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���� ����� � !" #�$%�� & �' (����� )*� +� ,!-

(Z, +,×,≤)

��� ./ �0�1�12�' ����' ���� � !" ("�34� 5���67�8 +��19�� : �;� �!<�=��

�Z ���	 
��� ���

��* � >��%? �@"A  !%= �@" S #�$?/ !<�= * !? �B >C�= : A +���D : 8 ��1�? S ⊆ Z �6 

��� Z .��= �1�1 2�' �67�8 E���� �F��* 5 �G%� H� 

�I�J�1 E�� E8 E�K3�? *� ����� ���� . ��" ��1 (B �� ��*� (�L' �F�M #N8OP

��� #!< (Q * ���� R��1 O��01 #�$S? � �F��* #N!;S? � *� �TU��
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(= 8 9��B�� ����� ���� �!" ("�34� *�  * 9�� *��K= ���18� (�= * V� HJ� +� *�

�9�: ��D�� ./ & �' ��* �=

!�B�� ��"  * b �a 9���6�� �a �= 0 8 !�<�= ���� �!" 8� b 8 a !��B W�� ����	
 ���

#�6�- > �� >��XDYZ=A ��XD9�KG1 a �= b �� 8 �� b #!?*�3< a�� 8 A

∃x ∈ Z : b = ax

�a � b 9�K��?�� �!<�0? b #!?*�3< a �6 �a|b 9�K��?�� ���M +� *�

�!�<�=�� ��*� ��: [�;M ����� ���

�
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 � ��

9�* � c ���� �!" �- 5 :�= #�$?/ a|b �6 >�� 

a|bc .

�a|c #�$?/ b|c 8 a|b�6 >\

#�$?/ a|c 8 a|b�6 >]

∀x, y ∈ Z : a|(bx + cy) .

�a = ±b #�$?/ b|a 8 a|b�6 >�

�a ≤ b #�$?/ !�<�= �0^� 8� �- b 8 a 8 a|b�6 >-

�6 �����
 ���

a|b1, a|b2, . . . , a|bn

�9�* � x1, x2, . . . , xn ∈ Z �- 5 :�= #�$?/

a|
n∑

i=1

bixi .

_
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 � ��

#�$?/ �0 < a 8 !�<�= ���� �!" 8� b 8 a 9��B W�� ������
 ����������� !��

(B !?* � ��P8 r 8 q ��`= �J��� ���� � !" 

b = aq + r , 0 ≤ r < a .

9��B�� ����1 +��a  * S ("�34� ������

S = {b − ax : x ∈ Z , b − ax ≥ 0}

* �b S H' � *� b − ax * !G� b/a ≥ x ���� � !" 5 :�= .�a ��� ��1�? ("�34� +� 

cD r ∈ S .�a ��* � r !�?��  !%= �@" V� S cD ��� * !? �B +���D : S +3F *� ����6��

∃q ∈ Z : r = b − aq

�!<�0? +��a 9��B W�� �r < a (B 9�-!�� .�S? �0 ≤ r (B �� ���!= �b = aq + r +� �=��=

�<�? . �1�� cD �a ≤ r cD

b = aq + r

= aq + a + (r − a)

= a(q + 1) + (r − a)

�
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 � ��

+� �=��=

b − a(q + 1) = r − a ≥ 0

(B 9���B �=�d cD ��� eb��%� S ("�34� *� r .��=  !%= �@" �= +� 8 r − a ∈ S cD

�r < a

���� � !" q′ 8 r′ 9��B W�� ��� ��`=�J��� C�= ����' �= q 8 r (B 9�-!�� .�S? E�M

9�* � �q′ = q 8 r′ = r (B 9�-� .�S? !��= �b = aq′ + r′ 8 0 ≤ r′ < a (B !�<�= 5�$��

aq + r = b = aq′ + r′ .

�< � 9�- �' f*�0" 8� +���g h��`1 �= +� �=��=

a(q − q′) = r′ − r .

(I���L= �r′ = r cD �r′ − r = 0 9�<�= (%< � !��= cD �0 ≤ r, r′ < a �� �a|(r′ − r) cD

���<�� (4�%? 9- q′ = q

�

�!" f*�� +� *� �9��B W�� O�? �`��  * a 9�%K? �1�� 9�KG1 9%�*�$� *� �����
 "��

���B�� i!� 0 ≤ r < |a| 58�K��? *� !��= r






��������	
 � ��

�9���?�� #!?�3�b�=  * r 8 �3Kb ]*�'  * q �9�KG1 9%�*�$� *� �����
 #��

9��B W�� ����	
 ���
b1, b2, . . . , bn �= 0

9��B�� ����1 1 ≤ i ≤ n �- 5 :�= �!�<�= ���� � !" 

Di = {a ∈ Z : a|bi}.

[�KG� V�  * S �@" �- ��� ��1�? S (B �� ���!= �S =
⋂n

i=1 Di 9�-��� * �b E�M

+��%6*O=  * �@" +� ��* � ��%? �@" cD ��� �-��%� S .�a �9���?�� �- bi j�%S� (�I"

.�S? gcd(b1, b2, . . . , bn)�= �-�6 �� 8 (b1, b2, . . . , bn) ��3? �= 8 #!���? �- bi j�%S� (�I" [�KG�

gcd(a, b) �-�6 �� (a, b) �=  * b 8 a ���� �!" 8� j�%S� (�I"[�KG� +��%6*O= �9�-���

�9�-��� .�S?

9��B�� ����1 �����
 ���

(a, 0) = |a| .

T
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 � ��

#�$?/ �g = (b, c) !��B W�� ���� $��

∃x0, y0 ∈ Z : g = bx0 + cy0

��!=  * y0 8 x0 ��: ���M 8� : �;� : . �1�� (4�%? *� 8 g = |b| #�$?/ c = 0 �6 ������

��*8/

�� A b > 0 ⇒ x0 = 1 , y0 =# �Z��

\A b < 0 ⇒ x0 = −1 , y0 =# �Z��

9��B�� ����1 +��a  * S ("�34� �!�<�= �`���k 8� �- c 8 b 9��B W�� cD

S = {bx + cy : x, y ∈ Z , bx + cy > 0}

cD l ∈ S .�a ��* � l !�?�� �� !%= �@" cD ��� * !? �B +���D : 8 ��1�? ("�34� +� 

∃x0, y0 ∈ Z : l = bx0 + cy0 > 0 .

q 8 r ���� � !" 9�KG1 9%�*�$� h0g cD �!<�0? +��a 9��B W�� �l|b (B 9��B�� �"� 

(B !?* � ��P8

b = lq + r , 0 < r < l .

�
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 � ��

+� �=��=

0 < r = b − lq

= b − (bx0 + cy0)q

= b(1 − qx0) + cy0(−q) .

�%;a�B 9- S 5 !%= �@" : r�� �r ∈ S cD ��� S 5�@" [�`= r (B !-!�� .�S? +� 

�l|b 9�<�= (%< � !��= (4�%? *� 8 �� eb��1 +� ��� 

(�I"[�KG� +��%6*O= g .�a �$�� 5�� : �l ≤ g +� �=��= �l|c(B ��<�� �=�d (=�S� H;< (=

cD �� c 8 b j�%S�

∃α ∈ Z : b = gα ,

∃β ∈ Z : c = gβ .

9�* � cD

l = bx0 + cy0

= g(αx0 + βy0) .

�
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 � ��

9�* � .��O3- E�M �g ≤ l cD �g|l (4�%?*�

g ≤ l , l ≤ g ,

�g = bx0 + cy0 +� �=��= �l = g cD

�

(�I"[�KG� +��%6*O= .�3- bx + cy H;< (= �0^� ���� �!" +��%;a�B ��%��& �'��

��� c 8 b j�%S�

�a|(b, c) #�$?/ a|c 8 a|b �6 ��%��& ����

9��B W�� �����
 ����

g = gcd(b1, b2, . . . , bn)

(B !?* � ��P8 x1, x2, . . . , xn ���� � !" #�$?/

g =
n∑

i=1

bixi

�� � 9�3�1 9- ���M +� (= . �1��  * 		�	 8 	l�	 (4�%? 8� ��3F

m
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 � ��

#�$?/ �!<�= �0^� ���� �!" V� m !��B W�� ����� ����

(ma, mb) = m(a, b)

��� ��: � !" �0^� * !G� +��%3B (ma, mb) (B 9�? ��� ������

max + mby ; x, y ∈ Z

���<�� H��M ��: � !" �0^� * !G� +��%3B (= m .��B \�F �= �n?�*�� * !G� +��%3B �� 

ax + by ; x, y ∈ Z

�

#�$?/ d|b 8 d|a �6 ����� �!��

(
a

d
,
b

d
) =

(a, b)

d

�	_�	 H^� ������

�

	l
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 � ��

�6 � (a, b) = 1 #�6�- 9���?�� E8 9- (= �0K? �� +��0%�  * b 8 a �!" 8� ����	
 �"��

�6 �9���?�� +��0%� Lo B  * �- bi #�$?/ (b1, b2, . . . , bn) = 1

∀ i, j : i �= j ⇒ (bi, bj) = 1

�9���6�� +��0%� 8�(=8�  * �- bi #�$?/

�!�%K- +��0%� b/g 8 a/g #�$?/ g = (a, b) �6 �����
 �#��

��� E8 O�? ab (= �0K? #�$?/ !<�= E8 b 8 a (= �0K? m �6 ����� ����

�c|a #�$?/ (b, c) = 1 8 c|ab �6 ����� ����

cD (b, c) = 1 .�a������

∃x, y ∈ Z : bx + cy = 1 .

