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Preface

This is a dynamics textbook for graduate students, written at a moderately advanced level. Its
principal aim is to present the dynamics of particles and rigid bodies in some breadth, with
examples illustrating the strengths and weaknesses of the various methods of dynamical
analysis. The scope of the dynamical theory includes both vectorial and analytical methods.
There is some emphasis on systems of great generality, that is, systems which may have
nonholonomic constraints and whose motion may be expressed in terms of quasi-velocities.
Geometrical approaches such as the use of surfaces in n-dimensional configuration and
velocity spaces are used to illustrate the nature of holonomic and nonholonomic constraints.
Impulsive response methods are discussed at some length.

Some of the material presented here was originally included in a graduate course in
computational dynamics at the University of Michigan. The ordering of the chapters, with
the chapters on dynamical theory presented first followed by the single chapter on numerical
methods, is such that the degree of emphasis one chooses to place on the latter is optional.
Numerical computation methods may be introduced at any point, or may be omitted entirely.

The first chapter presents in some detail the familiar principles of Newtonian or vectorial
dynamics, including discussions of constraints, virtual work, and the use of energy and
momentum principles. There is also an introduction to less familiar topics such as differential
forms, integrability, and the basic theory of impulsive response.

Chapter 2 introduces methods of analytical dynamics as represented by Lagrange’s and
Hamilton’s equations. The derivation of these equations begins with the Lagrangian form
of d’Alembert’s principle, a common starting point for obtaining many of the principal
forms of dynamical equations of motion. There are discussions of ignorable coordinates,
the Routhian method, and the use of integrals of the motion. Frictional and gyroscopic
forces are studied, and further material is presented on impulsive systems.

Chapter 3 is concerned with the kinematics and dynamics of rigid body motion. Dyadic
and matrix notations are introduced. Euler parameters and axis-and-angle variables are
used extensively in representing rigid body orientations in addition to the more familiar
Euler angles. This chapter also includes material on constrained impulsive response and
input-output methods.

The theoretical development presented in the first three chapters is used as background
for the derivations of Chapter 4. Here we present several differential methods which have the
advantages of simplicity and computational efficiency over the usual Lagrangian methods
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in the analysis of general constrained systems or for systems described in terms of quasi-
velocities. These methods result in a minimum set of dynamical equations which are compu-
tationally efficient. Many examples are included in order to compare and explain the various
approaches. This chapter also presents detailed discussions of constraints and energy rates
by using velocity space concepts.

Chapter 5 begins with a derivation of Hamilton’s principle in its holonomic and nonholo-
nomic forms. Stationarity questions are discussed. Transpositional relations are introduced
and there follows a further discussion of integrability including Frobenius’ theorem. The
central equation and its explicit transpositional form are presented. There is a comparison
of integral methods by means of examples.

Chapter 6 presents some basic principles of numerical analysis and explains the use of
integration algorithms in the numerical solution of differential equations. For the most part,
explicit algorithms such as the Runge–Kutta and predictor–corrector methods are consid-
ered. There is an analysis of numerical stability of the integration methods, primarily by
solving the appropriate difference equations, but frequency response methods are also used.
The last portion of the chapter considers methods of representing kinematic constraints. The
one-step method of constraint stabilization is introduced and its advantages over standard
methods are explained. There is a discussion of the use of energy and momentum constraints
as a means of improving the accuracy of numerical computations.

A principal objective of this book is to improve the problem-solving skills of each student.
Problem solving should include not only a proper formulation and choice of variables, but
also a directness of approach which avoids unnecessary steps. This requires that the student
repeatedly attempt the solution of problems which may be kinematically complex and
which involve the application of several dynamical principles. The problems presented here
usually have several parts that require more than the derivation of the equations of motion
for a given system. Thus, insight is needed concerning other dynamical characteristics.
Because of the rather broad array of possible approaches presented here, and due in part to
the generally demanding problems, a conscientious student can attain a real perspective of
the subject of dynamics and a competence in the application of its principles.

Finally, I would like to acknowledge the helpful discussions with Professor J. G.
Papastavridis of Georgia Tech concerning the material of Chapters 4 and 5, and with Pro-
fessor R. M. Howe of the University of Michigan concerning portions of Chapter 6.



1 Introduction to particle dynamics

In the study of dynamics at an advanced level, it is important to consider many approaches
and points of view in order that one may attain a broad theoretical perspective of the subject.
As we proceed we shall emphasize those methods which are particularly effective in the
analysis of relatively difficult problems in dynamics. At this point, however, it is well to
review some of the basic principles in the dynamical analysis of systems of particles. In
the process, the kinematics of particle motion will be reviewed, and many of the notational
conventions will be established.

1.1 Particle motion

The laws of motion for a particle

Let us consider Newton’s three laws of motion which were published in 1687 in his Prin-
cipia. They can be stated as follows:

I. Every body continues in its state of rest, or of uniform motion in a straight line, unless
compelled to change that state by forces acting upon it.

II. The time rate of change of linear momentum of a body is proportional to the force
acting upon it and occurs in the direction in which the force acts.

III. To every action there is an equal and opposite reaction; that is, the mutual forces of two
bodies acting upon each other are equal in magnitude and opposite in direction.

In the dynamical analysis of a system of particles using Newton’s laws, we can interpret
the word “body” to mean a particle, that is, a certain fixed mass concentrated at a point.
The first two of Newton’s laws, as applied to a particle, can be summarized by the law of
motion:

F = ma (1.1)

Here F is the total force applied to the particle of mass m and it includes both direct contact
forces and field forces such as gravity or electromagnetic forces. The acceleration a of
the particle must be measured relative to an inertial or Newtonian frame of reference. An
example of an inertial frame is an xyz set of axes which is not rotating relative to the “fixed”
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stars and has its origin at the center of mass of the solar system. Any other reference frame
which is not rotating but is translating at a constant rate relative to an inertial frame is
itself an inertial frame. Thus, there are infinitely many inertial frames, all with constant
translational velocities relative to the others. Because the relative velocities are constant,
the acceleration of a given particle is the same relative to any inertial frame. The force F
and mass m are also the same in all inertial frames, so Newton’s law of motion is identical
relative to all inertial frames.

Newton’s third law, the law of action and reaction, has a corollary assumption that the
interaction forces between any two particles are directed along the straight line connecting
the particles. Thus we have the law of action and reaction:

When two particles exert forces on each other, these interaction forces
are equal in magnitude, opposite in sense, and are directed along the
straight line joining the particles.
The collinearityof the interaction forces applies to all mechanical and gravitational forces.

It does not apply, however, to interactions between moving electrically charged particles for
which the interaction forces are equal and opposite but not necessarily collinear. Systems
of this sort will not be studied here.

An alternative form of the equation of motion of a particle is

F = ṗ (1.2)

where the linear momentum of the particle is

p = mv (1.3)

and v is the particle velocity relative to an inertial frame.

Kinematics of particle motion

The application of Newton’s laws of motion to a particle requires that an expression can
be found for the acceleration of the particle relative to an inertial frame. For example, the
position vector of a particle relative to a fixed Cartesian frame might be expressed as

r = x i + yj + zk (1.4)

where i, j, k are unit vectors, that is, vectors of unit magnitude which have the directions
of the positive x , y, and z axes, respectively. When unit vectors are used to specify a vector
in 3-space, the three unit vectors are always linearly independent and are nearly always
mutually perpendicular. The velocity of the given particle is

v = ṙ = ẋ i + ẏj + żk (1.5)

and its acceleration is

a = v̇ = ẍ i + ÿj + z̈k (1.6)

relative to the inertial frame.
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A force F applied to the particle may be described in a similar manner.

F = Fx i + Fyj + Fzk (1.7)

where (Fx , Fy, Fz) are the scalar components of F. In general, the force components can
be functions of position, velocity, and time, but often they are much simpler.

If one writes Newton’s law of motion, (1.1), in terms of the Cartesian unit vectors, and
then equates the scalar coefficients of each unit vector on the two sides of the equation, one
obtains

Fx = mẍ

Fy = mÿ (1.8)

Fz = mz̈

These three scalar equations are equivalent to the single vector equation. In general, the
scalar equations are coupled through the expressions for the force components. Further-
more, the differential equations are often nonlinear and are not susceptible to a complete
analytic solution. In this case, one can turn to numerical integration on a digital computer
to obtain the complete solution. On the other hand, one can often use energy or momen-
tum methods to obtain important characteristics of the motion without having the complete
solution.

The calculation of a particle acceleration relative to an inertial Cartesian frame is straight-
forward because the unit vectors (i, j,k) are fixed in direction. It turns out, however, that
because of system geometry it is sometimes more convenient to use unit vectors that are
not fixed. For example, the position, velocity, and acceleration of a particle moving along
a circular path are conveniently expressed using radial and tangential unit vectors which
change direction with position.

As a more general example, suppose that an arbitrary vector A is given by

A = A1e1 + A2e2 + A3e3 (1.9)

where the unit vectors e1, e2, and e3 form a mutually orthogonal set such that e3 = e1 × e2.
This unit vector triad changes its orientation with time. It rotates as a rigid body with an
angular velocity ω, where the direction of ω is along the axis of rotation and the positive
sense of ω is in accordance with the right-hand rule.

The first time derivative of A is

Ȧ = Ȧ1e1 + Ȧ2e2 + Ȧ3e3 + A1ė1 + A2ė2 + A3ė3 (1.10)

where

ėi = ω × ei (i = 1, 2, 3) (1.11)

Thus we obtain the important equation

Ȧ = (Ȧ)r + ω × A (1.12)

Here Ȧ is the time rate of change of A, as measured in a nonrotating frame that is usually
considered to also be inertial. (Ȧ)r is the derivative of A, as measured in a rotating frame in
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which the unit vectors are fixed. It is represented by the first three terms on the right-hand
side of (1.10). The term ω × A is represented by the final three terms of (1.10). In detail, if
the angular velocity of the rotating frame is

ω = ω1e1 + ω2e2 + ω3e3 (1.13)

then

Ȧ = ( Ȧ1 + ω2 A3 − ω3 A2) e1 + ( Ȧ2 + ω3 A1 − ω1 A3) e2

+ ( Ȧ3 + ω1 A2 − ω2 A1) e3 (1.14)

Velocity and acceleration expressions for common coordinate systems

Let us apply the general equation (1.12) to some common coordinate systems associated
with particle motion.

Cylindrical coordinates

Suppose that the position of a particle P is specified by the values of its cylindrical coordi-
nates (r, φ, z). We see from Fig. 1.1 that the position vector r is

r = rer + zez (1.15)

where we notice that r is not the magnitude of r. The angular velocity of the ereφez triad is

ω = φ̇ez (1.16)

z

ez

eφ

err

r

z

y
O

P

x

φ

Figure 1.1.
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so we find that ėz vanishes and

ėr = ω × er = φ̇eφ (1.17)

Thus, the velocity of the particle P is

v = ṙ = ṙer + r φ̇eφ + żez (1.18)

Similarly, noting that

ėφ = ω × eφ = −φ̇er (1.19)

we find that its acceleration is

a = v̇ = (r̈ − r φ̇2) er + (r φ̈ + 2ṙ φ̇) eφ + z̈ez (1.20)

If we restrict the motion such that ż and z̈ are continuously equal to zero, we obtain the
velocity and acceleration equations for plane motion using polar coordinates.

Spherical coordinates

From Fig. 1.2 we see that the position of particle P is given by the spherical coordinates
(r, θ, φ). The position vector of the particle is simply

r = rer (1.21)

The angular velocity of the ereθeφ triad is due to θ̇ and φ̇ and is equal to

ω = φ̇ cos θ er − φ̇ sin θ eθ + θ̇ eθ (1.22)

z

P

r

y
O

er

ef

eq

x

q

φ

Figure 1.2.
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We find that

ėr = ω × er = θ̇eθ + φ̇ sin θ eφ

ėθ = ω × eθ = −θ̇er + φ̇ cos θ eφ (1.23)

ėφ = ω × eφ = −φ̇ sin θ er − φ̇ cos θ eθ

Then, upon differentiation of (1.21), we obtain the velocity

v = ṙ = ṙer + r θ̇eθ + r φ̇ sin θ eφ (1.24)

A further differentiation yields the acceleration

a = v̇ = (r̈ − r θ̇2 − r φ̇2 sin2 θ ) er + (r θ̈ + 2ṙ θ̇ − r φ̇2 sin θ cos θ ) eθ

+ (r φ̈ sin θ + 2ṙ φ̇ sin θ + 2r θ̇ φ̇ cos θ ) eφ (1.25)

Tangential and normal components

Suppose a particle P moves along a given path in three-dimensional space. The position
of the particle is specified by the single coordinate s, measured from some reference point
along the path, as shown in Fig. 1.3. It is convenient to use the three unit vectors (et , en, eb)
where et is tangent to the path at P , en is normal to the path and points in the direction of
the center of curvature C , and the binormal unit vector is

eb = et × en (1.26)

ρ

s

P
eb

en

et

C

r

z

O

x

y

Figure 1.3.
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The velocity of the particle is equal to its speed along its path, so

v = ṙ = ṡet (1.27)

If we consider motion along an infinitesimal arc of radius ρ surrounding P , we see that

ėt = ṡ

ρ
en (1.28)

Thus, we find that the acceleration of the particle is

a = v̇ = s̈et + ṡėt = s̈et + ṡ2

ρ
en (1.29)

where ρ is the radius of curvature. Here s̈ is the tangential acceleration and ṡ2/ρ is the
centripetal acceleration. The angular velocity of the unit vector triad is directly proportional
to ṡ. It is

ω = ωtet + ωbeb (1.30)

where ωt and ωb are obtained from

ėt = ωben = ṡ

ρ
en

(1.31)
ėb = −ωten = ṡ

deb

ds

Note that ωn = 0 and also that deb/ds represents the torsion of the curve.

Relative motion and rotating frames

When one uses Newton’s laws to describe the motion of a particle, the acceleration a must
be absolute, that is, it must be measured relative to an inertial frame. This acceleration,
of course, is the same when measured with respect to any inertial frame. Sometimes the
motion of a particle is known relative to a rotating and accelerating frame, and it is desired
to find its absolute velocity and acceleration. In general, these calculations can be somewhat
complicated, but for the special case in which the moving frame A is not rotating, the results
are simple. The absolute velocity of a particle P is

vP = vA + vP/A (1.32)

where vA is the absolute velocity of any point on frame A and vP/A is the velocity of particle
P relative to frame A, that is, the velocity recorded by cameras or other instruments fixed
in frame A and moving with it. Similarly, the absolute acceleration of P is

aP = aA + aP/A (1.33)

where we note again that the frame A is moving in pure translation.
Now consider the general case in which the moving xyz frame (Fig. 1.4) is translating

and rotating arbitrarily. We wish to find the velocity and acceleration of a particle P relative
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y
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Figure 1.4.

to the inertial XYZ frame in terms of its motion with respect to the noninertial xyz frame.
Let the origin O ′ of the xyz frame have a position vector R relative to the origin O of the
XYZ frame. The position of the particle P relative to O ′ is ρ, so the position of P relative
to XYZ is

r = R + ρ (1.34)

The corresponding velocity is

v = ṙ = Ṙ + ρ̇ (1.35)

Now let us use the basic equation (1.12) to express ρ̇ in terms of the motion relative to the
moving xyz frame. We obtain

ρ̇ = (ρ̇)r + ω × ρ (1.36)

where ω is the angular velocity of the xyz frame and (ρ̇)r is the velocity of P relative to
that frame. In detail,

ρ = x i + yj + zk (1.37)

and

(ρ̇)r = ẋ i + ẏj + żk (1.38)

where i, j,k are unit vectors fixed in the xyz frame and rotating with it. From (1.35) and
(1.36), the absolute velocity of P is

v = ṙ = Ṙ + (ρ̇)r + ω × ρ (1.39)
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The expression for the inertial acceleration a of the particle is found by first noting that

d

dt
(ρ̇)r = (ρ̈)r + ω × (ρ̇)r (1.40)

d

dt
(ω × ρ) = ω̇ × ρ + ω × ((ρ̇)r + ω × ρ)

(1.41)

Thus, we obtain the important result:

a = v̇ = R̈ + ω̇ × ρ + ω × (ω × ρ) + (ρ̈)r + 2ω × (ρ̇)r (1.42)

where ω is the angular velocity of the xyz frame. The nature of the various terms is as
follows. R̈ is the inertial acceleration of O ′, the origin of the moving frame. The term
ω̇ × ρ might be considered as a tangential acceleration although, more accurately, it rep-
resents a changing tangential velocity ω × ρ due to changing ω. The term ω × (ω × ρ) is
a centripetal acceleration directed toward an axis of rotation through O ′. These first three
terms represent the acceleration of a point coincident with P but fixed in the xyz frame.
The final two terms add the effects of motion relative to the moving frame. The term (ρ̈)r
is the acceleration of P relative to the xyz frame, that is, the acceleration of the particle, as
recorded by instruments fixed in the xyz frame and rotating with it. The final term 2ω × (ρ̇)r
is the Coriolis acceleration due to a velocity relative to the rotating frame. Equation (1.42)
is particularly useful if the motion of the particle relative to the moving xyz frame is simple;
for example, linear motion or motion along a circular path.

Instantaneous center of rotation

If each point of a rigid body moves in planar motion, it is useful to consider a lamina, or
slice, of the body which moves in its own plane (Fig. 1.5). If the lamina does not move in
pure translation, that is, if ω �= 0, then a point C exists in the lamina, or in an imaginary

ω

C

B

P

vB

rA

vA

v

r

A

rB

Figure 1.5.



10 Introduction to particle dynamics

extension thereof, at which the velocity is momentarily zero. This is the instantaneous
center of rotation.

Suppose that arbitrary points A and B have velocities vA and vB . The instantaneous
center C is located at the intersection of the perpendicular lines to vA and vB . The velocity
of a point P with a position vector ρ relative to C is

v = ω × ρ (1.43)

whereω is the angular velocity vector of the lamina. Thus, if the location of the instantaneous
center is known, it is easy to find the velocity of any other point of the lamina at that instant.
On the other hand, the acceleration of the instantaneous center is generally not zero. Hence,
the calculation of the acceleration of a general point in the lamina is usually not aided by a
knowledge of the instantaneous center location.

If there is planar rolling motion of one body on another fixed body without any slipping,
the instantaneous center lies at the contact point between the two bodies. As time proceeds,
this point moves with respect to both bodies, thereby tracing a path on each body.

Example 1.1 A wheel of radius r rolls in planar motion without slipping on a fixed convex
surface of radius R (Fig. 1.6a). We wish to solve for the acceleration of the contact point
on the wheel. The contact point C is the instantaneous center, and therefore, the velocity of
the wheel’s center O ′ is

v = rωeφ (1.44)

er

ef

ω

R

r

O
(a)

C

O′

f
.

er

ef

r

ω
R

C

O

(b)

O′

f
.

Figure 1.6.
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In terms of the angular velocity φ̇ of the radial line OO ′, the velocity of the wheel is

(R + r )φ̇ = rω (1.45)

so we find that

φ̇ = rω

R + r
(1.46)

To show that the acceleration of the contact point C is nonzero, we note that

aC = aO ′ + aC/O ′ (1.47)

The center O ′ of the wheel moves in a circular path of radius (R + r ), so its acceleration
aO ′ is the sum of tangential and centripetal accelerations.

aO ′ = (R + r )φ̈eφ − (R + r )φ̇2er

= r ω̇eφ − r2ω2

R + r
er (1.48)

Similarly C , considered as a point on the rim of the wheel, has a circular motion about O ′,
so

aC/O ′ = −r ω̇eφ + rω2er (1.49)

Then, adding (1.48) and (1.49), we obtain

aC =
(
r − r2

R + r

)
ω2er =

(
Rr

R + r

)
ω2er (1.50)

Thus, the instantaneous center has a nonzero acceleration.
Now consider the rolling motion of a wheel of radius r on a concave surface of radius R

(Fig. 1.6b). The center of the wheel has a velocity

vO ′ = rωeφ = (R − r )φ̇eφ (1.51)

so

φ̇ = rω

R − r
(1.52)

In this case, the acceleration of the contact point is

aC = aO ′ + aC/O ′ (1.53)

where

aO ′ = (R − r ) φ̈eφ − (R − r ) φ̇2er

= r ω̇eφ − r2ω2

R − r
er (1.54)

aC/O ′ = −r ω̇eφ − rω2er (1.55)

Thus, we obtain

aC = −
(
r + r2

R − r

)
ω2er = −

(
Rr

R − r

)
ω2er (1.56)
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er
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Figure 1.7.

Notice that very large values of aO ′ and aC can occur, even for moderate values of ω, if R
is only slightly larger than r. This could occur, for example, if a shaft rotates in a sticky
bearing.

Example 1.2 Let us calculate the acceleration of a point P on the rim of a wheel of radius
r which rolls without slipping on a horizontal circular track of radius R (Fig. 1.7). The plane
of the wheel remains vertical and the position angle of P relative to a vertical line through
the center O ′ is φ.

Let us choose the unit vectors er , eθ ,k, as shown. They rotate about a vertical axis at an
angular rate ω which is the rate at which the contact point C moves along the circular path.
Since the center O ′ and C move along parallel paths with the same speed, we can write

vO ′ = r φ̇ = Rω (1.57)

from which we obtain

ω = r

R
φ̇k (1.58)

Choose C as the origin of a moving frame which rotates with the angular velocity ω.
To find the acceleration of P , let us use the general equation (1.42), namely,

a = R̈ + ω̇ × ρ + ω × (ω × ρ) + (ρ̈)r + 2ω × (ρ̇)r (1.59)

The acceleration of C is

R̈ = −Rω2er + Rω̇eθ = −r2φ̇2

R
er + r φ̈eθ (1.60)

The relative position of P with respect to C is

ρ = r sinφ eθ + r (1 + cosφ)k (1.61)

From (1.58) we obtain

ω̇ = r

R
φ̈k (1.62)
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Then

ω̇ × ρ = −r2

R
φ̈ sinφ er (1.63)

ω × (ω × ρ) = − r3

R2
φ̇2 sinφ eθ (1.64)

Upon differentiating (1.61), with eθ and k held constant, we obtain

(ρ̇)r = r φ̇ cosφ eθ − r φ̇ sinφ k (1.65)

and

2ω × (ρ̇)r = −2r2

R
φ̇2 cosφ er (1.66)

Also,

(ρ̈)r = (r φ̈ cosφ − r φ̇2 sinφ)eθ − (r φ̈ sinφ + r φ̇2 cosφ)k (1.67)

Finally, adding terms, the acceleration of P is

a = −
[
r2

R
φ̈ sinφ + r2

R
φ̇2(1 + 2 cosφ)

]
er +

[
r φ̈(1 + cosφ) − r φ̇2

(
1 + r2

R2

)
sinφ

]
eθ

− (r φ̈ sinφ + r φ̇2 cosφ)k (1.68)

Example 1.3 A particle P moves on a plane spiral having the equation

r = kθ (1.69)

where k is a constant (Fig. 1.8). Let us find an expression for its acceleration. Also solve
for the radius of curvature of the spiral at a point specified by the angle θ.

r

x

P

y
er

et

eq en

q

α

Figure 1.8.
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First note that the unit vectors (er , eθ ) rotate with an angular velocity

ω = θ̇k (1.70)

where the unit vector k points out of the page. We obtain

ėr = ω × er = θ̇eθ
(1.71)

ėθ = ω × eθ = −θ̇er

The position vector of P is

r = rer (1.72)

and its velocity is

v = ṙ = ṙer + r ėr = ṙer + r θ̇eθ (1.73)

The acceleration of P is

a = v̇ = r̈er + ṙ ėr + r θ̈eθ + ṙ θ̇eθ + r θ̇ ėθ

= (r̈ − r θ̇2)er + (r θ̈ + 2ṙ θ̇ )eθ

= (kθ̈ − kθ θ̇2)er + (kθ θ̈ + 2kθ̇2)eθ (1.74)

The radius of curvature at P can be found by first establishing the orthogonal unit vectors
(et , en) and then finding the normal component of the acceleration. The angle α between
the unit vectors et and eθ is obtained by noting that

tanα = vr

vθ
= ṙ

r θ̇
= kθ̇

kθ θ̇
= 1

θ
(1.75)

and we see that

sinα = 1√
1 + θ2

(1.76)
cosα = θ√

1 + θ2

The normal acceleration is

an = −ar cosα + aθ sinα (1.77)

where, from (1.74),

ar = kθ̈ − kθ θ̇2

(1.78)
aθ = kθ θ̈ + 2kθ̇2

Thus, we obtain

an = kθ̇2

√
1 + θ2

(2 + θ2) (1.79)
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From (1.29), using tangential and normal components, we find that the normal accelera-
tion is

an = ṡ2

ρ
= v2

ρ
= v2

r + v2
θ

ρ
= k2θ̇2(1 + θ2)

ρ
(1.80)

where ρ is the radius of curvature. Comparing (1.79) and (1.80), the radius of curvature at
P is

ρ = k(1 + θ2)3/2

2 + θ2
(1.81)

Notice that ρ varies from 1
2k at θ = 0 to r for very large r and θ.

1.2 Systems of particles

A system of particles with all its interactions constitutes a dynamical system of great gen-
erality. Consequently, it is important to understand thoroughly the principles which govern
its motions. Here we shall establish some of the basic principles. Later, these principles will
be used in the study of rigid body dynamics.

Equations of motion

Consider a system of N particles whose positions are given relative to an inertial frame
(Fig. 1.9). The i th particle is acted upon by an external force Fi and by N − 1 internal

x

mj

mi

y

z

O

rj

rc

Fj

ri

Fi

fij

fji
c.m.

Figure 1.9.
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interaction forces fi j ( j �= i) due to the other particles. The equation of motion for the i th
particle is

mi r̈i = Fi +
N∑

j=1

fi j (1.82)

The right-hand side of the equation is equal to the total force acting on the i th particle,
external plus internal, and we note that fi i = 0; that is, a particle cannot act on itself to
influence its motion.

Now sum (1.82) over the N particles.

N∑
i=1

mi r̈i =
N∑

i=1

Fi +
N∑

i=1

N∑
j=1

fi j (1.83)

Because of Newton’s law of action and reaction, we have

f j i = −fi j (1.84)

and therefore

N∑
i=1

N∑
j=1

fi j = 0 (1.85)

The center of mass location is given by

rc = 1

m

N∑
i=1

miri (1.86)

where the total mass m is

m =
N∑

i=1

mi (1.87)

Then (1.83) reduces to

mr̈c = F (1.88)

where the total external force acting on the system is

F =
N∑

i=1

Fi (1.89)

This result shows that the motion of the center of mass of a system of particles is the same
as that of a single particle of total mass m which is driven by the total external force F.

The translational or linear momentum of a system of N particles is equal to the vector
sum of the momenta of the individual particles. Thus, using (1.3), we find that

p =
N∑

i=1

pi =
N∑

i=1

mi ṙi (1.90)
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where each particle mass mi is constant. Then, for the system, the rate of change of mo-
mentum is

ṗ =
N∑

i=1

ṗi =
N∑

i=1

mi r̈i = F (1.91)

in agreement with (1.88). Note that if F remains equal to zero over some time interval, the
linear momentum remains constant during the interval. More particularly, if a component
of F in a certain fixed direction remains at zero, then the corresponding component of p is
conserved.

Angular momentum

The angular momentum of a single particle of mass mi about a fixed reference point O
(Fig. 1.10) is

Hi = ri × mi ṙi = ri × pi (1.92)

which has the form of a moment of momentum. Upon summation over N particles, we find
that the angular momentum of the system about O is

HO =
N∑

i=1

Hi =
N∑

i=1

ri × mi ṙi (1.93)

Now consider the angular momentum of the system about an arbitrary reference point
P . It is

Hp =
N∑

i=1

ρi × mi ρ̇i (1.94)

x

y

z

O

P
rp

rc

ri

rc

ri

mi

c.m.

Figure 1.10.
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Notice that the velocity ρ̇i is measured relative to the reference point P rather than being an
absolute velocity. The use of relative versus absolute velocities in the definition of angular
momentum makes no difference if the reference point is either fixed or at the center of mass.
There is a difference, however, in the form of the equation of motion for the general case of
an accelerating reference point P , which is not at the center of mass. In this case, the choice
of relative velocities yields simpler and physically more meaningful equations of motion.

To find the angular momentum relative to the center of mass, we take the reference point
P at the center of mass (ρc = 0) and obtain

Hc =
N∑

i=1

ρi × mi ρ̇i (1.95)

where ρi is now the position vector of particle mi relative to the center of mass.
Now let us write an expression for Hc when P is not at the center of mass. We obtain

Hc =
N∑

i=1

(ρi − ρc) × mi (ρ̇i − ρ̇c)

(1.96)

=
N∑

i=1

ρi × mi ρ̇i − ρc × mρ̇c

where
N∑

i=1

miρi = mρc (1.97)

Then, recalling (1.94), we find that

Hp = Hc + ρc × mρ̇c (1.98)

This important result states that the angular momentum about an arbitrary point P is equal
to the angular momentum about the center of mass plus the angular momentum due to the
relative translational velocity ρ̇c of the center of mass. Of course, this result also applies to
the case of a fixed reference point P when ρ̇c is an absolute velocity.

Now let us differentiate (1.93) with respect to time in order to obtain an equation of
motion. We obtain

ḢO =
N∑

i=1

ri × mi r̈i (1.99)

where, from Newton’s law,

mi r̈i = Fi +
N∑

j=1

fi j (1.100)

and we note that
N∑

i=1

N∑
j=1

ri × fi j = 0 (1.101)
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since, by Newton’s third law, the internal forces fi j occur in equal, opposite, and collinear
pairs. Hence we obtain an equation of motion in the form

ḢO =
N∑

i=1

ri × Fi = MO (1.102)

where MO is the applied moment about the fixed point O due to forces external to the
system.

In a similar manner, if we differentiate (1.95) with respect to time, we obtain

Ḣc =
N∑

i=1

ρi × mi ρ̈i (1.103)

where ρi is the position vector of the i th particle relative to the center of mass. From
Newton’s law of motion for the i th particle,

mi (r̈c + ρ̈i ) = Fi +
N∑

j=1

fi j (1.104)

Now take the vector product of ρi with both sides of this equation and sum over i.We find
that
N∑

i=1

ρi × mi r̈c = 0 (1.105)

since
N∑

i=1

miρi = 0 (1.106)

for a reference point at the center of mass. Also,

N∑
i=1

N∑
j=1

ρi × fi j = 0 (1.107)

because the internal forces fi j occur in equal, opposite, and collinear pairs. Hence we obtain

N∑
i=1

ρi × mi ρ̈i =
N∑

i=1

ρi × Fi = Mc (1.108)

and, from (1.103) and (1.108),

Ḣc = Mc (1.109)

where Mc is the external applied moment about the center of mass.
At this point we have found that the basic rotational equation

Ḣ = M (1.110)

applies in each of two cases: (1) the reference point is fixed in an inertial frame; or (2) the
reference point is at the center of mass.
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Finally, let us consider the most general case of an arbitrary reference point P . Upon
differentiating (1.98) with respect to time, we obtain

Ḣp = Ḣc + ρc × mρ̈c

= Mc + ρc × mρ̈c (1.111)

But, from Newton’s law of motion for the system,

m(r̈p + ρ̈c) = F (1.112)

so we obtain

Ḣp = Mc + ρc × (F − mr̈p) (1.113)

The applied moment about P is

Mp = Mc + ρc × F (1.114)

Thus, the rotational equation for this general case is

Ḣp = Mp − ρc × mr̈p (1.115)

We note immediately that this equation reverts to the simpler form of (1.110) if P is a fixed
point (r̈p = 0) or if P is located at the center of mass (ρc = 0). The right-hand term also
vanishes if ρc and r̈p are parallel.

Accelerating frames

Consider a particle of mass mi and its motion relative to a noninertial reference frame
that is not rotating but is translating with point P at its origin (Fig. 1.10). The equation of
motion is

mi (r̈p + ρ̈i ) = Fi (1.116)

where Fi is now the total force acting on the particle. Relative to the accelerating frame,
the equation of motion has the form

mi ρ̈i = Fi − mi r̈p (1.117)

The term −mi r̈p can be regarded as an inertia force due to the acceleration of the frame.
Note that the same equation of motion is obtained if we assume that the frame attached to
P is not accelerating, but instead there is a uniform gravitational field with an acceleration
of gravity −r̈p.

As another example of motion relative to an accelerating reference frame, consider again
the rotational equation given in (1.115). We can write it in the form

Ḣp = Mp −
N∑

i=1

ρi × mi r̈p (1.118)
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since

mρc =
N∑

i=1

miρi (1.119)

gives the position ρc of the center of mass. The last term of (1.118) can be interpreted as
the moment about P of individual inertia forces −mi r̈p that act on each particle mi , the
forces being parallel in the manner of an artificial gravitational field. The total moment of
these inertial forces, as given in (1.115), is −ρc × mr̈p, which can be considered as a total
inertia force −mr̈p acting at the center of mass.

The concept of inertia forces and an artificial gravitational field due to an accelerating
reference frame can be expressed as the following principle of relative motion: All the
results and principles derivable from Newton’s laws of motion relative to an inertial frame
can be extended to apply to an accelerating but nonrotating frame if the inertia forces
associated with the acceleration of the frame are considered as additional forces acting
on the particles of the system. This important result is particularly useful if some reference
point in the system has an acceleration that is a known function of time. Note that it applies
to work and energy principles relative to the accelerating frame without having to solve for
the forces causing the acceleration.

Work and energy

The kinetic energy of a particle of mass mi moving with speed vi relative to an inertial
frame is

Ti = 1

2
miv

2
i (1.120)

The total kinetic energy of a system of N particles is found by summing over the particles,
resulting in

T =
N∑

i=1

Ti = 1

2

N∑
i=1

miv
2
i (1.121)

Let us use the notation that

v2
i ≡ ṙ2

i ≡ ṙi · ṙi (1.122)

and assume a center of mass reference point such that

ri = rc + ρi (1.123)

The total kinetic energy can be written in the form

T = 1

2

N∑
i=1

mi ṙ2
i = 1

2

N∑
i=1

mi (ṙc + ρ̇i ) · (ṙc + ρ̇i )

= 1

2
mṙ2

c + 1

2

N∑
i=1

mi ρ̇
2
i (1.124)
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where we recall that

N∑
i=1

miρi = 0 (1.125)

for this center of mass reference point. Equation (1.124) is an expression of Koenig’s
theorem: The total kinetic energy of a system of particles is equal to that due to the total
mass moving with the velocity of the center of mass plus that due to the motion of individual
particles relative to the center of mass.

As a further generalization, let us consider a system of particles with a general reference
point P (Fig. 1.10). Here we have

ri = rp + ρi (1.126)

and the total kinetic energy is

T = 1

2

N∑
i=1

mi ṙ2
i = 1

2

N∑
i=1

mi (ṙp + ρ̇i ) · (ṙp + ρ̇i )

= 1

2
mṙ2

p + 1

2

N∑
i=1

mi ρ̇
2
i + ṙp · mρ̇c (1.127)

We see that the total kinetic energy is the sum of three parts: (1) the kinetic energy due
to the total mass moving at the speed of the reference point; (2) the kinetic energy due
to motion relative to the reference point; and (3) the scalar product of the reference point
velocity and the linear momentum of the system relative to the reference point. Equation
(1.127) is an important and useful result. It is particularly convenient in the analysis of
systems having a reference point whose motion is known but which is not at the center of
mass.

Now let us look into the relationship between the work done on a system of particles
and its kinetic energy. We start with the equation of motion for the i th particle, as in (1.82),
namely,

mi r̈i = Fi +
N∑

j=1

fi j (1.128)

Assume that the i th particle moves over a path from Ai to Bi . Take the dot product of each
side with dri and evaluate the corresponding line integrals. We obtain∫ Bi

Ai

mi r̈i · dri = 1

2
mi

∫ tB

tA

d

dt

(
ṙ2
i

)
dt = 1

2
mi
(
v2

Bi
− v2

Ai

)
(1.129)

which is the increase in kinetic energy of the i th particle. The line integral on the right is

Wi =
∫ Bi

Ai

(
Fi +

N∑
j=1

fi j

)
· dri (1.130)
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which is the total work done on the i th particle by the external plus internal forces. Now
sum over all the particles. The total work done on the system is

W =
N∑

i=1

Wi =
N∑

i=1

∫ Bi

Ai

(
Fi +

N∑
j=1

fi j

)
· dri (1.131)

and the increase in the total kinetic energy is

TB − TA = 1

2

N∑
i=1

mi
(
v2

Bi
− v2

Ai

)
(1.132)

Thus, equating the line integrals obtained from (1.128), we find that

TB − TA = W (1.133)

This is the principle of work and kinetic energy: The increase in the kinetic energy of a
system of particles over an arbitrary time interval is equal to the work done on the system
by external and internal forces during that time. Since this principle applies continuously
to an evolving system, we see that

Ṫ = Ẇ (1.134)

that is, the rate of increase of kinetic energy is equal to the rate of doing work by the forces
acting on the system.

If we choose a center of mass reference point, we have

ri = rc + ρi (1.135)

and the work done on the system can be written in the form

W =
∫ Bc

Ac

F · drc +
N∑

i=1

∫ Bi

Ai

(
Fi +

N∑
j=1

fi j

)
· dρi (1.136)

where Ac and Bc are the end-points of the path followed by the center of mass. The equation
of motion for the center of mass is identical in form with that of a single particle; hence,
they will have similar work–energy relationships. Therefore, the work done by the total
external force F in moving through the displacement of the center of mass must equal the
increase in the kinetic energy associated with the center of mass motion, as given in the first
term of (1.124). Then the remaining term in the work expression, representing the work of
the external and internal forces in moving through displacements relative to the center of
mass, must equal the increase in the kinetic energy of relative motions, that is, in the change
in the last term of (1.124).

Conservation of energy

Let us consider a particle whose position (x, y, z) is given relative to an inertial Cartesian
frame. Suppose that the work done on the particle in an arbitrary infinitesimal displacement is

dW = F · dr = Fxdx + Fydy + Fzdz (1.137)
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and the right-hand side is equal to the total differential of a function of position. Let us take

dW = −dV = −∂V
∂x

dx − ∂V
∂y

dy − ∂V
∂z

dz (1.138)

where the minus sign is chosen for convenience and the potential energy function is
V (x, y, z). Then, since dr is arbitrary, we can equate coefficients to obtain

Fx = −∂V
∂x
, Fy = −∂V

∂y
, Fz = −∂V

∂z
(1.139)

or, using vector notation,

F = −∇V (1.140)

that is, the force is equal to the negative gradient of V (x, y, z).
In accordance with the principle of work and kinetic energy, the increase in kinetic energy

is

dT = dW = −dV (1.141)

so we find that

Ṫ + V̇ = 0 (1.142)

or, after integration with respect to time,

T + V = E (1.143)

where the total energy E is a constant. This is the principle of conservation of energy applied
to a rather simple system.

This principle can easily be extended to apply to a system of N particles whose positions
are given by the 3N Cartesian coordinates x1, x2, . . . , x3N . In this case, the kinetic energy
T is the sum of the individual kinetic energies, and the overall potential energy V (x) is a
function of the particle positions. The force in the positive x j direction obtained from V is

Fj = − ∂V
∂x j

(1.144)

The system will be conservative, that is, the total energy T + V will be constant if it
meets the following conditions: (1) the potential energy V (x) is a function of position only
and not an explicit function of time; and (2) all forces which do work on the system in
the actual motion are obtained from the potential energy in accordance with (1.144); any
constraint forces do no work. Later the concept of a conservative system will be extended
and generalized.

It sometimes occurs that the forces doing work on a system are all obtained from a
potential energy function of the more general form V (x, t) by using (1.144) or (1.140).
In this case, the forces are termed monogenic, that is, derivable from a potential energy
function, whether conservative or not.
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Example 1.4 Let us consider the form of the potential energy function in various common
cases.

Uniform gravity Suppose a particle of mass m is located at a distance y above a reference
level in the presence of a uniform gravitational field whose gravitational acceleration is g,
as shown in Fig. 1.11a. The downward force acting on the particle is its weight

w = mg (1.145)

From (1.139) we obtain

Fy = −∂V
∂y

= −mg (1.146)

which can be integrated to yield the potential energy

V (y) = mgy (1.147)

The constant of integration has been chosen equal to zero in order to give zero potential
energy at the reference level.

Inverse-square gravity A uniform spherical body of mass m0 and radius R exerts a gravi-
tational attraction on a particle of mass m located at a distance r from the center O , as
shown in Fig. 1.11b. The radial force on the particle has the form

Fr = − K

r2
(r ≥ R) (1.148)
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where K = Gm0m. The universal gravitational constant G has the value

G = 6.673 × 10−11 N · m2/kg2

and we have used units of Newtons, meters, and kilograms. Equation (1.148) is a statement
of Newton’s law of gravitation where each attracting body is regarded as a particle. Using
(1.144) we obtain

−∂V
∂r

= − K

r2
(1.149)

which integrates to

V (r ) = − K

r
(1.150)

and we note that the gravitational potential energy is generally negative, but goes to zero as
r → ∞.

Linear spring A commonly encountered form of potential energy is that due to elastic
deformation. As an example, consider a particle P which is attached by a linear spring of
stiffness k to a fixed point O , as shown in Fig. 1.11c. The force of the spring acting on the
particle is

Fx = −∂V
∂x

= −kx (1.151)

where x is the elongation of the spring, measured from its unstressed position. Integration
of (1.151) yields the potential energy

V (x) = 1

2
kx2 (1.152)

Example 1.5 A particle of mass m is displaced slightly from its equilibrium position
at the top of a smooth fixed sphere of radius r , and it slides downward due to gravity
(Fig. 1.12). We wish to solve for its velocity as a function of position, and the angle θ at
which it loses contact with the sphere.

Rather than writing the tangential equation of motion involving θ̈ and then integrating,
we can solve directly for the velocity of the particle by using conservation of energy. We
see that

T = 1

2
mv2 (1.153)

and, using the center O as the reference level,

V = mgr cos θ (1.154)

Conservation of energy results in

T + V = 1

2
mv2 + mgr cos θ = mgr (1.155)
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and, solving for the velocity, we obtain

v =
√

2gr (1 − cos θ ) (1.156)

Let N be the radial force of the sphere acting on the particle. The radial equation of motion
is

mar = −mv2

r
= N − mg cos θ (1.157)

From (1.156) and (1.157) we obtain

N = mg (3 cos θ − 2) (1.158)

The particle leaves the sphere when the force N decreases to zero, that is, when

cos θ = 2

3
or θ = 48.19◦ (1.159)

Example 1.6 Particles A and B, each of mass m, are connected by a rigid massless rod
of length l, as shown in Fig. 1.13. Particle A is restrained by a linear spring of stiffness k,
but can slide without friction on a plane inclined at 45◦ with the horizontal. We wish to
obtain the differential equations for the planar motion of this system under the action of
gravity.

It will simplify matters if we can obtain the differential equations of motion without
having to solve for either the normal constraint force of the inclined plane acting on particle
A, or for the compressive force of the rod acting on both particles. First, let us write Newton’s
law for the motion of the center of mass in the x-direction. We obtain

2m

[
ẍ + 1

2
l θ̈ cos(θ − 45◦) − 1

2
l θ̇2 sin(θ − 45◦)

]
= −kx + 2mg sin 45◦

or

2mẍ + ml√
2
θ̈ (cos θ + sin θ ) − ml√

2
θ̇2(sin θ − cos θ ) = −kx +

√
2 mg (1.160)
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where x is measured from the position of zero force in the spring. This is the x equation of
motion.

Next, let us write the rotational equation, using A as a reference point where A has
an acceleration ẍ down the plane. Thus, we must use (1.118) for motion relative to an
accelerating frame. This means that an inertia force mẍ is applied at B and is directed
upward, parallel to the plane. Then, relative to A, the gravitational and inertial moments are
added. Thus, we obtain

Ḣ = ml2θ̈ = mgl sin θ − mlẍ cos(θ − 45◦)

or

ml2θ̈ + ml√
2
ẍ (cos θ + sin θ ) = mgl sin θ (1.161)

This is the θ equation of motion.

Example 1.7 Three particles, each of mass m, are located at the vertices of an equilateral
triangle and are in plane rotational motion about the center of mass (Fig. 1.14). They
are subject to mutual pairwise gravitational attractions as the separation l = l0 remains
constant. (a) Solve for the required angular velocity ω = ω0. (b) Now suppose that with
l = l0 and l̇ = 0, the angular velocity is suddenly changed to 1

2ω0. Find the minimum
value of l in the ensuing motion, assuming that an equilateral configuration is maintained
continuously.
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First consider the force acting on particle C due to particles A and B. In accordance with
Newton’s law of gravitation, the vertical components add to give

Fr = −
√

3 Gm2

l2
0

= − Gm2

√
3 r2

0

(1.162)

since l0 = √
3 r0. From the radial equation of motion for particle C we obtain

mar = Fr

or

mr0ω
2
0 = Gm2

√
3 r2

0

(1.163)

Thus, we obtain the angular velocity

ω0 =
(

Gm√
3 r3

0

)1/2

=
(

3Gm

l3
0

)1/2

(1.164)

Now let us assume the initial conditions r (0) = r0, ṙ (0) = 0, ω(0) = 1
2ω0. We can use

conservation of energy and of angular momentum to solve for the minimum value of r , and
therefore of l. Let us concentrate on particle C alone since the system values are three times
those of a single particle. The potential energy can be obtained by first recalling that the
radial force

Fr = −∂V
∂r

= − Gm2

√
3 r2

(1.165)

which can be integrated to yield the general expression

V = − Gm2

√
3 r

(1.166)

where the integration constant is set equal to zero.
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When r = rmin we have ṙ = 0 so the kinetic energy of particle C has the form

T = 1

2
mr2ω2 (1.167)

Then, noting the initial conditions, the conservation of energy results in

T + V = 1

2
mr2ω2 − Gm2

√
3 r

= 1

8
mr2

0ω
2
0 − Gm2

√
3 r0

(1.168)

Conservation of angular momentum about the center of mass is expressed by the equation

H = mr2ω = 1

2
mr2

0 ω0 (1.169)

Hence

ω = r2
0 ω0

2 r2
(1.170)

Now substitue for ω from (1.170) into (1.168) and use (1.164). After some algebraic sim-
plification we obtain the quadratic equation

7r2 − 8r0r + r2
0 = 0 (1.171)

which has the roots

r1,2 = r0,
1

7
r0 (1.172)

one of which is the initial condition. Thus

rmin = 1

7
r0 and lmin = 1

7
l0 (1.173)

Friction

Systems with friction are characterized by the loss of energy due to relative motion of the
particles. Thus, in general, they are not conservative. The two principal types of frictional
forces to be considered here are linear damping and Coulomb friction.

Linear damping

A linear viscous damper with a damping coefficient c is shown connected between two
particles in Fig. 1.15. It is assumed to be massless and produces a tensile force proportional
to the relative separation rate of the particles in accordance with the equation

Fi = c (ẋ j − ẋ i ) (1.174)

In other words, the damper force always opposes any relative motion of the particles and
therefore does negative work on the system, dissipating energy whenever a relative velocity
exists.
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Coulomb friction

A Coulomb friction force is dissipative, like other friction forces, but is nonlinear; that is,
the friction force is a nonlinear function of the relative sliding velocity. As an example,
suppose that block A slides with velocity vr relative to block B, as shown in Fig. 1.16. The
force of block B acting on block A has a positive normal component N and a tangential
friction component µN , where the coefficient of sliding friction µ is independent of the
relative sliding velocity vr . In detail, the Coulomb friction force is

Ff = −µN sgn(vr ) (1.175)

where Ff and vr are positive in the same direction and where sgn(vr ) equals ± 1, depending
on the sign of vr . Note that Ff is independent of the contact area.

In the case vr = 0, that is, for no sliding, the force of friction can have any magnitude
less than that required to initiate sliding. The actual force in this case is obtained from the
equations of statics. Although the force required to begin sliding is actually slightly larger
than that required to sustain it, we shall ignore this difference and assume that Ff as a
function of vr is given by Fig. 1.16b or (1.175).

Since the magnitude |Ff | ≤ µN , we see that the direction of the total force of block B
acting on block A cannot deviate from the normal to the sliding surface by more than an
angle φ where

tanφ = µ (1.176)

This leads to the idea of a cone of friction having a semivertex angle φ. The total force
vector must lie on or within the cone of friction. It lies on the cone during sliding.
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Example 1.8 Two blocks, each of mass m, are connected by a linear damper and spring
in series, as shown in Fig. 1.17. They can slide without friction on a horizontal plane. First,
we wish to derive the differential equations of motion.

Using Newton’s law of motion, we find that the x1 equation is

mẍ1 = c(ẋ3 − ẋ1) (1.177)

Similarly, the x2 equation is

mẍ2 = k(x3 − x2) (1.178)

We note that the forces in the damper and spring are equal, so we obtain the first-order
equation

c (ẋ3 − ẋ1) = k (x2 − x3) (1.179)

These are the three linear differential equations of motion. They are equivalent to five
first-order equations, so the total order of the system is five.

This system is unusual because the coordinate x3, which is associated with the connecting
point P between the damper and spring, does not involve displacement of any mass. This
results in an odd total order of the system rather than the usual even number. It is also
reflected in the degree of the characteristic equation and in the required number of initial
conditions.

Second method Let us assume the initial conditions

x1(0) = 0, x2(0) = 0, x3(0) = 0 (1.180)

and

ẋ1(0) = 0, ẋ2(0) = v0 (1.181)

We see from (1.179) that ẋ3(0) = 0.
The analysis of this system can be simplified if we notice that the center of mass moves

at a constant velocity 1
2v0 due to conservation of linear momentum. Thus, a frame moving

with the center of mass is an inertial frame, and Newton’s laws of motion apply relative
to this frame. Let us use the coordinates x1c, x2c, x3c for positions relative to the center of
mass frame and assume that the origins of the two frames coincide at t = 0. Then we have
the initial conditions

x1c(0) = 0, x2c(0) = 0, x3c(0) = 0 (1.182)
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and

ẋ1c(0) = ẋ3c(0) = −1

2
v0, ẋ2c(0) = 1

2
v0 (1.183)

In general, x1c and x2c move as mirror images about the center of mass, so we can take

x1c = −x2c (1.184)

and simplify by writing equations of motion for x2c and x3c only as dependent variables.
We obtain, similar to (1.178) and (1.179),

mẍ2c + kx2c − kx3c = 0 (1.185)

cẋ3c + cẋ2c − kx2c + kx3c = 0 (1.186)

To obtain some idea of the nature of the system response, we can assume solutions of
the exponential form est , and obtain the resulting characteristic equation which turns out
to be a cubic polynomial in s. One root is zero and the other two have negative real parts.
Thus, the solutions for x2c and x3c each consist of two exponentially decaying functions of
time plus a constant. As time approaches infinity, the exponential functions will vanish with
x2c = x3c and no force in the spring or damper. The length of the linear damper, however,
will have increased by 2x3c compared with its initial value.

Finally, to obtain the solutions in the original inertial frame, we use

x1 = −x2c + 1

2
v0t (1.187)

x2 = x2c + 1

2
v0t (1.188)

x3 = x3c + 1

2
v0t (1.189)

Thus, in their final motion, the blocks each move with a velocity 1
2v0 and a separation

somewhat larger than the original value.

Example 1.9 Two stacked blocks, each of mass m, slide relative to each other as they
move along a horizontal floor, as shown in Fig. 1.18. Suppose that the initial conditions
are xA(0) = 0, ẋ A(0) = v0, xB(0) = 0, ẋ B(0) = 0. We wish to solve for the time when
sliding stops and the final positions of the blocks, assuming a coefficient of frictionµ = 0.5
between the two blocks, and µ = 0.1 between block B and the floor.

The Coulomb friction force between blocks A and B is 0.5mg whereas the friction force
between block B and the floor is 0.2mg. The friction forces oppose relative motion so the
initial accelerations of blocks A and B are

ẍ A = −0.5g (1.190)

ẍB = (0.5 − 0.2)g = 0.3g (1.191)
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Thus the relative acceleration between blocks A and B is 0.8g and the time to stop sliding
is

t1 = v0

0.8g
= 1.25

v0

g
(1.192)

At this time the common velocity of the two blocks is

v1 = ẍB t1 = 0.375v0 (1.193)

When t > t1, A and B will slide as a single block of mass 2m with an acceleration equal
to −0.1g. The stopping time for this combination is

t2 = 0.375v0

0.1g
= 3.75

v0

g
(1.194)

Thus the time required for sliding to stop completely is

t = t1 + t2 = 5
v0

g
(1.195)

The final displacement of block B is equal to its average velocity multiplied by the total
time. We obtain

xB = 1

2
v1t = 0.9375

v2
0

g
(1.196)

The final displacement of block A is equal to xB plus the displacement of A relative
to B.

xA = xB + 1

2
v0t1 = 1.5625

v2
0

g
(1.197)

1.3 Constraints and configuration space

Generalized coordinates and configuration space

Consider a system of N particles. The configuration of this system is specified by giving
the locations of all the particles. For example, the inertial location of the first particle
might be given by the Cartesian coordinates (x1, x2, x3), the location of the second particle
by (x4, x5, x6), and so forth. Thus, the configuration of the system would be given by
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(x1, x2, . . . , x3N ). In the usual case, the particles cannot all move freely but are at least
somewhat constrained kinematically in their differential motions, if not in their large motions
as well. Under these conditions, it is usually possible to give the configuration of the system
by specifying the values of fewer than 3N parameters. These n ≤ 3N parameters are called
generalized coordinates (qs) and are related to the xs by the transformation equations

xk = xk(q1, q2, . . . , qn, t) (k = 1, . . . , 3N ) (1.198)

The qs are not necessarily uniform in their dimensions. For example, the position of a
particle in planar motion may be expressed by the polar coordinates (r, θ) which have
differing dimensions. Thus, generalized coordinates may include common coordinate
systems. However, a generalized coordinate may also be chosen such that it is not identified
with any of the common coordinate systems, but represents a displacement form or shape
involving several particles. In this case, the generalized coordinate is defined assuming
certain displacement ratios and relative directions among the particles. For example, a
generalized coordinate might consist of equal radial displacements of particles at the
vertices of an equilateral triangle.

Frequently one attempts to find a set of independent generalized coordinates, but this
is not always possible. So, in general, we assume that there are m independent equations
of constraint involving the qs and possibly the q̇s. If, for the same system, there are l
independent equations of constraint involving the 3N xs (and possibly the corresponding
ẋs), then

3N − l = n − m (1.199)

and this is equal to the number of degrees of freedom. The number of degrees of freedom
is, in general, a property of the system and not of the choice of coordinates.

Since the configuration of a system is specified by the values of its n generalized coordi-
nates, one can represent any particular configuration by a point in n-dimensional configu-
ration space (Fig. 1.19). If the values of all the qs and q̇s are known at some initial time t0,
then, as time proceeds, the configuration point C will trace a solution path in configuration
space in accordance with the dynamical equations of motion and any constraint equations.
For the case of independent qs, the curve will be continuous but otherwise not constrained.
If, however, there are holonomic constraints expressed as functions of the qs and possibly
time, then the solution point must remain on a hypersurface having fewer than n dimensions,
and which may be moving and possibly changing shape. In general, then, one can represent
an evolving mechanical system by an n-dimensional vector q, drawn from the origin to the
configuration point C , tracing a path in configuration space as time proceeds. This will be
discussed further in Chapter 2.

Holonomic constraints

Suppose that the configuration of a system is specified by n generalized coordinates
(q1, . . . , qn) and assume that there are m independent equations of constraint of the form

φ j (q1, . . . , qn, t) = 0 ( j = 1, . . . , m) (1.200)
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A constraint of this form is called a holonomic constraint. A dynamical system whose
constraint equations, if any, are all of the holonomic form is called a holonomic system.

An example of a holonomic constraint is provided by a particle which is forced to move
on a sphere of radius R centered at the origin of a Cartesian frame. In this case the equation
of constraint is

φ j = x2 + y2 + z2 − R2 = 0 (1.201)

where (x, y, z) is the location of the particle. The sphere is a two-dimensional constraint
surface which is embedded in a three-dimensional Cartesian space.

The configuration of a holonomic system can always be specified using a minimal set of
generalized coordinates equal in number to the degrees of freedom. This is also the number
of dimensions of the constraint hypersurface, that is, n − m. Hence it is always possible
in theory to find a set of independent qs describing a holonomic system. For the case of a
spherical constraint surface, one could use angles of latitude and longitude to describe the
position of a particle. Another possibility might be to use the cylindrical coordinates φ and
z as qs, where φ effectively gives the longitude and z the latitude.

Nonholonomic constraints

Nonholonomic constraints may have the general form

f j (q, q̇, t) = 0 ( j = 1, . . . , m) (1.202)

but usually they have a simpler form which is linear in the velocities. Thus, we nearly
always assume that nonholonomic constraints have the form

f j =
n∑

i=1

a ji (q, t) q̇i + a jt (q, t) = 0 ( j = 1, . . . , m) (1.203)
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or the alternate differential form
n∑

i=1

a ji (q, t) dqi + a jt (q, t) dt = 0 ( j = 1, . . . , m) (1.204)

where, in either case, these expressions are not integrable. If either expression were inte-
grable, then a function φ j (q, t) would exist and (1.200) would apply, indicating that the
constraint is actually holonomic. In this case, we would have

φ̇ j (q, q̇, t) =
n∑

i=1

∂φ j

∂qi
q̇i + ∂φ j

∂t
= 0 (1.205)

and, comparing (1.203) and (1.205), we find that

a ji ≡ ∂φ j

∂qi
, a jt ≡ ∂φ j

∂t
(i = 1, . . . , n; j = 1, . . . ,m) (1.206)

for this holonomic constraint. We conclude that holonomic and “linear” nonholonomic
constraints can be expressed in the forms of (1.203) and (1.204). The holonomic case
is distinguished by its integrability. Note that the coefficients a ji (q, t) and a jt (q, t) are
generally nonlinear in the qs and t .

Other constraint classifications

A constraint is classed as scleronomic if the time t does not appear explicitly in the equation
of constraint. Otherwise, it is rheonomic. Thus, a scleronomic holonomic constraint has the
form

φ j (q) = 0 (1.207)

A scleronomic nonholonomic constraint has the form
n∑

i=1

a ji (q)q̇ i = 0 (1.208)

where we note that a jt ≡ 0.
Constraints having a jt �= 0, or a ji = a ji (q, t), or φ j = φ j (q, t) are classed as rheonomic

constraints. Typical examples of rheonomic constraints are a rod of varying length l(t)
connecting two particles in the holonomic case, or a knife edge whose orientation angle is
an explicit function of time in the nonholonomic case.

A catastatic constraint has ∂φ j/∂t ≡ 0 if holonomic, or a jt ≡ 0 if nonholonomic.
Catastatic constraints have an important place in dynamical theory. Note that all scleronomic
constraints are also catastatic, but not necessarily vice versa. For example, a nonholonomic
constraint having the form

n∑
i=1

a ji (q, t) q̇ i = 0 (1.209)

is catastatic but is not scleronomic.
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Dynamical systems can also be classified as scleronomic or rheonomic. A scleronomic
system satisfies the conditions that: (1) all constraints, if any, are scleronomic; and (2)
the transformation equations, given by (1.198), which relate inertial Cartesian coordinates
and generalized coordinates do not contain time explicitly. As an example illustrating the
importance of the second condition, consider a particle moving on a spherical surface,
centered at the origin, whose radius R(t) is a known function of time. We can use the
spherical coordinates θ and φ as independent generalized coordinates, that is, there are no
constraints on the qs. Hence, the first condition is satisfied. The transformation equations,
however, are

x = R(t) sin θ cosφ

y = R(t) sin θ sinφ (1.210)

z = R(t) cos θ

These transformation equations do not satisfy the second condition, so the system is rheo-
nomic.

Another classification of dynamical systems involves the categories catastatic or
acatastatic. A catastatic system satisfies the conditions that: (1) all constraints, if any,
are catastatic; and (2) the system is capable of being continuously at rest by setting all the
q̇s equal to zero. This implies that ∂xk/∂t ≡ 0 for k = 1, . . . , 3N ; that is, for all the trans-
formation equations. In other words, xk = xk(q) in agreement with the second condition
for a scleronomic system. Acatastatic means not catastatic.

Accessibility

Constraint equations, either holonomic or nonholonomic, are kinematic in nature; that is,
they put restrictions on the possible motions of a system, irrespective of the dynamical
equations. There is an important difference in these possible motions that distinguishes
holonomic from nonholonomic systems. It lies in the accessibility of points in configuration
space. For the case of holonomic constraints, the configuration point moves in a reduced
space of (n − m) dimensions since it must remain on each of m constraint surfaces, that is,
on their common intersection. Thus, certain regions of n-dimensional configuration space
are no longer accessible.

By contrast, for nonholonomic constraints, it is the differential motions which are con-
strained. Since the differential equations representing these nonholonomic constraints are
not integrable, there are no finite constraint surfaces in configuration space and there is
no reduction of the accessible region. In other words, by properly choosing the path, it is
possible to reach any point in n-dimensional q-space from any other point. As an exam-
ple, a scleronomic nonholonomic constraint, as given in (1.208), can be represented by an
(n − m)-dimensional planar differential surface element. Any differential displacement dq
must lie within that plane but is otherwise unconstrained. It is possible, however, to steer
the configuration point C and its differential element to any point of configuration space,
provided that more than one degree of freedom exists. A scleronomic system with only one
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degree of freedom is not steerable, and therefore any such system must be integrable and
holonomic, and not fully accessible.

Exactness and integrability

Now let us consider the conditions under which a constraint function f j (q, q̇, t) is integrable.
If it is integrable, then a function φ j (q, t) exists whose total time derivative is equal to
f j (q, q̇, t), that is,

f j = φ̇ j (q, q̇, t) =
n∑

i=1

∂φ j

∂qi
q̇i + ∂φ j

∂t
(1.211)

We see immediately that f j must be linear in the q̇s, so let us consider the linear form

f j =
n∑

i=1

a ji (q, t) q̇ i + a jt (q, t) (1.212)

as in (1.203). By comparing (1.211) and (1.212) we can equate coefficients as follows:

a ji (q, t) = ∂φ j

∂qi
, a jt (q, t) = ∂φ j

∂t
(1.213)

for all i and j . If f j (q, q̇, t) is integrable, we know that a function φ j (q, t) exists and that

∂2φ j

∂qk∂qi
= ∂2φ j

∂qi∂qk
,

∂2φ j

∂qi∂t
= ∂2φ j

∂t ∂qi
(1.214)

that is, the order of partial differentiation is immaterial. In terms of a ji s we have

∂a ji

∂qk
= ∂a jk

∂qi
(i, k = 1, . . . , n)

(1.215)
∂a jt

∂qi
= ∂a ji

∂t
(i = 1, . . . , n)

These are the exactness conditions for integrability. In general, a function f j (q, q̇, t) is
integrable if it has the linear form of (1.212) and if it is either (1) exact as it stands
or (2) can be made exact through multiplication by an integrating factor of the form
Mj (q, t).

There is an alternative form of the exactness conditions for the case in which f j (q, q̇, t)
has the linear form of (1.212). First, we see that

d

dt

(
∂ f j

∂q̇ i

)
= ȧ j i =

n∑
k=1

∂a ji

∂qk
q̇k + ∂a ji

∂t
(1.216)

Also, changing the summing index from i to k in (1.212), we obtain

∂ f j

∂qi
=

n∑
k=1

∂a jk

∂qi
q̇k + ∂a jt

∂qi
(1.217)
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Hence we find that

d

dt

(
∂ f j

∂ q̇ i

)
− ∂ f j

∂qi
=

n∑
k=1

(
∂a ji

∂qk
− ∂a jk

∂qi

)
q̇k + ∂a ji

∂t
− ∂a jt

∂qi
(1.218)

If the exactness conditions of (1.215) are satisfied, it follows that

d

dt

(
∂ f j

∂ q̇ i

)
− ∂ f j

∂qi
= 0 (i = 1, . . . , n) (1.219)

Conversely, if (1.219) is satisfied for all q̇s satisfying the constraints, then, from (1.218),
we see that the exactness conditions must apply. Hence, (1.215) and (1.219) are equivalent
statements of the exactness conditions.

Another approach to the question of integrability lies in the use of Pfaffian differential
forms. A Pfaffian differential form � in the r variables x1, . . . , xr can be written as

� = X1(x)dx1 + · · · + Xr (x)dxr (1.220)

where the coefficients are functions of the xs, in general. If the differential form is exact it
is equal to the total differential d� of a function �(x). The exactness conditions are

∂Xi

∂x j
= ∂X j

∂xi
(i, j = 1, . . . , r ) (1.221)

that is, for all i and j . The differential form� is integrable if it is exact, or if it can be made
exact through multiplication by an integrating factor of the form M(x).

Returning now to a consideration of nonholonomic constraints, we can write the Pfaffian
differential form

� j =
n∑

i=1

a ji (q, t)dqi + a jt (q, t)dt = 0 ( j = 1, . . . ,m) (1.222)

which we recognize as having been presented previously in (1.204). Of course, the exactness
conditions are, as before, those given in (1.215).

Differential forms have wide application in the study of dynamics. A common example
is the differential expression

dW =
3N∑
k=1

Fk(x)dxk (1.223)

for the work done in an inertial Cartesian frame on a system of N particles by the Cartesian
force components Fk(x). This differential form may or may not be integrable. The question
of integrability is important since it relates to the existence of a potential energy function.
If integrable, there exists a potential energy function of the form V (x).

1.4 Work, energy and momentum

With the introduction of generalized coordinates and their use in specifying the kinematic
constraints on dynamical systems, we need to consider an expanded, generalized view of
work, energy, and momentum.
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Virtual displacements

Suppose that the vector ri (q, t) gives the location of some point in a mechanical system;
for example, it might be the position vector of the i th particle written in terms of the n qs
and time. Now consider an actual differential displacement

dri =
n∑

j=1

∂ri

∂q j
dq j + ∂ri

∂t
dt (1.224)

which occurs during an infinitesimal time interval dt . If there are m holonomic constraint
equations, the dqs must satisfy

dφ j =
n∑

i=1

∂φ j

∂qi
dqi + ∂φ j

∂t
dt = 0 ( j = 1, . . . ,m) (1.225)

On the other hand, if there are m nonholonomic constraints, the dqs satisfy

n∑
i=1

a ji (q, t) dqi + a jt (q, t) dt = 0 ( j = 1, . . . ,m) (1.226)

as given previously in (1.204).
Now let us hold time fixed by setting dt = 0 and imagine a virtual displacement δri in

ordinary three-dimensional space for each of N particles.

δri =
n∑

j=1

∂ri

∂qi
δqi (i = 1, . . . , N ) (1.227)

The virtual displacement of the system can also be described by the n-dimensional vector
δq in configuration space. If there are constraints acting on the system, the δqs must satisfy
instantaneous or virtual constraint equations of the form

n∑
i=1

∂φ j

∂qi
δqi = 0 ( j = 1, . . . ,m) (1.228)

for the holonomic case, or

n∑
i=1

a ji δqi = 0 ( j = 1, . . . ,m) (1.229)

for nonholonomic constraints.
A comparison of (1.228) and (1.229) with (1.225) and (1.226) shows that virtual dis-

placements and actual displacements are different, in general, since they satisfy different
constraint equations. If the constraints are catastatic, however; that is, if any holonomic
constraints are of the form φ j (q) = 0, and if all nonholonomic constraints have a jt = 0,
then the virtual and actual small displacements satisfy the same set of constraint equations.
Of course, the actual motion also satisfies the equations of motion.

The forms of (1.228) and (1.229), which are linear in the δqs, indicate that the virtual dis-
placements lie in an (n − m)-dimensional hyperplane at the operating point inn-dimensional



42 Introduction to particle dynamics

configuration space, in accordance with the constraints. For holonomic constraints, the plane
is tangent to the constraint surface at the operating point.

Virtual work

The concept of virtual work is fundamental to a proper understanding of dynamical theory.
First, it must be emphasized that there is a distinction between work and virtual work. The
work done by a force Fi acting on the i th particle as it moves between points Ai and Bi in
an inertial frame is equal to the line integral

Wi =
∫ Bi

Ai

Fi · dri (1.230)

where ri is the position vector of the i th particle. For a system of N particles, the work done
in an arbitrary small displacement of the system is

dW =
N∑

i=1

Fi · dri =
3N∑
k=1

Fkdxk (1.231)

where (x1, . . . , x3N ) are the Cartesian coordinates of the N particles and the Fk are the
corresponding force components applied to the particles.

Now let us transform to generalized coordinates using (1.198) and (1.224). The work
done on the system during a small displacement in the time interval dt is

dW =
N∑

i=1

n∑
j=1

Fi · ∂ri

∂q j
dq j +

N∑
i=1

Fi · ∂ri

∂t
dt (1.232)

or, in terms of Cartesian coordinates,

dW =
3N∑
k=1

n∑
j=1

Fk
∂xk

∂q j
dq j +

3N∑
k=1

Fk
∂xk

∂t
dt (1.233)

At this point it is convenient to introduce the velocity coefficients γ i j and γ i t defined by

γ i j = ∂ri

∂q j
= ∂ ṙi

∂q̇ j
, γ i t = ∂ri

∂t
(1.234)

Note that these coefficients are vector quantities. Now we can write (1.224) in the form

dri =
n∑

j=1

γ i j dqi + γ i t dt (1.235)

The corresponding velocity is

vi =
n∑

j=1

γ i j q̇ j + γ i t (1.236)

We see that γ i j represents the sensitivity of the velocity vi to changes in q̇ i , whereas γ i t

is equal to the velocity vi when all qs are held constant.
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Returning now to (1.232), we can write

dW =
N∑

i=1

n∑
j=1

Fi · γ i j dq j +
N∑

i=1

Fi · γ i t dt (1.237)

The virtual work δW due to the forces Fi acting on the system is obtained by setting dt = 0
and replacing the actual displacements dri by virtual displacements δri . Thus we obtain
the alternate forms

δW =
N∑

i=1

Fi · δri =
3N∑
k=1

Fkδxk (1.238)

or

δW =
N∑

i=1

n∑
j=1

Fi · γ i j δq j =
3N∑
k=1

n∑
j=1

Fk
∂xk

∂q j
δq j (1.239)

Let us define the generalized force Q j associated with q j by

Q j =
N∑

i=1

Fi · γ i j =
3N∑
k=1

Fk
∂xk

∂q j
(1.240)

Then the virtual work can be written in the form

δW =
n∑

j=1

Q j δq j (1.241)

In general, we assume that the virtual displacements are consistent with any constraints,
that is, they satisfy (1.228) or (1.229). But, if the system is holonomic, it is particularly
convenient to choose independent δqs.

The question arises concerning why the virtual work δW receives so much attention
in dynamical theory rather than the work dW of the actual motion. The reason lies in the
nature of constraint forces. An ideal constraint is a workless constraint which may be either
scleronomic or rheonomic. By workless we mean that no work is done by the constraint
forces in an arbitrary reversible virtual displacement that satisfies the virtual constraint
equations having the form of (1.228) or (1.229). Examples of ideal constraints include
frictionless constraint surfaces, or rolling contact without slipping, or a rigid massless rod
connecting two particles. Another example is a knife-edge constraint that allows motion in
the direction of the knife edge without friction, but does not allow motion perpendicular
to the knife edge. Ideal constraint forces, such as the internal forces in a rigid body, may
do work on individual particles due to a virtual displacement, but no work is done on the
system as a whole because these forces occur in equal, opposite and collinear pairs.

It is convenient to consider the total force acting on the i th particle to be the sum of the
applied force Fi and the constraint force Ri , by which we mean an ideal constraint force.
Thus, all forces that are not ideal constraint forces are classed as applied forces. Frequently
the applied forces are known, but the constraint forces either are unknown or are difficult
to calculate.
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The advantage of using virtual displacements rather than actual displacements in dynam-
ical analyses can be seen by considering the virtual work of all the forces acting on a system
of particles. We find that

δW =
N∑

i=1

(Fi + Ri ) · δri =
N∑

i=1

Fi · δri (1.242)

since

N∑
i=1

Ri · δri = 0 (1.243)

Thus, ideal constraint forces can be ignored in calculating the virtual work of all the
forces acting on a system. On the other hand,

N∑
i=1

Ri · dri �= 0 (1.244)

in the general case, indicating that constraint forces can contribute to the work dW resulting
from a small actual displacement. To summarize, one can ignore the constraint forces in
applying virtual work methods. This advantage will carry over to equations derived using
virtual work, an example being Lagrange’s equation.

Example 1.10 In this example we will show how a generalized force can be calculated
using virtual work. In general, the generalized force Qi is equal to the virtual work per unit
δqi , assuming that the other δqs are set equal to zero, that is, assuming independent δqs.
This is in accordance with (1.241).

Consider a system (Fig. 1.20) consisting of two particles connected by a rigid rod of
length L . Let (x, y) be the position of particle 1, and let θ be the angle of the rod relative

y

x

1

2

θ

(x, y)

F

Ll

Figure 1.20.
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to the x-axis. A force F, perpendicular to the rod, is applied at a distance l from particle 1.
We wish to solve for the generalized forces Qx , Qy, and Qθ .

First, we see that

F = −F sin θ i + F cos θ j (1.245)

where i and j are Cartesian unit vectors. The virtual displacement δr at the point of appli-
cation of F is

δr = (δx − l sin θ δθ)i + (δy + l cos θ δθ)j (1.246)

Thus, the virtual work is

δW = F · δr = −F sin θ δx + F cos θ δy + Fl δθ (1.247)

From (1.241) we have

δW = Qx δx + Qy δy + Qθ δθ (1.248)

Then, by comparing coefficients of the δqs, we find that the generalized forces are

Qx = −F sin θ, Qy = F cos θ, Qθ = Fl (1.249)

Note that Qx and Qy are the x and y components of F, whereas Qθ is the moment about
particle 1.

Principle of virtual work

A system of particles is in static equilibrium if each particle of the system is in static
equilibrium. A particle is in static equilibrium if it is motionless at the initial time t = 0,
and if its acceleration remains zero for all t ≥ 0.

Now consider a catastatic system of particles; that is, all transformation equations from
inertial xs to qs do not contain time explicitly. This implies that all particles are at rest if all
q̇s equal zero. For such a system we can state the principle of virtual work: The necessary
and sufficient condition for the static equilibrium of an initially motionless catastatic system
which is subject to ideal bilateral constraints is that zero virtual work is done by the applied
forces in moving through an arbitrary virtual displacement satisfying the constraints.

To explain this principle, first assume that the catastatic system is in static equilibrium.
Then

Fi + Ri = 0 (i = 1, . . . , N ) (1.250)

implying that each particle has zero acceleration. Now take the dot product with δri and
sum over i . We obtain

N∑
i=1

(Fi + Ri ) · δri = 0 (1.251)
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and we assume that the δrs satisfy the constraints. The virtual work of the constraint forces
equals zero, that is,

N∑
i=1

Ri · δri = 0 (1.252)

Hence we find that

δW =
N∑

i=1

Fi · δri = 0 (1.253)

if the system is in static equilibrium. This is the necessary condition.
Now suppose that the system is not in static equilibrium, implying that Fi + Ri �= 0 for

at least one particle. Then it is always possible to find a virtual displacement such that

N∑
i=1

(Fi + Ri ) · δri �= 0 (1.254)

since sufficient degrees of freedom remain. Using (1.252) we conclude that a virtual dis-
placement can always be found that results in δW �= 0 if the system is not in static equilib-
rium. Thus, if δW = 0 for all possible δrs, the system must be in static equilibrium; this is
the sufficient condition.

We have assumed a catastatic system. It is possible that a particular system that is not
catastatic could, nevertheless, have a position of static equilibrium if a jt and ∂xk/∂t are not
both identically zero, but are equal to zero at the position of static equilibrium. This is a
rare situation, however.

Kinetic energy

Earlier we found that the kinetic energy of a system of N particles can be expressed in the
form

T = 1

2

N∑
i=1

miv
2
i = 1

2

3N∑
k=1

mk ẋ
2
k (1.255)

where (x1, x2, x3) is the inertial Cartesian position of the first particle whose mass is m1 =
m2 = m3, and similar notation is used to indicate the position and mass of each of the other
particles. We wish to express the same kinetic energy in terms of qs, q̇s, and possibly time.
To accomplish this, we use the transformation equation (1.198) to obtain

ẋ k =
n∑

i=1

∂xk

∂qi
q̇i + ∂xk

∂t
(k = 1, . . . , 3N ) (1.256)

Then we find that the kinetic energy is

T (q, q̇, t) = 1

2

3N∑
k=1

mk

(
n∑

i=1

∂xk

∂qi
q̇i + ∂xk

∂t

)2

(1.257)
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Let us express this kinetic energy in terms of homogeneous functions of the q̇s, that is,
separating the various powers of q̇ i . We can write

T = T2 + T1 + T0 (1.258)

where the quadratic portion is

T2 = 1

2

n∑
i=1

n∑
j=1

mi j q̇i q̇ j (1.259)

The mass coefficients mi j are

mi j (q, t) = m ji =
3N∑
k=1

mk
∂xk

∂qi

∂xk

∂q j
(i, j = 1, . . . , n) (1.260)

Note that

mi j = ∂2T

∂ q̇ i ∂ q̇ j
(1.261)

Similarly, the portion that is linear in the q̇s is

T1 =
n∑

i=1

ai q̇i (1.262)

where

ai (q, t) =
3N∑
i=1

mk
∂xk

∂qi

∂xk

∂t
(i = 1, . . . , n) (1.263)

Finally, that portion of the kinetic energy which is not a function of the q̇s is

T0(q, t) = 1

2

3N∑
k=1

mk

(
∂xk

∂t

)2

(1.264)

For a scleronomic or catastatic system, ∂xk/∂t = 0, so both T1 and T0 vanish and T = T2.
Now recall from (1.236) that the velocity of the kth particle, expressd in terms of velocity

coefficients is

vk =
n∑

i=1

γki (q, t) q̇ i + γkt (q, t) (1.265)

where

γki = ∂vk

∂q̇ i
, γkt = ∂rk

∂t
(1.266)

Thus, the kinetic energy is

T = 1

2

N∑
k=1

mk

(
n∑

i=1

γki q̇ i + γkt

)2

(1.267)
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and we find that

mi j = m ji =
N∑

k=1

mkγki · γk j (1.268)

ai =
N∑

k=1

mkγki · γkt (1.269)

T0 = 1

2

N∑
k=1

mkγ
2
kt (1.270)

Note that γkt ≡ 0 for a scleronomic or catastatic system.

Potential energy

For a system of N particles whose configuration is given in terms of 3N Cartesian coordi-
nates, the force Fk obtained from a potential energy function V (x, t) is

Fk = − ∂V
∂xk

(1.271)

in accordance with (1.144). The virtual work due to these applied forces is

δW =
3N∑
k=1

Fk δxk = −
3N∑
k=1

∂V

∂xk
δxk = −δV (1.272)

Now transform from xs to qs using (1.198). The potential energy has the form V (q, t) and
we obtain

δW = −δV = −
n∑

j=1

∂V

∂q j
δq j (1.273)

In general, we know from (1.241) that

δW =
n∑

j=1

Q j δq j (1.274)

Upon comparing coefficients of the δqs, we find that the generalized force Q j due to V (q, t)
is

Q j = − ∂V
∂q j

(1.275)

For the particular case in which V = V (q) and all the applied forces are obtained using
(1.275), the total energy T + V is conserved.

Finally, from (1.273) and the principle of virtual work we see that an initially motionless
conservative system with bilateral constraints is in static equilibrium if and only if

δV = 0 (1.276)
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for all virtual displacements consistent with the constraints. Any such static equilibrium
configuration is stable if it occurs at a local minimum of the potential energy, considered
as a function of the qs.

Example 1.11 Particles of mass m and 2m can slide freely on two rigid rods inclined at
45◦ with the horizontal (Fig. 1.21). They are connected by a linear spring of stiffness k. We
wish to solve for the inclination θ of the spring and its tensile force F at the position of
static equilibrium.

Let us use the principle of virtual work. The applied forces acting on the system are the
spring force F and those due to gravity. The virtual work is

δW =
[

mg√
2

− F cos
(π

4
+ θ
)]
δx1 +

[√
2 mg − F cos

(π
4

− θ
)]
δx2 = 0 (1.277)

Since δx1 and δx2 are independent virtual displacements, their coefficients must each be
zero. Thus we obtain

F = mg√
2 cos

(
π
4 + θ) =

√
2 mg

cos
(
π
4 − θ) (1.278)

Hence, at equilibrium,

cos
(π

4
− θ
)

= 2 cos
(π

4
+ θ
)

(1.279)

or

cos θ + sin θ = 2 (cos θ − sin θ ) (1.280)

Thus,

tan θ = 1

3
or θ = 18.43◦ (1.281)
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Then, from (1.278), the tensile force F is

F = 2mg

cos θ + sin θ
=

√
10mg

2
= 1.5811mg (1.282)

Notice that, at the equilibrium configuration, the angle θ and force F do not depend
on the spring stiffness k. So let us consider the case in which k is infinite; that is, replace
the spring by a massless rigid rod of length L . Then δx1 and δx2 are not longer indepen-
dent. The force F becomes a constraint force which does not enter into the calculation
of θ .

The principle of virtual work gives the equilibrium condition

δV = −mg√
2

(δx1 + 2δx2) = 0 (1.283)

The constraint relation between δx1 and δx2 can be found by noting that the length of the
rod is unchanged during a virtual displacement.

δx1 cos
(π

4
+ θ
)

+ δx2 cos
(π

4
− θ
)

= 0

or

(cos θ − sin θ ) δx1 + (cos θ + sin θ ) δx2 = 0 (1.284)

We need to express an arbitrary virtual displacement in terms of δθ which is unconstrained.
To accomplish this, consider a small rotation of the system about its instantaneous center.
This results in

δθ =
√

2 δx2

L (cos θ − sin θ )
= −√

2 δx1

L (cos θ + sin θ )
(1.285)

Then the equilibrium condition of (1.283) can be written in the form

δV = mgL

2
(3 sin θ − cos θ ) δθ = 0 (1.286)

since δθ �= 0, in general, we conclude that

tan θ = 1

3
(1.287)

as we obtained previously. The expression for δV can be integrated to yield the potential
energy.

V = −mgL

2
(sin θ + 3 cos θ ) (1.288)

Then we find that

∂2V

∂θ2
= mgL

2
(sin θ + 3 cos θ ) =

√
2.5mgL (1.289)

Since this result is positive, the equilibrium is stable for the system consisting of two particles
connected by a rigid rod.
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Generalized momentum

The kinetic energy of a system of particles, written as a function of (q, q̇, t), has the form
of (1.258) which, in detail, is

T = 1

2

n∑
i=1

n∑
j=1

mi j (q, t) q̇ i q̇ j +
n∑

i=1

ai (q, t) q̇ i + T0(q, t) (1.290)

The generalized momentum associated with the generalized coordinate qi is

pi = ∂T

∂ q̇ i
(1.291)

or

pi =
n∑

j=1

mi j q̇ j + ai (1.292)

For a simple system such as a single particle whose position is given by the Cartesian
coordinates (x, y), the x-component of generalized momentum is just the x-component of
linear momentum mẋ . On the other hand, if the position of the particle is given by the
polar coordinates (r, θ ), then pθ is equal to mr2θ̇ , which is the angular momentum about
the origin. For more general choices of coordinates, the generalized momentum may not
have an easily discerned physical meaning. Because the generalized coordinates associated
with a given system do not necessarily have the same units or dimensions, neither will the
corresponding generalized momenta. However, the product pi q̇i will always have the units
of energy.

Example 1.12 Two particles, each of mass m are connected by a rigid massless rod of
length l to form a dumbbell that can move in the xy-plane. The position of the first particle
is (x, y) and the direction of the second particle relative to the first is given by the angle θ
(Fig. 1.22). We wish to find the kinetic energy and the generalized momenta.

x

y

P

m θ

m

l

(x, y)

2

1

Figure 1.22.
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Choose the first particle as the reference point P and use the general kinetic energy
expression

T = 1

2
mṙ2

p + 1

2

N∑
i=1

mi ρ̇
2
i + ṙp · mρ̇c (1.293)

which is of the form

T = Tp + Tr + Tc (1.294)

Here Tp, the kinetic energy due to the reference point motion, is

Tp = 1

2
mṙ2

p (1.295)

where m is the total mass. The kinetic energy due to motion relative to the reference point
is

Tr = 1

2

N∑
i=1

mi ρ̇
2
i (1.296)

Finally, the kinetic energy due to coupling between the two previous motions is

Tc = ṙp · mρ̇c (1.297)

If these general equations are applied to the present system, we obtain

T = m(ẋ2 + ẏ2) + 1

2
ml2θ̇2 + ml θ̇ (ẏ cos θ − ẋ sin θ ) (1.298)

Then, using (1.291), we find that

px = ∂T

∂ ẋ
= 2mẋ − ml θ̇ sin θ (1.299)

py = ∂T

∂ ẏ
= 2mẏ + ml θ̇ cos θ (1.300)

These are the x and y components of the total linear momentum.
The generalized momentum associated with θ is

pθ = ∂T

∂θ̇
= ml2θ̇ + ml(ẏ cos θ − ẋ sin θ ) (1.301)

This is equal to absolute angular momentum about P , that is, ml times the velocity com-
ponent of particle 2 which is perpendicular to the rod. Note that pθ is not equal to Hp as it
is ordinarily defined. To obtain Hp we use the relative kinetic energy Tr .

Hp = ∂Tr

∂θ̇
= ∂

∂θ̇

(
1

2
ml2θ̇2

)
= ml2θ̇ (1.302)

This is the angular momentum relative to the reference point P .
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On the other hand, if we use (xc, yc, θ) as generalized coordinates, where (xc, yc) are the
Cartesian coordinates of the center of mass, the total energy of the system is, in accordance
with Koenig’s theorem,

T = m
(
ẋ2

c + ẏ2
c

)+ 1

4
ml2θ̇2 (1.303)

The generalized momenta

px = ∂T

∂ ẋ c
= 2mẋc, py = ∂T

∂ ẏc
= 2mẏc (1.304)

are once again the x and y components of the total linear momentum. The third generalized
momentum is

pθ = ∂T

∂θ̇
= 1

2
ml2θ̇ (1.305)

This is the angular momentum about the center of mass.

1.5 Impulse response

Linear impulse and momentum

Consider a system of N particles whose position vectors ri are measured relative to an
inertial frame. Newton’s law of motion for the system is

ṗ = F (1.306)

where F is the total external force and p is the total linear momentum.

p =
N∑

i=1

mi ṙi = mṙc (1.307)

where m is the total mass and rc is the position vector of the center of mass.
Now integrate (1.307) with respect to time over an interval t1 to t2. We obtain

�p = p2 − p1 = F̂ (1.308)

where the linear impulse F̂ is given by

F̂ =
∫ t2

t1

Fdt (1.309)

Equation (1.308) is a statement of the principle of linear impulse and momentum: The
change in the total linear momentum of a system of particles over a given time interval is
equal to the total impulse of the external forces acting on the system. Notice that the interval
is arbitrary and not necessarily small.

Since a vector equation is involved in this principle, a similar scalar equation must apply to
each component, provided that the component represents a fixed direction in inertial space.
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If any component of the total impulse is zero, the change in the corresponding component
of linear momentum is also zero. If F or one of its components is continuously equal to
zero, the corresponding linear momentum is constant. In this case, there is conservation of
linear momentum.

Angular impulse and momentum

Again consider a system of N particles and take a reference point P which is either (1) a
fixed point, or (2) at the center of mass. The differential equation for the angular momentum
has the simple form

Ḣ = M (1.310)

Integrating this equation with respect to time over the interval t1 to t2, we obtain

�H = H2 − H1 = M̂ (1.311)

where the angular impulse M̂ due to the external forces is

M̂ =
∫ t2

t1

Mdt (1.312)

Note that the internal forces between particles occur in equal, opposite and collinear pairs.
Hence, they do not contribute to M or M̂.

Equation (1.311) is a statement of the principle of angular impulse and momentum.
Note that �H can be zero even if M is not continuously zero. On the other hand, if M
is continuously zero, then M̂ = 0 over any interval, and there is conservation of angular
momentum. Similarly, if a certain component of M remains equal to zero, even though M
itself is not zero, then there is conservation of that component of H. Here we assume that
the direction of the component is fixed in inertial space.

Now let us choose an arbitrary reference point P for angular momentum. The equation
of motion obtained earlier has the form

Ḣp = Mp − ρc × mr̈p (1.313)

Assume that very large forces are applied to the system of particles over an infinitesimal
time �t = t2 − t1 and integrate (1.313) with respect to time over this interval. We obtain∫ t1+�t

t1

Ḣpdt =
∫ t1+�t

t1

(Mp − ρc × mr̈p) dt (1.314)

or

�Hp = M̂p − ρc × m�ṙp (1.315)

During the interval �t the configuration is unchanged but Mp and r̈p may be very large,
resulting in finite M̂p and �ṙp. But if the reference point P is chosen such that r̈p is
finite during the impulse, and therefore�ṙp is zero, then the simpler form given in (1.311)
applies.
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Example 1.13 Three particles, each of mass m, are connected by rigid massless rods in
the form of an equilateral triangle (Fig. 1.23). The system is motionless with particle A
directly above particle B when a horizontal impulse F̂ is suddenly applied to particle A,
causing particle B to slide without friction on the horizontal floor. Solve for the values of
ẋ and θ̇ immediately after the impulse. Evaluate the constraint impulse N̂ .

First let us use the linear impulse and momentum principle in the x direction to obtain

3mẋ + 3

2
ml θ̇ = F̂ (1.316)

where we use (x, θ) as generalized coordinates and consider the θ rotation to take place
about particle B. If we choose a fixed point that is initially coincident with particle B as the
reference point for angular momentum, we can find ẋ and θ̇ without having to solve for the
constraint impulse N̂ . Thus, we can write

�H = M̂ (1.317)

or

3

2
mlẋ + 2ml2θ̇ = F̂l (1.318)

Solving (1.316) and (1.318) we obtain

ẋ = 2F̂

15m
, θ̇ = 2F̂

5ml
(1.319)

To find the value of N̂ we use linear impulse and momentum in the vertical direction,
noting that C is the only particle with vertical motion. We obtain
√

3

2
ml θ̇ = N̂ (1.320)
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giving

N̂ =
√

3

5
F̂ (1.321)

Gravitational forces don’t affect the impulse response because they are finite and there-
fore result in a negligible impulse during the infinitesimal interval �t of the applied
impulse F̂ .

Collisions

An important mode of interaction between bodies is that of collisions. We shall introduce
the theory by considering the special case of impact involving two smooth uniform spheres
(Fig. 1.24).

m1 m2 m1 m2vn1 vn2 v′n1 v′n2

vt1 vt2 v′t1 v′t2

Before impact After impact

Figure 1.24.

Assume that the spheres are moving in the plane of the figure just before impact. At the
moment of impact, the interaction forces are normal to the tangent plane at the point of
contact, and therefore are directed along the line of centers. Let us assume that these forces
are impulsive in nature, that is, they are very large in magnitude and very short in duration.
As a result, there can be sudden changes in translational velocities, but rotational motion is
not involved.

Let vn1 and vn2 represent the velocity components along the line of centers just before
impact, and assume that vn1 > vn2. Let vt1 and vt2 be the corresponding tangential compo-
nents; that is, they are perpendicular to the line of centers. Because the spheres are smooth,
there are no tangential interaction forces, and therefore no changes in tangential velocities.
So we obtain

v′
t1 = vt1 (1.322)

v′
t2 = vt2 (1.323)

which implies the conservation of tangential momentum of each particle.
The interaction impulses along the line of centers are equal and opposite, so there is

conservation of the total normal momentum. Thus we have

m1v
′
n1 + m2v

′
n2 = m1vn1 + m2vn2 (1.324)

Now let us introduce the coefficient of restitution e in accordance with the equation

v′
n2 − v′

n1 = e(vn1 − vn2) (0 ≤ e ≤ 1) (1.325)



57 Impulse response

In other words, considering normal components, the relative velocity of separation after
impact is equal to e times the relative velocity of approach before impact. Solving (1.324)
and (1.325) for v′

n1 and v′
n2, we obtain the final normal velocity components.

v′
n1 = m1 − em2

m1 + m2
vn1 + (1 + e)m2

m1 + m2
vn2 (1.326)

v′
n2 = (1 + e)m1

m1 + m2
vn1 + m2 − em1

m1 + m2
vn2 (1.327)

If e = 0, termed inelastic impact, we see that v′
n1 = v′

n2 and the normal separation velocity
is zero. On the other hand, if e = 1, we have perfectly elastic impact, and the normal relative
velocities of approach and separation are equal. There is conservation of energy during
perfectly elastic impact, but there is some energy loss for 0 ≤ e < 1.

