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Chapter 1
Field Equations of Linear Elasticity

In many engineering applications a pointwise description of the field quantities, such as
stress and strain, is required throughout the body. The distinctive feature of the theory of
elasticity, compared to the alternative approaches like the strength of materials, is that it
provides a consistent set of equations which may be solved (using the advanced
techniques of applied mathematics) to obtain a unique pointwise description of the
distribution of the stresses, strains, and displacements for a particular loading and
geometry.

Tensors, Indicial Notation

In the theory of elasticity we usually deal with physical quantities which are independent
of any particular coordinate system that may be used to describe them. At the same time,
these quantities (tensors) are usually specified in a particular coordinate system by their
components. Specifying the components of a tensor in one coordinate system determines
the components in any other system. The physical laws of Elasticity are in turn expressed
by tensor equations. Because tensor transformations are linear and homogeneous, such
tensor equations, if they are valid in one coordinate system, are valid in any other
coordinate system. This invariance of tensor equations under a coordinate transformation
is one of the principal reasons for the usefulness of tensor methods in the theory of
Elasticity.

In a three-dimensional Euclidean space (such as ordinary physical space) the number of
components of a tensor is 3%, where N is the order of the tensor. Accordingly a tensor of
order zero is specified in any coordinate system in three-dimensional space by one
component. Tensors of order zero are called scalars. Physical quantities having
magnitude only are represented by scalars. Tensors of order one have three coordinate
components in physical space and are known as vectors. Quantities possessing both
magnitude and direction are represented by vectors. Second-order tensors are called
dyadics. Higher order tensors such as triadics, or tensors of order three, and fetradics, or
tensors of order four can also be defined.
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In these notes we use the indicial notation for presentation of tensorial quantities and
equations. Under the rules of indicial notation, a letter index may occur either once or
twice in a given term. When an index occurs unrepeated in a term, that index is
understood to take on the values 1,2,.. .,N where N is a specified integer that determines
the range of the index. Unrepeated indices are known as free indices. The tensorial rank
of a given term is equal to the number of free indices appearing in that term. Also,
correctly written tensor equations have the same letters as free indices in every term. In
ordinary physical space a basis is composed of three, non-coplanar vectors, and so any
vector in this space is completely specified by its three components. Therefore the range
on the index of a; (which represents a vector in physical space) is 1,2,3. Accordingly the
symbol a; is understood to represent the three components a;, a,, a;. For a range of three
on both indices, the symbol 4;; represents nine components (of the second-order tensor
(dyadic) A).

When an index appears twice in a term, that index is understood to take on all the values
of its range, and the resulting terms summed. In this so-called summation convention,
repeated indices are often referred to as dummy indices because their replacement by any
other letter not appearing as a free index does not change the meaning of the term in
which they occur. In general, no index occurs more than twice in a properly written
term.

Kinematics of Deformable Solids

Fig. 1.1 shows the undeformed configuration of a material continuum at time t = tg
together with the deformed configuration at a later time t =t. It is useful to refer the
initial and final configurations to separate coordinate systems as shown in the figure.

Deformed
Configuration

t=t

undeformed C
Configuration

t=t,

Fig. 1.1
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Suppose a material point is at position X in the undeformed solid, and moves to a
position x when the solid is loaded. We may describe the deformation and motion of a
solid by a mapping in the following form:

x = y(X,1) (1-1)

Now we consider the two coordinate systems to be coincident, as shown in Fig. 1.2. The
displacement of a material point is:

u(t)=x(1)-X (1-2)

Deformed
Configuration

undeformed
X, Configuration

Fig. 1.2

Next, consider two straight parallel lines on the reference configuration of a solid (see
Fig. 1.3). If the deformation of the solid is homogeneous, the two lines remain straight in
the deformed configuration, and the lines remain parallel.

e

Deformed

undeformed Configuration

Configuration

Fig. 1.3
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Furthermore, the lines stretch by the same amount, i.e.:

ds _ds, (1-3)
ds, ds,

The difference (ds)” —(dS)* is used to define a measure of deformation, which occurs in
the vicinity of the particles between the initial and final configurations.

(ds)’ =dx; +dx; +dx, = dxdx, = dx-dx (1-4)
(dS)* =dX} +dX} +dX: = dX .dX, = dX-dX

Deformed
undeformed Confi .
Configuration ontiguration
Fig. 1.4
Referring to Fig. 1.4, we may further write:
dS+u+du=u+ds, = du=ds—-dS (1-5)
We also have,
(ds)’ —(dS)* = dx,dx, —dX dX, (1-6)
and,
X =X(X, X, X5)
d)@:@d)?l+@d)?2+@d)?3 (1-7)
o0X, o0X, 0X,

dx, = x, dX, =F-dX
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where the comma denotes differentiation with respect to a spatial coordinate.

above F is known as deformation gradient tensor. Next, we define

u=ue +ue +ue =ue

and proceed as follows:

(ds)’ —(dS)* =x, ,dX ;x,,dX, —dX,dX, = (F-dX)-(F-dX)-dX-dX
=(x,x,, — 3,0, )dX dX,
- [(Xl, +u,) (X, +u), -0, } dxX dX,
=[(8, +u,)(Sy +u, )~ |dX dx,
j Ty

=[5jk tu tutu —5jk]d)_(jd)_(k
= (uj,k tu, u U, )d)?jd)_(k

Rewriting the indices in a more proper form, we get

(ds)’ = (dS)” =(u,, +u,, +u, u, )dX,dX,
=2&;dX,dX

In the

(1-8)

(1-9)

(1-10)

in which we distinguish the Lagrangian strain tensor gl.jL. for characterization of the

deformation near a point.

L [ p—
& = > (”z',j Tu; U U )

Alternatively we may write

Xi :Xi(xl’xpxﬁs)
d)?l:%dxl + g+ o

X, ox, ox,

dX, = X, dx, =F-dx

and proceed as follows:

(1-11)

(1-12)
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(ds)* —(dS)’ = dx.dx, — X, ,dx, X, dX, = dx-dx—(F-dx)-(F-dx)
=(6,0, - X, X, )dx,dx, (1-13)

ij ik

O _(xi Y ), (xi U ),k}dfjdfk

[ Oy~ ; (é:k U )}df,‘dfk
=[5, §]k+u“+u u, u,,, |dx,dx,
=( )d-d-

ujk+ukj lj lk

Replacing the dummy indices i1 and k, we have
(ds)” ~(dS)* = (u,, +u,, ~u, u, ) dvd

J

= 2¢; dx,dx, (1-14)

This time, we define the Eulerian strain tensor g,.jL. to characterize the deformation near a
point.

o =2+, - ) (1-15)

In practice, we need to make a number of assumptions to simplify the equations of linear
elasticity. A major one is to assume that deformations are infinitesimal. In most practical
circumstances it is sufficient to assume u, u, ; <<1

We use this to define a linear measure of deformation in linear elasticity, and define the
infinitesimal strain tensor as:

1
=gl =¢, :E(u. ) (1-16)

In order to check the relationship between the above definition of strain and the
conventional definition, we consider a one-dimensional case as follows:
(ds)* —(dS)* = 2gUL.dXide =2¢,dX.dX, =2&,(dS)’

_ (ds)’—(dS)* _ (ds+dS)(ds—dS) _ds—dS (1-17)
2 2(dS)’ ds(ds +dS) das
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The linear strain tensor in Cylindrical and Spherical

Coordinate Systems

-8-

Cylindrical
g O oy _LOW Oy My . Ou O
or rod or r oz or
59,9:1% u_’ 28922%4‘1%
roe r oz r 06
Ou,
SZZ:
oz
Spherical
0
g = oy LOW Oy My, L Ow O My
or rod or r  rsin@op or r
ggg:l%Jrﬂ 2e, = 1 ou, l&uq,_uecot(p
roe r rsin@ op r 060 r
1 Ou, u u,cotd
£, =— +—L+
7 rsin@ op r r
Compatibility

(1-18)

(1-19)

Conditions of compatibility, imposed on the components of strain, are necessary and
sufficient to insure a continuous single-valued displacement field. The procedure is to
eliminate the displacements between kinematic equations to produce equations with only

strain as unknowns. For instance we may write:

gll,mm = ul,lmm

& u

mm, Il = m,mll

1
glm,lm - 5 (ul,mlm + um,llm)

1
== (ul,lmm + um,mll)

2
= 2glm,lm = gll,mm +é

mm, Il

(1-20)
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In general, we have

i Ty =Eu i T € (1-21)

which represents 81 equations, only six of them are independent.

EnmtTénn = 2812,12

EpnzstEyp =26y

Exnténzs = 2531,31

Enist e —Enn =& (1-22)
Epn T €N ~ €1 = Ena

Ep T €303 €3 T

Assignment 1:

Noting thatV = ( ) e, and using indicial notation, prove the identities or find the right
hand side:

V¢=V-Vg=9¢,
VA(¢v)=Vh-v+¢V- v
Vipy)=gViy +2V-Vy +yV'e
V3 (gy) =VV:(py) =2
V-(¢Vy)="
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Kinetics of Deformable Solids

In general, two types of forces can be applied to a solid body.

(1) External forces applied to its boundary (e.g. forces arising from contact with another
solid or fluid pressure).

(i1) Externally applied forces that are distributed throughout a body (e.g. gravitational,
magnetic, and inertial forces).

G

Xy C
t
T undeformed Defo.r med .
Xs_ Configuration Configuration
Fig. 1.5

The stress vector or surface traction t at a point represents the force acting on the
surface per unit area and can be defined as:

) (1-23)
t=1lim—
d4-0 4

in which dA is an element of area on a surface subjected to a force dP (see Fig. 1.6).

dpP

dA
Fig. 1.6

The body force vector denotes the external force acting on the interior of a solid per unit
volume and can be defined as:

(1-24)
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in which dV denotes an infinitesimal volume element subjected to a force dP (Fig. 1.7).

dP

dv

Fig. 1.7

Internal forces induced by external loading

The solid body shown in Fig. 1.8 is subjected to a balanced system of externally applied
forces. As a result, internal forces are developed in order to keep the body together.
Suppose that the body is cut into two parts. The force P, represents the resultant force

that acts on the two faces in order to keep the two parts in load equilibrium.

/"7
<

Fig. 1.8

The internal traction vector T, represents the force per unit area acting on a plane with
normal vector n inside the deformed solid an can be defined as:

T, = lim ap, (1-25)
dA-0 A4
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in which dA is an element of area in the interior of the solid, with normal n (see Fig. 1.9).

dP

n

dA
Fig. 1.9

The components of Cauchy stress in a given basis can be visualized as the tractions
acting on planes with normals parallel to each basis vector, as depicted in Fig. 1.10.

A T2

Fig. 1.10
Here, we may write:
T, =o,e +0,e,+0,¢,
T, =0,e€ +0,e,+0,e, or T,=oue,

(1-26)

T, =0, +0,e,+0;e,
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In order to find the components of the traction vector on an arbitrary plane (represented
by n) we impose the equilibrium on a tetrahedral element, as shown in Fig. 1.11.

¢,
dA, n
dA[ 3 Tn dAn
—1 1 ~ €
_el
: T(_el)dA] e
3
Fig. 1.11

T dA, —TdA + f(% hdAnj =0, A

h—>0 = TdA -TdA =0

dA, = dA,Cos(n,e,) (1-27)
TdA —TdAn-e =0

T,=Te ,T,=0,e, ,n-¢ =n,

Te,—o,en =0, Te =0,en=0,n,

Accordingly, we obtain the following expressions which are called: “the stress boundary
equations”

I=0,n, (1-28)

1

Principle Stresses

For practical purposes, it is convenient to break down the traction vector into normal and
shear components as follows:

O-nn :’Tn.n:];ei'n:];ni % (1-29)

= Ujil’ljl’li
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and,

1 (1-30)

c,=(T-0,’)? i

In order to find the extremum values of the normal components of the stress tensor (the
principle stresses) we may write:

O = O ;i1 /% (1-31)

=o,nn—AMnn, —1)

where A is the lagrangian multiplier. Next, we write:

oo
nn o __ _ _
=o,n;—An; =0 it

an" 1-32
=o,n,—Adn, =0 (1-32)
=(o,; —A;)n; =0

which implies that
oy, —4 O O3
Oy  Op—A 0y |=0 (1-33)
O3 O3 -4
The characteristic polynomial is
V=L +1,A-1,=0 (1-34)

The roots of the above characteristic polynomial are the eigenvalues of our problem, or
the principle stresses. The invariants of the stress tensor are defined as:

I, =0,

u

—l(aa“ —-0.0.) (1-35)

11_2 i jj ij = ji

1y “

Finally, for each eigenvalue, we may find the eigenvectors which are the principle stress
directions.
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A —> (o, —A6;)n; =0=n,n,n,
2

/12—)(0'0.—/15;f)nj=0:>n12,n22,n3 (1-36)

A —> (0, —Ao,)n, =0=n,n,n;

Assignment 2:

For the given stress tensor, determine the maximum shear stress and show that it acts in
the plane which bisects the maximum and minimum stress planes.

5 0 0
o, = -6 -12
1

Conservation of Linear Momentum
In order to find the governing equations for distribution of the stress tensor within a body,

we start by considering an arbitrary material region with volume » and surface S. Based
on the general concept of conservation of linear momentum, we may write:

[Tda+[tav = [ piiav (1-37)
S Vv Vv

which, using (1-28), can be written as

[omda+] fav =| piidv (1-38)
N 4 4

Now we use the Divergence theorem of Gauss and write

jG-ndA:jv-GdV

N 14

[o,,av+[fav=((c,, +f)av=]piav (1-39)
v 14 v v

Since we are dealing with an arbitrary volume, the three equations of motion can be
derived from (1-39) as

0+ = Pl (1-40)
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The static form of the above equations (usually known as the equilibrium equations) is

o+ f =0 (1-41)

The Equations of Motion in Cylindrical and Spherical Coordinate Systems can be
written as:

oo +l oo, N oo, L 0w O

I 1z

or r 00 Oz

+ [, = pi,

1-42)
oo, 100, OJO0, 20, .. (
+— + + + =

o Ty eo e Ty e=pi

oo, +160'92 +8GZZ +&+f — i

o r o0 oz 2P
and

oo
ao_"” +lao-rg + 1 i +l(20'rr _09,9 _O-(p¢ _O-rﬂ C0t¢)+.f; = pur
or r 00 rsin@ Op r (1-43)

do,, 100, 1 0oy 1 )
St + +—[30,,+(0,,—0, )cot@]+ f, = pii
or r 060 rsind Op r[ 0 (0 «p«p) 1+ fy = piiy

oo 1 0o 1 Oo 1
AR 2 4+ -QBo. +20.,cotO)+ f. = pii
or 700 Trsing op U0 20wt ], = P,

Conservation of Angular Momentum

Once again, let us consider a material region with volume J" and surface S. Based on the
general concept of conservation of angular momentum we may write:

j(xXT)dA+j(X><f)dV = I(XXpﬁ)dV

X.f,dV =0 (1-44)

ik

[euXxTda+ e
vV

N

which, using (1-28) and the Divergence theorem of Gauss, can be written as:
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[eu X (oyn)da+ [ e, X, f,dV =0
Vv

N

[25(X.0)),dV +[ &, X, f,dV =0
4

ijk
v

(1-45)
[eul(X0,), +X,£,1dV =0
V
[e4[X, 0, + X0, + X, £,1dV =0
Vv
Next, we use (1-41) to simplify the above as:
=0
[z {Xi,lay +X, [% +f, ﬂ dv =0
4 (1-406)
Igijké',.,a,jdV =0
V
Since we are dealing with an arbitrary volume, we can write:
&30, =0 (1-47)
= 0; =0

which shows that the stress tensor is symmetric.

Constitutive Equations of Linear Elasticity
For an elastic body which is gradually strained at constant temperature, the components
of stress can be derived from the strain energy density y, which is a quadratic function of

the strain components.

oy (1-48)

Accordingly, we may write the most general form of the Hooke’s Law as:

o, = Eijklekl (1-49)

y
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in which Ej; represents 81 components. Due to the symmetry of the stress and strain
tensors and also the elastic coefficient matrix, the number of independent elastic
constants reduces to 21.