��< � 9�- �' a (= C�= (�= * +���g \�F �=

abx + acy = a .
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 � ��

�c|a cD !�B�� ��"  * C�= 58�K1 pa �3� c .�a E�M

�

(0���� ,!- 8 !�<�= �0^� ���� �!" 8� b 8 a 9��B W�� �()�* � ������� �$��

(= (B 9�-��� (� � ���P �1  * ��: �� �%� fC���� �9�KG1 9%�*�$� .��= *�;= �= �!<�= (a, b)

�9���= �`� #!?�3�b�=

a = bq1 + r1 0 < r1 < b

b = r1q2 + r2 0 < r2 < r1

r1 = r2q3 + r3 0 < r3 < r2

...

rn−2 = rn−1qn + rn 0 < rn < rn−1

rn−1 = rnqn+1

: �� f*�0" C�= �� �%� f�3�KG1 *� �`���k #!?�3�b� = +��'/ ���� �(a, b) = rn #�$?/

�b 8 a j�%S� (�I" [�KG� +��%6*O=

	�
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 � ��

9�* � �b = 657 8 a = 963 9��B W�� �+,-. �'��

963 = 657 × 1 + 306

657 = 306 × 2 + 45

306 = 45 × 6 + 36

45 = 36 × 1 + 9

36 = 9 × 4

�(963, 657) = 9 9���6�� (4�%? cD

9��B W�� ����	
 ����a1, a2, . . . , an

�6 �!�<�= �`���k ���� � !" 

∀i : ai|b

��3? �=  * �- ai j�%S� \�@� +��%;a�B �9���?�� �- ai j�%S� \�@� V�  * b #�$?/

�9�-��� .�S? [a1, a2, . . . , an]

	_



��������	
 � ��

#�$?/ �h = [a1, a2, . . . , an] 8 !<�= �- ai j�%S� \�@� V� b 9��B W�� ����� ����

�h|b

(B !?* � ��P8 r 8 q ���� � !" 9�KG1 (�@b h0g ������

b = hq + r , 0 ≤ r < h .

.�a �r �= 0 9��B W��

∀i : ai|b & ai|h

h ����1 h0g ��� �- ai j�%S� \�@� V� 9- r cD �!��B ��"  * r !��= �- ai [�31 cD

��� eb��1 V� +� �h ≤ r 9�<�= (%< � !��=

�

9�* � ����� ����

[a, b] =
|ab|
(a, b)

.

	�
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��� ����

5��B�I= �E8 � !" ��� ���� � !" ("�34� *� .��= E8 [��`� ����� HJ� +� ,!-

�!?�<�� \�K�� ���� � !" (�G= #!?:��

1 8 2�� ' O P p 8 p �= 1 #� 6� - 9 � �� ?� � E8  * p � 0 ^ � 8 � � � � �! " ����	 
 ���

B�� !<�0? �`� �� V� 58�K� (B E8 ��k ���� �!" �- �!<�= (%< !? �$�� �0^� #!?*�3<

���<�� #!���?

	




��� ����� � ��

�p|n (B �* � ��P8 p !�?�� E8 5�!" #�$?/ !<�= ���� �!" V� 1 < n �6 ����� ���

+� �=��= �!<�= B�� n 9��B W�� cD �p = n 9�-��� * �b !<�= E8 n �6 ������

∃n1, n2 : n = n1n2

cD �p|n1 (B �* � ��P8 p E8 �!" 5�b Ǳ �G%� W�� (= ��= E�M �1 < n1, n2 < n ��3F 8

�p|n

�

(�O41 E8 � !" : �=�@I��M (= n #�$?/ !<�= ���� �!" V� 1 < n �6 ���� ���

���<��

#* O6 h0g �!<�= B�� n 9��B W�� cD �9�* !? f�0d 5 �= 5O�a !<�= E8 n �6 ������

�1 < m < n ./ *� (B �n = pm �<�? . �1�� cD �p|n (B �* � ��P8 p !�?�� ��8 �!" ���

���<�� (�O41 O�? n cD r��<�� (�O41 E8 � !" : �=�@I��M (= m Ǳ �G%� W�� h0g E�M

�

�p|b �� p|a #�$?/ p|ab �6 �!<�= E8 �!" V� p 9��B W�� ����� !��

h0g E�M �(p, a) = 1 cD �p 8 	 : !�1*�0" p �0^� 5��I��" .�a �p � a 9��B W�� ������

	T



��� ����� � ��

�p|b 9�<�= (%< � !��= 	��	

�

W�� �!<�= ���� �!" V� 1 < n 9��B W�� ��/,�0 12,�34 ��� � ��� "��

9��B

n = p1p2 . . . pr = q1q2 . . . qs

8 r = s #�$?/ �!��8 �- qj 8 �- pi [�31 ./ *� (B

{p1, . . . , pr} = {q1, . . . , qs}

58�K1 *� ������

p1p2 . . . pr = q1q2 . . . qs

����I��" :��- H3" +� : !�= 9��B W�� �9��B�� ,XM  * +���g : 58�K� 5��I��" [�31

L^� �!�<�= #!?�� �b�= 58�K1 ,�g 8� *�

a1a2 . . . al = b1b2 . . . bt

./ *� (B

∀i : ai ∈ {p1, . . . , pr}
	�



��� ����� � ��

∀j : bj ∈ {q1, . . . , qs}

��3F 8

∀i, j : ai �= bj .

9�* � E�M

a1 | b1b2 . . . bt

!��= ��� h0g 8

∃j : a1 | bj

��� eb��1 (B a1 = bj cD !�<�=�� E8 bj 8 a1 .�a �� 

�

 * n . �1�� _�� (= (P�1 �= �!<�= �0^� ���� �!" V� 1 < n 9��B W�� �����
 #��

f*�J=

n = pα1
1 pα2

2 . . . pαl
l

(�@b h0g #8L�= �!�<�=�� �0^� ���� � !" �- αi 8 E8 � !" �- pi ./ *� (B �<�?

��� ��`= �J��� (�O41 +� \�KM 5����=

	�



��� ����� � ��

/��. 5���67�8 9 :��;. ��*< =���. 5�����4 ��>,?. ������� ���

V� : �%6*O= 8 �0^� ���� �!" 8� b 8 a 9��B W�� ����%
 @� �2,A�>� ,4 :��;.

�!<�= ��: H;< (= �!" 8!�� (�O41 9��B W�� �!�<�=

a = pα1
1 pα2

2 . . . pαn
n , αi ≥ 0

b = pβ1
1 pβ2

2 . . . pβn
n , βi ≥ 0

9�* � #�$?/

(a, b) =
n∏

i=1

p
min(αi,βi)
i ,

[a, b] =
n∏

i=1

p
max(αi,βi)
i .

��� �-��%��? E8 � !" ("�34� ��()�* �� ��� ���

�<�? . �1�� cD �!<�0? +��a 9��B W�� ������

E8 � !" ("�34� = {p1, . . . , pn}
	m



��� ����� � ��

9��B�� ����1 +��a  * N �0^� ���� �!" E�M

N = 1 + p1p2 . . . pn

���� !<�= (%< � E8 H��" V� Hb C !��= cD �1 < N .�a

∃i : pi | N

��� eb��1 (B pi | 1 ���� +� �� 

�

��P8 �� �%� �0^� ���� �!" n : 5 (��0?� �n �0^� ���� �!" �- 5 :�= ���� $��

��K�? E8 ./ ����" : [ !;s�- (B �* �

��K�? E8 [ !;s�- 8 �� n��?/ � !�1 (B 9��B (P�1 ��: � !" (��0?� (= �� ���B ������

(n + 1)! + 2 , (n + 1)! + 3 , . . . , (n + 1)! + (n + 1) .

�

�l



� ���

��	�
��

("�34� *� !�`� *��K= 5: * 9- (�= * V� �(?�3�D V� (= �0K? .��= #!?�3�b�=9- �� �%S�?9-

�!<�=�� 5 (�= * +��a �1��!G� & �' (����� 8 ����� HJ� +� ,!- 8 �� ���� � !" 

(?�3�D (=  * b 8 a ���� �!" 8� �!<�= ���� �!" V� 0 < m 9��B W�� ����	
 ���

 * m �!" �a ≡ b(mod m) 9�K��?�� ���M +� *� �m | (a − b) #�6�- 9���?�� �S�?9- m

�9���?�� �%S�?9- E8!� �� (?�3�D

m �= b 9�KG1 O�? 8 m �= a 9�KG1 [�$�- �6 ���1 8 �6 a ≡ b(mod m) 9�* � �����
 ���

���< H��M �= �= #!?�3�b�=

�	



������� � ��

9�* � ���� ��� Z 58 * 5: * 9- (�= * V� m (?�3�D (= �%S�?9- (�= * ����� ���

�� A ∀a : a ≡ a (mod m) ,

\A ∀a, b : a ≡ b (mod m) ⇒ b ≡ a (mod m) ,

]A ∀a, b, c : a ≡ b (mod m) & b ≡ c (mod m) ⇒ a ≡ c (mod m) .

(= �%S�?9- (�= * (= �0K?  * a H��< 5: * 9- )LB �a ∈ Z 9��B W�� ����	
 !��

(B tb �� �'�= �9�-��� .�S? [a]m �=  * ./ 8 9���?�� a H��< 5�-#!?�� )LB �m (?�3�D

9�* � cD �9��B�� #��`%� [a] ��3? : !<�= 9B #�0%< E�3%M 

[a]m = {b ∈ Z : a ≡ b (mod m)}

(B 9�? ��� �����
 "��

a ≡ b (mod m) ⇔ ∃q ∈ Z : a − b = mq

9�* � cD

[a]m = {a + mq : q ∈ Z} .