During the impact of two smooth spheres, there are equal and opposite impulses acting
on the spheres along the line of centers. These impulses are of magnitude

F̂ = m1(vn1 − v′
n1) = m2(v′

n2 − vn2) (1.328)

Now suppose that Coulomb friction with a coefficient µ is introduced at the impacting
surfaces. If sliding occurs throughout the impact, there will be equal and opposite friction
impulsesµF̂ acting to oppose the relative sliding motion. In other words, the total interaction
impulse of each body will lie along a cone of friction. It may turn out, however, that the
magnitude µF̂ of the calculated friction impulse is larger than that required to stop the
relative sliding motion. In this case, the relative sliding motion will not reverse, but will
stop at zero with the friction impulse reduced accordingly.

We have assumed that the initial and final velocity vectors, as well as the line of centers,
all lie in the same plane. If this is not true, one can choose an inertial frame translating with
sphere 2 just before impact as the reference frame. Then, relative to this second reference
frame, vn2 and vt2 are both equal to zero. The relative velocity vector of particle 1 and
the line of centers determine the plane in which the action takes place and for which the
standard equations such as (1.326) and (1.327) apply. After solving for the primed velocity
vectors relative to the second reference frame, one can finally transform to the original
inertial frame by adding vectorially the velocity of this second frame.

Example 1.14 A dumbbell is formed of two particles, each of mass m, which are connected
by a rigid massless rod of length l (Fig. 1.25). The dumbbell, with θ = 45◦ and θ̇ = 0, is
falling vertically downwards with velocity v0 when it has inelastic impact with a smooth
horizontal surface. We wish to find the angular velocity θ̇ and the velocity v1 of particle 1
immediately after impact.

First method Let us take the reference point P fixed in particle 1 and use (1.315). Any
impulse acting on the system must be applied at P , so

M̂p = 0 (1.329)
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Figure 1.25.

The initial angular momentum about P is zero since θ̇ = 0 before impact. The final angular
momentum is

�Hp = ml2θ̇k (1.330)

where k is a unit vector in the z direction.
The impulse applied to particle 1 by the surface must be vertical since the horizontal

surface is frictionless. Hence there is no horizontal impulse applied to the system, and
its linear momentum in the x direction remains equal to zero. This implies that the x-
components of velocity of particles 1 and 2 are equal and opposite. Hence the velocity of
particle 1 immediately after impact is

v1 = l θ̇

2
√

2
i (1.331)

The vertical velocity of particle 1 after impact is zero because of the assumption of inelastic
impact. Thus, we find that change in velocity of particle 1 is

�ṙp = l θ̇

2
√

2
i + v0 j (1.332)

Note that the horizontal velocity component of the center of mass is continuously zero.
The position of the center of mass relative to the reference point P at particle 1 is

ρc = l

2
√

2
(i + j) (1.333)

The total mass of the system is 2m, so the term ρc × m�ṙp in (1.315) is given by

ρc × m�ṙp = 2m

(
lv0

2
√

2
− l2θ̇

8

)
k (1.334)



59 Impulse response

Then substitution into (1.315) yields

3

4
ml2θ̇ = −mlv0√

2
(1.335)

resulting in the angular velocity

θ̇ = −2
√

2 v0

3l
(1.336)

The velocity of particle 1, from (1.331), is

v1 = −v0

3
i (1.337)

Second method Let the reference point P be inertially fixed at the impact point on the
surface. Any external impulse on the system acts through P so

M̂p = 0 (1.338)

and we have conservation of momentum about P .
The angular momentum before impact is due entirely to translation of particle 2.

H1 = −mlv0√
2

k (1.339)

After impact, the center of mass moves vertically downward, while particle 1 moves hori-
zontally away from P due to the inelastic impact assumption. Thus, from the geometry, the
velocity of particle 2 immediately after impact is

v2 = l θ̇√
2

(
−1

2
i + j

)
(1.340)

The resulting total angular momentum about P is

H2 = ρ2 × mv2 (1.341)

where

ρ2 = l√
2

(i + j) (1.342)

Thus we obtain

H2 = 3

4
ml2θ̇k (1.343)

Finally, setting H1 = H2, we find that

θ̇ = −2
√

2 v0

3l
(1.344)
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in agreement with (1.336). The center of mass has no horizontal motion, so v1 is the negative
of the x component of v2.

v1 = l θ̇

2
√

2
i = −v0

3
i (1.345)

Third method Consider the effect of the vertical reaction impulse R̂ acting on particle 1
and due to its impact with the fixed frictionless surface. Take longitudinal and transverse
components of R̂, relative to the dumbbell, where each component is of magnitude R̂/

√
2.

The transverse impulse results in a sudden change�v1t in the transverse velocity of particle
1, as shown in Fig. 1.25b.

�v1t = R̂√
2m

(1.346)

The velocity of particle 2 is not changed by this transverse impulse. On the other hand,
the longitudinal component of R̂ affects both particles having a total mass 2m.

�v1l = �v2l = R̂

2
√

2m
= 1

2
�v1t (1.347)

The final velocity of particle 1 is equal to its initial velocity plus the changes due to the
reaction impluse R̂, as shown in Fig. 1.25b. From the vertical components we obtain

�v1t = 2
√

2

3
v0 (1.348)

Then, from the horizontal components we obtain

v1 = −�v1t

2
√

2
i = −v0

3
i (1.349)

The angular velocity θ̇ is zero before impact. During impact, the only impulse acting on
particle 2 is longitudinal in direction, so its transverse velocity is unchanged. Therefore, the
angular velocity immediately after impact is

θ̇ = −�v1t

l
= −2

√
2 v0

3l
(1.350)

The most straightforward method discussed here is the second method. It uses conserva-
tion of angular momentum about a fixed point chosen so that the applied angular impulse
equals zero.

Generalized impulse and momentum

The configuration of a system of N particles is given by the position vectors rk(q, t). The
corresponding velocities are

vk = drk

dt
=

n∑
j=1

∂rk

∂q j
q̇ j + ∂rk

∂t
(k = 1, . . . , N ) (1.351)
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Recall from (1.234) that the velocity coefficients are

γk j = ∂rk

∂q j
, γkt = ∂rk

∂t
(1.352)

Thus we obtain

vk =
n∑

j=1

γk j q̇ j + γkt (k = 1, . . . , N ) (1.353)

The equation of linear momentum for the kth particle is

mk �vk = F̂k (1.354)

where F̂k is the total impulse acting on the particle. Now take the dot product with γki and
sum over the particles to obtain

N∑
k=1

mk�vk · γki =
N∑

k=1

F̂k · γki (1.355)

Let us assume that all the F̂k impulses occur during an infinitesimal interval �t , implying
that the configuration and the values of the velocity coefficients remain constant during this
interval. From (1.353) we see that

�vk =
n∑

j=1

γk j �q̇ j (1.356)

Substitute this expression for �vk into (1.355) and obtain

n∑
j=1

N∑
k=1

mkγki · γk j �q̇ j =
N∑

k=1

F̂k · γki (1.357)

Recall from (1.268) that the generalized mass coefficient mi j can be expressed as

mi j = m ji =
N∑

k=1

mkγki · γk j (1.358)

Furthermore, similar to (1.240), the generalized impulse Q̂i is given by

Q̂i =
N∑

k=1

F̂k · γki (i = 1, . . . , n) (1.359)

Finally, we obtain the equation of generalized impulse and momentum:

n∑
j=1

mi j (q, t) �q̇ j = Q̂i (i = 1, . . . , n) (1.360)
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In general, Q̂i includes the contributions of applied and constraint impulses, both internal
and external to the system. However, if the qs are independent, the Q̂s are due to the applied
impulses only.

Example 1.15 Two particles with masses m1 and m2 are connected by a rigid massless
rod of length l. Initially the system is motionless with a vertical orientation, as shown in
Fig. 1.26. Then a horizontal impulse F̂ is applied to the upper particle of mass m1. We wish
to solve for the velocity ẋ and the angular velocity θ̇ immediately after the impulse.

2

1

m2

m1

x

l θ

F̂

Figure 1.26.

At the outset we see that the center of mass must move horizontally due to F̂, and therefore
neither particle can have any vertical velocity initially. Let us choose (x, θ) as generalized
coordinates consistent with this motion. The kinetic energy at this time is

T = 1

2
m1 ẋ

2 + 1

2
m2(ẋ − l θ̇ )2 (1.361)

From (1.261), the mass coefficients are

mxx = ∂2T

∂ ẋ2
= m1 + m2

mxθ = mθx = ∂2T

∂ ẋ∂θ̇
= −m2l

mθθ = ∂2T

∂θ2
= m2l

2 (1.362)

The velocity coefficients for particle 1 are

γ1x = i, γ1θ = 0 (1.363)

where i is a horizontal unit vector. Then (1.359) gives the generalized impulses

Q̂x = F̂, Q̂θ = 0 (1.364)
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A substitution into the equation of generalized impulse and momentum yields the following
equations:

(m1 + m2)�ẋ − m2l�θ̇ = F̂ (1.365)

−m2l�ẋ + m2l
2�θ̇ = 0 (1.366)

The solutions are

�ẋ = F̂

m1
, �θ̇ = F̂

m1l
(1.367)

which are the values of ẋ and θ̇ immediately after the impulse. Note that these results are
independent of the mass m2 of the lower particle which remains momentarily motionless.

Impulse and energy

Consider a particle of mass m and velocity v0 which is subject to a total impulse F̂. From
the principle of linear impulse and momentum we know that

m(v − v0) = F̂ (1.368)

where v is the velocity of the particle immediately after the impulse. Now take the dot
product with 1

2 (v + v0). We find that the increase in kinetic energy is

1

2
m
(
v2 − v2

0

) = 1

2
F̂ · (v + v0) (1.369)

Then, by the principle of work and kinetic energy, the work done on the particle is

W = 1

2
F̂ · (v + v0) (1.370)

This result is valid even if the force F and the time interval are finite and arbitrary because
these assumptions apply to the principle of linear impulse and momentum (1.368). For
motion in a straight line, the work done on a particle is equal to the impulse times the mean
of the initial and final velocities.

Example 1.16 A flexible inextensible rope of length L and linear density ρ initially lies
straight and motionless on a smooth horizontal floor (Fig. 1.27). Then, at t = 0, end A is
suddenly moved to the right with a constant speed v0. Considering the rope as a system of
particles, let us look into the applicable impulse and momentum principles, as well as work
and kinetic energy relations.

Assuming that x(0) = 0, y(0) = 0, we see that

y = 2x (1.371)
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Figure 1.27.

and therefore

ẏ = 2ẋ = v0 (1.372)

Consider a mass element ρdx which suddenly has its velocity changed from zero to v0.
Using the principle of linear impulse and momentum, the required impulse is

F dt = ρv0 dx (1.373)

Thus, the force is

F = ρv0 ẋ = 1

2
ρv2

0 (1.374)

The remainder of the moving rope has zero acceleration, so the force F is constant and is due
to successive elements ρdx undergoing a sudden change in velocity. This continues over
the interval 0 < t < 2L/v0, that is, until the rope is again straight with end A leading B.
For t > 2L/v0, the applied force equals zero. Over the entire interval, the applied impulse
is

F̂ = Ft =
(

1

2
ρv2

0

)(
2L

v0

)
= ρLv0 (1.375)

This is equal to the increase in momentum.
Now consider the work done on the system by the force F .

W = 2FL = ρLv2
0 (1.376)

This is equal to twice the final kinetic energy, where

T = 1

2
ρLv2

0 (1.377)

The energy lost in the process is W − T and is due to what amounts to inelastic impact as
each element suddenly changes its velocity from zero to v0.

Another viewpoint is obtained by considering an inertial frame in which end A is fixed
for t > 0 and end B moves to the left with velocity v0. In this case,

F = 1

2
ρv2

0 (1.378)

as before, but F does no work since A is fixed. The lost energy is equal to the initial kinetic
energy 1

2ρLv2
0 because the final energy is zero. We see that, although the work of F as well
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as the initial and final kinetic energies are different in the two inertial frames, the lost energy
is unchanged. Relative to this second inertial frame, it is more obvious that the lost energy
is due to inelastic impact, since the velocity of each element ρdx has its velocity suddenly
changed from v0 to zero.
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1.7 Problems

1.1. A particle of mass m can slide without friction on a semicircular depression of
radius r in a block of mass m0. The block slides without friction on a horizontal
surface. Consider planar motion starting from rest with the initial conditions θ (0) =
π/2, x(0) = 0. (a) Find the values of θ̇ and ẋ when the particle first passes through
θ = 0. (b) What is the maximum value of x in the entire motion?

g

x

m0

m

rθ

Figure P 1.1.

1.2. A simple pendulum of mass m and length l is initially motionless in the downward
equilibrium position. Then its support point is given a constant horizontal acceleration
a = √

3g, where g is the acceleration of gravity. Find the maximum angular deviation
from the initial position of the pendulum.

1.3. Two smooth spheres, each of mass m and radius r , are motionless and touching when
a third sphere of mass m, radius r , and velocity v0 strikes them in perfectly elastic
impact, as shown. Solve for the velocities of the three spheres after impact.
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Figure P 1.3.

1.4. Three particles, each of mass m, can slide without friction on a fixed wire in the
form of a horizontal circle of radius r . Initially the particles are equally spaced with
two particles motionless and the third moving with velocity v0. Assuming that all
collisions occur with a coefficient of restitution e = 0.9, solve for the final velocities
of the particles as time t approaches infinity.

1.5. A particle is shot with an initial velocity v0 at an angle θ = θ0 above the horizontal.
It moves in a uniform gravitational field g. Solve for the radius of curvature ρ of the
trajectory as a function of the flight path angle θ .

1.6. A river at 60◦ north latitude flows due south with a speed v = 10 km/h. Determine
the difference in water level between the east and west banks if the river is 1

2 km
wide. Assume a spherical earth with radius R = 6373 km, acceleration of gravity
g = 9.814 m/s2, and rotation rate ωe = 72.92 × 10−6 rad/s.

1.7. An elastic pendulum has a spring of stiffness k and unstressed length L . Using the
length l and the angle θ as coordinates, write the differential equations of motion.

g

lk

m

θ

Figure P 1.7.

1.8. Point A moves with a constant velocity v0. It is connected to a particle of mass m
by a linear damper whose tensile force is F = c(v0 − ẋ). (a) Assuming the initial
conditions x(0) = 0, ẋ(0) = 0, solve for the particle velocity ẋ as a function of time.
(b) Find the work W done on the system by the force F acting on A. (c) Show that
the work W approaches twice the value of the kinetic energy T as time t approaches
infinity.
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Figure P 1.8.

1.9. A linear damper with a damping coefficient c connects two particles, as shown in
Fig. 1.15 on page 31. Show that, for an arbitrary linear motion of the two parti-
cles over some time interval �t , the magnitude of the impulse F̂ applied by the
damper to either particle is directly proportional to the change in length �l of the
damper.

1.10. Ten identical spheres are arranged in a straight line with a small space between
adjacent spheres. The spheres are motionless until sphere 1 is given an impulse
causing it to move with velocity v0 toward sphere 2. The spheres collide in sequence
with a coefficient of restitution e = 0.9. (a) What is the final velocity of sphere 10?
(b) What is the velocity of sphere 9 after its second collision?

1.11. Consider the system of Example 1.14 on page 57 and use (x, y, θ) as generalized
coordinates, where the Cartesian coordinates of particle 1 are (x, y). Use the equation
of generalized impulse and momentum to solve for: (a) ẋ and θ̇ immediately after
inelastic impact; (b) the impulse acting on the system at the time of impact due to the
horizontal surface.

1.12. Two particles, each of mass m, are connected by a rigid massless rod of length l. The
system is moving longitudinally with a velocity v0, as shown, and strikes a smooth
fixed surface with perfectly elastic impact, e = 1. (a) Find the velocity components
(ẋ, ẏ) of the center of mass and also the angular velocity ω immediately after impact.
(b) Solve for the impulse F̂ in the rod at impact.

A
m v0

(x, y)

l

ω

j

i

m

B

45°

Figure P 1.12.
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1.13. Particles A, B, and C are each of mass m and are connected by two rigid massless
rods of length l, as shown. There is a joint at B. The three particles are motionless in a
straight configuration when particle D, also of mass m, strikes particle B inelastically
as it moves with velocity v0 in a transverse direction. Later, particles A and C collide,
also inelastically, as particles B and D continue to move together. Find: (a) the angular
velocity of rod AB just before A and C collide and (b) the final velocity of particle A.

m C

l

m BD

m
v0

l

m A

j

i

Figure P 1.13.

1.14. A particle of mass m is attached by a string of length l to a point O ′ which moves in
a circular path of radius r at a constant angular rate θ̇ = ω0. (a) Find the differential
equation for φ, assuming that the string remains taut and all motion occurs in the
xy-plane. (b) Assume the initial conditions φ(0) = 0, φ̇(0) = −ω0 and let l = r .
Find φmax in the motion which follows.

O

O′

θ

x

φ
lω0

y
m

eφ
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Figure P 1.14.
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1.15. A massless disk of radius r has a particle of mass m attached at a distance l from its
center. The disk rolls without slipping on a horizontal floor. Then, for some position
angle θ , a horizontal impulse F̂ is applied at the highest point A on the disk. Solve
for the change�ω in angular velocity, as well as the constraint impulse components
R̂v and R̂h .
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Figure P 1.15.

1.16. Consider the system of Example 1.13 on page 55. Assume the same initial conditions
and the same applied impulse F̂ . Now suppose that Coulomb friction is added for the
sliding of particle B relative to the floor. (a) Assuming a friction coefficient µ, solve
for the values of ẋ and θ̇ immediately after the impulse. (b) What is the minimum
value of µ such that there is no sliding?

1.17. Two particles, each of mass m, are connected by a massless cord of length 1
2πr on

a fixed horizontal cylinder of radius r . There is a coefficient of friction µ for sliding
of the particles on the cylinder. (a) Obtain the equation of motion, assuming θ̇ > 0
and the particles remain in contact with the cylinder. (b) Solve for the tension P in
the cord as a function of θ . Assume that 0 ≤ θ ≤ 1

2π and 0 < µ < 1.
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m

2

1

g

r
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θ
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Figure P 1.17.
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1.18. A particle P of mass m can slide without friction on a rigid fixed wire. It is connected
to a fixed point O through a linear damper with a damping coefficient c. Assuming
the initial conditions x(0) = 0, ẋ(0) = v0, solve for the initial velocity v0 which will
cause the particle to stop at x = h.

O

θ

c

m

P

h

x

Figure P 1.18.

1.19. Two particles, each of mass m, are connected by a rigid massless rod of length l. Parti-
cle 1 can slide without friction on a fixed straight wire. (a) Using (x, θ) as generalized
coordinates for motion in the horizontal plane, solve for ẍ, θ̈ , and P as functions
of (θ, θ̇ ) where P is the tensile force in the rod. (b) Assume the initial conditions
x(0) = 0, ẋ(0) = 0, θ(0) = 0, θ̇ (0) = v0/ l. Solve for ẋ and θ̇ as functions of θ .

x

1

m θ

2

m

l

Figure P 1.19.

1.20. Two particles, connected by a spring of stiffness k and unstressed length L , move in
the horizontal xy-plane. A force F in the x direction is applied to the first particle.
(a) Using (x1, y1, x2, y2) as coordinates, obtain the four differential equations of
motion. (b) Now introduce a constraint on the second particle given by x2 = y2.
Eliminate y2 and write equations of motion for x1, y1, and x2.
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(x1, y1)

(x2, y2)
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Figure P 1.20.

1.21. Two particles, each of mass m, can slide on smooth parallel fixed wires which are
separated by a distance h. The particles are connected by a linear spring of stiffness
k and unstressed length h. (a) Assume the initial conditions x1(0) = x2(0) = 0 and
ẋ1(0) = ẋ2(0) = 0. At t = 0, a constant force F = 1

4kh is applied to the first particle.
In the motion which follows, solve for the maximum value of θ . (b) Assume the
initial conditions θ(0) = θ0 and θ̇ (0) = 0. Find the value of θ such that it remains
constant during the motion.

m

θ
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m

F
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h
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Figure P 1.21.

1.22. A flexible inextensible rope of uniform linear density ρ and length L is initially at
rest with y(0) = 1

3 L . (a) Find the differential equation for y in the following two
cases: (1) upward motion with F = 1

2ρLg; (2) downward motion with F = 1
6ρLg.

(b) Show that in each case the magnitude of the energy loss rate is 1
4ρ|ẏ|3.
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1.23. A particle P of mass m can slide without friction in a slot having the form of an arc of
radius r which is cut in a circular impeller that rotates with a constant angular velocity
ω0. (a) Write the differential equation of motion in terms of the relative position angle
θ . (b) Assuming that the particle is released from rest at θ = 0, find the value of θ̇ as the
particle leaves the impeller. (c) What is the force on the particle just before it leaves?
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Figure P 1.23.



2 Lagrange’s and Hamilton’s equations

In our study of the dynamics of a system of particles, we have been concerned primarily
with the Newtonian approach which is vectorial in nature. In general, we need to know
the magnitudes and directions of the forces acting on the system, including the forces of
constraint. Frequently the constraint forces are not known directly and must be included as
additional unknown variables in the equations of motion. Furthermore, the calculation of
particle accelerations can present kinematical difficulties.

An alternate approach is that of analytical dynamics, as represented by Lagrange’s equa-
tions and Hamilton’s equations. These methods enable one to obtain a complete set of
equations of motion by differentiations of a single scalar function, namely the Lagrangian
function or the Hamiltonian function. These functions include kinetic and potential ener-
gies, but ideal constraint forces are not involved. Thus, orderly procedures for obtaining the
equations of motion are available and are applicable to a wide range of problems.

2.1 D’Alembert’s principle and Lagrange’s equations

D’Alembert’s principle

Let us begin with Newton’s law of motion applied to a system of N particles. For the i th
particle of mass mi and inertial position ri , we have

Fi + Ri − mi r̈i = 0 (2.1)

where Fi is the applied force and Ri is the constraint force. Now take the scalar product
with a virtual displacement δri and sum over i . We obtain

N∑
i=1

(Fi + Ri − mi r̈i ) · δri = 0 (2.2)

This result is valid for arbitrary δrs; but now assume that the δrs satisfy the instantaneous
or virtual constraint equations, namely,

3N∑
i=1

a ji (x, t)δxi = 0 ( j = 1, . . . ,m) (2.3)
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where the δxs are the Cartesian components of the δrs. The virtual work of the constraint
forces must vanish, that is,

N∑
i=1

Ri · δri = 0 (2.4)

Then (2.2) reduces to

N∑
i=1

(Fi − mi r̈i ) · δri = 0 (2.5)

This important result is the Lagrangian form of d’Alembert’s principle. It states that the
virtual work of the applied forces plus the inertia forces is zero for all virtual displacements
satisfying the instantaneous constraints, that is, with time held fixed. The forces due to ideal
constraints do not enter into these equations. This important characteristic will be reflected
in various dynamical equations derived using d’Alembert’s principle, including Lagrange’s
and Hamilton’s equations.

In terms of Cartesian coordinates, d’Alembert’s principle has the form

3N∑
k=1

(Fk − mk ẍk) δxk = 0 (2.6)

where the δxs satisfy (2.3). Equation (2.6) is valid for any set of δxs which satisfy the
instantaneous constraints. There are (3N − m) independent sets of δxs, each being conven-
iently expressed in terms of δxk ratios. This results in (3N − m) equations of motion. An
additional m equations are obtained by differentiating the constraint equations of (1.203)
or, in this case,

3N∑
i=1

a ji ẋi + a jt = 0 ( j = 1, . . . ,m) (2.7)

with respect to time. Altogether, there are now 3N second-order differential equations which
can be solved, frequently by numerical integration, for the xs as functions of time. Note
that the constraint forces have been eliminated from the equations of motion.

Example 2.1 A particle of mass m can move without friction on the inside surface of a
paraboloid of revolution (Fig. 2.1)

φ = x2 + y2 − z = 0 (2.8)

under the action of a uniform gravitational field in the negative z direction. We wish to
find the differential equations of motion using d’Alembert’s principle. The applied force
components are

Fx = 0, Fy = 0, Fz = −mg (2.9)
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z

g m

x

Figure 2.1.

In order to obtain the constraint equation for the virtual displacements, first write (2.8)
in the differential form

φ̇ = 2x ẋ + 2y ẏ − ż = 0 (2.10)

The instantaneous constraint equation, obtained using (2.3), is

2xδx + 2yδy − δz = 0 (2.11)

We need to find 3N − m = 2 independent virtual displacements which satisfy (2.11). We
can take

δy = 0, δz = 2xδx (2.12)

and

δx = 0, δz = 2yδy (2.13)

Then d’Alembert’s principle, (2.6), results in

[−mẍ − 2mx(z̈ + g)] δx = 0 (2.14)

[−mÿ − 2my(z̈ + g)] δy = 0 (2.15)

Now δx is freely variable in (2.14), as is δy in (2.15), so their coefficients must equal zero.
Thus, after dividing by −m, we obtain

ẍ + 2x(z̈ + g) = 0 (2.16)

ÿ + 2y(z̈ + g) = 0 (2.17)

These are the dynamical equations of motion. A kinematical second-order equation is
obtained by differentiating (2.10) with respect to time, resulting in

2x ẍ + 2y ÿ − z̈ + 2ẋ2 + 2ẏ2 = 0 (2.18)



76 Lagrange’s and Hamilton’s equations

Equations (2.16)–(2.18) can be solved for ẍ , ÿ and z̈, which are then integrated to give the
particle motion as a function of time.

Lagrange’s equations

Consider a system of N particles. Let us begin the derivation with d’Alembert’s principle
expressed in terms of Cartesian coordinates, that is,

3N∑
k=1

(Fk − mk ẍk) δxk = 0 (2.19)

The Fks are applied force components and the δxs are consistent with the instantaneous
constraints, as given in (2.3). We wish to transform to generalized coordinates. Recall that

δxk =
n∑

i=1

∂xk

∂qi
δqi (k = 1, . . . , 3N ) (2.20)

Hence, we obtain

n∑
i=1

3N∑
k=1

(
Fk
∂xk

∂qi
− mk ẍk

∂xk

∂qi

)
δqi = 0 (2.21)

where the δqs conform to any constraints. But since xk = xk(q, t),

ẋ k =
n∑

i=1

∂xk

∂qi
q̇i + ∂xk

∂t
(2.22)

and we see that

∂ ẋ k

∂q̇ i
= ∂xk

∂qi
(2.23)

Furthermore,

d

dt

(
∂xk

∂qi

)
=

n∑
j=1

∂2xk

∂q j ∂qi
q̇ j + ∂2xk

∂t ∂qi
= ∂ ẋ k

∂qi
(2.24)

The kinetic energy of the system is

T = 1

2

3N∑
k=1

mk ẋ
2
k (2.25)

and the generalized momentum pi is

pi = ∂T

∂ q̇ i
=

3N∑
k=1

mk ẋk
∂ ẋ k

∂ q̇ i
=

3N∑
k=1

mk ẋk
∂xk

∂qi
(2.26)

Therefore, we obtain

d

dt

(
∂T

∂ q̇ i

)
=

3N∑
k=1

mk ẍk
∂xk

∂qi
+

3N∑
k=1

mk ẋk
∂ ẋ k

∂qi
(2.27)
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However, from (2.25),

∂T

∂qi
=

3N∑
k=1

mk ẋk
∂ ẋk

∂qi
(2.28)

so we find that

3N∑
k=1

mk ẍk
∂xk

∂qi
= d

dt

(
∂T

∂ q̇ i

)
− ∂T

∂qi
(2.29)

This result is the negative of the generalized inertia force Q∗
i . In other words,

Q∗
i = − d

dt

(
∂T

∂q̇ i

)
+ ∂T

∂qi
(2.30)

From (1.240), we recall that the generalized applied force is

Qi =
3N∑
k=1

Fk
∂xk

∂qi
(2.31)

Then d’Alembert’s principle, as written in (2.21) results in

n∑
i=1

(Qi + Q∗
i )δqi = 0 (2.32)

for all δqs satisfying any constraints. Thus, the virtual work of the applied plus the inertial
generalized forces is equal to zero.

Using (2.30) and (2.31) with a change of sign, (2.32) takes the form

n∑
i=1

[
d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi
− Qi

]
δqi = 0 (2.33)

where, again, the δqs satisfy the instantaneous constraints. This is d’Alembert’s principle
expressed in terms of generalized coordinates. We will call it Lagrange’s principle. It applies
to both holonomic and nonholonomic systems, requiring only that T and Qi be written as
functions of (q, q̇, t). Note that constraint forces do not enter the Qi s.

Now let us assume a holonomic system with independent generalized coordinates. Then
the coefficient of each δqi must be equal to zero. We obtain

d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi
= Qi (i = 1, . . . , n) (2.34)

This is the fundamental holonomic form of Lagrange’s equation. It results in n second-order
ordinary differential equations. The Qs are generalized applied forces from any source.

Let us make the further restriction that the Qs are derivable from a potential energy
function V (q, t) in accordance with

Qi = −∂V
∂qi

(2.35)
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Now define the Lagrangian function

L(q, q̇, t) = T (q, q̇, t) − V (q, t) (2.36)

Then we can write Lagrange’s equation in the standard holonomic form:

d

dt

(
∂L

∂ q̇ i

)
− ∂L

∂qi
= 0 (i = 1, . . . , n) (2.37)

Equivalently, one can use

d

dt

(
∂T

∂ q̇ i

)
− ∂T

∂qi
+ ∂V

∂qi
= 0 (i = 1, . . . , n) (2.38)

If a portion of the applied generalized force is not obtained from a potential function, we
can write

Qi = −∂V
∂qi

+ Q′
i (2.39)

where Q′
i is the nonpotential part of Qi . Then we obtain Lagrange’s equation in the form

d

dt

(
∂L

∂ q̇ i

)
− ∂L

∂qi
= Q′

i (i = 1, . . . , n) (2.40)

or

d

dt

(
∂T

∂ q̇ i

)
− ∂T

∂qi
= −∂V

∂qi
+ Q′

i (i = 1, . . . , n) (2.41)

The basic forms of Lagrange’s equations, given in (2.34) and (2.37) apply to holonomic
systems described in terms of independent generalized coordinates.

When one considers nonholonomic systems, there must be more generalized coordinates
than degrees of freedom. Hence, the generalized coordinates are not completely independent
and, as a result, there will be generalized constraint forces Ci which are nonzero, in general.
In terms of the constraint forces acting on the individual particles, we have, similar to
(1.240),

Ci =
N∑

j=1

R j · γ j i =
3N∑
k=1

Rk
∂xk

∂qi
(2.42)

where the Rk are Cartesian constraint force components.
Let us use the Lagrange multiplier method to evaluate the generalized constraint forces.

First, we note that the virtual work of the constraint forces must equal zero, that is,

n∑
i=1

Ciδqi = 0 (2.43)

provided that the δqs satisfy the instantaneous constraints in the form

n∑
i=1

a jiδqi = 0 ( j = 1, . . . ,m) (2.44)
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Now let us multiply (2.44) by a Lagrange multiplier λ j and sum over j . We obtain

m∑
j=1

n∑
i=1

λ j a jiδqi = 0 (2.45)

Subtract (2.45) from (2.43) with the result

n∑
i=1

(
Ci −

m∑
j=1

λ j a ji

)
δqi = 0 (2.46)

Up to this point, the m λs have been considered to be arbitrary, whereas the n δqs
satisfy the instantaneous constraints. However, it is possible to choose the λs such that the
coefficient of each δqi vanishes. Thus, the generalized constraint force Ci is

Ci =
m∑

j=1

λ j a ji (i = 1, . . . , n) (2.47)

and the δqs can be considered to be arbitrary.
To understand how m λs can be chosen to specify an arbitrary constraint force in ac-

cordance with (2.47), let us first consider a single constraint. The corresponding constraint
force is perpendicular to the constraint surface at the operating point; that is, it is in the
direction of the vector a j whose components in n-space are the coefficients a ji . This is
expressed by (2.44) and we note that any virtual displacement δq must lie in the tangent
plane at the operating point. The Lagrange multiplier λ j applies equally to all components
a ji and so expresses the magnitude of the constraint force C j = λ ja j .

If there are m constraints, the total constraint force C is found by summing the individual
constraint forces C j . We can consider the a j s as m independent basis vectors with the λs
representing the scalar components of C in this m-dimensional subspace. Hence a set of
m λs can always be found to represent any possible total constraint force C.

For a system with n generalized coordinates and m nonholonomic constraints, we note
first that the generalized constraint force Ci is no longer zero, in general, and must be added
to Qi to obtain

d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi
= Qi + Ci (i = 1, . . . , n) (2.48)

Then, using (2.47), the result is the fundamental nonholonomic formof Lagrange’s equation.

d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi
= Qi +

m∑
j=1

λ j a ji (i = 1, . . . , n) (2.49)

If we again assume that the Qs are obtained from a potential function V (q, t), we can
write

d

dt

(
∂L

∂q̇ i

)
− ∂L

∂qi
=

m∑
j=1

λ j a ji (i = 1, . . . , n) (2.50)
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This is the standard nonholonomic form of Lagrange’s equation. Equivalently, we have

d

dt

(
∂T

∂ q̇ i

)
− ∂T

∂qi
+ ∂V

∂qi
=

m∑
j=1

λ j a ji (i = 1, . . . , n) (2.51)

If nonpotential generalized applied forces Q′
i are present, Lagrange’s equation has the form

d

dt

(
∂L

∂ q̇ i

)
− ∂L

∂qi
= Q′

i +
m∑

j=1

λ j a ji (i = 1, . . . , n) (2.52)

The nonholonomic forms of Lagrange’s equations presented here are also applicable
to holonomic systems in which the qs are not independent. For example, if there are m
holonomic constraints of the form

φ j (q, t) = 0 ( j = 1, . . . ,m) (2.53)

we take

a ji (q, t) = ∂φ j

∂qi
(2.54)

and then use a nonholonomic form of Lagrange’s equation such as (2.49) or (2.51).

Example 2.2 Particles A and B (Fig. 2.2), each of mass m, are connected by a rigid massless
rod of length l. Particle A can move without friction on the horizontal x-axis, while particle
B can move without friction on the vertical y-axis. We desire the differential equations of
motion.

m

B

θ

g

l

A
m

x

y

Figure 2.2.
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First method Let us use the nonholonomic form of Lagrange’s equation given by (2.51).
The coordinates (x, y) have the holonomic constraint

φ = x2 + y2 − l2 = 0 (2.55)

Differentiating with respect to time, we obtain

φ̇ = 2x ẋ + 2y ẏ = 0 (2.56)

which leads to

a11 = 2x, a12 = 2y (2.57)

The kinetic energy is

T = 1

2
m(ẋ2 + ẏ2) (2.58)

and the potential energy is

V = mgy (2.59)

The use of (2.51) results in the equations of motion

mẍ = 2λx (2.60)
mÿ = 2λy − mg (2.61)

We need a third differential equation since there are three variables (x ,y,λ). Differentiating
(2.56) with respect to time, and dividing by two, we obtain

x ẍ + y ÿ + ẋ2 + ẏ2 = 0 (2.62)

This equation, plus (2.60) and (2.61) are a complete set of second-order differential equa-
tions. One can solve for λ and obtain

λ = m

2l2
[gy − (ẋ2 + ẏ2)] (2.63)

Then one can numerically integrate (2.60) and (2.61). We see that the compressive force in
the rod is 2λl.

Second method A simpler approach is to choose θ as a single generalized coordinate with
no constraints. We see that

x = l sin θ (2.64)

y = l cos θ (2.65)

ẋ = l θ̇ cos θ (2.66)

ẏ = −l θ̇ sin θ (2.67)

The kinetic energy is

T = 1

2
m(ẋ2 + ẏ2) = 1

2
ml2θ̇2 (2.68)
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and the potential energy is

V = mgy = mgl cos θ (2.69)

Then we can use Lagrange’s equation in the form

d

dt

(
∂T

∂ q̇ i

)
− ∂T

∂qi
+ ∂V

∂qi
= 0 (2.70)

to obtain the differential equation for θ which is

ml2θ̈ − mgl sin θ = 0 (2.71)

Third method Another possibility is to use the holonomic equation of constraint to elim-
inate one of the variables. For example, we might eliminate y and its derivatives and then
consider x to be an independent coordinate. From (2.55), we have

y = ±
√

l2 − x2 (2.72)

Assuming the positive sign, we obtain

ẏ = −x ẋ√
l2 − x2

(2.73)

and the kinetic energy is

T = 1

2
mẋ2

(
1 + x2

l2 − x2

)
= 1

2
mẋ2

(
l2

l2 − x2

)
(2.74)

The potential energy is

V = mgy = mg
√

l2 − x2 (2.75)

Then (2.70) leads to a differential equation for x , namely,

ml2

[
ẍ

l2 − x2
+ x ẋ2

(l2 − x2)2

]
− mg

x√
l2 − x2

= 0 (2.76)

If y is actually negative, the sign of the last term is changed.
For a system with m holonomic constraints, one can use the constraint equations to solve

for m dependent qs and q̇s in terms of the corresponding (n − m) independent quantities.
Then one can write T and V in terms of the independent quantities only, and use simple
forms of Lagrange’s equation such as (2.70) to obtain (n − m) equations of motion. In this
example, we let x be independent and y dependent. After integrating (2.76) numerically
to obtain x as a function of time, one can use (2.72) and (2.73) to obtain the motion
in y.

It should be noted, however, that this procedure does not produce correct results if non-
holonomic constraints are involved. Various approaches which do not involve Lagrange
multipliers, but are applicable to nonholonomic systems, will be discussed in Chapter 4.

This example illustrates that the choice of generalized coordinates has a strong effect
on the complexity of the equations of motion. In this instance, the second method is by
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far the simplest approach if one is interested in solving for the motion. It is not very
helpful, however, in solving for various internal forces. The first method involving Lagrange
multipliers is the most direct method to solve for forces.

m

l

m

(x, y)

1

2

φ

x

y

Figure 2.3.

Example 2.3 A dumbbell consists of two particles, each of mass m, connected by a rigid
massless rod of length l. There is a knife-edge at particle 1, resulting in the nonholonomic
constraint

−ẋ sinφ + ẏ cosφ = 0 (2.77)

which states that the velocity normal to the knife-edge is zero (Fig. 2.3). Assume that the
xy-plane is horizontal and therefore the potential energy V is constant. We wish to find the
differential equations of motion.

There are no applied forces acting on the system, so we can use Lagrange’s equation in
the form

d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi
=

m∑
j=1

λ j a ji (2.78)

In this case the qs are (x ,y,φ). The kinetic energy for the unconstrained system is obtained
by using (1.127), with the result

T = m

(
ẋ2 + ẏ2 + 1

2
l2φ̇2 − l ẋ φ̇ sinφ + l ẏφ̇ cosφ

)
(2.79)

From the constraint equation we note that

a11 = − sinφ, a12 = cosφ, a13 = 0 (2.80)

Now

d

dt

(
∂T

∂ ẋ

)
= m(2ẍ − lφ̈ sinφ − lφ̇2 cosφ) (2.81)
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and ∂T/∂x = 0. Using (2.78), the x equation is

m(2ẍ − lφ̈ sinφ − lφ̇2 cosφ) = −λ sinφ (2.82)

Similarly,

d

dt

(
∂T

∂ ẏ

)
= m(2ÿ + lφ̈ cosφ − lφ̇2 sinφ) (2.83)

and ∂T/∂y = 0. Hence, the y equation is

m (2ÿ + lφ̈ cosφ − lφ̇2 sinφ) = λ cosφ (2.84)

Finally,

∂T

∂φ̇
= m (l2φ̇ − l ẋ sinφ + l ẏ cosφ) (2.85)

d

dt

(
∂T

∂φ̇

)
= m (l2φ̈ − l ẍ sinφ + l ÿ cosφ − l ẋ φ̇ cosφ − l ẏφ̇ sinφ) (2.86)

∂T

∂φ
= m (−l ẋ φ̇ cosφ − l ẏφ̇ sinφ) (2.87)

Thus, the φ equation is

m (l2φ̈ − l ẍ sinφ + l ÿ cosφ) = 0 (2.88)

Equations (2.82), (2.84), and (2.88) are the dynamical equations of motion. In addition,
we can differentiate the constraint equation with respect to time and obtain

−ẍ sinφ + ÿ cosφ − ẋ φ̇ cosφ − ẏφ̇ sinφ = 0 (2.89)

These four equations are linear in (ẍ ,ÿ,φ̈,λ) and can be solved for these variables, which
are then integrated to yield x(t), y(t), φ(t), and λ(t).

In general, for a system with n generalized coordinates and m nonholonomic constraint
equations, the Lagrangian method results in n second-order differential equations of motion
plus m equations of constraint. These (n + m) equations are solved for the n qs and m λs
as functions of time. In later chapters, we will discuss methods which are more efficient in
the sense of requiring fewer equations to describe a nonholonomic system.

2.2 Hamilton’s equations

Canonical equations

The generalized momentum pi , as given by (1.291), can be made more general by defining

pi = ∂L

∂ q̇ i
(2.90)



85 Hamilton’s equations

where L(q, q̇, t) = T (q, q̇, t) − V (q, q̇, t), and V (q, q̇, t) is a velocity-dependent potential
energy function. This might be used, for example, to account for electromagnetic forces
acting on moving charged particles. In our development, however, we will continue to
assume that the potential energy has the form V (q, t), and therefore that

pi =
n∑

j=1

mi j (q, t)q̇ j + ai (q, t) (i = 1, . . . , n) (2.91)

in agreement with (1.292). We assume that the inertia matrix [mi j ] is positive definite and
hence has an inverse. Thus, (2.91) can be solved for the q̇s with the result

q̇ j =
n∑

i=1

b ji (q, t)(pi − ai ) ( j = 1, . . . , n) (2.92)

where the matrix [b ji ] = [mi j ]−1.
The Hamiltonian function is defined by

H (q, p, t) =
n∑

i=1

pi q̇i − L(q, q̇, t) (2.93)

The q̇s on the right-hand side of (2.93) are expressed in terms of ps by using (2.92). Consider
an arbitrary variation of the Hamiltonian function H (q, p, t).

δH =
n∑

i=1

∂H

∂qi
δqi +

n∑
i=1

∂H

∂pi
δpi + ∂H

∂t
δt (2.94)

From (2.93), we have

δH =
n∑

i=1

piδq̇ i +
n∑

i=1

q̇ iδpi −
n∑

i=1

∂L

∂qi
δqi −

n∑
i=1

∂L

∂q̇ i
δq̇ i − ∂L

∂t
δt

=
n∑

i=1

q̇ iδpi −
n∑

i=1

∂L

∂qi
δqi − ∂L

∂t
δt (2.95)

where (2.90) has been used.
Now assume that δqs, δps, and δt are independently variable; that is, there are no

kinematic constraints. Then, equating corresponding coefficients in (2.94) and (2.95), we
obtain

q̇ i = ∂H

∂pi
(i = 1, . . . , n) (2.96)

∂L

∂qi
= −∂H

∂qi
(i = 1, . . . , n) (2.97)

and

∂L

∂t
= −∂H

∂t
(2.98)
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Next, introduce the standard holonomic form of Lagrange’s equation, (2.37), which can be
written as

ṗi = ∂L

∂qi
(i = 1, . . . , n) (2.99)

Then we can write

q̇ i = ∂H

∂pi
, ṗi = −∂H

∂qi
(i = 1, . . . , n) (2.100)

These 2n first-order equations are known as Hamilton’s canonical equations. The first n
equations express the q̇s as linear functions of the ps, as in (2.92). The final n equations
contain the laws of motion for the system. Because of the symmetry in form of Hamilton’s
canonical equations, there is a tendency to accord the qs and ps equal status and think of
the qs and ps together as a 2n-dimensional phase vector. Thus, the motion of a system can
be represented by a path or trajectory in 2n-dimensional phase space.

Comparing the standard holonomic form of Lagrange’s equations with Hamilton’s canon-
ical equations, we find that they are equivalent in that both require independent qs and apply
to the same mechanical systems. Hamilton’s equations are 2n first-order equations rather
than the n second-order equations of Lagrange. However, it should be pointed out that
most computer representations require the conversion of higher-order equations to a larger
number of first-order equations.

Form of the Hamiltonian function

Let us return to a further consideration of the Hamiltonian function H (q, p, t), as given by
(2.93). Using (2.91), we see that

n∑
i=1

pi q̇i =
n∑

i=1

n∑
j=1

mi j q̇i q̇ j +
n∑

i=1

ai q̇i

= 2T2 + T1 (2.101)

where we recall the expressions for T2 and T1 given in (1.259) and (1.262). Now

L = T − V = T2 + T1 + T0 − V (2.102)

Hence, using (2.93), we find that

H = T2 − T0 + V (2.103)

For the particular case of a scleronomic system, T1 = T0 = 0 and T = T2, so

H = T + V (2.104)

that is, the Hamiltonian function is equal to the total energy.
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Now let us write T2 in the form

T2 = 1

2

n∑
i=1

n∑
j=1

mi j q̇i q̇ j = 1

2

n∑
i=1

n∑
j=1

bi j (pi − ai )(p j − a j )

= 1

2

n∑
i=1

n∑
j=1

bi j pi p j −
n∑

i=1

n∑
j=1

bi jai p j + 1

2

n∑
i=1

n∑
j=1

bi jaia j (2.105)

where we note that the matrix [bi j ] is symmetric and the inverse of [mi j ]. Then, using
(2.103), we can group the terms in the Hamiltonian function according to their degree in p.
We can write

H = H2 + H1 + H0 (2.106)

where

H2 = 1

2

n∑
i=1

n∑
j=1

bi j pi p j (2.107)

H1 = −
n∑

i=1

n∑
j=1

bi jai p j (2.108)

H0 = 1

2

n∑
i=1

n∑
j=1

bi jaia j − T0 + V (2.109)

and we note that bi j , ai , T0 and V are all functions of (q, t).

Other Hamiltonian equations

We have seen that Hamilton’s canonical equations apply to the same systems as the standard
holonomic form of Lagrange’s equation, (2.37). Other forms of Lagrange’s equations have
their Hamiltonian counterparts. For example, if nonpotential generalized forces Q′

i are
present in a holonomic system, we have the Hamiltonian equations

q̇ i = ∂H

∂pi
, ṗi = −∂H

∂qi
+ Q′

i (i = 1, . . . , n) (2.110)

For a nonholonomic system, we have, corresponding to (2.50),

q̇ i = ∂H

∂pi
, ṗi = −∂H

∂qi
+

m∑
j=1

λ j a ji (i = 1, . . . , n) (2.111)

This assumes that all the applied forces arise from a potential energy V (q, t). On the other
hand, if there are nonpotential forces in a nonholonomic system, Hamilton’s equations have
the form

q̇ i = ∂H

∂pi
, ṗi = −∂H

∂qi
+ Q′

i +
n∑

j=1

λ j a ji (i = 1, . . . , n) (2.112)
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The nonholonomic forms of Hamilton’s equations are solved in conjunction with constraint
equations of the form

n∑
i=1

a ji q̇ i + a jt = 0 ( j = 1, . . . ,m) (2.113)

Thus, we have a total of (2n + m) first-order differential equations to solve for n qs, n ps,
and m λs as functions of time.

It is well to notice that, as in the Lagrangian case, the nonholonomic forms of Hamilton’s
equations also apply to holonomic systems in which the motions of the qs are restricted by
holonomic constraints.

Example 2.4 A massless disk of radius r has a particle of mass m embedded at a distance
1
2r from the center O (Fig. 2.4). The disk rolls without slipping down a plane inclined at an
angle α from the horizontal. We wish to obtain the differential equations of motion.

g

m

x

O

r

α

r–
2

α

θ

Figure 2.4.

First method Let us employ Hamilton’s canonical equations, as given by (2.100), and
choose θ as the single generalized coordinate. The particle velocity v is the vector sum of
the velocity of the center O and the velocity of the particle relative to O . Thus, we obtain

v2 = (r θ̇)2 +
(

1

2
r θ̇

)2

+ r2θ̇2 cos θ (2.114)

and the kinetic energy is

T = 1

2
mv2 = 1

2
mr2

(
5

4
+ cos θ

)
θ̇2 (2.115)
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Now the generalized momentum pθ is

pθ = ∂T

∂θ̇
= mr2

(
5

4
+ cos θ

)
θ̇ (2.116)

and we obtain

θ̇ = pθ
mr2

(
5
4 + cos θ

) (2.117)

The kinetic energy as a function of (q, p) is

T = p2
θ

2mr2
(

5
4 + cos θ

) (2.118)

The potential energy is

V = mg

[
−rθ sinα + 1

2
r cos(θ + α)

]
(2.119)

The Hamiltonian function is, in general,

H = T2 − T0 + V (2.120)

but, in this case, it is equal to the total energy.

H = p2
θ

2mr2
(

5
4 + cos θ

) + mg

[
−rθ sinα + 1

2
r cos(θ + α)

]
(2.121)

The first canonical equation results in

θ̇ = ∂H

∂pθ
= pθ

mr2
(

5
4 + cos θ

) (2.122)

which is a restatement of (2.117). The second canonical equation is

ṗθ = −∂H
∂θ

= −p2
θ sin θ

2mr2
(

5
4 + cos θ

)2 + mgr

[
sinα + 1

2
sin(θ + α)

]
(2.123)

These two canonical equations are together equivalent to the single second-order equation
in θ which would be obtained by using Lagrange’s equation.

Second method Let us use the same system to illustrate the use of Lagrange multipliers
with Hamilton’s equations, as in (2.111). We will use (x, θ) as generalized coordinates,
where x is the displacement of the center of the disk. There is a holonomic constraint

ẋ − r θ̇ = 0 (2.124)

which expresses the nonslipping condition. The kinetic and potential energies, however,
must be written for the unconstrained system, that is, assuming the possibility of slipping.

The kinetic energy is

T = 1

2
m

(
ẋ2 + 1

4
r2θ̇2 + r ẋ θ̇ cos θ

)
(2.125)
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and the potential energy is

V = mg

[
−x sinα + 1

2
r cos(θ + α)

]
(2.126)

The generalized momenta are

px = ∂T

∂ ẋ
= mẋ + 1

2
mr θ̇ cos θ (2.127)

pθ = ∂T

∂θ̇
= 1

2
mr ẋ cos θ + 1

4
mr2θ̇ (2.128)

Equations (2.127) and (2.128) can be solved for ẋ and θ̇ . We obtain

ẋ = rpx − 2pθ cos θ

mr sin2 θ
(2.129)

θ̇ = 4pθ − 2rpx cos θ

mr2 sin2 θ
(2.130)

Substituting these expressions for ẋ and θ̇ into the kinetic energy equation, we obtain, after
some algebraic simplification, the Hamiltonian function

H = T + V = 1

2mr2 sin2 θ

(
r2 p2

x + 4p2
θ − 4rpx pθ cos θ

)+ V (2.131)

where V is given by (2.126).
We shall use Hamilton’s equations in the form

q̇ i = ∂H

∂pi
, ṗi = −∂H

∂qi
+

m∑
j=1

λ j a ji (i = 1, . . . , n) (2.132)

where, from (2.124), the constraint coefficients are

a11 = 1, a12 = −r (2.133)

The ẋ equation is

ẋ = ∂H

∂px
= rpx − 2pθ cos θ

mr sin2 θ
(2.134)

The ṗx equation is

ṗx = −∂H
∂x

+ λ = −∂V
∂x

+ λ = mg sinα + λ (2.135)

The θ̇ equation is

θ̇ = ∂H

∂pθ
= 4pθ − 2rpx cos θ

mr2 sin2 θ
(2.136)
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Finally, the ṗθ equation is

ṗθ = −∂H
∂θ

− rλ

= 1

mr2 sin3 θ

[(
r2 p2

x + 4p2
θ

)
cos θ − 2rpx pθ (1 + cos2 θ )

]
+ 1

2
mgr sin(θ + α) − rλ (2.137)

These four first-order Hamiltonian equations plus the constraint equation (2.124) can be
integrated numerically to solve for the 2 qs, 2ps, and λ as functions of time.

For a scleronomic system such as the one we have been considering, relatively simple
matrix equations can be used to obtain the Hamiltonian function. The kinetic energy is
quadratic in the q̇s and of the form

T = 1

2
q̇Tmq̇ (2.138)

where m is the n × n matrix of generalized mass coefficients. The generalized momenta
are given by the matrix equation

p = mq̇ (2.139)

and, conversely,

q̇ = bp (2.140)

where b = m−1. For scleronomic systems, the Hamiltonian function is equal to the total
energy, or

H = T + V = 1

2
pTbp + V (2.141)

For the system of this example, we have

m =
[

m 1
2mr cos θ

1
2mr cos θ 1

4mr2

]
(2.142)

and

b = 4

mr2 sin2 θ

[
1
4r

2 − 1
2r cos θ

− 1
2r cos θ 1

]
(2.143)

in agreement with (2.131) and (2.141).

2.3 Integrals of the motion

We have found that for a dynamical system whose configuration is given by n indepen-
dent generalized coordinates, the Lagrangian method results in n second-order differential
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equations of motion with time as the independent variable. Any general analytical solution
of these equations of motion contains 2n constants of integration which are usually evalu-
ated from the 2n initial conditions. One method of expressing the general solution is to find
2n independent functions of the form

g j (q, q̇, t) = α j ( j = 1, . . . , 2n) (2.144)

where the αs are constants. The 2n functions are called integrals or constants of the motion.
Each function g j maintains a constant value α j during the actual motion of the system. In
principle, these 2n equations can be solved for the qs and q̇s as functions of the αs and t ,
that is,

qi = qi (α, t) (i = 1, . . . , n) (2.145)

q̇ i = q̇ i (α, t) (i = 1, . . . , n) (2.146)

where these solutions satisfy (2.144).
Usually it is not possible to obtain a full set of 2n integrals of the motion by any direct

process. Nevertheless, the presence of a few integrals such as those representing conservation
of energy or momentum are very useful in characterizing the motion of a system.

If one uses the Hamiltonian approach to the equations of motion, integrals of the motion
have the form

f j (q, p, t) = α j ( j = 1, . . . , 2n) (2.147)

Under the proper conditions, the Hamiltonian function itself can be an integral of the motion.

Conservative system

A common example of an integral of the motion is the energy integral E(q, q̇, t) which is
quadratic in the q̇s and is expressed in units of energy. It satisfies the equation

E(q, q̇, t) = h (2.148)

where h is a constant that is normally evaluated from initial conditions. For scleronomic
systems with T = T2, the energy integral, if it exists, is equal to the sum of the kinetic and
potential energies. More generally, however, the energy integral is not equal to the total
energy. Usually it is not an explicit function of time.

Let us define a conservative system as a dynamical system for which an energy integral
can be found. To obtain sufficient conditions for the existence of an energy integral, let us
consider a system which is described by the standard nonholonomic form of Lagrange’s
equation.

d

dt

(
∂L

∂ q̇ i

)
− ∂L

∂qi
=

m∑
j=1

λ j a ji (i = 1, . . . , n) (2.149)

This equation is valid for holonomic or nonholonomic systems whose applied forces are
derivable from a potential energy function V (q, t).
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Multiply (2.149) by q̇ i and sum over i . The result is

n∑
i=1

[
d

dt

(
∂L

∂q̇ i

)
− ∂L

∂qi

]
q̇ i =

n∑
i=1

m∑
j=1

λ j a ji q̇ i (2.150)

We note that

n∑
i=1

d

dt

(
∂L

∂q̇ i

)
q̇ i = d

dt

[
n∑

i=1

∂L

∂ q̇ i
q̇ i

]
−

n∑
i=1

∂L

∂q̇ i
q̈i (2.151)

where

d

dt

[
n∑

i=1

∂L

∂q̇ i
q̇ i

]
= 2Ṫ2 + Ṫ1 (2.152)

Furthermore,

n∑
i=1

∂L

∂q̇ i
q̈i = L̇ −

n∑
i=1

∂L

∂qi
q̇i − ∂L

∂t
(2.153)

and

L̇ = Ṫ2 + Ṫ1 + Ṫ0 − V̇ (2.154)

Hence, from (2.150)–(2.154), we obtain

Ṫ2 − Ṫ0 + V̇ =
n∑

i=1

m∑
j=1

λ j a ji q̇ i − ∂L
∂t

(2.155)

If the right-hand side of (2.155) remains equal to zero as the motion proceeds, then
E = T2 − T0 + V is an energy integral and the system is conservative. The first term on the
right-hand side will be zero if the nonholonomic constraint equations of the form of (2.113)
have all a jt = 0; that is; if they are all catastatic. The second term on the right-hand side
will be zero if neither T nor V is an explicit function of time.

To summarize, a system having holonomic or nonholonomic constraints will be conser-
vative if it meets the following conditions:

1. The standard form of Lagrange’s equation, as given by (2.149) applies.
2. All constraints can be written in the form

n∑
i=1

a ji q̇ i = 0 ( j = 1, . . . ,m) (2.156)

that is, all a jt = 0.
3. The Lagrangian function L = T − V is not an explicit function of time.
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These are sufficient conditions for a conservative system. For systems with independent
qs, Lagrange’s equation has the simpler form

d

dt

(
∂L

∂ q̇ i

)
− ∂L

∂qi
= 0 (i = 1, . . . , n) (2.157)

If this equation applies, and if ∂L/∂t = 0, then the system is conservative.
Now let us consider the Hamiltonian approach to conservative systems. Suppose that a

system can be described by Hamilton’s equations of the form

q̇ i = ∂H

∂pi
, ṗi = −∂H

∂qi
+

n∑
j=1

λ j a ji (i = 1, . . . , n) (2.158)

The Hamiltonian function will be a constant of the motion if

Ḣ =
n∑

i=1

∂H

∂qi
q̇i +

n∑
i=1

∂H

∂pi
ṗi + ∂H

∂t
= 0 (2.159)

Substituting from (2.158) into (2.159), we find that

Ḣ =
n∑

i=1

m∑
j=1

λ j a ji q̇ i + ∂H
∂t

(2.160)

We see that the system will be conservative and H (q, p) will be a constant of the motion
if

n∑
i=1

a ji q̇ i = 0 ( j = 1, . . . ,m) (2.161)

that is, if a jt = 0 for all j , and if the Hamiltonian function is not an explicit function of
time, implying that

∂H

∂t
= 0 (2.162)

These conditions are equivalent to those found earlier with the Lagrangian approach. Thus,
the energy integral is

H = T2 − T0 + V = E (2.163)

Finally, it should be noted from the first equality of (2.159) that if the canonical equations
(2.100) apply, then

Ḣ = ∂H

∂t
(2.164)

whether the system is conservative or not.

Example 2.5 A particle of mass m can slide without friction on a rigid wire in the form
of a circle of radius r , as shown in Fig. 2.5. The circular wire rotates about a vertical axis
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Ω

θ r

m

g

O

Figure 2.5.

through the center O with a constant angular velocity�. We wish to determine if this system
is conservative.

First, notice that this is a rheonomic holonomic system. It is possible, however, to choose
a single independent generalized coordinate θ . The system is described by Lagrange’s
equation of the form

d

dt

(
∂L

∂θ̇

)
− ∂L
∂θ

= 0 (2.165)

as in (2.157). The Lagrangian function is

L = T − V = 1

2
m (r2θ̇2 + r2�2 sin2 θ ) − mgr cos θ (2.166)

which is not an explicit function of time. Hence, the sufficient conditions for a conservative
system are met. The energy integral, which is constant during the motion is

E = T2 − T0 + V = 1

2
mr2θ̇2 − 1

2
mr2�2 sin2 θ + mgr cos θ (2.167)

This, of course, is different from the total energy T + V .
It is interesting to study the same system using the Cartesian coordinates (x, y, z) to

specify the position of the particle. Let the Cartesian frame be fixed in space with its origin
at the center O and with the positive z-axis pointing upward and lying on the axis of rotation.
Choose the time reference such that, at t = 0, the circular wire lies in the xz-plane. The
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transformation equations are

x = r sin θ cos�t (2.168)

y = r sin θ sin�t (2.169)

z = r cos θ (2.170)

Notice the explicit functions of time, confirming that the system is rheonomic.
The Lagrangian function has the simple form

L = T − V = 1

2
m (ẋ2 + ẏ2 + ż2) − mgz (2.171)

which is not an explicit function of time. There are two holonomic constraints, namely,

φ1 = x2 + y2 + z2 − r2 = 0 (2.172)

φ2 = x tan�t − y = 0 (2.173)

Upon differentiation with respect to time, we obtain forms that are linear in the q̇s, that is,

φ̇1 = 2 (x ẋ + y ẏ + zż) = 0 (2.174)

φ̇2 = ẋ tan�t − ẏ +�x sec2�t = 0 (2.175)

The second constraint equation has a jt �= 0, so the sufficient conditions for a conservative
system are not met with this Cartesian formulation. Here the energy function would equal
the total energy T + V , which is not constant because there is a nonzero driving moment
about the vertical axis.

Nevertheless, the energy function found earlier in (2.167) remains constant and is a valid
energy integral. When expressed in terms of Cartesian coordinates, it is

E = 1

2
m[(ẋ cos�t + ẏ sin�t)2 + ż2] − 1

2
m�2(x2 + y2) + mgz (2.176)

We conclude that the system should be classed as conservative even though it does not meet
the sufficient conditions in the Cartesian formulation.

Ignorable coordinates

Consider a holonomic system which is described by Hamilton’s canonical equations.

q̇ i = ∂H

∂pi
, ṗi = −∂H

∂qi
(i = 1, . . . , n) (2.177)

Now suppose that the Hamiltonian function has the form
H (qk+1, . . . , qn, p1, . . . , pn, t), that is, the first k qs do not appear. Then we find that

ṗi = −∂H
∂qi

= 0 (i = 1, . . . , k) (2.178)

and therefore the first k generalized momenta are

pi = βi (i = 1, . . . , k) (2.179)



97 Integrals of the motion

where the βs are constants. The k qs which do not appear in the Hamiltonian function are
called ignorable coordinates. The constant ps are integrals of the motion, in accordance
with (2.147).

The Hamiltonian function can now be written in the form
H (qk+1, . . . , qn, pk+1, . . . , pn, β1, . . . , βk, t). The canonical equations, assuming k ignor-
able coordinates, are

q̇ i = ∂H

∂pi
, ṗi = −∂H

∂qi
(i = k + 1, . . . , n) (2.180)

Thus, k degrees of freedom corresponding to the k ignorable coordinates have been removed
from the equations of motion. The motion of the ignorable coordinates can be recovered by
integrating

q̇ i = ∂H

∂βi
(i = 1, . . . , k) (2.181)

Now let us consider ignorable coordinates from the Lagrangian viewpoint. We assume a
holonomic system whose equations of motion have the standard Lagrangian form

d

dt

(
∂L

∂q̇ i

)
− ∂L

∂qi
= 0 (i = 1, . . . , n) (2.182)

First, recall from (2.97) that

∂L

∂qi
= −∂H

∂qi
(i = 1, . . . , n) (2.183)

Hence, if a certain ignorable coordinate qi is missing from the Hamiltonian function, it will
also be missing from the Lagrangian function. If the first k qs are ignorable, the Lagrangian L
will be a function of (qk+1, . . . , qn, q̇1, . . . , q̇n, t). We would like to eliminate the ignorable
q̇s from the Lagrangian formulation in order to reduce the number of degrees of freedom
in the equations of motion.

This goal may be accomplished by first defining a Routhian function R(qk+1, . . . , qn,

q̇k+1, . . . , q̇n, β1, . . . , βk, t) as follows:

R = L −
k∑

i=1

βi q̇ i (2.184)

where the ignorable q̇s have been eliminated by solving the k equations

∂L

∂q̇ i
= βi (i = 1, . . . , k) (2.185)

for (q̇1, . . . , q̇k) in terms of (qk+1, . . . qn, q̇k+1, . . . , q̇n, β1, . . . , βk, t).
Now let us make an arbitrary variation in the Routhian function, including variations in

the βs and time. We obtain

δR =
n∑

i=k+1

∂R

∂qi
δqi +

n∑
i=k+1

∂R

∂q̇ i
δq̇ i +

k∑
i=1

∂R

∂βi
δβi + ∂R

∂t
δt (2.186)
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Next, take the variation of the right-hand side of (2.184). We have

δ

(
L −

k∑
i=1

βi q̇ i

)
=

n∑
i=k+1

∂L

∂qi
δqi +

k∑
i=1

∂L

∂ q̇ i
δq̇ i +

n∑
i=k+1

∂L

∂ q̇ i
δq̇ i + ∂L

∂t
δt

−
k∑

i=1

βiδq̇ i −
k∑

i=1

q̇ iδβi (2.187)

Using (2.185), this simplifies to

δ

(
L −

k∑
i=1

βi q̇ i

)
=

n∑
i=k+1

∂L

∂qi
δqi +

n∑
i=k+1

∂L

∂q̇ i
δq̇ i −

k∑
i=1

q̇ iδβi + ∂L
∂t
δt (2.188)

We assume that the varied quantities in (2.186) and (2.188) are independent, and therefore
the corresponding coefficients must be equal. Thus,

∂L

∂qi
= ∂R

∂qi
(i = k + 1, . . . , n) (2.189)

∂L

∂q̇ i
= ∂R

∂ q̇ i
(i = k + 1, . . . , n) (2.190)

q̇ i = − ∂R
∂βi

(i = 1, . . . , k) (2.191)

∂L

∂t
= ∂R

∂t
(2.192)

Now let us substitute from (2.189) and (2.190) into Lagrange’s equation, (2.182). We
obtain

d

dt

(
∂R

∂ q̇ i

)
− ∂R

∂qi
= 0 (i = k + 1, . . . , n) (2.193)

These equations are of the form of Lagrange’s equation with the Routhian function replac-
ing the Lagrangian function. There are (n − k) second-order equations in the nonignorable
variables. Thus, the Routhian procedure has succeeded in eliminating the ignorable coor-
dinates from the equations of motion and, in effect, has reduced the number of degrees of
freedom to (n − k). Usually there is no need to solve for the ignorable coordinates, but, if
necessary, they can be recovered by integrating (2.191). The k integrals of the motion asso-
ciated with the ignorable coordinates are given by (2.185) and are equal to the corresponding
generalized momenta.

Example 2.6 Consider the same system as in Example 2.5 on page 94 (Fig. 2.5) except
that it can rotate freely about the fixed vertical axis through the center, the angle of rotation
being φ. We find that (φ, θ) are the generalized coordinates and the Lagrangian function is

L = T − V = 1

2
mr2φ̇2 sin2 θ + 1

2
mr2θ̇2 − mgr cos θ (2.194)
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We see that φ is an ignorable coordinate since it does not appear in the Lagrangian function.
The corresponding generalized momentum is

pφ = ∂L

∂φ̇
= mr2φ̇ sin2 θ = βφ (2.195)

where βφ is a constant that is usually evaluated from initial conditions. Solving for φ̇ from
(2.195), we obtain

φ̇ = βφ

mr2 sin2 θ
(2.196)

This expression is used in obtaining the Routhian function.

R = L − βφφ̇ = − β2
φ

2mr2 sin2 θ
+ 1

2
mr2θ̇2 − mgr cos θ (2.197)

The θ equation of motion is obtained from

d

dt

(
∂R

∂θ̇

)
− ∂R
∂θ

= 0 (2.198)

It is

mr2θ̈ − β2
φ cos θ

mr2 sin3 θ
− mgr sin θ = 0 (2.199)

Notice that the ignorable coordinateφ and its derivatives are missing from this θ equation.
Thus, it can be integrated to give θ as a function of time if the initial conditions are known. On
the other hand, the Lagrangian procedure will result in two coupled second-order differential
equations in φ and θ and their derivatives. Of course, either procedure will yield the same
results when the equations of motion are completely integrated.

2.4 Dissipative and gyroscopic forces

Gyroscopic forces and some dissipative forces are represented in the differential equations
of motion by terms which are linear in the q̇s. Suppose, for example, that the differential
equations for a system have the form

n∑
j=1

mi j (q, t)q̈ j +
n∑

j=1

fi j (q, t)q̇ j + hi (q, q̇, t) = 0 (i = 1, . . . , n) (2.200)

The n × n coefficient matrix f can be expressed as the sum of a symmetric matrix c and a
skew-symmetric matrix g where

fi j (q, t) = ci j (q, t) + gi j (q, t) (i, j = 1, . . . , n) (2.201)

and

ci j = c ji (i, j = 1, . . . , n) (2.202)

gi j = −g ji (i, j = 1, . . . , n) (2.203)
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Assuming that the c matrix is positive definite or positive semidefinite, the terms in the
equations of motion of the form ci j q̇ j are dissipative in nature while the terms gi j q̇ j are
gyroscopic and nondissipative.

Rayleigh’s dissipation function

Dissipative terms are not present in equations of motion obtained by using the standard
holonomic or nonholonomic forms of Lagrange’s equation because these terms are not
derivable from a potential energy function V (q, t). Rather, dissipative terms are often in-
troduced through an applied generalized force Q′

i where

Q′
i = −

n∑
j=1

ci j (q, t)q̇ j (i = 1, . . . , n) (2.204)

The cs are called damping coefficients and form a symmetric matrix which is positive
definite or positive semidefinite for systems with passive linear dampers.

Now let us define Rayleigh’s dissipation function F(q, q̇, t) using the equation

F = 1

2

n∑
i=1

n∑
j=1

ci j q̇ i q̇ j (2.205)

Then we see that

Q′
i = − ∂F

∂ q̇ i
(i = 1, . . . , n) (2.206)

We can obtain the equations of motion from

d

dt

(
∂L

∂ q̇ i

)
− ∂L

∂qi
+ ∂F

∂q̇ i
= 0 (i = 1, . . . , n) (2.207)

where we assume that the damping forces are the only applied generalized forces which are
not derived from a potential energy function.

The rate at which these linear friction forces dissipate energy is

−
n∑

i=1

Q′
i q̇ i =

n∑
i=1

n∑
j=1

ci j q̇ i q̇ j = 2F (2.208)

Thus, Rayleigh’s dissipation function is equal to half the instantaneous rate of dissipation
of the total mechanical energy. For passive dampers, this dissipation rate must be positive
or zero at all times.

Example 2.7 Given the system shown in Fig. 2.6 which, we note, is a linear system with
damping. First, let us obtain the differential equations of motion. The kinetic and potential
energies are

T + 1

2
m
(
ẋ2

1 + ẋ2
2

)
(2.209)

V = 1

2
k
(
x2

1 + x2
2

)
(2.210)
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Figure 2.6.

The dissipation function is equal to half the energy dissipation rate, or

F = 1

2
c(ẋ1 − ẋ2)2, c > 0 (2.211)

Let us use (2.207) in the form

d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi
+ ∂V

∂qi
+ ∂F

∂ q̇ i
= 0 (2.212)

We obtain the following equations of motion:

mẍ1 + c(ẋ1 − ẋ2) + kx1 = 0 (2.213)

mẍ2 + c(ẋ2 − ẋ1) + kx2 = 0 (2.214)

Second method As an alternative approach let us introduce the generalized coordinates

q1 = 1

2
(x1 + x2)

q2 = 1

2
(x1 − x2) (2.215)

The corresponding transformation equations are

x1 = q1 + q2

x2 = q1 − q2 (2.216)

We see that pure q1 motion with q1 = 1, q2 = 0 implies that x1 = x2 = 1. On the other
hand, pure q2 motion with q2 = 1, q1 = 0 means that x1 = −x2 = 1.

The expressions for T and V in terms of generalized coordinates are

T = m
(
q̇2

1 + q̇2
2

)
(2.217)

V = k
(
q2

1 + q2
2

)
(2.218)

The dissipation function involves relative velocities only and is given by half the dissipation
rate, or

F = 2cq̇2
2 (2.219)

Then, using (2.212), the equations of motion can be written in the form

mq̈1 + kq1 = 0 (2.220)

mq̈2 + 2cq̇2 + kq2 = 0 (2.221)
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We notice that the q1 and q2 motions are uncoupled, in contrast to the x motions, and
that damping is applied to the q2 motion only. If, for example, we assume the initial
conditions

x1(0) = A, x2(0) = A, ẋ1(0) = ẋ2(0) = 0 (2.222)

the solution of (2.220) is

q1 = A cos

√
k

m
t (2.223)

This sinusoidal oscillation continues indefinitely, but any damped q2 motion disappears as
time approaches infinity.

Gyroscopic forces

Gyroscopic terms occur in the differential equations of motion and are of the form gi j q̇ j ,
where the coefficients gi j (q, t) are skew-symmetric, that is, gi j = −g ji . A gyroscopic system
has equations of motion containing gyroscopic terms. These gyroscopic terms arise from T1

terms in the kinetic energy (or comparable Routhian R1 terms) when Lagrange’s equations
are applied.

As an example, recall that T1 has the form

T1 =
n∑

i=1

ai (q, t)q̇ i (2.224)

Then

d

dt

(
∂T1

∂q̇ i

)
= ȧi =

n∑
j=1

∂ai

∂q j
q̇ j + ∂ai

∂t
(2.225)

and

∂T1

∂qi
=

n∑
j=1

∂a j

∂qi
q̇ j (2.226)

Hence

d

dt

(
∂T1

∂q̇ i

)
− ∂T1

∂qi
=

n∑
j=1

(
∂ai

∂q j
− ∂a j

∂qi

)
q̇ j + ∂ai

∂t
(2.227)

and we find that the equations of motion contain the gyroscopic terms

n∑
j=1

gi j q̇ j ≡
n∑

j=1

(
∂ai

∂q j
− ∂a j

∂qi

)
q̇ j (2.228)

that is, the gyroscopic coefficients are

gi j = −g ji = ∂ai

∂q j
− ∂a j

∂qi
(2.229)



103 Dissipative and gyroscopic forces

Gyroscopic terms, when shifted to the right-hand side of the equation can be considered
to be the gyroscopic forces

Gi = −
n∑

j=1

gi j q̇ j (i = 1, . . . , n) (2.230)

Note that Gi is not an applied force, but is inertial in nature and always involves coupling
between two or more nonignored degrees of freedom. If the gyroscopic terms arise from
T1, the system must be rheonomic. On the other hand, if the Routhian procedure is used,
R1 terms can appear in a scleronomic system.

The rate of doing work by the gyroscopic forces is
n∑

i=1

Gi q̇i = −
n∑

i=1

n∑
j=1

gi j q̇ i q̇ j = 0 (2.231)

the zero result being due to the skew-symmetry of gi j . In n-dimensional configuration space,
the gyroscopic force G and the velocity q̇ are orthogonal.

Example 2.8 The Cartesian xy frame rotates at a constant rate� relative to the inertial XY
frame (Fig. 2.7). A particle of mass m moves in the xy-plane under the action of arbitrary
force components Fx (t) and Fy(t). We wish to find the differential equations for the motion
of the particle relative to the xy frame.

We can take V = 0, so Lagrange’s equation has the form

d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi
= Qi (2.232)

The kinetic energy is

T = 1

2
m[(ẋ −�y)2 + (ẏ +�x)2]

= 1

2
m(ẋ2 + ẏ2) + m�(x ẏ − yẋ) + 1

2
m�2(x2 + y2) (2.233)

XO

x

(x, y)

m

Fy (t) 

Fx (t)
y

Y

Ωt

Figure 2.7.
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We find that

d

dt

(
∂T

∂ ẋ

)
= mẍ − m�ẏ (2.234)

∂T

∂x
= m�ẏ + m�2x (2.235)

The x equation is

mẍ − 2m�ẏ − m�2x = Fx (2.236)

Similarly,

d

dt

(
∂T

∂ ẏ

)
= mÿ + m�ẋ (2.237)

∂T

∂y
= −m�ẋ + m�2y (2.238)

and the y equation is

mÿ + 2m�ẋ − m�2y = Fy (2.239)

The gyroscopic terms are −2m�ẏ in the x equation and 2m�ẋ in the y equation. Note that
they arise from the T1 (middle) term of the kinetic energy expression, they represent coupling
terms, and the coefficients satisfy skew-symmetry. We frequently associate gyroscopic
effects with rotating and precessing axially symmetric bodies. In this example, however, the
gyroscopic terms for a single particle are due to Coriolis accelerations. Nevertheless, if we
should consider the detailed motions of particles in a precessing gyroscope, we would find
that it is the Coriolis accelerations of these particles that produce the gyroscopic moment.

Coulomb friction

The nature of Coulomb friction was introduced in Chapter 1. Briefly, the friction force Ff

between two blocks in relative sliding motion is

Ff = −µNsgn(vr ) (2.240)

where the constant µ is the coefficient of sliding friction, N is the normal force between
the blocks, and the direction of Ff directly opposes the relative velocity vr . During sliding
the vector sum of the normal force N and the friction force µN lies on a cone of friction
whose axis is normal to the sliding surfaces and whose semivertex angle φ is given by

tanφ = µ (2.241)

If there is no sliding, the total force lies within the cone of friction.
When the Lagrangian approach is used in the analysis of systems with Coulomb friction,

one can write

d

dt

(
∂L

∂ q̇ i

)
− ∂L

∂qi
= Q′

i (i = 1, . . . , n) (2.242)
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and include the generalized Coulomb friction forces in the nonpotential Q′
i . With this

approach, Q′
i might actually be a frictional moment, for example.

Another approach which is particularly applicable to systems with rotating sliding sur-
faces is to consider the effect of tangential frictional stresses at every point on the surface.
The frictional stress σ f resembles a shear stress and is equal in magnitude to µσn where σn

is the normal stress or pressure acting at the given point on the sliding surface. The total
frictional force or moment is found by integrating the frictional stress over the entire sliding
contact area.

Example 2.9 A vertical shaft, with a hemispherical joint of radius R rotates at φ̇ rad/s
(Fig. 2.8). The shaft exerts a downward force F , resulting in a normal stress on the surface
of the joint given by

σn = σ0 cos θ (2.243)

where σ0 is the maximum normal stress. Assuming a coefficient of sliding friction µ, we
wish to solve for the frictional moment Q′

φ .

θµ

φ

σn

R

F .

Figure 2.8.

First, let us establish a relation between σ0 and the applied force F . Consider the vertical
component of the force due to the normal stress σn acting on a circular strip of circumference
2πR sin θ and width Rdθ . This leads to the integral

F =
∫ π/2

0
2πR2σ0 sin θ cos2 θ dθ = 2

3
πR2σ0 (2.244)

and we find that the maximum normal stress is

σ0 = 3F

2πR2
(2.245)

The frictional stress is

σ f = µσn = 3µF cos θ

2πR2
(2.246)
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and acts circumferentially on each circular strip with a moment arm equal to R sin θ . Thus,
we obtain the integral

Q′
φ = −

∫ π/2

0
2πσ f R

3 sin2 θ dθ

= −
∫ π/2

0
3µFR sin2 θ cos θ dθ = −µFR (2.247)

The negative sign indicates that the frictional moment Q′
φ opposes the rotation φ.

Example 2.10 A particle of mass m can slide inside a straight tube which is inclined at
an angle θ from the vertical and is rigidly attached to a vertical shaft which rotates at a
constant rate � (Fig. 2.9). There is a Coulomb friction coefficient µ between the particle
and the tube. We wish to find the differential equation of motion.

Let us use Lagrange’s equation in the general form

d

dt

(
∂T

∂ q̇ i

)
− ∂T

∂qi
+ ∂V

∂qi
=

m∑
j=1

λ j a ji + Q′
i (2.248)

Choose the spherical coordinates (r, θ, φ) as generalized coordinates with the constraints

θ̇ = 0, φ̇ −� = 0 (2.249)

g

m

er

eφ

eθ

�

µ

θ

r

Figure 2.9.
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This approach enables one to obtain the normal constraint forces from the λs. The uncon-
strained kinetic energy is

T = m

2
(ṙ2 + r2θ̇2 + r2φ̇2 sin2 θ ) (2.250)

and the potential energy is

V = mgr cos θ (2.251)

The friction force is entirely in the radial (er ) direction so we find that

Q′
θ = Q′

φ = 0, Q′
r = −µNsgn(ṙ ) (2.252)

where N is the normal force of the tube acting on the particle.
Lagrange’s equation results in the following r equation:

mr̈ − mr φ̇2 sin2 θ + mg cos θ = Q′
r

or

mr̈ − mr�2 sin2 θ + mg cos θ = −µNsgn(ṙ ) (2.253)

The normal tube force is

N = Nθeθ + Nφeφ (2.254)

and has a magnitude

N =
√

N 2
θ + N 2

φ ≥ 0 (2.255)

In order to find expressions for Nθ and Nφ we need to write the differential equations for θ
and φ. The θ equation, obtained by using (2.248), is

mr2θ̈ + 2mrṙ θ̇ − mr2φ̇2 sin θ cos θ − mgr sin θ = λ1

or

−mr2�2 sin θ cos θ − mgr sin θ = λ1 = r Nθ (2.256)

Since θ is an angle, λ1 must be a moment which is equal to the virtual work per unit δθ .
Similarly, the φ equation is

mr2φ̈ sin2 θ + 2mrṙ φ̇ sin2 θ + 2mr2θ̇ φ̇ sin θ cos θ = λ2

or

2mrṙ� sin2 θ = λ2 = r sin θNφ (2.257)

From (2.256) and (2.257) we obtain

Nθ = −mr�2 sin θ cos θ − mg sin θ (2.258)

Nφ = 2m�ṙ sin θ (2.259)
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Then, from (2.255) we obtain

N = m sin θ [4�2ṙ2 + (r�2 cos θ + g)2]1/2 (2.260)

The required differential equation of motion is furnished by the r equation of (2.253) with
the expression for N from (2.260) substituted in its right-hand side.

Now suppose that 0 < θ < π
2 and there are initial conditions r (0) = r0, ṙ (0) = 0. We

desire to find the limits on�2 for incipient motion either outward or inward. The differential
equation for incipient outward motion is

r̈ = r0�
2 sin2 θ − µr0�

2 sin θ cos θ − µg sin θ − g cos θ > 0 (2.261)

or

�2 >
g

r0

[
cos θ + µ sin θ

sin θ (sin θ − µ cos θ )

]
, 0 ≤ µ < tan θ (2.262)

The differential equation for incipient inward motion is

r̈ = r0�
2 sin2 θ + µr0�

2 sin θ cos θ + µg sin θ − g cos θ < 0 (2.263)

or

�2 <
g

r0

[
cos θ − µ sin θ

sin θ (sin θ + µ cos θ )

]
, 0 ≤ µ < cot θ (2.264)

The limits on µ can be visualized in terms of the cone of friction. For incipient motion
outward, the total reaction force of the tube acting on the particle cannot have a downward
component since it could not be counteracted by either gravity or centrifugal force effects.
Similarly, for incipient inward motion, the reaction force of the tube on the particle cannot
have an outward component since there is no counteracting force available. In both cases,
the symmetry axis of the cone of friction is normal to the tube and passes through the axis
of rotation.

Example 2.11 A particle of mass m is embedded at a distance 1
2r from the center of a

massless disk of radius r (Fig. 2.10). The disk can roll down a plane inclined at an angle
α = 30 ◦ with the horizontal. First, we wish to find the differential equation for the rotation
angle θ , assuming no slipping. Then, for the initial conditions θ (0) = 0, θ̇ (0) = 0, and
assuming a Coulomb friction coefficient µ = 1

2 , we wish to find the values of the angle θ
at which slipping first begins and then ends.

Let us obtain the differential equation of motion by using Lagrange’s equation in the
form

d

dt

(
∂T

∂θ̇

)
− ∂T
∂θ

+ ∂V
∂θ

= 0 (2.265)

The velocity of the particle as it rotates about the contact point C is

v =
[
r2 +

(
1

2
r

)2

+ 2r

(
1

2
r

)
cos θ

] 1
2

θ̇ (2.266)
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Figure 2.10.

where the coefficient of θ̇ is equal to the distance from C to the particle.
The kinetic energy is

T = 1

2
mv2 = 1

2
mr2θ̇2

(
5

4
+ cos θ

)
(2.267)

The potential energy is

V = mg

[
−rθ sinα + 1

2
r cos(θ + α)

]

= mgr

(
−1

2
θ +

√
3

4
cos θ − 1

4
sin θ

)
(2.268)

We find that

d

dt

(
∂T

∂θ̇

)
= mr2θ̈

(
5

4
+ cos θ

)
− mr2θ̇2 sin θ (2.269)

∂T

∂θ
= −1

2
mr2θ̇2 sin θ (2.270)

∂V

∂θ
= −mgr

(
1

2
+

√
3

4
sin θ + 1

4
cos θ

)
(2.271)

From (2.265) the differential equation of motion, assuming no slipping, is found to be

mr2θ̈

(
5

4
+ cos θ

)
− 1

2
mr2θ̇2 sin θ − mgr

(
1

2
+

√
3

4
sin θ + 1

4
cos θ

)
= 0 (2.272)
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The angle θ at which slipping begins can be obtained directly by using the cone of friction.
First, note that since the disk is massless there is no resistance to angular acceleration about
the particle. Hence, there can be no applied moment about the particle. This means that the
line of action of the force at the contact point C must pass through the particle. If this line
of action lies within the cone of friction, there is no slipping. But slipping begins when θ
reaches 90 ◦, at which time

tanφ =
1
2r

r
= µ (2.273)

and the particle lies on the cone of friction.
Slipping will continue as long as the particle is outside the cone of friction but will end

when it re-enters the cone at

θ = 90 ◦ + 2φ = 143.1 ◦ (2.274)

During the period when the particle is outside the cone of friction, the force at C must drop
to zero since the line of action of any force must pass through the particle and lie on or
within that cone. Thus, the particle moves in free fall under the action of gravity during the
slipping period, and continuously approaches the inclined plane. It is reasonable to assume
that the disk maintains contact with the plane during the free fall of the particle since θ̈ is
continuously positive and one might consider the effect of an infinitesimal rotational inertia
about the particle.

At the instant when the particle re-enters the cone of friction, the sliding suddenly stops
and the particle velocity must be perpendicular to the cone of friction. This means that an
impulse must be applied to the particle to cause a sudden change in velocity, namely, the
velocity component toward C due to sliding must be canceled. Finally, notice that the range
of values of θ over which slipping occurs turns out to be independent of the inclination
angle α.

2.5 Configuration space and phase space

Configuration space

In Chapter 1 we introduced the idea of configuration space. We defined the configuration
of a system to be specified by the values of its n generalized coordinates. Thus, at any given
time, the configuration is represented by a configuration point C having a position vector q
in an n-dimensional configuration space or q-space. As time proceeds, the point C traces
a solution path or trajectory in configuration space (Fig. 1.19).

If the system has m holonomic constraints of the form

φ j (q, t) = 0 ( j = 1, . . . ,m) (2.275)

each constraint is represented by a surface in configuration space on which the configuration
point C must move. Thus, for m independent holonomic constraints, the point C is confined
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to the common intersection of these surfaces, which is itself a subspace of (n − m) dimen-
sions. In general, the constraint surfaces are moving, but they are fixed if the constraints are
scleronomic of the form φ j (q).

It is always possible to give the location of C within the constraint intersection subspace
by defining (n − m) new generalized coordinates which are independent and specify the
configuration of the system. In other words, it is always possible, in theory, to find a set of
(n − m) independent generalized coordinates which are consistent with the constraints and
define the configuration of a holonomic system. These independent qs can then be used in
writing equations of motion by means of Lagrange’s equations.

A virtual displacement δq which is consistent with the holonomic constraint

φ j (q1, . . . , qn, t) = 0 (2.276)

must satisfy the instantaneous constraint equation

n∑
i=1

∂φ j

∂qi
δqi = 0 (2.277)

The coefficients of ∂φ j/∂qi are components of the gradient vector which is perpendicular
to the constraint surface. Equation (2.277) states that the dot product of the gradient vector
and δq in configuration space is equal to zero. Hence, the two vectors are orthogonal and
δq must lie in the tangent plane at the operating point C (Fig. 2.11).

Now let us suppose there are m nonholonomic constraints acting on the system. The
constraints have the general form

f j (q, q̇, t) = 0 ( j = 1, . . . ,m) (2.278)

or, in the usual linear case,

n∑
i=1

a ji (q, t)q̇ i + a jt (q, t) = 0 ( j = 1, . . . ,m) (2.279)

There are no constraint surfaces in configuration space because the constraint equations
are not integrable. Since there are no constraint surfaces, the entire n-dimensional space
is accessible to the configuration point C . We see that nonholonomic constraints, for any

φj (q, t) = 0 

q2

δq

C

q

q1

Figure 2.11.
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given configuration and time, are essentially restrictions on the possible velocities of the
system. For the common case of catastatic constraints (a jt = 0), the restrictions are on the
possible directions of q̇ rather than on its magnitude.

Any virtual displacements of a nonholonomic system must satisfy the Chetaev equation

n∑
i=1

∂ f j

∂q̇ i
δqi = 0 ( j = 1, . . . ,m) (2.280)

or, more commonly,

n∑
i=1

a ji (q, t)δqi = 0 ( j = 1, . . . ,m) (2.281)

which is the instantaneous or virtual constraint equation. The coefficients a ji represent
components of a vector associated with the j th constraint and which is normal to the
differential surface in which any virtual displacement δq must lie. By properly steering
the configuration point C and its associated (n − m)-dimensional differential surface, it is
always kinematically possible to go between any two points of configuration space if all
the constraints are nonholonomic and there are at least two degrees of freedom.

It is sometimes convenient to represent solution paths in an extended configuration space
or event space of n + 1 dimensions consisting of the n qs and time. In this space, a solution
path will never cross itself. Also, constraint surfaces corresponding to rheonomic holonomic
constraints will be fixed rather than moving. When one considers variational methods in
dynamics, some procedures are more easily visualized in extended configuration space.

Phase space

We have seen that Lagrange’s equations for a dynamical system are n second-order differ-
ential equations whose solutions qi (t) are conveniently expressed as paths in configuration
space. For a given dynamical system, there is more than one possible path through a given
configuration point because of the variety of possible velocities.

Now consider Hamilton’s canonical equations for a holonomic system. They are 2n first-
order differential equations giving q̇s and ṗs as functions of (q, p, t). We can consider the
qs and ps together to form a 2n-vector x = (q1, . . . , qn, p1, . . . , pn) and then the equations
of motion have the form

ẋ i = Xi (x, t) (i = 1, . . . , 2n) (2.282)

The motion of the system can be represented by the path of a phase point P moving in
the 2n-dimensional phase space. Note that a point in phase space specifies not only the
configuration but also the state of motion as represented by the ps.

Phase space is particularly convenient in presenting the possible motions of a conservative
holonomic system. In this case the Hamiltonian function is not an explicit function of time,
and the equations of motion have the form

ẋ i = Xi (x) (i = 1, . . . , 2n) (2.283)
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or, in detail,

q̇ i = ∂H (q, p)

∂pi
, ṗi = −∂H (q, p)

∂qi
(i = 1, . . . , 2n) (2.284)

Because the system is conservative the Hamiltonian function is constant, that is

H (q, p) = h (2.285)

where h is usually evaluated from the initial conditions. This equation represents a surface
in phase space, and the corresponding trajectory must lie entirely on this surface. From
(2.283) or (2.284) we see that the direction of motion is given at all ordinary points where
the velocity is not zero. Hence, there is only one trajectory through each point, and every
trajectory is fixed. Thus, the whole of phase space with its trajectories represents the totality
of all possible motions of a conservative system.

A point in phase space at which all the q̇s and ṗs are zero is known as an equilibrium point
or singular point. The corresponding trajectory consists of the equilibrium point only. If we
make the usual assumption that the Hamiltonian function has at least two partial derivatives
with respect to the qs and ps, it can be shown that an infinite time is required to enter or
leave an equilibrium point. Thus, although more than one trajectory may apparently pass
through an equilibrium point, it cannot do so in a finite time.

As a simple example of phase space methods, consider the phase plane diagram of
Fig. 2.12 which shows the possible solution paths in qp-space for a simple pendulum. Here
q is the pendulum angle and p is the corresponding angular momentum. There is a position
of stable equilibrium at A, corresponding to θ = 0. Points B and C represent unstable
equilibrium positions at θ = ±π .

