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StATIC ECCENTRICITY CONCEPT FOR TORSIONAL ©
MOMENT ESTIMATIONS

]

i

By Wai K. Tso,' Member, ASCE RS2

S—

AssTRACT: This paper clarifies the definitions of eccentricity used in two of the ~

approaches to calculate story torsional moments in the design of torsxonally un- 7 l’b‘“wﬁu,, o S

balanced regular multistory structures. One approach uses the floor eccentricities,
in conjunction of the static equivalent loading, to calculate the floor torques. The
story torsional moment is then obtained by summing the floor torques above the
story. This approach was suggested in the Recommended Lateral Force Require-
ments and Commentary by the Structural Engineers Association of California. In
this approach, the floor eccentricity should be defined as the distance between the
generalized center of rigidity and the load resultant at that floor. In the second
approach, the story torsional moment is obtained directly as the product of story
shear and the story eccentricity, as suggested by Uniform Building Code. In this
approach, the story eccentricity should be defined as the horizontal distance be-
tween the shear center at the story and the resultant of all lateral forces above the
story being considered. It is shown that if the proper definitions of eccentricity are
used, both approaches result in the same story torsional moments. A simple ex-
ample is worked out in detail to show the steps involved in each of the approaches.

INTRODUCTION

The need to allow for torsional effect due to structural asymmetry in the
seismic design of buildings was reconfirmed by the 1985 Michanocan earth-
quake in which 15% of buildings that were severely damaged or collapsed
in Mexico City could be considered as having pronounced asymmetry in
stiffness (Rosenbleuth and Meli 1986). While there exist many alternatives
such as static and dynamic three-dimensional analyses to determine the tor-
sional effect, the use of the eccentricity concept, in conjunction with equiv-
alent static loading, remains a basic approach to allow for this effect for
regular buildings as recommended by seismic codes (Earthquake 1988).

Code provisions generally require the determination of the torsional mo-
ment in any story following one of two approaches. In the first approach,
the floor torques at different floors are determined first. Each floor torque
is the product of the lateral load and the floor eccentricity at that floor. The
torsional moment at any story is then obtained by summing the floor torques
above that story level. Such an approach is suggested by countries that in-
clude Australia, Egypt, Federal Republic of Germany, Iran, New Zealand,
Nicaragua, and Portugal (Earthquake 1988). In the second approach, the
calculation of torsional moment in a particular story is expressed in terms
of the story shear at that level. It is specified as the product of the story
shear and an “eccentricity” at that level. To make a distinction from floor
eccentricity, this “eccentricity” quantity will be referred to as story eccen-
tricity in this paper. This approach is used by countries that include Argen-

'Prof. of Civ. Engrg., Dept. of Civ. Engrg. and Engrg. Mech., McMaster Univ.,
Hamilton, Ontario, Canada L8S 4L7.
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tina, Canada, Chile, Indonesia, Peru, Venezuela, and Yugoslavia (Earth-
quake 1988).

Seismic codes used in the United States are less specific. For example,
Structural Engineers Association of California (SEAOC) 1975 (Recom-
mended 1975) suggested that “provisions be made for the increase in shear
resulting from the horizontal torsion due to an eccentricity between the center
of mass and the center of rigidity.” If one-interprets the “horizontal torsion”
implies the floor torques, then SEAOC 1975 was using the first approach
to calculate the torsional moments. In the commentary, it stated that “it is
recognized that in a strict sense, centers‘of rigidity cannot b r
story or stories of a multistory structure,” even for structures with rigid floor
diaphragms. Hence, some means of locating the center of rigidity was then
necessary, based on consideration of the stiffness of the vertical frame or
bracings. Because of this difficulty, the current edition of this document
(Recommended 1988), all of which have been essentially incorporated into
the Uniform Building Code (UBC) (“Section™ 1988), makes no reference to
centers of rigidity. The current recommendation in UBC 1988 is that “the
torsional design moment at a given story shall be the moment resulting from
eccentricities between applied design lateral forces at levels above that story
and the vertical resisting elements in that story. . . .” This implies that the
current UBC code has adopted the second approach to obtain design torsional
moments.

Although the concept of eccentricity is used, there is no uniformity in the
definitions of eccentricity among codes. Some codes define eccentricity as
a distance measured from the center of rigidity to some load resultant. How-
ever, they do not provide specific guidelines to locate centers of rigidity in
a multistory structure. An example of this is SEAOC 1975. Alternatively,
eccentricity is defined in a general manner, as a distance depending on the
applied loads and the lateral load-resisting elements. UBC 1988 is an ex-
ample of such code. In either case, the important task of determining tor-
sional moment using the eccentricity approach lacks clear definition. De-
signers are left to their interpretations of eccentricities for their own specific
structures or must perform three-dimensional analyses in order to comply
with the code provisions.

The purpose of this paper is to clarify the way the static eccentricity con-
cept is to be used to evaluate torsional moments in the seismic design of
torsionally unbalanced regular multistory structures. The clarification is
achieved by showing the following points: (1) Floor eccentricity and story
eccentricity are different quantities in general, where floor eccentricity is
measured from the center of rigidity of the floor, the story eccentricity is
measured from the shear center of the story; (2) while the centers of rigidity
cannot be defined for a story or stories of a multistory building in a strict
sense, they can be defined on a rational basis for the purpose of calculating
floor eccentricity and hence torsional moments; and (3) with floor eccen-
tricity and story eccentricity properly defined, both approaches lead to the
same torsional moment distribution. Therefore, one would reach a rational
equivalent static torsional moment distribution if one applies the concept of
eccentricity consistently.