��



������� � ��

�!�<�=�� ��: & �' 5 * � �%S�?9- 5���LB ����� #��

��� ��1�? �%S�?9- )LB �- >�� 

�a ≡ b (mod m) �6 ���1 8 �6 [a]m ∩ [b]m �= ∅ >\

�a ≡ b (mod m) �6 ���1 8 �6 [a]m = [b]m>]

�!��B�� : ��  * Z ("�34� m (?�3�D (= �%S�?9- 5���LB >�

: !�1*�0" (B !?* � ��P8 m (?�3�D (= �%S�?9- )LB m RG� >#

[0]m, [1]m, . . . , [m − 1]m

(4�%? �� 5: * 9- (�= * V� �%S�?9- (B ���b 8 +� : (I���L= C�= & �' [�31 ������

: �;� ���1 m �= a ���� �!" 9�KG1 [�$�- (B 9��B�� (P�1 >#A f�0d 5 �= RG� �!?�<��

��<�� �-�u #!?�3�b�= . ��" (= ��: � !" 

0, 1, 2, . . . , m − 1

���� ��� �S�?9- m (?�3�D (= i�� � !" : �;� �= a !�?�� ���� �!" �- cD

∀a ∃b : 0 ≤ b ≤ m − 1 & [a]m = [b]m

�_



������� � ��

m (?�3�D (= �K�� +�3- : 5�$�� �J�" �= C�= �K�� � !" : [ !;s�- (B !��B (P�1 ��3F

��K�? �S�?9-

�

cD �9�-��� .�S? Zm ��3? �=  * m (?�3�D (= �%S�?9- 5���LB ("�34� ����	
 ���

Zm = {[0]m, [1]m, . . . , [m − 1]m} .

��� ��: 5�0P & �' 5 * � m (?�3�D (= �%S�?9- ����� ���

#�$?/ c ≡ d (mod m) 8 a ≡ b (mod m) �6 >�� 

∀x, y : ax + cy ≡ bx + dy (mod m) .

#�$?/ c ≡ d (mod m) 8 a ≡ b (mod m) �6 >\

ac ≡ bd (mod m) .

9�= �� 8 t3P 9- �= . �1��  * m (?�3�D (= �%S�?9- 8� +���g i�� #* O6 h0g �����
 $��

���B >9BA (��F  * �%=�d * !G� . �1�� m (?�3�D (= �%S�?9- V� +���g >: A (= ���B \�F

��



������� � ��

. �1�3? #* �3- ��P8 +� �= ���B \�F �%=�d * !G� �- (= . �1��  * �%S�?9- V� +���g

���B 9�KG1 >�`���k �%MA �%=�d * !G� (=  * �%S�?9- V� +���g

#�$?/ ax ≡ ay (mod m) �6 ���� �'��

x ≡ y (mod
m

(a, m)
)

�x ≡ y (mod m) #�$?/ (a, m) = 1 �6 &�JZ=

cD �ax ≡ ay (mod m) 9��B W�� ������

∃q : ax − ay = mq

(4�%? *�

a

(a, m)
(x − y) =

m

(a, m)
q .

9�* � cD

m

(a, m)
| a

(a, m)
(x − y)

9�<�= (%< � !��= cD �( m
(a,m)

, a
(a,m)

) = 1 (B 9�? ��� �� 

m

(a, m)
| (x − y)

�




������� � ��

�!�B�� H��B  * f�0d +� 8

�

9��B W�� �!�<�= �0^� ���� � !" mr, . . . , m1 9��B W�� ���� ����

∀i : x ≡ y (mod mi)

#�$?/

x ≡ y (mod [m1, m2, . . . , mr]) .

��� ��*� 9- +� c;"

9��B W�� ������

∀i : x ≡ y (mod mi)

cD

m1, m2, . . . , mr | (x − y)

cD ��� �- mi j�%S� \�@� V� x − y ����

[m1, m2, . . . , mr] | (x − y) ,

�T



������� � ��

(4�%? *�

x ≡ y (mod [m1, m2, . . . , mr]) .

�9��B (P�1 ��: (�= * (= �� ���B #* O6 +� c;" f�0d 5 �=

∀i : mi | [m1, m2, . . . , mr] .

�

!�?�� ���� � !" : 5 ("�34� ����	
 ����

x1, x2, . . . , xm

#�6�- 9���?�� H��B m (?�3�D (=  *

∀a ∈ Z ∃i : a ≡ xi (mod m) .

("�34� L^�

0, 1, 2, . . . , m − 1

��� H��B

��



������� � ��

�- : �� ���B 8 [:C m (?�3�D (= H��B ("�34� V� .�*8/ ��!= 5 �= �����
 ����

�%S�?9- 5���LB : [ !B

[0]m, [1]m, . . . , [m − 1]m

�9��B \�Z%? �@" V�

#�$?/ x ≡ y (mod m) �6 ����� �!��
(x, m) = (y, m) .

cD m | (x − y) .�a ������∃q : x − y = mq .

9�* � E�M(x, m) | x − mq = y

9�* � (=�S� h��g (= �(x, m) | (y, m) cD
(y, m) | (x, m) .

�

: 5 ("�34� : �� f*�0" m (?�3�D (= (%��� H���1 H��B ("�34� V� ����	
 �"��

!�?�� ���� � !" 

x1, x2, . . . , xr

��



������� � ��

�(;�*��=

�!<�= E8 m (= �0K? xi �- >�� 

�xi �≡ xj (mod m) #�$?/ i �= j �6 >\

#�$?/ (a, m) = 1 �6 >]

∃i : a ≡ xi (mod m)

�� ���B m (?�3�D (= (%��� H���1 H��B ("�34� V� .�*8/ ��!= 5 �= �����
 �#��

5���LB : [ !B �- : 

[0]m, [1]m, . . . , [m − 1]m

H���1 H��B ("�34� �- �9��B�� \�Z%? �@" V� !<�= E8 m (= �0K? ��?/ #!���3? (B

���<�� H��M h��g +� (= (%���

9��B W�� ����� ����

x1, x2, . . . , xr

#�$?/ �(a, m) = 1 9��B W�� �!<�= m (?�3�D (= (%��� H���1 H��B ("�34� V�

ax1, ax2, . . . , axr

�m



������� � ��

��� m (?�3�D (= (%��� H���1 H��B ("�34� V� O�?

�9��B ��* �=  * 	
�_ ����1 v�< (� !��= ������

cD (xi, m) = (a, m) = 1 .�a>�� 

∀i : (axi, m) = 1 .

9��B W�� >\

axi ≡ axj (mod m) .

9�* � 	l�_ h0g cD (a, m) = 1 .�a

xi ≡ xj (mod m) .

�i = j !-��� (4�%? 	
�_ ����1 (= ��= +� 8

9�* � cD (axj , m) = 1 .�a >]

∀i ∃i : axj ≡ xi (mod m)

9�* � cD �� �= �= �- xi � !�1 �= �- axj � !�1 .�a

∀i ∃j : axj ≡ xi (mod m)

_l



������� � ��

��� �S�?9- m (?�3�D (= �- axj : �;� �= !<�= E8 m (= �0K? (B ���� �!" �- ���� +� 

�

9��B�� ����1 �!<�= �0^� ���� �!" V� m !��B W�� ����	
 ����

ϕ(m) = |{a ∈ Z : 1 ≤ a ≤ m , (a, m) = 1}|

("�34� : m �= +��0%� ����" � !�1 ϕ(m) �$�� f*�0�=

1, 2, . . . , m

#� $ ?/ ! <� = E8 �! " V � m = p � 6 ( B � � � � �! = �! � �� ?� � � I �8 t =� 1  * ϕ(m) �� � 

�ϕ(p) = p − 1

#�$?/ �(a, m) = 1 9��B W�� ���*�9����� �$��

aϕ(m) ≡ 1 (mod m) .

9��B W�� ������

x1, x2, . . . , xr ; (r = ϕ(m))

_	



������� � ��

("�34� : ����" ./ [�31 ("�34�

1, 2, . . . , m

m (?�3�D (= (%��� H���1 H��B ("�34� V� �- xi cD ��� E8 m (= �0K? xi �- (B !<�=

("�34� 	��_ h0g E�M �!�-��� H�;S1

ax1, ax2, . . . , axr

9�* � cD ��� (%��� H���1 H��B 9-

∀i ∃j : xi ≡ axj (mod m) ,

∀j ∃i : xi ≡ axj (mod m) .

�< � 9�- �' C�= 5�-�%S�?9- +���g .��B \�F �=

(ax1)(ax2) . . . (axr) ≡ x1x2 . . . xr (mod m) ,

����

ar(x1x2 . . . xr) ≡ (x1x2 . . . xr) (mod m) .

_�



������� � ��

cD �(x1x2 . . . xr, m) = 1 .�a �� 

ar ≡ 1 (mod m) .

cD

aϕ(m) ≡ 1 (mod m) .

�

�ap−1 ≡ 1 (mod p) #�$?/ p � a 8 !<�= E8 �!" V� p �6 ��,.�B���� �'��

�m = p 9�-� * �b �I�8 (�@b *� �� ���B ������

�

��<�? 9- ��: f*�J=  * ���� (�@b . �1�� �����
 ����

∀a ∈ Z : ap ≡ a (mod p) .

__



������� � ��

(����� #�$?/ �(a, m) = 1 9��B W�� ����� ����

ax ≡ b (mod m)

: !�1*�0" ��= �P ���� !<�= ��= �P : �;� x0 �6 ��� \ �P 5 * �

x0 + mq ; q ∈ Z

9�-��� * �b �ϕ(m) ≥ 1 (B 9�? ��� ������

x0 = aϕ(m)−1b

9�* �

ax0 = aϕ(m)b

≡ b (mod m) .