Now suppose that solution curves are traced in a 2n-dimensional state space consisting
of the n qs and n q̇s. If one knows the state of a system at a certain initial time t0, then the
differential equations will determine its further motion. This is equivalent to knowing the

q

CAB

p

Figure 2.12.



114 Lagrange’s and Hamilton’s equations

initial values of the qs and ps in phase space. Thus, the trajectories in state space are similar
to those in phase space. In particular, the equilibrium points of conservative holonomic
systems occur at the same values of qs in both spaces.

Velocity space

The concept of velocity space is important in the analysis of nonholonomic systems. Non-
holonomic constraints are essentially constraints on the velocities (q̇s) of a system for a
given configuration and time, whereas holonomic constraints restrict the possible configu-
rations (qs) at a given time. Thus, the role of q̇s for nonholonomic constraints is similar to
that of qs for holonomic constraints.

Velocity space is the n-dimensional space of the q̇s. Nonholonomic constraints can be
represented as surfaces in velocity space, where the qs and t are regarded as parameters.
For example, consider a general nonholonomic constraint of the form

f j (q, q̇, t) = 0 (2.286)

which is represented as a curved surface in velocity space (Fig. 2.13).
The constraint force C j is perpendicular to the constraint surface; that is, its components

are proportional to ∂ f j/∂q̇ i (i = 1, . . . , n) which are the components of the gradient vector
in velocity space. A virtual velocity vector δw must lie in the tangent plane at the operating
point P . Therefore, δw and C j are orthogonal, implying that

n∑
i=1

C jiδwi = 0 (2.287)

similar to a virtual work expression, or

n∑
i=1

∂ f j

∂q̇ i
δwi = 0 (2.288)

q2

q1

q

P

δw
Cj

fj (q, q, t) = 0.

.

.

.

Figure 2.13.
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q2

q1

δw

P

constraint
plane

q
.

.

Figure 2.14.

Comparing (2.288) with the Chetaev expression of (2.280) for virtual displacements, we
see that the virtual velocity vector δw and the virtual displacement vector δq are constrained
to the same allowable directions in space.

Now consider the common case where there are nonholonomic constraints of the linear
form

n∑
i=1

a ji (q, t)q̇ i + a jt (q, t) = 0 ( j = 1, . . . ,m) (2.289)

Each constraint is represented by a plane in velocity space (Fig. 2.14). The virtual velocity
δw can be considered as a variation δq̇ with q and t fixed, and must satisfy

n∑
i=1

a ji (q, t)δwi = 0 ( j = 1, . . . ,m) (2.290)

Therefore, it must lie in the (n − m)-dimensional intersection of the constraint planes.
The distance d from the origin of a constraint plane in velocity space is

d = |a jt |[∑
i

a2
j i

] 1
2

(2.291)

We see that if the nonholonomic constraint is catastatic (a jt = 0), then the constraint plane
goes through the origin. In this case, if a velocity q̇ satisfies the constraints, then q̇multiplied
by an arbitrary scalar constant also satisfies the constraints. Thus, for the rather common
case of catastatic constraints, the effect of nonholonomic constraints on a system is to
restrict the possible directions of q̇ but not its magnitude.

When one considers conservative systems which also have catastatic nonholonomic con-
straints, there is a temptation to consider the energy integral as an additional nonholonomic
constraint. There are, however, qualitative differences between ordinary kinematic con-
straints and energy constraints. For a given configuration and time, an energy constraint is
actually a constraint on the kinetic energy, and is represented in velocity space by a closed
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surface which surrounds the origin. This means that an energy constraint does not restrict
the direction of q̇, but for any given direction, its magnitude is specified. On the other hand,
we found that linear catastatic constraints restrict the possible directions of q̇ but not the
magnitude.

As a natural application of velocity space methods, let us consider the derivation of
Jourdain’s principle. We start with Lagrange’s principle as expressed in (2.33), namely,

n∑
i=1

[
d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi
− Qi

]
δqi = 0 (2.292)

where the δqs satisfy the instantaneous constraints expressed in (2.280) or (2.281).
Lagrange’s principle applies to holonomic or nonholonomic systems and leads to (n − m)
differential equations of motion if there are m constraints. A comparison of (2.281) which
constrains the δqs in configuration space with (2.290) which constrains the δws in velocity
space shows that the corresponding δqs and δws are proportional. Hence, we can substitute
δwi for δqi in (2.292). We obtain

n∑
i=1

[
d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi
− Qi

]
δwi = 0 (2.293)

This is Jourdain’s principle. The variation δw is considered to take place in velocity space
at an operating point P on the common intersection of the constraint planes. By choosing
(n − m) independent sets of δws which satisfy the constraints expressed in (2.290), one can
use Jourdain’s principle to obtain (n − m) second-order differential equations of motion.
In addition, there are m constraint equations, making a total of n equations to solve for the
n qs.

Example 2.12 Let us apply Jourdain’s principle to the nonholonomic system (Fig. 2.3)
which was studied previously in Example 2.3 on page 83. The configuration of a dumbbell
that moves in the horizontal xy-plane is given by the generalized coordinates (x, y, φ).
There is a knife-edge constraint at particle 1 which has the Cartesian coordinates (x, y),
and the relative position of particle 2 with respect to particle 1 is given by the angle φ.

The nonholonomic constraint equation is

−ẋ sinφ + ẏ cosφ = 0 (2.294)

which states that the velocity of particle 1 is limited to the longitudinal direction. Hence,
the virtual velocity components must satisfy

−sinφ δw1 + cosφ δw2 = 0 (2.295)

where δw1 ≡ δ ẋ and δw2 ≡ δ ẏ. The kinetic energy of the unconstrained system is

T = m

(
ẋ2 + ẏ2 + 1

2
l2φ̇2 − l ẋ φ̇ sinφ + l ẏφ̇ cosφ

)
(2.296)
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and we obtain

d

dt

(
∂T

∂ ẋ

)
− ∂T
∂x

= m(2ẍ − lφ̈ sinφ − lφ̇2 cosφ) (2.297)

d

dt

(
∂T

∂ ẏ

)
− ∂T
∂y

= m(2ÿ + lφ̈ cosφ − lφ̇2 sinφ) (2.298)

d

dt

(
∂T

∂φ̇

)
− ∂T
∂φ

= ml(−ẍ sinφ + ÿ cosφ + lφ̈) (2.299)

In this example, n = 3 and m = 1 so there are two independent sets of δws which satisfy
(2.295). We can choose

δw = (cosφ, sinφ, 0) (2.300)

and

δw = (0, 0, 1) (2.301)

Notice that these components of δw are not necessarily infinitesimal.
Using Jourdain’s principle and the first set of δws, we obtain

m(2ẍ cosφ + 2ÿ sinφ − lφ̇2) = 0 (2.302)

which is the first equation of motion. The second equation of motion is obtained by using
the second set of δws, resulting in

ml(−ẍ sinφ + ÿ cosφ + lφ̈) = 0 (2.303)

These differential equations of motion are the same as those obtained by first using
the nonholonomic Lagrange equations with Lagrange multipliers, and then algebraically
eliminating the λs. However, the use of Jourdain’s principle appears to be more direct.

In addition to the two equations of motion, (2.302) and (2.303), a third equation is obtained
by differentiating the constraint equation with respect to time, with the result

−ẍ sinφ + ÿ cosφ − ẋ φ̇ cosφ − ẏφ̇ sinφ = 0 (2.304)

These three equations are sufficient to solve for x(t), y(t), and φ(t).

2.6 Impulse response, analytical methods

In the previous discussion of impulse methods in Chapter 1, Newton’s law and vectorial
methods were used. In this chapter we will use the analytical methods of Hamilton and
Lagrange, and will pay particular attention to constrained systems.

Hamiltonian approach

Consider an unconstrained system whose dynamical equation of motion has the Hamiltonian
form

ṗi = −∂H
∂qi

+ Q′
i (i = 1, . . . , n) (2.305)
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where Q′
i is the i th generalized applied force which is not derived from the potential energy

portion of the Hamiltonian function.
Now let us assume that very large forces are applied to the system over an infinitesimal

time interval �t , beginning at time t1. Let us integrate (2.305) over the interval �t . We
obtain∫ t1+�t

t1

(
ṗi + ∂H

∂qi

)
dt =

∫ t1+�t

t1

Q′
i dt (i = 1, . . . , n) (2.306)

The term ∂H/∂qi remains finite during the impulse, so its integral can be neglected. Thus
we obtain

�pi = Q̂i (i = 1, . . . , n) (2.307)

for this unconstrained system. The generalized impulse is

Q̂i =
∫ t1+�t

t1

Q′
i dt (i = 1, . . . , n) (2.308)

and

�pi =
∫ t1+�t

t1

ṗi dt =
n∑

j=1

mi j�q̇ j (i = 1, . . . , n) (2.309)

where we assume that the qs are fixed during the impulse. Thus, the �q̇s can be obtained
by solving

n∑
j=1

mi j�q̇ j = Q̂i (i = 1, . . . , n) (2.310)

as we found earlier in (1.360).
Now consider an unconstrained system of N particles whose positions are given by

the Cartesian coordinates x1, . . . x3N . Suppose that corresponding impulses F̂1, . . . , F̂3N

are applied to the system during the infinitesimal interval �t . The generalized impulse
associated with qi is

Q̂i =
3N∑
k=1

∂xk

∂qi
F̂k =

N∑
j=1

F̂ j · γ j i (2.311)

in agreement with (1.359).

Lagrangian approach

Let us begin with the fundamental form of Lagrange’s equation, namely,

d

dt

(
∂T

∂ q̇ i

)
− ∂T

∂qi
= Qi (i = 1, . . . , n) (2.312)
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where the Qs are due to the applied forces and the qs are independent. Now integrate with
respect to time over the interval �t . We obtain∫ t1+�t

t1

[
d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi

]
dt =

∫ t1+�t

t1

Qidt (2.313)

Note that the integral of ∂T/∂qi can be neglected and that

d

dt

(
∂T

∂q̇ i

)
= ṗi (2.314)

Hence we obtain∫ t1+�t

t1

ṗi dt =
∫ t1+�t

t1

Qidt (2.315)

or

�pi = Q̂i (i = 1, . . . , n) (2.316)

as before.

Constrained impulsive motion

Let us assume that the system has m constraints of the linear form

n∑
i=1

a ji (q, t)q̇ i + a jt (q, t) = 0 ( j = 1, . . . ,m) (2.317)

Jourdain’s principle applies in this case, so we can write

n∑
i=1

[
d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi
− Qi

]
δwi = 0 (2.318)

where the virtual velocities δwi satisfy the instantaneous constraints, that is,

n∑
i=1

a ji (q, t)δwi = 0 ( j = 1, . . . ,m) (2.319)

Now assume that impulsive forces are applied to the system over an infinitesimal interval
�t , beginning at time t1. Integrate (2.318) with respect to time over the interval�t for this
impulsive case, and again note that the integral of ∂T/∂qi can be neglected since it is finite.
We obtain

n∑
i=1

[�pi − Q̂i ]δwi = 0 (2.320)

or

n∑
i=1

[
n∑

j=1

mi j�q̇ j − Q̂i

]
δwi = 0 (2.321)
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where

�q̇ j = q̇ j − q̇ j0 (2.322)

and q̇ j is evaluated just after the impulse whereas q̇ j0 is the initial value just before the
impulse. Finally, we can write the general equation for constrained impulsive motion which
is

n∑
i=1

[
n∑

j=1

mi j (q̇ j − q̇ j0) − Q̂i

]
δwi = 0 (2.323)

It is assumed that the configuration and the values of the q̇ j0s are known just before the
impulses Q̂i are applied. There are (n − m) independent sets of δws which satisfy (2.319).
In addition, there are m actual constraint equations of the form

n∑
i=1

a ji (q, t) q̇ i + a jt (q, t) = 0 ( j = 1, . . . ,m) (2.324)

Thus, there are a total of n equations to solve for the n q̇s immediately after the impulses
are applied. The qs remain unchanged.

Lagrange multiplier form

Instead of using virtual velocities, we can analyze constrained impulsive motion by starting
with the general equation

�pi = Q̂i + Ĉ i (i = 1, . . . , n) (2.325)

where Q̂i is the generalized applied impulse and Ĉ i is the corresponding constraint impulse.
Now, by integrating (2.47) with respect to time over the interval �t of the impulses, we
obtain

Ĉ i =
m∑

k=1

λ̂kaki (i = 1, . . . , n) (2.326)

where λ̂k is an impulsive Lagrangian multiplier. Thus, using (2.309), (2.325), and (2.326),
we obtain
m∑

j=1

mi j (q̇ j − q̇ j0) = Q̂i +
m∑

k=1

λ̂kaki (i = 1, . . . , n) (2.327)

This is the Lagrange multiplier form of the constrained impulsive motion equation. These
n equations plus the m constraint equations from (2.324) are a total of (n + m) equations to
solve for the n q̇s and the m λ̂s. After finding the λ̂s, the constraint impulses can be obtained
from (2.326).

Impulsive constraints

We have assumed that the coefficients a ji and a jt in the constraint equations are continuous
functions of the qs and t . Now consider the case of impulsive constraints where one or more
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of the as may be discontinuous at some time t1. This allows for the sudden appearance of
a constraint or a sudden change in its motion. For example, the sudden appearance of a
fixed constraint would be represented by the sudden change of the a ji coefficients for that
constraint from zero to nonzero values, whereas a jt remains equal to zero. On the other
hand, a sudden change in a jt represents a change in the velocity of a moving constraint.

We shall assume that a sudden change in a constraint is not accompanied by an applied
impulse Q̂i at exactly the same time. Thus, we assume that

Q̂i = 0 (i = 1, . . . , n) (2.328)

Usually the sudden change in the values of the a ji or a jt coefficients results in Ĉ i constraint
impulses. An exception occurs when a constraint suddenly disappears, that is, when its as
suddenly go to zero. In this case, there are no constraint impulses.

In general, for impulsive constraints, (2.323) becomes

n∑
i=1

n∑
j=1

mi j (q̇ j − q̇ j0)δwi = 0 (2.329)

where the virtual velocities δwi satisfy (2.319). The Lagrange multiplier form, given by
(2.327), becomes

n∑
j=1

mi j (q̇ j − q̇ j0) =
m∑

k=1

λ̂kaki (i = 1, . . . , n) (2.330)

When one uses (2.329) and (2.330) a question arises concerning which of the discontinuous
values of the as are to be used in the associated constraint equations. The initial velocities
q̇ j0 must satisfy (2.324) where the as are evaluated at t−1 , that is, just before the discontinuity.
On the other hand, the as are evaluated at t+1 for constraint equations involving q̇ j , δwi , and
for the coefficients of λ̂k .

For the case in which a constraint suddenly disappears, we see from (2.330) that, since
there are no constraint impulses, the q̇s are continuous, that is, q̇ j = q̇ j0.

Example 2.13 Three particles, each of mass m, are rigidly connected in the form of
an equilateral triangle by massless rigid rods of length l (Fig. 2.15). The system moves
downward with velocity v0 in pure translational motion and particle 1 hits a smooth floor
at y = 0 inelastically. We wish to solve for the velocities of the particles immediately after
impact. Assume that particle 1 is directly below particle 3 at the time of impact.

We wish to illustrate the use of the general equations (2.323) and (2.327) for this
system which has three ordinary holonomic constraints and one impulsive holonomic
constraint. Let us specify the configuration of the system by the Cartesian coordinates
(x1, y1, x2, y2, x3, y3). The values of these coordinates at the time of impact are

x1 = x3, x2 − x1 =
√

3

2
l, y1 = 0, y2 = 1

2
l, y3 = l (2.331)

The corresponding velocities just before impact are

ẋ10 = ẋ20 = ẋ30 = 0, ẏ10 = ẏ20 = ẏ30 = −v0 (2.332)
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Figure 2.15.

The three holonomic constraints which specify the particle separations are

(x2 − x1)2 + (y2 − y1)2 − l2 = 0 (2.333)

(x2 − x3)2 + (y3 − y2)2 − l2 = 0 (2.334)

(x3 − x1)2 + (y3 − y1)2 − l2 = 0 (2.335)

Upon differentiation with respect to time, and using (2.331), these holonomic constraint
equations take the form

−
√

3

2
ẋ1 − 1

2
ẏ1 +

√
3

2
ẋ2 + 1

2
ẏ2 = 0 (2.336)

√
3

2
ẋ2 − 1

2
ẏ2 −

√
3

2
ẋ3 + 1

2
ẏ3 = 0 (2.337)

−ẏ1 + ẏ3 = 0 (2.338)

These equations are valid continuously before and after the impact.
The impulsive constraint equation is

ẏ1 = 0 (2.339)

This equation applies during and after impact, but not before.

First method Let us use impulsive Lagrange multipliers. Since all the Q̂s equal zero, we
can use (2.330). The as are the coefficients in (2.336)–(2.339), the constraint equations
linear in the q̇s. There is no inertial coupling between these Cartesian coordinates, and
mi j = m for i = j . Thus, noting that ẏ1 = ẏ3 = 0, the six dynamical equations are

mẋ1 = −
√

3

2
λ̂1 (2.340)

mv0 = −1

2
λ̂1 − λ̂3 + λ̂4 (2.341)
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mẋ2 =
√

3

2
λ̂1 +

√
3

2
λ̂2 (2.342)

m(ẏ2 + v0) = 1

2
λ̂1 − 1

2
λ̂2 (2.343)

mẋ3 = −
√

3

2
λ̂2 (2.344)

mv0 = 1

2
λ̂2 + λ̂3 (2.345)

These equations plus (2.336) and (2.337) can be solved for the four unknown q̇s and the
four λ̂s. The velocities immediately after the impact are

ẋ1 = −
√

3

5
v0, ẋ2 = 0, ẋ3 =

√
3

5
v0

ẏ1 = 0, ẏ2 = −3

5
v0, ẏ3 = 0 (2.346)

The impulsive Lagrange multipliers are

λ̂1 = 2

5
mv0, λ̂2 = −2

5
mv0, λ̂3 = 6

5
mv0, λ̂4 = 12

5
mv0 (2.347)

The first three λ̂s are impulses in rods 12, 23, and 31, respectively, positive being compres-
sive. Impulse λ̂4 is the floor reaction acting on particle 1.

We see that immediately after impact, the system rotates clockwise about the center of
the vertical rod with an angular velocity

ω = 2
√

3

5

v0

l
(2.348)

Second method Lagrange multipliers can be avoided by using (2.329). In accordance with
(2.319), the virtual velocities (δws) must satisfy

−
√

3

2
δ ẋ1 − 1

2
δ ẏ1 +

√
3

2
δ ẋ2 + 1

2
δ ẏ2 = 0 (2.349)

√
3

2
δ ẋ2 − 1

2
δ ẏ2 −

√
3

2
δ ẋ3 + 1

2
δ ẏ3 = 0 (2.350)

− δ ẏ1 + δ ẏ3 = 0 (2.351)

δ ẏ1 = 0 (2.352)

There are two independent sets of δws which satisfy these constraint equations since
n − m = 2. Let set 1 be

δwi = (1, 0, 1, 0, 1, 0) (2.353)
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corresponding to uniform translation in the x-direction. We will take set 2 to be

δwi = (1, 0, 0,
√

3,−1, 0) (2.354)

which represents rotational motion about the midpoint of the vertical rod.
Using (2.329) with set 1, we obtain

ẋ1 + ẋ2 + ẋ3 = 0 (2.355)

This is equivalent to adding (2.340), (2.342), and (2.344). Similarly, using set 2, we obtain

ẋ1 +
√

3(ẏ2 + v0) − ẋ3 = 0 (2.356)

These two equations plus the four constraint equations, namely, (2.336)–(2.339), can be
solved for the six Cartesian components of the particle velocities immediately after impact.
The results agree with (2.346).

We have used general equations for the impulse response of constrained systems of
particles. For the particular system under consideration, the analysis for its motion could
have been simplified considerably if we had considered the rigidly connected particles to
be a rigid body. We will study the impulse response of rigid bodies as one of the topics in
the next chapter.

Energy relations

Consider a system with n qs and m constraints of the linear form

n∑
i=1

aki (q, t)q̇ i + akt (q, t) = 0 (k = 1, . . . ,m) (2.357)

where the as are continuous functions of (q, t). The general impulse equation can be written
in the form

n∑
j=1

mi j (q̇ j − q̇ j0) = Q̂i + Ĉ i = Q̂i +
m∑

k=1

λ̂kaki (2.358)

Multiply by 1
2 (q̇ i + q̇ i0) and sum over i . We obtain

1

2

n∑
i=1

n∑
j=1

mi j (q̇ i q̇ j − q̇ i q̇ j0 + q̇ j q̇ i0 − q̇ i0q̇ j0)

= 1

2

n∑
i=1

Q̂i (q̇ i + q̇ i0) + 1

2

n∑
i=1

n∑
k=1

λ̂kaki (q̇ i + q̇ i0) (2.359)

If we note that mi j = m ji and require that both the q̇s and q̇0s satisfy the constraints of
(2.357), we find that (2.359) reduces to

1

2

n∑
i=1

n∑
j=1

mi j (q̇ i q̇ j − q̇ i0q̇ j0) = 1

2

n∑
i=1

Q̂i (q̇ i + q̇ i0) −
n∑

k=1

λ̂kakt (2.360)

where the last term on the right is equal to the energy input due to constraint impulses.
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Now assume that all constraints are catastatic, that is, akt = 0. Then

�T2 = 1

2

n∑
i=1

Q̂i (q̇ i + q̇ i0) (2.361)

where T2 is quadratic in the q̇s and is given by

T2 = 1

2

n∑
i=1

n∑
j=1

mi j q̇i q̇ j (2.362)

Finally, assuming a scleronomic system, we have T1 = T0 = 0 and T = T2. Then, by the
principle of work and kinetic energy, the work done on the system by the applied impulses
Q̂i over an infinitesimal interval �t is

W = �T = 1

2

n∑
i=1

Q̂i (q̇ i + q̇ i0) (2.363)

Impulsive constraints

Now let us consider energy relations in the case of impulsive constraints for which the a ji

or a jt coefficients suddenly change value. First consider the case of catastatic constraints
having the form

n∑
i=1

a ji (q, t)q̇ i = 0 ( j = 1, . . . ,m) (2.364)

and assume that the as are discontinuous at time t1. We assume that all Q̂i s are equal to
zero and start with the impulsive constraint equation in the form

n∑
i=1

n∑
j=1

mi j (q̇ j − q̇ j0)δwi = 0 (2.365)

where the δws satisfy
n∑

i=1

a jiδwi = 0 ( j = 1, . . . ,m) (2.366)

Comparing (2.364) and (2.366), we see that any q̇ i which satisfies (2.364) at time t+1 will
also satisfy (2.366). Then let us take δwi = q̇ i in (2.365) and note that the δws or q̇s need
not be infinitesimal. We obtain

n∑
i=1

n∑
j=1

mi j (q̇ j − q̇ j0)q̇ i = 0 (2.367)

The q̇ j0s satisfy (2.364) with the as evaluated at t−1 . From (2.367), and recalling that
mi j = m ji , we see that

n∑
i=1

n∑
j=1

mi j q̇i q̇ j =
n∑

i=1

n∑
j=1

mi j q̇i q̇ j0 =
n∑

i=1

n∑
j=1

mi j q̇i0q̇ j (2.368)
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Now define the kinetic energy of relative motion as follows:

K = 1

2

n∑
i=1

n∑
j=1

mi j (q̇ i − q̇ i0)(q̇ j − q̇ j0) (2.369)

Note that K is positive or zero. A substitution of (2.368) into (2.369) results in

K = 1

2

n∑
i=1

n∑
j=1

mi j q̇i0q̇ j0 − 1

2

n∑
i=1

n∑
j=1

mi j q̇i q̇ j = −�T2 (2.370)

Thus, we find that the loss of kinetic energy T2 due to impulsive catastatic constraints is
equal to the kinetic energy of relative motion. If T1 = T0 = 0, this is the total energy loss.

The general catastatic case is illustrated in Fig. 2.16a. A sudden change of a ji (q, t) at
time t1 results in a change in the orientation of the constraint plane which passes through
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Figure 2.16.
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the origin in n-dimensional velocity space. The change in generalized momentum is due
entirely to the constraint impulse Ĉ, that is,

n∑
j=1

mi j (q̇ j − q̇ j0) = Ĉ i (i = 1, . . . , n) (2.371)

This constraint impulse is normal to the final constraint plane at t+1 , so we see that

n∑
i=1

Ĉ i q̇ i = 0 (2.372)

for any final velocity q̇ which must lie in that constraint plane. From (2.371) and (2.372)
we obtain (2.367), the basic equation which was obtained earlier by other means.

A simple example of an impulsive catastatic constraint is provided by the sudden appear-
ance of a fixed frictionless constraint surface. For example, a particle might suddenly hit a
fixed wall with inelastic impact.

Now let us consider the case of impulsive constraints which are not catastatic. Specifi-
cally, let us assume that the a ji coefficients are continuous at time t1, but the a jts change
from zero to nonzero values. This could occur, for example, when a constraint suddenly
begins to move. In this case, at t−1 the q̇ i0s satisfy

n∑
i=1

a ji q̇ i0 = 0 ( j = 1, . . . ,m) (2.373)

which has the same form as (2.366) that is satisfied by the δws. Hence, substituting q̇ i0 for
δwi in (2.365), we obtain

n∑
i=1

n∑
j=1

mi j (q̇ j − q̇ j0)q̇ i0 = 0 (2.374)

and, again noting that mi j = m ji , we find that

n∑
i=1

n∑
j=1

mi j q̇i0q̇ j =
n∑

i=1

n∑
j=1

mi j q̇ j0q̇ i =
n∑

i=1

n∑
j=1

mi j q̇i0q̇ j0 (2.375)

Then, using (2.369), the kinetic energy of relative motion is equal to

K = 1

2

n∑
i=1

n∑
j=1

mi j q̇i q̇ j − 1

2

n∑
i=1

n∑
j=1

mi j q̇i0q̇ j0 = �T2 (2.376)

We conclude that the increase in kinetic energy T2 due to sudden changes in the a jts from
zero to nonzero values is equal to the kinetic energy of relative motion.

The velocity space representation is shown in Fig. 2.16b. Again the constraint impulse
components Ĉ i are given by (2.371) so (2.374) becomes

n∑
i=1

Ĉ i q̇ i0 = 0 (2.377)
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This equation states that the constraint impulse Ĉ and the resulting change in generalized
momentum are normal to the parallel constraint planes, before and after time t1 of the
impulse. Of course, any possible velocity q̇0 at t−1 must lie in the constraint plane.

Another possibility would be for the a jt coefficients to jump from nonzero to zero values,
corresponding to a sudden stop of moving constraints. This would reverse roles of q̇0 and q̇
in Fig. 2.16b and the resulting change in T2 would be a loss equal to K , the kinetic energy
of relative motion.

Example 2.14 Two particles, each of mass m, are connected by a massless rod of length l.
Particle 1 can slide without friction on a rod that may rotate about O while particle 2 slides
without friction along a vertical wall (Fig. 2.17). Let (r, y) be the generalized coordinates
and assume the initial conditions θ = π/2, θ̇ = 0, r = y = l/

√
2, ṙ = −ẏ = v0 at time

t = 0−. Then, at t = 0, the rod O1 suddenly starts rotating with an angular velocity ω. For
this case of an impulsive constraint we wish to solve for the values of ṙ and ẏ at t = 0+ as
well as the constraint impulses R̂1 and R̂2.
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m
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l

ω
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m
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θ

y

r

∧

∧

Figure 2.17.

The holonomic constraint equation obtained from the cosine law is

r2 + y2 − 2r y cos θ − l2 = 0 (2.378)

After differentiation with respect to time we obtain

rṙ + y ẏ − (ṙ y + r ẏ) cos θ + r yθ̇ sin θ = 0 (2.379)

At t = 0+ we have θ̇ = −ω, and (2.379) has the form

ṙ + ẏ − lω√
2

= 0 (2.380)

The last term is the a jt term which becomes nonzero at t = 0.
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Let us use the basic equation (2.365), namely,

n∑
i=1

n∑
j=1

mi j (q̇ j − q̇ j0)δwi = 0 (2.381)

and thereby avoid having to evaluate Lagrange multipliers. The kinetic energy at t = 0+ is

T = 1

2
m(ṙ2 + ẏ2 + r2ω2) (2.382)

which leads to

mrr = myy = m, mry = myr = 0 (2.383)

In accordance with (2.366) the virtual velocities must satisfy

δwr + δwy = 0 (2.384)

Let us take δwr = 1 and δwy = −1. Then (2.381) results in

m [(ṙ − v0) − (ẏ + v0)] = 0

or

ṙ − ẏ − 2v0 = 0 (2.385)

Upon solving (2.380) and (2.385) we obtain

ṙ = lω

2
√

2
+ v0 (2.386)

ẏ = lω

2
√

2
− v0 (2.387)

These q̇s apply at t = 0+.
The impulse R̂1 is obtained by using the principle of impulse and momentum in the

vertical direction.

R̂1 = m

(
ẏ + v0 + lω√

2

)
= 3mlω

2
√

2
(2.388)

Similarly, from the principle of impulse and momentum in the horizontal direction, we
obtain

R̂2 = m(ṙ − v0) = mlω

2
√

2
(2.389)

Now let us consider the kinetic energy of this system with a suddenly moving constraint.
The increase in kinetic energy is

�T = m

2

[(
lω

2
√

2
+ v0

)2

+
(

lω

2
√

2
− v0

)2
]

− mv2
0 = ml2ω2

8
(2.390)
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From (2.369) the kinetic energy of relative motion is

K = m

2
[(ṙ − v0)2 + (ẏ + v0)2] = ml2ω2

8
(2.391)

We see that

�T = K (2.392)

for this system with an acatastatic constraint given by (2.380).
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2.8 Problems

2.1. A string of length 2L is attached at the fixed points A and B which are separated by
a horizontal distance L . A particle of mass m can slide without friction on the string
which remains taut, resulting in an elliptical path. (a) Using Lagrange’s equation
and (x, y) as the particle coordinates, find the differential equations of motion. (b)
Assume the initial conditions x(0) = 0, y(0) = −(

√
3/2)L , ẋ(0) = √

gL , ẏ(0) = 0.
Solve for xmax during the motion and the initial string tension P.

(x, y)

C

m

1_
2 L1_

2 L

A B

x

g

y

Figure P 2.1.



131 Problems

2.2. Consider the dumbbell system of Example 2.3 on page 83. Suppose there is a Coulomb
friction coefficient µ for skidding, that is, sliding in a direction perpendicular to the
knife edge, but there is no friction for sliding along the knife edge. (a) What are
the differential equations of motion, assuming that skidding occurs? (b) Write an
inequality of the form | f (q, q̇)| > C which is the necessary and sufficient condition
for skidding to occur.

2.3. A particle of mass m can slide on a smooth rigid wire in the form of the parabola
y = x2 under the action of gravity. (a) Obtain the x and y differential equations of
motion and solve for ẍ as a function of (x, ẋ). (b) Assuming the initial conditions
x(0) = x0, ẋ(0) = 0, solve for ẋ(x).

y

g

y = x2

m

x

Figure P 2.3.

2.4. A cylinder of radius r rotates at a constant rateω about its fixed central axis. A particle
of mass m is attached to point P on its circumference by a flexible rope of length L .
(a) Assume that the initial value φ(0) = 0 and the absolute velocity of the particle is
zero at this time. Solve for φ̇ as a function of φ for 0 ≤ φ ≤ 1

2π . (b) After φ reaches
1
2π the rope begins to wrap around the cylinder and its straight portion is of length
l = L − rθ . Assuming that the initial value of θ̇ for this phase of the motion is equal
to the value of φ̇ at φ = 1

2π , solve for θ̇ as a function of l and show that θ̈ = r3ω2/ l3.

ω
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m
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O
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φ

Figure P 2.4.
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2.5. A particle P of mass m is attached by a flexible massless string of constant length L
to a point A on the rim of a smooth fixed vertical cylinder of radius R. The string can
wrap around the cylinder, but leaves at point C , creating a straight portion C P . At
any given time, all portions of the string maintain the same slope angle φ relative to
a horizontal plane. (a) Using (θ, φ) as generalized coordinates, obtain the differential
equations of motion. (b) Solve for the tension in the string. Assume that the string
remains taut and the distance C P > 0.

g

O

R
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C

P

m

eθ

ez

θ

eR

φ

Figure P 2.5.

2.6. A particle of mass m moves on the surface of a spherical earth of radius R which
rotates at a constant rate �. Linear damping with a damping coefficient c exists for
motion of the particle relative to the earth’s surface. Choose an inertial frame at the
center of the earth and use (θ, φ) as generalized coordinates, where θ is the latitude
angle (positive north of the equator) and φ is the longitude angle (positive toward the
east). (a) Obtain the differential equations of motion. (b) Show that the work rate Ẇp

of the damper acting on the particle plus its work rate Ẇe acting on the earth plus the
energy dissipation rate Ḋ sums to zero.

2.7. A dumbbell consists of two particles, each of mass m, connected by a massless rod of
length l. A knife edge is located at particle 1 and is aligned at 45 ◦ to the longitudinal
direction, as shown in Fig. P 2.7. Using (x, y, φ) as generalized coordinates, find the
differential equations of motion of the system.

2.8. Two particles, each of mass m, can slide on the horizontal xy-plane (Fig. 2.8).
Particle 1 at (x, y) has a knife-edge constraint and is attached to a massless rigid
rod. Particle 2 can slide without friction on this rod and is connected to particle 1
by a spring of stiffness k and unstressed length l0. Using (x, y, φ, s) as generalized
coordinates, obtain the differential equations of motion.
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2.9. Particles B and C , each of mass m, are motionless in the position shown in Fig. P 2.9
when particle B is hit by particle A, also of mass m and moving with speed v0. The
coefficient of restitution for this impact is e = 2

3 . Particles A and B can move without
friction on a fixed rigid wire, the displacement of B being x . There is a joint at C
and the two rods of length l are each massless. (a) Find the velocity ẋ of particle B
immediately after impact. (b) What is the impulse P̂ transmitted by rod BC?

A

m
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m
45°

l
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m

l

x
e = −23

v0

Figure P 2.9.

2.10. Three particles, each of mass m, are connected by strings of length l to form an equi-
lateral triangle (Fig. P 2.10). The system is rotating in planar motion about its fixed
center of mass at an angular rate φ̇ = ω0 when string BC suddenly breaks. (a) Take
(φ, θ) as generalized coordinates and use the Routhian procedure to obtain the differ-
ential equation for θ in the motion which follows. (b) Solve for the value of θ̇ when the
system first reaches a straight configuration with θ = 1

2π , assuming the strings remain
taut.

2.11. A rigid wire in the form of a circle of radius r rotates about a fixed vertical diameter
at a constant rate � (Fig. P 2.11). A particle of mass m can slide on the wire,
and there is a coefficient of friction µ between the particle and the wire. Find the
differential equation for the position angle θ .
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2.12. A rod of length R rotates in the horizontal xy-plane at a constant rate ω. A pendulum
of mass m and length l is attached to point P at the end of the rod. The orientation of
the pendulum relative to the rod is given by the angle θ measured from the downward
vertical and the angle φ between the vertical plane through the pendulum and the
direction OP . (a) Using (θ, φ) as generalized coordinates, obtain the differential
equations of motion. (b) Write the expression for the energy integral of this
system.
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2.13. An xy Cartesian frame rotates at a constant angular rate� about the origin in planar
motion. The position of a particle of mass m is (x, y) relative to the rotating frame.
There is an impulsive constraint, discontinuous at time t1, which is given by ẏ = 0
(t < t1), ẏ = v0 (t > t1). The position at t = t1 is (x0, y0) and ẋ(t−1 ) = ẋ0. (a) Solve
for the values of the relative velocity components (ẋ, ẏ) at time t+1 . (b) Find �T2

as well as the increase �T in the total kinetic energy. (c) Solve for the constraint
impulse.

2.14. A particle of mass m can move without friction on a horizontal spiral of the form
r = kθ , as in Fig. 1.8 on page 13. (a) Choose (r, θ) as generalized coordinates and
write the differential equations of motion using Lagrange’s equation. (b) Assuming
that the particle starts at the origin with speed v0, solve for ṙ and the normal
constraint force N as functions of r . (c) Now add Coulomb friction with coefficient
µ and obtain a single equation of motion giving r̈ as a function of r and ṙ .

2.15. A dumbbell AB can move in the vertical xy-plane. There is a coefficient of friction
µ for sliding at A and B. The normal constraint forces are Nx and Ny , as shown. (a)
Assuming downward sliding (ẋ > 0), write the differential equations of motion in
the forms ẍ = ẍ(x, y, ẋ, ẏ) and ÿ = ÿ(x, y, ẋ, ẏ), that is, eliminate λ, Nx , and Ny

by expressing them in terms of these variables. (b) Use θ as a single generalized
coordinate and write the differential equation for θ in the form θ̈ = θ̈ (θ, θ̇ ).
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Figure P 2.15.

2.16. Four particles, each of mass m, are connected by massless rods of length l, as shown
in Fig. P 2.16. There is a joint at each particle. Assume planar motion with no
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external forces, so the center of mass can be considered fixed in an inertial frame.
(a) Using (r1, r2, θ) as generalized coordinates, obtain the differential equations of
motion. Reduce these equations to three equations of motion, each involving a single
variable and its time derivatives. (b) Assuming an initially square configuration with
ṙ1(0) = v0, ṙ2(0) = −v0, θ (0) = 0, θ̇ (0) = ω0, solve for r1, r2, and θ as functions of
time.
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Figure P 2.16.

2.17. The polar coordinates (r, θ) define the position of a particle of massm which is initially
constrained to move at a constant angular rate θ̇ = ω0 along a frictionless circular path
of radius R. Then, at time t = 0, the radius of the circular constraint starts increasing
at a constant rate ṙ = v0. When t = R/v0 the expansion of the constraint suddenly
stops, and r = 2R for t > R/v0. (a) Solve for the constraint impulses at times t = 0
and t = R/v0. (b) What is the final velocity of the particle? (c) Find the work done
on the particle by each of the constraint impulses and by the nonimpulsive constraint
force.

2.18. Particles A and B can slide without friction on the vertical y-axis (Fig. P 2.18). Particle
C can slide without friction on the horizontal x-axis. Particles B and C are connected
by a massless rod of length l while particles A and C are connected by a massless rod
of length

√
3l. There are joints at the ends of the rods. (a) Use (θ1, θ2) as generalized

coordinates and write the holonomic constraint equation. (b) Obtain expressions
for the kinetic and potential energies in terms of θ2 and θ̇2; that is, eliminate θ1 and
θ̇1 by using the constraint equation. (c) Assume the initial conditions θ1(0) = 30◦,
θ̇1(0) = 0, θ2(0) = 60◦, θ̇2(0) = 0. Solve for the velocity of particle B when it
first passes through the origin. (d) Solve for the acceleration of particle A at this
time.
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2.19. Three particles, each of mass m, are connected by massless rods AB and AC with
a joint at A. The system is translating in the negative y direction with speed v0

when particle C hits a fixed smooth wall and there is a coefficient of restitution
e = 1. Use the generalized coordinates (θ, φ, x, y). Assume that the conditions just
before impact are θ (0−) = 45◦, θ̇ (0−) = 0, φ(0−) = 45◦, φ̇(0−) = 0, ẋ(0−) = 0,
ẏ(0−) = −v0. Find: (a) the constraint impulse N̂ during impact and the initial
conditions just after impact; (b) the θ and φ equations of motion; (c) the minimum
value of θ and the value of φ̇ at this time.
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2.20. Four particles, each of mass m, can move on the horizontal xy-plane without friction.
They are connected by four massless rods of length l with joints at the particles.
(a) Using (x, y, θ, φ) as generalized coordinates, obtain the differential equations
of motion. (b) Assuming the initial conditions x(0) = y(0) = 0, ẋ(0) = ẏ(0) =
0, θ(0) = φ(0) = 0, θ̇ (0) = θ̇0 > 0, φ̇(0) = φ̇0 > 0, solve for the tensile forces in
the rods. (c) Assuming that any particle collisions are purely elastic, find the period
of the motion in φ.
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2.21. Two particles, each of mass m, are connected by a rigid massless rod of length l
(Fig. P2.21). Particle 1 slides without friction on the horizontal xy-plane. Because of
the conservation of horizontal momentum, an inertial frame can be found such that the
motion of the center of mass is strictly vertical. (a) Using (θ, φ) as generalized coordi-
nates, obtain the differential equations of motion. (b) Assuming the initial conditions
θ (0) = π/4, θ̇ (0) = 0, φ(0) = 0, φ̇(0) = φ̇0, solve for the value of θ̇ at the instant
just before θ reaches zero. Assume that particle 1 remains in contact with the xy-plane.
(c) Find the minimum magnitude of φ̇0 such that particle 1 will leave the xy-plane at
t = 0.
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2.22. Four frictionless uniform spheres, each of mass m and radius r , are placed in the
form of a pyramid on a horizontal surface. They are released from rest with the upper
sphere moving downward and the lower spheres moving radially outward without
rotation. Because of the symmetry, the angle θ to the top sphere is the same for all
three lower spheres. (a) Find the differential equation for θ , assuming that sphere
1 remains in contact with the lower spheres. (b) Find the angle θ at which the top
sphere loses contact with the others. (c) What is the final velocity of sphere 2?
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3 Kinematics and dynamics of a rigid body

A rigid body may be viewed as a special case of a system of particles in which the particles
are rigidly interconnected with each other. As a consequence, the basic principles which
apply to systems of particles also apply to rigid bodies. However, there are additional
kinematical and dynamical formulations which are specifically associated with rigid bodies,
and which contribute greatly to their analysis. This chapter will be primarily concerned with
a discussion of these topics.

3.1 Kinematical preliminaries

Degrees of freedom

The configuration of a rigid body can be expressed by giving the location of an arbitrary point
in the body and also giving the orientation of the body in space. This can be accomplished
by first considering a Cartesian body-axis frame to be fixed in the rigid body with its origin
at the arbitrary reference point for the body. The location of the origin of this xyz body-axis
frame can be given by the values of three Cartesian coordinates relative to an inertial XYZ
frame. The orientation of the rigid body is specified by giving the orientation of the body
axes relative to the inertial frame. This relative orientation is frequently expressed in terms
of three independent Euler angles which will be defined.

The number of degrees of freedom of a rigid body is equal to the number of independent
parameters required to specify its configuration which, in effect, specifies the locations of all
the particles comprising the body. In this case, there are three Cartesian coordinates and three
Euler angles, so there are six degrees of freedom for the rigid body. Alternative methods are
available for specifying the orientation, but in each case the number of parameters minus the
number of independent constraining relationships is equal to three, the number of degrees of
freedom associated with orientation. To summarize, a rigid body has six degrees of freedom,
three being translational and three rotational.

Rotation of axes

Let r be an arbitrary vector. We seek a relationship between its components in the primed
and unprimed coordinate systems of Fig. 3.1. This relationship must be linear, so we can
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write the matrix equation

r ′ = Cr (3.1)

In detail, we have
 x ′

y′

z′


 =


 cx ′x cx ′ y cx ′z

cy′x cy′ y cy′z

cz′x cz′ y cz′z




 x

y
z




(3.2)

where

r = x i + yj + zk = x ′i′ + y′j′ + z′k′ (3.3)

The matrix C is called a rotation matrix and it specifies the relative orientation of the two
coordinate systems. An element ci ′ j is equal to the cosine of the angle between the positive
i′ and j axes, and is called a direction cosine. By convention, the first subscript refers to the
final coordinate system, and the second subscript refers to the original coordinate system.
In order to transform a given set of components to a new coordinate system, premultiply by
the corresponding rotation matrix.

In general, the nine elements of a rotation matrix are all different. The first column of the
C matrix gives the components of the unit vector i in the primed frame. Similarly, the second
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and third columns of C represent j and k respectively, in the primed frame. Hence, the sum
of the squares of the elements of a single column must equal one. In other words, the scalar
product of a unit vector with itself must equal one. On the other hand, the scalar product of
any two different columns must equal zero, since the unit vectors are mutually orthogonal.
Altogether, there are three independent equations for single columns, and three independent
equations for pairs of columns, giving a total of six independent constraining equations. The
number of direction cosines (nine) minus the number of independent constraining equations
(six) yields three, the number of rotational degrees of freedom.

By interchanging primed and unprimed subscripts, we see that the transposed rotation
matrixCT is the rotation matrix for the transformation from the primed frame to the unprimed
frame. Hence, the sequence of transformations C and CT, in either order, will return a
coordinate frame to its original orientation. We find that

r = CTr ′ (3.4)

and, using (3.1) and (3.4),

CTC = CCT = U (3.5)

where U is a 3 × 3 unit matrix, that is, with ones on the main diagonal and zeros elsewhere.
From (3.5) it is apparent that

CT = C−1 (3.6)

Matrices such as the rotation matrix whose transpose and inverse are equal are classed as
orthogonal matrices. The determinant of any rotation matrix is equal to +1.

In general, a rotation of axes given by Ca followed by a second rotation Cb is equivalent
to a single rotation

C = CbCa (3.7)

The order of matrix multiplications is important, indicating that the order of the correspond-
ing finite rotations is also important. As we shall see, the definitions of the various Euler
angle systems used in specifying rigid body orientations always require a particular order
in making the rotations.

Euler angles

The rotation of a rigid body from some reference orientation to an arbitrary final orientation
can always be accomplished by three rotations in a given sequence about specified body
axes. The resulting angles of rotation are known as Euler angles. Many Euler angle systems
are possible, but we will consider only two, namely, aircraft Euler angles and classical Euler
angles.

Type I (aircraft) Euler angles are shown in Fig. 3.2 and represent an axis-of-rotation
order zyx , where each successive rotation is about the latest position of the given body
axis. Assume that the xyz body axes and the XYZ inertial axes coincide initially. Then three
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rotations are made in the following order: (1) ψ about the Z -axis, resulting in the primed
axis system; (2) θ about the y′-axis (line of nodes) resulting in the double-primed system;
(3) φ about the x ′′-axis, resulting in the final xyz body-fixed frame.

Incremental changes in the Euler angles are indicated by the corresponding angular
velocity vectors; namely, ψ̇ about the Z -axis, θ̇ about the y′-axis (line of nodes), and φ̇

about the x-axis. The absolute angular velocity of the xyz body-axis frame is

ω = ψ̇ + θ̇ + φ̇ (3.8)

Note that the vectors ψ̇ and φ̇ are not orthogonal. In terms of body-axis components,

ω = ωx i + ωyj + ωzk (3.9)

For an aircraft, ωx is the roll rate, ωy is the pitch rate, and ωz is the yaw rate. A rotation
matrix C , defined in terms of direction cosines, was given by (3.2). For rotations about
individual Cartesian axes, we have the following results. A rotation φ about the x-axis is



144 Kinematics and dynamics of a rigid body

represented by the matrix

� =

 1 0 0

0 cosφ sinφ
0 −sinφ cosφ




(3.10)

A rotation θ about the y-axis is

� =

 cos θ 0 −sin θ

0 1 0
sin θ 0 cos θ




(3.11)

A rotation ψ about the z-axis is

� =

 cosψ sinψ 0

−sinψ cosψ 0
0 0 1




(3.12)

Noting that successive rotations are represented by successive premultiplications by the
corresponding rotation matrices, the overall rotation matrix for type I Euler angles is

C = ��� (3.13)

or, in detail,

C =




cosψ cos θ sinψ cos θ − sin θ

(− sinψ cosφ
+ cosψ sin θ sinφ)

(cosψ cosφ
+ sinψ sin θ sinφ)

cos θ sinφ

(sinψ sinφ
+ cosψ sin θ cosφ)

(− cosψ sinφ
+ sinψ sin θ cosφ)

cos θ cosφ




(3.14)

Usually, we consider that the ranges of the Euler angles are

0 ≤ ψ < 2π, −π
2

≤ θ ≤ π

2
, 0 ≤ φ < 2π

The body-axis components of the absolute angular velocity in terms of Euler angle rates
are

ωx = φ̇ − ψ̇ sin θ

ωy = ψ̇ cos θ sinφ + θ̇ cosφ (3.15)

ωz = ψ̇ cos θ cosφ − θ̇ sinφ

Conversely, the Euler angle rates in terms of angular velocity components are

ψ̇ = sec θ (ωy sinφ + ωz cosφ)

θ̇ = ωy cosφ − ωz sinφ
(3.16)

φ̇ = ωx + ψ̇ sin θ

= ωx + ωy tan θ sinφ + ωz tan θ cosφ
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We see from (3.15) that ωx , ωy , ωz are well-defined for arbitrary Euler angles and Euler
angle rates. But if θ = ±π/2, equation (3.16) shows that ψ̇ and φ̇ can be infinite even if
ω is finite. Furthermore, the angles ψ and φ are not well-defined if the x-axis of Fig. 3.2
points vertically upward or downward in this singular situation. If θ = π/2, for example,
ψ and φ are undefined, but (ψ − φ) is the angle between the Y and y axes.

All types of Euler angle systems are subject to singularity problems which occur when
two of the Euler angle rates represent rotations about the same axis in space. Thus, in
Fig. 3.2 the ψ̇ and φ̇ rotations occur about the same vertical axis if θ = ±π/2. When
combined with a θ̇ rotation about a horizontal axis, this limits the ω vector to a definite
vertical plane when using this Euler angle representation, even though the actual motion
may have no such constraint. For these reasons and the associated problems of maintain-
ing accuracy in numerical computations, it is the usual practice to choose an Euler angle
system such that the rotational motion of the rigid body does not come near a singular
orientation.

Type II Euler angles are shown in Fig. 3.3. The order of rotation is as follows: (1) φ about
the Z -axis; (2) θ about the x ′-axis; (3) ψ about the z′′-axis. The usual ranges of the Euler
angles are

0 ≤ φ < 2π, 0 ≤ θ ≤ π, 0 ≤ ψ < 2π

           

y

q
.

.

ψ

φ

θ

y

y′′

y′

Y

x′, x′′

z′′, z

X
Line of nodes

O

Z, z′

θ

f
ψ

φ
.

.

x

Figure 3.3.



146 Kinematics and dynamics of a rigid body

The absolute angular velocity of the xyz frame is

ω = φ̇ + θ̇ + ψ̇ (3.17)

with the body-axis components

ωx = φ̇ sin θ sinψ + θ̇ cosψ

ωy = φ̇ sin θ cosψ − θ̇ sinψ (3.18)

ωz = ψ̇ + φ̇ cos θ

Conversely, we obtain

φ̇ = csc θ (ωx sinψ + ωy cosψ)

θ̇ = ωx cosψ − ωy sinψ (3.19)

ψ̇ = ωz − φ̇ cos θ

= −ωx cot θ sinψ − ωy cot θ cosψ + ωz

Singular orientations of the body occur for θ = 0 or π , and both φ̇ and ψ̇ become infinite
even with finite ωx and ωy . Furthermore, we note that the φ̇ and ψ̇ rotations occur about
the same vertical axis in Fig. 3.3.

The overall rotation matrix for Type II Euler angles is

C = ��� (3.20)

where

� =

 cosφ sinφ 0

−sinφ cosφ 0
0 0 1




(3.21)

� =

 1 0 0

0 cos θ sin θ
0 − sin θ cos θ




(3.22)

� =

 cosψ sinψ 0

− sinψ cosψ 0
0 0 1




(3.23)

In detail, we obtain

C =




(cosφ cosψ
− sinφ cos θ sinψ)

(sinφ cosψ
+ cosφ cos θ sinψ)

sin θ sinψ

(− cosφ sinψ
− sinφ cos θ cosψ)

(− sinφ sinψ
+ cosφ cos θ cosψ)

sin θ cosψ

sinφ sin θ − cosφ sin θ cos θ




(3.24)
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Euler angles are true generalized coordinates and, as such, can be used as qs in Lagrange’s
equations. We shall find, however, that other methods may be more convenient in obtaining
the dynamical equations for the rotational motion of a rigid body.

Axis and angle of rotation

An important result in rigid body kinematics is expressed by Euler’s Theorem: The most
general displacement of a rigid body with a fixed point is equivalent to a single rotation
about some axis through that point.

Because a fixed point is assumed, any motion involves a change of orientation. Hence,
Euler’s theorem is concerned with orientation changes. On the basis of this theorem, we
conclude that, although any Euler angle system expresses an orientation change in terms of
a sequence of three rotations about coordinate axes, the same change of orientation could
have been obtained by a single rotation about a fixed axis. Hence, if one can specify the
direction of the axis of rotation, as well as the angle of rotation about this axis, it is equivalent
to specifying three Euler angles or a rotation matrix consisting of nine direction cosines.

Suppose we let the direction of the axis of rotation be given by the unit vector

a = ax i + ayj + azk (3.25)

where i, j, k are Cartesian unit vectors and the scalar as are constrained by the relation

a2
x + a2

y + a2
z = 1 (3.26)

These as have the same values in either the inertial or the body-fixed frame, and remain
constant during the rotation because the rotation axis is fixed in both frames. Let φ be the
angle of rotation of the body-fixed frame relative to the inertial frame, where positive φ is
measured in a right-hand sense about the unit vector a. The values of the four parameters
(ax , ay, az, φ) specify the orientation of the rigid body and its body-fixed frame. These are
the axis and angle variables.

Now suppose that we are given a rotation matrix C and we desire the corresponding
values of the axis and angle variables. First, the angle of rotation φ is found from the trace
of the rotation matrix, that is,

tr C = cxx + cyy + czz = 1 + 2 cosφ, 0 ≤ φ ≤ π (3.27)

Then, knowing φ, we can find the direction cosines of the axis of rotation from

ax = cyz − czy

2 sinφ

ay = czx − cxz

2 sinφ
(3.28)

az = cxy − cyx

2 sinφ

For convenience, the primes have been dropped from the subscripts of the cs. Note that
the limits on φ given in (3.27) imply that sinφ is positive or zero. This is always possible
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because a rotation φ is equivalent to a rotation (2π − φ) about an oppositely directed
a axis.

If the value of φ is near 0 or π , then | sinφ| << 1 and (3.28) leads to inaccurate results.
In this case, better accuracy can be obtained by using

ax = 1

d
(cyz − czy)

ay = 1

d
(czx − cxz) (3.29)

az = 1

d
(cxy − cyx )

where

d = [(cyz − czy)2 + (czx − cxz)
2 + (cxy − cyx )2]

1
2

A comparison of (3.28) and (3.29) shows that

sinφ = 1

2
d (3.30)

For values of φ near 0 or π , this equation is more accurate than (3.27) in determining φ.
Note that (3.27) uses the main diagonal terms of C to evaluate φ, whereas (3.30) uses the
off-diagonal terms. For these small positive values of sinφ, (3.27) is used to determine the
quadrant.

Now consider the case in which the axis and angle variables are given, and we wish to
find the corresponding rotation matrix. First, let us write the rotation matrix C as the sum
of its symmetric and antisymmetric parts.

C = Cs + Ca (3.31)

The symmetric matrix is

Cs = 1

2
(C + CT) (3.32)

and the antisymmetric (or skew-symmetric) matrix is

Ca = 1

2
(C − CT) (3.33)

It can be shown that, in terms of axis and angle variables, the symmetric portion of the
rotation matrix is

Cs = cosφ U + (1 − cosφ)aaT (3.34)

or, in detail,

Cs = cosφ




1 0 0

0 1 0

0 0 1


+ (1 − cosφ)




a2
x axay axaz

ayax a2
y ayaz

azax azay a2
z




(3.35)
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The antisymmetric part of the rotation matrix is

Ca = sinφ




0 az −ay

−az 0 ax

ay −ax 0




(3.36)

Let us introduce the tilde matrix notation

ã ≡




0 −az ay

az 0 −ax

−ay ax 0




(3.37)

Then

Ca = − sinφ ã (3.38)

and the complete rotation matrix is

C = Cs + Ca = cosφ U + (1 − cosφ)aaT − sinφ ã (3.39)

In detail, we find that

cxx = (1 − cosφ)a2
x + cosφ = a2

x + (a2
y + a2

z

)
cosφ

cyy = (1 − cosφ)a2
y + cosφ = a2

y + (a2
z + a2

x

)
cosφ

czz = (1 − cosφ)a2
z + cosφ = a2

z + (a2
x + a2

y

)
cosφ

cxy = (1 − cosφ)axay + az sinφ

cyx = (1 − cosφ)ayax − az sinφ (3.40)

cxz = (1 − cosφ)axaz − ay sinφ

czx = (1 − cosφ)azax + ay sinφ

cyz = (1 − cosφ)ayaz + ax sinφ

czy = (1 − cosφ)azay − ax sinφ

Euler parameters

Another method of specifying the orientation of a rigid body is by the use of four Euler
parameters. The Euler parameters are based on the mathematics of quaternions and are
closely related to axis and angle variables. We shall define the Euler parameters in terms of
axis and angle variables as follows:

εx = ax sin
φ

2

εy = ay sin
φ

2 (3.41)
εz = az sin

φ

2

η = cos
φ

2
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where we recall that 0 ≤ φ ≤ π . These four parameters are constrained by the single equa-
tion

ε2
x + ε2

y + ε2
z + η2 = 1 (3.42)

Euler parameters have the advantages of having no singular orientations and only one
equation of constraint. Thus, they exhibit a good balance between overall accuracy and
computational efficiency.

Let us define the Euler 3-vector as

ε = εx i + εyj + εzk = a sin
φ

2
(3.43)

whose magnitude is

ε = (ε2
x + ε2

y + ε2
z

) 1
2 (3.44)

Then

ε2 + η2 = 1 (3.45)

To convert from the direction cosines of the rotation matrix to Euler parameters, we can
use

εx = 1

4η
(cyz − czy)

εy = 1

4η
(czx − cxz)

(3.46)

εz = 1

4η
(cxy − cyx )

η = 1

2

√
1 + tr C, 0 ≤ φ ≤ π

Conversely, to convert from Euler parameters to the rotation matrix, we obtain

C =




1 − 2
(
ε2

y + ε2
z

)
2(εxεy + εzη) 2(εxεz − εyη)

2(εyεx − εzη) 1 − 2(ε2
z + ε2

x ) 2(εyεz + εxη)

2(εzεx + εyη) 2(εzεy − εxη) 1 − 2
(
ε2
x + ε2

y

)



(3.47)

Another form of this result is the matrix equation

C = (1 − 2εTε)U + 2εεT − 2ηε̃ (3.48)

where εTε = ε2
x + ε2

y + ε2
z and we see that

1 − 2εTε = η2 − (ε2
x + ε2

y + ε2
z

) = cos2 φ

2
− sin2 φ

2
= cosφ (3.49)
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Successive rotations

In the earlier discussion of rotation matrices, we found that successive rotations of a co-
ordinate frame are accomplished by successive premultiplications by the corresponding
rotation matrices. The question arises whether a similar procedure is available for use with
Euler parameters. The answer is that such a procedure is indeed available, and consists in
premultiplying the current Euler 4-vector by the matrix

R =




η εz −εy εx

−εz η εx εy

εy −εx η εz

−εx −εy −εz η




(3.50)

where the components of ε are taken in the body-fixed frame.
As an example, suppose a first rotation “a”, represented by (εxa, εya, εza, ηa), is followed

by a second rotation “b” given by (εxb, εyb, εzb, ηb). These two rotations are equivalent to
a single rotation given by


εx

εy

εz

η


 =




ηb εzb −εyb εxb

−εzb ηb εxb εyb

εyb −εxb ηb εzb

−εxb −εyb −εzb ηb







εxa

εya

εza

ηa




(3.51)

An alternate form involving the vector ε and the scalar η is given by the two equations

ε = ηbεa + ηaεb + εa × εb (3.52)

η = ηaηb − εa · εb (3.53)

where the vectors are again expressed relative to the body-fixed frame. Notice that the
overall axis of rotation depends on the order of the individual rotations, but the angle of
rotation does not.

In terms of axis and angle variables, the sequence of two rotations is equivalent to a single
rotation φ about an axis a where

cos
φ

2
= cos

φa

2
cos
φb

2
− sin

φa

2
sin
φb

2
aa · ab (3.54)

and, using this value of φ,

a = 1

sin
φ

2

(
sin
φa

2
cos
φb

2
aa + cos

φa

2
sin
φb

2
ab + sin

φa

2
sin
φb

2
aa × ab

)
(3.55)

in agreement with (3.52) and (3.53). Again, for a sequence of two given rotations about
specified axes, the final equivalent angle φ is independent of the order of rotation, but the
final axis of rotation is not.
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Angular velocity

Consider the rotation matrix which gives the orientation of a body-fixed xyz frame relative
to an inertial XYZ frame. Let (i, j,k) be the unit vectors for the xyz frame and let (I, J,K)
be the corresponding unit vectors for the inertial frame. Then we can write

C =




i · I i · J i · K
j · I j · J j · K
k · I k · J k · K




(3.56)

that is, cxx = i · I, cxy = i · J, and so on in accordance with the direction cosine definitions.
Now suppose that the xyz frame has an angular velocity

ω = ωx i + ωyj + ωzk (3.57)

This will result in changing values of the elements of the rotation matrix. For example,

ċxx = di
dt

· I = (ω × i) · I
= (ωzj − ωyk) · I = cyxωz − czxωy (3.58)

A similar procedure results in the complete set of Poisson equations.

ċxx = cyxωz − czxωy

ċxy = cyyωz − czyωy

ċxz = cyzωz − czzωy

ċyx = czxωx − cxxωz

ċyy = czyωx − cxyωz (3.59)

ċyz = czzωx − cxzωz

ċzx = cxxωy − cyxωx

ċzy = cxyωy − cyyωx

ċzz = cxzωy − cyzωx

These equations can be written in the matrix form

Ċ = −ω̃C (3.60)

where

ω̃ =




0 −ωz ωy

ωz 0 −ωx

−ωy ωx 0




(3.61)

Upon solving (3.60) for ω̃, we obtain

ω̃ = −ĊCT = CĊT (3.62)
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which results in

ωx = czx ċyx + czy ċyy + czz ċyz

ωy = cxx ċzx + cxy ċzy + cxz ċzz (3.63)

ωz = cyx ċxx + cyy ċxy + cyz ċxz

Now consider the angular velocity of a rigid body in terms of axis and angle variables. It
can be shown that

ω = φ̇a + sinφ ȧ + (1 − cosφ) a×ȧ (3.64)

where the three terms represent mutually orthogonal components.
We can solve for φ̇ and ȧ in terms of ω by first taking the dot product of a with (3.64),

obtaining

φ̇ = a · ω (3.65)

Next, noting that a × (a × ȧ) = −ȧ, we obtain from (3.64) that

a × ω = sinφ a×ȧ − (1 − cosφ) ȧ (3.66)

and

a × (a × ω) = − sinφ ȧ − (1 − cosφ) a×ȧ (3.67)

Recall that

cot
φ

2
= sinφ

1 − cosφ
= 1 + cosφ

sinφ
(3.68)

so

cot
φ

2
a × (a × ω) = −(1 + cosφ)ȧ − sinφ a×ȧ (3.69)

Then

a × ω + cot
φ

2
a×(a × ω) = −2ȧ (3.70)

or

ȧ = −1

2

[
a × ω + cot

φ

2
a×(a × ω)

]
(3.71)

It is convenient for computational reasons to find the component rates (ȧx , ȧy, ȧz) of a
relative to the rotating body axes. Using vector notation, we have

(ȧ)r = ȧ − ω × a = 1

2

[
a × ω − cot

φ

2
a × (a × ω)

]
(3.72)

where

(ȧ)r = ȧx i + ȧyj + ȧzk (3.73)
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Similar equations in terms of Euler parameters can be obtained by first recalling
that

ε = a sin
φ

2
, η = cos

φ

2
(3.74)

and

η̇ = −1

2
φ̇ sin

φ

2
(3.75)

Then

η̇ = −1

2
a · ω sin

φ

2
= −1

2
ε · ω (3.76)

A differentiation of (3.74) with respect to time and the use of (3.65) results in

ε̇ = 1

2
cos
φ

2
(a · ω)a + sin

φ

2
ȧ (3.77)

Now substitute for ȧ from (3.71) and note that a × (a × ω) = (a · ω)a − ω. We obtain

ε̇ = 1

2
cos
φ

2
(a · ω)a − 1

2
sin
φ

2

[
a × ω + cot

φ

2
((a · ω)a − ω)

]

= −1

2
sin
φ

2
a × ω + 1

2
cos
φ

2
ω

= −1

2
ε × ω + 1

2
ηω (3.78)

The basic Euler parameter rates are given by (3.76) and (3.78). However, for computa-
tional purposes we need to find (ε̇)r , that is, the values of ε̇x , ε̇y , and ε̇z . We obtain

(ε̇)r = ε̇ + ε × ω = 1

2
ε × ω + 1

2
ηω (3.79)

or, in detail,

ε̇x = 1

2
(ωzεy − ωyεz + ωxη)

ε̇y = 1

2
(ωxεz − ωzεx + ωyη)

(3.80)

ε̇z = 1

2
(ωyεx − ωxεy + ωzη)

η̇ = −1

2
(ωxεx + ωyεy + ωzεz)

These kinematic differential equations are widely used and, upon numerical integration,
yield the orientation of a rigid body as a function of time. Note that, in contrast to the
comparable (ȧ)r equations, they do not involve trigonometric functions. They require the
body-axis components of ω as inputs, and these are often obtained from the solution of the
dynamical equations.
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Conversely, the body-axis components of the angular velocity ω can be obtained from
(3.80) and the Euler parameter constraint equation (3.42). They are

ωx = 2(ηε̇x + εz ε̇y − εy ε̇z − εx η̇)

ωy = 2(ηε̇y + εx ε̇z − εz ε̇x − εy η̇) (3.81)

ωz = 2(ηε̇z + εy ε̇x − εx ε̇y − εz η̇)

Infinitesimal rotations

Consider a body-fixed xyz frame and an inertial XYZ frame which initially coincide. Then
let the xyz frame undergo a sequence of three infinitesimal rotations; namely, θx about the
x-axis, θy about the y-axis, and θz about the z-axis. The overall rotation matrix is equal to
the product of the three individual rotation matrices. If we retain terms to first order in the
small θs, we obtain

C =




1 θz 0

−θz 1 0

0 0 1






1 0 −θy
0 1 0

θy 0 1






1 0 0

0 1 θx

0 −θx 1




=




1 θz −θy
−θz 1 θx

θy −θx 1




(3.82)

or

C = U − θ̃ (3.83)

where

θ̃ =




0 −θz θy

θz 0 −θx
−θy θx 0




(3.84)

and U is a 3 × 3 unit matrix.
It is important to realize that the order of the infinitesimal rotations does not matter,

in contrast to the situation for finite rotations, where the order must be specified. We can
express a general infinitesimal rotation as a vector

θ = θxI + θyJ + θzK (3.85)

where I, J, K are inertial unit vectors. To first order in terms of body-fixed unit vectors,

θ = θx i + θyj + θzk (3.86)

The component infinitesimal rotations θx , θy , θz can be taken in any order. Hence, a sequence
of several infinitesimal rotations is equivalent to a single rotation equal to their vector sum.
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The angular velocity of the rigid body is equal to an infinitesimal rotation�θ divided by
the corresponding time interval�t , in the limit as�θ and �t approach zero. Thus, to first
order,

ω = lim
�t→0

�θ

�t
= θ̇ = θ̇ x i + θ̇ yj + θ̇ zk (3.87)

where ω is finite, in general. We see that

ωx = θ̇ x , ωy = θ̇ y, ωz = θ̇ z (3.88)

Upon differentiation of (3.83), we obtain

Ċ = − ˜̇θ = −ω̃ (3.89)

for infinitesimal rotations.
If we use axis and angle variables, we find that

θ = φa (3.90)

where

φ =
√
θ2
x + θ2

y + θ2
z (3.91)

Thus,

ax = θx

φ
, ay = θy

φ
, az = θz

φ
(3.92)

The angular velocity of the rigid body is

ω = θ̇ = φ̇a + φȧ = φ̇a (3.93)

where we note that φȧ is infinitesimal.
In terms of Euler parameters, we have, from (3.43) and (3.90) for small φ,

ε = 1

2
θ (3.94)

or

εx = 1

2
θx , εy = 1

2
θy, εz = 1

2
θz, η = 1 (3.95)

The angular velocity is

ω = θ̇ = 2ε̇ (3.96)

where

ε̇ = ε̇x i + ε̇yj + ε̇zk (3.97)
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Instantaneous axis of rotation

Euler’s theorem states that the most general displacement of a rigid body with a fixed base
point is equivalent to a single rotation about some axis through that point. A completely
general displacement of a rigid body, however, would require a displacement of all points in
the body. So, if one is given a base point fixed in the body, then the most general displacement
is equivalent to (1) a translation of the body resulting in the correct final position of the
base point, followed by (2) a rotation about an axis through the final position of the base
point which gives the correct final orientation. Now, for a given base point, it is apparent
that the translation and rotation are independent and can take place in any order or possibly
together. Furthermore, for any nonzero rotation angle φ and a given axis orientation, it is
always possible to choose a location of the axis of rotation such that any given base point
in the body will undergo a prescribed translation in a plane perpendicular to the axis of
rotation. Hence, all that remains is to give the base point the required translation parallel
to the axis of rotation. Thus we obtain Chasles’ Theorem: The most general displacement
of a rigid body is equivalent to a screw displacement consisting of a rotation about a fixed
axis plus a translation parallel to that axis.

Now suppose that a rigid body undergoes a general infinitesimal displacement during
the time interval�t . Then, in accordance with Chasles’ theorem, the motion in the limit as
�t approaches zero can be considered as the superposition of an angular velocity ω about
some axis plus a translational velocity v in a direction parallel to ω. All points in the body
that lie on this axis have the same velocity v along the axis. This axis exists for all cases in
which ω �= 0 and is known as the instantaneous axis of rotation.

For the special case of planar motion, the velocity v is equal to zero; and the in-
stantaneous axis becomes the instantaneous center of rotation. The instantaneous axis
of rotation, or the instantaneous center for planar motion, can move relative to the
body and relative to inertial space. However, at the instant under consideration these
points in the rigid body have no velocity component normal to the instantaneous axis of
rotation.

Example 3.1 A solid cone of semivertex angle 30◦ rolls without slipping on the inside
surface of a conical cavity with a semivertex angle at O equal to 60◦ (Fig. 3.4). The cone
has an angular velocity ω with a constant magnitude ω0. We wish to determine the values
of the Euler angles, axis and angle variables, Euler parameters, and their rates of change
when the configuration is as shown in the figure.

Let us use Type II Euler angles. The three successive rotations about the Z , x , and z
axes, respectively, are φ = 0, θ = 30◦, and ψ = 0. From (3.24), or directly by observation
of Fig. 3.4, we find that the rotation matrix is

C =




1 0 0

0
√

3
2

1
2

0 − 1
2

√
3

2




(3.98)
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Figure 3.4.

The cone rotates about its line of contact. Therefore, the body-axis components of its
angular velocity ω are

ωx = 0, ωy = −1

2
ω0, ωz =

√
3

2
ω0 (3.99)

Then, using (3.19), the Euler angle rates are

φ̇ = csc θ (ωx sinψ + ωy cosψ) = −ω0

θ̇ = ωx cosψ − ωy sinψ = 0 (3.100)

ψ̇ = ωz − φ̇ cos θ =
√

3 ω0

Next, consider axis and angle variables, where φ is now the rotation angle about the
rotation axis a. Since the first and third Euler angle rotations were equal to zero, we see that
the required rotation is 30◦ about the x-axis. Hence,

ax = 1, ay = 0, az = 0, φ = 30◦ (3.101)

This is in agreement with (3.27) and (3.28) which use values from the rotation matrix.
The values of the Euler parameters can now be obtained from (3.41). They are

εx = sin 15◦, εy = 0, εz = 0, η = cos 15◦ (3.102)

The corresponding Euler parameter rates are found from (3.80).

ε̇x = 1

2
(ωzεy − ωyεz + ωxη) = 0

ε̇y = 1

2
(ωxεz − ωzεx + ωyη) = −ω0

2
sin 45◦ = − ω0

2
√

2
(3.103)

ε̇z = 1

2
(ωyεx − ωxεy + ωzη) = ω0

2
cos 45◦ = ω0

2
√

2

η̇ = −1

2
(ωxεx + ωyεy + ωzεz) = 0
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Now consider the rates of the axis and angle variables. From (3.65) we find that

φ̇ = a · ω = 0 (3.104)

Next, recall from (3.71) that

ȧ = −1

2

[
a × ω + cot

φ

2
a × (a × ω)

]
(3.105)

where, for this example,

a × ω = −ω0

(√
3

2
j + 1

2
k

)
(3.106)

cot
φ

2
a × (a × ω) = −ω cot

φ

2
= (2 +

√
3)ω0

(
1

2
j −

√
3

2
k

)
(3.107)

Thus, we obtain

ȧ = ω0

[
−1

2
j +
(

1 +
√

3

2

)
k

]
(3.108)

To find the components of ȧ in the inertial frame, multiply by CT and obtain

ȧ =
(

1 + √
3

2

)
ω0(−J + K) (3.109)

The time derivative of a with respect to the rotating body axes is, from (3.72),

(ȧ)r = 1

2

[
a × ω − cot

φ

2
a × (a × ω)

]

=
(

1 + √
3

2

)
ω0(−j + k) (3.110)

or

ȧx = 0, ȧy = −
(

1 + √
3

2

)
ω0, ȧz =

(
1 + √

3

2

)
ω0 (3.111)

Notice that these components are equal to the corresponding components of ȧ in the inertial
frame. This is explained by the fact that the axis a about which the rotation φ takes place is
fixed in both frames during the rotation, and these frames coincide initially.

3.2 Dyadic notation

Definition of a dyadic

Dyadics are used in vector equations to represent the second-order tensors that are often
expressed as 3 × 3 matrices. A dyad consists of a pair of vectors such as ab written in a
particular order. A dyadic is the sum of dyads.
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Each vector in 3-space may be expressed in terms of an orthogonal set of unit vectors. If
we choose the same set of unit vectors for a and b, we obtain

a = a1e1 + a2e2 + a3e3

b = b1e1 + b2e2 + b3e3 (3.112)

We can define the dyadic

A = ab =
3∑

i=1

3∑
j=1

Ai jeie j (3.113)

where Ai j = aib j . Thus A consists of the sum of nine terms, each containing a pair of unit
vectors.

Now let us define the conjugate dyadic by interchanging the vectors in each term. We
obtain

AT =
3∑

i=1

3∑
j=1

Ai je jei (3.114)

A dyadic is symmetric if A = AT; it is skew-symmetric if A = −AT. An example of a
symmetric dyadic is the inertia dyadic.

I = Ixx ii + Ixy ij + Ixz ik + Iyx ji + Iyyjj + Iyzjk + Izxki + Izykj + Izzkk (3.115)

The moments of inertia Ixx , Iyy , and Izz are defined as follows:

Ixx =
∫

V
ρ(y2 + z2)dV

Iyy =
∫

V
ρ(z2 + x2)dV (3.116)

Izz =
∫

V
ρ(x2 + y2)dV

where ρ is the mass density and dV is a volume element of the rigid body. The products of
inertia are defined with a minus sign, that is,

Ixy = Iyx = −
∫

V
ρxydV

Ixz = Izx = −
∫

V
ρxzdV (3.117)

Iyz = Izy = −
∫

V
ρyzdV

Dyadic operations

In general, the order of the dot product of a dyadic and a vector is important, that is,

A · b �= b · A (3.118)
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for an arbitrary vector b. On the other hand, for a symmetric dyadic such as the inertia
dyadic I, we find that

I · ω = ω · I = H (3.119)

where ω is an arbitrary angular velocity and H is the angular momentum about the origin of
the body-axis frame. Notice that the dot product of a vector and a dyadic results in a vector
having a different magnitude and direction, in general.

The cross product of a dyadic and a vector results in another dyadic. Again, the order is
important, that is,

A × b �= b × A (3.120)

in general.
The defining equation for a unit dyadic is

U = ii + jj + kk (3.121)

where one can use any orthogonal set of unit vectors. For an arbitrary vector b we see that

U · b = b · U = b (3.122)

A defining equation for the inertia dyadic of a rigid body is

I =
∫

[(ρ · ρ)U − ρρ] dm (3.123)

where ρ = x i + yj + zk is the position vector of the mass element dm relative to the origin
of the body axes.

Consider next the time derivative of a dyadic. As an example, suppose a rigid body has
an angular velocity ω. Its inertia dyadic is

I =
3∑

i=1

3∑
j=1

Ii jeie j (3.124)

where the unit vectors are mutually orthogonal and rotate with the body. Upon differentiation
with respect to time, we obtain

İ =
3∑

i=1

3∑
j=1

( İ i jeie j + Ii j ėie j + Ii jei ė j ) (3.125)

For a rigid body the moments and products of inertia are constant scalar quantities, so
İ i j = 0. Also,

ėi = ω × ei (3.126)

ė j = −e j × ω (3.127)

Hence we see that

İ = ω × I − I × ω (3.128)
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As another example of the use of dyadic notation, one can write the rotation matrix C in
dyadic form. This rotation dyadic is

C = cx ′x i′i + cx ′ y i′j + cx ′z i′k + cy′x j′i + cy′ yj′j + cy′zj′k

+ cz′xk′i + cz′ yk′j + cz′zk′k (3.129)

The first subscript and unit vector in each term refer to an axis of the new primed coordinate
system after rotation, while the second subscript and unit vector refer to an axis of the
original unprimed system. Then, corresponding to (3.1) and (3.4), we obtain

r′ = C · r (3.130)

and

r = CT · r′ (3.131)

In order to obtain the transformation equations relating the inertia dyadic of a rigid body
with respect to primed and unprimed reference frames, let us begin with (3.123) and note
that

ρ = CT · ρ′ = ρ′ · C (3.132)

ρ · ρ = ρ′ · ρ′ (3.133)

U = CT · U′ · C (3.134)

where U′ is the unit dyadic expressed in terms of primed unit vectors. We obtain

I = CT · I′ · C (3.135)

or, conversely,

I′ = C · I · CT (3.136)

3.3 Basic rigid body dynamics

Kinetic energy

In accordance with Koenig’s theorem, the kinetic energy of a rigid body is equal to the sum
of (1) the kinetic energy due to the translational velocity of the center of mass and (2) the
kinetic energy due to rotation about the center of mass. Thus,

T = Ttr + Trot (3.137)

where

Ttr = 1

2
mv2

c (3.138)

Trot = 1

2
ω · Ic · ω (3.139)
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Here vc is the velocity of the center of mass, Ic is the inertia dyadic about the center of
mass, and ω is the angular velocity of the rigid body.

Frequently it is convenient to write the kinetic energy of a rigid body in terms of the
velocity of a reference point in the body. Suppose that a point P is fixed in a rigid body
and moves with a velocity v. The position vector of the center of mass relative to P is ρc

(Fig. 3.5). Then, recalling (1.127), the kinetic energy of the rigid body is

T = 1

2
mv2 + 1

2
ω · I · ω + mv · ρ̇c (3.140)

where the inertia dyadic I is taken about the reference point P .

Example 3.2 A comparison of methods for obtaining the kinetic energy of a system of
rigid bodies can be shown by considering the physical double pendulum of Fig. 3.6. Two
identical rigid bodies, supported by joints at A and B, move with planar motion. The bodies
each have mass m, length l, and moment of inertia Ic about the center of mass.

In general, Koenig’s theorem applied to a system of N rigid bodies gives

T = 1

2

N∑
i=1

miv
2
ci + 1

2

N∑
i=1

ωi · Ici · ωi (3.141)
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First, consider Fig. 3.6a where absolute angular displacements are used. Noting that

m1 = m2 = m (3.142)

Ic1 = Ic2 = Ic (3.143)

v2
c1 = a2θ̇2

1, v2
c2 = l2θ̇2

1 + a2θ̇2
2 + 2al θ̇1θ̇2 cos(θ2 − θ1) (3.144)

we obtain the total kinetic energy

T = 1

2
(Ic + ma2)θ̇2

1 + 1

2
ml2θ̇2

1 + 1

2
(Ic + ma2)θ̇2

2 + mal θ̇1θ̇2 cos(θ2 − θ1) (3.145)

Another approach is to invoke (3.140) for a system of N rigid bodies, namely,

T = 1

2

N∑
i=1

miv2
i + 1

2

N∑
i=1

ωi · Ii · ωi +
N∑

i=1

mivi · ρ̇ci (3.146)

where vi is the velocity of the reference point of the i th body. In this case, we take reference
points at A and B, respectively, for the two bodies. The velocities of the reference points
are

v1 = 0, v2 = l θ̇1 (3.147)

and the moments of inertia about the reference points are

I1 = I2 = I = Ic + ma2 (3.148)

Noting that

ρ̇c2 = ω2 × ρc2 (3.149)
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we obtain

T = 1

2
I
(
θ̇2

1 + θ̇2
2

)+ 1

2
ml2θ̇2

1 + mal θ̇1θ̇2 cos(θ2 − θ1) (3.150)

This result agrees with that obtained earlier in (3.145) but the use of (3.146) is somewhat
more direct. Thus, it is sometimes advantageous to use a reference point which is not at the
center of mass.

The kinetic energy expression can be used to find the inertia coefficients. They are given
by

mi j = ∂2T

∂q̇i∂q̇ j
(3.151)

which results in

m11 = I + ml2, m22 = I, m12 = m21 = mal cos(θ2 − θ1) (3.152)

Here m11 is equal to the moment of inertia about A due to the first body plus the mass of
the second body considered as a particle at B. Furthermore, m22 is the moment of inertia
of the second body about its reference point B.

Now let us consider the case illustrated in Fig. 3.6b in which θ2 is measured relative to the
first body rather than having a fixed reference. With the aid of (3.146), the kinetic energy is
found to be

T = 1

2
I θ̇2

1 + 1

2
ml2θ̇2

1 + 1

2
I (θ̇1 + θ̇2)2 + mal θ̇1(θ̇1 + θ̇2) cos θ2

= 1

2
(2I + ml2 + 2mal cos θ2)θ̇2

1 + 1

2
I θ̇2

2 + (I + mal cos θ2)θ̇1θ̇2 (3.153)

Then (3.151) yields

m11 = 2I + ml2 + 2mal cos θ2, m22 = I , m12 = m21 = I + mal cos θ2 (3.154)

In this case, notice that m11 is equal to the moment of inertia about A of the rigidly connected
bodies. Again, m22 is equal to the moment of inertia of the second body about B.

Vectorial dynamics, Euler equations

The translational equation of motion for a rigid body has the vector form

ma = F (3.155)

where a is the acceleration of the center of mass and F is the total force acting on the body,
including any constraint forces. For a given total force acting on the body, this equation has
the same form as if the total mass m were concentrated as a particle at the center of mass.

Most of our attention, however, will be given to the rotational motion of a rigid body. A
fruitful approach is to use the vector equation

Ḣ = M (3.156)
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which applies if the reference point for the angular momentum H and the total moment M
acting on the body is either (1) fixed or (2) at the center of mass. Let us choose a body-fixed
coordinate system and let the reference point be at the origin O . The angular momentum is

H = I · ω (3.157)

or, in terms of body-axis components,

Hx = Ixxωx + Ixyωy + Ixzωz

Hy = Iyxωx + Iyyωy + Iyzωz (3.158)

Hz = Izxωx + Izyωy + Izzωz

Upon differentiation with respect to time, and referring to (3.128), we obtain

Ḣ = I · ω̇ + İ · ω
= I · ω̇ + (ω × I − I × ω) · ω
= I · ω̇ + ω × I · ω (3.159)

where we note that

(I × ω) · ω = 0 (3.160)

From (3.156) and (3.159) we obtain

I · ω̇ + ω × I · ω = M (3.161)

Written in detail, we have the generalized Euler equations:

Ixx ω̇x + Ixy(ω̇y − ωzωx ) + Ixz(ω̇z + ωxωy) + (Izz − Iyy)ωyωz + Iyz
(
ω2

y − ω2
z

) = Mx

Ixy(ω̇x + ωyωz) + Iyyω̇y + Iyz(ω̇z − ωxωy) + (Ixx − Izz)ωzωx + Ixz
(
ω2

z − ω2
x

) = My

Ixz(ω̇x − ωyωz) + Iyz(ω̇y + ωzωx ) + Izzω̇z + (Iyy − Ixx )ωxωy + Ixy
(
ω2

x − ω2
y

) = Mz

(3.162)

These equations apply for an arbitrary orientation of the body axes relative to the rigid body.
Equations (3.161) or (3.162) can also be written in the matrix form

I ω̇ + ω̃Iω = M (3.163)

where ω̃ is given by (3.61) and represents the cross product of ω.
Usually it is convenient to choose body axes which are also principal axes. Then the

products of inertia vanish and we obtain the familiar Euler equations:

Ixx ω̇x + (Izz − Iyy)ωyωz = Mx

Iyyω̇y + (Ixx − Izz)ωzωx = My (3.164)

Izzω̇z + (Iyy − Ixx )ωxωy = Mz

Here the reference point for H and M is the origin O of the body-fixed frame, and this
point is located at the center of mass or at an inertially fixed point. If the applied moments
are known, these nonlinear first-order differential equations can be integrated numerically
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to give the ω components as functions of time. To obtain the orientation as a function of
time, theωs are substituted into the kinematic equations (3.16) or (3.19) or (3.80), and these
are integrated numerically to give Euler angles or Euler parameters as functions of time.

As an extension of this vectorial approach to the rotational dynamics of a rigid body, let
us consider the case of a reference point P which is fixed in the body, but it is neither at
the center of mass nor at a fixed point in space. The angular momentum with respect to
P is

Hp = Ip · ω (3.165)

where Ip is the inertia dyadic of the rigid body about P . The equation of motion corre-
sponding to (3.156) is

Ḣp = Mp − ρc × mv̇p (3.166)

in agreement with (1.115) which was obtained for a system of particles. The last term of
(3.166) can be interpreted as the moment about P due to an inertia force −mv̇p acting
through the center of mass, and due to the acceleration of the reference point. Thus we
obtain

Ip · ω̇ + ω × Ip · ω + ρc × mv̇p = Mp (3.167)

This result may be regarded as an extension of Euler’s equation for the case of an accelerating
reference point.

In general, the angular momentum Hp about an arbitrary reference point P is equal to
the angular momentum Hc about the center of mass plus the angular momentum due to the
translational velocity of the center of mass relative to the reference point. For this case in
which the reference point P is fixed in the rigid body, we have (see Fig. 3.5)

Hp = Hc + mρc × ρ̇c = Hc + mρc × (ω × ρc) (3.168)

Hence, we obtain

Ip · ω = Ic · ω + mρ2
cω − m(ρc · ω)ρc

= Ic · ω + m
(
ρ2

cU − ρcρc

) · ω (3.169)

Since ω is arbitrary, we see that

Ip = Ic + m
(
ρ2

cU − ρcρc

)
(3.170)

where, in terms of body-axis components,

ρc = xci + ycj + zck (3.171)

In detail, the moments and products of inertia about P due to a translation of axes are

Ixx = (Ixx )c + m
(
y2
c + z2

c

)
Iyy = (Iyy)c + m

(
z2
c + x2

c

)
(3.172)

Izz = (Izz)c + m
(
x2

c + y2
c

)
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and

Ixy = (Ixy)c − mxcyc

Ixz = (Ixz)c − mxczc (3.173)

Iyz = (Iyz)c − myczc

We see that a translation of axes away from the center of mass always increases the moments
of inertia, but the products of inertia may increase or decrease.

Ellipsoid of inertia

Consider the kinetic energy of a rigid body rotating about a fixed reference point. It is,
similar to (3.139),

T = 1

2
ω · I · ω (3.174)

where I is the inertia dyadic about the reference point and ω is the angular velocity vector.
An alternate expression for the kinetic energy due to rotation about a fixed reference point
is

T = 1

2
Iω2 (3.175)

where the scalar I is the moment of inertia about the axis of rotation andω is the magnitude
of the angular velocity. This is apparent from (3.174) for the case where ω is directed along
one of the coordinate axes.

From (3.174) and (3.175) we obtain

1

2
ω · I · ω = 1

2
Iω2 (3.176)

or, dividing by the right-hand side,

ρ · I · ρ = 1 (3.177)

where

ρ = ω

ω
√

I
(3.178)

We see that ρ has the same direction as ω and a magnitude that is inversely proportional to√
I or the radius of gyration. Suppose we consider ρ to be a vector drawn from the origin

of the body-fixed frame to the point (x, y, z), that is,

ρ = x i + yj + zk (3.179)

Then, (3.177) takes the form

Ixx x
2 + Iyy y

2 + Izz z
2 + 2Ixyxy + 2Ixzxz + 2Iyz yz = 1 (3.180)

This is the equation of an ellipsoidal surface and is known as the ellipsoid of inertia.
The ellipsoid of inertia is fixed relative to the rigid body and the body-fixed frame. It is
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essentially a three-dimensional plot which gives the value of 1/
√

I for any axis passing
through the origin of the xyz frame. The major axis is the axis having the minimum moment
of inertia. Similarly, the minor axis is the axis having the maximum moment of inertia; it
is perpendicular to the major axis. These two axes plus an orthogonal third axis constitute
the set of three principal axes corresponding to the principal moments of inertia. The
orientations of the three principal axes are such that all products of inertia are equal to zero.
This means that the inertial coupling terms associated with products of inertia dissappear
and, for example, the generalized Euler equations (3.162) simplify to the standard equations
of (3.164).

Suppose we are given a general inertia dyadic I and we wish to calculate the principal
moments of inertia of the body. If a rigid body is rotating about a principal axis, then its
angular velocity and angular momentum are parallel, that is

H = I · ω = Iω (3.181)

where the proportionality constant I on the right is a principal moment of inertia.
Equation (3.181) has the form of an eigenvalue problem. In terms of dyadics we have(
I − IU

) · ω = 0 (3.182)

or, using matrix notation,
 (Ixx − I ) Ixy Ixz

Iyx (Iyy − I ) Iyz

Izx Izy (Izz − I )




ωx

ωy

ωz


 = [0

]
(3.183)

We assume that ω �= 0, so the determinant of the coefficients must equal zero, that is,∣∣∣∣∣∣
(Ixx − I ) Ixy Ixz

Iyx (Iyy − I ) Iyz

Izx Izy (Izz − I )

∣∣∣∣∣∣ = 0

(3.184)

This determinant yields a cubic equation in I known as the characteristic equation. Its three
real roots are the three principal moments of inertia.

For each root I the direction of the corresponding principal axis is found by solving
(3.183) for the ratios of the components of ω. These axes are also the principal axes of the
inertia ellipsoid of the body.

Example 3.3 Consider a rigid body having an inertia matrix

I =

 28 −8 −4

−8 28 −4
−4 −4 24


 kg·m2

(3.185)

with respect to a body-fixed xyz frame. We wish to solve for the principal moments of
inertia and the directions of the corresponding principal axes. The characteristic equation
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is obtained from (3.184). It is∣∣∣∣∣∣
(28 − I ) −8 −4

−8 (28 − I ) −4
−4 −4 (24 − I )

∣∣∣∣∣∣ = 0
(3.186)

or

I 3 − 80 I 2 + 2032 I − 16 128 = 0 (3.187)

The roots of this characteristic equation are the values of the principal moments of inertia.
In increasing magnitude, they are

I1 = 16, I2 = 28, I3 = 36 kg·m2 (3.188)

The corresponding axis directions are obtained from (3.183), namely,

(28 − I )ωx − 8ωy − 4ωz = 0

−8ωx + (28 − I )ωy − 4ωz = 0 (3.189)

−4ωx − 4ωy + (24 − I )ωz = 0

All three equations must be satisfied, but usually any two equations are sufficient to solve
for the ω ratios.

Assuming that no principal axis lies in the yz-plane, let us set ωx = 1. Then, for I1 = 16
we obtain ωx = ωy = ωz = 1. For I2 = 28 the result is ωx = ωy = 1, ωz = −2. The result
for I3 = 36 is ωx = 1, ωy = −1, ωz = 0. Now let us normalize each set of ωs to give a
unit vector magnitude, resulting in a set of direction cosines for each principal axis. The
direction cosines can be combined to form the three rows of a rotation matrix C for rotation
from an original xyz frame to the principal x ′y′z′ frame. A system of labeling for the primed
axes which requires the least rotation is obtained by placing the most positive terms on the
main diagonal of C , possibly by multiplying a row by −1. We obtain
−

1√
3

1√
3

1√
3

1√
2

1√
2

0

−1√
6

−1√
6

2√
6




(3.190)

One can check that the principal moments of inertia are obtained from

I ′ = C ICT (3.191)

Also, to be sure of a right-handed principal coordinate system, one should check that the
determinant |C | = 1.

