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¢20-1. The anemometer located on the ship at A spins z
about its own axis at a rate w,, while the ship rolls about the x
axis at the rate w, and about the y axis at the rate w,.
Determine the angular velocity and angular acceleration of
the anemometer at the instant the ship is level as shown.
Assume that the magnitudes of all components of angular
velocity are constant and that the rolling motion caused by
the sea is independent in the x and y directions.

o=+ o+ ok Ans.
Let Q = w,i + w,j.

Since w, and w, are independent of one another, they do not change their direction
or magnitude. Thus,

a=w= (ib)xyz+(wx+wy)><wz

a=0+ (o, + w,j) X (0,k)
a= w00 - 0,0.j Ans.
20-2. The motion of the top is such that at the instant z

shown it rotates about the z axis at w; = 0.6 rad/s, while it
spins at w, = 8 rad/s. Determine the angular velocity and
angular acceleration of the top at this instant. Express the
result as a Cartesian vector.

w=w + w
o = 0.6k + 8cos 45°j + 8sin 45°k

{5.66j + 6.26k} rad/s Ans.

g
Il

o= + o
Let x, y, z axes have angular velocity of ) = w{, thus
w =0
@ = (@) + (@1 X @) = 0 + (0.6k) X (8 cos 45% + 8sin 45°k) = —3.394i

a = o = {—3.39i) rad/s? Ans.
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20-3. At a given instant, the satellite dish has an angular
motion w; = 6 rad/s and @; = 3 rad/s* about the z axis. At
this same instant § = 25°, the angular motion about the x
axis is @, = 2 rad/s, and @, = 1.5 rad/s’>. Determine the
velocity and acceleration of the signal horn A at this instant.

Z

Angular Velocity: The coordinate axes for the fixed frame (X, Y, Z) and rotating
frame (x, y, z) at the instant shown are set to be coincident. Thus, the angular
velocity of the satellite at this instant (with reference to X, Y, Z) can be expressed in
terms of i, j, k components.

® = w + 0w, = {2i + 6k} rad/s

Angular Acceleration: The angular acceleration o« will be determined by
investigating separately the time rate of change of each angular velocity component
with respect to the fixed XYZ frame. w, is observed to have a constant direction
from the rotating xyz frame if this frame is rotating at ) = w; = {6k} rad/s.
Applying Eq. 20-6 with (&,),,, = {1.5i} rad/s>. we have

©) = (W)yy; + @1 X 0 = 151 + 6k X 2i = {1.5i + 12j} rad/s’
Since w; is always directed along the Z axis (0 = 0), then
01 = (0))xy; + 0 X 0y = {3k} rad/s?
Thus, the angular acceleration of the satellite is
a =@ + @, = {L.5i + 12j + 3k} rad/s’

Velocity and Acceleration: Applying Eqgs. 20-3 and 20—4 with the w and « obtained
above andr, = {1.4 cos 25°j + 1.4 sin 25°k} m = {1.2688j + 0.5917k} m, we have

vi=w X1, = (2 +6k) X (1.2688] + 0.5917k)
= {~7.61i — 1.18] + 2.54k} m/s Ans.

aA=a><rA+w><(w><rA)

(1.3i + 12j + 3k) X (1.2688j + 0.5917k)
+ (20 + 6k) X [(2i + 6k) X (1.2688] + 0.5917K)]

= {10.4i — 51.6j — 0.463k} m/s Ans.
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*20-4. The fan is mounted on a swivel support such that z
at the instant shown it is rotating about the z axis at
w; = 0.8 rad/s, which is increasing at 12 rad/s%. The blade is
spinning at w, = 16 rad/s, which is decreasing at 2 rad/s’. T w1
Determine the angular velocity and angular acceleration of

the blade at this instant. T -

30° )

[0) |

w=w T w

0.8k + (16 cos 30°i + 16 sin 30°k)
= {13.9i + 8.80k} rad/s Ans.
For w,, Q = w; = {0.8k} rad/s.
(@) xyz = (@5 T Q X o,
= (=2 cos 30° — 2sin 30°k) + (0.8k) X (16 cos 30°i + 16 sin 30°k)
= {—1.7320i + 11.0851j — 1k} rad/s’
Forw;, Q =0.
(@)xyz = (@), + Q X o
= (12K) + 0
= {12k} rad/s?
a=o0=(0)xyz + (@)xyz
a = 12k + (—1.7320i + 11.0851j — 1k)

= {-1.73i + 11.1j + 11.0k} rad/s? Ans.
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¢20-5. Gears A and B are fixed, while gears C and D are
free to rotate about the shaft S. If the shaft turns about the z
axis at a constant rate of w; = 4 rad/s, determine the
angular velocity and angular acceleration of gear C.

The resultant angular velocity w = w; + w, is always directed along the
instantaneous axis of zero velocity /A.

w=w + w
2_ i L k = 4k + o, j
N N e ®2)
Equating j and k components

——w =14 w = —8.944 rad/s

2
w, = —=(—8.944) = —8.0rad/s
YA
Hence 2 (—8.944)j ! (—8.944)k = {—8.0j + 4.0k} rad/s Ans
w=—(-8. - —=(-8. = {-8.0j X X
V5 Vs
For w,, O = w; = {4k} rad/s.

(@)xyz = (@) T Q& X o,
=0 + (4k) X (=8j)

= {32i} rad/s’

For wy, Q) =

|
i

(@1)xyz = (@1)xy; T A X0 =0+0=0

a=w=(o)xyz + (@)xvz

a =0 + (32i) = {32i) rad/s? Ans.
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20-6. The disk rotates about the z axis w, = 0.5 rad/s z
without slipping on the horizontal plane. If at this same
instant o, is increasing at @, = 0.3 rad/s?, determine the
velocity and acceleration of point A on the disk.

Angular Velocity: The coordinate axes for the fixed frame (X, Y, Z) and rotating

frame (x, y, z) at the instant shown are set to be coincident. Thus, the angular y
velocity of the disk at this instant (with reference to X Y, Z) can be expressed in 300 mm w/
terms of i, j, k components. Since the disk rolls without slipping, then its angular

velocity w = w; + w, is always directed along the instantaneous axis of zero
velocity (y axis). Thus,

w = w; t+ o,

—wj = —w, cos 30°j — w,sin 30°%k + 0.5k

Z,z
Equating k and j components, we have
0= —w,sin30° + 05 @, = 1.00rad/s W,=0-5 rad]s
i
—w=-1.00c0s30° w = 0.8660 rad/s i P Y
IA - ) y
Angular Acceleration: The angular acceleration « will be determined by investigating 50
the time rate of change of angular velocity with respect to the fixed XYZ frame. Since
o always lies in the fixed X-Y plane, then w = {—0.8660j} rad/s is observed to have a Ws
constant direction from the rotating xyz frame if this frame is rotating at
Q = o, = {0.5k} rad/s. (wy),,, Z,E
03 . 03 . 2 . 2
=q— (cos30°)j — — (sin 30°) k ¢ rad/s” = {—0.5196j — 0.3k} rad/s".
sin 30° sin 30° e O-jrad/s'
Thus, (@)y, = @, + (@y)yy, = {—0.5196]} rad/s%. Applying Eq. 20-6, we have 30" Wg

@ =0 = (@) + 0, X @)ﬁﬁ' Yz’f

30
—0.5196j + 0.5k X (—0.8660j)

= {0.4330i — 0.5196j} rad/s? )
@Os)xye
Velocity and Acceleration: Applying Eqgs. 20-3 and 20—4 with the w and a obtained
above andry = {(0.3 — 0.3 cos 60°)j + 0.3 sin 60°k} m = {0.15j + 0.2598k} m, we
have

Vi = Xry = (—0.8660j) X (0.15j + 0.2598k) = {—0.225i} m/s Ans.
ay=aXry+toX(@Xry
= (0.4330i — 0.5196j) x (0.15j + 0.2598k)
+ (—0.8660j) X [(—0.8660j) X (0.15j + 0.2598Kk)]

= {—0.135i — 0.1125j — 0.130k} m/s’ Ans.
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20-7. If the top gear B rotates at a constant rate of w, z
determine the angular velocity of gear A, which is free to
rotate about the shaft and rolls on the bottom fixed gear C.
B
<"
A @ h
O = y
hy
e ¢
X
Vp = wk X (—rBj) = (J)I"Bi
Also,
i j k Zz
Vp=wy X (—rpj + k) = |04y 04, w4, K
0 —Fp hz 1—54$ w
. . ]
= (wayhy + 0w 1)l = (WA )] — war 7Bk P =
Thus, o h.z;
erZwAyh2+wAer (1) h’l
Y
0= WAy hz R
r{
0 = Wpy B c
WpAx = 0
i j k
VR:(): 0 wAy WAz =(*wAyh1+wAer)i
0 —rc _I’ll
rc
Way = Way ]’T]
From Eq. (1)
rch
wrg = a)AZ{(Q> + }"B:|
h
_ rgho B (r£>( rg o )
@z rch2+r3h1’ wAy hl rch2+r3h1
rec rp hl w . rp hla) )
= + k Ans.
@A (h1>("chz""’3h1>I (’ch2+r3h1 "
872



91962_11_s20_p0867-0924 6/8/09 5:06 PM Page 873 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

*20-8. The telescope is mounted on the frame F that z
allows it to be directed to any point in the sky. At the instant
0 = 30°, the frame has an angular acceleration of
a, = 0.2 rad/s* and an angular velocity of w, = 0.3 rad/s
about the y’ axis, and 6 = 0.5 rad/s> while 6 = 0.4 rad/s.
Determine the velocity and acceleration of the observing
capsule at C at this instant.

y =03rad/s
oy =02 rad /s>

x7 §=04rad/s
= 0.5 rad /s>

Angular Velocity: The coordinate axes for the fixed frame (X, Y, Z) and rotating
frame (x, y, z) at the instant shown are coincident. Thus, the angular velocity of the
frame at this instant is

® =0+ w0, = —04i + (0.3 cos 30° + 0.3 sin 30°k)
= [-0.4i + 0.2598j + 0.15k] rad/s
Angular Acceleration: w, is observed to have a constant direction relative
to the rotating xyz frame which rotates at = @ = [—0.4i] rad/s. With
(@, )eye = @ = 0.2 c0s 30% + 0.2sin 30°k = [0.1732j + 0.1K] rad/s?, we obtain

vy = (d’y’)wz + O Xy,
= (0.1732 + 0.1k) + (—0.4i) X (0.3 cos 30°%j + 0.3 sin 30°K)

= [0.2332j — 0.003923k] rad//s?

Since 6 is always directed along the X axis (0 = 0), then
0 = (), + 0 X 6 = [-0.5i] rad/s?
Thus, the angular acceleration of the frame is
a= oyt 6 = [—0.5i + 0.2332j — 0.003923k] rad/s?
Velocity and Acceleration:
V. = @ X 1, = (—0.4i + 0.2598j + 0.15k) X (10k)
= [2.598i + 4.00j] m/s = [2.60i + 4.00j] m/s Ans.
a=aXr,+oX(Xr,)

= (—0.5i + 0.2332j — 0.003923k) X (10k) + (—0.4i + 0.2598j + 0.15k) X [(—0.4i + 0.2598j + 0.15k) X (10K)]
= [1.732i + 5.390j — 2.275k] m/s®

= [1.73i + 5.39j — 2.275k] m/s> Ans.
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¢20-9. At the instant when 6 = 90°, the satellite’s body is
rotating with an angular velocity of w; = 15rad/s and
angular acceleration of @, = 3 rad/s’. Simultaneously, the
solar panels rotate with an angular velocity of w, = 6 rad/s
and angular acceleration of @, = 1.5 rad/s?. Determine the
velocity and acceleration of point B on the solar panel at
this instant.

Here, the solar panel rotates about a fixed point O.The XYZ fixed reference frame ez
is set to coincide with the xyz rotating frame at the instant considered. Thus, the
angular velocity of the solar panel can be obtained by vector addition of w; and w,.

® = w; + w, = [6j + 15Kk] rad/s Ans. W, = |5 [ad)

The angular acceleration of the solar panel can be determined from

a=d)=d)1+¢b2

£ Z 'éfd/‘
W, = /.5 redfe Y, v

@)

If we set the xyz frame to have an angular velocity of Q) = w; = [15k] rad/s, then Xx’
the direction of w, will remain constant with respect to the xyz frame, which is along
the y axis. Thus,

Wy = (W)xy; + @1 X 0, = 1.5j + (15k X 6j) = [-90i + 1.5f] rad/s?
Since wq is always directed along the Z axis when () = w,, then
01 = (0)yxy; + 01 X 01 = [3K] rad/s2
Thus,
a = 3k + (—90i + 1.5j)
= [-90i + 1.5j + 3K] rad/s”
When 6 = 90°, rpp = [—1i + 6j] ft. Thus,
v = w X rog = (6j + 15k) X (—=1i + 6j)
= [-90i — 15j + OK] ft/s Ans.
and
ag = a Xrog + o X (0 X rop)
= (=90i + 15j + 3k) X (—1i + 6j) + (6j + 15k) X [(6j + 15k) X (—1i + 6))]

= [243i — 1353j + 1.5k] ft/s? Ans.
[ j
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20-10. At the instant when 6 = 90°, the satellite’s body
travels in the x direction with a velocity of vop = {500i} m/s
and acceleration of ay = {50i} m/s%. Simultaneously, the
body also rotates with an angular velocity of w; = 15 rad/s
and angular acceleration of @; = 3 rad/s’. At the same
time, the solar panels rotate with an angular velocity of
w, = 6rad/s and angular acceleration of @, = 1.5 rad/s?
Determine the velocity and acceleration of point B on the
solar panel.

The XYZ translating reference frame is set to coincide with the xyz rotating frame
at the instant considered. Thus, the angular velocity of the solar panel at this instant
can be obtained by vector addition of w; and w,.

® = o + v, = [6j + 15k] rad/s Zz
The angular acceleration of the solar panel can be determined from
a=0w=w t+wo

If we set the xyz frame to have an angular velocity of ) = w; = [15k] rad/s, then
the direction of w, will remain constant with respect to the xyz frame, which is along
the y axis. Thus,

@y = (02)4y; + @1 X @ = 1.5 + (15k X 6j) = [-90i + 15j] rad/s’

Since w is always directed along the Z axis when () = w{, then

@1 = (®))yy; + 01 X 0 = [3k] rad/s’
Thus,
a =3k + (=90i + 1.5j)
= [-90i + 1.5j + 3k] rad/s

When 6 = 90°, r5,0 = [—1i + 6j] ft. Since the satellite undergoes general motion,
then

Vg = Vo + © X rgp = (500i) + (6j + 15k) X (—1i + 6j)
= [410i — 15j + 6K] ft/s Ans.
and

aB:aO+a><rB/O+wX(erB/O)
= 50i + (—90i + 1.5§ + 3k) X (—1i + 6j) + (6j + 15k) X [(6j + 15k) X (—1i + 6j)]
= [293i — 1353j + 1.5K] ft/s? Ans.
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20-11. The cone rolls in a circle and rotates about the z
z axis at a constant rate o, = 8 rad/s. Determine the
angular velocity and angular acceleration of the cone if it
rolls without slipping. Also, what are the velocity and
acceleration of point A?

8rad/s

80 mm

Angular Velocity: The coordinate axes for the fixed frame (X, Y, Z) and rotating
frame (x, y, z) at the instant shown are set to be coincident. Thus, the angular
velocity of the disk at this instant (with reference to X, Y, Z) can be expressed in
terms of i, j, k components. Since the disk rolls without slipping, then its angular
velocity w = w; + w, is always directed along the instantaneuos axis of zero
velocity (y axis). Thus,

0= o, + o,
—wj = —w, cos 45°j — w, sin 45°k + 8k

Equating k and j components, we have
0= —w,sin45° + 8 o, = 11.31 rad/s

—w = —11.13 cos 45° o = 8.00 rad/s

Thus, o = {—8.00j} rad/s Ans.

Angular Acceleration: The angular acceleration « will be determined by
investigating the time rate of change of angular velocity with respect to the fixed
XYZ frame. Since w always lies in the fixed X-Y plane, then w = {—8.00j} rad/s is
observed to have a constant direction from the rotating xyz frame if this frame is
rotating at {) = w, = {8k} rad/s. Applying Eq. 20-6 with (@),,. = 0, we have

a=o=(d)y, + o, Xo=0+8k X (=8.00j) = {64.0i} rad/s* Ans.

Velocity and Acceleration: Applying Eqgs. 20-3 and 20—4 with the w and «a obtained
above and r, = {0.16 cos 45°k} m = {0.1131k} m, we have

Vi = o X1y = (—8.00j) X (0.1131k) = {—0.905i} m/s Ans.

ay=aXry+oX(@Xry

(64.0i) x (0.1131K) + (—8.00§) X [(~8.00§) X (0.1131K)]

= {—7.24j — 7.24k} m/s? Ans.
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*20-12. At the instant shown, the motor rotates about the
z axis with an angular velocity of @, = 3 rad/s and angular
acceleration of @; = 1.5 rad/s%. Simultaneously, shaft OA
rotates with an angular velocity of w, = 6 rad/s and angular
acceleration of @, = 3 rad/s?, and collar C slides along rod
AB with a velocity and acceleration of 6 m/s and 3 m/s’.
Determine the velocity and acceleration of collar C at this
instant.

The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. Thus, the angular velocity and angular acceleration of this frame
with respect to the XYZ frame are

Q = w; = [3k] rad/s @ = [1.5k] rad/s?
Since point A rotates about a fixed axis (Z axis), its motion can be determined from Z
’
Vi = X ros = (3k) X (03f) = [-0.9i] m/s 52
W= 3rads
a, =0 X Tos + 0 X (0 X 10,) = 1-5Ys),

= (1.5k) X (0.3f) + (3k) X (3k X 0.3j)

A = Gradfs
= [-0.45i — 2.7j] m/s? X W, = 3 radfs*
In order to determine the motion of point C relative to point A, it is necessary to
establish a second x'y’z’ rotating frame that coincides with the xyz frame at the YJ?)?
instant considered, Fig. a. If we set the x'y’z’ frame to have an angular velocity <
relative to the xyz frame of ' = w, = [6]] rad/s, the direction of (rC/A)xyz will )
Eemain unchanged with respect to the x’y’z’ frame. Taking the time derivative of
Yc/A)xyz

(Ve a)eye = (Ecya)aye = [(ea)eye + @2 X (Ec/a)nye]
= (—6Kk) + 6j X (—0.3Kk)
= [-1.8i — 6k] m/s

Since ()" = w, has a constant direction with respect to the xyz frame, then
Q' = @, = [3j] rad/s% Taking the time derivative of (Fc/a)xyz

@c/a)ey: = (Fc/a)eye = [(Feja)eyz + @2 X (keja)eyz | + @2 X (kpa)aye + @02 X (Ec/a)iye
= [(—3K) + 6j X (—6k)] + (3j) X (—0.3Kk) + 6j X (—1.8i — 6k)
= [~72.9i + 7.8k] m/s
Thus,
Ve =4+ Q Xreu+ (Vora)sy:
= (—0.9i) + 3k X (—0.3k) + (—1.8i — 6K)
= [-2.7i — 6k] m/s Ans.
and
ac = a, + QO X rea + QX (Q X 1c/0) + 2Q X (Veya)aye + (Ac/a) vy
= (—0.45i — 2.7j) + 1.5k X (—0.3k) + (3k) X [(3K) X (—0.3k)] + 2(3K) X (—1.8i — 6k) + (—72.9i + 7.8k)

= [-73.35i — 13.5j + 7.8k] m/s Ans.
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¢20-13. At the instant shown, the tower crane rotates about
the z axis with an angular velocity w; = 0.25 rad/s, which is
increasing at 0.6 rad/s?. The boom OA rotates downward
with an angular velocity w, = 0.4 rad/s, which is increasing
at 0.8 rad/s?. Determine the velocity and acceleration of
point A located at the end of the boom at this instant.

|
T o = 0.25rad/s

® = w; o, = {—041i+ 0.25k} rad/s

Q = {0.25 k} rad/s

w=w,+ QXwo=(—08i+ 0.6k) + (0.25k) X (—0.4i + 0.25K)
= {-0.8i — 0.1j + 0.6k} rad/s>

r, = 40 cos 30° + 40 sin 30°k = {34.64j + 20k]} ft

vizoXrys=1-04i+025k) X (34.64j + 20K)

va = {—8.66i + 8.00j — 13.9Kk}ft/s Ans.

ay= a1y + o X v, = (—08i-0.1j + 0.6k) X (34.64j + 20k) + (—0.4i + 0.25k) X (—8.66i + 8.00j — 13.9K)

a, = {—24.8i + 8.29j — 30.9k]ft/s Ans.
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20-14. Gear C is driven by shaft DE, while gear B spins z
freely about its axle GF, which precesses freely about shaft
DE. If gear A is held fixed (w4 = 0), and shaft DE rotates
with a constant angular velocity of wpr = 10rad/s,
determine the angular velocity of gear B.

wpr = 10rad/s

Since gear C rotates about the fixed axis (zaxis), the velocity of the contact point P ?
between gears B and C is

vp = wpg X rc = (10k) X (=0.15j) = [1.5i] m/s

Here, gear B spins about its axle with an angular velocity of (wp), and precesses about
shaft DE with an angular velocity of (wp),. Thus, the angular velocity of gear B is

wp = (wB)yj + (wp) k

Here, rzp = [—0.15j + 0.15k] m. Thus,

Vp:wBXI'FP

1.5i = [(wp),J + (wp). k| X (—0.15j + 0.15k)
151 = [0.15(wp), — (—0.15)(wp). i
1.5 = 0.15(wp), + 0.15(wp),

(wB)y + (wB)z =10 (1)

Since gear A is held fixed, wp will be directed along the instantaneous axis of zero
velocity, which is along the line where gears A and B mesh. From the geometry of Fig. a,

(wB)z = tan 45° (wB)z = (wB)y 2)
(wp)y

Solving Egs. (1) and (2),
(wp)y = (wp), = Srad/s
Thus,

wp = [5§ + 5k] rad/s Ans.
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20-15. Gear C is driven by shaft DE, while gear B spins z
freely about its axle GF, which precesses freely about shaft
DE. If gear A is driven with a constant angular velocity of
w4 = Srad/s and shaft DE rotates with a constant angular
velocity of wpr = 10 rad/s, determine the angular velocity
of gear B.

Since gears A and C rotate about the fixed axis (z axis), the velocity of the contact
point P between gears B and C and point P’ between gears A and B are

Vp = wpp X e = (10k) X (=0.15)) = [1.5i] m/s bl

wpp = 10rad/s

and 150 mm ‘
vp = wy X 1y = (=5k) X (=0.15j) = [-0.75i] m/s

Gear B spins about its axle with an angular velocity of (wg), and precesses about
shaft DE with an angular velocity of (wp),. Thus, the angular velocity of gear B is

wp = (wp)yj + (vp) k
Here, rpp = [—0.15j + 0.15k] m and rpp = [—0.15j — 0.15k]. Thus,
Vp = wp X Ipp
15i = [(wp),j + (0p). k] X (—0.15) + 0.15k)

15i = [0.15(wp), + 0.15(wp), i

so that
1.5 = 0.15(wp), + 0.15(wp).
(wp)y + (wp), = 10 @
and
Vp = wp X Ypp
—0.751 = [(wp),j + (0p).k]| X (=0.15j — 0.15k)
—0.75i = [0.15(wp), — 0.15(wp), i
Thus,

—0.75 = 0.15(wp), — 0.15(wp),
(wp)y = (wp); =5 (¥)]
Solving Egs. (1) and (2), we obtain
(wp)y = 7.5rad/s
(wp), = 2.5rad/s
Thus,

wp = [7.5j + 2.5k] rad/s Ans.
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*20-16. At the instant 6 = 0°, the satellite’s body is
rotating with an angular velocity of w; = 20 rad/s,and it has
an angular acceleration of @; = 5 rad/s% Simultaneously, the
solar panels rotate with an angular velocity of w, = 5rad/s
and angular acceleration of @, = 3 rad/s?. Determine the
velocity and acceleration of point B located at the end of one
of the solar panels at this instant.

The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. Thus, the angular velocity and angular acceleration of this frame
with respect to the XYZ frame are

Q = w; = [20k] rad/s ® = @ = [5k] rad/s’
Since point A rotates about a fixed axis (Z axis), its motion can be determined from
V4 = w X rp4 = (20k) X (1j) = [-20i] m/s
and

aA=d)1><r0A+w1><(w1Xr0A)

(5k) X (1) + (20i) x [(20i) X (1j)]
= [~5i — 400j] m/s’

In order to determine the motion of point B relative to point A, it is necessary to
establish a second x'y’z’ rotating frame that coincides with the xyz frame at the
instant considered, Fig. a. If we set the x'y’z’ frame to have an angular velocity
relative to the xyz frame of Q' = w, = [5i] rad/s, the direction of (rp/4)y,. Will
remain unchanged with respect to the x'y’z’ frame. Taking the time derivative of

(rB/A)xyz7

(VB/A)xyz = (l;B/A)xyz = [(i‘B/A)x’y’z' t wy X (rB/A)xyz]

=0 + (5i) X (6j)
= [30k] m/s

Since ()" = w, has a constant direction with respect to the xyz frame, then
Q' = @, = [3i] rad/s?. Taking the time derivative of (FB/4)xyzs

(aB/A)xyz = (EB/A)xyz = [(EB/A)x’y’z' + wy X (i'B/A)x’y’z’] + 4’2 X (rB/A)xyz + wy X (i'B/A)xyz
= [0 + 0] + (3i) X (6j) + (5i) X (30k)

= [-150j + 18Kk] m/s?

Thus,
Vg =Vy+ Q Xrgu+ (Va/a)ey:
= (—20i) + (20k) X (6j) + (30k)
= [—140i + 30k] m/s Ans.
and

ag=a, + Q Xrgs+ QX (QXrga)+20 X (Vga)u: + (ap/4)x
= (=5i — 400j) + (5k) X (6j) + (20k) X [(20k) X (6j)] + 2(20k) X 30k + (—150j + 18k)

= [-35i — 2950j + 18k] m/s> Ans.
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*20-17. Attheinstant § = 30°,the satellite’s body is rotating
with an angular velocity of w; = 20 rad/s,and it has an angular
acceleration of @; = 5 rad/s%. Simultaneously, the solar panels
rotate with a constant angular velocity of w, = 5rad/s.
Determine the velocity and acceleration of point B located at
the end of one of the solar panels at this instant.

The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. Thus, the angular velocity and angular acceleration of this frame
with respect to the XYZ frame are

QO = w; = [20Kk] rad/s ® = @, = [5k] rad/s?

Since point A rotates about a fixed axis (Z axis), its motion can be determined from
v4 = w X ros = (20k) X (1j) = [-20i] m/s

and

aA:d)lerAJ’_le(wlerA)

(5k) X (1j) + (20k) X [(20k) X (1j)]
= [~5i — 400j] m/s*

In order to determined the motion of point B relative to point A, it is necessary to
establish a second x’y’z’ rotating frame that coincides with the xyz frame at the
instant considered, Fig. a. If we set the x'y’z’ frame to have an angular velocity

relative to the xyz frame of ' = w, = [5k] rad/s, the direction of (rg/4)x,. Will Y ’
remain unchanged with respect to the x'y’z’ frame. Taking the time derivative of )%’%
(rB/A)xyz’ (a ,)

(VB/A)xyz = (i'B/A)xyz = [(i'B/A)x’y’z’ + wy X (rB/A)xyz]
=0 + (5i) X (6cos30°j + 6sin 30° k)
= [-15j + 25.98k] m/s

Since ()" = w, has a constant direction with respect to the xyz frame, then
Q' = w, = 0.Taking the time derivative of (tg/4)yy.

(ap/a)xy: = (fB/A) = [('fB/A) L tapX (i‘B/A)x'y'z'] + @y X (g/a)xy: T @2 X (E3/4)xyz
xyz xX'y'z
=0+ 0] + 0+ (5i) X (~15] + 25.98K)

= [-129.90j — 75k] m/s?

Thus,
Vg =Va+ Q X+ (Vpra)sy:
= (=20i) + (20k) X (6 cos 30°j + 6sin 30°K) + (—15j + 25.98K)
= [~124i — 15j + 26.0k] m/s Ans.
and

ag=a, + QX rgia + QX (Q Xrga) + 20 X (Vp/a)ey: T (Ap/a)xyz
= (—5i — 400j)+(5k) X (6 cos 30°j + 6 sin 30° k)+(20k)><[(20k)><(6 cos 30°j + 6sin 30°k)]
+2(20k) X (— 15§ + 25.98K)+(—129.90j — 75k)

= [569i — 2608j — 75k]m/s? Ans.
[ j
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20-18. At the instant 6 = 30°, the satellite’s body is
rotating with an angular velocity of w; = 20 rad/s, and it
has an angular acceleration of @; = 5rad/s%. At the same
instant, the satellite travels in the x direction with a velocity
of vp = {5000i} m/s, and it has an acceleration of
ap = {500i} m/s?. Simultaneously, the solar panels rotate
with a constant angular speed of w, = 5rad/s. Determine
the velocity and acceleration of point B located at the end
of one of the solar panels at this instant.

The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. Thus, the angular velocity and angular acceleration of this frame
with respect to the XYZ frame are

Q = w; = [20k] rad/s o = @, = [5k] rad/s?

Since the body of the satellite undergoes general motion, the motion of points O
and A can be related using

Vg4 = Vo + w1 X rA/O = 50001 + (ZOk) X (1j) = [4980i] m/s
and

ay =ap + d)l X rA/O + w; X (a)l X ro/A)

(500i) + (5k) X (1j) + (20k) X [(20K) X (1j)]

= [495i — 400j] m/s?
In order to determine the motion of point B relative to point A, it is necessary to
establish a second x'y’z’ rotating frame that coincides with the xyz frame at the
instant considered, Fig. a. If we set the x'y’z’ frame to have an angular velocity of

Q' = w, = [5i] rad/s, the direction of (rp/4)y,. Will remain unchanged with respect
to the x'y’'z’ frame. Taking the time derivative of (rz/4)yyz

(VB/A)xyz = (i'B/A)xyz = [(i'B/A)x’y’z’ + wy X (l'B/A)xyz}
=0 + (5i) X (6cos30°j + 6sin 30°k)

= [-15j + 25.98k] m/s

Since ()" = w, has a constant direction with respect to the xyz frame, then
Q = w, = 0.Taking the time derivative of (fp/4)yyz,
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20-18. Continued

(ap/a)xy: = (fB/A)xyz = [(fB/A)x'y'z' + wy X (i‘B/A)x’y’z’} + @y X (Xg/a)wy; + @2 X (Fp/a)xyz
=10+ 0] + 0 + (5i) X (—15j + 25.98Kk)
= [-129.90j — 75k] m/s’
Thus,
Vg =Va+ Q Xrga+ (Vaa):
= (4980i) + (20K) X (6cos 30°j + 6sin 30°k) + (—15j + 25.98K)
= [4876i — 15j + 26.0k]m/s Ans.
and
ag=a, + Q Xrgs+ QX (QXrg4) +2Q X (Vg/a)eye + (A5/4) sy
= (495i — 400§)+ (5k)X(6 cos 30°j+6 sin 30° k) + (20k)><[(20k)><(6 cos 30°j + 6sin 30°k)]
+ 2(20k) X (—15j + 25.98K)+(—129.90j — 75k)

= [1069i — 2608j — 75k] m/s> Ans.
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20-19. The crane boom OA rotates about the z axis with a
constant angular velocity of w; = 0.15rad/s, while it is
rotating downward with a constant angular velocity of
w, = 0.2 rad/s. Determine the velocity and acceleration of
point A located at the end of the boom at the instant shown.

Q-
|

= w; + w; = {0.2j + 0.15k} rad/s

W = W — Wy

Let the x, y, z axes rotate at {) = wy, then

wo=0=|o|+ o X o,

o =0+ 0.15k X 0.2j = {—0.03i} rad/s>

ry = [ V(110> — (50 i + 50k = {97.98i + 50k] ft

i j Kk
Vg = wyply = 0 0.2 0.15
9798 0 50
v,y = {10 + 117§ — 19.6k} ft/s Ans.
i j Kk i k

ay—a+r,+o+v,=]-003 0 0|+|0 02 015
9798 0 50| |10 147 —19.6

a, = {—6.12i + 3j — 2k} ft/s’ Ans.
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*20-20. If the frame rotates with a constant angular z
velocity of w, = {—10k} rad/s and the horizontal gear B
rotates with a constant angular velocity of wp = {5k} rad/s,
determine the angular velocity and angular acceleration of
the bevel gear A.

If the bevel gear A spins about its axle with an angular velocity of wg, then its
angular velocity is

o=, t o,
= (w;c0s 30°j + w,sin 30°k) — 10k

= 0.8660w,j + (0.5w, — 10)k

Since gear B rotates about the fixed axis (zaxis), the velocity of the contact point P
between gears A and B is

v, = wg X rg = (5k) X (1.5§) = [-7.5i[ft/s
Since gear A rotates about a fixed point O then rpp = [1.5j] ft. Also,
vV, = X ¥gp
—7.51 = [0.8660w,j + (0.5w, — 10)k] X (1.5j)
=751 = —1.5(0.50, — 10)i
=75 = =1.5(0.50, — 10)
w, = 30rad/s
Thus,
w; = 30cos 30° j + 30sin 30°k = [25.98] + 15Kk] rad/s
w = 0.8660(30)j + [0.5(30) — 10]k = [26.0j + 5k] rad/s Ans.

We will set the XYZ fixed reference frame to coincide with the xyz rotating
reference frame at the instant considered. If the xyz frame rotates with an angular
velocity of ) = w, = [—10k] rad/s, the direction of w, will remain constant with
respect to the xyz frame. Thus,
‘bs = (d)S)xyz + wp X wy
=0 + (—10k) X (25.98j + 15k)
= [259.81i] rad/s?
If Q = w,, then w, is always directed along the z axis. Thus,
iy = (@p)eye + 0y X0, =0+0=0
Thus,

a=w=a+o,=(259.81i) + 0 = [260i] rad/s’ Ans.
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¢20-21. Rod AB is attached to collars at its ends by ball-
and-socket joints. If the collar A has a velocity of v, = 3 ft/s,
determine the angular velocity of the rod and the velocity of
collar B at the instant shown. Assume the angular velocity of
the rod is directed perpendicular to the rod.

