c 7 cc

cc = 2mvn = 2(25)(2) = 100 N #  s>m
m = 25 k = 100 c = 400 vn = A

4
1

= 2 rad>s

y
$

+ 16y
#

+ 4y = 0

25y
$

+ 400y
#

+ 100y = 0

c = 200 N #  s>m
m = 25 kg k = 100 N>mmy

$

+ 2cy
#

+ ky = 0

kyst - mg = 0

 my
$

+ ky + 2cy
#

+ kyst - mg = 0

 + T ©Fy = may ; mg - k(y + yst) - 2cy
#

= my
$

*22–68. Determine the differential equation of motion
for the damped vibratory system shown. What type of
motion occurs?

k � 100 N/m

c � 200 N � s/mc � 200 N � s/m

25 kg
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, so that 

Since , system is underdamped.

(1)

, at 

(trivial solution) so that 

Since 

Substituting into Eq. (1)

Expressing the result in mm

Ans.y = 33.8[e- 7.5t sin (8.87t)] mm

y = 0.0338[e- ( 60
2(4))t sin (8.87)t]

A = 0.0338

0.3 = A[0 + 1(8.87)]

f = 0

v = y = A[-

c

2m
 e- ( c

2m)t sin (vdt + f) + e- ( c
2m)t cos (vdt + f)(vd)]

f = 0A Z 0

0 = A sin f

t = 0v = 0.3y = 0

y = A[e- ( c
2m)t sin (vdt + f)]

 = 8.87 rad>s
 = 11.62A1 - (

60
92.95

)2

 vd = vn A1 - (
c
cc

)2

c 6 cc

c = 60F = 60y

cc = 2mvn = 2(4)(11.62) = 92.95

vn = A
k
m

= A
540
4

= 11.62 rad>s
k = 540 N>m

•22–69. The 4-kg circular disk is attached to three springs,
each spring having a stiffness If the disk is
immersed in a fluid and given a downward velocity of

at the equilibrium position, determine the equation
which describes the motion. Consider positive displacement
to be measured downward, and that fluid resistance acting
on the disk furnishes a damping force having a magnitude

where is the velocity of the block in .m>svF = 160 ƒ v ƒ 2 N,

0.3 m>s
k = 180 N>m.

120� 120�

120�
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Since ,

(1)

(General sol.)

(Particular sol.)

Substitute yp into Eq. (1)

Thus,

Ans.y = A sin vnt + B cos vnt +

kd
0

m

(k
m - v0 

2)
 cos v0t

y = yC + yP

C =

kd
0

m

(k
m - v0 

2)

C(-v0 
2

+

k
m

) cos v0t =

kd0

m
 cos v0t

yp = C cos v0t

yC = A sin vn y + B cos vn y

y
$

+

k
m

 y =

kd0

m
 cos v0t

W = kdst

+ T ©Fy = may ; kd0 cos v0t + W - kdst - ky = my
$

22–70. Using a block-and-spring model, like that shown in
Fig. 22–13a, but suspended from a vertical position and
subjected to a periodic support displacement of

determine the equation of motion for the
system, and obtain its general solution. Define the
displacement y measured from the static equilibrium
position of the block when t = 0.

d = d0 cos v0t,

Resonance occurs when Ans.v0 = vn = 19.7 rad>s

k =

F

d
=

150
1>12

= 1800 lb>ft vn = A
k
m

= A
1800

150>32.2
= 19.66

22–71. The electric motor turns an eccentric flywheel
which is equivalent to an unbalanced 0.25-lb weight
located 10 in. from the axis of rotation. If the static
deflection of the beam is 1 in. due to the weight of the
motor, determine the angular velocity of the flywheel at
which resonance will occur. The motor weights 150 lb.
Neglect the mass of the beam.

V
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The constant value F0 of the periodic force is due to the centrifugal force of the
unbalanced mass.

Hence 

From Eq. 22–21, the amplitude of the steady state motion is

Ans.C = 4 F0>k
1 - av0

vn
b2
4 = 4 2.588>1800

1 - a 20
19.657

b2
4 = 0.04085 ft = 0.490 in.

k =

F

d
=

150
1>12

= 1800 lb>ft vn = A
k
m

= A
1800

150>32.2
= 19.657

F = 2.588 sin 20t

F0 = man = mrv0 
2

= a0.25
32.2
b a 10

12
b(20)2

= 2.588 lb

*22–72. What will be the amplitude of steady-state
vibration of the motor in Prob. 22–71 if the angular velocity
of the flywheel is ?20 rad>s

V

The constant value F0 of the periodic force is due to the centrifugal force of the
unbalanced mass.

From Eq. 22.21, the amplitude of the steady state motion is

Ans.

Or,

Ans.u0 = 20.3 rad>

 v = 19.0 rad>s

 
0.25
12

= 4
0.006470a v2

1800
b

1 - a v

19.657
b2
4

 C = 4 FO>k
1 - av

p
b2
4

k =

F

d
=

150
1>12

= 1800 lb>ft p = A
k
m

= A
1800

150>32.2
= 19.657

F = 0.006470v2 sin vt

FO = man = mrv2
= a0.25

32.2
b a 10

12
bv2

= 0.006470v2

•22–73. Determine the angular velocity of the flywheel in
Prob. 22–71 which will produce an amplitude of vibration of
0.25 in.

V
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For the block,

Using Table 22–1,

Ans.Lq + Rq + (
1
C

)q = E0 cos vt

mx + cx + kx = F0 cos vt

22–74. Draw the electrical circuit that is equivalent to the
mechanical system shown. Determine the differential
equation which describes the charge q in the circuit.

k

m
F � F0 cos vt  

c

Free-body Diagram: When the block is being displaced by an amount y vertically
downward, the restoring force is developed by the three springs attached the block.

Equation of Motion:

[1]

Here, , and . Substituting these values into
Eq. [1] yields

Ans.

Comparing the above differential equation with Eq. 22–27, we have ,

and . Thus, .

Since , the system will not vibrate. Therefore it is overdamped. Ans.c 7 cc

cc = 2mp = 2(1)(3.464) = 6928 N # s>m
p = A

k
m

= A
12
1

= 3.464 rad>sk = 12 N>mc = 16 N # s>m
m = 1kg

y
$

+ 16y
#

+ 12y = 0

25y
$

+ 400y
#

+ 300y = 0

k = 100 N>mc = 200 N # s>mm = 25 kg

 my
$

+ 2cy
#

+ 3ky = 0

 + c ©Fx = 0;    3ky + mg + 2cy
#

- mg = -my
$

22–75. Determine the differential equation of motion for
the damped vibratory system shown. What type of motion
occurs? Take , , .m = 25 kgc = 200 N # s>mk = 100 N>m

k k k

c c

m
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Electrical Circuit Analogs: The differential equation that deseribes the motion of
the given mechanical system is

From Table 22–1 of the text, the differential equation of the analog electrical circuit is

Ans.Lq
$

+ Rq
#

+ a 2
C
bq = E0 cos vt

mx
$

+ cx
#

+ 2kx = F0 cos vt

*22–76. Draw the electrical circuit that is equivalent to
the mechanical system shown. What is the differential
equation which describes the charge q in the circuit?

F � F0 cos vt 

k

k

c
m

For the block

Using Table 22–1

Ans.Lq
$

+ Rq
#

+

1
C

q = 0

my
$

+ cy
#

+ ky = 0

•22–77. Draw the electrical circuit that is equivalent to
the mechanical system shown. Determine the differential
equation which describes the charge q in the circuit.

k

m

c
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