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KE ml PE PE mgl DE DE

x kx cx
x x
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2

2

( ) ( cos sin ) ( )
2

( cos sin ) sin sin ( )
4 2 2 2

ml
m M x cx kx F t

ml ml ml mgl
x x x M t
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��
šŚƳŚſƺƳ�Ʊŵƺŝ�Ĩģƺĩ�ƪǀƫŵ�ƶŝ�İƐųźǀƛ�šǈưū�Żř�źƔƴƟźƇ�ƹ�šǇŵŚƘƯ�Ʊŵźĩ�ƵŵŚſ�Śŝ���

��

0

0

2( ) 2 sin

2 2 sin

m M x ml cx kx F t

l x g M t
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��
�ś�žƿźţŚƯ�ƶŝ�ƶūƺţ�Śŝ�İŤŴſ�ƹ�ƭźū�įŚƷ���
��

2 2

2 2
1

2 2
2

0 2( )
[ ] [ ] 0 0

0 2 2

5.36 sec1000 24
0

8.27 sec2 16.62 0.5

k m M ml
k m

g l

rad

rad

 

 

 

   
        

   

 
  

  

��

��
�ũ���

24 1000 1000 100sin 20

0.5 2 19.62 50sin 20

x x x t

x t
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ƶŝ�ŹřŶƿŚě�ŢƫŚů�ŲſŚě�ƹ�ĨƿźŰţİƯ�ƶŤƟźĭ�źƔƳ�Źŵ�źƿŻ�šŹƺƇŵƺƃ���
��

1 2

1 2

( ) ( )

0 0

( ) , ( )

, ( ) , ( )

i t i ti t i t

i i i t i t

x t Xe Xe t Ae Ae

X Xe A Ae F t F e M t M e

    

   

 

 

   

   
��

��
Ţĩźů�šǇŵŚƘƯ�Źŵ�įŹřŸĮƿŚū�Śŝ���

��
4

3

1
4 1

3
1

1

( 8600 20000 ) 400 100 10 (1.66 4.87 )

800 180.38 50 0.28 2.16 10

4.87
tan 1.2434.15 10 1.66

2.16 100.28 tan 3.149
0.28

i X A X i

X A A i

radX X m

A A rad rad
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ţ�ƲƿŶŝƶŝ�ŹřŶƿŚě�ŢƫŚů�ŲſŚě�ŜǀţźŢſř�źƿŻ�šŹƺƇ���

4( ) 4.15 10 sin (20 1.243) [ ]

( ) 0.28sin (20 3.149) [ ]

x t t m

t t rad

  

 
��

��
æì������������ƭźū�ƶŝ�ƹŹŵƺų�Ĩƿ�įřźǀƯźǀƛ�įŵřŻō�ƶūŹŵ�ƹŵ�ƩŶƯ�źƿŻ�ƪĪƃ�1000m Kg���İƯ�ƱŚƄƳ�řŹ��ŶºƷŵ������źºƴƟ�İŤŴºſ

ƺººƬū18fk KN m���ŜººƤƗ�źººƴƟ�ƹ22rk KN m�İººƯŶººƃŚŝ�����ƶººƐƤƳ�Źŵ�ƹŹŵƺººų�ƭźººū�żººĩźƯG��ƶººŝ
ƪƇřƺƟ1 1.0l m���ƹ�ƺƬū�Żř�2 1.5l m����ŜƤƗ�Żř��������Ʊō�Ʊƺǀſřźƿĥ�ƕŚƘƃ�ƹ�ƶŤƃřŵ�Źřźƣ0.9r m�Ţſř������ƹŹŵƺºų�Ʋƿř

��ŢŝŚŧ�ŢƗźſ�Śŝ50v Km hr��ƺưƷŚƳ�įźǀƀƯ�įƹŹ�İƯ�Ţĩźů�ŹřŶƴĩ��İƯ�řŹ�źǀƀƯ�Ʋƿř�Śŝ�İſƺƴǀſ�İƴŰƴƯ�Ĩƿ�Ʊřƺţ
ƶƴƯřŵ0.05Y mũƺƯ�ƩƺƏ�ƹ�10L mŵźĩ�ƉźƟ����

��
�ƞƫř���šǇŵŚƘƯƶŝ�řŹ�ŢĩźůŶƿŹƹō�Ţſŵ���
�ś��ŢƗźſŶǀƿŚưƳ�ƲǀǀƘţ�řŹ�ƹŹŵƺų�İƳřźŰŝ�įŚƷ���
��
��
��
��
��
��
��
��
��

ƪů���
�ƞƫř�����ƭźƟ�ƶŝ�ƶƗƺưŬƯ�ĨƿźŰţ( ) siny t Y t�İƯ�ŶƃŚŝ���������ƶŝ�Ţĩźů�šǇŵŚƘƯ�ŵřŻō�ƭřźĭŚƿŵ�ƶŝ�ƶūƺţ�Śŝ���İºƯ�Ţºſŵ�

Ŷƴƿō���
��

1

2

( sin )

( sin )
f f

r r

F k x l Y t

F k x l Y t

 

 

  

  
��

��
1 2

1 1 2 2

2 1

2 2
1 2 2 1 2 1

2

( sin ) ( sin )

( sin ) ( sin )

( ) ( ) ( ) sin

( ) ( ) ( ) sin

x f r

G G f r

f r r f f r

f r r f r f

F mx k x l Y t k x l Y t mx

M I k x l Y t l k x l Y t l I

mx k k x k l k l k k Y t

I k l k l k l k l x k l k l Y t

I mr

   

     

 

  

         

        

     


     



 

 





2 2 2
810 . , 0.6283

50 13.89 sec 8.73 sec

40 15 2sin (8.73 )

0.81 67.5 15 15sin (8.73 )

Kg m v
T L v

v Km hr m rad

x x t

x t
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fk rk

1l 2l

G

fF
rF

x
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�ś������ƶŝ�ƶĩ�Ţſř�İŤƗźſ�śƺƬƐƯŚƳ�ŢƗźſ�������Ŷºƃ�ƢºŞƐƴƯ�źĮƿŶºĪƿ�źºŝ�ĨºƿźŰţ�žƳŚºĩźƟ�ƹ�İºƘǀŞƏ�žƳŚĩźƟ�Ʊō�įřŻřƵ�ƹ�

İƯ�įƹŹ�ŶƿŶƄţŶƷŵ��žƳŚĩźƟ�řŶŤŝř�ƲƿřźŝŚƴŝŶƳƺƃ�ƲǀǀƘţ�ŶƿŚŝ�İƘǀŞƏ�įŚƷ���
��

2
12

2
2

5.86 sec40 15
[ ] [ ] 0 0

9.43 sec15 67.5 0.81
nn

n
nn

rad
k m

rad






 
     

 
��

1

2

0.6283 5.86 9.327 sec 33.6

0.6283 9.43 15.009 sec 54.0
n

n

v v m Km hr

v v m Km hr
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��
æí��������ƭźū�ƶŝ�żĩźƯ�Żř�żƿźĭ�Ěưě�Ĩƿ�1 80m Kg��İƳřżǀƯŚƳ�įřŹřŵ�1 .me Kg m��İºƯ��ŶºƃŚŝ������ƢŝŚºƐƯ�Ěºưě�Ʋºƿř

��źƴƟ�ƶƗƺưŬƯ�Ĩƿ�ƢƿźƏ�Żř�ƪĪƃ�ƩŵŚºƘƯ�İŤŴſ�Śŝ�ƵŶƴƴĩ�řŶū1 2000k N m�����ƶºŝ�ŜƬºƇ�ƱƺǀºſřŶƳƺƟ�Ĩºƿ�įƹŹ�
ƭźū2 200m Kg�����ŢƗźſ�Śŝ�ƹ�ƶŤƟźĭ�Źřźƣ1200 rpm ��İƯ�ŹŚĩ�Ŷƴĩ���������ħŚºų�ƩŵŚƘƯ�İƿřźǀƯ�ƹ�İŤŴſ�ƶĤƳŚƴģ�

�Ŝǀţźţ�ƶŝ2 1000k N m�ƹ�2 200 .c N s m����������ƶºŝ�řŹ�ƱƺǀſřŶƳƺƟ�ƹ�Ěưě�ŹřŶƿŚě�ŢƫŚů�İƿŚŬŝŚū��ŶƴƃŚŝ���Ţºſŵ
ŶƿŹƹō���

��
��
��
��
��
��
��
��

ƪů���
���İƯ�řŹ�ƶƗƺưŬƯ�Ʋƿř��������ŵźĩ�ƩŶƯ�źƿŻ�įŵřŻō�ƶūŹŵ�ƹŵ�ƮŤƀǀſ�Śŝ�Ʊřƺţ������������Ţĩźů�šǇŵŚƘƯ�ƭźū�ƹŵ�źƷ�ŵřŻō�ƭřźĭŚƿŵ�ƶŝ�ƶūƺţ�Śŝ

ƶŝİƯ�ŢſŵŶƴƿō���
��
��
��
��
��
��
��
��
��
��

1 1 1 1 1 2 0 2
0

2 2 2 2 1 2 2 1 1

sin 2
1200 125.7 sec , 15791.4

( ) 0 60

m x k x k x F t
rad F me N

m x c x k k x k x

 
 

  
    

    



 

ƿŵŚƤƯ�įŹřŸĮƿŚū�ŚŝįŵŶƗ�ź���

2m

1m

2x

1x

2k2c

1k

0 sinF t

Centrifugal pump

Isolator springs

Foundation

Soil

1m

2m
2x

1x

2 2c x 2 2k x

1 1 2( )k x x

0 sinF t
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1 1 2

2 2 2 1

0.08 2 2 15.79sin (125.7 )

0.2 0.2 3 2 0

x x x t

x x x x

  


   



 

��

��
ƶŝ�ŚŝƎŝřƹŹ�įŹřŸĮƿŚū�ƹ�İĪǀƳŚĪƯ�žƳřŶĜƯř�ƁƹŹ�Ʊŵźŝ�ŹŚĩƎƬŤŴƯ�ĨƿźŰţ�ƹ�İƿŚŬŝŚū��ƮƿŹřŵ���
��

1 2

1 2

( ) ( )
1 1 1 2 2 2

1 1 2 2 0

11 2

6
2 2

1 1 1 1

2 2

( ) , ( )

, , ( )

0.0131262.04 2 15.79

2 ( 3157.1 25.14 ) 0 (7.93 0.063 ) 10

0.013 , ( ) 0

7

i t i ti t i t

i i i t

x t X e X e x t X e X e

X X e X X e F t F e

XX X

X i X X i

X X m Arg X

X X

    

  



 

 



   

  

     
  

         

   

  6
2 2.93 10 , ( ) 0.0079m Arg X rad




  

��

Żř�ŶƴţŹŚŞƗ�İƿŚŬŝŚū�źƿŵŚƤƯ�Ŝǀţźţ�ƲƿŶŝ���
6

1 2( ) 0.013sin (125.7 ) [ ] , ( ) 7.93 10 sin (125.7 0.0079) [ ]x t t m x t t m
   ��

��
��
æî�Ź�ƶƤŞƏ�ƹŵ�ƱŚưŤųŚſ�Ĩƿ�Żř�İƫŶƯ�źƿŻ�ƪĪƃ�ƱŚƄƳ�ř��
İƯ�ƭźū��šŚƤŞƏ�Ʊō�Źŵ�ƶĩ�ŶƷŵİƯ�ƉźƟ�İŞƬƇ�įŚƷŶƳƺƃ���

ƶƤŞƏ�źƷ�ƕŚƠţŹř�hƱō�İƄưų�ŢǀŞƬƇ�ƹ�EIŢſř����
Ŷǀƴĩ�ƲǀǀƘţ�řŹ�ƱŚưŤųŚſ�šŚƃŚƘţŹř�İƬƇř�žƳŚĩźƟ��İƬƿŹ�ƁƹŹ�Żř�ƵŵŚƠŤſř�Śŝ����

��
��
��
��

ƪů���
���źƿŻ�ƪĪƃ����ưŤųŚſ�įŵřŻō�ƶūŹŵ�ƹŵ�ƩŶƯƱŚ���İƯ�ƱŚƄƳ�řŹŶƷŵ������ƶƤŞƏ�źƷ�İŤŴſ�33k EI l�İƯ�ŶƃŚŝ������Ŝºǀţźţ�ƲƿŶºŝ