_�



������� � ��

cD �!<�= �$�� \ �P V� x 9��B W�� ��� ./ \ �P V� x0 8 �* � \ �P (����� cD

ax − ax0 ≡ b − b (mod m)

���<�� H��M 9;M 8 m | (x − x0) +� �=��=

�

(����� #�$?/ (a, m) = 1 �6 �����
 ����

ax ≡ 1 (mod m)

(B �* � ��P8 q V� RG� 8 RG� .�a ��* � m − 1 �1 1 (I��� *� ��� (= �J��� \ �P V�

1 ≤ x0 + mq < m

#�$?/ x2 ≡ 1 (mod p) 8 !<�= E8 �!" V� p �6 �����
 �!��

x ≡ 1 �� p − 1 (mod p)

9�* � �0 ≤ x ≤ p − 1 9��B W�� �"� +� f�0d 5 �=

p | x2 − 1 = (x − 1)(x + 1)

_




������� � ��

9�* � cD

p | (x − 1) �� p | (x + 1)

�6 E�M �x = 1 (4�% ? *� 8 n = 0 cD �n �'� = 5 :� = x = np + 1 #�$ ?/ p | (x − 1) � 6 

�x = p − 1 8 n = 1 cD �n �'�= 5 :�= x = np − 1 #�$?/ p | (x + 1)

#�$?/ �!<�= E8 �!" V� p 9��B W�� ��C��*�9���� �"��

(p − 1)! ≡ −1 (mod p) .

9�* � 8 a �= b (B �* � ��P8 2 ≤ b ≤ p − 2 V� 2 ≤ a ≤ p − 2 �- 5 :�= ������

ab ≡ 1 (mod m) ,

9�* � cD ��� ��`= �J��� ����' +� �= b ��3F

1 × 2 × . . . × (p − 2) × (p − 1) ≡ 1 × (p − 1) (mod p)

≡ −1 (mod p) .

�

_T



������� � ��

(����� �!<�= E8 �!" V� p !��B W�� ���� �#��

x2 ≡ −1 (mod p)

�p ≡ 1 (mod 4) �� p = 2 �6 ���1 8 �6 �� \ �P 5 * �

�� p �= 2 9��B W�� E�M ��� (����� \ �P x = 1 #�$?/ �p = 2 9��B W�� ������

9�* � .�KI�8 (�@b h0g �!<�=�� ]8: p−1
2

��8 �� ��� p ���� +� �p ≡ 1 (mod 4)

(1 × 2 × . . . × p − 1

2
)(

p + 1

2
× . . . × (p − 2) × (p − 1)) ≡ −1 (mod p)

�1#��S� f*�0�=

(p−1)/2∏
j=1

j(p − j) ≡ −1 (mod p) .

(B 9�? ��� �� 

j(p − j) ≡ −j2 (mod p) ,

9�* � cD

−1 ≡
(p−1)/2∏

j=1

(−j2) (mod p)

_�



������� � ��

= (−1)p−1/2
(p−1)/2∏

j=1

j2 (mod p)

≡ (
(p−1)/2∏

j=1

j)2 (mod p)

tb 8 *� cD

x =
(p−1)/2∏

j=1

j

��� (����� \ �P V�

#�$?/ �p �≡ 1 (mod 4) 8 p �= 2 9��B W�� E�M

p ≡ 3 (mod 4) .

5 * � x2 ≡ −1 (mod p) (����� 9��B W�� �!<�= ]8: !��= p #�$?/ p ≡ 2 (mod 4) �6 .�a

9�* � �!<�= \ �P

xp−1 = (x2)p−1/2

≡ (−1)p−1/2 (mod p)

≡ −1 (mod p) .

_�



������� � ��

(B p = 2 ���� �1 ≡ −1 (mod p) cD �xp−1 ≡ 1 (mod p) ���� (�@b h0g �$�� ,�g : 

��� eb��1

�

�9�-��� * �b ��* �= �*�� �J%Z� *��=  * ��' �%S�?9- fC���� �HJ� +� .���D *�

��* !? \ �P ax ≡ b (mod m) (����� #�$?/ d � b �6 �d = (a, m) 9��B W�� ����� ����

d | m .�a �9��B�� W�� i�� (����� \ �P V�  * u 8 !<�0? +��a 9��B W�� ������

9�* � cD

au ≡ b (mod d) .

��� eb��1 *� W�� �= (B d | b ���� +� �b ≡ 0 (mod d) cD �d | a �� 

�

( ��� � � \ � P V � u 9 � � B W� � �d | b 8 d = (a, m) 9 � � B W� � �� � �  ����

�!<�= a
d

x ≡ 1 (mod m
d
)

_m



������� � ��

[�� (= ���31 ax ≡ b (mod m) (����� 5��= �P #�$?/

x ≡ b

d
u + q

m

d
(mod m)

�0 ≤ q ≤ d − 1 ./ *� (B !�<�=��

�%S�?9- (����� *� ������

a

d
x ≡ b

d
(mod

m

d
)

*� ��* � x ≡ x1 (mod m
d
) !�?�� 5��� (= �J��� \ �P (����� +� cD �(a

d
, m

d
) = 1 9�* �

H;< (= ���31 ax ≡ b (mod m) (����� 5��= �P (4�%?

x ≡ x1 + q
m

d
(mod m)

#�$?/ !<�= a
d
x ≡ 1 (mod m

d
) \ �P u 9��B W�� �6 E�M �0 ≤ q ≤ d− 1 ./ *� (B !�<�=��

�< � 9�- �'

x1 =
b

d
u

���<�� H�3;1 f�0d 8

�

�l



������� � ��

9��B W�� ��D3�7 1,E�)&,F� ,4���� �$��

m1, m2, . . . , mr

9��B W�� �!�<�= +��0%� 8!=8� �0^� ���� � !" 

a1, a2, . . . , ar

�%S�?9- #�$%�� #�$?/ �!�<�= # �Z�� ���� � !" 

x ≡ a1 (mod m1)

x ≡ a2 (mod m2)

...

x ≡ ar (mod mr)

��� \ �P 5 * �

�	



������� � ��

9�* � 1 ≤ j ≤ r �- 5 :�= �m = m1m2 . . .mr 9�-��� * �b ������

(
m

mj
, mj) = 1

(B �* � ��P8 bj ���� �!" cD

m

mj
bj ≡ 1 (mod mj)

cD �mi | m
mj

.�a #�$?/ i �= j �6 ��3F

m

mj
bj ≡ 0 (mod mi) .

9��B�� ����1 E�M

x =
r∑

j=1

m

mj
bjaj

9�* �

x ≡ m

mi
biai (mod mi)

≡ ai (mod mi) .

�

��



������� � ��

(B !�=��= x !�?�� ����� �!" ���,�. �'��

���< 4 #!?�3�b�= ��< 9�KG1 5 �= x �6 >�� 

���< 1 #!?�3�b�= ��< 9�KG1 7 �= x �6 >\

���< 3 #!?�3�b�= ��< 9�KG1 11 �= x �6 >]

�_



� ���

�����  ��!�

t=�1 V� f : Z → C !�?�� t=� 1 �- �!< 9�- �' ��</ 9�� �=�KM t=�1 !�a �= HJ� +� *�

t=�1 9�� �=�KM t= �1 : (?�3? +��8 �!<�0? Z HB f (�� � �� +;3� ���<�� #!���? �=�KM

�9��B�� ����1  �?/ �$�� *�= 5*8/��� . ���= �� �!< ����� _ HJ� *� +� : Y�D (B �� �I�8 

(= �0K? (B n : �%3B �0^� ���� � !" � !�1 �n > 1 ���0g �!" �- 5 :�= ����	
 ��!

�ϕ(1) = 1 9��B�� ����1 ��3F ���<�� #� � .�S? ϕ(n) ��3? �= !�<�=�� E8 ./

��� #!< (Q * ϕ(n) ����G� �'�= ��: E8!P *�

��



�����  ��!
 " ��

n 1 2 3 4 10 16 20 23 48

ϕ(n) 1 1 2 2 4 8 8 22 16

#�$?/ !<�= E8 �!" V� p �6 (B !��B (P�1 �����
 ��!

ϕ(p) = p − 1 .

�ϕ(pα) = pα − pα−1 #�$?/ �1 ≤ α 8 !<�= E8 �!" V� p 9��B W�� ����� ��!

� !" .��� : ������

1, 2, 3, . . . , pα

./ *� ( B kp H ; < ( = � � � � �! � <� = p \� @ � ( B ! � % K � ? + �� 0 % � p ( = � 0 K ? � �� � ?/

�!<�=�� pα − pα−1 C�= ����� *� p �= +��0%� ����" � !�1 cD �1 ≤ k ≤ pα−1

�

! � B \� 4 � (m, n) = 1 #� 6� - 9 � �� ?� � � =� F  * f � =� K M t =� 1 �� �� 	 
 !�!

9�<�= (%< � n 8 m �- 5 :�= #�6�- 9���?�� �=�F L��B  * f t=�1 �f(mn) = f(m)f(n)

f(mn) = f(m)f(n)

�




�����  ��!
 " ��

��� �=�F ϕ t=�1 ���� "�!

9��B�� 1�� ��: E8!P *�  * mn �1 1 : � !" ("�34� �(m, n) = 1 9��B W�� ������

1 m + 1 2m + 1 . . . (n − 1)m + 1

2 m + 2 2m + 2 . . . (n − 1)m + 2

3 m + 3 2m + 3 . . . (n − 1)m + 3

��� ��� ��� ��� ���

r m + r 2m + r . . . (n − 1)m + r

��� ��� ��� ��� ���

m 2m 3m . . . mn

�� "  * [ Ur � � � *� t b 8 � �� � " [� 3 1 d#� $ ?/ �(m, r) = d > 1 8 1 ≤ r ≤ m 9 � � B W� �

.�*8/ ��!= 5 �= cD �!�%K�? +��0%� mn (= �0K? ��� +� ����" : [ !;s�- cD �!�B��

���!= �(m, r) = 1 ./ *� (B 9��B (P�1 ���-��� (= !��= �i�� E8!P *� mn�= +��0%� � !" 