Velocity  Equation:  Here, rg/4 ={0— (—4)]i+ 2 -0)j+ (0 -4k} ft
={4i +2j — 4k} ft, v, = {3i}ft/s, vg=vgj and o =ow,i+ w,j+ ok
Applying Eq. 20-7, we have
VB:VA+LU><IB/A
vj = 3i+ (00 + 0,j + 0k) X (4i +2j — 4k)
vgj = (3 — 4w, — 20,)i + (4o, + 40)j + (20, — 40,) K

Equating i, j and k components, we have

3 -4w, = 20, =0 1]
vp = 4w, + 4o, [2]
20, — 4w, = 0 [3]

If w is specified acting perpendicular to the axis of the rod AB. then
w-rg 4 =0
(0yi+ @y j + 0 k) (4 +2j — 4k) = 0
4o, + 20, — 4w, = 0 [4]
Solving Egs. [1], [2], [3] and [4] yields
vg = 6.00 ft/s w, = 0.6667 rad/s

o, = 0.3333 rad/s w, = 0.8333 rad/s
Thus,
vg = {6.00j} ft/s Ans.

o = {0.667i + 0.333j + 0.833k} rad/s Ans.
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20-22. The rod AB is attached to collars at its ends by ball-
and-socket joints. If collar A has an acceleration of
a, = {8i} ft/s? and a velocity v, = {3i} ft/s, determine the
angular acceleration of the rod and the acceleration of collar B
at the instant shown. Assume the angular acceleration of the
rod is directed perpendicular to the rod.

Velocity  Equation:  Here, 1p/4 ={[0 — (=4)]i+ (2 —-0)j+ (0 — 4)k]} ft
= [+ 2§ — 4K} ft, vu={Bi}ft/s, vp=vg] and © = w0+ 0,f+ ok
Applying Eq. 20-7. we have
VB:VA+erB/A
vgj = 3i + (00 + 0,j + 0k) X (4i +2j — 4k)
vgi = (3~ 4w, — 20,)i + (4o, + 40) j + (20, — 40,) k

Equating i, j, k components, we have

3 -40y — 20, =0 [1]
vp = 4o, + 4o, [2]
20, — 40, = 0 [3]

If w is specified acting perpendicular to the axis of rod AB, then
w-rg 4 =0
(0, + w,j + o k) (4i +2j —4k) =0
4o, + 20, — 4w, = 0 4]
Solving Egs. [1], [2], [3] and [4] yields
vy = 6.00 ft/s w, = 0.6667 rad/s

w, = 0.3333 rad/s w, = 0.8333 rad/s
Thus, = {0.6667i + 0.3333j + 0.8333k} rad/s

Acceleration Equation: With « = a,i + a, j + o,k and the result obtained above,
applying Eq. 20-8, we have

ag=a, + aXrgyt o X (0Xrg,)

agj = 8i + (a i+ a,j + ak) X (4i + 2j — 4K)
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20-22. Continued

+(0.6667i + 0.3333j + 0.8333k) X [(0.6667i + 0.3333j + 0.8333K) X (4i + 2j — 4k)
apj = (3 — 4a, — 2a.)i + (—2.50 + da, + da)j + (5 + 20, — 4a,) K

Equating i, j, k components, we have

3 —4ay, — 2a,=0 (3]
ag = —2.50 + 4o, + 4o, [6]
5+ 20, —4a,=0 [7]

If « is specified acting perpendicular to the axis of rod AB, then
a-rps =0
(ai+ ayj + ark)-(4i +2 — 4k) = 0
doy + 20y — 4a, =0 (8]
Solving Egs. [5], [6], [7] and [8] yields
ag = —650ft/s>  a, = —0.7222 rad/s’
a, = 0.8889rad/s @, = —0.2778 rad/s’
Thus,
ag = {—6.50} ft/s’ Ans.

a = {—0.722i + 0.889j — 0.278k} rad/s> Ans.
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20-23. Rod AB is attached to collars at its ends by ball-and- z
socket joints. If collar A moves upward with a velocity of
v, = {8k}ft/s, determine the angular velocity of the rod and
the speed of collar B at the instant shown. Assume that the
rod’s angular velocity is directed perpendicular to the rod.

3 4
VB:{Sk} ft/S vB:_ngiJ’_ngk wAB:wxi+wyj+ka

tpa = {151 — 2j — 1K) ft

VB =V4 + wyp X Tp/A

i j k
3 4
_gUBi+§UBk:8k+ 0, 0, o
1.5 -2 -1
Equating i, j, and k
3
—w, + 2w, = —ng @
w, + 150, =0 2)
4

o — 2w, — 150w, = guB (R)]

Since w 45 is perpendicular to the axis of the rod,
wsptpa = (0ci+ o,j+ok) (151 -2 -1k) =0
L5w, = 20, — 0, = 0 ()]
Solving Egs.(1) to (4) yields:
w, = 1.1684 rad/s w, = 1.2657rad/s w, = —0.7789 rad/s

vg = 4.71 ft/s Ans.

Then wyp = {1.17i + 1.27j — 0.779k} rad/s Ans.

890



91962_11 s20_p0867-0924 6/8/09 5:15 PM Page 891 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

*20-24. Rod AB is attached to collars at its ends by ball-and- z
socket joints. If collar A moves upward with an acceleration of
a, = {4k}ft/s? determine the angular acceleration of rod AB
and the magnitude of acceleration of collar B. Assume that the
rod’s angular acceleration is directed perpendicular to the rod.

From Prob. 20-23
wap = {1.1684i + 1.2657j — 0.7789k} rad/s
rg.4 = {1.51 — 2j — 1k} ft

agp = o+ ayj+oak

3 4
a, = {4k} ft/s ag = —ga3i+§a3k

ag=a, + ayp X1p4+ wsp X (0ap X Tp4)

3 4
—Sapi+ gaghk = 4k + (ad + oy f + o k) X (15 - 2) — 1K)

+(1.1684i + 1.2657j — 0.7789k)

x[(1.1684i + 1.2657j — 0.7789k) X (L.5i — 2j — 1K)]

Equating i, j, and k components

3
—a, + 2a, — 5.3607 = ~3 ag 1
a, + 1.5a, + 71479 = 0 (2)
4
75737 = 2a, — 1.5a;, = ga (&)

Since a 45 is perpendicular to the axis of the rod,
auptpa = (api+ a,j+ ak) (151 —2j— 1k) =0
1.5ay — 2y — @, =0 @
Solving Eqgs.(1) to (4) yields:
a, = —2.779%rad/s’ a, = —0.6285rad/s’  a, = —2.91213 rad/s’
ag = 17.6 ft/s? Ans.

Then a g = {—2.78i — 0.628j — 2.91k} rad/s? Ans.
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©20-25. If collar A moves with a constant velocity of b4
v, = {10i} ft/s, determine the velocity of collar B when
rod AB is in the position shown. Assume the angular
velocity of AB is perpendicular to the rod.

Since rod AB undergoes general motion v, and v, can be related using the relative
velocity equation.

Vp = Vy + WAB X rB/A

3
Assume Vg = 7VBi - gVBk andeB = (wAB)xi + (wAB)yj + (wAB)zk.AISO,

5
rp/4 = [—2i + 4j — 4k] ft. Thus,

4

gVBi - %VBk = 10i + {(wAB)Xi + (wAB)yj + (‘UAB)zk} X (_2i + 4j - 4k)

o= 2uk = 10 = oan), — Hoan: i+ [ 4o — 20nn) i + | 40a, + 20,k

Equating the i, j, and k components

4

5VB = 10 — 4wap)y — Hwap); @

0 = 4wap)r — 2(w4B): 2)
3

T5VB T Hwap)y T 2wap)y 3)

The fourth equation can be obtained from the dot product of
WAB TB/A = 0
(0ap)yi + (wap)yJ + (wap) k|- (=2i + 4j — 4k) = 0
—2(wup)x + Hwap)y — Hwup), =0 @)
Solving Egs. (1) through (4),
(wap)x = 1.667 rad/s (wap)y = 4.167 rad/s (wap), = 3.333rad/s
vg = —25ft/s

Then,

4 3
vy = 5 (<25)i = 5 (-25)k = [~20i + 15K] fi/s Ans.
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20-26. When rod AB is in the position shown, collar A z
moves with a velocity of v, = {10i} ft/s and acceleration of
a, = {2i} ft/s°. Determine the acceleration of collar B at
this instant. Assume the angular velocity and angular
acceleration of AB are perpendicular to the rod.

For general motion, a, and ay can be related using the relative acceleration
equation.

ag =ay + asp Xrpq + wap X (Wap X Tp/a)

Using the result of Prob. 19-17, w 45 = [1.667i + 4.166j + 3.333K] rad/s.

. 3 . .
gllBl - gaBkand ApB — (aAB)xl + (aAB)yJ + (O[AB)zk.AISO,

rs4 = [~2i + 4j — 4k] ft. Thus,

Assume ag =

4

gaBi - %ﬂBk = 2i + {(aAB)xi + (aAB)yj + (aAB)zk:| X (_2i + 4j - 4k)

+(1.667i + 4.166j + 3.333k) X [(1.667i + 4.166j + 3.333k) X (—2i + 4j — 4Kk)]

4 . 3 . .
gllBl - gaBk = |:645 - 4(aAB)y - 4(aAB)z:|l + [4(aAB)X - 2(aAB)Z - 1251] + |:4(aAB)x + Z(aAB)y + 125 k

Equating the i, j, and k components

4

59 = 64.5 — 4(aqp)y, — Haup); @

0 = 4(01/43),\7 - Z(aAB)z - 125 (2)
3

TS = 4 aap)y + 2(aup)y + 125 3

The fourth equation can be obtained from the dot product of
app rpa =0
(aap)ei + (aap)y + (aap) k|- (=2i + 4j — 4k) = 0
—2(ayp)x + Haap)y — 4Haqp), =0 @)
Solving Egs. (1) through (4),

(aup)x = 94.08 rad/s’ (app)y = 172.71 rad/s (aup), = 125.67 rad/s’

ap = —1411.25 ft/s?

Then,

ay = %(—1411.25)1 - %(—1411.25)1« = [~1129 + 846.75k] ft/s  Awns.
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20-27. If collar A moves with a constant velocity of
v, = {3i} m/s, determine the velocity of collar B when rod
AB is in the position shown. Assume the angular velocity of
AB is perpendicular to the rod.

200 mm

NS

300 mm

X 600 mm

Since rod AB undergoes general motion v, and v can be related using the relative
velocity equation.

VB =V4 T+ wyp X rB/A
Assume v = vpj,wqp = {(wAB)xi + (wap)yj + (@ap); k},and
rg/4 = [02i + 0.6j — 0.3k] ft. Thus,
VBj =3i+ |:(wAB)xi + (wAB)yj + (wAB)zk:| X (02i + 06j - 03]()
VBj = |:3 - 0.3(0)A3)y - 06(wAB)z:|i + [0'3(0).43))( + 02(a)AB)Z}j + |:0'6(wAB)x - O'Z(wAB)y k

Equating the i, j, and k components

0=3~- 0~3((‘)AB)y - 0'6(wAB)z @
vg = 03(wap)x + 0.2(wp); 2
0 = 0.6(wap)y — 0.2(wap), 3)

The fourth equation can be obtained from the dot product of
wpp-tga =0
[(@ap)ed + (@ap),J + (@ap). k|- (0.2i + 0.6f — 0.3k) = 0

0.2(wap)x + 0.6(wap)y — 0.3(wap), = 0 @)

Solving Egs. (1) through (4),

(wap)x = 0.6122 rad/s (wap)y = 1.837 rad/s (wap), = 4.082 rad/s
vg = 1m/s
Then,
v = [1j]Jm/s Ans.
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*20-28. When rod AB is in the position shown, collar A z
moves with a velocity of v, = {3i} m/s and acceleration of 200 mm
a, = {0.5i} m/s?. Determine the acceleration of collar B at )}

this instant. Assume the angular velocity and angular

acceleration of AB are perpendicular to the rod. <

A

300 mm

X 600 mm

For general motion, a, and ay can be related using the relative acceleration
equation.

ag = ay + ayp Xrpq + wap X (Wap X Tp/4)
Using the result of Prob. 19-22, w 45 = [0.6122i + 1837j + 4.082k] rad/s

Also,ap = agj,asp = (a4p)ci + (@4p),j + (24p); k,and
rg/4 = [0.2i + 0.6 — 0.3k] m. Thus,

aBj = (05i) + {(aAB)xi + (aAB)yj + (aAB)zk:| X (02i + 06j - 03k)
+(0.6122i + 1837j + 4.082k) X [(0.6122i + 1837j + 4.082k) X (0.2i + 0.6] — 0.3K)]

agj = —{0.3(01 a)y + 0.6(aqp), + 3.5816} + [03(aap)c + 02(asp), — 12.2449]j + {0.6(%3))( — 0.2(app), + 61224 |k

Equating the i, j, and k components

0= —{0.3(aAB)y + 0.6(ctap), + 3.5816} @)
ap = 03(aup), + 0.2(cpp), — 12.2449 Q)
0 = 0.6(ap)s — 0.2(pp), + 6.1224 A3)

The fourth equation can be obtained from the dot product of
QAR TB/A = 0
[(@ap)ei + (aap)yi + (@ap). k] (02i + 0.6§ — 0.3k) = 0
0.2(aup)x + 0.6(cqp)y — 0.3(aup), = 0 @
Solving Egs. (1) through (4),
(aap), = —10.1020rad/s*>  (aqp), = 0.3061rad/s>  (aup), = —6.1224 rad/s’
ag = —16.5m/s?
Then,

ag = [~16.5j]m/s? Ans.
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©20-29. If crank BC rotates with a constant angular z 300 mm
velocity of wpc = 6rad/s, determine the velocity of the /

collar at A. Assume the angular velocity of AB is
perpendicular to the rod.

1000 mm

X Wpc, Wpc™

Here, r¢/p = [—0.3i] m and wpe = [6k] rad/s. Since crank BC rotates about a fixed c
axis, then 300 mm

Vg = wap X rgc = (6k) X (—03i) = [-1.8j] m/s

Since rod AB undergoes general motion v, and v, can be related using the relative
velocity equation.

Vq = Vp + WAB X rA/B
Here,vp = v Kk, wyp = {(wAB)xi + (®4p)yJ + (®4p); k},and
ryp = [-0.3i — 1j + 0.8k] m.Thus,
vak = 1.8 + |:(wAB)xi + (wap)yd + (wAB)zk:| X (—0.3i — 1j + 0.8k)
vak = {O-S(wAB)y + (wAB)z:|i_|:0'8(wAB)x + 0.3(wup), + 1-8}j + |:0~3(wAB)y — (wap)x [k

Equating the i, j, and k components

0 = 0.8(wap)y + (0ap); @
0= —[O.S(wAB)x + 03(wap). + 1.8} @)
va = 03(wap)y — (04B)x 3)

The fourth equation can be obtained from the dot product of
wpp-typ =0
(@ap)ci + (wap)y + (wAB)zk:| *(=03i — 1j + 0.8k) = 0
—0.3(w4p)c — (wap)y + 0.8(wap), = 0 @)

Solving Egs. (1) through (4),

(wap)y = —2.133 rad/s (wap)y, = 0.3902rad/s (wap), = —0.3121 rad/s?
vy = 225m/s
Then,
v, = [2.25k]m/s Ans.
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20-30. If crank BC is rotating with an angular velocity z 300 mm
of wpc = 6rad/s and an angular acceleration of /

@pc = 1.5 rad/s?, determine the acceleration of collar A at
this instant. Assume the angular velocity and angular
acceleration of AB are perpendicular to the rod.

x @pc, DpC

Here, rcp = [—0.3i] m and age = [1.5k] rad/s?. Since crank BC rotates about a 300 mm
fixed axis, then

ag = agc X rcp + wpe X (wpe X rep) = (1.5k) X (=0.3i) + 6k X [(6k) X (—0.3i)]

= [10.8i — 0.45j] m/s?
For general motion, a, and a, can be related using the acceleration equation.

ay =ag+ asp Xryp+ 0ap X (Wap X Typ)
Using the result of Prob. 20-29, w 45 = [—2.133i + 0.3902j — 0.3121Kk] rad/s.
Also,ay = ask,aup = (aap)ci + (@ap)yj + (@ap). k,and
ryp = [—0.3i — 1j + 0.8k] m. Thus,

ask = (10.8i — 0.45)) + [(@ap).i + (aap),i + (@ap). k| X (—0.3i — 1j + 0.8k)

+(—=2.133i + 0.3902j — 0.3121k) X [(—2.133i + 0.3902j — 0.3121k) X (—0.3i — 1j + 0.8k)]
ak = [0.8(aap), + (aap), + 1224]i + [4.349 — 0.8(cup). — 03(aap). Ji + [0.3(cun), — (@ap). — 3.839 ]k

Equating the i, j, and k components

0= O'S(aAB)y + (aAB)Z + 12.24 (1)
0 = 4349 — 0.8(arap)x — 0.3(aup), )
as = 0~3(aAB)y — (asp)y — 3.839 (€)]

The fourth equation can be obtained from the dot product of

asp rtap =0

[(@ag)ci + (@ap),j + (@ap). k] (—03i — 1j + 0.8k) = 0

—0.3(ayp)r — (@ap)y + 0.8(ayp), = 0 @
Solving Egs. (1) through (4).
(aap)x = 7.807rad/s*  (aup)y, = —7.39rad/s*  (a4p), = —6.321 rad/s®

a, = —13.9m/s?

Then,

a, = [—13.9k]m/s? Ans.
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20-31. Rod AB is attached to collars at its ends by ball-
and-socket joints. If collar A has a velocity v, = 15 ft/s at
the instant shown, determine the velocity of collar B.
Assume the angular velocity is perpendicular to the rod.

va={15ift)s  vp=vgk wup =i+ wj+ ok

Vp = Vyu + WAB X rB/A

i j k
vgk = 15i + |0, o, o,
-2 6 -3

Equating i, j, and k components yields:

15-3w, — 6w, =0 @
3w, —2w,=0 2)
bw, + 20, = vp 3)

If w 4 is perpendicular to the axis of the rod,
wap Tpa = (0i+ w,j+ w,k): (-2i + 6j — 3k) =0
—2w, + 6w, — 30, =0 )
Solving Egs. (1) to (4) yields:
w, = 1.2245 rad/s o, = 1.3265 rad/s w, = 1.8367 rad/s vg = 10 ft/s

Note: v can be obtained by solving Egs. (1)-(3) without knowing the direction of &

Hence w43 = {1.2245i + 1.3265j + 1.8367k]} rad/s

v = {10k} ft/s Ans.
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*20-32. Rod AB is attached to collars at its ends by ball-
and-socket joints. If collar A has a velocity of
v, = {15i} ft/s and an acceleration of a, = {2i} ft/s* at
the instant shown, determine the acceleration of collar B.
Assume the angular velocity and angular acceleration are
perpendicular to the rod.

From Prob. 20-31
wap = [1.22451 + 1.3265] + 1.8367k) rad/s
tya = {20 + 6 — 3k} ft
aup = a i+ aj+oak
a, ={2i} ft/s ag = agk
ag = a4 + aap X Ipa + wap X (0ap X rpa)
apk = 2i + (ayi + ayj + ak) X (=2i + 6 — 3k)
+(1.2245i + 1.3265) + 1.8367K)

x[(1.2245i + 1.3265) + 1.8367k) X (~2i + 6j — 3k)]

Equating i, j, and k components yields:

152653 — 3a, — 6a, = 0 @)
3a, — 2a, — 39.7955 = 0 @)
6, + 2a, + 19.8975 = a A3)

If a 45 is perpendicular to the axis of the rod,
agptpa = (i + a,j + ak) (-2i +6j —3k) =0
—2a, + 6a, — 3a, = 0 @
Solving Egs. (1) to (4) yields:
a, = 1343 rad/s* @, = 4599 r1ad/s’  a, = 02449rad/s’  ap = 109.7 ft/s’
Note: a, can be obtained by solving Egs. (1)-(3) without knowing the direction of «

Hence ag = {110k} ft/s? Ans.
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¢20-33. Rod AB is attached to collars at its ends by ball-
and-socket joints. If collar A has a speed v, = 3m/s,
determine the speed of collar B at the instant shown.
Assume the angular velocity is perpendicular to the rod.

Velocity Equation: Here,rg/ 4 = {(2 — 0)j + (0 — 1k) m = {2j — 1k} m,
O0O-15i+2-0)j
V(0 - 1.5 + 2 — 0)?
= w,i + 0,j + o k. Applying Eq. 20-7, we have

vy = {=3k}m/s,vp = 'UB|: } = —0.6 vgi + 0.8 vz jand

VB:VA+erB/A
—0.6vgi + 08vgj = =3k + (wd + w,j + w k) X (2j — 1k)

—0.6vgi + 08 vzj = (—w, — 20)i + 0, j + 2o, —3)k

Equating i, j and k components, we have.

—06vp = —0, - 2w, [1]
0.8 vg = w, [2]
0=2w,—3 [3]

If w is specified acting perpendicular to the axis of the rod AB, then
w* rB/A =0
(ofit+ ojt+ ok 2j—1k)=0

2w, —w, =0 4]

y
Solving Egs. [1], [2], [3] and [4] yields
vg = 1.875m/s Ans.

w, = 1.50rad/s w, = 0.225rrad/s w, = 0.450 rad/s
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20-34. If the collar at A in Prob 20-33 has an acceleration
of a, = {-2k}m/s®> at the instant its velocity is
vy = {-3k} m/s, determine the magnitude of the
acceleration of the collar at B at this instant. Assume the
angular velocity and angular acceleration are perpendicular
to the rod.

Velocity Equation: Here,rz/4 = {(2 — 0)j + (0 — 1)k} m = {2j — 1k) m,
(0 — 1.5)i + (2 — 0)j
V(0 - 15?2 + (2 — 0)?

o = wj + w,k Applying Eq.20-7, we have

VA:{ _3k} m/S,VB:'UB|: :| = _0.6UBi+0.8UBjand

VB:VAJF(,OXI'B/A
—0.6vgi + 0.8 vgj = =3k + (wd + w,j + 0 k) X (2j — 1k)
—0.6vgi + 08vpj=(—3-w, — 2w)i + 0, j + Qw, — 3k

Equating i, j, and k components, we have

—0.6vp = —3-w, — 2w, [1]
0.8 vg = w, [2]
0=2w,—3 [3]

If w is specified acting perpendicular to the axis of the rod AB, then
w-rg 4 =0
(i + o, j+ ok)-2j —1k) =0
2w, —w, =0 [4]

Solving Egs. [1], [2], [3] and [4] yields

vg = 1.875m/s w, = 1.50 rad/s

w, = 0225 rad/s w, = 0.450 rad/s

Thus,

o = {1.50i + 0.225j + 0.450k} rad/s
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20-34. Continued

Acceleration Equation: With a = «a,i + «, j + @, k and the result obtained above,
Applying Eq. 20-8, we have

aB=aA+aXrB/A+wX(le‘B/A)
—0.6ai + 0.8agj = —2k + (e i + o, j + a k) X (2j — 1k)
+ (1.50i + 0.225j + 0.450k) X [(1.50i + 0.225j + 0.450Kk) X (2j — 1K)]

—0.6api + 0.8azj = ( —a, — 2a,)i + (a, — 5.00625)j + (2, + 0.503125) k

Equating i, j, and k components. we have

—0.6ag = —a, — 2a, [5]
0.8ag = a, — 5.00625 [6]
0 = 2a, + 0.503125 [7]

Solving Egs. [6] and [7] yields
a, = —0.2515 rad/s?

ag = —6.57 m/s? Ans.

Negative sign indicates that ag is directed in the opposite direction to that of the
above assumed direction

Note: In order to determine «, and a.. one should obtain another equation by
pacifying the direction of @ which acts perpendicular to the axis of rod AB.
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20-35. The triangular plate ABC is supported at A by a
ball-and-socket joint and at C by the x—z plane. The side AB
lies in the x—y plane. At the instant § = 60°, 6 = 2 rad/s
and point C has the coordinates shown. Determine the 3 ft
angular velocity of the plate and the velocity of point C at
this instant.

A

ot
4 ft y
0
vy = —5sin 60°i + 5 cos 60° 251t
= (—4.33i + 2.5} ft/s -
X

ve = (vo)si + (ve) k

tp4 = (1251 + 2.165j) ft Y
V= X 1y o §=2 radf
i i k r2 :Z5ff
4B+ 25= |0, 0, o EIA [y
125 2165 0 _
Vg = 0/%,
—2.1650, = —4.33; =2rad "
w, w, rad/s x =2(2'5)ft/$
21650, — 1250, = 0; o, = 17320, = 5f/s

VC:wer/A

i j Kk
(VC)xi + (VC)zk = |0y Wy 2
3 0 4

(VC))( = 4wy

0= 4w, — 6 w, = 1.5rad/s

(ve): = 3o,
Solving,
w, = 2.5981 rad/s
(ve), = 10392 ft/s
(ve), = —7.7942 ft/s
Thus,
o = {1.50i + 2.60j + 2.00k} rad/s Ans.
ve = {10.4i — 7.79K} ft/s Ans.
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#20-36. The triangular plate ABC is supported at A by a
ball-and-socket joint and at C by the x—z plane. The side
AB lies in the x—y plane. At the instant 6 = 60°,
6 =2 rad/s, 6 = 3 rad/s? and point C has the coordinates
shown. Determine the angular acceleration of the plate and
the acceleration of point C at this instant.

From Prob. 20-35.
o = 1.5i + 2.5981j + 2k
rp/4 = 1.25i + 2.165j
vg = —4.33i + 2.5j
(ap), = 3(2.5) = 7.5ft/s?
(ap), = (2)%(2.5) = 10 ft/s?
ag = —7.5sin 60°1 + 7.5 cos 60°j — 10 cos 60°i — 10 sin 60°j
ag = —11.4952i — 4.91025j

aB:aXrB/A—I—wXVB/A

i ik i ik
~11.4952i — 491025 = | @, @, a |+ | 15 25981 2
125 2165 0 433 25 0

—11.4952 = —2.165a, — 5
—4.91025 = 1.25a, — 8.66
a, = 3rad/s?

0 = 2.165a, — 1.25a, + 15
ac = a Xreqt o X vy

vera = 1039 — 7.794k

i j k i i K
ac = (ac)yi + (ao)k = |ap @, af+ |15 25981 2
30 4 1039 0 —7.79%

(ac)y = 4ay — 2025
0 = 3a, — 4a, + 32.4760
(ac); = —3a, = 27
Solving Egs. (1)-(4),

a, = 10.369 rad/s’

a, = 29.96 rad/s’

(ac), = 99.6 ft/s’

(ac), = —117 ft/s*

ac = {99.6i — 117k}ft/s>

« = {10.4i + 30.0j + 3k} rad/s?

3 ft
C
41t A y
*hstt
B

©0G,) = 1085

@

¢
3
C)

Ans.
Ans.
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¢20-37. Disk A rotates at a constant angular velocity of z
10 rad/s. If rod BC is joined to the disk and a collar by ball-
and-socket joints, determine the velocity of collar B at the
instant shown. Also, what is the rod’s angular velocity ¢ E
if it is directed perpendicular to the axis of the rod?
y

ve = {1li} m/s Vg = —Vgj wpe = i + 0,j + 0k
rgc = {—0.2i + 0.6j + 0.3k} m

Vg = V¢ + wpc X rB/C

i j k
-vg=1li+| 0w, o o
-02 06 03
Equating i, j, and k components
1 - 03w, — 0.6w, =0 @
03w, + 02w, = vp )
0.6w, + 020, =0 A3)

Since wpc is perpendicular to the axis of the rod,
wpc rpc = (0ci + 0,j + 0 k) (—0.2i + 0.6j + 0.3k) = 0
—020, + 0.60w, + 03w, =0 @)
Solving Egs. (1) to (4) yields:
w, = 0.204 rad/s w, = —0.612 rad/s w, = 1.36 rad/s vg = 0.333m/s
Then
wpc = {0.204i — 0.612j + 1.36k} rad/s Ans.

v = {—0.333j} m/s Ans.
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20-38. Solve Prob.20-37 if the connection at B consists of n
a pin as shown in the figure below, rather than a ball-and-
socket joint. Hint: The constraint allows rotation of the rod
both about bar DE (j direction) and about the axis of the
pin (n direction). Since there is no rotational component in
the u direction, i.e., perpendicular to n and j where
u =j X n, an additional equation for solution can be
obtained from w-u = 0. The vector n is in the same
direction as rg;c X rp/c.

ve ={lifm/s  vg = —vgl  wpc = oritoyj+ ok
rpc = {~02i + 0.6 + 03k} m

Vp = V¢ + wWpgC X rB/C

i J k
—vgj=lit | o, o o
-02 06 03
Equating i, j, and k components
1+ 03w, — 0.6w, =0 @
03w, + 02w, = vg )
0.6w, + 02w, =0 3)
Also,
rgc = {—0.2i + 0.6 + 0.3k} m
i j k
rgc X tpc = |—02 0.6 03| = {0.18i + 0.12k} m?
-02 0 03
181 + 0.
p= CABHOLK o eoti 4 0.5547K
V0.18% + 0.12?
u=7jXxXn=jXx (0.8321i + 0.5547k) = 0.5547i — 0.8321k
wpc u = (0,i + 0, j + 0k)-(0.5547i — 0.8321k) = 0
0.5547w, — 0.8321w, = 0 “4)

Solving Egs. (1) to (4) yields:
w, = 0.769 rad/s 0, = —2.31 rad/s w, = 0.513 rad/s vp = 0333 m/s
Then

wpc = {0.7691 — 2.31j + 0.513k} rad/s Ans.

vy = {—0.333j} m/s Ans.
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20-39. Solve Example 20-5 such that the x, y, z axes move
with curvilinear translation, { = 0 in which case the collar
appears to have both an angular velocity Q
and radial motion.

xyz = @1 T @)

Relative to XYZ, let xyz have
Q=0 0=0
rz = {—0.5k} m
vp = {2j} m/s
ag = {0.75j + 8k} m/s*
Relative to xyz,let x" y' z' be coincident with xyz and be fixed to BD. Then
Oy, = 0 + 0y = [4i + 5kjrad/s @, = o + &, = {1.5i — 6k} rad/s’
(rC/B)xyz ={0.2j} m
(Ve/B)xyz = (Eei)xyz = (be/B)wyz + (01 + @3) X (¥e/B)xy:
= 3j + (4i + 5k) X (0.2))
= {—~1i + 3j + 0.8k} m/s
(ac/B)xyz = (Fc/B)xy: = [(fC/B)x'y'z' + (0 + @) X (i’C/B)x'y'z']
H(@or + dn) X (rejp)iye] + [(@1 + 02) X (icm)ane]
(ac/B)y: = [20 + (4i + 5k) X 3| + [(1.5i — 6k) X 02§] + [(4i + 5k) X (—1i + 3j + 0.8K)]
= {—28.8i — 6.2j + 24.3k} m/s?
ve =vp + Q Xrep + (VesB)xyz
=2j+ 0+ (—1i + 3j + 0.8k)
= {~1.00i + 5.00j + 0.800k} m/s Ans.
ac =ag + Q Xrgp + QX (Q Xrxep) + 20 X (Vesp)xy: T (Ac/B)ayz
= (0.75j + 8k) + 0 + 0 + 0 + (—28.8i — 6.2j + 24.3k)

= [—28.8i — 5.45j + 32.3k} m/s? Ans.
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*20-40. Solve Example 20-5 by fixing x, y, z axes to rod
BD so that = w; + w,. In this case the collar appears

only to move radially outward along BD; hence Q,,, = 0.

Relative to XYZ, let x' y’ z’ be concident with XYZ and have Q' = w; and Q' = &,
® = o + w, = {4i + 5k} rad/s
d):(bl +w2={<w1) +w1 le}-i- |:(w2> +(,u] ><a)2:|
x'y'7 x'y'7
= (151 + 0) + [—6k + (4i) X (5K)] = {1.5i — 20j — 6k} rad/s’
rz = {—0.5k} m

Vg =15 = (fB) + w; X rg = 0 + (4i) X (—0.5k) = {2j} m/s
x'y'7

a3=i'5={('1’3) +w1><(1"3> }+d)1XrB+w1><i’B
xy'7 Xy

=0 + 0 + [(L.5i) X (=0.5k)] + (4i X 2j) = {0.75] + 8k} m/s’
Relative to x'y’z’, let xyz have
Qx’y'z’ = 07 Qx’y’z’ = 07
(rC/B) = {02j} m
xXyz
(VC/B)xyz = {3j} m/s
(aC/B)xyz = {Zj} 11’1/52

ve =vg + Q Xrep + (Vos)sy:

2§ + [(4i + 5k) x (0.2)] + 3j
= {-1i + 5j + 0.8k}jm/s Ans.

ac =ag + Q Xrep+ QX (Q Xrep) + 20 X (Vesp)ry: + (Ac/B)xyz

(075 + 8k) + [(1.5i — 20j — 6K) X (0.2j)] + (4i + 5k) X [(4i + 5k) X (0.2j)] + 2[(4i + 5k) X (3))] + 2j
ac = [—282i — 5.45j + 32.3k} m/s? Ans.
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20—41. At the instant shown, the shaft rotates with an z
angular velocity of w, = 6rad/s and has an angular
acceleration of @, = 3rad/s’. At the same instant, the

disk spins about its axle with an angular velocity \

of w; = 12rad/s, increasing at a constant rate of ©, 250 mm

@, = 6 rad/s?. Determine the velocity of point C located on »,

the rim of the disk at this instant. \

y
s 150 mm

The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached o
to point A, Fig. a. The angular velocity and angular acceleration of this frame with
respect to the XYZ frame are

Q = w, = [6k] rad/s w = w, = [3k] rad/s
Since point A rotates about a fixed axis (Z axis), its motion can be determined from

V4 = wp X rou = (6k) X (0.75j) = [—4.5i] m/s

In order to determine the motion of point C relative to point A, it is necessary to
establish a second x'y’z’ rotating frame that coincides with the xyz frame at the
instant considered, Fig. a. If we set the x'y’z’ frame to have an angular velocity
relative to the xyz frame of )’ = wg = [12i] rad/s, the direction of (rc/4)yy, Will
remain unchanged with respect to the x'y’z" frame. Taking the time derivative of (@)
(rC/A)xyzy

-
& wamizred]s R
U= 6 radfs™

/

(VC/A)xyz = (i.C/A)xyz = [(tC/A)x’y’z’ + wy X (rC/A)xyz]
=0 + (12i) X (0.15K)
= [-1.8j] m/s

Thus,

Ve =Vu+ Q Xreiq+ (Vera)sy:

(—4.5i) + 6k X 0.15k + (—1.8j)

= [-4.5i — 1.8j] m/s Ans.
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20-42. At the instant shown, the shaft rotates with an z
angular velocity of w, = 6rad/s and has an angular
acceleration of @, = 3 rad/s%. At the same instant, the disk

P
spins about its axle with an angular velocity of w; = 12 rad/s, \
increasing at a constant rate of @, = 6 rad/s?. Determine ©, 750 mm
the acceleration of point C located on the rim of the disk at @,
this instant.
O
B C
X
The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. The angular velocity and angular acceleration of this frame with
respect to the XYZ frame are @ y
. @s 150 mm
Q = w, = [6k] rad/s o =Q,=[3k] rad/s?