Modified Euler equations

Sometimes it is convenient to use a rotational equation having a form similar to (3.161)
but being different in that strict body axes are not used. In general, suppose that H and M
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are expressed in terms of unit vectors associated with a Cartesian frame having an angular
velocity ωc. Then the rotational equation has the vector form

(Ḣ)r + ωc × H = M (3.192)

where (Ḣ)r is the time derivative of total angular momentumH , as viewed from the rotating
frame and assuming that the unit vectors fixed in this frame have time derivatives equal to
zero.

An important application of this approach occurs in the case of an axially symmetric
rigid body. Let us assume that the x-axis of an xyz frame is the axis of symmetry, and the
reference point is chosen at the center of mass or at an inertially fixed point on the axis
of symmetry. Let Ia be the moment of inertia about the symmetry axis, whereas It is the
moment of inertia about any transverse axis at the reference point.

Now suppose that the body rotates about the axis of symmetry with an angular velocity
or spin rate s measured relative to the xyz frame. If we let the angular velocity of the xyz
frame be

ωc = ωx i + ωyj + ωzk (3.193)

we see that the angular momentum of the body is

H = Ia(ωx + s)i + Itωyj + Itωzk (3.194)

Also,

(Ḣ)r = Ia(ω̇x + ṡ)i + It ω̇yj + It ω̇zk (3.195)

Then, substituting into (3.192), we obtain the modified Euler equations:

Ia(ω̇x + ṡ) = Iaω̇ = Mx

It ω̇y − (It − Ia)ωzωx + Iasωz = My (3.196)

It ω̇z + (It − Ia)ωxωy − Iasωy = Mz

where the total spin �, which is the total angular velocity about the symmetry axis, is

� = ωx + s (3.197)

Until now the relative spin s has been arbitrary. For example, if we set s = 0, the modified
Euler equations revert to ordinary Euler equations for an axially symmetric body. But we
can choose s in such a way that the kinematics of solving for the orientation of axially
symmetric body is relatively easy. Let us use type I Euler angles and let ψ and θ specify
the orientation of the xyz frame. The inertial XYZ frame is chosen so that the XY-plane is
horizontal and the Z -axis is positive downward. Since the third Euler angle φ does not
affect the orientation of the xyz frame, its y-axis remains horizontal. This implies that the
horizontal component of ωc must lie along the y-axis, and we have the constraint equation
(see Fig. 3.7)

ωx cos θ + ωz sin θ = 0 (3.198)



172 Kinematics and dynamics of a rigid body

Z

z

XY plane

x

θ

θ

y
.

Figure 3.7.

or

ωx = −ωz tan θ (3.199)

where we note that the xz-plane is vertical. The vertically downward component of ωc is
ψ̇, that is,

ψ̇ = −ωx sin θ + ωz cos θ = ωz sec θ (3.200)

Also, we have

θ̇ = ωy (3.201)

φ̇ = s = �− ωx = �+ ωz tan θ (3.202)

Now let us eliminate ωx and s from (3.196) and the modified Euler equations have the form

Iaω̇ = Mx (3.203)

It ω̇y + Itω
2
z tan θ + Ia�ωz = My (3.204)

It ω̇z − Itωyωz tan θ − Ia�ωy = Mz (3.205)

These three first-order dynamical equations plus the three first-order kinematical equations
(3.200)–(3.202) can be integrated numerically to obtain the Euler angles as functions of
time. Thus, we have obtained relatively simple equations for the rotational motion of an
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axially-symmetric body. Note that the third terms in (3.204) and (3.205) are gyroscopic
coupling terms.

Another approach is to write the dynamical equations directly in terms of type I Euler
angles and their time derivatives. One can use

� = φ̇ − ψ̇ sin θ (3.206)

ωy = θ̇ (3.207)

ωz = ψ̇ cos θ (3.208)

and then (3.203)–(3.205) take the form

Ia(φ̈ − ψ̈ sin θ − ψ̇ θ̇ cos θ ) = Mx (3.209)

It (θ̈ + ψ̇2 sin θ cos θ ) + Iaψ̇(φ̇ − ψ̇ sin θ ) cos θ = My (3.210)

It (ψ̈ cos θ − 2ψ̇ θ̇ sin θ ) − Ia θ̇ (φ̇ − ψ̇ sin θ ) = Mz (3.211)

These three second-order dynamical equations are somewhat more complicated than those
obtained earlier in (3.203)–(3.205).

Finally, let us consider the rather common situation in which there is no applied moment
about the axis of symmetry, that is,

Mx = 0 (3.212)

Then there are only two first-order dynamical equations, namely,

It ω̇y + Itω
2
z tan θ + Ia�ωz = My (3.213)

It ω̇z − Itωyωz tan θ − Ia�ωy = Mz (3.214)

where the total spin � is constant. If My and Mz are known as functions of (ψ, θ, t),
these dynamic equations plus the kinematic equations (3.200) and (3.201) can be integrated
numerically to give the orientation of the axis of symmetry as a function of time.

Example 3.4 As an example of an axially symmetric body with no moment applied about
its axis of symmetry, consider the motion of a top with a fixed point under the action of
gravity (Fig. 3.8). The top has a constant total spin� and its center of mass lies at distance
l from its fixed point O .

The differential equations of motion, obtained from (3.204) and (3.205), are

It ω̇y + Itω
2
z tan θ + Ia�ωz = −mgl cos θ (3.215)

It ω̇z − Itωyωz tan θ − Ia�ωy = 0 (3.216)

and we recall that

θ̇ = ωy (3.217)

Let us consider the case of a top with a large spin� and assume that the axis of symmetry
remains nearly horizontal, that is, θ is small. In addition, assume that ωy and ωz are small.
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Then, neglecting higher-order terms, (3.215) and (3.216) take the linear forms

It ω̇y + Ia�ωz = −mgl (3.218)

It ω̇z − Ia�ωy = 0 (3.219)

Now differentiate (3.219) with respect to time, obtaining

ω̇y = It
Ia�

ω̈z (3.220)

and substitute into (3.218). The result is

I 2
t

Ia�
ω̈z + Ia�ωz = −mgl (3.221)

This differential equation has a solution of the general form

ωz = ψ̇ = − mgl

Ia�
+ A cos

Ia�t

It
+ B sin

Ia�t

It
(3.222)

Then, from (3.219) we find that

ωy = θ̇ = −A sin
Ia�t

It
+ B cos

Ia�t

It
(3.223)

where the constants A and B are evaluated from initial conditions.
As a specific example, consider the case of cuspidal motion of a fast-spinning top or

gyroscope and assume that its symmetry axis is nearly horizontal. We have the initial
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conditions

ωy(0) = ωz(0) = 0 (3.224)

and obtain the solutions

ωy = θ̇ = − mgl

Ia�
sin

Ia�t

It
(3.225)

ωz = ψ̇ = − mgl

Ia�

(
1 − cos

Ia�t

It

)
(3.226)

Assuming the initial condition θ (0) = 0, (3.225) can be integrated to yield

θ = − Itmgl

I 2
a�

2

(
1 − cos

Ia�t

It

)
(3.227)

We have assumed that θ is small and � is large. More specifically, let us now assume
that �2 >> Itmgl/I 2

a . Then ωy and ωz will also be small, as we have assumed.
A plot of θ versus ψ indicates that a point on the symmetry axis follows a cycloidal path

with upward-pointing cusps. The average precession rate is mgl/Ia� and the frequency of
the sinusoidal nutational oscillation in θ is Ia�/It .

Example 3.5 Let us use Euler’s equations to solve for the rotational motion of a rigid body
under the action of a constant applied moment relative to the body axes. Assume that the
principal moments of inertia are Ixx <

1
2 Iyy <

1
2 Izz . There is a constant applied moment

Mz about the z-axis and we assume that the initial conditions and the magnitude of Mz are
such that ωx >> (ωy, ωz).

The Euler equations in this instance are

Ixx ω̇x + (Izz − Iyy)ωyωz = 0 (3.228)

Iyyω̇y − (Izz − Ixx )ωxωz = 0 (3.229)

Izzω̇z + (Iyy − Ixx )ωxωy = Mz (3.230)

Since ωy and ωz are small, (3.228) can be approximated by ω̇x = 0 or

ωx = � (3.231)

where � is a constant. Then a differentiation of (3.229) with respect to time results in

ω̈y = Izz − Ixx

Iyy
�ω̇z (3.232)

where, from (3.230),

ω̇z = − Iyy − Ixx

Izz
�ωy + Mz

Izz
(3.233)

Thus we obtain

ω̈y + (Iyy − Ixx )(Izz − Ixx )

Iyy Izz
�2ωy = Izz − Ixx

Iyy Izz
�Mz (3.234)
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The solution of this linear differential equation has the form

ωy = C1 cos λt + C2 sin λt + Mz

(Iyy − Ixx )�
(3.235)

where the natural frequency is

λ =
√

(Iyy − Ixx )(Izz − Ixx )

Iyy Izz
� (3.236)

Then, from (3.229),

ωz = Iyy

(Izz − Ixx )�
ω̇y

= Iyyλ

(Izz − Ixx )�
(C2 cos λt − C1 sin λt) (3.237)

As a specific example, let us assume the initial conditions ωy(0) = ωz(0) = 0. Then

C1 = − Mz

(Iyy − Ixx )�
, C2 = 0 (3.238)

and we obtain the solutions

ωy = Mz

(Iyy − Ixx )�
(1 − cos λt) (3.239)

ωz = Mz

Izzλ
sin λt (3.240)

Since � and λ are large, we see that ωy and ωz are small, in agreement with the earlier
assumption.

It is perhaps surprising that a constant applied moment about the z-axis produces an ωz

which is periodic with average value zero rather than constantly increasing. A plot of ωz

versus ωy is elliptical with its center on the ωy axis. Furthermore, notice from (3.236) that
if Ixx is the intermediate principal moment of inertia, then the solutions for ωy and ωz are
no longer sinusoidal and they do not remain small.

Lagrange’s equations

The various forms of Lagrange’s equations such as (2.34), (2.37) and (2.49) are all useful
in obtaining equations of motion for a system involving one or more rigid bodies. There are
restrictions, however, on the use of Lagrange’s equations.

The first restriction is that a complete set of qs and q̇s must be used in writing the energy
functions T and V . This means that the chosen set of generalized coordinates must be able
to specify the configuration of the system, thereby specifying the locations of all particles
and mass elements of the system.
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As an example, suppose we wish to use type I Euler angles as generalized coordinates in
the Lagrangian analysis of the rotational motion of an axially-symmetric body having no
applied moment about the axis of symmetry. The rotational kinetic energy can be written
in the form

T = 1

2
Ia�

2 + 1

2
It (θ̇

2 + ψ̇2 cos2 θ ) (3.241)

where the moments of inertia are taken about the center of mass and the total spin � is
constant. Let us apply Lagrange’s equation in the fundamental form

d

dt

(
∂T

∂q̇i

)
− ∂T

∂qi
= Qi (3.242)

where the qs are the Euler angles (ψ, θ, φ). If we assume that neither Qψ nor Qθ are
functions of φ or φ̇, then it appears that the ψ and θ equations can be solved separately,
treating � as a constant in the differentiations, and effectively reducing the number of
degrees of freedom to two.

This application of Lagrange’s equation would be incorrect, however, because the system
actually has three rotational degrees of freedom, but the third Euler angle φ has not entered
the analysis. Thus, we have not used a complete set of generalized coordinates. A correct
approach would be to substitute

� = φ̇ − ψ̇ sin θ (3.243)

into (3.241) and obtain

T = 1

2
Ia(φ̇ − ψ̇ sin θ )2 + 1

2
It (θ̇

2 + ψ̇2 cos2 θ ) (3.244)

The use of this kinetic energy function in Lagrange’s equation (3.242) leads to correct
equations of motion. An alternate approach would be to notice that φ is an ignorable
coordinate and use the Routhian method.

The second restriction on the use of Lagrange’s equation in a form such as (3.242) is
that true q̇s must be used in writing the kinetic energy T (q, q̇, t), rather than using quasi-
velocities as velocity variables. A quasi-velocity u j is equal to a linear function of the q̇s
and has the form

u j =
n∑

i=1

� j i (q, t)q̇i +� j t (q, t) ( j = 1, . . . , n) (3.245)

where the right-hand side is not integrable.
A common example of quasi-velocities would be the body-axis componentsωx , ωy, ωz of

the angular velocity ω of a rigid body. In terms of Euler angles, which are true coordinates,
we have

ωx = φ̇ − ψ̇ sin θ

ωy = ψ̇ cos θ sinφ + θ̇ cosφ (3.246)

ωz = ψ̇ cos θ cosφ − θ̇ sinφ
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and we see that the right-hand sides are not integrable. Assuming principal axes, the kinetic
energy due to rotation about the center of mass of a rigid body is

T = 1

2
Ixxω

2
x + 1

2
Iyyω

2
y + 1

2
Izzω

2
z (3.247)

However, a substitution into Lagrange’s equation (3.242), treating the ωs as q̇s, does not
result in correct equations of motion. Terms are missing. Thus, the correct Euler equations
of motion are not obtained by using Lagrange’s equation. It is possible, however, to expand
the Lagrange formulation to include the required terms. This is a topic to be discussed in
the next chapter.

Example 3.6 Let us obtain the differential equations for the rotational motion of a rigid
body, using type I Euler angles as generalized coordinates. We choose the center of mass as
the reference point and thereby decouple the translational and rotational motions. Assume
a principal axis system and arbitrary applied moments.

The rotational kinetic energy is found by substituting from (3.246) into (3.247) with the
result that

T = 1

2
Ixx (φ̇ − ψ̇ sin θ )2 + 1

2
Iyy(ψ̇ cos θ sinφ + θ̇ cosφ)2

+ 1

2
Izz(ψ̇ cos θ cosφ − θ̇ sinφ)2 (3.248)

The generalized momenta are

pψ = ∂T

∂ψ̇
= [Ixx sin2 θ + (Iyy sin2 φ + Izz cos2 φ) cos2 θ ]ψ̇

+ [(Iyy − Izz) cos θ sinφ cosφ]θ̇ − Ixx φ̇ sin θ

pθ = ∂T

∂θ̇
= (Iyy − Izz)ψ̇ cos θ sinφ cosφ + (Iyy cos2 φ + Izz sin2 φ)θ̇ (3.249)

pφ = ∂T

∂φ̇
= Ixx (φ̇ − ψ̇ sin θ )

These equations have the matrix form

p = mq̇ (3.250)

where the mass or inertia matrix is

m =




[Ixx sin2 θ + (Iyy sin2 φ

+ Izz cos2 φ) cos2 θ ] (Iyy − Izz) cos θ sinφ cosφ −Ixx sin θ

(Iyy − Izz) cos θ sinφ cosφ Iyy cos2 φ + Izz sin2 φ 0

−Ixx sin θ 0 Ixx




(3.251)

for the order (ψ, θ, φ).
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The differential equations of rotational motion are obtained by using Lagrange’s equation
in the form

d

dt

(
∂T

∂q̇i

)
− ∂T

∂qi
= Qi (3.252)

These equations of motion are

[Ixx sin2 θ + (Iyy sin2 φ + Izz cos2 φ) cos2 θ ]ψ̈ + (Iyy − Izz)θ̈ cos θ sinφ cosφ

− Ixx φ̈ sin θ + 2[Ixx − (Iyy sin2 φ + Izz cos2 φ)]ψ̇ θ̇ sin θ cos θ

+ 2(Iyy − Izz)ψ̇φ̇ cos2 θ sinφ cosφ + (Izz − Iyy)θ̇2 sin θ sinφ cosφ

+ [−Ixx + (Iyy − Izz)(cos2 φ − sin2 φ)]θ̇ φ̇ cos θ = Qψ

(Iyy − Izz)ψ̈ cos θ sinφ cosφ + (Iyy cos2 φ + Izz sin2 φ)θ̈

− [Ixx − (Iyy sin2 φ + Izz cos2 φ)]ψ̇2 sin θ cos θ

+ [Ixx + (Iyy − Izz)(cos2 φ − sin2 φ)]ψ̇φ̇ cos θ + 2(Izz − Iyy)θ̇ φ̇ sinφ cosφ = Qθ

(3.253)
− Ixx ψ̈ sin θ + Ixx φ̈ + (Izz − Iyy)ψ̇2 cos2 θ sinφ cosφ

− [Ixx + (Iyy − Izz)(cos2 φ − sin2 φ)]ψ̇ θ̇ cos θ

+ (Iyy − Izz)θ̇
2 sinφ cosφ = Qφ

In accordance with the virtual work approach to finding generalized forces, we see that
a total applied moment M is associated with a virtual work

δW = M · eψ δψ + M · eθ δθ + M · eφ δφ (3.254)

where es are unit vectors in the directions of the respective rotation axes (Fig. 3.2). Thus,

Qψ = M · eψ, Qθ = M · eθ , Qφ = M · eφ (3.255)

The three second-order differential equations given in (3.253) are relatively complicated.
Furthermore, they must be solved for the individual accelerations ψ̈ , θ̈ , and φ̈ before being
integrated numerically. This involves an inversion of the mass matrix m. By comparison,
the use of the three first-order Euler equations given in (3.164) to solve for ωx , ωy , and ωz ,
followed by the three first-order kinematic equations of (3.16) to obtain the Euler anglesψ ,
θ , and φ, appears to be much simpler.

The use of type II Euler angles and Lagrange’s equation would result in equally compli-
cated equations of motion.

Angular velocity coefficients

The state of motion of the i th rigid body can be expressed by giving the velocity vi of a
reference point Pi fixed in the body and also giving its angular velocity ωi . In terms of q̇s,
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the velocity vi can be written in the form

vi =
n∑

j=1

γ i j (q, t)q̇ j + γ i t (q, t) (3.256)

as in (1.43). Theγs are called velocity coefficients and, in particular,γ i j is a vector coefficient
representing the sensitivity of the reference point velocity vi to changes in q̇ j .

In a similar manner, the angular velocity ωi of the i th body can be expressed as

ωi =
n∑

j=1

βi j (q, t)q̇ j + βi t (q, t) (3.257)

where the βs are called angular velocity coefficients.
We see that

γ i j = ∂vi

∂q̇ j
(3.258)

and

βi j = ∂ωi

∂q̇ j
(3.259)

Furthermore, for the case of a scleronomic system, we find that all γ i t and all βi t are equal
to zero.

Now, let us consider virtual work as it applies to a rigid body. An arbitrary set of forces
acting on the i th body is dynamically equivalent to a total force Fi acting at the reference
point plus a couple of moment Mi which may be applied anywhere on the body. The virtual
work of this force system due to an arbitrary virtual displacement is

δWi = Fi · δri + Mi · δθi (3.260)

where δri is a small displacement of the reference point and δθi represents a small rotation
of the body. Now

δri =
n∑

j=1

γ i jδq j (3.261)

and

δθi =
n∑

j=1

βi jδqi (3.262)

Therefore, for the i th body,

δWi =
n∑

j=1

(Fi · γ i j + Mi · βi j )δq j (3.263)

For a system of N rigid bodies, the total virtual work is

δW =
N∑

i=1

δWi =
N∑

i=1

n∑
j=1

(Fi · γ i j + Mi · βi j )δq j (3.264)
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This is of the form

δW =
n∑

j=1

Q jδq j (3.265)

where the generalized force associated with q j is

Q j =
N∑

i=1

(Fi · γ i j + Mi · βi j ) ( j = 1, . . . , n) (3.266)

As an illustration of the meaning of the βs in (3.266), consider a rigid body whose
orientation is given by three Euler angles, as in Example 3.6 on page 178. Referring to
(3.255), we see that

β11 = eψ, β12 = eθ , β13 = eφ (3.267)

where the es are unit vectors in the directions of the respective rotation axes. In general,
however, the angular velocity coefficients need not be of unit magnitude.

We have defined the velocity coefficients and angular velocity coefficients with respect to
true velocities (q̇s), but one can also define these coefficients with respect to quasi-velocities.
Thus, when using quasi-velocities (us) as velocity variables, we write

γ i j = ∂vi

∂u j
(3.268)

βi j = ∂ωi

∂u j
(3.269)

Furthermore, we find that

vi =
n∑

j=1

γ i j (q, t)u j + γ i t (q, t) (3.270)

ωi =
n∑

j=1

βi j (q, t)u j + βi t (q, t) (3.271)

The generalized force Q j associated with u j is given by (3.266) where the γs and βs are
obtained from (3.268) and (3.269).

If the velocity variables are a mixture of quasi-velocities and true velocities, one can use
quasi-velocity notation and identify some of the us with q̇s as a special case of (3.245).

Free rotational motion

The rotational motion of a rigid body is free if the system of applied forces results in a
zero moment about the reference point which is inertially fixed or at the center of mass.
Our approach to solving for the free rotational motion will be to use integrals of the motion
directly, rather than starting with second-order differential equations.

Let us represent the orientation of the body by type II Euler angles (Fig. 3.3). Since there
are no applied moments, the angular momentum is constant in magnitude and direction. Let
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us define the vertical direction as the direction of the H vector, that is, H can be considered
to lie along the positive Z -axis. Then, assuming that the xyz body axes are principal axes,
we see from the geometry that

Hx = Ixxωx = H sin θ sinψ (3.272)

Hy = Iyyωy = H sin θ cosψ (3.273)

Hz = Izzωz = H cos θ (3.274)

where H is a positive constant. Thus, we obtain

ωx = φ̇ sin θ sinψ + θ̇ cosψ = H

Ixx
sin θ sinψ (3.275)

ωy = φ̇ sin θ cosψ − θ̇ sinψ = H

Iyy
sin θ cosψ (3.276)

ωz = φ̇ cos θ + ψ̇ = H

Izz
cos θ (3.277)

These three equations represent the integrals of the motion; that is, we can write three
independent functions of the qs and q̇s which are equal to zero. Finally, solving (3.275)–
(3.277) for the type II Euler angle rates, we obtain

φ̇ = H

(
sin2 ψ

Ixx
+ cos2 ψ

Iyy

)
(3.278)

θ̇ = H

(
1

Ixx
− 1

Iyy

)
sin θ sinψ cosψ (3.279)

ψ̇ = H

(
1

Izz
− sin2 ψ

Ixx
− cos2 ψ

Iyy

)
cos θ (3.280)

Note that the precession rate φ̇ is always positive, but the nutation rate θ̇ and the relative
spin ψ̇ may have either sign. If the z-axis is an axis of either maximum or minimum moment
of inertia, we find that 0 ≤ θ ≤ π/2 for any physically realizable body. If Izz is the minimum
moment of inertia, ψ̇ is positive; if Izz is maximum, then ψ̇ is negative.

Axial symmetry

Now suppose that the body-fixed z-axis is a symmetry axis. Let

Ixx = Iyy = It , Izz = Ia (3.281)

First, we note from (3.279) that

θ̇ = 0 or θ = const (3.282)

From (3.278), the constant precession rate is

φ̇ = H

It
(3.283)
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The relative spin rate, from (3.280), is also constant, that is,

ψ̇ = H

(
1

Ia
− 1

It

)
cos θ (3.284)

where

H = Ia�

cos θ
(3.285)

and the total spin � is

� = ωz = φ̇ cos θ + ψ̇ (3.286)

which is constant. Thus, we find that

ψ̇ =
(

1 − Ia
It

)
� (3.287)

For the prolate case (Ia < It ) we find that ψ̇ is positive; whereas, for the oblate case
(Ia > It ), ψ̇ is negative. Here we take the positive direction of the symmetry axis in this
free motion so that the total spin � is always positive or zero.

Notice that, since θ is constant, the symmetry axis will sweep out a conical surface as it
precesses about the H vector which lies on the Z -axis. This is called a coning motion and
is typical of the free rotational motion of an axially-symmetric body.

The Poinsot method

The Poinsot method is a geometrical method of representing the free rotational motion of
a rigid body. It is exact and is based upon the conservation of angular momentum and of
kinetic energy.

Let us choose a set of principal axes at the center of mass as the xyz body-fixed frame.
Then, if I1, I2, and I3 are the principal moments of inertia, (3.180) representing the ellipsoid
of inertia reduces to

I1x
2 + I2y2 + I3z

2 = 1 (3.288)

The Poinsot construction (Fig. 3.9) pictures the free rotational motion of a rigid body
as the rolling of its ellipsoid of inertia on an invariable plane which is perpendicular to
the constant angular momentum vector H drawn from the fixed center O . To see how this
comes about, recall from (3.178) that the vector ρ from O to P is

ρ = ω

ω
√

I
(3.289)

Also, from (3.176) we note that the rotational kinetic energy is

Trot = 1

2
ω · H = 1

2
Iω2 (3.290)
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Thus, we find that the length OS is

ρ · H
H

= ω · H
ωH

√
I

=
√

2Trot

H
(3.291)

which is constant as P moves. This means that the point P moves in a plane that is
perpendicular to the angular momentum vector H and intersects it at S. This plane is fixed
in space and is known as the invariable plane.

Next, we need to show that the invariable plane is tangent to the inertia ellipsoid at P .
The ellipsoid has the form

F(x, y, z) = I1x
2 + I2y2 + I3z

2 = 1 (3.292)

The direction of the normal to the ellipsoid at P is found by evaluating the gradient ∇F at
that point. Now

∇F = ∂F

∂x
i + ∂F

∂y
j + ∂F

∂z
k

= 2I1x i + 2I2yj + 2I3zk (3.293)

We see that ∇F is parallel to H since

H = I1ωx i + I2ωyj + I3ωzk (3.294)

and

ωx : ωy : ωz = x : y : z (3.295)
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that is, ω and ρ have the same direction in space. We conclude that the invariable plane is
tangent to the inertia ellipsoid at P . The instantaneous axis of rotation passes through the
contact point P , so the ellipsoid of inertia rolls without slipping on the invariable plane.
Because ω has a component normal to the invariable plane, there is also some pivoting
about P . Of course, the actual rigid body goes through the same rotational motions as the
ellipsoid of inertia.

It is interesting to consider the path of the contact point P on both the invariable plane
and the inertia ellipsoid. The path of P on the invariable plane is called the herpolhode. It
is not a closed curve, in general, as P moves continuously between two circles centered on
S and corresponding to extreme values of (θ − α). During successive intervals of π/2 in
ψ , P moves from tangency with one circle to tangency with the other.

The curve traced by P on the ellipsoid of inertia is called a polhode. For any rotation
not exactly about a principal axis, the polhode curves are closed and encircle either the
axis of minimum moment of inertia Ok or the axis of maximum moment of inertia On
(Fig. 3.10).

The polhode curves are formed by the intersection of two ellipsoids, namely, the inertia
ellipsoid and the momentum ellipsoid. The inertia ellipsoid relative to principal axes was
given by (3.288). To obtain the momentum ellipsoid we start with the expression for the
square of the angular momentum.

I 2
1ω

2
x + I 2

2ω
2
y + I 2

3ω
2
z = H 2 (3.296)

n

m

O

k

Figure 3.10.
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However, from (3.289) and (3.290) we see that

ωx = xω
√

I = x
√

2Trot

ωy = yω
√

I = y
√

2Trot (3.297)

ωz = zω
√

I = z
√

2Trot

Hence we obtain the momentum ellipsoid

I 2
1 x2 + I 2

2 y2 + I 2
3 z2 = H 2

2Trot
= D (3.298)

where H and Trot are constants which are usually evaluated from the initial conditions.
The polhode curve for a given case of free rotational motion is determined by the values of

(x, y, z) satisfying the initial value of ρ as well as (3.288) and (3.298). It can be shown that
if D < I2, assuming I1 < I2 < I3, the polhode encircles the axis Ok corresponding to the
minimum moment of inertia. If D > I2, the polhode encircles the axis On corresponding
to the maximum moment of inertia.

Now consider the stability of rotational motion about a principal axis. The polhodes in
the vicinity of k and n are tiny ellipses indicating stability, that is, a small displacement
of the axis of rotation relative to the body will remain small. On the other hand, polhodes
near m are hyperbolic in nature, indicating instability. The axis of rotation relative to the
body will suddenly flip over to nearly the opposite direction and then return back again,
only to repeat the cycle. Meanwhile the angular momentum vector H remains constant in
space. Thus the rotational motion of the body in space is quite irregular. In theory it takes
an infinite time for the point P to leave m but, practically speaking, there are enough small
disturbances that the instability of rotational motion about the intermediate axis Om is
immediately apparent.

The above analysis has assumed an ideal rigid body without internal losses. However,
an actual body will have structural damping with some energy loss due to slight elastic
deflections during the motion. As a result, there will be a decline in kinetic energy consistent
with the constant angular momentum. Finally, there will be a steady rotational motion about
the axis On corresponding to the maximum moment of inertia and minimum kinetic energy.
This explains why a spin-stabilized rigid body in space must rotate about its axis of maximum
moment of inertia.

Axial symmetry

Now assume an axially-symmetric rigid body is undergoing free rotational motion. In this
case the inertia ellipsoid is an ellipsoid of revolution and the polhodes are circles centered
on the axis of symmetry. First consider the case in which Ok of Fig. 3.10 is the axis of
symmetry and I1 = Ia, I2 = I3 = It and Ia < It , that is, the axis of symmetry corresponds
to the minimum moment of inertia. The inertia ellipsoid is a prolate spheroid and, as it rolls
on the invariable plane, the ω vector sweeps out a cone relative to the body and also a cone
in space. This is conveniently represented by a body cone rolling on the outside of a fixed
space cone (Fig. 3.11a). Notice that the symmetry axis Oz and the angular velocity vector
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ω lie on the same side of the angular momentum vector H. Also the precession rate φ̇ is
smaller than ω.

If, on the other hand, the axis of symmetry corresponds to the maximum moment of
inertia, the inertia ellipsoid is an oblate spheroid and we can take I1 = I2 = It , I3 = Ia
with Ia > It . Again the polhodes are circles and, in this case, the axis of symmetry is On.
Because of the oblateness, the symmetry axis and the ω vector lie on opposite sides of the
H vector. This leads to the rolling cone model shown in Fig. 3.11b in which the inside of
the body cone rolls on the outside of the fixed space cone. Usually the precession rate φ̇
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is larger than ω. In both the prolate and oblate cases the rolling cone model gives an exact
representation of the free rotational motion of an axially symmetric body.

From Fig. 3.11 we see that, for a given angular velocity ω, the precession rate φ̇ for the
prolate case is smaller than for the oblate case. Furthermore, notice that the relative spin
rate ψ̇ is positive, that is, in the direction of the symmetry axis Oz for the prolate case but
ψ̇ is negative for an oblate body. This is in agreement with (3.287).

3.4 Impulsive motion

Planar rigid body motion

Let us begin with the relatively simple case of the planar impulsive response of a rigid
body. Suppose an impulse F̂ is applied to a rigid body along one of its principal planes.
The response will be the same as if F̂ were applied to a lamina having the same mass m
and moment of inertia I about the center of mass C (Fig. 3.12).

Assume that the lamina is initially motionless. An impulse F̂ is applied with a line of
action through B and perpendicular to the line AB that passes through the center of mass.
The principle of linear impulse and momentum is used to obtain the velocity v of the center

A

ω

C

b

B
F̂

a

v

Figure 3.12.
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of mass. It is

v = F̂

m
(3.299)

Similarly, from the principle of angular impulse and momentum, we obtain the angular
velocity

ω = bF̂

I
(3.300)

where I is the moment of inertia about the center of mass.
Now consider the conditions on the lengths a and b such that point A is the instantaneous

center of rotation immediately after the impulse F̂ is applied, that is, its velocity is zero.
This requires that

v − aω = 0

or

F̂

m
= abF̂

I
or

ab = I

m
= k2

c (3.301)

where kc is the radius of gyration about the center of mass.
If point A is fixed during the impulse, then there will be no impulsive reaction at A if the

values of a and b satisfy (3.301). Under these conditions, the point B is known as the center
of percussion relative to A. Similarly, point A is the center of percussion relative to B.

Example 3.7 Let us solve for the height h at which a billiard ball must be struck by a
horizontal impulse in order that the response will be pure rolling with no tendency to slip
(Fig. 3.13).

h

m

B

b

C

r

P

F̂

Figure 3.13.
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Here we wish to find the location of the center of percussion B relative to the contact
point P . We see that a = r and I = 2

5 mr2. From (3.301) we obtain

ab = I

m
= 2

5
r2 (3.302)

so b = 2
5r and height h = r + b = 7

5r .

Constrained impulse response

Consider a system of N rigid bodies and assume that the kinetic energy has the form
T (q, q̇, t). In general,

T =
N∑

i=1

[
1

2
miv2

i + 1

2
ωi · Ii · ωi + mivi · ρ̇ci

]
(3.303)

where vi is the velocity of the reference point Pi of the i th body, and Ii is the inertia dyadic
about that reference point (see Fig. 3.5). Assume that there are m nonholonomic constraints
of the form

n∑
i=1

a ji (q, t)q̇i + a jt (q, t) = 0 ( j = 1, . . . ,m) (3.304)

and generalized impulses Q̂i are applied over an infinitesimal time interval�t . Then (2.323)
applies, that is,

n∑
i=1

[
n∑

j=1

mi j (q̇ j − q̇ j0) − Q̂i

]
δwi = 0 (3.305)

where δws are virtual velocities which satisfy the m instantaneous constraint equations of
the form

n∑
i=1

a jiδwi = 0 ( j = 1, . . . ,m) (3.306)

The mass or inertia coefficients are

mi j = ∂2T

∂q̇i∂q̇ j
(i, j = 1, . . . , n) (3.307)

where the kinetic energy is written for the unconstrained system. Since there are (n − m)
independent sets of δws in (3.305) which satisfy (3.306), and there arem constraint equations
from (3.304), the result is a total of n equations to solve for the values of the n q̇s immediately
after the time interval �t .

An alternate approach which involves Lagrange multipliers is obtained by starting with
the basic equation

�pi =
n∑

j=1

mi j�q̇ j = Q̂i + Ĉ i (i = 1, . . . , n) (3.308)
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where

Ĉi =
m∑

k=1

λ̂kaki (i = 1, . . . , n) (3.309)

is the i th generalized constraint impulse. This results in n equations of the form

n∑
j=1

mi j (q̇ j − q̇ j0) = Q̂i +
m∑

k=1

λ̂kaki (i = 1, . . . , n) (3.310)

These n equations plus the m constraint equations form a total of (n + m) equations from
which to solve for the n q̇s and m λ̂s.

Example 3.8 Two thin rods, each of mass m and length l are connected by a pin joint
at B (Fig. 3.14). They are falling with velocity v0 in planar motion when end A strikes
the smooth floor at y = 0 inelastically. Assuming that θ1 = θ2 = 30◦ and θ̇1 = θ̇2 = 0 just
before impact, we wish to solve for the q̇s immediately after impact.

First method Let us use the Lagrange multiplier method, as given in (3.310). The gener-
alized coordinates, in order, are (x, y, θ1, θ2). The initial velocities (q̇ j0s) are

ẋ0 = 0, ẏ0 = −v0, θ̇10 = 0, θ̇20 = 0 (3.311)

The equation of constraint is y = 0 or ẏ = 0, yielding

a11 = 0, a12 = 1, a13 = 0, a14 = 0 (3.312)

m l

A

(x, y)

y

C

m l

B

j

i

x

θ2

θ1

θ1

v0

Figure 3.14.
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The mass coefficients mi j are found by first obtaining the kinetic energy expression for
the unconstrained system. For a system of N rigid bodies, the kinetic energy given by
(3.303) is

T = 1

2

N∑
i=1

miv2
i + 1

2

N∑
i=1

ωi · Ii · ωi +
N∑

i=1

mivi · ρ̇ci (3.313)

Let us choose A and B as reference points for the two rods. We see that

vA = ẋ i + ẏj, vB = (ẋ − l θ̇1 sin θ1)i + (ẏ + l θ̇1 cos θ1)j (3.314)

I1 = I2 = 1

3
ml2 (3.315)

ρ̇c1 = 1

2
l θ̇1(− sin θ1 i + cos θ1 j), ρ̇c2 = 1

2
l θ̇2(sin θ2 i + cos θ2 j) (3.316)

Using (3.313), the kinetic energy is

T = m(ẋ2 + ẏ2) + 2

3
ml2θ̇2

1 + 1

6
ml2θ̇2

2 − 3

2
mlẋ θ̇1 sin θ1

+ 3

2
ml ẏθ̇1 cos θ1 + 1

2
mlẋ θ̇2 sin θ2 + 1

2
ml ẏθ̇2 cos θ2

+ 1

2
ml2θ̇1θ̇2 cos(θ1 + θ2) (3.317)

Using

mi j = ∂2T

∂q̇ i∂q̇ j
(3.318)

we obtain the mass matrix

m =




2m 0 − 3
2ml sin θ1

1
2ml sin θ2

0 2m 3
2ml cos θ1

1
2ml cos θ2

− 3
2ml sin θ1

3
2ml cos θ1

4
3ml2 1

2ml2 cos(θ1 + θ2)

1
2ml sin θ2

1
2ml cos θ2

1
2ml2 cos(θ1 + θ2) 1

3ml2




(3.319)

Note that all Q̂i equal zero, and the constraint requires that �ẏ = ẏ − ẏ0 = v0. Then re-
calling that θ1 = θ2 = 30◦, equation (3.310) yields the following four equations:

2m�ẋ − 3

4
ml�θ̇1 + 1

4
ml�θ̇2 = 0 (3.320)

2mv0 + 3
√

3

4
ml�θ̇1 +

√
3

4
ml�θ̇2 = λ̂ (3.321)

−3

4
ml�ẋ + 3

√
3

4
mlv0 + 4

3
ml2�θ̇1 + 1

4
ml2�θ̇2 = 0 (3.322)

1

4
ml�ẋ +

√
3

4
mlv0 + 1

4
ml2�θ̇1 + 1

3
ml2�θ̇2 = 0 (3.323)
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Here are four linear algebraic equations in �ẋ , �θ̇1, �θ̇2 and λ̂. The solutions are

�ẋ = ẋ = −6
√

3

23
v0, �θ̇1 = θ̇1 = −81

√
3

115

v0

l
,

(3.324)

�θ̇2 = θ̇2 = −3
√

3

115

v0

l
, λ̂ = 91

230
mv0

We see that the contact point A moves to the left, and both angles decrease, but θ̇1 is 27
times larger than θ̇2. From (3.309), we see that λ̂ is equal to the upward constraint impulse
applied to the system at the contact point A.

Second method Let us now apply the virtual velocity method of (3.305). We will need to
find n − m = 3 independent sets of δws which satisfy the constraint equation

δ ẏ = 0 (3.325)

For example, we can use

δw1 = (1, 0, 0, 0), δw2 = (0, 0, 1, 0), δw3 = (0, 0, 0, 1) (3.326)

By applying (3.305), and recalling that �ẏ = v0, we obtain (3.320), (3.322), and (3.323).
These equations are solved with the result

�ẋ = −6
√

3

23
v0, �θ̇1 = −81

√
3

115

v0

l
, �θ̇2 = −3

√
3

115

v0

l
(3.327)

in agreement with (3.324).
This second method is, in effect, a method for taking linear combinations of the n equa-

tions of the form of (3.310) in such a manner that the λ̂s are eliminated. Thus, a reduced set
of equations is obtained from which one can solve for the final q̇s.

Quasi-velocities

In the discussion of the use of Lagrange’s equations in rigid body dynamics, it was mentioned
that quasi-velocities (us) as defined in (3.245) cannot be used in the expression for kinetic
energy. Rather, the kinetic energy, in general, must have the form T (q, q̇, t) where the q̇s
are true velocities in the sense that they are time derivatives of parameters which specify the
configuration of the system. On the other hand, the body-axis componentsωx ,ωy andωz are
quasi-velocities whose time integrals do not specify the orientation of a rigid body. Thus,
kinetic energy written as T (q, ω, t) cannot be used in Lagrange’s equation. This restriction,
however, does not apply to impulsive equations. Thus, (3.305) can be generalized to

n∑
i=1

[
n∑

j=1

mi j (u j − u j0) − Q̂i

]
δwi = 0 (3.328)

where there are m constraints of the form
n∑

i=1

a ji (q, t)ui + a jt (q, t) = 0 ( j = 1, . . . ,m) (3.329)
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and the δws satisfy

n∑
i=1

a jiδwi = 0 (3.330)

The us are quasi-velocities, in general, and the mass coefficients are

mi j = ∂2T (q, u, t)

∂ui∂u j
(i, j = 1, . . . , n) (3.331)

Q̂i is an applied impulse associated with ui .
A Lagrange multiplier approach, similar to (3.310), results in equations of the form

�pi =
n∑

j=1

mi j (u j − u j0) = Q̂i +
m∑

k=1

λ̂kaki (i = 1, . . . , n) (3.332)

These n equations plus the m constraint equations can be solved for the n us and m λ̂s.
A particularly simple case occurs if the us are independent. Then we obtain

n∑
j=1

mi j (u j − u j0) = Q̂i (i = 1, . . . , n) (3.333)

As a specific example, consider the rotational motion of a rigid body about either its center
of mass or a fixed point. Its response to an applied angular impulse M̂, in terms of body-axis
components, is obtained from

3∑
j=1

Ii j (ω j − ω j0) = M̂i (i = 1, 2, 3) (3.334)

Here the ωs are quasi-velocities and mi j ≡ Ii j .

Example 3.9 A rigid body is moving with general motion when suddenly its reference
point P (Fig. 3.5) is stopped and remains with zero velocity, although its rotational motion is
not impeded. We wish to find the angular velocity of the body immediately after application
of this impulsive constraint.

First method Let us choose a body-fixed xyz frame with its origin at the reference point
P , and (i, j,k) as unit vectors attached to this frame. The velocity of P is

v = vx i + vyj + vzk (3.335)

and the angular velocity of the rigid body is

ω = ωx i + ωyj + ωzk (3.336)

The position vector of the center of mass relative to the reference point is

ρc = xci + ycj + zck (3.337)
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and we see that

ρ̇c = ω × ρc = (ωyzc − ωz yc)i + (ωz xc − ωx zc)j + (ωx yc − ωy xc)k (3.338)

In general, the kinetic energy of a rigid body has the form

T = 1

2
mv2 + 1

2
ω · I · ω + mv · ρ̇c (3.339)

where I is the inertia dyadic about the reference point. For this example, we obtain

T = 1

2
m
(
v2

x + v2
y + v2

z

)+ 1

2

(
Ixxω

2
x + Iyyω

2
y + Izzω

2
z

+ 2Ixyωxωy + 2Ixzωxωz + 2Iyzωyωz
)+ mvx (ωyzc − ωz yc)

+ mvy(ωz xc − ωx zc) + mvz(ωx yc − ωy xc) (3.340)

The equations of motion in terms of quasi-velocities are given by (3.328), namely,

n∑
i=1

[
n∑

j=1

mi j (u j − u j0) − Q̂i

]
δwi = 0 (3.341)

where each of the (n − m) independent sets of δws satisfies the instantaneous constraint
equations

n∑
i=1

a jiδwi = 0 ( j = 1, . . . ,m) (3.342)

As quasi-velocities, let us choose (vx , vy, vz, ωx , ωy, ωz) which are subject to the sud-
denly appearing constraint equations

u1 = vx = 0 (3.343)

u2 = vy = 0 (3.344)

u3 = vz = 0 (3.345)

resulting in

a11 = a22 = a33 = 1 (3.346)

All the other as equal zero.
Consider the kinetic energy expression of (3.340). Using

mi j = ∂2T

∂ui∂u j
(i, j = 1, . . . , n) (3.347)

the resulting mass matrix is

m =




m 0 0 0 mzc −myc

0 m 0 −mzc 0 mxc

0 0 m myc −mxc 0
0 −mzc myc Ixx Ixy Ixz

mzc 0 −mxc Iyx Iyy Iyz

−myc mxc 0 Izx Izy Izz




(3.348)
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The initial conditions of the quasi-velocities are

u j0 = (vx0, vy0, vz0, ωx0, ωy0, ωz0) (3.349)

and these velocities occur just before the reference point P undergoes inelastic impact with
a fixed point. At the time of impact there are constraint impulses acting on the system, but
all applied impulses (Q̂s) are equal to zero.

The instantaneous constraint equations, in accordance with (3.342), are

δu1 = δvx = 0, δu2 = δvy = 0, δu3 = δvz = 0 (3.350)

Three independent sets of δws which also satisfy the instantaneous constraints are

δw1 = (0, 0, 0, 1, 0, 0)

δw2 = (0, 0, 0, 0, 1, 0)

δw3 = (0, 0, 0, 0, 0, 1) (3.351)

Finally, substituting into (3.341), we obtain the following three equations to be solved
for the values of the ωs just after impact.

mzcvy0 − mycvz0 + Ixx (ωx − ωx0) + Ixy(ωy − ωy0) + Ixz(ωz − ωz0) = 0 (3.352)

− mzcvx0 + mxcvz0 + Iyx (ωx − ωx0) + Iyy(ωy − ωy0) + Iyz(ωz − ωz0) = 0 (3.353)

mycvx0 − mxcvy0 + Izx (ωx − ωx0) + Izy(ωy − ωy0) + Izz(ωz − ωz0) = 0 (3.354)

where the I s are taken about the reference point P .

Second method Let us choose the fixed origin O as the final location of the reference
point P . There is conservation of angular momentum about O because the only impulse
applied to the rigid body acts through that point.

First, we need to find the angular momentum about O in terms of the angular momentum
about P . From Fig. 3.5 we see that, in general,

H0 = Ic · ω + m(rp + ρc) × (ṙp + ρ̇c) (3.355)

where Ic is the inertia dyadic about the center of mass. The angular momentum about P is

Hp = I · ω = Ic · ω + mρc × ρ̇c (3.356)

Hence, we find that

H0 = Hp + mrp × ṙp + mrp × ρ̇c + mρc × ṙp (3.357)

This equation would be valid even if the point O were moving since the definition of angular
momentum involves relative velocities.

For this example, the point O is fixed and, at the time of impact, rp = 0. Just before
impact,

ṙp = vx0i + vy0j + vz0k (3.358)

ω = ωx0i + ωy0j + ωz0k (3.359)
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Thus, the angular momentum about O at this time, as given by (3.357), is

H0 = [Ixxωx0 + Ixyωy0 + Ixzωz0 + m(ycvz0 − zcvy0)]i

+[Iyxωx0 + Iyyωy0 + Iyzωz0 + m(zcvx0 − xcvz0)]j

+[Izxωx0 + Izyωy0 + Izzωz0 + m(xcvy0 − ycvx0)]k (3.360)

Immediately after impact, we have ṙp = 0, so we obtain

H0 = I · ω = (Ixxωx + Ixyωy + Ixzωz)i + (Iyxωx + Iyyωy + Iyzωz)j

+ (Izxωx + Izyωy + Izzωz)k (3.361)

Now we use conservation of angular momentum to obtain the following three component
equations expressing the final value minus the initial value of H0.

Ixx (ωx − ωx0) + Ixy(ωy − ωy0) + Ixz(ωz − ωz0) + m(zcvy0 − ycvz0) = 0 (3.362)

Iyx (ωx − ωx0) + Iyy(ωy − ωy0) + Iyz(ωz − ωz0) + m(xcvz0 − zcvx0) = 0 (3.363)

Izx (ωx − ωx0) + Izy(ωy − ωy0) + Izz(ωz − ωz0) + m(ycvx0 − xcvy0) = 0 (3.364)

in agreement with (3.352)–(3.354). Thus, we see that the conservation of angular momentum
approach is rather direct in this case.

Input–output methods

For the general case in which the motion of a mechanical system is expressed in terms of
quasi-velocities, we found that

�pi =
n∑

j=1

mi j�u j = Q̂i + Ĉi (i = 1, . . . , n) (3.365)

where the Q̂s are applied impulses and the Ĉs are constraint impulses which can be expressed
in the Lagrange multiplier form

Ĉi =
m∑

k=1

λ̂kaki (3.366)

All impulses occur at the same instant.
A comparison of (3.365) with (3.308) shows that equations of the same form apply

whether we use q̇s or us as velocity variables. Furthermore, the constraints may be holo-
nomic or nonholonomic and, in either case, it is always possible to find a set of independent
us. Thus, the impulsive equations of motion tend to be much simpler than the full dynamical
equations for a given system. For example, there are no elastic force terms and no terms
resulting from centripetal or Coriolis accelerations.

Let us consider a system in which the qs and q̇s may be constrained, but the us are
independent. Then the Ĉs vanish and we obtain

�pi =
n∑

j=1

mi j�u j = Q̂i (i = 1, . . . , n) (3.367)
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The mass coefficients mi j (q, t) are constant during the application of impulses. They form
a mass matrix m which is positive definite and symmetric.

One can solve for the �us in (3.367) and obtain

�u j =
n∑

i=1

Y ji Q̂i ( j = 1, . . . , n) (3.368)

where the matrix Y = m−1 is symmetric and positive definite.
Equations (3.367) and (3.368) have the same linear form as the equations of an electrical

circuit. Hence, one can consider input–output relationships. The Q̂s might be taken as
input impulses whereas the �us are output responses. The m matrix represents an inertial
resistance to changes in velocity. Proportional increases in magnitudes of themi j coefficients
result in smaller�us for given Q̂s. On the other hand, theYmatrix of (3.368) has an inverse
effect and acts as an admittance matrix for impulsive inputs.

A system characteristic of considerable practical importance is the input or driving-point
mass at a given location. This is the effective mass which an input impulse Q̂i experiences
when all other input impulses are set equal to zero. In the usual case in which ui represents
a linear velocity, the corresponding input mass has the units of mass. But if ui represents an
angular velocity, then the associated input mass is actually a moment of inertia and Q̂i is
an impulsive moment or couple. In any event, we find that the input or driving-point mass
for an impulsive input at ui is

mi = Q̂i

�ui
= 1

Yii
(3.369)

Note that, in general, this is not equal to mii .
For the common case in which a linear impulse F̂ is applied at a point P , the �ui in

(3.369) is the velocity change at P in the direction of F̂ .
Let us consider a system with n degrees of freedom and n us. Choose u1 as the input and

u2 as the output. Then, in accordance with (3.368) and Fig. 3.15a, we obtain

�u1 = Y11 Q̂1 + Y12 Q̂2 (3.370)

�u2 = Y21 Q̂1 + Y22 Q̂2 (3.371)

u1 u2
Q2
^

Q1
^

Y

(a)

u1
u2 u'2

Q2
^Q1

^ Q'2 Q'3

(b)

Y Y' u'3
^^

Figure 3.15.
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and we note that the entire Y matrix is n × n. The input mass at u1 for Q̂2 = 0 is

m1 = 1

Y11
(3.372)

Now let us consider a second primed system with an input u′
2 and an output u′

3. For this
system, we have

�u′
2 = Y ′

22 Q̂′
2 + Y ′

23 Q̂′
3 (3.373)

�u′
3 = Y ′

32 Q̂′
2 + Y ′

33 Q̂′
3 (3.374)

Finally, let us connect the two systems in accordance with the constraint equation

�u2 = �u′
2 (3.375)

as shown in Fig. 3.15b. Then the impulse Q̂2 is actually due to the constraint and is not
imposed from outside the system. Furthermore, due to Newton’s law of action and reaction,
we have

Q̂′
2 = −Q̂2 (3.376)

Equating the right-hand sides of (3.371) and (3.373), and setting Q̂′
3 equal to zero,

we obtain

Y21 Q̂1 + Y22 Q̂2 = Y ′
22 Q̂′

2 = −Y ′
22 Q̂2

or

Q̂2 = − Y21

Y22 + Y ′
22

Q̂1 (3.377)

Then, using (3.370), we have

�u1 =
(

Y11 − Y12Y21

Y22 + Y ′
22

)
Q̂1 (3.378)

Since the Y matrix is symmetric, the input or driving-point mass for the combined system
is

m1 = Q̂1

�u1
= Y22 + Y ′

22

Y11(Y22 + Y ′
22) − Y 2

12

(3.379)

In general, the self-admittances Y11, Y22 and Y ′
22 are positive and Y12 is nonzero. Hence,

the input mass at u1 is increased, in general, by connecting a second system. The exceptions
are that m1 is unchanged if Y12 = 0, or if the input mass of the second system is zero, that
is, Y ′

22 is infinite.
Notice that the effect of connecting the second system is to attach its input mass

m ′
2 = 1

Y ′
22

(3.380)

at u2. This results in an impulse Q̂2 acting on the first system, where

Q̂2 = −Q̂′
2 = −m ′

2�u2 = −�u2

Y ′
22

(3.381)
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Then, upon substituting into (3.370) and (3.371), we can solve for �u1 in agreement with
(3.378) and obtain m1 as before.

The energy input to an initially motionless system due to a single impulse Q̂i at ui is
equal to the work

W = 1

2
Q̂i�ui (3.382)

where, from (3.369),

�ui = Q̂i

mi
(3.383)

Thus, we obtain

W = Q̂2
i

2mi
= 1

2
mi�u2

i (3.384)

This, by the principle of work and kinetic energy, must equal the total kinetic energy of the
system. Hence, we can find the kinetic energy without explicitly solving for all the �us if
we use the concept of input mass. Note that the work done by an impulse on an initially
motionless system is always positive or zero.

More generally, the work done by a single impulse Q̂i on a moving system is

W = Q̂i

(
ui0 + 1

2
�ui

)
= Q̂i ui0 + Q̂2

i

2mi
(3.385)

Again, the work is equal to Q̂i multiplied by the average velocity at ui . In this case, however,
the work may be positive or negative, depending on the value of ui0, the velocity just before
the impulse.

An interesting consequence of the symmetry of theYmatrix is the reciprocity of impulsive
responses. Thus, the response �u j due to a unit impulse Q̂i is equal to the response �ui

due to a unit impulse Q̂ j , in accordance with (3.368) and Yi j = Y ji .

Example 3.10 Two rods, each of mass m and length l, are connected by a pin joint at
B (Fig. 3.16). When the system is in a straight configuration, a transverse impulse F̂1 is
applied at A. We wish to solve for the responses�u1,�u2,�u3, as well as the driving-point
mass at u1.

u1

ω1 ω2
u2 u3

Cm
B

m

l

A

F1
^

l

Figure 3.16.
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First method First consider the rod AB separately. The velocity of its center of mass is

vc1 = 1

2
(u1 + u2) (3.386)

and its angular velocity is

ω1 = 1

l
(u2 − u1) (3.387)

Hence, its kinetic energy is

T = m

8
(u1 + u2)2 + m

24
(u2 − u1)2 = m

6

(
u2

1 + u2
2 + u1u2

)
(3.388)

With the aid of (3.331), namely,

mi j = ∂2T

∂ui∂u j
(3.389)

we obtain the mass matrix

m =




m

3

m

6
m

6

m

3


 (3.390)

The inverse matrix is

Y = m−1 =




4

m

−2

m
−2

m

4

m


 (3.391)

These m and Y matrices apply to rods AB and BC individually.
If we now connect the two rods, the driving-point mass at u1 is given by (3.379)

m1 = F̂1

�u1
= 2Y22

2Y11Y22 − Y 2
12

= m

(
8

32 − 4

)
= 2

7
m (3.392)

Furthermore,

�u1 = F̂1

m1
= 7F̂1

2m
(3.393)

Let us return to the basic equation

n∑
j=1

mi j�u j = Q̂i (3.394)

and apply it to rod AB in the combined system. We obtain

m

3
�u1 + m

6
�u2 = F̂1 (3.395)
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Knowing �u1, we find that

�u2 = − F̂1

m
(3.396)

In addition, for rod AB,

Q̂2 = m

6
�u1 + m

3
�u2 = 1

4
F̂1 (3.397)

where Q̂2 is actually the constraint impulse applied to rod AB at B.
Finally, for rod BC , noting the law of action and reaction at B, we have

m

3
�u2 + m

6
�u3 = −Q̂2 = −1

4
F̂1 (3.398)

from which we obtain

�u3 = F̂1

2m
(3.399)

This result is in agreement with the second motion equation for rod BC , namely,

m

6
�u2 + m

3
�u3 = 0 (3.400)

Second method Let us consider the complete system from the beginning. Referring to
(3.388) and adding over the two rods, the kinetic energy of the system is

T = m

6

(
u2

1 + u2
2 + u1u2

)+ m

6

(
u2

2 + u2
3 + u2u3

)
= m

6

(
u2

1 + 2u2
2 + u2

3 + u1u2 + u2u3
)

(3.401)

Then, using (3.389), the mass matrix is

m =




m

3

m

6
0

m

6

2m

3

m

6

0
m

6

m

3




(3.402)

and, upon inversion,

Y =




7

2m
− 1

m

1

2m

− 1

m

2

m
− 1

m
1

2m
− 1

m

7

2m




(3.403)
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Now we can use the general equation

�u j =
n∑

i=1

Y ji Q̂i (3.404)

and note that

Q̂1 = F̂1, Q̂2 = Q̂3 = 0 (3.405)

Here Q̂2 is equal to zero because no external impulse is applied at B in the u2 direction.
The constraint impulses at B are internal to the complete system.

From the first column of Y and (3.404), we obtain

�u1 = 7F̂1

2m
, �u2 = − F̂1

m
, �u3 = F̂1

2m
(3.406)

in agreement with our previous results.
The second method appears to be simpler, but it involves the inversion of a larger ma-

trix. The second method avoids calculating constraint impulses, but they are thereby not
directly available. Thus, the choice of method depends upon the nature of the desired
results.

Example 3.11 As an example of reciprocity, let us consider the angular impulse response
of a rigid body. Let xyz be a principal axis system at the center of mass of the body. Suppose
an angular impulse M̂ is applied about an arbitrary 1-axis which passes through the center
of mass. We wish to find the change�ω2 in the angular velocity component about a second
arbitrary 2-axis through the center of mass.

Let (c1x , c1y, c1z) be the direction cosines of the positive 1-axis relative to the xyz frame.
Similarly, let (c2x , c2y, c2z) specify the direction of the positive 2-axis. The response com-
ponents in the body-fixed Cartesian frame are

�ωx = c1x M̂

Ixx
, �ωy = c1y M̂

Iyy
, �ωz = c1z M̂

Izz
(3.407)

Now take the component of ω in the direction of the positive 2-axis. We obtain

�ω2 = c2x�ωx + c2y�ωy + c2z�ωz =
(

c1xc2x

Ixx
+ c1yc2y

Iyy
+ c1zc2z

Izz

)
M̂ (3.408)

This is the angular velocity about the 2-axis due to an angular impulse M̂ about the 1-axis.
If, on the other hand, we wish to find the response�ω1 about the 1-axis due to an angular

impulse M̂ about the 2-axis, we merely interchange the 1 and 2 subscripts in (3.407) and
(3.408). But this leaves the right-hand side of (3.408) unchanged. Hence,

�ω1 = �ω2 (3.409)
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Figure 3.17.

and we confirm the reciprocity relation for the responses to angular impulses about two
arbitrary axes through the center of mass of a rigid body.

Example 3.12 A system consists of four rods, each of mass m and length l, which are
connected by pin joints, as shown in Fig. 3.17. The system is motionless until ends A and
E are suddenly given equal vertical velocities v0. We wish to find the resulting angular
velocities of the rods.

First, notice that the system is symmetrical about a vertical line through C . Thus, we can
consider only rods AB and BC which are the left half of the system. From the symmetry,
any motion of point C must be vertical and any interaction impulse at C must be horizontal.
The velocities of points A and B are

vA = v0j (3.410)

vB = l θ̇1i + v0j (3.411)

The kinetic energy of ABC is

T = TAB + TBC (3.412)
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where, using (3.339), we find that

TAB = 1

2
mv2

0 + 1

6
ml2θ̇2

1 (3.413)

TBC = 1

2
m
(
v2

0 + l2θ̇2
1

)+ 1

6
ml2θ̇2

2 + ml

2
√

2
θ̇2(l θ̇1 + v0) (3.414)

Thus,

T = mv2
0 + 2

3
ml2θ̇2

1 + 1

6
ml2θ̇2

2 + ml2

2
√

2
θ̇1θ̇2 + mlv0

2
√

2
θ̇2 (3.415)

The half-system has only one degree of freedom because of the constraint that the hori-
zontal velocity at C is equal to zero. The holonomic constraint equation is

l θ̇1 + 1√
2
l θ̇2 = 0

or

θ̇2 = −
√

2θ̇1 (3.416)

Hence, the kinetic energy is

T = 1

2
ml2θ̇2

1 − 1

2
mlv0θ̇1 + mv2

0 (3.417)

Note that Q̂1 equals zero and use (3.367) to obtain

�p1 = p1 = ∂T

∂θ̇1
= ml2θ̇1 − 1

2
mlv0 = 0 (3.418)

which results in

θ̇1 = v0

2l
, θ̇2 = − v0√

2l
(3.419)

By symmetry, rods DE and CD move as mirror images of AB and BC , respectively.
It is interesting to note that by setting ∂T/∂θ̇1 equal to zero in (3.418) we apply a

stationarity condition on T with respect to changes in the value of θ̇1. Actually, the kinetic
energy is a minimum consistent with the prescribed velocity v0, in accordance with Kelvin’s
theorem.

In general, Kelvin’s theorem states that if a system, initially at rest, is suddenly set into
motion by prescribed velocities at some of its points, the actual kinetic energy of the resulting
motion is a minimum compared to other kinematically possible motions.
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3.6 Problems

3.1. Let XYZ be an inertially-fixed frame and let xyz be the body-fixed frame of a rigid body.
Suppose the initial orientation of the body is given by the axis and angle variables
a = I = i and φ = 60◦. (a) Assuming that ȧ = 0.1J and φ̇ = 0, find the initial angular
velocity ω of the body, expressed in inertial and in body-fixed components. (b) Find
the initial values of C and Ċ .

3.2. Obtain the rotational equations of motion for a general rigid body, assuming principal
axes and using type II Euler angles as generalized coordinates.

3.3. Two spheres, each of mass m, radius r , and moment of inertia I undergo impact, as
shown. Just before impact sphere 1 has a velocity v0 at 45◦ from the x-axis. Sphere
2 is initially motionless and neither sphere is rotating. (a) Assuming smooth spheres
and a coefficient of restitution e, solve for the velocities v1 and v2 of the two spheres
just after impact. (b) Repeat for the case in which there is a coefficient of friction
µ between the spheres, as well as a coefficient of restitution e. Also solve for the
resulting angular velocities ω1 and ω2.

y

m

m

r

r
x

v0

2

1
45°

Figure P 3.3.

3.4. An axially-symmetric rocket has constant axial and transverse moments of inertia with
It = 5Ia . Initially the rocket is rotating about the symmetry axis (z-axis) at � rad/s.
Due to a small thrust misalignment, a constant body-fixed moment My is applied to
the rocket, where My << Ia�2. (a) Assume the initial conditionsωx (0) = ωy(0) = 0
and solve for ωx and ωy as functions of time. (b) At what time does the symmetry
axis first return to its original orientation?
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3.5. Use type I Euler angles to analyze the free rotational motion of a rigid body. (a)
Obtain equations for ψ̇, θ̇ , φ̇ in terms of ψ, θ, φ, assuming that the H vector points
upward in the direction of the negative Z -axis. (b) What do these equations reduce
to if the rigid body is symmetrical about its x-axis?

3.6. Two slabs, each of mass m0 can translate on rollers, as shown. The rollers are uniform
cylinders, each of mass m and radius r , and they roll without slipping. The applied
force F is constant. (a) Obtain the differential equations of motion, using (x1, x2) as
generalized coordinates. (b) Suppose the system starts from rest with x1(0) = x2(0) =
0. Assuming that m0 = 2m, solve for x2 when x1 = 1. (c) Solve for the horizontal
forces applied to the upper and lower faces of the lower slab.

m
r

m
r

m
r

m
r

ω1

m
r ω2

m
r ω3

m0

m0

x1

x2

F

v1

v2

v3

Figure P 3.6.

3.7. A rigid body of mass m has principal moments of inertia Ixx = 3ma2, Iyy =
4ma2, Izz = 5ma2 about its center of mass. Initially the velocity of the center of mass
is zero and the angular velocity components are ωx (0) = ω0, ωy(0) = ωz(0) = 0.
Suddenly a point P at x = y = z = a is fixed, although there is free rotation about
P . Find (a) the values of ωx , ωy, ωz immediately after impact; (b) the final kinetic
energy.

3.8. The center of mass of a thin circular disk of radius r , and with central moments of
inertia Ia and It , moves with constant speed around a circular path of radius R. The
plane of the disk is inclined at a constant angle θ from the vertical. Solve for the
required precession rate ψ̇ .
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3.9. A thin rod of mass m and length l slides and rotates on a fixed frictionless horizontal
cylinder of radius r . (a) Use (x, θ ) as coordinates and obtain the differential equations
of motion. (b) Assume the initial conditions x(0) = 1

5 l, ẋ(0) = 0, θ(0) = 0, θ̇ (0) = 0

and show that the rod will lose contact with the cylinder when cos θ = 1
g (r θ̇2 + 2ẋ θ̇ ).

c.m.

m, l

x

g

r

O

θ

Figure P 3.9.

3.10. An axially symmetric rigid body of mass m has axial and transverse moments of
inertia Ia and It , where It is taken about the fixed point O . The xyz coordinate system
has its origin at O and the x-axis is the axis of symmetry. The z-axis remains horizontal
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and the xy-plane is vertical. (a) Find the θ and φ differential equations of motion. (b)
Assume the initial conditions θ (0) = 60◦, θ̇ (0) = φ̇(0) = 0, ωx (0) = � and solve for
the minimum value of θ during the motion. Assume that I 2

a�
2 = 2Itmgl.

g

y

O

m

c.m.

x

φ

θ

Ω

l

Figure P 3.10.

3.11. A rigid body with xyz principal body axes is suspended by a massless gimbal system
associated with type I Euler angles. The outer gimbal can rotate freely about the
vertical ψ-axis. Assume that the inner gimbal is locked relative to the outer gimbal,
and the Euler angle θ is constant. A motor drives the rigid body relative to the inner
gimbal and produces a constant moment Qφ about the x-axis. Assume axial symmetry,
that is, Ixx = Ia , Iyy = Izz = It . (a) Write the differential equations of motion. (b)
Show that the vertical angular momentum is constant, even though Qφ has a vertical
component. Explain.

3.12. A dumbbell consists of particles A and B, each of mass m, connected by a massless
rigid rod of length l (Fig. P 3.12). It can slide without friction on a fixed spherical
depression of radius r under the influence of gravity. The configuration of the system
is given by the type II Euler angles (φ, θ, ψ), where ψ is the angle between the rod
AB and the vertical plane which includes the center O and the center of mass. Note
that the center of mass of the dumbbell moves on a sphere of radius R =

√
r2 − 1

4 l
2.

Obtain the equations of motion using the Lagrangian method.



210 Kinematics and dynamics of a rigid body

g

O

R m

m

A

B

k j
i

r

1
2–
l

1
2– l

y f

θ

Figure P 3.12.

3.13. A rod of mass m and length l is in general planar motion when it has inelastic impact
with a smooth fixed peg P at a distance a from the center. The initial conditions just
before impact are ẋ(0) = ẋ0, ẏ(0) = ẏ0,ω(0) = ω0. Solve for the velocity components
(ẋ, ẏ) of the center of mass as well as the angular velocity ω just after impact.

y

a

ω0

x

x0

mP

peg

1
2– l 1

2– l

y0

Figure P 3.13.

3.14. The angles (θ, φ) describe the orientation of a uniform rod of mass m and length
l which is spinning with one end in contact with a smooth floor (Fig. P 3.14). (a)
Use the Routhian method to obtain a differential equation of the form θ̈ (θ, θ̇ ) = 0.
(b) Assume the initial conditions θ (0) = 45◦, θ̇ (0) = 0, φ̇(0) = ω0 and solve for the
initial value of the floor reaction N .
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Figure P 3.14.

3.15. An axially-symmetric top with mass m, and with axial and transverse moments of
inertia Ia and It , respectively, about the center of mass has a total spin rate� about its
symmetry axis. Its center of mass is located at a distance l from its point O which can
slide without friction on a horizontal floor. (a) Use type I Euler angles as coordinates
and the modified Euler equations to obtain the θ and ψ equations of motion. (b) Let
Ia = ml2/12, It = ml2/6, and �2 = 72g/ l. Assume that the top is initially vertical
and is disturbed slightly. Solve for θmin in the motion which follows. (c) What is the
precession rate ψ̇ when θ = θmin?

3.16. Two thin disks, each of mass m and radius r , are connected by a thin rigid axle of
mass m0 and length L , and roll without slipping on the horizontal xy-plane. (a) Using
(v, φ̇) as velocity variables, find the kinetic energy and the mass matrix. (b) If the
system is initially at rest, solve for v and φ̇ due to a transverse horizontal impulse F̂
which is applied to the axle at a distance c from its center.
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vA

m
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φ

Figure P 3.16.
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3.17. A rod of mass m and length l is dropping vertically with speed v0 and angular velocity
ω0, when end A hits a smooth floor inelastically at y = 0. Solve for the values of ẋ
and θ̇ immediately after impact, as well as the constraint impulse.

θ

y

ω0 B

m

l

(x, y)

A

x

v0

Figure P 3.17.

3.18. A uniform rod of mass m and length l is at rest with θ = 45◦ and end B touching
a smooth plane surface. Then a transverse impulse F̂ is applied at end A. (a) Solve
for u1 and u2 ≡ θ̇ immediately after the impulse. (b) Find the value of the constraint
impulse Ĉ . End B remains in contact with the plane.

A

l

u1

Ĉ

F̂

B

m

45°

θ

Figure P 3.18.

3.19. A dumbbell is released from the position shown in Fig. P 3.19 and slides without
friction down a circular track of radius R. Assume that the dumbbell length l << R
and keep terms to first order in l/R. Find the angular velocity of the dumbbell when:
(a) particle 1 leaves the track; (b) particle 2 leaves the track.
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Figure P 3.19.

3.20. A thin disk of mass m and radius r is spinning atω0 = √
g/r about a vertical diameter

on a frictionless floor. Then it is disturbed slightly. (a) Find the maximum value of the
angle θ between the plane of the disk and the vertical in the motion which follows.
(b) What is the minimum value of ω0 for stability of the initial motion?

3.21. A thin horizontal rectangular plate is translating downward (into page) with a velocity
v0 when its corner A is suddenly stopped at a fixed point. Assuming the rigid plate
can rotate freely about A, solve for its angular velocity ω and the velocity vc of its
center immediately after impact.
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Figure P 3.21.
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3.22. A dumbbell is composed of two smooth spheres, each of mass m, radius r , and central
moment of inertia Ic = 2

5mr2. They are connected by a rigid massless rod of length
L . Just before perfectly elastic impact the dumbbell has a longitudinal velocity v0 at
an angle 45◦ relative to the floor. (a) Solve for the velocities of the two spheres just
after impact. (b) What is the angular impulse applied to sphere 1 about its center? (c)
Solve for the shear impulse normal to the rod.

m

r

L

el et

m

r
e = 1

1

2

v0

45°

Figure P 3.22.

3.23. A system consists of three rods, each of mass m and length l, which are connected by
joints at B and C . The system is initially motionless with θ1 = θ3 = 45◦ and θ2 = 0
when the velocities v1 and v2 are suddenly applied, as shown. Solve for the resulting
immediate values of θ̇1, θ̇2 and θ̇3.

j

i

A

m
l

l

mB C

l m

D

v1

θ1

θ2
θ3

v2

Figure P 3.23.

3.24. A uniform rod of mass m and length l has a fixed spherical joint at end B (Fig. P 3.24).
End C rests against a vertical wall having a friction coefficient µ. The rod can rotate
with a constant angle α about a horizontal axis AB which is perpendicular to the wall.
(a) Obtain the differential equation for the position angle θ . (b) Assume µ= 0, α =
30◦ with the initial conditions θ (0) = 0, θ̇ (0) = 0. The rod is disturbed slightly
in the positive θ direction. Solve for the angle θ at which the rod leaves the wall.
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Figure P 3.24.

3.25. End B of a uniform rod of mass m and length l is initially at rest and then is hit
by an impulse F̂ at an angle α from the transverse direction, as shown. (a) Find the
resulting velocity at B and the driving-point mass m associated with F̂. (b) Show that
the kinetic energy is T = 1

2m F̂2.

j

i

BA
m

F
α

^
l

Figure P 3.25.

3.26. Find the input mass at A for the directions u1 and u2 (Fig. P 3.26). There is a pin joint
at B connecting the two rods.
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u3
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Figure P 3.26.

3.27. Two rods, each of mass m and length l are connected by a joint at B and move in a
horizontal plane. A knife-edge constraint requires that any motion at A be perpen-
dicular to the rod. Choose (x, y, θ1, θ2) as generalized coordinates and obtain three
second-order differential equations of motion by using Jourdain’s principle.
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Figure P 3.27.



4 Equations of motion: differential approach

In the previous chapters, we have considered relatively familiar methods of obtaining the
differential equations of motion for a mechanical system. In this chapter, we shall introduce
a number of other methods, partly in order to give the student a broader view of dynamics,
and partly to present some practical and efficient approaches to obtaining the differential
equations of motion. The results presented here are applicable to holonomic and nonholo-
nomic systems alike, but the emphasis will be on nonholonomic systems because greater
insight is needed in finding applicable theoretical approaches for these systems. As we pro-
ceed, we will show the advantages of using quasi-velocities in the analysis of nonholonomic
systems.

4.1 Quasi-coordinates and quasi-velocities

Transformation equations

It is often possible to simplify the analysis of dynamical systems by using quasi-velocities
(us) rather than q̇s as velocity variables. An example is the use of Euler’s equations for
the rotational motion of a rigid body. Here the velocity variables are the body-axis com-
ponents of the angular velocity ω rather than Euler angle rates. The ω components are
quasi-velocities, whereas the Euler angle rates are true q̇s whose time integrals result in
generalized coordinates. As we showed in Chapter 3, the Euler equations are simpler than
the corresponding Lagrange equations written in terms of Euler angles and Euler angle
rates.

The transformation equations relating the us and q̇s can be obtained by starting with the
differential form

dθ j =
n∑

i=1

� j i (q, t) dqi +� j t (q, t) dt ( j = 1, . . . , n) (4.1)

where the θs are called quasi-coordinates and dθ j = u jdt or u j = θ̇ j . In general, the right-
hand expressions in (4.1) are not integrable; if they were integrable, the θs would be true
generalized coordinates.
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If (4.1) is divided by dt , it has the form

u j =
n∑

i=1

� j i (q, t)q̇i +� j t (q, t) ( j = 1, . . . , n) (4.2)

as in (3.245). We assume that these n equations can be solved for the q̇s, resulting in

q̇ i =
n∑

j=1

�i j (q, t)u j +�i t (q, t) (i = 1, . . . , n) (4.3)

Notice that for this unconstrained case, there are the same number of us and q̇s. For
example, the rotational dynamics of a rigid body might have ωx , ωy, ωz as us and the Euler
angles ψ, θ, φ as qs. The dynamical equations would be written in terms of us and then the
qs would be generated by integrating (4.3) which are kinematic equations.

Constraints

Now let us impose m nonholonomic constraints of the linear form

n∑
i=1

a ji (q, t)q̇ i + a jt (q, t) = 0 ( j = 1, . . . ,m) (4.4)

as in (1.15). This will be accomplished by changing the notation and setting the last m us
in (4.2) equal to zero. Thus, we can write

u j =
n∑

i=1

� j i (q, t)q̇ i +� j t (q, t) ( j = 1, . . . , n − m) (4.5)

u j =
n∑

i=1

� j i (q, t)q̇ i +� j t (q, t) = 0 ( j = n − m + 1, . . . , n) (4.6)

The first (n − m) us are independent quasi-velocities, while the last m us are set equal to
zero to enforce the m nonholonomic constraints.

As before, we assume that the (n × n) Ψ matrix is invertible and we can solve for the q̇s
in the form

q̇ i =
n−m∑
j=1

�i j (q, t)u j +�i t (q, t) (i = 1, . . . , n) (4.7)

The upper limit on the summation is (n − m) because the last m us are equal to zero. Note
that the (n × n) matrix Φ is

Φ = Ψ−1 (4.8)

Furthermore,

�i t = −
n∑

j=1

�i j� j t (i = 1, . . . , n) (4.9)

If there are any holonomic constraints, we have
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φ j (q, t) = 0 (4.10)

and (4.6) applies, where

� j i = ∂φ j

∂qi
, � j t = ∂φ j

∂t
(4.11)

Using the notation of (4.5) and (4.6), virtual displacements are constrained in accordance
with

δθ j =
n∑

i=1

� j i (q, t)δqi = 0 ( j = n − m + 1, . . . , n) (4.12)

In velocity space, we have

n∑
i=1

� j i (q, t)δwi = 0 ( j = n − m + 1, . . . , n) (4.13)

implying that any virtual velocity δw lies in the common intersection of the constraint planes
in velocity space.

4.2 Maggi’s equation

Derivation of Maggi’s equation

Consider a mechanical system whose configuration is described by n qs and which has m
nonholonomic constraints with the linear form of (4.6). One approach to the problem of
obtaining differential equations of motion is to use Lagrange’s equation in the multiplier
form of (2.49), namely,

d

dt

(
∂T

∂ q̇ i

)
− ∂T

∂qi
= Qi +

n∑
j=n−m+1

λ j� j i (i = 1, . . . , n) (4.14)

These n second-order equations plus the m first-order constraint equations comprise a
total of (n + m) equations to solve for the n qs and m λs as functions of time. Frequently,
however, one is not interested in theλ solutions, and would prefer a method which eliminates
the λs from the beginning. The use of Maggi’s equation is one such method.

Let us begin with Lagrange’s principle, that is,

n∑
i=1

[
d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi
− Qi

]
δqi = 0 (4.15)

where the δqs satisfy the virtual constraints of (4.12) and we note that the kinetic energy
T (q, q̇, t) is written for the unconstrained system. The virtual displacements of quasi-
coordinates and true coordinates are related by

δθ j =
n∑

i=1

� j i (q, t)δqi ( j = 1, . . . , n) (4.16)
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or, upon inversion,

δqi =
n−m∑
j=1

�i j (q, t)δθ j (i = 1, . . . , n) (4.17)

where, from (4.12), the last m δθs are equal to zero.
Now substitute this expression for δqi into (4.15). We obtain

n−m∑
j=1

n∑
i=1

[
d

dt

(
∂T

∂ q̇ i

)
− ∂T

∂qi
− Qi

]
�i jδθ j = 0 (4.18)

The first (n − m) δθs are independent so each coefficient must equal zero. The result is
Maggi’s equation (1896).

n∑
i=1

[
d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi

]
�i j =

n∑
i=1

Qi�i j ( j = 1, . . . , n − m) (4.19)

The term on the right represents the generalized applied force associated with the quasi-
coordinate δθ j . The set of Maggi equations are (n − m) second-order differential equations
in (q, q̇, q̈, t). In addition, there are m equations of constraint, making a total of n equations
to solve for the n qs as functions of time.

The � j i coefficients are not unique but are chosen in such a way that the first (n − m)
δθs are independent and are consistent with the constraints. In the resulting Φ matrix, each
column represents the amplitude ratios of an independent set of δqs which could be used
in Lagrange’s principle, equation (4.15). Maggi’s equation uses the first (n − m) columns
of Φ to obtain the (n − m) differential equations of motion.

Example 4.1 Two particles, each of mass m, are connected by a massless rod of length l
(Fig. 4.1). There is a knife-edge constraint at particle 1 which prevents a velocity component
perpendicular to the rod at that point. We wish to use Maggi’s equation to find the differential
equations of motion.

y
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m

m
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l

φ

u3

(x, y)

1

2

Figure 4.1.
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Let (x, y, φ) be chosen as generalized coordinates. As quasi-velocities (us) let us take

u1 = v = ẋ cosφ + ẏ sinφ (4.20)

u2 = φ̇ (4.21)

u3 = −ẋ sinφ + ẏ cosφ = 0 (4.22)

where u3 = 0 is the nonholonomic constraint equation and (u1, u2) are independent. Thus,
we obtain the coefficient matrix

Ψ =




cosφ sinφ 0

0 0 1

− sinφ cosφ 0




(4.23)

for the unconstrained system. The inverse matrix is

Φ = Ψ−1 =




cosφ 0 − sinφ

sinφ 0 cosφ

0 1 0




(4.24)

We shall use Maggi’s equation, (4.19), in the form

3∑
i=1

[
d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi

]
�i j = 0 ( j = 1, 2) (4.25)

because all Qs are equal to zero. The unconstrained kinetic energy is obtained by using
(3.140). It is

T = m

(
ẋ2 + ẏ2 + 1

2
l2φ̇2 − l ẋ φ̇ sinφ + l ẏφ̇ cosφ

)
(4.26)

We find that

d

dt

(
∂T

∂ ẋ

)
= m(2ẍ − lφ̈ sinφ − lφ̇2 cosφ),

∂T

∂x
= 0 (4.27)

d

dt

(
∂T

∂ ẏ

)
= m(2ÿ + lφ̈ cosφ − lφ̇2 sinφ),

∂T

∂y
= 0 (4.28)

d

dt

(
∂T

∂φ̇

)
= m(l2φ̈ − l ẍ sinφ + l ÿ cosφ − l ẋ φ̇ cosφ − l ẏφ̇ sinφ) (4.29)

∂T

∂φ
= m(−l ẋ φ̇ cosφ − l ẏφ̇ sinφ) (4.30)

The first equation of motion, using Maggi’s equation and involving (4.27), (4.28) and the
first column of the Φ matrix, is

m(2ẍ − lφ̈ sinφ − lφ̇2 cosφ) cosφ + m(2ÿ + lφ̈ cosφ − lφ̇2 sinφ) sinφ = 0



222 Equations of motion: differential approach

or

m(2ẍ cosφ + 2ÿ sinφ − lφ̇2) = 0 (4.31)

The second equation of motion, involving the second column of the Φ matrix, is

d

dt

(
∂T

∂φ̇

)
− ∂T
∂φ

= m(l2φ̈ − l ẍ sinφ + l ÿ cosφ) = 0 (4.32)

In addition, (4.22), the constraint equation, can be differentiated with respect to time to
yield,

ẍ sinφ − ÿ cosφ + ẋ φ̇ cosφ + ẏφ̇ sinφ = 0 (4.33)

In equations (4.31)–(4.33) we have three equations linear in the q̈s. Thus, we can solve for
ẍ, ÿ, φ̈ which are then integrated numerically to obtain the response as a function of time.

Example 4.2 Now consider a more complex problem, the rolling motion of a disk on
a horizontal plane. Suppose that the classical Euler angles (φ, θ, ψ) are used to specify
the orientation of a disk of mass m and radius r , whose contact point C has Cartesian
coordinates (x, y), (Fig. 4.2).

Let us choose the independent us to be the Euler angle rates. Thus,

u1 = φ̇, u2 = θ̇ , u3 = ψ̇ (4.34)
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Figure 4.2.
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The constraint equations, which enforce no slipping at the contact point, are

u4 = ẋ + rψ̇ cosφ = 0 (4.35)

u5 = ẏ + rψ̇ sinφ = 0 (4.36)

Maggi’s equation is

n∑
i=1

[
d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi

]
�i j =

n∑
i=1

Qi�i j ( j = 1, . . . , n − m) (4.37)

where, in this case, the only nonzero Q is

Q2 = −mgr cos θ (4.38)

The coefficients in (4.34)–(4.36) result in

Ψ =




1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 r cosφ 1 0

0 0 r sinφ 0 1




(4.39)

for the order (φ̇, θ̇ , ψ̇, ẋ, ẏ). The inverse matrix is

Φ = Ψ−1 =




1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 −r cosφ 1 0

0 0 −r sinφ 0 1




(4.40)

In terms of the Cartesian unit vectors i, j,k, the velocity of the center of the unconstrained
disk is

v = (ẋ − r φ̇ cosφ cos θ + r θ̇ sinφ sin θ )i

+ (ẏ − r φ̇ sinφ cos θ − r θ̇ cosφ sin θ )j + r θ̇ cos θ k (4.41)

The angular velocity is

ω = (φ̇ cos θ + ψ̇)eψ + θ̇eθ + φ̇ sin θ ed (4.42)

In accordance with Koenig’s theorem, the kinetic energy is

T = 1

2
mv2 + 1

2
ω · I · ω (4.43)
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where the axial and transverse moments of inertia are

Ia = 1

2
mr2, It = 1

4
mr2 (4.44)

about the center of the disk. Thus, the total unconstrained kinetic energy is

T = 1

2
m(ẋ2 + ẏ2) + 1

8
mr2φ̇2(1 + 5 cos2 θ ) + 5

8
mr2θ̇2 + 1

4
mr2ψ̇2

+ 1

2
mr2φ̇ψ̇ cos θ − mr ẋ φ̇ cosφ cos θ + mr ẋ θ̇ sinφ sin θ

− mr ẏφ̇ sinφ cos θ − mr ẏθ̇ cosφ sin θ (4.45)

Next, let us apply the Lagrangian operator with respect to each of the generalized coor-
dinates. We obtain

d

dt

(
∂T

∂φ̇

)
−∂T
∂φ

= 1

4
mr2φ̈(1 + 5 cos2 θ ) + 1

2
mr2ψ̈ cos θ

− mr ẍ cosφ cos θ − mr ÿ sinφ cos θ

− 5

2
mr2φ̇θ̇ sin θ cos θ − 1

2
mr2θ̇ ψ̇ sin θ (4.46)

d

dt

(
∂T

∂θ̇

)
−∂T
∂θ

= 5

4
mr2θ̈ + mr ẍ sinφ sin θ − mr ÿ cosφ sin θ

+ 5

4
mr2φ̇2 sin θ cos θ + 1

2
mr2φ̇ψ̇ sin θ (4.47)

d

dt

(
∂T

∂ψ̇

)
− ∂T
∂ψ

= 1

2
mr2ψ̈ + 1

2
mr2φ̈ cos θ − 1

2
mr2φ̇θ̇ sin θ (4.48)

d

dt

(
∂T

∂ ẋ

)
−∂T
∂x

= mẍ − mr φ̈ cosφ cos θ

+ mr θ̈ sinφ sin θ + mr φ̇2 sinφ cos θ

+ mr θ̇2 sinφ cos θ + 2mr φ̇θ̇ cosφ sin θ (4.49)
d

dt

(
∂T

∂ ẏ

)
−∂T
∂y

= mÿ − mr φ̈ sinφ cos θ

− mr θ̈ cosφ sin θ − mr φ̇2 cosφ cos θ

− mr θ̇2 cosφ cos θ + 2mr φ̇θ̇ sinφ sin θ (4.50)

A substitution into (4.37), using the first three columns of the Φ matrix, yields the Maggi
equations. The φ equation is

1

4
mr2φ̈(1 + 5 cos2 θ ) + 1

2
mr2ψ̈ cos θ − mr ẍ cosφ cos θ

− mr ÿ sinφ cos θ − 5

2
mr2φ̇θ̇ sin θ cos θ − 1

2
mr2θ̇ ψ̇ sin θ = 0 (4.51)
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The θ equation is

5

4
mr2θ̈ + mr ẍ sinφ sin θ − mr ÿ cosφ sin θ

+ 5

4
mr2φ̇2 sin θ cos θ + 1

2
mr2φ̇ψ̇ sin θ = −mgr cos θ (4.52)

The ψ equation is

1

2
mr2ψ̈ + 3

2
mr2φ̈ cos θ − 5

2
mr2φ̇θ̇ sin θ − mr (ẍ cosφ + ÿ sinφ) = 0 (4.53)

There are two additional equations obtained by differentiating the constraint equations
(4.35) and (4.36) with respect to time.

ẍ + rψ̈ cosφ − r φ̇ψ̇ sinφ = 0 (4.54)

ÿ + rψ̈ sinφ + r φ̇ψ̇ cosφ = 0 (4.55)

In (4.51)–(4.55) we have five differential equations which are linear in the q̈s. They can
be solved for the q̈s and then integrated to yield the motion as given by φ, θ, ψ, x and y as
functions of time.

A simplification can be made if we solve (4.54) for ẍ and (4.55) for ÿ, and then substitute
into the Maggi equations. In (4.51) we find that

−mr cos θ (ẍ cosφ + ÿ sinφ) = mr2ψ̈ cos θ (4.56)

and the φ equation reduces to

1

4
mr2φ̈(1 + 5 cos2 θ ) + 3

2
mr2ψ̈ cos θ

− 5

2
mr2φ̇θ̇ sin θ cos θ − 1

2
mr2θ̇ ψ̇ sin θ = 0 (4.57)

Similarly,

mr sin θ (ẍ sinφ − ÿ cosφ) = mr2φ̇ψ̇ sin θ (4.58)

and the θ equation becomes

5

4
mr2θ̈ + 5

4
mr2φ̇2 sin θ cos θ + 3

2
mr2φ̇ψ̇ sin θ = −mgr cos θ (4.59)

Finally, from (4.53) and (4.56), we find that the ψ equation is

3

2
mr2ψ̈ + 3

2
mr2φ̈ cos θ − 5

2
mr2φ̇θ̇ sin θ = 0 (4.60)

In (4.57), (4.59), and (4.60) we have reduced the original set of five differential equations
to three dynamical equations in the Euler angles. This is a minimum set for this system.
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4.3 The Boltzmann–Hamel equation

We have seen that the Lagrangian approach does not produce correct equations of motion
if the kinetic energy is expressed in terms of quasi-velocities rather than true velocities.
The question arises whether we can add terms to Lagrange’s equation to produce correct
equations in this more general case. The answer is yes, but at the cost of some additional
complications.

Derivation

Let us consider an unconstrained system whose kinetic energy is expressed in the form
T (q, q̇, t), that is, using true velocities (q̇s). We know that the fundamental form of La-
grange’s equation applies, namely,

d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi
= Qi (i = 1, . . . , n) (4.61)

We wish to introduce quasi-velocities (us) in place of the q̇s. To accomplish this aim, let
us first assume scleronomic transformation equations of the form

u j =
n∑

i=1

� j i (q)q̇ i ( j = 1, . . . , n) (4.62)

or, conversely,

q̇ i =
n∑

j=1

�i j (q)u j (i = 1, . . . , n) (4.63)

The kinetic energy will be the same in value, whether expressed in terms of q̇s or us, but
will be different in form. So let us write

T ∗(q, u, t) = T (q, q̇, t) (4.64)

where T ∗ is the kinetic energy expressed in terms of quasi-velocities.
First, let us consider

∂T

∂q̇ i
=

n∑
j=1

∂T ∗

∂u j

∂u j

∂ q̇ i
=

n∑
j=1

∂T ∗

∂u j
� j i (4.65)

Thus, we obtain

d

dt

(
∂T

∂q̇ i

)
=

n∑
j=1

d

dt

(
∂T ∗

∂u j

)
� j i +

n∑
j=1

n∑
k=1

∂T ∗

∂u j

∂� j i

∂qk
q̇k (4.66)

Then, using (4.63),

d

dt

(
∂T

∂q̇ i

)
=

n∑
j=1

d

dt

(
∂T ∗

∂u j

)
� j i +

n∑
j=1

n∑
k=1

n∑
l=1

∂T ∗

∂u j

∂� j i

∂qk
�klul (4.67)
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Furthermore, we see that

∂T

∂qi
= ∂T ∗

∂qi
+

n∑
j=1

∂T ∗

∂u j

∂u j

∂qi
= ∂T ∗

∂qi
+

n∑
j=1

n∑
k=1

∂T ∗

∂u j

∂� jk

∂qi
q̇k

= ∂T ∗

∂qi
+

n∑
j=1

n∑
k=1

n∑
l=1

∂T ∗

∂u j

∂� jk

∂qi
�klul (4.68)

Thus, starting with Lagrange’s equation (4.61), and using (4.67) and (4.68), we obtain

n∑
j=1

d

dt

(
∂T

∂u j

)
� j i − ∂T

∗

∂qi
+

n∑
j=1

n∑
k=1

n∑
l=1

∂T ∗

∂u j

(
∂� j i

∂qk
− ∂� jk

∂qi

)
�klul = Qi (4.69)

where Qi is the generalized applied force associated with qi .
Next, multiply (4.69) by �ir and sum over i . Now

n∑
i=1

� j i�ir = δ jr (4.70)

since Φ = Ψ−1 and δ jr is the Kronecker delta. Thus we obtain the result that

d

dt

(
∂T ∗

∂ur

)
−

n∑
i=1

∂T ∗

∂qi
�ir +

n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

∂T ∗

∂u j

(
∂� j i

∂qk
− ∂� jk

∂qi

)
�kl�ir ul = Q∗

r

(r = 1, . . . , n) (4.71)

where

Q∗
r =

n∑
i=1

Qi
∂q̇ i

∂ur
=

n∑
i=1

Qi�ir (4.72)

is the generalized applied force associated with the quasi-velocity ur .
Equation (4.71) is the basic result, giving the n differential equations of motion in terms

of quasi-velocities. For convenience, however, we shall introduce notation which will give
it a simpler appearance. First, we define the Hamel coefficients

γ
j

rl(q) = −γ j
lr ≡

n∑
i=1

n∑
k=1

(
∂� j i

∂qk
− ∂� jk

∂qi

)
�kl�ir (4.73)

Let us use the notation

∂T ∗

∂θr
=

n∑
i=1

∂T ∗

∂qi

∂qi

∂θr
=

n∑
i=1

∂T ∗

∂qi

∂q̇ i

∂ur
=

n∑
i=1

∂T ∗

∂qi
�ir (4.74)

Finally, for convenience, let us drop the asterisks, but assume that T = T (q, u, t). Then
(4.71) has the form

d

dt

(
∂T

∂ur

)
− ∂T

∂θr
+

n∑
j=1

n∑
l=1

∂T

∂u j
γ

j
rlul = Qr (r = 1, . . . , n) (4.75)
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This is the Boltzmann–Hamel equation, published in 1904, for systems described in terms
of quasi-velocities, and assuming independent qs and us. Notice that the added term, com-
pared to Lagrange’s equation, actually involves a quadruple summation, implying increased
complexity. On the other hand, if the us are true velocities, then (4.62) is integrable for all
j and thus all the γ j

rl parameters vanish. Then (4.75) reduces to Lagrange’s equation with
the θs representing true coordinates.