The confusion in applying the eccentricity concept to multistory structures
arises mainly because the concept was originally derived for single-story
structures with rigid floor diaphragms. . The location of the center of rigidity
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in a single-story building possesses a number of special structural properties.
First, it denotes the point where application of a lateral load will not cause

%\rotation of the floor (center of rigidity). Second, it is the location in plan
where the resultant of the story shears passes when there is no rotation of

Sthe floor (shear center). Third, it is the point that remains stationary when ;
the structure is subjected to torque loading (center of twist). For computa-
tion, this point is located as_the ratio of the sum of the first moment of the

| lateral stiffnesses to the total lateral stiffness (center of stiffaess). Finally,
the equations for translational and Tforsional equilibrium of the Tlvor become
UHCOWJW@L@M for decou- .
pling). I single=sfory building, all these centers are at the same location.
AS a result, these terms are often used interchangeably in practice. In ad
dition, the location of these centers appears to be load distribution indepen
dent, since there can only be one single load resultant acting in single-sto
structures.

If such concepts are extendable to multistory structures in the strict sense,
one would demand that the centers of rigidity, centers of twist, and shear
centers be the same set of points, and that their locations be.independent of
the lateral loading distribution. In this strict sense, centers of rigidity cannot
be defined as stated in SEAOC 1975 (Recommended 1975). Only in a special
class of multistory structures can the centers of rigidity be defined in the
strict sense. The criteria that define this special class of multistory structures
have been given by Cheung and Tso (1986). However, given a set of lateral
loads, one can determine a set of points at the floor levels in a multistory
structure such that when these lateral loads are applied at these points, the
structure deflects laterally without floor rotations. Similarly, one can locate
sets of points thatsatisfy the physical definition of centers of twist (Tso and
Cheung 1986). To avoid confusion, these centers are referred to in this paper
as the generalized centers of rigidity, and generalized centers of twist, re-
spectively. These generalized centers of rigidity and twist centers can always
be defined in a multistory structure. However, dy_/mdiffqggnt W
and are lateral load distribution dependent. For the purpose to determine the
equivalent static™seismic torsional moments, the generalized centers of ri-)
gidity are reference points used to obtain floor eccentricities.

Reviewing the literature, there is no generally accepted definition of the
centers of rigidity for multistory buildings. Poole (1977) suggested that the
shear center below each floor can be taken as the center of rigidity to com-
pute the floor eccentricity. Humar (1984) interpreted the center of rigidity
at a floor as the point through which the resultant lateral forces at that floor
can pass without causing rotation at that floor. The other floors may or may
not have rotations. Smith and Vezina (1985) defined the center of rigidity
at a particular level of a multistory structure subjected to a particular vertical [
distribution of horizontal loading as the point in the plane of the floor through (
which the external horizontal load at that floor must act for it to apply no
torque to the structure. Cheung and Tso (1986) suggested that to obtain the )
floor eccentricities, generalized centers of rigidity can be defined as the set
of points located at the floor levels such that when the given equivalent static
lateral loads are applied through these points, no rotations of any of the -
floors will occur. Based on matrix method of structural analysis, they showed
that the generalized center of rigidity at any floor can be found by locating
the resultant of the frame reactions at that floor. Riddell and Vasquez (1984)
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FIG. 1. Extension of Eccentricity Concept to Muitistory Building

interpreted the concept of eccentricity in the dynamic sense, and concluded
that the centers of rigidity exist only for a very special class of multistory
buildings, namely buildings with proportional framing.

STATEMENT OF PROBLEM

Consider the two-bay building shown in Fig. 1(a) having frames A, B and
C spanning the Y-direction connected by rigid floor diaphragms. Frames A
and B have four stories while frame C has two stories. The building has
orthogonal framing and is symmetrical in the X-direction. It is subjected to
a static load distribution of P; (i = 1, 2, 3, 4) acting at the center of mass
of each floor. Due to the eccentric setback nature of the structure, torsional
moments will be induced by the set of lateral loads on the building. The
torsional moments (M), (k = 1, 2, 3, 4) at each story level will be obtained
by the two approaches commonly specified by seismic codes.

The example bui'ding chosen has a large discontinuity between the second
and third story to dramatize the eccentric nature of the problem. Such a
structure may not fall in the category of regular structures using the criteria
set out in SEAOC 1988 and Uniform Building Code (UBC) 1988 (“Section”
1988). It should be pointed out, therefore, that the structure chosen is for
the purpose of illustrating the different approaches to obtain torsional mo-
ments only. There is no implication that torsional provisions using the static
eccentricity concept are applicable to irregular structures such as the example,
building.

Approach 1

Torsional Moment Obtained Via Floor Torques

In this approach, the loading will be decomposed into two parts, a trans-
lational part and a torsional part as shown in Figs. 1(b) and (c). The trans-
lational part of loading will only cause translations but no rotations of floors.
In other words, the load at each floor is relocated horizontally such that each’
acts at the generalized center of rigidity of the floor. Once the locations of
the generalized centers of rigidity are determined, the floor torques T; (i =
1, 2, 3, 4) can be obtained by

T,=Pe (i=1,234.. . _ PRV
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FIG. 2. Free Body Diagrams of Each Floor

where ¢; = the floor eccentricity, defined as the distance between the center
of mass and the generalized center of rigidity at that floor.

e = (5 — el _.\ ............................................. @)

The torsional moment at story k is then obtained by

‘ )
z M= Tivunnn Z Fleor., Torques. . abew  shor L 3

i=k

The location of the generalized centers of rigidity at each floor can be

| “" obtained by considering the free body diagrams of each floor under the trans-

lational loading, as shown in Fig. 2(a). Let Vi, Vi, and Vic (i = 1, 2, 3,
4) be the story shears below level i of frames A, B, and C, respectively,
due to the lateral loading acting at the generalized centers of rigidity. Trans-
lational equilibrium at each floor leads to