Since point A rotates about a fixed axis (Z axis), its motion can be determined from

Vo= w, X o4 = (6k) X (0.75j) = [-4.5i]] m/s o

Ay = 0, X tou + w, X (0, X 10,)
= (3k) X (0.75) + 6k X [6k X 0.75]]

= [-2.25i — 27j] m/s?

In order to determine the motion of the point C relative to point A, it is neccessary
to establish a second x'y’z’ rotating frame that coincides with the xyz frame at the
instant considered, Fig. a. If we set the x'y’z’ frame to have an angular velocity

relative to the xyz frame of Q' = w, = [12i] rad/s, the direction of (r¢/a)yy, Will - Y,

remain unchanged with respect to the x'y’z’ frame. Taking the time derivative of X, x,/ 'lf{;'fzmd/‘ "Hﬁ

(rC/A)xyz’ 1‘-’;’ 6’”/5-\'
(VC/A)xyz = (i‘C/A)xyZ = [(i‘C/A)x’y’z’ + wg X (rC/A)xyz] (a)

=0 + (12i) X (0.15k)
= [-1.8j] m/s

Since ()" = w, has a constant direction with respect to the xyz frame, then
Q = @, = [6i] rad/s%. Taking the time derivative of (Fe/a)xyz

(ac/a) = (Fermaye = [(Fepa)eyz + 05 X (feia)wyz] + @5 X (Fc/adaye + O3 X (Fe/a)aye
= [0 + 0] + (6i) X (0.15k) + (12i) X (—1.8j)
= [-0.9j — 21.6k] m/s’
Thus,
ac =a, + Q X 1o + QX (Q X 1c/0) + 2Q X (Veya) ey + (c/a)y
= (—2.25i — 27j) + 3k x 0.15k + 6k x (6k x 0.15k) + 2(6k) X (—1.8j) + (—0.9j — 21.6k)

= [19.35i — 27.9§ — 21.6k]m/s’ Ans.
[ j
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20-43. At the instant shown, the cab of the excavator z
rotates about the z axis with a constant angular velocity of
w, = 0.3 rad/s. At the same instant § = 60°, and the boom
OBC has an angular velocity of § = 0.6 rad/s, which is
increasing at 6 = 0.2 rad/s?, both measured relative to the
cab. Determine the velocity and acceleration of point C on
the grapple at this instant.

Relative to XYZ, let xyz have

Q = {0.3k} rad/s, ® = 0 (Q does not change direction relative to XYZ.)

Relative to xyz,let x"y'z’ be coincident with xyz at O and have

Q,,, = {0.6i} rad/s, Qxyz = {0.2i} rad/s? (y,, does not change direction
relative to XYZ.)

(rc/o)xyz = (5cos 60° + 4 cos 30°)j + (5sin 60° — 4sin 30°)k = {5.9641j + 2.3301k} m
(r¢/0)xy- change direction relative to XYZ.)
(VC/O)xyz = (rC/O> = (i'C/O) + Qxyz X (rC/O)
xyz x'y'z' xyz
=0 + (0.6i) X (5.9641j + 2.3301k) = {—1.3981j + 3.5785k} m/s
(ac/0)xy: = ('I‘C/o) = KFC/O) + Q. X (fC/o) } + O, X o + Qe X icso
xyz x'y'7 x'y'z
= [0+ 0] + (02i) X (5.9641j + 2.3301k) + (0.6i) X (—1.3981j + 3.5785k)
= {—2.61310j + 0.35397k} m/s’
Thus,
Ve = Vo + Q X Icio + (Vejo)uye = 0 + (0.3k) X (5.9641j + 2.3301k) — 1.3981j + 3.5785k
— (~1.79i — 1.40j + 3.58k} m/s Ans.
ac =ap + Q Xrcp + Q X (Q X rc/o) + 20 X (Vejo) e + (a¢/0) sy
=0 + 0+ (03K) X [(0.3k) X (5.9641j + 2.3301K)]
+ 2(0.3k) X (—1.3981j + 3.5785k) — 2.61310j + 0.35397k

= {0.83% — 3.15j + 0.354k} m/s? Ans.
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*20-44. At the instant shown, the frame of the excavator z
travels forward in the y direction with a velocity of 2 m/s

and an acceleration of 1 m/sz, while the cab rotates about

the z axis with an angular velocity of w, = 0.3 rad/s,

which is increasing at a, = 0.4 rad/s’. At the same instant

6 = 60°, and the boom OBC has an a}pgular velocity of ,=03 rad/
6 = 0.6 rad/s, which is increasing at # = 0.2 rad/s?, both
measured relative to the cab. Determine the velocity and
acceleration of point C on the grapple at this instant.

5m
s

Relative to XYZ, let xyz have

Q = {03k} rad/s, @ = {0.4k} rad/s> (Q does not change direction relative
to XYZ.)

ro = 0 (r, does not change direction relative to XYZ.)
vo = {2j} m/s
ap = {1j} m/s’
Relative to xyz,let x"y’z’ have

Qxyz =
xyz.)
(rc/0)xyz = (5 cos 60° + 4 cos 30°)j + (5sin 60° — 4sin 30°)k = {5.9641j + 2.3301k} m

{0.6i} rad/s, w,,, = {0.2i} rad/s? (£2y,, does not change direction relative to

((rc/0)xy, change direction relative to xyz.)

(Ye/0)xy: = (i‘C/o) = (fC/o) Oy X (I'C/o)
xyz x'y'z xyz
— 0 + (0.6) X (5.9641j + 2.3301k) = {—1.3981j + 3.5785k} m/s

(aC/O)xyz = <‘1;C/O> = |:(rC/O) + 9'xyz X (fC/O) :| + Qxyz X (rC/O) + Qxyz X (tC/O)
xyz x'y'7 x'y'7 xyz xyz
= [0+ 0] + (02i) X (5.9641j + 2.3301k) + (0.6i) X (—1.3981j + 3.5785k)

= {—2.61310j + 0.35397k} m/s>

Thus,
Ve = Vo + Q X0 + (Vo) = 25 + (0.3k) X (5.9641j + 2.3301k) — 1.3981j + 3.5785k
= {—1.79i + 0.602j + 3.58k} m/s Ans.
ac = ap + Q X1cp + QX (Q X rc/o) + 20 X (Ye/0) e + (Ac/0)rye
= 1j + 0.4k X (5.9641j + 2.3301k) + (0.3k) X [(0.3k) X (5.9641j + 2.3301k)]
+ 2(0.3k) X (—1.3981j + 3.5785k) — 2.61310j + 0.35397k

= {—1.55i — 2.15j + 0.354k} m/s? Ans.
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*20-45. The crane rotates about the z axis with a constant z

rate w; = 0.6 rad/s, while the boom rotates downward with |

a constant rate w, = 0.2 rad/s. Determine the velocity and ‘ o) = 0.6 rad/s
acceleration of point A located at the end of the boom at e

the instant shown.

Coordinate Axes: The rotating x, y, z frame and fixed X, Y, Z frame are set with the
origin at point B and O respectively.

Motion of B: Here, r; changes direction with respect to X, Y, Z frame. The time
derivatives of ry can be found by setting another set of coordinate axis x', y’, z’,
coincident with X, Y; Z rotating at ) = w; = {0.6k} rad/s and )’ = w; = 0. Here,
rz = {1.5j} m

Vg =tp = (ig)yys + Q' X 15 =0+ 0.6k X 1.55 = {—0.9i} m/s
ag = tp = [(Fp)eyy + Q' X (Eg)yyr| + O X + Q' X ig
= (0 +0) + 0 + 0.6k X (—0.9i) = {—0.540j} m/s?

Motion of A with Respect to B: Let xyz axis rotate at Q,,, = w, = {—0.2i} rad/s
and Q,,, = @, = 0. Here,r,/5 = {8j + 6k} m.

(Va/B)xy: = Ya/B = (Fa/B)xyz + Quyz X 15 = 0 + (—0.2i) X (8 + 6k) = {1.20j — 1.60k} m/s
(a4/B)xy: = YaB = [(i:A/B)xyz + Q. X (fA/B)xyz} + QX rap + Qyp X Typ

=0 +0+0+ (—02i) x (120§ — 1.60k)

— [~0.320f — 0.240k} m/s?

Motion of Point A: Here, ) = w; = {0.6k}rad/s and @ = @; = 0. Applying
Egs.20-11 and 20-12, we have

Va = Ve + QX s+ (Vap)ye = (—0.98) + 0.6k X (8 + 6k) + (1.20j — 1.60K)
= (~5.70i + 1.20j — 1.60k}m/s Ans.
ag=ag+ QX1+ QX (QXryp) + 20 X (Vap): + @ap)y:
= (—0.540j) + 0 + 0.6k X [0.6k X (8] + 6K)] + 2(0.6k) X (1.20j — 1.60k) + (~0.320f — 0.240k)

= {—1.44i — 3.74j — 0.240k}m/s ns.
{—1.44i — 3.74j — 0.240k}m/s> A
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20-46. The crane rotates about the z axis with a rate of z
w; = 0.6 rad/s, which is increasing at @; = 0.6 rad/s’. Also, |

‘ w, = 0.6 rad/s

the boom rotates downward at w, = 0.2 rad/s, which is
increasing at @, = 0.3 rad/s>. Determine the velocity and
acceleration of point A located at the end of the boom at
the instant shown.

Coordinate Axes: The rotating x, y, z frame and fixed and fixed X, Y, Z frame are set
with the origin at point B and O respectively.

Motion of B: Here, r; change direction with respect to X, Y, Z frame. The time
derivatives of r; can be found by seeting another set of coordinate axis x’, y’, z’
coincident with X, Y, Z rotating at (' = w; = {0.6kjrad/s and
Q = @, = {0.6k} rad/s>. Here, 1 = {1.5j} m

Vp = i’B = (i‘B)'y’z' + Q' X g = 0 + 0.6k X 15j = {_09i} m/s

ag =¥y = [(f)eyr + Q' X (ip)eyy| + O X1p+ Q' X ig

(0 + 0) + 0.6k X 1.5j + 0.6k X (—0.9i) = {—0.9i — 0.540j} m/s?

Motion of A with Respect to B: Let xyz axis rotate at {1, = w, = {—0.2i} rad/s
and Q,,, = @, = {—0.3i} rad/s’. Here,r /5 = {8j + 6k} m

(Va/B)xy: = Ya/p = (FajB)xyz + Quy; X 15 = 0 + (—0.2i) X (8 + 6k) = {1.20j — 1.60k} m/s
(aA/B)xyz = .l:A/B = [(.l:A/B)xyz + Qxyz X (i'A/B)xyz} + Qxyz X Ta/B + Qxyz X l;A/B
=0+ 0+ (—03i) X (8i + 6k) + (—0.2i) X (1.20j — 1.60k)

= {1.48j — 2.64k} m/s’

Motion of Point A: Here, Q = w; = {0.6k}rad/s and Q = & = {0.6k} rad/s>.
Applying Egs. 20-11 and 20-12, we have

va=vp+ Q Xryp+ (Vap)ey, = (—0.9i) + 0.6k X (8 + 6k) + (1.20j — 1.60k)
= {=5.70i + 1.20j — 1.60k} m/s Ans.
as=ag+ Q Xryg+ QX (Q X1y + 20 X (Vap)y: + (@ap)e:
= (—0.9i — 0.540j) + 0.6k X (8j + 6k) + 0.6k X [0.6k X (8j + 6k)]
+ 2(0.6k) X (1.20§ — 1.60k) + (1.48j — 2.64k)

= {-7.14i — 1.94j — 2.64k} m/s? Ans.
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20-47. The motor rotates about the z axis with a constant
angular velocity of w; = 3 rad/s. Simultaneously, shaft OA
rotates with a constant angular velocity of w, = 6rad/s.
Also, collar C slides along rod AB with a velocity and
acceleration of 6 m/s and 3 m/s?. Determine the velocity
and acceleration of collar C at the instant shown.

The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. Thus, the angular velocity and angular acceleration of this frame
with respect to the XYZ frame are

QO = w, = [3K] rad/s QO=6,=0

Since point A rotates about a fixed axis (Z axis), its motion can be determined from

Vi = w; X ros = (3k) X (0.3j) = [-0.9i] m/s

aA:cb1><I'OA+w1><(w1><r0A) Z
=0 + (3k) x [(3Kk) x (0.3))] ' Z} z’
= [~2.7j] m/s? W= 3 rads
a
In order to determine the motion of the point C relative to point A, it is necessary to 9 To
establish a second x'y’z’ rotating frame that coincides with the xyz frame at the instant A S w e d/ s
considered, Fig. a. If we set the x'y’z’ frame to have an angular velocity relative to the X / <&‘ &
xyz frame of )’ = w, = [6]j] rad/s, the direction of (rc/4)y,, Will remain unchanged = ~
with respect to the x'y’z’ frame. Taking the time derivative of (¥¢/4)xyz, X% L PC’A "” 4.9 4
A !
c

(Ve a)eye = (Ecya)aye = [(ea)eye + @2 X (Ec/a)nye]
= (—6Kk) + 6j X (—0.3K)
= [-1.8i — 6k] m/s

Since ()" = w, has a constant direction with respect to the xyz frame, then
Q' = @, = 0.Taking the time derivative of (f¢/4)xyz,

(aC/A)xyz = (YC/A)xyz = [(EC/A)x’y'z’ + wy; X (i'C/A)x'y’z’} + w, X (rC/A)xyz + wy X (iC/A)xyz
= [(=3Kk) + 6j X (—=6k)] + 0 + [6j X (—18j — 6k)]

= [-72i + 7.8k] m/s?

Thus,
Ve =Vu+ Q Xrea+ (Vera)sy:
= (—0.9i) + 3k X (—03k) + (—1.8i — 6Kk)
= [-2.7i — 6k] m/s Ans.
and

ac=a, + QX resa + QX (Q Xrera) + 2Q X (Vesa)ey: T (Ac/a)xy:
= (=27j) + 0 + 3k X [(3K) X (—0.3K)] + 2(3k) X (—1.8i — 6k) + (—72i + 7.8Kk)

= [-72i — 13.5j + 7.8k] m/s? Ans.
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*20-48. At the instant shown, the helicopter is moving
upwards with a velocity vy =4 ft/s and has an
acceleration ay = 2 ft/s. At the same instant the frame H, 20 ft
not the horizontal blade, rotates about a vertical axis with a |

constant angular velocity wz = 0.9 rad/s. If the tail blade B
rotates with a constant angular velocity wg/y = 180 rad/s,
measured relative to H, determine the velocity and
acceleration of point P, located on the end of the blade, at
the instant the blade is in the vertical position.

~N

Relative to XYZ, let xyz have
Q = {0.9k} rad/s ® = 0 (Q does note change direction relative to XYZ.)
rg = {20j} ft (r; changes direction relative to XYZ.)
vg =g = (tp)y, + QO Xrg =4k + (0.9k) X (20j) = {—18i + 4Kk} ft/s
aB=tB=[('r‘B)xyZ+Q><<fB) }+Q><r3+9><i-3
=[2k+0]+0+ [(o.x9yli) X (—18i + 4k)]
= {-16.2j + 2Kk} ft/s

Relative to xyz,let x"y’z’ have

Q,,, = {—180i} rad/s Qyy, = 0 (L, does not change direction relative to
xyz.)

(rp/B)xy; = {2.5k} ft ((rp/p).y, change direction relative to xyz.)

(Vp/B)xyz = (piB)xyz = (tp/B)yyz + Quyz X (Xp/p)yy, = 0 + (—180i) X (2.5k) = {450} ft/s
@rp)ne = Frp)ne = [Frp)eye T Do X Ermleye] + Que X pp)ae + Qe X (Frpa
(ap/B)cy: = [0 + 0] + 0 + (—180i) X (450j) = {—81 000K} ft/s*

Thus,

Vi =vg+ Q Xrpp+ (Vp/p)yy:

(—18i + 4k) + [(0.9Kk) X (2.5k)| + (450j)
= [~18i + 450 + 4k)ft/s Ans.
ap =ag + QO X rp + QX (Q X xp) + 20 X (Vp/p)ey: + (p/8)y
= (—162j + 2k) + 0 + (0.9k) X [(0.9K) X (2.5k)| + [2(0.9k) X (450j)] + (—81000k)

= {—810i — 16.2j — 81 000K} ft/s? Ans.
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*20-49. Ata given instant the boom AB of the tower crane
rotates about the z axis with the motion shown. At this same
instant, 6 = 60° and the boom is rotating downward such
that 6 = 0.4rad/s and 6 = 0.6rad/s>. Determine the
velocity and acceleration of the end of the boom A at this
instant. The boom has a length of / 45 = 40 m.

w; = 2rad/s

6 = 0.4 rad/s — | @ = 3rad/s

6= 0.6 rad/s*—

Coordinate Axis: The rotating x, y, z frame is set to be coincident with the fixed X, Y,
Z frame with origin at point B.

Motion of B: Since point B does not move, then
ag = Vg = 0
Motion of A with Respect to B: Let xyz axis rotate at Q,,, = 6 = {0.4j) rad/s

and Q,,, = 6 = {0.6j} rad/s?. Here.
ras = {40 cos 60% + 40 sin 60°K} m = (20.0i + 34.64k) m.

(Va/B)xy: = Yap = (Ca/B)xyz + Quyz X 18 = 0 + 045 X (20.0i + 34.640k) = {13.86i — 8.00k} m/s
(aA/B)xyz = .r.A/B = [(.r.A/B)xyz + Qxyz X (.r.A/B)xyz] + Q‘xyz X Ta/B + Qxyz X l.‘A/B
=0+ 0 + 0.6j X (20.0i + 34.64k) + 0.4j X (13.86i — 8.00k)
= {17.58i — 17.54k} m/s?
Motion of Point A: Here, ) = w; = {2k} rad/s and O = o, = (3K} rad/s%. Applying

Egs.20-11 and 20-12. we have
va=vg+ Q Xryp+ (Vap)ey, = 0 + 2k X (20.0i + 34.64k) + (13.86i — 8.00k)

= {13.9i — 40.0j — 8.00k} m/s Ans.
a, =ag+ QX rap + QX (Q Xryp) + 20 X (Vap)ey: T (a4/8)xy:
=0 + 3k X (20.0 + 34.64K) + 2k X [2k X (20.0i + 34.64k)] + 2(2K) X (13.86i — 8.00k) + 17.58i — 17.54k

= {—62.4i + 115j — 17.5k} m/s’ Ans.
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20-50. At the instant shown, the tube rotates about the z
z axis with a constant angular velocity w; = 2 rad/s, while
at the same instant the tube rotates upward at a constant
rate w, = 5 rad/s.If the ball B is blown through the tube at
a rate 7= 7m/s, which is increasing at ¥ = 2m/s%
determine the velocity and acceleration of the ball at the
instant shown. Neglect the size of the ball.

Coordinate Axis: The rotating x, y, z frame is set to be coincident with the fixed X, Y,
Z frame with origin at point A.

Motion of A: Since point A does not move, then
Ay = Vy = 0

Motion of B with Respect to A: Let xyz axis rotate at {),,, = w, = {5i} rad/s and
Qxyz = w; = 0. Here, rg4 = {3cos30°% + 3sin30°k} m = {2.5981j + 1.50k} m,
(FB/4)xy: = {7 cos 30°j + 7 sin 30°k} m/s = {6.0621j + 3.50k} m/s and

(¥p/4)xye = {2 cos 30j + 2sin 30°k} m/s* = {1.7321j + 1k} m/s’.

(VB/A)xyz = i‘B/A = (i‘B/A)xyz + Qxyz X l‘B/A
= 6.0621j + 3.50k + Si X (2.5981j + 1.50k) = {—1.4378j + 16.4903k} m/s

(aB/A)xyz = .l:B/A = [(fB/A)xyz + Qxyz X (.r.B/A)xyz} + Qxyz X l'B/A + Qxyz X l;B/A
= 1.7321j + 1k + 5i X (6.0621j + 3.50k) + 0 + 5i X (—1.4378j + 16.4903K)

= {—98.2199j — 24.1218k} m/s?

Motion of Point B: Here, ) = w; = {2k}rad/s and Q = @& = 0. Applying
Eqgs. 20-11 and 20-12, we have
Vg =Vy + Q Xrgy+ (Vpa)ey, = 0 + 2k X (2.5981 + 1.50k) + (—1.4378j + 16.4903k)

= {~5.20i — 1.44j + 16.5k} m/s Ans.

aAp = Ay + + Q X rB/A + Q X (Q X rB/A) + 20 X (VB/A)xyz + (aB/A)XyZ

0+ 0+ 2k X [2k X (2.5981j + 1.50k)] + 2(2k) X (—1.4378j + 16.4903k) + (—98.2199j + 24.1218k)

= {5.75i — 109j + 24.1k} m/s’ Ans.
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20-51. At the instant shown, the tube rotates about the z
z axis with a constant angular velocity w; = 2 rad/s, while
at the same instant the tube rotates upward at a constant
rate w, = 5rad/s. If the ball B is blown through the tube at
a constant rate » = 7 m/s, determine the velocity and
acceleration of the ball at the instant shown. Neglect the
size of the ball.

Coordinate Axis: The rotating x, y, z frame is set to be coincident with the fixed X, Y,
Z frame with origin at point A.

Motion of A: Since point A does not move, then
Ay = Vy = 0

Motion of B with Respect to A: Let xyz axis rotate at ), = w, = {5i} rad/s and
Qxyz = w, = 0. Here, rp4 = {3cos30°% + 3sin30°k} m = {2.5981j + 1.50k} m
and (Fp/4)xy, = {7 cos 30§ + 7 sin 30°k} m/s = {6.0621j + 3.50k} m/s.

(VB/A)xyz = l.'B/A = (i'B/A)xyz + Q‘xyz X l.B/A

= 6.0621j + 3.50k + 5i X (2.5981j + 1.50k) = {—1.4378j + 16.4903k} m/s
(aB/A)xyz = .r.B/A = [(i:B/A)xyz + Qxyz X (l;B/A)xyz} + Qxyz X l'B/A + Qxyz X l.‘B/A

=0 + 5i X (6.0621j + 3.50k) + 0 + 5i X (—1.4378j + 16.4903k)

= {—99.9519j + 23.1218k} m/s?

Motion of Point B: Here, ) = w; = {2k} rad/s and QO =@, = 0. Applying
Eqgs.20-11 and 20-12, we have

VE= Va+ Q Xt (Vea)y: = 0 + 2k X (25981 + 1.50k) + (—1.4378] + 16.4903k)
= {~5.20i — 1.44j + 16.5k}m/s Ans.

ag=a,+ + Q Xrgu+ QX (QXrg,)+ 20 X (Vaa): + (Ap/4)0:

0+ 0 + 2k X [2k X (2.5981j + 1.50K)] + 2(2K) X (—1.4378j + 16.4903k) + (—99.9519 + 23.1218k)

= {5.75i — 110j + 23.1k} m/s? Ans.
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*20-52. At the instant & = 30°, the frame of the crane and
the boom AB rotate with a constant angular velocity of
w; = 1.5rad/s and w, = 0.5 rad/s, respectively. Determine
the velocity and acceleration of point B at this instant.

The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. The angular velocity and angular acceleration of this frame with
respect to the XYZ frame are

Q = o, = [1.5k] rad/s Q=i =0
Since point A rotates about a fixed axis (Z axis), its motion can be determined from
V4= w; X 1oy = (1.5k) X (1.5j) = [-2.25i] m/s
ay = o) X194 + 0 X (01 X 194)
=0 + (1.5k) X [(1.5k) X (1.5))]

= [-3.375)] m/s?

In order to determine the motion of point B relative to point A, it is necessary to (@ Y ,#
establish a second x'y’z’ rotating frame that coincides with the xyz frame at the - 't
instant considered, Fig. a. If we set the x'y’z’ frame to have an angular velocity

relative to the xyz frame of )’ = w, = [0.5i] rad/s, the direction of (rp/4),, Will

remain unchanged with respect to the x'y’z" frame. Taking the time derivative of

(rB/A)xym
(VB/A)xyz = (i'B/A)xyz = [(i‘B/A)x'y’z' + wy X (rB/A)xyz}
=0 + (0.5i) X (12 cos 30°j + 12 sin 30°k)

= [-3j + 5.196k] m/s

Since )" = w, has a constant direction with respect to the xyz frame, then
Q' = @, = 0.Taking the time derivative of (f4/5)x,z,

(aA/B)xyz = (EA/B)xyz = [(i:A/B)x'y’z’ t wy X (i'A/B)x'y’z'] + d’Z X (rA/B)xyz + wy; X (i'A/B)xyz
= [0+ 0] + 0 + (0.5i) X (=3j + 5.196k)

= [-2.598j — 1.5k] m/s?

Thus,
Vg =Va+ Q Xrga+ (Vga)yy:
= (—2.25i) + 1.5k X (12cos30°j + 12sin30° k) + (—3j + 5.196K)
= [-17.8i — 3j + 5.20k] m/s Ans.
and

ag=a, + QX rp/a + QX (Q Xrg/g) + 20 X (Vap)ry: + (a4B)xy:
= (~3.375j) + 0 + 1.5k X [(1.5k) X (12 cos 30° j + 12'sin 30° k)] + 2(1.5k) X (=3 + 5.196k) + (~2.598] — 1.5k)

= [9i — 29.4j — 1.5k] m/s? Ans.
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©20-53. At the instant & = 30°, the frame of the crane is
rotating with an angular velocity of w; = 1.5rad/s and
angular acceleration of @; = 0.5 rad/s%, while the boom AB
rotates with an angular velocity of w, = 0.5 rad/s and angular
acceleration of @, = 0.25 rad/s%. Determine the velocity and
acceleration of point B at this instant.

The xyz rotating frame is set parallel to the fixed XYZ frame with its origin attached
to point A, Fig. a. Thus, the angular velocity and angular acceleration of this frame
with respect to the XYZ frame are

Q = w; = [1.5k] rad/s Q = [0.5k] rad/s?
Since point A rotates about a fixed axis (Z axis), its motion can be determined from
V4 = o) X rgs = (1.5k) X (1.5§) = [-2.25i] m/s
a4 = @) X1oa + 0 X (01 X 104)

(0.5k) X (1.5§) + (1.5k) X [(1.5k) X (1.5))]

= [-0.75i — 3.375j] m/s?

In order to determine the motion of point B relative to point A, it is necessary to
establish a second x'y’z’ rotating frame that coincides with the xyz frame at the
instant considered, Fig. a. If we set the x'y’z’ frame to have an angular velocity
relative to the xyz frame of )’ = w, = [0.5i] rad/s, the direction of (rp/4),,, Will
remain unchanged with respect to the x'y’z" frame. Taking the time derivative of

(l'B/A)xyz,
V/a)wve = (nra)eve = [(Fpa)vye + @2 X (Xp/4) sy
=0 + (0.5i) X (12 cos 30°j + 12 sin 30° k)
= [=3j + 5.196k] m/s

Since ()" = w, has a constant direction with respect to the xyz frame, then
Q' = @, = [0.25i] m/s%. Taking the time derivative of (FB/4)xyzs
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©20-53. Continued

(aB/A) = (.r.B/A)xyz = [(.I;B/A)x’y’z’ + wy X (i'B/A)x’y’z’} + QZ X (rB/A)xyz + wy X (i'B/A)xyz

= [0 + 0] + (0.25i) X (12 cos 30°j + 12'sin 30°k) + 0.5i X (—3j + 5.196k)

= [—4.098j + 1.098k] m/s?

Thus,
VE = Va4t Q Xxpa+ (Vpa)xy:
= (=2.25i) + 1.5k X (12 cos30°j + 12 sin 30°k) + (—3j + 5.196k)
= [-17.8i — 3j + 5.20Kk] m/s Ans.
and

a, = QX rga + QX (Q Xrgs) + 20 X (Vpra)ey: T (Ap/a)xyz

ag =
(~0.75i — 3375)) + 0.5k X (12 cos 30°% + 12'sin 30° k) + (1.5k) X [(1.5k) X (12 cos 30° j + 12 5in 30° K)]

+2(1.5k) X (—3j + 5.196k) + (—4.098j + 1.098k)
Ans.

= [3.05i — 30.9j + 1.10k] m/s’

X x =05 rany,
- 1,{' =026 "'ld/; L

@) vty
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20-54. At the instant shown, the base of the robotic arm V4
rotates about the z axis with an angular velocity of
®; = 4 rad/s, which is increasing at @; = 3 rad/s>. Also, the
boom BC rotates at a constant rate of wgc = 8 rad/s. wpc = 8rad/s
Determine the velocity and acceleration of the part C held
in its grip at this instant.

w; =4rad/s |
@ = 3rad/s?

Relative to XYZ, let xyz have origin at B and have X

QO = {4k} rad/s, Q = {3k} rad/s> (Q does not change direction relative to
XYZ.)

rg = {0.5k} m (r; does not change direction relative to XYZ.)

vg =0

ag =0

Relative to xyz, let coincident x'y’z’ have origin at B and have

Q. = {8} rad/s, Q,y, = 0 (£, does not change direction relative to xyz.)

(r¢/B)xyz = {0.7) m ((r¢/p) .y, changes direction relative to xyz.)

Cmr = (rem) = (fem) |+ 0% (rgm) =0+ @) x 070 = (-56K mjs
xyz xyz xyz

(aC/B)xyz = (rC/B) = |:(.1:C/B) o + Q)cyz X (i'C/B) L ,:| + Qxyz X (rC/B) + Qxyz X (i'C/B)
xyz x'y'z x'y'z xyz xyz

=0+0+0+ (8) X (—5.6k) = {—44.8i} m/s?
Thus,
ve = v+ Q Xrep + (Vop)ey: = 0 + (4k) X (0.7i) + (—5.6k)
= {2.80j — 5.60k} m/s Ans.
ac =ag + O Xrep+ QX (Q X rC/B) + 2Q X (VeiB)xy: + (ac/B)xyz
=0 + (3k) X (0.7i) + (4k) X [(4K) X (0.70)]
= 2(4k) X (—5.6k) — 44.8i

= {-56i + 2.1j} m/s? Ans.
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20-55. At the instant shown, the base of the robotic arm
rotates about the z axis with an angular velocity of
w; = 4 rad/s, which is increasing at @, = 3 rad/sz. Also,
the boom BC rotates at wpe = 8 rad/s, which is increasing
at wge = 2 rad/s?. Determine the velocity and acceleration
of the part C held in its grip at this instant.

Relative to XYZ, let xyz with origin at B have

to XYZ.)

rz = {0.5k} m (rgz does not change direction relative to XYZ.)
vg =10

ag =10

Relative to xyz, let coincident x’y’z’ have origin at B and have

to xyz.)

(r¢/B)xy; = {0.7i) m (Q does not change direction relative to xyz.)

xXyz

(aC/B)xyz = (rC/B) = |:(.1:C/B) o + Q)cyz X (i'C/B) L :| + Qxyz X
xyz xyz x'y'z

=0+ 0+ (2§) X (0.7i) + (8f) X (—5.6k) = {—44.8i — 1.40k} m/s’
Thus,
ve = v+ Q Xrxep + (Vop)yy: = 0+ (4k) X (0.7i) + (—5.6k)
= {2.80j — 5.60k} m/s
ac =ag + O Xrep+ QX (Q X rC/B) + 20 X (vC/B)xyz + (aC/B)XyZ
=0 + (3k) X (0.7i) + (4k) X [(4K) X (0.70)]
= 2(4k) X (—5.6k) — 44.8i — 1.40k

= {—56i + 2.1j — 1.40k} m/s?

o) =4rad/s |
@ = 3rad/s?

Q = {4k} rad/s, Q = {3k} rad/s> (Q does not change direction relative

Oy, = (8} rad/s, Q. = {2j}rad/s* (Q does not change direction relative

Cme = (rem) = (rem) |+ 0% (rm) =0+ @) x 070 = (-56K mjs
x'y'z xyz

(rC/B) + Qyy X (I'C/B)
xyz xyz

Ans.

Ans.
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*21-1. Show that the sum of the moments of inertia of a
body, I, + I,, + I, is independent of the orientation of
the x, y, z axes and thus depends only on the location of its
origin.
Lo+ 1, + 1, = / (y* + 2%)dm + /(x2 + Z%)dm + / (x* + yHdm

m m m

= 2/ (2 + y* + 2Pdm
m
However, x> + y?> + 72 = 1%, where r is the distance from the origin O to dm. Since
|7| is constant, it does not depend on the orientation of the x, y, z axis. Consequently,
I + I,, + I is also indepenent of the orientation of the x, y, z axis. Q.E.D.
925
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21-2. Determine the moment of inertia of the cone with
respect to a vertical y axis that passes through the cone’s
center of mass. What is the moment of inertia about a parallel
axis y' that passes through the diameter of the base of the
cone? The cone has a mass m.