�- �9�%K- 5��� +��a ��* �= E�M *� 9��B W�� ��� �1 ϕ(m) �-��� +� � !�1 (B �� 

cD �0 ≤ k ≤ n − 1 (B �� km + r H;< (= ��� +� �@"

(km + r, m) = (r, m) = 1

�T



�����  ��!
 " ��

���1 8 �6 �� E8 mn (= �0K? km + r ���� �!��8 m (= �0K? ��� +� 5�@" [�31 ����

� !" �� �!<�= E8 n (= �0K? �6 

r, m + r, 2m + r, . . . , (n − 1)m + r

�G�b� � !" +� .��� : cD �!�-��� H�;S1 n (?�3�D (= #!?�� H��B ("�34� V� w�F�=

9�* � E�M �!��8 >mn (= �0K? (4�%? *� 8A n (= �0K? �1 ϕ(n)

ϕ(mn) = ϕ(m)ϕ(n)

�

#�$?/ �!<�= n �!" E8 H� �" (= (�O41 n = pα1
1 pα2

2 . . . pαr
r 9��B W�� ��%��& #�!

ϕ(n) = n
r∏

i=1

(1 − 1

pi
)

������

ϕ(n) =
r∏

i=1

ϕ(pαi
i )

=
r∏

i=1

(pαi
i − p

αi−1

i )

=
r∏

i=1

pαi
i (1 − 1

pi

)
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= n
r∏

i=1

(1 − 1

pi
) .

�

9��B�� ����1 +��a  * σk �=�KM t=�1 �0 ≤ k 9��B W�� ����	
 ��!

σk(n) =
∑
d|n

dk

n �0^� 5�-#!?*�3< � !�1 #!�-�.�S? τ(n) tb 8 *� �9�-��� .�S? τ ��3? �=  * σ0 C�3��

5�-#!?*�3< x�34� 58�K� σ(n) ���M +� *� �9�-��� .�S? σ ��3? �=  * σ1 +��s3- ��� 

��� n �0^�

#�$?/ n = pα1
1 pα2

2 . . . pαr
r �6 ����� ��!

τ(n) =
r∏

i=1

(αi + 1) .

�<�? . �1�� cD �d | n 9��B W�� ������

d = pβ1
1 pβ2

2 . . . pβr
r

��
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+� ��* � .�;� ���M αi + 1 � !�1 βi �- 5 �= cD �0 ≤ βi ≤ αi 9�* � i �- 5 :�= ./ *� (B

58�K� �- d � !�1 (B !-��� .�S?

(α1 + 1)(α2 + 1) . . . (αr + 1)

��� 

�

9��B�� ����1 �!<�= �=�F t=�1 V� f 9��B W�� ���� $�!

F (n) =
∑
d|n

f(d) .

��� �=�F O�? F #�$?/

8 (m, n) = 1 9��B W�� ������

m = pα1
1 pα2

2 . . . pαr
r , n = qβ1

1 qβ2
2 . . . qβs

s

#�$?/ d | mn �6 �!<�= n 8 m E8 H� �" (= (�O41

d = pγ1
1 pγ2

2 . . . pγr
r qδ1

1 qδ2
2 . . . qδs

s

9�* � i �- 5 :�= ./ *� (B

0 ≤ γi ≤ αi , 0 ≤ δi ≤ βi

�m
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9��B W��

d1 = pγ1
1 pγ2

2 . . . pγr
r , d2 = qδ1

1 qδ2
2 . . . qδs

s

�u��1 ��3F �d2 | n 8 d1 | m 8 d = d1d2 cD

d �→ (d1, d2)

9�* � E�M �(d1, d2) = 1 +� �= #8L" ��� V� (= V�

F (mn) =
∑
d|mn

f(d)

=
∑

d1|m,d2|n
f(d1d2)

=
∑
d1|m

∑
d2|n

f(d1)f(d2)

= (
∑
d1|m

f(d1))(
∑
d2|n

f(d2))

= F (m)F (n)

�

��� �=�F σ 8 τ &�JZ= ��� �=�F σk t=�1 k �- 5 :�= ��%��& �'�!
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.�a E�M ��� �=�F f (B �� ���!= �f(n) = nk 9��B W�� ������

σk(n) =
∑
d|n

f(d)

��� �=�F σk cD

�

#�$?/ �1 ≤ α 8 !<�= E8 �!" V� p 9��B W�� ����� ���!

σ(pα) =
pα+1 − 1

p − 1

: !�1*�0" pα 5�-#!?*�3< ������

1, p, p2, . . . , pα

9�* � cD

σ(pα) = 1 + p + p2 + p3 + . . . + pα

=
pα+1 − 1

p − 1
.
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#�$?/ �!<�= n E8 H� �" (= (�O41 n = pα1
1 pα2

2 . . . pαr
r 9��B W�� ��%��& ���!

σ(n) =
r∏

i=1

pαi+1
i − 1

pi − 1
.

y�- t=�� �= n 8 1 < n #�6�- !���?�� t=�� : z*��  * n �0^� ���� �!" ����	
 ���!

� !�1 +� �!?O��3%� n E8 5��I��" ���M +� *� �!<�0? ��XDYZ= V� : �%6*O= ���� �!"

�9�-��� .�S? pn ��3? �=  *

�9��B�� ����1 ��: f*�� (=  * )��=�� t=�1 ����	
 �!�!

�� A μ(1) = 1

\A μ(n) = 0 !<�0? t=�� : z*�� n �6 

]A μ(n) = (−1)pn !<�= t=�� : z*�� n �6 

��� �=�F )��=�� t=�1 ����� �"�!
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�� +��a O�? mn #�$?/ !�<�= t=�� : z*�� n 8 m �6 �(m, n) = 1 9��B W�� ������

9�* � ��3F 8

pmn = pm + pn ,

cD �� +��a O�? mn !<�0? t=�� : z*�� n �� m � !" : �;� �6 �μ(mn) = μ(m)μ(n) cD

0 = μ(mn) = μ(m)μ(n) = 0 .

�

#�$?/ n > 1 �6 ����� �#�!

∑
d|n

μ(d) = 0 .

9��B W�� ������

F (n) =
∑
d|n

μ(d)

#�$?/ �1 ≤ α 8 !<�= E8 �!" V� p 9��B W�� ��� �=�F t=�1 V� F cD
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F (pα) =
∑
d|pα

μ(d)

=
α∑

k=0

μ(pk)

= 1 + (−1) + 0 + . . . + 0

= 0

#�$?/ n = pα1
1 pα2

2 . . . pαr
r �6 cD

F (n) =
r∏

i=1

F (pαi
i )

= 0

�

#�$?/ �F (n) =
∑

d|n f(d) !��B W�� ��(��4�. G6<���� ���!

f(n) =
∑
d|n

μ(d)F (n/d)

9�* � ������
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∑
d|n

μ(d)F (
n

d
) =

∑
d|n

μ(d)
∑
d′|n

d

f(d′)

=
∑
d′|n

∑
d| n

d′

μ(d)f(d′)

=
∑
d′|n

f(d′)
∑
d| n

d′

μ(d)

= f(n) .

�

�F (n) =
∑

d|n f(d) #�$?/ f(n) =
∑

d|n μ(d)F (n/d) �6 ��%��& ���!

9�* � ������

∑
d|n

f(d) =
∑
d|n

∑
d′|d

μ(d′)F (
d

d′ )

=
∑
d|n

∑
d′′|d

μ(
d

d′′ )F (d′′)

=
∑
d′′|n

∑
d′′q|n

μ(
d′′q
d′′ )F (d′′)

=
∑

d′′|n
F (d′′)

∑

q| n
d′′

μ(q)

= F (n) .
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*�n�� +� 5 �= �9�: ��D�� )��=�� c;" (�@b 5�-��=*�B : �;� .��= (= YZ= +� .���D *�

�9��B�� �=�d �� )8�6 (= K%�� (B  * ��: (�@b �KZ? �� [:C

�∑d|n ϕ(d) = n 9�* � ���� �$�!

9��B W�� ������

X = {1, 2, . . . , n}

9��B�� ����1 +��a  * Xd ("�34� #�$?/ d | n �6 

Xd = {a ∈ X : (a, n) = d}

./ *� (B a = dq �6 ���1 8 �6 a ∈ Xd E�M ���<�� : �� �- Xd x�3%P (= X (B �� ���!=

+� �=��= �|Xd| = ϕ(n
d
) cD �(q, n

d
) = 1 8 1 ≤ q ≤ n

d

n = |X| =
∑
d|n

|Xd|

=
∑
d|n

ϕ(
n

d
)

=
∑

d|n
ϕ(d) .

�
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9�* � ��%��& �'�!

ϕ(n) =
∑
d|n

μ(d)
n

d
.

�9��0= *�;= )��=�� c;" (�@b # �3- (=  * C�= (�@b �� ���B ������

�


�
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�!�<�=�� H��B t=�� p ��� E8 �!" (?�3�D (= (B 9��B�� (�����  * ����� � !" HJ� +� *�

� % S � ?9 - ( ��� � � � 6 �p � a 8 ! <� = �� � E8 �! " V � p 9 � � B W� � �� �� 	 
 ��"

�6 �9���?�� p (?�3�D (= [8� (P*� #!?�� V�  * a #�$?/ !<�= \ �P 5 * � x2 ≡ a (mod p)

�9���6�� [8� (P*� #!?���?  * a !<�0? +��a

�� x2 ≡ a (mod p) (����� #�$?/ �p � a 8 !<�= ��� E8 �!" V� p 9��B W�� ����� ��"

��� p (?�3�D (= \ �P 8� �oG�b� 5 * � �� 8 �* !? \ �P


�
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�x0 �≡ −x0 (mod p) cD �� ��� p .�a �!<�= (����� +� \ �P V� x0 9��B W�� ������

\ �P (����� +� 9�-��� .�S? E�M ��� (����� +� \ �P V� 9- −x0 (B �� ���!= �� 

�6 ��* !? 5�$��

x2
1 ≡ a (mod p)

�< � 9�- �' #�$?/

x2
1 ≡ x2

0 (mod p)