Vau = Viern) + Vg = Visin) + Vic = Vi) = P; (i=1,2,3,4) 4

Noting that the difference of frame shears between floor i is the frame re-
action at floor i, one can write

Vi = Viud = (i=1,2,3,4) (=AB,O ..ccovvviirnnnnn.. (3)
Then Eq. 4 can be rewritten as
fa *fs + fic =P G=1,2,3,8) coovennerissisnsosovsnansnonss (6)

and the free bodies can be redrawn to show the frame reactions for each
floor as shown in Fig. 2(4). In order that there is no rotations of the floors,
moment equilibrium about a vertical axis must exist for each floor. This
moment equilibrium can be obtained if the loads P; (i = 1, 2, 3, 4) act
through the “centroids™ of the frame reactions of the floors. Therefore, if
under translational loading the frame reactions for a floor are kfiown, the
generalized center of rigidity for the floor can be located by summing up
the first moments of the frame reactions and then dividing this sum by the
total of the frame reactions for the floor (which equals the applied load at
that floor). In other words, the generalized centers of rigidity of a multistory
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FIG. 3. Free Body Diagkanis of Substructures

building are identified as the frame reaction centers. Such an interpretation
has been pointed out by Cheung and Tso (1986) before, using the matrix
method of structural analysis. -

Approach 2

Torsional Moménts Obtained Via Story Shear and Story Eccentricity
In this approach, the torsional moment at any story k is obtained directly
- from the story shear in that level by means of the equation

0 A . P ©)

where V, = the story shear; and e; = the story eccentricity at story k. The
story eccentricity can be determined by making a cut at story k, and con-
sidering the lateral and torsional equilibrium of the free body diagram above
the cut.

For the building at hand, a cut is made at each of the four-story levels,
resulting in the free bodies shown in Figs. 3(a—d). For each free body, one
can consider the internal forces exposed at the cut consisting of a set of frame
shears plus a torsional moment. The set of frame shears is obtained to satisfy
the lateral equilibrium of the free body, assuming only transitional defor-
mation of the floors. The resultant of this set of frame shears equals the
story shear V,, and passes through the shear center at that level. Since the
applied loads P, do not pass the generalized centers of rigidity, torsional
equilibrium of the free body will not be maintained with the set of frame
shears alone without the inclusion of a torsional moment (M), at that level.
The magnitude of this torsional moment is equal to the summation of the
torques generated between the applied loads P;, and the resultant of the set
of the frame shears V/; that passes through the shear center at the level con-
sidered.

Let (x,); be the location of the shear center at story k, the torsional moment
(M,), nccded to maintain torsional equilibrium is given by

(M), = E; Pt — (x,),,] ........................................ (8a)
Recognizing o .
V, = Z Py e (8b)
= i=k
1204



Eq. 8a becomes

I (1’Vl,)k = P,'(X,,,); = Vk('t:)k (k = l, 2, 3, 4) ....................... (SC)
i=k =

g P et ————

2 "he x-coordinate of the resultant of alLappL@d‘i.gza-é}idVé-'siér&_—kjcan be
btained a3 thé tatio of the sum of first moment of the applied Toads to the
sum of these loads, i.e.

e N ST o P I 2 UL R SRR )
Vi

> P
z (X*)k =

Using Eq. 9, Eq. 8¢ can be rewritten as

! /L (Ml)k = Vk(x*),‘ - Vk(x,)k ........................................ (10(1)
or
/{_ M) = Val(x™)e = (] e o s covvvvosmmnmsnessvasaaservsnnonsassess (10b)

A comparison between Egs. 7 and 10b shows that the story eccentricity

" e* used in Eq. 7 is defined as the horizontal distance between the resultant

of all forces above the story and the shear center of the story being consid-
ered.

EQuUIVALENCE OF TWO APPROACHES

To show the equivalence of the two approaches to obtain torsional mo-
ment, consider a more general case of an N story multistory building, having
orthogonal framing, with M frames of resistance spanning in the Y-direction
and subjected to static loads P; (i = 1, ..., N) acting at the centers of mass.
The centers of mass are located at distances (x,); (i = 1, ..., N) from the
reference axes. The x-coordinates of the frame locations are denoted as x; (J
= 1, ..., M). The torsional moment at story k will be computed using both
approaches to show their equivalence. The subscripts i and k are used to
denote the floor and story level, respectively; and subscript j denotes the

frame numbering.

—=>¢__For_approach 1} the location of the generalized center of rigidity at the
ith floor is given as the center of frame reactions at that floor. The frame
reactions f; are determined by applying the lateral loads to the building hav-
ing the floors restraint from rotations. Therefore, the location of the gen-
eralized center of rigidity is obtained as

M
E Sux;
j=1

EE o L booes (11)
(34
=1
The floor eccentricity e; is then given by
87 s = Ui s a i e o K e S Ko RS o e e (2
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The floor torques 7. are then given by

Ly P
T, = P, = ,Z JU 1 +e v (13)
Finally, the torsional moment at story k becomes
N
17 N 0 U (14a)
i=k

Using Egs. 12 and 13, we have

N (M
M) = D, P N N O (14b)
i=k j=|
From Eq. 11
M M
(X[O,'(Z f;’) = Zﬁl.t} ........................................... (15)
j=1 j=1

Thereforf. Eq 14b can be rewntten as

T _ s ee— b
| e = ZEf,[(x,..). B e (16)

n-k Jj=1

e
v T

R S

Wu is necessary to first locate the shear center at story k.