2

The mass of the differential element is dm = pdV = p(mwy?) dx = phz

1
dl, = dey2 + dmx?
1 @ 2 @
:4[P7h7'2 x2dxj|<2x) + <p; ¥ |x?dx
pa o
= (4h” + a°) x" dx
2 h 2
pTa 2, 2 4 prach 5 .
I,= [ dI, ="7 @n* + =P an? +
v /dv 4h4(h a)zxdx 20 (4h” + a°)
However,
2 ph 2
h
m = /dm=p7m / xzdx=p7m
m hz 0 3
Hence,

3m o o
= +
I, 20 (4h” + a°)

Using the parallel axis theorem:
I, =1, + md?

3m o, oy L 3n\
20(4h +a)—IV+m(4)

3m ., 2
= +
I, 20 (h* + 4a°)
I,=1,+ md?

3m , , ) (h>2
= (K + +m( =
20 (h* + 4a°) + m )

= 75 (2 + 30

a
x2dx.

Ans.

Ans.
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21-3. Determine the moments of inertia I, and I, of the
paraboloid of revolution. The mass of the paraboloid is m.

a a rz }’2
=p/ m%W=pw/)CJwW=p< %
0 0 a 2

Thus,

1
Ix:§mr2

1 1 a a
= (*dmzz-i-dmyz) =—pm | Ztdy+p w72 y* dy
m \4 47 Jo 0

~
=
|

Lo [ 03 [
N mzmz Zpﬂ'ozyzpwazovy p7T6

4

)

2

Ans.

1 r ‘., < 72 ) “ pmrta  pwrla® 1 1
=—pml 3 dy + pm| — dy = + =— + =
4P7T(a2>l y-ay + pm a) )y yay ) 1 6mr 2ma

2

I, = % (7 + 3a%) Ans.
*21-4. Determine by direct integration the product of
inertia I, for the homogeneous prism. The density of the
material is p. Express the result in terms of the total mass m a
of the prism. a
The mass of the differential element is dm = pdV = phxdy = ph(a — y)dy.
h
m : m=p A a— y)dy 2 /
X
Using the parallel axis theorem:
dly, = (dly’z’)G + dmygzg
z
h
=0+ (phxdy) 1) | 5
ph*
=— <
> xydy )C.Q\ d’_
~ (X
_ ph* 2 G(T)y-’ %.)
= (ay —y)dy
2 a 3.2 2 e
ph ) pa’h 1 <pa h> m o “
1,,=— —y)dy = =— h) = —ah Ans.
yZZ/O(ay Pydy =0 = (557 Jany = Ta ns [
X Ary=a 1
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¢21-5. Determine by direct integration the product of z
inertia /., for the homogeneous prism. The density of the

material is p. Express the result in terms of the total mass m

of the prism. a

The mass of the differential element is dm = pdV = phxdy = ph(a — y)dy.

a paZh y
m = dm = ph (a — y)dy = ——
m 0 2 /
X
Using the parallel axis theorem:
dlxy = (de’y’)G + dmeyG
X z
=0+ (phxdy)(g)(y)
L
=5 X'yay -
2 N
= .d%
H? K
= %(f — 2ay* + a’y) dy (&35
oy
oh [° h -~ ~
IxyZTA (v} = 2ay* + a*y) dy - ~
_path 1 (pazh) , _ m A X xﬂlt:a 1
T4 12\ 2 )T ns.
21-6. Determine the product of inertia I, for the z
homogeneous tetrahedron. The density of the material is p.
Express the result in terms of the total mass m of the solid.
Suggestion: Use a triangular element of thickness dz and
then express dl,, in terms of the size and mass of the
element using the result of Prob. 21-5.
1 p ) y
dm=pdV=pE(a—z)(a—z)dz=§(a—z)dz a
_p [, Ny pa’ R
m=7 (a—2az+z)dz—? x
0

From Prob. 21-5 the prod4uct of inertia of a triangular prism with respect to the xz
a“h
and yz planesis I, = % For the element above, dI, = pzT (a — z)* Hence,

a
p
I, = al (a* — 4a’z + 6z%a° — 4az® + zYdz
pa’

o= 10
or,
2
ma
Ixy = W Ans.
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21-7. Determine the moments of inertia for the L r '
homogeneous cylinder of mass m about the x’, y’, z’ axes. ,

Due to symmetry

y yz X
1 r\?  Tmr? 1
Iy=IX=Em(3r2+r2)+m(5) = IZ=§mr2
For x’,
cos 135° ! cos 90° = 0 cos 135° !
u, = = ——F u, = =0, u, = = —_
: v ) V2

Lo=T.u+ 1,03+ 1,u? =21 u,u,— 21 uyu, — 21 u u,

7mr2< 1 )2 1 < 1 )2
= ——— ] +0+-mr——=) —0-0-0
2.\ V2 2 V2

13
= mr? Ans.
For y’,
Tmr?
I,=1,= D Ans.
For 7/,
1 1
u, =cos135° = — —— u, = cos 90° = 0, u, = cos 45° =

V2 V2

Ip= 1oz + Lyuy + Loui — 20 ucuy, — 20 uyu, — 20 u u,

yz 7y
7mr2< 1)2 1 ( 1 )2
= — ) +0+-mr}{——=) —0-0-0
2.\ V2 2 V2
_13 .,
—24mr Ans.
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*21-8. Determine the product of inertia I, of the b4
homogeneous triangular block. The material has a
density of p. Express the result in terms of the total mass

m of the block. /\

The mass of the differential rectangular volume element shown in Fig. a is \
dm = pdV = pbzdy. Using the parallel - plane theorem, X a

dl, = dI vy + dmxgyg

=0+ [pbzdy](g)y

pb’
B

h
However, z = E(a — y). Then

pb? [h pb’h )
dly == {g(ﬂ - y)y}dy = W(ay -y )dy

Thus,

pb%h [
Ixy:/dlxy: a A(ay—yz)dy

_ o' (ay Yj)
T 2a \ 2 3

_i 212
—12pab h

a

0

1 1
However,m = pV = (5 ahb) = Epabh.Then

1 1
Ly = 45 pa®h| © mo= mab Ans.
5 pabh
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¢21-9. The slender rod has a mass per unit length of z
6 kg/m. Determine its moments and products of inertia
with respect to the x, y, z axes.

2m (@
X 2m
The mass of segments (1), (2), and (3) shown in Fig. a is T
m; = my = my = 6(2) = 12 kg. The mass moments of inertia of the bent rod about ‘
the x, y, and z axes are 2m
Ix = ij, + m(sz + ZGZ) \/

=(0+0)+ {%(12)(22) +12(12 + 02)} + [3—2(12)(22) +12[2% + (—1)2}}
= 80 kg - m? Ans.
1, =21, + m(xg> + z5?)
= [11—2 (12)(2%) + 12(1% + 02)} + {0 +12(22 + 02)} + {%(12)(22) +12[2% + (—1)2]}
= 128 kg - m? Ans.

I,=23I,+ m(xG2 + ycz)

{%(12)(22) +12(12 + 02)} + [%(12)(22) +12(22 + 12)} + {0 +12(2% + 22)}

= 176 kg - m? Ans.

Due to symmetry, the products of inertia of segments (1), (2), and (3) with respect to
their centroidal planes are equal to zero. Thus,

Iy =21y + mxgys

[0+ 12(1)(0)] + [0 + 122)(1)] + [0 + 12(2)(2) ]

= 72 kg -m? Ans.

Iy, =2l + mygzg

[0+ 12(0)(0)] + [0 + 12(1)(0)] + [0 + 122)(—1)]

—24 kg-m2 Ans.
I, = EYXrZr + mxgig
= [0 + 12()©®)] + [0 + 12Q2)(©®)] + [0 + 122)(~1)]

= —24kg-m? Ans.

931



91962_12_s21_p0925-0987 6/8/09 1:11 PM Page 932 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

21-10. Determine the products of inertia I, [, and I, z
of the homogeneous solid. The material has a density of
7.85 Mg/m?.

200 mﬁ\

200 mm
\
~

x7200 mn/ y

The masses of segments (1) and (2) shown in Fig. a are m; =pV, 200 mm
= 7850(0.4)(0.4)(0.1) = 125.6 kg and m, = p V, = 7850(0.2)(0.2)(0.1) = 31.4 kg.

Due to symmetry [y, =1y, =1,,=0 for segment (1) and
Iy =1y = Is =0 for segment (2). Since segment (2) is a hole, it should be
considered as a negative segment. Thus

I, = 21y + mxgy

[0 + 125.6(0.2)(0.2)] — [0 + 31.4(0.3)(0.1)]
= 4.08 kg - m? Ans.
Iy, = 27y'z’ + mygzg

= [0 + 125.6(0.2)(0.05)] — [0 + 31.4(0.1)(0.05)]

1.10 kg - m? Ans.

Ixz = EIx’z' + mxgic

[0 + 125.6(0.2)(0.05)] — [0 + 31.4(0.3)(0.05)]

= 0.785 kg - m? Ans.
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21-11. The assembly consists of two thin plates A and B
which have a mass of 3 kg each and a thin plate C which has
a mass of 4.5 kg. Determine the moments of inertia I,, I,
and I,.

1
I.=1,= E(3)(0.4)2 = 0.04 kg - m?

1, = 11—2 (3)[(0.4)* + (0.4)°] = 0.08 kg - m’

Loy =1,y =1,0=0
For z,
uy =0

uy = cos 60° = 0.50

u, = cos 30° = 0.8660

I, =0+ 0.08(0.5)* + 0.04(0.866)> =0 — 0 — 0
= 0.05 kg - m?

I,,=1,=004kg m?

Foryg,

uy =0

uy = cos30° = 0.866

uy = cos 120° = — 0.50
1,, =0+ 0.08(0.866)> + 0.04(=0.5> =0 — 0 — 0

= 0.07 kg m?
I = % (4.5)(0.6)* + 2[0.04 + 3{(0.3 + 0.1)> + (0.1732)%}]
I, = 136 kg~ m? Ans.
I, = % (4.5)(0.4)% + 2[0.07 + 3(0.1732)°]
= 0380 kg m’? Ans.
I.= % (4.5)[(06)* + (04)] + 2[0.05 + 3(0.3 + 0.1)’]

.= 126kg-m? Ans.

933



91962_12_s21_p0925-0987 6/8/09 1:12 PM Page 934 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

*21-12. Determine the products of inertia [ Xy I yz»and I,
of the thin plate. The material has a density per unit area of

50 kg/m?.

The masses of segments (1) and (2) shown in Fig. a are m; = 50(0.4)(0.4) = 8 kg
and m, = 50(0.4)(0.2) = 4kg. Due to symmetry I,y =1, =1, =0 for
segment (1) and I ,»» = I e = I = 0 for segment (2).

Iy = Zlpy + mxgys

= [0 + 8(02)(02)] + [0 + 4(0)(02)]

= 0.32kg-m? Ans.

yz = 2Iy’z’ + mygzg

[0+ 8(02)(0)] + [0 + 4(02)(0.1)]
= 0.08 kg - m? Ans.

I, = Zlyy + mxgzg

[0+ 8(02)(0)] + [0 + 4(0)(0.1)]

=0 Ans.
¢21-13. The bent rod has a weight of 1.5 1b/ft. Locate the 4
center of gravity G(X, y) and determine the principal
moments of inertia I/, I,;, and I, of the rod with respect z
to the x', y', 7’ axes.
16t
Due to symmetry /4/
X x'
y =051t Ans.
¥ (=1)(1.5)(1) + 2{(=0.5)(1.5)(1)
=W [ I —0.667 ft Ans.
Zw 3[15(1)]
([ 15 ) 1 (1.5) )
= _— . + — | —
L 2_<32.2)(0 5) } 12\322 M
= 0.0272 slug - ft? Ans.
(1715 2 1.5 2} ( 1.5 ) 2
c=2l == + (2= )(0.667 — 0.5 | + ( == |1 — 0.
I, 2_12(32.2>(1) <32.2)(0667 0.5) 22 (1 — 0.667)
= 0.0155 slug - ft? Ans.
[1/15 ) 1.5 2 ) }
=2 + {225 )05 + 0.
1, 2_12(32.2)(1) <32.2)(05 0.1667°)

+ % (%)(1)2 + (%)(0.3333)2

= 0.0427 slug - ft? Ans.
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21-14. The assembly consists of a 10-1b slender rod and a z
30-1b thin circular disk. Determine its moment of inertia
about the y’ axis.

L 2ft—
The mass of moment inertia of the assembly about the x, y, and z axes are
11t
1/ 30 30 1/ 10 10 -
1:1:7—12+—22}+{—(—)22+—12} A4
* : {4 (32.2)( ) 322 ( ) 12\32.2 ( ) 322 ( ) y
= 4.3737 slug - ft? X
130 2 2 \
=5 (@)(1 ) + 0 = 0.4658 slug - ft y
Due to symmetry, I, = I,, = I,, = 0. From the geometry shown in Fig. a, z
1
0= tan’1<5) = 26.57°. Thus, the direction of the y’' axis is defined by the unit aft
vector
u = co0s 26.57°j — sin 26.57°k = 0.8944j — 0.4472k
%
Thus, [f£
£ ]
u, =0 u, = 0.8944 u, = —0.4472 1@
7
Then ’#
_ 2 2 2 _ _ _ A
Iy = La® + L + Lu? = 20, ugu, — 20, uyu; — 200, 1, CY

= 4.3737(0) + 0.4658(0.8944)% + 4.3737(—0.4472)> =0 —0— 0

= 1.25 slug - ft? Ans.

21-15. The top consists of a cone having a mass of 0.7 kg z
and a hemisphere of mass 0.2 kg. Determine the moment of
inertia I, when the top is in the position shown.

— — 3 2 2 3 ?
Io=1,= %(0.7)[(4)(0.3) +(0.1)%] + (0.7)[1(0.1)}

83 3 2 .
+ (%>(0.2)(0.O3)2 + (O.Z)[g (0.03) + (0.1)} = 6.816 (1() 3>kg'm2

I, = (13—0)(0.7)(0.03)2 + @)(0.2)(0.03)2

= 0261 (107%) kg - m?

u, = cos 90° = 0, uy = cos 45° = 0.7071, u, = cos 45° = 0.7071
I,=1,u%+ I, ui + Iu - 2 gy = 20 iy g — 2oy gty
= 0 + 6.816(1072)(0.7071)? + (0.261)(107)(0.7071)> = 0 — 0 — 0

I, = 3.54(107) kg - m? Ans.

935



91962_12_s21_p0925-0987 6/8/09 1:13 PM Page 936 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

*21-16. Determine the products of inertia Ixy, Iyz, and b4
I, of the thin plate. The material has a mass per unit area

of 50 kg/m>. 200 mm

200 mm \%ﬂm

The masses of segments (1), (2), and (3) shown in Fig. a are m; = m,

=50(0.4)(0.4) = 8 kg and m; 50{77(0.1)2} = 0.57 kg. 200 mm

Due to symmetry I, = I,o = I,y = 0 for segment (1), Iy = Iy = Lo = 0 200 i 100 mm

for segment (2),and I nyn = Iynn = Inm = 0 for segment (3). Since segment (3) is
a hole, it should be considered as a negative segment. Thus <

I, = 2oy + mxgyg \

xy
* 400 mm Y
= [0+ 8(02)(02)] + [0 + 8(0)(0:2)] — [0 + 0.57(0)(0.2)]
= 032 kg-m? Ans.
Iy, = 27)}'2’ + mygzg
= [0+ 8(02)(0)] + [0 + 8(0.2)(0:2)] — [0 + 0.57(0.2)(02)]
= 0.257 kg - m? Ans.
I, = ETer/ + mxgic
= [0+ 8(02)(0)] + [0 + 8(0)(02)] — [0 + 0.5(0)(0.2)]
= 0 kg-m? Ans.
z
(Fe),=0am
(@)
*21-17. Determine the product of inertia I, for the bent z

rod. The rod has a mass per unit length of 2 kg/m.

Product of Inertia: Applying Eq. 21-4. we have

I, = E(Ixry/)G + mxg Yo

[0 + 0.4 (2) (0) (0.5)] + [0 + 0.6 (2) (0.3) (0.5)] + [0 + 0.5 (2) (0.6) (0.25)]

= 0.330 kg - m? Ans.
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21-18. Determine the moments of inertia I, I, I, for

the bent rod. The rod has a mass per unit length of 2 kg/m.

Moments of Inertia: Applying Eq. 21-3, we have

Ixx = 2(I)c’x’)G + m(y%; + ZZG)

{11*2 0.4) 2) (0.42> + 0.4 (2) (0.52 " 0.22)}
+ [0+ 06(2) (052 + 0?)]
+ {11*2 0.3) (2) (0.52) +05 (2)(0_252 4 02”

= 0.626 kg - m?

= E(Iy’y’)G + m(x%} + ZzG)

= {11—2 (0.4) (2) (0.42) + 0.4 (2) (0> + 0.22)}

+ {% (0.6) (2) (0.62) + 0.6 (2) (0_32 4 02)}

+[0+052) (0.6 + 0?)]
= 0.547 kg - m?
Izz = E(Iz’z’)G + m(x%; + yé)

= [0+ 04(2) (0*+ 05?)]

+ {11—2 0.6) (2) (0.62) + 0.6 (2) (0.3 + 0.52)}

= 1.09 kg - m?

+ {% (0.5) 2)(0.5%) + 05 (2) (0.6 + 0.252)}

)

400 mm
|,
600 mm
500 mm —
X
E A
O4{a) 1}
©,55,02)m
Ans. }
0biZ, r’a{
(0-6,0.250)m (©02,0.5,0)m
3‘.'/ .ff(z) kg
Ans.
Ans.
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21-19. Determine the moment of inertia of the rod-and- z
thin-ring assembly about the z axis. The rods and ring have
a mass per unit length of 2 kg/m.

A
o _
500 mm
400 mm
For the rod, ( D
we =06, wy =0, uy;=08 » 120"0/ A y
, 120 120°
Le=1,=3 [(0.5)(2)](0.5)* = 0.08333 kg - m? / c
X

From Eq.21-5,
I.=008333060>+0+0—-0-0—-0
I. = 003kg -m*
For the ring,

The radiusis » = 0.3 m

Thus,

I. = mR? = [2 (27)(0.3)](0.3)> = 0.3393 kg - m?

Thus the moment of inertia of the assembly is

I, = 3(0.03) + 0.339 = 0.429 kg - m? Ans.
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*21-20. If a body contains no planes of symmetry, the z

principal moments of inertia can be determined /
mathematically. To show how this is done, consider the rigid

body which is spinning with an angular velocity e, directed /
along one of its principal axes of inertia. If the principal

moment of inertia about this axis is 7, the angular momentum [

can be expressed as H = [w = lw,i + lo,j + [w k. The

components of H may also be expressed by Egs. 21-10,

where the inertia tensor is assumed to be known. Equate the

i, j, and k components of both expressions for H and consider

wy, wy, and o, to be unknown. The solution of these three X
equations is obtained provided the determinant of the

coefficients is zero. Show that this determinant, when

expanded, yields the cubic equation

P = (I, + Ly, + I)I?

+ (Ldyy + 1l + 10 — Iz, — I, — 121
= (el = 20l Ly — L5,
— 1,02 — I1%) =0

The three positive roots of /, obtained from the solution of
this equation, represent the principal moments of inertia
I, 1,,and I,.

H=lw=lw,i+ lo,j+ lok

Equating the i, j, k components to the scalar equations (Eq. 21-10) yields
(Ixx - Do, — Ixywy — I, =0
—Jgpor+ Uy — Doy —1,,0,=0

=1 0w, — Izywy + (Izz - I)wz =0

Solution for wy, w,, and w, requires

(Ixx - I) 7Ixy 7Ixz
~Iy (U,-1) I, [=0
7sz 7Izy (Izz - I)

Expanding
P—(Ly+ 1y + 1 )P+ (L 1y + 1,0, +1.1,- 12— — %)

~ (Lo Iyl =210, 1, — 1 2, — 1,05 — I.12) =0Q.ED.
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¢21-21. Show that if the angular momentum of a body is Z
determined with respect to an arbitrary point A, then H 4

can be expressed by Eq. 21-9. This requires substituting

PA = PG T Pg/ainto Eq.21-6 and expanding, noting

that f pcdm = 0 by definition of the mass center and

V6 =Vat @Xpga.

X
HA=(/pAdm)><vA+/pAX(prA)dm
m m

= (/ (PG + pGya) dm) X vy + /(PG + pGa) X [w X pg + pG/A)]dm
m m

:(/dem)XVA+(pG/AXVA)/dm+/PGX(wXPG)dm

+ (/ Pcdm) X (@ X pG/a) + pGja X (w X /PG dm) + pG/a X (0 X PG/A)/ dm

Since /pG dm = 0 and from Eq.21-8 H; = / pc X (0w X pg)dm
m m

Hy = (pga X vaym + Hg + pgra X (@ X pgra)m
= pga X (Va4 + (0 X pgra))m + Hg

= (PG/A X mVG) + HG Q.E.D.
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21-22. The 4-1b rod AB is attached to the disk and collar
using ball-and-socket joints. If the disk has a constant
angular velocity of 2 rad/s, determine the kinetic energy of
the rod when it is in the position shown. Assume the angular
velocity of the rod is directed perpendicular to the axis of
the rod.

VA:vB+w><rA/B

i j k
vai = —(HQ)j + |or o, o
3 -1 -1
Expand and equate components:
Vag = oy + oo, @
2=w,+30, )
0=-0,- 30, 3
Also:
w-ryp =0
3wy, —w, —w, =0 4)

Solving Egs. (1)-(4):
w, = 0.1818 rad/s
o, = —0.06061 rad/s
w, = 0.6061 rad/s

va = 0.667 ft/s

w is perpendicular to the rod.

w, = 0.1818 rad/s, w, = —0.06061 rad/s, w, = 0.6061 rad/s

v = {=2j} ft/s

rap = (3 - 1j — 1K} ft

=vz+oX fa/E
VG = VB w )
i i k
vg = —2j + 5 0.1818 —0.06061 0.6061
3 -1 -1

vg = {0.333i — 1j} ft/s
v = V(0.333)% + (—1)? = 1.054 ft/s

o = V/(0.1818)2 + (—0.06061)> + (0.6061)> = 0.6356 rad/s

T = <%)(é)(1.054)2 + (%){% <£7>(3.3166)2}(0.6356)2

T = 0.0920 ft- 1b Ans.
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21-23. Determine the angular momentum of rod AB in
Prob. 21-22 about its mass center at the instant shown.
Assume the angular velocity of the rod is directed
perpendicular to the axis of the rod.

VA:VBJF(UXI'A/B

i j k
vai = —(D)Q)j + |or o, o
3 -1 -1
Expand and equate components:
Vag = Tyt oo @
2=0,+30, )
0=-w,—-30, A
Also:
w-ryp=0
3w, —w, —w, =0 4
Solving Egs. (1)-(4):
o, = 0.1818 rad/s
w, = —0.06061 rad/s

0.6061 rad/s

S
~
Il

va = 0.667 ft/s

w is perpendicular to the rod.

ras = VB2 + (1) + (-1)> = 33166 ft

1 4
I = —= )| == )(3.3166)% = 0.1139 slug - ft*
G (12)<32'2>(33 66)~ = 0.1139 slug - ft

Hg = I o = 0.1139 (0.1818i — 0.06061j + 0.6061Kk)

H; = {0.0207i — 0.00690j + 0.0690k) slug- ft/s Ans.
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*21-24. The uniform thin plate has a mass of 15 kg. Just
before its corner A strikes the hook, it is falling with a
velocity of v = {—5k} m/s with no rotational motion.
Determine its angular velocity immediately after corner A
strikes the hook without rebounding.

X
Referring to Fig. a, the mass moments of inertia of the plate about the x, y, and z 500 m >m/ -
axes are
I, =1, + m(ys® + 2)=i15(042)+15(022+02)=08k-2 y
X X' m\yYc <G 12 ( ) . . . g-m

1
I, =1, + m(xg® + z6%) = 5(15)(0.62) + 15{(—0.3)2 + 02} = 1.8kg-m?

1
1= 1, + m(xg® + y5?) = E(15)(0.42 +0.6%) + 15{(—0.3)2 + 0.22} = 2.6kg-m?

Due to symmetry, [, = I, = I, = 0. Thus,

I, =1yy + mxgye =0+ 15(—0.3)(0.2) = 0.9 kg - m?
Iy, =1, + mygzg = 0 + 15(0.2)(0) = 0
I, = Loy + mxgzg = 0 + 15(—0.3)(0) = 0

Since the plate falls without rotational motion just before the impact, its angular
momentum about point A is

(Hp); = 1G4 X mvg = (—0.3i + 0.2j) X 15(—5k)
= [—15i — 22.5j] kg m?/s

Since the plate rotates about point A just after impact, the components of its
angular momentum at this instant can be determined from

[(HA)Z]X = [xwx - Ixywy - Ixzwz
= 08w, — (—0.9)0, — 0(w,)

= 0.80, + 090,

[(HA)Z}y = —Lyo, + Loy, — I,
—(—0.9)w, + 1.80, — 0(w,)
= 09w, + 1.8w,

[(HA)Z}Z = -l 0,+ Iyzwy — o,
0(wy) — O(wy) + 2.6,
= 2.6w,

Thus,
(Hy), = (0.8w, + 0.9wy)i + (0.90, + 1.8w))j + 2.60w_k

Referring to the free-body diagram of the plate shown in Fig. b, the weight W is a
nonimpulsive force and the impulsive force F, acts through point A. Therefore,
angular momentum of the plate is conserved about point A. Thus,

(Ha)1 = (Hy),
—15i — 22.5j = (0.8w, + 0.9w,)i + (0.9w, + 1.8w,)j + 2.6w_ k

Equating the i, j, and k components,

—15 = 0.8w, + 09w, @
=225 = 090, + 1.8w, (2)
0= 26w, A3)
Solving Egs. (1) through (3),
w, = —10.71 rad/s w, = —7.143 rad/s w, =0
Thus,
o = [—10.7i — 7.14j] rad/s Ans.
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¢21-25. The 5-kg disk is connected to the 3-kg slender z

rod. If the assembly is attached to a ball-and-socket joint at

A and the 5-N - m couple moment is applied, determine the M=5N-m 1.5/*&\3
angular velocity of the rod about the z axis after the al @2 i

assembly has made two revolutions about the z axis starting
from rest. The disk rolls without slipping.

X
1 2 2, 1 2
I.=1,= Z(S)(O.Z) + 5(1.5)7 + 5(3)(1.5) = 13.55
1 2
I, = ) (5)(0.2)7 = 0.100
0=-0,j +ok=—-0,j + w,sin7.595%" + 0, cos 7.595°k’
= (0.132160w, — wy)j" + 0.99123 0 k' o £
Since points A and C have zero velocity,
r5m
VC:VA+erc/A 7
0=10+[(0.13216 w, — w,)j’ + 0.99123w, k'] X (L5j' — 0.2k’) O@E
0 = —1.48684w, — 0.026433 w, + 0.2 wy, {75¢5'
o, = 7.5664 w,
Thus,
w=-T7432 w,j + 099123 w_k’
Tl + EUI—Z = T2
1 1
0+52m)(2)=0+ > (0.100)(—7.4342 ,)> + 5 (13.55)(0.99123 w,)?
w, =2 58rad/s Ans.
z
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21-26. The 5-kg disk is connected to the 3-kg slender rod. z

If the assembly is attached to a ball-and-socket joint at A

and the 5-N - m couple moment gives it an angular velocity M=5N-m 15/%\\3
about the z axis of w, = 2 rad/s, determine the magnitude a4l . [fo2 E

of the angular momentum of the assembly about A.

X
1 2 2 1 2
I.=1,= Z(S)(O.Z) + 5(1.5)° + 5(3)(1.5) = 13.55
1 2
I, = 5(5)(0.2) = 0.100
0=—0,j + o k=—-0,j + w,sin7.595% + 0, cos 7.595°k’
= (0.132160w, — w,)j’ + 0.99123 w_k’ 2
, , . z
Since points A and C have zero velocity,
Ve = Vyu + w X l‘c/A f'5m
!

0=10+[(0.13216w, — @, )j + 099123 w k'] X (L5j — 0.2k Y
02m

0 = —1 48684w, — 0.26433w, + 0.2w, V4

0y = —7.5664 w,
Thus,
w=-74342w,j + 099123 0, k’
Since w, = 2 rad/s
o = —14.868)" + 1 9825k’

So that,

Hy=loo 0 + Iy0,j+ o,k =0+ 0100(—14.868)j’ + 13.55(1.9825) k'

= —1.4868j" + 26.862k’

H, = V(—1.4868)2 + (26.862)% = 26.9 kg-m%/s Ans.
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21-27. The space capsule has a mass of 5 Mg and the
radii of gyration are k, = k, = 1.30 m and k, = 0.45 m.
If it travels with a velocity vg = {400j + 200k} m/s,
compute its angular velocity just after it is struck by a
meteoroid having a mass of 0.80 kg and a velocity
v,, = {—300i + 200j — 150k} m/s. Assume that the
meteoroid embeds itself into the capsule at point A and
that the capsule initially has no angular velocity.

Conservation of Angular Momentum: The angular momentum is conserved about
the center of mass of the space capsule G. Neglect the mass of the meteroid after the
impact.

(He)1 = (He),
I'GA X m,, v,, = IGa)
(0.8i + 3.2 + 0.9K) X 0.8(—300i + 200j — 150k)

= 5000 (1.30%) w, i + 5000 (0.45%) w, j + 5000 (1.30?) w, k

—528i — 120j + 896k = 8450w, i + 1012.5w, j + 8450 w_ k

Equating i, j and k components, we have
—528 = 8450w, w, = —0.06249 rad/s
—120 = 1012.50, o, = —0.11852 rad/s

896 = 8450w,  ®, = 0.1060 rad/s

Thus,

o = {~0.0625i — 0.119j + 0.106k} rad/s Ans.
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*21-28. Each of the two disks has a weight of 10 Ib. The z
axle AB weighs 3 Ib. If the assembly rotates about the z 2ft/ﬂ
axis at w, = 6 rad/s, determine its angular momentum
about the z axis and its kinetic energy. The disks roll
without slipping.
X = 6rad/s
1
61 o, = 12rad/s
w, 2
w, = {—12i} rad/s wp = {12i} rad/s
1/ 10 » 1/ 1 2}
= +
i - |3 (s )arjaz « 555 Jar|c
10 2
+0 + 2 2V oy2 2
0 {2{ ; (322)(1) + ) }(6) (322)(4) (6)}k
. W=ermdk
= {16.6k} slug - ft*/s Ans.
1 1 1 X 7
T:Ewa+21y§+21 i T Wy
_1 {2( ( )(1)2)}(12)2 +0 IA/ 24
C2["\2\322 t
#2302 () + s 07 | + {55 )@ 67
2 4\322 322 322
=7211b-ft Ans.
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o

©21-29. The 10-kg circular disk spins about its axle with a
constant angular velocity of w; = 15 rad/s. Simultaneously,
arm OB and shaft OA rotate about their axes with constant
angular velocities of w, = 0 and w3 = 6 rad/s, respectively.
Determine the angular momentum of the disk about point O,
and its kinetic energy.

The mass moments of inertia of the disk about the centroidal x’, y’, and z' axes,
Fig. a, are

1

1
Lo=1Iy = mr = Z(10)(0.152) = 0.05625 kg - m?

_1o, 1 2) = 2
I = mr = 5(10)(0.15 ) = 0.1125kg-m
Due to symmetry, the products of inertia of the disk with respect to its centroidal
planes are equal to zero.
Loy =1y, =1y =0

Here, the angular velocity of the disk can be determined from the vector addition of
w1 and w3. Thus,

® = w; + w, = [6i + 15k] rad/s

The angular momentum of the disk about its mass center G can be obtained by

applying
H, = I,0, = 0.05625(6) = 0.3375 kg - m?/s
H, = I,0, = 0.05625(0) = 0
H, = Io, = 0.1125(15) = 1.6875 kg-m?%/s
Thus,

Hg = [0.3375i + 1.6875k] kg - m?%/s

Since the mass center G rotates about the x axis with a constant angular velocity of
w3 = [6i] rad/s, its velocity is

Vg = w3 X 10 = (6i) X (0.6)) = [3.6k] m/s

Since the disk does not rotate about a fixed point O, its angular momentum must be
determined from

Ho

rc/o X mvge + HG
= (0.6§) X 10(3.6k) + (0.3375i + 1.6875k)
= [21.9375i + 1.6875k] kg - m?/s

= [21.9i + 1.69k] kg - m?/s Ans.

The kinetic energy of the disk is therefore

1
T :Ew'HO

1
= 3 (6i + 15K) - (21.9375i + 1.6875k)

=7851] Ans.
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21-30. The 10-kg circular disk spins about its axle with a
constant angular velocity of w; = 15 rad/s. Simultaneously,
arm OB and shaft OA rotate about their axes with constant
angular velocities of w, = 10rad/s and w; = 6rad/s,
respectively. Determine the angular momentum of the disk
about point O, and its kinetic energy.

The mass moments of inertia of the disk about the centroidal x’, y’, and 7’ axes.
Fig. a, are

1 1
lo=1,= Zmr2 = Z(10)(0.152) = 0.05625 kg - m?

1 1
I, = 5mr2 = 5(10)(0.152) = 0.1125 kg - m?

Due to symmetry, the products of inertia of the disk with respect to its centroidal
planes are equal to zero.

Here, the angular velocity of the disk can be determined from the vector addition of
w1, Wy, and ws. Thus,

®w=w + w, + w;=[60 +10j + 15k] rad/s

The angular momentum of the disk about its mass center G can be obtained by

applying
H, = I o, = 0.05625(6) = 0.3375 kg - m?
H, = Iy, = 0.05625(10) = 0.5625 kg - m?
H, = .o, = 0.1125(15) = 1.6875 kg - m?
Thus,

H; = [0.3375i + 0.5625j + 1.6875k] kg - m?