E

1111

E

which can be simplified to:

_(:HI (:12
(j22

1122

122222

oy &

(:33
(j23
(:53

1133

2233

3333

~

EN

Q000

=

2E,,
2F

2212

2F

3312

2F

1212

W

[

[

O anna

[

2E ., 2E || &,
2Eyyy 2B,y | |6n
2E;;, 2Ey;, || &y
2E )y 2E,y || &, (1-50)
2Eyy 2B, | |6y
2E3131_ &3
C || €n
Cos | |2
Cis | €3
Ciu || & (1-51)
Css || €2
Cos | L&

The above expression represents the constitutive equations for an anisotropic elastic
material. Most engineering materials show some degree of isotropic behavior as they
possess properties of symmetry with respect to different planes or axes. We start with the
plane x,x3 as the plane of symmetry, which implies that the x; axis can be reversed as

shown in Fig. 1.12.

v

'
Xﬁ

Fig. 1.12: single plane symmetry
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This corresponds to a coordinate transformation with the direction cosines shown in table
1.1

axes X, X, X5

x| -1

X, 1

X3 1
Table 1.1

Using the transformation o} =, a,0,,, in which ¢, and «; are the direction cosines,
we find that:

"o r "o _
0, =0y 0, =0y 033 = 033 (1-52)
"o " ro_
0, =0y, 0y; =0y O3 = =03
Similarly, we can show that:
" r r -
& =&y &y =&y E33 =&y (1-53)

ro_ ro_ ro_ _
& =76, &y = &y3 &3 = —&y

Hence, we may write:

On On én

o Op &5

o8 _ )% _ &5

O-1'2 Oy C 51,2

O On &

ot —03 L e
i 1( &, (1-54)

2

_ C &,

—&)

&y

L 117

which results in:
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Oy ¢, G,

Oy G,

Cl 3
CZ 3
C3 3

|
0

4

9

T4

)

Ba”

a

44

Cis

Cs

Css
_C45
Css

-20

Cis
Ca
Cys
Cis
Css
Cos

(1-55)

As the constants should not change with the transformation, we must have Cjy, Cjs, Cay,
Crs, Cs4, C36, Cys5, and Csg¢ = 0. Such materials are called monoclinic and need 13
constants to describe their elastic properties.

The double symmetry about the x; and x, axes will lead to further reduction of the
constants down to 9, which represents the orthotropic material (Note that for 2D
problems we need 4 elastic constants to describe the behavior of an orthotropic material).

axes X, X, X,
X! -1
1
!
X, -1
!
x; 1

We may have an additional simplification by considering the directional independence in
elastic behavior by interchanging x, with x3, and x; with x,. Such materials are called
cubic with three independent constants.

axes X, X, Xy
[

X! 0
!

Xy

X} 0 1 0

axes X, X, Xy
x| 0 1 0
’
X,
’
X, 0

Finally, we may consider rotational independence in material property and define the
constitutive equations for an isotropic elastic material with only two independent

constants:
axes x1 x2 x3
x| 1 0 0
x} 0 cos0 sin0
x; 0 |-sinO cos0
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o, [2u+2 A A 0 0 0 ||g
o, A 2u+ A A 0 0 0 ||&y
ol | 4 A 2u+A 0 0 0 ||&,
o, 2u 0 0 ||e, (1-56)
Oy 2p0 0 || &y
O3 ) L 2p &,

in which 4 and y are called the Lamé constants. The indicial form can be written as:

o, =2ue; + 16,6, (1-57)

We may invert the above equation to express the strains in terms of stresses:

1 A (1-58)

o, ———0.0
2u " 2uQu+3r) T

&y

The Lamé constants are quite suitable from mathematical point of view, but they should
be related to the Engineering elastic constants obtained in the laboratory (like £ and v) as
well. Table 1.2 shows the relationships between different elastic constants.

/1,,u E,v HV E,,U k,l/
vE 2uv u(E-2u) 3kv
A A (1+v)(1-2v) (1-2v) 3u—E (1+v)
E 3k(1-2v)
“ # 2(1+v) # : 2(1+v)
2 E 2V(1+V) UE
k AIH 3(1-2v) 3(1-2v) 3(3u-E) k
1(324+2u)
E E 2u(l+v E 3k(1-2v
A
v v v £—1 v
2(ﬂ,+,u) 2u

Table 1.2
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Formulation and Solution Methods of Elasticity Problems

In order to find the fifteen unknowns (three components of displacement, six components
of strain, and six components of stress) for an elasticity problem, we need fifteen
equations as follows:

1 @D
& = 5(%,; + ”j,z’)
ot /=0 (ID)
o, =2ue; +A0,6, or
1 A
&y =50y~ 0,0 (I
2u 2uQu+34) -
along with the compatibility and stress boundary equations:
Ejm Ty = i T E V)
I=0,n, V)
Classical Displacement Formulation
We start by substituting Egs.(I) into the first form of Egs.(III) to eliminate the strains:
oy = A0,u, , +pu, ; +u,,) (1-59)
Next, we substitute the above expression for the stresses in Eqgs.(II) which resulys in:
/154,-%,;{,' + ,u(ul.,ﬂ. "‘”‘/,n‘) + fj. =0
/’Luk,kj + lu(ui,ji + uj,z'i) + f] =0 (1-60)

Finally, using i for the dummy index in all terms we write:

Hu, i+ (4 +/U)ui,g/ +fj =0 (1-61)
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or alternatively:

(A+Qu, ; +Gu, ;+ f,=0 (1-62)

Equations (1-62) are three equilibrium equations in terms of displacements. They are
called Navier Equations and constitute the classical displacement formulation.

Navier Displacement Equations in Cylindrical and Spherical
Coordinates

Cylindrical:
(1+26) L —2G(1%—%j+f, ~0
or r 00 oz
ol oo, Ow
A+2G)—=-2G L——=1+/f,=0
( )rae ( oz or j Jo
(MZG)%_zG(M_%}fZ ~0
0z or 06
where (1-63)

10(ru,) 10u, Ou,
=— +— +

r or r ol oz
_1ou,  ou, e — Ou, Ou

Zz

I,=e,=V-u

20, = , 20,
r ol oz oz Or

2o L[20ru) _au,
r or 00

b
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Spherical:
0 in @
(1+26) Y 20 | O@,S0) dw, | o,
or rsinf 06 op

0
(i+26) 2L 26) L 2w) o),
r849 r | sind O¢ or
M%_E[ams)_@(mﬂ}f =0
rsind O r or 00 ’
where e

2 : 6
r-  or rsind 06 rsin@ Op
1| Ou,sin®) ou, | o, _ 1 ou 100u,)
rsin @ 06 op |

2, 1[0
7 r or 00

20, = =
rsin@ 0p r oOr

Classical Force Formulation

We start by substituting the RHS of the second form of Eqs. (III) for strains in Egs. (IV)
to produce 81 stress compatibility equations as follows:

(1-65)
Ot YOuy ~ Ot O ik = (é‘yo-tt v~ OOy i — 0,0, i §jlatt,ik)
l+v
However, only six of the above equations are independent:
(1-66)
Ok T Oty Ok ~ O jpix = (é‘t]Gtt i~ OOy i — 0,0, jk 5jk0tt,ik)

1+v

In general, the above expression represents nine equations with free indices 7 and j. Now
we substitute the equilibrium equations (II) in the above and simplify to have:

v (1-67)
vza._ +——o0 — | Jij + i +—5ijfm,m
-V
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which are known as Beltrami-Michell compatibility relations and constitute the classical
force formulation.

Assignment 3:

For a hollow sphere under internal and external pressures find the stress, strain and
displacement distributions.

Beltrami-Michell Equations in Cylindrical Coordinates:

2 2 2 0 0 0 0
13@80,.,.)%60%6 o, L& __ vl () 10(/) o(£)] ,o(f)
ror or r- 06 Oz 1+v or 1-v|r or r 06 Oz or
10 0oy 1 &g,  0'cy 12 ___V lﬁ(I’fr) 1a(f9) a(fz) Za(fe)
——|r +—2 L=— - +— + -
ror or r- 00 0z 1+v 06 1-v|r or r 06 0z 06

2 2 2 0 0 0 0
ror or r- 06 0z 1+v oz 1-v|r or r 06 oz 0z
10( é0,\ 100, 0o, 1 1 [30(f,) o(f)

——|r o=y =— +

ror or r- o0 0z 1+v 060z 0z 06

li(rﬁarz}riazo}z+620',,Z+ L &1, _ [o(f), of) (1-68)
ror or r* 06* 0z 1+v oroz or Oz

2 2 2 a a
10 raara +L26 0';9+8 Gzra+ 1 o7 __ (f:)+ (fe)
ror or r- o6 Oz 1+v orof 00 or

I,=0,,+0,,+0,
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Beltrami-Michell Equations in Spherical Coordinates:

1 o(,00, 1 o(. ,00, 1 &c, 1 &1
—S—|r—="|t—5———=3|sind t—5— =+ =
r- or or r°sind 060 00 resin @ o~ 1+v or

v [La(rzer L2 inagye ! 6(@)}20(12)

l-v|r or rsin@ 00 rsinf O@ or

1 0( 2004, 1 0(. 1004, 1 a2a€9+ 1 71,
r* or or r*sin@ 00 00 r’sin*@ 0¢° 1+v 00’

o(r’ 0
— | Lz (V ‘f")+ 1 i(smﬁfg)-k 1 (f(/’) _2a(f9)
1-v|r or rsin@ 06 rsin@ O 06

2 2

12 rzao-""” +21. isinﬁao-""” +2.12 ao-‘;""+ ! 812’=
¥ or or r-sin@ 06 00 r-sin” @ Og 1+v Op

o(r’ 0 0
_Y [i (r fr)+ 1 i(sin@fg)-i- 1 (qu)}_z (fw)

1-v|r* or rsin@ 00 rsing Og op (1-69)
10(.00,), 1 af. 00, 1 az%” Lo a(f9)+a(f,p)
r* or or r*sin@ 00 00 r*sin*@ 0¢° 1+v 0Gog op o0
10(.00,), 1 af. 00,) 1 &0, 1 &1 _ (o(£), %)
r* or or r*sin@ 06 00 r’sin®@ 0¢° 1+v orde op or
LQ(VZ ao—r@j_,’_ 1 i(SingaO—rlg)ﬁ- 1 azo-rﬁ + 1 azlt - _ a(fr)_i_a(fﬁ)
r* or or ) r’sin@ o6 060 ) r’sin*@ 0¢° 1+v oroé 00 or

I,=0,+0,,+0,,
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Chapter 2: Some Representative Boundary Value
Problems

Deformation of a Rod Standing in a Gravitational Field

As a first example in solving elasticity boundary-value problems, we consider a long rod
that stands freely in a gravitational field (see Fig. 2.1).

Z

A

L
> X
Fig. 2.1
We start with the stress boundary conditions.
1, = on; (2-1)
On the top surface we have:
7,(0,0,0), n,(0,0,1)
1, =o,n +o,n,+o,;n,=>0=0+0+0, =>0,=0 (22)

I, =0,n +0,n,+0,n,=>0=0+0+0,, >0, =0

I, =oy,n +0o,n,+o,n,=>0=0+0+0,, =>0,;,=0

On the lateral surfaces we have:
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7(0,0,0), n,(n,n,,0)
0=0,n+0,n,+0
0=0,n+0y,n,+0

0=o0,n +o;,n,+0
On the bottom surface we have:

70,0, pgl), 1,(0,0,-1)
0=0+0-0,
0=0+0-0,
pPgL=0+0~0y = 0y =—pglL

We now turn our attention to the overall equilibrium:

o, t f,=0
O tO0p, TO;5+ fl =0 (l)
Oyt 0y, 035+ /=0 (ii)
031105, t03;— P8 = 0 (i)
Near the bottom surface we have:
0,=0, 0,,=0,
Thus, using (2-5 iii), we can write:

O35~ P8 = 0=o0y,=pgz+f(1,2)

B.C.: atz=0we have o,,=—pgl = f(1,2)=—pgL

= 0y, =pgz—pgl=pg(z-L)

(2-3)

(2-4)

(2-5)

(2-6)

We may therefore assume that the distribution of the stress tensor has the following form:

0 0 0

(2-7)
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Note that this form satisfies all the equilibrium equations and the boundary conditions of

the problem. Using the following constitutive equations:

& = %[(1 +Vv)o, —vo,0, ]

we can obtain the distribution of the strain tensor throughout the rod.

YPE (12 0 0
E
g = 0 VpTg(L—z) 0
0 0 —p—Eg(L—z)

(2-8)

(2-9)

Since the strain components are linear in Z, the compatibility equations are all satisfied.

Now we use the kinematic equations to obtain the displacement field:

1
gij = E(M"’f +uj,i)

We start with the normal strain components:

1 vpg
&= E(ul,l +”1,1) =Up = Uy = T(L —z)

u =L (L=2)x+ £ (3.2)

1 vpg
€n = 5(”2,2 + ”2,2) SUyy = Uy, = T(L —z)

u, =Vp7g(L—Z)y+fz(x,Z)

1 Pg
&y = 5(”3,3 +u3’3) SUs3 = Uy = _?(L —z)

(i)

(iii)

Now we may invoke the displacement boundary conditions:

(2-10)

(2-11)
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at x=0, u,=0, = f,=0
aty=0, M2=0’ 2]2:
In order to find f;, we calculate the shear strain components and use (i, 1ii) of (2-11) to

write:

1
&3 = 5(”1,3 Ty, ) = Uy +uy; =0

(2-12)
v,
:—%Hfm —0= £, =%x:>f3 fo +h(»)
Now, using the expressions (ii, iii) of Egs. (2-11) along with (2-12), we may write:
1
€n = 5(1"23 + u3,2) = UyztUs, = 0
(2-13)
Vpg vpg vpg
=>-——2y+h,=0=>h = h = +C
E yrh, 12 = E — Y= °E —=y
Hence, the final form of the displacement equations can be written as:
u, Vpg —=(L-z)x
Vpg
2= (L-z2)y
1
w=-LE [~ | P52 P8 0 o (2-14)
E 2 2F 2E

atx=0,y=0,z=0, wehaveu=0=>C=0

pPg(;, 1 L0810 VP8
2 2E 2E
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Rotating Discs

In this section we study the stresses induced in rotating discs. Initially, we assume that
the thickness of the disc is small in comparison with its radius, so that the variation of
radial and circumferential stresses over the thickness can be neglected. We also assume

thato_ =0.

Fig. 2.2

We may start by writing the equations of motion in cylindrical coordinates:

do, 100, Jo,

I

or r 00 oz
90, +lao'99 +ao-l92 +2‘7r9
or r 00 Oz r
do,. 10oc, Ooc
o +

rz zz+&+f_il‘
oy o0 oy JeTPE

O . —0
rr a0 _ .
’ +ﬂ_pur

+ £, = pil, (2-15)

Considering our Basic assumptions, and due to the symmetry of geometry and loading,
we are left with only one equation:

aO-rr + O, —Ow +pr(02 =0 (2-16)
or r

which can be rearranged into the following form:

%—o—% +prie’ =0 @-17)
Now we may set:
ro, =F(r)
_ dF(r) . (2-18)

00
dr
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in which F(r) is a stress function.

The linear strain tensor in cylindrical coordinates is:

ou, l1ou, oOu, u, Ou, Ou,
grr = 0" An L — 2grz = +—
or rog or r oz oOr
1ou, u ou, 10ou
& = Epy=——5+-"L 26, =—L+——= 2-19
Y Y ro0 “ oz rob &1
Ou,
SZZ =
oz
which in this case reduces to:
o ai ng = 0 grz = 0
or
& Ep=—"L ¢, =0 (2-20)
e, =0
We may also write the constitutive equations for our problem as
1
& = E[(l +Vv)o, —Vvo,0y ]
1
grr = E[(l + V)O-rr - V(O-rr + 0-99)] = E[O-rr - VO-QH] (2_21)
1
Eop = E [09:9 —Vvo, ]

At this point, we will eliminate the displacements between our kinematic equations to
obtain a compatibility equation.

dgee_i(u_rj_dur_u_r_l[&_&}_l[g o] (2-22)
dr dr\r rdr ¥ rl dr r prm T

Now we substitute the constitutive equation in the above compatibility equation:

{%(O—aa _Vo-rr)} = l{ 1

d
o P E(O-rr —VOy =0y +VO,, )
a4
dr

~[(1-v)(e, ~0w)]

d
06’6’ i E O-rr

(2-23)
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Rewriting the above equation in terms of our stress function F(7), we will have:

1o, =F0),  op="1pret, Fr)=F

2 1+
d f+2pw2r—5d—}z+@=w(5—d—F— a)zrzj (2-24)
r rdr r 7 r o dr
d*F  dF
2

2

+r——F =—G3+Vv)pa’r’
dr dr ( )P

This is a nonhomogeneous, second order linear, ordinary differential equation with
variable coefficients and has the following general solution:

F)= dy 4, Lo B0 229
;

Accordingly, the resulting stresses will be:

— +é2_ B+Vv)pw’r’
r 8

4, (1+3v)pa’r’
r? 8

(2-26)
Oy =4 —

The coefficients A; and A4, can be found by imposing the appropriate boundary
conditions. We consider the solution for the Solid Disc, and a Disc with stress-free
circular hole.