Let V,; be the shear frame j at story k. Then, for the case when the lateral
loads are applied such that there is no rotation of the floors

The shear center location at story k is then given by

M M
Z Viyx; z Viix;
e = = = (18)

z Vk/ -

=1

where V, = story shear at story k.
When the lateral loads are applied to the centers of mass, the x-coordinate
of the resultant of all loads above story k is given by (x*),. From Eq. 9

> Pz

i=k

M = o (19)

The story eccentricity at story k is given by

= (X*)k = (Xx)k ............................................... (20)
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The torsional moment at story k is obtained by the story shear multiplied by
the story eccentricity

e N M .
i‘_(M,\),,=ZZf,j[(x,,,),-—xj] P

ikl

e e ey VA e e e S e S

// Comparing Egs. 16 and 22, the equivalence of the two approaches is ap-
t.
/ paren

COMPUTATION PROCEDURE TO DETERMINE GENERALIZED CENTERS
OF RIGIDITY AND SHEAR CENTERS

Irrespective of which approach is used, the appropriate eccentricity can be
determined if the frame reactions fij» or the frame shears V; are known. These
quantities are the forces in the frames when all floors of the building are
constrained to deflect laterally without rotation when subjected to the equiv-
alent static seismic loading. For buildings with the main lines of lateral re-
sistance orientated perpendicular to one another (orthogonal framing), this
situation can be simulated readily by means of a plane frame program. In
the computer model, each frame spanning in the same direction is linked at
floor levels by hinged-ended rigid links to simulate the rigid diaphragm ac-
tion. Applying the lateral loading P; at the appropriate floor levels in the
computer model, the frame shears V;; can be determined from the output of
most plane frame programs. Once the frame shears are known, the shear
centers can be found for every level.

The difference of frame shears between a floor for a given frame is the
frame reaction f;;. Once the frame reactions are known, the generalized cen-
ters of rigidity, and hence the floor eccentricities can be computed. Such a
computational procedure is illustrated in the following example.

ExXAMPLE

Consider the two-bay by one-bay structure as shown in Fig. 4(a), having
bay widths of 10 m in the two-bay direction, uniform story heights of 4 m,
and frames A, B, and C that have bay width of 6 m each. All beams in the
frames are identical, having /, = 0.3 m*. The column moment of inertia is
0.1 m* for frame B and 0.05 m* for frames A and C. The columns are
assumed to be axially rigid, having very large cross-sectional areas. The
lateral load P; is taken as 10 kN acting at the centroid, which coincides with
the center of mass of each floor. The computer model to obtain the frame
shears when the floors are restrained from rotation is shown in Fig. 4(b).
The column shears obtained directly from the plane frame program output
are also shown in brackets, having units of kN. The frame shear at each
level is obtained by summing the column shears. For example, Vy, = 2.02
+ 2.02 = 4.04 kN. Other frame shears are summarized in Table 1. Once
the frame shears are determined, the frame reaction at_different levels can
be obtained using Eq. 5. For example, fi, =V, )— :_V,A'/‘.= 7.84 — 4.04 =
3.80 kN. Other frame reactions are summarizéi'“m Table 2.
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FIG. 4. Example Structure and Computer Modelling Using Plane Frame Program

The locations of the generalized centers of rigidity, as measured from the
plane of frame A, can then be calculated. For example, the location of the
generalized center of rigidity at 2nd floor is given by

(0.6)(0) + (0.18)(10) + (9.22)(20) _

(xr)2 = 06+ 018 +0922 18,62 M . vcvcissnnanomasi (23)
The second-floor eccentricity is given by

e =10 — 18.62 = =B.62 M ..oovvuunnnnnnrrnrrene ettt (24)
The second-floor torque is given by

T, = 10 X (-=8.62) = BB 2 KNI o venrvisnnssmpsnvaBasatrysossne 25)

The location of the generalized centers of rigidity, floor eccentricities,
floor torques, and finally torsional moments at different levels are summa-

rized in Table 3.
To use the second approach to determine torsional moment, the locations

TABLE 1. Example Frame Shears

Floor Frame A (kN) Frame B (kN) Frame C (kN)
(1) (2) (3) 4)
4 4.04 5.96 ==
3 7.84 12:16 —
2 8.44 12.34 9.22
1 10.64 18.76 10.60
TABLE 2. Example Frame Reactlons ; _ _
Floor Frame A (kN) Frame B (kN) Frame C (kN)
(1) (2) () (4)
4 4.04 5.96 —
3 3.80 6.20 —
2 0.60 0.18 9.22
1 2.20 6.42 1.38
1208
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TABLE 3. Evaluation of Torslonal Moments Based on Floor Eccentricity Ap-
proach

Location of center Floor Floor torque | Torsional moment
Floor of rigidity (m) eccentricity (m) (kN-m) (kN-m)
(1) (2) Q) 4) (5)
4 i) 5.96 —-0.96 -9.6 =96
3 | po pions 6:20 —1.20\ -12.0 -21.6
2 18.62 —8.62 -86.2 -107.8
1 9.18 +0.82 8.2 - —99.6

TABLE 4. Evaluation of- To_rslonal,/Mome ts Based on Story Eccentricity Ap-

proach R e, b
— ———
Location of shear Story Story shear | Torsional moment
Story center (m) eccentricity (m) (kN) (kN-m)
(1) (2) 3 !/ (4) (5)
4 5.96 -0.96 10 -9.6
3 6.08 —-1.08 20 -21.6
2 10.26 -3.59 30 -107.7
1/ 9.99 -2.49 40 -99.6
| 59 p 2 -
(.jf JLsl—4 “/(L//;f C ?’f/'//-: e

of the shear centers need to be determined. The shear center at each level
can be directly located from the frame shears given in Table 1. For example

) (8.44)(0) + (12.34)(10) + (9.22)(20)
X,)2 =
8.44 + 12.34 + 9.22

=NOI26 M0 & = 5w v s 67 1o miee (26)

-

The story eccentricity at the second story is given by

10)(5) + (10)(5) + (10)(10
ot = 10O * U0O) + COUD _ 1626 = =359 m veveeeennnnn @7
10 + 10 + 10

The first term represents the location of the line of action of the resultant
of applied loads above the second story from the plane of frame A. The
locations of the shear centers, the story eccentricities, the story shears, and
the torsional moments for the whole structure are summarized in Table 4.
As expected, the final columns in Tables 3 and 4 are the same, irrespective
of the approach used.

