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Preface

The term “harmonic analysis” is a flexible one that has been used to
denote a lot of different things. In this book I take it to mean those
parts of analysis in which the action of a locally compact group plays
an essential role: more specifically, the theory of unitary representations
of locally compact groups, and the analysis of functions on such groups
and their homogeneous spaces.

The purpose of this book is to give an exposition of the fundamental
ideas and theorems of that portion of harmonic analysis that can be
developed with minimal assumptions on the nature of the group with
which one is working. This theory was mostly developed in the period
from 1927 (the date of the Peter-Weyl theorem) through the 1960’s.
Since that time, research in harmonic analysis has proceeded in other
directions, mostly on a more concrete level, so one may ask what is the
excuse for a new book on the abstract theory at this time.

Well, in the first place, I submit that the material presented here
is beautiful. I fell in love with it as a student, and this book is the
fulfillment of a long-held promise to myself to return to it. In the second
place, the abstract theory is still an indispensable foundation for the
study of concrete cases; it shows what the general picture should look
like and provides a number of results that are useful again and again.
Moreover, the intervening years have produced few if any books with
the scope of the present one. One can find expositions of various bits
and pieces of this subject in a lot of places, and there are a few lengthy
treatises in which one can perhaps learn more about certain aspects
‘of it than one wants to know. But I have taken to heart the dictum
propounded by R. F. Streater and A. S. Wightman in the preface of
their book PCT, Spin, Statistics, and All That, that a book containing
only Memorable Results is a Good Thing. The result, I hope, is a
book that presents a rather large amount of important and interesting
material in a concise and readable form.

The prerequisites for this book consist mostly of a familiarity with
real analysis and elementary functional analysis. I use Folland [39] and
Rudin [108] as standard references for this material; definitions and the-
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oremsy. jn these books are used freely here, often without any specific
referemce. Rudin [108] also contains most of the material in Chapter 1,
but the latter is included here because some of the concepts in it —
especially projection-valued measures and the Gelfand transform — are
an essential part of the fabric of ideas in later sections, and because I
wished to include certain aspects of the spectral theorem that Rudin
omits.

Chapters 2-6 are the core of the book. Chapter 2 develops the basic
tools for doing analysis on groups and homogeneous spaces: invariant
~ measures and the convolution product. Chapter 3 presents the rudi-
ments of unitary representation theory, up through the Gelfand-Raikov
existence theorem for irreducible unitary representations. In particular,
it ,imtroduces the connection between representations and functions of
positive type (or positive definite functions, as they are often called),
an amazingly fruitful idea which also plays an important role in later
chapters. Chapters 4 and 5 are devoted to analysis on Abelian and
compact groups. Here the Fourier transform takes center stage, first
as a straightforward generalization of the classical Fourier transform to
locally compact Abelian groups, and then in the more representation-
theoretic form that is appropriate to the non-Abelian case. Chapter 6
presents the theory of induced representations, including a complete
proof of the Mackey imprimitivity theorem (something which is remark-
ably scarce in the expository litefature) following the ideas of Blattner.
In all these chapters, a number of specific examples are included to il-
lustrate the general theory; they are interwoven with the rest of the text
in Chapters 2-4 but are mostly collected in separate sections at the end
in Chapters 5 and 6.

Chapter 7, on the theory of noncompact, non-Abelian groups, is of a
somewhat different nature than the earlier chapters. To a considerable
extent it is more like a survey article than a portion of a book, for many
of the main results are stated without proof (but with references). To
have given a complete treatment of the material in this chapter would
have required the enlargement the book to an unwieldy size, involv-
ing a lengthy digression into the theory of von Neumann algebras and
representations of C* algebras. (Indeed, many of the results are most
naturally stated in this context, their application to groups coming via
the group C* algebra.) The books of Dixmier [28], [29] already provide
an excellent exposition of this theory, which I saw no reason to duplicate.
Rather, I thought that many readers would appreciate a fairly detailed
sketch of the Big Picture for noncompact, non-Abelian groups with the
technical arguments omitted, especially since most of these results pro-
vide a background for the study of concrete cases rather than a set of
working tools.

The bibliography contains three kinds of items: original sources for
the major results in the book, references for results stated without proof,
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and expository works to which readers can refer for more information
on various topics. It makes no pretense of completeness. More extensive
bibliographies can be found in Dixmier [29], Fell and Doran [37], [38],
and Mackey [84], [86].

Chapters 2-5 are the embodiment of a course I gave at the University
of Washington in the spring quarter of 1993. (The material of Chapter 1
was covered in a preceding course.) I wrote Chapters 6 and 7 while
visiting the University of Colorado at Boulder for the fall semester of
1993, where I had the inestimable benefit of conversations with Arlan
Ramsay and Larry Baggett. In addition, Baggett let me borrow some
old handwritten notes by J. M. G, Fell, which were just what I needed
to sort out many of the ideas in Chapter 6.

Many of the ideas in this book are an outgrowth of the study of the
classical Fourier transform on the real line,

o0
FHQ) = [ emtsa) da.
—oQ

Indeed, R is a locally compact group; the functions e2"**¢ out of which F
is fashioned are its irreducible representations; and F gives the Gelfand
transform on L' (R), the spectral resolution of the algebra of translation-
invariant operators on L?(R), and the decomposition of the regular rep-
resentation of R into its irreducible components. When I first thought of
writing a book like this, I envisaged it as an essay on the group-theoretic
aspects of the Fourier transform. The scope of book as it finally turned
out is a bit different, but the spirit of Fourier is still all-pervasive.

Some Matters of Notation and Terminology

The notation and terminology in this book agrees, for the most part,
with that in Folland [39]. Here are a few specific items that are worthy
of attention.

T denotes the multiplicative group of complex numbers of modulus
one. !

x g denotes the characteristic function or indicator function of the set
E. If « is a finite-dimensional unitary representation, x, denotes its
character. These two uses of the letter x will cause no confusion.

In a topological space, a neighborhood of a point z or a set E is a set
whose interior contains x or E. Thus, neighborhoods need not be open
sets.

If X is a locally compact Hausdorff space, C(X), Co(X), and Cc(X)
denote the spaces of continuous (complex-valued) functions on X, con-
tinuous functions vanishing at infinity, and continuous functions of com-
pact support, respectively. (Of course, these spaces coincide when X
is compact.) A Radon measure on X is a Borel measure that is finite
on compact sets, outer regular on all Borel sets, and inner regular on
open sets. (Outer and inner regularity on a set mean that the set can be
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approximated in measure from the outside or inside by open or compact
sets, respectively. o-finite Radon measures are regular, that is, both
outer and inner regular on all Borel sets.)

The uniform norm is denoted by || ||syp. (In [39] it is denoted by || ||,
. but I found that this led to an unsightly overuse of the letter u in some
situations.)

If X and Y are Banach spaces, the space of all bounded linear map-
pings from X to ) is denoted by £(X,Y), and the space of all bounded
linear mappings from & to itself is denoted by £(X).

In §§2.2-2.4, left and right Haar measures on a locally compact group
G are denoted by A and p. However, in §2.5 and for the remainder of
the book, G is assumed to be equipped with a fixed left Haar measure,
which is never given a name, and the symbols A and p are freed for other
purposes. The Haar measure of E C G is denoted by |E|, the Lebesgue
spaces of the Haar measure are denoted by LP(G) or simply L?, and the
Haar integral of f € L'(G) is denoted by [ f or [ f(z) dz.
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1

Banach Algebras and Spectral Theory

This chapter contains a brief exposition of that part of Banach algebra
theory that will be needed in the rest of this book, including the spectral
theorem for commutative C* algebras. Although these topics are not
part of harmonic analysis as such, the Gelfand transform and the spectral
theorem are embodiments of ideas that are also central to harmonic
analysis: the conversion of operators into more transparent forms and
the decomposition of operators into simpler pieces.

1.1 Banach Algebras: Basic Concepts

A Banach algebra is an algebra A over the field of complex numbers
equipped with a norm with respect to which it is a Banach space and
which satisfies ||zy|| < ||z|| ||y|| for all z,y in A. A is called unital if it
possesses a unit element or multiplicative identity, which we denote by
e.

An involution on an algebra A is an anti-automorphism of A of order
2, that is, a map £ — z* from A to A that satisfies

(L) (@+y) =2 +v", () =%, (@) =y¢'z", a™ =2

for all z,y € A and A € C. An algebra equipped with an involution is
called a x-algebra. A Banach *-algebra that satisfies

(1.2) lz*z|| = ||z||? for all

is called a C* algebra.

We do not require an involution to satisfy ||z*| = ||z||, although this
holds for most of the examples we shall meet here. In particular it is
true for C* algebras: the estimate ||z||2 = ||z*z| < ||z*||||z|| implies that
<]l < |lz*||, and then [|z*[| < [lz**|| = ||=|.
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If A and B are Banach algebras, a (Banach algebra) homomor-
phism from A to B is a bounded linear map ¢ : A — B such that
d(zy) = ¢(z)gp(y) for all z,y € A If A and B are *-algebras, a *-
homomorphism from A to B is a homomorphism ¢ such that ¢(z*) =
o(z)* for all z € A.

If S is a subset of the Banach algebra A, we say that A is generated
by S if the linear combinations of products of elements of S are dense
in A.

We now describe four examples of Banach algebras. These examples
barely begin to indicate how many different sorts of interesting Banach
algebras there are, but they and their generalizations are the ones that
will be important for us later.

Example 1. Let X be a compact Hausdorff space. The space C(X)
of continuous complex-valued functions on X is a unital Banach algebra
with the usual pointwise algebra operations and the uniform norm. The
map f — f is an involution that makes C(X) into a C* algebra. Simi-
larly, if X is a noncompact, locally compact Hausdorff space, Cp(X) is
a nonunital C* algebra.

If S is a set of functions in C(X) (or Cp(X)) that separate points and
have no common zeros, the Stone-Weierstrass theorem says that C(X)
(or Cp(X)) is generated by SU{f: f € S}.

Example 2. Let H be a Hilbert space. The set £L(H) of all bounded
linear operators on H is a unital Banach algebra, with the operator
norm, and the map T'— T™* (T being the adjoint of T') is an involution
that makes £() into a C* algebra. Here is the verification of (1.2): On
the one hand, we have |T*T|| < ||T*|| IT|| = |T||>. On the other, for
any unit vector u € H, || T*T|| > (T*Tu,u) = (T, Tu) = ||Tu||?; taking
the supremum over all such u we get | T*T| > ||T||2. Any subalgebra
of L(H) that is closed in the operator norm and closed under taking
adjoints is also a C* algebra.

Example 3. Let I' = [1(Z) be the space of all sequences a = (an)>,
such that |la|| = 3% |an| < co. ! is a unital Banach algebra if we define

multiplication to be convolution:

o
a*b=c, where ¢, = Zakbn_k.

-0

The unit element is 8, defined by 8 = 1 and 6,, = 0 for n # 0. The
standard involution on {! is defined by '

{! is not a C* algebra with this involution; we leave it as an exercise for
the reader to find a counterexample to (1.2).
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For k € Z, let 6* € ! be defined by (6¥), = 1if n = k, (§¥), =0
otherwise. (In particular, §° = §.) It is easily verified that & * 6% =
67tk Hence 6! is the convolution inverse of §!, and (by induction)
6F = 1% ---x 6 and 6% = 671 x ... x 61 (k factors) for k > 1.
Moreover, for any a = (a,) € {! we clearly have a = 3> axé®. Thus
1! is generated by 6! and its inverse §~1.

Example 4. The space L!(R) is a Banach algebra when multiplication
is defined to be convolution,

(F+9)@) = [ 1wtz - v)dy,

and as in Example 3 we can define an involution on it by f*(z) = f(-z).
L!'(R) is not unital, nor is it a C* algebra.

For the remainder of this section we assume that A is a unital Banach
algebra. In this case we can consider the elements of A possessing two-
sided inverses, which we call invertible elements.

(1.3) Lemma. If||z|| <1 then e — z is invertible, and

e—x E z"

Proof: The usual proof that the geometric series > o° t" converges to
1/(1 — ¢t) for |t|] < 1 works equally well in any unital Banach
algebra. 1

(1.4) Theorem. Let A be a unital Banach algebra. (a) If |A| > ||z||
then Ae — « is invertible, and its inverse is 3 o° A"""1z™. (b) If z is
invertible and ||y|| < ||z~!||~! then z — y is invertible, and its inverse
is z7 'Y (yz™)™. (c) If z is invertible and |ly|| < 3|lz7!(|"" then
l(z—y)~' =z < 2)|z7Y)?||yll- (d) The set of invertible elements of
A is open, and the map x — z~! is continuous on it.

Proof: Since de —z = Ae — A™!'z), (a) follows immediately from
Lemma (1.3). So does (b), in view of the facts that x —y = (e —yz ™)z
and [lyz7} < |lyll llz~2|| < 1. (c) follows from (b), since

o0 o0
Iz -9 =27 = 27 S| < e 1wl e~ )
1 . 1
< lle= 2yl 3527 = 2l Pyl
0

Finally, (d) is a direct consequence of (b) and (c). 1
If z € A, the spectrum of z is

o(z) = {A € C: Ae — z is not invertible}.
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o(z) is a closed subset of the disc {A: |A| < ||z||} by Theorem (1.4a,d).
For A ¢ o(z), the resolvent of z is the operator

R(A) =R,(\) = (de—x)" L

(We generally omit the subscript  when no confusion will arise.) R(A)
is continuous in A by Theorem (1.4d). We shall now show that R(}) is
an analytic A-valued function on the open set C\o(z). By this we mean
that the complex derivative R'()) exists (and is continuous); this implies
in particular that ¢ o R(A) is an ordinary C-valued analytic function of
A for any bounded linear functional ¢ € A*.

(1.5) Lemma. R(J) is an analytic function of A € C\o(z).
Proof: If A\, ¢ o(z), we have
(b —Ne = (ue —z) — (de — 7)

= (e — 2)R(A)(ue — z) — (Ae — 2)R(p)(ue — x)
= (Ae — 2)[R(A) — R(u)](pe — z).

Multiplying both sides on the left by R(A) and on the right by R(u), we
see that

(b = MR R(p) = R(A) — R(n),

and hence
R(p) - R(A) _ _
1= — —ROR()
Letting s — ), we see that R'()) exists and equals —R()\)?. |

(1.6) Proposition. o(z) is nonempty for every = € A.

Proof: If o(z) were empty, R(A\) would be an entire function of A.
As A — oo, |[RN)|| = |A|7Y[(e=A~tz)~Y|| — O since (e~ A~ 'x)"1 —e.
By Liouville’s theorem (applied to ¢ o R(}), for an arbitrary ¢ € A*),
R()) would be identically zero, which is absurd. |

(1.7) The Gelfand-Mazur Theorem. If A is a Banach algebra in
which every nonzero element is invertible, then A = C.

Proof: If z ¢ Ce then Ae —z # 0 for all A € C and hence Ae — z is
invertible for all A € C. But then o(z) = @, which is impossible. Hence
A = Ce. |

If z € A, the spectral radius of z is

p(z) = sup{|A| : A € o(z)}.

We have p(z) < ||z|| by Theorem (1.4a). In fact, we can be more precise.
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(1.8) Theorem. p(z) = lim,_,o ||z™||*/".

Proof: We have A\"e — 2" = (Ae — z) 5 ' Mz"~1-7, from which
it follows that if A"e — z™ is invertible then so is Ae — z. In other
words, if A € o(z) then A" € o(z™), so |A|* < |[z"|. It follows that
p(z) < liminf ||z™||}/",

On the other hand, if ¢ € A*, ¢ o R(A) is analytic for |A| > p(z), and
by Theorem (1.4a) its Laurent series about infinity is Y o° A™""1¢(z™).
By standard complex variable theory, this series converges for |A| > p(z),
so for any such A we have [A™""1¢(z")| < Cy for all n. The uniform
boundedness principle then implies the existence of a C > 0 such that
|A|=™||z™|| < C for all n, and hence ||z7||*/™ < C'/"|)|. Letting n — oo,
we obtain limsup ||z"||'/™ < p(z). |

We conclude with a couple of elementary observations about inverses
and spectra in Banach x-algebras.

(1.9) Proposition. Let A be a unital Banach *-algebra.

a. e=e*.

b. If z is invertible, then so is z*, and (z*)~! = (z7!)*.

c. o(z*) =0(z) for any z € A.

Proof: The relation (zy)* = y*z* shows that e* is another mul-

tiplicative identity and hence that e* = e; it then also shows that
(z*)"! = (z™H*. Ifz € A, (de —z)* = Xe — z* by (a), and so (c)
follows from (b). |

1.2 Gelfand Theory

In this section we study the spectrum (also called the maximal ideal
space or structure space) of a commutative unital Banach algebra, a
powerful tool that was first systematically exploited by Gelfand and his
collaborators.

Let A be a commutative unital Banach algebra. By a multiplicative
functional on A we shall mean a nonzero homomorphism from A to C.
The set of all multiplicative functionals on A is called the spectrum
of A; we denote it by o(A). (The relationship between this “spectrum”
and the spectrum of an element defined in §1.1 will be explained in
Proposition (1.15) below.)

(1.10) Proposition. Suppose h € o(A).

a. h(e)=1.
b. If z is invertible in A then h(z) # 0.
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c. |h(z)| £ ||z|| for all z € A.

Proof: (a): Pick z € A with h(z) # 0; then h(e)h(z) = h(ezx) =
h(z), so h(e) = 1. (b): If z is invertible, h(z"!)h(z) = h(z~'z) =
h(e) = 1. (c): If |A| > ||z|| then Ae — z is invertible by Theorem (1.4a)
so A — h(z) = h(re — z) # 0 by (b).

(c) says that o(A) is a subset of the closed unit ball B of A*. We
make o(.A) into a topological space by imposing its weak* topology as
a subset of A*, that is, the topology of pointwise convergence on A. In
view of (a), for an algebra homomorphism h : A — C the conditions
h # 0 and h(e) = 1 are equivalent, so

o0(A) ={h € B: h(e) =1 and h(zy) = h(z)h(y) for all z,y € A}.

The conditions h(e) = 1 and h(zy) = h(z)h(y) are clearly preserved
under pointwise limits, so o(A) is a closed subset of B in the weak*
topology. By Alaoglu’s theorem, then, o(A) is a compact Hausdorff
space.

Multiplicative functionals are intimately connected with maximal ide-
als. We recall the terminology: if A is any algebra, a left (right) ideal
of A is a subalgebra Z of A such that 2y € Z wheneverz € Aand ye Z
(zx € T and y € A). T is proper if T # A. If A is unital, T is proper
ifand onlyife ¢ Z, for if e € Z then z = ze = ex € T for all z € A.
If A is commutative, we can speak simply of ideals rather than left or
right ideals; in this case, a maximal ideal is a proper ideal that is not
contained in any larger proper ideal.

(1.11) Proposition. Let A be a commutative unital Banach algebra,
and let T C A be a proper ideal.

. T contains no invertible elements.

a
b. T (the closure of T) is a proper ideal.
c. 7T is contained in a maximal ideal.

d

. IfT is maximal then T is closed.

Proof: (a): If z € T is invertible then e = 7'z € Z,s0 Z = A. (b):
If Z is proper, it is contained in the set of noninvertible elements of A,
which is closed by Theorem (1.4d); hence e ¢ Z, and it is easy to check
that Z is an ideal. (c): This is a routine application of Zorn’s lemma;
the union of an increasing family of proper ideals is proper since it does
not contain e. Finally, (d) follows from (b). 1

(1.12) Theorem. Let A be a commutative unital Banach algebra. The
map h — ker(h) is a one-to-one correspondence between o(A) and the
set of maximal ideals in A.

Proof: If h € o(A), ker(h) is an ideal which is proper since h(e) =
1 # 0 and is maximal since it has codimension 1. If ker(g) = ker(h)
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then g = h, for if £ € A we have £ = h(z)e + y where y € ker(h), so
9(z) = h(z)g(e) + g9(y) = h(z). Thus h — ker(h) is an injection from
o(A) to the set of maximal ideals.

On the other hand, suppose M is a maximal ideal, and let 7 : A —
A/M be the quotient mapping. A/M inherits an algebra structure
from A, and it is a Banach space with the quotient norm |z + M| =
inf{l|lz + m|| : m € M}. (Here we need Proposition (1.11d).) It is
an easy exercise to check that A/M is in fact a Banach algebra. It
has no nontrivial ideals, for if Z C A/M is an ideal then n~1(Z) is
an ideal in A such that M C 77 }(Z) C A; hence 77 1(Z) = M or A
and T = {0} or A/M. But then every nonzero element of A/ M is
invertible, for otherwise the ideal it generates would be nontrivial. By
the Gelfand-Mazur theorem, A/ M is isomorphic to C, and if we denote
the isomorphism by ¢ then ¢ o « is a multiplicative functional on A
whose kernel is M. |

If z € A, we define the function Z on o(A) by

T is continuous on o(.A) since the topology on ¢(A) is the topology of
pointwise convergence on A. The map z — T from A to C(o(A)) is
called the Gelfand transform on A. We denote it by I or I' 4 when
necessary for clarity:

Tz=Tpz=1.

(1.13) Theorem. Suppose A is a commutative unital Banach algebra
and z € A.

a. The Gelfand transform is a homomorphism from A to C(o(A)),
and € is the constant function 1.

b. z is invertible if and only if T never vanishes.
c. range(Z) = o(z).
d. ||Z]lsup = p(z) < ||

Proof: (a) is obvious — for example, (zy)(h) = h(zy) = h(z)h(y) =
Z(h)y(h), and € =.1 by Proposition (1.10a). For (b), we observe that
z is not invertible <= the ideal generated by z is proper <=
(by Proposition (1.11c)) z is contained in a maximal ideal <= (by
Theorem (1.12)) h(z) = 0 for some h € o(A) <= T has a zero. (c)
follows from (b), for A € o(z) <= Ae — z is not invertible <=
A —Z(h) = 0 for some h € o(.A). Finally, (d) follows immediately from

(c). 1

If A is a x-algebra, one can ask whether the Gelfand transform takes
the involution on A to the canonical involution (namely complex conju-
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gation) on C(o(A)), that is, whether

*=% (zeA).
This does not always happen (see the remarks following Corollary (1.18)
for an example); when it does, A is called symmetric.

(1.14) Proposition. Suppose A is a commutative Banach *-algebra.

a. A is symmetric if and only if T is real-valued whenever x = z*.
b. If A is a C* algebra, A Is symmetric.
c. If A is symmetric, ['(A) is dense in C(o(A)).

Proof: (a) If A is symmetric and z = z* then Z = Z, so Z is real. To
prove the converse, given z € A, let u = (z+z*)/2 and v = (z — x*)/2i.
Then u = v* and v = v*, so that 4 and ¥ are real; also z = u + v and
T* = u— v, 80 IT* = & — 0 = 3.

(b) Suppose A is a C* algebra, z = z* € A, and h € o(A), and
suppose Z(h) = h(z) = o + if with o, real. For t € R, consider
z = ¢ +ite. We have h(z) = a+i(8 +1t) and 2*z = z% + t%, so by
Proposition (1.10c),

a®+(B+1)" = [h(2)|? < |l2])* = llz*2]| < [l + ¢

Hence o? + 32 + 26t < ||z?|| for all t € R, which forces § = 0. Hence T
is real, so A is symmetric by (a).

(c) If A is symmetric, I'(A) is closed under complex conjugation. It
contains the constants since € = 1, and it separates points on o(A)
(trivially!). Hence I'(A) is dense in C(o(A)) by the Stone-Weierstrass
theorem. |

The motivation for calling o(A) the “spectrum” of A comes from the
following result.

(1.15) Proposition. Ifzo € A, Tp is a homeomorphism from o(A) to
o(zo) in each of the following cases:

i. A is generated by x¢ and e, or
ii. xg Is invertible and A is generated by zo and x5 ! or
iii. A is symmetric and A is generated by zy, z§, and e.
Proof: Zg maps o(A) onto o(zg) by Theorem (1.13¢). Since o(A)
and o(zp) are both compact Hausdorff spaces, it suffices to prove that Ty
is injective. But in each of the three cases, any h € o(A) is completely

determined by its action on zq since h(zy ') = h(zo)~! in case (ii) and
h(z}) = h(zo) in case (iii). Thus if To(h1) = To(h2) then hy = ho. 1

We now identify the spectrum and Gelfand transform for the two ex-

amples of commutative unital Banach algebras discussed in §1.1, namely
C(X) and 1.
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(1.16) Theorem. Let X be a compact Hausdorff space. For each z €
X, define h, : C(X) — C by hy(f) = f(z). Then the map x — h,
is a homeomorphism from X to ¢(C(X)). If we identify x € X with
he € o(C(X)), the Gelfand transform on C(X) becomes the identity
map.

Proof: It is clear that each h, is a multiplicative functional on C(X),
and hy # hy for  # y since the continuous functions separate points
on X. If zo, — x then f(zq) — f(z) for each f € C(X), and this says
that Az, — h, in the weak* topology. In short, z — h; is a continuous
injection of X into o(C(X)). Since these spaces are compact Hausdorf,
it remains only to show that every multiplicative functional on C(X) is
of the form h; for some z € X.

By Theorem (1.12), it is equivalent to show that every maximal ideal
in C(X) is of the form M, = {f : f(z) = 0} for some z € X, and this
amounts to showing that every proper ideal T C C(X) is contained in
some M, . Suppose to the contrary that for each x € X there exists
fz € T such that f,(x) # 0. The open sets {y : f;*(y) # 0} then cover
X, so by passing to a finite subcover we obtain fi,..., f, € Z that have
no common zero. Let g = 3.7 |fj|%>. Then g = Z_fjfj €Z and g is
invertible in C(X) since g > 0 everywhere. By Proposition (1.11a), this
contradicts the assumption that Z is proper. Thus Z C M, for some z.

-~

__ Finally, since f(hs) = ho(f) = f(z), if we identify h, with  we have
F=r. '

(1.17) Theorem. o(l') can be identified with the unit circle T in such
a way that the Gelfand transform on [! becomes

et .
'a\(eze) — Zaneme'
-0

Proof: Let 6* and § = 6° be as in the discussion of [! in §1.1. Then
I! is generated by 4! and its inverse 6!, so by Proposition (1.15), o(I!)
is homeomorphic to 0(8!). We claim that o(6') = T.

Indeed, let us try to invert A6 — 6! for A € C. If a € ! we have
[(A6 ~ 6Y) x a]ln = Aap — an_1, 50 (A — 8') xa = § if and only if
Mg —a_, = 1and Aap = an_, for n # 0. Solving these equations
recursively, we obtain

a_1=Xag—1, ap=AT"agforn>0, a_,=A"la_, forn>1.

The condition Y |a,| < oo forces ap = 0 if [A| < 1 and a—; = 0 if
|A| > 1. Subject to these conditions there is a unique solution if || # 1,
namely a = =3 P A" 16" if [\| < land a = 3 g A" 187 if || > 1,
.but there is no solution if |A\| = 1. Thus ¢(6!) = T.
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By Proposition (1

1.15), then, for each e® € T there is a unique hy €
o(I') such that he(6') =

€%, But then hy is given by

oo

(Z ) = Zanh(él)" = Zaneine,

so if we identify hg with e*® we have

@(e) = ho(a) = ) _ ane™. 1

As an immediate corollary, we obtain a famous theorem of Wiener
concerning absolutely convergent Fourier series.

(1.18) Corollary. If f(e®) = 3" a,ei™ with ¥ |an| < 00, and f never
vanishes, then 1/f(e%) = 3 b,e® with 5 |b,| < co.

Proof: We are given f = @ with a € [!. If f never vanishes, then q is '
invertible in /! by Theorem (1.13b). Let b be its inverse; then 1/f = b. 1

We observe that the algebras C(X) and ! are both symmetric. For
C(X) this is immediate from Theorem (1.16), and for [! we have

') = Zﬁ_ne Za e~ 0 = G(eid).
(This is why we chose the involution on !! as we did. If we define, for
example, (a*), = @y, [' becomes a nonsymmetric x-algebra.)

We now return to a general commutative unital Banach algebra A.
A is called semisimple if the Gelfand transform on A is injective, that
is, if the intersection of all the maximal ideals of A is {0}. For example,

Theorems (1.16) and (1.17) show that C(X) and I! are semisimple. On
the other hand, the algebra of 2x 2 complex matrices of the form ( 3 Z is

not: one easily verifies that it has precisely one nontrivial ideal, namely
those matrices with a = 0.

A condition stronger than semisimplicity is for the Gelfand transform
to be an isometry. It is easy to see when this happens:

(1.19) Proposition. Let A be a commutative unital Banach algebra.
a. Ifz € A, ||Z|leup = ||z|| if and only if ||z%"|| = ||z||** for all k > 1.
b. T 4 is an isometry if and only if ||z%|| = ||z||2 for all T € A.
Proof: If ||Z||sup = ||z|| then

k ~ k
1= < N2l = 1212 = 172" lsup < 151,

sup

S0 ||x2k|| = ||z||?". Conversely if ||2"|| = ||z||2" for all k then ||Z]|cup =
lim |z2°]|"/2" = ||z|| by Theorems (1.8) and (1.13d). This proves (a),
and (b) follows since if ||z2|| = ||z||? for all z then ||z2" || = ||z||>" for all

z and k& (by induction on k). |
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We now come to the most fundamental result of Gelfand theory.

(1.20) The Gelfand-Naimark Theorem. If A is a commutative uni-
tal C* algebra, T 4 is an isometric x-isomorphism from A to C(o(A)).

Proof: Ifx e A, let y=2x*z. Then y = y*, so
k k=1, k—1 k—1
I =12y I =1v* 1%

It follows by induction that ||y2k|| = ||y||2k, so ||¥llsup = l|¥|| by Proposi-
tion (1.19a). But then

~ ~12 ~

Iz = lyll = 1Flsup = 112 llsup = 1Z]20ps
so I' 4 is an isometry. In particular, T 4 is injective and has closed range.
But by Proposition (1.14b,c), I' 4 respects the involutions and has dense
range. Combining these results, we are done. 1

We conclude this section with an application of the Gelfand theory to
the study of spectra in general (noncommutative) C* algebras.

Suppose A is a unital Banach algebra and B C A is a closed subalgebra
containing e. If y € B and y is invertible in 4, in general y~! will not
lie in B. Hence, if £ € B, one must distinguish between the spectrum
of = with respect to 4 and the spectrum of x with respect to B; we
denote these spectra by o4(z) and og(z). If Ae — z is invertible in B
it is invertible in A, so it is always true that o4(z) C og(z), and we
are interested in knowing when equality holds. We give one result along
these lines for general Banach algebras and then a stfOnger one for C*
algebras.

(1.21) Lemma. Suppose A is a unital Banach algebra and zo € Ais a
boundary point of the set of invertible elements of A. If x,, is invertible
for each n and x, — o as n — oo then ||z;!| — oo.

Proof: If ||z;!|| /# oo, by passing to a subsequence we can assume
that ||z;!|| < C < oo for all n. For n sufficiently large we have ||z, —
zo|| € C~!. But then zp = z,, — (T, — Zo) is invertible by Theorem
(1.4b), which is impossible since the set of invertible elements is open. I

(1.22) Proposition. Suppose A is a unital Banach algebra and B is a
closed subalgebra containing e. If ¢ € B and op(z) is nowhere dense in
C, then o 4(z) = op(x).

Proof: If Ap € op(z), there is a sequence A\, € C\og(z) that con-
verges to Ag. By Lemma (1.21), ||(Ane — z)7}|| — oo. It follows that
Aoe —Z is not invertible in A (otherwise ||(Ane—z) 7| — [|[(Aoe—z) ),
80 Ao € oa(x). 1

(1.23) Proposition. Suppose A is a unital C* algebraand BC Aisa
C* subalgebra containing e.
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ca Ifze B and z is invertible in A then z~! € B.
b. If x € B then o 4(z) = o(x).

Proof: Given z € B, let y = z*z, and let C be the closed subalgebra
of A generated by y and e; thus C C B C A. Since z is invertible in A,
80 is ¥, 50 0 € o 4(y). On the other hand, C is a commutative C* algebra
since y = y*, and o¢(y) C R by Proposition (1.14a,b) and Theorem
(1.13c), so o¢(y) = oa(y) by Proposition (1.22). Thus 0 ¢ o¢(y), so y is
invertible in C and hence in B. But then z=! = y~!2* € B. This proves
(a), and (b) follows by applying (a) to e — z. |

(1.24) Proposition. Let A be a unital C* algebra.

a. Ifz € A and zz* = z*z then p(z) = ||z||.

b. If B is a Banach x-algebra and ¢ : B — A is a x-homomorphism,
then ||¢] < 1.