For the solid disc we must have 4,=0 to account for the finite stresses at the center. The
second B.C. is:

Ii=oyn,

7(0,0,0), n,(1,0,0) at r=a

T.=o.n+o,m,+o.n =>0=0n+0+0=>0, =0 (2-27)
3+v)po’a’

=4 = ( )'0

8

Accordingly, the final form of the stresses will be:



M. Mirzaei, Elasticity -34 -

o = G+v)pw’ (az_rz)

rr 8
2-28
GB+v)pe’ , (1+3v)pa’ , (2-28)
00 = a — r
8 8
The displacement field can be obtained as follows:
U, =régp = %(060 _Varr)
(2-29)

= (32 (1 1)

For a disc with stress-free circular hole, we have the following conditions at the outside
radius:

I =oyn,
7.(0,0,0), n,(1,0,0) at r=a
T =o.n+o,m,+o.n =>0=0cn+0+0=>0,_ =0 (2-30)

Ny :é+(3+v)pa)2a2
a 8

At the inside radius we have:

I, = oyn,

T/(0,0,0), n,(-1,0,0) at r=h
T; = _Jrrnr + O-ré'n@ + O-rznz - 0 = _O-rrnr + O + 0 = O-rr = O (2-31)
4, (3+v)po’p’

:>A1:—b—2 8

Solving (2-30) and (2-31) for A;and A, , we will have:

A :M(cﬂ +b2)
(3+v)pe’ , (2-32)

A, =- < a’b’



M. Mirzaei, Elasticity -35-

Hence the stress equations become:

r

2 212
- :(3+v)pa) (a2+b2—ab _’”2]

’ (2-33)
2 272 2
- GB+v)po PRSI Zz) _(1+3v)r
r (B+v)
Furthermore, we may write the maximum radial and hoop stresses as:
2
T Imax = (3+1/8)pa) (a_b)z
G+v)pa’ 2(1-v)b (2-34)
o, = CF0E (52 20000
max 8 B+v)
Also notice that for a small hole as 5 — 0, we will have:
e (3+V)par’
Coolp0 = (2a2)
. 2
Oo i:hz - (3"“/8),0(0 a’ (2-35)
hole solid
= 0-99 b—0 = 699 r—0

The conclusion is that a stress concentration factor of two exists for the circular hole in
our rotating disc.

Alternative solutions

There are alternative solutions to the rotating disc problem, which are in fact quite
simpler than the solution presented above. For instance, we may extract our previous
differential equation in terms of the stress function F(r) directly from the Beltrami-
Michell equations in cylindrical coordinates (see Chapter 1).

We may also start with the Navier displacement equations in cylindrical coordinates:

(1+26) 2% —2G(1%—%]+f, -0

or r 00 oz

(1+26) 2L —2G(%—8“’2J+f9 =0 (2-36)
roé oz Oor

(1262 o 2Ur@) 0w,
oz or 00
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In the above equations we have:

J —e :v.u:lﬁ(rur)_'_l@ue +6u2

¢ r or r 00 oz (2:37)
r ol oz 0z Or r or o0

Considering our basic assumptions and the symmetry of geometry and loading, the above
equations will simplify to the following single equation:

,du, du 1-v: .,

@ r
a " dr g 7 (2-38)

7

The general solution can be shown to be:

1 4, 1-v
ur=E{(l—v)Alr—(1+v)—2— 8V rzpa)zrﬂ (2-39)

r

which upon substitution into the kinematic and constitutive equations will give the
required expressions for the radial and hoop stresses.

Assignment 4:

Find the stresses in a rotating disc of variable thickness #=f(7).
Hint: use the following form of the equilibrium equation:
i(hra,, )—ho,y + p*hr® =0

dr
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Saint-Venant Torsion

This section presents a general solution to the torsion of prismatic bars, known as Saint-
Venant torsion problem. This solution represents a classic example of the so called semi-
inverse approach, in which a displacement field is initially assumed and then it is shown
that it satisfies the equilibrium equations and the boundary conditions.

X,

Fig. 2.3

Based on a geometric study of the schematic shown in Fig. 2.3, we may define the two
in-plane components of displacement vector for an arbitrary point in the cross section of
the bar by:

u, =rcos(a+ f)—rcosf
u, =rsin(a + f)—rsin B (2-40)

u, =rcosacos f—rsinasin f—rcos ff
=
u, =rsinacos f+rcosasin f—rsin S

For very small values of a, we may assume that cosa =1 , sina=«a , and rewrite the
displacements as:

u, =rcos f—rasin f—rcos f
u, =racosfB+rsin f—rsinf

u, =—rasin
—

u, =racospf

(2-41)

which using the expressions rcos f=x, , rsinff = x,, results in,
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=u,~(-x,a, xa)

With the definition of ® as the torsion-angle per unit length, we have:

o = 0Ox,

Hence, the in-plane displacements can be written as follows:

u,~(=0x,x; , Ox,x;)

Next, we assume that the third component of displacement can be defined as:

u; =0¢(x, , x,)

(2-42)

(2-43)

(2-44)

(2-45)

where ¢ is called the Warping Function. Finally, the assumed displacement field can be

summarized as:
u,~(—0x,x, , Ox,x, , O)

Accordingly, the strain field becomes:

1
gij =5(u,.,j +uj,i)

1
0 0 5(—@x2 +09,)

1
g~ - 0 E(G)xl +®(p,2)
0

and the stresses become:

o, =2ue; + 16,6,
0 0 GO(p,—x,)
o, ~ - 0 GO(p,+x,)
0

Now we turn our attention to the equilibrium equations:

(2-46)

(2-47)

(2-48)
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Oy T 0,055 = 0
051105, t0y;5= 0

Oy + 03, + 0333, =GO ((”,11 + @,22)

which can be summarized as:
V?¢p=0 inR
Now we will examine the boundary conditions.

T, =o0,n,

T,(0,0), n(n;,n,,0)
0=0,n +0,n,+0
0=o0,n +o,n,+0

I,=0o,n =0

0=o0,n +0o;,n,+0

:G(ﬂ[((p,1 —)c2)111 +(go,2 +xl)n2}=0

= QN+ Q,n, =X,n—Xxh,

(2-49)

(2-50)

(2-51)

We may simplify the above boundary conditions based on the geometric considerations

depicted in Fig. 2.4 as follows:

Fig. 2.4
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n =ﬁ=cos5 , N, :&:sin5
dn dn (2-52)
n =&=cos5 , N, =—%=sin5
dt dt
Accordingly, the stress boundary condition defined in (2-51) may be rewritten as:
Opd Opdx, | dx &%
ox, dn Ox, dn dt dt
do 1 d (2-53)
22T onc.
dn 2 dt

Note that the above is not yet in a suitable form because we have to deal with two
variables, n and ¢. In order to solve this problem, we introduce the conjugate harmonic
function y:

Z=@Q+iy (2-54)
Using the following Cauchy-Riemann conditions:

0, =Y,

2-55
@, ="V, ( )

we will have:
V?y =0 inR (2-56)

and the boundary conditions will be:

oy dy [ oy (_ﬁj_ld_rz
Ox, dt OX, dt) 2 dt

dy _ldr’
dt 2 dt

(2-57)
on C.

Thus, for a simply connected region we have:

w=—r" onC. (2-58)

and the stresses become:
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Cﬂ3::(}()(yfz"x2)

(2-59)
0y, =GO(—y, +x,)

We may further simplify our boundary value problem by another variable change, as
follows:

1,
Y=y—or (2-60)
=¥=0 onC, and V*¥=-2 inR.

In fact we may solve the torsion problem for different geometries through finding the
appropriate ¥ function that satisfies the conditions presented in (2-60).

Accordingly, the stresses become:

0 0 GOY,
o,~ - 0 -GO¥,
0

(2-61)

Circular Cross Section

For a circular cross section, we choose:
¥ =k(x} +x; —a’) (2-62)

which satisfies Egs. (2-60). Next, we have:

¥Y=0 at r=a
VY =4k
1

:kz——:‘l’:l(xlz+x22)+la2
2 2 2

(2-63)

SO,

2-64
w:‘P+%(x]2+x§):%a2:constant (2-64)

= ¢ =constant = C

which means that the circular cross section does not warp in torsion.
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Accordingly, the displacements and stresses are:

u, ~ (—=0x,x; , Oxx, , OC)

0 0 GOx,
o,~ - 0 -GOx,
0

(2-65)

Now we may calculate the total torque required to produce a certain amount of twist.

032

031

Fig. 2.5

Bases on geometric considerations depicted in Fig. 2.5, we can write,

M = L(xlo'32 —X,05, )dA
= J‘A [GG)()CI2 +x; )}dA

= G@jj” I: r’rd@dr

4@
-Go-
4

2
0

d

0
4

—coLor
4

B Gn®a*
2

(2-66)
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Elliptical Cross Section

For an elliptical cross section, we choose:

X2 X2
¥ :k(a—;+b—§—1J (2-67)

which satisfies Egs. (2-60). Next, we have,

¥Y=0 on C
212
V'zwz—zzzk[iz+i2j:sk=—f—bz
a b (a*+07) (2-68)
a’b? X X
=>V¥-= -1 -2
Pl
Thus the stresses become:
2GO*
00 - b’ +a’ 2
2
o~ 0 zf%z % (2-69)
' +a
0
We also have,
1 2 2
V/:‘P—i_E(‘xl +Xx3)
a’b’ x2 X 1
= | 1-2 -2 (X" +x] (2-70)
(a2+b2)( az bz 2(1 2)

Accordingly, we may calculate the warping function using the Cauchy-Riemann
conditions:
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2-71)

Accordingly, the out-of-plane displacement is:

b —a
= U, = @@ = m)ﬁ)&fz@ (2_72)

Fig. 2.6 shows how an elliptical cross section warps due to the existence of the out-of-
plane displacements.

Assignment 5:

Solve the torsion problem for a quadrilateral cross section.
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Cantilever Beam under End Loading

We start this section by verification of the basic equations governing the Cantilever Beam
from an elementary point of view, i.e., the Bernoulli-Euler beam theory. Later we will
present the theory of elasticity point of view. The Bernoulli-Euler beam theory is built

upon the following assumptions:

2h X,

X3

Fig. 2.7

h<<l, b<<l
= 0,;<<0,,=>0;~0 (2-73)

It is further assumed that Linear Elements which are initially normal to the undeformed
middle surface remain straight and normal to the deformed middle surface and suffer no

extension, SO we may write:

X3 Deformed Geometry

Fig. 2.8
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811 812 O
(2-74)
&y ~ €y En
0
On the other hand, the stresses are assumed to be
0_11 0 013 2 75
o, ~ 0 0 (2-75)
o3, ~0
The resultant moment is:
M = J- 0,,X,dA (2-76)
A
and the resultant shear stress will be:
V= ondd (2-77)

In order to verify the validity of the basic assumptions and the proposed stress and
strain fields, we start from the assumed Displacement field:

u, =—x;(x,)
Uy =u,(x;)

@ =u; =us(x;)

(2-78)

in which y is the angle of rotation before and after deformation. The strains can be
obtained using the kinematic equations as follows:

g =—(u,;+u,,)
1 1
U ==—XY, 5“21 5(_'/"‘@,1)
& &, O (2-79)
& ~ ’ U, 5(”2,3 +a),2) €~ 0 €m &y
0
@

which, when compared to the assumed strain field, gives the following results:
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&, =0y =0,

ey=0>0=0(x,)

(2-80)

Now we obtain the strain field from the initially assumed stresses using the following

constitutive equations:

&= %[(1 + V)O-ij - Vé‘iio-k/f ]

-0y

(2-81)

If we compare the resulting strains with the initially assumed strains and those obtained
directly from the displacements, we will notice how the troublesome terms in the strain
field have been ignored to match the stress and strain fields and obtain a workable theory.

u,; =0=

1 %4
&~ : _Eall =Uy,

{&:_XSWI :_x3w11}
E ’ ’ u, =1u, (xz,x3)

}

B(—V/er,1)= (1+v)oy,

E
is ignored

1
5(”2’3 + 0),2) =0
= Uy, =—0,

Vv
——0, =0
E "

1% .
(E o,, 1s ignored)

Next, we proceed with the derivation of other equations, and write:

J— V J—
Uy, __EGH’ 0, =—Exo,

= u, = 1/60’11)(,'2)(,'3

We also have:

|

(2-82)

(2-83)
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&y = %(uzg +a),2) =0

=0, =—U,, =—VO, X,
and,

M = L 0, X,dA = —EL w,x;dA=-Ew, I
M

w =
L1 EI
Hence, we may rewrite the displacements as:

vM ) vM
U, :_Exz)% > W) :Exz

Now we check the Equilibrium Equations:

O-ll7l + O-12,2 + 01373 = O = O-ll7l + 0-13,3 = O
0,1+ 0,5, t0,, =0 identically satisfied

03,105,055 = 0 = O3, T 0333 = 0

(2-84)

(2-85)

(2-86)

(2-87)

Multiplying the first equilibrium equation by x; and integrating across the cross section,

we will have:

b h
L x,0,,,dA+ J._b U—h X305 3dX; }dx2 =0

h h

-], 0,,dx, :|dx2 =0

= %(L x30'11dA) + fb [3%0'13 —h

oM
:>a—xl+ fb(x30'13|]ih)dx2 -V =0

For problems with no surface shear force:

My
Ox,

Integrating the third equilibrium equation across the cross section, we will have:

(2-88)

(2-89)
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L%M +f{ﬁ%dx3}dx2 =0
| P

Now we define the resultant normal surface load as:
a=[[oul,~oul, Jix

and the Eq. (2-90) becomes:

—+q=0
ox, 1

We may also derive other important equations for the B.E. beam as follows:

M _y_h
ox,
O’M oV oO*M
—=—=—q9 =>—+q=0
ox;  Ox ox,
M
W, =—7=
El

o' 1 oM ¢ 'o ¢

N B B N R
Oox, EI ox; EI ox, EI

(2-90)

(2-91)

(2-92)

(2-93)

Finally, the following equations are considered to form the basis of the B.E. Beam theory.

M
Wy =——7
EI
aﬂ—VzO, 6—V+q=0,
Ox, ox,
2 4
6M+q:0’ Jd'w ¢

ox; ox;' T E

(2-94)
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Solution Based on the Theory of Elasticity

We initially assume that the normal stresses are the same as those of the elementary
theory and also o3, is taken as zero, but no stipulation is made regarding the other shear
stresses 613 and 61,. Accordingly, the three equilibrium equations become:

_ _ Px
011, 1t0,, 7055 = 0 = O, T 035 =~ 7
Oy T0,,+0,,;,=0 =0,,=0 @) (2-95)
03,105, 0535 = 0 = O3 = 0 (11)

From equations (2-95, 1) and (2-95, ii), we may conclude that the shearing stresses do not
depend on x;, so they are the same for all cross sections. For this case the two relevant
stress compatibility equations become:

1 P ; (2-96)

Now we must ensure that the modified solution satisfies the boundary conditions.

oy, (h,x,,x,)=0

0, (x;,£b,x,)=0 (2-97)
At this stage we define our stress components in terms of a stress function:
Px;
Oy =@, — 2; +/(x,) (2-98)
0, = _¢,3

which satisfies the equilibrium equations. Then our first stress compatibility equation
(Eq. (2-96, 1)) becomes:

P 1 P
(@3 +¢222)_7+f22 :_1+V7 (2-99)
v P -
= (b tdn), =107
v P
=S tbn =% fo+C

1+v [
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And the second compatibility equation (Eq. (2-96, ii)) is:

_¢,333 - ¢,322 =0

— (fs +4), =0 (2-100)

Note that equation (2-99) also satisfies equation (2-100). In order to find “C”, we express
the rotation about the x; axis by:

1
Wy, :5(”3,2 _“2,3) (2-101)

and its rate of change by:

1
Wypy = 5 (“3,2 “Uy; )71 (2-102)

1
B 5[(“3,1 tu )ﬂz N (uz»] i, )3:|

=& ~ 63

which can be written in terms of stresses using the constitutive equations.