FLOOR ECCENTRICITY VERSUS STORY ECCENTRICITY

Although the approaches to calculate torsional moments are equivalent,
the eccentricity quantities used in each approach are different. Floor eccen-
tricities are used in the first approach while story eccentricities are used in
the second approach. In the traditional sense, eccentricity is a pure measure
of the asymmetry of the structure and is therefore a structural property. It
is independent of the applied load. However, in multistory structures,. both
the floor eccentricity and story eccentricity are dependent on the structure
and the lateral load distribution.
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TABLE 5. Comparison of Results for Two Different Load Distributions

Uniform Distribution Loading Triangular Distribution Loading

Floor Story Story | Torsional Floor Story Story | Torsional
eccentricity | eccentricity | shear | moment | eccentricity | eccentricity | shear | moment
Story (m) (m) (kN) (kN-m) (m) (m) (kN) | (kN-m)

(1) (2) (3) (4) (5) (6) (7) (8) (9)
4 -0.96 -0.96 10 =96 -1.00 -1.00 16 -16.0
3 —=1.20 -1.08 20 =21.6 =1.22 -1.09 28 -30.6
2 -8.62 -3.59 30 -107.8 —=15.05 -4.19 36 =151.0
1 .82 -2.49 40 -99.6 2.95 —3.48 40 =139.2

The extent to which they are good measures of asymmetry of a structure
depends on their sensitivity to load distribution variation. To illustrate such
dependence, the results for the same example structure subjected to another
load distribution are presented. The load distribution used is an inverted tri-
angular distribution in which P, = 4 kN, P, = 8 kN, P; = 12 kN, and P,

= 16 kN. The base shear of this loadmg is 40 kN, the same as the uniform
loadmg in the example.

Shown in Table 5 are the floor eccentricity and story eccentricity loca-
tions, and also the story shear and torsional moments for both the uniformly
and triangularly distributed Ioadmg cases. The floor eccentricity is sensitive
to the load distribution. This is partxcularly apparent when there is a large
change of stiffness distribution, as at the second story of the example struc-
ture. This sensitivity translates into the dependence of the floor torques on
loading distribution. The story eccentncxty is much less sensitive to load
distribution changes. Therefore it'is' a more representative measure of struc-
tural asymmetry than floor eccentricity.

The high sensmvxty of floor torques on the lateral load distribution may
cause concern on using the eccentricity concept to torsionally unbalanced
regular multistory structures. However, the design quantities of interest are
the story torsional moments rather than individual floor torque. The torsional
moment in any story is the product of the story shear and story eccentricity;
and the story eccentricities are less sensitive to lateral load distribution. The
change in torsional moments due to different lateral load distribution is not
solely due to changes in story eccentricities, but also due to the changes of
story shear distribution.

Nevertheless, results from the example building show that the story ec-
centricity for the bottom story computed using the triangularly distributed
loading is nearly 40% larger than the eccentricity computed using the uni-
form load. Therefore, it is good practlce to determine the story eccentricities
using a lateral load distribution that is compatible with the equivalent static
lateral load distribution specified by the appropriate code used.

SpeciaL CLASS OF BUILDINGS

‘When a multistory building has proportional framing such that the stiffness
properties of resisting elements are proportional to one another, it has been
shown that the generalized centers of rigidity lie along a vertical axis (Cheung
and Tso 1986), and their locations are independent of the lateral load dis-
tributions. Therefore, they become the centers of rigidity in the strict sense.
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If it is further assumed that the mass centers of the floors also lie along a
vertical axis, then such a building will have constant floor eccentricities along

the height. For this special class of buildings, ¢, = e¢; = ... ey = e. From
approach 1:
N
M= D Piei e (28a)
i=k
or
N
AR A (28b)
i=k

From approach 2, we obtained from Eq. 7, M), = Vief. Therefore, the
story eccentricity e is the same as the floor eccentricity, and it also remains
constant. It can be shown readily that the centers of rigidity also coincide
with the shear centers. Therefore, buildings with proportional framing rep-
resents a special class of building that, from a computation viewpoint, it is
not necessary to make a distinction between floor eccentricity and story ec-
centricity.

CONCLUSIONS

The main purpose of this paper is to provide much needed clarification in
the application of the static eccentricity concept in seismic torsional provi-
sions. The following conclusions can be drawn:

1. It is necessary to recognize that there are two alternatives in applying the
concept of static eccentricity to estimate torsional moments, namely, by means
of the floor eccentricity approach and by means of the story eccentricity ap-
proach. Both approaches lead to the same torsional moment estimation.

2. For seismic codes that prefer to use the floor eccentricity approach, the
floor eccentricity should be defined as the distance between the generalized cen-_
ster _of rigidity and the center of mass at that floor. In this context, gegera}i_zgq,.b
\the centers of rigidity in a multistory building are identified as the frame reaction *
centers. This definition allows the torsional provision in SEAOC 1975 to be

applied in a rational manner.

3. For code provisions that use the story eccentricity approach, the story ec-
centricity should be defined as the horizontal distance between the shear center
at that story and the resultant of all lateral forces above the story being consid-
ered. This definition allows rational application of the torsional provision stated
in UBC 1988.

4. The floor eccentricity, and to a less extent, the story eccentricities are de-
pendent on the distribution of the lateral loads. For accuracy, they should be
determined using a load distribution that is compatible with the actual static
equivalent lateral loading on the structure.