ƶŝ�İĭŵŚſ�ƶŝ�Ţĩźů�šǇŵŚƘƯƾƯ�ŢſŵŶƴƿō���
��
��

1 1 2

2 2 1

2 2 0

0

2 0 2 1
[ ] , [ ]

0 1 1 1

mx kx kx

mx kx kx

m m k k

  


  

   
    

   





��

��

šŹƺƇ�ƶŝ�ŵƺƯ�ƪĪƃ�Źřŵźŝ�ƶĤƳŚƴģ1

2
X

 
  
 



ƮƿŹřŵ��ŵƺƃ�ƉźƟ����

��

m

2m

1x

2x

h

h

2m

m

k

k

1x

2x
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2
1 1

1 2 1 1

2 1 1 2[ ]
0.5774

3[ ] 1 2 0 1

2 0 1 2

T

T

TT

k
X k X k k

m mX m X
m

 

     
    

     
    

     
    
     

 

 ��

��
�����ơƺƟ�ƮŤƀǀſ�İƬƇř�žƳŚĩźƟ�Ƣǀƣŵ�ŹřŶƤƯ1 0.5412 k m ����ƵŶºƯō�Ţſŵ�ƶŝ�İŞƿźƤţ�ŹřŶƤƯ�řŸƫ��Ţſř�ì�ë��ŶºƇŹŵ�

ŵŹřŵ�ƝǈŤųř�Ƣǀƣŵ�ŹřŶƤƯ�Śŝ���
��
çå�Ŷǀƴĩ�ƲǀǀƘţ�řŹ�źƿŻ�İƳŚſƺƳ�ƮŤƀǀſ�İƬƇř�žƳŚĩźƟ��İƬƿŹ�ƁƹŹ�Żř�ƵŵŚƠŤſř�Śŝ����
��
��
��
��
��

��������Ʒ�ŵřŻō�ƭřźĭŚƿŵ�Śƿ�ĦƳřźĭǇ�šǇŵŚƘƯ�Żř�ƵŵŚƠŤſř�Śŝ���Ţĩźů�šǇŵŚƘƯ��ƭźū�ź��žƿźţŚƯ�ƹ�����İŤŴºſ�ƹ�ƭźū�įŚƷ�������ƶºŝ�İĭŵŚºſ�ƶºŝ�
İƯ�ŢſŵŶƴƿō���

��
1 1 2

2 1 2 3

3 2 3

2 0 1 0 0 2 1 0

2 0 [ ] 0 1 0 , [ ] 1 2 1

0 0 1 0 1 10

mx kx kx

mx kx kx kx m m k k

mx kx kx

       
    

            
          







��

��

ŵƺƯ�ƪĪƃ�ƉźƟ�Śŝ
1

2

3

X

 
 

  
 
 



ƮƿŹřŵ����

2
1 1

1 2 1 0 1

2 1 2 1 2

3 0 1 1 3
0.2143 0.4629

1 1 0 0 1

2 0 1 0 2

3 0 0 1 3

T

T

k

k k

m m

m

 

    
    

     
           
    
    
    
    
    

��

��
��ƶŝ�İŞƿźƤţ�ŹřŶƤƯ�����Ƣǀƣŵ�ŹřŶƤƯ�ƶŝ�ŢŞƀƳ�ƵŶƯō�Ţſŵ����İƬƇř�žƳŚĩźƟ�1 0.4450 k m ���ŵƹŶůé�����šƹŚºƠţ�ŶºƇŹŵ�

ŵŹřŵ���
��
çæ��������ƶŤǀƀǀŤſǇř�ƩƹŶƯ�Śŝ�ŵǇƺƟ�žƴū�Żř�įźǀţ207E GPa���źƐƣ�10d cm����ƶǀĪţ�įƹŹ�ƪĪƃ�ƢŝŚƐƯ�ƵŚĭ��įŚºƷ