1
gzg(c%nz"oéns) (2-103)

¢,22 +¢,33 +f,z)

Wy, =

1
_2G(
Also we can combine (2-103) and (2-99) to write:

1 P
2Ga)32’] :m_XZ +C (2_104)

As we are considering a rectangular cross section and the bending is symmetrical about
the x5 axis, at x,=0 we should have the average rotation equal to zero, resulting in C=0.

Hence, equation (2-99) becomes:

v P

s tbn =7 7%/ (2-105)

which is the governing equation for the stress function, provided that the resulting
stresses satisfy the boundary conditions.
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However, we may write the boundary conditions directly in terms of the stress function
by choosing a proper form for the function f{x;), as follows:

Ph’
SOo)=— (2-106)

0-31(ih:x2’x1):ﬁz(ihaxzaxl)zo
0y (%5, %D, x,) :_¢,3(x35ib=x1):0

and the governing equation changes to:

v P
¢,33 +¢,22 ZET% (2-107)

Hence, in order to solve the problem at hand, we should choose a proper form of ¢ such
that it satisfies the above equation and vanishes on the boundary.

Membrane Analogy

At this stage we may draw an analogy between the above governing equation and the
equation of a homogeneous membrane whose outline is the same as the cross section of
our beam. First, let us start with studying the deformation of a membrane subjected to a
uniform tension at the edges and a uniform lateral pressure (see Fig. 2.9).

« | » X,
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If g is the pressure per unit area of the membrane and S is the uniform tension per unit
length of its boundary, the tensile forces acting on the opposite sides (dy sides) of an

infinitesimal element give a resultant in the upward direction: —S(0°z/0x”)dxdy . In the
same manner, the tensile forces acting on the other two opposite sides (dx sides) of the
element give the resultant —S(6°z/0y”)dxdy (see Section 11.7, Kreyszig, “Advanced
Engineering Mathematics”) and the equation of equilibrium of the element becomes:

2 2
qudy+5%dxdy+ S%dxdy =0
* 4 (2-108)
Pz Pz _ q

= + =
ox> oy’ S

At the boundary, the deflection of the membrane is zero. Comparing the above equation
with the governing equation of our beam problem, it is clear that the solution of the beam
problem reduces to the determination of the deflections of the membrane which are

produced by a continuous load with the intensity proportional to [—v /(1+v)(Px, /1 )] .

The curve mnp in Fig. 2.10 represents the intersection of the membrane with the x;x;
plane.

./
25

Fig. 2.10
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Now we rewrite the stresses from equation (2-98) (incorporating f(x,) = Ph* /21 ):

Px; PK’
oy =0, — +
n =0 21 21
2 2
P mx) (2-109)
21 :
0-21:_¢,3

From the above equations it is clear that the deviations of the shearing stresses from the
elementary theory are proportional to the first derivatives or slope of the membrane at
any point. For example, the correction to o,, shows a maximum positive value at the two
sides, a maximum negative value in the center, and is zero at the quarter points (See Fig.
2.10). From the condition of loading of the membrane it is clear that ¢ is an even

function of x3 and an odd function of x,. Hence, it is appropriate to take the stress
function in the form of the Fourier series:

ANk N 2m+1)zx, . nxx
¢ = ’;) nZZI: A2m+l,,, COS ( 2h) 3 Sin b 2 (2_1 10)

Substituting ¢ from above expression into our governing equation we may find the
coefficient of the Fourier series and obtain the final form of our stress function as:

m+n+1 (2m + 1) Xy . nrwx
L v £ 8b3 m=o0 n=0 (_1) COS 2 S b 2 (2 111)
4 2 -
v Iz s (2171-1—1)1/{(2m+1)2 4bh2 +n2}

which can be used to calculate the shearing stresses using equation (2-98).

Note that the above membrane analogy and Eq. (2-108) can also be used to obtain
solutions to the TORSION problems discussed before.
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Approximate Solutions

If the depth of the beam is large compared with the width A>>b, we may consider a
cylindrical shape for the surface of the membrane at the points sufficiently far from the
short sides at x, =*A (assume ¢ = @(x,) ), SO we may write:

¢=9(x,)
v Px,
ST
v P
= @(x 2)_1—6—](x2+sz+C)
#(0)=0=C,=0
P(£b)=0=C, =-b’ (2-112)

= 90n) =

P v b?
= 03,(x;,x,) :E{(hz _x32)+m[x22 _?]j|

14 P(3_

On the other hand, if the width of the beam is large compared to the depth (b>>#h), for
the points far from the short sides atx, =+b, we may consider the deflections of the

membrane as a linear function of x, and write:

v Px,
:> _
2 I+v 1
v Px,x,
=0, =—— C
9 I+v I :
v Px, ,
:>¢(x3, 2) 1—7)% +C1X3+C2
v Px,h’
P(xh,x,)=0=C, = o 221 , =0 (2-113)
v Px
= g, x0) = (=)
o = (hz—x3) - v ] 1 P(hz—xf)
! 21 l+v] 1+v 21
o, = V. Pxyx,

1+v 21
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Anti-Plane Shear Problem

Consider a cylindrical solid with arbitrary cross-section, as shown in the Fig. 2.11. Also
assume that the length of the cylinder greatly exceeds any cross sectional dimension. We
may have states of anti-plane shear in a solid by an appropriate loading, as we will see in
the following example.

The governing equations and boundary conditions for anti-plane shear problems are very

simple and lead to solving the Laplace’s equation (for which we have many powerful
solution techniques).

We consider the following boundary value problem, with body force b =b; (x,, x,)e,

1,=T,=0 on C
U, :”;(xl’xz) on C, (2-114)
T, :T;(xl»xz) on C;

Anti Plane Shear

Fig. 2.11

In addition, for a traction boundary value problem we must ensure the existence of a
static equilibrium solution:

T, (x,,x,)ds+ | b; (x,,x,)dV =0
l 3 1 2 .][ 3 1 2 (2_115)
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To accept any solution with zero resultant force and moment acting on the ends of the
cylinder, we set the boundary conditions on R, (o =1,2) as:

[n-od4=0
R(X
2-116
j rxn-6d4A=0 ( )
R(I
Recall the field equations:

&, =3, +u,,)

o (2-117)

o, =A0,&, +2ue,
0, +b; =0
Since all forces and boundary displacements act in the x3 direction, it is natural to assume

that the displacements are in the x3 direction everywhere. Let’s assume a solution of the
form:

u,=u,=0
Uy = U3(X,,X,) (2-118)
The strains and stresses follow as:
Eop = 0, &,;=0 Esy =335
Oup = 0, o03,=0, O3, = iy, (2-119)
where Greek subscripts range from 1 to 2. The equilibrium equations reduce to:
Oy 0, =0
= ui,,,, +b; =0 (2-120)
- b;
= u3 saa
U
The boundary conditions may be re-written as,
iy =u;(x,,X,) on C,
(2-121)

Iy = oy,n, = pis,, n, =T, (x,x,) on  C;
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As mentioned before, the Laplace’s equation can be solved in different ways. Here we
will use the complex variable method. This approach is based on the fact that both the
real and imaginary parts of an analytic function satisfy the Laplace’s equation. We start
with the following definitions:

f(2)=v(x,x,)+iw(x,,x,)
z=x +ix, i=+-1 (2-122)

If f(z) is analytic, the derivative with respect to z is path independent, which requires:

ov ow ow ov

o, oy ox (2-123)

These are known as the Cauchy-Riemann conditions. Hence, we have:

o JOv v _dfow) dfow)_,
“oxt ox; ox\ox, ) ox, | ox (2-124)
or, in general:

Vaga = Wagy =0 (2-125)

Thus, both the real and imaginary parts of an analytic function satisfy the Laplace
equation.

Now, let z = x, +ix, = re” characterize the position of a point in the plane of the solid of

interest. Then let f(z) denote any analytic function of position. We can set:

u, =Re(f(2)) =v(x,,x,) (2-126)

Note that i, automatically satisfies the equilibrium equationi; ,, =0. We can solve our

elasticity problem by finding an analytic function that satisfies appropriate boundary
conditions. Of course, we may also use:

u, =Im(f(2)) = w(x,,x,) (2-127)

Now, we can determine the stresses directly from f{z). Note that

f(z)=v+iw

f'(2) = v, +iw, = v, —iv,, = w,, +iw,,

(2-128)
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Suppose we choose i, =Re(f(z)) , then using (2-119) we have:

f’(Z) = ﬁa 51 _iﬁa )

= uf'(z) =0y —ioy, (2-129)
= uf'(z) =0y +ioy,
Where f'(z) denotes the complex conjugate.
Similar expressions can be determined fori = Im( f(z)). In this case
S'(2) =1y, +itly,,
(2-130)

= uf'(z) =oy, +ioy,

As an example we consider the fundamental solution for an infinite solid and find the
displacement and stress fields induced by a line load F = Fe, acting at the origin.

We start by generating the solution from the following function:

f(z)=Clog(z) (2-131)

Fig. 2.12

This is analytic everywhere except the origin. Next we choose:

u, =Re(f(2) (2-132)
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and compute the resultant force acting on a circular arc enclosing the origin:
27

B
F,=[(oym +oyn)ds = [ (04, cos 0+ 0, 5in 0)rd0 (2-133)
A

0

Here we may write:

0,,c080+ 0, sinf = ‘.Re[(a31 +i0, )(cos @ —isin 0)}

- (2-134)
=Re(uf'(z)e)

which using (2-131), can be written as:

—i0
05, c0s0+ 0, sinézﬂ%e{uCeT} (2-135)

z

—io
re”’ r

—i0
:ﬂi{yC ¢ }:Cﬁ

Substituting (2-135) into the right hand side of (2-133), results in:

F, =2muC
F, (2-136)

27

=C=

Therefore, the solution can be found and simplified as follows:

- _ I
i, = 2 Re{log(z)} (2-137)

- F,

i, = —>Relog(re” )] = £
2ru

2mu

log(r)

rF=4/X X

a“"a

Assignment 6:
Find the stress field for a Screw Dislocation problem.

Hint: Assume i = %Sm {log(2)}
r
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The Mode III Crack Problem

The analysis of Mode III crack problem is relatively simple because we may assume that
u;=u,=0 and us = u3(x;, X2), which clearly represent an Anti-Plane Shear problem.

Fig. 2.13

Referring to the material covered in the above sections, and ignoring the body forces in
our crack problem, we may write:

Uy, = Vi, =0 (2-138)
Here, we consider a solution in the following form:
i, = 1)+ TC)] (2-139)
Y7,

Hence, the strains become:

=5 SO+ TG

; (2-140)
£ = Z[f (2)-/()]
Using the constitutive equations we find that:
oy, —ioy, =2f'(2) (2-141)

Now, let the origin of the coordinate system be located at the tip of a crack lying along
the negative x; axis as shown in Fig. 2.14.
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Fig. 2.14

Now, we will focus our attention upon a small region (denoted as D) containing the crack
tip and consider the holomorphic function:

f(z)=Cz"", C=A+iB (2-142)

where 4, B, and A are real undetermined constants. For finite displacements at the crack
tip we must have: (|z| =r=0),4>—1). Then we will have:

oy —ioy, = 2(A+1)Cz" =2(A+1)r* (A +iB)(cos A0 +isin 16) (2-143)

where,

oy, =2(A+1)r*(Acos A0 — Bsin 16)

o, = —2(A+1)r* (Asin A0+ Bcos A6) (2-144)

The boundary condition that the crack surfaces be traction free requires that o,, =0 on

0 =t . Consequently we have:

Asin Ax+BcosAzr =0 (2-145)
Asin Ax—BcosAz =0

To avoid the trivial solution, the determinant of the coefficients of the above equations
must vanish. This leads to:

sin2Azr =0 (2-146)
which for A> —1 has the following roots:

l:—%,n/Z, n=0,1,2,... (2-147)
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Of the infinite set of functions of the form of the above equation that yield traction-free
crack surfaces within D, the function with A = —1/2 for which 4 = 0, provides the most
significant contribution to the crack-tip fields. For this case the stresses and
displacements become, respectively:

ol __ Ky sin(@/2) 5148
oy, ] ar)’? |cos(8/2) (2-148)
and,
1
i, = ZK—”I(LJZ sin(6/2) (2-149)
u \2r

where B has been chosen such that:

K, = 1}5)1{(272‘1’)”2632 |a=0} (2-150)

The quantity Ky is referred to as the Mode III stress intensity factor, which is
established by the far field boundary conditions and is a function of the applied
loading and the geometry of the cracked body. Whereas the stresses associated with
the other values of A are finite at the crack tip, the stress components associated with A =
—1/2 have an inverse square root singularity at the crack tip. It is clear that the latter
components will dominate as the crack tip is approached and represent the asymptotic
forms of the elastic stress and displacement fields.
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Chapter 3
2D Static Boundary Value Problems: Plane Elasticity

Chinese Proverb - It is better to ask a question and look like a fool for five minutes, than not
to ask a question at all and be a fool for the rest of your life.

Two Dimensional Elastostatic Problems

Plane Strain Formulation
Consider a long prismatic bar loaded with surface tractions and body forces normal to the
x3 axis as depicted in Fig 3.1.

Also assume that the magnitude of loadings does not vary along this axis. Under these
conditions we may write:
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_ ulzul(xl’XZ)
u=u, (Xa){uz =u, (xl’xz)

u, = constant, = generalized plane strain

a,f=12

u, =0, = plane strain
Accordingly, the strain field becomes:

81 1 812

In order to calculate the stress field we use the following constitutive equations:

o, = A,0, +2Ge;

Partitioning the stress tensor, we have

O_aﬂ O-a 3
O i ~
O35 Op3

Here we have three constitutive equations:
C,p =A€,0,,+2Ge,, (1)
03, =04, =0
oy =As, =A(e,+&,) (i)

Contracting on « in equation (3.51) we have:
O, =4€, 2+2Ge,,

1
= &4 —m%a

Using the above equation and substituting for &, in equation (3.5ii) we can write:

A
O3 = 2(/1—+G)0m =VO,,

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

which shows that in plane strain condition the stress in the x; direction is a dependent

quantity. Accordingly, the strains can be written as:
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E,p = _21G [aaﬂ —/1€W5aﬁ]
1 A
-, —— (3.8)
2G| 7 2(/1+G)G”5“ﬂ

- E[O-aﬂ N VO_Wé‘aﬂ]

It is important to note that the above equation cannot be obtained from the original
constitutive equation by simply replacing i,j by a,p.