Proof: (a) Let C be the closed subalgebra of A generated by z, z*,
and e. Then C is a commutative C* algebra, so by Theorem (1.13d) and
the Gelfand-Naimark theorem, p(z) = ||Tez|lsup = ||Z]|-

(b) ¢ is a bounded linear map, say ||¢|| = C < oo, so for any y € B,

leu)™ 1l < Clly* )" Il < Clly*wll™ < Cllyll*™

But then by (a) (applied to = ¢(y*y), which satisfies z* = x) and
Theorem (1.8),

le@)* = ey v)ll = lim [lo(y*y)" /" < lim C/*|ly))? = lyl|>. o

1.3 Nonunital Banach Algebras

Let A be a nonunital Banach algebra. The results in the preceding
sections that deal with inverses and spectra have no meaning in this
situation, but a large part of the Gelfand theory still works.

The starting point is the fact that a nonunital algebra A can always
be embedded in a unital algebra. Namely, let .4 be the algebra whose
underlying vector space is A x C and whose multiplication is given by

(z,a)(y,b) = (zy + ay + bz, ab).

It is easily verified that A'is an algebra with unit (0,1), and that the
norm

(1.25) I, &)l = llzl| + |al

makes it into a Banach algebra. Moreover, .A x {0} is a closed two-sided
ideal in A (a maximal one, since it has codimension one). We shall
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identify A with A x {0} and thus think of .4 as a maximal ideal in A.
The restriction of the norm (1.25) to A then coincides with the original
norm on A.

If A is a x-algebra, the involution on A extends uniquely to an invo-
lution on A:

(1.26) (z,a)" = (z*, ).

In concrete instances, 4 can often be realized in a more natural way.
Here are two examples.

Example 1. Let A = L'(R). The map f — puys, where dus(z) =
f(z)dz, embeds L' (R) into the space M(R) of finite Borel measures on
R, which is also a Banach algebra with convolution defined by

[ 1w = [[ e+ v duto) vt
M (R) has a unit, namely the point mass at 0 or Dirac measure 6. L'(R)
is isomorphic to the subalgebra of M(R) spanned by L'(R) and 4, and
the norm (1.25) is the restriction to L'(R) of the usual norm || =
lul(R) on M(R).

Example 2. If A = Co(X) where X is a noncompact, locally compact
Hausdorff space, then A is isomorphic to the algebra obtained by ad-
joining the constant functions to A, or equivalently to the algebra C(X)
where X is the one-point compactification of X. However, in this case
the norm (1.25) is not the uniform norm on C(X).

Example 2 illustrates a general problem: if A is a C* algebra, Ais
not a C* algebra with the norm (1.25). However, we can remedy this by
choosing a different norm.

(1.27) Proposition. If A is a nonunital C* algebra, there is a unique
norm on A that makes A into a C* algebra with involution (1.26). This
norm agrees with the original norm on A.

Proof: Since A is an ideal in A, each (z,a) € A acts on A by left
multiplication: (z,a)(y,0) = (zy + ay,0). We define ||(z,a)| to be the
norm of this bounded operator on A:

(1.28) l(z, @)l = sup{llzy + ayll : y € A, [lyll < 1}.

This clearly defines a seminorm on A that satisfies

[I(, a)(w, )| < Iz, a)I[ (o B

To see that it is a norm, suppose (z,a) is a nonzero element of A sat-
isfying ||(z,a)|| = 0, so that zy + ay = 0 for all y € A. Clearly x must
be nonzero, and then a must be nonzero since zy # 0 for y = z*, so
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z = —a~ !z is a left unit for A. But then z* is a right unit for A4, so
z = zz* = z* is a unit for A, contrary to assumption.

Since ||zy|| < ||z||||y|| with equality if y = z*, we have ||(z,0)|| = ||z,
so the new and old norms agree on A. In particular, since A is complete,
it is closed in A, so the linear functional (x,a) — a (which is essentially
the quotient map from A to A/.A) is continuous. It follows that A is
complete: if {(zn,an)} is a Cauchy sequence, so is {a,} and hence so
is {z,}; and then lim(z,,a,) = (limz,,lima,). Thus A is a Banach
algebra with the norm (1.28).

To see that A is a C* algebra, suppose (z,a) # (0,0) € A. For any € >
0 there exists y € A with ||y|| = 1 such that |zy + ay|| > (1 - €)||(z, a).
But then, since ||z|| = ||(2,0)| for z € A and (zy + ay,0) = (z,a)(y, 0),

(1 - &2l )l < llzy + ayll® = ||(zy + ay)* (zy + ay)]]

= |[(zy + ay,0)*(zy + ay, 0}

= [|(y*,0)(z,a)"(z, a)(y, 0}

< lyli*li(z, 0)* (2, 0) = |l(z,0)*(z, a)]-
Since € is arbitrary, |(z,a)]|? < |/(z,a)*(z,a)||- It follows that
l(z,a)lI> < [I(z,a)*|| ll(z,a)|| and hence that ||(z,a)l| < [|(z,a)*] for
all z,a. But then |(z,a)*| < ||(z,a)**| = |(z,@)]l, and so ||(z,a)|* <

l(z,a)*(z,a)|| <||(zx,a)||?>. Thus A is a C* algebra.

The uniqueness of the norm follows from the fact that in a unital C*
algebra, the norm of any element ¢ equals ||¢*£]|}/? and the norm of £*¢
is its spectral radius (Proposition (1.24a)). |

Now suppose A is a nonunital commutative Banach algebra. As in the
unital case, we define the spectrum o(A) to be the set of multiplicative
functionals on A, i.e., the set of nonzero homomorphisms from 4 into C.
(The common term “maximal ideal space” for o(A) is not appropriate
here, as Proposition (1.11) and Theorem (1.12) are no longer valid.)

_Every h € 0(A) has an extension to a multiplicative functional h on
A, namely

(1.29) h(z,a) = h(z) + a.

This extension is unique since R (0, 1) must be 1 by Proposition (1.10a).
Conversely, if H € o(A), then either H is the functional Hy whose
associated maximal ideal is A, namely Hy(z,a) = a, or H|A € o(A).
Moreover, Hy is the extension 0 of the zero functional given by (1.29).

In short, there is a natural one-to-one correspondence between o(A)U
{0} and o(A). In particular, by Proposition (1.10c), every h € o(A)
satisfies

|h()| = [R(z,0)| < [I(z,0)I| = |lz]I



Banach Algebras and Spectral Theory 15

(This is true whether we use the norm (1.25) or the norm (1.28) in the
case of a C* algebra.) Thus ¢(A) U {0} is a weak* closed subset of the
closed unit ball in .A*; and as such is a compact Hausdorff space. If {0}
is an isolated point, then o (.A) is also compact. If not — and this is the
more common case — then o(A) is a locally compact Hausdorff space
whose one-point compactification is o(.A) U {0}, or equivalently o(A).

The Gelfand transform on A is defined as before, ' 4z(h) = Z(h) =
h(z), and it is related to the Gelfand transform on A by

Z(h) = h(z) = h(z,0) = (z,0)(h).

In other words, if we identify o(A) with o(A) U {0}, = T4z is just
the restriction of (z,0)” = T z(z,0) to O'(A). Moreover, the value of
(z,0)" at the extra point Hy = 0 in o(A) is obviously 0. This means
that when o¢(.A) is noncompact, T vanishes at infinity for every z € A.
Thus, if we agree that Cp(c(A)) = C(c(A)) when o(.A4) is compact, we
can summarize our results as follows.

(1.30) Theorem. Let A be a nonunital commutative Banach algebra.
o(A) is a locally compact subset of the closed unit ball of A* in the weak*
topology. If o (A) is noncompact, its weak™* closure in A* is o(A) U {0}.
The Gelfand transform on A is an algebra homomorphism from A to

Co(o(A)), and
|&lap = lim 2" (@ € A).

Proof: 'We have proved everything but the formula for ||Z||s,p. But
the discussion above shows that ||Z]|sup = [|(,0) Vlsup; [|(z; 0) lsup is the
spectral radius of (z,0) in A by Theorem (1.13d); and the latter equals
lim ||z"||*/™ by Theorem (1.8) since ||(z,0)| = ||z||. |

Example 1 (continued). Let A = L'(R). The Fourier transform
for= [emeesia)aa

satisfies (f x g)~ = fﬁ, so for each £ € R the evaluation functional
he(f) = f(€) belongs to o(L'(R)). It is not hard to show that these are
all the multiplicative functionals on L'(R); we shall give the proof in
§4.1 (see Theorems (4.2) and (4.5a)). Hence we can identify o(L!(R))
with R by the map h — ¢, and when this is done, the Gelfand transform
is the Fourier transform.

Example 2 (continued). Let A = Co(X) where X is a noncompact,
locally compact Hausdorff space. Then, as we have observed, A= C’(X )
where X is the one-point compactification of X. Combining Theorem
(1.16) with the discussion leading to Theorem (1.30), it is easy to see
that o(Co(X)) = X if we identify £ € X with the evaluation functional
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he(f) = f(z), and then the Gelfand transform is the identity map on
Co(X).

Finally, we have a nonunital version of the Gelfand-Naimark theorem.

(1.31) Theorem. If A is a nonunital commutative C* algebra, T 4 is
an isometric x-isomorphism from A to Cp(c(A)).

Proof: This is simply a matter of combining our previous results.
We make A into a C* algebra according to Proposition (1.27). Then

I 7 is an isometric *-isomorphism from A to C(c(A)). A is a maximal

ideal in A whose associated functional is 0 defined by (1.29), and the
corresponding maximal ideal in C(0(A)) is {f : f(0) = 0}. In view of
the correspondence (1.29) between o(.A) and o(A)\{0} and the relation

Z(h) = (z,0)(h), the result follows. |

1.4 The Spectral Theorem

In this section we use Gelfand theory to derive the spectral theorem for
commutative C* algebras of operators on a Hilbert space.

The finite-dimensional spectral theorem, in its simplest form, says
that if T is a self-adjoint operator on a finite-dimensional Hilbert space
H, there is an orthonormal basis for H consisting of eigenvectors for T'.
In this form the theorem is false in infinite dimensions, where self-adjoint
operators need not have any eigenvectors at all. (For example, consider
Tf(z) = zf(x) on L?(0,1).) However, there are ways of reformulating
the theorem that do generalize.

Formulation I. Let ¥ be the spectrum of T, and for A € ¥ let P, be
the orthogonal projection onto the eigenspace for A. Then

(132)  P\P,=OforA#u, I=Y P, T=)> AP
AED AED

The first equation says that the ranges of the projections P, are mutu-
ally orthogonal; the second says that they span H, and the third gives
the spectral decomposition of T. This can be generalized to infinite
dimensions by replacing the sums in a suitable way by integrals.

Formulation II. Let n = dim M, and let us regard C™ as the set of
complex-valued functions on {1,...,n}. An orthonormal eigenbasis for
T determines a unitary map U : H — C" and a function ¢ € C"
— namely, ¢(j) is the eigenvalue for the jth eigenvector — such that
UTU-Y4 = ¢y for ¢y € C", where ¢y is the pointwise product of the
functions ¢ and 9. This can be generalized to infinite dimensions by
replacing C™ by L?(f, 1) for a suitable measure space (€2, ).
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A more sophisticated version of the finite-dimensional spectral theo-
rem says that if 7 is a family of commuting self-adjoint operators on H
(dimH < 00), there is an orthonormal basis for H that is an eigenbasis
for every T' € T. Both the formulations above work in this more general
situation. In the first one, § is taken to be a list of the simultaneous
eigenspaces for the operators in 7, the Py’s are the projections onto
these spaces, and for each T € 7 one has a function ®7 on & such that
T =3 ses @7(A)Pa. In the second, there is a unitary U : H — C™ and,
for each T € 7, a function ¢7 € C™ such that UTU ' = ¢71). (The
functions ®7 and ¢r are of course closely related.)

If T is as above, the algebra of operators it generates is a commutative
C* algebra, and the simultaneous eigenbasis for the members of 7 will
also be an eigenbasis for every element of this algebra. Hence one might
as well consider commutative C* algebras to begin with, and this is the
context in which we shall develop the theorem in infinite dimensions.
Here is the notation we shall be using:

i. M is a Hilbert space.

ii. A is a commutative C* subalgebra of L(H) containing I.
iii. ¥ = o(A) is the spectrum of A.
iv. For T € A, T € C(T) is the Gelfand transform of T.

v. For f € C(X), Ty € A is the inverse Gelfand transform of f. By
the Gelfand-Naimark theorem, this is well defined, and we have
Tl = 11 fllsup-

vi. B(X) is the space of bounded Borel measurable functions on %.
Like C(X), B(X) is a commutative C* algebra under the pointwise
algebra operations, complex conjugation, and the uniform norm.

vii. If {f.} is a sequence of complex-valued functions on a set S, we
say that f, — f p.b. (for “pointwise and boundedly”), or that
f is the p.b. limit of f,, if f,(s) — f(s) for every s € S and
sup{|fn(s)|:s €8, n>1} < occ.

The key to all our results is the following construction. If u,v € H,
the map f — (Tyu,v) is a bounded linear functional on C(X); in fact,

[(Tru, )l < T lllelllloll = 1 f lsuplllllo]l-

Hence by the Riesz representation theorem, there is a unique regular
complex Borel measure p,, , on ¥ such that
(1.33)

(Tyu,v) = /fduu,v (feCE) wveH), |pupll < Ilulllvfl

The map (u,v) — py v is a “measure-valued inner product” in the fol-
lowing sense.
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(1.34) Proposition. (u,v) — py. is a sesquilinear map from H x H
to M(X). Moreover, i,y = [y, ,, and iy, is & positive measure for all
u.

Proof: Sesquilinearity is obvious. Since the Gelfand transform takes
adjoints into complex conjugates, we have T} = T7 for all f € C(X), so

/ f o = (Tyv,6) = (v, Tju) = (T, 0) = / Tt = / f iy .

Hence piyu = Tiy - Finally, if w € H and f > 0 € C(X), let g be the
positive square root of f. Then g € C(X) and T, T, = ng =Ty =Ty,
S0

[ Fat = [ (Tun) = @ Tyu,) = 1Tl 2 0,
Hence piy o > 0. 1

The map f — Ty gives a representation of the algebra C(X) as
bounded operators on H. We now use (1.33) to extend this representa-
tion to the larger algebra B(X). Namely, if f € B(X), we have

[ #ai

Hence there is a unique Ty € L(H) such that

(135)  (Tyuv) = / fdy (veH), T < [ flleup

This definition of Ty agrees with the previous one when f € C(Z).

< f llsup ol < 1l Fllsup el 0]l

(1.36) Theorem. The map f — Ty is a *-homomorphism from B(X)
to L(H). It has the following additional properties: (a) If S € L(H)
commutes with every T € A, then S commutes with Ty for every f €
B(X). (b) If f, € B(X) and f, — f p.b., then Ty, — Ty in the weak
operator topology.

Proof: Clearly f — Ty is linear. By Proposition (1.34), if f € B(Z),

(Tru,v) = /7d,uu,,, = /fd,u,,,u = (Tyv,u) = (u, Tyv) = (T}u,v),

so Ty = Tf. To see that Tyy = TyT,, we start with the fact that this
relation is valid when f,g € C(X). In this case we have

/fgd,ufu,v = (Tngu,v) = /fd;unyu,v'

This being true for all f € C(X), dut,uv = gdpu,v for g € C(Z). Hence,
for any f € B(Y),

/fgd;ufu,v = /fd;u'Tyu,v = /(Tngu, U) = (TguaT;U> = /gd;u'u,T;v'
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This being true for all g € C(X), fdpyv = ditu,T;v. But then, for any
g € B(Y),

(Tngu,v) = (TguaT;U> = /gd/‘u,T}‘v = /fgd:u'u,v = (ngua'U):
so TiTy = Tyg.

If S commutes with T for every f € C(X), we have

/fd,uu,s-v = (Tyu, S*v) = (STyu,v) = (TySu,v) = /fd,usu,,,,
SO ly,5+y = MUsuv. Hence, for any f € B(X),

(TySu,0) = [ Fdusuo = [ fdpusra = Ty 50) = (Tyu,v).

This proves (a). Finally, if f, — f p.b., then [ fadpyo — [ fdliuy
by the dominated convergence theorem. In other words, (T}, u,v) —
(Tru,v) for all u,v, so (b) is proved. |

We shall obtain a stronger form of assertion (b) in Proposition (1.48)
below.
If E C ¥ is a Borel set, let xg be the characteristic function of E and

(1.37) P(E) = Ty

(1.38) Theorem. The correspondence E — P(FE) defined by (1.37)
has the following properties.

Each P(FE) is an orthogonal projection.

P(@) =0and P(X) =1.

P(ENF)=P(E)P(F).

IfE,, E,,... are disjoint then P({J E;) = Y P(E;), where the sum
converges in the strong operator topology.

R o T

Proof: Since x4 = xg = Xg, we have P(E)? = P(E) = P(E)*.
The first equation says that P(E) is a projection, and the second one
implies that its range is orthogonal to its nullspace. This proves (a); (b)
is obvious, and (c) follows from the fact that xpnr = xgxr. (d) is true
when the sequence E), E,, ... is finite since xj E; = Z'l' XE,- For the
infinite case, let us write F,, = |J] E; and F' = LIJ‘I” E;. Then xr, — xr
p.b., so by Theorem (1.36¢),

Y " P(Ej) = P(Fa) - P(F) = P(U Ej) weakly.

But also F is the disjoint union of F,, and F\F,, so P(F) = P(F,) +
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P(F\F,). Hence, for any v € H, since P(F\F,) is an orthogonal pro-
jection we have

IP(F) = P(F)lull* = [|P(F\Fn)ull* = (P(F\Fy)u, P(F\F,)u)
= (P(F\Fa)u,u) = ([P(F) = P(Fy)]u, u) - 0.

Thus the series actually converges strongly, and we are done. 1

(1.39) Corollary. If E and F are disjoint, the ranges of P(E) and
P(F) are mutually orthogonal.

Proof: For any u and v, (P(E)u, P(F)v) = (P(F)P(E)u,v) =
(P(EN F)u,v) = (P(@)u,v) =0. |

The situation described in Theorem (1.38) can be formulated in an
abstract setting. Namely, suppose 2 is a set equipped with a o-algebra
M, and H is a Hilbert space. An H-projection-valued measure (or
just a projection-valued measure if H is understood) on (2, M) is
amap P: M — L(H) that satisfies properties (a—d) of Theorem (1.38)

(with ¥ replaced by Q). If P is an H-projection-valued measure on
(9, M) and u,v € H, the map

(1.40) Puv(E) = (P(E)u,v)

is an ordinary complex measure. The correspondence (u,v) — Py, is a
“measure-valued inner product” as in Proposition (1.34), and

(1'41) ”Pv,v” = Pv,v(Q) = “Ullz

If Q is a locally compact Hausdorff space and M is the o-algebra of
Borel sets, a projection-valued measure P on ({2, M) is called regular
if each of the measures P, , is regular.

Let B(?) = B(Q?, M) be the space of bounded M-measurable func-
tions on Q. If f € B(f?), one can define the integral of f with respect to
a projection-valued measure P as follows. If v € H, by (1.41) we have

[1ap.,

Thus, by polarization (see Appendix 1), if u,v € H and |Ju| = ||v| =1,
[ 74P,
< 4||f”sup'

(As we shall see shortly, the factor of 4 on the right is superfluous.) By
homogeneity, it then follows that

/ fdP,,

< [ fllsupllPo.oll = [ fllsuplloll?.

< 3l fllsup [llu + ol1 + flu = o] + Jlu + iv]? + lu - iv]?]

< Al fllswpllulllloll - (u,v € H).



Banach Algebras and Spectral Theory 21

Hence there is a bounded operator T' on H such that (Tu,v) = [ fdPy
for all u,v € H. We denote T by [ fdP:

e (([108)us) = [ ramus

If f is a simple function, say f = Y 7 ¢;xE,, then

/fdPu,,, = chPu,v(Ej) = ch(P(Ej)u, v) = <Z ¢; P(E;)u, v> ,

sothat [ fdP =3 c;P(E;) as one would expect. Moreover, since every
f € B() is a uniform limit of a sequence {f,} simple functions, and
since || [ fdP — [ fn dP|| < 4||f - fullsup, We can obtain [ f dP as a limit
(in the norm topology) of “Riemann sums” just as we do for ordinary
integrals.

(1.43) Theorem. If P is an H-projection-valued measure on (2, M),
the map f — [ fdP is a »-homomorphism from B() to L(H).

Proof: The map f — [ fdP is clearly linear, and we have seen

that || ffdP” < A fllsup- If f = 2711 ¢jXE; and g = ZT dkXF,, then
fg = Z]‘,k cjdeEjﬁFka S0

/fgdP = chdkP(Ej n Fk) = chdkP(Ej)P(Fk)

= /fdP/gdP.

By passing to uniform limits, we see that [ fgdP = (f fdP)(fgdP)
for all f,g € B(). Similarly, [ fdP = ([ fdP)*. |

It now follows from Proposition (1.24b) that || [ fdP|| < || fllsup- It
is also easy to see this directly: if T = [ fdP then T°T = [ |f|2dP, so
by (1.41),

ITol? = {T*Tv,v) = /Iflzde,u < £z llol®.

Let us now return to the case where (2, M) is the spectrum I of the
algebra A equipped with its Borel o-algebra and P is given by (1.37).
Then

Pyo(E) = (P(EYu,v) = / X5 dfiy =t (E)

for any E, so P,y = py . In particular, P is regular. Moreover, it
follows from (1.35) and (1.42) that [ fdP = Ty for all f € B(X). We
have now arrived at the promised generalization of (1.32):
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(1.44) Spectral Theorem I. Let A be a commutative C* subalgebra
of L(H) containing I, and let ¥ be its spectrum. There is a unique
regular projection-valued measure P on ¥ such that T = [T dP for all
T e A and Ty = [ fdP for all f € B(E). Moreover, if S € L(H), the
following are equivalent:

i. S commutes with every T € A.
ii. S commutes with P(FE) for every Borel set E C ¥.
iii. S commutes with [ fdP for every f € B(X).

Proof: We have proved everything except the uniqueness and the
final assertion. Uniqueness holds because of the uniqueness in the Riesz
representation: the operators in A determine the measures iy, , = Py
through (1.33), and the measures P, , determine P through (1.40). As
for the final assertion, (iii) clearly implics (i) and (ii), and we proved
that (i) implies (iii) in Theorem (1.35). (ii) implies (iii) by Theorem
(1.43) since every f € B(X) is a uniform limit of simple functions, and
the norm limit of operators that commute with S also commutes with
S. |

We now give the generalization of the second reformulation of the
finite-dimensional spectral theorem. Here, too, the crucial ingredient is
the measures i, , defined by (1.33). But first, a couple of lemmas.

(1.45) Lemma. Suppose A C L(H) is a C* algebra, and X C H is a
closed subspace such that T(X) C X for all T € A. Then T(X1) c X+
for allT € A.

Proof: Ifue X+, ve X, and T € A, then (Tu,v) = (u,T*v) =0
since A is closed under adjoints; hence Tu € X+, 1

(1.46) Lemma. Suppose (2, 1) is a semi-finite measure space and ¢ €
L®(p). IfT € L(L?*(p)) is defined by Tf = ¢f, then ||T|| = ||¢oo-

Proof: Since [¢f| < ||¢]lo| f| a-€., it is clear that || ¢f |2 < [ @llool f]l25
50 |T|| < ||#lloo- On the other hand, given € > 0, let E = {w : |¢(w)| >
|#lloo — €}- Then u(E) > 0, so there exists F C E with 0 < pu(F) < 0.
But then xr € L%(y) and

/ 2 di > (I8lloo — ) 2a(F) = (Iélloo — ) lxrIIZ

50 [Tl 2 [|¢lloo — € [

(1.47) Spectral Theorem II. Let A be a commutative C* subalgebra
of L(H) containing I. There is a semi-finite measure space (Q, M, 1), a
unitary map U : H — L*(u), and an isometric x-homomorphism T — ¢r
from A into L®(u) such that UTU ¢ = ¢y for all € L?(u) and
T € A. Q can be taken as the disjoint union of copies of the spectrum
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Y of A in such a way that u is finite on each copy and ¢ = T on each
copy.

Proof: First suppose there exists v € H such that Av = {Tv: T €
A} is dense in H, and let u = piy,, as in (1.33). Then, for any T € A,

ITo|2 = (T* T, v) = / (T2 du.

In particular, if Tv = Sv then T-5=0 p-a.e., so Tv — T is a well-
defined linear isometry from .Av into L?(u), and it extends uniquely to
a linear isometry U : H — L%(u). The range of U is necessarily closed,
and it includes C(X), which is dense in L%(u) since  is regular, so U is
unitary. If ¥ € C(X) and T € A then

UTU 'y = UTTyv = (TTy) = T4,

and it follows that UTU =1y = T for all ¥ € L2(p).

For the general case, let {v;}icr be a maximal collection of nonzero
vectors in H such that the subspaces H; = Av; are mutually orthogonal;
such a set exists by Zorn’s lemma. Then each H; is invariant under
every T € A; hence so is @,.; H;. It follows from Lemma (1.45) that
@ic; H: = H, for otherwise one could add any v L @ H; to the set
{v;}. For each { € I let £; be a copy of ¥ and let y; be the measure
Ly, v; ON Bi; let © be the disjoint union of the ¥;; let M be the o-algebra
of sets E C §2 such that ENY; is Borel in ; for every ¢; and define u on
M by uw(E) = 3, m(ENX;). Since each y; is finite, u is semi-finite,
and L%(u) = @, L*(p:). Define U; : H; — L*(u;) as in the preceding
paragraph, and let U = @U; : H — L?(u). Then, if T € A, UTU™!
is multiplication by ¢ where ¢ = T on each ¥;. Since the Gelfand
transform is a *-homomorphism, and since |T|| = |[UTU}|| = ||¢rlloo
by Lemma (1.46), we are done. |

We remark that if H is separable, there can only be countably many
summands H;, so the measure p is o-finite. In fact, 1 can be taken to be
finite: simply multiply the v; by small scalars so that 3., [lv:]|? < oo.

In comparison to Spectral Theorem I, Spectral Theorem II has the
disadvantage that the measure space (§, ) and the unitary map U, un-
like the projection-valued measure P, are not canonically determined by
A. However, it is frequently more useful, because important properties
of operators are often quite transparent when the operators are multipli-
cation by bounded functions on an L? space. As an example, we obtain
a significant improvement on Theorem (1.36b).

(1.48) Proposition. If {f,} C B(X) and f, — f p.b., then Ty, — T
in the strong operator topology.

Proof: With notation as in the proof of Spectral Theorem II, it is
an easy exercise (left to the reader) to check that for any f € B(X),
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UTfU-'¢ = ¢sy where ¢; = f on each &;. If f, — f p.b., clearly
¢s. — ¢ p.b. But then it is obvious from the dominated convergence
theorem that ||¢s, ¥ — ¢s9|l2 — O for any o € L?(u). Taking ¢ = Uv,
this means that || Ty, v = Tyv|| — 0 for every v € H. |

Let us now reduce all this general theory to the case of a single self-
adjoint operator, or more generally a single normal operator. (Recall
that T € L(H) is normal if TT* = T*T.) If T is normal, let Ar be the
C* algebra generated by T, T*, and I. Then Ar is commutative, and
by Proposition (1.15¢) we can identify o(Ar) with (T") C C in such a
way that the Gelfand transform of T is the function ¢(A) = A on o(T).
Once we have done this, Spectral Theorem I gives a projection-valued
measure Pr on o(T) such that

T= /,\dPT(,\).

If p(A) = 37 km) cjk/\jxk is a polynomial in A and X (or equivalently a
polynomial in Re A and Im ), since the correspondence f — [ fdPr
is a *-homomorphism we have [pdPr = 3 c;xT/T**. In other words,
[ pdP is obtained by formally substituting T and T* for A and X in p.
It is therefore natural to define the operator f(T) for any f € B(o(T))
by

(1.49) (T) = / fdPr,

and we obtain in this way a Borel functional calculus for the operator
T. Its main properties are summarized in Theorem (1.51) below.

In view of Spectral Theorem II, it is important to see what these
constructions yield when % = L%(2, 1) and T is multiplication by ¢ €
L>(Q, 1). In the first place, the spectrum of T is the “essential range”
of ¢, namely, the set of A € C for which {w : |#(w) — A| < €} has
positive measure for every € > 0, or equivalently the set of A for which
(¢—X)~! ¢ L. From this it is easy to see that ¢(w) € o(T) for a.e. w, so
by modifying ¢ on a nullset we can always assume that range(¢) C o(T).
Clearly T is multiplication by ¢” and T™ is multiplication by @, so
p(T) is multiplication by p o ¢ for any polynomial p in A and X. One is
therefore led to guess that f(7") will be multiplication by f o ¢ for every
f € B(o(T)); in particular, the projections Pr(FE) will be multiplication
by x¢-1(g)- It is not too hard to prove this directly from the definitions,
but we shall give a somewhat slicker proof in the following theorem.

(1.50) Lemma. Let K be a compact subset of R", and let B be the
smallest algebra of functions on K that contains all polynomials and is
closed under p.b. limits. Then B = B(K), the algebra of bounded Borel
functions on K.
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Proof: B contains C(K) by the Stone-Weierstrass theorem, and then
by taking p.b. limits one can easily see that it contains the characteristic
function of every open set. Let M = {E C K : xg € B}. Then M is
closed under complements since xx\g = 1 — xE; it is closed under finite
intersections since xgnr = XgXF; and it is then closed under countable
intersections since y e E, is the p.b. limit of x = B, Hence M is a
o-algebra, and it contains the open sets, so it contains all Borel sets.
But then B contains all simple Borel functions and hence (by taking
p.b. limits once again) all bounded Borel functions. Since B(K) is an
algebra that is closed under p.b. limits, we are done. |

(1.51) Theorem. Suppose T € L(H) is normal. There is a unique *-
homomorphism f — f(T) from B(c(T)) to L(H) such that (1) f(T) =T
when f(A) = A, and (2) f,(T) — f(T) in the strong operator topology
whenever f, — f p.b. The correspondence f — f(T) has the following
additional properties:

a. If A is any commutative C* algebra containing T, T is the Gelfand
transform of T' with respect to A, and Py is the associated projec-
tion-valued measure on o(A), then f(T) = [ foTdP,.

b. If H = L*(u) and T is multiplication by ¢ € L*®(u) (with
range(¢) C o(T)), then f(T) is multiplication by f o ¢ for every
f € B(a(T)).

c. If S € L(H) commutes with T and T*, then S commutes with
f(T) for every f € B(a(T)).

Proof: To prove existence, of a *-homomorphism f — f(T) satis-
fying (1) and (2), we define f(T) by (1.49); the desired properties fol-
low from Theorem (1.36) (or (1.43)) and Proposition (1.48). To prove
uniqueness, suppose f — f(T') is another such correspondence, and let
B={f:f(T)= f(T)}. Then B contains all polynomials in A and X, or
equivalently all polynomials in Re A and Im A, since the correspondences
are x-homeomorphism. Also, B is clearly closed under sums, products,
and p.b. limits. Hence B = B(¢(T')) by Lemma (1.50).

Properties (a) and (b) follow from the uniqueness, since f — [fo
TdP, and f — (mult. by f o ¢) have all the asserted properties. (This
follows from Spectral Theorem I and Proposition (1.48) in the case (a),
and by simple direct arguments in the case (b).) Finally, (c) is true by
Theorem (1.36), since if S commutes with T and T, it clearly commutes
with every operator in the C* algebra they generate. 1

Let us observe that the finite-dimensional spectral theorem is an easy
corollary of Spectral Theorem I. Indeed, if A is a commutative C* al-
gebra of operators on H and dimH < oo, then o(A) is a set of cardi-
nality dim A < oo, say o(A) = {o1,...,0n}. The ranges of the pro-
jections P({c;}), 1 € j < n, are mutually orthogonal subspaces of H
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whose direct sum is H, and they are eigenspaces for every T € A, viz.,
TP({o;}) =T(o;)P({o;}) for all j.

We conclude by showing that for compact operators, the spectral
theorem becomes a direct generalization of the finite-dimensional case.