�< � 9�- �' cD �� E8 p .�a �p | (x1 − x0)(x1 + x0) (4�%? *� p | (x2
1 − x2

0) cD

x1 ≡ x0 (mod p) �� x1 ≡ −x0 (mod p)

��* � p (?�3�D (= \ �P 8� �G�b� *�BX� (����� cD

�

�!<�= ��� p (B �g�< (= �� ��P�� [8� (P*� #!?�� p−1
2

�G�b� Zp ("�34� *� ��%��& ��"

����1 +��a  * (a
p
) *!? 7� ��3? �p � a 8 !<�= ��� E8 �!" V� p 9��B W�� ����	
 !�"

9��B��


m
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(
a

p
) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

+1 : !<�= p (?�3�D (= [8� (P*� #!?�� V� a �6 

−1 : f*�J�� ��k *�

�� ��: & �' 5 * � * !? 7� ��3? ����� "�"

�(a
p
) = ( b

p
) #�$?/ a ≡ b (mod p) �6 >�� 

�(a2

p
) = +1 >\

�(1
p
) = +1 >]

(����� 8� #�$?/ a ≡ b (mod p) �6 ������

x2 ≡ a (mod p)

x2 ≡ b (mod p)

�(a2

p
) = +1 cD �� H��B t=�� #* �3- a2 .�a ��3F �(a

p
) = ( b

p
) cD �!?* � �?�K;� ����

��� ��' ���M : 5 (4�%? >]A YZ=

�

Tl
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#�$?/ �p � a 8 !<�= ��� E8 �!" V� p 9��B W�� ���*�9����� #�"

(
a

p
) ≡ a

p−1
2 (mod p)

(����� cD �(a
p
) = 1 9��B W�� E8 ������

x2 ≡ a (mod p)

9�* � cD �!<�=�� \ �P 5 * �

a
p−1
2 ≡ (x2)

p−1
2

≡ xp−1 (mod p)

≡ 1 (mod p) .

(����� cD �(a
p
) = −1 9��B W�� E�M

x2 ≡ a (mod p)

cD ��* !? \ �P

∀i ∃j : i �= j & ij ≡ a (mod p)

T	
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9�* � E�M

(p − 1)! ≡ a
p−1
2 (mod p)

�!�B�� H�3;1  * f�0d +� 8 (p − 1)! ≡ −1 (mod p) .�KI�8 (�@b h0g �� 

�

9�* � ��%��& ��"

(
ab

p
) = (

a

p
)(

b

p
) .

9�* � C�= (�@b h0g ������

(
a

p
)(

b

p
) ≡ a

p−1
2 b

p−1
2 (mod p)

≡ (ab)
p−1
2 (mod p)

≡ (
ab

p
) (mod p) .

���� �� 58�K1 V� i�� �%S�?9- (B 9���6�� (4�%? �� ��� p .�a

(
a

p
)(

b

p
) = (

ab

p
) .

�

T�
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#�$?/ �!<�= ��� E8 �!" V� p 9��B W�� ��%��& ��"

(
−1

p
) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 : p ≡ 1 (mod 4)

−1 : p ≡ 3 (mod 4)

.��=  * x2 ≡ −1 (mod p) (����� +%< � \ �P 5 �= ���B 8 [:C v�< i�� (4�%? U�����

�!�B��

(B 9�? ��� ������

(
−1

p
) ≡ (−1)(p−1

2
) (mod p)

cD ��� ]8: p−1
2

#�$?/ p ≡ 1 (mod 4) �6 E�M

(
−1

p
) = 1

�(−1
p

) = −1 (4�%? *� 8 �� ��� p−1
2

#�$?/ p ≡ 3 (mod 4) �6 �� 

�

� !" �p � a 8 !<�= ��� E8 �!" V� p 9��B W�� ��(9,� ������ $�"

a, 2a, 3a, . . . ,
p − 1

2
a

T_
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#�$?/ �!<�= p/2 : �%6*O= 5��= �P � !�1 s 9��B�� W�� 8 #��B H�!01 p (?�3�D (=  *

(
a

p
) = (−1)s .

� !" (= p (?�3�D (= #!< #� � � !" H�!01 : !�= 9��B W�� ������

u1, u2, . . . , us, v1, v2, . . . , vt

./ *� (B 9���=

∀i : ui > p/2

∀i : vi < p/2

� !" [�31 (4�%? *�

p − u1, . . . , p − us, v1, . . . , vt

��' ("�34� ����" : �P8: y�- (B ��<�� #!�� �%M �= �!�<�=�� tb 8 p−1
2

�1 1 (I��� *�

("�34� .�3- tb 8 *� ("�34� +� cD �!�<�=�3? �S�?9- p (?�3�D (=

1, 2, . . . ,
p − 1

2

(4�%? *� ��� 

(p − u1) . . . (p − us)v1 . . . vt ≡ (
p − 1

2
)! (mod p)

T�
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����

(−1)su1u2 . . . usv1v2 . . . vt ≡ (
p − 1

2
)! (mod p) .

(B 9�? ��� �$�� ,�g : 

u1u2 . . . usv1v2 . . . vt ≡ a · 2a · . . . · p − 1

2
a (mod p)

≡ a
p−1
2 (

p − 1

2
)! (mod p) .

9�* � cD

(−1)sa
p−1
2 (

p − 1

2
)! ≡ (

p − 1

2
)! (mod p)

cD �p � (p−1
2

)! (B �� ���!= �� 

(−1)sa
p−1
2 ≡ 1 (mod p) .

���<�� H��M ����? \ �P T�
 (�@b (= (P�1 �= E�M

�

�!-��� .�S?  * x �G�GM �!" ���� ǱOP [x] ��: (�@b *�

#�$?/ �p � a (B !<�= 5��� �!" a 8 !<�= ��� E8 �!" V� p 9��B W�� ���� �'�"

(
a

p
) = (−1)k

T
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./ *� (B

k =

(p−1)
2∑

j=1

[
ja

p
]

�o�3F

(
2

p
) = (−1)

p2−1
8 .

� !" H�!01 : !�= 9��B W�� �p � a 8 !<�= ]8: �� ��� a 9��B W��  !%= ������

a, 2a, . . . ,
p − 1

2
a

5��= �P p (?�3�D (=

u1, u2, . . . , us, v1, v2, . . . , vt

(B 9�!�� H0b (�@b f�0d *� �!�<�=�� p
2

: �%S�= �- ui 8 �%3B �- vi ./ *� (B !?�< H��M

("�34�

p − u1, . . . , p − us, v1, . . . , vt

("�34� �=

1, 2, . . . ,
p − 1

2

TT
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�9�* � cD ��� �= �=

p−1
2∑

j=1

j =
s∑

j=1

(p − uj) +
t∑

j=1

vj = sp −
s∑

j=1

uj +
t∑

j=1

vj

p �=  �?/ tb 8 *� 9��B�� H�!01 p (?�3�D (=  * ja �%b8 �1 ≤ j ≤ p−1
2

9��B W�� �$�� ,�g : 

#!?�3�b�= ��� [ ja
p
] .�3- (B !�/�� ��!= �3Kb ]*�' V� H3" +� �d �= 8 9��B�� 9�KG1

9�* � cD ��� �- vi �� �- ui : �;� 9- 9�KG1 +� 

p−1
2∑

j=1

ja =

p−1
2∑

j=1

p[
ja

p
] +

s∑
j=1

uj +
t∑

j=1

vj

�< � 9�- �' (�= * 8� +���g .��B 9B �=

(a − 1)

p−1
2∑

j=1

j = p(

p−1
2∑

j=1

[
ja

p
] − s) + 2

s∑
j=1

uj .

9�- �' 2 (?�3�D (= H�!01 8 i�� (�= * *� * !G� +� .� � * �b �= �∑
p−1
2

j=1 j = p2−1
8

(B 9�? ���

�< �

(a − 1)
p2 − 1

8
≡

p−1
2∑

j=1

[
ja

p
] − s (mod 2)

cD �!< !- �' ]8: i�� (�= * pa �3� #�$?/ !<�= ��� a �6 E�M

s ≡
p−1
2∑

j=1

[
ja

p
] (mod 2)

T�
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#�$?/ a = 2 �6 ���<�� H��M m�
 : 9;M 8

∀ 1 ≤ j ≤ p − 1

2
: [

ja

p
] = 0

(4�%? *� 8

s ≡ p2 − 1

8
(mod 2)

���<�� H��M m�
 : 9;M 9- :�= 8

�

(?�3�D (= [8� (P*� #!?�� V� 2 #�$?/ �!<�= ��� E8 �!" V� p 9��B W�� ��%��& ���"

�6 ���1 8 �6 �� p

p ≡ ±1 (mod 8) .

�9��*�� [8� (P*� H=�G1 (�@b �HJ� +� (�@b +��%3�� (= E�M

#�$?/ �!�<�= O��3%� ��� E8 �!" 8� q 8 p 9��B W�� ��=92 �H2 I4,�
���� ���"

(
p

q
)(

q

p
) = (−1)

(p−1)
2

× (q−1)
2

T�
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1 ≤ x ≤ p−1
2

(B !<�= (x, y) !�?�� ���� 5��P8: [�31 ("�34� S !��B W�� ������

(B �� ���!= �1 ≤ y ≤ q−1
2

8

|S| =
p − 1

2
× q − 1

2

9��B�� : �� ��: H;< (= S2 8 S1 ("�34� ��: 8� (=  * S ("�34�

S1 = {(x, y) : qx > py}

S2 = {(x, y) : qx < py}

9�* � E�M ��* !? .�;� qx = py 58�K1 (B !��B (P�1

S1 = {(x, y) : 1 ≤ x ≤ p − 1

2
, 1 ≤ y < qx/p}

S2 = {(x, y) : 1 ≤ y ≤ q − 1

2
, 1 ≤ x < py/q}

9�* � cD

|S1| =

p−1
2∑

x=1

[
qx

p
] , |S2| =

q−1
2∑

y=1

[
py

q
]

Tm



#�� $%&� ���	
 ' ��

9�* � cD

(
p

q
) = (−1)|S2| , (

q

q
) = (−1)|S1| .