1 1
o E[O'“—V(O'“+O'22)] EO'IZ .
af 1 .
E[O-zz _V(Jll +0y, ):I

The equilibrium equations in the plane strain case become:

O opa +fﬂ =0

{0_11,1+012,2+ﬁ =0 (3.10)
0110, +/,=0

Now, we assume that the body force f, can be derivable from a potential, V. Hence, we

may write:
Jp="Vy
= 0,5, V,;=0
(0,=V),+0,,,=0 (.11)
(0'22 —V)’2 +0,,=0

The above equations can be satisfied by assuming the existence of two functions A4 (x,)
and B(x,), such that:

0, V=4, ; 0,=-4,
0,-V=B,; 0,=-B,
=>-B,+4,=0

(3.12)

The latter is satisfied by assuming the existence of a stress function such that:

B=(0,1 ; A=¢,2 (313)
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Accordingly, the stresses can be written in terms of the Airy stress function ¢ as:

o, V=0, 314
o, —V=0, (3-14)
O, =0, =@,

The stress boundary conditions for the plane strain reduce to:
= O, (3.15)

From the six stress compatibility equations we have only one important non-trivial
equation, which upon substitution of the stresses by the stress function becomes:

— Lvle

1
V'20'33 +—o0
1-v

1 +v mm,33

. o* 0
Vot as
1 2

=W’ =—V"Y
l-v

1
:>V'2(V+¢,22+V+¢,11):I_VVIZV (3.16)

= V,z ((0,22 + (0,11) - (%_ Zjver

-V
= V!er2¢=_(l_2vjvlzl/
4
jvl4¢:_(1_zvjv!2V
-V

The above is the governing partial differential equation for the Airy Stress Function. If

the potential function is harmonic, i.e., V'’V =0, then ¢ satisfies the homogeneous
biharmonic equation:

V!4¢:0

4 4 4
Vi=vivR=() = 0 29y 0 (3.17)
b oxt oxix;  Oxg
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Plane Stress Formulation

Let us consider a short prismatic body loaded with surface tractions and body forces
normal to the x3 axis as depicted in Fig. 3.1. Under these conditions we may write for the
stresses:

_ 1w (3.18)
Ojj _Z.[h/z Uf"d)%

The bar sign over a quantity indicates that it has been averaged over the thickness. The
stress tensor is:

o, o0, 0

_ — 3.19

i~ om0 G19)
0
Also, the equilibrium equations can be written as:

fﬁ' =7,

=G5, V,=0
(5,-7),+5, =0 (3.20)
(65— 17)’2 +G,,,=0

which are exactly the same as those derived for plane strain condition, except for the
mean value interpretation. Thus we may similarly write:

511 -V = (ﬁzz
on V=0, (3.21)
512 _521 = @12

_ vV _ 1+v _ .
gaﬂ :_anéaﬂ +T0'aﬂ (1)
&, =0 (3.22)
_ vV _ ..
€33 =_Eo-7y (i1)

From Eq. (3.221) we have:
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2+ o, = g

— E _
=5,-7, (3.23)

174

.. _ Vv o _
320 =&, =——¢
( ) 33 l—V Va4

which shows that in plane stress condition the strain in the x3 direction is a dependent
quantity. We may also write stresses in terms of strains:

s -L 1z +L5 5
Cop =15y, | G ™ OO (3.24)

Substituting for &,, we will have:

5, =——[7,0,]

@y L (3.25)
2GA ~
=2Gz,,+———F
“or T oa2G

If we compare the above equations with those used in plane strain, we conclude that the
entire system of equations in plane stress are analogous to those for plane strain, provided
that we replace the barred quantities with the unbarred and define the followings:

G=G
- 262 (3.26)
A+2G

Hence, we can derive the fundamental biharmonic boundary value problem for the plane
stress conditions as:

!462_(1_2_‘7jvlzf
I-v

<

(3.27)

Assignment 7:

Find the stress field for a narrow rectangular beam under end loading.
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Airy Stress Functions in Cylindrical Coordinates

It is quite beneficial to solve the boundary value problems involving cylindrical regions
using appropriate cylindrical coordinates.

X,
Grr
Goo
Org
Goo
Orr
0 X,
Fig. 3.2

In case of zero or constant body forces, the state of stress is related to the Airy function
using the following transformations:

oc,=a,x

ri "y

0
(3.28)

Opo = Upy;0y

0-1‘19 = ariaﬁjo-ij

which, by appropriate substitutions for the stress function ¢, lead to the following
expressions for the stresses:

10p 109 1 1
o, =——+— = — + —
r r or r2 862 r go," rZ ¢,99

R
0-09 = W = go,rr (329)

o __Q(la_(ﬂj_i _1
ré 87" rae 7"2 (0,19 r¢,r9

The governing equations for this coordinate system will be:

1 1
Vio=9, Pt SO

. (& 10 1 & 1 1 o
M P G
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As an example, we will obtain the stress field due to a line load of magnitude P per unit
out-of-plane length, acting on the surface of a homogeneous isotropic half-space.

P
v >
X,
0
r vV X
Fig. 3.3

Assume the Airy function in the form of:

. 3.31
¢= _F r@sind (3-31)
T
The resulting state of stress can be written as:
3.32
O_rr:_2_PCOSl9 Typ =0, =0 (3:32)
T r

In order to find the displacement field we need to determine the strains by substituting the
expression for stress into the constitutive relation and then integrating the strains to
calculate the displacements. For the point force solution, one we can show that:

u =1_—VPcos910gr—1_2V

. POsin @
7 2

=y y (3.33)
u, =——Psinflogr +——Psin 0
7 2

Axisymmetric Stress Distribution

When we have symmetrical stress distribution about an axis, in the absence of body
forces, we may write:
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_10p 1
T ror r 7
; _az_¢_ (3.34)
06 arz s
O-I’B = 0
and also:
) 1
Vipg=9¢, +;¢,r
(3.35)

v%:%{{é(,@,)&} _0

The above expression can successively be integrated with respect to » to give the general

form of the stress function for axisymmetric stress distribution in cylindrical coordinates
as follows:

{{%(NA, )}} =0 = {FB(F% )}} =G
-/

= (rqo,,) =Crinr+Cyr

Na

N | =

(w,,),,} S S lp) =cmrec,

r r o

Na

2 2 2
=rp, =G (%mr—%}r C, %+ C,=Cr’Inr+Cyr? +C, (3.36)

C
=@, =Crinr+ Cz'r+73

2
r

! r2 ? ! r
3¢:C1(?1n1"—? C2?+C31nr+C4
=p=Cr’Inr+C,r* +C,Inr+C,

Accordingly the stresses become:
1

o,=C(1+2Inr)+2C,+C,—
r

1 (3.37)
O =C(3+2In7)+2C, = C,—

c,=0
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Finally, the displacements are:

u, :%{Clr[(l—v)(ﬂnr—l)—b/]+2C2(l—v)r—C31+—V+ C,sin0+C, cosé’}
r

i (3.38)
u, = E[4C11"9 +C, cos@—Cssin@+Cr]

Axisymmetric Stress and Displacement fields

When we also have axisymmetric displacements in the absence of body forces, the
displacement values do not depend on &, so we have C;=0 and we may write:

O-rr = CZ + C3 L2
r
1 (3.39)
0y =C,-C,—
r
c,=0

Assignment 8:

Find the stress field for a cylindrical pressure vessel under internal and external pressures.

Curved Beam under constant bending moment

As an example for two-dimensional problems in cylindrical coordinates we consider the
solution of a curved beam with rectangular cross section, under a constant bending
moment M.

Fig. 3.4
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For the upper and lower faces, we can write:

o,(R)=0,(R)=0
c,(R)=0,R)=0 (3.40)

On the other hand, the equilibrium conditions dictate that:

[ owda=0 ()
) (3.41)
j 1O, dA=M (i)

Notice that in this problem the stress field is axisymetric but the displacement field is not,
so the stresses can be written as:

o, :C1(1+2lnr)+2C2+C3i2
B

1 (3.42)
o4 =C (3+2Inr)+2C, _C3r_2

O-rH :0

Next, we write the expression for o, at the boundaries:

C (1+2InR))+2C, +C3%=0

0

1 (3.43)
C (1+2InR)+2C, +C3F:0

1

Note that we still need a third equation to be able to determine our three constants. In
order to find it, we write equation (3.411) in terms of the stress function as follows:

[ owdd=B["p,dr=B[p,]" =0 (3.44)

: 1 o : :
Since we haveo, =—¢,, the above expression is consistent with our first boundary
e

condition and indicates that ¢, =0 on the boundary.

Also, the second equilibrium condition (3.41i1) can be written as:
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L ro,,dA = BJ.:G re,.dr=M

Rn 0 Rn
= BIR r,dr=Bro, 2_ - BIR_ @, dr=M

(3.45)
= p(R,)~p(R) =~
B
Considering the general form of the stress function in cylindrical coordinates:
p=Crilinr+C,r> +CyInr+C, (3.46)
we may write (3.45) as:
C,(R’InR,~R’InR)+C,(R’~R})+CsIn 1;(', __M (3.47)

1

which gives the required third equation in terms of the three constants of the problem.
Accordingly, we will have:

oM

C = ﬁ(Ro2 -R?)

C,= —%[(Rj ~R?)+2(R’InR,~R’InR,)]

c, =M paprpn R (3.48)
NB R,

where

2
N=(R}-R)-4R’R’ [ln &j
R

i
Hence, the stresses can be found as:

_aM

- —(Rij in X A

. i+R In—+R’ ln&]
R,

2 (4]
r r

7 i

rr NB

_aM
NB

. 3.49
(RozRiz ln%iz_Roz lnRL_Riz lnﬁ_Roz +Ri2] ( )
.U r

o

Ogo

O-rH :0
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Sheet with a Circular Hole under Uniaxial Stress

As an example for two-dimensional problems in cylindrical coordinates we consider a
thin sheet, with a circular hole, under uniaxial uniform tension as follows:

0y, = Tl
(3.50)

0, =0,=0

The above uniform stress is disturbed by the presence of the circular hole. Also note that
it is more convenient to define the local stress distribution near the hole using cylindrical
coordinates. Hence, we use the St.Venant’s principle and argue that the stress distribution
near the hole remains unchanged if we construct a hypothetical circle, with a diameter
equal to the sheet width, and apply equivalent forces on the boundary of this circle, as
shown in Fig. 3.5a.

(b)

T4/2

Fig. 3.5



M. Mirzaei, Elasticity -77 -

We start by a transformation of the Cartesian components of stress into the Polar
components as:

o, =a,a,0, =0,,cos’ 0+20,,sinfcosd +0,,sin’

i

_ _ t a2 : 2

Ogp = ApQy,0; =0y, 8In" 0 —20,,sinf cos 0+ o,, cos™ 0 (3.51)
— — : 2 c o2

0,)=0,0,0, = (0'22 —(711)s1r16’c056’+012 (cos 0 —sin 9)

which, in combination with the stress state expressed by equation (3.50), give the stresses
at the location of the hypothetical circle as follows:

o, (b,0)=T, cos’ 8= %(1 +c0s26)
Oy (b,0)=Tlsin26?=§(l—cosZ€) (3.52)

0,,(b,0)=-T, sin@cosf = —ﬁsin 20
2

As depicted in Fig. 3.5, we may separate the stresses along the outer boundary into two
parts. For the first part (shown in Fig. 3.5b) we have the axisymmetric stress state:

o (3.53)
0

Note thato,, does not act on the boundary. The second part is defined for the circle
depicted in Fig. 3.5¢ in the form of a #-dependent stress state:

o (b,@)z%cos 20

T (3.54)
o) (b,0)= _El sin 20

The solution for the axisymmetric stress state (represented by Egs. (3.53)) can be easily
obtained from the solution of a circular disc under radial load (see Eq. (3.39)) as follows:

o, =C,+C, :—2
1 (3.55)
0 =C, —C; r_2
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We may find the constants using the following boundary conditions:

o (b,6) = %
0. (h,0)=0 (3.56)
o (0,0)=0
o (a,0)=0
Accordingly, the stresses can be written as;
L b» T ah 1
ol (r,0)==L -1
( ) 20 -d’ 2b-d (3.57)
o'(]) (]/' 0) 5 b2 +£ azbz L .
v 2b°-a* 2b-a'r

In order to find the solution to the second part, we start with the general form of the
biharmonic equation. Due to the periodicity of the boundary conditions we consider a
proper form for the stress function and proceed as follows:

4 o> 10 10 1 1
Voot o 0 \ Ot 0t a0 =0

¢ =F(r)cos26

) ) (3.58)
6—2+16+12 0 cos20| F, +1F,—izF =0
or* ror r’of’ rooor
: Frrrr + 2 F 92 F:I’V +%F:V = 0
r r r

The above differential equation can be solved for F and will eventually result in the
following expression for our stress function:

(3.59)

r

Q= (C +C,rP +Cyr* +C, 1jcosZH

Equation (3.59) along with equations (3.29) can be used to calculate the stresses as
follows:
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rr

o = (4(1 ! —+2C, +6C, 14jcos2t9
aéé)—(ZC +12C,% +6C, ljcosza (3.60)
r

o) = ( -2C,— ! ~+2C, +6C,r* —6C, l]sm2<9
I’ r

The boundary conditions are:

a2 (b,0)= %cos 20

c') (b,0)= —%gin 26 (3.61)
o (a,0)=0
o) (a,0)=0

which can be rewritten as:

6

—? -2 0 _? 0
_i 2 64> _6 G 0

a’ ¢ a* ]G T

= 4 (3.62)

4 _OG] |2

b’ b* || C, T,

2 6 )
-= 2 6b -—
L b b*

The above four equations can be solved for the four unknown constants. However, we
may simplify Eqgs.(3.62) for the case where the hole is small compared to the width of the
plate. First, we multiply the forth equation by (a/b)’ and leta/b — 0, which gives C;=0.
Next, we multiply the third equation by a°, let a/b — 0, and get C,=-T,/4. Hence, we
may write the first and the second equations as:

T
IR
5 T 6 (3.63)
AT T

from which we find:
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2 4 (3.64)
C = a T, and C, =— 4 1,
2 4

Finally, we obtain the stresses using Eq. (3.60):

2 4
o = (2a__l_%a ]Tcos29
r

rr rZ 2
. (3.65)
o =_| —4+ =2 _|T cos26
o 2 274!
1 34d*
o |4 _1.2% \inoe
r0 2 2 2 ’,.4

In order to obtain the total solution, we reevaluate Eq. (3.57), by dividing the numerator
and denominator of each term by 47, letting @ /b — 0, and then adding the results to Eq.
(3.65):

4
o, (r,0) _Ly a_2 A 4—+3— cos 26
2 2 r
O (r.0) %( a_z —%(1+3r—jcos2¢9 (3.66)

4
r0) =114 2“ ~3Z_|sin20
0,0 (7,0)=
2 7’ rt

Now we may examine the stresses at particular points that are most important. For
instance, the maximum hoop stress that occurs atr = a is:

o4 (a,0)=T,—2T, cos26 (3.67)
Note that its largest value occurs at 6 = %,37” with the magnitude of:
3.68
Oy (a 2) 31, (3.68)

which indicates that we have a stress concentration factor of 3 for the specified location.

Assignment 9:
Find the stress concentration factor for a small circular hole in a large sheet subjected to a
remote tensile stress 7, and a compressive stress 7, .
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General Solution of Plane Problems using Complex
Variable Functions

In this section we will use complex variable functions to obtain general solutions to the
plane elasticity problems. Starting with the biharmonic equation we can show:

V!4¢ — 0
o' o' o'

VH=v"iv? = =——+2 +
( )’“"‘ﬂﬂ ox;  oxix;  oOx;

o> 0\ 00
= ox> " 8x2](8x2 " ox? =0
1 2 1 2 (3.69)
0 0
= 5124'522](0'22 +O'11)=0
2 2
= 6—12) G—IZ)J:V'zP:Pm:O
ox;  Ox, ’

The conclusion is that that P is harmonic. Now we assume that there is a complex
variable function which has P as its real part:

f(z2)=P+iQ (3.70)

Since f(z) is analytic, its integral is also be analytic. Accordingly, we may write:

If(z)dz = J.(P +iQ)dz = lets say 4Q(z)

Q(z)=p+iq

— Q(2) =% j f(2)dz

QI:lezQ'(z) (3.71)
s dZ 5

: o1
= Q@) =p,+ig,=77)

. 1 . P
:p,l+lq,1:Z(P+lQ) = p,1:Z > Q,lz%

Invoking the Cauchy-Riemann conditions we will have:
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P .