Now consider a scleronomic system with m nonholonomic constraints. The last m us
are chosen such that the constraints are applied by setting these m us equal to zero,
that is,

u j =
n∑

i=1

� j i (q) q̇ i = 0 ( j = n − m + 1, . . . , n) (4.76)

Equation (4.75) is still valid, except that there are now only (n − m) independent us, cor-
responding to the (n − m) degrees of freedom. Thus, we have

d

dt

(
∂T

∂ur

)
− ∂T

∂θr
+

n∑
j=1

n−m∑
l=1

∂T

∂u j
γ

j
rlul = Qr (r = 1, . . . , n − m) (4.77)

In addition to these (n − m) first-order dynamical equations, there are n first-order kine-
matical equations of the form

q̇ i =
n−m∑
j=1

�i j (q)u j (i = 1, . . . , n) (4.78)

Thus, there are a total of (2n − m) first-order differential equations to solve for the n qs and
the (n − m) nonzero us.

This is a minimal set of equations. One should note that the kinetic energy T (q, u, t)
must be written for the full, unconstrained set of n us. All n partial derivatives of the form
∂T/∂u j must be calculated. After this has been completed, the last m us can be set equal
to zero.

A generalization of the Boltzmann–Hamel equation can be obtained for systems in which
the equations for the us have the rheonomic form

u j =
n∑

i=1

� j i (q, t) q̇ i +� j t (q, t) ( j = 1, . . . , n − m) (4.79)

u j =
n∑

i=1

� j i (q, t) q̇ i +� j t (q, t) = 0 ( j = n − m + 1, . . . , n) (4.80)

Again, the last m equations represent nonholonomic constraints, in general. In addition, we
have

q̇ i =
n−m∑
j=1

�i j (q, t)u j +�i t (q, t) (i = 1, . . . , n) (4.81)
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A derivation of the dynamical equations for this more general case, using procedures
similar to those employed in obtaining (4.71), results in

d

dt

(
∂T

∂ur

)
− ∂T

∂θr
+

n∑
i=1

n∑
j=1

n∑
k=1

n−m∑
l=1

∂T

∂u j

(
∂� j i

∂qk
− ∂� jk

∂qi

)
�kl�ir ul

+
n∑

i=1

n∑
j=1

n∑
k=1

∂T

∂u j

(
∂� j i

∂qk
− ∂� jk

∂qi

)
�kt�ir

+
n∑

i=1

n∑
j=1

∂T

∂u j

(
∂� j i

∂t
− ∂� j t

∂qi

)
�ir = Qr (r = 1, . . . , n − m) (4.82)

Let us use the notation

γ
j

rl (q, t) = −γ j
lr =

n∑
i=1

n∑
k=1

(
∂� j i

∂qk
− ∂� jk

∂qi

)
�kl�ir (4.83)

γ j
r (q, t) =

n∑
i=1

n∑
k=1

(
∂� j i

∂qk
− ∂� jk

∂qi

)
�kt�ir +

n∑
i=1

(
∂� j i

∂t
− ∂� j t

∂qi

)
�ir (4.84)

Then (4.82) takes the form

d

dt

(
∂T

∂ur

)
− ∂T

∂θr
+

n∑
j=1

n−m∑
l=1

∂T

∂u j
γ

j
rlul +

n∑
j=1

∂T

∂u j
γ j

r = Qr (r = 1, . . . , n − m)
(4.85)

where T = T (q, u, t) is the unconstrained kinetic energy and Qr is the generalized applied
force associated with ur . Additionally, recall that we use the notation

∂T

∂θr
=

n∑
i=1

∂T

∂qi
�ir (4.86)

Equation (4.85) is the generalized form of the Boltzmann–Hamel equation. It represents
a minimum set of (n − m) first-order dynamical equations in which the velocity variables
are quasi-velocities. This allows all the us in the final equations to be independent and
consistent with the nonholonomic constraints on the q̇s.

Note that ∂T/∂u j appears several times in (4.85). Its physical significance is that it
represents the generalized momentum associated with u j .

p j = ∂T

∂u j
=

n∑
i=1

m ji (q, t)ui + a j (q, t) ( j = 1, . . . , n) (4.87)

Thus, all the generalized momenta can enter the equations of motion, including those for
suppressed us, that is, for j = n − m + 1, . . . , n. Furthermore, note that the first term of
(4.85) is the source of all the u̇ terms in the equations of motion. The equations are linear
in the u̇s and have inertia coefficients given by

mi j = m ji = ∂2T

∂ui∂u j
(4.88)
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Example 4.3 Let us derive the Euler equations of rotational motion for a rigid body using
the Boltzmann–Hamel equation. Here we have an unconstrained system described in terms
of body-axis angular velocity components which are quasi-velocities.

Assume an xyz principal axis system at the center of mass. Choose type I Euler angles
(ψ, θ, φ) as qs. The quasi-velocities are

u1 = ωx = −ψ̇ sin θ + φ̇
u2 = ωy = ψ̇ cos θ sinφ + θ̇ cosφ

u3 = ωz = ψ̇ cos θ cosφ − θ̇ sinφ

(4.89)

This results in a coefficient matrix

Ψ =




− sin θ 0 1

cos θ sinφ cosφ 0

cos θ cosφ − sinφ 0




(4.90)

and the inverse matrix

Φ = Ψ−1 =




0 sec θ sinφ sec θ cosφ

0 cosφ − sinφ

1 tan θ sinφ tan θ cosφ




(4.91)

Let us use the scleronomic form of the Boltzmann–Hamel equation for unconstrained
systems, namely,

d

dt

(
∂T

∂ur

)
− ∂T

∂θr
+

n∑
j=1

n∑
l=1

∂T

∂u j
γ

j
rlul = Qr (r = 1, . . . , n) (4.92)

where the Qs are moments about the body axes.
The rotational kinetic energy is

T = 1

2

(
Ixxω

2
x + Iyyω

2
y + Izzω

2
z

)
(4.93)

and thus we obtain

∂T

∂ωx
= Ixxωx ,

∂T

∂ωy
= Iyyωy,

∂T

∂ωz
= Izzωz (4.94)

In the process of evaluating the γ j
rl coefficients, let us employ the notation

C j
ik = ∂� j i

∂qk
− ∂� jk

∂qi

Then, from (4.73), we find that

γ
j

rl =
n∑

i=1

n∑
k=1

C j
ik�ir�kl (4.95)
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or, using matrix notation,

γ j = ΦTC jΦ (4.96)

For the order (ψ, θ, φ), and with j = 1, we find that

C1 =




0 − cos θ 0

cos θ 0 0

0 0 0




(4.97)

For j = 2, we have

C2 =




0 − sin θ sinφ cos θ cosφ

sin θ sinφ 0 − sinφ

− cos θ cosφ sinφ 0




(4.98)

For j = 3,

C3 =




0 − sin θ cosφ − cos θ sinφ

sin θ cosφ 0 − cosφ

cos θ sinφ cosφ 0




(4.99)

Then, upon performing the matrix multiplications, we obtain

γ1 =




0 0 0

0 0 1

0 −1 0




(4.100)

γ2 =




0 0 −1

0 0 0

1 0 0




(4.101)

γ3 =




0 1 0

−1 0 0

0 0 0




(4.102)

In γ j
rl , r is the row and l is the column. Notice that the γ matrices are skew-symmetric, and

the resulting coupling is gyroscopic in nature.
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Now, recalling (4.94), we can evaluate the matrix

3∑
j=1

∂T

∂u j
γ j =




0 Izzωz −Iyyωy

−Izzωz 0 Ixxωx

Iyyωy −Ixxωx 0




(4.103)

Then, upon substituting into (4.92), we obtain

Ixx ω̇x + (Izz − Iyy)ωyωz = Mx

Iyyω̇y + (Ixx − Izz)ωzωx = My

Izzω̇z + (Iyy − Ixx )ωxωy = Mz

(4.104)

These are the Euler rotational equations for a rigid body. Thus, a relatively complicated
derivation has a rather simple result.

Example 4.4 Consider again the nonholonomic system shown in Fig. 4.1, consisting of a
dumbbell with a knife-edge constraint at one of its particles. As quasi-velocities, we choose

u1 = v = ẋ cosφ + ẏ sinφ (4.105)

u2 = φ̇ (4.106)

u3 = −ẋ sinφ + ẏ cosφ = 0 (4.107)

The last equation is the constraint equation. Notice that the first two us can vary indepen-
dently without violating the constraint.

The kinetic energy of the unconstrained system in terms of quasi-velocities is

T = 1

2
m
(
u2

1 + u2
3

)+ 1

2
m
[
u2

1 + (u3 + lu2)2
]

= m

(
u2

1 + u2
3 + 1

2
l2u2

2 + lu2u3

)
(4.108)

The Boltzmann–Hamel equation for a nonholonomic scleronomic system has the general
form

d

dt

(
∂T

∂ur

)
− ∂T

∂θr
+

n∑
j=1

n−m∑
l=1

∂T

∂u j
γ

j
rlul = Qr (r = 1, . . . , n − m) (4.109)

Assuming an order (x, y, φ) for the qs, the coefficient matrix for (4.105)–(4.107) is

Ψ =




cosφ sinφ 0

0 0 1

− sinφ cosφ 0




(4.110)
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Its inverse is

Φ = Ψ−1 =




cosφ 0 − sinφ

sinφ 0 cosφ

0 1 0




(4.111)

In order to evaluate the γ j
rl coefficients, let us again use the notation

C j
ik = ∂� j i

∂qk
− ∂� jk

∂qi
(4.112)

Then

γ
j

rl =
n∑

i=1

n∑
k=1

C j
ik�ir�kl (4.113)

or, in matrix notation,

γ j = ΦTC jΦ (4.114)

From (4.112), we see that C2 = 0 because (4.106) is integrable. Also,

C1 =




0 0 − sinφ

0 0 cosφ

sinφ − cosφ 0




(4.115)

C3 =




0 0 − cosφ

0 0 − sinφ

cosφ sinφ 0




(4.116)

The γs are obtained from (4.114). After the matrix multiplications, we obtain

γ1 =




0 0 0

0 0 −1

0 1 0




(4.117)

γ2 = 0 (4.118)

γ3 =




0 −1 0

1 0 0

0 0 0




(4.119)
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Using the kinetic energy expression of (4.108), we obtain

∂T

∂u1
= 2mu1,

∂T

∂u2
= m(l2u2 + lu3),

∂T

∂u3
= m(2u3 + lu2) (4.120)

Now we can apply the constraint by setting u3 = 0. Then

3∑
j=1

∂T

∂u j
γ j =




0 −mlu2 0

mlu2 0 −2mu1

0 2mu1 0




(4.121)

For this example, all Qs equal zero.
Finally, the Boltzmann–Hamel equation (4.109) is used to obtain the two differential

equations of motion. They are

2mu̇1 − mlu2
2 = 0 or 2mv̇ − mlφ̇2 = 0 (4.122)

ml2u̇2 + mlu1u2 = 0 or ml2φ̈ + mlvφ̇ = 0 (4.123)

Referring to (4.109), we see that the indices r and l each take values from 1 to (n − m).
Thus, only the first (n − m) columns of the Φ matrix enter into the equations of motion,
and, similarly, only the first (n − m) rows and columns of the γ j matrices are involved.

We have emphasized that the unconstrained kinetic energy is used in the Boltzmann–
Hamel equation. The constraints are applied after the differentiations by setting the last m us
equal to zero. It turns out, however, that the first two terms of the Boltzmann–Hamel equation
are unchanged if the constrained kinetic energy is used in obtaining the (n – m) equations.
In other words, for these terms, the order of differentiation and the application of constraints
does not matter, but for the remaining terms, the unconstrained kinetic energy must be used.

4.4 The general dynamical equation

In our study of methods for obtaining the differential equations describing the motions of
nonholonomical systems, we have considered the multiplier form of Lagrange’s equation,
as well as the Maggi and Boltzmann–Hamel equations. All of these classical methods have
their shortcomings.

Ideally, we would like to be able to use quasi-velocities (us) as velocity variables, and
obtain a minimum set of (n − m) first-order dynamical equations for a system with n qs and
m independent nonholonomic constraints. In addition, there are n first-order kinematical
equations, of the form of (4.81). Thus, ideally we would have (2n − m) first-order differ-
ential equations to solve for the n qs and (n − m) us as functions of time. Furthermore, the
procedures should not be overly complicated.

The Lagrangian approach results in a full set of n second-order dynamical equations plus
the m equations of constraint. Furthermore, the kinetic energy cannot be expressed in terms
of quasi-velocities, so us are not present in the equations of motion. This lack of flexibility
frequently means that the equations of motion are more complicated than necessary.
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The Maggi equations lead to a reduced set of (n − m) second-order dynamical equations
compared to the Lagrangian approach, but quasi-velocities do not appear in these equations.
In addition, m differentiated constraint equations are needed, making a total of n second-
order differential equations to be solved for the n qs as functions of time.

On the other hand, the Boltzmann–Hamel equation produces a minimum set of (n − m)
first-order dynamical equations which are written in terms of quasi-velocities. Thus, the
final equations have the ideal form. The procedure suffers, however, because the kinetic
energy must be written for the unconstrained system having n degrees of freedom rather
than the constrained system with (n − m) degrees of freedom, and in addition, the basic
equation with its multiple summations is complicated.

In the remaining portion of this chapter, we shall introduce several additional methods
of obtaining the dynamical equations of motion, and will look into their computational
efficiency, as illustrated by example problems.

D’Alembert’s principle

Let us begin with the Lagrangian form of d’Alembert’s principle for a system of N particles,
as given by (2.5).

N∑
i=1

(Fi − mi r̈i ) · δri = 0 (4.124)

Here ri is the position vector of the i th particle and Fi is the applied force acting
on that particle. The virtual displacement δri is consistent with the m instantaneous
constraints.

Let us assume that the particle velocities are given in terms of (n − m) independent
quasi-velocities in accordance with

vi =
n−m∑
j=1

γ i j (q, t)u j + γ i t (q, t) (i = 1, . . . , N ) (4.125)

where the γs are velocity coefficients. The virtual displacement δri is

δri =
n−m∑
j=1

γ i j (q, t)δθ j (4.126)

where θ j is a quasi-coordinate and u j = θ̇ j . Then (4.124) becomes

n−m∑
j=1

N∑
i=1

(Fi − mi v̇i ) · γ i jδθ j = 0 (4.127)

The virtual work of the applied forces is

δW =
N∑

i=1

Fi · δri =
n−m∑
j=1

Q jδθ j (4.128)
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so, using (4.126), we find that the generalized applied force corresponding to u j or δθ j is

Q j =
N∑

i=1

Fi · γ i j ( j = 1, . . . , n − m) (4.129)

The corresponding generalized inertia force is

Q∗
j = −

N∑
i=1

mi v̇i · γ i j ( j = 1, . . . , n − m) (4.130)

Then (4.127) can be written in the form

n−m∑
j=1

(Q j + Q∗
j )δθ j = 0 (4.131)

Since the δθs are independent for j = 1, . . . , n − m, we obtain

Q j + Q∗
j = 0 ( j = 1, . . . , n − m) (4.132)

These (n − m) equations, written in terms of us and u̇s, are sometimes known as Kane’s
equations.

For our purposes, we can write

N∑
i=1

mi v̇i · γ i j = Q j ( j = 1, . . . , n − m) (4.133)

We shall call this the general dynamical equation for a system of particles. As we have seen,
it derives directly from d’Alembert’s principle. It consists of a minimum set of (n − m) first-
order differential equations in the us, since v̇i , in general, will be a function of (q, u, u̇, t)
and is linear in the u̇s. In addition, there are n first-order kinematical equations of the form

q̇ i =
n−m∑
j=1

�i j (q, t)u j +�i t (q, t) (i = 1, . . . , n) (4.134)

Thus, there are a total of (2n − m) first-order equations to solve for the n qs and (n − m) us
as functions of time. Notice that the constraint equations do not enter explicitly, but rather
implicitly through the choice of independent us. Furthermore, one does not need to solve
for the constraint forces.

Rigid body equations

Equation (4.133) can be generalized for the case of a system of N rigid bodies (Fig. 4.3).
Suppose that the i th rigid body has a reference point Pi , fixed in the body, a mass mi , and
an inertia dyadic Ii about Pi . The applied forces acting on the i th body are equivalent to
a force Fi acting at Pi , plus a couple of moment Mi . In terms of quasi-velocities, we can
write the velocity of the reference point Pi as

vi =
n−m∑
j=1

γ i j (q, t)u j + γ i t (q, t) (4.135)
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The angular velocity of the i th body is

ωi =
n−m∑
j=1

βi j (q, t)u j + βi t (q, t) (4.136)

where the βs are angular velocity coefficients. The generalized force associated with
u j is

Q j =
N∑

i=1

(Fi · γ i j + Mi · βi j ) ( j = 1, . . . , n − m) (4.137)

Note that constraint forces do not enter into Q j if the (n − m) us are independent.
The differential equations of motion are obtained from (4.131) where, for this system of

rigid bodies, the generalized inertia force is

Q∗
j =

N∑
i=1

(F∗
i · γ i j + M∗

i · βi j ) ( j = 1, . . . , n − m) (4.138)

The inertia force for the i th body is equal to the negative of the mass times the acceleration
of the center of mass, that is,

F∗
i = −mi (v̇i + ρ̈ci ) (i = 1, . . . , N ) (4.139)
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The inertial moment about Pi is equal to the negative of the left-hand side of (3.167).

M∗
i = −(Ii · ω̇i + ωi × Ii · ωi + miρci × v̇i ) (i = 1, . . . , N ) (4.140)

Recall that (3.167) is essentially Euler’s equation for rotation about an accelerating reference
point.

D’Alembert’s principle, written in the form of (4.131), is valid for this system of rigid
bodies, so with the aid of (4.138)–(4.140) we obtain

n−m∑
j=1

N∑
i=1

[mi (v̇i + ρ̈ci ) · γ i j + (Ii · ω̇i

+ ωi × Ii · ωi + miρci × v̇i ) · βi j ]δθ j =
n−m∑
j=1

Q jδθ j (4.141)

where the δθs satisfy any instantaneous constraints on the us. In general, however, we
assume that the (n − m) δθs are independent, so each coefficient of δθ j must equal zero.
Thus, we obtain

N∑
i=1

[mi (v̇i + ρ̈ci ) · γ i j + (Ii · ω̇i + ωi × Ii · ωi + miρci × v̇i ) · βi j ] = Q j (4.142)

( j = 1, . . . , n − m)

where γ i j is the velocity coefficient for the reference point Pi and βi j is the angular velocity
coefficient associated with ωi . This is the general dynamical equation for a system of rigid
bodies. It represents a minimum set of (n − m) first-order dynamical equations of the general
form

m(q, t) u̇ + f (q, t) = Q (4.143)

In addition, there are n first-order kinematical equations given by (4.134). Thus, there are
a total of (2n − m) first-order differential equations to solve for the n qs and (n − m) us as
functions of time.

An alternate form of the general dynamical equation is

N∑
i=1

[ṗi · γ i j + (Ḣi + miρci × v̇i ) · βi j ] = Q j ( j = 1, . . . , n − m) (4.144)

where, in (4.142), the linear momentum rate of the i th body is

ṗi = mi (v̇i + ρ̈ci ) (i = 1, . . . , N ) (4.145)

and its angular momentum rate about Pi is

Ḣi = Ii · ω̇i + ωi × Ii · ωi (i = 1, . . . , N ) (4.146)

In (4.146), we assume that the inertia dyadic Ii is written in terms of body-fixed unit vectors.
However, (4.144) is generally valid, so the vectors may be written in terms of any suitable
set of unit vectors. For example, if the body is axially symmetric, it is usually advantageous
to choose a reference frame other than body axes.
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Example 4.5 We can illustrate the use of (4.144) by considering the motion of a top with a
fixed point O (Fig. 4.4). Let us use the type II Euler angles φ and θ to specify the orientation
of the xyz reference frame and its corresponding unit vectors i, j,k.

For quasi-velocities, let us choose

u1 = φ̇, u2 = θ̇ , u3 = � (4.147)

where the first two are actually the time derivatives of true coordinates, and � is the total
angular velocity about the axis of symmetry z. The angular velocity of the xyz reference
frame is

ωc = θ̇ i + φ̇ sin θ j + φ̇ cos θ k (4.148)

whereas the angular velocity of the body is

ω = θ̇ i + φ̇ sin θ j +�k (4.149)

The angular velocity of the body relative to the xyz frame is the Euler angle rate ψ̇ , that is,

� = φ̇ cos θ + ψ̇ (4.150)

All the γ i j velocity coefficients are zero because the reference point O is fixed. The βs
are

β11 = ∂ω

∂φ̇
= sin θ j, β12 = ∂ω

∂θ̇
= i, β13 = ∂ω

∂�
= k (4.151)

The angular momentum about O is

H = Itωx i + Itωyj + Iaωzk = It θ̇ i + It φ̇ sin θ j + Ia�k (4.152)
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The xyz frame rotates at ωc so

i̇ = ωc × i = φ̇ cos θ j − φ̇ sin θ k

j̇ = ωc × j = −φ̇ cos θ i + θ̇k
k̇ = ωc × k = φ̇ sin θ i − θ̇ j

(4.153)

Thus, we find that

Ḣ = (It θ̈ − It φ̇
2 sin θ cos θ + Ia�φ̇ sin θ )i

+ (It φ̈ sin θ + 2It φ̇θ̇ cos θ − Ia�θ̇ ) j + Ia�̇k (4.154)

The Qs are

Q1 = Qφ = 0, Q2 = Qθ = mgl sin θ, Q3 = Q� = 0 (4.155)

The general dynamical equation in the form of (4.144) is used to obtain, first, the φ
equation from the j component of Ḣ.

It φ̈ sin2 θ + 2It φ̇θ̇ sin θ cos θ − Ia�θ̇ sin θ = 0 (4.156)

Assuming that sin θ �= 0, we can divide by sin θ to obtain

It φ̈ sin θ + 2It φ̇θ̇ cos θ − Ia�θ̇ = 0 (4.157)

Similarly, the θ equation is

It θ̈ − It φ̇
2 sin θ cos θ + Ia�φ̇ sin θ = mgl sin θ (4.158)

Finally, the � equation is

Ia�̇ = 0 (4.159)

indicating that � is constant in the previous two equations of motion.
The motion of the xyz reference frame has physical significance. The precession rate

of the top is φ̇ and its nutation rate is θ̇ . The rotation rate of the top relative to the xyz
frame is the third Euler angle rate ψ̇ , given by (4.150). However, because we chose the
quasi-velocity� rather than ψ̇ as u3, the final equations of motion turned out to be simpler
in form than if we had used the Lagrangian approach with q̇s as velocity variables. Thus,
the flexibility in the choice of us can often lead to a simplified analysis.

Example 4.6 Let us apply the general dynamical equation to the problem of the motion
of a thin uniform disk rolling on a horizontal plane (Fig. 4.2). We shall use the general form

N∑
i=1

[ṗi · γ i j + (Ḣi + miρci × v̇i ) · βi j ] = Q j ( j = 1, . . . , n − m) (4.160)

Choose the reference point of the disk at its center, implying that ρci = 0. Type II Euler
angles specify the orientation of the disk. Its angular velocity is

ω = θ̇eθ + ωded +�eψ (4.161)
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where ωd = φ̇ sin θ and where eθ , ed , eψ are mutually orthogonal unit vectors. Noting that
eθ remains horizontal, we find that the angular velocity of the unit vectors is φ̇ + θ̇ or

ωc = φ̇(sin θ ed + cos θ eψ ) + θ̇eθ
= θ̇eθ + ωded + ωd cot θ eψ (4.162)

Assuming no slipping, the velocity of the center of mass is

v = −r�eθ + r θ̇eψ (4.163)

Let the independent us be

u1 = θ̇ , u2 = ωd , u3 = � (4.164)

The γs are

γ11 = ∂v

∂θ̇
= reψ, γ12 = ∂v

∂ωd
= 0, γ13 = ∂v

∂�
= −reθ (4.165)

From (4.161), the βs are

β11 = ∂ω

∂θ̇
= eθ , β12 = ∂ω

∂ωd
= ed , β13 = ∂ω

∂�
= eψ (4.166)

The translational momentum of the disk is

p = mv = −mr�eθ + mr θ̇eψ (4.167)

Its moments of inertia are

Ia = 1

2
mr2, It = 1

4
mr2 (4.168)

and the angular momentum about the center is

H = 1

4
mr2θ̇eθ + 1

4
mr2ωded + 1

2
mr2�eψ (4.169)

In order to find ṗ and Ḣ, we need first to evaluate the time derivatives of the unit vectors.

ėθ = ωc × eθ = ωd cot θed − ωdeψ

ėd = ωc × ed = −ωd cot θeθ + θ̇eψ (4.170)

ėψ = ωc × eψ = ωdeθ − θ̇ed

Then we obtain

ṗ = mr [(−�̇+ θ̇ωd )eθ − (θ̇2 +�ωd cot θ )ed + (θ̈ +�ωd )eψ ]
(4.171)

Ḣ = mr2

4

[
(θ̈ − ω2

d cot θ + 2�ωd )eθ + (ω̇d + θ̇ωd cot θ − 2�θ̇ )ed + 2�̇eψ
]

(4.172)

The generalized applied forces are

Q1 = −mgr cos θ, Q2 = 0, Q3 = 0 (4.173)
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Then, using (4.160), the θ equation is

5

4
mr2θ̈ − 1

4
mr2ω2

d cot θ + 3

2
mr2ωd� = −mgr cos θ (4.174)

Similarly, the ωd equation is

1

4
mr2ω̇d + 1

4
mr2θ̇ωd cot θ − 1

2
mr2θ̇� = 0 (4.175)

and the � equation is

3

2
mr2�̇− mr2θ̇ωd = 0 (4.176)

Equations (4.174)–(4.176) are a minimum set of first-order dynamical equations in the
us. They are identical with the equations obtained by the Boltzmann–Hamel method, but
here they are found by a much simpler procedure. Notice that the constraint equations do
not enter explicitly.

The coefficients of the us in the dynamical equations are functions of θ only; and θ can be
generated by integrating u1 with respect to time. So, one can obtain θ as a function of time
by integrating four first-order equations. However, to obtain the complete configuration as
a function of time, we need a total of five first-order kinematical equations for the q̇s. First,
we see from (4.162) that ωd = φ̇ sin θ or

φ̇ = u2

sin θ
(4.177)

Also,

θ̇ = u1 (4.178)

and

ψ̇ = �− φ̇ cos θ = −u2 cot θ + u3 (4.179)

Finally, the contact point C moves with a speed rψ̇ having the components

ẋ = −rψ̇ cosφ = ru2 cosφ cot θ − ru3 cosφ (4.180)

ẏ = −rψ̇ sinφ = ru2 sinφ cot θ − ru3 sinφ (4.181)

These five kinematical equations plus the three dynamical equations completely determine
the motion of the disk.

For scleronomic systems such as this, the kinematical equations have the matrix form

q̇ = Φu (4.182)

where Φ = Ψ−1 and where Ψ is the coefficient matrix in

u = Ψq̇ (4.183)

For this example, we have

u1 = θ̇ (4.184)

u2 = φ̇ sin θ (4.185)
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u3 = −φ̇ cos θ + ψ̇ (4.186)

u4 = rψ̇ cosφ + ẋ = 0 (4.187)

u5 = rψ̇ sinφ + ẏ = 0 (4.188)

where the last two equations are the nonholonomic constraint equations, representing the
nonslip condition at the contact point C .

Example 4.7 As an example of a more complex nonholonomic system, consider the
motion of an unsymmetrical top with a hemispherical base, which rolls without slipping on
a horizontal plane (Fig. 4.5). Let us use the general dynamical equation in the form

N∑
i=1

[mi (v̇i + ρ̈ci ) · γ i j + (Ii · ω̇i + ωi × Ii · ωi + miρci × v̇i ) · βi j ] = Q j

( j = 1, . . . , n − m) (4.189)

Choose the reference point O at the center of mass, implying that ρci = 0. The xyz body
axes are principal axes at the center of mass. The orientation of the body is given by type
II Euler angles (φ, θ, ψ). These three Euler angles plus the inertial location (X, Y ) of the
contact point on the horizontal plane constitute the five qs.

As independent us, let us choose the quasi-velocities

u1 = ωx , u2 = ωy, u3 = ωz (4.190)
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where the angular velocity of the body is

ω = ωx i + ωyj + ωzk (4.191)

The nonholonomic constraint equations, indicating no slip at the contact point, are

u4 = −r θ̇ sinφ + rψ̇ cosφ sin θ + Ẋ = 0 (4.192)

u5 = r θ̇ cosφ + rψ̇ sinφ sin θ + Ẏ = 0 (4.193)

where φ is the angle between the positive X -axis and the θ̇ vector.
We wish to find the velocity of the reference point O . It is

v = ω × (r + lk) = ω × [r sin θ sinψ i + r sin θ cosψ j + (r cos θ + l)k]

= [(r cos θ + l)ωy − rωz sin θ cosψ] i + [−(r cos θ + l)ωx

+ rωz sin θ sinψ] j + (rωx sin θ cosψ − rωy sin θ sinψ)k (4.194)

The velocity coefficients are

γ11 = ∂v
∂ωx

= −(r cos θ + l) j + r sin θ cosψ k

γ12 = ∂v
∂ωy

= (r cos θ + l) i − r sin θ sinψ k

γ13 = ∂v
∂ωz

= −r sin θ cosψ i + r sin θ sinψ j

(4.195)

Similarly, the angular velocity coefficients are

β11 = ∂ω

∂ωx
= i, β12 = ∂ω

∂ωy
= j, β13 = ∂ω

∂ωz
= k (4.196)

We wish to find v̇ and, in the process, we note that

i̇ = ωzj − ωyk, j̇ = −ωz i + ωxk, k̇ = ωy i − ωx j (4.197)

The Euler angle rates are

φ̇ = csc θ (ωx sinψ + ωy cosψ) (4.198)

θ̇ = ωx cosψ − ωy sinψ (4.199)

ψ̇ = −ωx cot θ sinψ − ωy cot θ cosψ + ωz (4.200)

Then a differentiation of (4.194) results in

v̇ = [(r cos θ + l) ω̇y − r ω̇z sin θ cosψ + lωxωz] i

+ [−(r cos θ + l) ω̇x + r ω̇z sin θ sinψ + lωyωz] j

+ [r ω̇x sin θ cosψ − r ω̇y sin θ sinψ − l
(
ω2

x + ω2
y

)]
k (4.201)

after the cancellation of numerous terms.
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In the evaluation of strictly rotational terms, we find that

Ii · ω̇i + ωi × Ii · ωi = [Ixx ω̇x + (Izz − Iyy)ωyωz] i

+ [Iyyω̇y + (Ixx − Izz)ωzωx ] j + [Izzω̇z + (Iyy − Ixx )ωxωy]k (4.202)

Furthermore, the gravitational moment about the θ̇ axis is

Mθ = mgl sin θ (4.203)

Hence, we obtain

Q1 = mgl sin θ cosψ, Q2 = −mgl sin θ sinψ, Q3 = 0 (4.204)

which are the generalized forces corresponding to ωx , ωy , and ωz , respectively.
Now, we are ready to find the dynamical equations by substituting into (4.189). The ωx

equation is

[Ixx + mr2 sin2 θ cos2 ψ + m(r cos θ + l)2] ω̇x − mr2ω̇y sin2 θ sinψ cosψ

− mr (r cos θ + l) ω̇z sin θ sinψ + [Izz − Iyy − ml(r cos θ + l)]ωyωz

− mrl
(
ω2

x + ω2
y

)
sin θ cosψ = mgl sin θ cosψ (4.205)

Similarly, the ωy equation is

− mr2ω̇x sin2 θ sinψ cosψ + [Iyy + mr2 sin2 θ sin2 ψ + m(r cos θ + l)2]ω̇y

− mr (r cos θ + l)ω̇z sin θ cosψ + [Ixx − Izz + ml(r cos θ + l)]ωxωz

+ mrl
(
ω2

x + ω2
y

)
sin θ sinψ = −mgl sin θ sinψ (4.206)

The ωz equation is

− mr (r cos θ + l) ω̇x sin θ sinψ − mr (r cos θ + l) ω̇y sin θ cosψ

+ (Izz + mr2 sin2 θ ) ω̇z + (Iyy − Ixx )ωxωy − mrlωxωz sin θ cosψ

+ mrlωyωz sin θ sinψ = 0 (4.207)

Equations (4.205)–(4.207) are the three dynamical equations. In addition, we have three
kinematical equations for the Euler angle rates given by (4.198)–(4.200). These six equations
can be solved for (ωx , ωy, ωz, φ, θ, ψ) as functions of time. If one desires to solve for the
path of the contact point, one can write the constraint equations in the form

Ẋ = r θ̇ sinφ − rψ̇ cosφ sin θ (4.208)

Ẏ = −r θ̇ cosφ − rψ̇ sinφ sin θ (4.209)

These equations are integrated to obtain X (t) and Y (t).
In this example, we have shown how the general dynamical equation can be applied using

quasi-velocities to obtain a minimum set of differential equations describing the motion of
a relatively complex nonholonomic system. This was accomplished without solving for the
constraint forces.
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4.5 A fundamental equation

System of particles

Let us consider a system of N particles that are described by d’Alembert’s principle in the
form

N∑
i=1

(Fi − mi v̇i ) · δri = 0 (4.210)

where ri is the inertial position vector of the i th particle, vi ≡ ṙi , and Fi is the applied force
acting on that particle. The δrs are consistent with any constraints.

Now suppose we express the configuration of the system by using n qs with m linear
nonholonomic equations of constraint. The particle velocities are given in terms of (n − m)
independent quasi-velocities, that is,

vi =
n−m∑
j=1

γ i j (q, t)u j + γ i t (q, t) (4.211)

and we find that

δri =
n−m∑
j=1

γ i j (q, t)δθ j (4.212)

where θ j is a quasi-coordinate associated with u j . The corresponding generalized force is

Q j =
N∑

i=1

Fi · γ i j ( j = 1, . . . , n − m) (4.213)

so (4.210) takes the form

n−m∑
j=1

(
Q j −

N∑
i=1

mi v̇i · γ i j

)
δθ j = 0 (4.214)

The δθs are independent, so we obtain

N∑
i=1

mi v̇i · γ i j = Q j ( j = 1, . . . , n − m) (4.215)

in agreement with (4.133).
Next, consider the constrained kinetic energy, written in terms of independent quasi-

velocities.

T (q, u, t) = 1

2

N∑
i=1

mivi · vi (4.216)
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where vi = vi (q, u, t). We find that

∂T

∂u j
=

N∑
i=1

mivi · ∂vi

∂u j
=

N∑
i=1

mivi · γ i j ( j = 1, . . . , n − m) (4.217)

Then

d

dt

(
∂T

∂u j

)
=

N∑
i=1

mi (v̇i · γ i j + vi · γ̇ i j ) (4.218)

or

N∑
i=1

mi v̇i · γ i j = d

dt

(
∂T

∂u j

)
−

N∑
i=1

mivi · γ̇ i j ( j = 1, . . . , n − m) (4.219)

Finally, from (4.215) and (4.219) we obtain

d

dt

(
∂T

∂u j

)
−

N∑
i=1

mivi · γ̇ i j = Q j ( j = 1, . . . , n − m) (4.220)

This is a fundamental dynamical equation for a system of particles. It results in (n − m)
first-order dynamical equations which are supplemented by the n first-order kinematical
equations for the q̇s. These (2n − m) equations are solved for the (n − m) us and n qs as
functions of time.

Notice that the dynamical equations are identical to those obtained by the Boltzmann–
Hamel equation but the procedure here is far simpler. Furthermore, the kinetic energy
T (q, u, t) is written for the constrained rather than the unconstrained system.

System of rigid bodies

Let us generalize the results for a system of N particles to a system of N rigid bodies. Let
us choose the reference point for each rigid body at the center of mass. Then in accordance
with Koenig’s theorem, the kinetic energy is

T (q, u, t) = 1

2

N∑
i=1

(mivci · vci + ωi · Ici · ωi ) (4.221)

where vci is the velocity of the center of mass of the i th body and Ici is its inertia dyadic
about the center of mass. The (n − m) us are independent.

We see that

∂T

∂u j
=

N∑
i=1

(mivci · γ i j + ωi · Ici · βi j ) ( j = 1, . . . , n − m) (4.222)

where

γ i j = ∂vci

∂u j
, βi j = ∂ωi

∂u j
(4.223)
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Hence, we obtain

d

dt

(
∂T

∂u j

)
=

N∑
i=1

[mi v̇ci · γ i j + (Ici · ω̇i + ωi × Ici · ωi ) · βi j ]

+
N∑

i=1

(mivci · γ̇ i j + ωi · Ici · β̇i j ) ( j = 1, . . . , n − m) (4.224)

Now recall the general dynamical equation for center-of-mass reference points, that is, for
ρci = 0. From (4.142), we have

N∑
i=1

[mi v̇ci · γ i j + (Ici · ω̇i + ωi × Ici · ωi ) · βi j ] = Q j ( j = 1, . . . , n − m) (4.225)

Finally, from (4.224) and (4.225), we obtain

d

dt

(
∂T

∂u j

)
−

N∑
i=1

(mivci · γ̇ i j + ωi · Ici · β̇i j ) = Q j ( j = 1, . . . , n − m) (4.226)

This is a fundamental equation for a system of rigid bodies. Using the kinetic energy
T (q, u, t) for the constrained system, it results in a minimum set of (n − m) first-order
dynamical equations.

An alternate form of (4.226) is

d

dt

(
∂T

∂u j

)
−

N∑
i=1

(pi · γ̇ i j + Hci · β̇i j ) = Q j ( j = 1, . . . , n − m) (4.227)

where pi is the linear momentum of the i th body and Hci is its angular momentum about
its center of mass. This form of the equation is more flexible in that the angular momentum
may be expressed in terms of arbitrary unit vectors rather than being tied to the body-fixed
unit vectors of the inertia dyadic. This is particularly useful in the dynamic analysis of
axially symmetric bodies.

If we compare (4.227) with the Boltzmann–Hamel equation, as given by (4.82), we find
that

N∑
i=1

(pi · γ̇ ir + Hci · β̇ir ) =
n∑

i=1

∂T

∂qi
�ir

−
N∑

i=1

n∑
j=1

n∑
k=1

n−m∑
l=1

∂T

∂u j

(
∂� j i

∂qk
− ∂� jk

∂qi

)
�kl�ir ul

−
n∑

i=1

n∑
j=1

n∑
k=1

∂T

∂u j

(
∂� j i

∂qk
− ∂� jk

∂qi

)
�kt�ir

−
n∑

i=1

n∑
j=1

∂T

∂u j

(
∂� j i

∂t
− ∂� j t

∂qi

)
�ir (r = 1, . . . , n − m) (4.228)

where T (q, u, t) is written for the unconstrained system. Since the differential equations
of motion produced by the two methods are identical, we conclude that the fundamental
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equation (4.226) or (4.227) is more efficient than the Boltzmann–Hamel equation in this
general case.

Example 4.8 Let us consider once again the motion of a dumbbell (Fig. 4.6) as it moves on
the horizontal xy-plane. There is a knife-edge constraint acting on a particle whose location
is (x, y). Let the generalized coordinates be (x, y, φ) and choose

u1 = v = ẋ cosφ + ẏ sinφ (4.229)

u2 = φ̇ (4.230)

u3 = −ẋ sinφ + ẏ cosφ = 0 (4.231)

The first two us are independent and define the motion, while u3 represents the constraint
function which is set equal to zero, indicating no slipping perpendicular to the knife edge.

We shall use the fundamental equation in the form applying to a system of particles.

d

dt

(
∂T

∂u j

)
−

N∑
i=1

mivi · γ̇ i j = Q j ( j = 1, . . . , n − m) (4.232)

The constrained kinetic energy is

T = mu2
1 + 1

2
ml2u2

2 = mv2 + 1

2
ml2φ̇2 (4.233)

since the particle velocities are

v1 = vet , v2 = vet + lφ̇en (4.234)
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The corresponding velocity coefficients are

γ11 = ∂v1

∂v
= et γ12 = ∂v1

∂φ̇
= 0

γ21 = ∂v2

∂v
= et γ22 = ∂v2

∂φ̇
= len (4.235)

The unit vectors rotate in the xy-plane with an angular velocity φ̇, so

γ̇11 = φ̇en γ̇12 = 0

γ̇21 = φ̇en γ̇22 = −lφ̇et (4.236)

There are no applied forces for motion in the xy-plane, so

Q1 = 0, Q2 = 0 (4.237)

Now we can use (4.232) to obtain the u1 or v equation of motion. It is

2mv̇ − [mvet · (φ̇en) + m(vet + lφ̇en) · (φ̇en)] = 0

or

2mv̇ − mlφ̇2 = 0 (4.238)

In a similar manner, one obtains the u2 equation, namely,

ml2φ̈ + mlvφ̇ = 0 (4.239)

These equations of motion are the same as were obtained in Example 4.4, on page 232,
by using the Boltzmann–Hamel equation. Here, however, their derivation is more direct.

Example 4.9 Consider the rolling disk problem of Example 4.6 on page 240. Let us use
the fundamental equation in the form given by (4.227), namely,

d

dt

(
∂T

∂u j

)
−

N∑
i=1

(pi · γ̇ i j + Hci · β̇i j ) = Q j ( j = 1, . . . , n − m) (4.240)

As in Fig. 4.2, let us choose the Euler angles (φ, θ, ψ) as qs and let the independent us be

u1 = θ̇ , u2 = ωd = φ̇ sin θ, u3 = � = φ̇ cos θ + ψ̇ (4.241)

The velocity of the center of the disk is

v = −r�eθ + r θ̇eψ (4.242)

and the angular velocity is

ω = θ̇eθ + ωded +�eψ (4.243)

The moments of inertia about the center are

Ia = 1

2
mr2, It = 1

4
mr2 (4.244)
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Thus, we find that the constrained kinetic energy is

T = 1

2
m(r2�2 + r2θ̇2) + 1

4
mr2�2 + 1

8
mr2

(
θ̇2 + ω2

d

)
= 5

8
mr2θ̇2 + 1

8
mr2ω2

d + 3

4
mr2�2 (4.245)

The velocity coefficients are

γ11 = ∂v

∂θ̇
= reψ, γ12 = ∂v

∂ωd
= 0, γ13 = ∂v

∂�
= −reθ (4.246)

and the angular velocity coefficients are

β11 = ∂ω

∂θ̇
= eθ , β12 = ∂ω

∂ωd
= ed , β13 = ∂ω

∂�
= eψ (4.247)

The eθ , ed , eψ unit vector triad rotates due to φ̇ and θ̇, resulting in an angular velocity

ωc = θ̇eθ + φ̇(sin θ ed + cos θ eψ )

= θ̇eθ + ωded + ωd cot θ eψ (4.248)

where we notice that ωd = φ̇ sin θ . Thus, we find that

ėθ = ωc × eθ = ωd cot θ ed − ωdeψ (4.249)

ėd = ωc × ed = −ωd cot θ eθ + θ̇eψ (4.250)

ėψ = ωc × eψ = ωdeθ − θ̇ed (4.251)

Now we can evaluate

γ̇11 = r ėψ = rωd − r θ̇ed (4.252)

γ̇12 = 0 (4.253)

γ̇13 = −r ėθ = −rωd cot θ ed + rωdeψ (4.254)

and we note that

β̇11 = ėθ , β̇12 = ėd , β̇13 = ėψ (4.255)

The linear momentum is

p = mv = −mr�eθ + mr θ̇eψ (4.256)

and the angular momentum about the center of mass is

Hc = It θ̇eθ + Itωded + Ia�eψ

= 1

4
mr2θ̇eθ + 1

4
mr2ωded + 1

2
mr2�eψ (4.257)

The generalized applied forces due to gravity, obtained by using potential energy or virtual
work, are

Q1 = −mgr cos θ, Q2 = 0, Q3 = 0 (4.258)
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Now we are prepared to use (4.240) to obtain the differential equations of motion. The θ
equation is

5

4
mr2θ̈ + 3

2
mr2ωd�− 1

4
mr2ω2

d cot θ = −mgr cos θ (4.259)

Similarly, the ωd equation is

1

4
mr2ω̇d + 1

4
mr2θ̇ωd cot θ − 1

2
mr2θ̇� = 0 (4.260)

The � equation is

3

2
mr2�̇− mr2θ̇ωd = 0 (4.261)

These equations are identical with (4.174)–(4.176) obtained earlier by the general dy-
namical equation. Both methods involve about the same amount of effort.

Volterra’s equation

It is of some interest to note that Volterra’s equation for a system of particles, pub-
lished in 1898, is equivalent to a special case of the fundamental equation in the form
of (4.220).

Consider a system of N particles whose configuration is given by the 3N inertial Cartesian
coordinates (x1, . . . , x3N ). Suppose there are m constraint equations which are linear in the
ẋs. Choose ν = 3N − m independent us which are related to the ẋs by the scleronomic
equations

ẋi =
ν∑

s=1

�is(x)us (i = 1, . . . , 3N ) (4.262)

The kinetic energy of the constrained system is

T (x, u) = 1

2

3N∑
i=1

mi ẋ
2
i = 1

2

3N∑
i=1

ν∑
k=1

ν∑
r=1

mi�ik�ir ukur (4.263)

Volterra’s equation for this system of N particles is

d

dt

(
∂T

∂us

)
+

ν∑
k=1

ν∑
r=1

(
bk

rs − bk
sr

)
ukur −

3N∑
l=1

∂T

∂xl
�ls = Qs (s = 1, . . . , ν) (4.264)

where

bk
rs =

3N∑
i=1

3N∑
j=1

mi�ik
∂�ir

∂x j
� js (k, r, s = 1, . . . , ν) (4.265)

We note that

∂T

∂xl
=

3N∑
i=1

mi ẋi
∂ ẋi

∂xl
=

3N∑
i=1

ν∑
k=1

ν∑
r=1

mi�ik
∂�ir

∂xl
ukur (4.266)
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Hence, in (4.264), the term

−
3N∑
l=1

∂T

∂xl
�ls = −

3N∑
i=1

3N∑
l=1

ν∑
k=1

ν∑
r=1

mi�ik
∂�ir

∂xl
�lsukur = −

ν∑
k=1

ν∑
r=1

bk
rsukur (4.267)

and the Volterra equation can be written in the simpler form

d

dt

(
∂T

∂us

)
−

ν∑
k=1

ν∑
r=1

bk
srukur = Qs (s = 1, . . . , ν) (4.268)

or

d

dt

(
∂T

∂us

)
−

3N∑
i=1

3N∑
j=1

ν∑
k=1

ν∑
r=1

mi�ik
∂�is

∂x j
� jr ukur = Qs (s = 1, . . . , ν) (4.269)

We wish to express this result using vector notation. The velocity of the first particle is

v1 =
3∑

i=1

ν∑
k=1

�ikukei (4.270)

where e1, e2, e3 are inertially-fixed orthogonal unit vectors. The velocity coefficients for the
first particle are

γ1s = ∂v1

∂us
=

3∑
i=1

�is(x)ei (s = 1, . . . , ν) (4.271)

Hence,

γ̇1s =
3∑

i=1

3N∑
j=1

ν∑
r=1

∂�is

∂x j
� jr urei (s = 1, . . . , ν) (4.272)

For the first particle, noting that m1 = m2 = m3, we have

m1v1 · γ̇1s =
3∑

i=1

3N∑
j=1

ν∑
k=1

ν∑
r=1

mi�ik
∂�is

∂x j
� jr ukur (s = 1, . . . , ν) (4.273)

Finally, sum (4.273) over all N particles. Then using (4.269), we see that Volterra’s
equation in vector form is

d

dt

(
∂T

∂us

)
−

N∑
l=1

mlvl · γ̇ls = Qs (s = 1, . . . , ν) (4.274)

But this is just the fundamental dynamical equation for a system of particles.
We conclude that Volterra’s equation is a special case of the fundamental equation for

a scleronomic system of particles, a case in which Cartesian coordinates are used as qs.
When Volterra’s equation was published, the concept of quasi-velocities was unknown,
so the us were regarded as q̇s. Equation (4.274), however, is more general and can be
used with rheonomic systems that are described using n generalized coordinates with m
nonholonomic constraints. The ν = n − m quasi-velocities are independent and the kinetic
energy is written for the constrained system.
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4.6 The Gibbs–Appell equation

System of particles

Let us consider a system of N particles whose configuration is specified by n qs. The particle
velocities for a system with m nonholonomic constraints are given by (n − m) independent
us. Thus, the absolute velocity of the i th particle is

vi =
n−m∑
j=1

γ i j (q, t) u j + γ i t (q, t) (i = 1, . . . , N ) (4.275)

and the constrained kinetic energy is

T (q, u, t) = 1

2

N∑
i=1

miv2
i (4.276)

The absolute particle accelerations, obtained by differentiating (4.275), are

v̇i =
n−m∑
j=1

(γ i j u̇ j + γ̇ i j u j ) + γ̇ i t (i = 1, . . . , N ) (4.277)

where the γ̇s are linear functions of the us due to the equations

q̇k =
n−m∑
l=1

�klul +�kt (k = 1, . . . , n) (4.278)

Thus, we see that the acceleration v̇i is linear in the u̇s and quadratic in the us.
Now let us introduce the Gibbs–Appell function

S(q, u, u̇, t) = 1

2

N∑
i=1

mi v̇2
i (4.279)

which is obtained by substituting v̇i from (4.277) for vi in the kinetic energy expression of
(4.276). We see that

∂S

∂ u̇ j
=

N∑
i=1

mi v̇i · ∂ v̇i

∂ u̇ j
=

N∑
i=1

mi v̇i · γ i j ( j = 1, . . . , n − m) (4.280)

But, from the general dynamical equation (4.133), we have

N∑
i=1

mi v̇i · γ i j = Q j ( j = 1, . . . , n − m) (4.281)

Finally, from (4.280) and (4.281) we obtain

∂S

∂ u̇ j
= Q j ( j = 1, . . . , n − m) (4.282)

which is the Gibbs–Appell equation for a system of particles. This equation was discovered
by Gibbs in 1879 and was studied in detail by Appell in an 1899 publication. It provides a
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minimal set of dynamical equations which are applicable to systems with quasi-velocities
and nonholonomic constraints.

To emphasize an important point, recall that the Gibbs–Appell function is obtained by
substituting v̇i for vi in the kinetic energy expression, where v̇i is the absolute acceleration
of the i th particle. One cannot in general, obtain S by writing T (q, q̇, t) and then substituting
q̈s for q̇s. Furthermore, since (4.282) involves differentiations with respect to the u̇s, any
terms in S(q, u, u̇, t) which do not contain u̇s can be omitted.

Example 4.10 Let us return to the dumbbell problem of Fig. 4.6. As independent quasi-
velocities consistent with the knife-edge constraint we choose

u1 = v, u2 = φ̇ (4.283)

The particle velocities are

v1 = vet , v2 = vet + lφ̇en (4.284)

and the corresponding accelerations are

v̇1 = v̇et + vφ̇en (4.285)

v̇2 = (v̇ − lφ̇2)et + (lφ̈ + vφ̇)en (4.286)

The resulting Gibbs–Appell function is

S = 1

2
m
(
v̇2

1 + v̇2
2

) = 1

2
m[v̇2 + v2φ̇2 + (v̇ − lφ̇2)2 + (lφ̈ + vφ̇)2] (4.287)

The generalized applied forces are

Q1 = 0, Q2 = 0 (4.288)

Now we can apply (4.282) and obtain the following equations of motion:

∂S

∂ u̇1
= ∂S

∂v̇
= m(2v̇ − lφ̇2) = 2mv̇ − mlφ̇2 = 0 (4.289)

∂S

∂ u̇2
= ∂S

∂φ̈
= ml(lφ̈ + vφ̇) = ml2φ̈ + mlvφ̇ = 0 (4.290)

It is apparent that, for this problem, the Gibbs–Appell method is quite efficient in pro-
ducing the differential equations of motion.

System of rigid bodies

Now let us generalize the Gibbs–Appell function to give correct equations of motion for a
system of N rigid bodies when (4.282) is used. Let vi be the velocity of the reference point
of the i th body, and let Ii be the inertia dyadic about this reference point. The total kinetic
energy is

T = 1

2

N∑
i=1

miv2
i + 1

2

N∑
i=1

ωi · Ii · ωi +
N∑

i=1

mivi · ρ̇ci (4.291)
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A Gibbs–Appell function which yields correct equations of motion for this system of
rigid bodies is

S(q, u, u̇, t) = 1

2

N∑
i=1

mi v̇2
i +

N∑
i=1

[
1

2
ω̇i · Ii · ω̇i + ωi × (Ii · ωi ) · ω̇i

]
+

N∑
i=1

mi v̇i · ρ̈ci

(4.292)

where

ρ̈ci = ω̇i × ρci + ωi × (ωi × ρci ) (4.293)

and we note that Ii is symmetric. In the evaluation of ∂S/∂ u̇ j , only terms involving v̇i , ω̇i ,
or ρ̈ci need be considered. Recall that

∂ v̇i

∂ u̇ j
= ∂vi

∂u j
= γ i j (4.294)

∂ω̇i

∂ u̇ j
=∂ωi

∂u j
= βi j (4.295)

Also,

v̇i · ∂ω̇i

∂ u̇ j
× ρci = ρci × v̇i · βi j (4.296)

Then, from (4.282) and (4.292), we obtain

∂S

∂ u̇ j
=

N∑
i=1

mi (v̇i + ρ̈ci ) · γ i j +
N∑

i=1

[Ii · ω̇i + ωi × (Ii · ωi ) + miρci × v̇i ] · βi j = Q j

( j = 1, . . . , n − m) (4.297)

which is the general dynamical equation for a system of rigid bodies. It results in (n − m)
first-order dynamical equations.

If one takes the reference point of each rigid body at its center of mass, then ρci = 0 and
the Gibbs–Appell function becomes

S = 1

2

N∑
i=1

mi v̇2
i +

N∑
i=1

[
1

2
ω̇i · Ici · ω̇i + ωi × (Ici · ωi ) · ω̇i

]
(4.298)

where Ici is the inertia dyadic about the center of mass. An equivalent form is

S = 1

2

N∑
i=1

(
mi v̇2

i + Ḣci · ω̇i + ωi × Hci · ω̇i
)

(4.299)

where Hci is the angular momentum of the i th body about its center of mass.

Example 4.11 Consider the rolling disk problem of Fig. 4.2. We again choose the inde-
pendent quasi-velocities

u1 = θ̇ , u2 = ωd , u3 = � (4.300)
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The angular velocity of the disk is

ω = θ̇eθ + ωded +�eψ (4.301)

and the angular velocity of the eθedeψ unit vector triad is equal to φ̇ + θ̇ or

ωc = θ̇eθ + ωded + ωd cot θ eψ (4.302)

and we note that eθ remains horizontal. Thus, we find that

ėθ = ωc × eθ = ωd cot θ ed − ωdeψ (4.303)

ėd = ωc × ed = −ωd cot θ eθ + θ̇eψ (4.304)

ėψ = ωdeθ − θ̇ed (4.305)

and

ω̇ = (θ̈ − ω2
d cot θ + ωd�

)
eθ + (ω̇d + θ̇ωd cot θ − θ̇�) ed + �̇eψ (4.306)

The velocity of the center of the disk is

v = −r�eθ + r θ̇eψ (4.307)

and the corresponding acceleration is

v̇ = (−r�̇+ r θ̇ωd ) eθ − (rωd� cot θ + r θ̇2) ed + (r θ̈ + rωd�) eψ (4.308)

Hence, we see that

v̇2 = (r�̇− r θ̇ωd )2 + (rωd� cot θ + r θ̇2)2 + (r θ̈ + rωd�)2 (4.309)

The disk has moments of inertia

Ia = 1

2
mr2, It = 1

4
mr2 (4.310)

Thus, the angular momentum about the center is

Hc = 1

4
mr2θ̇eθ + 1

4
mr2ωded + 1

2
mr2�eψ (4.311)

Upon differentiating with respect to time, we find that

Ḣc = 1

4
mr2

[(
θ̈ − ω2

d cot θ + 2ωd�
)
eθ

+ (ω̇d + θ̇ωd cot θ − 2θ̇�)ed + 2�̇eψ
]

(4.312)

In addition,

ω × Hc = 1

4
mr2(ωd�eθ − θ̇�ed ) (4.313)
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Now we can use (4.299) to obtain the Gibbs–Appell function. If we omit terms not
containing u̇s, it is

S = 1

2
mr2[(�̇− θ̇ωd )2 + (θ̈ + ωd�)2]

+ 1

8
mr2

[(
θ̈ − ω2

d cot θ + 2ωd�
) (
θ̈ − ω2

d cot θ + ωd�
)

+ (ω̇d + θ̇ωd cot θ − 2θ̇�)(ω̇d + θ̇ωd cot θ − θ̇�)
]

+ 1

4
mr2�̇2 + 1

8
mr2(ωd�θ̈ − θ̇�ω̇d ) (4.314)

The generalized applied forces are

Q1 = −mgr cos θ, Q2 = 0, Q3 = 0 (4.315)

The differential equations of motion are obtained from

∂S

∂ u̇ j
= Q j ( j = 1, 2, 3) (4.316)

The θ equation is

∂S

∂θ̈
= mr2(θ̈ + ωd�) + 1

8
mr2

(
2θ̈ − 2ω2

d cot θ + 4ωd�
)

= 5

4
mr2θ̈ − 1

4
mr2ω2

d cot θ + 3

2
mr2ωd� = −mgr cos θ (4.317)

The ωd equation is

∂S

∂ω̇d
= 1

4
mr2(ω̇d + θ̇ωd cot θ − 2θ̇�) = 0 (4.318)

Finally, the � equation is

∂S

∂�̇
= 3

2
mr2�̇− mr2θ̇ωd = 0 (4.319)

These three dynamical equations constitute a minimum set for this system. The effort
required in their derivation is about the same as for the general dynamical equation.

Principle of least constraint

The principle of least constraint was discovered by Gauss in 1829, and thereby preceded
the Gibbs–Appell equations, to which it is related, by half a century. The principle of least
constraint is an algebraic minimization principle which leads to the differential equations
of motion. Briefly, it states that a certain function of the constraint forces is minimized by
the actual motion, as compared with other motions which, at any given time, have the same
configuration and velocities, but have small variations in the accelerations.

Consider a system of N particles whose configuration is given by 3N Cartesian coordi-
nates relative to an inertial frame. Suppose there are m equations of constraint, holonomic
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or nonholonomic, which can be written in the form

3N∑
k=1

a jk(x, t)ẋk + a jt (x, t) = 0 ( j = 1, . . . ,m) (4.320)

Newton’s law, applied to individual particles, results in

mk ẍk = Fk + Rk (k = 1, . . . , 3N ) (4.321)

where Fk is an applied force component and Rk is the corresponding constraint force
component. From (4.321),

Rk = mk

(
ẍk − Fk

mk

)
(4.322)

Now define the function

C = 1

2

3N∑
k=1

R2
k

mk
= 1

2

3N∑
k=1

mk

(
ẍk − Fk

mk

)2

(4.323)

which represents the weighted sum of the squares of the constraint force magnitudes. The
principle of least constraint states that C is minimized with respect to variations in the ẍs
by the actual motion at each instant of time. It is assumed that the ẍs and δ ẍs satisfy the
constraints.

Thus, noting that Fk is not varied, we obtain

δC =
3N∑
k=1

mk

(
ẍk − Fk

mk

)
δ ẍk = 0 (4.324)

where
3N∑
k=1

a jkδ ẍk = 0 ( j = 1, . . . ,m) (4.325)

The constraints are incorporated into the analysis by using Lagrange multipliers. Multiply
(4.325) by λ j and sum over j . Then, upon adding this result to (4.324), we obtain

3N∑
k=1

(
mk ẍk − Fk +

m∑
j=1

λ j a jk

)
δ ẍk = 0 (4.326)

where the δ ẍs are now regarded as independent. Hence, each coefficient must be zero, or

mk ẍk = Fk −
m∑

j=1

λ j a jk (k = 1, . . . , 3N ) (4.327)

These are the equations of motion in terms of Cartesian coordinates.
Now let us broaden the analysis by transforming to quasi-velocities and generalized

coordinates. Write (4.323) in the form

C = 1

2

3N∑
k=1

mk ẍ
2
k −

3N∑
k=1

Fk ẍk +
3N∑
k=1

F2
k

2mk
(4.328)
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The Gibbs–Appell function is, from (4.279),

S = 1

2

3N∑
k=1

mk ẍ
2
k (4.329)

Then, noting that Fk is not varied, we can write

C = S −
3N∑
k=1

Fk ẍk + const (4.330)

The transformation equations are

xk = xk(q, t) (k = 1, . . . , 3N ) (4.331)

ẋk = ẋk(q, u, t) (k = 1, . . . , 3N ) (4.332)

and therefore

ẍk =
n−m∑
j=1

∂ ẋk

∂u j
u̇ j + fk(q, u, t) (k = 1, . . . , 3N ) (4.333)

where the (n − m) us are independent and consistent with any constraints on the xs. Note
that ẋk is a linear function of the us, and ẍk is a linear function of the u̇s. Also, the generalized
force associated with u j is

Q j =
3N∑
k=1

Fk
∂ ẋk

∂u j
( j = 1, . . . , n − m) (4.334)

Then we obtain

C(q, u, u̇, t) = S(q, u, u̇, t) −
n−m∑
j=1

Q j u̇ j −
3N∑
k=1

Fk fk + const (4.335)

Now consider a variation δC due to small variations in the u̇s, with the qs and us held
fixed.

δC =
n−m∑
j=1

∂S

∂ u̇ j
δu̇ j −

n−m∑
j=1

Q jδu̇ j (4.336)

Thus, for a stationary value of C , we have

δC =
n−m∑
j=1

(
∂S

∂ u̇ j
− Q j

)
δu̇ j = 0 (4.337)

for arbitrary δu̇s. This requires that each coefficient be zero, and we obtain

∂S

∂ u̇ j
= Q j ( j = 1, . . . , n − m) (4.338)

Thus, the principle of least constraint applied to a system of particles results in the Gibbs–
Appell equation.
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It has been shown that the Gibbs–Appell equation follows from the requirement that C be
stationary with respect to variations of the u̇s. That this stationary point is also a minimum
can be shown by using (4.323) to evaluate

∂2C

∂ ẍi∂ ẍ j
=
{

mi i = j

0 i �= j (4.339)

The corresponding matrix is positive definite, that is,

δ2C =
3N∑
i=1

3N∑
j=1

(
∂2C

∂ ẍi∂ ẍ j

)
δ ẍiδ ẍ j ≥ 0 (4.340)

and the value zero occurs only when all the δ ẍs are zero. Since the second variation of C is
a positive-definite function of the δ ẍs, the stationary point is also a minimum.

4.7 Constraints and energy rates

Ideal and conservative constraints

Consider a dynamical system having m constraints of the general nonholonomic form

f j (q, q̇, t) = 0 ( j = 1, . . . ,m) (4.341)

This general form includes the usual nonholonomic constraints which are linear in the
velocities, that is,

n∑
i=1

a ji (q, t) q̇ i + a jt (q, t) = 0 ( j = 1, . . . ,m) (4.342)

Furthermore, holonomic constraints of the form

φ j (q, t) = 0 ( j = 1, . . . ,m) (4.343)

can be expressed in the linear form of (4.342) after differentiation with respect to time.

φ̇ j (q, q̇, t) =
n∑

i=1

∂φ j

∂qi
q̇i + ∂φ j

∂t
= 0 ( j = 1, . . . ,m) (4.344)

Of course, this linear form is integrable.
Let us define an ideal constraint as a workless kinematic constraint which may be either

scleronomic or rheonomic. By workless, we mean that no work is done by the constraint
forces in an arbitrary reversible virtual displacement that is consistent with the instantaneous
constraints. For example, an ideal constraint might be a frictionless surface on which sliding
occurs, or it might involve rolling contact without slipping. Another example is a knife-edge
constraint with no frictional resistance for motion along the knife edge, but with no slipping
allowed perpendicular to it.
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Let C j be the generalized ideal constraint force corresponding to the j th constraint. The
virtual work of C j in an arbitrary virtual displacement consistent with the instantaneous
constraints is

δW = C j · δq =
n∑

i=1

C jiδqi = 0 ( j = 1, . . . ,m) (4.345)

where, for the general nonholonomic case,

n∑
i=1

∂ f j

∂q̇ i
δqi = 0 ( j = 1, . . . ,m) (4.346)

Assuming the usual case of nonholonomic constraints which are linear in the q̇s, we have

n∑
i=1

a ji (q, t) δqi = 0 ( j = 1, . . . ,m) (4.347)

If the constraints are holonomic, the δqs satisfy

n∑
i=1

∂φ j

∂qi
δqi = 0 ( j = 1, . . . ,m) (4.348)

Equation (4.345) states that the ideal constraint force vector C j and an allowable virtual
displacement δq are orthogonal in n-dimensional configuration space. A comparison of
(4.345) and (4.348) shows that C ji and ∂φ j/∂qi are proportional for any given j , so C j is
directed normal to the constraint surface; that is, in the direction of the gradient of φ j (q, t)
in q-space. Similarly, a comparison of (4.345) and (4.346) indicates that C j is directed
normal to the constraint surface in velocity space.

A virtual velocity δw is subject to instantaneous constraint equations of the form

n∑
i=1

∂ f j

∂q̇ i
δwi = 0 ( j = 1, . . . ,m) (4.349)

or
n∑

i=1

a jiδwi = 0 ( j = 1, . . . ,m) (4.350)

A comparison of (4.346) and (4.349) or (4.347) and (4.350) shows that the permitted
directions of δq and δw are the same, namely, in the tangent plane at the operating point P
in velocity space (Fig. 4.7). The direction of an ideal constraint force C j is perpendicular to
this tangent plane. Note that, for a holonomic constraint, the tangent plane at the operating
point in configuration space has the same orientation as the corresponding constraint plane
in velocity space.

Now let us define a conservative constraint to be an ideal constraint which meets the
additional condition that

C j · q̇ = 0 (4.351)

that is, the generalized constraint force C j does no work in any possible actual motion of
the system. We found earlier from (4.345) and (4.346) that the components C ji and ∂ f j/∂q̇ i
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C j

P fj (q, q, t) = 0

q
.

.
δw

q1
.

Figure 4.7.

are proportional. Hence,

n∑
i=1

∂ f j

∂ q̇ i
q̇ i = 0 (4.352)

This is just the condition that f j (q, q̇, t) is a homogeneous function of the q̇s. In other words,
if a generalized velocity q̇ satisfies the constraint, then that velocity multiplied by an arbitrary
scalar constant will also satisfy the constraint. This implies that the corresponding constraint
surface in velocity space can be generated by sweeping a straight line passing through the
origin. It is clear that the common case of a plane passing through the origin is included, but
other possibilities exist, such as, for example, a conical surface with its vertex at the origin.

The homogeneity condition for a conservative constraint requires that a jt be zero for
the common case of a linear nonholonomic constraint, that is, it must be catastatic. For
a holonomic constraint to be conservative, it must be scleronomic. Thus, coefficients of
the form a ji (q, t) are acceptable in the nonholonomic case, but any holonomic constraint
function must be of the form φ j (q).

It is possible that a constraint which does not meet the homogeneity condition for a set of
generalized coordinates may be homogeneous in form or may disappear entirely for another
choice of generalized coordinates. Thus, whether a constraint is classed as conservative or
not may depend upon the choice of coordinates.

Conservative system

A conservative system can be defined as a dynamical system for which an energy integral
can be found. As an example, let us consider a dynamical system having m nonholonomic
constraints of the general form

f j (q, q̇, t) = 0 ( j = 1, . . . ,m) (4.353)
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Assume that the system can be described by Lagrange’s equation in the form

d

dt

(
∂L

∂q̇ i

)
− ∂L

∂qi
=

m∑
j=1

λ j
∂ f j

∂ q̇ i
(i = 1, . . . , n) (4.354)

Now let us use the same procedure that we employed previously in (2.149)–(2.155). The
result in this more general case is

Ė = Ṫ2 − Ṫ0 + V̇ =
n∑

i=1

m∑
j=1

λ j
∂ f j

∂ q̇ i
q̇ i − ∂L

∂t
(4.355)

where the λs are usually nonzero and not easily evaluated. The first term on the right
will be zero, however, if f j (q, q̇, t) is a homogeneous function of the q̇s, that is, if each
constraint is conservative. The term ∂L/∂t will equal zero if neither T nor V is an explicit
function of time.

In summary, a system having holonomic or nonholonomic constraints will beconservative
if it meets the following conditions:

1. The standard form of Lagrange’s equation, as given by (4.354), applies.
2. All constraints are conservative.
3. The Lagrangian function L = T − V is not an explicit function of time.

These are sufficient conditions for a conservative system. Note that the conserved integral
of the motion

E(q, q̇) = T2 − T0 + V (4.356)

is equal in value to the Hamiltonian function H (q, p).

Work and energy rates

Consider a system of N rigid bodies. The forces acting on the i th body are equivalent to
a force Fi acting at a reference point Pi plus a couple Mi . Let vi be the velocity of point
Pi , fixed in the i th body, and let ωi be the angular velocity of the body. Assume linear
nonholonomic constraints.

From the principle of work and kinetic energy, and summing over the N bodies,

Ṫ = Ẇ =
N∑

i=1

(Fi · vi + Mi · ωi ) (4.357)

where Fi and Mi may include constraint forces as well as applied forces.
Now let us assume that a portion of Fi and Mi arise from a potential energy function

V (q, t), but the remaining primed quantities F′
i and M′

i do not. Thus, we have

Fi = F′
i − ∂V

∂ri
(i = 1, . . . , N ) (4.358)

Mi = M′
i − ∂V

∂θi
(i = 1, . . . , N ) (4.359)

where ri is the position vector of Pi and ωi = dθi/dt . In terms of Euler angles, we use the
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notation

∂V

∂θ
= ∂V

∂ψ
eψ + ∂V

∂θ
eθ + ∂V

∂φ
eφ (4.360)

ω = ψ̇eψ + θ̇eθ + φ̇eφ (4.361)

A similar notation is used for ∂V/∂r. From (4.357)–(4.359), we obtain

Ṫ =
N∑

i=1

(F′
i · vi + M′

i · ωi ) −
N∑

i=1

(
∂V

∂ri
· vi + ∂V

∂θi
· ωi

)
(4.362)

But,

V̇ =
N∑

i=1

(
∂V

∂ri
· vi + ∂V

∂θi
· ωi

)
+ ∂V
∂t

(4.363)

Hence, we find that the rate of change of the total energy is

Ṫ + V̇ =
N∑

i=1

(F′
i · vi + M′

i · ωi ) + ∂V
∂t

(4.364)

Note that constraint forces are included in F′
i and M′

i , but forces derived from potential
energy are not included.

Now let us consider a system whose motion is described in terms of independent quasi-
velocities. Assume a system of N rigid bodies and start with the general dynamical equation
in the form
N∑

i=1

[mi v̇i · γ i j + (Ici · ω̇i + ωi × Ici · ωi ) · βi j ] = Q j ( j = 1, . . . , n − m) (4.365)

where the center of mass is chosen as the reference point for each body.
Multiplying (4.365) by u j and summing over j , we obtain

N∑
i=1

n−m∑
j=1

[mi v̇i · γ i j u j + (Ici · ω̇i + ωi × Ici · ωi ) · βi j u j ] =
n−m∑
j=1

Q ju j (4.366)

Recall that γ i j = ∂vi/∂u j and βi j = ∂ωi/∂u j . The kinetic energy is

T = 1

2

N∑
i=1

mivi · vi + 1

2

N∑
i=1

ωi · Ici · ωi (4.367)

Then, using Euler’s theorem on homogeneous functions, we see that

n−m∑
j=1

∂T

∂u j
u j =

N∑
i=1

n−m∑
j=1

(
mivi · ∂vi

∂u j
u j + ωi · Ici · ∂ωi

∂u j
u j

)

=
N∑

i=1

n−m∑
j=1

(mivi · γ i j u j + ωi · Ici · βi j u j )

= 2T2 + T1 (4.368)

where T2 is quadratic and T1 is linear in the us.
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Now let us differentiate (4.368) with respect to time and recall that

n−m∑
j=1

γ i j u j = vi − γ i t (4.369)

n−m∑
j=1

βi j u j = ωi − βi t (4.370)

We obtain

d

dt

[
N∑

i=1

n−m∑
j=1

(mivi · γ i j u j + ωi · Ici · βi j u j )

]
= 2Ṫ2 + Ṫ1

=
N∑

i=1

n−m∑
j=1

[mi v̇i · γ i j u j + (Ici · ω̇i + ωi × Ici · ωi ) · βi j u j ]

+
N∑

i=1

[mivi · (v̇i − γ̇ i t ) + ωi · Ici · (ω̇i − β̇i t )] (4.371)

Differentiating (4.367) with respect to time, we obtain

Ṫ =
N∑

i=1

(mivi · v̇i + ωi · Ici · ω̇i ) = Ṫ2 + Ṫ1 + Ṫ0 (4.372)

where we note that

ωi · İci · ωi = 0 (4.373)

Next, subtract (4.372) from (4.371). The result is

Ṫ2 − Ṫ0 =
N∑

i=1

n−m∑
j=1

[mi v̇i · γ i j u j + (Ici · ω̇i + ωi × Ici · ωi ) · βi j u j ]

−
N∑

i=1

(mivi · γ̇ i t + ωi · Ici · β̇i t ) (4.374)

Then, using (4.366), we obtain

Ṫ2 − Ṫ0 =
n−m∑
j=1

Q ju j −
N∑

i=1

mivi · γ̇ i t −
N∑

i=1

ωi · Ici · β̇i t (4.375)

Let us assume that a portion of Q j is obtained from a potential function V (q, t). Thus,
we can write

Q j = Q′
j −

n∑
k=1

∂V

∂qk

∂q̇k

∂u j
= Q′

j −
n∑

k=1

∂V

∂qk
�k j (4.376)
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where Q′
j is that portion which is not obtainable from a potential energy function. Also

note that

q̇k =
n−m∑
j=1

�k j u j +�kt (4.377)

and therefore

V̇ − ∂V
∂t

=
n−m∑
j=1

n∑
k=1

∂V

∂qk
�k j u j +

n∑
k=1

∂V

∂qk
�kt (4.378)

Finally, adding (4.375) and (4.378), and using (4.376), we obtain

Ė = Ṫ2 − Ṫ0 + V̇ =
n−m∑
j=1

Q′
j u j + ∂V

∂t
+

n∑
k=1

∂V

∂qk
�kt

−
N∑

i=1

mivi · γ̇ i t −
N∑

i=1

ωi · Ici · β̇i t (4.379)

This is the general energy rate equation for a system of rigid bodies. An alternate
form is

Ė = Ṫ2 − Ṫ0 + V̇ =
n−m∑
j=1

Q′
j u j + ∂V

∂t
+

n∑
k=1

∂V

∂qk
�kt −

N∑
i=1

pi · γ̇ i t −
N∑

i=1

Hci · β̇i t

(4.380)

where
pi = mivi (4.381)

Hci = Ici · ωi (4.382)

and we use a center of mass reference point on each body.
The meaning of these energy rate equations can be clarified by noting that γ i t represents

the velocity of the i th reference point when all the us are set equal to zero. Similarly, βi t is
equal to the angular velocity of the i th body if all us equal zero. Additionally, note that�kt

is equal to the value of q̇k when all the us are set equal to zero.
Another approach to energy rate calculations is to begin with the Boltzmann–Hamel

equation in the general form of (4.85)

d

dt

(
∂T

∂ur

)
−

n∑
i=1

∂T

∂qi
�ir +

m∑
j=1

n−m∑
l=1

∂T

∂u j
γ

j
rlul +

n∑
j=1

∂T

∂u j
γ j

r = Qr

(r = 1, . . . , n − m) (4.383)

Multiply by ur and sum over r , using (4.376). The result is

n−m∑
r=1

d

dt

(
∂T

∂ur

)
ur −

n∑
i=1

n−m∑
r=1

∂T

∂qi
�ir ur +

n∑
j=1

n−m∑
l=1

n−m∑
r=1

∂T

∂u j
γ

j
rlulur

+
n∑

j=1

n−m∑
r=1

∂T

∂u j
γ j

r ur =
n−m∑
r=1

Q′
r ur −

n∑
i=1

n−m∑
r=1

∂V

∂qi
�ir ur (4.384)
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Using Euler’s theorem, as in (4.368), we find that

d

dt

(
n−m∑
r=1

∂T

∂ur
ur

)
=

n−m∑
r=1

d

dt

(
∂T

∂ur

)
ur +

n−m∑
r=1

∂T

∂ur
u̇r = 2Ṫ2 + Ṫ1 (4.385)

Now

Ṫ =
n∑

i=1

∂T

∂qi
q̇i +

n−m∑
r=1

∂T

∂ur
u̇r + ∂T

∂t
= Ṫ2 + Ṫ1 + Ṫ0 (4.386)

so, from (4.385) and (4.386), we obtain

n−m∑
r=1

d

dt

(
∂T

∂ur

)
ur = Ṫ2 − Ṫ0 +

n∑
i=1

∂T

∂qi
q̇i + ∂T

∂t
(4.387)

Furthermore, we see that

V̇ =
n∑

i=1

∂V

∂qi
q̇i + ∂V

∂t
(4.388)

and
n−m∑
r=1

�ir ur = q̇ i −�i t (4.389)

From (4.387) and (4.388), we see that

Ṫ2 − Ṫ0 + V̇ =
n−m∑
r=1

d

dt

(
∂T

∂ur

)
ur −

n∑
i=1

∂L

∂qi
q̇i − ∂L

∂t
(4.390)

where L(q, u, t) = T (q, u, t) − V (q, t). Because of the skew symmetry of γ j
rl with respect

to r and l, we note that

n−m∑
l=1

n−m∑
r=1

γ
j

rlurul = 0 (4.391)

Then, from (4.384) and (4.389), we obtain

n−m∑
r=1

d

dt

(
∂T

∂ur

)
ur =

n−m∑
r=1

Q′
r ur +

n∑
i=1

∂L

∂qi
(q̇ i −�i t ) −

n∑
j=1

n−m∑
r=1

∂T

∂u j
γ j

r ur (4.392)

Finally, using (4.390) and (4.392), we have the energy rate expression

Ė = Ṫ2 − Ṫ0 + V̇ =
n−m∑
r=1

Q′
r ur − ∂L

∂t
−

n∑
i=1

∂L

∂qi
�i t −

n∑
j=1

n−m∑
r=1

∂T

∂u j
γ j

r ur (4.393)

Let us compare the energy rate equations (4.380) and (4.393). For a general system of N
rigid bodies, we have the corresponding terms

N∑
i=1

(pi · γ̇ i t + Hci · β̇i t ) = ∂T

∂t
+

n∑
k=1

∂T

∂qk
�kt +

n∑
j=1

n−m∑
r=1

∂T

∂u j
γ j

r ur (4.394)
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where

γ j
r =

n∑
i=1

n∑
k=1

(
∂� j i

∂qk
− ∂� jk

∂qi

)
�kt�ir +

n∑
i=1

(
∂� j i

∂t
− ∂� j t

∂qi

)
�ir (4.395)

It appears that, in the general nonholonomic case, the left-hand side of (4.394) is easier to
evaluate that is its right-hand side. Thus, (4.380) is more direct than (4.393) in the general
case.

From (4.380), we see that sufficient conditions for a conservative system, implying a
constant value of E , are:

1. Q′
j = 0 for all j , that is, all the generalized forces Q j are derivable from a potential

energy function of the form V (q).
2. The functions �kt , pi · γ̇ i t , and Hci · β̇i t are all continuously equal to zero.

Example 4.12 A particle of mass m can slide on a wire in the form of a circle of radius r
which rotates about a vertical diameter with a variable angular velocity�(t) (Fig. 4.8). We
wish to determine the energy rate Ė .

This is a rheonomic holonomic system with one generalized coordinate and no constraints.
Lagrange’s equation applies and (4.355) reduces to

Ė = Ṫ2 − Ṫ0 + V̇ = −∂L
∂t

(4.396)
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Figure 4.8.
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We see that

T = 1

2
mr2(θ̇2 +�2 sin2 θ ) (4.397)

V = mgr cos θ (4.398)

Thus, we obtain

Ė = −∂T
∂t

= −mr2��̇ sin2 θ (4.399)

For the particular case in which� is constant, we see that E = T2 − T0 + V has a constant
value and the system is conservative. The total energy T + V is not constant, however,
because there is a torque about the vertical axis that is required to keep the angular velocity
� constant even though θ is varying.

If we use the Boltzmann–Hamel approach, as given in (4.393), the same result occurs.
Here we can take u1 = θ̇ and note that both �i t and γ j

r vanish.
Finally, if we use the general energy rate expression in (4.379), we find that it reduces to

Ė = −mv1 · γ̇1t (4.400)

where

v1 = r θ̇eθ + r� sin θ eφ (4.401)

γ1t = r� sin θ eφ (4.402)

Now

ėφ = Ω × eφ = −� sin θ er −� cos θ eθ (4.403)

so

γ̇1t = −r�2 sin2 θ er − r�2 sin θ cos θ eθ + r (�̇ sin θ +�θ̇ cos θ )eφ (4.404)

Thus, (4.400) results in

Ė = −mr2��̇ sin2 θ (4.405)

in agreement with our earlier results.
One can check the energy rate by first noting that

Ṫ2 = mr2θ̇ θ̈ (4.406)

Ṫ0 = mr2�2θ̇ sin θ cos θ + mr2��̇ sin2 θ (4.407)

V̇ = −mgr θ̇ sin θ (4.408)

The equation of motion, obtained from Lagrange’s equation, is

mr2θ̈ − mr2�2 sin θ cos θ − mgr sin θ = 0 (4.409)

Substitute the expression for mr2θ̈ from (4.409) into (4.406). Then we find that

Ė = Ṫ2 − Ṫ0 + V̇ = −mr2��̇ sin2 θ (4.410)
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Figure 4.9.

which checks with (4.405).

Example 4.13 A rheonomic nonholonomic system consists of two particles, each of mass
m which are connected by a massless rod of length l, as shown in Fig. 4.9. Particle 1 has
a nonholonomic constraint in the form of a knife-edge which rotates at a constant rate �
relative to the rod. Let us choose (x, y, φ) as qs, and let

u1 = v, u2 = φ̇ (4.411)

where v is a quasi-velocity. We wish to find the differential equations of motion and to
evaluate the energy rate Ė .

First, the differential equations of motion are obtained from the fundamental equation
for a system of particles, namely,

d

dt

(
∂T

∂u j

)
−

N∑
i=1

mivi · γ̇ i j = Q j (4.412)

Assume that the xy-plane is horizontal. The only constraint force is perpendicular to the knife
edge and does no work in an arbitrary virtual displacement. Therefore, each generalized
applied force Q j is zero. The velocities of the two particles are

v1 = vet , v2 = (v + lφ̇ sin�t)et + lφ̇ cos�t en (4.413)

Thus, the constrained kinetic energy is

T = 1

2
m
(
v2

1 + v2
2

) = 1

2
m(2v2 + l2φ̇2 + 2lvφ̇ sin�t) (4.414)

The velocity coefficients are

γ i j = ∂vi

∂u j
(4.415)
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resulting in

γ11 = et , γ12 = 0, γ21 = et , γ22 = l(sin�t et + cos�t en) (4.416)

Also, we note that the γ i t coefficients are equal to zero.
A differentiation of (4.416) with respect to time results in

γ̇12 = 0, γ̇11 = γ̇21 = (φ̇ +�)en, γ̇22 = lφ̇(− cos�t et + sin�t en) (4.417)

where we note that et and en rotate counterclockwise with an angular velocity (φ̇ +�).
The u1 equation is obtained by first evaluating

d

dt

(
∂T

∂v

)
= 2mv̇ + mlφ̈ sin�t + ml�φ̇ cos�t (4.418)

In addition, we find that

m(v1 · γ̇11 + v2 · γ̇21) = mlφ̇(φ̇ +�) cos�t (4.419)

Then, using (4.412), the first equation of motion is

2mv̇ + mlφ̈ sin�t − mlφ̇2 cos�t = 0 (4.420)

In a similar manner, we obtain

d

dt

(
∂T

∂φ̇

)
= ml2φ̈ + mlv̇ sin�t + ml�v cos�t

(4.421)

m(v1 · γ̇12 + v2 · γ̇22) = −mlvφ̇ cos�t (4.422)

The second equation of motion is

ml2φ̈ + mlv̇ sin�t + mlv(φ̇ +�) cos�t = 0 (4.423)

These two equations of motion constitute a minimum set for this system which has two
degrees of freedom.

Equation (4.420) can be interpreted as stating that the rate of change of linear momentum
in the direction of the knife edge is equal to zero. The second equation of motion, (4.423),
states that, if particle 1 is chosen as a noninertial reference point, the rate of change of
angular momentum is equal to the inertial moment due to the acceleration of particle 1.
Thus, it is convenient to think in terms of an accelerating but nonrotating reference frame
in this instance.

The energy rate Ė for a system of N particles can be written in the form

Ė =
n−m∑
r=1

Q′
r ur + ∂V

∂t
+

n∑
k=1

∂V

∂qk
�kt −

N∑
i=1

mivi · γ̇ i t (4.424)

in accordance with (4.379). We find that Q′
r , V ,�kt and γ i t are all equal to zero, so Ė = 0.

Thus, the energy function E , which in this case is the total kinetic energy, is constant during
the motion.

This is an example of a system for which the kinetic energy is an explicit function of
time and yet it is conservative.
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Second method If the Lagrangian method is used, we have three differential equations
of motion involving Lagrange multipliers. Also, there is the nonholonomic constraint
equation

−ẋ sin(φ +�t) + ẏ cos(φ +�t) = 0 (4.425)

which states that the velocity of particle 1 normal to the knife edge is zero.
The kinetic energy of the unconstrained system is

T = 1

2
m[2ẋ2 + 2ẏ2 + l2φ̇2 + 2lφ̇(−ẋ sinφ + ẏ cosφ)] (4.426)

We note that T is not an explicit function of time, and we can take the potential energy
function V equal to zero; hence ∂L/∂t = 0. Furthermore, the nonholonomic constraint
is homogeneous and linear in the q̇s, and is therefore conservative. Thus, the sufficient
conditions for a conservative system are satisfied, implying, in this case, that the total
kinetic energy is a constant of the motion.

Third method Let us use the Boltzmann–Hamel approach. The equations for a complete
set of three us in terms of q̇s are

u1 = v = ẋ cos(φ +�t) + ẏ sin(φ +�t) (4.427)

u2 = φ̇ (4.428)

u3 = −ẋ sin(φ +�t) + ẏ cos(φ +�t) (4.429)

The nonholonomic constraint is applied by setting u3 equal to zero.
The unconstrained kinetic energy is

T = m

[
u2

1 + 1

2
l2u2

2 + u2
3 + lu2(u1 sin�t + u3 cos�t)

]
(4.430)

and the general Boltzmann–Hamel equation (4.85) reduces to

d

dt

(
∂T

∂ur

)
+

3∑
j=1

2∑
l=1

∂T

∂u j
γ

j
rlul +

3∑
j=1

∂T

∂u j
γ j

r = 0 (r = 1, 2) (4.431)

In evaluating γ j
rl and γ j

r , we note that the � j i coefficients are explicit functions of time, in
general, but all the � j t coefficients vanish, as well as the �kt .

After a rather lengthy calculation, the equations of motion found earlier in (4.420) and
(4.423) are obtained. The Boltzmann–Hamel energy rate expression in (4.393) reduces for
this example to

Ė = −∂T
∂t

−
3∑

j=1

2∑
r=1

∂T

∂u j
γ j

r ur (4.432)

We find that

∂T

∂t
= ml�vφ̇ cos�t (4.433)



274 Equations of motion: differential approach

and

3∑
j=1

2∑
r=1

∂T

∂u j
γ j

r ur = −ml�vφ̇ cos�t (4.434)

Hence, Ė = 0 and E = T is a constant of the motion even though T is an explicit function
of time. Note that the kinetic energy is a homogeneous quadratic function of the us.

Comparing the three methods which were presented for analyzing this rheonomic non-
holonomic system, the first method using the fundamental dynamical equation for a system
of particles would seem to be preferable. It provides a minimum set of equations of motion
without Lagrange multipliers. Furthermore, the energy rate is found to be zero by inspection.

4.8 Summary of differential methods

In the study of differential methods in the dynamics of systems of particles or rigid bod-
ies, it is well to begin with Newton’s law of motion. Angular momentum methods can
also be employed, resulting in Euler’s equations for the rotational motion of rigid bod-
ies. These elementary approaches frequently require the introduction of constraint forces
and moments as additional variables in the dynamical equations, thereby complicating the
analysis.

Lagrange’s equations, when applied to holonomic systems with independent qs, result
in a minimum set of equations of motion without the necessity of solving for constraint
forces. In other words, although one set of qs may be subject to holonomic constraints,
another set of qs can be found which are independent and are consistent with the previous
constraints. No generalized constraint forces enter into the Lagrange equations of motion
for this system.

On the other hand, if there are nonholonomic constraints, then more qs are required than
the number of degrees of freedom. The use of the Lagrangian procedure involves Lagrange
multipliers which are associated with generalized constraint forces. If there are n qs and m
constraint equations, one obtains n second-order dynamical equations in addition to the m
constraint equations.

The use of Maggi’s equation eliminates the Lagrange multipliers and results in (n − m)
second-order equations of motion plus the m constraint equations. The Lagrange and Maggi
methods have the disadvantages, however, that the kinetic energy cannot be written in terms
of quasi-velocities, and must be written for the unconstrained system.

In the efficient representation of dynamical systems, it is desirable to obtain a minimal
set of (n − m) first-order differential equations of motion. This is possible in the general
nonholonomic case if one uses independent quasi-velocities as velocity variables. The
remaining four differential methods discussed in this chapter all result in a minimal set of
dynamical equations. The use of the Boltzmann–Hamel equation is the most complicated of
these methods and requires that the kinetic energy be written for the unconstrained system
having n degrees of freedom. The other three methods allow one to assume a constrained
system with (n − m) degrees of freedom from the beginning.
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Energy rate expressions can be obtained in several forms, depending upon the type of
dynamical equations used in their derivation. Each of these expressions can be used to obtain
a set of sufficient conditions for a conservative system, that is, a system having a constant
energy function E . In the usual case, E = T2 − T0 + V rather than the total energy T + V .

If the equations of motion for a given system are being integrated numerically, the energy
rate Ė can be used as a check on the calculations. This is accomplished by integrating Ė
separately with respect to time, and comparing the change in the energy E with that obtained
from the integrated solutions to the equations of motion.