5. For buildings with orthogonal framing, the determination of floor eccen-
tricities or story eccentricities can be done readily using standard plane frame
programs commonly found in design offices.

6. Buildings with proportional framing represent a special (degenerate) case
in which the floor eccentricity and story eccentricity are equal. In this special
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class of building, the eccentricity (both floor eccentricity and story eccentricity)
remains constant along the height of the building. '
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AppPenDIX Il. NOTATION

The following symbols are used in this paper:

e; = eccentricity at floor i;
e = story level eccentricity at story k;
fi = Jjth frame reaction at floor i;
(M), = torsional moment at story k;
P, = lateral load at floor i;
T. = floor torque at floor i;
Ve, = story shear at story k;
Vi, = jth frame shear at story k;
x; = x coordinate of frame j;
(xm)i = x coordinate of center of mass at floor i;
(xg)i = x coordinate of generalized center of rigidity at floor i;
(x)« = x coordinate of shear center at story k; and
(x*) = x coordinate of the resultant of all lateral loads above story k.
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I5th story: P, = 228(12)/0.0522 = 52,414 kips
10th story:P., = 435(12)/0.0609 = 85,714 kips
Sth story: P = 642(12)/0.0582 = 132.371 kips

The corresponding magnification factors
assuming Y= ¢ = 1.0 are:

for the 15th story:

= : =1.165
1-7427/52,414
for the 10th story:
e ‘ ~1.189
1-13,616/85,714
for the 5th story:
1
Ul 1.176

T 1-19.806/132.371
and the magnified story drifts are:
for the 15th story:
1 A=1.165(0.0522) = 0.0608 ft
for the 10th story:
wA=1.189(0.0609) = 0.0724 ft
for the 5th story:
uA=1.176(0.0582) = 0.0684 ft

A large-deformation analysis of this
building”* indicates story drifts of 0.0607 ft.
0.0723 ft, and 0.0686 ft for the 15th, 10th, and

Sth stories. respectively.
Approximate P-Delta Analysis
Three methods for approximate P-delta

analysis of building structures are presented in
this section: the iterative P-delta method; the

Chapter 7

direct P-delta method; and the negative bracing
member method. All three methods are shown
to be capable of providing accurate estimates of
P-delta effects.

Iterative P-Delta Method The iterative P-
delta method”™"* "2 72 720 i¢ baced on the
simple__idea of  correcting
displacements, by adding the P-delta shears to

first-order

are cumulative in nature, this correction and
subsequent reanalysis should be performed
iteratively until convergence is achieved. At
cach cycle of iteration a modified set of story
shears are defined as:

Sv.=3v+(X P,

where XV, is the modified story shear at the end
of ilmyclc of iteration, XV, is the first-order
story shear, ZP is the sum of all gravity forces
acting on and above the floor level under
consideration, A, is the story drift as obtained
from first-order analysis in the previous cycle
of iteration, and 4 is the story height for the
floor level under consideration. Iteration may
be  terminated

5V <XV, o
A=A,

Generally for elastic structures of reasonable
stiffness, convergence will be achieved within
one or two cycles of iteration''®. One should
note that since the lateral forces are being
modified to approximate the P-delta effect, the
column shears obtained will be slightly in error
710 This is true for all approximate methods
which use sway forces to approximate the P-
delta effect.

(7-20)

when

EXAMPLE 7-1

For the 10 story moment resistant steel
frame shown in Figure 7-14, modify the first-
order lateral displacements to include the P-
delta effects by using the Iterative P-delta
Method. The computed first-order lateral
displacements and story drifts for the frame are
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7. Design for Drift and Lateral Stability 341

Table 7-1. Applied forces and computed First-Order Displacements for the 10-story frame.

Level Story height Gravity force Lateral load Story shear Lateral disp. Story drift

h, in. P, Kips V. kips 2V, kips Dy, in. Ay in,

10 144 180 30.22 30.22 7.996 0.517
9 144 396 21.94 52.17 7.479 0.736
—p 8 144 612 19:57 71.74 ().743 0.785
j 144 828 17.20 88.93 5.958 0.907
6 144 1044 14.83 103.76 5.051 0.899
S 144 1260 12.45 116.21 4.152 0.914
4 144 1476 10.08 126.30 3.238 0.833

3 144 1692 7.71 134.01 2.400 0.867

2 144 1908 5.34 139.34 1.533 0.768

| 180 2124 2.97 142.31 0.765 0.765

bent at the 8th level of the frame. The story

LI e e height (h) is 12 feet (144 in.), the total gravity
33K . Q| yiean force at this level (ZP) is 612 kips, the story
T 1 shear (V) is 71.74 kips, and the first-order

e : | wataas story drift is 0.785 inches (see Table 7-1).
[ B worras The P-Delta Contribution to the story shear
— ¥ 3 is:
. (ZP)A, _ (612)(0.785) - 334 kips
© : WZ1x50 & h 144
& = ® and the modified story shear is:
8t Vind Seats c
T ) IVo=ZV,+(ZP) A/ h
5 3=t =71.74 + 3.34 = 75.08 kips
326 . ~| waess ' Repeating this operation for all stories results in
. o = a modified set of story shears, from which a
=0 Y — modified set of applied lateral forces is obtained
;_l b @ | (Table 7-2). A new first-order analysis of the
L ghrr A o R N frame subjected to these modified lateral forces
: results in a modified set of lateral displacements
—— 3820 =80 ——— (D>) and story drifts (A,) as shown in Table 7-2.
The maximum displacement obtained from the
Figure 7-14. Elevation of the story moment frame used in second analysis was 8.478 in.. which is 9%

Example 7-1. larger than the original first-order displacement.