(1.52) Theorem. IfT is a compact normal operator on M, there is an
orthonormal basis for H consisting of eigenvectors for T.

Proof: Let Eg={0}and E, = {A€o(T):n7' < |\ <(n-1)""}
for n > 1, and let H,, be the range of the projection P(E,) = xg, (T).
The spaces H, are mutually orthogonal and invariant under T, and
H = @y Ha. Mo is already an eigenspace for T (with eigenvalue 0),
so it suffices to show that each H, (n > 1) has an orthonormal basis
consisting of eigenvectors for T. Now, T|H, is an invertible operator
on H,. (Use Spectral Theorem II: T is unitarily equivalent to multipli-
cation by a function ¢ on a space L%(f, u). The subspace of L?(, 1)
corresponding to H,, is L?(Q,, i) where Q, = {w : ¢(w) € En}, and 1/¢
is bounded by n on this set.) But T|H, is also compact, so the iden-
tity operator on H, is compact and hence dimH,, < cc. The proof is
therefore concluded by applying the finite-dimensional spectral theorem
to T|H,. |

1.5 Spectral Theory of x-Representations

The object of this section is to derive a version of the spectral theorem
that applies to *-homomorphisms from a Banach *-algebra A into the
algebra of bounded operators on a Hilbert space. For this purpose, we
shall wish to apply the spectral theorem. to C* subalgebras of L(H) that
do not contain I, and there is one minor pitfall to be avoided. Namely,
suppose H, and H: are Hilbert spaces and A is a C* subalgebra of
L(H,) containing I, the identity operator on H;. For T € A, define
T € L(H) © Hz) by T'(z1,z2) = (Tz1,0). Then A" = {T' : T €
A} is a C* subalgebra of £L(H, & H2) which has a unit (namely I,
the orthogonal projection onto H;) but does not contain the identity
operator on H; & Hs!

To avoid this situation, we define a C* subalgebra A of L(H) to be
nondegenerate if there is no nonzero v € H such that Tv = 0 for
all T € A. In this case, if A contains a unit E, E is an orthogonal
projection (E? = E* = E) and every v in the nullspace of E satisfies
Tv=TEv = 0forall T € A, it follows that E = I. In other words, if
A does not contain I then .A is nonunital.

Suppose now that A is a nondegenerate commutative C* subalgebra
of L(H) that does not contain I. The unital augmentation A of A, given
abstractly by Proposition (1.27), is realized concretely as A = A& CI.
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Then, as explained in §1.3, we can identify o(A4) with o(A)U{0}, and we
now do so. The spectral theorem associates to Aa regular projection-
valued measure P on o(A). If T € A we have T(0) = 0, so TP({0}) =0,
and hence every v in the range of P({0}) satisfies Tv =0 for all T € A.
Since A is nondegenerate, it follows that P({0}) = 0, so we can think
of P as a projection-valued measure on o(.A). As such it is clearly still
regular, so we have the following extension of Spectral Theorem I:

(1.53) Theorem. The Spectral Theorem (1.44) remains valid if the
assumption that I € A is replaced by the assumption that A is nonde-
generate.

Now let A be an abstract Banach *-algebra. A *-representation of
A on a Hilbert space H is a *-homomorphism ¢ from A to L(H). In this
case the norm-closure B of ¢(A) in L(H) is a C* subalgebra of L(H),
and we say that ¢ is nondegenerate if B is nondegenerate, i.e., if there
is no v € H such that ¢(z)v =0 for all z € A.

Suppose now that .4 is commutative, and that ¢ is a nondegenerate
x-representation of A on H. We first consider the case where A has a
unit e. Then ¢(e) is a unit for B = ¢(A), so the nondegeneracy implies
that ¢(e) = I. ¢ induces a continuous map ¢* : o(B) — o(A), namely
¢*h = hoo. If ¢*hy = ¢*hy then hy and hs agree on ¢(.A) and hence
everywhere, so ¢* is an injection. Since o(B) is a compact Hausdorff
space, ¢* is a homeomorphism onto its range, which is a compact sub-
set of o(A). Moreover, the spectral theorem associates to B a unique
regular projection-valued measure Py on o(B) such that T = [ T dP,
for all T € B. The map ¢* can be used to pull Py back to a projection-
valued measure P on o(A), namely P(E) = Py(¢*~1(E)), and in view
of the properties of ¢* stated above it is easy to check that P is reg-
ular. Moreover, the Gelfand transforms on A and B are related by
(¢(z))(h) = Z(¢*h), so we have ¢(z) = [Z(¢*h)dPo(h) = [ZTdP for
all z € A.

Much the same thing works if A is nonunital. It may still happen
that I € B, in which case the preceding discussion goes through with no
change. If not, ¢ can be extended to a nondegenerate *-representation of
the unital augmentation A of A in _the obvious way, ¢(z,a) = é(z) +al,
and the norm closure of ¢(A) is B = B& CI. As above, we have the
map ¢*h = h o ¢ from o(B) to o(A), which extends continuously to a
map from o(B) = o(B)U {0} to a(A A) = o(A)U{0} by setting ¢*(0) = 0.
¢* is a homeomorphism from o (B) onto a compact subset of o (A), and
hence is a homeomorphism from o(B) onto a closed subset of o(A).
By Theorem (1.53) there is a unique regular projection-valued measure
P, on o(B) such that T = ffdPo for all T € B, and just as above,
this induces a regular projection-valued measure P on o(A) such that

= [ZdP for all z € A. In short, we have:




28 A Course in Abstract Harmonic Analysis

(1.54) Theorem. Let A be a commutative Banach *-algebra, and let
¢ be a nondegenerate x-representation of A on H. There is a unique
regular projection-valued measure P on o(A) such that ¢(z) = [TdP
forallz € A. If T € L(H), T commutes with ¢(x) for every z € A if
and only if T commutes with P(E) for every Borel E C o(A).

In particular, suppose that A = Cp(S) where S is a locally compact
Hausdorff space. Then o(.A) is naturally homeomorphic to S in such a
way that the Gelfand transform on A becomes the identity map. We
then have:

(1.55) Corollary. Let S be a locally compact Hausdorff space, and let
¢ be a nondegenerate x-representation of Co(S) on H. There is a unique
regular projection-valued measure P on S such that ¢(f) = [ fdP for
all f € Co(S). If T € L(H), T commutes with ¢(f) for every f € Cy(S5)
if and only if T commutes with P(E) for every Borel EC S.

1.6 Notes and References

For more extensive treatments of Banach algebras and spectral theory,
we refer the reader to Rudin [108], Reed and Simon [102], Dixmier [29],
Rickart [104], Loomis [75], and Dunford and Schwartz [31]. The latter
book is a good source for historical references.

Banach algebras are sometimes called normed rings in the literature,
and C* algebras are sometimes called B* algebras. (The latter two
names originally referred to distinct concepts, which were eventually
proved to be essentially identical. The distinction between them has not
been found to be worth preserving, and the name “C*” has won out.
See Rickart [104, p.248].)

The Gelfand-Naimark theorem is the definitive structure theorem for
commutative C* algebras. There is also a structure theorem for general
C* algebras:

(1.56) Theorem. Every C* algebra is isometrically x-isomorphic to
a C* subalgebra of the algebra of bounded operators on some Hilbert
space.

The proof of this theorem — the so-called Gelfand-Naimark-Segal
construction — can be found in Rudin [108]. It consists of showing that
every C* algebra A has a large supply of positive functionals (functionals
¢ € A* such that ¢(z*z) > 0 for all =), and then using the positive
functionals to construct *-representations of .4 in much the same way
that we shall use functions of positive type to construct representations
of a group in §3.3.
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If A is a C* algebra of operators on a Hilbert space H, let A’ denote
its commutant or centralizer:

A ={SeL(H):ST =TS for all T € A}.

A’ is clearly a C* algebra that is closed not merely in the norm topology
but in the weak operator topology. The commutant of A’, (A’Y, is thus a
weakly closed C* algebra that contains A. In fact, we have the following
fundamental result.

(1.57) The von Neumann Density Theorem. If A is a C* subalge-
bra of L(H), the closures of A in the weak and strong operator topologies
both coincide with (AY.

The proof can be found in Dixmier [28, Section 1.3.4]. According to
this theorem, for a C* algebra A in £{H) the conditions of being strongly
closed, being weakly closed, and satisfying (A’)" = A are equivalent; a
C* algebra satisfying them is called a von Neumann algebra.

Suppose now that A is a commutative C* algebra in £(H). In the
notation of §1.4, the final assertion of the spectral theorem (1.44) says
that the operators Ty = [ fdP, f € B(Z), all belong to (A’)’. When H
is separable, (A’)’ consists precisely of these operators. This is a classical
result of von Neumann and F. Riesz when A is generated by a single self-
adjoint operator; see Riesz-Nagy [106, §129]. The general case follows
from Propositions 1 and 4(iii) in Chapter 1.7 of Dixmier [28]. (When H
is not separable, this result fails. Consider, for example, the algebra A
generated by the operator T¢(z) = zé(z) acting on L?([0, 1], #) where
u is counting measure. Then ¥ = ¢(T) = [0,1] and Ty¢ = f¢ for
f € B(X), but (A’)’ consists of the operators ¢ — f¢ where f is an
arbitrary bounded function on [0, 1].)

Halmos [54] defines a Borel projection-valued measure P on a locally
compact Hausdorff space Q to be regular if, for any Borel set E C ,
P(E) is the projection onto the closed linear span of the ranges of P(K)
as K varies over compact subsets of E. It is a fairly simple exercise
to see that this condition holds if and only if the measures P, , are all
inner regular, i.e., Pyy(E) = supgccpg Pov(K). But inner and outer
regularity are equivalent for finite measures, and the complex measures
P, , are obtained from the P, , by polarization, so Halmos’s definition
of regularity for projection-valued measures is equivalent to ours.

Despite the non-uniqueness of 2, u, and U in the spectral theorem
(1.47), there is a canonical form for these objects, given by the theory of
spectral multiplicity. See Halmos [54] or Nelson [96]; the latter treatment
is particularly elegant.

In Theorem (1.51c), the hypothesis that .S commutes with T and T
can be replaced by the weaker hypothesis that S merely commutes with
T. This is the Fuglede commutativity theorem; two quite different but
equally entertaining proofs can be found in Rudin [108] and Halmos [55].
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Locally Compact Groups

This chapter contains the basic theory of the objects on which harmonic
analysis is performed, namely the locally compact topological groups and
their homogeneous spaces. The fundamental features, without which
little else is possible, are the existence and uniqueness of a translation-
invariant measure A on any locally compact group and the endowment
of L'()\) with the structure of a Banach x-algebra.

2.1 Topological Groups

A topological group is a group G equipped with a topology with
respect to which the group operations are continuous; that is, (z,y) —
zy is continuous from G x G to G and z — z~! is continuous from G to

G.

If G is a topological group, we shall denote the unit element of G by
1. If A C G and z € G, we define

Az = {yz : y € A}, zA ={zy:y e A}, A7 = {y !y e 4},
and if also B C G, we define

AB ={zy:z € A,y € B}.
(Note: we shall refrain from writing A? for AA, as A? might equally
denote {z? : T € A}, which is in general a proper subset of AA4.) We
say that A is symmetric if A = A~!. It is a useful observation that
ANnB=90ifand only if 1 ¢ A~'B.

The following proposition lists several basic properties of topological
groups that we shall use, often without comment, in the sequel.

31
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(2.1) Proposition. Let G be a topological group.

a. The topology of G is invariant under translations and inversion;
that is, if U is open then so are zU, Uz, and U~ for any z € G.
Moreover, if U is open then so are AU and UA for any A C G.

b. For every neighborhood U of 1 there is a symmetric neighborhood
V of 1 such that VV C U.

c. If H is a subgroup of G, so is H.
d. Every open subgroup of G is closed.
e. If A and B are compact sets in G, so is AB.

Proof: (a) The first assertion is equivalent to the separate continuity
of the map (z,y) — =y and the continuity of the map z — z~!. The
second one follows since AU = |J 42U and UA = | ¢, Ux.

(b) continuity of (z,y) — xy at 1 means that for every neighborhood
U of 1 there are neighborhoods Wy, Wy of 1 with W\W, C U. The
desired set V' can be taken to be W; N Won Wl'l N W{l.

(c) If z,y € H there are nets {z}, {ys} in H converging to z,y.
Then z,ys — zy and z;! — 7!, so zy and 7! are in H.

(d) If H is open, so are all its cosets zH; its complement G\ H is the
union of all these cosets except H itself; hence G\ H is epen and H is
closed.

(e) AB is the image of the compact set A x B under the continuous
map (z,y) — zy, hence is compact. |

Suppose H is a subgroup of the topological group G. Let G/H be the
space of left cosets of H, and let g : G — G/H be the canonical quotient
map. We impose the quotient topology on G/H; that is, U C G/H is
open if and only if ¢! (U) is open jn G. g maps open sets in G to open
sets in G/H, for if V is open in"G then g Y(g(V)) = VH is also open
by Proposition (2.1a); hence q(V) is open.

(2.2) Proposition. Suppose H is a subgroup of the topological group
G.

a. If H is closed, G/H is Hausdorff.
b. If G is locally compact, so is G/H.
c. If H is normal, G/H is a topological group.

Proof: (a) SupposeT = q(z), ¥ = ¢(y) are distinct points of G/H. If
H is closed, zHy ™! is a closed set that does not contain 1, so by Proposi-
tion (2.1b) there is a symmetric neighborhood U of 1 with UUNzHy ™! =
0. Since U =U~'and H=HH,1 ¢ UzH({Uy)"! = (UzH)(UyH)™!,
so (UzH) N (UyH) = 0. Thus q(Uz) and ¢g(Uy) are disjoint neighbor-
hoods of T and 7.

(b) If U is a compact neighborhood of 1 in G, ¢(Uz) is a compact
neighborhood of ¢(z) in G/H.
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(c)Ifz,y € G and U is a neighborhood of ¢(zy) in G x H, by continuity
of multiplication in G at (x,y) implies that there are neighborhoods V, W
of z,y such that VW C ¢~ }(U). Then q(V) and q(W) are neighborhoods
of g(z) and ¢(y) such that ¢(V)g(W) C U, so multiplication is continuous
on G/H. Similarly, inversion is continuous. 1

£_3) Corollary. If G is T\ then G is Hausdorff. If G is not Ty then
{1} is a closed normal subgroup, and G/{1} is a Hausdorff topological
group.

Proof: The first assertion follows by taking H = {1} in Proposition
(2.2a). {1} is a subgroup by Proposition (2.1c); it is clearly the smallest
closed subgroup of G. It is therefore normal, for otherwise one would
obtain a smaller closed subgroup by intersecting it with one of its conju-

gates. The second assertion therefore follows from Proposition (2.2a,c)
by taking H = {1}. 1

In view of Corollary (2.3), it is essentially no restriction to assume that
a topological group is Hausdorff (simply work with G /{T} instead of G),
and we do so henceforth. In particular, by a locally compact group
we shall mean a topological group whose topology is locally compact
and Hausdorff.

(2.4) Proposition. If G is a locally compact group, G has a subgroup
H that is open, closed, and o-compact.

Proof: Let U be a symmetric compact neighborhood of 1. Let U, =
UU---U (n factors), and let H = |J;° Up. Then H is a group (namely
the group generated by U); it is open since U,y is a neighborhood of
U, for all n, and hence closed by Proposition (2.1d). Moreover, each U,
is compact by Proposition (2.1e); hence H is o-compact. 1

With the notation of Proposition (2.4), G is the disjoint union of the
cosets of H, each of which is closed and open in G and homeomorphic
to H. Hence, from a topological point of view, G is just a disjoint union
of copies of a o-compact space. In particular, if G is connected then G
is o-compact.

If f is a function on the topological group G and y € G, we define the
left and right translates of f through y by

(2.5) Lyf(z) = f(y~'z),  Ryf(z) = f(zy).
The reason for using y~! in L, and y in Ry is to make the maps y — Ly

and y — Ry group homomorphisms:
L,,=L,L,, R,. = RyR,.

We say that f is left (resp. right) uniformly continuous if ||L,f —
f”sup -0 (resp. ”Ryf - f||5up - 0) asy — 1.
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(2.6) Proposition. If f € C.(G) then f is left and right uniformly
continuous. :

Proof: We give the proof for R, f; the argument for L, f is similar.
Given f € C.(G) and € > 0, let K = supp f. For every z € K there
is a neighborhood U, of 1 such that |f(zy) — f(z)| < 4e for y € Uy,
and there is a symmetric neighborhood V, of 1 such that V,V, C U,.
The sets 2V, (z € K) cover K, so there exist z1,...T, € K such that
K c Ul z;Ve,. Let V =] Vs,; we claim that ||Ryf — fllsup < € for
yev.

If z € K then there is some j for which :z:j—lz € V;,, so that zy =
:z:j(:vj—l:v)y € z;U;,. But then

|f(zy) = f@)| < |f(zy) = flz)] +|f(z5) — fz)] < 3¢+ e =

Similarly, if zy € K then |f(zy) — f(z)| < €. But if z and zy are not in
K then f(z) = f(zy) =0, so we are done. 1

The locally compact groups that arise most frequently in practice
are the (finite-dimensional) Lie groups. Examples include the additive
group R™ and all closed subgroups of the group GL(n, R) of the group
of invertible linear transformations of R™. The group T of complex
numbers of modulus one,

T={z€C:|2 =1},

will play a particularly important role for us. It is isomorphic to R/Z,
and we shall usually not distinguish between these two groups. Likewise,
we shall generally identify (R/Z)" with the n-dimensional torus T™.

« In addition, there are a few classes of non-Lie groups that are of

“considerable importance. One such class is the class of compact groups
obtained by taking infinite products of compact Lie groups or finite
groups. For example, the product of a countable number of copies of
the 2-element group Z» turns up in several contexts. In probability
theory, it is the sample space for the simplest sort of stochastic process,
an infinite sequence of coin tosses. In Fourier analysis, it is the basis for
the theory of Walsh functions on the unit interval, as we shall see later.

The other important class of examples is the local fields and the matrix
groups associated to them. Here we shall work out the basic example,
the field Q,, of p-adic numbers.

Fix a prime p. By the unique factorization theorem, any nonzero
rational number r can be written uniquely as r = p™q where m € Z
and q is a rational number whose numerator and denominator are not
divisible by p. We define the p-adic norm of r, denoted by |r|,, to be
p~™, and we set |0, = 0. The p-adic norm clearly satisfies

(2.7) Ir1 +rafp < ma.x(|r1|p, |"2|p)> |7'l7'2|p = |r1lplralp-
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It follows that the p-adic distance function dy(ri,r2) = |r1 — r2fp is a
metric on Q with respect to which the arithmetic operations are con-
tinuous. These operations therefore extend to the completion of Q with
respect to the metric d,,, yielding a field that is called the field of p-adic
numbers and is denoted by Q,. Q, can be described more concretely
as follows.

(2.8) Proposition. If m € Z and ¢; € {0,1,...,p— 1} for j > m, the
series Y . c;p’ converges in Q. Moreover, every p-adic number is the
sum of such a series.

Proof: The first assertion is easy: the partial sums of the series
Y% ¢;p! are Cauchy, because | Y5 ¢;p/l, < p™™ — 0as M — co.
To prove the second one, we observe that the series y - cjp’ looks just
like the decimal expansion of a positive real number in base p except
that there are only finitely many digits to the right of the decimal point
and perhaps infinitely many to the left. (If the sum is finite, it is the
base-p decimal expansion of a rational number.) The usual algorithms
one learns in grade school for adding, multiplying, and dividing positive
real numbers in decimal form work equally well here, with the obvi-
ous modifications. In the present situation, however, subtraction is also
possible: if ¢,, # 0,

oo oo
=Y g =(p-cn)p™+ Y (p—1—c)p.

m m+1
It follows that the set of series Y~ ¢;p’ forms a field. To see that it is
all of Q,, we need only show that it is complete.

Suppose then that z, = " ¢jnp’ and {z,} is Cauchy. Then for each

k there exists N such that |Tn, — Tn,|p < p~* if ny,n2 > N. But since
| 5" cjp?|p = p~™, where m is the smallest integer for which ¢, # 0, this
can only happen if ¢jn, = ¢jn, for j < k. Thus the sequences {c;,} are
eventually constant in n for each j. In other words, ¢; = limp o Cjn
exists for every j, and then limz, = chpj. ]

For r > 0 and z € Q,, consider the closed ball

B(r,z)={yeQp: |z -yl <r}.

Since the norm | - |, takes on only the values p*, k € Z, and 0, for
any r > 0 there is some € > 0 for which the condition |z — y|, < r is
equivalent to |z — y|, < r + €. Hence the balls B(r,z), r > 0, are both
open and closed. (It follows that Q is totally disconnected but has no
isolated points: it is a Cantor set.) Moreover, by (2.7), if [zt —y|p <7
and |y — z|p < 7 then |z — y|, < r, so any point of a ball is a “center” of
that ball, and if two balls intersect then one is contained in the other.
By (2.7) again, B(r,0) is an additive subgroup of Q, for any r > 0,
and for 7 < 1it is a subring. B(1,0) is called the ring of p-adic integers
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and is denoted by Zy; it is the completion of the ordinary integers in the
p-adic metric. pZ, = B(p~!,0) is a subgroup of Z,, and the quotient
is the cyclic group Z,, of order p. In particular, Z,, is the disjoint union
of p cosets of PZ,, i.e., of p balls of radius p~!. It follows easily that
if m > n € Z, every ball B(p™,z) is the disjoint union of p™ ™ balls
of radius p*. In particular, these balls are totally bounded, so since
they are closed in the complete space Qp, they are compact. We have
therefore proved that Q, is a locally compact group under addition, and

Qp \ {0} is a locally compact group under multiplication.

2.2 Haar Measure

Let G be a locally compact group. We recall that C.(G) is the space of
compactly supported continuous functions on G, and we set

CIH(G) ={fe€C(G): f>0and f#0}.

Since the positive and negative parts of a real continuous function are
continuous, the linear span of C}(G) is C.(G).

A left (resp. right) Haar measure on G is a nonzero Radon measure
pon G that satisfies u(zE) = u(E) (resp. u(Ex) = u(E)) for every Borel
set £ C G and every z € G.

(2.9) Proposition. Let u be a Radon measure on the locally compact
group G, and let i(E) = p(E~1).

a. u is a left Haar measure if and only if i is a right Haar measure.

b. p is a left Haar measure if and only if [ L,f dy = [ fdp for every
f €CHG) andevery y € G.

Proof: (a) is obvious. As for (b), for any Radon measure g one has
JLyfdp = [ fdp, for all f where u,(E) = p(yE), as one sees by
approximating f by simple functions. Thus if y is a Haar measure then
JL,fdu = [ fdu, and if the latter condition holds for all f € CH(G)
and hence all f € C;(G), one has p = p, by the uniqueness in the Riesz
representation theorem. ]

In view of Proposition (2.9a), it is of little importance whether one
chooses to study left or right Haar measure. The more common choice,
to which we shall adhere, is the left one. The first order of business is to
establish the existence and uniqueness of Haar measure. The following
existence theorem is of fundamental theoretical importance; however,
one must admit that for most specific groups that arise in practice one
can construct Haar measure in a simpler and more explicit fashion. We
shall discuss a number of classes of examples later in this section.
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(2.10) Theorem. Every locally compact group G possesses a left Haar
measure A.

Proof: Taking our cue from (2.9b), we shall construct A as a lin-
ear functional on C.(G). The idea is as follows. Imagine a function
¢ € CFH(G) that is bounded by 1, equals 1 on a small open set, and
is supported in a very slightly larger open set U. If f € CH(G) is
sufficiently slowly varying so that it is essentially constant on the left
translates of U, f can be well approximated by a linear combination of
left translates of ¢: f = Y ciLy,¢. If A were a left Haar measure on
G, we would then have [ fd\ =~ (3 ¢;) [ #dA. This approximation will
get better and better as the support of ¢ shrinks to a point, and if we
introduce a normalization to cancel out the factor of [ ¢ dX on the right
we will obtain [ fdA as a limit of the sums Y c¢;. (Think of the case
G = R: ¢ is essentially the characteristic function of a small interval,
f = > cjL;¢ is essentially an approximation of f by step functions,
and (3_c;) [ ¢dA is essentially a Riemann sum for [ fdA.)

We now make this precise. If f,¢ € C}(G), we define (f : ¢) to
be the infimum of all finite sums Y [ ¢; such that f < 37 ¢;L,, ¢ for
some Ii,...,Zn € G. (This makes sense because the support of f can
be covered by some finite number N of left translates of the set where
¢ > 1||¢llsup, and it follows that (f : ¢) < 2N||fllsup/l|llsup-) The
quantity (f : ¢) has the following properties:

2.11) (f:0)=(Lyf:¢)forany y €G.

2.12) (fi+fo:9) < (f1:9) +(fa: 0):

2.13) (cf:¢)=c(f: ¢) for any ¢ > 0.

2.14) {fi:¢) <(f2:¢) whenever fi < fa.

2.15) (f:0) 2 [ fllsup/1llsup-

2.16) (f:9) < (f:9)(@:¢) forany ¢ € CF(G).

All of these are obvious with a moment’s thought except perhaps the
last one, which follows from the observation that if f < >, ¢;L;,% and
P < Z b;jLy,¢ then f <Z”c,b L.y, 0.

We now make a normalization by fixing an fo € CF(G) and defining

(f:9)
L =170

By (2.11-14), for each ¢ the functional I is left-invariant, subadditive,
homogeneous of degree 1, and monotone. Moreover, by (2.16), it satisfies

(2.17) (fo: )™ S Te(f) < (f : fo):

If only I were additive rather than subadditive, it would be the restric-

(
(
(
(
(
(

(f,0 € CL(G)).
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tion to CJF (G) of a left-invariant positive linear functional on C.(G) and
we would be in business. But this is not far from being the case:

(2.18) Lemma. If f;, fo € C}(G) and ¢ > 0, there is a neighborhood V

of 1in G such that Is(f1)+Is(f2) < I(f1+ f2) +€ whenever supp(¢) C
V.

Proof: Fix g € CH(G) such that g = 1 on supp(fi + f2) and let § be
a positive number (to be determined later). Let h = f; + f2 + g and
hi = fi/h (i = 1,2), with the understanding that h; = 0 wherever f; = 0.
Then h; € C}(G), so by Proposition (2.6) there is a neighborhood V' of
1 in G such that |h;(z) — hi(y)| < 6 for i = 1,2 and y~'z € V. Suppose
¢ € CH(G) and supp(¢) C V. If h < 3" c;Lg; ¢ then

fi(@) = M@)hi(z) <3 cid(z; ' 2)hi(z) <Y cid(a; ') ha(zs) + 6],

because |hi(z)—hi(z;)| < 6§ whenever :z:j‘l:v € supp(¢). Since h;+hs <1,
this gives

(Fro®)+(f2:0) <Y cilha(z)+6]+ D cilha(z)+8] < 3 cjl1+26].
Taking the infimum of all such sums )" c;, by (2.12) and (2.13) we obtain
Is(f1) + 15(f2) < (1 + 28)Iy(h) < (1 + 26)[I5(f1 + f2) + 614(9)].

By (2.17), then, we can reach the desired conclusion by taking é small
enough so that

26(f1+ fa: fo) +6(1+26)(g: fo) <e. 1

Now we can complete the proof of Theorem (2.10). For each f €
C}(G) let X; denote the interval [(fo : f)™%, (f : fo)], and let X be
the Cartesian product of all the X('s. X is a compact Hausdorff space
consisting of all functions from C}(G) into (0, 00) whose value at f lies in
Xy; hence, by (2.17), Iy € X for all ¢ € C}(G). For each neighborhood
Vof1in G, let K(V') be the closure in X of {I : supp(¢) C V'}. The sets
K (V') have the finite intersection property, since (] K(V;) > K(N7 V;),
so compactness implies that there is a point I € X that lies in every
K(V). This means that every neighborhood of I in X contains Iy’s
with supp(¢) arbitrarily small. In other words, for any neighborhood V
of 1, any € > 0, and any fy,..., fn € CH(G) there exists ¢ € C}H(G)
with supp(¢) C V and |I(f;) — Is(f;)| < € for all j. Hence, by (2.11-
13) and Lemma (2.18), I commutes with left translations, addition, and
multiplication by positive scalars.

Any f € C.(G) can be written as f = g—h with g,h € CF(G). If also
f=¢ —h,wehave g+h' = h+g, hence I{g)+ I(h) =I(h)+I(g"). It
follows that the formula I(f) = I(g)—I{h) gives a well-defined extension
of I to C;(G), and this extension is a nonzero positive linear functional
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on C,(G). The desired measure A is then the one associated to I by the
Riesz representation theorem. 1

Before proceeding to the uniqueness theorem, we point out a couple of
important properties of all Haar measures that are true by construction
for the ones produced in the preceding proof.

(2.19) Proposition. If A is a left Haar measure on G, then A(U) > 0
for every nonempty open set U, and [ fdX\ > 0 for every f € C}(G).

Proof: Suppose U is open and nonempty, and A(U) = 0. Then
A(zU) = 0 for all z, and since any compact set K can be covered by
finitely many translates of U, we have A(K) = 0 for every compact set
K. But then A(G) = 0 by inner regularity, contradicting the condition
A # 0. Next, given f € CF(G), let U = {z : f(z) > 1|/ fllsup}- Then
[ £drx > L fllaupMU) > 0. '
(2.20) Theorem. If A and p are left Haar measures on G, there exists
¢ € (0,00) such that p = cA.

Proof: In view of Proposition (2.19), the assertion that p = cA is
equivalent to the assertion that the ratio [ fdA/ [ fdu is the same for
all f € CH(G). Suppose then that f,g € CF(G). Fix a symmetric
compact neighborhood Vp of 1 and set

A = (supp f)Vo U Vo(supp f), B = (suppg)Vo U Vo(suppg).

Then A and B are compact, and for y € Vp, f(zy) — f(yz) and g(zy) -
g(yz) are supported in A and B respectively, as functions of .

Given € > 0, by Proposition (2.6) there is a symmetric neighborhood
V C Vp of 1 such that | f(zy) — f(yz)| < € and |g(zy) — g(yz)| < € for all
z when y € V. Pick h € C}(G) with h(z) = h(z~!) and supp(h) C V.

Then
/hd/\/fd,u //h z) du(y)

//h (yz) dA(z) duly),
and since h(z) = h(z"1),

/hd,\/fdu //h z) du(y)

= / h(y~'z)f(y) dA(z) du(y)

= / / h(z™y) £ (y) duu(y) dA(z)
//h (zy) du(y) dA(z)



40 A Course in Abstract Harmonic Analysis

//h (zy) dA\(z) du(y).

(Fubini’s theorem is applicable since all the integrals are effectively over
sets that are compact and hence of finite measure.) Therefore,

/hd,\/fdu—/hdu/fd/\‘ - ‘//h(y)[f(zy)

- f(yz)] dA\(z) du(y)|

<er(A / hdp.
In the same way,

/hﬁ/g@—/h@/gﬁ%&Mm/h@.

Dividing these inequalities by [hdy [ fdu and [hdp [ gdp, respec-
tively, and adding them, we obtain

ffd/\ fgd/\‘<€[/\(A) +/\(B)].

Jfdu  [gdu [fdu * [gdu
Since € is arbitrary, the ratio of the integrals with respect to A and p is
the same for- f and g, which is what we needed to show. ]

The remainder of this section is devoted to some more explicit con-
structions of Haar measure for various important classes of groups.

First, if G is a Lie group, Haar measure can be obtained by a simple
differential-geometric construction. Namely, start by picking an inner
product on the tangent space at 1; transport it to the tangent space
at every other point by left translation, obtaining a left-invariant Rie-
mannian metric; and then take the associated Riemannian volume ele-
ment. Alternatively, start by picking a nonzero n-covector at 1 (where
n = dim G); transport it to every other point by left translation, obtain-
ing a left-invariant differential n-form w; then Haar measure is defined
by the functional f — [ fw. Either way, one sees that Haar measure on
a Lie group is given by a smooth density times Lebesgue measure in any
local coordinates, and the construction via differential forms leads to a
calculation of this density as a Jacobian determinant. Here is a simple
result along these lines that covers many cases of interest.