A note on quasi-velocities

We have defined quasi-velocities (us) in accordance with the equations

u j =
n∑

i=1

� j i (q, t)q̇ i +� j t (q, t) ( j = 1, . . . , n) (4.435)

where the right-hand sides are not integrable, in general. Moreover, we assumed that these
equations can be solved for the q̇s, resulting in

q̇ i =
n∑

j=1

�i j (q, t)u j +�i t (q, t) (i = 1, . . . , n) (4.436)

Thus, we have assumed that the us and q̇s are related linearly. If there are m linear non-
holonomic constraints, these are represented by setting the last m us equal to zero. The
remaining (n − m) us are independent.

Furthermore, we have expressed velocities and angular velocities in accordance with the
linear relations

vi =
n∑

j=1

γ i j (q, t)u j + γ i t (q, t) (4.437)

ωi =
n∑

j=1

βi j (q, t)u j + βi t (q, t) (4.438)

and we note that the γs and βs can be used in writing the differential equations of motion.
It is possible, however, to define the us in a way such that, in general, the q̇s are nonlinear

functions of the us. For a system with n qs and m independent nonholonomic constraints, one
can define the (n − m) independent us as a set of parameters which specify the operating
point in velocity space, that is, q̇-space. This operating point must lie on each of the m
constraint surfaces in velocity space, and therefore on their common intersection.

We need to find expressions for the γs and βs in writing the equations of motion,
but the linear equations (4.437) and (4.438) are no longer valid for the more general us.
Nevertheless, we can use

γ i j (q, u, t) = ∂vi (q, u, t)

∂u j
(4.439)

βi j (q, u, t) = ∂ωi (q, u, t)

∂u j
(4.440)
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A given set of us may not have uniform dimensions, and so the question now arises
concerning how the corresponding Qs are to be found. One can use virtual work or, in this
case, virtual power to evaluate the Qs. For example, if a system of N particles has a force
Fi applied to the i th particle (i = 1, . . . , N ), then, using virtual velocities,

N∑
i=1

Fi · δvi =
n−m∑
j=1

Q jδu j (4.441)

where

δvi =
n−m∑
j=1

∂vi

∂u j
δu j =

n−m∑
j=1

γ i jδu j (4.442)

Then, since the δus are independent, we obtain

Q j =
N∑

i=1

Fi · γ i j ( j = 1, . . . , n − m) (4.443)

Example 4.14 Consider the simple case of a particle of mass m which has a force F
applied to it. Let us choose (v, θ, φ) as us to represent the velocity vector v of the particle
in three-dimensional velocity space (Fig. 4.10).

This is similar to the use of spherical coordinates to designate a position in ordinary
3-space. The unit vectors ev , eθ , eφ form an orthogonal triad with eφ = ev × eθ . In place of
(4.436) we have the equations

ẋ = v sin θ cosφ (4.444)

ẏ = v sin θ sinφ (4.445)

ż = v cos θ (4.446)
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y
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φ
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eθ
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eφ
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Figure 4.10.



277 Summary of differential methods

which are nonlinear in the us. Conversely, we find that

u1 = v =
√

ẋ2 + ẏ2 + ż2 (4.447)

u2 = θ = cos−1 ż√
ẋ2 + ẏ2 + ż2

(4.448)

u3 = φ = tan−1 ẏ

ẋ
(4.449)

which are nonlinear and replace (4.435).

First method Let us use the general dynamical equation in the form

N∑
i=1

mi v̇i · γ i j = Q j (4.450)

The velocity is

v = vev(θ, φ) (4.451)

and the velocity coefficients, obtained by using (4.439), are

γ11 = ev, γ12 = v ∂ev
∂θ

= veθ , γ13 = v ∂ev
∂φ

= v sin θ eφ (4.452)

Note that the γs can be functions of the us in contrast to (4.437).
The particle acceleration is

v̇ = v̇ev + vėv = v̇ev + vθ̇eθ + vφ̇ sin θ eφ (4.453)

and the force F, in terms of its components, is

F = Fvev + Fθeθ + Fφeφ (4.454)

Hence, using (4.443), we find that

Q1 = Fv, Q2 = Fθ v, Q3 = Fφv sin θ (4.455)

Finally, using (4.450), the v equation is

mv̇ = Fv (4.456)

Similarly, the θ equation is

mv2θ̇ = Fθ v

or

mvθ̇ = Fθ (4.457)

The φ equation is

mv2φ̇ sin2 θ = Fφv sin θ
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or

mvφ̇ sin θ = Fφ (4.458)

Actually, knowing v̇, these equations of motion could have been obtained directly by
applying Newton’s law in the three orthogonal directions.

Second method Let us consider the Gibbs–Appell equation

∂S

∂ u̇ j
= Q j (4.459)

where, in this case,

S = 1

2
mv̇2 = 1

2
m[v̇2 + (vθ̇ )2 + (vφ̇ sin θ )2] (4.460)

The v equation of motion is

∂S

∂v̇
= mv̇ = Fv (4.461)

The θ equation is

∂S

∂θ̇
= mv2θ̇ = Fθ v (4.462)

or

mvθ̇ = Fθ (4.463)

The φ equation is

∂S

∂φ̇
= mv2φ̇ sin2 θ = Fφv sin θ (4.464)

or

mvφ̇ sin θ = Fφ (4.465)

We see that the Gibbs–Appell method is quite direct when applied to this example.
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4.10 Problems

4.1. Suppose we wish to analyze the unsymmetrical top of Example 4.7, using Maggi’s
equation. Referring to Fig. 4.5 on page 243, let the generalized coordinates be
(φ, θ, ψ, X, Y ) where φ is the angle between the positive X -axis and the θ̇ vector.
Let the independent us be u1 = φ̇, u2 = θ̇ , and u3 = ψ̇ . (a) Obtain the unconstrained
kinetic energy T (q, q̇) and the potential energy V (q). (b) Write the constraint equa-
tions. (c) Find Qi and �i j for i = 1, . . . , 5 and j = 1, 2, 3.

4.2. Two particles, each of mass m, are connected by a massless rod of length l. They can
move on a horizontal turntable which rotates at a constant rate�. There is a knife-edge
constraint at particle 1 which allows no velocity relative to the turntable in a direction
normal to the knife edge. Use (r, θ, φ) as qs and (vr , φ̇) as independent us, where vr
is the speed of particle 1 relative to the turntable. (a) Find the differential equations of
motion. (b) Evaluate the energy rate Ė .
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4.3. A sphere of mass m, radius r , and central moment of inertia I rolls without slipping in
a fixed horizontal cylinder (Fig. P 4.3). Choose (ω1, ω2, ω3) as quasi-velocities, where
ω is the angular velocity of the sphere. Use the Gibbs–Appell equation to obtain the
differential equations of motion.
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4.4. A sphere of radius r , mass m, and central moment of inertia I can roll without slipping
on a wedge of mass m0 and wedge angle α. The XY Z frame is inertial with the Z -axis
vertical. The xyz frame is fixed in the wedge; the xy-plane forms the slanted surface
on which the contact point C moves. The wedge can slide on the horizontal XY -plane
without friction, but in the Y -direction only. Its speed in this direction is v. There is
no rotation of the wedge. (a) Use the general dynamical equation or the Gibbs–Appell
equation to find the differential equations of motion. Let the sphere be body 1 with the
reference point at its center. The wedge is body 2. Choose (ωx , ωy, ωz, v) as us, where
ω is the angular velocity of the sphere. (b) If the contact point C is located at (x, y)
relative to the wedge, write the kinematic equations for ẋ and ẏ.
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4.5. Consider a sphere of mass m, radius r , and central moment of inertia I which rolls
without slipping on the inside surface of a fixed vertical cylinder of radius R (Fig. P4.5).
(a) Choose the angular velocity components (ωr , ωφ, ωz) as quasi-velocities and obtain
the differential equations of motion. (b) Show that the vertical motion of the sphere is
sinusoidal.
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4.6. An axially-symmetric top with a spherical point moves without slipping on a horizontal
plane. The xy-plane remains horizontal and there is no rotation of the xyz frame about
its vertical z-axis. Classical Euler angles (φ, θ, ψ) are used to specify the orientation of
the top. The orthogonal e1e2e3 unit vector triad has e1 along the symmetry axis and e3

remains horizontal. The center of mass C is located at a distance l from P , the center of
the spherical point. The top has mass m and moments of inertia Ia about the symmetry
axis and Ip about a transverse axis through P . Choose angular velocity components
(ω1, ω2, ω3) of the top as quasi-velocities and obtain the differential equations of
motion by using the general dynamical equation.
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4.7. A uniform sphere of radius r , mass m, and central moment of inertia I rolls without
slipping on the vertical xz-plane which rotates about the fixed z-axis at a constant
rate � > 0. The sphere has a center C at (x, y, z) and P is the contact point. Choose
the components (ωx , ωy, ωz) of the angular velocity ω of the sphere as independent
quasi-velocities. (a) Find the differential equations of motion by using the fundamental
dynamical equation. (b) Assume the initial conditions x(0) = x0 > 0, ẋ(0) = v0 > 0,
y(0) = r , ẏ(0) = 0, z(0) = z0, ż(0) = 0, ωy(0) = 0. Show that the vertical velocity ż
is a sinusoidal function of time. (c) What is the minimum value of v0 that will ensure
that the sphere will remain in contact with the xz-plane?
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4.8. A thin uniform disk of mass m and radius r rolls without slipping on the horizontal
xy-plane. A particle of mass m0 is attached at a distance l from its center. Choose the
classical Euler angles (φ, θ, ψ) as qs and let the us be (θ̇ , ωd , �). Consider the disk
and particle as separate bodies and take the reference point of the disk at its center.
Use the general dynamical equation to obtain the equations of motion.

4.9. A two-wheeled cart consists of body 1 of mass m0 and moment of inertia Ic about its
center of mass C , plus wheels 2 and 3, each a thin uniform disk of mass m and radius r .
The wheels roll without slipping, and the body slides without friction on the horizontal
XY -plane. The center of mass C of the body is at a distance l from P , where P is the
midpoint of the rigidly attached axle of length 2b. Obtain the differential equations of
motion using (v, θ̇ ) as quasi-velocities, where v is the speed of P in the direction of
the x-axis.
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4.10. A uniform sphere of mass m, radius r , and central moment of inertia I rolls without
slipping on the inside surface of a cone that has a vertical axis and a vertex angle
α. Let φ̇ be the angular velocity of the center C about the vertical axis, and let ω
be the angular velocity of the sphere. Use the components (ω1, ω2, ω3) as quasi-
velocities and obtain the differential equations of motion. To simplify the algebra,
use the notation b ≡ r/(R sinα − r cosα) which is ratio of r to the distance of the
center C from the vertical axis.
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4.11. The system of three particles (Fig. P 4.11) approximates the dynamical characteristics
of a cart with castered wheels. Particle 1 with its knife edge represents the rear wheels.
Particle 3 with its knife edge represents the front wheels that have an offset l. There is
a joint at particle 2. The force F is constant in magnitude and is directed longitudinally
along e1. Use (v, θ̇ ) as quasi-velocities and obtain the differential equations of motion.
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4.12. A sphere of mass m, radius r , and central moment of inertia I rolls on the horizontal
xy-plane which has a system of concentric knife edges embedded in it. At the contact
point (R, θ) between the sphere and the horizontal plane, there is no slipping in the
radial direction, but slipping can occur without friction in the eθ direction. (a) Obtain
the differential equations of motion using (vθ , ωr , ωθ , ωz) as quasi-velocities, where
v is the velocity of the center of the sphere and ω is its angular velocity. (b) Find
the angular momentum about the origin O and show that it is conserved. (c) Assume
that m = 1, r = 1, and I = 2

5 in a consistent set of units. If the initial conditions are
R(0) = 10, θ (0) = 0, vθ (0) = 1 and ω(0) = 0, solve for the final values of θ , vθ , ωr ,
and ωθ .
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4.13. A dumbbell consists of two particles, each of mass m, connected by a massless rod of
length l. It moves on a smooth spherical depression of radius r . The configuration of
the system is given by the generalized coordinates (α, θ, φ), where θ > 0 and where
the positive φ̇ vector is in the e3 direction. Let φ = 0 when the rod is horizontal. The
unit vectors e2 and e3 lie in the plane of triangle O12. The center of mass C moves
on a sphere of radius R = (r2 − 1

4 l
2)1/2. A knife-edge constraint allows no velocity

component of particle 1 in the e1 direction. Choose (v, ω3) as independent us, where
v is the velocity component of C in the e2 direction and ω3 is the e3 component of the
angular velocity ω of O12. (a) Find the differential equations of motion. (b) Obtain
the kinematic expressions for α̇, θ̇ , and φ̇ as functions of the qs and us.
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4.14. The point P of an axially symmetric top moves with a constant angular velocity ω0

around a horizontal circular path of radius r . At time t = 0, the line OP has the
direction of the positive X -axis. The frame XY Z is nonrotating and translates with
P . Use type II Euler angles as qs and (φ̇, θ̇ , �) as us, where � is the total angular
velocity about the symmetry axis. (a) Find the differential equations of motion. (b)
Obtain the energy rate Ė as a function of (q, u, t), assuming that the kinetic energy
is calculated relative to the XY Z frame. (c) Find the possible steady precession
rates, that is, φ̇ = ω0 with the top leaning outward at a constant angle θ0 and with
φ − ω0t = π/2. Assume that �2 is sufficiently large to ensure stability.

4.15. A rectangular block of mass m has a massless axle and wheels attached along its base,
and can roll without slipping on the horizontal XY -plane (Fig. P 4.15). The origin O
of the xyz body-fixed principal axis system is the reference point at the midpoint of
the axle. The y-axis is horizontal and the x-axis makes an angle θ with the horizontal
plane. Choose (X, Y, φ, θ) as generalized coordinates and (v, φ̇, θ̇ ) as us. (a) Obtain
the differential equations of motion. (b) Find the kinematic equations for Ẋ and Ẏ .
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4.16. A uniform sphere of mass m, radius r , and central moment of inertia I rolls without
slipping on a fixed sphere of radius R. Let the coordinates (φ, θ) specify the location
of the center C and choose (ω1, ω2, ω3) as quasi-velocities, where ω is the angular
velocity of the sphere. (a) Obtain the differential equations of motion. (b) Show that
the motion of the line OC is similar to that of the symmetry axis of a top with a fixed
point.
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4.17. A particle of mass m moves relative to a fixed Cartesian xyz frame under the action
of a constant force Fx that is directed parallel to the positive x-axis. There is a
nonholonomic constraint of the form

ż − k
√

ẋ2 + ẏ2 = 0

where k is a positive constant. Note that k = tanβ where β is the constant angle of the
velocity vector v above the horizontal xy-plane. Let (x, y, z) denote the position of
the particle and choose (v, φ) as us, where v = (ẋ2 + ẏ2 + ż2)1/2 and tanφ = ẏ/ẋ .
Obtain the differential equations of motion.

4.18. A uniform sphere of mass m, radius r , and central moment of inertia I rolls without
slipping on a horizontal turntable which rotates at a constant rate � about its center
O . The xyz frame is inertial and the coordinates of the center C of the sphere are
(x, y, r ). Let ω be the angular velocity of the sphere and choose (ωx , ωy, ωz) as
quasi-velocities. (a) Obtain the differential equations of motion. (b) Assuming general
initial conditions x(0) = x0, y(0) = y0, ẋ(0) = ẋ0, ẏ(0) = ẏ0, show that the path of
C is circular by solving for x(t) and y(t). (c) Show that the horizontal component of
the angular momentum about O is constant.
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4.19. A uniform sphere of mass m, radius r , and central moment of inertia I rolls without
slipping on a fixed wavy surface described by

z = h

2

(
1 − cos

2πy

L

)
where h/L << 1 (Fig. P 4.19). (a) Choose the angular velocity components
(ωx , ωy, ωz) of the sphere as quasi-velocities and use the general dynamical equation
to obtain the differential equations of motion. Retain terms to first order in the small
parameter h/L . (b) Give the kinematic differential equation for ẏ.
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4.20. A thin uniform disk of mass m and radius r moves on a frictionless horizontal plane.
Choose type II Euler angles (φ, θ, ψ) as generalized coordinates. Theus are (θ̇ , ωd , �)
where � is the total angular velocity about the symmetry axis and ωd is the angular
velocity about a diameter through the contact point. (a) Obtain the differential equa-
tions of motion. (b) Consider the case of motion with small positive θ , positive ωd ,
and let � = −√

2g/r . Solve for ωd and the precession rate φ̇.
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5 Equations of motion: integral approach

Integral principles and, in particular, Hamilton’s principle, have long occupied a prominent
position in analytical mechanics. Hamilton’s principle, first announced in 1834, presents
a variational principle as the basis for the dynamical description of a holonomic system.
This approach tends to view the motion as a whole and involves a search for the path in
configuration space which yields a stationary value for a certain integral. As a result, one
obtains the differential equations of motion.

The requirement of stationarity does not apply to nonholonomic systems. Nevertheless,
one can use integral methods to obtain the equations of motion for nonholonomic systems.
Here we use the integral of the variation rather than the variation of the integral. In this
chapter, we shall discuss the derivation and application of these methods, particularly with
respect to nonholonomic systems.

5.1 Hamilton’s principle

Holonomic system

Consider a dynamical system whose motion satisfies Lagrange’s principle, namely,

n∑
i=1

[
d

dt

(
∂T

∂q̇i

)
− ∂T

∂qi
− Qi

]
δqi = 0 (5.1)

There are n generalized coordinates and the δqs satisfy the instantaneous constraints. The
kinetic energy T (q, q̇, t) is written for the unconstrained system, and is assumed to have
at least two continuous derivatives in each of its arguments. Qi is the generalized applied
force associated with qi .

Now integrate (5.1) with respect to time over the fixed interval t1 to t2. Using integration
by parts, we find that

∫ t2

t1

n∑
i=1

d

dt

(
∂T

∂q̇i

)
δqidt = −

∫ t2

t1

n∑
i=1

∂T

∂ q̇i

d

dt
(δqi )dt +

[
n∑

i=1

∂T

∂ q̇i
δqi

]t2

t1

(5.2)
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Hence, we obtain

∫ t2

t1

[
n∑

i=1

∂T

∂qi
δqi +

n∑
i=1

∂T

∂q̇i

d

dt
(δqi ) +

n∑
i=1

Qiδqi

]
dt =

[
n∑

i=1

∂T

∂ q̇i
δqi

]t2

t1

(5.3)

The δqs satisfy the m instantaneous constraint equations

n∑
i=1

a ji (q, t)δqi = 0 ( j = 1, . . . ,m) (5.4)

and are assumed to equal zero at the fixed end points t1 and t2. Thus, the right-hand side of
(5.3) vanishes.

The actual and varied paths in extended configuration space are shown in Fig. 5.1. The
δqs are contemporaneous variations, that is, they take place with time held fixed. Note that,
for a given actual path, the varied path is specified by the δqs which satisfy (5.4).

Let us assume that the qs and q̇s are continuous functions of time along the actual and
varied paths. Then we can write

d

dt
(δqi ) = δq̇i (i = 1, . . . , n) (5.5)

The transposition of d and δ operators will be discussed later in the chapter.
Referring again to (5.3), note that

δT =
n∑

i=1

∂T

∂qi
δqi +

n∑
i=1

∂T

∂q̇i
δq̇ i (5.6)
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and the virtual work is

δW =
n∑

i=1

Qiδqi (5.7)

Thus, we obtain∫ t2

t1

(δT + δW )dt = 0 (5.8)

This important result applies to the same wide variety of dynamical systems as does
Lagrange’s principle as given by (5.1). We shall return to this equation when we consider
nonholonomic systems.

Now let us assume that all the applied forces are associated with a potential energy
function V (q, t). Then δW = −δV and we can write (5.8) in the form∫ t2

t1

δLdt = 0 (5.9)

where the Lagrangian function L(q, q̇, t) = T − V . Assuming a holonomic system, the
operations of integration and variation can be interchanged. Thus, we obtain

δ

∫ t2

t1

Ldt = 0 (5.10)

which is the usual form of Hamilton’s principle.
The variation of the integral in (5.10) implies that the actual and varied paths satisfy the

m constraint equations of the form

n∑
i=1

q ji (q, t)q̇ i + a jt (q, t) = 0 ( j = 1, . . . ,m) (5.11)

where these expressions are integrable in this holonomic case. On the other hand, the integral
of the variation, as in (5.9), implies that the δqs in the expression for δL must satisfy the
instantaneous constraints of (5.4). For holonomic systems, the varied paths satisfy both the
actual and instantaneous constraint equations. The solutions of (5.10) have the property of
stationarity; whereas the solutions of (5.9) may or may not have this property, depending
on the nature of the constraints.

Now let us restate Hamilton’s principle, as it applies to holonomic systems, as follows:
The actual path in configuration space followed by a holonomic dynamical system between
the fixed times t1 and t2 is such that the integral

I =
∫ t2

t1

Ldt (5.12)

is stationary with respect to path variations which vanish at the end-points.
To reiterate, the primary assumptions in the derivation of Hamilton’s principle are that:

(1) the variations δqi satisfy the instantaneous constraint equations; (2) the end-points are
fixed in configuration space and time; and (3) all the applied forces are derivable from a
potential energy function V (q, t). Note that the system need not be conservative.



292 Equations of motion: integral approach

An alternate approach to obtaining the equations of motion for a holonomic system is to
begin with Hamilton’s principle as a stationarity principle. With this as a starting point, and
using the same assumptions as before, we can derive Lagrange’s principle. To see how this
develops, let us begin with

δ

∫ t2

t1

Ldt =
∫ t2

t1

δLdt =
∫ t2

t1

n∑
i=1

(
∂L

∂qi
δqi + ∂L

∂q̇ i
δq̇ i

)
dt = 0 (5.13)

Then, using (5.5) and integrating by parts, we obtain

∫ t2

t1

n∑
i=1

[
d

dt

(
∂L

∂ q̇ i

)
− ∂L

∂qi

]
δqidt =

n∑
i=1

[
∂L

∂q̇ i
δqi

]t2

t1

= 0 (5.14)

If the δqs are unconstrained, and therefore arbitrary, each coefficient must equal zero,
yielding

d

dt

(
∂L

∂q̇ i

)
− ∂L

∂qi
= 0 (i = 1, . . . , n) (5.15)

which is Lagrange’s equation. This is also the Euler–Lagrange equation of the calculus of
variations.

On the other hand, if the δqs are constrained by (5.4), then the integrand must equal zero
at each instant of time since the limits t1 and t2 are arbitrary. Thus, we obtain Lagrange’s
principle, namely,

n∑
i=1

[
d

dt

(
∂L

∂q̇ i

)
− ∂L

∂qi

]
δqi = 0 (5.16)

for this case where all the generalized applied forces are obtained from the potential energy
V (q, t).

Nonholonomic system

Although stationarity, as expressed in Hamilton’s principle, is central to the dynamical
theory of holonomic systems, it does not apply to nonholonomic systems. To see how this
comes about, let us consider a nonholonomic system and require that each varied path must
satisfy the actual constraint equations of the general form

f j (q, q̇, t) = 0 ( j = 1, . . . ,m) (5.17)

These constraints are enforced by invoking the multiplier rule. The multiplier rule states
that the constrained stationary values of the integral of (5.12) are found by considering the
free variations of

I =
∫ t2

t1

�dt (5.18)
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where �(q, q̇, µ, t) is the augmented Lagrangian function which is formed by adjoining
the constraint functions to the Lagrangian function by using Lagrange multipliers. Thus,

� = L(q, q̇, t) +
m∑

j=1

µ j f j (q, q̇, t) (5.19)

where the Lagrange multipliers µ j (t) are treated as additional variables to be determined.
The stationarity of the free variations of the integral of (5.18) results in the Euler-Lagrange

equations

d

dt

(
∂�

∂q̇ i

)
− ∂�

∂qi
= 0 (i = 1, . . . , n) (5.20)

∂�

∂µ j
= f j (q, q̇, t) = 0 ( j = 1, . . . ,m) (5.21)

Note that (5.21) merely restates the constraint equations.
Now let us apply (5.20) to a nonholonomic system in which the constraint functions are

linear in the q̇s. Thus, the constraint equations have the familiar form

f j (q, q̇, t) =
n∑

i=1

a ji (q, t)q̇ i + a jt (q, t) = 0 ( j = 1, . . . ,m) (5.22)

Then, using (5.19) and (5.20), we obtain

d

dt

(
∂L

∂ q̇ i

)
− ∂L

∂qi
= −

m∑
j=1

d

dt
(µ j a ji ) +

m∑
j=1

n∑
k=1

µ j
∂a jk

∂qi
q̇k +

m∑
j=1

µ j
∂a jt

∂qi

= −
m∑

j=1

µ̇ j a ji +
m∑

j=1

n∑
k=1

µ j

(
∂a jk

∂qi
− ∂a ji

∂qk

)
q̇k

+
m∑

j=1

µ j

(
∂a jt

∂qi
− ∂a ji

∂t

)
(i = 1, . . . , n) (5.23)

These are the Euler–Lagrange equations for finding the solution path leading to a sta-
tionary value of the integral I of (5.12), where both the actual and varied paths satisfy the
constraints given by (5.22). Comparing (5.23) with the known form of Lagrange’s equation
for this nonholonomic system, namely,

d

dt

(
∂L

∂ q̇ i

)
− ∂L

∂qi
=

m∑
j=1

λ j a ji (i = 1, . . . , n) (5.24)

we see that, in general, the equations are different. We conclude that the requirement of
stationarity leads to incorrect dynamical equations for the general case of nonholonomic
constraints. Conversely, the solution path of a nonholonomic system will not, in general,
result in a stationary value of the integral in (5.12).

On the other hand, if we equate −µ̇ j with λ j and set

∂a jk

∂qi
− ∂a ji

∂qk
= 0 and

∂a jt

∂qi
− ∂a ji

∂t
= 0

(
i, k = 1, . . . , n

j = 1, . . . ,m

)
(5.25)
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which are the exactness conditions, then the system is holonomic and (5.23) reduces to the
correct equation (5.24).

The correct equations of motion of a nonholonomic system can be obtained from∫ t2

t!

δLdt = 0 (5.26)

which may be considered to be the nonholonomic form of Hamilton’s principle. It is not a
stationarity principle, however, and thereby differs fundamentally from its usual holonomic
form given in (5.10). Equation (5.26) assumes that: (1) the actual and varied paths are
continuous functions of time and their difference δq satisfies the instantaneous constraint
equations; (2) the δqs equal zero at the fixed end-points t1 and t2; and (3) all the applied
forces arise from a potential energy function V (q, t).

More generally, when the applied forces do not arise from a potential energy function,
one can use∫ t2

t1

(δT + δW )dt = 0 (5.27)

where the virtual work is

δW =
n∑

i=1

Qiδqi (5.28)

and the δqs satisfy (5.4). As we found in the derivation of (5.8), this result is essentially an
integrated form of Lagrange’s principle, (5.1).

Example 5.1 A flat rigid body of mass m moves in the horizontal xy-plane (Fig. 5.2).
There is a knife-edge constraint at the reference point P , about which the moment of inertia

y

x
O

P

(x, y)

φ

l

m, Ip

c.m.

Figure 5.2.
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is Ip. Assuming the center of mass is located at a distance l from P , and using (x, y, φ) as
generalized coordinates, let us find the differential equations of motion.

We can take V = 0, so Hamilton’s principle has the nonholonomic form∫ t2

t1

δTdt = 0 (5.29)

The unconstrained kinetic energy is, from (3.146),

T = 1

2
m(ẋ2 + ẏ2) + 1

2
Ipφ̇

2 + mlφ̇(−ẋ sinφ + ẏ cosφ) (5.30)

and we obtain

δT = mẋδ ẋ + mẏδ ẏ + Ipφ̇δφ̇ − mlφ̇ sinφ δ ẋ + mlφ̇ cosφ δ ẏ

+ ml(−ẋ sinφ + ẏ cosφ)δφ̇ + mlφ̇(−ẋ cosφ − ẏ sinφ)δφ (5.31)

Noting that

δ ẋ = d

dt
(δx), δ ẏ = d

dt
(δy), δφ̇ = d

dt
(δφ) (5.32)

we find that

δT = (mẋ − mlφ̇ sinφ)
d

dt
(δx) + (mẏ + mlφ̇ cosφ)

d

dt
(δy)

+ (Ipφ̇ − mlẋ sinφ + ml ẏ cosφ)
d

dt
(δφ) − mlφ̇(ẋ cosφ + ẏ sinφ)δφ (5.33)

Now integrate by parts, noting that the δqs equal zero at the end-points. We obtain

∫ t2

t1

δTdt = −
∫ t2

t1

{
d

dt
(mẋ − mlφ̇ sinφ)δx + d

dt
(mẏ + mlφ̇ cosφ)δy

+
[

d

dt
(Ipφ̇ − mlẋ sinφ + ml ẏ cosφ)

+ mlφ̇(ẋ cosφ + ẏ sinφ)

]
δφ

}
dt = 0 (5.34)

The end-points t1 and t2 are arbitrary, so the integrand must be zero continuously. Thus, we
obtain

(mẍ − mlφ̈ sinφ − mlφ̇2 cosφ)δx + (mÿ + mlφ̈ cosφ − mlφ̇2 sinφ)δy

+ (Ipφ̈ − mlẍ sinφ + ml ÿ cosφ)δφ = 0 (5.35)

which is essentially Lagrange’s principle of (5.1).
The nonholonomic constraint equation is

ẋ sinφ − ẏ cosφ = 0 (5.36)
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which states that the velocity of point P perpendicular to the knife edge is zero. The
corresponding instantaneous constraint equation is

sinφ δx − cosφ δy = 0 (5.37)

We can choose two independent sets of (δx, δy, δφ) which satisfy (5.37). Let us choose
virtual displacements proportional to (cosφ, sinφ, 0) and (0, 0, 1). Then, from (5.35) we
obtain the following two differential equations of motion:

mẍ cosφ + mÿ sinφ − mlφ̇2 = 0 (5.38)

Ipφ̈ − mlẍ sinφ + ml ÿ cosφ = 0 (5.39)

Alternatively, we could have noted that

δy = tanφ δx (5.40)

and then considered δx and δφ to be independent.
We need a third differential equation which is obtained by differentiating (5.36) with

respect to time.

ẍ sinφ − ÿ cosφ + ẋ φ̇ cosφ + ẏφ̇ sinφ = 0 (5.41)

Equations (5.38), (5.39), and (5.41) are linear in the q̈s and can be solved for ẍ , ÿ, and φ̈,
which are integrated to obtain the motion as a function of time.

The approach used in this example has yielded three second-order equations, namely,
two dynamical equations and one kinematical equation. Notice that q̇s have been used as
velocity variables in the kinetic energy function; quasi-velocities should be avoided because
equations similar to (5.32) will not apply.

5.2 Transpositional relations

Now let us examine the kinematical effects due to the nonintegrability of the quasi-velocity
expressions and constraint equations often associated with nonholonomic systems. As be-
fore, we shall ultimately be concerned with time integrals of variational expressions, al-
though the transpositional relations under consideration here are differential in nature.
Hence, we will actually study the kinematics of differential paths in configuration space.

The d and δ operators

Let us begin with the differential form

dθ j =
n∑

i=1

� j i (q, t)dqi +� j t (q, t)dt ( j = 1, . . . , n) (5.42)

In general, the differential form is not integrable, so θ j is a quasi-coordinate. The operator
d, as in dqi , represents an infinitesimal change in the variable qi which occurs during the
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infinitesimal time interval dt . If one divides (5.42) by dt , the result is

u j =
n∑

i=1

� j i (q, t)q̇ i +� j t (q, t) ( j = 1, . . . , n) (5.43)

which, again, is not integrable, in general. Here the quasi-velocity u j = dθ j/dt .
The variational equation corresponding to (5.42) is

δθ j =
n∑

i=1

� j i (q, t)δqi ( j = 1, . . . , n) (5.44)

The operator δ in δqi represents an infinitesimal change in qi which is assumed to occur
with time held fixed.

Now let us consider the operations δ and d taken in sequence. Taking the total differential
of (5.44), we obtain

dδθ j =
n∑

i=1

n∑
k=1

∂� j i

∂qk
dqkδqi +

n∑
i=1

∂� j i

∂t
dtδqi +

n∑
i=1

� j i dδqi (5.45)

Similarly, taking the first variation of (5.42), and changing the summing index, we obtain

δdθ j =
n∑

i=1

n∑
k=1

∂� jk

∂qi
dqkδqi +

n∑
i=1

∂� j t

∂qi
dtδqi +

n∑
i=1

� j iδdqi (5.46)

where δt = 0 and δdt = 0 since the variations are contemporaneous.
Next, subtract (5.46) from (5.45). The result is the important transpositional relation

dδθ j −δdθ j =
n∑

i=1

n∑
k=1

(
∂� j i

∂qk
− ∂� jk

∂qi

)
dqkδqi +

n∑
i=1

(
∂� j i

∂t
− ∂� j t

∂qi

)
dtδqi

+
n∑

i=1

� j i (dδqi − δdqi ) ( j = 1, . . . , n) (5.47)

The differential form of (5.42) is linear in the infinitesimal quantities dqi and dt , but we
notice that (5.47) is of second degree in these small quantities. Assuming the nonintegrability
of (5.42) and (5.44), the coefficients of dqkδqi and dtδqi in (5.47) are generally nonzero.
To simplify the notation, we can let

Fj =
n∑

i=1

n∑
k=1

(
∂� j i

∂qk
− ∂� jk

∂qi

)
dqkδqi +

n∑
i=1

(
∂� j i

∂t
− ∂� j t

∂qi

)
dtδqi

( j = 1, . . . , n) (5.48)

Then we obtain

dδθ j − δdθ j = Fj +
n∑

i=1

� j i (dδqi − δdqi ) ( j = 1, . . . , n) (5.49)

where Fj �= 0, in general.
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There are two principal choices which we can make concerning transpositional relations,
namely, (1) dδqi − δdqi = 0 and dδθ j − δdθ j �= 0, or (2) dδθ j − δdθ j = 0 and dδqi −
δdqi �= 0. For a system with independent qs, we usually choose dδqi − δdqi = 0 since this
is consistent with a continuous varied path when integral methods are used.

Further transpositional relations can be obtained by first recalling from (4.3) that

dqi =
n∑

j=1

�i j (q, t)dθ j +�i t (q, t)dt (i = 1, . . . , n) (5.50)

and thus

δqi =
n∑

j=1

�i j (q, t)δθ j (i = 1, . . . , n) (5.51)

Multiply (5.49) by �r j and sum over j . Thus, we obtain

dδqr − δdqr = −
n∑

j=1

�r j Fj +
n∑

j=1

�r j (dδθ j − δdθ j ) (r = 1, . . . , n) (5.52)

where we recall that

n∑
j=1

�r j� j i = δri (5.53)

and δri is the Kronecker delta. In detail, we find that

dδqr − δdqr = −
n∑

i=1

n∑
j=1

n∑
k=1

�r j

(
∂� j i

∂qk
− ∂� jk

∂qi

)
dqkδqi

−
n∑

i=1

n∑
j=1

�r j

(
∂� j i

∂t
− ∂� j t

∂qi

)
dtδqi

+
n∑

j=1

�r j (dδθ j − δdθ j ) (r = 1, . . . , n) (5.54)

Using (5.48), (5.50), and (5.51), we can write Fj in terms of the Hamel coefficients. We
see that

Fj =
n∑

i=1

n∑
k=1

n∑
r=1

(
∂� j i

∂qk
− ∂� jk

∂qi

)
�irδθr

(
n∑

l=1

�kldθl +�kt dt

)

+
n∑

i=1

n∑
r=1

(
∂� j i

∂t
− ∂� j t

∂qi

)
�ir dtδθr ( j = 1, . . . , n) (5.55)

or

Fj =
n∑

l=1

n∑
r=1

γ
j

rldθlδθr +
n∑

r=1

γ j
r dtδθr ( j = 1, . . . , n) (5.56)
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where

γ
j

rl =
n∑

i=1

n∑
k=1

(
∂� j i

∂qk
− ∂� jk

∂qi

)
�kl�ir (5.57)

γ j
r =

n∑
i=1

n∑
k=1

(
∂� j i

∂qk
− ∂� jk

∂qi

)
�kt�ir +

n∑
i=1

(
∂� j i

∂t
− ∂� j t

∂qi

)
�ir (5.58)

Then we can express (5.52) in the form

dδqs − δdqs = −
n∑

j=1

n∑
l=1

n∑
r=1

�s jγ
j

rldθlδθr −
n∑

j=1

n∑
r=1

�s jγ
j

r dtδθr

+
n∑

j=1

�s j (dδθ j − δdθ j ) (s = 1, . . . , n) (5.59)

The basic transpositional equations such as (5.47), (5.54), and (5.59) are written for an
unconstrained system. The application of constraints, however, will be shown to be quite
simple.

Nonholonomic constraints

Consider a system with n generalized coordinates and m nonholonomic constraints which
are linear in the q̇s. We can represent these constraints by setting to zero the last m equations
of (5.42) or (5.43). Thus, we have

dθ j =
n∑

i=1

� j i (q, t)dqi +� j t (q, t)dt ( j = 1, . . . , n − m) (5.60)

dθ j =
n∑

i=1

� j i (q, t)dqi +� j t (q, t)dt = 0 ( j = n − m + 1, . . . , n) (5.61)

or, in terms of quasi-velocities,

u j =
n∑

i=1

� j i (q, t)q̇ i +� j t (q, t) ( j = 1, . . . , n − m) (5.62)

u j =
n∑

i=1

� j i (q, t)q̇ i +� j t (q, t) = 0 ( j = n − m + 1, . . . , n) (5.63)

The m constraints are given by (5.63). Note that the first (n − m) us given by (5.62) are
independent. Thus, as velocity variables, we can use the (n − m) us rather than n constrained
q̇s.

In a similar fashion, using (5.44), we can write the variational equations for the constrained
system.

δθ j =
n∑

i=1

� j i (q, t)δqi ( j = 1, . . . , n − m) (5.64)

δθ j =
n∑

i=1

� j i (q, t)δqi = 0 ( j = n − m + 1, . . . , n) (5.65)
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The m virtual or instantaneous constraint equations are given by (5.65).
With the application of the constraints, we see that

dδθ j = 0, δdθ j = 0 ( j = n − m + 1, . . . , n) (5.66)

so (5.49) becomes

dδθ j − δdθ j = Fj +
n∑

i=1

� j i (dδqi − δdqi ) ( j = 1, . . . , n − m) (5.67)

and (5.52) reduces to

dδqr − δdqr = −
n∑

i=1

�ri Fi +
n−m∑
j=1

�r j (dδθ j − δdθ j ) (r = 1, . . . , n) (5.68)

The theorem of Frobenius

If the expressions for Fj given in (5.48) are all equal to zero for an unconstrained system,
then the exactness conditions apply for the n differential forms of (5.42). These exactness
conditions are sufficient for the integrability of the differential forms, implying that the θs
are true generalized coordinates rather than quasi-coordinates.

A question arises concerning the necessary and sufficient conditions for the integrabil-
ity of the differential forms if there are constraints. This is answered by the Theorem of
Frobenius: A system of differential equations such as (5.42) is completely integrable to
yield θ j = θ j (q, t) for j = 1, . . . , n if and only if Fj = 0 for all dqi and δqi satisfying the
constraints. Recall that Fj is given by (5.48).

As an example, consider a constraint which is represented by the differential form

dθ = a(x, y, z)dx + b(x, y, z)dy + c(x, y, z)dz = 0 (5.69)

Also,

δθ = a(x, y, z)δx + b(x, y, z)δy + c(x, y, z)δz = 0 (5.70)

This constraint is integrable, that is, holonomic if Fj = 0 or, in detail, if(
∂a

∂y
− ∂b

∂x

)
(dyδx − dxδy) +

(
∂b

∂z
− ∂c

∂y

)
(dzδy − dyδz)

+
(
∂c

∂x
− ∂a
∂z

)
(dxδz − dzδx) = 0 (5.71)

where, from (5.69) and (5.70),

dz = −1

c
(adx + bdy), δz = −1

c
(aδx + bδy) (5.72)

Upon making these substitutions and simplifying, we obtain[
∂a

∂y
− ∂b

∂x
+ a

c

(
∂b

∂z
− ∂c

∂y

)
+ b

c

(
∂c

∂x
− ∂a
∂z

)]
(dyδx − dxδy) = 0 (5.73)
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where dx , δx , dy, δy are independent. Hence, we find that

a

(
∂b

∂z
− ∂c

∂y

)
+ b

(
∂c

∂x
− ∂a
∂z

)
+ c

(
∂a

∂y
− ∂b

∂x

)
= 0 (5.74)

This is the necessary and sufficient condition for the integrability of (5.69).

Geometrical considerations

First, let us consider an unconstrained system described in terms of n quasi-velocities which
are given by (5.43). We wish to compare points on an actual path in n-dimensional q-space
with the corresponding points on a varied path. This can be visualized by considering a
small quadrilateral ABCD, as shown in Fig. 5.3a. The infinitesimal vector dq occurs on
the actual path during a small time interval dt . The variation δq is an infinitesimal vector
drawn from a point on the actual path to a corresponding point (at the same time) on the
varied path. Thus, the operator d refers to differences that occur along a solution path with
the passage of time; whereas, δ refers to differences in going from the actual path to a varied
path with time held constant.

For this unconstrained case, the small quadrilateral ABCD is closed. We see that the
vector displacements ABC and ADC are equal. Thus

dq + δq + dδq = δq + dq + δdq (5.75)

and

dδq = δdq (5.76)

In terms of components,

dδqi − δdqi = 0 (i = 1, . . . , n) (5.77)

This result applies to a holonomic system for which all Fj = 0. On the other hand, even for
an unconstrained or holonomic system, if (5.77) applies, then (5.49) shows that for each
Fj �= 0 due to the presence of quasi-velocities, there is a corresponding transpositional term

dδθ j − δdθ j �= 0 (5.78)

A B

D C

actual
path

varied

path

dq+δdq

δq

dq

δq+dδq

(a)

A B

CD

C'

actual
path

dq+δdq

δq

dq

δq+dδq

(b)

Figure 5.3.
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Now let us consider the more general case in which there are m nonholonomic constraints
that are applied to the system by setting the last m differential forms equal to zero. Thus,
we assume that

dθ j = 0, δθ j = 0 ( j = n − m + 1, . . . , n) (5.79)

as in (5.61) and (5.65). Since the virtual constraint applies at B and the actual constraint
applies at D in Fig. 5.3b, we see that

dδθ j = 0, δdθ j = 0 ( j = n − m + 1, . . . , n) (5.80)

and therefore

dδθ j − δdθ j = 0 ( j = n − m + 1, . . . , n) (5.81)

Assuming that Fj �= 0 for j = n − m + 1, . . . , n, we see from (5.49) that at least m of
the dδqi − δdqi are nonzero, implying that

dδq − δdq �= 0 (5.82)

Thus, the quadrilateral in Fig. 5.3b does not close, and the vector in n-space directed from
C ′ to C is equal to dδq − δdq. This lack of closure indicates that, even at the differential
level, there is path dependence due to the nonintegrability of the nonholonomic constraints.
For example, if there is one nonholonomic constraint, it is kinematically possible to obtain
closure for all but one of the component qs. However, the remaining dδqi − δdqi must
be nonzero, resulting in nonclosure in n-space. Similarly, if there are m nonholonomic
constraints, then at least m of the dδqi − δdqi must be nonzero.

For a nominal point A on the actual path, it is important to understand how the� j i (q, t)
and � j t (q, t) coefficients are evaluated when applying the constraints at points B and D.
At A we have the constraint equations

n∑
i=1

� j i dqi +� j t dt = 0 ( j = n − m + 1, . . . , n) (5.83)

n∑
i=1

� j iδqi = 0 ( j = n − m + 1, . . . , n) (5.84)

where the � j i and � j t coefficients are evaluated at A. At B we have

(� j i )B = � j i +
n∑

k=1

∂� j i

∂qk
dqk + ∂� j i

∂t
dt (5.85)

where the terms on the right are again evaluated at A. Thus, for the virtual constraint at B,
we obtain

n∑
i=1

[
� j i +

n∑
k=1

∂� j i

∂qk
dqk + ∂� j i

∂t
dt

]
(δqi + dδqi ) = 0 (5.86)
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and, keeping terms to second order, there remains

n∑
i=1

� j iδqi +
n∑

i=1

� j i dδqi +
n∑

i=1

n∑
k=1

∂� j i

∂qk
dqkδqi +

n∑
i=1

∂� j i

∂t
dtδqi = 0

( j = n − m + 1, . . . , n) (5.87)

Similarly, at D the coefficients are

(� jk)D = � jk +
n∑

i=1

∂� jk

∂qi
δqi (5.88)

(� j t )D = � j t +
n∑

i=1

∂� j t

∂qi
δqi (5.89)

Hence, the actual constraint equation at D requires that

n∑
k=1

[
� jk +

n∑
i=1

∂� jk

∂qi
δqi

]
(dqk + δdqk) +

[
� j t +

n∑
i=1

∂� j t

∂qi
δqi

]
dt = 0 (5.90)

and, omitting third-order terms, we obtain

n∑
k=1

� jkdqk +
n∑

k=1

� jkδdqk +
n∑

i=1

n∑
k=1

∂� jk

∂qi
dqkδqi +� j t dt +

n∑
i=1

∂� j t

∂qi
dtδqi = 0

( j = n − m + 1, . . . , n) (5.91)

Now subtract (5.91) from (5.87) and recall the constraint equations at A, namely, (5.83)
and (5.84). The result is

n∑
i=1

� j i (dδqi − δdqi ) +
n∑

i=1

n∑
k=1

(
∂� j i

∂qk
− ∂� jk

∂qi

)
dqkδqi

+
n∑

i=1

(
∂� j i

∂t
− ∂� j t

∂qi

)
dtδqi = 0 ( j = n − m + 1, . . . , n) (5.92)

This is identical to the basic equation (5.47) for the case of m nonholonomic constraints
with

dδθ j − δdθ j = 0 ( j = n − m + 1, . . . , n) (5.93)

We have presented a derivation which emphasizes the assumptions concerning the values
of the coefficients at points B and D which are slightly displaced from the nominal reference
point A. Note, however, that ultimately all calculations involve values at A; and this applies
as well to calculations of Fj .

As a result of the lack of closure of the differential quadrilaterals if there are nonholonomic
constraints, it is not possible to find a continuous varied path which simultaneously satisfies
the actual constraints and the virtual or instantaneous constraints. One must choose one or
the other. If one chooses the stationarity principle in which the varied paths are required
to satisfy the actual constraints but not the virtual constraints, then incorrect equations of
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motion result, as we found earlier. On the other hand, if the varied paths satisfy the virtual
constraints but not the actual constraints, the variational process produces correct equations
of motion, as we found in the discussion of Hamilton’s principle.

5.3 The Boltzmann–Hamel equation, transpositional form

Derivation

The general form of the Boltzmann–Hamel equation, as given in (4.85), is

d

dt

(
∂T

∂ur

)
− ∂T

∂θr
+

n∑
j=1

n−m∑
l=1

∂T

∂u j
γ

j
rlul +

n∑
j=1

∂T

∂u j
γ j

r = Qr (r = 1, . . . , n − m)

(5.94)

where T (q, u, t) is the unconstrained kinetic energy and Qr is the generalized applied
force associated with ur . The (n − m) us are independent and ur = θ̇ r where θr is a quasi-
coordinate.

Multiply (5.94) by δθr dt and sum over r . We obtain

n−m∑
r=1

[
d

dt

(
∂T

∂ur

)
− ∂T

∂θr
− Qr

]
δθr dt

+
n∑

j=1

n−m∑
r=1

[
n−m∑
l=1

∂T

∂u j
γ

j
rldθlδθr + ∂T

∂u j
γ j

r dtδθr

]
= 0 (5.95)

Now recall that with the application of the m constraints,

dθl = 0, δθl = 0 (l = n − m + 1, . . . , n) (5.96)

and thus, from (5.56),

Fj =
n−m∑
l=1

n−m∑
r=1

γ
j

rldθlδθr +
n−m∑
r=1

γ j
r dtδθr ( j = 1, . . . , n) (5.97)

Hence, we find that

n−m∑
r=1

[
d

dt

(
∂T

∂ur

)
− ∂T

∂θr
− Qr

]
δθr dt +

n∑
j=1

∂T

∂u j
Fj = 0 (5.98)

Let us assume that

dδθ j − δdθ j = 0 ( j = 1, . . . , n − m) (5.99)

so that this transpositional expression is now equal to zero for all j . Then, from (5.49), we
obtain

Fj = −
n∑

i=1

� j i (dδqi − δdqi ) (5.100)
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Finally, dividing by dt , we can write (5.98) in the form

n−m∑
r=1

[
d

dt

(
∂T

∂ur

)
− ∂T

∂θr
− Qr

]
δθr −

n∑
i=1

n∑
j=1

∂T

∂u j
� j i

[
d

dt
(δqi ) − δq̇ i

]
= 0 (5.101)

This is the transpositional formof theBoltzmann–Hamel equation. The (n − m) equations
of motion are obtained by writing the transpositional expressions in terms of the δθs and
then setting the coefficient of each δθr equal to zero. This approach results in the same
equations of motion as (5.94) but is somewhat simpler to apply.

Example 5.2 A dumbbell consists of two particles, each of mass m, connected by a
massless rod of length l. There is a knife-edge constraint at particle 1 (Fig. 5.4). We wish
to find the equations of motion as the system moves in the horizontal xy-plane.

Let us use (5.101). The generalized coordinates are (x, y, φ) and the us are

u1 = v = ẋ cosφ + ẏ sinφ
u2 = φ̇
u3 = w = −ẋ sinφ + ẏ cosφ = 0

(5.102)

where the last equation is the nonholonomic constraint equation. The coefficient matrix is

� =

 cosφ sinφ 0

0 0 1
− sinφ cosφ 0




(5.103)

As quasi-coordinates, let us choose s and η, where ṡ = v and η̇ = w. The angle φ is a
true coordinate.

y

x

w

m

l

v

m

(x, y)

1

2

φ

Figure 5.4.
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In evaluating the transpositional terms we note that, for the unconstrained system,

ẋ = v cosφ − w sinφ (5.104)

ẏ = v sinφ + w cosφ (5.105)

so

δx = cosφ δs − sinφ δη (5.106)

δy = sinφ δs + cosφ δη (5.107)

From (5.99), we see that

d

dt
(δs) = δv, d

dt
(δφ) = δφ̇, d

dt
(δη) = δw (5.108)

Then

d

dt
(δx) = cosφ δv − φ̇ sinφ δs − sinφ δw − φ̇ cosφ δη (5.109)

δ ẋ = cosφ δv − v sinφ δφ − sinφ δw − w cosφ δφ (5.110)

Now apply the actual and virtual constraint equations resulting in

w = 0, δw = 0, δη = 0 (5.111)

and we obtain

d

dt
(δx) − δ ẋ = sinφ(vδφ − φ̇δs) (5.112)

In a similar manner, we find that

d

dt
(δy) = sinφ δv + φ̇ cosφ δs (5.113)

δ ẏ = sinφ δv + v cosφ δφ (5.114)

and thus

d

dt
(δy) − δ ẏ = cosφ(φ̇δs − vδφ) (5.115)

Notice from (5.108) that

d

dt
(δφ) − δφ̇ = 0 (5.116)

Then, with the aid of (5.103), we find that

n∑
i=1

� j i

[
d

dt
(δqi ) − δq̇ i

]
= 0 (5.117)

for j = 1 and j = 2. For j = 3, we obtain

n∑
i=1

� j i

[
d

dt
(δqi ) − δq̇ i

]
= (sin2 φ + cos2 φ)(φ̇δs − vδφ)

= φ̇δs − vδφ (5.118)
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The unconstrained kinetic energy is

T = m(v2 + w2) + 1

2
ml2φ̇2 + mlφ̇w (5.119)

Furthermore, all the Qs are equal to zero. Now we can substitute into the general equation
(5.101), resulting in

2mv̇δs + ml2φ̈δφ − mlφ̇(φ̇δs − vδφ) = 0 (5.120)

The v equation of motion, obtained by setting the coefficient of δs equal to zero, is

2mv̇ − mlφ̇2 = 0 (5.121)

Similarly, the coefficient of δφ is

ml2φ̈ + mlvφ̇ = 0 (5.122)

yielding the second equation of motion. A comparison shows that this approach is somewhat
less complicated than the usual Boltzmann–Hamel method.

5.4 The central equation

Derivation

Consider a system of N particles. Let us begin with d’Alembert’s principle in the form

N∑
i=1

(Fi − mi r̈i ) · δri = 0 (5.123)

where ri is the position vector of the i th particle and Fi is the applied force acting on it.
The virtual displacements δri satisfy the instantaneous (virtual) constraints.

We can write the kinematic identity

d

dt
(vi · δri ) = r̈i · δri + vi · d

dt
(δri )

= r̈i · δri + δ
(vi · vi

2

)
+ vi ·

[
d

dt
(δri ) − δvi

]
(5.124)

where the particle velocity vi = ṙi . Now let

δP =
N∑

i=1

mivi · δri (5.125)

δT =
N∑

i=1

miδ
(vi · vi

2

)
(5.126)

δD =
N∑

i=1

mivi ·
[

d

dt
(δri ) − δvi

]
(5.127)

δW =
N∑

i=1

Fi · δri (5.128)
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From (5.123)–(5.128), we obtain the central equation of Heun and Hamel:

d

dt
(δP) = δT + δW + δD (5.129)

Explicit form

The central equation has the same general validity as d’Alembert’s principle from which it
was derived. The principal assumption is that the δrs satisfy the virtual constraints. There
is a need, however, to put the central equation in a more convenient, usable form.

First, let us transform to generalized coordinates. In terms of velocity coefficients, we
have

vi =
n∑

k=1

γ ik(q, t) q̇k + γ i t (q, t) (i = 1, . . . , N ) (5.130)

δri =
n∑

k=1

γ ik(q, t) δqk (i = 1, . . . , N ) (5.131)

Thus, we find that

d

dt
(δri ) =

n∑
k=1

γ ik
d

dt
(δqk) +

n∑
k=1

n∑
l=1

∂γ il

∂qk
q̇kδql +

n∑
l=1

∂γ il

∂t
δql (5.132)

and

δvi =
n∑

k=1

γ ikδq̇k +
n∑

k=1

n∑
l=1

∂γ ik

∂ql
q̇kδql +

n∑
l=1

∂γ i t

∂ql
δql (5.133)

But

γ ik = ∂vi

∂q̇k
= ∂ri

∂qk
, γ i t = ∂ri

∂t
(5.134)

so we obtain

∂γ il

∂qk
= ∂2ri

∂qk∂ql
= ∂γ ik

∂ql
,

∂γ il

∂t
= ∂2ri

∂t∂ql
= ∂γ i t

∂ql
(5.135)

for i = 1, . . . , N and k, l = 1, . . . , n. Thus, from (5.132)–(5.135), we find that

d

dt
(δri ) − δvi =

n∑
k=1

γ ik

[
d

dt
(δqk) − δq̇k

]
(5.136)

The kinetic energy is

T = 1

2

N∑
i=1

mivi · vi (5.137)
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where the i th particle velocity vi is given by (5.130). Thus, for the unconstrained kinetic
energy T (q, q̇, t), we obtain

∂T

∂ q̇k
=

n∑
i=1

mivi · ∂vi

∂q̇k
=

N∑
i=1

mivi · γ ik (5.138)

Then, from (5.127), (5.136), and (5.138), we find that

δD =
n∑

k=1

∂T

∂ q̇k

[
d

dt
(δqk) − δq̇k

]
(5.139)

Let us consider the general case where the unconstrained kinetic energy is written in
terms of quasi-velocities, that is, let T = T ∗(q, u, t). Then

δT ∗ =
n∑

i=1

∂T ∗

∂qi
δqi +

n∑
j=1

∂T ∗

∂u j
δu j (5.140)

where

δqi =
n∑

j=1

�i jδθ j (5.141)

δu j = d

dt
(δθ j ) −

[
d

dt
(δθ j ) − δu j

]
(5.142)

Thus,

δT ∗ =
n∑

j=1

[
∂T ∗

∂θ j
δθ j + ∂T

∗

∂u j

d

dt
(δθ j )

]
−

n∑
j=1

∂T ∗

∂u j

[
d

dt
(δθ j ) − δu j

]
(5.143)

where we use the notation

∂T ∗

∂θ j
=

n∑
i=1

∂T ∗

∂qi
�i j ( j = 1, . . . , n) (5.144)

The virtual work of the applied forces is

δW =
n∑

j=1

Qrδθr (5.145)

where Qr is the applied generalized force associated with ur or δθr .
Now let us integrate the central equation with respect to time over the fixed interval t1

to t2. The system follows the actual path in q-space; and the δqs, which equal zero at the
end-points, satisfy the virtual constraints.∫ t2

t1

[
d

dt
(δP) − δT ∗ − δW − δD

]
dt = 0 (5.146)

First consider∫ t2

t1

d

dt
(δP)dt = [δP]t2t1 =

[ N∑
i=1

mivi · δri

]t2

t1

= 0 (5.147)
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where we note that δri = 0 at the end-points. Next, consider the integral of δT ∗. We note
that, upon integrating the second term of (5.143) by parts, we obtain

∫ t2

t1

n∑
j=1

∂T ∗

∂u j

d

dt
(δθ j ) dt =

[
n∑

j=1

∂T ∗

∂u j
δθ j

]t2

t1

−
∫ t2

t1

n∑
r=1

d

dt

(
∂T ∗

∂ur

)
δθr dt (5.148)

where the δθs equal zero at the end-points. Thus, we find that∫ t2

t1

δT ∗dt = −
∫ t2

t1

n∑
r=1

[
d

dt

(
∂T ∗

∂ur

)
− ∂T

∗

∂θr

]
δθr dt −

∫ t2

t1

n∑
j=1

∂T ∗

∂u j

[
d

dt
(δθ j ) − δu j

]
dt

(5.149)

Now we can write (5.146) in the form∫ t2

t1

{
n∑

r=1

[
d

dt

(
∂T ∗

∂ur

)
− ∂T

∗

∂θr
− Qr

]
δθr +

n∑
j=1

∂T ∗

∂u j

[
d

dt
(δθ j ) − δu j

]

−
n∑

i=1

∂T

∂q̇ i

[
d

dt
(δqi ) − δq̇ i

] }
dt = 0 (5.150)

The end times t1 and t2 are arbitrary, so the integrand must equal zero continuously, resulting
in the general equation

n∑
r=1

[
d

dt

(
∂T ∗

∂ur

)
− ∂T

∗

∂θr
− Qr

]
δθr +

n∑
j=1

∂T ∗

∂u j

[
d

dt
(δθ j ) − δu j

]

−
n∑

i=1

∂T

∂q̇ i

[
d

dt
(δqi ) − δq̇ i

]
= 0 (5.151)

Up to this point, no assumptions have been made concerning the transpositional terms in
(5.151). But now let us assume that

d

dt
(δθ j ) − δu j = 0 ( j = 1, . . . , n) (5.152)

Furthermore, let us apply the m virtual constraints by letting δθr = 0 for r =
n − m + 1, . . . , n. The remaining (n − m) δθs are independent. Then we obtain
the explicit form of the central equation:

n−m∑
r=1

[
d

dt

(
∂T ∗

∂ur

)
− ∂T

∗

∂θr
− Qr

]
δθr −

n∑
i=1

∂T

∂q̇ i

[
d

dt
(δqi ) − δq̇ i

]
= 0 (5.153)

Notice that this result is similar to (5.101), the transpositional form of the Boltzmann–
Hamel equation.

The (n − m) differential equations of motion are obtained by writing the last term of
(5.153) as a function of the δθs, and then setting the coefficient of each δθr in (5.153)
equal to zero. As mentioned earlier, the kinetic energy T ∗(q, u, t) may be written for the
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constrained system, that is, the order of differentiation and the application of constraints
makes no difference in this case. But the kinetic energy T (q, q̇, t) must be written for the
unconstrained system.

The Boltzmann–Hamel equation can be derived from the general result given in (5.151).
Let us begin by first noting that

∂T

∂ q̇ i
=

n∑
j=1

∂T ∗

∂u j
� j i (i = 1, . . . , n) (5.154)

and then recalling from (5.47) that

d

dt
(δθ j ) − δu j −

n∑
i=1

� j i

[
d

dt
(δqi ) − δq̇ i

]
=

n∑
i=1

n∑
k=1

(
∂� j i

∂qk
− ∂� jk

∂qi

)
q̇kδqi

+
n∑

i=1

(
∂� j i

∂t
− ∂� j t

∂qi

)
δqi ( j = 1, . . . , n) (5.155)

Moreover,

q̇k =
n∑

l=1

�klul +�kt (k = 1, . . . , n) (5.156)

δqi =
n∑

r=1

�irδθr (i = 1, . . . , n) (5.157)

Then (5.151) takes the form

n∑
r=1

[
d

dt

(
∂T ∗

∂ur

)
− ∂T

∗

∂θr
− Qr +

n∑
i=1

n∑
j=1

n∑
k=1

∂T ∗

∂u j

(
∂� j i

∂qk
− ∂� jk

∂qi

)

×
(

n∑
l=1

�klul +�kt

)
�ir +

n∑
i=1

n∑
j=1

∂T ∗

∂u j

(
∂� j i

∂t
− ∂� j t

∂qi

)
�ir

]
δθr = 0 (5.158)

Now apply the instantaneous constraints by setting δθr = 0 for r = n − m + 1, . . . , n.
The remaining (n − m) δθs are independent so each coefficient must equal zero. Thus we
obtain

d

dt

(
∂T ∗

∂ur

)
− ∂T

∗

∂θr
+

n∑
i=1

n∑
j=1

n∑
k=1

n∑
l=1

∂T ∗

∂u j

(
∂� j i

∂qk
− ∂� jk

∂qi

)
�kl�ir ul

+
n∑

i=1

n∑
j=1

n∑
k=1

∂T ∗

∂u j

(
∂� j i

∂qk
− ∂� jk

∂qi

)
�kt�ir

+
n∑

i=1

n∑
j=1

∂T ∗

∂u j

(
∂� j i

∂t
− ∂� j t

∂qi

)
�ir = Qr (r = 1, . . . , n − m) (5.159)
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This is a detailed form of the Boltzmann–Hamel equation, as in (4.82). Here the derivation
involves an integral method using the central equation. We note from (5.155) that, in spite
of transpositional terms in the integral expressed in (5.150), the varied path is actually
determined by δqs or δθs which satisfy the virtual constraints.

Example 5.3 A thin uniform disk of mass m and radius r rolls without slipping on the
horizontal xy-plane (Fig. 5.5). Let us find the differential equations of motion, using the
explicit central equation, namely,

n−m∑
r=1

[
d

dt

(
∂T ∗

∂ur

)
− ∂T

∗

∂θr
− Qr

]
δθr −

n∑
i=1

∂T

∂q̇ i

[
d

dt
(δqi ) − δq̇ i

]
= 0 (5.160)

As generalized coordinates, let us choose (φ, θ, ψ, x, y) where (φ, θ, ψ) are Euler angles
and where (x, y) is the location of the contact point C . The independent us are (ωd , θ̇ , �).
There are two additional us that are set equal to zero to represent the nonholonomic con-
straints. Thus, we have

u1 = ωd = φ̇ sin θ (5.161)

u2 = θ̇ (5.162)

u3 = � = φ̇ cos θ + ψ̇ (5.163)

u4 = rψ̇ cosφ + ẋ = 0 (5.164)

u5 = rψ̇ sinφ + ẏ = 0 (5.165)

x
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θ

z

y

m

(x, y)
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Figure 5.5.
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The two constraint equations state that there is no slipping at the contact point C . With this
assumption, the contact point moves with a speed rψ̇ on the xy-plane. The rotations φ̇ and
θ̇ occur about C and do not cause it to move.

The constrained kinetic energy T ∗(q, u) is equal to the sum of the translational and
rotational portions. We obtain

T ∗ = 1

2
mr2(θ̇2 +�2) + 1

2

(
mr2

2

)
�2 + 1

2

(
mr2

4

) (
ω2

d + θ̇2
)

= 1

8
mr2u2

1 + 5

8
mr2u2

2 + 3

4
mr2u2

3 (5.166)

where we note that the moments of inertia about the center are

Ia = 1

2
mr2, It = 1

4
mr2 (5.167)

The unconstrained kinetic energy T (q, q̇) is more complicated. Again we sum the trans-
lational and rotational parts, obtaining

T = 1

2
m[(ẋ − r φ̇ cosφ cos θ + r θ̇ sinφ sin θ )2 + (ẏ − r φ̇ sinφ cos θ − r θ̇ cosφ sin θ )2

+ r2θ̇2 cos2 θ ] + 1

8
mr2(φ̇2 sin2 θ + θ̇2) + 1

4
mr2(φ̇ cos θ + ψ̇)2

= 1

8
mr2φ̇2(1 + 5 cos2 θ ) + 5

8
mr2θ̇2 + 1

4
mr2ψ̇2 + 1

2
m(ẋ2 + ẏ2)

+ 1

2
mr2φ̇ψ̇ cos θ − mr φ̇ ẋ cosφ cos θ + mr θ̇ ẋ sinφ sin θ

− mr φ̇ ẏ sinφ cos θ − mr θ̇ ẏ cosφ sin θ (5.168)

We wish to express the last term of (5.160) in terms of us and δθs. If (5.161)–(5.165) are
solved for the q̇s, the result is

φ̇ = u1 csc θ (5.169)

θ̇ = u2 (5.170)

ψ̇ = −u1 cot θ + u3 (5.171)

ẋ = ru1 cosφ cot θ − ru3 cosφ + u4 (5.172)

ẏ = ru1 sinφ cot θ − ru3 sinφ + u5 (5.173)

where u4 = u5 = 0. Similarly,

δφ = csc θ δθ1 (5.174)

δθ = δθ2 (5.175)

δψ = − cot θ δθ1 + δθ3 (5.176)

δx = r cosφ cot θ δθ1 − r cosφ δθ3 (5.177)

δy = r sinφ cot θ δθ1 − r sinφ δθ3 (5.178)
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In addition we assume that, for all j ,

d

dt
(δθ j ) − δu j = 0 (5.179)

Then we find that

d

dt
(δφ) − δφ̇ = csc θ cot θ (u1δθ2 − u2δθ1) (5.180)

∂T

∂φ̇
= 1

4
mr2u1 sin θ + 3

2
mr2u3 cos θ (5.181)

and therefore

∂T

∂φ̇

[
d

dt
(δφ) − δφ̇

]
= 1

4
mr2 cot θ (u1 + 6u3 cot θ )(u1δθ2 − u2δθ1) (5.182)

Since (5.162) is integrable and (5.179) applies, we obtain

d

dt
(δθ ) − δθ̇ = 0 (5.183)

Similarly, we find that

∂T

∂ψ̇

[
d

dt
(δψ) − δψ̇

]
= −1

2
mr2u3 csc2 θ (u1δθ2 − u2δθ1) (5.184)

and

∂T

∂ ẋ

[
d

dt
(δx) − δ ẋ

]
= mr2(u2 sinφ cosφ csc θ − u3 cos2 φ csc2 θ )(u1δθ2 − u2δθ1)

+ mr2(u2 sin2 φ − u3 sinφ cosφ csc θ )(u1δθ3 − u3δθ1) (5.185)

Furthermore,

∂T

∂ ẏ

[
d

dt
(δy) − δ ẏ

]
= −mr2(u2 sinφ cosφ csc θ + u3 sin2 φ csc2 θ )(u1δθ2 − u2δθ1)

+ mr2(u2 cos2 φ + u3 sinφ cosφ csc θ )(u1δθ3 − u3δθ1) (5.186)

Adding (5.182)–(5.186), we obtain

5∑
i=1

∂T

∂q̇ i

[
d

dt
(δqi ) − δq̇ i

]
= mr2

(
1

4
u1 cot θ − 3

2
u3

)
(u1δθ2 − u2δθ1)

+ mr2u2(u1δθ3 − u3δθ1)

= mr2

(
−1

4
u1u2 cot θ + 1

2
u2u3

)
δθ1

+ mr2

(
1

4
u2

1 cot θ − 3

2
u1u3

)
δθ2

+ mr2u1u2δθ3 (5.187)
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Referring to (5.166), we have

n∑
r=1

[
d

dt

(
∂T ∗

∂ur

)
− ∂T

∗

∂θr
− Qr

]
δθr

= 1

4
mr2u̇1δθ1 +

(
5

4
mr2u̇2 + mgr cos θ

)
δθ2 + 3

2
mr2u̇3δθ3 (5.188)

where

Q1 = 0, Q2 = −mgr cos θ, Q3 = 0 (5.189)

Finally, using the explicit form of the central equation, we obtain the equations of motion.
The u1 equation, found by setting the coefficient of δθ1 equal to zero, is

1

4
mr2u̇1 + 1

4
mr2u1u2 cot θ − 1

2
mr2u2u3 = 0 (5.190)

Similarly, the u2 equation is

5

4
mr2u̇2 − 1

4
mr2u2

1 cot θ + 3

2
mr2u1u3 = −mgr cos θ (5.191)

The u3 equation is

3

2
mr2u̇3 − mr2u1u2 = 0 (5.192)

Using the original notation for angular velocity components, we can write the equations
of motion as follows:

1

4
mr2ω̇d + 1

4
mr2ωd θ̇ cot θ − 1

2
mr2θ̇� = 0 (5.193)

5

4
mr2θ̈ − 1

4
mr2ω2

d cot θ + 3

2
mr2ωd� = −mgr cos θ (5.194)

3

2
mr2�̇− mr2ωd θ̇ = 0 (5.195)

These equations are identical with (4.259)–(4.261) obtained earlier.

5.5 Suslov’s principle

Dependent and independent coordinates

Thus far, we have assumed that the linear nonholonomic constraint equations have the form

n∑
i=1

a ji (q, t)q̇ i + a jt (q, t) = 0 ( j = 1, . . . ,m) (5.196)

This form has the characteristic that all the qs are treated equally. Now let us change
the viewpoint and arbitrarily designate m of the qs as dependent; whereas, the remaining
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(n − m) qs are termed independent. Equation (5.196) can be solved for the dependent q̇ Ds
in terms of the independent q̇ I s. We obtain m nonholonomic constraint equations written
in the form

q̇ D =
n−m∑
I=1

BDI (q, t)q̇ I + BDt (q, t) (D = n − m + 1, . . . , n) (5.197)

or, more briefly,

q̇ D = φD(q, q̇ I , t) (D = n − m + 1, . . . , n) (5.198)

Suslov’s principle

Let us begin with the general nonholonomic form of Hamilton’s principle, namely,∫ t2

t1

(δT + δW )dt = 0 (5.199)

where each varied path satisfies the virtual constraints, and the δqs are equal to zero at the
end-points in extended q-space (Fig. 5.1).

Now introduce the constrained kinetic energy T 0(q, q̇ I , t) which is obtained from the
unconstrained kinetic energy T (q, q̇, t) by substituting for the q̇ Ds using the constraint equa-
tions (5.197). For any realizable motion, the energies T 0 and T are equal. Their variations
δT 0 and δT are not equal, however. To see how this comes about, consider

δT =
n∑

i=1

∂T

∂qi
δqi +

n∑
i=1

∂T

∂ q̇ i
δq̇ i (5.200)

For a given varied path, we can take

d

dt
(δqi ) − δq̇ i = 0 (i = 1, . . . , n) (5.201)

and therefore we obtain that, in (5.199),

δT =
n∑

i=1

∂T

∂qi
δqi +

n∑
i=1

∂T

∂ q̇ i

d

dt
(δqi ) (5.202)

For the constrained system, however, we know that at least m of the transpositional expres-
sions of (5.201) must be nonzero. Let us assume that

d

dt
(δqI ) − δq̇ I = 0 (I = 1, . . . , n − m) (5.203)

d

dt
(δqD) − δq̇ D �= 0 (D = n − m + 1, . . . , n) (5.204)

where

δq̇ D = δφD =
n∑

i=1

∂φD

∂qi
δqi +

n−m∑
I=1

∂φD

∂ q̇ I
δq̇ I (5.205)
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Then we see that

δT 0 =
n∑

i=1

∂T

∂qi
δqi +

n−m∑
I=1

∂T

∂q̇ I

d

dt
(δqI ) +

n∑
D=n−m+1

∂T

∂q̇ D
δq̇ D (5.206)

A comparison of (5.202) and (5.206) results in

δT = δT 0 +
n∑

D=n−m+1

∂T

∂q̇ D

[
d

dt
(δqD) − δq̇ D

]
(5.207)

Now substitute the expression for δT from (5.207) into (5.199) which is Hamilton’s
principle. The result is∫ t2

t1

{
δT 0 + δW +

n∑
D=n−m+1

∂T

∂ q̇ D

[
d

dt
(δqD) − δq̇ D

]}
dt = 0 (5.208)

This is Suslov’s principle.
The virtual work is

δW =
n∑

i=1

Qiδqi =
n−m∑
I=1

QI δqI +
n∑

D=n−m+1

QDδqD (5.209)

where the Qs are generalized applied forces for the case of unconstrained δqs. We actually
have constrained δqs, however, with

δqD =
n−m∑
I=1

BDI δqI (5.210)

Hence, the virtual work becomes

δW =
n−m∑
I=1

QI δqI +
n−m∑
I=1

n∑
D=n−m+1

QD BDI δqI (5.211)

or

δW =
n−m∑
I=1

Q0
I δqI (5.212)

where the generalized applied force associated with qI in the constrained system is

Q0
I = QI +

n∑
D=n−m+1

QD BDI (I = 1, . . . , n − m) (5.213)

Equations of motion

To obtain the differential equations of motion from Suslov’s principle, first let us write

δT 0 =
n−m∑
I=1

∂T 0

∂qI
δqI +

n∑
D=n−m+1

∂T 0

∂qD
δqD +

n−m∑
I=1

∂T 0

∂q̇ I

d

dt
(δqI ) (5.214)
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where we have used (5.203). Now integrate δT 0 with respect to time, using integration by
parts on the last term and noting that δqI vanishes at t1 and t2. Upon multiplying by −1 and
recalling (5.210), the integral of (5.208) can be written in the form

∫ t2

t1

{
n−m∑
I=1

[
d

dt

(
∂T 0

∂q̇ I

)
−
(
∂T 0

∂qI
+

n∑
D=n−m+1

∂T 0

∂qD
BDI

)
− Q0

I

]
δqI

−
n∑

D=n−m+1

∂T

∂ q̇ D

[
d

dt
(δqD) − δq̇ D

]}
dt = 0 (5.215)

The transpositional term can be written as a homogeneous linear expression in the δqI s
which are independent. Hence, the integrand must vanish for all t , resulting in the explicit
form of Suslov’s principle:

n−m∑
I=1

[
d

dt

(
∂T 0

∂ q̇ I

)
−
(
∂T 0

∂qI
+

n∑
D=n−m+1

∂T 0

∂qD
BDI

)
− Q0

I

]
δqI

−
n∑

D=n−m+1

∂T

∂q̇ D

[
d

dt
(δqD) − δq̇ D

]
= 0 (5.216)

The equations of motion are obtained by expressing the last term in terms of δqI s and then
equating to zero the coefficient of each δqI . This results in (n − m) second-order differential
equations. There are also m kinematical constraint equations, giving a total of n equations
to solve for the n qs.

Comparing this result with the explicit central equation, (5.153), we see that the Suslov
equation has the advantage that the last summation is over the m dependent q̇s only rather
than over the complete set of n. On the other hand, Suslov’s equation has the possible
disadvantage that it does not allow quasi-velocities to be used.

Example 5.4 As an example of the application of Suslov’s equation (5.216), consider
the motion of a dumbbell with a knife-edge constraint sliding on the horizontal xy-plane
(Fig. 5.6). As generalized coordinates, let us choose (φ, x, y), where (φ, x) are considered
independent and y is dependent.

The nonholonomic constraint equation is

q̇ D = ẏ = ẋ tanφ (5.217)

and the corresponding virtual constraint is

δqD = δy = δx tanφ (5.218)

The unconstrained kinetic energy, from (1.127), is

T = m(ẋ + ẏ2) + 1

2
ml2φ̇2 + mlφ̇(−ẋ sinφ + ẏ cosφ) (5.219)
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y

x

m

m

l

(x, y)

2

1
φ

Figure 5.6.

The constrained kinetic energy, upon substitution from (5.217), is

T 0 = m(1 + tan2 φ)ẋ2 + 1

2
ml2φ̇2 = mẋ2 sec2 φ + 1

2
ml2φ̇2 (5.220)

We see that

d

dt
(δy) − δ ẏ = sec2 φ (φ̇δx − ẋδφ) (5.221)

where we note from (5.203) that

d

dt
(δx) − δ ẋ = 0 (5.222)

Then, using (5.217), we obtain

∂T

∂ ẏ

[
d

dt
(δy) − δ ẏ

]
= (2mẋ tanφ + mlφ̇ cosφ) sec2 φ (φ̇δx − ẋδφ) (5.223)

Differentiation of the constrained kinetic energy yields

∂T 0

∂φ
= 2mẋ2 sec2 φ tanφ,

∂T 0

∂x
= ∂T 0

∂y
= 0 (5.224)

∂T 0

∂φ̇
= ml2φ̇,

∂T 0

∂ ẋ
= 2mẋ sec2 φ (5.225)

Also,

Q0
φ = 0, Q0

x = 0 (5.226)

Finally, a substitution in Suslov’s equation, (5.216), results in

(ml2φ̈ + mlφ̇ ẋ secφ)δφ + (2mẍ + 2mφ̇ ẋ tanφ − mlφ̇2 cosφ) sec2 φ δx = 0 (5.227)
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The virtual displacements δφ and δx are arbitrary and sec2 φ is not equal to zero, so each
coefficient must equal zero. Thus, we obtain the equations of motion

ml2φ̈ + mlφ̇ ẋ secφ = 0 (5.228)

2mẍ + 2mφ̇ ẋ tanφ − mlφ̇2 cosφ = 0 (5.229)

Note that ẋ secφ is equal to the longitudinal velocity component of the particles, that is,
the velocity along the rod.

These equations of motion agree with (4.31) and (4.32) of Example 4.1 on page 220,
obtained using Maggi’s equation, if one substitutes the differentiated constraint equation,
namely

ÿ = ẍ tanφ + φ̇ ẋ sec2 φ (5.230)

Example 5.5 A uniform disk of mass m and radius r rolls without slipping on the horizontal
xy-plane (Fig. 5.7). We wish to obtain the equations of motion using the Suslov equation,
(5.216).

x
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r
m

(x, y)
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y

φ
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ψ�
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�
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Figure 5.7.

The configuration of the system is given by the location of the contact point C and the
Euler angles. Thus, we can choose (φ, θ, ψ, x, y) as generalized coordinates, with the first
three as independent qI s and the last two as dependent qDs. The constraint equations of the
form q̇ D = φD(q, q̇ I ) are

ẋ = −rψ̇ cosφ (5.231)

ẏ = −rψ̇ sinφ (5.232)



321 Suslov’s principle

and the corresponding virtual displacements are

δx = −r cosφ δψ (5.233)

δy = −r sinφ δψ (5.234)

The unconstrained kinetic energy is equal to that due to the translation of the center of
mass, plus that due to rotation about the center of mass. Thus, we obtain

T = 1

2
m[(ẋ cosφ + ẏ sinφ − r φ̇ cos θ )2

+ (−ẋ sinφ + ẏ cosφ − r θ̇ sin θ )2 + r2θ̇2 cos2 θ ]

+ 1

8
mr2(φ̇2 sin2 θ + θ̇2) + 1

4
mr2(φ̇ cos θ + ψ̇)2

= 1

8
mr2φ̇2(1 + 5 cos2 θ ) + 5

8
mr2θ̇2 + 1

4
mr2ψ̇2 + 1

2
m(ẋ2 + ẏ2)

+ 1

2
mr2φ̇ψ̇ cos θ − mr φ̇ cos θ (ẋ cosφ + ẏ sinφ)

+ mr θ̇ sin θ (ẋ sinφ − ẏ cosφ) (5.235)

The constrained kinetic energy, obtained by substituting the constraint equations for ẋ and
ẏ into (5.235), is

T 0 = 1

8
mr2φ̇2(1 + 5 cos2 θ ) + 5

8
mr2θ̇2 + 3

4
mr2ψ̇2 + 3

2
mr2φ̇ψ̇ cos θ (5.236)

This assumes that there is no slipping at the contact point C .
The generalized applied forces for the constrained system are

Q0
1 = 0, Q0

2 = −mgr cos θ, Q0
3 = 0 (5.237)

In accordance with (5.203), we have

d

dt
(δφ) − δφ̇ = 0,

d

dt
(δθ ) − δθ̇ = 0,

d

dt
(δψ) − δψ̇ = 0 (5.238)

Then, differentiation of (5.231) and (5.233) results in

d

dt
(δx) − δ ẋ = r sinφ(φ̇δψ − ψ̇δφ) (5.239)

Similarly,

d

dt
(δy) − δ ẏ = −r cosφ(φ̇δψ − ψ̇δφ) (5.240)

Furthermore,

∂T

∂ ẋ
= mẋ − mr φ̇ cosφ cos θ + mr θ̇ sinφ sin θ

= −mr φ̇ cosφ cos θ + mr θ̇ sinφ sin θ − mrψ̇ cosφ (5.241)
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and

∂T

∂ ẏ
= −mr φ̇ sinφ cos θ − mr θ̇ cosφ sin θ − mrψ̇ sinφ (5.242)

Hence, we find that

∂T

∂ ẋ

[
d

dt
(δx) − δ ẋ

]
+ ∂T
∂ ẏ

[
d

dt
(δy) − δ ẏ

]
= mr2θ̇ sin θ (φ̇δψ − ψ̇δφ) (5.243)

To obtain the φ equation of motion, we first evaluate

d

dt

(
∂T 0

∂φ̇

)
− ∂T

0

∂φ
= 1

4
mr2φ̈(1 + 5 cos2 θ ) + 3

2
mr2ψ̈ cos θ

− 5

2
mr2φ̇θ̇ sin θ cos θ − 3

2
mr2θ̇ ψ̇ sin θ (5.244)

Then, using Suslov’s equation, the coefficient of δφ is the φ equation:

1

4
mr2φ̈(1 + 5 cos2 θ ) + 3

2
mr2ψ̈ cos θ − 5

2
mr2φ̇θ̇ sin θ cos θ

− 1

2
mr2θ̇ ψ̇ sin θ = 0 (5.245)

Next, we obtain

d

dt

(
∂T 0

∂θ̇

)
− ∂T

0

∂θ
= 5

4
mr2θ̈ + 5

4
mr2φ̇2 sin θ cos θ + 3

2
mr2φ̇ψ̇ sin θ (5.246)

and the θ equation is

5

4
mr2θ̈ + 5

4
mr2φ̇2 sin θ cos θ + 3

2
mr2φ̇ψ̇ sin θ = −mgr cos θ (5.247)

Finally,

d

dt

(
∂T 0

∂ψ̇

)
− ∂T

0

∂ψ
= 3

2
mr2ψ̈ + 3

2
mr2φ̈ cos θ − 3

2
mr2φ̇θ̇ sin θ (5.248)

and the ψ equation is

3

2
mr2ψ̈ + 3

2
mr2φ̈ cos θ − 5

2
mr2φ̇θ̇ sin θ = 0 (5.249)

These equations of motion are equivalent to those obtained in Example 4.2 on page 222
using Maggi’s equation, but the Suslov approach is simpler and more direct.

5.6 Summary of integral methods

A review of integral methods in the analysis of nonholonomic systems must begin with
Hamilton’s principle, namely,∫ t2

t1

(δT + δW )dt = 0 (5.250)
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Here the kinetic energy T (q, q̇, t) is unconstrained and

δT =
n∑

i=1

∂T

∂qi
δqi +

n∑
i=1

∂T

∂ q̇ i

d

dt
(δqi ) (5.251)

since we assume that

d

dt
(δqi ) − δq̇ i = 0 (5.252)

Furthermore, the varied path determined by the δqs satisfies the virtual constraints of (5.4)
but does not satisfy, in general, the actual constraints of (5.11).

Hamilton’s principle leads to equations of motion of the form given by Lagrange’s prin-
ciple or Maggi’s equation.

The other integral methods can be derived directly from Hamilton’s principle. For exam-
ple, if the kinetic energy in terms of quasi-velocities is T ∗(q, u, t) and we use the substitution

δT = δT ∗ +
n∑

i=1

∂T

∂q̇ i

[
d

dt
(δqi ) − δq̇ i

]
(5.253)

in (5.250), the result after integration by parts reduces to the explicit form of the central
equation, (5.153).

On the other hand, if we designate the qs as either independent or dependent, and write
the constrained kinetic energy T 0(q, q̇ I , t), then the substitution

δT = δT 0 +
n∑

D=n−m+1

∂T

∂q̇ D

[
d

dt
(δqD) − δq̇ D

]
(5.254)

in (5.250) results in the explicit form of Suslov’s principle, (5.216). Here we assume that

d

dt
(δqI ) − δq̇ I = 0 (I = 1, . . . , n − m) (5.255)

All these methods utilize varied paths, determined by the δqs, which satisfy the virtual
constraints but not the actual constraints. Furthermore, for a given system and varied path,
the integrals used in the various methods will all be equal to δP at any given time t ,
where t1 < t < t2. Thus, differing notation and variables are being used to express the same
basic integral of Hamilton’s principle. The differing approaches, however, can result in one
method being easier than another, depending upon the particular system being analyzed.
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5.8 Problems

5.1. Consider the nonholonomic form of Hamilton’s principle, as given by (5.27). Show
that the integral∫ t

t1

(δT + δW )dt

where t1 < t < t2, is equal to δP of the central equation (5.129).

5.2. (a) Show that, for a system of N particles,

δP =
n∑

j=1

∂T ∗

∂u j
δθ j

where T ∗(q, u, t) is the unconstrained kinetic energy written in terms of quasi-
velocities. (b) Starting with the central equation in the form of (5.129), and without
using the fixed end-points and integration by parts of the integral method, derive
(5.151) and the explicit form of the central equation.

5.3. A nonholonomic system has m constraints that are expressed in the dependent form

q̇k =
n−m∑
i=1

Bki (q)q̇ i (k = n − m + 1, . . . , n)

Assuming that the independent qs satisfy

d

dt
(δqi ) − δq̇ i = 0 (i = 1, . . . , n − m)

show that, for the dependent qs,

d

dt
(δqk) − δq̇k =

n−m∑
i=1

n−m∑
j=1

βk
i j q̇ jδqi (k = n − m + 1, . . . , n)

where

βk
i j = ∂Bki

∂q j
− ∂Bkj

∂qi
+

n∑
l=n−m+1

(
∂Bki

∂ql
Bl j − ∂Bkj

∂ql
Bli

)

A substitution of this result into the Suslov equation (5.216) results in Voronets’
equation:

d

dt

(
∂T 0

∂q̇ i

)
−
(
∂T 0

∂qi
+

n∑
k=n−m+1

∂T 0

∂qk
Bki

)
−

n−m∑
j=1

n∑
k=n−m+1

∂T

∂q̇k
βk

i j q̇ j = Q0
i

where

Q0
i = Qi +

n∑
k=n−m+1

Qk Bki (i = 1, . . . , n − m)
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5.4. Consider the rotational motion of a rigid body using (ωx , ωy, ωz) as quasi-velocities,
where xyz is a body-fixed principal axis system at the center of mass. (a) Use classical
Euler angles as qs and show that

d

dt
(δθx ) − δωx = ωzδθy − ωyδθz

and similarly for the y and z components. (b) Use the central equation in the general
form of (5.151) to derive the Euler equations of rotational motion. Assume that
d/dt (δqi ) − δq̇ i = 0 for each of the Euler angles.

5.5. A pair of wheels, each considered to be a thin uniform disk of mass m and radius
r , are connected by a massless axle of length L . They roll without slipping on the
xy-plane which is inclined at an angle α from the horizontal. The independent us are
(v, φ̇) where v is the speed of the center of mass, and φ̇ is the angular velocity of the
axle. The qs are (x, y, φ, ψ1, ψ2). (a) Use the explicit form of the central equation
to obtain the differential equations of motion. (b) Assume the initial conditions are
v(0) = v0, φ(0) = 0, φ̇(0) = ω0. Solve for ẋ and ẏ as functions of time and find their
average values.

z

m
v

r

r

m

y

x

g

(x, y)
�2
�

�1
�

1 
2

L
1 
2

L

φ

α

Figure P 5.5.

5.6. A dumbbell consists of two particles, each of mass m, connected by a massless rod of
length l (Fig. P 5.6). Particle 1 has a knife-edge constraint oriented perpendicular to the
rod. A constant force F = F i is applied at particle 2. (a) Use (x, y, φ) as generalized
coordinates and obtain the differential equations of motion from the explicit form of
Suslov’s principle. Let x be the dependent coordinate. (b) Show that the speed v of
particle 1 is constant. (c) Show that the angle φ obeys a differential equation of the
same form as for a simple pendulum, even though particle 1 is moving.
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Figure P 5.6.

5.7. Consider a holonomic system with n qs and m constraints of the form

qD = �D(qI , t)

where I = 1, . . . , n − m and D = n − m + 1, . . . , n. Show that, for this system, the
explicit form of Suslov’s principle reduces to the fundamental form of Lagrange’s
equation.

5.8. Two dumbbells, each having a massless rod of length l, are connected by a joint to
form particle 3 of mass 2m. The system moves on the horizontal xy-plane. Particles 1
and 2 have knife-edge constraints requiring that the quasi-velocities u3 and u4 equal
zero. Let the qs be (x, y, ψ, φ); the independent quasi-velocities are (u1, u2). Use the
explicit form of the central equation to obtain the differential equations of motion.
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m
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u2
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ψ + φ
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Figure P 5.8.
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5.9. Consider again the system of Problem 5.8. Choose (x, y) as dependentqs and (ψ, φ) as
independent qs. (a) Find the unconstrained kinetic energy T (q, q̇) and the constrained
kinetic energy T 0(q, q̇ I ). (b) Use the explicit form of Suslov’s principle to obtain the
differential equations of motion.

5.10. A disk of mass 2m, radius r , and central moment of inertia I has a knife-edge
constraint at its center C . A particle of mass m is connected by a massless rod of
length l to a point P on the circumference by means of a joint. The system moves
on the horizontal xy-plane. Using (θ, φ, x, y) as qs and (v, θ̇ , φ̇) as us, obtain the
differential equations of motion by means of the explicit central equation.

y

x

m

l

r
2m

(x, y)

1

2

C

P

φ

θv

Figure P 5.10.

5.11. A thin uniform disk of mass m and radius r is constrained to remain vertical as
it rolls on the horizontal xy-plane (Fig. P 5.11). A series of knife edges are em-
bedded in the xy-plane and are aligned parallel to the x-axis. As a result, the
contact point P on the disk cannot slip in the y direction, but can slide with-
out friction in the x direction. Let θ be the angle between the plane of the disk
and the vertical yz-plane. Choose (θ, ψ, x, y) as qs and (θ̇ , ψ̇, ẋ) as indepen-
dent q̇s, where ψ̇ is the rotation rate about the axis of symmetry. (a) Use the
explicit form of Suslov’s principle to obtain the differential equations of mo-
tion. (b) Assume the initial conditions θ (0) = 0, θ̇ (0) = θ̇0, ψ̇(0) = ψ̇0, ẋ(0) =
ẋ0. Find the minimum and maximum values of ψ̇ and of the speed v of the
center C .
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5.12. Two rods, each of mass m and length l, are connected by a joint at B and move in the
horizontal xy-plane. A knife-edge constraint at A permits no velocity component w
along the rod at A but allows a perpendicular component v. Choose (θ1, θ2, x, y) as
qs and (θ̇1, θ̇2, v, w) as us. Obtain the differential equations of motion by using the
transpositional form of the Boltzmann–Hamel equation.
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6 Introduction to numerical methods

Digital computers are used extensively in the analysis of dynamical systems. The equations
describing the motion of a system are partly dynamic and partly kinematic in nature. In either
case, they take the form of ordinary differential equations which are nonlinear, in general.
These differential equations are usually written with time as the independent variable, and
time is assumed to vary in a continuous manner from some initial value, frequently zero, to
a final value.

In any representation using digital computers, the time can assume only a finite number of
discrete values. The differential equations of the system are replaced by difference equations.
The solutions of these difference equations are not the same, in general, as the solutions
of the corresponding differential equations at the given discrete times, thereby introducing
computational errors. More importantly, if parameters such as step size are not properly
chosen, a given numerical procedure may produce an apparent unstable response for a
system that is actually stable.