Hence. a second iteration is necessary. Again
performing the calculations for the bent at the
8th floor:

shown in Table 7-1. The tributary width of the
frame is 30 ft. The gravity load is 100 psf on
the roof and 120 psf on typical floors. Use

center-to-center dimensions. \
The calculations for this example using the (ZP)é; = (612)(9-'--8—2§ = 3.50kips
iterative P-delta method are presented in Tables h 144
7-2 and 7-3. The convergence was achieved in SV:=2Vs+ (ZP) A/ h
two cycles of iteration. Table 7-3 also shows =71.74 + 3.50 = 75.24 kips
results obtained by an "exact” P-delta analysis. Another first-order analysis for the new set of
To further explain the steps involved in the lateral  forces indicates a  maximum
application of this method, let us consider the displacement of 8.508 inches, which is less than
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Table 7-2. Iterative P-delta method (First cycle of iteration)

Level (ZP) A/ h. ZVi+(ZP) A, | h, Modified lateral Modified lateral Modified story Drift

Kips Kips Force V. kips Disp. D,, in. A, in.

10 0.65 30.87 30.87 8.478 0.533
9 2.02 54.19 23.32 7.945 0.767
—yp 8 3.34 75.08 20.89 7.178 0.823
7 522 94.15 19.07 6.355 0.959

6 6.52 110.28 16.13 5.396 0.955
5 8.00 124.21 13.93 4.441 0.976

| 8.59 134.89 10.68 3.465 0.897

3 10.19 144.20 931 2.568 0.930

2 10.18 149.52 5.32 1.638 0.823

| 9.03 151.34 1.82 0.815 0.815

Table 7-3. Iterative P-delta method (Second cycle of iteration)

Level (ZP) A, 1 h, IZVo+(ZP) As / b, Moditied lateral Modified lateral Moditied story
kips Kips Force Vs, kips Disp. Ds, in. Drift A;, in.

10 0.67 30.89 30.89 8.508 (8.510) 0.534 (0.534)
9 2.11 54.28 23.39 7.975 (7.976) 0.768 (0.768)
—gs 3.50 75.24 20.96 7.207 (7.209) 0.825 (0.825)
7 5.51 94.44 19.20 6.382 (6.384) 0.962 (0.963)

6 6.92 110.68 16.24 5419 (5.421) 0.959 (0.959)

5 8.54 124.75 14.07 4.461 (4.462) 0.980 (0.980)

4 9.19 135.49 10.74 3.480 (3.481) 0.900 (0.901)

3 10.93 144.94 9.45 2.580(2.581) 0.935 (0.935)

2 10.90 150.24 5.30 1.645 (1.646) 0.827 (0.827)

| 9.62 151.93 1.69 0.818 (0.819) 0.818 (0.819)

“ Values in parentheses represent results of an “exact” P-delta analysis.

% larger than the displacements obtained in

the previous iteration. Hence, the iteration was A=F XV, (7-21)
terminated at this point.
The first-order and second-order lateral After the first cycle of iteration,

displacements and story drifts are shown in
Figures 7-15 and 7-16. As indicated by these F ‘
figures, the results are virtually identical to the A, =FZV,=F(ZV) 1+(ZP)Z (7-22)

exact results.

Direct P-Delta Method The direct P-delta and after the i th cycle of iteration:
method ™' is a simplification of the iterative g
method. Using this method, an estimate of final /i Fy
deflections iscobtained directly from the first A =FZV 1+ (ZP)/—? * (ZP)’/'] )
order deflections.

The simplification is based on the B
assumption that story drift at the ith level is fhoveedof P y—
proportional only to the applied story shear at
that level (XV;). This assumption allows the
treatment of each level independent of the (7-23)
others.

I Fis the drift caused by a unit lateral load
at the ith level, then the first order drift A, is:
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(G, =Gy)’ +(G, +3)G, +2)

y=1+022% : ]
(G, +2)(G, +2) 1]

(7-27)

where G4 and Gy are the stiffness ratios as
defined in Section 7.4.1. The flexibility factor Y
has a rather small range of variation (from 1.0
for Gy = Gg = oo, to 1.22 for G4 = Gy = 0.). For
design purposes a conservative average value of
Y can be used for the entire frame. Lai and
MacGregor'"?® suggest an average value of y =
1.15, while Stevens”'” has proposed an
average value of y=1.11.

To include the C-S effect in the previously
discussed P-delta methods, it is sufficient to use
YLP instead of XP wherever the term XP
appears.

EXAMPLE 7-4

For the 10-story frame of Example 7-1,
compute the second-order displacements and
story drifts at the first, fifth, and the roof levels
by the modified direct P-delta method. An
average value of y = 1.11 is assumed for all
calculations.

Using the values listed in Table 7-4 we
have:

® at the roof:

YZP)A,  (1.11)(180)(0.517)

=0.024
(ZV))h (30.22)(144)
pn= Pl =1.025
1-0.024

A, =pA, =(1.025)(0.517) = 0.530in.
e at the fifth level:

Y(EP)A, _ (1.11)(1260)(0.914)

0.076
(ZV, h (116.21)(144)
1
=——=1.082
H = 120076

A, =UA, = (1.082)(0.914) = 0.989 in.

%7.4.4
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® and at the first level:

y(EP)A,  (1.11)(2124)(0.765)
(ZV, h (142.31)(180)
w=—1 1075
1-0.070

A, =pA, = (1.075)(0.765) = 0.822 in.

=0.070

Comparison of these results with those obtained
by the original method reveals an increase of
less than 1% in the story drifts due to this
modification.

"Exact" P-Delta Analysis

Construction of the geometric stiffness
matrix is the backbone of any exact second-
order analysis. The same matrix is also essential
for any finite element buckling analysis
procedure. In this section, the concept of
geometric stiffness matrix is introduced, and a
general approach to "exact" second-order
structural analysis is discussed.