9���6�� (4�%? cD

(
p

q
) = (−1)|S2|(−1)|S1|

= (−1)|S1|+|S2|

= (−1)|S|

= (−1)
p−1
2

× q−1
2 .

�

�l
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��&�� ����	�$

#�$?/ (a, m) = 1 �6 (B 9�!�� [�� HJ� *�

aϕ(m) ≡ 1 (mod m)

("�34� +� �=��=

{x ∈ Z+ : ax ≡ 1 (mod m)}

��� ��1�?

��3? � = 8 9��� ?�� m (?�3�D (= a (01��  * C�= ("�34� �@" +��%;a�B ����	
 ��#

�ordm(a) ≤ ϕ(m) (B �� ���!= �9�-��� .�S? ordm(a)

�	



$�(�� ���$��& ) ��

8 (a, m) = 1 #� 6� - 9 � �� ?� � m ( ?� 3 � D ( = ( � �8 ( S �* V �  * a �� �� 	 
 ��#

�ordm(a) = ϕ(m)

(S�* V� (B !-��� {�ZS1 �%M �= �-��%� #8 �6 [��`� �= ��</ #!�? �' �����
 ��#

m (?�3�D (= (��8 (S�* V� cD ��K�? Z∗
m #8 �6 5 �= !��� V� OP 5O�a m (?�3�D (= (��8 

�!<�= 5*8� Z∗
m #8 �6 �6 ���1 8 �6 �* � ��P8

��P�� (��8 (S�* �- m [ !B 5 :�= 9��B +��� (B �� ./ HJ� +� ,!- �����
 !�#

��� 

#�$?/ �ax ≡ 1 (mod m) 8 (a, m) = 1 9��B W�� ����� "�#

ordm(a) | x .

(B !?* � ��P8 r 8 q 9�KG1 (�@b h0g �n = ordm(a) 9��B W�� ������

x = nq + r

��



$�(�� ���$��& ) ��

9�* � �r �= 0 9��B W�� ���<�� H��M 9;M r = 0 �6 �0 ≤ r < n 8

ar = ar · 1

≡ ar · (an)q (mod m)

≡ ax (mod m)

≡ 1 (mod m)

��� eb��%� 	�T ����1 *� n .��= +��%;a�B �= +� 

�

#�$?/ (a, m) = 1 �6 ��%��& #�#

ordm(a) | ϕ(m) .

���B �K��?:�= 9- ��: H;< (=  * 
�T #* O6 . �1��

9�* � �(a, m) = 1 9��B W�� ����� ��#

ax ≡ ay (mod m)

�_



$�(�� ���$��& ) ��

�n = ordm(a)./ *� (B x ≡ y (mod n) �6 ���1 8 �6 

("�34� #�$?/ �!<�= m (?�3�D (= (��8 (S�* V� a 9��B W�� ��%��& ��#

1, a, a2, . . . , aϕ(m)−1

��� m (?�3�D (= (%��� H���1 H��B ("�34� V�

(= 8� � !" +� 9�-��� .�S? �!��8 m (= �0K? i�� � !" [�31 (B �� ���!= ������

��T h0g ax ≡ ay (mod m) 8 0 ≤ x, y ≤ ϕ(m) − 1 9��B W�� �!?O��3%� m (?�3�D (= 8�

�< � 9�- �'

x ≡ y (mod n)

�x = y (B 9���6�� (4�%? 0 ≤ x, y ≤ n − 1 .�a E�M �n = ordm(a) = ϕ(m) ./ *� (B

�

#�$?/ �ordm(a) = n 9��B W�� ����� $�#

ordm(ax) =
n

(n, x)
.

��



$�(�� ���$��& ) ��

9�* � �d = (n, x) 9��B W�� ������

(ax)n/d = (an)x/d

≡ 1 (mod m)

9�* � 
�T h=��� cD �>(01�� ����1 h0g an ≡ 1 (mod m) .�aA

ordm(ax) | n

d
.

�$�� 5�� : 

(ax)ordm(ax) ≡ 1 (mod m)

⇒ ax · ord(ax) ≡ 1 (mod m)

⇒ n | x · ord(ax)

⇒ n

d
| x · ord(ax)

���<�� H��M 9;M 8

�

�




$�(�� ���$��& ) ��

�ordm(ax) = n #�$?/ �ordm(a) = n 8 (n, x) = 1 9��B W�� ��%��& �'�#

V� 9- ax #�$?/ (ϕ(m), x) = 1 8 !<�= m (?�3�D (= (��8 (S�* V� a �6 ��%��& ���#

�!<�=�� ��*� 9- +� c;" ��� m (?�3�D (= (��8 (S�*

9�* � ������

ordm(ax) =
ordm(a)

(ordm(a), x)

=
ϕ(m)

(ϕ(m), x)

= ϕ(m)

���<�� (4�%? 9;M 8

�

��* � (��8 (S�* ϕ(ϕ(m)) �G�b� #�$?/ !<�= (%< � (��8 (S�* m �6 ��%��& ���#

�T



$�(�� ���$��& ) ��

�� P� � ( � �8 ( S �* � - m [ ! B 5 :� = 9 � � B { Z S � ( ; � � 5 � = ��� � � 
 ���#

�9�* � :��? E8 � !" (?�3�D (= 5 (I3P!�a fC���� 5��= �P �= v�01* *� #��� #* O6 !�a (= �� 

x0 ���� �!" �!<�= ���� � �F �= 5 (I3P!�a V� f(x) 9��B W�� ����	
 �!�#

�f(x0) ≡ 0 (mod m) #�6�- 9���?�� m (?�3�D (= f(x) (S�* V�  *

9��B W�� ��J&���K����� �"�#

f(x) = anxn + an−1x
n−1 + · · ·+ a1x + a0

f(x) #�$?/ �p � an 9��B W�� �!<�= E8 �!" V� p 8 ���� � �F �= 5 (I3P!�a V�

��* � p (?�3�D (= �S�?9- ��k 8� (= 8� (S�* n �^B !M

� % S � ?9 - ( ��� � � ( = #� $ ?/ n = 1 � 6 �9 � � B� � #�� ` % � n 58 * Ǳ � G % � : ��� � ��

\ �P V� RG� (����� +� cD p � a1 .�a 8 9��*�� a1x ≡ −a0 (mod p)

x ≡ ap−2
1 (−a0) (mod p)

��



$�(�� ���$��& ) ��

���� � !" �� !<�= ��*� n − 1 5 �= 9;M 9��B W�� ��* �

c0, c1, . . . , cn

8 !? �S�?9- ��k p (?�3�D (= 8� (= 8� (B !�<�= ��P��

∀i : f(ci) ≡ 0 (mod p)

�9�* �

f(x) − f(c0) = an(xn − cn
0 ) + an−1(x

n−1 − cn−1
0 ) + . . . + a1(x − c0)

= an(x − c0)(x
n−1 + xn−2c0 + . . . + cn−1

0 )

+an−1(x − c0)(x
n−2 + xn−3c0 + . . . + cn−2

0 )

+ . . . + a1(x − c0)

= (x − c0)g(x)

./ *� (B

g(x) = anxn−1 + . . . + (ancn−1
0 + . . . + a1)

��



$�(�� ���$��& ) ��

p (?�3�D (= �S�?9-��k 8� (= 8� \ �P n − 1 �^B !M g(x) Ǳ �G%� W�� h0g cD p � an .�a

9�* � 1 ≤ i ≤ n �- 5 :�= �� ��* �

g(ci)(ci − c0) = f(ci) − f(c0)

≡ 0 (mod p)

��* !? .�;� +� 8 �� 

�

xd − 1 5 (I3P!�a #�$?/ �d | p − 1 8 !<�= E8 �!" V� p 9��B W�� ��%��& �#�#

��* � p (?�3�D (= �S�?9-��k 8� (= 8� \ �P d �G�b�

9�* � cD �p − 1 = dq 9��B W�� ������

xp−1 − 1 = (xd − 1)(xd(q−1) + . . . + xd + 1)

= (xd − 1)f(x)

�m
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(����� ���� Va�B (�@b h0g

xp−1 ≡ 1 (mod p)

�S�?9-��k 8� (= 8� 5��= �P � !�1 ���g : ��* � �S�?9-��k 8� (= 8� \ �P p − 1�G�b�

9�* � �� ��� d(q − 1) �^B !M f(x) ≡ 0 (mod p)

d(q − 1) = dq − d

= p − 1 − d

Hb !M i�� (����� \ �P p − 1 : cD

d = p − 1 − (p − 1 − d)

�^B !M ��' (����� 	
�T h=��� 9- :�= �� ��* � hI�1 xd − 1 ≡ 0 (mod p) (����� (= \ �P

�!<�=�� d �G�b� ./ 5��= �P � !�1 cD ��* � p (?�3�D (= �S�?9-��k 8� (= 8� \ �P d

�

9��B W�� �d | p − 1 8 !<�= E8 �!" V� p 9��B W�� ����� ���#

Ad = {a : 1 ≤ a ≤ p, ordp(a) = d}
�l



$�(�� ���$��& ) ��

�|Ad| ≤ ϕ(d) #�$?/

ordp(a) = d .�a �a ∈ Ad 9��B W�� cD ��� ���!= 9;M #�$?/ |Ad| = φ �6 ������

� !" cD

1, a, a2, . . . , ad−1

\ � P � ! " + � : [ ! B � - � $ �� ,� g : �! ? � S � ?9 -� � k p ( ?� 3 � D ( = 8� ( = 8�

�S�?9-��k \ �P d �G�b� p (?�3�D (= xd − 1 5 (I3P!�a .�a �!�<�=�� xd ≡ 1 (mod p)

�G�b� \ �P d +� cD �* �

1, a, a2, . . . , ad−1

9�? ��� E�M �!�<�=��

ordp(a
t) = d ⇔ (t, d) = 1

��� ��P�� �67�8 +� �= �@" ϕ(d) �G�b� #�$?/ !<�= ��P�� d (01�� �= �@" V� �6 cD

�IB ���M *� cD

|Ad| ≤ ϕ(d)

�

�	
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�! " ϕ(d) � G � b� #� $ ?/ �d | p − 1 8 ! <� = E8 �! " V � p 9 � � B W� � �� ��  ���#

(B �* � ��P8 1 ≤ a ≤ p − 1

ordp(a) = d .