Pi=4, :Z (1)

Pr,=-9,= _%
(3.72)

()= V" p=P=4p, =2p +2q,
= Vp-2p,~2¢,=0
=V ((o_xlp_szI) =0

Note that ((z)—x1 p —xzq) is a solution of the Laplace’s equation, so we may assume it to

be the real part of a complex variable function:

((o—xlp—xzq):p1 = @=x,p+x,q+p, (3.73)
where we have:

@(z) = p, +iq, (3.74)

Moreover, ¢ = x,p +x,q + p, may be assumed to be the real part of the following analytic
function:

(x1 —ixz)(p—i-iq)+p1 +iq, or

. . . (3.75)
@ =xp+x,q+p =Re[(x,—ix,)(p+iq)+ p, +ig, |

Finally, we may write the general form of the Muskhelishvili stress function in terms of
two complex potentials {2 and w as follows:

@ =Re[ZQ(z) + w(2)] (3.76)

Plane Stress Formulation

Starting with the constitutive equations for plane stress we have:

vV _ I+v _ (3.77)
ap = _nggaﬂ T g Cw

M

which may be rewritten as:
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Eul,l =0, —V0, (1)
Euz,z =0, —VOy, (ii) (3.78)
G(”l,z + “2,1) =0, (i)

Now, using Egs. (3.72) we may write:

Eul,1 =—(1+ v)go,11 +P
Euz’2 =—(1+ v)gz)’22 +P

P= 4p,1 = 4q,2

4 (3.79)
2Gu1,1 =—Q;+ (_j P,

1+v
=
26u,, = -, +| ——
2.2 D 1+ q,

The above equations can be integrated to give the displacements:

2Gu, = —¢, +(ijp+f(x2)
v (3.80)

4
2Gu2=_¢’,z+( jq+f(x1)
1+v

If we substitute the above equations into Eq. (3.78li1), it can be shown that f{x,) and f(x;)
are constants. Now we may substitute for the ¢ with our general complex variable stress
function (Eq. (3.76)) but first we note:

{@: aﬂ:ﬂ:» F(2)+ f(2) =2a =2%e( f(2))
JG)=a=ip (3.81)

so from (3.76) = zQ(z) + w(z) + zQ(z) + w(z) = 2¢
If we substitute the above expression for the ¢ into Eq. (3.80), we will obtain the

following general expression for the displacements in terms of the two complex
potentials Q andw:

2G(u, +iu,) = i—VQ(Z) D) -0 (3.82)
1%

It should be noted that we can obtain the above equation for the plane strain condition by

replacingv with ﬁ
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Having found the displacements, the general expressions for the stresses can be easily
obtained as follows:

0,10y, = 4‘Re(Q'(Z))
0, — 0, —2ic,, = 2[29”(2) + a)"(z)] or (3.83)

0, — 0, +2ic,, =2 [EQ”(z) + a)”(z)]

The final conclusion is that the solution to a particular two-dimensional elasticity
problem can be easily obtained if we can find the appropriate complex variable
potentials for that problem. However, finding the required potentials is not usually
that easy!

The Mode I Crack Problem

As an example for the solution of plane problems using complex variable potentials, we
consider the Mode I crack problem. Here, we may assume the displacement field as u; =
Ll](XJ, XZ), Uy = uz(XJ, XZ), and Uz = 0.

Fig. 3.6

We directly start from the general solution with the following form of Eq. (3.83):

0,1+ 0y = 4Re(Q(2)) = 2[9'(2) +%] s
0, — 0, —2ic, =2 [ZQ"(Z) + a)"—(z)]

Due to symmetry with respect to the crack plane we choose a solution of the form:

Q — AZA-H, o= BZﬂ.-H (3.85)
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where A4, B, and A are real constants. In order to have nonsingular displacements at the
crack tip we must have A > —1. The substitution of Eq. (3.85) into Eq. (3.84) yields:

0y, —icy, = (A+1)r* {A[2c0s 16+ Acos(A - 2)0]

. . (3.86)
+Bcos A0 —i[ AAsin(A—2)0 + Bsin A0}

The boundary conditions at the crack tip dictate that the stresses in Eq. (3.86) vanish

for 6 = + . Consequently we have:

A2+ A)cosAr+BcosAr =0
AAsin Az +Bsin Az =0 (3.87)

for which a nontrivial solution exists if:

sin2Azr =0 (3.88)

which for 2> —1 has the following roots:

3.89
Z:—%,n/2, n=0,1,2,... ( )

The dominant contribution to the crack-tip stress and displacement fields occurs for

A =-1/2 for which 4 = 2B. An inverse square root singularity in the stress field exists at
the crack tip. Substituting Eq. (3.87) with 4 = 2B and A = —1/2 into Eqgs. (3.86) and
(3.82), we can show that:

o, p 1—sin(0/2)sin(36/2)
01y 1 =L cos(8/2){sin(0)/ 2)cos(6/2) (3.90)
s, | 1+sin(0/2)sin(30/2)

and also:

1 .2
{”1}_1(1( . ]2 cos(0/2)| k—1+2sin’(6/2) ] G391)
) 2u\27) |sin(0/2)| K +1-2c0s*(0/2)]

The Mode I stress intensity factor K, which can be obtained using the global boundary
conditions of the problem, is defined by:

K, =lim{(27r)" o, |0} (3.92)
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General Solutions in Curvilinear coordinates

For many two-dimensional elasticity problems the solution procedure requires that we
define our previously derived general solutions using curvilinear coordinates. In general,
we may specify the position of a point in a plane as the intersection of two curves. This
constitutes the curvilinear coordinates. The two curves may be represented by:

{Fl(xpxz)=§ (3.93)

F,(x,x,)=n

X2

E=constant

TN=constant

X1

Fig. 3.7

For instance, the usual polar coordinates can be considered as a form of curvilinear
coordinates which specify the position of our point as an intersection of a radial line, at
the angle 0 from the initial line, with a circle of radius ». Then, we have:

E(xlaxz):\jx12+x22 =r

F,(x,,x,) = arctan [ﬁj =6 (3.94)

X

We may also solve Egs. (3.93) for x,,x, and obtain:

{xlzfl(é‘,n) (3.95)

x, = f,(8,1m)

By choosing different functions for f; and /> we can find various curvilinear coordinates.
Let us assume:

{xl = f,(&,n1)=Ccosh&cosn (3.96)

x, = f,(&,n)=Csinh sing
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If we eliminate 7 between the above two equations, we can show that:

2 2
X X

_I_
C*cosh® ¢ C?sinh® &

=1 (3.97)

which for different values of & gives different ellipses with the same foci, i.e., a family
of confocal ellipses. Alternatively, if we eliminate £ between the two equations, we will

have:

2 2
X X

- =1
Clcos’y Clsin’n (3.98)

which for different values of 7 gives different hyprbolas with the same foci, or a family
of confocal hyperbolas.

X,
n
O¢
On . al
‘Gén
v
< A
-~ [
(0
Gg 1
0 X,
Fig. 3.8

We may also define the complex variable {=¢&+in in terms of our curvilinear
coordinates by writing the following equalities using Eq. (3.96):

x, +ix, = C cosh(& +in)
= z=Ccoshd
=z=f(%)

(3.99)

Now we express the stresses in the curvilinear coordinates in terms of the stresses in the
cartesian coordinates by a simple transformation caused by a rotation of € degrees:
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0,+0, 0,-0C .
.= “2 2 4205260+ 0,,sin26

_0,1+0y, 0,70y,
A 2

cos20—-o,,sin 26 (3.100)

0,—0, .
., =0}, C0s 26’—%sm 260

which leads to:

0:+0,=0,,+0y,

. 3.101
c,—0;+2ic, = e’ (o, -0, +2ic,) ( )

Finally, we use Egs. (3.83) and (3.82) and write the general expressions for the stresses
and displacements in terms of complex potentials in the curvilinear coordinates as:

o.+o0, = 45Re(Q’(z))
o, — O-f + Ziﬁéﬂ = 2€2i0 [EQ”(Z) + a)"(z)] (3 102)

n

2G(u, —iu,) ="’ {3_—”%—39'(2) - a)'(z):l
1+v

In order to find the factore®”, we write:

o df(£)
f(&)= 4l
f(&)=jcosO+ijsin@ = je (3.103)
= ()= je”
ezie:f'(éV)
/(&)

For example, for the elliptic coordinates we can show that:

20— sinh g (3.104)
sinh &
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Uniformly Stressed Sheet with an Elliptic Hole

Consider a large sheet, containing an elliptic hole with semiaxes, @ and b, subjected to a
far-field uniform stress o, as depicted in Fig. 3.9. We may define our elliptic coordinates

as:

z=Ccoshd ; {=&+in ;5—2=Csinh§

(3.105)
x, =Ccoshécosny . Ccoshé, =a
x, =Csinh &sing Csinh &, =b
Go
A A
N N
«— >
X2

A

<« >

Go Go
< >
<« >

F T T T

Fig. 3.9

For this case, it is appropriate to use the general expressions for the stresses and
displacements in terms of complex potentials in curvilinear coordinates (Egs. (3.102))
with the following boundary conditions:

X, X, >0 (§ > ®0) =0, =0,=0, (i)

f=¢&=0,-0,=0 (ii) (3.106)

From Egs. (3.102) we have:
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0. +0,=4%Re(Q(2)) (i)

. 3.107
c,—0.+2ic, = 28 [2Q(2)+ @"(2)]  (id) ( )

which, in combination with our first boundary condition, indicates that we must have:

o e
2 at infinity

o, = 45Re(Q’(z)) =20, = iRe(Q'(z))

(3.108)
zQ"(2)+w"(z)=0

In order to find the appropriate complex potentials, we note that they should conform to
our elliptic boundary and be periodic in §. Hence, we assume the following potentials
and check if our boundary conditions are satisfied:

Q(z) = ACsinh &
w(z)=BC*¢

Q/(2) = ACcosh £ 9% = A%: Acoth¢

dz sinh
§—>oo:>coth§’—>1:>iReQ’(z):A=% (3.109)
0(2) =25 = or(z)=—pohe
sinh ¢ sinh” §
QN(Z) — _é - 13
Csinh” ¢

ool >0=zQ"(2)+0"(2)=0

It 1s clear that with 4= % the far field boundary conditions are satisfied. In order to

find B, we proceed with the local boundary conditions. From Eq. (3.107) we have:

()~ (i) = 0, —ic,, =2Re(Q'(2)) - ™ [ZQ'(2) + @' (2)]

o (3.110)
=0, -io, =Q(2)+Q'(zZ)-e" [2Q"(2)+ 0"(2)]

where ¢* can be found from Eq. (3.104) as:
o _sinh¢ G.111)

sinh &

Accordingly, Eq. (3.110) becomes:
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¢ én

o —ic :A(cosh§+cosh§j+51nh§(14 cosh ¢ +Bcosh§j

sinh  sinh ) sinh | sinh®¢ sinh’¢ (3.112)
:W{A[sinh{;sinh(( + 5)+cosh 5}+Bcoshé’}
which may be written at the boundary of the ellipse as:
{ A
C+E=26=0=25,~¢ G113)
o, —io,, = m(A cosh2&, + B)cosh
Invoking the second boundary condition in Eq. (3.106ii) we have:
B=-A4cosh2&, = —%O‘O cosh2é,
Q(z)=%aOCsinhg” (3.114)

=

a(z)= (—%O‘O cosh2¢, j C*¢

Although all the boundary conditions are now satisfied, we must make sure that there
would be no discontinuity in the resulting displacement field. Hence, we use Eq. (3.102)
to obtain the Cartesian components of displacement as:

BC (3.115)
sinh &

2G(u +iv) =i’_—"A0sinhg — ACcosh ¢ cothE —
+v

which shows that displacements are periodic in 77 and there would be no discontinuity in
displacements. The most interesting component of the stress is in fact the largest value of
o, at the hole and can be obtained from Eq. (3.107) as follows:

0. +0, =4Re(Q'(2)) = 20,Recoth &
. e 2o sinh 2
coth £ = sinh 2& —isinh 27 — 0,40, = o,sinh 2¢&
cosh2& —cos2n cosh2& —cos2n

20, sinh 2, (3.116)
=(2)..., =

cosh 2, —cos2n
max 2 i h 2
N (O'n) _ 20,sinh 24,

n=0%  cosh2&, —1
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Using Eq. (3.105) we may show that:

C’=a"-b

sinh 2§ = 25217 (3.117)
a’+b’

cosh2&, = -

which, in combination with Eq. (3.116), results in:
max a
(0-77 )77=0,7r - 20-0
(3.118)

Egs. (3.118) show that as b — 0 (as the ellipse becomes a crack) a stress singularity
develops at the crack tip. For a=b, the ellipse becomes a circle with a stress concentration
factor of two, which is in agreement with the results we already obtained for the sheet
with a circular hole.

Assignment 10:

Find the maximum stresses for an elliptic hole in a large sheet subjected to remote tensile
stress 7. The major axis of the elliptic hole makes an angle § with the x; direction.
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Chapter 4

Linear Thermoelasticity

Temperature change can often be a source of significant stresses in elastic bodies. In
general, we should define a reference temperature at which we consider the body to be
free of thermal stresses. As the temperature is raised or lowered with respect to the
reference temperature the body expands or contracts and thermal stresses may arise.

It should be note that for a body which is not constrained, a uniform temperature change
with respect to the reference temperature will not cause thermal stresses. However, this
is not the case for a constrained body, where the thermal stresses are developed even if
the temperature changes are uniform throughout the body. In either case, the existence of
temperature gradients within an elastic body will result in the development of thermal
stresses which are generally tensile at locations of lower temperatures and compressive at
locations of higher temperatures. Although later we will examine some special cases
where the thermal stresses can be absent also for bodies under temperature gradients.

Usually, the solution of the thermoelasticity problem begins with finding the time and
position dependent temperature field. We may write the general form of the heat
conduction equation as:

00 S k
—=a0,+—— ; a=——
ot - pC pC 4.1)

v

in which © is the temperature field , S is the strength of the heat sources in the field , p
is the density, C, is the specific heat, and k is the thermal conductivity. For a stationary

field with no heat sources we have:

® =0 (4.2)

i

Since we are dealing with linear thermoelasticity, the strain tensor is defined by:

(4.3)
&y = _(“i,j U, )
and also the equilibrium equations are:
c,;+/,=0 4.4)

However, we may split the total strain tensor into the mechanical and thermal parts as:
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m

_ T
&, =& t¢&; 4.5)
For the mechanical stresses we have:

1+v 1%
5" == =0, =0,
E

2(1+v)

w1 1% S5
AT K

In order to obtain an expression for the thermal strains we may write:

(4.6)

dS, = (1+a®)ds, (4.7)

Here dS, is the initial length of a line element, dS, is its length as a result of a

temperature change® , and « is the coefficient of thermal expansion. Accordingly, the
thermal strains are:

e =a®S (4.8)

ij ij

We can combine Egs. (4.6) and (4.8) to obtain the total strains, resulting in the so-called
Duhamel-Neumann Constitutive equations:

m T 1 1%
&y =& tT& ~5g| % —mﬁldﬁ,«j +a00; (4.9)

In order to find the stresses in terms of the strains, we first contract on i and j indices to
obtain:

1 (1-2
&y =—( 1+‘;/JJ,, +3a0

2G(1+v)

= o, = ﬁ(é‘” —3a®)

(4.10)

Substituting back into Eq. (4.9) we have:
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1 2Gv
g ZE{% o (&, —3a®)dj}+a®5y
1 1% v+l (10
=0, — 5,8, +| o |a®3,
26 7 1-2v 77 [1-2v ’
Hence, the stresses are:
2G(1+ 4.12
o, =2G 5if+L8,,5ﬁ —(—V)a@@i 12
: Co1=2v 1-2v ‘

Based on our new set of constitutive equations and implementing the procedure we
followed before, we may obtain a generalized form for the Navier displacement
equations as follows:

L] 1, 2(1+v)
e T Ty TG T s ) (4.13)

We may also derive a generalized form for the Beltrami-Michell equations:

1%
(1+V)O-ij,kk +0y, = —(1+v)(fi,j + £ +:fk’k5y)
. (4.14)
—2Ga(1+v)(®y +1+—V®ﬂkk5i/.]