Since the mass center G rotates about the fixed point O with an angular velocity of
QO = w, + w3 = [6i + 10j], its velocity is

vg = Q X g = (6i + 10j) X (0.6j) = [3.6k] m/s

Since the disk does not rotate about a fixed point O, its angular momentum must be
determined from

HO = rc/o X mvg + HG

(0.6) X 10(3.6k) + (0.3375i + 0.5625j + 1.6875k)
= [21.9375i + 0.5625j + 1.6875k] kg - m?/s

= [21.9i + 0.5625j + 1.69k] kg - m?/s Ans.

The kinetic energy of the disk is therefore

1
T :EQ)'HO

1
= (61 + 10j + 15K) - (21.9375i + 0.5625§ + 1.6875k)

= 81.3J Ans.
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21-31. The 200-kg satellite has its center of mass at point G. 7,7
Its radii of gyration about the z', x', y' axes are 1250 rad/,
k,y =300 mm, k., = k, = 500 mm, respectively. At the
instant shown, the satellite rotates about the x', y’, and z’
axes with the angular velocity shown, and its center of mass
G has a velocity of vg = {—250i + 200j + 120k} m/s.
Determine the angular momentum of the satellite about

point A at this instant.

7
7 Z
w,’ = 600 rad/s% RaN
The mass moments of inertia of the satellite about the x’, y’, and 7’ axes are 2 800 mm \y’

I, = I, =200(05%) = 50 kg m? x

I, =200(0.3%) = 18 kg-m?

Due to symmetry, the products of inertia of the satellite with respect to the x’, y’,
and z’ coordinate system are equal to zero.

Loy=1y,=1,,=0

The angular velocity of the satellite is

® = [600i + 300§ + 1250K] rad/s

Thus,

w, = 600 rad/s wy, = —300 rad/s wy = 1250 rad/s

Then, the components of the angular momentum of the satellite about its mass
center G are

(Hg)y = Iywy = 50(600) = 30 000 kg - m?/s
(Hg)y = 1,0, = 50(—=300) = 15000 kg - m?/s
(Hg)y = 1w, = 18(1250) = 22 500 kg - m?/s
Thus,
H; = [30000i + 15000 + 22 500k] kg - m*/s
The angular momentum of the satellite about point A can be determined from

HA = rG/A X mvg + HG

(0.8k) X 200(—250i + 200j + 120k) + (30 000i + 15 000j + 22 500k)

= [—2000i — 25 000j + 22 500k] kg - m?/s Ans.
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*21-32. 'The 200-kg satellite has its center of mass at point G.
Its radii of gyration about the z’, x’, y" axes are k,, = 300 mm, 1250 rad/;
ky = ky = 500 mm, respectively. At the instant shown, the
satellite rotates about the x’, y’, and z’ axes with the angular
velocity shown, and its center of mass G has a velocity of
vg = {—250i + 200j + 120k} m/s. Determine the kinetic
energy of the satellite at this instant.

r
N -
w, = 666/rad/s DaN 300 rad/
o, =300 rad/s
The mass moments of inertia of the satellite about the x’, y’, and 7’ axes are X' 800 mm \y’

I, = I, =200(05%) = 50 kg m? x
I, =200(03%) = 18 kg m?

Due to symmetry, the products of inertia of the satellite with respect to the x’, y’,
and z’ coordinate system are equal to zero.

Loy =1y, =1y =0
The angular velocity of the satellite is
o = [600i — 300j + 1250k] rad/s
Thus,
w, = 600 rad/s wy, = —300 rad/s wy = 1250 rad/s

Since vg2 = (—250)% + 200° + 120 = 116 900 m?/s?, the kinetic energy of the
satellite can be determined from

1 1 1 1
T = Evaz + Elx’wx’z + Ely’wy’z + Elz’wz’z

= %(200)(116 900) + %(50)(6002) + %(50)(—300)2 + %(18)(12502)

= 37.0025(10°)J = 37.0MJ Ans.
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©21-33. The 25-Ib thin plate is suspended from a ball-and-
socket joint at O. A 0.2-1b projectile is fired with a velocity
of v = {-300i — 250j + 300k} ft/s into the plate and
becomes embedded in the plate at point A. Determine the
angular velocity of the plate just after impact and the axis
about which it begins to rotate. Neglect the mass of the
projectile after it embeds into the plate.

Angular momentum about point O is conserved.

(Hop), = (Hp); = to4 X m, v,

322

(%)(%)[(1)2 + (2] + (%)(0.5)2 = 0.3235 slug - ft?
y (%)(%)(1)2 + (%)(0.5)2 = 0.2588 slug - ft?

N2\ qe 2
I, (12)(32.2)(1) = 0.06470 slug - ft

(Hop); = (Hp),

—0.6988i + 1.3975j + 0.4658k = 0.3235w, i + 0.2588w, j + 0.06470w, k

Iy

I

 —0.6988

= o5 —2.160 rad/s
1.3975
Wy = (2588 5.400 rad/s
0.4658
= = 7.200 rad,
“s 7 0.06470 rad/s

o = {—=2.16i + 5.40j + 7.20k} rad/s

Axis of rotation line is along w:
B —2.160i + 5.400j + 7.200k
© V(2160 + (5.400)% + (7.200)?
= —0.233i + 0.583j + 0.778k

\

(Hp), = (0.25) — 0.75k) X (ﬂ)(—mm — 250§ + 300k) = {—0.6988i + 1.3975j + 0.4658K} Ib- ft- s

0.75 ft
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21-34. Solve Prob. 21-33 if the projectile emerges from
the plate with a velocity of 275 ft/s in the same direction.

u, = (;932(?2) - (%)j + <%>k = —0.6092i — 0.5077j + 0.6092k
I, = (11—2)(%)[(1)2 + (17 + (%)(0.5)2 = 0.32350 slug - ft?

I, = (%)(%)(1)2 + (%)(0.5)2 = 0.25880 slug - ft

I, = (%) (%)(1)2 = 0.06470 slug - ft?

0.2

3'2.2)(—300i — 250j + 300k) + 0 = 0.32350w,i + 0.25880w, j + 0.06470w, k

(0.25j — 0.75k) x (
) 0.2 . .
+(0.25) — 0.75k) x (E)(Z75)(—0.60921 — 0.5077j + 0.6092k)

Expanding, the i, j, k, components are:
—0.6988 = 0.32350w, — 0.390215
1.3975 = 0.25880w,, + 0.78043
0.4658 = 0.06470w, + 0.26014
w, = —0.9538, o, = 2.3844, w, = 3.179

o = {—0.954i + 2.38j + 3.18k} rad/s Ans.

Axis of rotation is along w:
—0.954i + 2.38j + 3.18k
uy =
\/(—0.954)2 + (2.38)? + (3.18)°
u, = —0.233i + 0.583j + 0.778k Ans.
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21-35. A thin plate, having a mass of 4 kg, is suspended z
from one of its corners by a ball-and-socket joint O. If a
stone strikes the plate perpendicular to its surface at an
adjacent corner A with an impulse of Iy = {—60i} N-s,
determine the instantaneous axis of rotation for the plate

. [0)
d th 1 ted at O. 200 mm
and the impulse created a x/ ,
o A
(Ho), + E/Mo dt = (Ho), /
I, = {—60i} N-s
0+ ry0 X Is = (Hp) 200 mm
0 + (—0.2(0.7071)j — 0.2(0.7071)k) X (—60i) = (Ip); w,i + (Io)y wyj + (Ip); w. k
Expand and equate components:
0= (Io), w, @
8.4853 = (Ip), w, 2)
~8.4853 = (I,), », 3) o) 7JEdr
< :
Iyy =0, Iy, =0, 1., =0
1—<1>4 0.2)> = 0.01333 1—(1)4 0.2)> = 0.01333 L 0.2 m
y 12()()_ 5 7= 12()()_ t
u, = cos 90° = 0, uy = cos 135° = —0.7071, u, = cos 45° = 0.7071

- 2 2 2
Ug), = Lyuy + Lyuy + Tyuy — 20 pyuouy — 20 upuy — 20 0oy

=0 + (0.01333)(—0.7071)2 + (0.01333)(0.7071)> — 0 — 0 — 0

(Ig), = (Ip), = 0.01333

For (I),, use the parallel axis theorem.

(Io), = 0.01333 + 4[0.7071(0.2) 2, (Io), = 0.09333
Hence, from Egs. (1) and (2):
w0, =0, w,=900914, o, =—636340

The instantaneous axis of rotation is thus,

90.914j — 636.340k
L=
V(90.914)2 + (—636.340)>

= 0.141j — 0.990k Ans.

The velocity of G just after the plate is hit is
Vg = @ X rG/O

ve = (90.914j — 636.340k) X (—0.2(0.7071)k) = —12.857i

m(vg), + E/F dt = m(vg),
0 — 60i + /FO dt = —4(12.857)i

/FO dt = {857} N -+ s Ans.
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*21-36. The 15-1b plate is subjected to a force F = 8 1b z
which is always directed perpendicular to the face of the
plate. If the plate is originally at rest, determine its angular
velocity after it has rotated one revolution (360°). The plate
is supported by ball-and-socket joints at A and B.

Due to symmetry

Ix’y’ = Iy'z =1y, =0
115
=—(==]12)?=0. lug - ft?
=1 <32.2)( ) = 0.05590 slug - ft
I, =+ (1—)(1 22 + 0.4%) = 0.06211 slug - ft*
Yoo12\322/) ' ’ x
1/ 15
o= — (== )(0.4)> = 0.006211 slug - ft
12 <32.2)( ) S8
For z axis
B
Uy = cos T157° = 03162 uy = cos 90° = 0 fa

u, = cos 18.43° = 0.9487

81b
1251 (8.43°f4

I, = Towy + Tyuy + Loud — 201 oguouy — 21 gy — 20 pouginy
= 0.05590(0.3162)* + 0 + 0.006211(0.9487)> — 0 — 0 — 0 y
tan™'(Z4)=18.43"

= 0.01118 slug - ft> %
Principle of work and energy: el ,g}} ‘

Tl + 2U1_2 = T2

2

1
0+ 8(1.25in 18.43°)(2m) = - (0.01118)w”

w = 584 rad/s Ans.

¢21-37. The plate has a mass of 10 kg and is suspended z

from parallel cords. If the plate has an angular velocity of .
1.5 rad/s about the z axis at the instant shown, determine ¢
how high the center of the plate rises at the instant the plate ")
momentarily stops swinging.

Consevation Energy: Datum is set at the initial position of the plate. When the
plate is at its final position and its mass center is located & above the datum. Thus,
its gravitational potential energy at this position is 10(9.81)h = 98.1A. Since the

plate momentarily stops swinging, its final kinetic energy 7, = 0. Its initial kinetic / '\
120°
- y

energy i

1 1
T, =-I;0* ==
1 2Gw 2

B (10)(0.252)}(1.52) = 0.3516J 1.5 rad/s

Tl + Vl = T2 + V2
03516 + 0 = 0 + 98.1h

h = 0.00358 m = 3.58 mm Ans.
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21-38. The satellite has a mass of 200 kg and radii of
gyration of k, = k, = 400 mm and k, = 250 mm. When it
is not rotating, the two small jets A and B are ignited
simultaneously, and each jet provides an impulse of
I = 1000N-s on the satellite. Determine the satellite’s
angular velocity immediately after the ignition.

The mass moments of inertia of the satellite about the x, y, and z axes are
I, =1, =200(0.42) = 32kg-m’

I, = 200(0.25%) = 12.5 kg m’

Due to symmetry,

Thus, the angular momentum of the satellite about its mass center G is

H, = Lo, = 2o, Hy = Lo, = 2o, H, = lLo, = 1250,

Applying the principle of angular impulse and momentum about the x, y, and z axes,

5]
wm+z/MMw4mh
n

0+ 0 = 32w,

w, =

0
)
()i + = [ ya = (1),
n
0 — 1000(0.4) — 1000(0.5) = 32w,
w, = —28.125 rad/s
153
i+ 3 [ My =,
31
0 + 1000(0.5) + 1000(0.5) = 12.50,
w, = 80 rad/s

Thus

w = {—28.1j + 80k} rad/s Ans.
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21-39. The bent rod has a mass per unit length of 6 kg/m, z
and its moments and products of inertia have been
calculated in Prob. 21-9. If shaft AB rotates with a constant
angular velocity of w, = 6rad/s, determine the angular
momentum of the rod about point O, and the kinetic energy
of the rod.

Here, the angular velocity of the rod is
o = [6k] rad/s
Thus,
w, =w,=0 w, = 6rad/s
The rod rotates about a fixed point O. Using the results of Prob. 20-91
H, = Lo, = [yo, = [0,
= 80(0) — 72(0) — (—24)(6) = 144 kg-m?/s
Hy= -l o, + Lo, — I, o0,
= —72(0) + 128(0) — (—24)(6) = 144 kg - m?/s
H,= -l 0, - 1,0, + lo,
= —(=24)(0) — (—24)(0) + 176(6) = 1056 kg - m?/s
Thus,

Hy, = [144i + 144j + 1056k] kg - m?/s Ans.

The kinetic energy of the rod can be determined from

1
T = E(l)'HO

1
5 (6k)- (144i + 144j + 1056k)

31687J = 3.17kJ Ans.
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*21-40. Derive the scalar form of the rotational equation
of motion about the x axis if ) # w and the moments and
products of inertia of the body are not constant with respect
to time.

In general
d . .
M ZE(HXI'F Hyj+ H_ k)

= (H, i+ Hj+ H, k), + QX (H,i+ Hj+ H.k)

xyz
Substitute O = Qi + Q,j + Q_ k and expanding the cross product yields
M = ((Hx)m —Q.H,+ Qsz>i + ((Hy)m -~ Q. H, + QZH)()j

- ((HZ)W - O, H, + Q, Hy)k
Subsitute H , H, and H_ using Eq. 21-10. For the i component

d
M, = E(wax —lyo, I o)~ Q (o, - 0, ~ 1,0,

+Q,(, 0, — I 0, - I,,0) Ans.

One can obtain y and z components in a similar manner.

¢21-41. Derive the scalar form of the rotational
equation of motion about the x axis if  # w and the
moments and products of inertia of the body are constant
with respect to time.

In general
d . .
M = E(Hxl + H,j+ H k)
= (Hi i+ Hj+ H, k), + QX (H,i+ Hj+ H.k)
Substitute O = Q,i + Q,j + Q_k and expanding the cross product yields
M = <(Hx)m - Q.H, + Qsz)i + <(Hy)xyz ~ Q. H, + Qsz)j
+ ((Hz)m - Q,H, + Q, Hy)k
Substitute H, H, and H_ using Eq. 21-10. For the i component

d
=M, = E([xwx - Ixywy I w)— Q, (Iywy - I)’sz B Iyxw'”)

+Q, (o, = I o, — Iy wy)
For constant inertia, expanding the time derivative of the above equation yields
M, = (I 0, — Ixy d’y - ]xzd)z) - Q, (Iy Wy — Iyz w; — Iyx w,)

+ 0,0, - [0, — 1,0, Ans.

One can obtain y and z components in a similar manner.
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21-42. Derive the Euler equations of motion for  # w,
i.e., Egs. 21-26.

In general
M = i(Hxi + H,j+ H. k)
dt
= (H i+ Hgj+ H,Kk),, + QX (H,i+ Hj+ Hk)
Substitute ) = Qi + Q,j + Q, k and expanding the cross product yields
M = ((Hx)m - Q.H,+ Qsz)i + ((Hy)m - Q. H. + QZHx)j
- ((Hz)xyz - Q,H, + Q, Hy>k
Substitute H,, H, and H_ using Eq. 21-10. For the i component

d
IM, = Z(Ix oy — Lyoy = I0) = Q (o, — [0~ 1,0

+ Qy(lzwz — 0, — Izywy)

Set I, =1, = I, = 0andrequire /,,/ I to be constant. This yields
EM, =10, — 1,Q,0,+ I, Q0, Ans.

One can obtain y and z components in a similar manner.
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21-43. The uniform rectangular plate has a mass of x
m = 2kg and is given a rotation of w = 4 rad/s about its
bearings at A and B. If a = 0.2 m and ¢ = 0.3 m, determine
the vertical reactions at A and B at the instant the plate
is vertical as shown. Use the x, y, z axes shown and note that

I _<mac>(c2 - az) A o
o 12 )\ +a) B

w, =0, w, =0, w, = —4

=0, @,=0, @ =0

NSRS

a6+ (] a0+ ()] - v i

2 2 m‘}
mac ¢ —a
Bx - Ax = (7) ﬁ w2
6 [a +c ]2 g" %
EFx:m(aG)x; A+ B, —mg=0 E\ 1 z
Substitute the data,
2(02)(0.3) | (032 — (0.2) Asx. h
- L= ( )( ) ( ) ( ) . (_4)2 = 0.34135 x [(2)L+(£)jz
6 [(03)2 + (02)% & T\B

A, + B, =2(9.81)
Solving:
A, =964N Ans.

B, =998 N Ans.
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rate of 9 rad/s, determine the reactions at the journal bearing

*21-44. The disk, having a mass of 3 kg, is mounted
eccentrically on shaft AB. If the shaft is rotating at a constant 1m
supports when the disk is in the position shown. \

A

1.25m
o =9rad/s
50 mm
75 mm B

w, =0, w, = —9, w, =0
SM, = L, — (I, ~ Loy o,
B,(125) - A,(1)=0-0
M, =10, — (U, — )0, w0,
A (1) - B, (125 =0-0
2F, = ma,; A, + B, =0

SF,=ma,; A, + B, — 3(9.81) = 3(9)%0.05)

Solving,
A, =B, =0 Ans.
A, =231N Ans.
B, =185N Ans.
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*21-45. The slender rod AB has a mass m and it is
connected to the bracket by a smooth pin at A. The bracket
is rigidly attached to the shaft. Determine the required
constant angular velocity of @ of the shaft, in order for the
rod to make an angle of 0 with the vertical.

The rotating xyz frame is set with its origin at the rod’s mass center, Fig. a. This
frame will be attached to the rod so that its angular velocity is ) = w and the x,y, z
axes will always be the principal axes of inertia. Referring to Fig. b,

® = —wcos 0j + wsin 6k

Thus,

w, =0 w, = —wcos 6 w, = wsin§

Since both the direction and the magnitude is constant @ = 0. Also, since () = w,
('bxyz) = @ = 0.Thus,

o, =0,=w, =0
The mass moments of inertia of the rod about the x, y, z axes are

1
1x=lz=EmL2 I,=0

Applying the equation of motion and referring to the free-body diagram of the rod,

Fig. a,
. L 1, . ¢
SM, = Lo, - (I, - I)ow; — A, 5 ) =0-{0- 5 mL|(-wcos 6)(wsin 0) (a)
2
L
A, = ma6) sin 6 cos 6 ()]

The acceleration of the mass center of the rod can be determined from

L L L
ag = o’r = wz(a sin§ + 7) = wT (3sinf + 2) and is directed as shown in

3
Fig. c. Thus,
mo’L
3F, = m(ag),; A, —mgsinf = — 6 (3sinf + 2)cos 0
mw’L
A, =mgsinf = — 6 (3sinf + 2)cosf (2)

Equating Egs. (1) and (2),

me?’L

6

2
L
sin 0 cos = mg sin 6 —m%(i’ysin(? + 2) cos 0

_ 3gtan 6 A
CTNL@sing + 1) s
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21-46. The 5-kgrod AB is supported by a rotating arm. The z
support at A is a journal bearing, which develops reactions 4
normal to the rod. The support at B is a thrust bearing, which 0.5m

develops reactions both normal to the rod and along the axis
of the rod. Neglecting friction, determine the x, y, z
components of reaction at these supports when the frame
rotates with a constant angular velocity of = 10 rad/s.

y |[o = 10ras

1
Iy=1.=, (5)(1)? = 04167kg- m> I1,=0

Applying Eq. 21-25 with w, = w, = 0 &, = 10rad/s o, = o, = w, =0

My =10, — (I, - wyo,; 0=0

SMy =16, — (I, — I)w,w,; B, (0.5) — A(0.5) =0 @)

SM,=1a,— (I, - [)o,0,; A, (0.5) — By0.5) =0 )

Also,

SF, = m(ag)y; B,= —-5102%(0.5) B, = —250N Ans.
2F, = m(ag)y; Ay, + B, =0 A)

SF, = m(ag),; A, + B, —5(9.81) =0 @)

Solving Egs. (1) to (4) yields:

A,=B,=0 A, =B, =245N Ans.

21-47. The car travels around the curved road of radius p
such that its mass center has a constant speed vg. Write the
equations of rotational motion with respect to the x, y, z
axes. Assume that the car’s six moments and products of
inertia with respect to these axes are known.

o, =0, =0, =0

2 I
VG yz
M, = -1, [0 - (7) } = ?VZG Ans.

_ G \? _ Iy 5
EMy = —sz ? -0]|= —?VG Ans.

M, =0 Ans.

Note: This result indicates the normal reactions of the tires on the ground are not all
necessarily equal. Instead, they depend upon the speed of the car, radius of
curvature, and the products of inertia I, and I_,. (See Example 13-6.)
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*21-48. The shaft is constructed from a rod which has a b4
mass per unit length of 2 kg/m. Determine the x, y, z A o =30rad/s
components of reaction at the bearings A and B if at the C%

instant shown the shaft spins freely and has an angular
velocity of o = 30 rad/s. What is the angular acceleration of
the shaft at this instant? Bearing A can support a component ™~0.6m
of force in the y direction, whereas bearing B cannot.

SW = [3(0.2) + 12](2)(9.81) = 35316 N

SIW = 0[1.2(2)(9.81)] + 0.1[0.4(2)(9.81)] + 0.2[0.2(2)(9.81)] = 1.5696 N+ m

SIW  1.5696
¥ = = = 0.04444
TES W T3sa1e  00Mdm
I, = 2[% [0.2(2)}(0.2)2} +[02(2)](02)% = 0.02667 kg - m?

Applying Eq. 21-25 with w, = w, = 0 w, = 30rad/s o, = &, =0

M, =10, — I, - oyo,; B.(0.7) — A,(0.7) =0 (0)]

EM,=1,0,— (I, - I)o, 0 35.316(0.04444) = 0.02667w,
o, = 58.9 rad/s’ Ans.
M, =10, — (I, — I))o,0,; B, (0.7) — A 0.7) = 0 ?2)
Also,
SF, = m(ag)y;  —A, — By = —1.8(2)(0.04444)(30)° 3)
2F, = m(ag)y; A, =0 Ans.
SF, = m(ag),; A, + B, — 35.316 = —1.8(2)(0.04444)(58.9) 4
Solving Egs. (1) to (4) yields:
A, =B, =720N A, =B,=129N Ans.
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¢21-49. Four spheres are connected to shaft AB. If
mc = 1kg and mg = 2 kg, determine the mass of spheres
D and F and the angles of the rods, 6, and 6, so that the
shaft is dynamically balanced, that is, so that the bearings at
A and B exert only vertical reactions on the shaft as it
rotates. Neglect the mass of the rods.
Forx =0; Zx;m; =0
(0.1 cos 30°)(2) — (0.1 sin Og)mp — (0.2 sin p)mp = 0 @
Forz =0; 2z;m; =0
(0.1)(1) = (0.1sin 30°)(2) + (0.2 cos Op)mp + (0.1 cos Op)mp = 0 ?2)
ForI,, =0; Zx1z;m =0
—(0.2)(0.2 sin 8p)mp + (0.3)(0.1 cos 30°)(2) — (0.4)(0.1sin Op)ymyp = 0 A3
me=|
For Ixy = 0, Eflyl my = 0 %
(0.1)(0.1)(1) + (0.2)(0.2 cos 6p)mp — (0.3)(0.1 sin 30°)(2) Olm
+ (0.1 cos 05)(0.4)(mg) = 0 @ x 30
0-1m
Solving,
g m=2 kﬁ,
0p = 139° Ans.
mp = 0.661 kg Ans.
0r = 40.9° Ans.
mp = 132kg Ans.
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21-50. A man stands on a turntable that rotates about a
vertical axis with a constant angular velocity of
o, = 10rad/s. If the wheel that he holds spins with a 300 mm
constant angular speed of w,; = 30rad/s, determine the
magnitude of moment that he must exert on the wheel to
hold it in the position shown. Consider the wheel as a thin
circular hoop (ring) having a mass of 3 kg and a mean radius
of 300 mm.

;= 30 rad/s

The rotating xyz frame will be set with an angular velocity of Q) = wp = [10k] rad/s.
Since the wheel is symmetric about its spinning axis, the x, y, and z axes will remain as
the principle axes of inertia. Thus,

1 w, = 10rad/s

1
=1 = mr’ = 5(3)(0.32) = 0.135 kg m? N

I.=mr* = 3(03%) = 027 kg m’
The angular velocity of the wheel is = w; + wp = [—30i + 10k] rad/s. Thus,

w, = —30rad/s w, =0 w, = 10rad/s

Since the directions of w; and w, do not change with respect to the xyz frame and

their magnitudes are constant, @,,, = 0.Thus,

o, =0, =w, =0

Applying the equations of motion and referring to the free-body diagram shown in ¥

Fig. a,
7 i
M, = lw, — [,Q0, + 1.Q0; M,=0

SM, = Lo, - 1.0, + [,Q.0; M,=0-0+027(10)(-30) = —-81.0N-m

M

SM. = Lo, - [,Q0, + [,Q 0, M,=0 @)
Thus,
M=VM>+M>+M>=V0+ (-81.0) + 0> =81.0N-m Ans.

966



91962_12_s21_p0925-0987 6/8/09 1:59 PM Page 967 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

21-51. The 50-Ib disk spins with a constant angular rate of z
w; = 50rad/s about its axle. Simultaneously, the shaft
rotates with a constant angular rate of w, = 10rad/s.
Determine the x, y, z components of the moment developed
in the arm at A at the instant shown. Neglect the weight of
arm AB.

N
.
x/’w; = 10rad/s

The rotating xyz frame is established as shown in Fig. a. This frame will be set to
have an angular velocity of ) = w, = [10i] rad/s. Since the disk is symmetric about
its spinning axis, the x, y, and z axes will remain as the principle axes of inertia. Thus,

1( 50 ) )
Lo=1,= (%)(0.75 ) = 02184 slug - ft

— 1 50 2\ — 2
I.=3 ( 322)(0.75 ) = 0.4367 slug - ft

The angular velocity of the disk is = w, + w, = [10i + 50k] rad/s. Thus,
w, = 10rad/s w, =0 w, = 50rad/s

Since the directions of w; and w, do not change with respect to the xyz frame and
their magnitudes are constant, w,,, = 0.Thus,

o, =0, =0, =0

Applying the equations of motion and referring to the free-body diagram shown in

Fig. a,
M, = lw, - [,Q0, + 1.Qw0; My —Az;2)=0 @
M, = 1w, — 1.Q0, + 1,00 My =0 — 0.4367(10)(50) + 0

My = —218361b-ft = —2181b-ft  Ans.
M, =lw, — [,Qw,+ 1,Qw0w; Mz=0-0+0
Mz;=0 Ans.

Since the mass center of the disk rotates about the X axis with a constant angular
velocity of w; = [10i]rad/s, its acceleration is ag = @, X 15 — 0’rg
=0 — 10%(2j) = [—200j] ft/s>. Thus,

50
EFZ = m(llc)z; AZ - 50 = 3272(0) AZ =501b

Substituting this result into Eq. (1), we have

My = 1001b-ft Ans.
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*21-52. 'The man stands on a turntable that rotates about a
vertical axis with a constant angular velocity of w; = 6 rad/s.If
he tilts his head forward at a constant angular velocity of
w, = 1.5 rad/s about point O, determine the magnitude of the
moment that must be resisted by his neck at O at the instant
0 = 30°. Assume that his head can be considered as a uniform
10-1b sphere, having a radius of 4.5 in. and center of gravity
located at G, and point O is on the surface of the sphere.

The rotating xyz frame shown in Fig. a will be attached to the head so that it rotates
with an angular velocity of () = w, where w = w; + w,. Referring to Fig. b,

w; = [6cos30°j + 6sin30° k] rad/s = [5.196j + 3k]rad/s. Thus, o = [-1.5i
+ 5.196j + 3k] rad/s. Then
w, = —1.5rad/s w, = 5.196 rad/s w, = 3rad/s

The angular acceleration of the head w with respect to the XYZ frame can be

obtained by setting another x'y’z’ frame having an angular velocity of

Q' = w; = [5.196] + 3K] rad/s. Thus
b= (deyr) + Q' Xo
= (0)yyr T (@)yyy + Q' X o+ Q' Xy
=0+ 0+ 0 + (5.196j + 3k) X (—1.5i)
= [—4.5j + 7.794k] rad/s?
Since ) = 0, wyyy = @ = [-4.5] + 7.794K] rad/s%. Thus,
@, =0 w, = —4.5rad/s’ @, = 7.794 rad/s’
Also, the x, y, z axes will remain as principal axes of inertia. Thus,

210

Io=1,=%——
T 5322

(0.375%) + (%)(0.3752) = 0.06114 slug - f?

_% 10 2\ _ )
I, =3 ( 32.2)(0.375 ) = 0.01747 slug - ft

Applying the moment equations of motion and referring to the free-body diagram
shown in Fig. a,

M, = Lo, - (I, - I.)o,

M, = 2.5561b-ft

M, = 1w, — (I, — I)ww,; M, = 0.01747(-4.5) — 0 M, = -

M, = lw, — (I, — I)ow,; M, = 0.06114(7.794) — (0.06114 — 0.01747)(—1.5)(5.196)
= 0.8161 1b-ft

Thus,

My,=VMZ2+ M+ M= V2556 + (—0.07861)% + 0.8161% = 2.68 Ib - ft

0.07861 1b - ft

Ans.

HB

w, = 1.5rad/s

w; = 6rad/s

w,; M, — 10sin30°(0.375) = 0 — (0.01747 — 0.06114)(5.196)(3)
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¢21-53. The blades of a wind turbine spin about the shaft §
with a constant angular speed of w,, while the frame
precesses about the vertical axis with a constant angular
speed of w,. Determine the x, y, and z components of
moment that the shaft exerts on the blades as a function of 6.
Consider each blade as a slender rod of mass m and length /.

The rotating xyz frame shown in Fig. a will be attached to the blade so that it rotates
with an angular velocity of () = w, where o = w; + w,. Referring to Fig. b

w, = @, sin i + w, cos Ok. Thus, v = w,sin 0i + w,j + w, cos 6k. Then

w, = w,sin 0§ W, = 0y 0, = ©,c08 0

The angular acceleration of the blade @ with respect to the XYZ frame can be
obtained by setting another x'y’z’ frame having an angular velocity of
Q' = w, = w,sin i + w, cos 6k. Thus,

P
o= (py,) + Q' X o
= (‘bl)x’y’z’ + (‘b2)x’y'z' + Q' Xwsg+ Q' Xop
=0+0+ (a)psinei + wpcosﬁk) X (wg) + 0

= —ww, cos bi + ww, sin 0k

Since Q) = @, w,,y = w.Thus,

0, = —ww,cos f 0, =0 w; = w,w,sin § Zz
=

Also, the x, y, and z axes will remain as principle axes of inertia for the blade. Thus,

b

_, 1 1_2 n» _ X
IX—IY—E(Zm)(Zl) fgml I,=0 o
X

Applying the moment equations of motion and referring to the free-body diagram

shown in Fig. a, (k>

2 2
SM, = ILao, — (Iy - Iz)wywz; M, = gmlz(—wswp cos §) — (5 ml* — O)(ws)(wp cos 0)

4
=3 ml* o, cos 6 Ans.

2
SM, = Lo, - (I, - I,)ow; M, =0- (0 - 5mzz)(wp cos 6)(w,, sin §)

= 3 mi? wpz sin 20 Ans.

SM, = La, — (I, - I)ow,; M, =0-0=0 Ans.
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21-54. Rod CD of mass m and length L is rotating with a
constant angular rate of w; about axle AB, while shaft EF
rotates with a constant angular rate of w,. Determine the X,
Y, and Z components of reaction at thrust bearing E and
journal bearing F at the instant shown. Neglect the mass of
the other members.

The rotating xyz frame shown in Fig. a will be attached to the rod so that it rotates
with an angular velocity of () = w, where w = w; + w, = wyi — wyj. Thus,

0, = W) 0, = —o; w, =0

The angular acceleration of the rod & with respect to the XYZ frame can be
obtained by using another rotating x'y’z’ frame having an angular velocity of
Q' = w, = wi. Fig. a. Thus,

o= (opy,) + Q' X o
= (@)eye + @)y + Q' X o+ Q' X o
=040+ (wd) X (—wij) + 0
= —wjmk
Since Q = 0, wy,y = w.Thus,
o, =w,=0 W, = —ww,
Also, the x, y, and z axes will remain as principal axes of inertia for the rod. Thus,

1 2
I,=0 I,=1,=1;mL

Applying the equations of motion and referring to the free-body diagram shown in
Fig. a,

SM, = Lo, — (I, — I,)o0; 0=0
EMy = Iyd)y - <Iz - Ix)wzwx; EZ(“) - FZ(a) =0-0

E,—F,=0 @

. 1 1
M, = lLw, — (I, — I)ow,; Fy(a) — Ey(a) = B mL* (—w; ;) — (0 - E’”Lz)(wz)(_wl)

_ mL2w1w2
Fy = By = -"= 2% @

Since the mass center G does not move, ag = 0. Thus,

ZFX = m(aG)X; EX =0 Ans.
2Fy = m(ag)y; Fy + Ey =0 &)
2F;=mlag)z; Fz+Ez;—-—mg=0 C)]

Solving Egs. (1) through (4),

Ey=—T—"+- Ans.

E;,=F;=— Ans.
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21-55. If shaft AB is driven by the motor with an angular
velocity of w; = 50rad/s and angular acceleration of
®; = 20 rad/s? at the instant shown, and the 10-kg wheel
rolls without slipping, determine the frictional force and the
normal reaction on the wheel, and the moment M that must
be supplied by the motor at this instant. Assume that the
wheel is a uniform circular disk.