(2.21) Proposition. Suppose the underlying manifold of G is an open
subset of RN and left translations are given by affine maps: Ty =
A(x)y + b(x), where A(z) is a linear transformation of RN and b(z) €
RN. Then |det A(z)|~dz is a left Haar measure on G, where dz de-
notes Lebesgue measure on RY. (Similarly for right translations and
right Haar measure.)
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The proof is an exercise in using the change-of-variable formula for
multiple integrals, which we leave to the reader. The following examples,
whose verification we also leave to the reader, are applications of this
proposition.

1. dz/|z| is a Haar measure on the multiplicative group R\{0}.

2. drdy/(z? + y?) is a Haar measure on the multiplicative group
C\{0}, with coordinates z = z + iy.

3. Lebesgue measure HK]. da;; is a left and right Haar measure on
the group of n x n real matrices (;;) such that o;; = 0 for ¢ > j
and a;; =1for1 <i<n.

4. |detT|™™dT is a left and right Haar measure on the group
GL(n,R) of invertible linear transformations of R™, where dT is
Lebesgue measure on the vector space of all real nxn matrices. (To
see that the determinant of the map S — T'S on matrix space is
(det T)", observe that it maps the matrix with columns x;,...,X,
to the matrix with columns 7x;,...,Txy,, so it is the direct sum
of n copies of T acting on R™.)

5. The ax+b group G is the group of all affine transformations
z—az+bof Rwitha >0and b€ R. On G, dadb/a? is a left
Haar measure and dadb/a is a right Haar measure.

If Gy,...,Gyp are locally compact groups with left Haar measures
AL . .., An, then left Haar measure on G = [[] G is obviously the Radon
product of Aj,..., A, that is, the Radon measure on G associated to
the linear functional

fo [ [ for ) du@).-..dra(an)

When the G,'s are o-compact, this is an extension of the ordinary prod-
uct A; X .-+ X Ay, and when the G;’s are second countable, it is equal
to this product. (See Folland [39, §7.4], and also the next section. The
technicalities implicit here are that if the G;’s are not second countable,
the Borel o-algebras on the factors do not generate the whole Borel
o-algebra on the product; and if the G;’s are not o-compact, outer reg-
ularity is incompatible with the usual definition of product.)

In the case of compact groups one can also allow infinitely many
factors, provided that one normalizes the Haar measures to have total
mass 1. Indeed, suppose {Go}aca is a family of compact groups, and
let Ay be the Haar measure on G, such that Ao(G4) = 1. (As we
shall shortly see, left and right Haar measures are the same on compact
groups.) Let G = [],c 4 Ga, and let Cr(G) be the space of continuous
functions on G that depend on only finitely many coordinates. If f €
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Cr(G) depends only on z4,, ..., Tq, , We set

1) = [+ [ oars- 20 )hay (@) b, (@, )

This is well-defined: it does not depend on the order of the coordinates,
and it is unaffected if we add in some extra coordinates on which f
does not depend. I is thus a left-invariant positive linear functional on
Cr(G) such that [I(f)| < || fllsup and I(1) = 1. It follows easily from the
Stone-Weierstrass theorem that Cr(G) is dense in C(G), so I extends
uniquely to a left-invariant positive linear functional on C(G), and the
associated Radon measure on G is its Haar measure.

An example of particular interest is the group (Z2)¥, the product of
an infinite sequence of copies of the integers mod 2, where Haar measure
on each factor assigns measure % to each of the two points 0 and 1. The
elements of (Z3)¥ are sequences (@),a2,...) where each a; is 0 or 1.
Consider the map ® : (Z3)“ — [0,1] that assigns to such a sequence
the real number 3 aj2'j whose base-2 decimal expansion is 0.a;az.. ..
This map is neither continuous nor a group homomorphism. However,
it is almost bijective — if z € [0,1], ®~1({z}) is one point unless z =
427% with 0 < j < 2F, in which case it is two points. Moreover, ® is
measurable and maps Haar measure u on G to Lebesgue measure A on
[0,1]. One can see this by the following steps:

i If I =[j27%, (j+1)27%] where 0 < j < 2%, ®~1(I) is a set of the
form [[}° E;, where E; = Z, for i > k and E; is {0} or {1} for
i <k. Clearly A(I) = (¢~ 1(I)) = 2°*.

ii. The finite disjoint unions of half-open intervals [j27%, (j + 1)27%)
form an algebra A, that generates the Borel s-algebraon [0, 1), and
the finite disjoint unions of sets E as in (i) form an algebra .4; that
generates the Borel o-algebra on (Z3)*. If A € A; then the union
of ®1(A) and some finite set is in Az, and A(A4) = p(®~1(4)).

iii. It now follows that ®~!(B) is a Borel set for any Borel B C [0, 1]
and that A(B) = pu(®~!(B)). (Cf. Folland [39, Theorem 1.14].)

Finally, we show how to construct Haar measure A on the p-adic
numbers. With notation as in §2.1, we fix the normalization of A by
declaring that A(Z,) = 1. Then the measure of any ball B(l,z) of
radius 1 must be 1. If m > 0, a ball of radius p™ is a disjoint union
of p™ balls of radius 1, and a ball of radius 1 is the disjoint union of
p™ balls of radius p~™. It follows that A(B(p*, z)) = p* for any k € Z,
z € Qp. Any open set is a countable disjoint union of such balls, so its
measure is the sum of their measures. Finally, the measure of any Borel
set E is determined by outer regularity, so we end up with a formula
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like that for Lebesgue measure on the line:

ME) =inf ¢ > p™ : EC | JB(p™, z5)
i=1 1

2.3 Interlude: Some Technicalities

In order not to artificially restrict the generality of our investigations,
we have not assumed that our locally compact groups G are o-compact.
In the non-o-compact case, Haar measure is not o-finite, a fact which
results in certain technical complications in the measure theory. The
purpose of this section is to point these out and to explain why they are
not serious. The reader who is content to add a standing assumption that
all groups under consideration are o-compact can omit this material.

Let G be a non-o-compact locally compact group, with left Haar
measure A. By Proposition (2.4), G has a subgroup H that is open,
closed, and o-compact. Let Y be a subset of G that contains exactly
one element of each left coset of H, so that G is the disjoint union of
the sets yH, y € Y. A moment’s thought shows that the restriction of
A to the Borel subsets of H is a left Haar measure on H. Moreover, this
restriction determines A completely, but not in quite the obvious way.
In the first place, it determines A on the Borel subsets of each coset yH,
since A(yE) = A(E). One might then think that for any Borel E C G
one would have A(E) = 3 .y A(ENyH). But in fact, what happens is
the following.

(2.22) Proposition. Suppose E C G is a Borel set. If E C |J)" y;H
for some countable set {y;} C Y, then ME) = > °ME Ny;H). If
EnNyH # 0 for uncountably many y, then \(E) = o0.

Proof: The first assertion is true simply by countable additivity. To
prove the second one, by outer regularity it suffices to assume that E
is open. In this case, by Proposition (2.19), A(E N yH) > 0 whenever
EnNyH # 0. If this happens for uncountably many y, for some ¢ > 0
there are uncountably many y for which A(E NyH) > ¢, and it follows
that A(E) = oo. |

Here is a useful example to keep in mind: let G = R x Ry, where
R, is R with the discrete topology. Here we can take H = R x {0}
and Y = {0} x Ryq. To obtain Haar measure A on G, simply take
Lebesgue measure on each horizontal line R x {y} and add them together
according to Proposition (2.22). In particular, observe that Y is closed
and that A(Y) = oo although the intersection of Y with any coset of



44 A Course in Abstract Harmonic Analysis

H, or with any compact set, has measure 0. (This is also true for
Y in the general situation above, as long as G is not discrete.) This
shows that A is not inner regular on Y. It also shows that X is not
quite the product of the Haar measures on R and Ry. Indeed, the
latter are Lebesgue measure p and counting measure v, and one has
(e x v)(Y) = p({0})¥(R) = 0- 0o = 0 — unless one modifies the usual
convention that 0 - 0o = 0 to say that u(E)v(F) = oo when E # 0 and
F is non-o-finite.

There are three fundamental theorems of measure theory that break
down for general non-o-finite measures: Fubini’s theorem, the Radon-
Nikodym theorem, and the duality of L! and L>™. We shall need to deal
with each of these, and the rest of this section is devoted to explaining
how.

We shall need Fubini's theorem to reverse the order of integration
in double integrals [ [, f(z,y) dA(z)dA(y). There is no problem in
doing this as long as f vanishes outside a o-compact set E C G x
G. Indeed, in this case the projections E; and E» of E onto the first
and second factors are also o-compact, and £ C E, x E;. We can
therefore replace G x G by the o-finite space E; X E3, to which the
Fubini theorem for Radon products (Folland [39, Theorem (7.27)]) is
applicable. Moreover, this hypothesis on f is almost always satisfied
when f is built up out of functions on G that belong to LP()) for some
p < 00, for such functions vanish outside some o-compact set | J]° y; H
by Proposition (2.22). For example, in dealing with convolutions one
is concerned with functions of the form f(z,y) = g(z)h(z~1y). If g
vanishes outside A and h vanishes outside B then f vanishes outside
A x AB, and AB is o-compact whenever A and B are.

We shall therefore use Fubini’s theorem without comment in the se-
quel whenever the conditions of the preceding paragraph are satisfied,
leaving their verification to the mistrustful reader. (We have already
encountered this situation once, in the proof of Theorem (2.20).)

As for the Radon-Nikodym theorem: Radon measures — or rather
their Carathéodory extensions, which are complete and saturated —
enjoy a property called “decomposability” which implies a version of
the Radon-Nikodym theorem that is adequate for virtually all purposes.
(See Hewitt-Ross [62, Theorem (12.17)], or Folland [39, Exercises 1.22
and 3.15]. For Haar measures, decomposability is an easy consequence
of Propositions (2.4) and (2.22).) However, all we shall really need to
consider are the following more restricted situations.

The first one is that of two Radon measures p and v on a locally
compact Hausdorff space X such that v <« p and v is o-finite. By
inner regularity there is a o-compact set E such that v(X\E) = 0. But
the restriction of p to subsets of E is o-finite, so there is a measurable
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f+ E —[0,00) such that dv = fdyu on E. If we set f =0 on.X\E, we
then have dv = f du everywhere.

The second situation is that of two Radon measures p and v on a
locally compact Hausdorff space X that are equivalent, that is, mu-
tually absolutely continuous. In the cases we are interested in, we will
not need to invoke the Radon-Nikodym theorem, but will be able to
produce a continuous f : X — (0,00) such that [¢dv = [¢f dp for all
¢ € C.(X), and the following proposition completes the picture.

(2.23) Proposition. Suppose pu and v are Radon measures on X, and
there is a continuous f : X — (0,00) such that [ ¢dv = [ ¢f du for all
¢ € Co(X). Then v(E) = [, f du for all Borel sets E C X.

Proof: Let U(E) = [ fdu; then U is a Borel measure on X. To
show that ¥ = v, it will suffice to show that ¥ is outer regular and that
v(U) = v(U) for all open sets U.

Suppose E is a Borel set with U(E) < oo, and € > 0. For j € Z,
let V; = {z : 2772 < ¢(z) < 27}. The open sets V; cover X, so we
can write E = |J¥_ E; where E; C V;. Since p is outer regular and
pw(E;) < 229 ij fdp = 2295(E;) < oo, for each j we can find an open
U; C V; such that U; D E; and p(U;\E;) < €221, Then D(U;\E;) <
2 1(U;\E;) < €271l so U = |J%_ U; is an open set containing E such
that V(U\E) < 3e. Hence ¥ is outer regular.

Next, if U is open, let ® = {¢ € C.(X): 0 < ¢ <1, supp(¢) C U}.
Then v(U) = supg [ ¢dv = supg [ ¢f du. But supg éf = xu f, so by
the monotone convergence theorem for nets of lower semi-continuous
functions (Folland [39, Proposition (7.12)]), supg [¢fdu = [ xuvfdu=
v(U). |

If 4 and v satisfy the conditions of Proposition (2.23), we shall say
that they are strongly equivalent. Lest the reader should suspect
that our arguments here are more complicated than necessary, we point
out that Proposition (2.23) is no longer true if we allow f to assume
the value 0. For example, if A is Haar measure on the group R x Ry
discussed above, and f(z,y) = |z|, then the measure v(E) = fEfd/\
is not a Radon measure. Indeed, if Y = {0} x R4 then v(Y) = 0 but
v(U) = oo for any open U D Y, by the argument in Proposition (2.22).

Finally, we consider the duality of L' (1) and L*®(u). When p is not o-
finite it is generally false that L°°(u) = L1(u)* with the usual definition
of L*, but when g is a Radon measure on a locally compact Hausdorff
space X the result can be salvaged by modifying the definition of L°.
Here’s how. A set E C X is locally Borel if EN F is Borel whenever
F is Borel and pu(F) < oo. A locally Borel set E is locally null if
u(E N F) = 0 whenever F is Borel and p(F) < co. An assertion about
points in X is true locally almost everywhere if it is true except on
a locally null set. A function f : X — C is locally measurable if
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f1(A) is locally Borel for every Borel set A C C. We now (re-)define
L>=(u) to be the set of all locally measurable functions that are bounded
except on a locally null set, modulo functions that are zero locally a.e.
L>(y) is a Banach space with norm

I flloo = inf{c: |f(z)| < ¢ locally a.e.}.

We then have L*®(u) = L'(u)*. In more detail, if f € L>®(u) and
g € L'(u) then fg is measurable since {z : g(z) # 0} is o-finite, and it
is then integrable since {z : |f(z)| > || flloo} N {z : g(z) # 0} is null. So
g — [ fgdu is a well-defined linear functional on L!(y), and its norm
is easily seen to be || f||co. That every element of L!(u)* arises in this
way follows in general from the decomposability of the Carathéodory
extension of u. (See Hewitt-Ross [62, Theorem (12.18)], or Folland [39,
Exercises 6.23-26].)

In the case of Haar measure A on a locally compact group G (the
one we shall be mainly concerned with), this can be established quite
simply by the following argument, whose details we leave to the reader.
In view of Propositions (2.4) and (2.22), and with the notation used
there, it is easy to see that £ C G is locally Borel <= FEnNyH is
Borel for every y € Y; E is locally null <= AEnyH) = 0 for
every y € Y; and f : G — C is locally measurable <= f|yH is
measurable for every y € Y. If ® € L'(G, \)* then ®|L!(yH, }) is given
by a bounded measurable function f, on yH since A is o-finite on yH.
Define f : G — C by f = f, on yH. Then f is locally measurable,
1l = supyey 1 fylloo = 12}, and B(g) = [ £g for every g € L1(A).

Henceforth L>=(y) will always denote the space defined above. Of
course, this coincides with the usual L>(u) when p is o-finite.

2.4 The Modular Function

Let G be a locally compact group with left Haar measure A. We wish ,
to investigate the extent to which A fails to be right-invariant. If, for

z € G, we define A\ (E) = A(Ez), then A; is again a left Haar measure,

by the associative law: y(Er) = (yE)z. By the uniqueness theorem

(2.20), there is a number A(z) > 0 such that A; = A(z)A, and A(zx) is

independent of the original choice of A. The function A : G — (0,00)

thus defined is called the modular function of G. In what follows, we

denote by R« the multiplicative group of positive real numbers.

(2.24) Proposition, A is a continuous homomorphism from G toR .
Moreover, for any f € L'()A),

(2.25) /Ryfd,\z A(y“l)/fd/\.
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Proof: For any z,y € G and E C G,
A(zy)A(E) = MEzy) = A(y)A(Ez) = A(y)A(z)A(E),

so A is a homomorphism from G to Ry. Moreover, since xg(zy) =
XEy-1(T), we have

/ x£(zy) dAz) = MEy~1) = Ay )ME) = A@y™) / x£(z) dA(z).

This proves (2.25) for f = xg, and the general case follows by approx-
imating f by simple functions. Finally, since y — R, f is continuous
from G to C¢(G) (Proposition (2.6)), y — [ R, f dX is continuous from
G to C, so the continuity of A follows from (2.25). S |

If we set yo = y~! in (2.25) and make the substitution z — Ty, we

obtain
Ao / f(z)dA(= / floyy) dMz) = / £(z)dA(zyo),

which yields the following convenient abbreviated form of (2.25):
(2.26) d\(zyo) = A(yo) dA(z).

G is called unimodular if A = 1, that is, if left Haar measure is also
right Haar measure. Unimodularity is a useful property that makes life
simpler in a number of respects. Obviously Abelian groups and discrete
groups are unimodular, but many others are too. Here are some classes
of examples.

(2.27) Proposition. If K is any compact subgroup of G then A|K = 1.
Proof: A(K) is a compact subgroup of Ry, hence equal to {1}. 1
(2.28) Corollary. If G is compact, then G is unimodular.

Let [G, G] denote the smallest closed subgroup of G containing all el-
ements of the form [z,y] = zyz~'y~!. [G, G] is called the commutator
subgroup of G; it is normal since z[z,y]z™! = [zz27!, zyz"}].

(2.29) Proposition. If G/[G, G is compact, then G is unimodular.

Proof: Since Ry is Abelian we have A([z,y]) = [A(z), A@)] = 1,
so A must annihilate [G, G| and hence factor through G/[G, G]. It then
follows as in Proposition (2.27) that A(G) = {1}. 1

As a consequence of Proposition (2.29), one can see that every con-
nected semi-simple Lie group G is unimodular. Indeed, the Lie algebra
g of such a group is a direct sum of simple algebras, and it follows easily
that [g, g] = g. But [g, g] is the Lie algebra of [G, G|, so G = [G, G] since
G is connected. '
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More generally, one has the following result, whose proof may be found
in Helgason [60]. (See Lemma 1.2 of Chapter 10 of [60], together with
Proposition (2.31) below.)

(2.30) Proposition. If G is a connected Lie group and Ad denotes the
adjoint action of G on its Lie algebra, then A(z) = det Ad(z~!).

It follows easily from Proposition (2.30) that every connected nilpo-
tent Lie group is unimodular. Thus, Lie groups that are close to being
Abelian (i.e., nilpotent) or far from being Abelian (i.e., semi-simple)
are unimodular. The simplest example of a non-unimodular group is
the az + b group, which is solvable but not nilpotent; see the list of
examples following Proposition (2.21).

To each left Haar measure A is associated the right Haar measure p
defined by p(E) = A(E™!). The modular function can be used to relate
Ato p:

(2.31) Proposition. A and p are strongly equivalent, and
dp(z) = A(z™) dA(z).
Proof: By (2.25), if f € C.(G),

[ Rur@aE ) axe) = aw) [ f@a@) ™) ixa)

/f (z1) dA(@).

Thus the functional f — [ f(z)A(z™')dA(z) is right-invariant, so its
associated Radon measure is a right Haar measure and hence equals
cp for some ¢ > 0. By Proposition (2.23), cdp(z) = A(z~!)dA(z), so
we need only show that ¢ = 1. If ¢ # 1, we can pick a symmetric
neighborhood U of 1 in G such that |[A(z™!) —1| < Z|c — 1| on U. But
then A(U) = p(U), so

e~ 1A) = len(0) =2V = | [ 1) - 1a@)| < d1e - 17@),

a contradiction. ]

The formula dp(z) = A(z~!)dA(z) can be restated in the following
ways, convenient for making substitutions in integrals:

(2.32) dMz™") = A(z™H)dA(z), dp(z™") = A(z) dp(z).

When G is not unimodular, the function A is unbounded, so the
spaces LP(A) and LP(p) (1 < p < o0) are not the same. There are two
ways of passing from one to the other. Namely, let us define

fl@)=fz™h), Mpf(z) = Ax)"/?f(x).
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Then f — f and f — M,f are isometric isomorphisms from LP(}) to
LP(p), because dA(z) = dp(z~!) = A(z)dp(z). By composing these
maps, we get an interesting isometric linear isomorphism of L?(A) onto
itself:

(2.33) My ' f(z) = (Mpf) () = Az)"VPf(z™1).

2.5 Convolutions

From now on we shall assume that each locally compact group G is
equipped with a fixed left Haar measure A\. We shall generally write dx
for d\(z), [ f for [ fdX, |E| for M(E), and LP or LP(G) for LP()).

Let G be a locally compact group, and let M(G) be the space of com-
plex Radon measures on G. We define the convolution of two measures
p,v € M(G) as follows. The map I(¢) = [[ ¢(zy) du(z) dv(y) is clearly
a linear functional on Cy(G) satisfying |I(¢)| < |[¢llsupllll [|¥]l. Hence
it is given by a measure p* v € M(G) with ||g* v| < |u|/ v, called
the convolution of y and v: )

(2:34) [ edtsv) = [[ ot@y) dut@)avty)

(The order of integration in the double integral is immaterial. What
matters is that the variables of integration for p and v are the first and
second factors, respectively, of the product that forms the argument of

¢.)

Convolution is associative: if y,v,0 € M(G) and ¢ € C.(G),

/d)d[,u* v*o)] //d’l‘y du(z) d(v * o) (y)

=// d(zyz) du(z) dv(y) do(z)

/ d(yz) d(p * v)(y) do(z /d)d[,u*u ) * .

Moreover, convolution is commutative if and only if G is Abelian. In-
deed, if G is Abelian we have ¢(zy) = ¢(yz), whence it follows from
(2.34) that g v = v * u. On the other hand, if 6; € M(G) denotes the
point mass at z € G, we have

[odtsxs,) = [[ own)dsatw)dey ) = d(e) = [ 8y,

in other words, 6z %8y = 8zy. Thus §z%6, = 6, %6 if and only if zy = yz.
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The estimate ||p*v|| < |||l ||v|| implies that convolution makes M(G)
into a Banach algebra, called the measure algebra of G. M(G) has a
multiplicative identity, namely the point mass § = 6; at 1:

Jedex) = [[ olev ast@raut) = [ o) autv) = [odn,

and similarly g * 6 = . M(G) also has a canonical involution g — p*
defined by

(235)  u(E)=mE), or / bdu* = / o(z") da(z)

This is indeed an involution, because

[edsvy = [ s dis) = [[ st@n) datz) o)
= [tz dpte) ) = [[ otws) @) )

so that (u*v)* = v* x u*.

In many respects, the algebra M(G) is too big and complicated to
work with easily, and it is preferable to restrict attention to the space
L'(G), which is a subspace of M(G) if we identify the function f with
the measure f(z)dz. If f,g € L', the convolution of f and g is the

function defined by
frg(z / fly

An application of Fubini’s theorem shows that the integral is absolutely
convergent for almost every z and that ||f x g|l1 < |[fll1llgl|1, for

/|f y‘z|dzdy—/ FW)e@)ldzdy = £ gl

by the left invariance of the measure dz. This definition of convolution

agrees with the preceding one when we identify f € L! with the measure
f(z) dz, because

/ olyz)f d:vdy—//¢> g(y~'z)drdy
- [o@s )@ de

The integral defining f * g(z) can be expressed in several different
forms:
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(2.36) = / Fev)a(v™) dy

The equality of the integrals follows from the substitutions r — yzr
and z — z~!, according to (2.32). To remember how to arrange the
variables z and y in them, it may be useful to keep the following two
rules in mind. (i) The variable y of integration occurs as y in one factor
and as y~! in the other. (ii) The two occurrences of the variable of
integration are adjacent to each other, not separated by the variable z
at which the convolution is evaluated. When G is unimodular, the factor
of A(y~!) disappears, in which case these two rules always suffice to give
the right answer.

The involution on M(G), restricted to L!(G), is defined by the relation
f*(z)dz = f(z=1)d(z™!), so by (2.32) it is given by

(2.37) f*(@) = Al flzD).

(Cf. (2.33).) With the convolution product (2.36) and the involution
(2.37), L'(G) becomes a Banach x-algebra, called the L! group algebra
of G. (This algebra coincides with the algebraists’ “group algebra” when
G is a finite group.)

Observe that

(2.38) frg= /f(y)Lygdy = /g(y'l)}?q,fdy-

These equalities can be interpreted in two senses: either pointwise, in
which case they are restatements of the first two equalities in (2.36), or
in the sense of vector-valued integrals, where the expressions on the right
are considered as integrals of LP-valued functions of y: see Appendix 3.
Thus, f * g is a generalized linear combination of left translates of g, or
of right translates of f. Since left translations commute with right trans-
lations (this is the associative law), it follows easily that convolutions
have the following behavior under translations:

L.(f*xg)=(Lf)*g, R:Af*g)=fx(R9).

Convolution can be extended from L! to other L? spaces. Specifically,
we have the following results:
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(2.39) Proposition. Suppose 1 <p< oo, f€ L', and g € L”.
a. The integrals in (2.36) converge absolutely for almost every z, and
we have fx g € L? and || f * gllp < || f1]lgll,-
b. If G is unimodular, the same conclusions hold with f * g replaced
by gx f.
c. If G is not unimodular, we still have g* f.€ LP when f has compact
support.

d. When p = 00, f * g is continuous, and under the conditions of (b)
or (c),soisgx* f.

Proof: To prove (a), we apply Minkowski’s inequality for integrals
to the first integral in (2.36), obtaining

/f Lyg(: dy

since the L? norm is left-invariant. (The a.e. convergence of the integral
for f x g is implicit in this.) If G is unimodular, we apply Minkowski’s
inequality to the fourth integral in (2.36) with f and g switched,

‘ [ Burs0)5@)

which proves (b). If K = supp f is compact, a similar argument works
in the non-unimodular case:

lo+ 51 = || [ RBr-ssC)f@)aw™)

If*gll, =

/ @)L yallp dy = £ 19l

llg * fll, =

ay| < / IRy -1 gllol £ ) dy = lgllall fll1»
p

ayl| < / 1Ry-rgllolF @) A™) dy
p

= llgll, /K FWIAG YD dy < Clallpl s

where C = supg A(y)(/P) =1, Finally, if p = oo and f € C.(G), it is
clear from (2.36) and the left and right uniform continuity of f that fxg
and g * f are continuous. But C,(G) is dense in L, and if f, — f in L!
then f, * g — f*g uniformly. Hence f * g is continuous for any f € L';
similarly for g * f in cases (b) and (c). 1

(2.40) Proposition. Suppose G is unimodular. If f € LP(G) and
g € LY(G) where 1 < p,g < oo andp~! +q ! =1, then f x g € Co(G)
and || f * gllsup < [| fllnllgllq-

Proof: The fact that |f * g(z)| < [|fllpllgllq for all z € G follows
from Holder’s inequality and the invariance of Haar integrals under
translations and inversions. If f,g € C.(G), it is easy to check that
f*xg e CG). But C.(G) is dense in LP(G), and if f, — f in LP and
gn — g € L9 then f, *x g, — f*g and g, * fn — g * f uniformly; the
result follows. L
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When G is discrete, the function 6 defined by 6(z) = lifz = 1, §(z) =
0 otherwise, satisfies f*6 = 6% f = f for any f. When G is not discrete
there is no function with this property. There is a measure, of course
— the point mass at the origin — but in many situations one needs to
remain in the realm of functions, so one uses an “approximate identity”
instead. The construction of these is given in Proposition (2.42), but
first we need to establish the continuity of translations on L”.

(2.41) Proposition. If 1 <p < oo and f € LP then | Lyf — f||, and
|Ryf — fllp tend to zero as y — 1.

Proof: Fix a compact neighborhood V of 1. First, if g € C.(G), let
K = (suppg)V UV (suppg). Then K is compact, and Lyg and R,g are
supported in K when y € V. Hence, | Lyg—g|lp < |K|1/”||Lyg Jlleo — 0
as y — 1 by Proposition (2.6), and likewise ||Ryg — g|[, — O.

Now suppose f € LP. We have |Lyfll, = ||fll, and ||Ryfll, =
AW)V?||fll, < C||fllp for y € V. Given e > 0 we can choose g € C,(G)
such that ||f — g||p <€, and then

Ry f=fllp < IRy(f=Dllp+Ryg—9gllpo+llg—fllp < (C+1)e+[|Ryg—gllp,
and the last term tends to zero as y — 1; similarly for L, f. ]

(2.42) Proposition. Let U be a neighborhood base at 1 in G. For
each U € U, let vy be a function such that supp ¥y is compact and
contained in U, ¢y > 0, Yy(z™!) = yy(z), and [Yy = 1. Then
|f*vu — fllp > 0asU — {1} ifl <p<ooand f € LP, orif p = 00
and f is right uniformly continuous. Moreover, ||Yy * f — f|p, — 0 as
U— {1} ifl<p<ooand fe€LP orifp=ocoand f is left uniformly
continuous.

Proof Since $y(z~!) = Yy(z) and [ ¢y = 1, we have
frdu) - 10 = [ feioE)ds - 1) [woe
= [IRet®) - 10 &) dz,
so by Minkowski’s inequality for integrals,
I£ 00 = Flo < [ I1Ref = Fll(e) da < sup | Ref = 1l

Hence || f * ¥y — f|lp — 0 by Proposition (2.41), or by the right uniform
continuity of f if p = c0. The second assertion follows in the same way,
since

Yo r @) - Fy) = / Lo fW) - F@)l (@) da. '
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A family {4y} of functions as in Proposition (2.42) is called an ap-
proximate identity. Approximate identities exist in great abundance.
For example, we could take the sets U to be compact and symmetric and
then take ¥y = |U| !xv, or we could take the 1y’s to be continuous.
Sometimes we shall informally say, “Let g be an approximate identity’;
what we mean is, “Let g = ¥y and let U — {1}.”

As a first application of approximate identities, we derive an impor-
tant characterization of the closed ideals in L'(G).

(2.43) Theorem. Let I be a closed subspace of L*(G). Then I is a
left ideal if and only if it is closed under left translations, and I is a
right ideal if and only if it is closed under right translations.

Proof: Suppose T is a left ideal. If f € Z, z € G, and {yy} is an
approximate identity, we have L (¢Yy * f) = (Lz¥y) * f € T and hence
L. f =lim Lz (Yy*f) € . On the other hand, suppose Z is closed under
left translations. If f € Z and g € L', we have g* f = [ g(y)L,f dy
by (2.38), so g * f is in the closed linear span of the functions L, f (see
Appendix 3) and hence in I. 1

Finally, we mention a couple of other extensions of the notion of con-
volution. First, if p € M(G) and f € LP(G) one can define the function
px f by

px fz) = / Fu™ ) duy).

The argument used to prove Proposition (2.39a) shows that p* f € LP
and that ||g * fllp < [lg|]l |fllp- When G is unimodular or when p = 1
one can define f * y similarly. In particular, L!(G) is a two-sided ideal’
in M(G).

Second, suppose G is unimodular. We have LPxL! C L and LP*L? C
L> where p' is the conjugate exponent to p, by Propositions (2.39)
and (2.40). An application of the Riesz-Thorin interpolation theorem
then shows that LP x L9 C L” and that ||f * g|l» < || fll,llgllq whenever

pl4+gl=r"14+1.

2.6 Homogeneous Spaces

Let G be a locally compact group and S a locally compact Hausdorff
space. A (left) action of G on S is a continuous map (z,s) — zs from
G x S to S such that (i) s — s is a homeomorphism of S for each
z € G, and (ii) z{ys) = (zy)s for all z,y € G and s € S. A space S
equipped with an action of G is called a G-space. A G-space is called
transitive if for every s,t € S there exists z € G such that zs = 1.
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The standard examples of transitive G-spaces are the quotient spaces
G/H (where H is a closed subgroup of G), on which G acts by left
multiplication. In fact, these are close to being the only examples. If S
is a transitive G-space, pick so € S, define ¢ : G — S by ¢(z) = zso,
and let H = {r € G : sy = so}. Then H is a closed subgroup of G
and ¢ is a continuous surjection of G onto S that is constant on the left
cosets of H. Hence ¢ induces a continuous bijection ® : G/H — S such
that ® o ¢ = ¢, where ¢ : G — G/H is the natural quotient map. The
only additional thing needed to identify S with G/H is the continuity
of ®~1. This is not always the case — for example, consider G = R
with the discrete topology, acting by translations on R with the usual
topology. But it is valid if G is o-compact.

(2.44) Proposition. With notation as above, if G is o-compact then
® is a homeomorphism.