A Thin Circular Disc Problem

As a first example in solving thermoelasticity problems, we will find the thermal stresses
in a thin circular disc. We assume that the temperature field is symmetrical about the
center of the disc and does not vary over the thickness. For this case the equilibrium
equations simplify to:

do, o©,—0y

r r
+

dr r

(4.15)

=0

We now repeat the procedure implemented above for determination of the thermoelastic
constitutive equations for our specific problem. Starting with the strains we write:

1
&, —a® :E(O'n, —vo,,)

rr

; (4.16)
£y — OO :E(O'% -vo,,)

which can be written in terms of the stresses as:
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E
G, =1 (&, +ve,—(1+v)a® ] 4.17)

E
Oy = m[a‘% +ve, —(1+v)a® ]

Substituting the above expressions into our equilibrium equation (Eq. (4.15)) we have:

d d® (4.18)
’”E(Ew +veg, )+(1-v)(e, —&4) = (1+v)ar$
which can be rewritten in terms of displacements to give:
d’u, ldu, u, d®
e (ML
dr rdr r dr 419
d|1d(ru,) d® (4.19)
= LA (140)0 22
drir dr dr

This is in fact nothing but the simplified form of the generalized Navier equations for the
current problem. The above differential equation can be solved for the radial
displacement to give:

. 4.20
ur=(1+v)alj. @rdr+C1r+2 (4.20)
rea r
Accordingly, the stresses become:
1 ¢r E 1
0, =-ab [ orars £ {q (14v)=C, (l—v)r—z}
(4.21)

T =aEi2j"®rdr—aE®+ £ {Cl(lw)—c2 (1—v)i2}
r-ca r

1-v

¢ 9

The constants can be found from the boundary conditions. For a solid disc, “a” can be
taken as zero and we also have:

limA (" ©rdr=0 (4.22)

r—0 p 40

Note that Eq. (4.20) implies that we must have C, =0 to ensure that the displacements at

the center of the disc have finite values. Moreover, at the outer edge of the disc we
haveo, =0, so we may write:
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o b (4.23)
C = (1—v)b—2j0 Ordr
Finally, the stresses can be shown to be:
1 b 1 -
o,=aF (b—z .[0 Ordr —r—zj-o @)rdr)
(4.24)

L o L ¢r
Oy = aE(—@ +b—2IO @rdr+r—zjo @rdrj

Assignment 11:

Find the thermal stresses for a hollow sphere for which the inner and outer surfaces are
kept at constant temperatures T; and T, respectively.

Instantaneous Point Source in an Infinite Body

In this example we consider a quantity of heat O deposited at time t = 0 at X; = 0 inside an
infinite linear elastic body. The heat will gradually spread into the body, and every point
will experience an increase and later decrease in temperature with time. Eventually, the
body will return to its initial temperature after a long period of time. In order to obtain
the resulting thermal stresses, we must first find the time and position dependent
temperature field. The problem can be treated as spherically symmetric, so we may start
with the proper form of the equation of heat conduction in spherical coordinates:

00 10 ( X acaj (4.25)
—_— a__ S —
ot r* or or

Defining the Laplace transform as:

O(s)= [ ©)edr (4.26)
we have:
£(a_®j _ (4.27)
ot

The Laplace transform of Eq. (4.25) results in:
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. & (4.28)
S@zgi[rz@J
dr

The solution to the above differential equation can be shown to be:

A
—e
r r

|
ey
+
| &
aQ
==

6= J (4.29)

Note that we should set B = 0 to ensure that ® remains bounded as r —> o .
In order to find the constant 4, we write:

0= J:O 4zr? pC,Odr (4.30)
We also define Q using the Heaviside step function as:
Q=QH(1) (4.31)

Next, we take the Laplace transform of both sides of Eq. (4.30) and proceed as follows:

Ql = Iw47zr2pCvé)dr
S 0

[f ] (4.32)

= 4ﬂpCvAI: e rdr

= 47rpCVAE
s

Accordingly, we find the constant 4 as:

__ 9 (4.33)
47pC a

Finally, we find the time and position dependent temperature field for our problem as
follows:

o-—2
4rpC ar (4.34)
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The next step in solving our thermoelasticity problem is the determination of the
displacement field. We start with the generalized form of the Navier equations (Egs.
(4.13)):

1 1. 2(1+v) (4.35)

The solution to the above equation consists of the general solution ' plus the particular

integralu”. Now, we may assume that the particular solution can be derived from the
thermoelastic potential @ as follows:

u’ =@, (4.36)

i S

If we substitute the above expression into the Generalized Navier equations, we will
have:

1 2(1+v)
RUAN TS e vl I
i (4.37)
o (1+v)
>0 =V'O= a®

o (1-v)

Assuming a non-stationary source-free temperature distribution, a solution for the above
equation can be written as:

(1+v)

(1-v)

where V’®, =0, and @, represents the initial thermoelastic potential.

aa‘[(;@dtﬂl)o +tD, (4.38)

We now turn our attention to the homogeneous form of the Navier equations. For the
current problem, since there are no body forces or surface tractions, we may assume:

u" =0 (4.39)

i

Substituting the obtained temperature field into the general solution for the thermoelastic
potential, we can write:

1+v)0aa [7] (4.40)
@:(1_5)(4;)3”% [ Sdi+ @, +10,

In order to ease the formulations, we may further consider;
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V =

r
= V'=—
2at
r r 4.41
- 4qV? = 7= 8a’1° (40

t

7

dt =— 5
2aV

which upon substitution into Eq. (4.40), results in:

(1+v)Qa 2
O-D,—1tD, = - Wat o7V QY
o (1-v)darpC, \/;Lo ¢
(1+V)Qa 2 0 _p? 2 o _y
= dV +—= dv
(1—v)47zrpCv \/;J-Nr;e +J;I0 ¢ (4.42)
 (1+v)0a 2 (5 21 '
~(1-v)4zrpC, _\/;J.o2 ¢ dV+ﬁ§\/;
(1+v)0a | r
= 1_
(1-v)4zrpC, | rf 2Jat
The error function is:
(4.43)

r 2 S 2
erf| —— |=—=|Nu e gV
f(mj 7

Now we will determine @, and @, values of the thermoelastic potential. After a long
period of time the displacements and stresses return to zero, so we may write:

®, =0

| = (L+v)Qa (4.44)
= (1-v)4zrpC,

(1+v)Qa ( r j

(1-v)dzrpC, rf 2Wat

O, =-O

=>0=-

Having found the thermoelastic potential, the displacement, strain, and stress fields can
be determined as follows:
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u,=u +ul =@,
&; = ®7ij (4.45)
v (1+v)
(o =2G q)i'+—q)kk5i‘_ a@)é)‘l
y sy 1_ v 5 y 1—2V y

Two-Dimensional Thermoelastic Problems

Plane strain

Here we start by reviewing some of the plane strain formulations:

u=ua(xa){“1:“1(xnxz)

a,f=12
Uy =u, (xvxz)

u, =0, constant

| & &
. —(ul jtu, l)D £y
(4.46)
O o +fﬂ =0
Jo=-V,
o, V=0,
0, V=0,
O, =0, ==@y,

The two-dimensional form of the Duhamel-Neumann constitutive relations is:
2G ( +—V o j —(1+V) a®o (1)
o ,= & & - 1
i Coa=2w ) 2w

(i1) (4.47)
0-33=2G{ Y ¢ —(Hv)a@}

(iii)

In order to find the appropriate expression for o,; we need to finde,,. We start by
contracting on « and £ indices in Eq. (4.471), as follows:
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2(1
o =26|[e +-2 ¢ 120V g
1-2v 7 1-2v

=&, = 1=2v (o +2(1+v)a®
2G

(4.48)

Substituting for ¢, in Eq. (4.47iii) results in:

14
Oy = 26'[%% (1 V)a@)} (4.49)
=0y, =vo, —Ea®
which indicates that o;; may be determined from a knowledge of o, and ©.

Furthermore, we have:

oo
@ 2G

[O‘aﬂ -vo 0 }+(1+v)a®5aﬁ (4.50)

- op

which is the two-dimensional form of the Duhamel-Neumann relation. Now, using the
above expression, and implementing the same approach we followed in Chapter 3, we
can derive the biharmonic equation for linear thermoelasticity as follows:

_ (4.51)
Vip= —(11 2VJV’2V —2GG+—V) av"’e
4 -V

If body forces are negligible or constant we may write:

1+v

Vi = —2G( jaV”@ (4.52)

I-v
The solution to the above biharmonic equation is:

o=¢" +¢" (4.53)

where ¢" can be found from the elasticity part of the problem without considering the

thermal effects. In order to find the particular integral, we use the definition of the
thermoelastic potential, Egs. (4.36), in two-dimensional form:

u? =® (4.54)

Ned

which satisfies the two-dimensional form of Eq. (4.37):



M. Mirzaei, Elasticity -103 -

(1+v) (4.55)
(i)™

If we differentiate the above equation twice we will have:

D, =VD=

(1+v)

V!4q) —
1-v)

av’e (4.56)

—

Substituting into our biharmonic equation (Eq. (4.52)) we can write:

VP = 2GV" 0

s o = 26O (4.57)

Naturally, the isothermal deformation satisfies the homogeneous form of Eq. (4.52), and
as a result the complete solution for the stress function is:

p=0"+9" =¢" -2GD (4.58)

Plane Stress Formulation

We start by reviewing some of the plane stress formulations:

_ 1 nn (4.59)
oy :Z ", O'dez_

511 512 0
o,0f - o0, 0

0

The bar sign over a quantity indicates that it has been averaged over the thickness. The
equilibrium equations can be written as:

_17ﬂ

= e (4.60)
ap.a B

!
I

J

which are exactly the same as those derived for plane strain condition, except for the
mean value interpretation, so we may similarly write:
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I

oy V=0,
on V=0, (4.61)
0, =0y =@
The constitutive equations are:
- 1| _ Vo5 o5
bap =55 Cap ~ 15, OO +a00,,
&, = LEw =0 (4.62)
2G
1 1% —
&y=——|——0, |+00O
? 2G[ 1+v ”’}
which can be inverted in a standard manner to give:
_ 2G _ _ = (4.63)
G =1 (1-v),, +vE,8,,—(1+v)a®6,, |

Now, similar to our plane strain formulation, upon substitution for the strains into the
only nonzero compatibility equation we find that:

V"% =—-EaV'"0 (4.64)
The solution to the above biharmonic equation is:

F=5" +5" (4.65)
where (ph can be found from the corresponding isothermal elasticity problem. In order to

find the particular integral, we use the plane stress form of the thermoelastic potential
expression to write:

Vo=, =(1+v)a®
VD = (1+V)ON'2@

E
(l+v)

_ 4.66
VM(D ( )

using (4.49) = V"o =—

= 5" =-2G
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Solution Strategies for Two-Dimensional Problems

As mentioned before, the solution of the thermoelasticity problems begins with finding
the time and position dependent temperature field. For the two-dimensional problems,
the next step is the solution of either of the following expressions for the thermoelastic
potential:

(4.67)

vio—o, -U e | viE-5, —(141)dd

(1-v)
which using ¢” = -2G® will give the particular solution.

The solution to the isothermal elasticity problem can be found using the methods
introduced earlier, or it can be constructed as a finite or infinite series of properly chosen
biharmonic functions. In Cartesian coordinates we may use:

e cosAdx, 5 xe " cosdx, ; x,e”cosdx (4.68)

where 4 1s an arbitrary constant. All other combinations obtained by interchanging x, and

x, and/or replacing cos Ax, by sin Ax, can also be used.

In Polar coordinates, a complete set of biharmonic functions which are periodic in 8 are:

2

r* o logr ; r’logr (4.69)

rlogrcos® ; r*"cosn@ ; r*"cosnf ; n=0,1,2,...

and the corresponding expressions with cosné replaced by sinné can also be used.

Assignment 12:

Using the stress function approach, find the thermal stresses for a long circular hollow
cylinder for which the inner and outer surfaces are kept at constant temperatures T; and
T, respectively. The cylinder is also under internal pressure P;.

Two-Dimensional Simply-Connected Regions with Steady Heat Flow

Here, we will show that there are special cases where the thermal stresses can be absent
even if the body experiences temperature gradients. Let us consider a steady heat flow
which is confined to the x;Xx, plane, for example, consider a long cylinder with no
variation of temperature in the axial direction. The temperature field will satisfy the 2D
form of the Laplace’s equation:
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®. =0 (4.70)

aa

and the constitutive equations are:

1-v? v
e, —(1+v)a® = E (0'11— chzj

2 (4.71)
& —(1+V)0(®_1_—V e
22 E 22 I—V 11
Now, in order to maintaino,, = 0,, =0, we should have:
&,=(1+v)a® (4.72)

£y =(1+v)a®

The above strains should satisfy the compatibility equations, which in this case simplify
to:

& TEpny =0 (4.73)

which is identically satisfied if we substitute Egs. (4.72) into Eq. (4.70). Hence we may
conclude that the thermal stresses can be absent for two-dimensional simply-connected
regions with steady heat flow (even for bodies under temperature gradients). As we will
see in the next example the situation is different for non-simply-connected regions.

Insulated Circular Hole inside an Infinite Plate subjected to Uniform
Heat Flow

In this example we assume a uniform heat flow in the direction of the negative x; axis in
an infinite plate. For this case we may write:

®=qx, (4.74)

where ¢ is the constant temperature gradient. As depicted in Fig. 4.1, the uniform heat
flow is disturbed by the presence of an insulated circular hole.
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Lo

Fig. 4.1

In order to obtain the thermal stresses, we should first find the temperature field. The
two-dimensional form of Eq. (4.2) for plane stress is:

® =0 (4.75)

,aa
which can be written in cylindrical coordinates as:

76,106 106_, (476
or* ror r*ob?

We may solve the above partial differential equation using the separation of variables
method as follows:

O =R(r)X(0) 4.77)

Accordingly we may write:

® _dr, . O _dx
or dr 00 do
0’0 d’R BRC) d’X (4.78)
o’ dr? 06* d6*

Substituting the above expressions into Eq. (4.76), we have:
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d’R 1 dR R d*X
2 X+——X+ _2 2

dr r dr do

FAR rdR 14X

R dr* Rdr X d&*

(4.79)

which upon splitting into two parts results in:

r»d’R r dR )
+——=k

R d’ Rdr

1 d’X .

X de? T W

(1)
(4.80)

Equation (4.801) can be rearranged as the Cauchy-Euler’s equation:

. dzR dR
-

r—k’R=0
o ar (4.81)

which can be solved using the following considerations:

r=e ; z=Inr
dR _dRdz _1dR
= —
dr a’z a’r r dz
d’ R__1dR 1 d’R

+__
ar* P dz o d?

(4.82)

With proper substitutions into Eq. (4.81), the solution can be obtained as follows:

d’R
dz’
= R=A4e" + 4,e"
=R=A4r" +4r™"

=k’R

(4.83)

Now we turn our attention to Eq. (4.80i1), which can be solved as the Euler’s equation:

kaXO

- . 4.84
= X — Blezk9 +Bzelk9 ( )

= X =C,sink@+C, coskb

Finally, the temperature field can be written as:
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O=RX = (Alrk + At )(C] sink@+ C, cos kb)) (4.85)

for which the four constants can be determined from the boundary conditions. Also note
that we have:

® 4.86
(Z—GA):lc(Alrk_1 —Azr"k_l)(C1 sink@+ C, cosk0) (4.86)
r
The first temperature boundary condition is:
6=0 ; 8=0 vr (4.87)
=C,=0
Thus, Egs. (4.85) and (4.86) can be rewritten as:
©=(A4Cr" + 4,Cr*)sink8 =(Dr* + D,r™" )sin ko
- ( 1-1 21 ) ( 1 2 ) (4.88)
o _ (D =Dy )k sinko
or
The second temperature boundary condition is:
00
r=a EIO Ve (489)
= D2 — Dlak71+k+1 — Dlazk
This time, Eq. (4.88) can be rewritten as:
_ a2k
®= Dll"k [14‘7}81]’1](9
g (4.90)
Q) 2k
DO _ pirt (1 —aTk]sin k0
or r
The third temperature boundary condition is:
gL . P_PO_,
2 or 0x,
Ny (4.91)
= Dkr*”! (1 —%J =q
r

The above expression must remain valid as » — o so we may conclude that:
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{k—le = k=1

=D =q (4.92)
Finally, the temperature distribution can be found as:
0= q(rsin9+—sin¢9J
d (4.93)

2
= q(x2 +< sin 49]
r

The above expression shows that the uniform temperature field gx, remains unchanged at
2

the far field and the effect of the circular hole is represented by the qa—sin9 term. As
r

discussed before, the uniform temperature field has no influence on the thermal stresses
and may be disregarded in the process of determination of the thermoelastic potential
from its governing equation as follows:

V20 =(1+v)a®
2 2 2
0P 10 1P _ (1, )ag% sing (4.94)
or~ ror r 00 r
(1+v)aga® .
>0=-——-—rlogrsind

Having found the thermoelastic potential, we may easily calculate ” from @’ = 2G® .