0.1m

y

w; = 50rad/s

The rotating xyz frame is established to coincide with the fixed XYZ frame at the 5, = 20 rad/s?
@, = 20rad/s

instant considered, Fig. a. This frame will be set to have an angular velocity of
Q = w; = [50Kk] rad/s. Since the wheel is symmetric about its spinning axis, the x, y,
z axes will remain as the principal axes of inertia. Thus,

L (10)(0.12) + 10(0.3?) = 0.925 kg - m?

IL=1,=1,

10(98)N

Ry
L]

I, = %(10)(0.12) = 0.05 kg - m? oén

Since the wheel rolls without slipping, the instantaneous axis of zero velocity is AY
shown in Fig. b. Thus

o 3 O1m
= _ 2 = = = y
o 1 wy = 3wy = 3(50) = 150 rad/s X A < )M ,}Jf F

\ 4§

The angular velocity of the wheel is w = w; + w, = [150i + 50k] rad/s. Then,

Az
o, = 150 rad/s w, =0 o, = 50rad/s @

y

Since the directions of w; and w, do not change with respect to the xyz frame,

Oyyr = (0))xy; T (@2)yy; Where  (@3)yy; = 3(@1)yy, = 3(20) = 60 rad/sz. Thus, Zz
@y, = [60i + 20k] rad/s?, so that

@, = 60 rad/s’ 0, =0 ®, = 20 rad/s’
Applying the equations of motion and referring to the free-body diagram shown in
Fig. a,
-l : - _ (b) A

M, = lw, — [,Q0, + 1.Qw0; F(0.1) = 0.05(60) — 0 + 0 F = 30N Ans.
M, = Lo, — 1,Qw, + Q0 N(0.3) — 10(9.81)(0.3) = 0 — 0 + 0.05(50)(150)

N =13481N = 1.35kN Ans.
M, = Lo, — 1,.Q0, + 1,00 M - 30(0.3) = 0.925(20) — 0 + 0

M =275N-m Ans.
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*21-56. A stone crusher consists of a large thin disk which

is pin connected to a horizontal axle. If the axle rotates at a @
constant rate of 8 rad/s, determine the normal force which I
the disk exerts on the stones. Assume that the disk rolls

without slipping and has a mass of 25 kg. Neglect the mass
of the axle.

8rad/s

0.8 m

1
I, =1, = n (25)(0.2)* + 25(0.8)* = 16.25 kg - m?

0.2 m

= %(25)(0.2)2 = 0.5 kg-m?

0 =—w0,j + o k where 0, = 8rad/s
v = 08w, = (0.8)(8) = 6.4m/s

6.4

@y =05~ —32rad/s
Thus,
w = —32j + 8k

0= @, + QX =0+ (8K) X (~32j + k) = 256i
w, = 256 rad/s?
EIM=1lio,— (I, - ) oo,

Np (0.8) — 25(9.81)(0.8) = (16.25)(256) — (0.5 — 16.25)(—32)(8)

Np = 405N Ans.
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©21-57. The 25-1b disk is fixed to rod BCD, which has
negligible mass. Determine the torque T which must be
applied to the vertical shaft so that the shaft has an angular
acceleration of @ = 6 rad/s%. The shaft is free to turn in its

|
|
bearings.
D
1/ 25 5 25 , i
(= (25 . '
& 2(32.2>(1) <32.2>(2) 3.4938 slug - ft

2 ft 1ft—

Applying the third of Eq.21-25with I, = I, 0, = 0, = 0,w, = 6 rad/s?

SM, =10, — (I, - I)o,w,; T =3.4938(6) = 21.01b-ft Ans.

25 Ib

~ft

21-58. Solve Prob. 21-57, assuming rod BCD has a weight
per unit length of 2 1b/ft.

2 ft 1ft—m

I, = %(ﬁ)(nz + (ﬁ)(z)2 + l(@)(2)2 + (@)(2)2 = 3.9079 slug - ft?

322 322 3\32.2 322 F2 251k
Applying the third of Eq.21-25 with I, = I, 0, = w, = 0,0, = 6 rad/s? E
M, =10, — (I, — I)) o, 0,; T =3.9079(6) = 23.41b-ft Ans. . =
T . Z(-;D Ib 1(2) Ib
N
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21-59. If shaft AB rotates with a constant angular velocity b4
of w = 50rad/s, determine the X, Y, Z components of
reaction at journal bearing A and thrust bearing B at the

instant shown. The thin plate has a mass of 10 kg. Neglect 450 mm
the mass of shaft AB. s 150 mm
mm 450 mm
A .
X
w = 50rad/s
150 mm (- /
The rotating xyz frame is set with its origin at the plate’s mass center as shown on 150 mm B
the free-body diagram, Fig. a. This frame will be fixed to the plate so that its angular 60°
velocity is () = w and the x, y, and z axes will always be the principal axes of inertia Y
of the plate. Referring to Fig. b,
® = [—50sin 60° j + 50 cos 60° k] rad/s = [—43.30j + 25Kk] rad/s
Thus,
w, =0 o, = —43.30rad/s w, = 25rad/s
Since w is always directed towards the —Y axis and has a constant magnitude, ® = 0.
Also, since ) = o, @y, = @ = 0.Thus,
o, =0, =w, =0
The mass moments of inertia of the plate about the x, y, and z axes are
_g 1 2\ — 2 _ 1 2 2\ — 2
I,=1,= E(10)(0.3 ) = 0.075 kg-m I, = E(10)(0.3 +0.3%) = 0.15kg m

Applying the equations of motion,

SM, = Lo, — (I, = I)o,w; B(0.45) — A,(0.45) = 0 — (0.15 — 0.075)(—43.30)(25)

B, — Ay = 180.42 @ ¥4

M, = 1w, — (I, — I)ww,; —Ax(0.45cos60°) — Bx(0.45cos60°) =0 —0

Ax = =By 2) %
. 2 AN\~ Y‘
SM, = La, — (I, — I,)o0,; —Ax(0.45sin 60°) — Bx(0.45sin60°) = 0 — 0 _;@ﬁ’ ]
_ *
Ax = —By W= 50/‘.(4(/5
2Fy = m(ag)x; By —Ax =0 3) L (b)
SFy = m(ag)y; By =0 Ans.
SF, =m(ag),; Az + By —10(9.81) =0 7))
Solving Egs. (1) through (4),
Ay = —41.16N = —41.6 N B; = 13926 N = 139N Ans.
AX = BX = O Alls.

The negative sign indicates that A, acts in the opposite sense to that shown on the
free-body diagram.
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#21-60. A thin uniform plate having a mass of 0.4 kg spins
with a constant angular velocity w about its diagonal AB. If
the person holding the corner of the plate at B releases his
finger, the plate will fall downward on its side AC.
Determine the necessary couple moment M which if
applied to the plate would prevent this from happening.

Using the principal axis shown,

1 .

I, = 5 (04)(03)? = 3(107) kg m’

I, = % (0.4)(0.15)% = 0.75(1073) kg - m?

I, = % 0.4)[ (0.3 + (0.15)?] = 3.75(107%) kg - m?

75
=tan ! — | = 26.57°
0 = tan (150)

w, = wsin 26.57°, w, =0
w, = wcos 26.57°, 0, =0
w, =0, w, =0

SM, = Lo, - (I, - Lo, o,

M, =0

SMy =10, — (I, = I)o, o,

M, =0

SM, = Lo, — (I, - 1o, 0,

M, =0 —[3(107%) = 0.75(1073) | sin 26.57°cos 26.57°

M, = —09(103)e?N-m = =090’ mN - m

The couple acts outward, perpendicular to the face of the plate.

Ans.

0.4.8)N

0=26:57°
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21-61. Show that the angular velocity of a body, in
terms of Euler angles ¢, 0, and ¢, can be expressed as
= ((i)SiIlBSil’l([f‘i‘éCOS([/)i + (ésin()coszp —ésim/f)j +
(¢ cos 6 + )k, where i, j, and k are directed along the x, y,
z axes as shown in Fig. 21-15d.

From Fig. 21-15b. due to rotation ¢, the x, y, z components of qb are simply q§ along
Z axis.

From Fig 21-15¢, due to rotation 6, the x, y, z components of qb and 0 are d) sin 6 in
the y direction, ¢ cos 6 in the z direction, and 6 in the x direction.

Lastly, rotation . Fig. 21-15d, produces the final components which yields

w = (qﬁ sin 6 sin ¢ + 0 cos zp)i + (qb sin 6 cos ¢y — 0 sin zp)j + (qb cos 6 + (//)k Q.E.D.

21-62. A thin rod is initially coincident with the Z axis
when it is given three rotations defined by the Euler angles
¢ = 30°,6 = 45°,and 4y = 60°.If these rotations are given in
the order stated, determine the coordinate direction angles «,
B, vy of the axis of the rod with respect to the X, Y, and Z
axes. Are these directions the same for any order of the
rotations? Why?

u = (1sin 45°) sin 30°i — (1sin 45°) cos 30°j + 1cos 45°k

u = 0.3536i — 0.6124j + 0.7071k

a = cos 1 0.3536 = 69.3° Ans.

B = cos™!(—0.6124) = 128° Ans.

v = cos 1(0.7071) = 45° Ans.
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21-63. The 30-1b wheel rolls without slipping. If it has a
radius of gyration k45 = 1.2 ft about its axle AB, and the
vertical drive shaft is turning at 8rad/s, determine the
normal reaction the wheel exerts on the ground at C.
Neglect the mass of the axle.

Q, = o = 8rad/s
3(8)
T —13.33 rad/s
30 )
IM,=1,0,0; 303) — N,(3) = 23 (1.2)7|(8)(—13.33)
N, =7771b Ans
Y
¥ c;(M“lf
B &
30lb 3, Mo
X
X 3ft
=3(8) f .
I V= 3¢e) =3(8) /s F,
-84t Ny

*21-64. The 30-1b wheel rolls without slipping. If it has a
radius of gyration k,p = 1.2 ft about its axle AB,
determine its angular velocity w so that the normal reaction
at C becomes 60 1b. Neglect the mass of the axle.

30

2 (1.2)2}(»(—1.667&))

SM, = 1,Qw,.;  30(3) — 60(3) = [

® = 6.34rad/s
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©21-65. The motor weighs 50 1b and has a radius of
gyration of 0.2 ft about the z axis. The shaft of the motor is
supported by bearings at A and B, and spins at a constant
rate of w; = {100k} rad/s, while the frame has an angular
velocity of @, = {2j} rad/s. Determine the moment which
the bearing forces at A and B exert on the shaft due to this
motion.

Applying Eq. 21-30: For the coordinate system shown 6 =90° ¢ =90° _—
0 =0 ¢ =2rad/s ¢ = 100 rad/s. 2

M, = —Id)z sinfcosd + I, d) sin 0(({) cos 0 + 42/) reduces to

.. 50
IM,=1¢y; M, = {(32—2)(0.2)2}(2)(100) = 12.41b-ft Ans.
Since w, = 0
M, =0 M, =0 Ans.
M, =0; M,=0 Ans.

21-66. The car travels at a constant speed of
vc = 100 km/h around the horizontal curve having a radius
of 80 m. If each wheel has a mass of 16 kg, a radius of
gyration k; = 300 mm about its spinning axis, and a radius
of 400 mm, determine the difference between the normal
forces of the rear wheels, caused by the gyroscopic effect.
The distance between the wheels is 1.30 m.

I = 2[16(0.3)’] = 2.88 kg-m?

_100(1000) _
O = 3600(0.4) OO Hrad/s
100(1000)
= ————= = (0.347 rad/s

“r = 780(3600)
M =10,
AF(1.30) = 2.88(69.44)(0.347)

AF = 534N Ans.
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21-67. The top has a mass of 90 g, a center of mass at G,
and a radius of gyration k = 18 mm about its axis of
symmetry. About any transverse axis acting through point O
the radius of gyration is k, = 35 mm. If the top is connected
to a ball-and-socket joint at O and the precession is
w, = 0.5 rad/s, determine the spin w;,.

w, = 0.5rad/s
M, = —Id)zsinecose + Izd)sinG(o,’; cos 0 + lp)
0.090(9.81)(0.06) sin 45° = —0.090(0.035) (0.5) (0.7071)?
+ 0.090(0.018)2(0.5)(0.7071)[0.5(0.7071) + 4|
w, = ¢ = 3.63(10%) rad/s

*21-68. The top has a weight of 3 Ib and can be considered
as a solid cone. If it is observed to precess about the vertical
axis at a constant rate of 5 rad/s, determine its spin.

3(3 15\ (6 3 (4.5)2 2
“eo\300 =) +|l=) |+==-=]) =0 .
! 80 (32.2)[4( 12> (12) i| 322\ 12 0.01419 slug - ft

3 (3 \/15V . ,
L. =1, (32.2>(12) = 0.43672(1073) slug - ft
M, = —1¢2sin00050 + Izzj;sine((ﬁcosé) + 4//)

45\, . ). . .

3) T (sin 30°) — (0.01419)(5)* sin 30° cos 30° + 0.43672(10 )(5) sin 30°( 5 cos 30°

¢ = 652rad/s Ans.

+¢)

6 in.

Srad/s
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¢21-69. The empty aluminum beer keg has a mass of m, Z y
center of mass at G, and radii of gyration about the x and
y axes of k, = k, = >, and about the z axis of k, = ; 7,

—h /\
respectively. If the keg rolls without slipping with a constant \
angular velocity, determine its largest value without having z
the rim A leave the floor. L
43
A B

Since the beer keg rolls without slipping, the instantaneous axis of zero velocity is
indicated in Fig. a. Thus, w, = w,sin a.

Since 1// = wy, d) = —w, = —wo,sina, and 6 = 90° — « are constant, the beer keg
undergoes steady precession.

5\ 25 1Y 1, .
I=1.=1= m<2r> =16 and [, = m(zr) = 1eM Referring to the
free-body diagram of the beer keg in Fig. b,
/
. . . . 4
SM, = —I¢*sin 6 cos 6 + I.¢sin 6(¢ cos 6 + ); =
. 25 ., O 23
Fpgcosa(r) — Npsina(r) = —— mro(—wy sin a)” sin (90° — «) cos (90° — «a)
16 e —--""'EYJ
1 i TA
+ 16 mr(—w, sin @) sin (90°—a)[(—w, sin &) cos (90°—a) + w] b w :
1 ‘ R
FBcosa—NBsina=Emrw% sinacosa(26sin2a—1) @ @)
Since the mass center G of the beer keg rotates about the Z axis, Fig. a, its
acceleration can be found from ag = w,R = (—w,sin a)2<r;:ionsa> 7
[e%
= w’r sin @ cos® a and it is directed towards the negative Y axis. Fig. a. Since the ¥ l
mass center does not move along the Z', (ag)z = 0.Thus, \
2Fy = m(ag)y; —Fg= —m(wfr sin « cos? a)
Fp = mw’rsin a cos® a
YFz =mlag)y; Np—mg=0 Np = mg b)
Substituting these results into Eq. (1),
16
wg = \/ & Ans.
r cos a<16cos2 a — 26 sina + 1)
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21-70. The 10-kg cone spins at a constant rate of
o, = 150 rad/s. Determine the constant rate w, at which it
precesses if ¢ = 90°.

Here, 6 = 180° — 90° = 90°,¢ = wy; = —150 rad/s, andd) = w, are constants. Thus,
3
this is a special case of steady precession. I, = 5(10)(0.12) = 0.03 kg - m?,

Q, = —¢ = —wp,and o, = jy = —150 rad/s. Thus,

SM, = 1,00, ~10(9.81)(0.225) = 0.03(~w,)(—150)

w, = —4.905 rad/s Ans.

21-71. The 10-kg cone is spinning at a constant rate of
o, = 150 rad/s. Determine the constant rate w, at which it
precesses if ¢ = 30°.

Since iy = w, = —150 rad/s,<2> = wp,and 6 = 180° — 30° = 150° are constants, the
3
cone undergoes steady precession. /, = 0 (10)(0.22) =003kg-m?and I = I, =

I, = % (10){4(0.12) + 0.32} +10(0.225%) = 0.555 kg - m’.

Thus,

M, = —Idbz sin 6 cos 6 + Izd) sin 9<¢ cos 6 + ¢>
—10(9.81) sin 30°(0.225) = —0.555w§, sin 150° cos 150° + 0.03w,, sin 150°[a)p cos 150° + (—150)}
0.2273(»% — 225w, + 11.036 = 0

Solving,

w, = 13.5rad/s or 3.60 rad/s Ans.
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*21-72. The 1-1b top has a center of gravity at point G. If it
spins about its axis of symmetry and precesses about the L /
vertical axis at constant rates of w; = 60rad/s and 9\

o, = 10rad/s, respectively, determine the steady state wp = 10 rad/s o, = 60 rad/s
angle 6. The radius of gyration of the top about the z axis is
k. = 1in, and about the x and y axesitis k, = k, = 41in.

Since § = w, = 60 rad/s and ¢ = w, = —10rad/s and 6 are constant, the top
undergoes steady precession.

(LTt -1 ()
<= \322/\12 ' ¢ S AR

= 34507(107?) slug - ft*. g

Thus,

SM, = —I¢?sin6cosf + I, sin 9(d> cos + z/;) 6 F

—15in 6(0.25) = —3.4507(107%)(—10)? sin @ cos 6 + 215.67(10~°)(—10) sin 6[(—10) cos 6 + 60]
0 = 68.1° Ans.

%
/a‘ 0251
x

@ !

¢21-73. At the moment of take off, the landing gear of an
airplane is retracted with a constant angular velocity of
w, = 2rad/s, while the wheel continues to spin. If the plane
takes off with a speed of v = 320 km/h, determine the
torque at A due to the gyroscopic effect. The wheel has a
mass of 50 kg, and the radius of gyration about its spinning
axis is k = 300 mm.

' _ km )/ 1000 m
When the plane travels with a speed of v = <320 h )( 1 km )
1h

(m> = 88.89 m/s, its wheel spins with a constant angular velocity of

88.89
w, = ; ="o4 =222radfs. Here, 0=90° Q,=w,=2rad/s and

w, = w; = 22222 rad/s are constants. This is a special case of steady precession.

I, =50(0.3%) = 4.5 kg m> Thus, %

M, = IZQwa; M, = 45(2)(222.22) = 2000N-m = 2kN-m Ans. i )
ﬂp“z”—dﬁ _/‘50(?-31’)’*]
L

et

00— 1V=

Wy =222.22.redfs

(@)
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21-74. The projectile shown is subjected to torque-free
motion. The transverse and axial moments of inertia are /
and I, respectively. If 6 represents the angle between the
precessional axis Z and the axis of symmetry z, and 8
is the angle between the angular velocity @ and the z
axis, show that B and 6 are related by the equation
tan @ = (I/1,) tan B.

Hgsin 0 H cos 6 wy, I,

From Eq.21-34 w, = ————andw, = ———— Hence — = —tan¥§

1 I, w, 1
However, w, = wsin 8 and w, = wcos

® 1

2= tan B = ~tan 6

w, 1

1
tan @ = 7 tan B8 Q.E.D.

z

21-75. The space capsule has a mass of 3.2 Mg, and about
axes passing through the mass center G the axial and
transverse radii of gyration are k, = 0.90 m and k, = 1.85 m,

respectively. If it spins at o, = 0.8 rev/s, determine its
angular momentum. Precession occurs about the Z axis. G
Gyroscopic Motion: Here, the spinning angular velocity &

¥ = oy = 0.8(27) = 1.67 rad/s. The moment of inertia of the satelite about the =
z axis is I, = 3200(0.9%) = 2592 kg-m? and the moment of inertia of the satelite

about its transverse axis is [ = 3200(1.852) = 10952 kg - m?. Applying the third of
Eq.21-36 with 6 = 6°, we have

I-1
11,

z

(]/: Hg cos 0

10952 — 2592
o

H o
10 952(2592) J G cos6

Hg = 17.16(10°) kg-m?/s = 17.2 Mg- m?/s Ans.
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*21-76. The radius of gyration about an axis passing through
the axis of symmetry of the 2.5-Mg satellite is k, = 2.3 m,
and about any transverse axis passing through the center of
mass G, k, = 3.4 m. If the satellite has a steady-state
precession of two revolutions per hour about the Z axis,
determine the rate of spin about the z axis.

I, = 2500(2.3)* = 13225 kg - m?

I = 2500(3.4)> = 28 900 kg - m?

Use the result of Prob. 21-74.

1
tan 6 = (*) tan 8
]Z

. 100_(28900>t
an 107 = {135 )tan B

B = 4.613°

From the law of sines,
sin 5.387° _ sin 4.613°
1 2
¢ = 2.33rev/h Ans.

©21-77. The 4-kg disk is thrown with a spin w, = 6 rad/s. V4
If the angle 6 is measured as 160°, determine the precession
about the Z axis.
125 mm ‘J
I =1(4)(0.125)> = 0.015625kg-m*> I, = 3 (4)(0.125)> = 0.03125 kg - m?
Applying Eq. 21-36 with § = 160° and ¢ = 6 rad/s \

. I -1,
= \
] 11 Hgcos 0 .

Z

_0.015625 — 0.03125
0.015625(0.03125)

H cos 160°

Hg = 0.1995 kg - m?%/s

_ Hg 01995

d) = 7 = m =128 rad/s Ans.

Note that this is a case of retrograde precession since I, > 1.
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21-78. The projectile precesses about the Z axis at a
constant rate of ¢ = 15 rad/s when it leaves the barrel of a
gun. Determine its spin ¢, and the magnitude of its angular
momentum Hg. The projectile has a mass of 1.5 kg and radii
of gyration about its axis of symmetry (z axis) and about
its transverse axes (x and y axes) of k, = 65 mm and
ky = k, = 125 mm, respectively.

¢ =15rad/s

Since the only force that acts on the projectile is its own weight, the projectile

undergoes torque-free motion.

I=1,=1,=15(0.1252) = 0.0234375 kg - m? and § = 30°. Thus,

. H .

¢ = TG; Hg = I$ = 0.0234375(15) = 0.352 kg - m?/s
oI -1,
Y= ¢ cos 6

Z

~0.0234375 — 6.3375(10°%)
- 6.3375(1073)
= 35.1rad/s

(15) cos 30°

I, = 1.5(0.065%) = 6.3375(107%) kg - m?,

Ans.

Ans.

21-79. The satellite has a mass of 100 kg and radii of gyration
about its axis of symmetry (z axis) and its transverse axes (x or
y axis) of k, = 300 mm and k, = k, = 900 mm, respectively.
If the satellite spins about the z axis at a constant rate of
¢ = 200 ragl/ s, and precesses about the Z axis, determine the
precession ¢ and the magnitude of its angular momentum Hg.

Since the weight is the only force acting on the satellite, it undergoes torque-free

motion.

Here, I, =100(03%) =9kg-m?, [ =1,=1,=100(09%) =8lkg-m? and

6 = 15°.Then,

. I =1, .
Y= ¢ cos 6

Z

200 = <81; 9)¢ cos 15°

¢ = 25.88rad/s

Using this result,

. Hg
¢=-

Hg

25.88 = —

81

Hg = 2096 kg - m?/s = 2.10 Mg+ m?/s

i = 200 rad/s

(A2
(77T
W ost o 4
G

Ans.
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#*21-80. The football has a mass of 450 g and radii of Hg; = 0.02kg - m?/s
gyration about its axis of symmetry (z axis) and its transverse ® z
axes (x or y axis) of k, = 30 mm and k, = k, = 50 mm, /
respectively. If the football has an angular momentum of Y
Hg = 0.02 kg - m?/s, determine its precession ¢ and spin .
Also, find the angle B that the angular velocity vector
makes with the z axis.

Since the weight is the only force acting on the football, it undergoes torque-free
motion. I, = 0.45(0.03%) = 0405(10%) kg-m?, I =1, = I, = 0.45(0.05%)
= 1.125(1073) kg - m?, and 6 = 45°.

Thus,

. H 0.02
b=—Y% == _ —1778rad/s = 17.8 rad/s Ans.

I~ 1125(107%)
. I— 1, 1.125(107%) — 0.405(1073)
Y= Hgcos 0 =

11 1.125(107%)(0.405)(107?)

(0.02) cos 45°

= 22.35rad/s = 22.3 rad/s Ans.

Also,
_ Hgsin®  0.02sin 45°
g 1 1.125(1073)
_ Hgcos®  0.02cos 45°
I 0.405(103)

o) = 12.57 rad/s

= 34.92 rad/s

@z

Thus,

@ 12.57
B = tan1<wy> = tan’1<@) =19.8° Ans.

Z
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¢21-81. The space capsule has a mass of 2 Mg, center of
mass at G, and radii of gyration about its axis of symmetry
(z axis) and its transverse axes (x or y axis) of K, = 2.75m
and k, = k, = 5.5 m, respectively. If the capsule has the
angular velocity shown, determine its precession ¢ and spin

. Indicate whether the precession is regular or retrograde.
Also, draw the space cone and body cone for the motion.

The only force acting on the space capsule is its own weight. Thus, it undergoes
torque-free motion. I, = 200052.752) = 15125kg-m?, [ = I, = I, = 2000(5.5%)
= 60 500 kg - m?. Thus,

HGSina
YT T

w

HG sin 0

150 sin 30° = 60500

Hgsin 0 = 4 537 500 @

_Hgcoso
z Iz

w

Hgcos 0

150 cos 30° = 15125

Hgcos6 = 196479513 )

Solving Egs. (1) and (2),
Hg = 4.9446(10°) kg - m?/s 6 = 66.59°

Using these results,

. Hg  Hg  49446(10°)

=—"= = = 81. Ans.
$ =7 To0s500 os00  oi7radfs s
=1 60 500 — 15125
= H = | ——————= 14.9446(10°) cos 30°
17, oeos? [ 60 500(15125) J 9446(10°) cos

= 212 rad/s Ans.
Since I > I, the motion is regular precession. Ans.
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e22-1. A spring is stretched 175 mm by an 8-kg block. If
the block is displaced 100 mm downward from its
equilibrium position and given a downward velocity of
1.50 m/s, determine the differential equation which
describes the motion. Assume that positive displacement is
downward. Also, determine the position of the block when

t=022s.

+VSF, = ma,;  mg—k(y + yy,) =my  whereky, = mg T= k(’#“ﬁc)
.k
y+ o y=0

H =, /5 Where k = 8081 _ 448.46 N
ence p =/ erek = oo = . /m

_ l44é;.46 — 7487 d

y+ (7487)2y =0  y+ 561y =0 Ans.

The solution of the above differential equation is of the form:
y = Asin pt + B cos pt @ mﬂ’
v=y= Apcospt — Bpsin pt ?2)
Att =0,y =01mandv = vy = 1.50 m/s

From Eq. (1) 0.1 = Asin0 + Bcos0 B=01m

From Eq. (2) Apcos0 — 0 Yo _ 150 o003 m
. vy = — - —=——=0.
q 0= AP p 7487
Hence y = 0.2003 sin 7.487¢ + 0.1 cos 7.487¢

Atr =022s, y = 02003 sin [7.487(0.22)] + 0.1 cos [7.487(0.22) ]

=0.192m Ans.

22-2. When a 2-kg block is suspended from a spring, the
spring is stretched a distance of 40 mm. Determine the
frequency and the period of vibration for a 0.5-kg block
attached to the same spring.

k= g = 252?(1)) = 490.5N/m
p= %:@:31.321
= % - 312'3721 = 4.985 Hz Ans.
T_%=@=0.2018 Ans.
988
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22-3. A block having a weight of 8 1b is suspended from a
spring having a stiffness k& = 40 Ib/ft. If the block is
pushed y = 0.2 ft upward from its equilibrium position
and then released from rest, determine the equation which
describes the motion. What are the amplitude and the
natural frequency of the vibration? Assume that positive
displacement is downward.

+|3F,=ma,; mg—k(y+y,) =my  whereky, = mg

T=k(’#1'7f;r)

y+%y:0
Hence p= \/% =, /% = 12.689
f= % = 122'289 = 2.02Hz Ans.
The solution of the above differential equation is of the form:
v = Asin pt + B cos pt ()]
v=y= Apcos pt — Bpsin pt ?2) mﬂ»
Att =0,y = —02ftandv = vy =0
From Eq. (1) —0.2 = Asin 0° + Bcos 0° B=-02ft
From Eq.(2) wvg= Apcos0° — 0 A=22 0 =0
p  12.689
Hence y = —0.2 cos 12.7¢ Ans.
Amplitude C =021t Ans.
*22-4. A spring has a stiffness of 800 N/m. If a 2-kg block
is attached to the spring, pushed 50 mm above its
equilibrium position, and released from rest, determine the
equation that describes the block’s motion. Assume that
positive displacement is downward.
y = Asin pt + B cos pt
y = —0.05 m when ¢t = 0,
-0.05 =0 + B, B = —0.05
v = Apcos pt — Bpsin pt
v =0whent = 0,
0= A(20) — 0; A=0
Thus,
y = —0.05 cos (20¢) Ans.
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e22-5. A 2-kg block is suspended from a spring having a
stiffness of 800 N/m. If the block is given an upward
velocity of 2 m/s when it is displaced downward a distance
of 150 mm from its equilibrium position, determine the
equation which describes the motion. What is the amplitude
of the motion? Assume that positive displacement is

downward.
x = Asin pt + B cos pt
x = 0.150 m whent = 0,
0.150 = 0 + B; B = 0.150
v = Apcos pt — Bpsin pt
v = —2m/swhent = 0,
-2 = A(20) - 0; A=-01
Thus,
x = 0.1 sin (20¢) + 0.150 cos (20¢) Ans.
C=VA2+ B> = V(01> + (0.150)2 = 0.180 m Ans.

22-6. A spring is stretched 200 mm by a 15-kg block. If the
block is displaced 100 mm downward from its equilibrium
position and given a downward velocity of 0.75m/s,
determine the equation which describes the motion. What is
the phase angle? Assume that positive displacement is
downward.

15(9.81
k = E = % = 73575N/m

y
[k [735.75
=, /—= = 7.00
p m 15

y = Asin pt + Bcos pt

y =01mwhent = 0,
01=0+ B; B =01
v = Apcos pt — Bpsin pt

v =0.75m/s whent = 0,

0.75 = A(7.00)
A = 0.107
y = 0.107 sin (7.00¢) + 0.100 cos (7.00¢) Ans.
B 0.100
=tan ! — | = tan"}{ —— | = 43.0° Ans.
¢ = tan (A) tan (0.107) 3.0 ns
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22-7. A 6-kg block is suspended from a spring having a
stiffness of k = 200 N/m. If the block is given an upward
velocity of 0.4 m/s when it is 75 mm above its equilibrium
position, determine the equation which describes the
motion and the maximum upward displacement of the
block measured from the equilibrium position. Assume that
positive displacement is downward.

[k 1200
p = ; = T = 5.774

Xx = Asin pt + B cos pt
x = 0.075 m when t = 0.
—0.075 = 0 + B; B = —0.075
v = Apcos pt — Bpsin pt
v = —0.4m/s whent = 0,
-0.4 = A(5.774) - 0; A = —0.0693
Thus,

x = —0.0693 sin (5.77¢t) — 0.075 cos (5.77¢) Ans.

C = VA + B> = V(~0.0693)2 + (—0.075)*> = 0.102 m Ans.

*22-8. A 3-kg block is suspended from a spring having a
stiffness of k& = 200 N/m. If the block is pushed 50 mm
upward from its equilibrium position and then released
from rest, determine the equation that describes the
motion. What are the amplitude and the frequency of the
vibration? Assume that positive displacement is downward.

[k 1200
P = ; = T = 8.165

8.165
f= P50 1.299 = 1.30 Hz Ans.
2w 2

Xx = Asin pt + B cos pt
x = —0.05m when ¢t = 0,
-0.05 =0 + B; B = —0.05
v = Apcos pt — Bpsin pt
v =0whent = 0,
0 = A(8.165) — 0; A=0
Hence,

x = —0.05 cos (8.16¢) Ans.

C=VA2+ B> = V(0)} + (-0.05) = 0.05m = 50 mm Ans.

991
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©22-9. A cable is used to suspend the 800-kg safe. If the
safe is being lowered at 6 m/s when the motor controlling the
cable suddenly jams (stops), determine the maximum tension
in the cable and the frequency of vibration of the safe.
Neglect the mass of the cable and assume it is elastic such
that it stretches 20 mm when subjected to a tension of 4 kN.

4000
Free-body Diagram: Here the stiffness of the cable is & = 00 200(1O3> N/m.

When the safe is being displaced by an amount y downward vertically from its

equilibrium position, the restoring force that developed in the cable

T =W + ky = 800(9.81) + 200(10°) y.

Equation of Motion:

3 7wy
+12F, =0; 800(9.81) + 200(10 ) y — 800(9.81) = —800a [1] = Bouq 81 20000 2
) s
2
Kinematics: Since a = dizf = ¥, then substituting this value into Eq. [1], we have
200(10%) y = —800y ® o=
a
y +250x =0 [2]
2 . v 11’
From Eq. [2], p~ = 250, thus, p = 15.81 rad/s. Applying Eq. 22-14, we have B00(98) N
15.81
=L % oo Ans.
2 2

The solution of the above differential equation (Eq. [2]) is in the form of
y = Csin (15.81t + ¢) [3]
Taking the time derivative of Eq. [3], we have
y = 15.81 C cos (15.81¢ + ¢) [4]
Applying the initial conditionof y = Oand y = 6 m/sat¢ = 0to Egs.[3] and [4] yields
0=Csing¢ [S]
6 = 15.81 C cos ¢ [6]
Solving Egs. [5] and [6] yields
¢ =0° C =0.3795m
Since vy = C = 0.3795 m, the maximum cable tension is given by

Tonax = W+ kymax = 800(9.81) + 200(10°)(0.3795) = 83.7kN Ans.
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center at G, and a radius of gyration about G of kg. If it is

22-10. The body of arbitrary shape has a mass m, mass
0 /X
displaced a slight amount 6 from its equilibrium position

d
and released, determine the natural period of vibration.
C+3ZMgp=1Ipa; —mgdsing = [mk} + md®]6 G
6+

Wsin@ =0

However, for small rotation sin 6~6. Hence

gd
K* + d?