9 �* � 1 ≤ a ≤ p − 1 � - 5 :� = .� a ��� < � �� � 1 	��T H ^ � Ad 9 � � B W� � ��� � ��

9�* � cD ordp(a) | p − 1

p − 1 =
∑

d|p−1

|Ad| .

(B 9�? ��� �$�� 5�� : 

p − 1 =
∑

d|p−1

ϕ(d)

���<�� H��M 9;M i�� (�= * 8� (= (P�1 �= 8 |Ad| ≤ ϕ(d) 58�K��? (= (P�1 �= E�M

�

��* � ��P8 p (?�3�D (= (��8 (S�* V� #�$?/ !<�= E8 �!" V� p �6 ��%��& �$�#

9�* � 	��T h0g E�M �ϕ(p) = p − 1 (B 9�? ��� ������

|Ap−1| = ϕ(p − 1) ≥ 1

��� ��P�� p − 1 (01�� �= �@" V� Hb C cD

�

��
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����1 !�<�=�� (��8 (S�* 5 * � (B  * ���- m [�31 �f�0d (Q * .8!= �HJ� +� .���D *�

�9��B��

m (?�3�D (= (��8 (S�* V� (;?/ 5 �= ���B 8 [:C v�< �1 < m 9��B W�� ���� �'�#

���B .��= ��: E�;< : �;� (=  * m . �%= (B �� ./ !<�= ��P��

m = 2, 4, pt, 2pt

�1 ≤ t 8 �� ��� E8 �!" V� p ./ *� (B

�_




 ���

'�!� ��� ���
!()*

��* � ��3- |*O= *��K= E8 5�-�!" +%< � *��%' *� �� !" (��n? 5�-��=*�B : 5*��K= *�

 !�D E�G�� .��: *�  * |*O= *��K= E8 �!" V� . �1�� (?�$a (B 9�-��� .�S? HJ� +� *�

���B

x 58�K� �� �%3B E8 � !" � !�1 �!<�= �0^� �G�GM �!" V� x !��B W�� ����	
 ���

R��1  !%= *� �� ,8 ��� E8 � !" (�@b [��= (B ��: (�@b �9�-��� .�S? π(x) ��3? �=  *

: #��`%� �= .�� �D 8 *�� ��- ��S�0a R��1 ./ f�0d ��� #!< #�: )!M *!? 7� 8 )8�6

8 |�0I� R��1 H;S� E�M +�" *� 8 �1��!G� f�0d V� �� #!< H�3;1 .�3�* 5�1: t=�1

��



*�!� ��� ����!+,- . ��

�9��B�� .��=  * E8 � !" (�@b f*�� RG� �4�� *� ��� #!< (Q * Y��* 

9�* � �+9� 2�)<� ��� ���

limx→∞(
x/ lnx

π(x)
) = 1 .

��G1 x
lnx

(I���=  * π(x) |*O= 5�- x 5 �= . �1�� E8 � !" (�@b h0g �����
 ���

��:

E�3%M �9��B \�Z%? ,��J1 (=  * �3b* �K�= �!" V� 9�- �Z= !��B W�� �����
 !��

(B �� ���!= �9�: ��D�� E�3%M +� (0���� (= ��: *� }�� *!Ga 5�!" +��a .��= E8 

�= �� �= �= �3b*U20 � !" HB � !�1

N = 1021 − 1020 = 1020 × 9

�= �� �= �= O�? �3b*U�l E8 � !" �0��G1 � !�1 E8 � !" (�@b h0g

P =
1021

ln 1021
− 1020

ln 1020

�




*�!� ��� ����!+,- . ��

� 1020(
10

21 × 2.302
− 1

20 × 2.302
)

� 1020(
10

48.342
− 1

46.040
)

� 1020 × (
412

2208
)

�= �� �= �= #!< \�Z%? �!" .��= E8 E�3%M cD

A � P

N
� 1020 × 412

2208

1020 × 9

=
412

19872
� 1

48

(;�� (= (P�1 �= ���= !- �' E8 �;� R��%� *��= #!< \�Z%? �3b*U20 �!" 48 �- : ����

�9��B ��* �=  * #!?�3�b�= �*�� 24 .��= E8 �� ���B �� ]8: � !" +� : �*�� 24 �0��G1

.��= 5��<8 * : �;� 8 �1��~��B : #��`%� �= �3b*U20 �!" V� .��= E8 ��* �= (B !��B �b�

��* � :��? 9B *��K= .��: (= HJ� +� *� #!<

�!? #!�/ ��P�= ���� Va�B (�@b c;" )�� �= ��?��:/ +� �^B 

!��B W�� �!<�= �0^� ���� �!" V� m !��B W�� ��(,8�� C�.@L���� "��

(B !<�= ��P�� x ���� �!"

�T



*�!� ��� ����!+,- . ��

�xm−1 ≡ 1 (mod m) >�� 

#�$?/ q | m − 1 8 !<�= E8 q �6 >\

x
m−1

q �≡ 1 (mod m) .

��� E8 m #�$?/

( B 9 � � B� � � "� �ordm(x) | m − 1 c D xm−1 ≡ 1 (mod m) .� a ��� � ��

�ordm(x) = m − 1

#�$?/ !<�0? +��a �6 

∃ a > 1 : m − 1 = a · ordm(x) .

9�* � ��� O�? m − 1 : ��8 H��" q E�M +�" *� cD �!<�= a E8 H��" V� q 9��B W��

x
m−1

q = x
a·ordm(x)

q

= (xordm(x))
a
q

≡ 1 (mod m) .

��
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(B 9�? ��� �$�� ,�g : �ordm(x) = m − 1 9�* � cD ��� eb��%� >\A W�� �= +� �� 

cD �ordm(x) ≤ ϕ(m)

m − 1 ≤ ϕ(m)

��� E8 m ���� �ϕ(m) = m − 1 (B !-��� .�S? +� 

�

+� ��� m− 1 E8 5��I��" +%K? � [OI%K� i�� .��:/ : #��`%� �H3" *� �����
 #��

. �1�� (B 5�* �� : �;� �!�B�� H;S� &�' fC�M *� �$�  * i�� .��:/ .��=*�;= (��K�

��� E8 �!" V� p 8 m = pn + 1 ./ *� (B �� �%��M ��= *�;=  * )�B�� .��:/

���� �!" V� m !��B W�� ��Pocklington C�
 M3�� :,N C�.@L���� ���

(;�*��= !<�= �0^�

m − 1 = ab

8 xm−1 ≡ 1 (mod m) (B ��< ���� .��a x ���� �!" !��B W�� �a > b 8 (a, b) = 1 8

9�<�= (%< � q | a E8 H��" �- 5 :�=

(x
m−1

q − 1, m) = 1 .

��
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��� E8 m #�$?/

.�a �!<�= m E8 H��" V� p !��B W�� ������

xm−1 ≡ 1 (mod m)

9�* � cD

xm−1 ≡ 1 (mod p) .

cD �ordp(x) | m − 1 +� �=��=

∃ t : m − 1 = t · ordp(x)

#�$?/ q | t �6 .�a �q � t 9��B�� �"� �!<�= a E8 H��" V� q 9��B W�� E�M

x
m−1

q = x(t·ordp(x))/q

≡ 1 (mod p) .

�q � t cD ��� eb��1 *� W�� �= (4�%? +� �p | m 8 p | x
m−1

q − 1 (B !�B�� \�4� +� 

: �� �a | ordp(x) 9�<�= (%< � !��= �$�� f*�0�= �!�B ��"  * ordp(x) !��= a E8 H��" �- ����

�m
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a > b 8 m− 1 = ab .�a E�M �a < p &�JZ= 8 a | p − 1 cD �ordp(x) | p − 1 �$�� 5��

9�* � cD

m − 1 < a2 < p2

�!<�=�� E8 m ���� +� ��� √m < p : �%6*O= m E8 H��" �- cD �√m < p ���� +� 

�

!<� = �0^� ���� �!" V� m !��B W�� ��Proth � O��N C�.@L���� ���

(;�*��=

m = 2k · a + 1

(B ��< ���� .��a x �6 ��� ��� a < 2k ./ *� 8

x
m−1

2 ≡ −1 (mod m)

��� E8 m #�$?/

j�D .��:/ f�F8 �`� [�31 !�!P b 8 a +� �= �b = a 8 a = 2k 9�-� * �b �� ���B ������

���<�� (4�%? .��:/ .�3- : 9;M 8 !?* �b�= .�1 ����

�

ml
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HJ� +� (� � *� �� �!�%K- Ǳ �P H=�b ���' � !" #*�=*� i�� 5��?��:/ �����
 $��

(4�%? ���= *�;= �0^� ���� �!" �- #*�=*�  �?/ . �1�� (B 9��B�� (Q * ����J1 .��:/ V�

9�? �1�� +�G� (= ��b *��= (B �� 9B 5*!G= ./ *� ��' .�;� �� �K�? ���b .��:/ +� 

��� E8 �n? �*�� �!" 9���$=

!��B W�� ����	
 �'��

m − 1 = 2k · a

[�;M : �;� !��B W�� �!<�= ���� �!" V� x !��B W�� ��� ��� a 8 0 ≤ k ./ *� (B

�!<�= ��*� ��:

�� A xa ≡ 1 (mod m) .
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