In order to have some clue to the proper form of ", we may proceed as follows:

P=0"+p" =" -2GO=

ror r*of*
G(1 , (4.95)
=G ( +V)aqa (lsine]
2 7
2
=5 2497 ing
r

Now we may apply our first overall stress boundary condition:



M. Mirzaei, Elasticity - 111 -

co,=0 at r=a

E )
:ﬂsmﬁ

= 13+L 62 "
ror r* o6’ ¢

which suggests the following form for @":

="

rr

(4.96)

= Eaga sin @

r=a

(4.97)

(Zh _ Eaga

> f(r)sin® ; f(a)=1

Similarly, for the shear stresses we have:
Gy =0+
=G -2G _i[lij )
or\r o6 (4.98)

2

Eaqga
2r

_ —h
=0,+ cos@

Applying our second overall stress boundary condition, we will have:

0,=0 at r=a

Z—%COSQ
2

—h

= O-ré‘

= _i(lij —h
or\r00)?

which approves the previously suggested form for »". However, according to our third

(4.99)
__Eaga o
2

r=a

overall boundary condition all the stresses should vanish as » — o . Accordingly, we
may modify the expression (4.97) as:

1

f(—jsin@ ; fla)=1 (4.100)
r

_, _Eaqa
4 2

Here, we consult the list of the biharmonic functions in polar coordinates and finalize our
expression as:

(4.101)

o' = _Eo;qa Ar~'sin@

Accordingly, we can write:
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5| -Eaqa "; 99 Gino (i) 3
e N a
(D) => A=——
10, 10 g _ ABaqag s G e 2
ror r’ oo’ Pl a
3 (4.102)
=5 = M(EJ sin @
2 r
E 3
= 5}7 = —ﬂ[g—a—}jsmﬁ
2 ror
The other stress components can be calculated using " as follows:
_»  Eaga' .
Q' =- sind
4r
3
=5, =L (3—“—3 cos 6 (4.103)
2 ror

Zero Thermal Stresses in a Three-Dimensional Body

As mentioned before, there are some special cases where the thermal stresses can be
absent, even if the body experiences temperature gradients. Previously, we examined the
steady heat flow in two-dimensional simply-connected regions. We may also arrive at
zero thermal stresses for an unrestrained body when the temperature distribution is a
linear function of rectangular space coordinates. For the stresses all to be zero, the six
stress compatibility equations result in:

a®,11 = a®,22 = a®,33 = O‘@,lz = 0!(9’23 = a®,31 =0 (4.104)

Hence, the thermal strain distribution must be a linear function of the rectangular space
coordinates like:

a® = a, +ax, +a,x, +ax, (4.105)
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Note that the coefficients may be time dependent. Accordingly, if the thermal properties

of the material are constant, the zero stress condition dictates a linear temperature
distribution.

Assignment 13:

Consider an unrestrained circular disc for which we have ® = 4r. Based on our previous

discussions concerning the special cases for zero thermal stress, can we conclude that the
disc is stress free? Why?
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Chapter 5
Variational Principles and Applications

Leonhard Euler: Since the fabric of the universe is most perfect, and is the work of a most
wise creator, nothing whatsoever takes place in the universe in which some relation of
maximum and minimum does not appear. Wherefore, there is absolutely no doubt that every
effect in universe can be explained as satisfactorily from final causes, by the aid of the method
of Maxima and Minima, as it can from the effective causes themselves. Ref: Timoshenko, S.,
History of Strength of Materials (McGraw-Hill Book Company, Inc., New York, 1953)

Energy Principles

As clearly stated by Leonhard Euler in the 18" century, the field equations of the theory
of elasticity may also be developed from the energy considerations. In particular, these
methods provide powerful tools for obtaining approximate solutions and implementation
of numerical solution techniques.

Principle of Virtual Work

The virtual work can be defined as “the work done on a deformable body, by all the
forces acting on it, as the body is given a small hypothetical displacement which is
consistent with the constraints present”. The virtual displacements are represented by the
symbol “6”, known as the variation operator. In general, the loadings consist of body
forces and surface tractions. The later are prescribed over a part of the boundary
designated byS_. Over the remaining boundary (designated by S, ) the displacement

field u is prescribed. However, it must be ensured that ou=0on S, to avoid violating

i
—
o >

u

the constraints.

f
Fig. 5.1

Accordingly, the virtual work is defined by:
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IT5u+jf5u

vn t

(5.1)
:j udS+jf5udV

Now we may invoke the stress boundary relations and implement the divergence theorem
to obtain:

ToudS + | foudV = | o,n.oudS+ | foudV
N Vv N n 4
= }[[(aﬁéui )] +ﬁ5u110’V (5.2)

= {(qjﬂ f)6u, + o, (Su, j)}dV

The first grouping of terms within the last integral can be set to zero to ensure the
equilibrium. The product of the symmetric stress tensor with the skew-symmetric part of
Ou, ; is also zero. Since the symmetric part of Su, ; is nothing but a variation in the

strain tensor, we may write the following expression, known as the principle of virtual
work, PVW:

[Touds +| fouav = o,06,dv (5.3)
S Vv Vv

1t is interesting to note that the above equation is independent of any constitutive law
and can be applied to all continuous materials within the limitations of small
deformations.

Ilustrative Example I

Consider a planar truss as depicted in Fig. 5.2. It is assumed that all the members have
the same cross-sectional area and Young’s modulus.

If we neglect the gravitational effects, the PVW for this problem can be written as:

P.5u, = [o,06,dV (5.4)
4
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1000N Q
Fig. 5.2

For this problem, we may only consider virtual displacements for the point A. The
changes in the length of each rod due to the imposed virtual displacements ou,, are:

YSL, =6u,cos60 ;  SL =0Su,sin60
YSL, =-8u,cos30 ; SL, =o6u,sin30
YL, =—06u,cos30 ; 6L, =-Su,sin30

(5.5)

In the above, ““SL, represent the components of the virtual elongation (or contraction) of
the members in the X directions. Note that, du, have been chosen positive in the

positive direction of the axes. Accordingly, we can calculate the components of the
virtual strains as:

X, 55, = u, cos 60 . 8¢, = Su, sin 60
8 8
30 in 30
Y68, =—ou, COISO ;e =ou, % (5.6)
X1553 — —Su cos30 : X2553 — _5u, sin 30
10 10

where, ““J¢, represent the components of the virtual strain of the members in the X,
directions.

Now, we will calculate the real stress in each rod, using the real axial strain caused by
the real displacement of the point A.
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_cos60 _ sin60
+

& =U 3 U, 3
_ _cos30 _ sin30
g, = -1, +u,
10 10
_cos30 _ sin30
&= —U,
10 10

Accordingly, we can apply the PVW in the horizontal direction as follows:

PSu, = 8AE[L71 °0586O (51/!1

+10AE{—L_£1 °°15030 (—5%

+10AE{—L_£I °°15030 (—5%

which may be simplified to give:

B 0.1817 +0.054z,
AE

and also vertically as:

P, :SAE{LTI cos60(5u2 sm60j+u
8 8

+10AE{—L71 001503 0 [5%

+10AE{—L71 cos 30 (—5142

10

which upon simplifying gives the second required equation:

% = 0.054iz +0.14311,

Now, we may set: P, =(0 , 1000), and solve Egs. (5.9) and (5.11) to give:

_ 2342 _ 71846

u =

_ ; uz
AE AE

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)
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Principle of Complementary Virtual Work

In order to establish another useful variational principle, we may vary the stress field and
applied forces while keeping the displacement field fixed.

oW, = [u.oTdS + [u.otdV
S Vv

(5.13)
= [uTdSs + [us fdv
S Vv

Using an approach similar to what used for PVW, we may write the Principle of
Complementary Virtual Work, PCVW, as:

[words +[usfav =|e,o0,dv (5.14)
Vv vV

S

Ilustrative Example 11

Consider a simple pin-connected structure as depicted in Fig. 5.3. The aim is to
determine the vertical movement of the point C. We assume linear elastic behavior,
identical cross section, and same modulus of elasticity for all the members.

1000N

0.55F

Fig. 5.3
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Since we require the vertical displacement of the point C, we apply a virtual vertical load
at this point. Next, we will obtain the virtual stresses due to this virtual load.

0.7076 F
00 ¢, :T
0.7070F
80 = ———— (5.15)
A
SOoF
00 ,; =00y, =%

Now we obtain the real strains in the relevant members. Note that we only consider those
members which are affected by the virtual load.

, 612
CD AE
2027
ac =T (5.16)
Lo, 433
AB BD AE

Accordingly, the principle of complementary virtual work will be:

SFy = 612\ 0.7070F 14.144 4 -2027 \( —0.7076 F 14.14.4
A AE A

AE

1433)( 0.56F G-17
2| — || ——|104
)
which can be solved for the displacement to give:
40720 (5.18)

AE

Principle of Total Potential Energy

The general form of the constitutive expressions for an elastic continuum can be written
as:
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in which p is the density andy is the strain energy density. If we substitute the above
expression for stresses in Eq. (5.3), we will have:

[Touds +| fouav =| p Y. e av

s g - 05 (5.20)
[Touds + [ foudv = psydv = 5[ pydv = U

S 14 4 4

where U 1is the total strain energy stored in the body. The left side of Eq. (5.20) may be

defined as a variation in the potential energy, —V , so we may write:

oV =6U
=o(U+V)=0 (5.21)
or Oll=0

in which IT is the total potential energy of the body.

Strain Energy

For elastic bodies the strain energy can be defined as:

U= IV(IO% o,de; )dV (5.22)

If we substitute the constitutive equation for the linear elastic response of isotropic
materials into Eq. (5.22), we have:

A (5.23)
U= J.V (Egkkgjj +,ugl.jgijjdV

for which the one-dimensional form is:

U = jV IOeEededV = %jy ESdV :%jy cedV

(5.24)

Assignment 14:

Solve the illustrative example I, using the principle of total potential energy.
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Principle of Total Complementary Energy

The principle of total complementary energy can be derived from the principle of
complementary virtual work by considering a specific complementary strain energy
density as a function of stresses such that:

ow’ (5.25)
5 - pl¥
80'[].

Accordingly, we may write:

(o
! u,6T,dS +1ui5ﬁdV = ! e oo, 4V (5.26)
= J‘pé't//*dV = 5IPV/*dV =oU"

v Vv

where U" is the complementary strain energy stored in the body. The left side of Eq.
(5.26) may be defined as a variation in the potential energy, —V", so we may write:

-0V =0oU"

= SU +V")=0
or AI"=0

(5.27)

in which IT" is the total complementary energy of the body.

Complementary Strain Energy

For elastic bodies the complementary strain energy can be defined as:

U= .[V(J.o% giido-ii )dV (5'28)

If we substitute the constitutive equation for the linear elastic response of isotropic
materials into Eq. (5.28), we will have:

* v I (5.29)
U = _[V(_Eakkqii G z/‘jz/jdV

for which the one-dimensional form is:
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U :[Vjoa%dadV:%Iy%d"zéjyﬁedV (5'30)

It is clear that only for linear elasticity we have U =U".

The First Castigliano Theorem

In this section we will derive the first Castigliano theorem using the principle of total
potential energy. Consider an elastic body maintained in a state of static or dynamic
equilibrium as depicted in Fig. 5.4. The body rests on a system of rigid supports while
being under the action of externally applied loads.

QN

Ql
A Q2
Fig. 5.4
Hence, we may write:
N oS oo 5.31
H:U(Al)_ZQ]A] ; V:_ZQ/AJ ( )
J=1 J=l
Implementing the principle of total potential energy, we have:
I1
éH = Za—léAl = 0
i=1 a
. - (5.32)
2a-opees
=0 = ; i=L.N

aA’
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The above equation shows that if the strain energy can be computed as a function of
displacements, the related force or torque for a particular displacement component can be
determined by differentiation.

Ilustrative Example 11T

Consider the problem shown in Fig. 5.5. We intend to determine the force required to
cause the joint to descend a given distance A.

Fig. 5.5

The deformed length of each member is:
L+Acosa (5.33)

Hence, we may write:

Acosa
e=
L
2
e e
U=2 jV jo odedV =2ALE— (5.34)
= E—Acosz al’?
L

Now, using the first castigliano’s theorem, we have:

_dU 24EA (5.35)

P= = cos” o
dA L
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The Second Castigliano Theorem

Here, we utilize the principle of total complementary energy.
N N 5.36
H*:U*(Q,)_ZQJAJ : V*:_ZQJAJ ( )

J=1 J=1

Accordingly, we may write:

ar =3 M 50—

1 00
N *
1\ 00
A’ _8U_ ci=1...,N
oQ'

The above equation shows that if the complementary strain energy can be computed as a
function of forces, the related displacement for a particular force component can be
determined by differentiation.

An Introduction to Energy Functionals
In general, we may present a partial differential equation by:

Lu=f (5.38)
where L is an operator acting on the dependent variable u, and f is a function of the

independent variable and is called the driving or forcing function. We may also define
the inner product of two functions, g and h, over the domain of the problem, V, as:

(g:h)=[ g-hdv or (g.h)=] ghdV (5.39)
If the operator L is self-adjoint or symmetric, we will have:
(Lu, v) = (u,Lv) (5.40)

In our discussions we will also require that L be positive definite for all functionsu
satisfying homogenous boundary conditions:

(Lu,u)>0 (5.41)
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The general expression for homogenous boundary condition is:
(5.42)

au,.+,6’%20
on

where o and [ are constants and # is the normal to the boundary. Now we may define
a function /(u), called a quadratic functional, such that:
(5.43)
I(u) = (Lu u) = (. f)

It can be shown that if the equation Lu = f has a solution, and if L is a self-adjoint

positive definite operator, then the function u that minimizes /(u) is the solution to
Lu = f. The minimization procedure can also be used to find approximate solutions.

Variational Principles Applied to Beams

We start with the definition of the strain energy for a linear elastic beam:

u=u=| |"&do,dv

b I ph/2 d d
0,,&,,ax,ax
J.Oj—h/Z 1171177371

1
2
1 hi2
:5 I I g“dx3dxl (5.44)
1
—5 I I x3a)ll a'x3a'x1
EI (1 2
:7 0(0),11) dxl
The potential V is defined by:
V= —J.V fiuidV—L Tu,dS = —Jl)l qodx, (5.43)

Finally, the total potential energy can be written as:
(5.46)

[N=U+V-= .[01 {%(0{11)2 _qa)} dx,

which has the same form as Eq. (5.43).
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The Ritz Technique

Based on the above definitions it may be shown, either by the application of variational
principles to the Navier displacement equations of equilibrium or by comparing Eq.(5.46)
with Eq.(5.43), that for homogenous boundary conditions the quadratic functional is:

I(u) =11 (5.47)

Hence, in order to find approximate solutions to our beam problem, we may apply the
Ritz technique to the total potential energy. The procedure starts with the approximate
displacement field defined as:

u® = Z} aVp (5.48)
=

The a” are called the Ritz coefficients and ¢ are known as coordinate functions.

The coefficients @’ are determined so as to minimize the total potential energy 1",
which implies that:

o . (5.49)
Za 0 s =l

The above differentiation results in 3z equations for the unknown coefficients.

Ilustrative Example IV

Let us find approximate expressions for the deflection of the beam shown in Fig. 5.6.

P

L/2

Fig. 5.6
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The exact solution to this problem is:

3 3 (5.50)
W= PL 3(ﬁj—4(ﬁj ; x1<£
48FEI L L 2
We start by finding the total potential energy as follows:
5.51
H:U+V:IL[£(0)”)2}ZX1_P”| L 20
oL 2V )
We may choose our coordinate function as:
oV = gV sin FN (5.52)
Accordingly the total potential energy can be written as:
(5.53)

4
o =ﬂ(a<1>)2 z £—Pa")
2 L) 2

Now we may find the coefficients through the minimization of I1” and determine the

displacement function as follows:

aH(l) _ %a(l) (£j4 poo
oa"’ 2 L
o 2PL
TR
2PL . 7x,

M _

' El L

(5.54)

Finally, we compare the obtained result with the exact solution at two different points:

L L
4 2
Elw ¢
o (X3 1001432 | 0.02083
Elo" .
T (Ritz) 0.01452 | 0.02053

which shows a very good agreement.