/ d
From the above differential equation, p = %
kg +d
2 2 [k + d
P LA L PN Ans.
p | &d gd
k& + d®

6+ 6=0

22-11. The circular disk has a mass m and is pinned at O.
Determine the natural period of vibration if it is displaced a
small amount and released.

C+=My=1Ipa —mgré = (*mr2>l9'

2 3r F | =0
727:277 i Ans. 0 m? )% &
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1
Io = —m(a>+ d) +
o 12m(a a’) m<

Q +EMO = Ioa;

2

-

\6)2 1,
—a =gma

<3\6g>
+|— 10 =
4a
p:
7=

#22-12. The square plate has a mass m and is suspended
at its corner from a pin O. Determine the natural period of
vibration if it is displaced a small amount and released.

1 2

+ Emaz = gl’na2
2 .

(5 maz)ﬂ

0

Fo 4 Ya=6

Ans.
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¢22-13. The connecting rod is supported by a knife edge
at A and the period of vibration is measured as 74, = 3.38 s.
It is then removed and rotated 180° so that it is supported
by the knife edge at B. In this case the perod of vibration is
measured as 75 = 3.96 s. Determine the location d of the
center of gravity G, and compute the radius of gyration kg.

mm
Free-body Diagram: When an object of arbitary shape having a mass m is pinned at
O and is displaced by an angular displacement of 6, the tangential component of its
weight will create the restoring moment about point O.

Equation of Motion: Sum monent about point O to eliminate O, and O,.

Q‘i‘ZMO = Ioa; —mg S1n0(1) = 10(1 [1]

2

. e - . . . .
Kinematics: Since o = ? = 0 and sin # = 6 if 0 is small, then substitute these

values into Eq. [1], we have

.. .. mgl
—mglo = 1p6 or 0 + X@ =0 [2]

mgl mgl
From Eq. [2], p* = %, thus, p = /%, Applying Eq. 22-12, we have

T=— =27\ [3]

When the rod is rotating about B, 7 = 74 = 3.38s and / = d. Substitute these
values into Eq. [3], we have

I
338 = 21| —2 14 = 0.2894mgd
mgd

When the rod is rotating about B, 7 = 75 = 3.96s and [ = 0.25 — d. Substitute
these values into Eq. [3], we have

Ip
96 = 2y | ——B—— [, = 0.3972mg (0.25 —
396 =2m\[ias a8 =037 mg (025 — d)

However, the mass moment inertia of the rod about its mass center is

Ig=1,— mg®= 15— m(025— d)
Then,
0.2894mgd — md? = 0.3972mg (0.25 — d) — m (0.25 — d)?
d = 0.1462 m = 146 mm Ans.

Thus, the mass moment inertia of the rod about its mass center is

Ig =1, — md® = 0.28%4m (9.81)(0.1462) — m (0.1462%) = 0.3937 m

The radius of gyration is

i :
ke = 2o = [O3BTm_ o m Ans.
m m
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22-14. The disk, having a weight of 15 1b, is pinned at its
center O and supports the block A that has a weight of 3 Ib.
If the belt which passes over the disk does not slip at its
contacting surface, determine the natural period of
vibration of the system.

For equilibrium:
T,=3Ib
QEMO = Ioa + ma(075)

a = 0.75a

—T,, (0.75) — (80)(6)(0.75)(0.75) + (3)(0.75) = B(%)(ms)z}é + <3§’7>(0.75)'é(0.75)

—2.25 — 450 + 225 = 0.1316 + 0.052416

6 + 24530 = 0
_ o = 2m = S ns.
T=" e 0.401 A
I151b
1.9
% ?
075
7.;t+ 3
= T, t80[607s)
3lb ma.
= (332)(0758)
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22-15. The bell has a mass of 375 kg, a center of mass at
G, and a radius of gyration about point D of kp = 0.4 m.
The tongue consists of a slender rod attached to the inside
of the bell at C. If an 8-kg mass is attached to the end of the
rod, determine the length / of the rod so that the bell will
“ring silent,” i.e., so that the natural period of vibration of
the tongue is the same as that of the bell. For the
calculation, neglect the small distance between C and D and
neglect the mass of the rod.

For an arbitrarily shaped body which rotates about a fixed point. 'y .
: o=

C+3IMy=1Ipa; mgdsind =—1I,0

mgd )

6 + Io sinf = 0 X
However, for small rotation sin 6~6. Hence = @_
68
Io B mg 10
. . . mgd d
From the above differential equation, p = 7
0
2 2 IO
T=—= =27
p mgd mgd
Io

In order to have an equal period

_ (Io)r (Io)s
T=27\|—" =27
mygdr mp gdp

moment of inertia of tongue about O.

o)r

(Ip)p = moment of inertia of bell about O.

o)r  (o)s

mrgdy mp gdp

8(%)  375(0.4)*
8gl  375g(0.35)

[ =0457Tm Ans.
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#22-16. The platform AB when empty has a mass of
400 kg, center of mass at G;, and natural period of
oscillation 7; = 2.38s. If a car, having a mass of 1.2 Mg
and center of mass at G,, is placed on the platform, the
natural period of oscillation becomes 7, = 3.16s.
Determine the moment of inertia of the car about an axis
passing through G,.

A

Free-body Diagram: When an object of arbitrary shape having a mass m is pinned at
O and being displaced by and angular displacement of 6, the tangential component
of its weight will create the restoring moment about point O.

Equation of Motion: Sum monent about point O to eliminate O, and Oy.
Q+EMO = Ioa; —mgsmO(Z) = Ioa [1]

2
Kinematics: Since a = W =0 and sin 0 =~ 6 if 6 is small, then substitute these

values into Eq. [1], we have

_ .. .. mgl _
—mglo =156 or 0+ —0= 2]

mgl mgl
From Eq.[2], p* = %, thus, p = 4 lTi. Applying Eq. 22-12, we have

2 I
T=l=27T -9

pove 3]

When the platform is empty, 7 = 7; = 2.38 s.m = 400 kg and / = 250 m. Substitute
these values into Eq. [3], we have

238 =2 L 1), = 1407.55 kg - m?
38 =2m\ 400081250y o) = 140755 ke m

When the car is on the platform, = =7, = 3.16s, m = 400 kg + 1200 kg

2.50(400) + 1.83(1200)
1600 kg, [ = 1600 =19975m and IO = (]O)C + (IO)p

(Ip)c + 1407.55. Substitute these values into Eq. [3], we have

3,16 = 2, |-J0)e * 1407:55 Io)c = 6522.76 kg - m?
16 =27 Te00081)(1.9975) o) = 652276 kg m

Thus, the mass moment inertia of the car about its mass center is
_ 2
(Ig)e = (Io)c — mcd

= 6522.76 — 1200(1.83%) = 2.50(10%) kg - m? Ans.
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©22-17. The 50-1b wheel has a radius of gyration about its
mass center G of kg = 0.7 ft. Determine the frequency of /' [\ k =18 1b/ft
vibration if it is displaced slightly from the equilibrium | G A\
position and released. Assume no slipping. (Y — LG—)
f
Kinematics: Since the wheel rolls without slipping, then a; = ar = 1.2a. Also when 1.2 ft
the wheel undergoes a small angular displacement 6 about point A, the spring is
stretched by x = 1.6 sin 6 6. Since 0 us small, then sin § — 6. Thus,x = 1.6 6.
Free-body Diagram: The spring force Fy, = kx = 18(1.60) = 28.80 will create the
restoring moment about point A. 50lE
____'\. s
Equation of Motion: The mass moment inertia of the wheel about its mass center is {f: \\. -‘E g
20 et ()
— r2 — 2) — .2 &
I = mk 02 (0.7 ) 0.7609 slug - ft“. 16§t K /}
50 g [
CHEIM, = (M) 4 —28.80(1.6) = ﬂ(l.Za)(l.Z) + 0.7609« A
N
a + 153760 = 0 (1]
2 ..

Since a = = 6, then substitute this values into Eq. [1], we have

dr

6+ 153760 = 0 2]

From Eq. [2], p* = 15.376, thus, p = 3.921 rad/s. Applying Eq.22-14, we have

p 3.921
=—=——=0.624H Ans.
f 21 2 06 z s x
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22-18. The two identical gears each have a mass of m and
a radius of gyration about their center of mass of k. They
are in mesh with the gear rack, which has a mass of M and is
attached to a spring having a stiffness k. If the gear rack is
displaced slightly horizontally, determine the natural period
of oscillation.

Equation of Motion: When the gear rack is displaced horizontally downward by a
small distance x, the spring is stretched by s; = x Thus, F, = kx. Since the gears

. — . . X . .
rotate about fixed axes, X = 6r or § = —. The mass moment of inertia of a gear
r

about its mass center is I, = mko>. Referring to the free-body diagrams of the rack
and gear in Figs.a and b,

+—2F, = may; 2F — (kx) = Mx

2F — kx = Mx (€))
and
C +2MO = Ioa; *F(r) = mkoz(é)
k 2
F=-"0% @)
r

Eliminating F from Egs. (1) and (2),

2”lk0 ; ‘-..-.:- : .I.-, TREE ,_‘
M'X X k)( = 0 F 1 a ﬁ
5}

I’2

- (k) _o (b)

Mr* + 2mky?

Comparing this equation to that of the standard from, the natural circular frequency
of the system is

kr?
On =N\ 32 5 0 2
Mr? + 2mkg

Thus, the natural period of the oscillation is

2 Mr? + 2mk 2
= l = 27 70 Ans.

r
w, kir?
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22-19. In the “lump mass theory”, a single-story building 5= PL3
can be modeled in such a way that the whole mass of the 12EI
building is lumped at the top of the building, which is
supported by a cantilever column of negligible mass as
shown. When a horizontal force P is applied to the model,
the column deflects an amount of § = PL3/12EI, where L 7
is the effective length of the column, £ is Young’s modulus

of elasticity for the material, and 7 is the moment of inertia

of the cross section of the column. If the lump mass is m,
determine the frequency of vibration in terms of these L

=~

parameters.

Since 6 very small, the vibration can be assumed to occur along the horizontal.
Here, the -equivalent spring stiffness of the cantilever column is
_P P _12E1

key = <= = :
78 PL¥12EI r

12ET
keq I’ 12E1
o = |24 — _
" m m mlL>

Then the natural frequency of the system is

Thus, the natural circular frequency of the system is

w, 1 [12E1
=n - = Ans.
I 27 27N mL’? ns

*22-20. A flywheel of mass m, which has a radius of
gyration about its center of mass of ko, is suspended from a
circular shaft that has a torsional resistance of M = C#. If
the flywheel is given a small angular displacement of § and
released, determine the natural period of oscillation.

Equation of Motion: The mass moment of inertia of the wheel about point O is
1o = mky?. Referring to Fig. a,

Q + EMO = IO a; —-Co = mkozé

f+——0=0
mko

Comparing this equation to the standard equation, the natural circular frequency of
the wheel is

_ ¢ _1jC
“n mk02 ko m

Thus, the natural period of the oscillation is

2
R Y Ans.
w, C
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©22-21. The cart has a mass of m and is attached to two
springs, each having a stiffness of k; = k, = k, unstretched
length of /[y, and a stretched length of / when the cart is in
the equilibrium position. If the cart is displaced a distance
of x = xy; such that both springs remain in tension
(x9 < I — ly),determine the natural frequency of oscillation.

Equation of Motion: When the cart is displaced x to the right, the stretch of springs
AB and CD are sup=(—-1ly) —xy and syc= (Il —1Iy) + x. Thus,
Fap = ksap = k[(I — ly) — x] and Fyc = ksyc = k[(I — Ip) + x]. Referring to
the free-body diagram of the cart shown in Fig. a,

B SF, = ma,; K[ — 1p) — x] — k[(I = 1) + x] = mX

—2kx = mx
x+—x=0
m

Simple Harmonic Motion: Comparing this equation with that of the standard form,
the natural circular frequency of the system is

w, = % Ans. 4}'

22-22. The cart has a mass of m and is attached to two
springs, each having a stiffness of k; and k,, respectively. If | 08 4 W~
both springs are unstretched when the cart is in the
equilibrium position shown, determine the natural frequency

of oscillation.
Equation of Motion: When the cart is displaced x to the right, spring CD stretches 1&
scp = x and spring AB compresses syp = x. Thus, Fcp = kyscp = kyx and x
F ap = kisap = kix. Referring to the free-body diagram of the cart shown in Fig. a, m? —
X
5 2F, = ma, —ki1x — kox = mx

_(kl + kz)x = mx

N

7+(M>x:0 KX " fap = K1

Simple Harmonic Motion: Comparing this equation with that of the standard N
equation, the natural circular frequency of the system is

[ki + k
w, = # Ans.

1002



91962_13_s22_p0988-1046 6/8/09 5:51 PM Page 1003 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

22-23. The 3-kg target slides freely along the smooth
horizontal guides BC and DE, which are ‘nested’ in springs
that each have a stiffness of £ = 9 kN/m. If a 60-g bullet is

fired with a velocity of 900 m/s and embeds into the target, C
determine the amplitude and frequency of oscillation of
the target.

Conservation of Linear Momentum: The velocity of the target after impact can be
determined from

mp(vp)y = (my + my)v

0.06(900) = (0.06 + 3)v

v = 17.65m/s

Since the springs are arranged in parallel, the equivalent stiffness of a single spring
is k., = 2k = 2(9000 N/m) = 18000 N/m. Thus, the natural circular frequency of
the system is

[keq /18000
R e 76.70 rad/s = 76.7 rad/s Ans.

The equation that describes the oscillation of the system is

y = Csin (76.70t + ¢) m @
Since y = O whent = 0,

0= Csing
Since C # 0,sin ¢ = 0.Then ¢ = 0°. Thus, Eq. (1) becomes

y = Csin (76.70¢) 2
Taking the time derivative of Eq. (2),

y = v = 76.70C cos (76.70t) m/s A3)
Here,v = 17.65 m/s when ¢t = 0.Thus, Eq. (3) gives

17.65 = 76.70C cos 0

C = 0.2301 m = 230 mm Ans.
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*22-24. If the spool undergoes a small angular
displacement of 6 and is then released, determine the
frequency of oscillation. The spool has a mass of 50 kg and a
radius of gyration about its center of mass O of
ko = 250 mm. The spool rolls without slipping.

Equation of Motion: Referring to the kinematic diagram of the spool, Fig. a, the
stretch of the spring at A andB when the spool rotates through a small angle 0 is

54 =0rgc=060045) and  sp = Org;c = 6(0.15).  Thus, (FSP)A = ksy

= 500[0(0.45)] = 2250 and  (Fy)p = ksg = 500[6(0.15)] = 756.  Also,
ap = 0rg;c = 6(0.15). The mass moment of inertia of the spool about its mass
center is o = mky? = 50(0.252) = 3.125 kg-m% Referring the free-body and
kinetic diagrams of the spool, Fig. b,

+ SMic = S(My)c;  — 2256(0.045) — 756(0.15) = 50[6(0.15)](0.15) + 3.1256

—112.56 = 4.250

6+ 26470 = 0

Comparing this equation to that of the standard equation, the natural circular
frequency of the spool is

w, = V2647 rad/s = 5.145 rad/s

Thus, the natural frequency of the oscillation is

. 5.145
Fo= 22 0819 Hy Ans.
2 2

50981)N

Boy=2258 | e

50[6015))

Y N
045m _ . }' A
0:15M . %
- 0.15m
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022-25. The slender bar of mass m is supported by two
equal-length cords. If it is given a small angular
displacement of 6 about the vertical axis and released,
determine the natural period of oscillation.

Equation of Motion: The mass moment of inertia of the bar about the z axis is

1
I, = — mL? Referring to the free-body diagram of the bar shown in Fig. a,

12
+13F, = ma; 2T =0 T=_"8
. = may; cos ¢ — mg = = 2cos
Then,
mg . 1 5
T+3M, = La; —2(2COS ¢>) sin ¢(a) = (E mLZ)O
.. 12ga
0+ —-tan¢ =0 @
L
Since 6 is very small, from the geometry of Fig. b,
lp = ab
a
=0
¢ l
Substituting this result into Eq. (1)
.. 12ga
0+ g; tan<£0) =0
L [
. . 8, _8
Since 6 is very small, tan 7 0] = 7 6. Thus,
. 12gd®
i+—26-0
IL
Comparing this equation to that of the standard form, the natural circular frequency ﬂ ¢
of the bar is
v

_ |12ga® a4 |12g
N2 T LN o

Thus, the natural period of oscillation is

2w L [T e (b)
w, a N 12g
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22-26. A wheel of mass m is suspended from two equal-
length cords as shown. When it is given a small angular
displacement of 6 about the z axis and released, it is
observed that the period of oscillation is 7. Determine the
radius of gyration of the wheel about the z axis.

Equation of Motion: The mass moment of inertia of the wheel about is z axis is
I. = mk_.* Referring to the free-body diagram of the wheel shown in Fig. a,

+1SF, = ma; 2T -0 -
. = may; cos ¢ — mg = = Jcos b
Then,
T+3M,. =1, a —2(2 cosd)) sin ¢(r) = (mkz2)é
. g}’
6 + ﬁtand) =0 @

Z
Since 6 is very small, from the geometry of Fig. b,

Lo = ro

Substituting this result into Eq. (1)

.. gr r _
9+ﬁtan ZO =

Z

Since 6 is very small, tan(% 0) = %6. Thus,

gr’

k.*L

0 + =0

Comparing this equation to that of the standard form, the natural circular frequency
of the wheel is

| gr r \/?
w, = = — .7
kAL k. NL

Thus, the natural period of oscillation is

2
=20
wn
k
T= 27T<z \/I>
rvg
Tr &
7 = Z z Ans.

(J;} r

AN

yZ
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22-27. A wheel of mass m is suspended from three equal- r)
length cords. When it is given a small angular displacement
of 6 about the z axis and released, it is observed that the
period of oscillation is 7. Determine the radius of gyration
of the wheel about the 7 axis.

Equation of Motion: Due to symmetry, the force in each cord is the same. The mass
moment of inertia of the wheel about is z axis is I, = mk,2. Referring to the free-
body diagram of the wheel shown in Fig. a,

+13F, = ma; 3T -0 T=-_"8
. = may; cos¢p — mg = = 3 cos &

Then,

T+3M, =1, 0 —3<3 cosd)) sin ¢(r) = mk,%0

. 8r
0 + Ptandm =0 @

4
Since 6 is very small, from the geometry of Fig. b,

ro = Lo
r
¢—29

Substituting this result into Eq. (1)

.. g T r
0 + kfzztan (Z9> =0 2)
. . r r
Since 6 is very small, tan (Z 0) = 7 6. Thus,
2
. 14
0 + g2 6=0
kz°L
Comparing this equation to that of the standard form, the natural circular frequency Z

of the wheel is /
[ grr r \/?

w, = = /=

kL k. NL

Thus, the natural period of oscillation is L

2

=
wn
o\ L

T =2 r\g I nd

- g Ans (b )
“ 2w NL )
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*22-28. Solve Prob. 22-10 using energy methods.

T+V =

N | =

(k& + d*)66 + gd(sin 6)8 = 0

[mkZ + md?)0* + mg(d)(1 — cos 0) d

G
sinf = 6
.. d
0+ gio =0
(k& + &)
o (k& + &)
T=—=27\/—F Ans.
p gd
\\_M//( " Do
d(|-Cos8)
©22-29. Solve Prob. 22-11 using energy methods.
113 L]
T+V= 5|z mr 0° + mg(r)(1 — cos 6)
30, o
Smr 06 + mg(r)(sin 0)0 = 0
sinf = 0
2\(8\, _
04’(3)<r)6_ -
r’
7'22122’#,/2 Ans.
P 2g ¥ =m3
)
3 Lﬂ(: Datum
rM(1-¢os8)

1008




91962_13_s22_p0988-1046 6/8/09 5:52 PM Page 1009

4

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

22-30. Solve Prob. 22-12 using energy methods.

R Ol St O

2 L. (a), .
—ma 06 + mg| —= |(sin9)d = 0
3 V2

sinf = 6

¥ _4_¢
2\651

2 2 a a
T (\/;) - 6.10\/; Ans.

0 +

22-31. Solve Prob. 22-14 using energy methods.
s =0750, §=0750

1[1/15 51 1( 3 )( -)2
+V=_ —— (0. + === |0
r+v 2{2 (32.2)(075) }9 2322 )\ %728
1 2
+ 5 (80) (seq + 0756)* = 3(0.756)

0 = 0.18346 6 + 80(s,, + 0.756) (0.75 [9) - 2250

Fey =805,y =3

Seq = 0.0375 ft

Wi=151b 15k
Thus, 2

0.18346 + 450 = 0
. B
6 + 24536 =0

o 2T 2™ 0401 Ans ' o75ft {0754t
P N2453 . oPR o}
,W5=5l£ %3515
5=0758 Alb
Wp=3 '
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#22-32. The machine has a mass m and is uniformly

supported by four springs, each having a stiffness k. © F
Determine the natural period of vertical vibration. P
e @@ ’V
T + V = const. G
[ ]
1
T =~ m(y)
5 m()
k k

1
V=mgy +5(4k)(As — y)2

77
NI
v
*
NI
4

T+V :%m(jz)2 +mgy +%(4k)(As — y)?

myy+mgy— 4k(Asy)y =0 wzm}
my+mg+ dky — 4kAs =0
AL O B
Since As = m 00 o[l
. —
Th &
- Datum
my + dky = 0 |
y+4k
= —
S
_ Ak
m

2 /
72777: % Ans.
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¢22-33. Determine the differential equation of motion of
the 15-kg spool. Assume that it does not slip at the surface
of contact as it oscillates. The radius of gyration of the spool
about its center of mass is kg = 125 mm. The springs are
originally unstretched.

k =200 N/m

ﬂ k = 200 N/m

Energy Equation: Since the spool rolls without slipping, the stretching of both

02 M
springs can be approximated as x; = 0.1 and x, = 0.20 when the spool is being vﬁa
displaced by a small angular displacement 6. Thus, the elastic potential energy is \‘L

1 1 1 1 Lo im
V, =k x?+ Sk x%= 5 (200)(0.10)* + 3 (200) (0.26)* = 56 Thus, ¢
1

V=V,=5¢

The mass moment inertia of the spool about point A is 1,4 = 15 (0.1252)
+ 15(0.12) = (0.384375 kg - m?. The kinetic energy is

1 1 . .
T=714 w? = 5 (0.384375) 6% = 0.19218756°

The total energy of the system is
U=T+V =0.1921875¢> + 50 [
Time Derivative: Taking the time derivative of Eq. [1], we have
038437506 + 1066 = 0
6 (0.3843756 + 106) = 0
Since § # 0, then 0.3843756 + 106 = 0

6 +2600=0 Ans.
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22-34. Determine the natural period of vibration of the
disk having a mass m and radius r. Assume the disk does not
slip on the surface of contact as it oscillates.

T + V = const.

s=(2r)6

1(1 . 1
+V=Clom? e+ m? |0+ ?
T+V 2{2mr mr }0 2k(2r0)

3 . .
0 =§mr200 + 4 kr? 600

0+Ke_0
3m
2 2
F=2T o AT g5 [ Ans.
p 8k k
3m

22-35. If the wheel is given a small angular displacement
of 6 and released from rest, it is observed that it oscillates
with a natural period of 7. Determine the wheel’s radius of
gyration about its center of mass G.The wheel has a mass of
m and rolls on the rails without slipping.

Potential and Kinetic Energy: With reference to the datum established in Fig. a, the
gravitational potential energy of the wheel is

V=Vy,=-Wys; = —mgRcos6

o . . R\.
As shown in Fig. b,vg = 0R. Also,vg = wrg/c = or. Then,or = R or v = (*)9.
r
The mass moment of inertia of the wheel about its mass center is I; = mkg?2. Thus,
the kinetic energy of the wheel is

1 1
T = EI'nVG2 + EIG(UZ

= 3lony + o] ()]

1 2r2+k(;2 >
:ZmR<r2 6

The energy function of the wheel is
T + V = constant

1 r2+ kg2 \.
mR2(72G)02 — mgR cos § = constant

2 r

(»)
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Taking the time derivative of this equation,

) r2+k02 . .
MR\ ———— 606 + mgRsin60 = 0
r

. ) r2 + kcz . .
0| mR°| ———— |0 + mgRsin6 | =0
r
Since 6 is not always equal to zero, then

) r2+kG2 .. .
mR| ———— 10 + mgRsin6 =0
r

.o g r2 .
0+R<r2+sz>SII}0:0

Since 6 is small, sin § = 6. This equation becomes IEHC
.. g r2 Cb )
0+ — ) 6=0

R\r=+ kG

Comparing this equation to that of the standard form, the natural circular frequency
of the system is

_s(
©n R r2+k(;2

The natural period of the oscillation is therefore

27 R<r2+kG2>
T=—=2m\— | ——

, g r?
2 2
r Tg—47TR
kg = )T Ans.
¢ 7 on R ns

*22-36. Without an adjustable screw, A, the 1.5-1b
pendulum has a center of gravity at G. If it is required that it
oscillates with a period of 1 s, determine the distance a from
pin O to the screw. The pendulum’s radius of gyration about
Ois kp = 8.5 in. and the screw has a weight of 0.05 1b.

Potential and Kinetic Energy: With reference to the datum established in Fig. a, the
gravitational potential energy of the system is

V=V,=-"Wpysg—Waya

= —1.5(0.625 cos 8) — 0.05(a cos 6)

—(0.9375 + 0.05 a) cos 0

The mass moment of inertia of the pendulum about point O is I, = mke?
1.5 (85)

=30 (§> = 0.02337 slug - ft2. Since the pendulum rotates about point O,

Vg = érOA = fa. Thus, the kinetic energy of the system is

1o 1
T=S100 + mawd
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%22-36. Continued Datum 0

1 o 1005
= 5 (0.02337)0° + < )(Ga)z

2\ 322

= (0.01169 + 0.0007764 a 2)¢?

Thus, the energy function of the system is %
A

T + V = constant

(0.01169 + 0.0007764a%)6> — (0.9375 + 0.05a) cos 6 = constant

L

Taking the time derivative of this equation,

(0.02337 + 0.001553a2)8 6 + (0.9375 + 0.054) sin 66 = 0

éKo.02337 + 0.001553 az)é + (0.9375 + 0.05a)sin | = 0

»

Since 6 is not always equal to zero, then

(0.02337 + 0.001553a2)8 + (0.9375 + 0.05a) sin § = 0

0.9375 + 0.05a .
+ sinf =0

0.02337 + 0.001553a2

Since 6 is small, sin § = 0. This equation becomes

0.9375 + 0.05a 3
0.02337 + 0.00155342

Comparing this equation to that of the standard form, the natural circular frequency
of the system is

\/ 0.9375 + 0.05a
o =
" 0.02337 + 0.001553a>

The natural period of the oscillation is therefore

2
=2
wn

- \/0.02337 + 00015534
~ ST\ 09375 + 0.05a

0.06130a> — 0.05a — 0.01478 = 0

Solving for the positive root,

a = 1.05ft Ans.

1014



91962_13_s22_p0988-1046 6/8/09 5:54 PM Page 1015 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

¢22-37. A torsional spring of stiffness k is attached to a
wheel that has a mass of M. If the wheel is given a small
angular displacement of 6 about the z axis determine the
natural period of oscillation. The wheel has a radius of
gyration about the z axis of k,.

Potential and Kinetic Energy: The elastic potential energy of the system is

1
V:VeZEkBZ

The mass moment of inertia of the wheel about the z axis is I, = Mk,2. Thus, the
kinetic energy of the wheel is

1

T, = 51292 =

1 .
EMkZZGZ
The energy function of the wheel is

T, + V = constant

1 .
E MkZ292 +

1
— k6 = constant
2
Taking the time derivative of this equation,
Mk,%06 + k66 = 0
o(Mk.%9 + ko) = 0
Since 6 is not always equal to zero, then

Mk, + k6 = 0

6+——56=0
Mk,

Comparing this equation to that of the standard form, the natural circular frequency
of the system is

[k
(w,) = Mkzz

The natural period of the oscillation is therefore

2
T =
(wn)l
Mk,>?
T =27 Ans.

k
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22-38. Determine the frequency of oscillation of the
cylinder of mass m when it is pulled down slightly and
released. Neglect the mass of the small pulley.

Potential and Kinetic Energy: Referring to the free-body diagram of the system at
its equilibrium position, Fig. a,

+T2Fy = 0; 2(Fsp):t -mg=0 (Fsp)st =5

(Fsp)st_ngf . to Fie. b
X = ok ererring to rig. o,

Thus, the initial stretch of the spring is sy =

(+1) sc+ (s¢c —sp) =1
2sc — sp =1
2ASC - ASP = O

ASP = 2ASC

When the cylinder is displaced vertically downward a distance Asc = y, the spring
is stretched further by s; = Asp = 2y.

Thus, the elastic potential energy of the spring is

1 1, (mg :
V,= Ek(so + S1)2 = 2k<2k + 2y>

With reference to the datum established in Fig. b, the gravitational potential energy
of the cylinder is
Ve=—-Wy=—-mgy

L . 1 . .
The kinetic energy of the system is T = Emyz. Thus, the energy function of the
system is

T + V = constant

Taking the time derivative of this equation,

mg . .
myy + k E—FZy 2y) —mgy =0

y(my + 4ky) =0

Since y is not equal to zero, ,@

my +4ky =0
3,

’
4k :
y+y=0 — Se

(b)

Datum ( Egeilibriu

t

Pd.‘n’t;’oﬂ

(c)

")
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Comparing this equation to that of the standard form, the natural circular frequency

of the system is
|4k |k
@, =\~ = 24—
m m

Thus, the frequency of the oscillation is

W, 1 |k
=— = Ans.
f 2 TN m ns

22-39. Determine the frequency of oscillation of the
cylinder of mass m when it is pulled down slightly and
released. Neglect the mass of the small pulleys.

Potential and Kinetic Energy: Referring to the free-body diagram of the system at
its equilibrium position, Fig. a,

+T2Fy =0 2mg — (Fsp)st =0 (Fsp)st =2mg

(Fsp)st 2mg . .
PR Referring to Fig. b,

Thus, the initial stretch of the spring is sy =

(+1) 2sp + sc =1

ZASP - ASC =0

ASC ASC
Asp = — & = 7°C
Sp 2 2 f
When the cylinder is displaced vertically downward a distance Asc = y, the spring

stretches further by s; = Asp = % Thus, the elastic potential energy of the spring is

1 1 (2mg y\?
Ve=-k(sy+ ) = k< + )
2 2 2
k F’f’)xt

With reference to the datum established in Fig. c, the gravitational potential energy (0,)
of the cylinder is

Ve=—-Wy=—mgy

1
The kinetic energy of the cylinder is T = 5 my*. Thus, the energy function of the
system is sc

T + V = constant

2 2 s
1 ., mg y
—my” + k< + ) — mgy = constant
2 2k 2 (b)
Taking the time derivati f thi tion, ) = -y
aking the time derivative of this equation .D m (Efmhbﬂam Po-f}f'/o”)
2mg y (y) .
myy+kl—+Z |5 )—mgy=
k 2/\2 %
N 4 o
ymy + Zy =

<)
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Since y is not always equal to zero,

k
m'y-i-zy:O

. 1k
y+1(;)y=0

Comparing this equation to that of the standard form, the natural circular frequency

of the system is
_ /l(£>_l L
" Na\m) 2\'m

Thus, the natural frequency of oscillation is

w, 1 k
=—=—4/— Ans.
I 27 4w \N'm ns

*22-40. The gear of mass m has a radius of gyration about
its center of mass O of k. The springs have stiffnesses of k;
and k,, respectively, and both springs are unstretched when
the gear is in an equilibrium position. If the gear is given a
small angular displacement of 6 and released, determine its
natural period of oscillation.

Potential and Kinetic Energy: Since the gear rolls on the gear rack, springs AO and 8
BO stretch and compress sp = ro/c) = rf. When the gear rotates a small angle 0, - 6
Fig. a, the elastic potential energy of the system is

1 1
V = Ve = 5/(15'02 + 5](2502

1 1
= Ekl (r9)2 + Ekz (r0)2

1
=5 ik + ko)o?

Also, from Fig.a,vpy = éro /ic = 6r. The mass moment of inertia of the gear about its
mass center is [, = mko>.

Thus, the kinetic energy of the system is

1 1
T = El’}’lVO2 + Elowz

%m(ér)2 + % (mkoz)éz

1 .
Em(r2 + koz)(-}2

1018



91962_13_s22_p0988-1046 6/8/09 6:00 PM Page 1019 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

The energy function of the system is therefore

T + V = constant
1 2 N o Lo 2 _
> m(r + ko )0 + 5" (k1 + k,)0” = constant

Taking the time derivative of this equation,
m(r2 + k02>éé + 12k, + kz)Bé =0
é{m(rz + ko?)o + r(k, + kz)o} =0

Since 6 is not always equal to zero, then
m(r? + ko®8 + r¥(ky + k)8 = 0

r’(ky + ky) 9 —
m(r2 + koz)

Comparing this equation to that of the standard form, the natural circular frequency
of the system is

| r2(ky + ky)
W, = A—
m(r2 + k02>
Thus, the natural period of the oscillation is

2 m(r2 + k02)
r=""—on —— Ans.
wy, r (kl + k2)

22-41. The bar has a mass of 8 kg and is suspended from

two springs such that when it is in equilibrium, the springs B c
make an angle of 45° with the horizontal as shown.
Determine the natural period of vibration if the bar is k k
pulled down a short distance and released. Each spring has
a stiffness of k = 40 N/m. o~
45 45°
taf]

1 1
E = Z(E)k(seq + ysin 0)> — mgy + EmyZ

E = 2k(Seq + ysinO)ysinf — mgy + myy =0

2k(

8 . . ..
+ — mg + my =
ksing T Ysin 0)sinf — mg + my = 0

2kysin® 0 + my = 0

- 2k sin” 6 ~ 0

V= ) 0
2 2r |m 2w | 8 =S

T W, sing N2k sin45°\ 2(40)

T=281s Ans.
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22-42. If the block-and-spring model is subjected to the
periodic force F = F,cos wt, show that the differential
equation of motion is X + (k/m)x = (Fy/m) cos wt, where
x is measured from the equilibrium position of the block.
What is the general solution of this equation?