Proof: It suffices to show that ¢ maps open sets in G to open sets
in S. Suppose U is open in G and x¢ € U; pick a compact symmetric
neighborhood V of 1 such that zoVV C U. Since G is o-compact, there
is a countable set {y,} C G such that the sets y,V cover G. Then
S = U7 ¢(ynV). The sets ¢(y»V) are all homeomorphic to ¢(V') since
§ — Yns is a homeomorphism of S, and they are compact and hence
closed. By the Baire category theorem for locally compact Hausdorff
spaces (Folland [39, Exercise 5.32]), (V) must have an interior point,
say ¢(z1) (z1 € V). But then ¢(zo) is an interior point of ¢(zez'V),
and :1:0:1:1“1V C zoVV C U, so ¢(zo) is an interior point of #(U). Thus
&(U) is open. ) 1

We shall use the term homogeneous space to mean a transitive G-
space S that is isomorphic to a quotient space G/H — that is, one for
which the map ® described above is a homeomorphism — and we shall
generally identify S with G/H. This identification depends on the choice
of a base point sg € S. If we choose a different base point s; = x50, the
only effect is to replace H with H' = roHz;'; and the map z — zozzy’
induces a G-equivariant homeomorphism between G/H and G/H'.

Henceforth we consider homogeneous spaces G/H, where G is an ar-
bitrary locally compact group and H is an arbitrary closed subgroup.
The question we wish to address is whether there is a G-invariant Radon
measure on G/H, that is, a Radon measure p such that u(zE) = u(E)
for every z € G. The answer is not always affirmative. For example, the
real line R is a homogeneous space of the group of affine transformations
z — az+b of R. The only measure on R (up to scalar multiples) that is
invariant under translations £ — x +b is Lebesgue measure, but it is not
invariant under the dilations £ — az. However, we shall obtain a neces-
sary and sufficient condition for the existence of an invariant measure,
and a good substitute result for the cases where the condition fails.
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In what follows, G is a locally compact group with left Haar measure
dz, H is a closed subgroup of G with left Haar measure d¢, ¢ : G — G/H
is the canonical quotient map ¢(z) = zH, and Ag and Ap are the
modular functions of G and H. We define a map P : C.(G) — C.(G/H)
by

(2.45) PfeH) = [ flat)ds

This is well-defined by the left-invariance of dh: if y = zn withn € H

then [ f(y€)d¢ = [ f(z€)dé. ~ Pf is obviously continuous, and
supp(Pf) C q(supp f). Moreover, if ¢ € C(G/H) we have

Pl(¢oq)- fl=¢- Pf.

We now show that P maps C.(G) onto C.(G/H), obtaining along the
way a couple of lemmas that will be needed later.

(2.46) Lemma. IfE C G/H is compact, there exists a compact K C G
with q(K) = E.

Proof: Pick an open neighborhood V of 1 in G with compact clo-
sure. Since q is an open map, the sets g(zV) (z € G) are an open

cover of E, so there is a finite subcover ¢(z;V) (j = 1,...,n). Let
K = ¢ Y(E)n U] z;V. Since ¢"!(E) is closed, K is compact, and
qgK)=FE. |

(2.47) Lemma. If F C G/H is compact, there exists f > 0 in Cc(G)
such that Pf =1 on F.

Proof: Let E be a compact neighborhood of F in G/H, and use
Lemma (2.46) to obtain a compact K C G such that ¢(K) = E. Choose
nonnegative g € C.(G) with g > 0 on K and ¢ € C,(G/H) supported
in F such that ¢ =1 on F, and set

poq

f:Pgoq

1

with the understanding that the fraction is zero wherever the numerator
is zero. f is continuous since Pg > 0 on supp ¢, its support is contained

in supp g, and Pf = (¢/Pg)Pg = ¢. I
(2.48) Proposition. If ¢ € C.(G/H), there exists f € C.(G) such
that Pf = ¢ and g(supp f) = supp ¢, and also such that f > 0 if ¢ > 0.

Proof: If ¢ € C.(G/H), by Lemma (2.47) there exists g > 0 in C.(G)
such‘that Pg = 1 on supp¢. Let f = (¢oq)g. We have Pf = ¢(Pg) = ¢,
and the other properties of f are obvious. |

We are now in a position to settle the question of the existence and
uniqueness of invariant measures on G/H.
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(2.49) Theorem. Suppose G is a locally compact group and H is a
closed subgroup. There is a G-invariant Radon measure u on G/H if
and only if Ag|H = Ay. In this case, u is unique up to a constant
factor, and if this factor is suitably chosen we have

(2.50)

/G f(z)dz = /G L Pidn= /G . /H f(@€) de du(aH)  (f € C(G).

Proof: Suppose a G-invariant measure p exists. Then f — [ Pfdu
is a nonzero left invariant positive linear functional on C.(G), so
[ Pfdu=c [ f(z)dz for some ¢ > 0 by the uniqueness of Haar measure
on G. In view of Proposition (2.48), this formula completely determines
L, so p is unique up to the arbitrary constant factor in Haar measure.
Replacing p by ¢~ 'y, we may assume ¢ = 1, so that (2.50) holds. This
being the case, if n € H and f € C.(G) we have

8a(n) [ fa)dz = /G flen) do

[ [ sen) dg dutei
G/HJH
=A
w [ [ a0 dcanem)
= 8u(n) [ @) da,
so that Ag(n) = Au(n).
Conversely, suppose Ag|H = Ay. We claim that if f € C.(G) and

Pf = 0 then [ f(x)dr = 0. Indeed, by Lemma (2.47) there exists
¢ € Cc(G) such that Pgp =1 on g(supp f). We have

0= Pfat) = [ )t = [ flat™)Ane™) de

- / Fae ) Ac(e™Y) de,

SO

0:/C:/Ii¢($)f(m§‘l)éc(§—1)d§dm
- [ [ swseeace ) dmde

= [ [ ¢ee)s@)azat
- /G P(zH)f(z)dz = /G F(z) dz.
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This means that if Pf = Pg then [, f = [ g. It then follows from
Proposition (2.48) that the map Pf — [ f is a well-defined G-invariant
positive linear functional on C.(G/H). The associated Radon measure
is then the desired measure p. 1

(2.51) Corollary. If H is compact, G/H admits a G-invariant Radon
measure.

Proof: By Proposition (2.27), Ag|H = Ay = 1. 1

When no G-invariant measure exists, a weaker but still useful result
is available. Suppose u is a Radon measure on G/H. For £ € G we
define the translate p, of u by

pz(E) = ;L(:L‘E).

u is said to be quasi-invariant if the measures y,, are all equivalent (i.e.,
mutually absolutely continuous), and we shall call u strongly quasi-
invariant if there is a continuous function A : Gx (G/H) — (0, 00) such
that du.(p) = Mz, p)du(p) for all z € G and p € G/H. Thus, strong
quasi-invariance means not only that the measures p, are all strongly
equivalent but that the Radon-Nikodym derivative (dp./dp)(p) is jointly
continuous in x and p.

If G and H are Lie groups, so that G/H is a smooth manifold on which
G acts by diffeomorphisms, the construction of strongly quasi-invariant
measures is easy, and the derivatives du./du can be taken to be smooth.
Indeed, the Riemannian volume density associated to any Riemannian
metric on G/H will do the job; if G/H is orientable, so will the volume
density given by any nonvanishing smooth n-form (n = dim{(G/H)).

We shall now prove that strongly quasi-invariant measures exist on
an arbitrary homogeneous space and show how to construct all of them
by modifying the proof of Theorem (2.49). The ideas in this proof will
be needed again in Chapter 6, even for the case of Lie groups. First, we
need a couple of technical lemmas.

(2.52) Lemma. Let V be a symmetric open neighborhood of 1 in G
with compact closure. There exists a set A C G such that: (i) for every
z € G there exists a € A such that tH NVa # 0; (ii) if K C G is
compact, there are only finitely many a € A such that KHNVa # 0.

Proof: By Zorn’s lemma there is a maximal set A C G such that if
a,b € A then a ¢ VbH. (The condition a ¢ VbH is symmetric in a and
bsince V=V~! and H = H ') For any z € G, zH intersects some
Va, for otherwise x ¢ VaH for all a, contradicting maximality. Also, if
K C G is compact and KH nVa # { for infinitely many a, there exist
a1, az,... € A (all distinct) and hy, he,... € H such that a;h; € VK for
all j. Since VK is compact, the sequence a;h; has a cluster point z. Pick
a symmetric neighborhood W of 1 such that WW C V. Then there exist
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two distinct integers j and k such that a;h; € Wz and aghg € Wz, and
hence ajh; € Vaghi. But then a; € VagH, contradicting the definition
of A. 1

(2.53) Lemma. There exists a continuous f : G — [0,00) such that:
() {y: f(y) >0}nzH # 0 for all z € G; (ii) (supp f) N K H is compact
for every compact K C G.

Proof: Pick g € C}(G) with g(z) = g(z™') and g(1) > 0, let V =
{z : g(z) > 0}, choose A C G as in Lemma (2.52) for this V, and set
f(z) = Y ,ca9(za). By (ii) of Lemma (2.52), for z in any compact
set there are only finitely many nonzero terms in this sum, so f is well-
defined and continuous. Moreover, since supp f = |J, Va C |J, Va, for
any compact K C G (supp f) N KH is contained in a finite union of
Va’s, which is compact. Finally, by (i) of Lemma (2.52), {y : f(y) >
0} = U, Va intersects every coset zH. |

A rho-function for the pair (G, H) is a continuous function p: G —
(0, 00) such that

plag) = 32 Eg boz) (zeG, EcH)

(2.54) Proposition. For any locally compact group G and any closed
subgroup H, (G, H) admits a rho-function.

Proof: Let f be as in Lemma (2.53), and set

Ag(n)
plz) = / f(zn)dn.
)= S BT
The properties of f easily imply that the integral converges for each z
and defines a positive continuous function on G. Moreover,

_ [ Bc) . _ [AclgT!n) I Ly i(9)
plat) = [ R saenan= [ Ro e in= 32

In conjunction with Proposition (2.54), the two theorems below give
the existence of strongly quasi-invariant measures on G/H and a char-
acterization of all of them.

plz). 1

(2.55) Lemma. If f € C.(G) and Pf = 0 then [ fp = 0 for any
rho-function p.

Proof: This argument is much the same as in Theorem (2.49). We
have

0= /H f(zt) dé = /H Flet ) An(E ) de



60 A Course in Abstract Harmonic Analysis

for all £ € G. By Lemma (2.47) there exists ¢ > 0 in C.(G) such that
P¢ =1 on g(supp f), and then

0= /G /H p()$(z) f(ze ) A (€7) dt d

- / / p(26)6(z6) f(2) A (€™ A (€) da de
HJG

- / / p(2)b(z€) f(z) de do
GJH

- /G f(z)p(z)Péla(z)) dz

- [ f@0@)ds.
G

(The purpose of ¢ is to make the integrals absolutely convergent.) 1

(2.56) Theorem. Given any rho-function p for the pair (G, H), there
is a strongly quasi-invariant measure u on G/H such that

(2.57) /G | Pfdn= /G f@p@)dz  (f € C(G)).

1 also satisfies

dps _ plzy)
du( H)= p(y)

Proof: By Proposition (2.48) and Lemma (2.55), the map Pf —
[ fpis a well-defined positive linear functional on C.(G/H), so it defines
a Radon measure p on G/H. Next, the functional equation for rho-
functions implies that the quotient p(zy)/p(y) depends only on the coset
yH, so it defines a continuous function A : G x (G/H) — (0,00) by
Az, q(y)) = p(zy)/p(y). Since the map P commutes with the left action
of G, for any z € G and f € C.{G) we have

/ PF(p) dyua(p) = / Pf(z"'p) du(p) = / FzYy)p(y) dy
G/H G/H G

(z,y € G).

= / FW)plzy) dy = / F@)Az, 9(y)e(y) dy
G G

— [ Pfo)IN@.p)dutp)
G/H
since P[fA(z,q(:))] = (Pf)A(z,). This proves the strong quasi-
" invariance and gives the desired formula for du./du. 1

(2.58) Proposition. If y is a quasi-invariant measure on G/H, then
w(U) > 0 for every nonempty open set U.
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Proof: Same as in Proposition (2.19). 1

(2.59) Theorem. Every strongly quasi-invariant measure on G/H
arises from a rho-function as in (2.57), and all such measures are strongly
equivalent.

Proof: Suppose p is strongly quasi-invariant, so that (du, /du)(p) =
A(z,p) where A is positive and continuous on G x (G/H). For z,y € G,
since pzy = (Uz)y, the chain rule for Radon-Nikodym derivatives implies
that

(2.60) A(zy,p) = Az, yp)\(v,p)

for locally a.e. p. But both sides are continuous in p, so the set where
they disagree is open, and it follows from Proposition (2.58) that (2.60)
is valid everywhere.

If f € C.(G) and y € G, we have

/ / Fy 2N (e, H) ! dé du(zH)

G/H JH

_ / / F@E)Myzt, HY Ny, oH) de du(zH)
G/H JH

- / / F@e)A\ (€, H)™ dt du(zH),
G/HJH

since
Myz€, H) = My, z§H)Mz€, H) = Ny, zH)Mz¢, H)

by (2.60). Hence f — fG/H [y @Mz, H)™  dE dpu(zH) is a left-
invariant positive linear functional on C(G), so there is a constant ¢ > 0
such that

(2.61) /G y /H F@t)\zt, H) ™" de du(zH) = o /G f(z) dz.
Let p(z) = cA(z, H). Replacing f by fA(-, H) in (2.61), we see that
/ / f(z€) d€ dp(zH) :/ f(x)p(z) dz,
G/HJH G
so that (2.57) holds. Moreover, if n € H,
[ 1@ptands = actn)™ [ senp(e)do
G
= o [ [ saen™) g dutan

= Ac(n) ™ Antn) [ y | 1@ dcduiem)
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= Ac(n)" An) | F(@)p(e)da.

This being so for all f, we have p(zn) = Ag(n) "'Ay(n)p(z). Since p is
continuous and positive, it is a rho-function.

Finally, suppose u and p’ are strongly quasi-invariant measures with
associated rho-functions p and p’. By the functional equation for rho-
functions, the quotient p'(y)/p(y) depends only on the coset of y and
hence defines a positive continuous function ¢ on G/H. For f € C.(G)
we have P(fp'/p) = (Pf)¢, so

Pfdy' = | o = 'Ip)p = Pf)¢du.
/G/H fdu /Gfp /Gf(p/p)p /G/H( Heédu
Hence dy'/du = ¢. 1

Theorem (2.59) implies that all quasi-invariant measures on G/H
have the same null sets. Moreover, every set of finite measure for a
quasi-invariant measure must be contained in a o-compact set (cf. the
discussion of Haar measures in §2.3, which extends easily to this situa-
tion). It follows that all quasi-invariant measures on G/H have the same
locally null sets, and that a set in G/H is locally null if and only if its
intersection with any compact set is null. We conclude this section by
proving that the locally null sets in G/H are precisely the images under
q of the locally null sets in G. For this purpose we choose a strongly
quasi-invariant measure p on G/ H with associated rho-function p, which
will be fixed for the remainder of this discussion.

First we observe that the definition (2.45) of Pf makes sense when f
is any Borel measurable function from G to [0, cc] and yields a function
Pf:G/H — [0,0].

(2.62) Lemma. Suppose f : G — [0,00] is lower semi-continuous.
Then Pf is lower semi-continuous, and formula (2.57) holds for f.

Proof: If X is a locally compact Hausdorff space, let us call a family
® of functions from X to [0, 00] directed if for every ¢,% € F there is a
x € F with x > max(¢,v¥). We then have the following facts (Folland
[39, Propositions (7.11) and (7.12)]): A function f : X — [0,00] is
lower semi-continuous if and only if f = supyeq ¢ (pointwise) for some
directed family ® C C(G), and in this case, [ fdv =supyeq [ ¢ dv for
any Radon measure v on X.

Now suppose f : G — [0,00] is lower semi-continuous, and let ® be
a directed family in C.(G) such that f = supyecq ¢ For each z € G we
have

Pfat) = [ f(s)de = sup [ 9(s€) d = sup Po(aH).
H ¢c® JH 1L 4



Locally Compact Groups 63

But {P¢ : ¢ € ®} is also directed since P(max(¢,%)) > max(P¢, Py),
and {¢p : ¢ € @} is directed with supycy dp = fp, so Pf is lower
semi-continuous and we have

/G/H Pfdu = sup /G/H Podu = ::gL¢(m)p(m) dr = /Gf(m)p(fv) dz.

9D
1

(2.63) Lemma. For every compact K C G there is a constant Cx > 0
such that |U| < Cxu(q(U)) for every open U C K.

Proof: Pick f > 0in C,(G) with f =1 on K, and let

-1
'

Cx = [inf{p(:z:) : z € supp f}] Ck = ||Pf|lsupck-

Since ¢~!(q(U)) D U, we have

v = /G A2y (@) de < cx /G F(@)xew)(@(@)p(z) da.

But f(x4u) ©q) is lower semi-continuous since U is open, so by Lemma

b

|U| < ek /G/H Pf - xqw)du < Crpq(U)). 1

(2.64) Theorem. A set E C G/H is locally null (with respect to any
quasi-invariant measure ) if and only if g~ !(E) is locally null in G (with
respect to Haar measure).

Proof: Suppose E is locally null in G/H and K is compact in G,
we wish to show that |[K N ¢~ !(E)| = 0. Choose an open set V 2 K
with compact closure. Since ¢{K) N F is null, for any € > 0 there is
an open set W in G/H such that W D ¢(K)N E and (W) < ¢/Cy,
where Cy; is as in Lemma (2.63). Let U = Vng~'(W). Then U is open,
U > K ng~Y(E), and by Lemma (2.63), [U| < Cypu(W) < e. Since € is
arbitrary, |[K N g~!(E)| = 0. :

Conversely, suppose ¢~ !(E) is locally null in G and K is compact in
G/H; we wish to show that u(E N K) = 0. By Lemma (2.47) we can
choose f > 0in C.(G) such that Pf =1on K. Let A=¢ Y (ENK)n
(supp f); then |A| = 0, so for any ¢ > 0 there is an open set U D A
such that |U| < ¢/| fp|lsup- Then fxup is lower semi-continuous, so by
Lemma (2.62),

/ P(fxv)dp = / f(@)xu(z)o(z)dr < €.
G/H G
But by the construction of U we have fxy > f(xenk ©4q),so P(fxu) >

Pf.-xenk = xEnk. It follows that u(ENK) < ¢, and since € is arbitrary,
wENK)=0. 1
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2.7 Notes and References

The theory of topological groups was developed in the 1930’s. For second
countable groups, the existence of Haar measure was first proved by Haar
[53] and the uniqueness was first proved by von Neumann [126]. The
first systematic treatment of analysis on locally compact groups using
Haar measure was given by Weil [128], who showed that the countability
assumptions were unnecessary. Weil also proved a theorem to the effect
that essentially the only measurable groups possessing an invariant mea-
sure are the locally compact groups; see [128] for the precise statement.
Our proofs of the existence and uniqueness of Haar measure follow Weil
[128] and Loomis [75], respectively. H. Cartan [20] devised an argument
that yields existence and uniqueness simultaneously and avoids the use
of the axiom of choice, which enters our existence proof in the form of
Tychonoff’s theorem.

For more detailed information about topological groups and Haar
measure, as well as extensive historical references, the reader may consult
Hewitt and Ross [62]. Further examples of formulas for Haar measure
on specific groups or classes of groups may be found in Helgason [60],
Hewitt and Ross [62], and Bourbaki [15]. For more about the p-adic
numbers and other local fields, see Koblitz [71] and Taibleson [116].

The existence of quasi-invariant measures on homogeneous spaces
G/ H (with merely measurable rho-functions) was first proved by Mackey
[80] under the assumption that G is second countable. Bruhat [19] and
Loomis [76] showed how to obtain strongly quasi-invariant measures with
no countability hypotheses. Our insistence on strongly quasi-invariant
measures is motivated by our development of the theory of induced rep-
resentations in Chapter 6.

Formula (2.57), rewritten as

(2.65) /G F@)plz) de = /G y /H f(28) dé du(zH),

is clearly a sort of Fubini theorem relating Haar measure d€ on H, the
quasi-invariant measure y on G/H, and the weighted Haar measure
p(z)dzr on G. We have proved this formula for f € C.(G) (Theo-
rem (2.56)) and for f nonnegative and lower semi-continuous (Lemma
(2.62)). Although we shall have no need of further results here, it is
evidently of interest to know if (2.65) remains valid for more general
measurable functions f. The answer is affirmative for any f € L'(G)
and for any f > 0 that vanishes outside a o-finite set; the details can be
found in Reiter [103] and Bourbaki [15].

When G is second countable, these assertions actually do reduce to
Fubini’s theorem. Indeed, in this case there is a Borel set Y C G that
meets each coset of H in exactly one point. (See Mackey [80, Lemma
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(1.1)], or Baggett and Ramsay [4, Lemma 7]. In connection with the
latter, note that every second countable locally compact Hausdorff space
is Polish.) ¢|Y is then is a measurable bijection from Y to G/H, the
map (y,&) — y€ is a measurable bijection from Y x H to G. In short, G
can be identified as a measurable space with G/H x H, and when this
identification is made, (2.65) says that the measure p(z) dz on G is the
product of the measure u on G/H and Haar measure on H.






3

Basic Representation Theory

In this chapter we present the basic concepts in the theory of unitary
representations of locally compact groups and derive a few fundamental
results: Schur’s lemma, the correspondence between unitary representa-
tions of G and *-representations of L'(G), and the Gelfand-Raikov exis-
tence theorem for irreducible representations. The main tool in proving
the latter theorem is the connection between cyclic representations and
functions of positive type, an extremely fertile idea that will play a role
in a number of places later in the book.

3.1 Unitary Representations

Let G be a locally compact group. A unitary representation of G is
a homomorphism 7 from G into the group U(H,) of unitary operators
on some nonzero Hilbert space H, that is continuous with respect to
the strong operator topology — that is, a map 7 : G — U(H,) that
satisfies m(zy) = 7(z)n(y) and 7(z~!) = 7(x)~! = n(x)*, and for which
z — w(z)u is continuous from G to H, for any u € H,. H is called the
representation space of w, and its dimension is called the dimension
or degree of .

More generally, one can consider nonunitary representations of G,
that is, continuous homomorphisms from G to the group of invertible
continuous linear operators on some topological vector space. However,
in this book we shall consider only unitary representations. Accordingly,
although we shall sometimes add the word “unitary” for emphasis, when
we say “representation” we shall always mean “unitary representation”
unless the contrary is explicitly stated.

We do not require a representation 7 to be continuous in the norm
topology of L(H,); norm continuity is too restrictive a condition to be
of much interest. However, it is worth noting that strong continuity is

67
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implied by the apparently less restrictive condition of weak continuity,
namely, that £ — (7(z)u,v) should be continuous from G to C for each
u,v € H,. This is because the weak and strong operator topologies
coincide on U(H,). Indeed, if {T,} is a net of unitary operators that
converges weakly to T, then for any u € H,,

I(To = T)ul® = | Tau|l® ~ 2Re(Tav, Tu) + || Tull?
= 2||u||? — 2Re(Tou, Tu).

The last term converges to 2||Tu||? = 2||ul|?, so [|(Ts — T)ul| — 0.

Unitary representations are likely to be found whenever the group G
acts on a locally compact Hausdorff space S. In this case G also acts on
functions on S, by

[(z)fl(s) = f(z™"s).

If S has a G-invariant Radon measure u, then 7 defines a unitary repre-
sentation on L2(u). (The continuity of 7 results from the argument that
proves Proposition (2.41).) More generally, suppose G acts on S, and S
admits a strongly quasi-invariant measure y; that is, a Radon measure
 such that du(zs) = ¢(z, s) du(s) for some positive continuous function
¢. Then one can modify = to obtain a unitary representation of G on
L%(p), as follows:

[#(z)£](s) = ¢(z, ™ s)" V2 f(z's).

This is easily seen to be unitary:
[ ¢l s )P duts) = [ #es) 1S ditas)
= [1#) duts).

We have 7(zy) = 7(z)7(y) because the chain rule for Radon-Nikodym
derivatives gives ¢(zy, s) = ¢(z,ys)é(y, s), and the continuity of = fol-
lows as above.

The most basic example of these constructions arises from the action
of G on itself by left or right translations. Left translations yield the
left regular representation 7, of G on L?*(G); this is nothing but the
representation

[rL(2)f1(y) = Laf (y) = f(=™"y)

defined by (2.5). The right translation operators R, likewise define a
unitary representation 7z on L?(G, p) where p is right Haar measure on
G, or they can be made into a unitary representation 7z on L?(G) (with
left Haar measure) by the device described above:
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[7r(z)fl(y) = Raf(y) = f(yz),
[7r(z)fl(y) = A(z)/*R.f(y) = A(z)/? f(yz).

mr and TR are both called the right regular representation of G.

Any unitary representation m of G on H, determines another repre-
sentation 7 on the dual space H!, of H,, namely 7(z) = m(z~!)’ where
the prime denotes the transpose. This may seem a little confusing, as
one normally considers a Hilbert space to be identical to its dual; but
the identification of H, with A is antilinear, and if we do not make
it we are led to consider the transpose rather than the adjoint of an
operator. Thus, if we choose an orthonormal basis for H,, so that n(z)
is represented by a matrix M(z), then the matrix for 7(x) is the inverse
transpose of M(x), and since m is unitary this is nothing but the com-
plex conjugate of M(x). 7 is called the contragredient of 7. In some
cases — for example, when there is a basis for H, with respect to which
the matrices M(z) are all real — 7 is equivalent to 7 in a sense to be
described shortly, but in general it is not.

We now introduce some standard terminology associated to unitary
representations. If m; and 75 are unitary representations of G, an inter-
twining operator for m; and 7, is a bounded linear map T : H,, —
Hy, such that T'm,(z) = ma(x)T for all £ € G. The set of all such op-
erators is denoted by C(m,m2). m1 and w2 are (unitarily) equivalent
if C(m, m;) contains a unitary operator U, so that me(z) = Umy (z)U L.
We shall not consider any other equivalence relation among representa-
tions here, so we shall generally omit the adverb “unitarily.”

Example: The right regular representations 7z and 7 on L%(G, p)
and L%(G, )\) are equivalent, and f — A!/2f is an intertwining operator.
Moreover, 7gr is equivalent to the left regular representation 7r, and
Uf(z) = f(z~!) is an intertwining operator.

We shall write C(r) for C(m, 7). This is the space of bounded oper-
ators on H, that commute with n(z) for every z € G; it is called the
commutant or centralizer of m. C(r) is obviously an algebra that
is closed under weak limits; it is also closed under taking adjoints, for
if T € C(r) then T*n(z) = [r(z~)T|* = [Tr(z™")]* = n(z)T*. In
short, C() is a weakly closed C* algebra of operators on H,, that is, a
von Neumann algebra.

Suppose M is a closed subspace of H,. M is called an invariant
subspace for 7 if 7(z)M C M for all z € G. If M is invariant and
# {0}, the restriction of 7 to M,

M(z) = n(z)IM,

defines a representation of G on M, called a subrepresentation of 7.
We shall consistently use the notation 7™ for the subrepresentation of
7 on M. If m admits an invariant subspace that is nontrivial (i.e., # {0}
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or H,) then 7 is called reducible, otherwise 7 is irreducible.

If {m;}ics is a family of unitary representations, their direct sum
@ ; is the representation m on H = @ Hn, defined by n(z)(3v:) =
Y mi(z)v; (v; € Hy,). (See Appendix 1 for more about direct sums of
Hilbert spaces.) In this case the Hax,’s, as subspaces of H, are invariant
under 7, and each ; is a subrepresentation of 7. In fact, subrepresen-
tations always arise as summands in direct sums:

(3.1) Proposition. If M is invariant under m, then so is ML,

Proof: If u € M and v € ML, (r(z)v,u) = (v,7(z"u) = 0, so
m(z)v € ML 1

(3.2) Corollary. Ifr has a nontrivial invariant subspace M, then = is
the direct sum of m™ and =M.

We remark that this result is false for non-unitary representations.

For example, 7(t) = ((1] i) defines a representation of R on C?, and the

only nontrivial invariant subspace is the one spanned by (1, 0).

If = is a unitary representation of G and u € H,, the closed linear
span M, of {n(z)u : £ € G} in H, is called the cyclic subspace
generated by u. Clearly M, is invariant under 7. If M, = H,, u is
called a cyclic vector for 7. 7 is called a cyclic representation if it
has a cyclic vector.

(3.3) Proposition. Every unitary representation is a direct sum of
cyclic representations.

Proof: Let m be a representation on H,. By Zorn’s lemma, there is
a maximal collection {Mg,}qea of mutually orthogonal cyclic subspaces
of H,. If there were a nonzero u € H, orthogonal to all the M, ’s, the
cyclic subspace generated by u would also be orthogonal to the M,’s by
Proposition (3.1), contradicting maximality. Hence Hr = @ M, and
T = @nrMe. 1

We now give some results relating operators in C(w) to reducibility
properties of w. The first of these is very simple, but the next is one of
the fundamental theorems of the subject.

(3.4) Proposition. Let M be a closed subspace of H, and let P be
the orthogonal projection onto M. Then M is invariant under 7 if and
only if P € C(m).

Proof: If P € C(r) and v € M, then 7(z)v = m(x)Pv = Pr(z)v €
M, so M is invariant. Conversely, if M is invariant we have 7(z)Pv =
n(z)v = Pr(z)v for v € M and 7(z)Pv = 0 = Pr(x)v for v € ML (by
Proposition (3.1)). Hence n(z)P = Pr(zx). 1
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(8.5) Schur’s Lemma.

a. A unitary representation © of G is irreducible if and only if C(m)
contains only scalar multiples of the identity.

b. Suppose m1 and m, are irreducible unitary representations of G. If
m and mp are equivalent then C(my,m2) is one-dimensional; other-
wise, C(m, m2) = {0}.

Proof: (a) If m is reducible, C(r) contains nontrivial projections, by
Proposition (3.4). Conversely, suppose T € C(wx) and T # cl.- Then
A= (T +T*) and B = (T —T*) are in C(x), and at least one
of them — say, A — is not a multiple of I. A is self-adjoint, so every
operator that commutes with A, and in particular every m(z), commutes
with all the projections xg(A), E C R (Theorem (1.51¢)). Thus C(n)
contains nontrivial projections, and so 7 is reducible by Proposition (3.4)
again.

(b) f T € C(m1, m2) then T* € C(mg, m1) because

T*mo(z) = [m2(z”DT)* = [Tm(z™Y)]* = m(z)T*.

It follows that T*T € C(m) and TT* € C(m2), so T*T = cI and
TT* = cI. Hence, either T = 0 or ¢~!/2T is unitary. This shows that
C(m1,m2) = {0} precisely when 7 and w are inequivalent, and that
C(my,m2) consists of scalar multiples of unitary operators. If 11,75 €
C(my,mp) then T{ITI =T3T) € C(m), so T{lTl =cl and T} = ¢y, so
dimC(my,72) = 1. |

(3.6) Corollary. If G is Abelian, then every irreducible representation
of G is one-dimensional.

Proof: If m is a representation of G, the operators 7(z) all commute
with one another and so belong to C(m). If m is irreducible, we there-
fore have n(z) = c,I for each z € G. But then every one-dimensional
subspace of H, is invariant, so dimH, = 1. 1

The irreducible unitary representations of a locally compact group G
are the basic building blocks of the harmonic analysis associated to G.
Actually, this assertion is a bit premature at this point, for it may not be
obvious that a given group G has any irreducible representations except
the trivial one-dimensional representation mo(z) = I. But, in fact, G
always has enough irreducible representations to separate points: this
is the Gelfand-Raikov theorem, the final major result of this chapter.
Once one has this assurance, the basic questions of harmonic analysis
on G are the following.

i. Describe all the irreducible unitary representations of G, up to
equivalence.
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ii. Determine how arbitrary unitary representations of G can be built
out of irreducible ones.

iii. Given a specific unitary representation of G such as the regular
representation, show concretely how to build it out of irreducible
ones.

The answer to question (i) will, of course, depend strongly on the
nature of G. We shall discuss a number of examples in later chapters,
and in Chapter 6 we shall develop a general technique that can be used
to classify the irreducible representations of many groups.

As to question (ii), one might hope that every representation would
be a direct sum of irreducible subrepresentations. This is the case if
G is compact, as we shall see in §5.1, but not otherwise. For example,
consider the regular representation of R on L2(R), [r(z)f](t) = f(t—z).
This representation has no irreducible subrepresentations. If there were
one, the space on which it acts would be one-dimensional by Corollary
(3.6), hence of the form {cf : ¢ € C} for some f # 0 € L?. But then
for each £ € R we would have f(t — x) = ¢, f(t) for some ¢; € C of
modulus 1, so |f(t)| would be constant. This is impossible for f € L?
unless f = 0.