In this chapter, we shall begin with a brief discussion of the interpolation and extrapolation
of digital data. Then we will proceed with a discussion of various algorithms for the numer-
ical integration of ordinary differential equations. The errors arising from these numerical
procedures will be discussed, and questions of numerical stability will be considered.

Another important consideration in the numerical analysis of dynamical systems lies in
the proper representation of geometrical constraints. Even if the physical system is stable,
there may be numerical instabilities resulting from the method of applying constraints. We
shall discuss methods of representing constraints and will analyze their stability.

Finally, a topic of great interest is that of error detection and correction. One approach
is to use integrals of the motion, that is, functions whose values remain constant during the
motion. Examples are the energy or angular momentum functions associated with certain
systems. Any deviations from the expected values of these functions serve as indicators of
errors and are the starting point for possible corrections. These possibilities will be discussed.

6.1 Interpolation

Polynomial approximations

Consider a function of time f (t) whose values are given at the (n + 1) distinct points
t0, t1, . . . , tn . It is always possible to find an interpolating polynomial of degree n which
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passes exactly through these (n + 1) points. Let us choose

Pn(t) = a0 + a1t + · · · + ant
n (6.1)

as the approximating polynomial to y = f (t) and let

yi = f (ti ) (6.2)

We can determine the (n + 1) coefficients ao, a1, . . . , an from the (n + 1) equations

yi =
n∑

k=0

akt
k
i (i = 0, 1, . . . , n) (6.3)

which are linear in the as. For distinct times t0, t1, . . . , tn , a solution for the as is always
possible because the determinant of their coefficients is always nonzero. Thus, we can obtain
the interpolating polynomial Pn(t).

Lagrange’s interpolation formula

An alternative form of the same interpolating polynomial can be obtained by first using the
notation

 i (t) = (t − t0)(t − t1) · · · (t − ti−1)(t − ti+1) · · · (t − tn) (6.4)

We note that the factor (t − ti ) is omitted. Now define a sampling polynomial

δi (t) =  i (t)

 i (ti )
(i = 0, 1, . . . , n) (6.5)

which is a polynomial of degree n in t . It has the property that it is equal to zero at all
the sampling times t0, t1, . . . except at ti where its value is one. It is apparent, then, that a
polynomial of degree n which passes through the (n + 1) discrete points is

Pn(t) =
n∑

i=0

yiδi (t) =
n∑

i=0

yi
 i (t)

 i (ti )
(6.6)

This is the Lagrange interpolation formula.
An estimate of the error in Pn(t) can be expressed as a polynomial of degree (n + 1) in t .

Moreover, we know that the error is zero at the (n + 1) points t0, t1, . . . , tn . So let us assume
that

y(t) ≈ Pn(t) + C(t − t0)(t − t1) · · · (t − tn) (6.7)

where C is a constant to be determined. Now let us differentiate this equation (n + 1) times
with respect to t . The terms arising from Pn(t) will disappear completely, and we need to
consider only the term Ctn+1 since the others will vanish upon differentiation. With the aid
of the mean value theorem, we can write

y(n+1)(ξ ) = (n + 1)!C (t0 < ξ < tn) (6.8)
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where y(n+1) is the (n + 1)th time derivative of y(t). Thus, from (6.7) and (6.8), we obtain

y(t) = Pn(t) + (t − t0)(t − t1) · · · (t − tn)

(n + 1)!
y(n+1)(ξ ) (6.9)

The second term on the right represents the error Rn(t), that is,

Rn(t) = (t − t0)(t − t1) · · · (t − tn)

(n + 1)!
y(n+1)(ξ ) (6.10)

It should be noted that the error in the polynomial approximation does not necessarily
decrease with increasing n. This is particularly true when the sample times t0, . . . , tn are
equally spaced and the evaluation occurs at a time t near the limits of the overall interval
[t0, tn]. The problem arises for functions such as tan t , ln t , and 1/(1 + t)2 whose Taylor
series each have a finite radius of convergence. Although there is an exact match of Pn(t)
and y(t) at the (n + 1) discrete points, there is no restriction on the derivatives at these
points. Thus, for polynomials of relatively high degree, it is possible for large errors to
occur between sample times. This is known as the Runge phenomenon. On the other hand,
functions such as sin t and et , whose Taylor series representations have no convergence
problems, will not be subject to these large errors.

Divided difference

Consider the polynomial Pn(t) passing through the (n + 1) points (yi , ti ) where i =
0, 1, . . . , n. Define the divided difference

[ta, tb] = [tb, ta] = yb − ya

tb − ta
(6.11)

Similarly, a second-order divided difference is

[ta, tb, tc] = [tb, tc] − [ta, tb]

tc − ta
(6.12)

Again, the order of the arguments makes no difference. More generally, for the (n + 1)
times t0, . . . , tn , the nth-order divided difference, written in terms of (n − 1)th-order divided
differences, is

[t0, t1, . . . , tn] = [t1, t2, . . . , tn] − [t0, t1, . . . , tn−1]

tn − t0
(6.13)

Divided differences can be used in expressing the interpolating polynomial Pn(t). Con-
sider Newton’s interpolation formula:

Pn(t) = y0 + (t − t0){[t0, t1] + (t − t1)[ [t0, t1, t2] + (t − t2)([t0, t1, t2, t3] + · · ·)]} (6.14)

where the expression is continued until [t0, t1, . . . , tn] appears.
The coefficients to be used in Newton’s interpolation formula can be computed with

the aid of a divided difference table. For example, consider the case of four sample times
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t0, t1, t2, and t3. The corresponding divided difference table is

t0

t1

t2

t3

y0

y1

y2

y3

[t0, t1]

[t1, t2]

[t2, t3]

[t0, t1, t2]

[t1, t2, t3]
[t0, t1, t2, t3]

As a numerical example, consider the function y = log10 t and assume unit time intervals.

t log10 t [·, ·] [·, ·, ·] [·, ·, ·, ·]

1

2

3

4

0.00000

0.30103

0.47712

0.60206

0.30103

0.17609

0.12494

−0.06247

−0.02558
0.01230

The cubic curve passing through the four given points is found by using Newton’s interpo-
lation formula with the numerical coefficients obtained from the first entry of each column.
Thus, we obtain

P3(t) = 0 + (t − 1){0.30103 + (t − 2)[−0.06247 + (t − 3)(0.01230)]}
For the case t = 2.5, for example, the interpolation result is

P3(2.5) = 1.5{0.30103 + 0.5[−0.06247 − 0.5(0.01230)]} = 0.40008

The actual value is log10 2.5 = 0.39794.
An alternate form of Newton’s interpolation formula is

Pn(t) = y0 + (t − t0)[t0, t1] + (t − t0)(t − t1)[t0, t1, t2]

+ · · · + (t − t0) · · · (t − tn−1)[t0, . . . , tn] (6.15)

This leads to an error or remainder term of the form

Rn(t) = (t − t0) · · · (t − tn)[t0, t1, . . . , tn, t] (6.16)

which is obtained by considering t to be an additional data point and writing the next
term, recalling that there would be zero error at time t if the additional term Rn(t) is
included. Comparing this result with (6.10), and assuming that t is an interior point, we find
that

[t0, t1, . . . , tn, t] = y(n+1)(ξ )

(n + 1)!
(t0 < ξ < tn) (6.17)
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Now eliminate t and obtain

[t0, . . . , tn] = y(n)(ξ )

n!
(t0 < ξ < tn) (6.18)

For the case n = 0, (6.17) reduces to

[t0, t] = y(t) − y0

t − t0
= ẏ(ξ ) (t0 < ξ < t) (6.19)

which is the mean value theorem.

Forward and backward differences

Let us consider differences associated with a uniform time interval �t = h. The forward
difference operator � which operates on a function of time f (t) is given by

� f (t) = f (t + h) − f (t) (6.20)

or

� fn = fn+1 − fn (6.21)

The forward difference operator has the property of linearity, that is,

�[a f (t) + bg(t)] = a� f + b�g (6.22)

where a and b are constants. Furthermore, for a product of two functions of time,

�[ f (t)g(t)] = f (t + h)g(t + h) − f (t)g(t) (6.23)

or

�( fngn) = fn+1gn+1 − fngn

= fn+1gn+1 − fn+1gn + fn+1gn − fngn

= fn+1�gn + gn� fn

= gn+1� fn + fn�gn (6.24)

where the last equality is obtained by symmetry. For a quotient, we have

�

(
fn
gn

)
= gn� fn − fn�gn

gngn+1
(6.25)

The second forward difference is

�2 fn = �(� fn) = ( fn+2 − fn+1) − ( fn+1 − fn)

= fn+2 − 2 fn+1 + fn (6.26)

In a similar manner, we find that

�3 fn = �(�2 fn) = fn+3 − 3 fn+2 + 3 fn+1 − fn (6.27)

�4 fn = fn+4 − 4 fn+3 + 6 fn+2 − 4 fn+1 + fn (6.28)

and so on.
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If f (t) is a polynomial in t , then each forward difference operation reduces its degree by
one. For example, suppose that

f (t) = aN t N + aN−1t
N−1 + · · · + a0 (6.29)

Then

� f = aN [(t + h)N − t N ] + · · ·
= aN Nht N−1 + · · · (6.30)

�2 f = aN N (N − 1)h2t N−2 + · · · (6.31)

�k f = aN N (N − 1) · · · (N − k + 1)hkt N−k + · · · (6.32)

Hence, we find that

�N f = aN N !hN (6.33)

and

�N+1 f = 0 (6.34)

Forward differences are related to the corresponding derivatives with respect to time at
the middle of the sampling range in t . For example,

� fn
h

= fn+1 − fn
h

≈ ẏn+ 1
2

(6.35)

�2 fn
h2

= fn+2 − 2 fn+1 + fn
h2

≈ ÿn+1 (6.36)

which can be regarded as central difference approximations to the time derivatives at the
given points. More generally, we find that

�k fn
hk

≈ dk f

dtk

(
tn + 1

2
kh

)
(6.37)

and in addition,

�k fn
hk

= f (k)(ξ ) (tn < ξ < tn + kh) (6.38)

As an example, suppose that

f (t) = a3t
3 + a2t

2 + a1t + a0 (6.39)

Then,

� f (t) = f (t + h) − f (t)

= a3(3ht2 + 3h2t + h3) + a2(2ht + h2) + a1h (6.40)

On the other hand,

ḟ (t) = 3a3t
2 + 2a2t + a1 (6.41)
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and

h ḟ

(
t + 1

2
h

)
= 3a3h

(
t2 + ht + 1

4
h2

)
+ 2a2h

(
t + 1

2
h

)
+ a1h (6.42)

Upon comparing the right-hand sides of (6.40) and (6.42), we see that they differ only in
terms of order h3.

From (6.21) and (6.26), we find that forward differences involve present and future data,
but one may also define a difference operator which uses present and past data. This is the
backward difference operator ∇. Its defining equation is

∇ f (t) = f (t) − f (t − h) (6.43)

or

∇ fn = fn − fn−1 (6.44)

In addition, we find that

∇2 fn = fn − 2 fn−1 + fn−2 (6.45)

∇3 fn = fn − 3 fn−1 + 3 fn−2 − fn−3 (6.46)

∇4 fn = fn − 4 fn−1 + 6 fn−2 − 4 fn−3 + fn−4 (6.47)

and

∇k fn
hk

≈ dk f

dtk

(
tn − 1

2
kh

)
(6.48)

In applying the interpolating polynomial Pn(t) we have assumed that the time t lies in the
interval [t0, tn]. On the other hand, we can use the same polynomial Pn(t) in the process of
extrapolation to estimate values of f (t) for times outside the given interval. If t is slightly
greater than tn , for example, then (6.17) becomes

[t0, t1, . . . , tn, t] = y(n+1)(ξ )

(n + 1)!
(t0 < ξ < t) (6.49)

More explicitly, if we assume a uniform time interval h, and set t = tn+1, then we find from
(6.16), that the error is equal to the remainder term

Rn+1 = (tn+1 − t0) · · · (tn+1 − tn)
y(n+1)(ξ )

(n + 1)!

= hn+1y(n+1)(ξ ) (t0 < ξ < tn+1) (6.50)

This is the error in extrapolating to the (n + 1)th step, using the data of the previous n steps,
including the initial value y0.

6.2 Numerical integration

In the study of dynamical systems we consider, in general, ordinary differential equa-
tions with time as the independent variable. If one uses Lagrangian methods, the resulting
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second-order equations of motion are nonlinear, in general, but are always linear in the q̈s.
Usually each second-order differential equation is converted to two first-order equations
before numerical integration takes place, resulting in the solution for the dependent vari-
ables as functions of time. Numerical integration is accomplished by first converting the
differential equations to difference equations. These equations are then solved at discrete
instants of time. The solutions of the difference equations ideally should be the same as
the solutions of the differential equations evaluated at the discrete times. Now let us con-
sider some of the numerical procedures or algorithms used in the integration of ordinary
differential equations. The errors associated with these methods will be evaluated.

Euler’s method

Let us begin with a single first-order differential equation

ẏ = f (y, t) (6.51)

Choose a step size�t = h and assume that the initial condition y(t0) = y0 is given. The nu-
merical solution for y(t) at t = t1, t2, t3, . . . is obtained by repeating the following sequence
of calculations:

(1) ẏn = f (yn, tn) (6.52)

(2) yn+1 = yn + h ẏn (6.53)

for n = 0, 1, 2, . . .. Note that the result of the first calculation is used in the second, and the
result of the second calculation is used in the next repetition of step (1).

Next, let us consider the second-order differential equation

ÿ = f (y, ẏ, t) (6.54)

This equation is replaced by the two first-order equations

ẏ = v (6.55)

v̇ = f (y, v, t) (6.56)

with the given initial conditions y0 and v0. The Euler integration method for this case
consists of the following procedure:

(1) v̇n = f (yn, vn, tn) (6.57)

(2) yn+1 = yn + hvn (6.58)

(3) vn+1 = vn + hv̇n (6.59)

which is repeated at each time step.
More generally, if a system is described by a set of N coupled first-order equations in

N state variables, then equations similar to (6.52) and (6.53) are used in sequence for each
of the state variables at each time step. These computed variables are then used as initial
values for the next step.
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Truncation errors

Numerical integration involves the use of known data at time tn , and possibly at previous
times, along with the given differential equations, to estimate the values of the variables at
time tn+1 = tn + h. This is an extrapolation process. If one can represent the true solution
of a differential equation in the neighborhood of time tn by a Taylor series about tn , then the
algorithm is a representation of the truncated series, that is, its first few terms. The error
due to using a limited number of terms is called the truncation error, and is expressed by
giving the first omitted term or first error term. The truncation error is a function of step
size h, and it approaches zero as h goes to zero.

To illustrate the nature of a truncation error, let us consider a single first-order differential
equation such as (6.51), and assume that it is integrated numerically by the Euler method. We
need to distinguish between the true or exact value yn+1 at t = tn+1 and the corresponding
computed value y∗

n+1. Suppose, for example, that the initial condition is y(t0) = y0 and
the corresponding exact solution of the differential equation is y(t), as shown in Fig. 6.1.
Other slightly different initial conditions would result in corresponding roughly parallel
solution curves, as shown in the figure. The computed solution y∗(t), however, suffers a
truncation error at each step which, in effect, transfers it to an adjacent solution curve. Thus,
as shown in Fig. 6.1 in exaggerated form, the truncation error can continue to accumulate.
The truncation error for a single step is called the local truncation error. On the other hand,
the accumulated error over a given time interval is known as the global truncation error.

Consider the use of Euler’s method in the integration of the single first-order equation

ẏ = f (y, t) (6.60)

Assuming that there is no error in the value yn at time tn , the computed value at time tn+1 is

y∗
n+1 = yn + h ẏn (6.61)

computer
solution y*(t)

exact
solution y (t)

y

y0

t0 t1 t2 t3 t4 t

Figure 6.1.
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yn+1 (true value)

local truncation
error

y*
n+1 (computed
         value)

y

ttn

yn

tn+1

Figure 6.2.

where

ẏn = f (yn, tn) (6.62)

as shown in Fig. 6.2. To obtain the truncation error, consider a Taylor series about the time
tn ,

yn+1 = yn + h ẏn + h2

2!
ÿn + h3

3!

...
y n + · · · (6.63)

The local truncation error can be approximated by the first error term, that is

En+1 = yn+1 − y∗
n+1 = h2

2!
ÿn (6.64)

More accurately, using the mean value theorem, the local truncation error is

En+1 = h2

2!
ÿ(ξ ) (tn < ξ < tn+1) (6.65)

for the Euler integration method.
Since the number of steps per unit time is inversely proportional to the step size h, and

assuming additive truncation errors, the corresponding global truncation error is

En+1

h
= h

2
ÿ(ξ ) = O(h) (tn < ξ < tn+1) (6.66)

Because the global truncation error is of order h, the Euler method is called a first-order
method.

Roundoff errors

In addition to the truncation errors which are due to the numerical integration algorithm,
there are other errors which are due to the finite number of digits that are used in the
computations. These are called roundoff errors. A typical situation where roundoff errors
can become important occurs when the calculations involve the small difference of large
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numbers, in a relative sense. By subtracting the nearly equal numbers, one can lose many
significant digits. Furthermore, roundoff errors become relatively more important if the
truncation errors are drastically reduced by using a very small step size.

To illustrate the nature of roundoff errors, suppose we are given y = et and we desire
to calculate yn+1 − yn for the case tn = 10 and h = 0.001. If one uses a calculator which
employs ten decimal digits, the result is

e10.001 − e10 = 22048.50328 − 22026.46579

= 22.03749

We notice that, although the numbers to be subtracted are given to ten significant digits, the
result has only seven significant digits, and there is some doubt concerning the accuracy
of the last digit. In order to avoid errors due to the small difference of large numbers, one
should attempt to recast the problem in a form in which the difference is obtained directly,
possibly through a change of variables. For example, in the above problem, we notice that

yn+1 − yn = (eh − 1)etn (6.67)

and we can use a truncated series for the exponential function to obtain

eh − 1 = h + 1

2
h2 + 1

6
h3 + · · ·

= 10−3 + 1

2
× 10−6 + 1

6
× 10−9 = 1.000500167 × 10−3

Then

yn+1 − yn = 1.000500167 × 22.02646579 = 22.03748270

This result is accurate to the full ten digits. The improved accuracy is due to the replacement
of a difference by a product involving a convergent series.

Another example in which roundoff errors can become significant occurs in dynamical
problems using Euler angles as generalized coordinates, where these coordinate values are
near a singular point. For type I Euler angles, this singular orientation occurs for the attitude
angle θ near ±π/2. Suppose, for example, that these Euler angles are used in writing the
dynamical equations of a rigid body. A basic physical variable in the rotational dynamics
is the angular velocity component ωx , where

ωx = φ̇ − ψ̇ sin θ (6.68)

For the values of θ near ±π/2, the variables φ̇ and ψ̇ may be very large and almost equal,
with ωx a relatively small quantity. Thus, we have the small difference of large quantities
entering the equations of motion, and resulting in significant roundoff errors. At the same
time it also may be necessary to use a small step size h in order to keep the truncation
errors under control. Perhaps the best strategy under these conditions is to avoid the use
of Euler angles altogether in the dynamical equations. Another approach such as Euler’s
rotational equations could be used for the dynamics, with the orientation being specified
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in the kinematical equations by using four Euler parameters, which have no singularity
problems.

Trapezoidal method

Consider the first-order equation

ẏ = f (y, t) (6.69)

The trapezoidal integration algorithm is

yn+1 = yn + 1

2
h(ẏn+1 + ẏn) (6.70)

where

ẏn+1 = f (yn+1, tn+1) (6.71)

This is an implicit method because yn+1 appears on both sides of the equation. Usually
this implies that an iterative method of solution must be used. For example, one might start
with a first estimate of yn+1 and use (6.71) to obtain a first estimate of ẏn+1 that is substituted
into (6.70) to obtain a second estimate of yn+1. This procedure is repeated until successive
estimates of yn+1 are sufficiently close, assuming that the iterative process converges. These
values are then used as initial data for the next step.

The values of yn+1 and ẏn+1 obtained by this iterative process are not, in general, equal
to the true values. Let us use the notation y∗

n+1 and ẏ∗
n+1 for these computed values, where,

in accordance with the trapezoidal algorithm,

y∗
n+1 = yn + 1

2
h(ẏ∗

n+1 + ẏn) (6.72)

Here, yn and ẏn are assumed to be known. Now let us use a Taylor series to obtain

ẏ∗
n+1 ≈ ẏn+1 = ẏn + h ÿn + h2

2

...
y n + · · · (6.73)

with the result that

y∗
n+1 = yn + h ẏn + h2

2
ÿn + h3

4

...
y n + · · · (6.74)

The Taylor series for the true value yn+1 is

yn+1 = yn + h ẏn + h2

2
ÿn + h3

6

...
y n + · · · (6.75)

Hence, the local truncation error is

En+1 = yn+1 − y∗
n+1 = −h3

12

...
y n (6.76)

which is of the order h3. The global truncation error is O(h2), so the trapezoidal integration
algorithm is a second-order method.
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Modified Euler method

Now let us combine the two methods we have introduced up to this point. Let us consider
a first-order system

ẏ = f (y, t) (6.77)

with y(t0) = y0. The modified Euler method, or Heun’s method, is a two-pass method, that
is, the dynamical equation (6.77) is evaluated twice for each step. It consists of the Euler
algorithm as a predictor followed by the trapezoidal algorithm as a corrector for each step.
The method is self-starting because it requires no data for times previous to the nominal
time tn . It is considered to be an explicit method because there are no iterations, even though
the trapezoidal algorithm is used once per step, and we have classed the iterated trapezoidal
algorithm as implicit.

For given yn and tn , the modified Euler method uses the following procedure

(1) ẏn = f (yn, tn) (6.78)

(2) ỹn+1 = yn + h ẏn (6.79)

(3) ˜̇yn+1 = f (ỹn+1, tn+1) (6.80)

(4) yn+1 = yn + 1

2
h( ˜̇yn+1 + ẏn) (6.81)

We see that, in (6.79), the Euler method is used to obtain a first estimate or predicted value
of yn+1, indicated by a tilde (∼). This ỹn+1 is used in (6.80) to obtain an estimated value of
ẏn+1, which is then used in the trapezoidal formula of (6.81) to obtain the computed value
yn+1 to be used in the following time step. This is the corrected value.

Now let us find an expression for the truncation error of the modified Euler method. We
begin by recalling from (6.64) that the local truncation error due to the use of the Euler
method in calculating ỹn+1 is

yn+1 − ỹn+1 = 1

2
h2 ÿn (6.82)

This error will result in a corresponding error in ˜̇yn+1, as compared with the true value ẏn+1.
Assuming small errors, we find that

˜̇yn+1 = ẏn+1 + (ỹn+1 − yn+1) f ′
n+1 (6.83)

where we use the notation f ′
n+1 = (∂ f/∂y)n+1. Then, using (6.81)–(6.83), we obtain the

computed value

y∗
n+1 = yn + 1

2
h(ẏn+1 + ẏn) − 1

4
h3 f ′

n+1 ÿn (6.84)

By using Taylor expansions for yn+1 and ẏn+1, we find that

yn + 1

2
h(ẏn+1 + ẏn) = yn+1 + 1

12
h3...

y n (6.85)
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Finally, we obtain the local truncation error

En+1 = yn+1 − y∗
n+1 = − 1

12
h3(

...
y n − 3 f ′

n ÿn) (6.86)

where we have substituted f ′
n for f ′

n+1 since they differ by O(h).
We notice that, although the order of the local truncation error of the Euler predictor is

O(h2) whereas that of the trapezoidal corrector is O(h3), this apparent mismatch does not
result in a significant loss of accuracy. As an example, consider the linear first-order system
described by

ẏ = λy (6.87)

where λ is a constant. Then ÿ = λ2y,
...
y = λ3y, etc., and f ′ = ∂ f/∂y = λ. The local trun-

cation error of the modified Euler method is

En+1 = − 1

12
h3(

...
y n − 3 f ′

n ÿn) = 1

6
h3λ3yn (6.88)

If we compare this error with that given by (6.76), we see that this error is twice as large
as the error for the fully iterated and converged trapezoidal method. The global truncation
error of the modified Euler method is 1

6h2λ3yn for this system. Because it is of order h2, it
is classified as a second-order method.

Runge–Kutta methods

The Runge–Kutta integration algorithms are characterized by being explicit, self-starting,
multiple-pass methods. Consider first the second-order Runge–Kutta (RK-2) method. When
applied to the general first-order system of (6.77), the RK-2 procedure is as follows:

(1) ẏn = f (yn, tn) (6.89)

(2) ỹn+ 1
2

= yn + 1

2
h ẏn (6.90)

(3) ˜̇yn+ 1
2

= f
(
ỹn+ 1

2
, tn+ 1

2

)
(6.91)

(4) yn+1 = yn + h ˜̇yn+ 1
2

(6.92)

Notice that step (2) uses the Euler method to estimate the value of y at tn+ 1
2
. This estimate

ỹn+ 1
2

is substituted into the differential equation to obtain an estimate ˜̇yn+ 1
2

of the midpoint
velocity. In step (4), this estimate is used as an approximation of the average velocity in the
calculation of yn+1.

The local truncation error can be shown to be

En+1 = 1

24
h3(

...
y n + 3 f ′

n ÿn) (6.93)

For the linear first-order system given by (6.87) the local truncation error for RK-2 is

En+1 = 1

6
h3λ3yn (6.94)

This is equal to the truncation error for the modified Euler method.
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Now let us consider the widely-used fourth-order Runge–Kutta (RK-4) method. Again
assume a general first-order system. The procedure for the RK-4 method is as follows:

(1) ẏn = f (yn, tn) (6.95)

(2) ỹn+ 1
2

= yn + 1

2
h ẏn (6.96)

(3) ˜̇yn+ 1
2

= f
(
ỹn+ 1

2
, tn+ 1

2

)
(6.97)

(4) ˜̃yn+ 1
2

= yn + 1

2
h ˜̇yn+ 1

2
(6.98)

(5) ˜̃̇yn+ 1
2

= f
(

˜̃yn+ 1
2
, tn+ 1

2

)
(6.99)

(6) ỹn+1 = yn + h ˜̃̇yn+ 1
2

(6.100)

(7) ˜̇yn+1 = f (ỹn+1, tn+1) (6.101)

(8) yn+1 = yn + 1

6
h
(
ẏn + 2 ˜̇yn+ 1

2
+ 2 ˜̃̇yn+ 1

2
+ ˜̇yn+1

)
(6.102)

This is an explicit, self-starting, four-pass method with a global truncation error of O(h4).
The first three steps of the procedure are identical with those of the RK-2 method. Then
two more passes are added in order to improve the accuracy without requiring more initial
data at each time step.

A general analysis of the truncation error of the RK-4 method is rather complicated, but
for the case of a linear system described by ẏ = λy of (6.87), it can be shown that the local
truncation error is

En+1 = yn+1 − y∗
n+1 = (λh)5

120
yn (6.103)

Adams–Bashforth predictors

Predictor algorithms are explicit algorithms which can be used individually or can be
coupled with correctors to form an explicit predictor–corrector combination. In general,
Adams–Bashforth (AB) predictors are not self-starting because they use past data which
is not available at the initial time. Hence, some self-starting method such as RK-4 is often
used for the first few time steps before switching to the chosen predictor algorithm.

In order to obtain the various Adams–Bashforth predictors, one can first recall the defi-
nition of a backward difference, as given by (6.44),

∇ yn = yn − yn−1 (6.104)

Higher-order backward differences are defined by a repeated application of this operator,
with the results given in (6.45)–(6.47). It can be shown that

yn+1 = yn + h

(
ẏn + 1

2
∇ ẏn + 5

12
∇2 ẏn + 3

8
∇3 ẏn + 251

720
∇4 ẏn + · · ·

)
(6.105)
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where

∇ ẏn = ẏn − ẏn−1 (6.106)

∇2 ẏn = ẏn − 2ẏn−1 + ẏn−2 (6.107)

∇3 ẏn = ẏn − 3ẏn−1 + 3ẏn−2 − ẏn−3 (6.108)

∇4 ẏn = ẏn − 4ẏn−1 + 6ẏn−2 − 4ẏn−3 + ẏn−4 (6.109)

The various Adams–Bashforth predictors are obtained by truncating the series of (6.105)
at corresponding points. For example, the AB-1 algorithm is identical to the Euler method
and uses only the first two terms. Thus, we take

yn+1 = yn + h ẏn (6.110)

and obtain the first-order term, or local truncation error, from the next term in (6.105),
namely,

En+1 = h

2
∇ ẏn = h

2
(ẏn − ẏn−1) (6.111)

Now expand ẏn−1 in a Taylor series about tn and obtain

ẏn−1 = ẏn − h ÿn + · · · (6.112)

Then, from (6.111) and (6.112), we obtain the first error term for the AB-1 algorithm.

En+1 = 1

2
h2 ÿn (6.113)

In a similar manner, we can obtain other Adams–Bashforth predictor algorithms and the
corresponding first error terms. They can be summarized as follows:

AB-2

yn+1 = yn + 3

2
h ẏn − 1

2
h ẏn−1 (6.114)

En+1 = 5

12
h3...

y n (6.115)

AB-3

yn+1 = yn + h

12
(23ẏn − 16ẏn−1 + 5ẏn−2) (6.116)

En+1 = 3

8
h4y(4)

n (6.117)

AB-4

yn+1 = yn + h

24
(55ẏn − 59ẏn−1 + 37ẏn−2 − 9ẏn−3) (6.118)

En+1 = 251

720
h5y(5)

n (6.119)

The global truncation errors are equal to En+1/h in each case. Notice that data from more
steps in the past are required by the higher-order methods.
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Adams–Moulton correctors

The Adams–Moulton (AM) algorithms differ from the predictor algorithms by being im-
plicit, that is, variables at time tn+1 appear on both sides of the integration algorithm. The
derivation of AM algorithms begins with the backward difference expression

yn+1 = yn + h

(
ẏn+1 − 1

2
∇ ẏn+1 − 1

12
∇2 ẏn+1 − 1

24
∇3 ẏn+1 − 19

720
∇4 ẏn+1 + · · ·

)
(6.120)

where

ẏn+1 = f (yn+1, tn+1) (6.121)

and

∇ ẏn+1 = ẏn+1 − ẏn (6.122)

∇2 ẏn+1 = ẏn+1 − 2ẏn + ẏn−1 (6.123)

∇3 ẏn+1 = ẏn+1 − 3ẏn + 3ẏn−1 − ẏn−2 (6.124)

∇4 ẏn+1 = ẏn+1 − 4ẏn + 6ẏn−1 − 4ẏn−2 + ẏn−3 (6.125)

Using procedures similar to those used in deriving the AB algorithms, the following
Adams–Moulton corrector algorithms, and the corresponding first error terms, can be ob-
tained.

AM-2 (Trapezoidal)

yn+1 = yn + h

2
(ẏn+1 + ẏn) (6.126)

En+1 = −h3

12

...
y n (6.127)

AM-3

yn+1 = yn + h

12
(5ẏn+1 + 8ẏn − ẏn−1) (6.128)

En+1 = −h4

24
y(4)
n (6.129)

AM-4

yn+1 = yn + h

24
(9ẏn+1 + 19ẏn − 5ẏn−1 + ẏn−2) (6.130)

En+1 = − 19

720
h5y(5)

n (6.131)

The first error terms of the AM algorithms are observed to be considerably smaller than
the errors for the corresponding AB algorithms. One reason for the greater accuracy of the
AM algorithms is that they are implicit, and the values of yn+1 are those which are achieved
after the convergence of the iteration process.
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Truncation errors of predictor–corrector methods

We shall consider Adams–Bashforth predictors followed by Adams–Moulton correctors,
but with only a single pass of the corrector algorithm per step, that is, without iteration.
This leads to truncation errors of the same order in h as the corrector, but generally with a
larger coefficient.

Let us begin with AB-1, AM-2 or the modified Euler method. This algorithm has been
analyzed previously, and the local truncation error, or first error term, is

En+1 = −h3

12
(
...
y n − 3 f ′

n ÿn) (6.132)

as in (6.86).
Next consider the AB-2, AM-3 predictor–corrector algorithm. The AB-2 predictor results

in an estimated value of yn+1 which is

ỹn+1 = yn + 3

2
h ẏn − h

2
ẏn−1 (6.133)

The first error term of this expression is

yn+1 − ỹn+1 = En+1 = 5

12
h3...

y n (6.134)

Now apply perturbation theory at time tn+1 to the system differential equation

ẏ = f (y, t) (6.135)

with the result that

˜̇yn+1 = ẏn+1 + ( f ′
n+1)(ỹn+1 − yn+1)

= ẏn+1 − 5

12
h3 f ′

n

...
y n (6.136)

The AM-3 algorithm gives a computed value

y∗
n+1 = yn + h

12
(5 ˜̇yn+1 + 8ẏn − ẏn−1)

= yn + h

12
(5ẏn+1 + 8ẏn − ẏn−1) − 25

144
h4 f ′

n

...
y n (6.137)

But from (6.128) and (6.129),

yn+1 = yn + h

12
(5ẏn+1 + 8ẏn − ẏn−1) − h4

24
y(4)
n (6.138)

Thus, we find that the local truncation error for the AB-2, AM-3 predictor–corrector algo-
rithm is

En+1 = yn+1 − y∗
n+1 = − h4

144

(
6y(4)

n − 25 f ′
n

...
y n
)

(6.139)
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For the particular case of the linear system ẏ = λy, whereλ is a constant, the local truncation
error is

En+1 = 19

144
(λh)4yn (6.140)

If one analyzes the AB-3, AM-3 combination, the truncation error is the same as for the
corrector AM-3 alone, namely,

En+1 = −h4

24
y(4)
n (6.141)

Here, however, no iteration is involved.
For the case of a linear system, this results in

En+1 = − 1

24
(λh)4yn (6.142)

Thus, we find that raising the order of the predictor from AB-2 to AB-3 does not change the
order of the truncation error, but it may reduce the magnitude of the numerical coefficient.

Finally, for the AB-3, AM-4 predictor–corrector combination, it can be shown that the
local truncation error is

En+1 = − h5

2880

(
70y(5)

n − 405 f ′
n y(4)

n

)
(6.143)

Special integration algorithms

If the differential equations are of a particular form, it may be possible to use an integration
algorithm which is especially suitable. For example, suppose that the acceleration is not a
function of velocity, that is, it has the form

ÿ = f (y, t) (6.144)

Let us look for an integration algorithm which applies directly to this second-order differ-
ential equation rather than to the equivalent set of two first-order equations. Let us begin
with the approximations

ẏn+ 1
2

≈ yn+1 − yn

h
, ẏn− 1

2
≈ yn − yn−1

h
(6.145)

Then we obtain the basic central difference equation

ÿn =
ẏn+ 1

2
− ẏn− 1

2

h
= 1

h2
(yn+1 − 2yn + yn−1) (6.146)

and the following central difference algorithm:

yn+1 = 2yn − yn−1 + h2 ÿn (6.147)

A substitution of the Taylor series for yn−1 results in the computed value

y∗
n+1 = yn + h ẏn + h2

2
ÿn + h3

6

...
y n − h4

24
y(4)
n (6.148)
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A comparison of this computed value with the Taylor series for yn+1 yields the local
truncation error

En+1 = yn+1 − y∗
n+1 = h4

12
y(4)
n (6.149)

The global truncation error is O(h3).
Next, consider the midpoint method as it applies to the system of (6.144). Let us use the

implicit algorithm

ẏn+1 = ẏn + h f

(
yn+1 + yn

2
, tn+ 1

2

)
(6.150)

yn+1 = yn + h

2
(ẏn+1 + ẏn) (6.151)

We see that the acceleration ÿn+ 1
2

is obtained by using the midpoint approximation

yn+ 1
2

= 1

2
(yn+1 + yn) (6.152)

in (6.144).
Let us use the notation

k(y, t) ≡ −∂ f
∂y

(6.153)

and assume that k is slowly varying over any time step h so kn ≈ kn+1. Then

ÿn+ 1
2

= ÿn +
(
∂ f

∂y

)(
yn+1 − yn

2

)
= ÿn − k

2
(yn+1 − yn) (6.154)

Thus, (6.150) becomes

ẏn+1 = ẏn + h ÿn − hk

2
(yn+1 − yn) (6.155)

A substitution of this expression for ẏn+1 into (6.151) yields the computed value

y∗
n+1 = yn + h ẏn + h2

2
ÿn − h3k

8
(ẏn+1 + ẏn)

= yn + h ẏn + h2

2
ÿn − h3k

4
ẏn + · · · (6.156)

where we note that ẏn+1 ≈ ẏn . A comparison of this result with the Taylor series

yn+1 = yn + h ẏn + h2

2
ÿn + h3

6

...
y n + · · · (6.157)

indicates that the local truncation error is

En+1 = yn+1 − y∗
n+1 = h3

12
(2

...
y n + 3k ẏn) (6.158)

The midpoint method, also known as the midpoint rule, has the advantages of being
numerically stable and, for certain formulations, can also preserve angular momentum.
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6.3 Numerical stability

One of the recurring problems in the numerical analysis of physical systems is that the
numerical results may show an instability which is not present in the physical system. The
stability of a numerical method depends on the step size h and on the stability characteristics
of the physical system. Other factors may influence the stability, including the numerical
methods used in representing constraints. In this section, we will consider the numerical
stability characteristics of various integration algorithms.

Euler integration

Consider first the relatively simple case of a single first-order differential equation

ẏ = f (y, t) (6.159)

The Euler algorithm is

yn+1 = yn + h ẏn (6.160)

The numerical stability is analyzed by the perturbation equation

δyn+1 = δyn + h f ′
nδyn (6.161)

where we use the notation

f ′
n ≡ ∂ f

∂y
(yn, tn) (6.162)

We consider (6.161) as a difference equation in δy and assume that f ′
n varies slowly enough

that it can be assumed to be constant. Let

∂ f

∂y
= λ (6.163)

where λ is a real constant. Then (6.161) becomes

δyn+1 − (1 + λh)δyn = 0 (6.164)

Now assume a solution of the form

δyn = Aρn (6.165)

where A is a constant and ρ is the ratio δyn+1/δyn . From (6.164) and (6.165) we obtain

(ρ − 1 − λh)Aρn = 0 (6.166)

We seek nonzero values of ρ in order to avoid trivial zero solutions for δy. Thus, we obtain

ρ = 1 + λh (6.167)

The necessary condition for numerical stability is that |ρ| ≤ 1. The step size h is assumed
to be positive, and we see that −2 ≤ λh ≤ 0 for numerical stability.
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Now let us consider the more general case of a system of m first-order differential
equations which are to be integrated using the Euler method. We have

ẏi = fi (y, t) (i = 1, . . . ,m) (6.168)

The corresponding perturbation equations are

δ ẏi =
m∑

k=1

∂ fi
∂yk
δyk =

m∑
k=1

gikδyk (i = 1, . . . ,m) (6.169)

where gik ≡ ∂ fi/∂yk is assumed to be varying slowly enough to be considered constant
in the perturbation equations and the corresponding difference equations. Let us assume
solutions for δy of the form eλt . Then, for a single mode involving one value of λ,

d

dt
(δyi ) = δ ẏi = λδyi (i = 1, . . . ,m) (6.170)

From (6.169) and (6.170), upon setting the determinant of the coefficients of the δys equal
to zero, we obtain the characteristic equation

det |(gik − λδik)| = 0 (6.171)

where δik is the Kronecker delta. There are m eigenvalues (λs) which are real or occur in
complex conjugate pairs. The perturbation equations of the physical system are stable if all
the λs lie in the left half of the complex plane, that is, if they have negative real parts.

The Euler algorithm, when applied to the perturbation equations (6.170), results in dif-
ference equations of the form

δyi(n+1) = δyin + λhδyin = (1 + λh)δyin (i = 1, . . . ,m) (6.172)

where the first subscript indicates the state variable and the second subscript refers to the
time. This is consistent with (6.164) obtained earlier.

Let us assume solutions to (6.172) of the form

δyin = Aiρ
n (6.173)

Then, we obtain

Aiρ
n+1 = (1 + λh)Aiρ

n (6.174)

For each eigenvalue λ j , we have

ρ j = 1 + λ j h ( j = 1, . . . ,m) (6.175)

The necessary condition for stability is

|ρ j | ≤ 1 ( j = 1, . . . ,m) (6.176)

This result can be expressed conveniently as a plot of the stable region on the complex
plane, as shown in Fig. 6.3. If λ is real, then λh must lie in the range [−2, 0] for numerical
stability. On the other hand, if λ is imaginary, as it would be for an undamped second-order
system, then the Euler integration method is at least somewhat unstable, no matter how
small the step size.



351 Numerical stability

stable

−1−2

λh - plane

λhρ

Figure 6.3.

Trapezoidal method

Let us consider the first-order system

ẏ = f (y, t) (6.177)

The trapezoidal algorithm is

yn+1 = yn + h

2
(ẏn+1 + ẏn) (6.178)

Since ẏn+1 is a function of yn+1, this is an implicit method and uses iteration.
The perturbation equation corresponding to (6.177) is

δ ẏ = ∂ f

∂y
δy = λδy (6.179)

where we assume that λ can be considered to be constant. The trapezoidal algorithm applied
to the perturbation equation results in(

1 − λh
2

)
δyn+1 −

(
1 + λh

2

)
δyn = 0 (6.180)

Assume solutions of the form

δyn = Aρn (6.181)

and substitute into (6.180). After dividing by Aρn , the characteristic equation is(
1 − λh

2

)
ρ −

(
1 + λh

2

)
= 0 (6.182)

or

ρ =
1 + λh

2

1 − λh
2

(6.183)



352 Introduction to numerical methods

Notice that λ is the real eigenvalue for the linearized perturbation equation, while ρ is the
corresponding stability parameter for the difference equation. There is numerical stability
if |ρ| ≤ 1, and this will occur if the physical perturbations are stable, that is, if λ ≤ 0.

For the more general case where y in (6.177) is an m-vector, the m λs and the corre-
sponding m ρs are complex in general. Nevertheless, as was shown for the case of Euler
integration, the equation relating λ and ρ still applies. Thus, (6.183) is valid for each eigen-
value λ and the corresponding ρ. If λ = a + ib, for example, then

ρ =
1 + ah

2
+ i

bh

2

1 − ah

2
− i

bh

2

(6.184)

We see that |ρ| < 1 for a < 0. In other words, if the physical system is stable and all its roots
are in the left half-plane, then the numerical representation using the trapezoidal method is
also stable for any step size h.

Runge–Kutta methods

Consider a first-order system whose perturbation equation has the form

δ ẏ = λδy (6.185)

where λ is a constant. Referring to the RK-2 algorithm given by (6.89)–(6.92), we find that

δ ỹn+ 1
2

= δyn + 1

2
λhδyn (6.186)

δ ˜̇yn+ 1
2

= λδyn + 1

2
λ2hδyn (6.187)

δyn+1 = δyn + λhδyn + 1

2
(λh)2δyn

=
[

1 + λh + 1

2
(λh)2

]
δyn (6.188)

Now assume a solution of the form

δyn = Aρn (6.189)

Upon substituting into (6.188) and dividing by Aρn , we obtain

ρ = 1 + λh + 1

2
(λh)2 (6.190)

For this system with λ real, the value of ρ is never negative, and ρ = 1 for λh = 0,−2.
Thus, there is numerical stability for ρ ≤ 1 or for −2 ≤ λh ≤ 0.

Now consider the more general case in which δy is an m-vector, as in (6.170). Equation
(6.190) still applies in this case, but the λs and the corresponding ρs may be complex. In
order to obtain the stability in the the complex λh-plane, we take |ρ| = 1 and let

ρ = eiφ (6.191)
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Then we solve for λh as φ is varied. For example, suppose we assume

λh = a + ib (6.192)

and substitute into (6.190). By equating real and imaginary parts separately, we obtain the
following equations for a and b:

a = −1 ±
(

cosφ − 1

2
+
√

5

4
− cosφ

) 1
2

(6.193)

b = sinφ

a + 1
(6.194)

The results are plotted in Fig. 6.4. For convenience, only the upper half of the complex
plane is shown. Note that the stability boundary for RK-2 is symmetric about the real axis
and also about the line a = −1. The maximum value of b is

√
3.

The stability boundary for the RK-4 algorithm is found by using a similar procedure. In
this case, we find that, in general,

ρ = 1 + λh + 1

2
(λh)2 + 1

6
(λh)3 + 1

24
(λh)4 (6.195)

and, for a point on the stability boundary,

ρ = eiφ = cosφ + i sinφ (6.196)
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It can be shown that, for real values ofλh, there is numerical stability for−2.7853 ≤ λh ≤ 0.
Furthermore, for an imaginary value of λh, as might occur in the analysis of an undamped
second-order system, the stability boundary occurs at λh = ± i2

√
2. From Fig. 6.4 it can

be seen that the RK-4 algorithm has a considerably larger region of numerical stability than
RK-2.

Midpoint method

Consider the second-order system

ÿ = f (y, t) (6.197)

The implicit algorithm applied to this system is

yn+1 = yn + h

2
(ẏn+1 + ẏn) (6.198)

where

ẏn+1 = ẏn + h f

(
yn+1 + yn

2
, tn+ 1

2

)
(6.199)

We see that yn+1 appears on both sides of the equation, implying an iterated solution.
The numerical stability is analyzed by considering the perturbation equations

δyn+1 = δyn + h

2
(δ ẏn+1 + δ ẏn) (6.200)

δ ẏn+1 = δ ẏn + h

(
∂ f

∂y

)
n+ 1

2

(
1

2
δyn+1 + 1

2
δyn

)
(6.201)

Let us use the notation

∂ f

∂y
≡ −k (6.202)

and assume that k varies slowly enough to be considered constant in the stability analysis.
Then (6.201) becomes

δ ẏn+1 = δ ẏn − hk

2
(δyn+1 + δyn) (6.203)

Now consider y and ẏ as separate variables in the difference equations, and assume the
solutions

δyn = Aρn (6.204)

δ ẏn = Bρn (6.205)

A substitution into (6.200) and (6.203) yields

(ρ − 1)Aρn − h

2
(ρ + 1)Bρn = 0 (6.206)

(ρ + 1)
hk

2
Aρn + (ρ − 1)Bρn = 0 (6.207)
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Divide each equation by ρn and set the determinant of the coefficients of A and B equal to
zero. The resulting characteristic equation is(

1 + h2k

4

)
ρ2 +

(
h2k

2
− 2

)
ρ + 1 + h2k

4
= 0 (6.208)

Assuming that k is positive, we obtain

ρ =
(

1 + h2k

4

)−1 (
1 − h2k

4
± ih

√
k

)
(6.209)

Thus,

|ρ|2 =
(

1 + h2k

4

)−2
[(

1 − h2k

4

)2

+ h2k

]
= 1 (6.210)

We see that this iterative midpoint method is numerically stable for all h and positive k.
In addition to the numerical stability, one should also consider the convergence properties

of the iteration procedure. This procedure consists of evaluating ẏn+1 and yn+1 alternately,
using (6.198) and (6.199), meanwhile keeping constant yn and ẏn . We wish to determine
whether perturbations of yn+1 will grow or diminish in amplitude in successive iterations.
From (6.200) and (6.201) we obtain

δy( j+1)
n+1 = hδ ẏn − h2k

4
δy( j)

n+1 +
(

1 − h2k

4

)
δyn (6.211)

where δ ẏn and δyn are set equal to zero. The superscript ( j) or ( j + 1) refers to the iteration
number. We see that∣∣δy( j+1)

n+1

∣∣ < ∣∣δy( j)
n+1

∣∣
if 0 < h

√
k < 2. Previously, we assumed that k is positive. If k is negative, the midpoint

method is numerically unstable for all positive values of step size h.
We conclude, then, that the convergence of the iteration procedure is critical in determin-

ing the range of h for overall numerical stability of the midpoint method.

Extraneous roots

When one uses higher-order algorithms such as Adams–Bashforth or Adams–Moulton, the
characteristic equation associated with the difference equations is of higher degree than
the characteristic equation obtained from the linearized differential equations describing
perturbations of the system. Thus, in addition to the roots approximating the true values,
there are additional extraneous roots introduced in the numerical solution. These extraneous
roots arise because the algorithms include values of the variables previous to time tn .

As a simple example, consider the AB-2 algorithm, namely,

yn+1 = yn + 3

2
h ẏn − 1

2
h ẏn−1 (6.212)
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Suppose we apply this algorithm to the first-order equation

ẏ = λy (6.213)

where λ is a constant. Assuming solutions of the form

yn = Aρn (6.214)

the characteristic equation associated with (6.212) is

ρ2 −
(

1 + 3

2
λh

)
ρ + 1

2
λh = 0 (6.215)

Assuming that λh is real, the AB-2 algorithm is numerically stable for −1 ≤ λh ≤ 0.
As a specific example, let λh = −0.1. The corresponding characteristic equation is

ρ2 − 0.85ρ − 0.05 = 0 (6.216)

and the roots are ρ1,2 = 0.9052,−0.0552. If the numerical procedure were exact, then we
should have ρ = eλh = 0.9048. Thus, we see that the root −0.0552 is extraneous.

As another example, let λh = −1 which is on the boundary of the stable region. The
characteristic roots in this case are ρ = 0.5,−1. The root −1 is on the stability boundary
and is extraneous. Thus, it is the extraneous root which causes numerical instability for
more negative values of λh.

In general, the number of extraneous roots is determined by the number of time increments
in the past at which data are used in the algorithm. For example, the AB-3 algorithm involves
ẏn−2. This results in two extraneous roots for each variable, assuming first-order differential
equations.

For multiple-pass algorithms such as the various predictor–corrector methods, the algo-
rithm as a whole determines the number of extraneous roots. For example, the AB-3, AM-4
combination involves ẏn−2 and will introduce two extraneous roots per variable.

6.4 Frequency response methods

Transfer functions

Consider a linear time-invariant system which has a sinusoidal input. The steady-state
output will be sinusoidal with the same frequency as the input but, in general, with a
different amplitude and phase. If one uses complex notation, the amplitude and phase of
the output relative to the input are expressed by the transfer function

G(iω) = Meiφ (6.217)

where M(ω) is the relative amplitude and φ(ω) is the relative phase.
The system under consideration may be originally linear or may be a linearized system

which is represented by a set of perturbation equations. The data resulting from a numerical
integration of the linear equations can be considered to be samples taken from a continuous
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output, albeit an output slightly in error compared to the true output. The transfer function
relating this computed output to the same sinusoidal input is of the form

G∗(iω) = M∗eiφ∗
(6.218)

where M∗ and φ∗ are functions of ω. Our problem is to find the relationship of G∗(iω) to
G(iω) for some combination of linear equations and integration algorithm.

As a simple example, consider apure integrator with a unit sinusoidal input. Its differential
equation can be written in the complex form

ẏ = eiωt (6.219)

Let us use the Euler integration algorithm and the discrete time

tn = nh (6.220)

We obtain the difference equation

yn+1 = yn + heiωnh (6.221)

The steady-state solution of this equation has the form

yn = G∗(iω)eiωnh (6.222)

where G∗(iω) is complex, in general. This solution is sinusoidal and of the same frequency
as the input, but G∗(iω) allows for a different amplitude and phase at the output yn .

If (6.222) is substituted into (6.221), we obtain(
eiωh(n+1) − eiωnh

)
G∗(iω) = heiωnh

or

G∗(iω) = h

eiωh − 1
(6.223)

Compare this result with that for the integrator of (6.219) where

G(iω) = 1

iω
(6.224)

We see that one can obtain G∗(iω) from G(iω) by replacing iω with (eiωh − 1)/h. This
substitution is valid for any transfer function G(iω) if Euler integration is used.

In general, if one knows the transfer operator G(s), where s is the Laplacian variable,
then one obtains G(iω) by the substitution s = iω. G∗(iω) is obtained by letting s =
(eiωh − 1)/h for the case of Euler integration.

As a second example, suppose we again consider an integrator with a sinusoidal input,
as given by (6.219), and use the RK-2 algorithm. The resulting difference equation is

yn+1 = yn + heiωh(n+ 1
2 ) (6.225)

Assume steady-state solutions of the form given by (6.222). We obtain

(eiωh(n+1) − eiωhn)G∗ = heiωh(n+ 1
2 ) (6.226)
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which leads to

G∗(iω) = h

eiωh/2 − e−iωh/2
= h

i2 sin(ωh/2)
(6.227)

We note that as the step size h approaches zero, G∗(iω) approaches G(iω), as given by
(6.224).

It is important to realize that, for multiple-pass algorithms such as RK-2, one can no
longer obtain G∗(iω) by making the appropriate substituting for s in G(s). The form
of G∗(iω) is complicated by the presence of intermediate variables in making extra
passes.

Example 6.1 Consider a second-order system described by the differential equation

ÿ + 2ζωn ẏ + ω2
n y = f (t) (6.228)

where ωn is the undamped natural frequency and ζ is the damping ratio. Assuming that all
initial conditions are zero, the Laplace transform of this equation is(
s2 + 2ζωns + ω2

n

)
Y (s) = F(s) (6.229)

This leads to

G(s) = Y (s)

F(s)
= 1

s2 + 2ζωns + ω2
n

(6.230)

For a sinusoidal input,

f (t) = cosωt (6.231)

the steady-state response is found by letting s = iω in (6.230) and obtaining the transfer
function

G(iω) = 1

ω2
n − ω2 + i2ζωnω

=

(
1

ω2
n

)

1 −
(
ω

ωn

)2

+ i2ζ

(
ω

ωn

) (6.232)

Now consider a specific numerical example with ωn = 1, ω = 0.95, ζ = 0.5, and obtain

G = 1

0.0975 + i0.95
= 1.047131∠ − 1.468523

where the latter form gives the amplitude and the phase angle in radians relative to the
sinusoidal input.

Suppose we solve this problem using Euler integration with a step size h = 0.01. If we
replace iω by (eiωh − 1)/h in (6.232), we obtain

G∗(iω) = h2

(eiωh − 1)2 + 2ζωnh(eiωh − 1) + ω2
nh

2
(6.233)
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This results in the numerical value

G∗ = 1

0.093035 + i0.941412
= 1.057085∠ − 1.472291

We see that the steady-state amplitude of the numerical solution is about one percent too
large. The numerical phase lag is more accurate but is also slightly large.

Example 6.2 Now consider a first-order system which is analyzed using the RK-2 al-
gorithm. We desire the steady-state response to a unit sinusoidal input. The differential
equation is

ẏ = λy + cosωt (6.234)

In complex form we have

ẏ = λy + eiωt (6.235)

The RK-2 algorithm results in

ẏn = λyn + eiωhn (6.236)

ỹn+ 1
2

= yn + 1

2
h ẏn (6.237)

˜̇yn+ 1
2

= λỹn+ 1
2
+ eiωh(n+ 1

2 ) (6.238)

yn+1 = yn + h ˜̇yn+ 1
2

=
(

1 + λh + (λh)2

2

)
yn + λh

2

2
eiωhn + heiωh(n+ 1

2 ) (6.239)

The steady-state numerical solution has the form

yn = G∗(iω)eiωhn (6.240)

A substitution of this solution into (6.239) yields the transfer function

G∗(iω) = h
(
1 + λh

2 e−iωh/2
)

eiωh/2 − (1 + λh + (λh)2

2

)
e−iωh/2

(6.241)

or

G∗(iω) = h + λh2

2 cos ωh
2 − i λh

2

2 sin ωh
2

−λh (1 + λh
2

)
cos ωh

2 + i
(

2 + λh + (λh)2

2

)
sin ωh

2

(6.242)

The corresponding transfer function for the actual system with continuous time is

G(iω) = 1

−λ+ iω
(6.243)

Note that G∗ approaches G as the step size h approaches zero.
Let us consider a numerical example with λ = −1, ω = 1 and h = 0.01. With these

values, the RK-2 algorithm yields

G∗ = 0.707104∠ − 0.785390
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The result for continuous time is

G = 0.707107∠ − 0.785398

We see that the sinusoidal response using RK-2 is slightly small both in amplitude and in
phase lag compared to the true values.

Free sinusoidal response

The effects of truncation errors are most readily apparent in the numerical analysis of
systems having neutral stability. For these systems, any change in damping due to the
integration algorithm appears as a sinusoidal oscillation which is growing or shrinking in
amplitude.

As an illustrative example, consider a linear second-order system described by

ÿ + ω2
0 y = 0 (6.244)

where ω0 is the natural frequency in radians per second. If we assume a solution of the form
est , the corresponding characteristic equation is

s2 + ω2
0 = 0 (6.245)

which has the roots

s1,2 = ± iω0 (6.246)

Case 1

Let us analyze the free unforced response of this system by using the Euler integration
algorithm. First, we write (6.244) in the form of two first-order equations, namely,

ẏ = v (6.247)

v̇ = −ω2
0 y (6.248)

The corresponding difference equations are

yn+1 = yn + hvn (6.249)

vn+1 = vn − hω2
0 yn (6.250)

Assume the solutions

yn = Aρn, vn = Bρn (6.251)

and substitute into the difference equations. We obtain

(ρ − 1)ρn A − hρn B = 0 (6.252)

hω2
0ρ

n A + (ρ − 1)ρn B = 0 (6.253)
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After dividing these equations by ρn , the characteristic equation that results is obtained
from the determinant of the coefficients, namely,

(ρ − 1)2 + h2ω2
0 = 0 (6.254)

with the roots

ρ1,2 = 1 ± iω0h (6.255)

Choose the positive sign in accordance with the usual convention that ρ rotates in the
counterclockwise sense in the complex plane. Use the notation

ρ = Meiφ = M∠φ (6.256)

where

M =
√

1 + ω2
0h

2, φ = tan−1(ω0h) (6.257)

Since M > 1 for all nonzero values of the step size h, we see that the numerical solution is
unstable for this case of Euler integration.

In general, the numerical solution can be considered to be composed of samples taken
at every time step from a solution of the form est where we now allow the response to be
damped. Thus, the corresponding characteristic equation has the form

s2 + 2ζωns + ω2
n = 0 (6.258)

with the roots

s1,2 = −ζωn ± iωn

√
1 − ζ 2 (6.259)

where ωn is the undamped natural frequency and ζ is the damping ratio of the numerical
solution. Now ρ and s are related by the equation

ρ = esh (6.260)

Equivalently, we can write

M = e−ζωnh (6.261)

φ = ωnh
√

1 − ζ 2 (6.262)

where we assume that 0 ≤ ζ ≤ 1. If ρ is known, that is, if M and φ are given, then ωn and
ζ can be obtained from the following equations:

ωn = 1

h

√
ln2 M + φ2 (6.263)

ζ = − ln M

ωnh
= − ln M√

ln2 M + φ2

(6.264)
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Case 2

Now let us analyze the same problem using the RK-2 algorithm. The resulting difference
equations are

yn+1 =
(

1 − ω
2
0h

2

2

)
yn + hvn (6.265)

vn+1 =
(

1 − ω
2
0h

2

2

)
vn − ω2

0hyn (6.266)

Again we assume the solution forms of (6.251) and obtain[
ρ −

(
1 − ω

2
0h

2

2

)]
ρn A − hρn B = 0 (6.267)

ω2
0hρ

n A +
[
ρ −

(
1 − ω

2
0h

2

2

)]
ρn B = 0 (6.268)

The resulting characteristic equation is

[
ρ −

(
1 − ω

2
0h

2

2

)]2

+ ω2
0h

2 = 0 (6.269)

with the roots

ρ1,2 = 1 − ω
2
0h

2

2
± iω0h (6.270)

Thus, we obtain

M = |ρ| =
√

1 + 1

4
ω4

0h
4 (6.271)

φ = tan−1


 ω0h

1 − 1

2
ω2

0h
2


 (6.272)

The values of ωn and ζ for the numerical solution are obtained from (6.263) and (6.264).
Since M > 1, the numerical solution is slightly unstable for the usual small values
of ω0h.

Case 3

Next, let us use the AB-3 algorithm. In this case, the difference equations are

yn+1 = yn + h

12
(23vn − 16vn−1 + 5vn−2) (6.273)

vn+1 = vn − ω
2
0h

12
(23yn − 16yn−1 + 5yn−2) (6.274)
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If we assume the solutions yn = Aρn and vn = Bρn , we find that the characteristic equation
is

ρ4(ρ − 1)2 +
[
ω0h

12
(23ρ2 − 16ρ + 5)

]2

= 0 (6.275)

This equation has six roots even though the characteristic equation of the actual system
has only two roots. Thus, there are four extraneous roots. These extra roots arise from the
fact that the AB-3 algorithm requires data from two previous steps for each of the two
variables. In the usual case, the four extraneous roots will be stable, and the remaining two
roots will approximate esh for s = ± iω0.

Case 4

Finally, let us consider the RK-4 algorithm being applied to this problem. The resulting
difference equations are

yn+1 =
(

1 − ω
2
0h

2

2
+ ω

4
0h

4

24

)
yn +

(
1 − ω

2
0h

2

6

)
hvn (6.276)

vn+1 =
(

−ω2
0h + ω

4
0h

3

6

)
yn +

(
1 − ω

2
0h

2

2
+ ω

4
0h

4

24

)
vn (6.277)

The corresponding characteristic equation is

(
ρ − 1 + ω

2
0h

2

2
− ω

4
0h

4

24

)2

+
(
ω0h − ω

3
0h

3

6

)2

= 0 (6.278)

and the resulting roots are

ρ1,2 = 1 − ω
2
0h

2

2
+ ω

4
0h

4

24
± i

(
ω0h − ω

3
0h

3

6

)
(6.279)

In polar form, we obtain

M =
√

1 − ω
6
0h

6

72

(
1 − ω

2
0h

2

8

)
(6.280)

φ = tan−1

(
24ω0h − 4ω3

0h
3

24 − 12ω2
0h

2 + ω4
0h

4

)
(6.281)

Numerical comparisons

In order to obtain a better grasp of the relative accuracies of the various integration algo-
rithms, consider a specific numerical example in which ω0 = 1 rad/s and h = 0.1 s. In this
case, the theoretical value of ρ is

ρ = ei0.1 = 0.995004165 + i0.099833417 (6.282)
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Table 6.1. A comparison of errors

Method O(h) M − 1 φ − 0.1 M(2π )

Euler 1 0.004988 −0.0003313 1.3684

RK-2 2 0.00001250 0.0001662 1.0007844

AB-3 3 −0.00003727 0.000003959 0.997661

RK-4 4 −0.00000000694 −0.00000008304 0.999999566

or

M = 1.0, φ = 0.1 rad (6.283)

The errors in amplitude and phase are shown in Table 6.1. It is interesting to note that
the methods with odd orders of accuracy in h tend to be more accurate in phase, while the
methods of even order in h are relatively more accurate in amplitude. On an absolute basis,
the RK-4 method is quite accurate in both amplitude and phase.

The last column represents the amplitude of the computed solution after one complete
cycle of the oscillation, consisting of approximately 63 time steps. We see that the Euler
solution has increased in amplitude by about 37%, while the amplitude of the RK-4 solution
has an error of less than one part in a million in the analysis of this neutrally stable system.

6.5 Kinematic constraints

An important consideration in the numerical analysis of dynamical systems lies in the proper
representation of kinematical constraints. Even if the physical system is stable, there may
be numerical instabilities resulting from the method of applying constraints. In this section,
we shall present methods of representing constraints and will analyze their stability.

Baumgarte’s method for holonomic constraints

Let us consider first a dynamical system which is subject to m holonomic constraints of the
form

φ j (q, t) = 0 ( j = 1, . . . ,m) (6.284)

Suppose there are n second-order dynamical equations written in the fundamental La-
grangian form

d

dt

(
∂T

∂ q̇ i

)
− ∂T

∂qi
=

m∑
j=1

λ j a ji + Qi (q, q̇, t) (i = 1, . . . , n) (6.285)
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where the λs are Lagrange multipliers, the Qs are generalized applied forces, and where

a ji (q, t) = ∂φ j

∂qi
(6.286)

At this point there are n dynamical equations which are linear in the n q̈s and the m λs.
We need m additional equations to solve for the variables. These additional equations can
be obtained by differentiating the constraint equations twice with respect to time. First,

φ̇ j =
n∑

i=1

a ji (q, t)q̇ i + a jt (q, t) (6.287)

where

a jt (q, t) = ∂φ j

∂t
(6.288)

Then φ̈ j has the form

φ̈ j =
n∑

i=1

a ji (q, t)q̈i + G j (q, q̇, t) ( j = 1, . . . ,m) (6.289)

If these expressions for φ̈ j are set equal to zero then, with the aid of (6.285), one can
solve for the q̈i (q, q̇, t) and λ j (q, q̇, t). The n q̈i expressions can be integrated numerically
for given initial conditions, thereby obtaining q̇ i and qi as functions of time.

The problem with this approach is that the resulting numerical solutions will be unstable
even though the physical system may actually be stable. This instability arises from the fact
that, in effect, each constraint equation in the differentiated form

φ̈ j = 0 ( j = 1, . . . ,m) (6.290)

is also being integrated twice with respect to time. This equation has a repeated zero
characteristic root and is therefore unstable.

In order to stabilize the numerical representation of holonomic constraints, Baumgarte
proposed that (6.290) be changed to

φ̈ j + αφ̇ j + βφ j = 0 ( j = 1, . . . ,m) (6.291)

where α and β are suitably chosen constants whose values may depend on the step size h.
This allows the roots of the corresponding characteristic equation to be shifted to the left
half-plane where the constraint response can be heavily damped.

In detail, the Baumgarte procedure for a system having holonomic constraints is as
follows:

1 Write the differential equations using Lagrange multipliers

d

dt

(
∂T

∂ q̇ i

)
− ∂T

∂qi
=

m∑
j=1

λ j a ji (q, t) + Qi (q, q̇, t) (i = 1, . . . , n) (6.292)

2 Solve these n equations for the n q̈s

q̈i = q̈i (q, q̇, λ, t) (i = 1, . . . , n) (6.293)
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3 Define the stabilizing function Uj

U j ≡ −αφ̇ j (q, q̇, t) − βφ j (q, t) ( j = 1, . . . ,m) (6.294)

where φ̇ j is given by (6.287).
4 Stabilize each constraint by setting

φ̈ j = Uj (q, q̇, t) ( j = 1, . . . ,m) (6.295)

or, using (6.289),

n∑
i=1

a ji (q, t)q̈i + G j (q, q̇, t) = Uj (q, q̇, t) ( j = 1, . . . ,m) (6.296)

5 Substitute the q̈i expressions from (6.293) into (6.296) and solve these m equations for
the m λs

λ j = λ j (q, q̇, t) ( j = 1, . . . ,m) (6.297)

6 Substitute from (6.297) back into (6.293), obtaining dynamical equations of the form

q̈i = q̈i (q, q̇, t) (i = 1, . . . , n) (6.298)

These n second-order equations are integrated numerically, usually by converting them
to 2n first-order equations.

Satisfactory constraint damping can be achieved by setting

α = 2

h
, β = 1

h2
(6.299)

This corresponds to critical damping of the constraint error φ j which may be nonzero. The
constraint errors are driven primarily by truncation errors associated with the numerical
integration algorithm. Hence, they will not disappear entirely, even with the stabilization
procedure.

The numerical stability of a particular constraint function φ(q) can be analyzed by con-
sidering the integration algorithm to be applied directly to the Baumgarte equation

φ̈ + αφ̇ + βφ = 0 (6.300)

This assumes that the physical system is stable and the step size h is small enough that the
higher-order terms may be neglected in any Taylor expansion.

As a simple example, the Euler integration algorithm results in

φn+1 = φn + hφ̇n (6.301)

φ̇n+1 = φ̇n + hφ̈n = (1 − αh)φ̇n − βhφn (6.302)

These difference equations have solutions with the forms

φn = Aρn (6.303)

φ̇n = Bρn (6.304)
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Upon the substitution of these solutions into (6.301) and (6.302), we obtain

(ρn+1 − ρn)A − hρn B = 0 (6.305)

βhρn A + (ρn+1 − ρn + αhρn)B = 0 (6.306)

After dividing each equation by ρn and setting the determinant of the coefficients equal to
zero, we obtain the characteristic equation

ρ2 + (αh − 2)ρ + (1 − αh + βh2) = 0 (6.307)

If we take α proportional to 1/h and β proportional to 1/h2, the roots of the characteristic
equation are independent of the step size. This means that the numerical stability of the
solution for the constraint function φ(q) is also independent of the step size. As an example,
suppose we choose α = 2/h and β = 1/h2. Then the characteristic equation (6.307) has a
double zero root, indicating a “deadbeat” response. This means that, in theory, the constraint
error φ should go to zero in one step, provided that the initial conditions (at n = 0) are
in accordance with the A/B ratio of the corresponding eigenvector. For arbitrary initial
conditions and the given values of α and β, the error will go to zero in two steps, in
theory. In the actual case, however, the constraint error does not go to zero because of new
disturbances at each step due to truncation and roundoff errors.

Example 6.3 A particle of mass m moves on a frictionless rigid wire in the form of a
horizontal circle of radius R (Fig. 6.5). The equation of constraint in terms of Cartesian
coordinates is

φ(x, y) =
√

x2 + y2 − R = 0 (6.308)

Thus, we obtain

a1x = ∂φ

∂x
= x√

x2 + y2
, a1y = ∂φ

∂y
= y√

x2 + y2
(6.309)

(x, y)

y

x

R

m

Figure 6.5.
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The kinetic energy is

T = 1

2
m(ẋ2 + ẏ2) (6.310)

so (6.292) results in the following dynamical equations:

mẍ = λx√
x2 + y2

(6.311)

mÿ = λy√
x2 + y2

(6.312)

Next, differentiate the constraint function with respect to time,

φ̇ = 1√
x2 + y2

(x ẋ + y ẏ) (6.313)

A second differentiation with respect to time results in

φ̈ = 1√
x2 + y2

[
x ẍ + y ÿ + ẋ2 + ẏ2 − 1

x2 + y2
(x ẋ + y ẏ)2

]
= U (6.314)

in accordance with (6.295). In this instance, from (6.294) we have

U = − α√
x2 + y2

(x ẋ + y ẏ) − β(
√

x2 + y2 − R) (6.315)

Now substitute the expressions for ẍ and ÿ from (6.311) and (6.312) into (6.314) and solve
for λ/m. We obtain

λ

m
= −(x ẏ − yẋ)2

(x2 + y2)3/2
+ U (6.316)

Finally, substitute this result back into (6.311) and (6.312) to obtain the following dynamical
equations:

ẍ = −x(x ẏ − yẋ)2

(x2 + y2)2
+ x√

x2 + y2
U (6.317)

ÿ = −y(x ẏ − yẋ)2

(x2 + y2)2
+ y√

x2 + y2
U (6.318)

These equations can be replaced by an equivalent set of four first-order equations, namely,

ẋ = vx (6.319)

ẏ = vy (6.320)

v̇x = − x

(x2 + y2)2
(xvy − yvx )2 + x√

x2 + y2
U (6.321)

v̇y = − y

(x2 + y2)2
(xvy − yvx )2 + y√

x2 + y2
U (6.322)
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where, from (6.315),

U = −α(xvx + yvy)√
x2 + y2

− β(
√

x2 + y2 − R) (6.323)

These equations are integrated numerically.
An explanation of the dynamical equations (6.317) and (6.318) can be obtained by trans-

forming to polar coordinates using

r =
√

x2 + y2 (6.324)

θ = tan−1 y

x
(6.325)

Then we find that

ω = θ̇ = x ẏ − yẋ

x2 + y2
(6.326)

For the case of no constraint stabilization (U = 0), the magnitudes of ẍ and ÿ are equal to
the corresponding components of the centripetal acceleration rω2. Also, it can be shown
from the dynamical equations that

d

dt
(r2ω) = 0 (6.327)

Thus, the angular momentum about the origin is conserved.

Baumgarte’s method for nonholonomic constraints

For systems with nonholonomic constraints of the form

g j =
n∑

i=1

a ji (q, t)q̇ i + a jt (q, t) = 0 ( j = 1, . . . ,m) (6.328)

one can use Lagrange’s equations in the form of (6.285). More generally, if the nonholo-
nomic constraints have the form

g j (q, q̇, t) = 0 ( j = 1, . . . ,m) (6.329)

where g j is not necessarily linear in the q̇s, we can write Lagrange’s equation as follows:

d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi
=

m∑
j=1

λ j
∂g j

∂q̇ i
+ Qi (q, q̇, t) (i = 1, . . . , n) (6.330)

Note that (6.330) reduces to (6.285) for the usual case in which the nonholonomic constraint
equations have the linear form of (6.328).

The Baumgarte method for nonholonomic constraints is similar to the holonomic case,
except that the nonholonomic constraint function g j (q, q̇, t) replaces φ̇ j (q, q̇, t). In detail,
the procedure is as follows:

1 Write the differential equations of motion using (6.330). Solve for the n q̈s

q̈i = q̈i (q, q̇, λ, t) (i = 1, . . . , n) (6.331)
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2 Define the stabilizing function Uj

U j = −αg j (q, q̇, t) − β
∫ t

0
g jdt ( j = 1, . . . ,m) (6.332)

As before, α and β are constants which depend on the step size.
3 Differentiate each constraint function g j (q, q̇, t) once with respect to time and set the

resulting function equal to the corresponding Uj

ġ j (q, q̇, q̈, t) = Uj ( j = 1, . . . ,m) (6.333)

4 Substitute the q̈i expressions from (6.331) into (6.333) and solve for the m λs

λ j = λ j (q, q̇,U, t) ( j = 1, . . . ,m) (6.334)

5 Substitute these λ expressions back into (6.331) and obtain the final dynamical equations

q̈i = q̈i (q, q̇,U, t) (i = 1, . . . , n) (6.335)

The Us are given by (6.332). Usually the dynamical equations are written as 2n first-order
equations.

In general, α should be chosen to be inversely proportional to h, and β should be inversely
proportional to h2. Acceptable accuracy can be obtained with β set equal to zero. For
improved accuracy, however, one should choose β to be nonzero at the cost of an additional
numerical integration for each constraint.

Example 6.4 Let us apply the Baumgarte method to a nonholonomic system whose dynam-
ics have been analyzed previously. In these instances, however, the question of numerical
stability was not considered.

The system consists of two particles, each of mass m, which are connected by a massless
rod of length l, and which move on the horizontal xy-plane. There is a knife-edge constraint
at particle 1, as shown in Fig. 6.6, resulting in a nonholonomic constraint of the form

g(q, q̇) = −ẋ sinφ + ẏ cosφ = 0 (6.336)

This equation states that the velocity component of particle 1 in a direction normal to the
rod is always zero.

Let us use Lagrange’s equation in the form

d

dt

(
∂T

∂ q̇ i

)
− ∂T

∂qi
=

m∑
j=1

λ j
∂g j

∂q̇ i
(i = 1, . . . , n) (6.337)

The generalized coordinates are (x, y, φ) and the kinetic energy, assuming no constraints,
is

T = m(ẋ2 + ẏ2) + 1

2
ml2φ̇2 + mlφ̇(−ẋ sinφ + ẏ cosφ) (6.338)
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Then, using (6.337), the three dynamical equations are

2mẍ − mlφ̈ sinφ − mlφ̇2 cosφ = −λ sinφ (6.339)

2mÿ + mlφ̈ cosφ − mlφ̇2 sinφ = λ cosφ (6.340)

ml2φ̈ − mlẍ sinφ + ml ÿ cosφ = 0 (6.341)

These equations can be solved for the q̈s; the result is

ẍ = 1

2
lφ̇2 cosφ − λ

m
sinφ (6.342)

ÿ = 1

2
lφ̇2 sinφ + λ

m
cosφ (6.343)

φ̈ = − λ

ml
(6.344)

In order to stabilize the nonholonomic constraint, we differentiate the constraint function
once with respect to time, and then we set

ġ + αg + β
∫ t

0
gdt = 0 (6.345)

Thus, we obtain

ġ = −ẍ sinφ + ÿ cosφ − φ̇(ẋ cosφ + ẏ sinφ) = U (6.346)
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where

U = −αg − β
∫ t

0
gdt (6.347)

Typically, we choose α = 1/h and β = 1/h2.
Now substitute for ẍ and ÿ from (6.342) and (6.343) into (6.346). Solve for λ and obtain

λ = m(ẋ φ̇ cosφ + ẏφ̇ sinφ + U ) (6.348)

Finally, substitute this expression for λ into (6.342)–(6.344). We obtain the following
second-order dynamical equations:

ẍ = 1

2
lφ̇2 cosφ − φ̇ sinφ(ẋ cosφ + ẏ sinφ) − U sinφ (6.349)

ÿ = 1

2
lφ̇2 sinφ + φ̇ cosφ(ẋ cosφ + ẏ sinφ) + U cosφ (6.350)

φ̈ = − φ̇
l

(ẋ cosφ + ẏ sinφ) − U

l
(6.351)

These equations are integrated numerically. For the unstabilized case (U = 0), it can be
shown that (6.349)–(6.351) are equivalent to (4.31)–(4.33) which were obtained earlier by
using Maggi’s equations. One can conclude that the differentiated constraint equation (4.33)
would result in numerical instability unless there is stabilization by some method such as
that of Baumgarte.

One-step method for holonomic constraints

Although the Baumgarte method works quite well in stabilizing kinematic constraints, one
can improve the accuracy of constraint representations by using a one-step method. The
improvement is particularly noticeable when there is more than one constraint. When the
Baumgarte method is used, for example, there is the possibility that the terms added to
stabilize a given constraint may actually increase the error of a second constraint. Thus,
there is an interaction of corrective efforts.

The goal of the one-step method is to completely eliminate the constraint errors at the
end of each time step, insofar as the constraint linearizations are valid. In practice, this
means that if relatively small truncation and roundoff errors occur with each step, then the
constraint accuracy will be excellent. Another consideration is that the corrections should
be made in a direction in configuration space such that the dynamical response of the system
will not be altered appreciably.

The procedure for the one-step method begins in a manner similar to the Baumgarte
method. The equations of motion are written with the aid of Lagrange multipliers, and
then are solved for the accelerations q̈i (q, q̇, λ, t), where i = 1, . . . , n. The m holonomic
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constraint functions are differentiated twice with respect to time, with the result

φ̈ j (q, q̇, q̈, t) = 0 ( j = 1, . . . ,m) (6.352)

Then the n q̈ expressions obtained from the dynamical equations are substituted into (6.352).
These m equations are solved for the m Lagrange multipliers λ j (q, q̇, t) which are then
substituted back into the q̈ expressions. At this point,we have n dynamical equations without
λs, namely,

q̈i = q̈i (q, q̇, t) (i = 1, . . . , n) (6.353)

These equations are identical with (6.335) of the Baumgarte method, except that all the Us
have been set equal to zero. The n equations are integrated numerically and, at each time
step, a one-step error correction takes place.

In order to explain the geometric aspects of the one-step error correction method, let us
consider first the case of a single holonomic constraint

φ(q, t) = 0 (6.354)

This constraint can be represented as a surface in configuration space (q-space). The con-
figuration point P , whose position is given by the n-vector q, must move on the constraint
surface if the constraint equation (6.354) is satisfied exactly. But, in general, the value of
the constraint function φ will not be exactly zero at the end of each step. It needs to be
corrected to zero. To accomplish this, first find the gradient vector

∇φ =
[
∂φ

∂q1
, . . . ,

∂φ

∂qn

]T

(6.355)

where the axes are orthogonal in n-space. In an effort to minimize the effect of the constraint
correction on other aspects of the solution such as periods or damping, let us arbitrarily
choose a correction vector �q of minimum length. Assuming a small constraint error, this
implies that the correction should be made in a direction normal to the constraint surface
in n-space, that is, in the direction of the gradient ∇φ. So let us choose

�qi = C
∂φ

∂qi
(i = 1, . . . , n) (6.356)

where C is a constant whose value is found from the condition that the correction should
exactly cancel the constraint errors. Thus, we require that

∇φ ·�q = C
n∑

i=1

(
∂φ

∂qi

)2

= −φ (6.357)

and we obtain

C = −φ
n∑

i=1

(
∂φ

∂qi

)2 (6.358)
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Then we use (6.356) to find the correction components

�qi =
−
(
∂φ

∂qi

)
φ

n∑
i=1

(
∂φ

∂qi

)2 (i = 1, . . . , n) (6.359)

These corrections are applied at the end of each time step. If a multiple-pass algorithm is
used, it is still preferable to make the correction once per step rather than once per pass.

Now let us generalize the results to the case of m holonomic constraints of the form

φ j (q, t) = 0 ( j = 1, . . . ,m) (6.360)

The solution vector q(t) must move in the (n − m)-dimensional space formed by the com-
mon intersection of the m constraint surfaces. This is visualized most easily for the case of
two constraints in a three-dimensional space, as shown in Fig. 6.7. Here the operating point
P does not lie in either constraint surface, although it should lie on their line of intersection
OO ′ if the constraints are to be satisfied exactly.

The correction vector �q = PC is chosen to be orthogonal to OO ′ and is expressed as
a linear combination of the gradient vectors ∇φ1 and ∇φ2, having the directions P A and
PB, respectively. Thus,

�q = C1∇φ1 + C2∇φ2 (6.361)

as shown in Fig. 6.7b. Here we have assumed that the constraint errors φ1 and φ2 are
small at P , and the constraint surfaces in this vicinity can be approximated by planes. The
coefficients C1 and C2 are found from the condition that the constraint errors are removed
completely, that is,

∇φ1 ·�q = C1(∇φ1)2 + C2∇φ1 · ∇φ2 = −φ1 (6.362)

∇φ2 ·�q = C1∇φ1 · ∇φ2 + C2(∇φ2)2 = −φ2 (6.363)
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After solving for C1 and C2, the actual �q corrections are found from (6.361).

�q1 = C1
∂φ1

∂q1
+ C2

∂φ2

∂q1
(6.364)

�q2 = C1
∂φ1

∂q2
+ C2

∂φ2

∂q2
(6.365)

�q3 = C1
∂φ1

∂q3
+ C2

∂φ2

∂q3
(6.366)

Now let us generalize by assuming there are n qs and m holonomic constraints. The
correction vector �q is written as a linear combination of the constraint gradient vectors.
It has the form

�q =
m∑

k=1

Ck∇φk (6.367)

In terms of scalar components, we have

�qi =
m∑

k=1

Ck
∂φk

∂qi
(i = 1, . . . , n) (6.368)

The �qs are chosen such that

∇φ j ·�q = −φ j ( j = 1, . . . ,m) (6.369)

or, in detail,
n∑

i=1

m∑
k=1

Ck
∂φ j

∂qi

∂φk

∂qi
= −φ j ( j = 1, . . . ,m) (6.370)

These m equations are solved for the m Cs that are then substituted into (6.368) to obtain
the individual �qi corrections that are added to the corresponding qs.

The procedure will usually result in very small constraint errors at the end of each time
step, provided that the linearization assumptions are valid. A problem remains, however.
It arises because although the φ functions are all approximately equal to zero, the corre-
sponding constraint error rates (φ̇s) are not necessarily zero, and may actually increase in
magnitude as the integration proceeds. To avoid this possible difficulty, let us use a similar
one-step procedure to correct the velocities in a manner such that all the φ̇s go to zero. In
other words, the correction �q̇ in velocity space is formed of a linear combination of the
gradient vectors of the individual φ̇ functions.

Let us begin by noting that the gradient in velocity space of φ̇ j (q, q̇, t) is

∇φ̇ j =
[
∂φ̇ j

∂ q̇1
, . . . ,

∂φ̇ j

∂q̇n

]T

(6.371)

Choose the velocity vector correction �q̇ of the form

�q̇ =
m∑

k=1

Kk∇φ̇k (6.372)
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where the values of the K s are such that

∇φ̇ j ·�q̇ = −φ̇ j ( j = 1, . . . ,m) (6.373)

We note that φ̇ j (q, q̇, t) is linear in the q̇s, so

∂φ̇ j

∂q̇ i
= ∂φ j

∂qi
(6.374)

Hence, we can write (6.372) and (6.373) more explicitly as

�q̇ i =
m∑

k=1

Kk
∂φk

∂qi
(i = 1, . . . , n) (6.375)

where the K s are obtained by solving
n∑

i=1

m∑
k=1

Kk
∂φ j

∂qi

∂φk

∂qi
= −φ̇ j ( j = 1, . . . ,m) (6.376)

Notice that the coefficients of the K s in (6.376) are identical with the coefficients of the
Cs found earlier in (6.370). Thus, the solution for the K s is relatively easy. Knowing the
values of the K s, one obtains the velocity corrections from (6.375).

To summarize, the one-step method proceeds by first obtaining the dynamical equations
in the form of (6.353), that is, after eliminating the Lagrange multipliers and solving for
the individual accelerations (q̈s) as functions of (q, q̇, t). These equations are integrated
numerically. At the end of each time step, the one-step corrections are made, first the�qi s
using (6.368) and then the �q̇ i s using (6.375). If the initial errors in the φ j s or φ̇ j s are
unusually large due to the use of a large step-size, the one-step corrections can be repeated
to yield negligibly small final constraint errors.

Example 6.5 A particle massm = 1 moves in a uniform gravitational field. It is constrained
to follow the elliptical line of intersection of a cone and a plane, as shown in Fig. 6.8. The
equation of the cone is

φ1 = x2 + y2 − 1

4
z2 = 0 (6.377)

and that of the plane is

φ2 = x + y + z − 1 = 0 (6.378)

The equations of motion can be obtained from Lagrange’s equation in the form

d

dt

(
∂L

∂ q̇ i

)
− ∂L

∂qi
=

2∑
j=1

λ j a ji (i = 1, 2, 3) (6.379)

where

L = T − V = 1

2
(ẋ2 + ẏ2 + ż2) − gz (6.380)

a ji = ∂φ j

∂qi
(6.381)
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The λs are Lagrange multipliers and g is the acceleration of gravity. The resulting equations
of motion are

ẍ = 2xλ1 + λ2 (6.382)

ÿ = 2yλ1 + λ2 (6.383)

z̈ = −g − 1

2
zλ1 + λ2 (6.384)

Now differentiate the constraint equations twice with respect to time. We obtain

φ̇1 = 2x ẋ + 2y ẏ − 1

2
zż (6.385)

φ̇2 = ẋ + ẏ + ż (6.386)

φ̈1 = 2x ẍ + 2y ÿ − 1

2
zz̈ + 2ẋ2 + 2ẏ2 − 1

2
ż2 (6.387)

φ̈2 = ẍ + ÿ + z̈ (6.388)

Consider first Baumgarte’s method and set

φ̈ j = Uj ( j = 1, 2) (6.389)

where we take

Uj = −αφ̇ j − βφ j ( j = 1, 2) (6.390)
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This results in the equations

2x ẍ + 2y ÿ − 1

2
zz̈ = −2ẋ2 − 2ẏ2 + 1

2
ż2 + U1 (6.391)

ẍ + ÿ + z̈ = U2 (6.392)

Now substitute from (6.382)–(6.384) for the q̈s into (6.391) and (6.392). After collecting
terms in the λs, we obtain(

4x2 + 4y2 + 1

4
z2

)
λ1 +

(
2x + 2y − 1

2
z

)
λ2 = −2ẋ2 − 2ẏ2 + 1

2
ż2 − 1

2
gz + U1

(6.393)(
2x + 2y − 1

2
z

)
λ1 + 3λ2 = g + U2 (6.394)

At each time step these equations are solved for the numerical values of λ1 and λ2 that are
then substituted into (6.382)–(6.384) to obtain the values of ẍ , ÿ, and z̈. These accelerations
are integrated numerically to obtain the motion of the particle. If we choose α = 2/h and
β = 1/h2, the constraints will be stabilized in accordance with the Baumgarte method. The
magnitude of the constraint errors will depend upon the step size h and the choice of the
integration algorithm.

As a comparison, let us now use the one-step method to enforce the constraints. The anal-
ysis proceeds as before except that U1 = U2 = 0 in obtaining the acceleration components
which are integrated numerically for one step. The one-step corrections are found using

�q = C1∇φ1 + C2∇φ2 (6.395)

where

�q = �x i +�yj +�zk (6.396)

∇φ1 = 2x i + 2yj − 1

2
zk (6.397)

∇φ2 = i + j + k (6.398)

and (i, j,k) are the Cartesian unit vectors. The Cs are found from the equations

∇φ1 ·�q = C1(∇φ1)2 + C2∇φ1 · ∇φ2 = −φ1 (6.399)

∇φ2 ·�q = C1∇φ1 · ∇φ2 + C2(∇φ2)2 = −φ2 (6.400)

where

(∇φ1)2 = 4x2 + 4y2 + 1

4
z2 (6.401)

∇φ1 · ∇φ2 = 2x + 2y − 1

2
z (6.402)

(∇φ2)2 = 3 (6.403)

Notice that these coefficients are identical to the coefficients of theλs found earlier in (6.393)
and (6.394). This occurs because both the correction vector�q and the total constraint force
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vector are expressed in terms of the same nonorthogonal components whose directions lie
along the normals to the constraint surfaces.

The �qs, found by using (6.395), are

�x = 2xC1 + C2 (6.404)

�y = 2yC1 + C2 (6.405)

�z = −1

2
zC1 + C2 (6.406)

The velocity corrections are obtained by solving first for the K s, using the equations(
4x2 + 4y2 + 1

4
z2

)
K1 +

(
2x + 2y − 1

2
z

)
K2 = −φ̇1 (6.407)

(
2x + 2y − 1

2
z

)
K1 + 3K2 = −φ̇2 (6.408)

Then the K s are substituted into (6.372). The results are

�ẋ = 2xK1 + K2 (6.409)

�ẏ = 2yK1 + K2 (6.410)

�ż = −1

2
zK1 + K2 (6.411)

A comparison of the numerical results obtained by using the Baumgarte method or the
one-step method of representing holonomic constraints shows that the one-step method is
much more accurate, although either method may be acceptable for a relatively small step
size. On the other hand, the two methods show about the same accuracy with respect to
the time response, as measured by the period. Time errors are determined primarily by
truncation errors associated with the integration algorithm.

One-step method for nonholonomic constraints

The procedure for applying the one-step method to systems with nonholonomic constraints
begins in the same way as with the Baumgarte method, except that the Us are set equal to
zero. Thus, assuming m nonholonomic constraints of the form

g j (q, q̇, t) = 0 ( j = 1, . . . ,m) (6.412)

one can write the dynamical equations as in (6.330), namely,

d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi
=

m∑
j=1

λ j
∂g j

∂q̇ i
+ Qi (q, q̇, t) (i = 1, . . . , n) (6.413)

Next, differentiate the constraint functions with respect to time, obtaining

ġ j (q, q̇, q̈, t) = 0 ( j = 1, . . . ,m) (6.414)

One can solve the n equations of (6.413) for the n q̈s as functions of (q, q̇, λ, t) and these
expressions are then substituted into (6.414), obtaining m equations which are linear in the
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λs. After solving these equations for λ j (q, q̇, t), ( j = 1, . . . ,m), we substitute back into
the q̈ expressions to obtain the final dynamical equations of the form

q̈i = q̈i (q, q̇, t) (i = 1, . . . , n) (6.415)

At this point, we should explain that another method such as Maggi’s equation plus (6.414)
might be used in obtaining (6.415).

The n second-order dynamical equations can be converted to 2n first-order equations
which are integrated numerically. At the end of each step, we wish to apply a one-step
correction to the solution. The fact that the system is nonholonomic results in an impor-
tant difference in the correction strategy, as compared to the holonomic case. Due to the
nonintegrable nature of the constraints, there is no direct way of detecting errors in the
configuration, that is, the qs. On the other hand, for any given configuration, velocity errors
result in a separation of the solution point from the constraint surface in velocity space.
These errors can be detected and corrections made to the q̇s. Another reason for this ap-
proach is the fact that, at least for holonomic systems, errors in the φ̇s tend to be much
larger than configuration errors as measured by the φs. In other words, the errors in the q̇s
tend to be larger than errors in the qs due to the smoothing effect of the integration process.
Our approach, then, will be to make one-step corrections in a manner similar to the velocity
corrections for holonomic constraints.

First, we require that the velocity correction vector be a linear combination of the indi-
vidual constraint gradient vectors in velocity space.

�q̇ i =
m∑

k=1

Kk
∂gk

∂q̇ i
(i = 1, . . . , n) (6.416)

Next, the corrections must exactly cancel the constraint errors, that is,

n∑
i=1

∂g j

∂q̇ i
�q̇ i = −g j ( j = 1, . . . ,m) (6.417)

or

n∑
i=1

m∑
k=1

Kk
∂g j

∂q̇ i

∂gk

∂q̇ i
= −g j ( j = 1, . . . ,m) (6.418)

These m equations are solved for the m K s and then the velocity corrections are made
using (6.416).