+ 2F, = ma, Fycos wt — kx = mx

..k Fy
X+ —x = —coswt
m m

.. F [k
¥+ pPx = Eocos ot  Where p = -

X =x.t xp

The complementary solution:

Xx. = Asin pt + B cos pt

The particular solution:

s, = .C cos wt

¥p = —Cw’coswt

Substitute Egs. (2) and (3) into (1) yields:

Fy
—Cw’ cos wt + p? (C cos wt) = o cos ol

Fy

c=_" __ Fo/k

2 2 2
p- - w ®
- (3)

The general solution is therefore

. Fo/k
s = Asin pt + Bcos pt + ——— cos wt

- (5)
p
The constants A and B can be found from the initial conditions.

E.P

(Q.E.D.)

@

The general solution of the above differential equation is of the form of

¢
3

Ans.

Equilibrium
position

——

F = F,cos wt
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22-43. If the block is subjected to the periodic force
F = Fy cos wt, show that the differential equation of
motion is y + (k/m)y = (Fo/m) cos wt, where y is
measured from the equilibrium position of the block. What

is the general solution of this equation? k
+ |SF, =ma,;  Focoswt + W — k8, — ky = my Ty
Since W = ké, "
.. k Fy
y+|(—]y=—coswt 1) (Q.E.D.
m m
F = Fycos wt

y. = Asin py + Bcos py (complementary solution)
yp = C cos ot (particular solution) i J
- F=k(d41Y)
Substitute y, into Eq. (D). A
k F
C<—w2 + >cos wt = —2cos wt
m m

Fy W

C= m
k_ # : ’lf
m
Y=Yty a X
. Fy y
y = Asinpt + Beos pt + | ——— - |cos wt Ans.
(k — mw?)
F=Fcoswt
*22-44. A block having a mass of 0.8 kg is suspended from
a spring having a stiffness of 120 N/m. If a dashpot provides
a damping force of 2.5 N when the speed of the block is
0.2 m/s, determine the period of free vibration.
F 25
F=cv C—;—@—lZ.SN'S/m
| k /120
p = E = ﬁ = 12.247 rad/s
C. =2mp = 2(0.8)(12.247) = 19.60 N - s/m
/ c)? / (12.5)2

= 1—|—) =12247\/1 — | — ] =9.432

Pa=1D (CC) 7 196 9.432 rad/s
2 2

=—=——=0.666 Ans.

T4 9432 s ns
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©22-45. The spring shown stretches 6 in. when it is loaded
with a 50-b weight. Determine the equation which
describes the position of the weight as a function of time if
the weight is pulled 4 in. below its equilibrium position and
released from rest at + = 0. The weight is subjected to the
periodic force of F = (=7 sin 2¢) 1b, where ¢ is in seconds. k

+T2Fy=may; k(yy + y) —mg — Fosinwt = —my

my + ky + kyy; — mg = Fpsin ot

my + ky = Fo sin wt

y + k Fo sin wt here k
£, =29 W N
YT mY T m @ p m

Fo
..+ 2 _ v l
y+py= sin w.

However, from equilibrium ky; — mg = 0, therefore
lF

= —7sin 2t

=k )

From the text, the general solution of the above differential equation is

Fo/k o
y = Asin pt + Bcos pt + Oi/zsin wt W"m?
-(3)
p
Fo/k
v=y=Apcospt—Bpsinpt-i—L)wzcoswz
-(3)
p .’
The initial condition when ¢t = 0,y = ygand v = v, a-’?
y0:0+B+0 B:yo
Fo/k)w Fo/k
e ap s F0 w0 (Foke
(e e F=Esmot
p p

The solution is therefore

Fo/k Fo/k
y = o (OL)Z) sin pt + yycos pt + Oi/zsinwt
= -
p p
For this problem:
50 k 100
= =100 Ib/f = [==\]——=80
k=i = 100 bt p=| - ,/50/32'2 8.025 rad/s
Fo/k —7/100
of S = / S = —00746  y, = 0333
® 1 2
1 — — — N
5) ()

Fo/k —7/100)2
E,Mzof%zo_m%
Py 8.025 —

P=, ' 8.025

y = (0.0186 sin 8.02¢ + 0.333 cos 8.02t — 0.0746 sin 2¢) ft Ans.
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22-46. The 30-1b block is attached to two springs having a

stiffness of 101b/ft. A periodic force F = (8 cos 3¢)Ib, OO0 00

where ¢ is in seconds, is applied to the block. Determine the

maximum speed of the block after frictional forces cause k= 101b/ft

oo —

the free vibrations to dampen out. F= 8cos 3t
k=10b/ft O O O O

Free-body Diagram: When the block is being displaced by amount x to the right, the —_—

restoring force that develops in both springs is Fg, = kx = 10x. &

Equation of Motion:

£ =/0X [ ) = t
L SF, =0 —~2(10x) + 8 cos 3t = %a B ¥ f=feas?
<

a + 21.47x = 8.587 cos 3t 1 fap=10%. 7
XL t
Kinematics: Since a = 2 = X, then substituting this value into Eq. [1], we have
X + 21.47x = 8.587 cos 3t [2]

Since the friction will eventually dampen out the free vibration, we are only
interested in the particular solution of the above differential equation which is in the
form of

x, = Ccos 3t

Taking second time derivative and substituting into Eq. [2], we have
—9C cos 3t + 21.47C cos 3t = 8.587 cos 3t

C = 0.6888 ft

Thus,

x, = 0.6888 cos 3t [3]

Taking the time derivative of Eq. [3], we have

v, = X, = —2.0663 sin 3¢

p
Thus,

(Vp)max = 2.07 /s Ans.
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22-47. A 5-kg block is suspended from a spring having a
stiffness of 300 N/m. If the block is acted upon by a vertical
periodic force F = (7sin8¢) N, where ¢ is in seconds,
determine the equation which describes the motion of the
block when it is pulled down 100 mm from the equilibrium
position and released from rest at t+ = 0. Consider positive
displacement to be downward.

The general solution is defined by:

v = Asin pt + Bcos pt + — sin wt

Since

F = 7sin 8¢, Fy=7N o = 8rad/s, k = 300 N/m

[k /300
P=\7, "\ 5 = 7.746 rad/s

7

300
y = Asin7.746t + Bcos7.746t + | —————— |sin 8t

8 2
1= (7.746)

y = 0.1mwhent = 0,

Thus,

01=0+ B —0; B=01m
v = A(7.746) cos 7.746 — B(7.746) sin 7.746t — (0.35)(8) cos 8¢
v=y=0whent = 0,
v = A(7.746)—2.8 = 0; A = 0.361
Expressing the results in mm, we have

y = (361 sin 7.75¢t + 100 cos 7.75t — 350 sin 8¢) mm

k =300 N/m

lF:7sin81

Ans.

*22-48. The electric motor has a mass of 50 kg and is
supported by four springs, each spring having a stiffness of
100 N/m. If the motor turns a disk D which is mounted
eccentrically, 20 mm from the disk’s center, determine the
angular velocity w at which resonance occurs. Assume that
the motor only vibrates in the vertical direction.

[k [400)
U 0 - 2.83 rad/s

w, = o = 2.83rad/s

k =100 N/m k =100 N/m

Ans.
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occur. Hint: See the first part of Example 22.8.

_F _250981)
Ay 005

Resonance occurs when

o = p = 14.0rad/s

— = 4905 N/m

[k 14905
p = E = ? = 14.01 rad/s

©22-49. The fan has a mass of 25 kg and is fixed to the end
of a horizontal beam that has a negligible mass. The fan
blade is mounted eccentrically on the shaft such that it is
equivalent to an unbalanced 3.5-kg mass located 100 mm
from the axis of rotation. If the static deflection of the beam
is 50 mm as a result of the weight of the fan, determine the
angular velocity of the fan blade at which resonance will

Ans.

See the first part of Example 22.8.

_F250981)
Ay 005

The force caused by the unbalanced rotor is

Using Eq. 22-22, the amplitude is

(xp)max =

14.01

(Xp)max = 14.6 mm

— = 4905 N/m
| k /4905
p = E = F = 14.01 rad/s

Fy = mr o® = 3.5(0.1)(10)> = 35N

(Xp)max = |—————| = 0.0146 m

22-50. The fan has a mass of 25 kg and is fixed to the end
of a horizontal beam that has a negligible mass. The fan
blade is mounted eccentrically on the shaft such that it is
equivalent to an unbalanced 3.5-kg mass located 100 mm
from the axis of rotation. If the static deflection of the
beam is 50 mm as a result of the weight of the fan,
determine the amplitude of steady-state vibration of the
fan if the angular velocity of the fan blade is 10 rad/s. Hint:

Ans.

1025




91962_13_s22_p0988-1046 6/8/09 6:03 PM Page 1026 $

© 2010 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

22-51. What will be the amplitude of steady-state vibration
of the fan in Prob. 22-50 if the angular velocity of the fan
blade is 18 rad/s? Hint: See the first part of Example 22.8.

_F2509.81)
Ay 005

[k 14905
p = E = F = 14.01 rad/s

The force caused by the unbalanced rotor is

= 4905 N/m

Fy = mre® = 3.5(0.1)(18)> = 113.4 N

Using Eq. 22-22, the amplitude is

Fy
(*p)max = 1<(;>2

(Xpmax = | o3| = 0.0355m

:30

(Xp)max = 35.5 mm Ans.
*22-52. A 7-1b block is suspended from a spring having a
stiffness of k = 75 Ib/ft. The support to which the spring is
attached is given simple harmonic motion which can be
expressed as 8 = (0.15 sin 2¢) ft, where ¢ is in seconds. If the
damping factor is ¢/c. = 0.8, determine the phase angle ¢
of forced vibration.
|k 75
=4/—= = 18.57
S
322
6 = 0.15sin 2t
=015 w=2
c\(ow 2
2 — | — 2008)| ==
4 (c,;)(p) 4 ( )<18.57>
¢’ =tan | ———= | = tan 7,
w
1-1{—= 1-\—=
(P) (18.57)
¢’ = 9.89° Ans.
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¢22-53. Determine the magnification factor of the block,
spring, and dashpot combination in Prob. 22-52.
[k 75
=,/—= = 18.57
()
322
6 = 0.15sin 2¢
8 =015 0 =2
1 1
MF = =
o\2 o\ P \/ ( 5 )2 2 < 2 ) 2
o +12(= )= - —== + S| ==
\/[1 (P) 2(66)(17) ! 18.57 208) 18.57
MF = 0.997 Ans.
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22-54. The uniform rod has a mass of m. If it is acted upon
by a periodic force of F = Fjsinwt, determine the [ i 3 ‘ A

amplitude of the steady-state vibration. ‘
L
Equation of Motion: When the rod rotates through a small angle 6, the springs 2
L . L k k
compress and stretch s =r 450 = 50. Thus, the force in each spring is N WFM
kL
Fo, = ks = 70. The mass moment of inertia of the rod about point A is 7
1 2
I, = gmLZ. Referring to the free-body diagram of the rod shown in Fig. a,
0 He—
. . L kL L F=F, sin wt
+3IM, = I 4, Fo sin wt cos 0(L) — mg sin 0(5)—2(7 H)COS 0(5) 0 Sme
1 .
=3 mL?%

Since 6 is small, sin # = 0 and cos 6§ = 1. Thus, this equation becomes

1 1
gmLG + E(mg + kL)§ = Fosin wt

- 3(g k 3Fo .
+ol =+ =)o=—"
6 <L >0 Lsmwt Q)

2 m

The particular solution of this differential equation is assumed to be in the form of

6, = Csin wt (2)
F, SinW t
Taking the time derivative of Eq. (2) twice,
6, = —Ca?sin wt 3)

Substituting Egs. (2) and (3) into Eq. (1),

. 3/8 k . 3Fo .
_ 2 + 22+ = =
Co” sin wt > (L m)(C sin wt) L S wt
3 k 3F
C[Z (% + m> - wﬂsin ot = ﬁsin wt
_ 3F0/mL
2\L m
3F
C= 0 Ans.

3
E(mg + Lk) — mLo?
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22-55. The motion of an underdamped system can be
described by the graph in Fig. 20-16. Show that the relation
between two successive peaks of vibration is given by
In(x,/X,+1) = 2m(c/c.)/V1—(c/c.)?, where c/c, is the
damping factor and In(x,/x,+,) is called the logarithmic
decrement.

If the first peak occurs when ¢, = ¢, then the successive peaks occur when

27 27
l‘,l+1=l+Td:l+7=l‘+

Wy w, V1 = (c/c.)?
Thus, the two successive peaks are

v, = De~((€ledon)

and
2
Vpi1 = De{(c/"c)“’"(”wn\/lwﬂ
2m(c/cc)
= De (I ¢ s
Thus,

2m(c/c.)
In  _ —
a1 A\ Vi-(c/e)?

ln( Yn )_ 2m(c/c.) (Q.E.D.)
Yt 1) A1=(c/c.)? '
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*#22-56. Two successive amplitudes of a spring-block
underdamped vibrating system are observed to be 100 mm
and 75 mm. Determine the damping coefficient of the
system. The block has a mass of 10 kg and the spring has a
stiffness of k& = 1000 N/m. Use the result of Prob. 22-55.

Using the result of Prob. 22-55,

o 22) - 20
yo 1 V1—(c/c.)?

(100> 2m(c/c.)
In =——rc

75 v 1_(C/CC)2

£ = 0.04574

CL'
However,

1000

¢. = 2mw, = 2(10) T 200N -s/m

Thus,
c

— = 0.04574

200 0.0457

¢=915N-s/m Ans.

¢22-57. Two identical dashpots are arranged parallel to
each other, as shown. Show that if the damping coefficient
¢ < Vmk, then the block of mass m will vibrate as an
underdamped system.

When the two dash pots are arranged in parallel, the piston of the dashpots have the
same velocity. Thus, the force produced is

F=cy+cy=2y —=

The equivalent damping coefficient ¢, of a single dashpot is

F 2y

; 2c
y y

Ceq

For the vibration to occur (underdamped system), c,, < c.. However, ¢, = 2mw,

[k
= 2m, |—.Thus,
m

Coq <

CC
2¢ < 2m, /E
m
k

c<Vm

Ans.
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22-58. The spring system is connected to a crosshead that
oscillates vertically when the wheel rotates with a constant
angular velocity of w. If the amplitude of the steady-state
vibration is observed to be 400 mm, and the springs each
have a stiffness of k& = 2500 N/m, determine the two
possible values of w at which the wheel must rotate. The
block has a mass of 50 kg.

In this case, k., = 2k = 2(2500) = 5000 N/m Thus, the natural circular frequency
of the system is

[keq  [5000
w, = m = ?—101'&(1/8

Here, 8p = 0.2 m and (Y p)ax = £0.4 m, so that

5
(YP)max “ 2
w
wy
+04 = 0.2 ;
w
1 — .
2
w
= =14
100 05
Thus,
o?
100 1.5 o = 12.2rad/s Ans.
or
o2
100~ 0.5 ® = 7.07 rad/s Ans.
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22-59. The spring system is connected to a crosshead that
oscillates vertically when the wheel rotates with a constant
angular velocity of w = 5Srad/s. If the amplitude of the
steady-state vibration is observed to be 400 mm, determine
the two possible values of the stiffness k of the springs. The
block has a mass of 50 kg.

In this case, k., = 2k Thus, the natural circular frequency of the system is

keq 2k
w, = \/; = 1/% = V0.04k

Here, 8o = 0.2 m and (Y p)pax = £0.4 m, so that

o
(YP)max = )
w
wn
+04 = 02
1 — - -
V0.04k
625
= 1+05
Thus,
% =15 k =417 N/m Ans.
or
% =05 k = 1250 N/m Ans.
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*22-60. Find the differential equation for small a | 2a |
oscillations in terms of 6 for the uniform rod of mass m.
Also show that if ¢ < Vmk/2, then the system remains
underdamped. The rod is in a horizontal position when it is
in equilibrium.

Equation of Motion: When the rod is in equilibrium, 6 = 0°, F, = ¢y, = 0 and
0 = 0. writing the moment equation of motion about point B by
referring to the free-body diagram of the rod, Fig. a,

a mg
+EMB:0, —FA(a)—ng =0 FAzi

= ok When the rod rotates about
point B through a small angle 0, the spring stretches further by s; = af. Thus, the

. . Fqa mg
Thus, the initial stretch of the spring is sp = %

m
force in the spring is F 4 = k(5o + 51) = k(ZIf + a0>. Also, the velocity of end C

of therod is v, = . = 2a6.Thus, F, = ¢y, = ¢(2ah).The mass moment of inertia of
1 2
the rod about Bis I = I m(3a)® + m(%) = ma?. Again, referring to Fig. a and

writing the moment equation of motion about B,

mg . a
SMp = Ipa; k(ﬁ + ae) cos 0(a) + (2a0> cos 6(2a) — mg cos 0(5)
= —ma0
.4 . k
6+ =< cos 00 + —(cos 6)8 =0
m m
Since 6 is small, cos # = 1. Thus, this equation becomes
. de -k
6+ <0+ %9=0 Ans.
m m

Comparing this equation to that of the standard form,

W, = [— Ceq = 4c
m

Thus,

[k
c. = 2mw, = 2m ;=2\/mk

For the system to be underdamped,

Coqg < C¢

dc < 2V mk
a
c<%\/mk Ans. ( )
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¢22-61. If the dashpot has a damping coefficient of ~——0.3m—
¢ =50N-s/m, and the spring has a stiffness of
k = 600 N/m, show that the system is underdamped, and
then find the pendulum’s period of oscillation. The uniform

rods have a mass per unit length of 10 kg/m.

k = 600 N/m

0.6 m

by — v

Equation of Motion: When the pendulum rotates point C through a small angle 6, the 0.60/0) (9.8!. /) A
spring  compresses s = 0.39. Thus, the force in the spring is
Fp = ks = 600(0.36) = 1806. Also, the velocity of end A is v4 = y, = 0.36. Thus,
F, = cy, = 50(0.30) = 156.The mass moment of inertia of the pendulum about point
Cis o = % [0.6(10)(0.62)} + %{0.6(10)(0.62)} = 0.9 kg - m2. Referring to the free-
body diagram of the pendulum, Fig. a,

SMc=Ica;  —1800 cos 6(0.3) — 156 cos 6(0.3) — 0.6(10)(9.81) sin 6(0.3) = 0.96
6 + 5cos 00 + 60 cos 00 + 16.62sin 6 = 0

Since 6 is small, sin # = 0 and cos 6§ = 1. Thus, this equation becomes

6+50+79.62=0

Comparing this equation to that of the standard form,
Coqg =5 w, = 8.923 rad/s

Here, m = 2[(10)(0.6)} =12kg. Thus, ¢, =5m =5(12) = 60N-m/s. Also,
c. = 2mw, = 2(12)8.923 = 214.15 N -m/s. Since c,,; < c, the system is underdamped

(Q.E.D.). Thus,
Ceg \2
w, |1 — <q>
CC

60 \?
8.923 1(214.15)

= 8.566 rad/s

Wy

Thus, the period of under-damped oscillation of the pendulum is

2 2
=T = ST 07345 Ans.

T4, 8566
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22-62. If the 30-kg block is subjected to a periodic force of
P = (300sin 5¢t) N, k = 1500 N/m, and ¢ = 300 N-s/m,
determine the equation that describes the steady-state
vibration as a function of time.

€re, Koy = = = m. us, the circular frequency of the system 1s
Here, k,, = 2k = 2(1500) = 3000 N/m. Thus, the circular frequency of the system i

[keq  [3000
w, = m = W = 10rad/s

The critical damping coefficient is

. = 2mw, = 2(30)(10) = 600 N -s/m

Then, the damping factor is

¢ 300
z = @ =05

Here, Fp = 300 N and w = 5rad/s.
FO/keq

Y =

2
52 2(05)(5)
b (E) " [ 10 }

= 33.69° = 0.588 rad

Thus,

yp = 0.111 sin (5¢ — 0.588) m Ans.

IP = (300 sin 5 /)N
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22-63. The block, having a weight of 15 1b, is immersed in
a liquid such that the damping force acting on the block has
a magnitude of F = (0.8]v|) 1b, where v is the velocity of
the block in ft/s. If the block is pulled down 0.8 ft and
released from rest, determine the position of the block as a k= 401b/ft
function of time. The spring has a stiffness of k = 40 1b/ft.

Consider positive displacement to be downward.

k
Viscous Damped Free Vibration: Here ¢ = 0.81b-s/ft, p = \/% V15 /322

1
= 9.266 rad/s and ¢, = 2mp = 2<3252>(9.266) = 8.633 1b-s/ft. Since ¢ < ¢, the

system is underdamped and the solution of the differential equation is in the form of

y = D[ef(c/zm)’ sin (pgt + ¢)] 1]

Taking the time derivative of Eq. [1], we have

v=y= D[—(i)e_(c/zm)’ sin (pgt + @) + pge” P cos (pt + d))}

= De (/2 [—(ﬁ) sin (pgt + &) + pycos (pgt + ¢)} 2]
Applying the initial condition v = 0 at r = 0 to Eq. [2], we have

0= De™ {—(ﬁ) sin (0 + ) + pgcos (0 + ¢)]

0= D{—(ﬁ) sin ¢ + p,cos q&} [3]

c 08
Here,— = —————- = = 1- =92
ere, 2(15/322) 0.8587 and p,; = p+/ = 9.266 /1 8633

= 9.227 rad/s. Substituting these values into Eq. [3 ylelds

0 = D[—0.8587 sin ¢ + 9.227 cos ¢] [4]
Applying the initial condition y = 0.8 ftat t = 0 to Eq. [1], we have
0.8 = D[e™ sin (0 + ¢)]
0.8 = Dsin ¢ [S]
Solving Egs. [4] and [5] yields
¢ = 84.68° = 1.50 rad D = 0.8035 ft

Substituting these values into Eq. [1] yields

y = 0.803[¢ "% sin (9.23¢ + 1.48)] Ans.
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mounted on the bent rod having negligible mass. If the rotor
at B causes a harmonic movement &z = (0.1 cos 15¢) m,
where ¢ is in seconds, determine the steady-state amplitude A
of vibration of the block.

#22-64. The small block at A has a mass of 4 kg and is k——06 mﬁ
o

12m

w
k=15N/m
AAAAAAAA .. ) g b .
= vUvUvvuvvuvvvvv N
g
B

+3My = Ipa;  4(9.81)(0.6) — F,(1.2) = 4(0.6)%
Fy = kx = 15(x + x4 — 0.1 cos 15¢)

_ 4(9.81)(06)
YT T 2(15)

Thus,
—15(x — 0.1 cos 151)(1.2) = 4(0.6)%0
x =126

0 + 1560 = 1.25 cos 15¢

Set x, = C cos 15¢
—C(15)% cos 15t + 15(C cos 15¢) = 1.25 cos 15¢

1.25

T 0.00595
15 — (15) m

Omax = C = 0.00595 rad

Ymax = (0.6 m)(0.00595 rad) = 3.57 rad
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©22-65. The bar has a weight of 6 lb. If the stiffness of the A B C
spring is k = 81b/ft and the dashpot has a damping @ ]
coefficient ¢ = 601b-s/ft, determine the differential § k % ¢

equation which describes the motion in terms of the angle 6 of

the bar’s rotation. Also, what should be the damping }‘;2 ft } 31t |

coefficient of the dashpot if the bar is to be critically damped?

CHIML = Lo 625) — (603)8) ~ 801 + 306) = |+ (505 )52

322
1.55286 + 180y, + 40y, + 40y, — 15 =0 11
From equilibrium 40y, — 15 = 0. Also, for small 6, y; = 56 and y, = 36 hence
v, = 36.
From Eq. [1] 1.55286 + 180(36) + 40(560) = 0

1.550 + 5400 + 2000 = 0 Ans.

By comparing the above differential equation to Eq. 22-27

/200
m =155 k =200 ©n =185 = 11.35 rad/s ¢ =9y,

g(cd'p>c B £ —0
2m m
(cap)e = %\/km = %\/200(1.55) =3.921b-s/ft Ans.

14
o 2.5+t

24t 1. 24
ey,
Fo=8(y e )
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22-66. A block having a mass of 7 kg is suspended from a
spring that has a stiffness & = 600 N/m. If the block is given
an upward velocity of 0.6 m/s from its equilibrium position
at t = 0, determine its position as a function of time.
Assume that positive displacement of the block is
downward and that motion takes place in a medium which
furnishes a damping force F = (50|v|) N, where v is the
velocity of the block in m/s.

¢=50Ns/m k=600N/m m=7Tkg

[k /600
W, = ; = 7 = 9.258 rad/s

c. = 2mw, = 2(7)(9.258) = 129.6 N -s/m

Since ¢ < c,, the system is underdamped,

f c\? / ( 50 )2
Wy = Wy, 1- (Z) = 0.258 1- m = 8.542 rad/s

c 50
— =—-=13751
2m 2(7)

From Eq. 22-32

y=D e i) sin (wgt + @)

v=y=D e Gl wy cos (wgt + @) + <— i) 6l sin (wat + ¢)

v = De ) [wd cos (wgt + ¢) — jsin (wgt + qﬁ)}

Applying the initial condition atz = 0,y = 0 and v = —0.6 m/s.
0 = D[e %sin (0 + ¢)] since D #0
sing =0 d=0°
—0.6 = De °[8.542 cos 0° — 0]
D = —0.0702 m

y = {—0.0702[¢ 3" sin (8.540)]} m Ans.
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22-67. A 4-b weight is attached to a spring having a
stiffness & = 10 1b/ft. The weight is drawn downward a
distance of 4 in. and released from rest. If the support
moves with a vertical displacement 8 = (0.5 sin 4¢) in.,
where ¢ is in seconds, determine the equation which
describes the position of the weight as a function of time.

From Prob. 22-46

8
y = Asinw, + Bcosw,t + 7Om“sin wot
1= )
. . 89 wy
v=y= Aw,cos w,t — Bw, sin w,t + ———— cos wyt
L= @F
The initial condition when ¢t = 0,y = ygand v = v,
Yo = 0+B+0 B = Yo
I v o
Vo= Awy — 0+ —220 40 S0®0
1- (2 Oy, — 2
Thus,
Yo Sowy \ . g .
y=|—— "2 |smmw,t + yycos w,f + ——— ~— Sin wyt
wy, w, — aTO 1 _ (;U)Z
k 10
=.—=.—z=8972
On =\ T\ am2 =8
8 0.5/12
o = / ., = 00520
-GS 1 ()
V) 8 0.5/12)4
J_L&ZO_%:_O.OZ:;Q
On @, = 8972 — 5973
y = {—=0.0232 sin 8.97¢ + 0.333 cos 8.97¢ + 0.0520 sin 4¢} ft Ans.
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*22-68. Determine the differential equation of motion
for the damped vibratory system shown. What type of
motion occurs?

+lEFy:may; mg — k(y + yy) — 2cy = my
my + ky + 2cy + kyy, —mg =0

Equilibrium kyy — mg =20
my + 2cy + ky = 0Here m = 25kg k = 100 N/m
¢ =200N- s/m
25y + 400y + 100y = 0
y+ 16y +4y =0

By comparing Eq. (1) to Eq. 22-27

m =25 k =100 ¢ = 400 wn=\/§=2rad/s
c. = 2mw, = 2(25)(2) = 100N+ s/m

Since ¢ > c,, the system will not vibrate. Therefore, it is overdamped.

) c=2()ON~s/ml%|

Ans.

Ans.

k =100 N/m
25kg
¢=200N-s/m
K(Hfﬂs{.)

4

A

¢4
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©22-69. The 4-kg circular disk is attached to three springs,
each spring having a stiffness k = 180 N/m. If the disk is
immersed in a fluid and given a downward velocity of
0.3 m/s at the equilibrium position, determine the equation
which describes the motion. Consider positive displacement
to be measured downward, and that fluid resistance acting
on the disk furnishes a damping force having a magnitude
F = (60|v|) N, where v is the velocity of the block in m/s.

k = 540 N/m

[k 1540
w, = Z = T = 11.62 rad/s

c. = 2mw, = 2(4)(11.62) = 92.95
F = 60v, so that ¢ = 60

Since ¢ < c,, system is underdamped.

C
wg = wnﬂl - (Z)z
60
11621 = (5599

= 8.87 rad/s

y = Ale @) sin (wgt + ¢)] 6\
y=0,o=03atr=20

0= Asing

A # 0 (trivial solution) so that ¢ = 0

c c . (&
v=y= A[—% e~ @) sin (wgt + ¢) + e @) cos (wgt + ¢)(wy)]

Since ¢ = 0
0.3 = A[0 + 1(8.87)]
A = 0.0338
Substituting into Eq. (1)
y = 0.0338[¢~ ) sin (8.87)¢]
Expressing the result in mm

y = 33.8[¢” " sin (8.87¢)] mm Ans.
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22-70. Using a block-and-spring model, like that shown in
Fig. 22-13a, but suspended from a vertical position and
subjected to a periodic support displacement of
6 = §)cos wyt, determine the equation of motion for the
system, and obtain its general solution. Define the
displacement y measured from the static equilibrium
position of the block when ¢ = 0.

+lEFy = ma,; kéycos wot + W — kb, — ky = my Tz'k(SSt 1-3)

k ko

j}+;y—7005w0t Q)

Since W = ké,

ke &y coswy!

3
L=

yc = Asinw, y + Bcos w, y (General sol.)
yp = C cos wyt (Particular sol.)

Substitute y, into Eq. D

C(—wy? + —) cos wot = % wot
- —) COS = —— COS
0 m 0 m 0

b,

m

(ﬁ — Wy 2)

Thus,y = yc + yp
k80

y = Asinw,t + Beosw,t + " o5 g1 Ans.
k 2
Gn = @0°)

22-71. The electric motor turns an eccentric flywheel [
which is equivalent to an unbalanced 0.25-1b weight

located 10 in. from the axis of rotation. If the static ﬁ
deflection of the beam is 1 in. due to the weight of the o )
motor, determine the angular velocity of the flywheel at _A_

which resonance will occur. The motor weights 150 Ib.

Neglect the mass of the beam.

F 150 [k [ 1800
= 5 = 1/? = 1800 lb/ft w, = Z = m = 19.66

Resonance occurs when wy = w, = 19.7 rad/s Ans.
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*22-72. What will be the amplitude of steady-state
vibration of the motor in Prob. 22-71 if the angular velocity
of the flywheel is 20 rad/s?

w

03

_A_

The constant value F, of the periodic force is due to the centrifugal force of the
unbalanced mass.

0.25\/ 10
Fo = ma, = mroy? = (97)(5)(20)2 =2.5881b

Hence F = 2.588 sin 20¢

F 150 [k [ 1800
k= E = W = 1800 lb/ft w, = Z = W = 19.657

From Eq. 22-21, the amplitude of the steady state motion is

o | Fok | _ | 2:588/1800

2 2
w( 20
=@ - ()

= (0.04085 ft = 0.490 in. Ans.

¢22-73. Determine the angular velocity of the flywheel in
Prob. 22-71 which will produce an amplitude of vibration of
0.25 in.

03

A—

The constant value F, of the periodic force is due to the centrifugal force of the
unbalanced mass.

0.25\/ 10
Fo = ma, = mro* = (3272) (E)wz = 0.0064700>

F = 0.006470w? sin wt

F 150 k 1800
=T = 22— 1800 1bt e
k= = - SO/ b= = ez~ 198

From Eq.22.21, the amplitude of the steady state motion is

Fo/k
c= | Folk
- (5)
p
o2
0.006470
025 (1800)
R
19.657
o = 19.0 rad/s Ans.
Or,
6y = 20.3 rad/ Ans.
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22-74. Draw the electrical circuit that is equivalent to the 4
. . . . . k
mechanical system shown. Determine the differential ] ]'@C:\"VVMI@ F = F.cos of
equation which describes the charge ¢ in the circuit. ;- 7 )
For the block, Ecﬁﬁﬁ —
mx + cx + kx = Fycos wt
Using Table 22-1,
1
Lg + Rq + (E)q = E,cos wt Ans.
E(oswt @) R
22-75. Determine the differential equation of motion for
the damped vibratory system shown. What type of motion
occurs? Take k = 100 N/m, ¢ = 200 N-s/m,m = 25 kg.
Free-body Diagram: When the block is being displaced by an amount y vertically
downward, the restoring force is developed by the three springs attached the block.
Equation of Motion: f: : R
+12F, = 0; 3ky + mg + 2cy — mg = —my .
my + 2cy + 3ky = 0 1 —= .
Here, m = 25kg, ¢ = 200 N -s/m and k& = 100 N/m. Substituting these values into c I%c
Eq. [1] yields
25y + 400y + 300y = 0
SEP+M
y+ 16y + 12y =0 Ans. g ?'
Comparing the above differential equation with Eq. 22-27, we have m = 1kg,
k 12
¢ =16N-s/mand k = 12N/m.Thus,p = \/— = ,/—— = 3.464 rad/s.
m 1 ma
c. = 2mp = 2(1)(3.464) = 6928 N-s/m y a l T i
Since ¢ > ¢, the system will not vibrate. Therefore it is overdamped. Ans. -
CY Y
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*22-76. Draw the electrical circuit that is equivalent to
k

the mechanical system shown. What is the differential E

equation which describes the charge ¢ in the circuit?
. F = F,cos wt
| E—

O O O O

Electrical Circuit Analogs: The differential equation that deseribes the motion of
the given mechanical system is

mx + cx + 2kx = Fycos ot
From Table 22-1 of the text, the differential equation of the analog electrical circuit is

2
Lg + Rg + (E)q = Ejcos wt Ans.

N

¢22-77. Draw the electrical circuit that is equivalent to
the mechanical system shown. Determine the differential

equation which describes the charge ¢ in the circuit.

For the block

my +cy+ ky=20

Using Table 22-1

1
Lq+Rq+Eq=O Ans.

C
[ |—
4
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