Instead, the Fourier inversion formula exhibits 7 as a direct integral
of irreducible representations. Namely, for each £ € R, m¢(z) = e 272
(acting by scalar multiplication on C) is an irreducible representation
of R. If f € L?*(R), we have f(t) = [ 2™t f(¢)d¢ (with the integral
suitably interpreted) where f is the Fourier transform of f, and hence

(@) f1(t) = / €2 Flg) g = / re(2) 276 (€] de.

There is a general theory of direct integrals of Hilbert spaces, includ-
ing direct sums as special cases, that allows one construct direct integrals
of unitary representations in the abstract setting. It can then be shown
that every unitary representation is a direct integral of irreducible ones.
There remains the question of uniqueness of direct integral decomposi-
tions, which is more delicate than one might suspect at first. We shall
address these issues for Abelian groups in §4.4 and for compact groups
in §5.1, and we shall sketch the results for non-compact, non-Abelian
groups in §7.4.

Our concern with question (iii) will be largely limited to the regular
representation. Its answer in this case, for a given group G, is called
the “Plancherel theorem” for G. We shall prove the Plancherel theorem
for Abelian groups in §4.2 and for compact groups (where it is part of
the Peter-Weyl theorem) in §5.2, and we shall discuss the Plancherel
theorem for non-compact, non-Abelian groups in §7.5.
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3.2 Representations of a group and its group algebra

If G is a locally compact group, we recall from §2.5 that L'(G) is
a Banach *-algebra under the convolution product and the involution
f*(z) = A(z7 ) f(z~ '), where A is the modular function of G. In this
section we show that there is a one-to-one correspondence between the
unitary representations of G and the nondegenerate *-representations of
LY(G).

Any unitary representation m of G determines a representation of
LY(G), still denoted by m, in the following way. If f € L'(G), we define
the bounded operator «(f) on H, by

w(f) = / f(@)n(z) de.

We interpret this operator-valued iritegral in the weak sense, as explained
in Appendix 3. That is, for any u € H, we define 7(f)u by specifying
its inner product with an arbitrary v € H,, and the latter is given by

(3.7) (r(f)u,v) = / F(@)n(2)u,v) de.

Since (n(x)u,v) is a bounded continuous function of z € G, the integral
on the right is the ordinary integral of a function in L!(G). It is obvious
from this formula that (w(f)u,v) depends linearly on u and antilinearly
on v and that [(m(f)u,v) < ||fll1]z]l ||vll, so #(f) is indeed a bounded
linear operator on H, with norm ||7(f)|| < || fll:-

Example. Let 7, be the left regular representation of G, 7p(z) = L.
By (2.38), m1(f) is convolution with f on the left:

(38) ma(Nel = [ FLiedy=1+o.
(3.9) Theorem. Let 7 be a unitary representation of G. The map f —
n(f) is a nondegenerate *-representation of L'(G) on H,. Moreover, for

z € G and f € LY(G),
(3.10) m(z)m(f) = m(L.f), m(f)m(z) = A(z"m(Ry-1 f).

Proof: The correspondence f — w(f) is obviously linear. Formally,
we have ‘

w(f*g) = / f@)e(y o) (z) dy dz = / f(W)9(@)n(yz) dz dy
- / F)g(@)m(y)n(z) dz dy = 7(f)m(9),

7(f*) =/A(:z:_l)f(:z:‘l)w(:z:)dm:/mﬂ'(m"l)dm
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- [ dz = =(ry,
w@n() = [ 1) dy = [ fm(z)dy
~ [ fa ) dy = n(L.1),
"(Pr(@) = [ 1) dy = [ 1@)n(we)dy

— A / fyz™)(y) dy = Ale™")m(Ro-1 f).

Each of these calculations is justified by applying the operators to u €
H, and taking the inner product with v € H, as in (3.7). In a cou-
ple of places we use the fact that integration of vector-valued functions
commutes with application of bounded linear maps (see Appendix 3) to
bring an operator 7(z) into or out of an integral; details are left to the
reader.

This shows that 7 is a *-homomorphism and proves (3.9). To see that
« is nondegenerate, suppose u # 0 € H,. Pick a compact neighborhood
V of 1in G such that ||7(z)u—u|| < ||lu| forz € V, and set f = |V|" xv.
Then
<,

lm(f)u—ul = ﬁ”/v[ﬂ'(m)u —u]dz
and in particular 7(f)u # 0. 1

(3.11) Theorem. Suppose m is a nondegenerate *-representation of
LY(G) on the Hilbert space H. Then m arises from a unique unitary
representation of G on H according to (3.7).

Proof: The idea is that w(z) should be the limit of 7{(f) as f ap-
proaches the é-function at . Thus, let {1y} be an approximate identity
in L, as in Proposition (2.42). If f € L', we have ¢y * f — f in L',
50 (Lyypy) * f = Ly(vu * f) — L. f in L! for any £ € G, and hence
m(Looy)7(f)v = m(Lyfv for all v € H.

Let D be the (finite) linear span of {r(f)v: f € L', v € H}. Then D
is a dense subspace of H, for if u L D then 0 = (u, 7 (f)v) = (7 (f*)u,v)
for all v and f, whence u = 0 since 7 is nondegenerate. The preceding
calculations show that the operators m(L,yy) converge strongly on D
to an operator 7(z) : D — D such that T(z)7(f)v = n(L, f)v. 7(x) is
well-defined because

Z T(fiJv; =0 = ZW(LIfj)Uj =lim Z 7(Lyu)m(fi)v; = 0.

Moreover, the operators 7( L vy) satisfy ||7(L.yu)| < || L¥ul = 1,
by Proposition (1.24b). Therefore, the operator 7(z) extends uniquely
to H in such a way that ||7(z)|| < 1 and 7(z)n(f) = 7(L f).
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We claim that 7 is a unitary representation of G. First,
m(zy)w(f) = m(Layf) = 7(Lalyf) = 7(z)7(Ly f) = 7(2)7(y)7(f),

so 7{zy) = T(z)7(y) on D and hence on H. Next, 7(1) = I, so 7 is a
homomorphism from G to the group of invertible operators on H. Since

lull = |7 (=" (2)ull < [F(@)ull <llul  (ueH),

7(z) is an isometry and hence a unitary operator. Finally, if £, — = in
G then L, f — L. f in L! for any f € L}, so 7(zo)m(f) = n(Ls, f) —
m(Lyf) = 7(z)w(f) strongly. Thus 7(z,) — 7(z) strongly on D, and
since ||7(zq)|| =1 for all , a simple €/3-argument shows that 7(z4) —
7(x) strongly on H, so 7 is continuous.

It remains to show that w(f) = 7(f) for f € L!, where 7(f) arises
from 7 by (3.7). Butif f,g € L' we have f*g = [ f(y)Lyg dy by (2.38),
where we interpret the integral as the integral of an L!-valued function
of y. Since m is a bounded linear map from L! to £L(H), it commutes
with integration (see Appendix 3), so

w(f)n(g) = n(f * g) = / Fw)n(Lyg)dy = / F@)F)n(o) dy
_ [ [ 1w dy] r(g) = #()m (o).

Thus 7(f) = n(f) on D and hence on H.

Finally, suppose 7 is another unitary representation of G such that
7(f) = =(f) for f € LY(G). It follows from (3.7) that (7(z)u,v) =
(7(z)u,v) for all z € G and all u,v € H, and hence 7(z) = 7(z) for all
TeG. |

Let 7 be a unitary representation of G. If G is discrete, the associated
representation of L'(G) includes the representation of G itself, since
m(z) = 7(6;) where 6, is the function whose value at z is 1 and whose
value elsewhere is 0. On the other hand, if G is not discrete and = is
infinite-dimensional, the families

m(G) ={n(z) :z € G} and =(LY(G)) = {r(f): f e L}(G)}

are quite different. (For one thing, the operators 7(f) are rarely invert-
ible.) In fact, the C* algebras generated by these two families frequently
have trivial intersection. However, they are related:

(3.12) Theorem. Let  be a unitary representation of G.

a. The C* algebras generated by m(G) and m(L'(G)) have the same
closure in the strong and weak operator topologies.

b. T € L{H) belongs to C(m) if and only if T'n(f) = n(f)T for every
f e LYG).
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c. A closed subspace M of H, is invariant under = if and only if

7(f)M C M for every f € L}(G).

Proof: (a) First, we claim that if g € C.(G), m(g) is the strong limit
of Riemann sums g = " g(z;)7(z;)|E;|, where E = {E;} denotes
a finite partition of suppg and z; € Ej;. Indeed, given ¢ > 0 and

Uy,...,Un € Hy, by using the uniform continuity of the maps z —
9(z)m(x)um it is easy to find a partition E = {E;} of supp g such that
llg(z)m(z)tm — g(y)7(y)uml|| < € for m = 1,... ,n when = and y lie in

the same Ej, so that |Egum — 7(g)uml|| < €[suppg| for m =1,...,n.
Thus every strong neighborhood of 7(g) contains sums X g.

Now, if f € LY(G), f is the L! limit of functions in C.(G), so w(f)
is the norm limit of operators n(g) with g € C.(G). These in turn
are strong limits of Riemann sums, and these sums are in the algebra
generated by m(G). On the other hand, the proof of Theorem (3.11)
shows that w(x) is the strong limit of 7(L;vy) as U — {1}. Hence the
algebras generated by 7(G) and w(L!(G)) have the same strong closure,
and a fortiori the same weak closure.

(b) If T € C(m) then T clearly commutes with every element of the
weak closure of the algebra generated by n(G), and in particular with
every m(f); and vice versa.

(c) This follows from (b) together with Proposition (3.4) (and its
analogue for representations of L!(G), which has the same proof). 1

3.3 Functions of Positive Type

A function of positive type on a locally compact group G is a function
¢ € L*®°(G) that defines a positive linear functional on the Banach *-
algebra L}(G), i.e., that satisfies

/(f* * f)¢ >0 for all f € L}(G).
We have

[ ene= [[ a6 T 0)6() dyda
= [T s dyas,

1

so reversing the order of integration and substituting y~ "z for = shows

that ¢ is of positive type if and only if

(3.13) / / F@ T ') dydz >0 (f € L'(G)).



Basic Representation Theory 77

We shall prove below (Corollary (3.21)) that any function of positive type
agrees locally a.e. with a continuous function, and from that point on all
functions of positive type will be implicitly assumed to be continuous.
We shall set .

P = P(G) = the set of all continuous functions of positive type on G.
(3.14) Proposition. If ¢ is of positive type then so is ¢.

Proof: By examination of (3.13) one sees that [(f** f )¢ is the com-
plex conjugate of [[(f)* * fl¢. The last integral is nonnegative for all
f € L', hence so is the first. 1

There is a beautiful connection between functions of positive type and
unitary representations. The first ingredient is the following result.

\
(3.15) Proposition. If 7 is a unitary representation of G and u € H,,
let ¢(z) = (m(z)u,u). Then ¢ € P.

Proof: ¢ is clearly continuous. Also, ¢(y~'z) = (r(y~")m(z)u,u) =
(n()u, m(y)u), o if f € LY,

/ [ r@T@ew Doy = [[(r@m@n f@r@w dedy

= [l=(f)ul® > 0.
1
(3.16) Corollary. If f € L*(G), let f(z) = f(z~'); then f * feP.
Proof: Let 7 be the left regular representation: then
w(@f.0) = [ fa )T dy = 1+ 7@
Hence f * f € P in view of Proposition (3.14). ' |

We now show that every nonzero function of positive type arises from
a unitary representation as in Proposition (3.15). To begin with, if ¢ # 0
is of positive type, it defines a positive semi-definite Hermitian form on
LY(G) by

1) (hee= [ ne= [[ @) dea,
which clearly satisfies

(3.18) (£, 96| < ll@llooll Fll1llgll1-

Let N = {f € L' : {f,f)4 = 0}. By the Schwarz inequality (cf. Ap-
pendix 1), f € NV if and only if (f,g)y = O for all g € L!. The form
(-,")¢ therefore induces an inner product on the quotient space L!/N,
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still denoted by (-,-)4. We denote the Hilbert space completion of L'/N
by Hgs, and we denote the image of f € L! in L' /N C Hy by f. By
(3.18),

I Flle, < 1812220 £11-
Now, if f,g € L' and z € G,

(Lof Log)o = / f@ 0 gE D¢y 2) dydz

- / F)a@8((xy) " (z2)) dy dz = (. g)s.

In particular, L (N) C N, so the operators L, yield a unitary represen-
tation 74 of G on Hy that is determined by

(3.19) mo(z)f = (Lof)"  (f € L'(G)).

In view of (3.8), it is easily verified that the corresponding representation
of L}(G) on H, is given by n4(f)g = (f * g)~

(3.20) Theorem. Given a function ¢ of positive type on G, let Hy be
the Hilbert space determined as above by the Hermitian form (3.17),
let f — f be the canonical map from L'(G) to H,, and let w4 be the

- unitary representation of G on H, defined by (3.19). There is a cyclic
vector € for mg such that my(f)e = f forall f € L' and ¢(z) = (my(z)e, €)
locally a.e.

Proof: Let {yy} be an approximate identity. Then {4} is again
an approximate identity, so for any f € L!, (f,vu)¢ = [(¥} * f)¢ —
[ fé. Also, [Pulln, < lI9lsZlully = |4]155° It follows easily that
lim(v, 9y )4 exists for all v € Hy, and hence that JU converges weakly
in Hy to an element € such that (f,€)y = [ fé forall f € L.

If f,g € L' and y € G, we have

(@ ms@)e)e = (me(y™1)g,€)p = ((Ly-19) " €)g
- [swae()dz = [ @)oo s,
and hence

@ o = / G )N F @ dy = G 76(F)e)s.

It follows that f = mg(f)e for all f € L. It also follows that if
(g, m4(y)e) = 0 for all y then g = 0, so the linear span of {m4(y)e : y € G}
is dense in Hy and € is a cyclic vector. Moreover,
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/ (e, 7o (y)e) f(y) dy = lim / (v, T(y)e)o f(y) dy = im{Yy, fg)s

= (&, Ne=(F,0o = | $W)F W) dy
for every f € L', and hence

(ro(y)e, €) = (e, mp(y)e) = ¢(y) locally ace. !

(3.21) Corollary. Every function of positive type agrees locally a.e.
with a continuous function.

(3.22) Corollary. If ¢ € P then ||¢|lco = (1) and ¢(z~!) = ¢(z).

Proof: We have ¢(z) = (m(z)u,u) for some 7 and u, so |¢(z)| =
Jé(z()zv)u,wl < Jlull® = ¢(1) and ¢(z7!) = (n(z™")u,u) = (u,7(z)u) =
). 1

Proposition (3.15) and Theorem (3.20) establish a correspondence be-
tween cyclic representations and functions of positive type. (The repre-
sentation 7 in Proposition (3.15) is not assumed cyclic, but (r(z)u,u)
clearly depends only on the subrepresentation of = on the cyclic subspace
generated by u.) The picture is completed by the following uniqueness
theorem.

(3.23) Proposition. Suppose 7 and p are cyclic representations of G
with cyclic vectors u and v. If (w(z)u,u) = {p(z)v,v) for all z € G,
then m and p are unitarily equivalent; more precisely, there is a unitary
T € C(m, p) such that Tu = v.

Proof: For any z,y € G we have

1

(r(@)u, m(y)u) = (r(y~'z)u,w) = (p(y~'z)v,v) = (p(z)v, p(y)v).

It follows that if we define T{r(x)u] = p(z)v, then T extends by linearity
to an isometry from the span of {m(z)u: £ € G} to the span of {p(z)v :
z € G}, and it then extends by continuity to a unitary map from H,
to H,. Since p(y)T[r(z)u] = p(yz)v = T[r(y)m(z)u] we have p(y)T =
Tw(y),so T € C(m, p). 1

(3.24) Corollary. Ifw is a cyclic representation of G with cyclic vector
u and ¢(z) = (w(z)u,u), then 7 is unitarily equivalent to the represen-
tation 4 defined by (3.19).

Remark. The proof of Proposition (3.23) shows that if = and p
are arbitrary unitary representations of G, u € H,, v € H,, and
(r(z)u,u) = (p(z)v,v) for all z, there exists T € C(m,p) such that
Tu = v. Namely, if M is the cyclic subspace generated by u, the proof
yields an isometric T € C(m™, p), and one can extend T from M to H,
by setting T = 0 on M=,
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The set P of continuous functions of positive type is a convex cone.
We single out some subsets of P for special attention:

Pi={¢eP:|dllc =1} ={p€P:¢(1) =1},
Po={0€P:|dllc <1} ={peP:0<¢(1) <1}

(The equalities on the right follow from Corollary (3.22).) P; and P,
are bounded convex sets, and we set

E(P;) = the set of extreme points of P;, (=1,2).

The extreme points of P; are of particular interest for the following
reason.

(3.25) Theorem. If ¢ € Py, then ¢ € E(P;) if and only if the repre-
sentation 74 of Theorem (3.20) is irreducible.

Proof: Suppose 7, is reducible, say Hy = M & ML where M is
nontrivial and invariant under 4. Let € € Hy be as in Theorem (3.20).
Since € is a cyclic vector for g, it cannot belong to M or ML) so
€ =u+v with u € M, v € M+, and u # 0 # v. But then

¢(z) = (r(z)e, €)p = (mg(T)u, u) + (my(T)v,v) = c191(z) + c292(x)

where 91,12 € Pi1, ¢; = ||u||? and ¢z = ||v]|?, and ¢; + c2 = ¢(0) = 1.
Thus ¢ is not extreme.

On the other hand, suppose 7y is irreducible, but that ¢ = ¥ + ¢’
with 1,4’ € P. Then for any f,g € L!, with the notations of (3.17-19),
we have

(f1f>¢:<f1f>¢—<f1f>¢’S(f’f>¢

and hence

K9l < (120,92 < (5,0 9,90 Y%

Thus the map (f, 9) — (f, g)y induces a bounded Hermitian form on H,
so there is a bounded self-adjoint operator T on Hg such that (f, g)y =
(Tf,§)¢ for all f,g € L'. (Recall that fis the image of f in Hy.) By
(3.19), if r € G and f,g € L' we have

(Tr4(2) f, Do = (T(La V96 = (LS, 9)w = {f, Le-19)y
= (Tf,(Ls-19) Vs = (TF, mo(z 1))y = {ms(@)TF, Bs-

Therefore, T € C(my), so by Schur’s lemma, T = cI and (f,g)y =
c(f,9)¢ for all f, g. In view of (3.17), this implies that 9 = c¢ and hence
Y = (1 - c)o, so ¢ is extreme. 1
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The condition [(f* * f)¢ > 0 on ¢ is clearly preserved under weak*
limits, so Py is a weak* closed subset of the closed unit ball in L*°., By
Alaoglu’s theorem, Py is weak* compact, and then by the Krein-Milman
theorem (see Rudin [108]), Py is the weak* closure of the convex hull
of its extreme points. P; is in general not weak* closed (unless G is
discrete, in which case ¢ — ¢(1) is a bounded linear functional on L*°).
Nonetheless, the conclusion of the Krein-Milman theorem holds for it
too.

(3.26) Lemma. &(Py) = E(P1) U {0}.

Proof: Suppose ¢1,¢2 € Py, c1,¢c2 >0, and ¢; +co = 1. If 11 +
cop2 = 0 then c1¢1(1) +ca2¢p2(1) = 0, which implies that ¢, (0) = ¢2(0) =
0 and hence ¢; = ¢2 = 0 by Corollary (3.22). Thus 0 is extreme. On the
other hand, if ¢1¢; +c2¢2 = ¢ where ¢ € P; then ¢1¢1(1) +cagpa(1) = 1,
which implies that ¢;1(1) = ¢2(1) = 1 and hence ¢1, ¢2 € P1. Thusif ¢ is
extreme in P, it is extreme in Py. Finally, no element ¢ of Py\ (P, U{0})
is extreme, since it is interior to the line segment joining 0 to ¢/¢(0). 1

(3.27) Theorem. The convex hull of £(P,) is weak* dense in P;.

Proof: Suppose ¢9 € P;. By Lemma (3.26) and the preceding
remarks, ¢ is the weak* limit of a net of functions ¢, of the form
011/)1 +-0 4 c‘n'l/)n + C-n+10, where 1/)1,' . ’Il)‘n € S(Pl)a Cly.++3Cn41 > 0’
and > c; = 1. Since ||¢olloc = 1, [|Palloc < 1, and {f € L= : || flloc <
1 — €} is weak* closed, we must have lim ¢,(0) = lim ||¢q|lcc = 1. But
then, if we set ¢, = ¢o/da(0), we have

R T - $a(0)
b= 5o 25 0 Z’ #a(0)

Thus ¢, is in the convex hull of £(P;) and ¢y = lim ¢, . 1

Our next goal is to establish the remarkable fact that the weak* topol-
ogy that P; inherits as a subset of L® coincides with the topology of
uniform convergence on compact subsets of G, or for short, the topol-
ogy of compact convergence on G. In this topology, a neighborhood
base at the function ¢¢ is provided by the sets

N(¢o;e,K) = {¢: |p(z) — ¢o(z)| < € for z € K},

where ¢ ranges over positive numbers and K ranges over compact sets in
G. The coincidence of these two topologies on P; is the more remarkable
when one observes that they are, in general, not the same on Py. For
example, the functions ¢¢(z) = €% belong to P;(R). They converge
to 0 in the weak™ topology as £ — oo (this is a restatement of the
Riemann-Lebesgue lemma), but they have no limit in the topology of
compact convergence on R (or in the weak* topology restricted to P;).
The proof is based on the following general lemma.



82 A Course in Abstract Harmonic Analysis

(3.28) Lemma. Suppose X is a Banach space and B is a norm-bounded
subset of X*. On B, the weak™* topology coincides with the topology of
compact convergence on X.

Proof: The weak* topology is the topology of pointwise convergence
on X, so it is no stronger than the topology of compact convergence.
On the other hand, if \y € B, ¢ > 0, and K C X is compact, let
C = sup{||A\]| : A € B} and é§ = ¢/3C. Then there exist &;,...,&, € K
such that the balls B(6,¢;) cover K. If A € Band £ € K then ||£~¢;|| < 6
for some 7, so that

[AE)=20(E)] < [ME=E)IHI(A=20)(€5) [+ Ao (&5 =€) < %H(/\—/\o)@j”,

so the weak* neighborhood [ {X : [(A — Xo)(&;)| < €/3} of Ag is con-
tained in the neighborhood N{\¢; ¢, K) for the topology of compact con-
vergence. 1

(3.29) Lemma. Suppose ¢p € P, and f € L'(G). For every € > 0 and
every compact K C G there is a weak* neighborhood ® of ¢¢ in P; such
that |f * ¢(z) — f * do(z)| < e forall¢p € P and z € K.

Proof: By Corollary (3.22) we have f * ¢(z) = [ f(zy)d(y~')dy =
f(Lg-1f)¢. Since £ — L,-1f is continuous from G to L' (Proposition
(2.41)), {L;-1f : z € K} is compact in L', and we can apply Lemma
(3.28). 1

(3.30) Lemma. If ¢ € Py, |¢(x) — ¢(y)|? < 2—2Red(yz!).

Proof: By Theorem (3.20) we have ¢(z) = (m(z)u,u) for some uni-
tary representation 7 and some unit vector u € Hy, so

l6(2) ~ d@)* = [([r(z) — (W), w)|* = [(u, [r(z™) = 7y~ H]u)|?
< Jm@yu - m(y™VYull? = 2~ 2Re(n(z™Yu, 7(y™ u)
=2 2Re(7r(y:1:“1)u,u) =2 — 2Re¢(y:1:“1).
1

(3.31) Theorem. On Py, the weak™* topology coincides with the topol-
ogy of compact convergence on G.

Proof: If f € L'(G) and € > 0, there is a compact K C G such that
fG\K |f] < %e. If ¢,¢0 € Py and |¢p — ¢o| < €/2|| f||; on K then

‘/U¢—f%)

_ _ 1,41, =
SAW¢%HLWW¢%R¢+f¢

so compact convergence on G implies weak* convergence.
Conversely, suppose ¢g € Py, € > 0, and K C G is compact. We wish
to find a weak*™ neighborhood ® of ¢ in P; such that |¢ — ¢o| < € on
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K when ¢ € ®. First, if n > 0 there is a compact neighborhood V of 1
in G such that |¢o(z) — 1| < nfor z € V. Let

o= {sei:| [ @-on) <avi}.

®, is a weak™ neighborhood of ¢g since xyy € L. If ¢ € ®, then

(3.32) |/v(1—¢)| < |/v(1—¢0)|+|/v(¢0—¢)| < ;).

Also, if ¢ € ®; and z € G, we have

v +#(@0)-VIs(@)| = | [ 16070 e dr] < [ 16712)-0(0)l dv.

By Lemma (3.30), the Schwarz inequality, and (3.32), this is bounded
by

[2-2res)*dy <( [ 2~ 2Restwlay) W12 <2VIA:
Vv Vv

By Lemma (3.29), there is a weak* neighborhood ®; of ¢ in P, such
that |xv * ¢(z) — xv * ¢o(z)| < n|V| for ¢ € ®2 and z € K. Hence, if
¢ € P, NP and z € K, |¢(z) — ¢o(z)| is bounded by

w1 [|IV16@) ~xv * ¢(@)| + [xv * (6-0)(@)] +
[xv * do(=) ~ IVIgo(a)|
< GI@VIVA+VIn+2VIVA) =7+ 4V

Therefore, if we choose 7 so that n+4,/7 < € and take ® = &, N ®,, we
are done. i

We are almost ready to prove our final major theorem. First, we need
one more simple result that will also be useful in the next chapter.

(3.33) Proposition. The linear span of C.(G)NP(G) includes all func-
tions of the form f x g with f,g € C.(G). It is dense in C.(G) in the
uniform norm, and dense in LP(G) (1 < p < oo) in the LP norm.

Proof: By Corollary (3.16), C.(G)NP(G) includes all functions of the
form f + f with f € C.(G), where f(z) = f(z~!). By polarization (see
Appendix 1), it includes all functions of the form f+h with f . h € C.(G)
and hence all functions of the form f *g with f,g € C.(G) (take h = 7).
{f*g:f,g € CAG)} is dense in Cc(G) in the uniform norm or the L?
norm because g can be taken to be an approximate identity, and C.(G)
is itself dense in LP. |
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(3.34) The Gelfand-Raikov Theorem. If G is any locally compact
group, the irreducible unitary representations of G separate points on
G. That is, if x and y are distinct points of G, there is an irreducible
representation 7 such that w(z) # w(y).

Proof: If  $# y there exists f € C.(G) such that f(z) # f(y),
and by Proposition (3.33) we can take f to be a linear combination of
functions of positive type. By Theorems (3.27) and (3.31), there is a
linear combination g of extreme points of P, that approximates f on
the compact set {z,y} closely enough so that g(z) # g(y). Hence there
must be an extreme point ¢ of P; such that ¢(z) # ¢(y). The associated
representation g of Theorem (3.20) is irreducible by Theorem (3.25),
and it satisfies

(mg(z)e,€) = ¢(x) # $(y) = (m4(y)e,€),
whence () # 7 (y). |

We shall give a simpler proof of the Gelfand-Raikov theorem for the
case of compact groups in §5.2; see Theorem (5.11) and the remarks
preceding it.

It should be noted that when G is neither compact nor Abelian, the
irreducible representations of G may be infinite-dimensional, and the
finite-dimensional ones usually do not separate points on G. We shall see
some examples of this phenomenon — the azx + b group, the Heisenberg
groups, and SL(2,R) — in §6.7 and §7.6.

We conclude this section by discussing a commonly-used variant of
the notion of functions of positive type. A function ¢ : G — C is called
positive definite if

n
Z ciquS(:z:Jlei) >0foralley,...,co, € Cand zq,...,z, € G.
=1

(Here n is an arbitrary positive integer.) When n = 2, z; = z, and
o = 1, this condition says that the matrix

(0, @)
o(z77) #(1)
is positive semi-definite. Therefore
(@) = ¢()
and
$(1)* — ¢(z)p(z~)2 0

which implies that |¢(z)| < ¢(1) for all z. In particular, positive definite
functions are bounded.
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Positive definite functions need not be continuous: for example,
#(z) = 1 when = = 1, ¢(x) = 0 otherwise. They need not even be
measurable: if G = R and % is any automorphism of R as a vector
space over Q then e is positive definite. However, the continuous pos-
itive definite functions are nothing but the functions of positive type.

(3.35) Proposition. If ¢ is a bounded continuous function on G, the
following are equivalent:
i. ¢ is of positive type.
ii. ¢ is positive definite.
iii. [(f*x*f)¢ >0 forall f € C.(G).

Proof: (i) = (ii): Let {¢y} be an approximate identity. Given
cl,...,cn €Cand z1,...,2, € G, let fy =37 ¢jLs;¥y. Then

0< [(fi fu)0 = 3 ciey [ [ vutar vpvuta; )60 ) dy da

4,5=1

Since ¢ is continuous, the sum on the right approaches ) c,-quS(z;lzi)
as U — {1}, so the latter sum is nonnegative.

(i) = (iii): If f € C.(G), the function F(z,y) = f(z)f(y)¢(y'z)
is in C.(G x G), hence is uniformly continuous. Let K = supp f, so
that supp F ¢ K x K. Given ¢ > 0, we can cover K x K by finitely
many open sets of the form U x U such that the variation of F on each
such set is less than e. By discarding the overlaps, we can obtain a
partition of K into disjoint sets E,,..., E, and points z; € E; such
that |F(z,y) — F(zi,z;)| < € when (z,y) € E; x E;. But then

/f x flop = //medzdy Z//;XE] (z,y)dz dy

(3.36) =Y F(ziz;)|El|E;| + R
i,J
=Y f(@)|Eil f(z;)[Ejlé(e; 'z:) + R,
1,7

where

IR| =  [F(@) = Fiau2,)ldady| < KT

E;x

The last sum in (3.36) is nonnegative, and ¢ is arbitrary, so [(f** f)¢ >
0.

(iii) = (i): If f € L! there is a sequence {f,} C C.(G) such that
fa— fin L1, Then fixfn — f*xfin L', s0 [(f*x )¢ = lim [(f5xfn)d
> 0. I
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3.4 Notes and References

The theory of representations of finite groups was developed by Frobe-
nius, Schur, Burnside, and others beginning in the 1890’s. Represen-
tations of arbitrary compact groups, and finite-dimensional (possibly
nonunitary) representations of the classical matrix groups, were studied
by Weyl and others beginning in the 1920’s; see Peter and Weyl [98]
and Weyl [129]. The theory of (possibly infinite-dimensional) unitary
representations of locally compact groups was initiated in the 1940’s,
although a few special cases had been known earlier. At that time, vari-
ous researchers began looking at both abstract representation theory for
general groups and concrete representation theory for specific groups,
particularly those arising in quantum mechanics.

Other treatises in which various aspects of the theory of unitary repre-
sentations are developed include Dixmier [29], Fell and Doran [37], [38],
Hewitt and Ross [62], [63], Kirillov [68], and Mackey [86]; see also the
survey article of Mackey [84]. Discussions of the connections between
representation theory and other parts of mathematics and physics can
be found in Mackey [87], [88].

The material in §3.3 was first developed in the fundamental paper of
Gelfand and Raikov [46].

The term “positive definite function” is frequently used synonymously
with “function of positive type.” I find it objectionable because functions
. of positive type are generally not positive themselves, and the positive
linear functionals they define are generally not positive definite. I have
therefore adapted the usual term in French, fonction de type positif, as
the standard terminology for this book.



4

Analysis on Locally Compact Abelian
Groups

The central idea of this chapter is the Fourier transform on locally com-
pact Abelian groups, which provides a single theory that includes Fourier
series and integrals on R™, Walsh expansions, finite (or discrete) Fourier
transforms, and many other things as special cases. The fundamental
results about Fourier analysis on locally compact Abelian groups are
developed in §§4.1-3. The rest of the chapter is devoted.to three sepa-
rate topics — classification of unitary representations (§4.4),#he circle of
ideas centering on Wiener's general Tauberian theorem (§§4.5-6), and
the Bohr compactification (§4.7) —that can be read independently of
one another.