�������ƭźū�Śŝ�ŹƺţƹŹ�ƶſ�ƹ�ƶŤƟźĭ�Źřźƣ�ƵŵŚſįŚƷ1m���2m���ƹ�3m����Ʊō�įƹŹ�ŜƈƳ�ƵŶƃ�ŶƳř����ƋźƗ�šŚƃŚƘţŹř�İƬƇř�žƳŚĩźƟİ�źǀţ�
ƶŝ�řŹŶƿŹƹō�Ţſŵ��ƤƯ�Źŵ�źǀţ�ƭźūŢſř�źƔƴƟźƇ�ƪŝŚƣ�ŚƷŹƺţƹŹ�ƭźū�Śŝ�ƶƀƿŚ���

m m m
k k k1x 2x

3x
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��

1 1

2 2

3 3

4

1 20

3 50

4 40

2

l m m Kg

l m m Kg

l m m Kg

l m

 

 

 



��

��
ƪů���

�������ƶǀĪţ�Śŝ�įźǀţ�İĪǀţŚŤſř�żǀų��ŮƫŚƈƯ�ŢƯƹŚƤƯ�ŻřƵŚĭ���įƹźǀƳ�ƶĩ�ƵŵŚſ�įŚƷP��İºƯ�ƪºưŰţ�ƪĪƃ�ƢŝŚƐƯ�řŹ����ƎºŝřƹŹ�Żř��Ŷºƴĩ
ƶŝ�źƿŻİƯ�ŢſŵŶƿō���

��
2 2 2

2 2

( )
6( )

( )
( 2 )

6

Pbx
l b x

EIlw x
Pa l x

a x lx
EIl


 

 
  



��

��
ƭźū�żǀųimƱŻƹ�źŧř�Źŵ�řŹ�jm�Śŝ�źŝřźŝ�ijwİƯ�ƉźƟ�Ʈǀƴĩ���

��
� ƱŻƹ�źŧř�Źŵ�żǀų1m�� 

2 2 2
11

2 2
21

2 2
31

(20 9.81)(9)(1) 529.74
(10 9 1 )

6 (10)

(20 9.81)(1)(10 4) 1236.06
(1 4 2 10 4)

6 (10)

(20 9.81)(1)(10 8) 621.3
(1 8 2 10 8)

6 (10)

w
EI EI

w
EI EI

w
EI EI


   

 
      

 
      

��

��
�ƱŻƹ�źŧř�Źŵ�żǀų�2m����

2 2 2
12

2 2 2
22

2 2
32

(50 9.81)(6)(1) 3090.15
(10 6 1 )

6 (10)

(50 9.81)(6)(4) 9417.6
(10 6 4 )

6 (10)

(50 9.81)(4)(10 8) 5232
(4 8 2 10 8)

6 (10)

w
EI EI

w
EI EI

w
EI EI


   


   

 
      

��

���źŧř�Źŵ�żǀųƱŻƹ3m����
2 2 2

13

2 2 2
23

2 2 2
33

(40 9.81)(2)(1) 1242.6
(10 2 1 )

6 (10)

(40 9.81)(2)(4) 4185.6
(10 2 4 )

6 (10)

(40 9.81)(2)(8) 3348.48
(10 2 8 )

6 (10)

w
EI EI

w
EI EI

w
EI EI


   


   


   

��

3m2m
1m

4l3l2l1l

1w 3w
2w

ba

l

Px
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�ƲƿřźŝŚƴŝƭźū�Żř�Ĩƿ�źƷ�ƪĩ�İƿŚŬŝŚū�ŚƷŢſř�ƶŞſŚŰƯ�ƪŝŚƣ���

1 11 12 13

2 21 22 23

3 31 32 33

4862.49

14839.26

9201.78

w w w w
EI

w w w w
EI

w w w w
EI

   

   

   

��

ƶŝ�żǀų�źƿŵŚƤƯ�įŹřŸĮƿŚū�Śŝ�Źŵ�ƵŶƯō�Ţſŵ�ƶƐŝřŹ�æç�ç����
��

1

2

1 2 2 2

9 2 6 2
1

9.81(20 4862.49 50 14839.26 40 9201.78)
0.02822

20 (4862.49) 50 (14839.26) 40 (9201.78)

207 10 (0.1) 1.0161 10 . 28.48 sec
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įŹřŸĮƿŚū�Śŝ1 sinx X tƹ�2 sinX t ƮƿŹřŵ����
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1 2

4 2 2
1 2
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2 4(2 4 ) 0

5 3
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