Consider the deformed column shown in
Figure 7-18. For the sake of simplicity, neglect
the axial deformation of the member, and the
small C-S effect. The slope deflection equations

for this column can be written as™'?
M, = %(48, +260, _% + 6ih ) (7-28)
M/,:‘Ezl“(zel+49h—6%;\"+6lth (7-29)
From force equilibrium:
M +M P(A —A
et k22 = w730
F, =-F, (7-31)

P

bt

t_———~V e

A2V

i
i

«Fb

Mﬂ o



7. Design for Drift and Lateral Stability

Substituting Equations 7-28 and 7-29 into
Equation 7-30:

1
6E, (6,+6,)+12 2 4
; EELL

[';:_T 3 AI_A/’)

(7-32)

Now if we rewrite the above equations in a
matrix form, we obtain:

~ [ 4 2m 6EI 6El S
(”' T Ly 32 2 9
L L E L
YEI 4El 6EI 6EI
M, =3 -5 5 9
LA L o L
6EI  GEI 12EI P 12E1 P
i =2 OF » oaa s T At il
[ L e L L L
6EI  GEI 12E1 P 12EI P
L b 3 S i S L
B8 L L L 1 L]
(7-33)

Since we wrote the equilibrium equations for
the deformed shape of the member, this is a
second-order stiffness matrix. Notice that the
only difference between this matrix, and a
standard first-order beam stiffness matrix, is the
presence of P/L or geometric terms. The
stiffness matrix given by Equation 7-33 can
also be written as:

(7-34)

where [K/] is the standard first-order stiffness
matrix (material matrix) and [K,] is the
geometric stiffness matrix given by:

00 0 0
00 0 0
0 0 +P/L -P/L
0 0 —-P/L +P/L

Inspection of the simple second-order
stiffness matrix given by Equation 7-33 shows
why general second-order structural analysis

347

has an iterative nature. The matrix includes P/L
terms, but the axial force P is not known before
an analysis is performed. For the first analysis
cycle, P can be assumed to be zero (standard
first-order analysis). In each subsequent
analysis cycle, the member forces obtained
from the previous cycle are used to form a new
geometric stiffness matrix, and the analysis
continues until convergence is achieved. If
inelastic material behavior is to be considered.
then the material stiffness matrix must also be

revised at appropriate steps in the analysis.
Substantial research has been performed on
the formulation of geometric stiffness matrices
and finite element stability analysis of
structures 78730 A complete formulation of
geometric  stiffness

the three-dimensional
matrix for wide flange beam-columns has been
proposed by Yang and McGuire 739

The common assumption that floor
diaphragms are rigid in their own plane, allows
condensation of lateral degrees of freedom into
three degrees of freedom per floor level: two
horizontal translations and a rotation about the
vertical axis. This simplification significantly
reduces the effort required for an "exact"
second-order analysis. A number of schemes
have been developed to permit direct and non-
iterative inclusion of P-Delta effects in the

. 3 e . 1 7-37. 7-38. 7-
analysis of rigid-diaphragm buildings '
39)

The geometric stiffness matrix for a three
dimensional rigid diaphragm building is given
in Figure 7-197" "% Eor a three-dimensional
building with N floor levels, [K,] is a 3N X 3N
matrix. For planar frames, the matrix reduces to
an N XN tridiagonal matrix. The non-zero
terms of this matrix are given by:

: :“(Z/P)' +L]P)'” (7-35)
’/ 1Hl
B: :(_Z/Il +%J’L‘ (7-36)
1 1

1 141
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) (7-37)
h,
K, = —(Zhi (7-38)

nmetric

A

Figure 7-18. Geometric stiffness matrix for three-
dimensional rigid diaphragm buildings.

where h; is the floor height for level i, P; is
weight of the i th level, T, is the second-order
story torque, and

(ZP), =) P, (7-39)
Jj=i
(IT), =T, (7-40)

(P); can also be represented in terms of story
mass, m;, and gravitational acceleration, g, as

ER), = Zm/ X g (7-41)
j=i
The story torque, T}, is given by 7
i n N e
r=|Ypd (7-42)

h

where p; is the vertical force carried by the jth
column, d; is the distance of jth column from
the center of rotation of the floor, and 6 is an

Chapter 7

imposed unit rigid body rotation of the floor.
Assuming that the dead load is evenly
distributed over the floor and that a roughly
uniform vertical support system is provided
over the plan area of the floor, Equation 7-42
can be further simplified to

(7-43)

T, =m,, 5

h
where my; is the rotational mass moment of
inertia of the ith floor and g is the gravitational
acceleration. The approximation involved in the
derivation of Equation 7-43 s usually
insignificant”*”. Hence, for most practical
problems, Equation 7-43 can be used instead of
Equation 7-42, thereby allowing the direct
inclusion of the P-delta effect in a three
dimensional structural analysis.

7.4.5 Choice of Member Stiffnesses for
Drift and P-Delta Analysis

A common difficulty in seismic analysis of
reinforced concrete structures is the selection of
a set of rational stiffness values to be used in
force and displacement analyses. Should one
use gross concrete section properties? Should
one use some reduced section properties? Or
should the gross concrete properties be used for
one type of analysis and reduced section
properties be used for another type of analysis?

The seismic design codes in the United
States are not specific about this matter. Hence.
the choice of section properties used in lateral
analysis in general, and seismic analysis in
particular, varies widely.

Contributing to the complexity of this issue.
are the following factors:

I Although elastic material behavior is usually
assumed for the sake of simplicity,
reinforced concrete is not a homogeneous,
linearly elastic material.

Stiffness and idealized elastic material
properties of a reinforced concrete section
vary with the state of behavior of the section
(e.g. uncracked, cracked and ultimate
states).

(89}

72