Throughout this chapter, G will denote a locally compact Abelian
group. Here left and right translations are the same thing, so we have
our choice of notation:

Lyf(z) = fy~'z) = f(ay™"), Ryf(z) = Ly-1f(z) = fzy) = f(yz).

Also, G is unimodular and convolution is commutative:

fxg(z) /f (zy™") y)dy=/f(y)g(y“f'«‘)dy

We shall continue to write the group operation as multiplication. One
must keep in mind that in many of the common Abelian groups, such
as R and Z, the group law is addition; the notation must be adjusted
accordingly.

4.1 The Dual Group

Let G be a locally compact Abelian group. By Corollary (3.6), the ir-
reducible representations of G are all one-dimensional. Thus, for each

87
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such representation © we can take H, = C, and then 7(z)(2) = £(z)z
(z € C) where £ is a continuous homomorphism of G into the circle group
T. Such homomorphisms are called (unitary) characters of G, and the
set of all characters of G is denoted by G. Since £(z) = (7(z)1,1),
Proposition (3.15) shows that G is contained in P)(G), the set of func-
tions of positive type on G of norm 1. In fact, by Theorem (3.25), G
is the set of extreme points of P;(G). For reasons of symmetry (which
will become more cogent in §4.3) we shall use the notation

(z,6)=¢(z) (z€G, £€Q).

According to Theorem (3.9), each £ € G determines a nondegenerate
*-representation of L!'(G) on C by

(1) €(f) = / (z,6)f(z) do

Here we identify £(C) with C; with this identification, such a represen-
tation is a multiplicative functional on L!(G) as defined in §1.2. Con-
versely, every multiplicative functional ® is given by integration against
a character. This is not quite an instance of Theorem (3.11), because we
do not assume that ®(f*) = ®(f); rather, we have the following simple
argument.

First, ® € (L!)* is given by integration against some ¢ € L. Pick
f € L! with ®(f) # 0. Then for any g € L!,

/ H(1)9(w) dy = B(f)®(g) = (f * g)

//¢ (y)dydz

- / (L, f)g(v) dy,

so that ¢(y) = ®(Lyf)/®(f) locally a.e. We can redefine ¢(y) to be
®(Ly f)/®(f) for every y, and then ¢ is continuous. Moreover,

qS(:z:y)(I)(f) = Q(Lzyf) = <I>(LzLyf) = ¢(z)¢(y)¢(f)1

so ¢(zy) = ¢(z)p(y). Finally, ¢(z™) = ¢(z)" for every n, and ¢ is
bounded, which necessitates |¢(z)| = 1, that is, ¢ : G — T.
In short, we have:

(4.2) Theorem. G can be identified with the spectrum of L'(G) via
(4.1).

Gis clearly an Abelian group under pointwise multiplication; its iden-
tity element is the constant function 1, and

(IL‘,§—1> = (z—la§> = (IL‘, >
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We shall give G the topology of compact convergence on G, under which
the group operations are obviously continuous. By Theorem (3.31), this
topology coincides with the weak™* topology that G inherits as a subset
of L. But GU{0} is the set of all homomorphisms from L! to C, which
is a subset of the closed unit ball of L>® (by Proposition (1.10c)) and is
clearly weak* closed, and hence is weak* compact by Alaoglu’s theorem.
Therefore, Gis locally compact. In short, Gisa locally compact Abelian
group, called the dual group of G.

When G is compact or discrete, we can say more about the structure
of G. First, if G is compact, G C L*®(G) ¢ LP(G) for all p > 1, and we
have:

(4.3) Proposition. If G is compact and Haar measure is normalized
so that |G| = 1, then G is an orthonormal set in L2(G).

Proof: If £ € G then |¢[2 = 1, so clearly ||€||, = 1. If £ # 7 there is
an xq € G such that (zg,&n7!) # 1, and we then have

/m=/<z,sn-1>dz=<zo,§n-1>/< g, n7Y) da
= (0,677 ) / (2, &n7 1) dz = (z0,60"") / e,

which implies that [ &7 =0. 1

(4.4) Proposition. IfG is discrete then G is compact. If G is compact
then G is discrete.

Proof: If G is discrete then L!(G) has a unit — namely, the function
6 that equals 1 at the identity and O elsewhere. Hence its spectrum G
is compact.

If G is compact then the constant function 1 is in L, so {f € L
| [ f] > 4} is a weak* open set. By Proposition (4.3), for £ € G we have
Jeé=1if¢=1, [¢€=0if £ #1. Thus {1} is an open set in G, and G
is discrete. |

The remainder of this section is devoted to the calculation of G for
various groups G. We begin with some simple examples.

(4.5) Theorem.

a. R @R, with the pairing (z,£) = 2=,
b. T = Z, with the pairing (a,n) = a™.
c¢. Z~ T, with the pairing (n,a) = o™

d. If Zy, is the additive group of integers mod k, then Zy = Zy, with
the pairing (m,n) = e2mimn/k
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Proof: (a) If ¢ € R we have ¢(0) = 1, so there exists a > 0 such
that [’ ¢(t)dt # 0. Setting A = [ ¢(t) dt, we have

a atzx
A = dt = d
6@ = [(o+ni= [ sva,
so ¢ is differentiable and
#'(z) = A p(a + z) — ¢(z)] = ch(z) where c = A~ ¢(a) —1].

It follows that ¢(t) = e°*, and since |¢| = 1, ¢ = 2mi¢ for some £ € R.

(b) Since T = R/Z via the identification of € R/Z with a = e?™%* ¢
T, the characters of T are just the characters of R that are trivial on
Z. The result therefore follows from (a).

(c) If ¢ € Z then a = ¢(1) € T, and ¢(n) = ¢(1)" = ™.

(d) The characters of Z) are the characters of Z that are trivial on
kZ, hence are of the form ¢(n) = o™ where « is a kth root of 1. |

We can generate more examples from these by taking products.

(4.6) Proposition. IfGy,...,G, are locally compact Abelian groups,
then

(GIX"'XGn)AgéIX"'Xén.

Proof: Each & = (&,...,&) € [I} é,» defines a character on [[}] G;
by

(110, Zn)s (€1r---160)) = (21,60) - (Tns6n)-

Moreover, every character x on [[] Gj is of this form, where ¢; is defined
by

(zjv§j>:<(1v"'v1vz.’iv1v“‘v1)vX)' » 1

(4.7) Corollary. (R*)"2 R", (T*y "~ Z", (Z"Y" 2 T", and G =~ G
for any finite Abelian group G.

Proposition (4.6) can be extended to infinite products of compact
groups. If {Ha}aca is any family of groups, we define @, ¢ 4 Ha to be
the set of all (ha)aca € [loca Ha such that h, =1 for all but finitely
many q.

(4.8) Proposition. If G = HQEA G, where each G, is a compact
Abelian group, then G = @ 4 Ga-

Proof: As in the proof of Proposition (4.6), it is easy to see that
every (£o) € @ Go defines a character £ on G by (z,£) = [[{ZTa,&a)
(the product being finite), and that each £ € G determines an element
(€a) of T1 G, where £, is the restriction of £ to the ath factor. We need
only show that in this situation, £, = 1 for all but finitely many «.
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There is a neighborhood V of 1 in G such that |[{z,£)—1| < 1forz € V.
By definition of the product topology, V' includes a set [], Vo where
Va = G, for all but finitely many a. If V, = G, then £(V) D £ (Ga).
€a(Gq) is therefore a subgroup of T contained in {a € T : |[a — 1| < 1},
and it therefore equals {1}; hence &, = 1. |

Example. Let G = (Z;)“, the product of countably many copies
of the 2-element group Z,, as discussed in §2.2. For each n there is
a unique character £, on G that is nontrivial only on the nth factor,
namely ((a;){°,én) = (—=1)**. The characters on G are then the finite
products of the &,'s, together with the trivial character 1.

If we identify G with [0,1] as in §2.2, &, becomes the nth
Rademacher function r,, which takes on the values 1 and —1 al-
ternately on the intervals [0,27™), [27",2-27"), ..., [1-27",1). The
finite products of the Rademacher functions are called Walsh func-
tions. There is a standard way of well-ordering the Walsh functions, as
follows. If n is a nonnegative integer, let b,...,b; be the digits in its
binary expansion (i.e., n = b ... b; in base 2); then the nth Walsh func-
tion is w,, = rll” ---rz“. From Proposition (4.3), or by direct inspection,
{w, }§° is an orthonormal set in L2(0,1). It is actually an orthonormal
basis. This will follow from the Plancherel theorem in the next section,
but it is also an elementary exercise to verify it directly. (Hint: show
that the linear span of {w;}2 ! is the set of all step functions on [0, 1]
that are constant on the intervals [0,27"), ..., [1-27",1).)

For our final example, we compute the dual of the p-adic numbers
Q,. We begin by writing down one character &) of Q, explicitly. Let us
recall from Proposition (2.8) that each p-adic number z can be written
uniquely as Y. c¢;p’ where ¢; € {0,1,...,p—1} and ¢; = 0 for j < 0;
moreover, £ € Z, if and only if ¢; = 0 for j < 0. We define

<§: cjpi, §1> = exp(27riicjp7).

More simply, we can write (z,£;) = €27%*, where it is understood that
the terms with j > 0 in theseriesz = ) c;p’ contribute nothing because
e?™i;?’ — 1. From this it is clear that (z+y,£)) = (z, &)y, &) (recall
that Q, is a group under addition, not multiplication!) and that £, is
constant on cosets of the open subgroup Z, and hence continuous. In
short, &) is a character whose kernel is Z,. Next, for y € Q, we define

£y by
(IL‘, §y> = (zyy §l>

&, is also a character, and its kernel is {z : |z| < |y|~'}. Our claim is
that every character on Q, is of the form &,.
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(4.9) Lemma. If¢ € Qp, there is an integer k such that £ = 1 on
B(p_k,()).

Proof: Since £ is continuous, there is an integer k£ such that £ maps
B(p~*,0) into {z € T : |z—1| < 1}. But B(p~*,0) is a subgroup of Q,,
so its image under £ is a subgroup of T; hence it equals {1}. |

Any £ € Qp is completely determined by its values on the numbers
p’, j € Z, and by Lemma (4.9), if £ # 1 there is an integer jo such that
(p,€) = 1for j > jo, but (p~1,€) # 1. Let us analyze the case jo = 0.

(4.10) Lemma. Suppose £ € Qp, (1,6) = 1, and (p~',€) # 1. There
is a sequence {c;}3° with ¢y € {1,...,p—1} and ¢; € {0,...,p—1} for
§ > 1 such that (p=*,€) = exp(2mi .~ cx—;p~7) for k =1,2,3,....

Proof: Let wy = (p~*,€); then

w£+1 = (p_k_11§>p =(p 'p—k_11§> = (p_k1§> = Wk

Now w; # 1 = wy, so w; = exp(2micop™!) for some ¢p € {1,...,p—
1}. Proceeding by induction, suppose wy = exp[2mi Z’f ck—;p~?]. Since
wk41 is a pth root of wy, there exists cx € {0,...,p—1} such that

k k41

Wky1 = €Xp [27ri ch_jp_j’l] exp[2mickp™'] = exp [Z Ck+1_jp_j] .
1 1
1

(4.11) Lemma. If£ € Qp, (1,€) =1, and (p~',£) # 1, there exists
y € Qp with |y| =1 such that £ = &,.

Proof: Let {c;} be as in Lemma (4.10) and set y = > _° c;p’. Then
ly| = 1 since ¢ # 0, and for £ > 1,

k

(p7F,€) = exp [27rich_jp_j] = exp [27riicj+kp7]
1 —k

= (e, &) = 07Fv.60) = (075,8,).
-k

It follows that (z,§) = (z,§,) for every z. |

(4.12) Theorem. The map y — & from Q, to Q, is an isomorphism
of topological groups.

Proof: The map y — €, is clearly an injective group homomorphism.
Suppose § € (5,,. If £ = 1 then £ = &p. If £ # 1, by Lemma (4.9) there is
a smallest integer j such that (p?,£) = 1. Then the character n defined
by (z,n) = (p/z, £) satisfies the conditions of Lemma (4.11), so n = ¢,
for some z with |2| = 1. But then € = &, where y = p~72.
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The map y — &, is therefore a group isomorphism. To see that it is
a homeomorphism, observe that the sets

NG ky={€€Qp:(z,6) 1| <j for 2| <p*} (21, ke Z)

are a neighborhood base at 1 for Qp. But the image of the set {z : |z| <
p*} under &, is {1} if k£ < 0 and is the group of p*th roots of 1 if k > 0,
and hence is contained in {2 : |2~ 1| < 571} if and only if £ < 0. Tt
follows that &, € N(j,k) if and only if |y| < p~*, and we are done. |

4.2 The Fourier Transform

Henceforth it will be convenient to employ a slightly different identifi-
cation of G with the spectrum of L!'(G) than the one given by (4.1).
Namely, we shall associate to £ € G the functional

f~aﬁ=r%ﬁ=/ﬁﬁw@mm

The Gelfand transform on L!(G) then becomes the map from L!(G) to

~

C(G) defined by

F16) = Fl©) = [ @) da.

This map is the Fourier transform on G. (We denote the Fourier
transform as an operator by F, but we usually denote the Fourier trans-
form of f € L(G) by f rather than Ff.)

(4.13) Proposition. The Fourier transform is a norm-decreasing *-
homomorphism from L'(G) to Co(G) for C(G) if G is compact]. Its
range is a dense subspace of Cy(G).

Proof: That F is a norm-decreasing x-homomorphism is simple to
check directly (cf. the proof of Theorem (3.9)). That its range lies in
C’O(@) is an instance of a general property of Gelfand transforms (Theo-
rem (1.30)). That its range is dense follows from the Stone-Weierstrass
theorem as in the proof of Proposition (1.14c), since the fact that F is

a *-homomorphism means that L!(G) is symmetric. |

Two points are worth emphasizing here. First, the fact that F(L!) C
Co(@) is the abstract form of the Riemann-Lebesgue lemma of classical
Fourier analysis. Second, the fact that F is a *-homomorphism rather
than just a homomorphism is equivalent to the fact that L! is a sym-

metric algebra.
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The other basic operational properties of the Fourier transform are as
follows:

(umaﬁm=/GEMﬁma=/mo<) =067 ),

(4w)ovr&r:/Ciawnnﬂmdzzfm-%r=bn@y

The Fourier transform can be extended to complex Radon measures
on G: if p € M(G), its Fourier transform (sometimes called the Fourier-

Stieltjes transform) is the bounded continuous function i on G defined
by

ﬁ@=/€6wm.

The formula (p * v)~ = v is still valid in this context:

(wx06) = [[@rfadu@) avw) = [ [ @EwE duta) dviw)
= p(§)v(¢).

(The formula [ ¢d(pu*v) = [f ¢(zy) du(z) dv(y) that we have used here
is true by definition of u * v for ¢ € Co(G); it remains true for any
bounded continuous ¢ since y and v can be approximated in norm by
compactly supported measures.) Thus, G can be regarded as part of the
spectrum of the Banach algebra M(G), and [ is the restriction of the
Gelfand transform of u to G. '

Of more interest to us than the Fourier transform on M (G) is a similar
construction for measures on G. Namely, if 4 € M(G) we define the
bounded continuous function ¢, on G by

(4.16) mm=/maw@-

(4.17) Proposition. The map p — ¢, is a norm-decreasing linear
injection from M (G) to the space of bounded continuous functions on
G (with the uniform norm).

Proof: The only nontrivial point is the injectivity. If ¢, = 0 then

- [[ 1@ e e duydo = [ Fie

for any f € LY(G). But this implies that u = 0 since F(L') is dense in
Co(G) 1

If 4 € M(G) is positive, then ¢, is a generalized linear combination of
characters with positive coefficients, and hence is a function of positive
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type on G. Indeed, if f € L!(G),

] 17w dzdy—///f F0) 0,60z, £) dyu(€) dady
- [1F©raue) =

The converse of this is one of the fundamental results of the theory.

(4.18) Bochner’s Theorem. If ¢ € P(G), there is a unique positive
e M(G) such that ¢ = ¢, as in (4.16).

The uniqueness of u was established in Proposition (4.17). There are
two nice proofs of the existence, one using the Krein-Milman theorem
and one using Gelfand theory. We shall give them both.

First proof: It suffices to assume that ¢ € Py, i.e., ¢(1) < 1. Let
My be the set of positive measures p € ML@) such that ,u(a') <1; My
is compact in the weak* topology of M(G). If {uq} is a net in My
converging to y in this topology, for any f € L' we have

[ @@ dz= [[ 1@ hduale) do = [ e uale
ﬁ/}@“MMO=//ﬂﬂ@£MM9M=/}@MAﬂM

Thus ¢,,, — ¢, in the weak* topology of Py C L°*°. In other words, the
map p — ¢, is continuous from My to Py, and its range is therefore a
compact convex subset of Po. But the range contains every character
£ € G (take u to be the point mass at £) as well as 0 (take g4 = 0),
and these are the extreme points of Py by Theorem (3.25) and Lemma
(3.26). By the Krein-Milman theorem, then, the range is all of Py. 1

Second proof: Without loss of generality, we shall assume ¢(1) = 1.
Applying the Schwarz inequality to the positive Hermitian form (f, g)4 =

f #(g* * f), we have
< / (" * f) / ba"*9) (frgeLb).

l/¢(g"*f)2

Take g = 9y, an approximate identity. Then ¥ * f — f in LY, so
J oWl = f) — [¢f. Also, ¥} * Yy is again an approximate identity (if
supp ¥y C U thensupp iy xyy C U™V, and [(¥f*yu) = | [vul> =1
by Fubini’s theorem), so [ ¢(¥{; * ¥u) — ¢(1) = 1. Thus,

25/¢(f“*f)-

The function h = f* * f satisfies h* = h, so if we set h(® = h x h,
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h®) = hxhxh, etc., and apply this estimate successively to f, k, h(?, ..,

we get
1/2 1/4 2
Jerl=|[o <[ fone]"os| for

< [IEVIE
since ||¢]lcoc = ¢(1) = 1. But by Theorems (1.8) and (1.13) or Theorem
(1.30),

. ny n-n—1
lim AV = RIS = 11712137 = 1 flco-

Thus the map f — [ ¢ f induces a linear functional f f&f on F(LY,
and since F(L') is dense in Co(G), it extends to a linear functional on

C’O(G) of norm < 1. By the Riesz representation theorem, there is a
& € M(G) with ||z]| <1 such that

[er= [T~ [[ 1@ia e dnteydo

But this means that ¢(z) = f(z,€) du(€) where du(€) = di(¢™'). Fi-
nally, 1 = ¢(1) = (G) < |lull <1, so that [|ull = u(G) and hence
u>0. 1

We now introduce some function spaces on G that will be useful below:
B(G) = {du:ne M(G)}, B?=B"G)=B(G)NLG) (p<oo),
where ¢,, is defined by (4.16). By Bochner’s theorem,

B(G) = the linear span of P(G).

Proposition (3.33) therefore says that B(G) contains all functions of the
form f * g with f,g € C.(G) and that BP is dense in L? for all p < oo.
Our next step is to establish the Fourier inversion formula for functions
in BL.

(4.19) Lemma. IfK C G is compact, there exists f € Co(G) NP such
thatf>OonGandf>OonK

Proof: Pick h € C.(G) with h = [h=1and set g = h**h. Then
g= |71|2; in particular, § > 0 and g( ) = 1, so there is a neighborhood
V of 1 in G such that § > 0 on V. K can be covered by finitely
many translates of V, say K C ul &V, Let f = (El €7)g. Then

( ) =31 9(&; 1¢) by (4.15), so f > 0 on K and f > 0 everywhere.
Also, g € P by Corollary (3.16), and it follows that f € P (in fact,
[ £(@*xa) = 37 [ gl(€j)" * &ja)] 2 O for any a € LY). '
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The correspondence 1 — ¢,, is a bijection from M(G) to B(G). In
the next two arguments we shall denote its inverse by ¢ — p4. That is,
if ¢ € B(G), ug is the measure such that ¢, = ¢.

(4.20) Lemma. If f,g € B! then fd,ug =gdus.
Proof: If h € L'(G) we have

/hdpf_// L E(z) dz dug(€) /h fz™!)dz = hx f(1).

Replacing h by h*x g or h by hx f and f by g in this calculation, we
obtain

/ hGdus = (h* g) % £(1) = (hx f) * g(1) = / Af dusy.

Since F(L') is dense in C’o(@) it follows that gdu; = fd,ug. |

(4.21) Fourier Inversion Theorem I. If f € B! then f e LY(G),
and if Haar measure d§ on G is suitably normalized relative to the given
Haar measure dz on G, we have dyu(§) = f(£€) d€; that is,

f(z) = / (z,6)F(€) de.

Proof: 'We are going to manufacture a positive linear functional on
C.(G ) If ¥ € C.(G), by Lemma (4.19) there exists f € L'(G) NP such

that f > 0 on supp . Let
Y
= 7dﬂf.
/7

If ¢ is another such function, by Lemma (4.20) we have

/%dw Z/f%ﬁd#f =/f%fAd#g Z/%dl‘g’

so (1) depends only on ¥ and not on the choice of f. From this it
is easy to check that I(y) depends linearly on 1, and it is clear that
I(y) > 0 for 9 > 0 since f > 0 and py; > 0. Moreover, if g € B! then
by Lemma (4.20),

(4.22) I(gy) = / %@duf = / Ydug.
There clearly exist ¥ and g so that [¥dug #0, s0 I #0.
I is therefore a nontrivial positive linear functional on C.(G). More-

over, if n € G,

/ (2, €)dps (n€) = / (2,0 €)dug (€) = Tm £ (@) = (7f) (@),
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s0 dyug (1) = dyuzy (€). Also, (7f)(€) = F(n€) by (4.15), so if we pick f
so that f > 0 on suppy Usupp L,y,

L) = [ de(&) = [ 2 4 )

f(n€)
_ ( )

= I(w)-

Thus I is translation-invariant. It follows that I(v)) = [ v(£)d§ where
d¢ is a Haar measure on G. Finally, if f € B! and 1/) € C(G ) by (4.22)

we have
[w@ite i =167 = [wauy,

so that f(€)dé = duy(€). It follows that f € L}(G) and that f(z) =
Sz, &) f(€) dt. I

We shall show in the next section that the Fourier inversion formula
remains valid if the condition f € B! is replaced by f € L! and f € L.
For the moment, we have the following simple corollary.

(4.23) Corollary. If f € L'(G) NP then f > 0.
Proof: f(é") d§ = duy(§), and py > 0 by Bochner’s theorem. |

When a Haar measure dz on G is given, the Haar measure df on G
that makes Theorem (4.21) true is called the dual measure of dz. If
the dual of dz is d¢, the dual of cdz is ¢! d¢. (Replacing dz by cdz has
the effect of replacing f by ¢ f ; hence one must replace d¢ by ¢=! d¢ in
the inversion formula to compensate.) Henceforth, we always take the
Haar measure on G to be the dual of the given Haar measure on G.

When doing Fourier analysis on specific groups, it is important to
know precisely the normalization of the dual Haar measure, and this is
usually accomplished by computing the Fourier transform of a specific
function.

Example 1. If we identify R with R by the pairing (z,£) = €272,
then Lebesgue measure is self-dual. This can be seen by cons1der1ng
g(z) = e=™". We have §(¢) = [e~2"%=-72" dz; differentiation un-
der the integral followed by integration by parts shows that (3)'(€) =
—2m€G(€), and §(0) = [ g = 1. Solving the dlfferentlal equation shows
that § = g, and since g is even, this means that g(z) = [ e?"*¢=~ m&* de.
Hence the inversion formula holds with dz and d¢ both equal to Lebesgue
measure, thus:

- / f@)e ™ dz,  f(z) = / Fle)ermi=t d.



Analysis on Locally Compact Abelian Groups 99

If we identified R with R via (z,£) = €%, as is frequently done, the
dual of Lebesgue measure dz would be d€/2x. With this pairing,.the
self-dual normalization of Lebesgue measure is dz/v/27.

Example 2. If we identify Qp with Q,, as in Theorem (4.12), the Haar
measure on Q such that |Z,| = 1 is self-dual. To see this, let f be the
characteristic function of Z,. The restriction of any character £ on Q,
to the compact group Z, is a character on Z Hence, if |Z,| =1 and
we identify £, with y, by Proposition (4.3) f fZ §y equals 1 if &,
is trivial on Z, and 0 otherwise. But by the constructlon of &, &, is
trivial on Z, if and only if y € Z,. Hence f is its own Fourier transform,
and this implies that the Haar measure chosen above is self-dual.

We also have the following general result.

(4.24) Proposition. If G is compact and Haar measure is chosen so
that |G| = 1, the dual measure on G is counting measure. If G is discrete
and Haar measure is chosen to be counting measure, the dual measure
on G is the one such that |G| = 1.

Proof: If G is compact, let g = 1. Then § = x(,; by Proposition
(4.3), so g(z) = dec<z £)g(€), which proves the first assertion. Sim-
ilarly, if G is discrete, let g = x(1}. Then § = 1, and g(z) = [(z,£) d¢
when d€ is chosen so that |G| = 1. (This is another application of
Proposition (4.3), as £ — (z,£) is a character on G for each z € G.) 1

Example 3. The groups T and Z are dual to each other; the natural
dual measures on them are normalized Lebesgue measure df/2m on T
and counting measure on Z. The Fourier inversion theorem for functions
on T reads:

- G . df o
fmy= [ f@e™ o, £(O) =) flm)e™.

0 ™
Example 4. If G is a finite cyclic group Zg, the dual of counting
measure is counting measure divided by k (the measure such that | Zx| =
1), and the Fourier inversion theorem reads:

k

f(m) _ Zf(n)e—2‘rrimn/lcy

0

?rli—-

k
Z f 21rzmn/k
0

The factor 1/k can be relocated from the second sum to the first one if
one wishes.

We now come to the fundamental theorem in the L? theory of the
Fourier transform.

(4.25) The Plancherel Theorem. The Fourier transform on L'(G)N
L*(G) extends uniquely to a unitary isomorphism from L?(G) to L*(G).
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Proof: If f € L' N L? then fx f* € L' NP by Corollary (3.16), and
(f * f*Y" = |f|? so by Theorem (4.21),

/ f@)Pde = f f7(1) = / (f = F7Y(E) dt = / Fo)? de.

Thus f — fis an isometry in the L? norm, so it extends uniquely to an
isometry from L%(G) into L2(G).AT0 show that it is surjective, suppose
¥ € L%(G) is orthogonal to all f with f € L'(G) N L*(G). Then by

(4.14),
0= / VLI = / (z, €YW) F(€) de

for all f € L'N L? and all z € G. But zp?e LY(G) since ¥, f € L*(G),

—~

o~

so Y(§)f(§)dé € M(G). It then follows from Proposition (4.17) that

¢f = 0 ae. for all f € L' N L2, and Lemma (4.19) then implies that
P =0 a.e. 1

(4.26) Corollary. If G is compact and |G| = 1, G is an orthonormal
basis for L*(G).

Proof: 'We have seen in Proposition (4.3) that G is an orthonormal
set. If f € L? is orthogonal to every £ € G then 0 = [ f€ = f(£) for all
&, so f = 0 by the Plancherel theorem. 1

The Fourier transform has now been defined on L'(G) + L*(G). If
1 <p<2then L? C L! + L?, so we can define f for f € LP(G), and we
have:

(4.27) The Hausdorff-Young ir’l\equali’tiy. Supame 1<p<2and
pl+q ' =1 If f € LP(G) then f € LY(G) and ||f[lq < || fll,-

Proof: This follows by the Riesz-Thorin interpolation theorem from
the estimates || flloo < ||f|l1 and ||f|l2 = || fllz- (See Folland [39] for the
Riesz-Thorin theorem. The hypothesis there that the measure spaces
are semifinite is inessential when the intermediate exponents p; and g;

are finite, as is the case here.) |

4.3 The Pontrjagin Duality Theorem

The elements of G are characters on G, but we can equally well regard
elements of G as characters on G. More precisely, each z € G defines a
character ®(z) on G by

(4.28) (€, 2(z)) = (z,8)-
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® is clearly a group homomorphism from G to G. Tt is a fundamental
fact that ® is actually an isomorphism, so that every locally compact
Abelian group is “reflexive.” Before proving this, we need a couple of
technical lemmas.

(4.29) Lemma. If ¢,9 € C.(G) then ¢ * ¢ = h where h € B'(G). In
particular, F(B') is dense in LP(G) for p < oo.

Proof: Let

f(@) = / (@.6)6(E) d,  9la) = / (2, E10(€) de,
hz) = / (2, 6)(6 * ) (€) d.
Then f, g, h € B(G) since ¢, ¥, px1p € L( G). Also, if k € LY(G)NL2(G),

l/fkl //:1:§ k(z) dz de| = /qSk

by the Plancherel theorem. This implies that f € L%(G), and likewise
g € L*G). Next,

— [[t@ &6t~ yvio dnae
= [t emotervn dcdn = 1@ (@),

soh € LY(G). Thus h € B!, so by Theorem (4.21), h(z) = [(z, £)h(€) dE.
On comparing this with the definition of 4 and using Propos1t10n (4.17 )
we see that h = ¢ x 1.

< li¢llzlIEllz = llgl2ll%ll2

(4.30) Lemma. Suppose G is a locally compact group and H is a
subgroup. If H is locally compact in the relative topology then H is
closed.

Proof: If H is locally compact, there is an open neighborhood U of
1 in G such that the closure in H of U N H — call it K — is compact
in H. But then K is also compact and hence closed in G, so K is the
closure in G of UN H.
Now suppose € H. Pick a net {z,} in H that converges to z, and
pick a symmetric neighborhood V of 1 in G such that VV C U. Then
z71 € H since H is a subgroup, so Ve !N H # 0. Pick y € Vz~'n H.
T, is eventually in zV, so yz, is eventually in (Vz~!)(zV)=VV C U.
Moreover, yz, € H, and yzo — yz, so yz € K C H. But then z =
y~!(yz) € H, so H is closed. |

(4.31) The Pontrjagin Duality Theorem. The map & : G — G
defined by (4.28) is an isomorphism of topological groups.
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Proof: In the first place, if ®(z1) = ®(x2) then (z1,£§) = (z2,£) for
all £ € G. This implies that £; = x5 since characters separate points on
G (the Gelfand-Raikov theorem), so ® is injective.

Next, suppose £ € G and {zs}aca is a net in G, and consider the
following assertions:

(i) 2o —» z in G.

(i) f(za) — f( ) for every f € BY(G).

(iil) [(za,€)f(€)dE —+Af( ,§)f(§) d¢ for every f € BY(G).
(iv) ®(zq) _><1>( ) in G.

(i) implies (ii) trivially. On the other hand, if z, # z, there is a neigh-
borhood U of z and a cofinal B C A such that zg ¢ U for 8 € B, and
by Proposition (3.33) there is an f € B! with supp f C U and f(z) # 0.
Thus f(za) # f(2), so (ii) implies (i). (iii) is just a restatement of (ii) in
view of Theorem (4.21). Finally, (iii) says that J ®(za ) — — [®(z )f for
all f € F(B!). Since the topology of G is the weak* topology of L°°(G),
|8(za)|lce = 1 for all a, and F(B!) is dense in L}(G) by Lemma (4.29),
it follows easily that (iii) is equivalent to (iv). In short, (i) is equivalent
to (iv), which means that ® is a homeomorphism of G onto &(G).

It now follows that ®(G) is locally compact, and hence, by Lemma

(4.30), that ®(G) is closed in G. Suppose there exists x € G\ 9(G).
Pick a symmetric neighborhood V of 1 in G such that xVV N ®(G) =0

and pick nonnegative (and nonzero) ¢,1 € C.(G) with supp¢ C xV
and suppy C V. Then ¢ x 9 # 0, supp(¢ * ¥) N &(G) = @, and by
Lemma (4.29), ¢ x 1 = h where h € B(G). But then

0=R@) = [(€ 2Mhie)de = [tz e

for all z € G. By Proposition (4.17), this implies that A = 0 and hence
h = ¢ x1 =0, a contradiction. Conclusion: &(G) = G. |

Henceforth we shall identify G with G and omit writing ®. Accord-

ingly, we may write either (z,€) or (€, z) for the pairing between G and
G. The Pontrjagin duality theorem has several important corollaries:

(4.32) Fourier Inversion Theorem II. If f € L'(G) and feLY(G)
then f(z) = (fﬂz 1) for a.e. z; that is,

flz) = /(z, ) f(€) dé for ace. z.