Example 6.6 Let us consider once again a nonholonomic system consisting of a dumb-
bell sliding on a horizontal plane and constrained by a knife edge at one of the particles
(Fig. 6.6). The nonholonomic constraint equation is

g1(q, q̇) = −ẋ sinφ + ẏ cosφ = 0 (6.419)
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which states that the transverse velocity at particle 1 is equal to zero. Following the procedure
of Example 6.4 on page 370 for the case in whichU = 0, we obtain the dynamical equations:

ẍ = 1

2
lφ̇2 cosφ − φ̇ sinφ(ẋ cosφ + ẏ sinφ) (6.420)

ÿ = 1

2
lφ̇2 sinφ + φ̇ cosφ(ẋ cosφ + ẏ sinφ) (6.421)

φ̈ = − φ̇
l

(ẋ cosφ + ẏ sinφ) (6.422)

The equations are integrated numerically. At the end of each time step, the nonholonomic
constraint function g1 is evaluated. From (6.418), we find that

K (sin2 φ + cos2 φ) = −g1 (6.423)

or

K = −g1 (6.424)

Then, from (6.416), the one-step velocity corrections are

�ẋ = −g1 sinφ (6.425)

�ẏ = g1 cosφ (6.426)

�φ̇ = 0 (6.427)

Thus, at the end of each time step in the numerical integration, the value of the nonholonomic
constraint function is approximately zero.

A comparison of constraint enforcement methods

If the given holonomic and nonholonomic examples are analyzed numerically for typi-
cal cases, some observations and conclusions can be made. For the holonomic system of
Example 6.5 on page 376, the results are much more accurate for the one-step method than
for the Baumgarte method. This is particularly true of the velocities and amounts to about
two additional decimal digits of accurate data for the same step size, using the RK-2 algo-
rithm. The configuration accuracy is also much superior for the one-step method, although
both methods show satisfactory accuracy for a relatively small step size. A comparison of
computing times shows that the one-step method requires about one-third more time for the
same step size.

If one compares the Baumgarte and one-step methods, as they are applied to nonholo-
nomic systems such as Example 6.6 on page 380, the one-step method again provides
superior accuracy. Both methods, however, exhibit some loss of accuracy for nonholo-
nomic constraints. This arises because there is no direct way of detecting configuration
errors for nonholonomic systems as the computation proceeds.

A comparison of the solution accuracies of the two methods with respect to time shows
roughly the same accuracy. This occurs because time accuracy is not closely related to con-
figuration accuracy. Rather, the time aspect of the computations, as indicated by the period
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of the motion, for example, is strongly influenced by the choice of the integration algorithm
and the step size. The truncation errors are the most important factor. For conservative
systems such as we have been studying, the overall accuracy can be improved by making
further corrections based on energy errors. These errors tend to appear as velocity errors
whose magnitudes increase with time. This affects the periods and other important charac-
teristics of the motion. The use of energy methods in improving computational accuracy
will be considered in Section 6.6.

Euler parameter constraints

The four Euler parameters (εx , εy, εz, η) were introduced in Section 3.1 as generalized
coordinates to represent the orientation of a rigid body relative to some frame, usually an
inertial frame. Since a rigid body has only three rotational degrees of freedom, there must
be an equation of constraint relating the Euler parameters. It is the holonomic constraint

φ(εx , εy, εz, η) = ε2
x + ε2

y + ε2
z + η2 − 1 = 0 (6.428)

In accordance with (3.80), the Euler parameters are generated by the numerical integration
of four first-order kinematical equations, namely,

ε̇x = 1

2
(ωzεy − ωyεz + ωxη) (6.429)

ε̇y = 1

2
(ωxεz − ωzεx + ωyη) (6.430)

ε̇z = 1

2
(ωyεx − ωxεy + ωzη) (6.431)

η̇ = −1

2
(ωxεx + ωyεy + ωzεz) (6.432)

The body-axis angular velocity components (ωx , ωy, ωz) are obtained by the numerical
integration of the rotational equations of motion.

Let us use the one-step method to correct any constraint errors. First, calculate the gradient
vector in q-space at the operating point.

∇φ = [2εx 2εy 2εz 2η]T (6.433)

Next, we require the correction vector�q to exactly compensate for the constraint error at
the end of each time step, that is,

∇φ ·�q = −φ (6.434)

where

�q = C∇φ (6.435)

Thus, we take the correction vector in the direction of the gradient ∇φ. From (6.434) and
(6.435), the coefficient C is

C = −φ
∇φ · ∇φ = −φ

4
(
ε2
x + ε2

y + ε2
z + η2

) ≈ −φ
4

(6.436)
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In detail, the corrections to the generalized coordinates are

�εx = −1

2
εxφ, �εy = −1

2
εyφ, �εz = −1

2
εzφ, �η = −1

2
ηφ (6.437)

Note that this correction �q does not change the direction of the configuration vector q in
4-space.

The correction of the Euler parameter values does not cause a risk of numerical instability
because, in the usual case of rigid body motion, the Euler parameter values do not enter the
dynamical equations. Thus, there is no need to set φ̇ or φ̈ equal to zero, thereby avoiding
tendencies toward numerical instability. Instead, the dynamical equations are written in
terms of quasi-velocities (ωs) and the Euler parameter calculations for the orientation are
performed separately.

6.6 Energy and momentum methods

In assessing the accuracy of numerically computed solutions of the equations of motion
of a dynamical system, it is helpful to have relatively simple check solutions available. A
common approach is to use integrals of the motion, that is, functions whose values remain
constant during the course of the solution, as checks on accuracy. For example, the energy
integral E = T2 − T0 + V may be used for conservative systems. Other systems may have
one or more components of momentum or angular momentum conserved. Integrals of the
motion are particularly effective in detecting programming errors. Of course, these methods
are ineffective against errors in the values of the physical parameters.

Energy corrections

Let us consider a conservative system whose energy integral has the form

E(q, q̇) = T2 − T0 + V = E0 (6.438)

At each time step in the numerical solution, we wish to correct for an energy error �E
given by

�E = E − E0 (6.439)

where E0 is evaluated from the initial conditions.
First let us note that, for a given configuration and energy constant E0, the equation

E(q, q̇) − E0 = 0 (6.440)

represents a surface in n-dimensional velocity space (Fig. 6.9). Since the kinetic energy
function T (q, q̇) is positive definite and quadratic in the q̇s, the form of the energy surface
is ellipsoidal for the particular case of 3-space.

The velocity correction �q̇ will be taken in the direction normal to the energy surface,
that is, in the direction of the gradient ∇E or ∇T . In accordance with the one-step method,
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let us assume that

�q̇ = K∇T (6.441)

and choose the value of K such that

∇T ·�q̇ = −�E (6.442)

which results in the exact cancellation of the energy error. Thus, we obtain

K = −�E

(∇T )2
= −�E

[
n∑

j=1

(
∂T

∂q̇ j

)2
]−1

(6.443)

The individual velocity corrections are

�q̇ i = K
∂T

∂ q̇ i
(i = 1, . . . , n) (6.444)

If the conservative system is subject to kinematic constraints, the corresponding constraint
surfaces in velocity space are typically planes passing through the origin. The velocity vector
q̇ is constrained to lie in the common intersection of these planes. Any velocity correction
is taken in a direction normal to q̇. But from Fig. 6.9 we see that the velocity correction�q̇
for an energy error is approximately the same direction as q̇. (It is exactly the same direction
if the energy surface is spherical.) Thus, the velocity corrections for constraint errors and
energy errors are approximately normal to each other and do not interact very strongly.

From (6.443) and (6.444), we see that �q̇ can be quite large if the magnitude of q̇ or
the generalized momentum vector is very small. For most dynamical systems, this will not
occur. But if the kinetic energy T2 does attain a small value compared to its maximum during
the motion of the conservative system, then significant errors in the corrections �q̇ i can
occur because the linear theory assumes small perturbations. In this case, it is preferable to
make the corrections in configuration space rather than velocity space, so long as T2 and q̇
remain small.
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Proceeding, then, along these lines, we can write

E = T2 + V ′ = E0 (6.445)

where

V ′(q) = V − T0 (6.446)

Then, using a similar analysis, and taking the correction�q in the direction of the gradient
of V ′ in configuration space, we obtain

�qi = −�E

[
n∑

j=1

(
∂V ′

∂q j

)2
]−1

∂V ′

∂qi
(i = 1, . . . , n) (6.447)

When T2 is no longer small, it is preferable to return to corrections in velocity space since
velocity errors tend to be larger.

If the kinetic energy is expressed in terms of quasi-velocities (us) rather than true ve-
locities (q̇s), the analysis proceeds similarly to that resulting in (6.443) and (6.444). Thus,
substituting u j for q̇ j , we obtain the corrections

�ui = −�E

[
n−m∑
j=1

(
∂T

∂u j

)2
]−1

∂T

∂ui
(i = 1, . . . , n − m) (6.448)

where there are m constraints and (n − m) independent us.

Example 6.7 Let us consider the correction of energy errors in the free rotational motion
of a rigid body in space. The rotational kinetic energy is

T = 1

2
Ixxω

2
x + 1

2
Iyyω

2
y + 1

2
Izzω

2
z (6.449)

where the principal moments of inertia are taken about the center of mass. The angular
velocity components (ωx , ωy, ωz) are quasi-velocities, so (6.448) applies. The corrections
are

�ωi = −�E Iiiωi

Ixxω2
x + Iyyω2

y + Izzω2
z

(i = x, y, z) (6.450)

Notice that the correction vector �ω has the same direction as the angular momentum.

H = Ixxωx i + Iyyωyj + Izzωzk (6.451)

where (i, j,k) are body-fixed Cartesian unit vectors. This �ω is of minimum magnitude
for the given energy correction.

Work and energy

We have been concerned with numerical checks and corrections as they are applied to
conservative systems. Now let us extend the theory to nonconservative systems. We shall
consider two basic methods.
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First method

Let us apply the principle of work and kinetic energy to a system of N rigid bodies. The
velocity of the reference point Pi of the i th body is vi and its angular velocity isωi . The total
effect of all the forces, including constraint forces, which act on the i th body are equivalent
to a force Fi acting at the reference point plus a couple of moment Mi . Then, since

Ṫ = Ẇ (6.452)

where, from (4.357),

Ẇ =
N∑

i=1

(Fi · vi + Mi · ωi ) (6.453)

we can integrate with respect to time to obtain

�T =
∫ t2

t1

N∑
i=1

(Fi · vi + Mi · ωi )dt (6.454)

At any time t2, this value of �T can be used as a check by comparing it with a value of
�T obtained from the solution of the differential equations. To be effective, the separate
integration given by (6.454) must be at least as accurate as the �T obtained from the
numerical solution of the equations of motion.

If a portion of Fi and of Mi arise from a potential energy function V (q, t), but F′
i and

M′
i are the portions that are not due to potential energy, then in accordance with (4.364) we

can write

�(T + V ) =
∫ t2

t1

[
N∑

i=1

(F′
i · vi + M′

i · ωi ) + ∂V
∂t

]
dt (6.455)

This calculation can also be used as a check on the numerical solution of differential
equations.

The above approach is relatively direct and effective when it is applicable. It turns out,
however, that F′

i and M′
i frequently include unknown constraint forces.

Second method

Another approach is to make energy checks using the energy integral E = T2 − T0 + V
rather than the total energy T + V . Consider a nonholonomic system consisting of N rigid
bodies, with a kinetic energy T (q, u, t) and potential energy V (q, t). Suppose there are n
qs and m constraints. The n q̇s and (n − m) us are related by

q̇ i =
n−m∑
j=1

�i j (q, t)u j +�i t (q, t) (i = 1, . . . , n) (6.456)
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The velocity of the center of mass of the i th body is

vi =
n−m∑
j=1

γ i j (q, t)u j + γ i t (q, t) (i = 1, . . . , N ) (6.457)

and the angular velocity is

ωi =
n−m∑
j=1

βi j (q, t)u j + βi t (q, t) (i = 1, . . . , N ) (6.458)

Then, in accordance with (4.380), we find that the energy rate is

Ė = Ṫ2 − Ṫ0 + V̇

=
n−m∑
j=1

Q′
j u j + ∂V

∂t
+

n∑
k=1

∂V

∂qk
�kt −

N∑
i=1

pi · γ̇ i t −
N∑

i=1

Hci · β̇i t (6.459)

where pi is the linear momentum of the i th body and Hci is the angular momentum about
its center of mass. Integration of Ė with respect to time results in

�E =
∫ t2

t1

[
n−m∑
j=1

Q′
j u j + ∂V

∂t
+

n∑
k=1

∂V

∂qk
�kt −

N∑
i=1

pi · γ̇ i t −
N∑

i=1

Hci · β̇i t

]
dt (6.460)

This result can be used as a numerical check on the accuracy of �E found from the
numerical integration of the equations of motion. For the usual case of ideal constraints
and independent us, the Q′

j generalized forces will not involve constraint forces, and thus

will be known functions or equal to zero. Note that γ̇ i t and β̇i t represent linear or angular
accelerations when all the us are set equal to zero, that is, they generally appear only if there
are moving constraints. Thus, in spite of the apparent complexity, (6.460) is often relatively
easy to evaluate.

Example 6.8 Let us consider work and energy relationships for a rheonomic system
consisting of a top whose point is constrained to move uniformly around a horizontal circle
of radius r (Fig. 6.10). The configuration is given by type II Euler angles. Let us choose
(φ̇, θ̇ , �) as us, where � is the angular velocity of the top about its symmetry axis. The
angular velocity of the point P along its path is ω0. The i j k unit vectors are as shown,
with i remaining horizontal and j k defining a vertical plane. Since the motion of the point
P is known, the easiest approach is to consider that point fixed, and then apply a horizontal
inertial force at the center of mass due to the actual acceleration of P . With this assumption,
the velocity of the center of mass is linear and homogeneous in the us, so

γ1t = 0 (6.461)

The angular velocity of the top is

ω1 = θ̇ i + φ̇ sin θ j +�k (6.462)
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Note that

φ̇ = u1, θ̇ = u2, ψ̇ = −u1 cos θ + u3 (6.463)

We see from (6.462) and (6.463) that

β11 = sin θ j, β12 = i, β13 = k, β1t = 0 (6.464)

and also that

�1t = �2t = �3t = 0 (6.465)

The potential energy is

V = mgl cos θ (6.466)

From the general energy rate equation (6.459), we see that the last four terms vanish,
leaving

Ė = Ṫ2 − Ṫ0 + V̇ =
3∑

j=1

Q′
j u j (6.467)

where the Q′
j generalized forces are inertial.

The acceleration of P in the actual motion is rω2
0 and is directed from P toward O . The

corresponding inertial force applied at the center of mass results in

Q′
1 = mlrω2

0 sin θ cos(φ − ω0t)

Q′
2 = mlrω2

0 cos θ sin(φ − ω0t)

Q′
3 = 0 (6.468)
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where the Q′
j generalized forces are moments about the Z , θ̇, and k axes, respectively.

Thus, from (6.467) and (6.468), the energy rate is

Ė = Ṫ2 − Ṫ0 + V̇

= mlrω2
0[φ̇ sin θ cos(φ − ω0t) + θ̇ cos θ sin(φ − ω0t)] (6.469)

The kinetic energy, assuming a fixed point P is

T = T2 = 1

2
It (θ̇

2 + φ̇2 sin2 θ ) + 1

2
Ia�

2 (6.470)

where the I s are taken about P and the total spin � is constant.
Finally, integrating over an arbitrary time interval, we obtain

�E = �(T2 + V )

= mlrω2
0

∫ t2

t1

[φ̇ sin θ cos(φ − ω0t) + θ̇ cos θ sin(φ − ω0t)]dt (6.471)

The same result is obtained for Ė if we follow the straightforward procedure of consider-
ing the actual motion of P in finding the velocity of the center of mass and the total kinetic
energy. The calculations are more complicated, however. The Q′ terms equal zero, and we
obtain

Ė = −p1 · γ̇1t (6.472)

where p1 and γ̇1t are nonzero. The result given in (6.471) can be used to check the accuracy
of the numerical solution of the differential equations of motion (which have not been used
in obtaining the expression for Ė). The integration of Ė is accomplished concurrently with
the integration of the equations of motion, and E is considered as an extra variable. This
check will detect most programming errors.

Conservation of momentum

One can use momentum-like integrals of the motion to improve the accuracy of numerical
solutions of the equations of motion for dynamical systems. A common approach, when
it applies, is to use the Routhian method, as discussed in Chapter 2. This method applies
to systems described by the standard holonomic form of Lagrange’s equation, and which
have one or more ignorable coordinates, that is, coordinates which do not appear in the
Lagrangian function although the corresponding q̇s do appear. For example, if there are k
ignorable coordinates, then there are k integrals of the motion having the form

∂L

∂q̇ i
= βi (i = 1, . . . , k) (6.473)

where the βs are constants and ∂L/∂q̇ i is a generalized momentum. The Routhian method
proceeds by defining the Routhian function

R(q, q̇, t) = L −
k∑

i=1

βi q̇ i (6.474)
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where the k ignorable q̇s have been eliminated by solving for them from the k equations of
(6.473) and then substituting into (6.474). The (n − k) differential equations of motion are
obtained from

d

dt

(
∂R

∂ q̇ i

)
− ∂R

∂qi
= 0 (i = k + 1, . . . , n) (6.475)

More generally, the differential equations of motion for the nonignored coordinates can
include general applied forces. In this case, we obtain

d

dt

(
∂R

∂ q̇ i

)
− ∂R

∂qi
= Q′

i (i = k + 1, . . . , n) (6.476)

We see from (6.475) that the effective number of degrees of freedom is reduced to (n − k),
thereby simplifying the analysis, particularly if one is not interested in solving for the time
history of the ignored coordinates. It should be noted from (6.474) that one cannot simply
use (6.473) to eliminate the ignorable q̇s from the Lagrangian function and then continue
to use the standard form of Lagrange’s equations. This results in incorrect equations of
motion. The reason is that the standard Lagrange’s equations require that L(q, q̇, t) contain
a full set of n independent q̇s if the holonomic system has n kinematic degrees of freedom.
So-called momentum or energy constraints do not reduce the number of kinematic degrees
of freedom.

In addition to the Routhian method, there are other approaches which use conservation
of momentum to reduce the number of degrees of freedom in the dynamical analysis.
For example, isolated systems such as dynamical systems in space will have conservation
of both linear and angular momentum. Since each is a vector quantity in 3-space, if one
considers the Cartesian components of each vector, there are immediately available six
integrals of the motion. The conservation of linear momentum implies that the center of
mass of the system translates with constant velocity. Therefore, one can find an inertial
frame in which the center of mass is fixed. By using this reference frame and choosing the
generalized coordinates accordingly, one can reduce the number of degrees of freedom in
the dynamical analysis by three. A similar reduction in the rotational degrees of freedom
is not necessarily available because any rotating frame is noninertial. Nevertheless, special
situations such as planar rotational motion can be used to simplify the analysis.

Angular momentum corrections

The Routhian method of reducing the effective degrees of freedom does not apply if the
kinetic energy is expressed in terms of quasi-velocities. But quasi-velocities are commonly
used in the rotational analysis of rigid bodies; that is, the angular velocity of a rigid body is
expressed in terms of its body-axis components, and these components are quasi-velocities.
If one considers the free rotational motion of a rigid body, there is conservation of angular
momentum, and this can be used to correct errors and improve the accuracy of numerical
solutions for its motion.

The simplest approach is to correct for amplitude errors only rather than correcting the
three angular momentum components separately. The form of the square of the angular
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momentum magnitude is quadratic in the us. In that respect, it resembles a kinetic energy
function, and it can be treated similarly.

As an example, consider a rigid body that is rotating in free space. Let us choose the
square of the angular momentum magnitude as an integral of the motion, that is,

P(ω) = I 2
xxω

2
x + I 2

yyω
2
y + I 2

zzω
2
z = H 2

0 (6.477)

We assume principal axes at the center of mass, and H0 is the constant magnitude of the
angular momentum.

The function P(ω) represents an ellipsoid in three-dimensional velocity space (ω-space)
and is called the momentum ellipsoid. As the rotational motion proceeds the vector ω,
drawn from the origin of the body-fixed frame, moves such that its point always lies on
the momentum ellipsoid. Due to numerical errors, however, the computed value of ω may
lie on an ellipsoid with a slightly different value of H 2, corresponding to an error in the
angular momentum integral

�P = H 2 − H 2
0 (6.478)

The correction �ω is made in a direction normal to the momentum ellipsoid at the
operating point, that is, in the direction of the gradient. This minimizes the magnitude of the
correction �ω resulting in the required correction �H in angular momentum magnitude.
Thus, we take

�ω = K∇P (6.479)

where the gradient of P in ω-space is

∇P = ∂P

∂ωx
i + ∂P

∂ωy
j + ∂P

∂ωz
k

= 2I 2
xxωx i + 2I 2

yyωyj + 2I 2
zzωzk (6.480)

The constant K is chosen to provide an exact cancellation of the error if the linearization is
valid. Thus, we obtain

∇P ·�ω = K (∇P)2 = −�P (6.481)

which results in

K = −�P

4
(
I 4
xxω

2
x + I 4

yyω
2
y + I 4

zzω
2
z

) (6.482)

Then, using (6.479), the individual corrections are

�ωx = 2K I 2
xxωx

�ωy = 2K I 2
yyωy

�ωz = 2K I 2
zzωz

(6.483)
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It is interesting to observe that, for a rigid body rotating in free space, there is also
conservation of kinetic energy. This can be expressed as

2T = Ixxω
2
x + Iyyω

2
y + Izzω

2
z = 2E0 (6.484)

which is the equation of an ellipsoid in body-fixed ω-space. It is called the energy ellipsoid.
Since both the angular momentum and the kinetic energy are conserved, the angular velocity
must satisfy (6.477) and (6.484). In other words, the point of the ω-vector must move on
the curve defined by the intersection of the momentum and energy ellipsoids. This closed
curve in body-fixed ω-space is called a polhode. Thus, for general initial conditions, the
path of the ω-vector relative to body axes is periodic. On the other hand, the path of ω in
inertial space is not periodic in the general case of rigid body motion.

Example 6.9 Consider the planar motion of a solid cylinder of mass m and radius r as it
moves in the xy-plane (Fig. 6.11). An inextensible string is wound around a cylinder and the
straight portion OP has a variable length l. We wish to obtain the differential equations of
motion and establish correction procedures based on the conservation of energy and angular
momentum.

First, notice that the angular velocity of the cylinder is

ω = θ̇ + l̇

r
(6.485)

where θ̇ is the angular velocity of the unit vectors el , eθ , and the second term on the right is
the angular velocity of the cylinder relative to the unit vectors. The velocity v of the center
of the cylinder is equal to the velocity of the tangent point P , fixed in the string, plus the
velocity of C relative to P . Thus, we obtain

v = rωel + l θ̇eθ

= (l̇ + r θ̇ )el + l θ̇eθ (6.486)

y

x

ml

r
ω

eleθ

θ
O

C

P

Figure 6.11.
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Since the moment of inertia of the cylinder about its center is I = 1
2mr2, we find that the

kinetic energy is

T = 1

2
m[(l̇ + r θ̇ )2 + l2θ̇2] + 1

4
mr2

(
θ̇ + l̇

r

)2

= 3

4
ml̇2 + 1

2
m

(
l2 + 3

2
r2

)
θ̇2 + 3

2
mrl̇ θ̇ (6.487)

There is no potential energy, so Lagrange’s equation has the form

d

dt

(
∂T

∂q̇ i

)
− ∂T

∂qi
= 0 (6.488)

This leads to the following l equation:

3

2
ml̈ + 3

2
mr θ̈ − ml θ̇2 = 0 (6.489)

The θ equation is

m

(
l2 + 3

2
r2

)
θ̈ + 3

2
mrl̈ + 2mll̇ θ̇ = 0 (6.490)

These two equations can be solved for the individual accelerations, resulting in

l̈ = 1

l

[
2

3

(
l2 + 3

2
r2

)
θ̇2 + 2r l̇ θ̇

]
(6.491)

θ̈ = −1

l
(2l̇ θ̇ + r θ̇2) (6.492)

These equations are then integrated numerically to obtain l and θ as functions of time.
The accuracy of the computations can be improved by using conservation of energy and

of angular momentum. Conservation of energy is expressed by the equation

E = 3

4
ml̇2 + 1

2
m

(
l2 + 3

2
r2

)
θ̇2 + 3

2
mrl̇ θ̇ = E0 (6.493)

where E0 is a constant evaluated from initial conditions. Similarly, the conservation of
angular momentum about O is expressed as

P = m

(
l2 + 3

2
r2

)
θ̇ + 3

2
mrl̇ = P0 (6.494)

Because the motion is planar, this is a scalar equation. For this reason, we can correct
magnitude errors directly, rather than using the square of the magnitude, as we did in the
case of three-dimensional rotations. Note that P is also the generalized momentum pθ .

The errors in energy and angular momentum are

�E = E − E0 (6.495)

�P = P − P0 (6.496)
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where E and P are evaluated numerically at each time step of the computation. Let us
choose the velocity corrections in accordance with

�q̇ = K1∇E + K2∇P (6.497)

where the gradients are taken in velocity space. The K s are chosen such that

∇E ·�q̇ = −�E (6.498)

∇P ·�q̇ = −�P (6.499)

Thus, we obtain

K1(∇E)2 + K2∇E · ∇P = −�E (6.500)

K1∇E · ∇P + K2(∇P)2 = −�P (6.501)

The solution for the K s yields

K1 = 1

�
[(∇E · ∇P)�P − (∇P)2�E] (6.502)

K2 = 1

�
[(∇E · ∇P)�E − (∇E)2�P] (6.503)

where the determinant of the coefficients is

� = (∇E)2(∇P)2 − (∇E · ∇P)2 (6.504)

Let us choose a velocity space with components l̇ and r θ̇ in order to have dimensional
homogeneity. Then, we find that

∂E

∂ l̇
= 3

2
m(l̇ + r θ̇ ) (6.505)

∂E

∂(r θ̇ )
= 3

2
m

[
l̇ +
(

1 + 2l2

3r2

)
(r θ̇ )

]
(6.506)

(∇E)2 = 9

2
m2l̇2 + 9

2
m2l̇r θ̇

(
2 + 2l2

3r2

)
+ 9

4
m2(r θ̇ )2

(
2 + 4l2

3r2
+ 4l4

9r4

)
(6.507)

Similarly,

∂P

∂ l̇
= 3

2
mr (6.508)

∂P

∂(r θ̇ )
= 3

2
mr

(
1 + 2l2

3r2

)
(6.509)

(∇P)2 = 9

4
m2r2

(
2 + 4l2

3r2
+ 4l4

9r4

)
(6.510)
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Also,

∇E · ∇P = 9

4
m2r

[(
2 + 2l2

3r2

)
l̇ +
(

2 + 4l2

3r2
+ 4l4

9r4

)
r θ̇

]
(6.511)

Then, substituting into (6.504), we obtain

� =
(

3m2l2l̇

2r

)2

(6.512)

The corrections obtained by using (6.497) are

�l̇ = 3

2
mK1(l̇ + r θ̇ ) + 3

2
mrK2 (6.513)

�(r θ̇ ) = 3

2
mK1

[
l̇ +
(

1 + 2l2

3r2

)
r θ̇

]
+ 3

2
mrK2

(
1 + 2l2

3r2

)
(6.514)

In this example, we chose the straightforward procedure of obtaining second-order equa-
tions (6.491) and (6.492) which are integrated numerically. The accuracy of the integrations
can be improved by using conservation of energy and angular momentum. But now let us
consider a second approach.

We note that θ is an ignorable coordinate, and therefore the corresponding generalized
momentum is constant in value.

∂T

∂θ̇
= m

(
l2 + 3

2
r2

)
θ̇ + 3

2
mrl̇ = βθ (6.515)

where βθ is a constant. This equation can be solved for θ̇ , giving the result

θ̇ =
βθ − 3

2
mrl̇

m
(
l2 + 3

2r
2
) (6.516)

Upon substituting this expression for θ̇ into (6.491), we obtain a single differential equation
of motion, namely,

l̈ = 4β2
θ − 9m2r2l̇2

6m2l

(
l2 + 3

2
r2

) (6.517)

Numerical integration of (6.517) results in values of l̇ and l as functions of time. For a
known l̇, the value of θ̇ is obtained from (6.516), and this can be integrated numerically to
obtain θ as a function of time.

Equation (6.517) can also be obtained by using the Routhian method. The conservation
of angular momentum is inherent in the formulation, but the conservation of energy can be
used for error correction. By using (6.487) and (6.516), the total energy of the system can
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be written in the form

E = 3m2l2l̇2 + 2β2
θ

4m

(
l2 + 3

2
r2

) (6.518)

For an energy error �E , the velocity correction is found from

∇E ·�q̇ = −�E (6.519)

which results in the correction

�l̇ = − �E(
∂E

∂ l̇

) = −
2

(
l2 + 3

2
r2

)
3ml2l̇

�E (6.520)

This correction should not be applied if l̇ is very small compared to its maximum value.
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6.8 Problems

6.1. The differential equation ẏ + y = 0 is to be integrated numerically using the modified
Euler method. Use a step sizeh = 0.1 and let yn = 1. (a) Solve for the actual numerical
error after one step. Compare this result with the value of En+1 obtained from (6.86).
(b) Using the mean value theorem to obtain En+1, solve for the value of ξ , where
0 < ξ < 0.1 and tn = 0.

6.2. Given a second-order differential equation of the form ÿ = f (y, t). Suppose it is
integrated using the algorithm

yn+1 = 2yn − yn−1 + h2

12
(ÿn+1 + 10ÿn + ÿn−1)

(a) Find the first error term. (b) Consider the differential equation ÿ + ω2
0 y = 0, where

ω0 is a positive constant. The given algorithm is used to integrate this equation. An-
alyze the numerical stability by obtaining the corresponding characteristic equation.
Determine the range of step size h for numerical instability.
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6.3. An extrapolation formula

vn+ 1
2

= 1

h
(ayn + byn−1 + cyn−2)

is used to estimate the velocity v ≡ ẏ at time tn+ 1
2
. The step size h is uniform and the

values of yn, yn−1 and yn−2 are assumed to be known. (a) Solve for the coefficients
a, b, and c. (b) Find the first error term.

6.4. Given the system

ẋ = −x + y

ẏ = −3y

Suppose that Euler integration is used to obtain a solution. (a) Obtain the characteristic
equation for analyzing numerical stability. (b) Solve for the roots and give the range
of step size h for stability.

6.5. Two thin uniform rods, each of mass m and length l, are connected by a pivot at A.
There is a fixed pivot at O , and end B can slide freely on a rigid horizontal wire
through O . (a) Derive the differential equation of motion. (b) Let l = 1 m, m = 1 kg,
g = 9.8 m/s2 and assume the initial conditions θ (0) = 0, ω(0) = 0 where ω ≡ θ̇ .
Tabulate numerical values of θ , ω, and ω̇ as functions of time for 0 ≤ t ≤ 1.5 s. (c)
Find: (1) ωmax and the corresponding time t and angle θ ; (2) the time when θ = π/2;
(3) θmax and its time, assuming that B can pass through O .

O

B

A

mm

g

l l
θ

Figure P 6.5.

6.6. A particle of unit mass is constrained to follow the elliptical line of intersection of a
cone and a plane, as shown in Fig. 6.8 and discussed in Example 6.5 on page 376.
The equation of the cone represents the holonomic constraint

φ1 = x2 + y2 − 1

4
z2 = 0

whereas the plane represents the second constraint

φ2 = x + y + z − 1 = 0

Using units of meters and seconds, let g = 9.8 m/s2 and choose the initial condi-
tions x(0) = y(0) = − 1

2 (1 + √
2), z(0) = 2 + √

2, ẋ(0) = 1, ẏ(0) = −1, ż(0) = 0.
(a) Starting with the differential equations in Lagrange multiplier form, use nu-
merical integration and the Baumgarte stabilization method with α = 2/h and
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β = 1/h2 to obtain the motion of the system for 0 ≤ t ≤ 2. Tabulate the values
of x, y, z, vx , vy, vz, φ1, φ2 and find the times of zmin and zmax. (b) Repeat the cal-
culations, but use the one-step method of stabilization. (c) Repeat step (b) but add a
one-step energy correction.

6.7. Consider a dumbbell with a knife-edge constraint sliding on the horizontal xy-plane,
as discussed in Examples 6.4 and 6.6, on pages 370 and 380 respectively, and as
shown in Fig. 6.6. Choose (x, y, φ) as qs and let vx ≡ ẋ , vy ≡ ẏ, ω ≡ φ̇. (a) Derive
the six first-order differential equations of motion. (b) Assume m = 1, l = 2, and the
initial conditions are x(0) = 0, y(0) = 0, φ(0) = 0, vx (0) = 0, vy(0) = 0, ω(0) = 1.
The nonholonomic constraint equation is g1 = −ẋ sinφ + ẏ cosφ = 0. Use the one-
step constraint stabilization method. Find the numerical values of x, y, φ, vx , vy, ω,
and g1, at the times t = 0.1, t = 1.0, and t = 10.

6.8. A pendulum of particle mass m and length l is forced to rotate about a vertical axis at
a constant rate�. The pendulum angle θ is measured downward from horizontal. (a)
Derive the differential equation for θ . (b) Assume that g/ l = 4 s−2, � = √

10 rad/s
and the initial conditions are θ (0) = 0, ω(0) = 0 where ω ≡ θ̇ . Integrate the differ-
ential equation numerically using RK-4 with h = 0.001 s. Tabulate values of θ , ω,
and ω̇ over the time interval 0 ≤ t ≤ 1.5 s. (c) Find θmax and ωmax, giving the time
when each occurs.

O

g

l

m

θ

Ω

Figure P 6.8.

6.9. A rigid body has an inertia matrix

I =




1000 0 0

0 2500 0

0 0 3000


 kg·m2

with respect to its center of mass. Euler parameters are used to specify the orien-
tation. A constant body-axis moment Mz = 15 000 N·m is applied to the body. The
initial conditions are ωx (0) = 15 rad/s, ωy(0) = 0, ωz(0) = 0, εx (0) = 0, εy(0) = 0,
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εz(0) = 0, η(0) = 1. (a) Use Euler’s dynamical equations and the (ε̇, η̇) kinematical
equations to obtain numerical values of ωx , ωy, ωz, εx , εy, εz, η by integrating over
the time interval 0 ≤ t ≤ 1 s. For times within this interval, calculate the work W
done by Mz and also the angular deviationα of the x-axis from its original orientation,
where α = cos−1(1 − 2ε2

y − 2ε2
z ). (b) Find Wmax and the time at which it occurs. (c)

Determine αmax and the time of occurrence. (d) Find the time at which ωx , ωy, ωz

simultaneously return to their original values.

6.10. A thin uniform disk of mass m and radius r rolls without slipping on a horizontal
surface. The generalized coordinates are (ψ, θ, φ, X, Y ) where (ψ, θ, φ) are type
I Euler angles, and (X, Y ) is the location of the contact point. The contact point
has a velocity r φ̇ at an angle ψ with the positive X -axis, that is, Ẋ = r φ̇ cosψ
and Ẏ = −r φ̇ sinψ . Choose (ψ̇, θ̇ , �) as us where � = φ̇ − ψ̇ sin θ is the angu-
lar velocity of the disk about its symmetry axis. Assume that g/r = 20 s−2, where
g = 9.81 m/s2 and r = 0.4905 m. (a) Derive the three differential equations of mo-
tion, that is, equations for u̇s in terms of qs and us. (b) Assume the initial conditions
ψ(0) = 0, θ (0) = π/6, φ(0) = 0, X (0) = 0, Y (0) = 0, ψ̇(0) = 4 rad/s, θ̇ (0) = 0,
�(0) = 2 rad/s. Use numerical integration to obtain the values of the qs and us over
the interval 0 ≤ t ≤ 3.5 s. Find θmin and the following θmax with their corresponding
times, as well as the times when θ = 0. Show that the motion of θ is periodic, but the
path of the contact point on the XY -plane is not periodic.

mg
r

i
j

(X, Y )

disk

θ

�
�

�
.

.

Figure P 6.10.

6.11. A dumbbell consists of two particles, each of mass m, connected by a massless rod of
length l (Fig. P 6.11). Given that m = 1 kg, l = 1 m, and g = 9.8 m/s2. Choose (x, θ)
as generalized coordinates and assume the initial conditions x(0) = 1

2 m, ẋ(0) = 0,
θ (0) = 0, θ̇ (0) = 1

2 rad/s. As the dumbbell falls due to gravity and slides without
friction, particle A hits the wall inelastically. Then it slides down the wall until it
finally leaves and moves to the right. Use the notation v ≡ ẋ , ω ≡ θ̇ . Consider three
phases of the motion.
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m

x

e = 0

l

g
m A

B

θ

Figure P 6.11.

Phase 1 – before impact (a) Derive the four first-order differential equations of motion.
(b) Integrate these equations numerically and tabulate values of x, θ, v, ω, at each 0.1 s
from zero to just before the time of impact.

Phase 2 – impact (c) Find the time of impact and the corresponding values of x and θ . (d)
What are the values of ẋ and θ̇ just before impact. (e) Solve for ẋ and θ̇ immediately after
impact and also the horizontal impulse λ̂ of the wall acting on particle A.

Phase 3 – after impact (f) Given the constraint equation ẋ − l θ̇ cos θ = 0, obtain expres-
sions for ẍ and θ̈ which are to be integrated numerically. (g) Find the time at which particle
A leaves the wall and give the corresponding values of x, θ, v, and ω.



Appendix

A.1 Answers to problems

Chapter 1

1.1. (a) ẋ = m

√
2gr

m0(m + m0)
, θ̇ = −

√
2g(m + m0)

m0r

(b) xmax = 2mr

m + m0

1.2. θmax = 120◦

1.3. v1 = −1

5
v0i, v2, v3 = v0

5
(3i ±

√
3j)

1.4. v = 1

3
v0, all particles

1.5. ρ = v2
0 cos2 θ0

g cos3 θ

1.6. 1.79 cm higher on west bank

1.7. ml̈ + kl − ml θ̇2 − mg cos θ = kL
ml θ̈ + 2ml̇ θ̇ + mg sin θ = 0

1.8. (a) v = v0
(
1 − e− c

m t
)
, (b) W = mv2

0

(
1 − e− c

m t
)
,

(c) W = mv2
0 = 2T ,

1.9. F̂ i = c�l

1.10. (a) v10 = 0.6302 v0, (b) v9 = 0.03317v0

1.11. (a) ẋ = −1

3
v0, θ̇ = −2

√
2 v0

3l

(b) Q̂y = 4

3
mv0



402 Appendix

1.12. (a) ẋ = v0√
2
, ẏ = v0

3
√

2
, ω = 4v0

3l

(b) F̂ = 2

3
mv0

1.13. (a) ω = v0

2
√

2l
, (b) vA = 1

4
v0i

1.14. (a) lφ̈ + rω2
0 sinφ = 0, (b) φmax = 60◦

1.15. �ω = 2r F̂

m(r2 + l2 − 2rl cos θ )
, R̂h = (r2 − l2)F̂

r2 + l2 − 2rl cos θ

R̂v = 2rl sin θ F̂

r2 + l2 − 2rl cos θ

1.16. (a) θ̇ = 2F̂

(5 − √
3µ)ml

, ẋ = 2(1 − √
3µ)F̂

3(5 − √
3µ)m

,

(b) µmin = 1√
3

1.17. (a) 2mr θ̈ = mg(1 − µ) sin θ − mg(1 + µ) cos θ + 2µmr θ̇2

(b) P = 1

2
mg[(1 + µ) sin θ + (1 − µ) cos θ ]

1.18. v0 = ch

m

(
1 − π

4

)

1.19. (a) ẍ = l θ̇2 cos θ

1 + cos2 θ
, θ̈ = θ̇2 sin θ cos θ

1 + cos2 θ
, P = ml θ̇2

1 + cos2 θ

(b) ẋ = v0 sin θ√
2(1 + cos2 θ )

, θ̇ =
√

2

1 + cos2 θ

v0

l

1.20. (a) m1 ẍ1 = k(x2 − x1)

(
1 − L

l

)
+ F

m1 ÿ1 = k(y2 − y1)

(
1 − L

l

)

m2 ẍ2 = k(x1 − x2)

(
1 − L

l

)

m2 ÿ2 = k(y1 − y2)

(
1 − L

l

)

where l =
√

(x2 − x1)2 + (y2 − y1)2

(b) m1 ẍ1 = k(x2 − x1)

(
1 − L

l

)
+ F
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m1 ÿ1 = k(x2 − y1)

(
1 − L

l

)

m2 ẍ2 = −1

2
k(2x2 − x1 − y1)

(
1 − L

l

)

1.21. (a) θmax = tan−1 1.1732 = 49.56◦

(b) θ = 34.86◦

1.22. (a) Upward ÿ = ẏ2 − gy

L − y

Downward ÿ =
(

2L − 3y

3L − 3y

)
g

1.23. (a) r θ̈ − rω2
0 sin θ = 0, (b) θ̇ = ω0,

(c) Fr = 1

2
mrω2

0

Chapter 2

2.1. (a) mẍ = 2xλ, mÿ + mg = 8

3
yλ

(b) xmax = 0.9063L , P = 1.077mg

2.2. (a) m(2ẍ − lφ̈ sinφ − lφ̇2 cosφ) = ∓µmg sinφ

m(2ÿ + lφ̈ cosφ − lφ̇2 sinφ) = ±µmg cosφ

ml(lφ̈ − ẍ sinφ + ÿ cosφ) = 0 or
ml2

2
φ̈ = ∓ 1

2
µmgl

(b) |(ẋ cosφ + ẏ sinφ)φ̇| > µg

2.3. (a) mẍ = 2xλ, mÿ = − λ− mg, ẍ = − 2x

4x2 + 1
(2ẋ2 + g)

(b) ẋ = −
√

2g
(
x2

0 − x2
)

4x2 + 1

2.4. (a) φ̇ =
√

1 + 2r

L
cos φ + r2

L2
ω, (b) θ̇ =

√
1 + r2

l2
ω

2.5. (a) m(L cosφ − Rθ )θ̈ − mRθ̇2 − 2mL θ̇ φ̇ sinφ = 0

mL2φ̈ + mL θ̇2(L cosφ − Rθ ) sinφ − mgL cosφ = 0

(b) F = m[Lφ̇2 + (L cosφ − Rθ )θ̇2 cosφ + g sinφ]

2.6. (a) mR2θ̈ + mR2(φ̇ +�)2 sin θ cos θ + cR2θ̇ = 0

mR2φ̈ cos2 θ − 2mR2(φ̇ +�)θ̇ sin θ cos θ + cR2φ̇ cos2 θ = 0
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2.7. m

[
2ẍ − l√

2
φ̈(sinφ + cosφ) + lφ̇2

√
2

(sinφ − cosφ)

]
= −λ sinφ

m

[
2ÿ + l√

2
φ̈(cosφ − sinφ) − lφ̇2

√
2

(sinφ + cosφ)

]
= λ cosφ

ml

[
lφ̈ − ẍ√

2
(sinφ + cosφ) + ÿ√

2
(cosφ − sinφ)

]
= 0

2.8. m[2ẍ − (lo + s)φ̈ sinφ + s̈ cosφ − (l0 + s)φ̇2 cosφ − 2φ̇ṡ sinφ] = −λ sinφ

m[2ÿ + (l0 + s)φ̈ cosφ + s̈ sinφ − (l0 + s)φ̇2 sinφ + 2φ̇ṡ cosφ] = λ cosφ

m[(l0 + s)2φ̈ − (l0 + s)ẍ sinφ + (l0 + s)ÿ cosφ + 2(l0 + s)φ̇ṡ] = 0

m[s̈ + ẍ cosφ + ÿ sinφ − (l0 + s)φ̇2] + ks = 0

2.9. (a) ẋ = 2

3
v0, (b) P̂ = 1

3

√
2 mv0

2.10. (a) 2ml2θ̈

(
1 − 2

3
sin2 θ

)
− 4

3
ml2θ̇2 sin θ cos θ − ml2ω2

0 sin θ cos θ

3

(
1 − 2

3
cos2 θ

)2 = 0

(b) θ̇ = 1

2

√
3 ω0

2.11. mr θ̈ − mr�2 sin θ cos θ + µ
√

N 2
r + N 2

φ sgn(θ̇ ) = mg sin θ

where Nr = −m(r θ̇2 + r�2 sin2 θ ) + mg cos θ

Nφ = 2mr�θ̇ cos θ

2.12. (a) ml2θ̈ − ml2(φ̇ + ω)2 sin θ cos θ − mRlω2 cos θ cosφ + mgl sin θ = 0

ml2φ̈ sin2 θ + 2ml2θ̇ (φ̇ + ω) sin θ cos θ + mRlω2 sin θ sinφ = 0

(b) E = 1

2
ml2(θ̇2 + φ̇2 sin2 θ ) − 1

2
mω2(R2 + l2 sin2 θ + 2Rl sin θ cosφ)

−mgl cos θ

2.13. (a) ẋ = ẋ0, ẏ = v0 (b) �T2 = 1

2
mv2

0,

�T = 1

2
mv2

0 + m�x0v0, (c) Ĉ = mv0j

2.14. (a) mr̈ − mr θ̇2 = λ, mr2θ̈ + 2mrṙ θ̇ = −kλ

(b) ṙ = kv0√
r2 + k2

, N = (r2 + 2k2)mv2
0

(r2 + k2)3/2

(c) r̈ = − rṙ2

r2 + k2
− µṙ2(r2 + 2k2)

k(r2 + k2)



405 Answers to problems

2.15. (a) ẍ = 1

l2
[g(µ(x2 − y2) + (1 − µ2)xy) − (x − µy)(ẋ2 + ẏ2)] − µg

ÿ = 1

l2
[g(y + µx)2 − (y + µx)(ẋ2 + ẏ2)] − g

(b) θ̈ = g

l
[(1 − µ2) sin θ − 2µ cos θ ] + µθ̇2

2.16. (a) 2mr̈1 − 2mr1θ̇
2 = r1λ, 2mr̈2 − 2mr2θ̇

2 = r2λ, 2ml2θ̈ = 0

r̈1 + r1

l2 − r2
1

ṙ2
1 = 0, r̈2 + r2

l2 − r2
2

ṙ2
2 = 0, θ̈ = 0

(b) r1 = l sin

(√
2 v0t

l
+ π

4

)
, r2 = l cos

(√
2 v0t

l
+ π

4

)
, θ = ω0t

2.17. (a) At t = 0, Ĉr = mv0. At t = R/v0, Ĉr = −mv0

(b) v = 1

2
Rω0, (c) W = 1

2
mv2

0 (first impulse)

W = −1

2
mv2

0 (second impulse), W = −3

8
mR2ω2

0

2.18. (a)
√

3 sin θ1 − sin θ2 = 0

(b) T = (3 − sin4 θ2)

2(3 − sin2 θ2)
ml2θ̇2

2, V = mgl (cos θ2 +
√

3 − sin2 θ2)

(c) vB = 1.0824
√

gl downward, (d) ÿA = 2 (
√

2 − 1)g

2.19. (a) N̂ = 4mv0, θ̇ (0+) = φ̇(0+) = −v0

l
ẋ(0+) = 0, ẏ(0+) = 1

3
v0,

θ, φ, x, y unchanged

(b) 2ml2θ̈

(
1 − 2

3
sin2 θ

)
− 4

3
ml2(θ̇2 + φ̇2) sin θ cos θ = 0

2ml2φ̈

(
1 − 2

3
cos2 θ

)
+ 8

3
ml2θ̇ φ̇ sin θ cos θ = 0

(c) θmin = 0, φ̇ = −2v0

l

2.20. (a) ẍ = 0, ÿ = 0, θ̈ = 0, φ̈ = 0

(b) FAB = FCD = 1

2
ml(θ̇0 − φ̇0)2, FAD = FBC = 1

2
ml(θ̇0 + φ̇0)2

(c) Period = π/φ̇0

2.21. (a)
ml2

2
θ̈ (1 + cos2 θ ) + 1

2
ml2(φ̇2 − θ̇2) sin θ cos θ + mgl cos θ = 0

ml2

2
φ̈ cos2 θ − ml2θ̇ φ̇ sin θ cos θ = 0
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(b) θ̇ = −
√

1

8
φ̇2

0 +
√

2
g

l

(c) |φ̇0|min = 2.3784

√
g

l

2.22. (a) (2 sin2 θ + 1)θ̈ + 2θ̇2 sin θ cos θ + g

2r
cos θ = 0

(b) θ = 28.26◦, (c) v2 = 0.4608
√

gr

Chapter 3

3.1. (a) ω =
√

3

20
J + 1

20
K =

√
3

20
j − 1

20
k (b) C =




1 0 0

0
1

2

√
3

2

0 −
√

3

2

1

2




Ċ =




0
1

20
−

√
3

20
1

20
0 0

√
3

20
0 0




3.2. [(Ixx sin2 ψ + Iyy cos2 ψ) sin2 θ + Izz cos2 θ ]φ̈ + (Ixx − Iyy)θ̈ sin θ sinψ cosψ

+ Izzψ̈ cos θ + [2(Ixx sin2 ψ+ Iyy cos2 ψ) sin θ cos θ − 2Izz sin θ cos θ ]φ̇θ̇

+ 2(Ixx − Iyy)φ̇ψ̇ sin2 θ sinψ cosψ + (Ixx − Iyy)θ̇2 cos θ sinψ cosψ

+ [(Ixx − Iyy) sin θ (cos2 ψ − sin2 ψ) − Izz sin θ ]θ̇ ψ̇ = Qφ

(Ixx cos2 ψ + Iyy sin2 ψ)θ̈ + (Ixx − Iyy)φ̈ sin θ sinψ cosψ

− (Ixx sin2 ψ + Iyy cos2 ψ − Izz)φ̇2 sin θ cos θ

+ [(Ixx − Iyy)(cos2 ψ − sin2 ψ) + Izz]φ̇ψ̇ sin θ

− 2(Ixx − Iyy)θ̇ ψ̇ sinψ cosψ = Qθ

Izzψ̈ + Izzφ̈ cos θ − (Ixx − Iyy)φ̇2 sin2 θ sinψ cosψ

− [(Ixx − Iyy)(cos2 ψ − sin2 ψ) + Izz]φ̇θ̇ sin θ

+ (Ixx − Iyy)θ̇2 sinψ cosψ= Qψ

3.3. (a) v1 = v0√
2

(
i + 1 − e

2
j
)
, v2 =

(
1 + e

2
√

2

)
v0j

(b) v1 = v0√
2

[(
1 − 1 + e

2
µ

)
i + 1 − e

2
j
]
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v2 = v0

2
√

2
(1 + e)(µi + j)

ω1 = ω2 =
(

1 + e

2
√

2 I

)
µrmv0k

3.4. (a) ωx = 5My

4It�

(
1 − cos

4

5
�t

)
, ωy = 5My

4It�
sin

4

5
�t

(b) t = 10π/�

3.5. (a) ψ̇ = −H

(
sin2 φ

Iyy
+ cos2 φ

Izz

)

θ̇ = H

(
1

Izz
− 1

Iyy

)
cos θ sinφ cosφ

φ̇ = H

(
1

Ixx
− sin2 φ

Iyy
− cos2 φ

Izz

)
sin θ

(b) ψ̇ = − H

It
, θ̇ = 0, φ̇ = H

(
1

Ia
− 1

It

)
sin θ

3.6. (a)

(
3

2
m + m0

)
ẍ1 + 1

4
mẍ2 = F,

(
3

2
m + m0

)
ẍ2 + 1

4
mẍ1 = 0

(b) x2 = − 1

14
, (c) P1 = − 11

195
F (upper face), P2 = 3

195
F (lower face)

3.7. (a) ωx = 123

190
ω0, ωy = 12

95
ω0, ωz = 21

190
ω0

(b) T = 0.9711 ma2ω2
0

3.8. ψ̇ = ±
√√√√ mgr tan θ

R

r
Ia + It sin θ + mRr

3.9. (a) mẍ + mr θ̈ − mx θ̇2 − mg sin θ = 0

m

(
r2 + x2 + l2

12

)
θ̈ + mr ẍ + 2mxẋ θ̇ − mg (r sin θ + x cos θ ) = 0

3.10. (a) It θ̈ − Ia�φ̇ sin θ − It φ̇2 sin θ cos θ + mgl sin θ = 0

It φ̈ sin θ + 2It θ̇ φ̇ cos θ + Ia�θ̇ = 0

(b) θmin = 34.63◦

3.11. (a) (Ia sin2 θ + It cos2 θ )ψ̈ − Iaφ̈ sin θ = Qψ = 0

Ia(φ̈ − ψ̈ sin θ ) = Ia�̇ = Qφ

(b) Qφ is internal.
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3.12.
[

2mR2 sin2 θ + 1

2
ml2(sin2 θ sin2 ψ + cos2 θ )

]
φ̈

+ 1

2
ml2θ̈ sin θ sinψ cosψ + 1

2
ml2ψ̈ cos θ

+ (4mR2 − ml2 cos2 ψ)φ̇θ̇ sin θ cos θ + 1

2
ml2θ̇2 cos θ sinψ cosψ

+ ml2φ̇ψ̇ sin2 θ sinψ cosψ − ml2θ̇ ψ̇ sin θ sin2 ψ = 0(
2mR2 + 1

2
ml2 cos2 ψ

)
θ̈ + 1

2
ml2φ̈ sin θ sinψ cosψ

−
(

2mR2 − 1

2
ml2 cos2 ψ

)
φ̇2 sin θ cos θ + ml2φ̇ψ̇ sin θ cos2 ψ

− ml2θ̇ ψ̇ sinψ cosψ + 2mgR sin θ = 0

1

2
ml2

[
ψ̈ + φ̈ cos θ − φ̇2 sin2 θ sinψ cosψ + θ̇2 sinψ cosψ

− 2φ̇θ̇ sin θ cos2 ψ
] = 0

3.13. ẋ = ẋ0, ẏ = 12a2 ẏ0 + al2ω0

12a2 + l2
, ω = 12a ẏ0 + l2ω0

12a2 + l2

3.14. (a) θ̈ = 12

ml2(1 + 3 sin2 θ )

(
12β2 cos θ

ml2 sin3 θ
− ml2

4
θ̇2 sin θ cos θ + mgl

2
sin θ

)

where β = ml2

12
φ̇(0) sin2 θ (0) = ml2

24
ω0

(b) N = − mlω2
0

10
√

2
+ 2

5
mg

3.15. (a) (It + ml2 cos2 θ )θ̈ − ml2θ̇2 sin θ cos θ + It ψ̇2 sin θ cos θ + Ia�ψ̇ cos θ

= −mgl cos θ

It ψ̈ cos θ − 2It θ̇ ψ̇ sin θ − Ia�θ̇ = 0

(b) θmin = 30◦, (c) ψ̇ = −2

√
2g

l

3.16. (a) T = 1

2
(3m + m0)v2 + 1

2

(
mr2

2
+ 3

4
mL2 + m0L2

12

)
φ̇2

m =




(3m + m0) 0

0

(
mr2

2
+ 3

4
mL2 + m0L2

12

)



(b) v = F̂

3m + m0
, φ̇ = F̂c

mr2

2
+ 3

4
mL2 + m0L2

12
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3.17. ẋ = (lω0 − 6v0 cos θ ) sin θ

2(1 + 3 cos2 θ )
, θ̇ = lω0 − 6v0 cos θ

l(1 + 3 cos2 θ )

Ĉy = m
(
v0 + 1

2 lω0 cos θ
)

1 + 3 cos2 θ

3.18. (a) u1 = −2
√

2F̂

5m
, u2 = 18F̂

5ml

(b) Ĉ = 2
√

2

5
F̂

3.19. (a) ω =
√

g

R

(
2 − l

R

)
, (b) ω = −

√
g

2R − l

3.20. (a) θmax = 65.07◦, (b) (ω0)min = 2

√
g

r

3.21. ω = 6v0

7b
i + 6v0

7a
j, vc = −6

7
v0k

3.22. (a) v1 = v1tet + v1lel , v2 = v2tet + v2lel

where v1l = v2l = − ( L
2 + r

)2
v0

4
5r

2 + 3
(

L
2 + r

)2
v1t =

4
5r

2 + 4
(

L
2 + r

)2
4
5r

2 + 3
(

L
2 + r

)2 v0, v2t =
4
5r

2v0

4
5r

2 + 3
(

L
2 + r

)2
(b) M̂1 =

4
5r

2
(

L
2 + r

)
mv0

4
5r

2 + 3
(

L
2 + r

)2 , (c) P̂ =
4
5r

2mv0

4
5r

2 + 3
(

L
2 + r

)2
3.23. θ̇1 = v1

2
√

2l
− 3v2

8l
, θ̇2 = −v1

2l
+ 5v2

4
√

2l

θ̇3 = − v1

2
√

2l
− 5v2

8l

3.24. (a)
ml2

3
θ̈ sin2 α − µml2

3
θ̇2 sinα cosα

= 1

2
mgl (sin θ sinα − µ cos θ cosα)

(b) θ = 48.19◦

3.25. (a) vB = F̂

m
(− sinα i + 4 cosα j) , m = m

1 + 3 cos2 α

3.26. m1 = 5

4
m, m2 = 5

16
m
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3.27.
4

3
ml2θ̈1 − 3

2
mlẍ sin θ1 + 3

2
ml ÿ cos θ1 + 1

2
ml2θ̈2 cos(θ2 − θ1)

− 1

2
ml2θ̇2

2 sin(θ2 − θ1) = 0

1

3
ml2θ̈2 − 1

2
mlẍ sin θ2 + 1

2
ml ÿ cos θ2 + 1

2
ml2θ̈1 cos(θ2 − θ1)

+ 1

2
ml2θ̇2

1 sin(θ2 − θ1) = 0

2mẍ sin θ1 − 2 mÿ cos θ1 − 3

2
ml θ̈1 − 1

2
ml θ̈2 cos(θ2 − θ1)

+ 1

2
ml θ̇2

2 sin(θ2 − θ1) = 0

Chapter 4

4.1. (a) T = 1

2
m(Ẋ2 + Ẏ 2 + l2φ̇2 sin2 θ + l2θ̇2 + 2lφ̇ Ẋ cosφ sin θ

+ 2lφ̇Ẏ sinφ sin θ + 2l θ̇ Ẋ sinφ cos θ − 2l θ̇ Ẏ cosφ cos θ )

+ 1

2
Ixx (φ̇ sin θ sinψ + θ̇ cosψ)2 + 1

2
Iyy(φ̇ sin θ cosψ − θ̇ sinψ)2

+ 1

2
Izz(ψ̇ + φ̇ cos θ )2, V = mgl cos θ

(b) u4 = −r θ̇ sinφ + rψ̇ cosφ sin θ + Ẋ = 0

u5 = r θ̇ cosφ + rψ̇ sinφ sin θ + Ẏ = 0

(c) Q1 = 0, Q2 = mgl sin θ, Q3 = Q4 = Q5 = 0

�i j =




1 0 0
0 1 0
0 0 1
0 r sinφ −r cosφ sin θ
0 −r cosφ −r sinφ sin θ




4.2. (a) 2mv̇r − 2mr�2 cos(φ − θ ) − ml(φ̇ +�)2 = 0

ml2φ̈ + mlvr φ̇ + 2ml�vr + mlr�2 sin(φ − θ ) = 0

(b) Ė = Ṫ2 − Ṫ0 = 0

4.3. I ω̇1 + I

(
r

R − r

)
ω2ω3 = 0

(I + mr2)ω̇2 − I

(
r

R − r

)
ω1ω3 = 0

(I + mr2)ω̇3 = mgr sin θ



411 Answers to problems

4.4. (a) (I + mr2)ω̇x − mr v̇ cosα = mgr sinα

(I + mr2)ω̇y = 0, I ω̇z = 0

(m + m0)v̇ − mr ω̇x cosα = 0

(b) ẋ = rωy, ẏ = −rωx

4.5. (a) I ω̇r +
(

r

R − r

)
Iωφωz = 0

(I + mr2)ω̇φ −
(

r

R − r

)
Iωrωz = −mgr

(I + mr2)ω̇z = 0

(b) ż = rωφ, ωφ = A cos

√
I

I + mr2
φ̇t + B sin

√
I

I + mr2
φ̇t

4.6. (Ia + mr2 sin2 θ )ω̇1 + mr (l + r cos θ )ω̇2 sin θ

+mr (l + r cos θ )ω2ω3 cos θ + mr2ω1ω3 sin θ cos θ = 0

[Ip + mr (2l + r cos θ ) cos θ ]ω̇2 + mr (l + r cos θ )ω̇1 sin θ

+ [Ia + mr (l + r cos θ ) cos θ ]ω1ω3

+[Ip + mr (2l + r cos θ ) cos θ ]ω2ω3 cot θ = 0

(Ip + mr2 + 2mrl cos θ )ω̇3 − (Ia + mr2 + mrl cos θ )ω1ω2

−[(Ip + mr2 + 2mrl cos θ ) cot θ + mrl sin θ ]ω2
2 − mrlω2

3 sin θ

= mgl sin θ

4.7. (a) (I + mr2)ω̇x − I�ωy = −mgr, I ω̇y + I�ωx = 0,

(I + mr2)ω̇z + mr�2x = 0

(b) ż = rωx = −mgr2

�
√

I (I + mr2)
sin

√
I

I + mr2
�t

(c) v0 >
1

2
r�

4.8.
[

5

4
mr2 + m0(r + l sinψ)2

]
θ̈ − m0(r + l sinψ)l cosψ(ω̇d

+ θ̇ωd cot θ − 2θ̇�) −
[

1

4
mr2 + m0(r + l sinψ)l sinψ

]
ω2

d cot θ

+
[

3

2
mr2 + m0(r + l sinψ)(r + 2l sinψ)

]
ωd�

= − [mr + m0(r + l sinψ)] g cos θ
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(
1

4
mr2 + m0l

2 cos2 ψ

)
ω̇d − m0(r + l sinψ)l θ̈ cosψ

+ 1

4
mr2(θ̇ωd cot θ − 2θ̇�) + m0l cosψ

[
lω2

d cot θ sinψ

+l θ̇ωd cot θ cosψ − 2l θ̇� cosψ − (r + 2l sinψ)ωd�
] = m0gl cos θ cosψ[

3

2
mr2 + m0(r2 + l2 + 2rl sinψ)

]
�̇

− [mr2 + m0(r + l sinψ)2 − m0l2 cos2 ψ
]
θ̇ωd

+ m0l cosψ
[
(r + l sinψ)

(
ω2

d − θ̇2
)+ r (�2 − ωd� cot θ )

] = −m0gl sin θ cosψ

4.9. (m0 + 3m)v̇ + m0l θ̇2 = 0(
Ic + m0l2 + 3mb2 + 1

2
mr2

)
θ̈ − m0lvθ̇ = 0

4.10. I ω̇1 + I bω2ω3 cosα = 0

(I + mr2)
(
ω̇2 − bω2

3 sinα
)− I bω1ω3 cosα = −mgr cosα

(I + mr2)(ω̇3 + bω2ω3 sinα) = 0

4.11. (5 + cos2φ)mv̇ + mL θ̈ sinφ cosφ + mL θ̇2

(
L

l
cos3φ − cos2φ−3

)

+ mv2

l
sin2 φ cosφ + mvθ̇ sinφ cosφ

(
1 − 2L

l
cosφ

)
= F

mL2θ̈ (3 + sin2 φ) + mL v̇ sinφ cosφ + mLvθ̇

(
3 + sin2 φ − 2L

l
sin2 φ cosφ

)

+ mL2θ̇2 sinφ cosφ

(
L

l
cosφ − 1

)
+ mL

l
v2 sin3 φ = 0

4.12. (a) m
(
v̇θ + r

R
vθωθ

)
= 0, I

(
ω̇r − 1

R
vθωθ

)
= 0

(I + mr2)ω̇θ − mr

R
v2
θ + I

R
vθωr = 0, I ω̇z = 0

(b) H0 = (Iωr − mrvθ )er + (I + mr2)ωθeθ + (Iωz + mRvθ )k

(c) Final values: θ = 113.58◦, vθ = 0, ωr = 1, ωθ = 0.6547

4.13. (a) 2m

(
1 + l2

4R2

)
v̇ − ml

(
1 − l2

4R2

)
ω2

3 = 2mg sin θ sinφ

ml2ω̇3 +
(

1 − l2

4R2

)
mlvω3 = mgl sin θ cosφ

(b) α̇ = 1

R sin θ

(
v cosφ − 1

2
lω3 sinφ

)
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θ̇ = − 1

R

(
v sinφ + 1

2
lω3 cosφ

)

φ̇ =
(

1 + l

2R
cot θ sinφ

)
ω3 − v

R
cot θ cosφ

4.14. (a) It φ̈ sin θ + 2It φ̇θ̇ cos θ − Ia�θ̇ = mlrω2
0 cos(φ − ω0t)

It θ̈ − It φ̇2 sin θ cos θ + Ia�φ̇ sin θ

= mgl sin θ + mlrω2
0 cos θ sin(φ − ω0t)

Ia�̇ = 0

(b) Ė = mlrω2
0[φ̇ sin θ cos(φ − ω0t) + θ̇ cos θ sin(φ − ω0t)]

(c) φ̇1,2 = Ia� tan θ0

2(It sin θ0 + mlr )

[
1 ±

√
1 − 4mgl(It sin θ0 + mlr )

I 2
a�

2 tan θ0

]

4.15. (a) mv̇ − ml θ̈ sin θ − ml θ̇2 cos θ − mlφ̇2 cos θ = 0

(Ixx sin2 θ + Izz cos2 θ )φ̈ + 2(Ixx − Izz)φ̇θ̇ sin θ cos θ + mlvφ̇ cos θ = 0

Iyy θ̈ − (Ixx − Izz)φ̇2 sin θ cos θ − mlv̇ sin θ = −mgl cos θ

(b) Ẋ = −v sinφ, Ẏ = v cosφ

4.16. (a) (I + mr2)ω̇1 + (I + mr2)

(
r

R + r

)
ω1ω2 cot θ

+ I

(
r

R + r

)
ω2ω3 = 0

(I + mr2)ω̇2 − (I + mr2)

(
r

R + r

)
ω2

1 cot θ − I

(
r

R + r

)
ω1ω3 = mgr sin θ

I ω̇3 = 0

(b) In terms of φ̇, θ̇ , φ̈, θ̈ , we obtain

(I + mr2)

(
R + r

r

)
φ̈ sin θ + 2(I + mr2)

(
R + r

r

)
φ̇θ̇ cos θ − I�θ̇ = 0

(I + mr2)

(
R + r

r

)
θ̈ − (I + mr2)

(
R + r

r

)
φ̇2 sin θ cos θ + I�φ̇ sin θ

= mgr sin θ

which are the top equations with correspondences

It = (I + mr2)

(
R + r

r

)
, Ia = I, l = r

4.17. mv̇ = Fx cosβ cosφ, mvφ̇ cosβ = −Fx sinφ

4.18. (a) (I + mr2)ω̇x − mr2�ωy + mr�2y = 0

(I + mr2)ω̇y + mr2�ωx − mr�2x = 0

I ω̇z = 0
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(b) x(t) = 1

�∗ (ẋ0 sin�∗t + ẏ0 cos�∗t) + x0 − ẏ0

�∗

y(t) = 1

�∗ (ẏ0 sin�∗t − ẋ0 cos�∗t) + y0 + ẋ0

�∗

where�∗ = I�

I + mr2

(c) H0h = [(I + mr2)ωx − mr�x]i + [(I + mr2)ωy − mr�y]j = const

4.19. (a) (I + mr2)ω̇x = mgrπh

L
sin

2πy

L

(I + mr2)ω̇y − 2π2mr3h

L2
ωxωz cos

2πy

L
= 0

I ω̇z = 0

(b) ẏ = −rωx

(
1 + 2π2hr

L2
cos

2πy

L

)

4.20. (a)
1

4
mr2θ̈ (1 + 4 cos2 θ ) − mr2θ̇2 sin θ cos θ − 1

4
mr2ω2

d cot θ

+ 1

2
mr2�ωd = − mgr cos θ

1

4
mr2ω̇d − 1

2
mr2�θ̇ + 1

4
mr2θ̇ωd cot θ = 0, �̇ = 0

(b) ωd =
√

2g

r
(
√
θ2 + 2θ − θ ), φ̇ = ωd

θ

Chapter 5

5.5. (a) 3mv̇ = −mg sinα cosφ, φ̈ = 0

(b) ẋ = −v0 sinω0t + g

3ω0
sinα sin2 ω0t

ẏ = v0 cosω0t − g

6ω0
sinα sin 2ω0t

(ẋ)av = g

6ω0
sinα, (ẏ)av = 0

5.6. (a) 2mÿ + mlφ̈ cosφ + 2mẏφ̇ tanφ = −F sinφ cosφ

ml2φ̈ cosφ + ml ÿ + ml ẏφ̇ tanφ = −Fl sinφ cosφ

(c) ml2φ̈ + Fl sinφ = 0

5.8. 2mu̇1(1 + cos2 φ) + 2mu2
1

l
sin2 φ cosφ − 2mu2

2

l
cosφ = 0

2mu̇2(1 + sin2 φ) + 2mu1u2

l
cos3 φ = 0
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5.9. (a) T = 2m(ẋ2 + ẏ2) + ml2(ψ̇2 + φ̇2)

+ 2mlẋ(ψ̇ sinψ cosφ + φ̇ cosψ sinφ)

+ 2ml ẏ(−ψ̇ cosψ cosφ + φ̇ sinψ sinφ)

T 0 = ml2ψ̇2(2 tan2 φ + 1) + ml2φ̇2(2 cot2 φ + 1)

(b) 2ml2

[
(2 tan2 φ + 1)ψ̈ +

(
2 tan2 φ − 1

sinφ cosφ

)
ψ̇φ̇

]
= 0

2ml2

sin2 φ

[
(cos2 φ + 1)φ̈ + ψ̇

2 sinφ

cosφ
− 2φ̇2 cotφ

]
= 0

5.10. 3mv̇ − ml θ̈ sinφ − mlφ̈ sinφ − ml(θ̇ + φ̇)2 cosφ − mr θ̇2 = 0
[I + m(r2 + l2 + 2rl cosφ)]θ̈ + ml(l + r cosφ)φ̈

− mrl(2θ̇ + φ̇)φ̇ sinφ − mlv̇ sinφ + m(r + l cosφ)vθ̇ = 0

ml2φ̈ + ml(l + r cosφ)θ̈ − mlv̇ sinφ + mlvθ̇ cosφ + mrl θ̇2 sinφ = 0

5.11. (a)
1

4
mr2θ̈ = 0,

1

2
mr2ψ̈(1 + 2 cos2 θ ) − mr2θ̇ ψ̇ sin θ cos θ = 0

mẍ = 0

(b) ψ̇min = ψ̇0, ψ̇max = √
3ψ̇0

vmin = ẋ0, vmax =
√

ẋ2
0 + r2ψ̇2

0

5.12.
4

3
ml2θ̈1 + 1

2
ml2θ̈2 cos(θ2 − θ1) + 3

2
mlv̇ − 1

2
ml2θ̇2

2 sin(θ2 − θ1) = 0

1

3
ml2θ̈2 + 1

2
ml2θ̈1 cos(θ2 − θ1) + 1

2
mlv̇ cos(θ2 − θ1)

+ 1

2
ml θ̇1(v + l θ̇1) sin(θ2 − θ1) = 0

2mv̇ + 3

2
ml θ̈1 + 1

2
ml θ̈2 cos(θ2 − θ1) − 1

2
ml2θ̇2

2 sin(θ2 − θ1) = 0

Chapter 6

6.1. (a) yn+1 − y∗
n+1 = −0.0001626, En+1 = −0.0001667

(b) ξ = 0.024813

6.2. (a) − h6

240
y(6)
n

(b) ρ2 + bρ + 1 = 0 where b = 2

(
5h2ω2

0 − 12

h2ω2
0 + 12

)

Unstable for h >

√
6

ω0
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6.3. (a) a = 2, b = −3, c = 1

(b)
23

24
h2...

y n

6.4. (a) ρ2 + (4h − 2)ρ + (2h2 − 4h + 1) = 0

(b) ρ1,2 = 1 − 2h ± √
2h, stable for 0 ≤ h ≤ 0.5858

6.5. (a)
2

3
ml2θ̈ (1 + 3 sin2 θ ) + 2ml2θ̇2 sin θ cos θ − mgl cos θ = 0

(b) t θ ω ω̇

0.5 1.131533 2.774195 −0.762194
1.0 2.518895 2.913179 0.059869
1.5 2.914747 −2.396043 −9.159207

(c) ωmax = 2.913254 at t = 0.319054, θ = 0.615481

θ = π

2
at t = 0.660765

ωmax = 2.913254 at t = 1.002475, θ = 2.526105

θmax = 3.141593 at t = 1.321531

6.6. Correct results:

t = 0.5 x = −0.345172 vx = 2.262982
y = −1.251733 vy = 1.142012
z = 2.596904 vz = −3.404994

t = 1.0 x = −0.066909 vx = −5.738694
y = 0.351428 vy = 1.211603
z = 0.715481 vz = 4.527092

t = 1.5 x = −1.331422 vx = −0.600386
y = −0.548644 vy = −2.141998
z = 2.880066 vz = 2.742384

zmin = 0.585786 at t = 0.953950

zmax = 3.414214 at t = 0 and t = 1.907900

6.7. (a) ẋ = vx , ẏ = vy, φ̇ = ω

v̇x = 1

2
lω2 cosφ − ω sinφ(vx cosφ + vy sinφ)

v̇y = 1

2
lω2 sinφ + ω cosφ(vx cosφ + vy sinφ)

ω̇ = −ω
l

(vx cosφ + vy sinφ)
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(b) t = 0.1 x = 0.004983 vx = 0.099336
y = 0.000332 vy = 0.009958
φ = 0.099917 ω = 0.997505

t = 1.0 x = 0.366104 vx = 0.517681
y = 0.265792 vy = 0.688060
φ = 0.925775 ω = 0.793278

t = 10.0 x = −4.964991 vx = −0.853882
y = 10.81251 vy = 1.127333
φ = 2.219039 ω = 0.001699

6.8. (a) ml2θ̈ + ml2�2 sin θ cos θ − mgl cos θ = 0

(b) t θ ω ω̇

0.5 0.403383 1.264691 0.068683
1.0 0.883130 0.459049 −2.365847
1.5 0.814167 −0.727807 −2.245828

(c) θmax = 0.927295 rad at t = 1.192006 s

ωmax = 1.264911 rad/s at t = 0.506431 s

6.9. (a) t = 0.2 s
ωx = 14.983846 εx = 0.996466 W = 1100.8044 N·m
ωy = 0.880327 εy = 0.010208 α = 0.091516
ωz = 0.499509 εz = 0.044588 η = 0.070453

t = 0.4 s
ωx = 14.969975 εx = 0.134382 W = 1500.8666 N·m
ωy = 1.199892 εy = 0.035882 α = 0.201343
ωz = −0.317395 εz = 0.093878 η = −0.985820

t = 0.6 s
ωx = 14.999716 εx = −0.977615 W = 145.9451 N·m
ωy = 0.116755 εy = 0.060906 α = 0.136529
ωz = −0.297954 εz = 0.030712 η = −0.199038

t = 0.8 s
ωx = 14.995077 εx = −0.266247 W = 607.6461 N·m
ωy = 0.486064 εy = 0.055357 α = 0.151824
ωz = 0.507382 εz = −0.051838 η = 0.960917

t = 1.0 s
ωx = 14.962897 εx = 0.942681 W = 1668.4876 N·m
ωy = 1.333689 εy = 0.041312 α = 0.113436
ωz = −0.024909 εz = −0.038818 η = 0.328846



418 Appendix

(b) Wmax = 1669.4220 at t = 0.331667 and t = 0.995000.

(c) αmax = 0.201447 at t = 0.405759

(d) t = 0.663333 s

6.10. (a) ψ̈ = 2θ̇

cos θ

(
�+ ψ̇ sin θ

)
θ̈ = −1

5
ψ̇2 sin θ cos θ − 6

5
ψ̇� cos θ + 16 sin θ

�̇ = 2

3
ψ̇ θ̇ cos θ

(b) t = 0

ψ = 0 θ = π

6
= 0.523599 φ = 0 X = 0

ψ̇ = 4 θ̇ = 0 � = 2 Y = 0

t = 1

ψ = 2.891062 θ = 0.096692 φ = 2.754937 X = 0.156089
ψ̇ = 1.726344 θ̇ = −0.678622 � = 1.294624 Y = −0.919876

t = 1.5

ψ = 3.480268 θ = −0.595660 φ = 3.225671 X = −0.071231
ψ̇ = 0.534888 θ̇ = −2.748494 � = 0.831908 Y = −0.910777

t = 2.0

ψ = −3.157916 θ = −0.517934 φ = 10.294732 X = −0.436413
ψ̇ = 0.633105 θ̇ = 2.483279 � = 0.857619 Y = −0.856059

t = 2.5

ψ = −2.533888 θ = 0.116376 φ = 10.793919 X = −0.666352
ψ̇ = 1.785449 θ̇ = 0.645929 � = 1.317532 Y = −0.784324

t = 3.0

ψ = −1.375078 θ = 0.380226 φ = 11.849700 X = −0.844784
ψ̇ = 2.927582 θ̇ = 0.476119 � = 1.706236 Y = −0.328526

t = 3.5

ψ = 0.423844 θ = 0.522848 φ = 13.623335 X = −0.168626
ψ̇ = 3.993075 θ̇ = −0.050408 � = 1.998268 Y = 0.013511

θmin = −1.542703 rad (−88.39◦) at t = 1.735130 s

θmax = π

6
at t = 0 and t = 3.470260 s when ψ̇ , θ̇ , and � also

return to their initial values.

θ = 0 at t = 1.125585 s and 2.344675 s.
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6.11. (a) ẋ = v, θ̇ = ω, v̇ = −lω2 sin θ + g sin θ cos θ

2 − cos2 θ

ω̇ = −lω2 sin θ cos θ + 2g sin θ

l(2 − cos2 θ )

(b)
t x θ v ω

0.2 0.506533 0.113307 0.099539 0.703590
0.4 0.554881 0.314942 0.420204 1.409748
0.6 0.676823 0.712392 0.740709 2.618152

(c) t = 0.618665, x = 0.690667, θ = 0.762412

(d) ẋ0 = 0.741316, θ̇0 = 2.741575

(e) ẋ = 1.333450, θ̇ = 1.843889, λ̂ = 1.833450

(f) ẍ = g sin θ cos θ − l θ̇2 sin θ, θ̈ = g

l
sin θ

(g) Leaves wall at t = 0.697577 when

x = 0.801676 θ = 0.930094
ẋ = v = 1.446778 θ̇ = ω = 2.420338





Index

acatastatic system, 38
accelerating reference frame, 20, 21
acceleration of a point

Cartesian coordinates, 2
centripetal, 7, 9
Coriolis, 9, 104
cylindrical coordinates, 5
normal, 7
relative, 7, 9
rotating frame, 9
spherical coordinates, 6
tangential, 7, 9

accessibility, 38, 111, 112
Adams–Bashforth predictors, 343, 344

free sinusoidal response, 362–4
truncation error, 344–6

Adams–Moulton correctors, 345
truncation error, 344, 346

admittance matrix, 198
algorithm, 336
analytical dynamics, definition, 73
angle of rotation, 147, 148, 151
angular equation of motion, 19, 20, 54
angular impulse, 54
angular momentum

absolute, 18, 52
definition, 17
error correction, 390, 391
rigid body, 161, 167, 196
system of particles, 17–20

angular velocity, 3, 4, 143, 152–6
angular velocity coefficient, 180, 181, 275
applied force, 3, 43, 73
augmented Lagrangian, 293
axis and angle variables, 147
axis of rotation, 147, 151

backward difference, 335
Baumgarte, J. W., 364, 369, 396
Baumgarte method

holonomic constraints, 364–6

nonholonomic constraints, 369–70
stability, 366, 367

Bjorck, A., 396
body axes, 140, 147
Boltzmann–Hamel equation, 227

generalized form, 229
transpositional form, 305

Burden, R. L., 396

Cartesian coordinates, 4, 140
catastatic constraint, 37, 115, 125, 263
catastatic system, 38, 45
center of curvature, 6
center of mass, 16, 21
center of percussion, 189
central difference, 334, 347
central equation, 308

explicit form, 310
centripital acceleration, 7
characteristic equation, 170, 350, 360, 361, 367
Chasles’ theorem, 157
Chetaev equation, 112
coefficient of restitution, 56
coefficient of sliding friction, 31
collision of particles, 56, 57
cone of friction, 31, 57, 110
configuration, 34, 35, 110, 140
configuration point, 35, 38, 110
configuration space, 35, 110
coning motion, 183, 186–88
conservation

of angular momentum, 54, 196, 197
of energy, 24, 57, 269
of generalized momentum, 96, 97, 389
of linear momentum, 17, 54

conservative system, 24, 92–4, 264, 269
constraint

catastatic, 37, 126
conservative, 262, 263
Euler parameter, 150
holonomic, 35, 36, 110, 111

421



422 Index

constraint (cont.)
ideal, 43
impulsive, 120, 121, 125, 126
instantaneous, 41, 73, 112, 190, 219
knife-edge, 43, 83
nonholonomic, 36, 37, 218
rheonomic, 37
scleronomic, 37
virtual 41, 73, 112, 190, 219
workless, 43

constraint damping, 366
constraint force, 43, 73, 74, 78
constraint impulse, 60, 120, 127
constraint surface, 110, 111, 114
contemporaneous variation, 290, 297
coordinates

Cartesian, 4, 140
cylindrical, 4
generalized, 35
ignorable, 97
polar, 5
spherical, 5
tangential and normal, 6, 7

Coriolis acceleration, 9, 104
Coulomb friction, 31, 57, 105
cuspidal motion, 174, 175

Dahlquist, G., 396
D’Alembert’s principle, 74, 76, 77
damping coefficient, 100
degrees of freedom, 35, 140
Desloge, E. A., 65, 130, 278
difference equation, 336, 349
differential displacement, 41
differential form, 37, 40, 217
direction cosine, 141, 149, 152
disk problem, 222–5, 240–2, 250–2, 256–8, 312–15,

320–2
divided difference, 331
driving-point mass, 198, 199
dumbbell problem, 83, 84, 116, 117, 220–2, 232–4,

249, 250, 255, 305–7, 318–20
dyadic

conjugate, 160
definition of, 159
inertia, 160
operations of, 160–1
rotation, 162
skew-symmetric, 160
symmetric, 160
time derivative of, 161
unit, 161

eigenvalue problem, 169, 350
elastic impact, 57

ellipsoid of inertia, 168, 169, 183–5
energy

kinetic, 21, 22, 46, 47, 51, 52, 126, 162, 163,
168

potential, 24–6, 48
energy correction, 383–5, 394, 396
energy ellipsoid, 392
energy integral, 92, 93, 383
energy rate, 23, 100, 264–9
equilibrium point, 113
error function, 331, 332, 335
Euler angles, 142–7
Euler equations, 166

generalized form, 166
Euler 3–vector, 150
Euler–Lagrange equation, 292, 293
Euler parameter rate, 154
Euler parameters, 149–51
Euler’s integration method, 336
Euler’s theorem, 147, 265
event space, 112
exactness, 39, 40
explicit integration, 341
extended configuration space, 112
extraneous roots, 355, 356
extrapolation, 335

Faires, J. D., 396
force

applied, 3, 43, 73
collinearity of, 2
components of, 3
conservative, 24
constraint, 43, 73, 74, 78
contact, 1
dissipative, 100
external, 15, 16
field, 1
generalized, 43, 44, 48, 181
gravitational, 25
gyroscopic, 103
inertia, 20, 21, 77, 236, 237
interaction, 2, 16
internal, 15, 16
linear spring, 26
monogenic, 24
total, 1, 16

forward difference, 333–5
free sinusoidal response, 360–4
friction

Coulomb, 31, 57, 105
linear, 30, 99, 100
sliding 31, 57, 105

friction coefficient, 30, 31, 104
frictional stress, 105
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Frobenius’ theorem, 300
Fufaev, N. A., 278, 323
fundamental dynamical equation, 247, 248

momentum form, 248

general dynamical equation, 236, 238
momentum form, 238

generalized coordinate, 35
generalized force, 43, 44, 48, 181
generalized impulse, 61, 118, 120
generalized mass, 47, 48, 61, 91, 194
generalized momentum, 51, 61, 84, 91
Gibbs–Appell equation, 254, 256
Gibbs–Appell function, 254, 256
Ginsberg, J. H., 65, 130, 205
gradient, 184
Greenwood, D. T., 65, 130, 205, 278, 323
gyroscopic coefficient, 102
gyroscopic force, 103
gyroscopic system, 102

Hamel coefficient, 227, 229
Hamiltonian function, 85–7

scleronomic system, 86
Hamilton’s equations

canonical form, 86
nonholonomic form, 87

Hamilton’s principle, 291, 294, 322
Hamming, R. W., 396
herpolhode, 185
Heun’s method, 341
holonomic constraint, 35, 36, 110, 111
holonomic system, 36
homogenous function, 263

ideal constraint, 43
ignorable coordinate, 97
impact

elastic, 57
inelastic, 57

implicit integration, 340, 345, 348
impulse

angular, 54
constraint, 60, 120, 127
friction, 57
generalized, 61, 118, 120
linear, 53

impulse response, 53, 118, 194, 198
constrained, 120, 190, 193
coupled systems, 199
planar motion, 188–90
reciprocity of, 200

inelastic impact, 57
inertia (mass) coefficient, 47, 48, 61, 91, 194
inertial reference frame, 1, 2

infinitesimal rotation, 155
input mass, 198, 199
instantaneous axis of rotation, 157
instantaneous center, 10, 157
instantaneous constraint, 41, 73, 112, 190,

219
integrability, 39, 40
integral of motion, 92, 94, 97, 329, 389
integrating factor, 39, 40
integrator, 357, 358
interpolating polynomial, 330, 331
invariable plane, 184
iteration, 340

Jourdain’s principle, 116

Kane, T. R., 205, 236, 278
Kane’s equation, 236
Kelvin’s theorem, 205
kinetic energy

constrained, 247, 254, 316
coupling, 52
of relative motion, 22, 52, 126
rigid body, 162–4, 168
system of particles, 21, 22, 46–8, 91

Koenig’s theorem, 22

Lagrange interpolation formula, 330
Lagrange multiplier, 79, 293

impulsive, 120, 191
Lagrange’s equation

derivation, 76–8
fundamental holonomic form, 77
fundamental nonholonomic form, 79
standard holonomic form, 78
standard nonholonomic form, 79, 80

Lagrange’s principle, 77
Lagrangian function, 78
lamina, 9
Lanczos, C., 323
Laplace transform, 358
law of action and reaction, 2
law of motion, 1, 16, 53, 73
Levinson, D. A., 205, 278
linear damper, 30, 31
linear impulse, 53
linear momentum, 2, 16, 53

Maggi’s equation, 220
mass (inertia) coefficient, 47, 48, 61, 91, 194
mass matrix, 91
mean value theorem, 333
midpoint method, 348
modified Euler equations, 171, 172
modified Euler integration, 341
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moment
applied, 19
inertial, 21, 238

moment of inertia, 160
principal, 169
rotation of axes, 162
translation of axes, 167, 168

moment of momentum, 17
momentum

angular, 17, 18, 161, 166, 167
generalized, 51, 61, 84, 91
linear, 2, 16, 53

momentum ellipsoid, 186, 391
monogenic force, 24
multiple-pass method, 341–3
multiplier rule, 292, 293

Neimark, Ju. I., 278, 323
Newtonian reference frame, 1, 2
Newton’s interpolation formula, 331
Newton’s law of gravitation, 25, 26
Newton’s laws of motion, 1
nonholonomic constraint, 36, 37, 218
noninertial frame, 20, 21
numerical stability, 349–55
nutation rate, 175, 182, 240

oblate spheroid, 183, 187
one-step method

angular momentum correction, 391, 394
energy correction, 384, 394
Euler parameter constraint, 382, 383
holonomic constraint, 372–6
nonholonomic constraint, 379, 380

orthogonal matrix, 142

Papastavridis, J. G., 278, 323
Pars, L. A., 130, 278, 323
particle definition, 1
perturbation equation, 349, 350
Pfaffian differential form, 40
phase point, 112
phase space, 86, 112–14
pitch rate, 143
planar motion, 9–12
Poinsot method, 183–6
Poisson equations, 152
polar coordinates, 5
polhode, 185, 392
potential energy, 24, 48, 49

gravitational, 25, 26
linear spring, 26
velocity-dependent, 85

precession rate, 175, 182, 187, 188
predictor–corrector methods, 341, 346, 347

principal axes, 166, 169
principle

of angular impulse and momentum, 54
of conservation of angular momentum, 54
of conservation of energy, 24
of conservation of linear momentum, 54
d’Alembert’s, 74, 76, 77
of generalized impulse and momentum, 61
Jourdain’s, 116
Lagrange’s, 77
of least constraint, 258–61
of linear impulse and momentum, 53
of relative motion, 21
of virtual work, 45, 48
of work and kinetic energy, 23

product of inertia, 160
rotation of axes, 162
translation of axes, 168

prolate spheroid, 183, 186
pure integrator, 357, 358

quasi-coordinate, 217
quasi-velocity, 177, 193, 218, 275

radius of curvature, 7
radius of gyration, 189
Rayleigh’s dissipation function, 100
reciprocity of impulse response, 200
reference frame

body-axis, 140, 147
inertial, 1, 2
noninertial, 20, 21

relative acceleration, 7, 9
relative spin, 171, 182, 183, 188
relative velocity, 7–9
remainder term, 332, 335
rheonomic constraint, 37
rheonomic system, 38
rigid body

angular momentum, 161, 167, 196
configuration, 140
definition, 140
degrees of freedom, 140
equations of motion, 165–7, 171, 173, 179
free rotational motion, 181–8
impulse response, 188–91, 193, 194, 198, 199
inertia dyadic, 160
kinetic energy, 162–4, 168
oblate, 183, 187
prolate, 183, 186

roll rate, 143
rotation of axes, 140–2
rotation matrix, 141, 142, 144, 146, 148–50
roundoff error, 338–40
Routhian function, 97, 98
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Runge–Kutta methods, 342, 343
Runge phenomenon, 347

sampling polynomial, 330
scleronomic system, 38
signum function, 31
singular point, 113
spherical coordinates, 5
spiral motion, 13–15
stability

of rotational motion, 186
of static equilibrium, 49, 50, 113

state space, 113, 114
static equilibrium, 45, 48, 113

stability of, 49, 50, 113
stationarity, 291–3
Suslov’s principle, 317

explicit form, 318
system of particles

angular momentum, 17–20
center of mass, 16–21
collisions, 56, 57
equations of motion, 16, 17, 19, 20, 74, 77–80, 86,

87
kinetic energy, 21, 22, 46–8, 91
momentum, 16, 53

tangential acceleration, 7, 9
tangential and normal coordinates, 6, 7
Taylor series, 338
tilde matrix, 152
top motion, 173–5, 239, 240
torsion of a curve, 7
total energy, 24, 86
total spin, 171, 183
transfer function, 356, 357
transfer operator, 357

transformation equations, 35, 217, 218
scleronomic, 226

transpositional equation, basic forms,
297–9

transpositional quadrilateral, 301–3
trapezoidal method, 340
truncation error, 337, 338, 340–8

unit dyadic, 161
unit matrix, 142
unit vector, 2, 3

vector, derivative of, 3, 4
velocity

Cartesian coordinates, 2
cylindrical coordinates, 5
relative, 7–9
rotating frame, 8
spherical coordinates, 6
tangential, 7
virtual, 114, 219

velocity coefficient, 42, 181, 275
velocity space, 114
virtual constraint, 41, 73, 112, 190, 219
virtual displacement, 41, 111, 219, 220
virtual power, 276
virtual velocity, 114, 219
virtual work, 43, 74, 180, 236

principle of, 45, 48
Volterra’s equation, 252, 253
Voronets’ equation, 324

weight, 25
work, 23, 40, 43, 63, 125, 200
work rate, 23, 103, 264

yaw rate, 143
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