If f is continuous, these relations hold for every z.
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Proof: Since
e = / @80 f(z)de = / (™, 6)f () dz = / (2,6)f(z™") dz,

we have f € B'(G) and d,uf(z) = f(z~!)dz. By Theorem (4.21), then,

fz™!) = (f)’T:L‘) a.e. (f)A is automatically continuous, so if f is also
continuous we have f(z~1) = (f)(z) for every z. |

(4.33) Fourier Uniqueness Theorem. If yu,v € M(G) and i = ¥
then u = v. In particular, if f,g € L}(G) and f = § then f = g.

Proof: By Proposition (4.17) (with G and G interchanged), p is com-
pletely determined by the function ¢,(£) = a(€71). |

(4.34) Corollary. M(G) and L!(G) are semisimple Banach algebras.

(4.35) Proposition. If Gis compact then G is discrete. If G is discrete
then G is compact.

Proof: Combine Proposition (4.4) with Pontrjagin duality. |
(4.36) Proposition. If f,g € L*(G) then (fg)" = F*g.
Proof: First suppose f,g € L*(G) N f[Bl(él], so that we can write

o~

f(z) = ¢(z~*) and g = ¥(z~!) with ¢, € L%(G) N B'(G). Then, as in
the proof of Lemma (4.29),

437)  (drvy@ ) = / (z, O)b(En~Yb(n) dndé = f(2)g(x).

Theorem (4.21) applies to ¢ and ¥, so ¢ = fand ¥ = g. Moreover,
¢p*xp e L'« L' ¢ L' and fg € L?- L? = L}, so Theorem (4.32) applies
to ¢ x 1. Combining this with (4.37) yields
F*3(&) = ¢x (&) = (@*¥) (€)= (F©.

Finally, we remove the assumption that f,g € .7:[31(@)]. Iff,g € L2(Q),
by Lemma (4.29) there are sequences {f.}, {gn} in L%(G) N F[BY(G)]
that converge to f and g in L2 Then fngn — fg in L', s0 (fugn)” —
(fg)" uniformly; also f, x §, — f * § uniformly, so the desired result
follows. 1

The Pontrjagin duality theorem leads to a neat duality between sub-
groups and quotient groups of a locally compact Abelian group. If H is
a closed subgroup of G, we define

H'={¢eG:(z,6)=1for all z € H}.

H* is clearly a closed subgroup of G.



104 : A Course in Abstract Harmonic Analysis

(4.38) Proposition. (H*)* = H for any closed subgroup H of G.

Proof: Obviously H C (H*)*. To prove the reverse inclusion, let
q : G — G/H be the canonical projection. If zo ¢ H, by the Gelfand-
Raikov theorem there is a character n on the group G/H such that
n(q(zo)) # 1. Then nog e H' and (noq)(zo) #1,s50 70 ¢ (HY)L.
(4.39) Theorem. Suppose H is a closed subgroup of G. Define & :
(G/HY — H' and ¥ : G/H' — H by

®(n) =nogq, Y(EH)=¢|H,

where ¢ : G — G/H is the canonical projection. Then ® and ¥ are
isomorphisms of topological groups.

Proof: ® is obviously a group isomorphism from (G/H) to H'. If
Na — N in (G/H)" and K C G is compact, then 7, — 7 uniformly
on g(K), so 1o ©q — n o ¢ uniformly on K; hence 7o 0¢ — noq in
G. Conversely, if 7, 0¢ — nogqin G and F C G/H is compact, by
Lemma (2.45) there exists a compact K C G with ¢(K) = F; we have
7o © ¢ — 1 oq uniformly on K, hence n, — 7 uniformly on F, so 7, — 7
in (G/H)". Therefore ® is a homeomorphism.

_Replacing G by G and H by H', by Proposition (4.38) we have
(G/HLY = (H:\J') = H. More spemﬁcally, if z € H, the corresponding
element 7 of (G/H*) is given by

(4.40) (n,EH*) = (x,€).

Pontrjagin duality then gives an isomorphism G/H Lo (G /H J-) ~ ff ,
which in view of (4.40) is the restriction map ¥. |

The surjectivity of ¥ yields a sort of Hahn-Banach theorem for locally
compact Abelian groups:

(4.41) Corollary. If H is a closed subgroup of G, every character on
H extends to a character of G.

Example. Cons1der the p-adic numbers Q, and the p-adic integers Z,.
If we identify Q,J with Q, by the correspondence y « &, of Theorem
(4.12), it is easily verified that ZJ' Z,. By Theorem (4.39), then,
2,, is isomorphic to Q,/Z,. Moreover, the kernel of the character &, is
exactly Z,, so Qp/Z, is 1s0m0rphlc as a group to the range of {1, namely
the union U, of the groups of pFth roots of unity, £ > 1. Finally, Z,J is
discrete since Z,, is compact (Proposition (4.4)), so Z,J is isomorphic to
the group U, with the discrete topology.

We conclude this section by giving a general form of the Poisson sum-
mation formula. If H is a closed subgroup of G, the (suitably normal-
ized) Haar measure on G/ H is obviously the invariant measure on G/H
called for in Theorem (2.49). Hence the Fubini-type formula (2.50) holds
for functions in C.(G), with du(zH) = d(zH) = Haar measure on G/H.
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(4.42) Theorem. Suppose H is a closed subgroup of G. If f € C.(G),
define F € C.(G/H) by F(zH) = [, f(zy) dy. Then F = f|HY, where

we identify (G/HY with HL. If also flH* € L*(H"), then (with Haar
measures on H and H*' suitably normalized)

(443) [ saay= [ Feye.ea
Proof: 1If ¢ € H* we have (zy,£) = (z,£) for any y € H, so
Fo = [ [ renmdade - [ foEed=fe.
G/H
Hence, if f{H* € L'(H*') we can apply the inversion theorem (4.32) to
F to get (4.43). |

Remark. The hypothesis that f € C.(G) can be weakened. Indeed
if f € L'(G) then F is well defined a.e. and belongs to L'(G/H); w
have F = f|HL, and if f]H' € L'(H") then (4.43) holds a.e. (See the
remarks concerning formula (2.57), which generalizes (2.50), in §2.7.)

The classical Poisson summation formula is the case G = R, H = Z.
In this case HL = Z when we identify R with R via (z,£) = 627”'&: and
(4.43) becomes

Y f@+n) =" fln)etrine.

4.4 Representations of Locally Compact Abelian Groups

In this section we show how to express an arbitrary unitary represen-
tation of a locally compact Abelian group G in terms of irreducible
representations, i.e., characters. The key to this result is the identifica-
tion of G with the spectrum of L!(G), and for our present purposes it
will be more convenient to return to the original identification (4.1) of
£ € G with the functional f — £(f) = f(£~!) rather than f — f(¢).
The precise theorem is as follows.

(4.44) Theorem. Let 7 be a unitary representation of the locally com-
pact Abelian group G. There is a unique regular 'H -projection-valued
measure P on G such that

(4.45)

w(z)=/<z,§>dP<§><zeG ~(f /5 fdPE) (f € ING)),

where £(f) is given by (4.1). Moreover, an operator T' € L(H.) belongs
to C(r) if and only if T commutes with P(E) for every Borel set E C G.
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Proof: By Theorem (1.54) and Theorem (4.2), there is a unique reg-
ular projection-valued measure P on G such that w(f) is given by (4.45)
for all f € L}(G). Moreover, the assertion about commuting operators
follows from Theorems (1.54) and (3.12b), so it remains only to show
that the formula for 7(z) in (4.45) is valid.

The proof of Theorem (3.11) shows that,m(z) is the strong limit of
7(L.vy) where {¢py} is an approximate identity. By a slight modifica-
tion of (4.14),

r(Laty) = / E(Layy) dP(E) = / (z,£)E(by) dP(E),

so it suffices to show that the integrals on the right converge weakly
o [(z,€)dP(£). If G is first countable, so that the net {y} can be
taken to be a sequence, this is an easy consequence of the dominated
convergence theorem since [£(yy)| < 1 and &(yy) — 1 for each £. For
the general case we need a slightly more involved argument.

(4.46) Lemma. If {4y} is an approximate identity, then du — 1
uniformly on compact subsets of G as U — {1}.

Proof: Suppose K C G is compact. In view of Pontrjagin duality,
the topology on G is the topology of uniform convergence of the functions
£ — (z,€) on compact subsets of G, so if € > 0, the set

V={ze€eG:|(z,6) -1 <efor e K}
is a neighborhood of 1 in G. But then, f U C V and £ € K,

lYu(€) — 1| = 1)y (z) dzl <e. 1

Now we can complete the proof of Theorem (4.44). If u,v € H, and
€ >0, piu,v(E) = (P(E)u,v) is a finite Radon measure on G, so there is
a compact K C G such that |u, ,|(G \ K) < e. Moreover,

<[W(Lm¢u) - [we) dP(s)] wo) = [0 ~1) diuse).

We write the integral on the right as ;. + fG . By Lemma (4.46), the
integral over K is at most ¢ if U is sufficiently small, and the integral
over G \ K is at most 2¢ since |¢U — 1| < 2. Hence

(r(z)u,v) =lim{x(LYu)u,v) = /(z, 3] dyu,v(§),

which means that 7(z) = [(z,£&) dP(£). |

Let us examine the meaning of Theorem (4.44) a bit. First suppose
the measure P is discrete, that is, P(E) = } .cp P({£}) for any Borel
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ECG. Let A= {¢: P({£}) # 0}, and for £ € A let H, be the range
of P({€}). Then H, = @4 Me, each Mg is invariant under 7, and
the subrepresentation of m on H, is just £ times the identity, a direct
sum of copies of the irreducible representation £&. Thus the formula

T) = Y ccalz,€)P({€}) of Theorem (4.44) exhibits 7 as a direct sum
of irreducible representations. If P is not discrete, Theorem (4.44) can be
thought of as exhibiting H, as a direct integral of “infinitesimal pieces,”
the ranges of the projections dP(£), on which 7 acts as a sum of copies
of the character £. We shall make the connection of this result with the
general theory of direct integrals in §7.4.

Example. Let 7 be the left regular representation of G on L?(G),
n(z)f = Lof. Then

L)) = / (1, €)f(z"'y)dy = / (zy, ) f(y) dy = (z,€)F 1 £(¢).

Comparing this with (4.45), we see that F~![P(E)f] must be xgF~'f,
so that

P(E) = F(multiplication by xg)F .

When G = R, Theorem (4.44) is equivalent to the classical theorem
of Stone on the structure of one-parameter unitary groups (see Rudin
[108]). Stone’s theorem, in its usual formulation, says that if « is a
unitary representation of R on H, there is a self-adjoint operator A on
H (usually unbounded) such that 7(z) = e>"**4. If P is the projection-
valued measure on R associated to A, so that A = [ ¢£dP(£), this says
that w(z) = [e?™**¢ dP(£), which is Theorem (4.44). Conversely, if P
is the proJectlon -valued measure of Theorem (4.44) then 7(z) = €74
where A = [£dP(£)

4.5 Closed Ideals in L}(G)

Suppose A is a commutative Banach algebra with spectrum o(A). The
Gelfand transform provides a natural correspondence between closed
subsets of o(.4) and closed ideals in .A. Namely, if 7 C A is a closed
ideal, let

UT) = {hea(A): (k) =0 for all f € T}.

Then v(Z) is a closed subset of o(A), called the hull of Z. On the other
hand, if N C o(A) is closed, let

UN)={feA:f=0on N}.
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Then ¢(N) is a closed ideal in A, called the kernel of N. We clearly
have

(4.47) Wv(1)) D I, v(¢((N)) DN

for any T and N, so the obvious question is: when are these inclusions
equalities? In other words, to what extent are v and ¢ inverses of each
other?

The simplest case is that of a commutative C* algebra. In this case,
by the Gelfand-Naimark theorem we may assume that A = Cy(X) and
o(A) = X, where X is a locally compact Hausdorff space, and the
Gelfand transform is then the identity map. Here the situation is as
nice as possible: the maps v and ¢ are mutually inverse bijections.

(4.48) Theorem. Let X be a locally compact Hausdorff space. Then
t(v(T)) = I for every closed ideal T C Co(X), and v(«(N)) = N for
every closed set N C X.

Proof: If N C X is closed and z ¢ N, by Urysohn’s lemma there
exists f € «(N) such that f(z) = 1; hence v(¢(N)) = N. Moreover, if T
is a closed ideal in Co(X) and z and y are distinct points of X \ v(Z),
there exist f € 7 such that f(z) # 0 and g € Co(X) such that g(z) =1
and g = 0 on v(T)U{y} (by Urysohn again). Then fg € 7 and (fg)(z) #
0 = (f9)(y), so Z separates points on X \ v(Z). But if N is any closed
subset of X, X\ N is a locally compact Hausdorff space and (by a simple
argument that we leave to the reader)

Co(X\N) = {fI(X\N): f € (N)}.

Hence the Stone-Weierstrass theorem on X \ NV, with N = v(T), implies
that T = +(v(T)). |

The remainder of this section is devoted to the study of the corre-
spondences v and ¢ for the algebra LI(G) where G is a locally compact
Abelian group. We identify o(L') with G as in §4.2 so that the Gelfand
transform becomes the Fourier transform. The simple part of the theory
is that v is a left inverse for ¢.

(4.49) Lemma. IfK C G is compact and W is a neighborhood of K,
there is a neighborhood U of 1 such that UK C W.

Proof: For each z € K there is a neighborhood U, of 1 such that
U,U,z ¢ W. Since K is compact there exist zy,...,z, such that the
sets Uy, z; cover K. Let U = [} Uy,. If z € K then z € U,,z; for some
i, and hence Uz C UU,,z; C W. In short, UK C W. |

(4.50) Lemma. If K C G is compact and W C Gisa neighborhood
of K, there exists f € L'(G) such that f =1 on K and suppf cW.

Proof: By Lemma (4.49) there is a compact symmetric neighbor-
hood U of 1 in G such that UUK C W. Then xu,Xux € L2(G)
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Let g, h be the inverse Fourier transforms of xu, xuk (as given by the
Plancherel theorem), and let f = |[U|~'gh. Then f € L' and f = gxh by
Proposition (4.36); thus f(§) = [U|~! [, xuk(n~'€) dn has the desired
properties. 1

(4.51) Theorem. If N C G is closed, then v(((N)) = N.
Proof: If ¢ ¢ N, take K = {¢} and W = G\ N in Lemma (4.50) to

obtain f € ¢(N) such that f(f) #0. |
When G is compact, the other half of the correspondence is easily
analyzed. First, a simple lemma that will also be useful elsewhere.

(4.52) Lemma. If f € L'(G) and € € G (C L®(G)) then fx€ = f()E.
Proof: For any z € G,

-~

fr€(e) = / F) ™, €) dy = (2,€) / F @ dy = F(E)(z,€). ¥

(4.53) Theorem. If G is compact, then (v(T)) = I for every closed
ideal T C LY(G).

Proof: Since G is compact, we have GcL®clL?clL. Suppose
F € uv(T)). Then f* € = f(€)€ by Lemma (4.52), and either f(§) =0
or £ ¢ v(T). In the first case, f x £ = 0; in the second case, there exists
g € T such that §(¢) = 1, so that £ = g x& € T by Lemma (4.52) again.
In either case we have f*¢ € T, and hence fxg € T for any g in the linear
span of G. The latter is dense in L? by Corollary (4.26), so fxg € T for
all g € L? since T is closed. Finally, we can take g to be an approximate
identity to conclude that f € T. |

When G is noncompact, the question of whether «(v(T)) = T is much
more delicate. We now exhibit a simple example to show that the answer
can be negative.

(4.54) Theorem. Let G = R™ with n > 3, and let S be the unit
sphere in R™. There is a closed ideal T in L'(R™) such that v(T) = S
but T # «(S).

Proof: First we observe that if f and z;1f (= the function whose
value at z is z, f(z)) are in L'(R™) then

_omi(z1 FYE) = / (=2rizie "€ f(z) dz

3 86—27”'5-:: 3 af
(4.55) - / e f@d =L,

Hence af/ag 1 exists and is continuous. R
Let I be the set of all f € L' such that z,f € L! and f|S =
(0f/0¢€1)|S = 0, and let T be the closure of I in L. Since (L, fY(£) =
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e~ EF(£), T s translation-invariant, so T is a closed ideal by Theo-
rem (2.43). Moreover, { Fifel } contains all ¢ € C(R™) such that
(supp¢) NS =0, so ¥(T) = S. To show that T # (.5), we shall exhibit
a bounded linear functional on L' that annihilates Z but not ¢(S).

(4.56) Lemma. Let yu denote surface measure on S. Then |i(z)| <
C(1+|z|)~! for some C > 0.

Proof Givenz #0€ R" letr = |z|] and 2’ = r~'z. If £ € S, let
6 = arccos(z’ - £) be the angle between z and §. Then

ﬁ((L‘) — /e~27ri::-fd#(€) — Cn/ e—27r1.rcos9 ot 20d0
0

where ¢, is the area of the unit (n — 2)-sphere. (We are writing the
integral for i(z) in spherical coordinates with z' as the “north pole”
and @ as the polar angle. The portion of S where 8 = 6, is an (n — 2)-
sphere of radius sin 8y, and its area is ¢, sin™ 2 6o.) Integration by parts
shows that fi(z) equals

'—C.n [6_27”;7' cos9 n"" -3 0|0 n _ 3) /ﬂe—-27r1r cos9 n"" 4 OCOSOdO:l
2mir 0

(Note that this only works when n > 3.) The quantity in square brackets
remains bounded as r = |z| — o0, so the result follows. |

Returning to the proof of Theorem (4.54), let ¢(z) = —2miz,u(z).
By Lemma (4.56), ¢ € L*®. If f € L' and z,f € L}, by (4.55) we have

/ of = ~2mi / / 216727 (2) dpu(€) dz = —2mi / (21 £YT€) du(e)

of
5 (O due).

From this we deduce two things. On the one hand, [¢f =0if fe I
and hence if f € Z. On the other hand, if f is the inverse Fourier
transform of a function in CZ°(R™) that equals &, (|¢ |2 1) when |¢] < 2,
we have f = 0 on S and 8f/8§1 €12 =1 +2¢2 = 2¢2 on S, so
Jof = [2€2du(€) > 0. Hence f € 4(S) but f ¢ T. |

We now aim toward some positive results in the noncompact case.
Before proceeding to the main results, we need some approximation
lemmas. The proof of the first one contains most of the hard technical
work in this chain of arguments; once it is accomplished, the others are
rather straightforward.

(4.57) Lemma. Suppose f € LlA(G), & € G, f(&g) =0, and ¢ > 0.
There exists h € L'(G) such that h = 1 near & and ||f * h||1 <e.

Proof: Without loss of generality, we assume &, = 1. (If not, replace

Fesud f by £of and £oh.) Let 6 = ¢/(3 + 3] f[11)-
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First, choose a compact F' C G such that fo\F |f| < &. Second, choose

a compact symmetric neighborhood V of 1 in G such that |[{z,£) —1| < é
when z € F and £ € VV. Third, choose an open W D V such that
W\ V| <|V|. By Lemma (4.49) there is a compact neighborhood K of
1in G such that K C V and KV C W, so that |KV| < 2|V|. Let ¢ and
1 be the inverse Fourier transforms (in the L? sense) of yy and xxv,
and let h = |V|~'¢y. We claim that h does the job.

To begin with, by Holder’s inequality and the Plancherel theorem,
IAll < [VITHllzl¥llz = [VITHVIVEIEV]YE < V2.

Next, by Proposition (4.36), 71(.5) = |V|~Ixv * xgv (), which equals 1
when £ € K since V is symmetric. Finally, we estimate || f * h||;. Since
Jf=f1)=0,

friia) = [ 1@)D) - ha@dy = [ FQILh~H@) .

SO
£ * Al S/ If(y)IIILyh—hllldy+/ |fF @I I Ly — Ry dy.
F G\F

The second term on the right is bounded by 2||A||1 fG\F |f| < 36, and
the first is bounded by || f||1 supg ||Lyh — k||1, so it suffices to show that
|Lyh — Al < 36 for y € F. But

[VI(Lyh — k) = (Ly$)(Ly¥ — %) + (Ly¢ — $)¢-

If y € F, the Plancherel theorem gives
ILy¢ - ¢li3 = /I(y,E) — 1216()[* de = /V (y,€) — 1]*d¢ < 6*|V|.

Likewise, || L% — ¢||2 < 62|KV|, so by Hélder’s inequality,
[VIIILyh - Rl < 2V|/2K VY2 < 35V,
and we are done. |

(4.58) Lemma. Suppose f € L(G), & € G, f(fo) =0, and € > 0.
There exists u € L}(G) such that @ = 0 near & and || f — f *u||; <e.

Proof: By means of an approximate identity we can find ¢ € L!

o~

such that [[f — f» %lli < ke. Then (f x ) (o) = Fl6o)b(&) = 0, 0
we can apply Lemma (4.57) with f and € replaced by f x % and je to
obtain h € L! such that h = 1 near & and ||f * ¢  hll1 < 2e. Then
u = 9 — Y * h does the job. |
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(4.59) Lemma. Suppose f € Ll@), & € G, and € > 0. There exists
v € LY(G) such that ||v||; < € and f(€)+0(€) = f(&) in a neighborhood
Off().

Proof: By Lemma (4.50) there exists g € L! such that g(¢) = f(fo)
in a neighborhood of §o. Apply Lemma (4.57) to g — f to obtain h € L!
such that A = 1 near & and ||(g — f) *h|l1 <e. Thenv=(g— f)*h
does the job. |

(4.60) Lemma. Suppose f € L'(G) and e > 0. There existsw € L!(G)
such that supp @ is compact and ||f — f * w||; <.

Proof: By means of an approx1mate identity we can find ¢ > 0 such
that [[[l; = 1 and ||f = f x4l < Je. Let ¢ = v/ab; then [|§lz = [I¢llz =
1. Multiplying ¢ by the characteristic function of a large compact set,
we can obtain § € L? such that supp0 is compact, [|f]z2 < 1, and
|l — 0||2 < /4] fllL. Let w = 2. Then @ =6*0 by Proposition (4 36),
so supp @ = (supp 0) (supp 0) is compact, and by Holder’s inequality,

If = Frwlly NF = F*dlh + 1 FlllY —wlh
< e+ ||f||1[||¢(¢ = 0)ll + [1(¢ - 0)6ll1]

e+ I g

Now suppose Z is an ideal in L}(G). If f € L!(G) and & GA@, we say
that f is locally in Z at & if there exists g € T such that f =g in a
neighborhood of &.

(4.61) Lemma. Suppose T is an ideal in L'(G) and f € L'(G). Iff
has compact support and f is locally in T at every £ € G, then f € T.

Proof: For each § € @, choose g¢ € T such that f = g on an open
set Ug containing {. By passing to a finite subcover of supp f, we obtain
open sets Uy,...,UpinG and ¢1,..., 9, in 7 such that f = g; on U; and
supp f C UT U;. Next, each ¢ € U;Nsupp Fhasa compact nelghborhood
contained in Uy; by passing to a finite subcover of supp f again, we obtain
compact sets Kj, ..., Ky such that K; C U; and suppf C Ul K;. By
Lemma (4.50), there exist hi,..., hn € Ll(G) such that h =1on Kj
and supph C U;. Then [I7(1 — hj) =0on supp f, so

n

F-fi-TIa-%)

1

If we multiply out the product inside the square brackets, each term of
the resulting sum (except the 1’s, which cancel) is a product of h;’s,
i.e., the Fourier transform of a convolution of h;’s. Collecting terms, we
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see that f = 3 f  H; where H; € L' and suppﬁj C U;. But then
(fxH;Y = fH; =g;H; = (g% H;) ", so f x H; = g;xh; € T, and hence
fel 1

(4.62) Lemma. IfT is a closed ideal in L'(G) and & ¢ v(Z), then
every f € L1(G) is locally in T at &.

Proof: Pick g € T such that §(§) = 1. By Lemma (4.59), there
exists v € L! such that ||v||; < £ and 7+§ = 1 in a neighborhood of &.
Let vp = v * -+ *x v (n factors); then ||Up]lo < ||vnllt < 27". Hence, if

f € L', the series f + 3 1° f * v converges in L! to a function h such
that

A=Y Fo =Y F0r - 11s
0 0

But 1 — ¥ = § near &, so = 71(1 -7) = Efj = (h x g)" near £. Since
hxgeT, fislocallyinZ at &. |

We have now proved the most fundamental result of this subject:

(4.63) Wiener’s Theorem. IfT is a closed ideal in L' (G) and v(I) =
0, then T = L'(G).

Proof: {f € L! : supp Fis compact} is dense in L! by Lemma (4.60)
and is contained in Z by Lemmas (4.61) and (4.62). |

‘We shall discuss Wiener’s theorem in greater detail below. Right now,
we take the extra step needed to obtain a substantially more general
result. If f € L!(G), we set

v(f)={¢eG:fe) =0}

The assertion that «(v(Z)) = Z, for T a closed ideal in L!(G), is then
equivalent to the assertion that f € I whenever v(f) D v(T). We also
recall that a perfect set in a topological space is a closed set with no

isolated points, and we denote the topological boundary of a set S by
as.

(4.64) Lemma. Suppose T is a closed ideal in L'(G), f € L'(G), and
v(f) D v(T). Let D(f) be the set of all £ € G such that f is not locally
inT at £. Then D(f) is perfect.

Proof: The complement of D(f) is open by definition, so we must
show that D( f) has no isolated points. Suppose {o € D(f) has a compact
neighborhood W that contains no point of D(f) except & itself. By
Lemma (4.50), there exists h € L'(G) such that h = 1 near & and
supph C W. By Lemma (4.62), & € v(Z) C v(f), so f(&) = 0. By
Lemma (4.58), there is a sequence {un,} C L! such that %, = 0 near

& and ||f — f *upll1 — 0. Now, h * f x u, is locally in T at every
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&€ € W\ {&} since f is, and it is locally in T at & and at every € ¢ W
since its Fourier transform vanishes in a neighborhood of these points.
Hence h  f * uy, is locally in T at every £ € G, and supp(hfu,) C W is
compact, 50 h* f xu, € T by Lemma (4.61). Since 7 is closed, h* f € T.
But f = hf near &, so f is locally in T at &g, contrary to the assumption
that & € D(f): 1

(4.65) Lemma. If E and F are subsets of a topological space and
ECF, then ENSF = 8ENJF.

Proof: The interior of E is contained in the interior of F, hence does
not intersect GF. 1

(4.66) Theorem. Suppose T is a closed ideal in L'(G), f € L(G),
and v(f) D v(T). If 8v(T) N Ov(f) contains no nonempty perfect set,
then f e Z.

Proof: First suppose f has compact support, and let D(f) be as
in Lemma (4.64). By Lemma (4.62), D(f) C v(Z) C v(f), and D(f)
contains no interior point of v(f) since f agrees locally with 0 near such
a point. Thus, by Lemma (4.65),

D(f) c v(Z)ndv(f) = ov(T) N ov(f).

By Lemma (4.64), D(f) is empty, so by Lemma (4.61), f € T.

If f does not have compact support, by Lemma (4.60) there is a
sequence {wy} in L! such that suppw, is compact and f * w, — f in
L'. Let f, = f *xwn. Then v(f,) D v(f) D v(Z), so by Lemma (4.65)
again,

v(I)NOv(fn) = v(T) Nv(f) Nov(fa) = v(T)NOv(f) Ndv(fr)
= y(T) N ov(f) Nv(fn) = v(T) NOv(f) = dv(T) Nov(f).

The preceding argument then shows that f,, € T, and hence f = lim f,, €
7. |

(4.67) Corollary. If 8v(I) does not contain any nonempty perfect set,
then (v(T)) = T.

The obvious situation in which this condition holds is when v(Z) is
discrete. It also holds when v(Z) is open, a common occurrence when G
is totally disconnected — for example, when G = Q, or when G is an
infinite product of finite groups.

(4.68) Corollary. Iff € L' and f = 0 on a neighborhood of v(T) then
fel

If N is a closed subset of G, t(N) is clearly the largest closed ideal T
such that v(T) = N. There is also a smallest such ideal, and in view of
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Corollary (4.68) it is
to(N) = closure of {f € L' : F = 0 on a neighborhood of N}.

By Corollary (4.67), these two ideals coincide if ON contains no
nonempty perfect set.

We conclude this section by discussing some of the ramifications of
Wiener’s theorem (4.63). The first remark to be made is that Wiener’s
theorem is a deep result only for noncompact, nondiscrete groups. In-
deed, for the compact case we gave a simple proof of a more general result
in Theorem (4.53). On the other hand, if G is discrete then L!(G) has
a unit, so every proper ideal is contained in a maximal ideal, and the
latter are all of the form {f : f(&) = 0} for some & € G; this imme-
diately implies Wiener’s theorem. Conversely, Wiener’s theorem can be
restated as an analogue of this result for nondiscrete groups:

(4.69) Corollary. Every proper closed ideal in L'(G) is contained in
one of the maximal ideals 1({£y}), & € G.

When G is nondiscrete, this assertion loses its validity if the word
“closed” is omitted. For example, the set of all f € L! such that supp f
is compact is a proper ideal not contained in any ¢({£o}).

Wiener’s theorem is frequently used in the following form:

(4.70) Corollary. Suppose f € LI(G’). The closed linear span of the
translates of f is L'(G) if and only if f never vanishes.

Proof: By Theorem (2.43), the closed linear span of the translates of
f is the closed ideal generated by f. If f (60) = 0, this ideal is contained
in ¢({&o}); if f( ) # 0 for all ¢, it equals L! by Wiener’s theorem. |

There is a corresponding result for L2, but its proof is almost trivial:

(4.71) Proposition. Suppose f € L2(G). The closed linear span of
the translates of f is L?(G) if and only if f # 0 almost everywhere.

Proof: Let M be the closed subspace of L? spanned by the translates
of f. Then g L M if and only if [(L.f)§ = 0 for all z € G. By the
Plancherel theorem and (4.14), this happens precisely when

0= [T - [EOTOTE % - (77w

for all z, and by the Fourier uniqueness theorem (4.33) this is equivalent
to fg = 0 a.e. Thus there is a nonzero g € M~ if and only if f =0 on
a set of positive measure. ]

Wiener’s principal motivation for proving Theorem (4.63) was to ob-
tain part (a) of the following theorem (part (b) was added by Pitt).
Some terminology: suppose ¢ is a bounded function on G. We say that
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é(z) — a as z — oo if for every € > 0 there is a compact set K C G
such that |¢(z) — a| < € for z ¢ K. We say that ¢ is slowly oscillating
if for every € > 0 there is a compact K C G and a neighborhood V of 1
in G such that |¢(z) — ¢(y~'z)| < € whenever y € V and z ¢ K. (For
example, if ¢ is uniformly continuous on G then ¢ is slowly oscillating,
and one can take K = {.)

(4.72) The Wiener-Pitt Tauberian Theorem. Suppose
¢ € L™(G), f € L\(G), [ f =1, f never vanishes, and ¢ * f(z) — a as
x — 0o. Then:

a. ¢xg(zr) »afgasz — oo forevery g € L1
b. If ¢ is slowly oscillating, ¢(z) — a as T — oo.

Proof: The set £ of all g € L' satisfying ¢ *xg(z) > a fgasz — oo
is clearly a linear subspace of L'. L is closed because if g, — g in L!
then ¢ x g, — ¢* g uniformly and [ g, — [g. Lis translation—invariant
because ¢+ (Lyg) = Ly(¢g), and limg-o Ly (%6)(z) = a [ g = a [ Lyg
whenever lim;—,o0 ¢ * g(z) = a [g. L contains f by assumption, and
hence £ = L' by Corollary (4.70). Thus (a) is proved.

If ¢ is slowly oscillating and € > 0, choose K and V so that |¢(z) —
é(y~'z)| < e when z ¢ K and y € V. Assuming, as we may, that V has
finite measure, let g = |V|~!xy. If € K then

4@) = 6x0(@) = 7 [ [8(o) - ety 0],

so |p(z) — ¢+ g(z)| < e for z ¢ K. Since ¢ x g(z) - aasz — oo and ¢
is arbitrary, it follows that ¢(z) — a as z — oc. |

When G = R, the condition “z — 0o0” can be replaced by “z — +00”
(or “z — —00") in the Wiener-Pitt theorem. Moreover, the condition
of slow oscillation in part (b) can be replaced by slow oscillation at +oco
(or —c0), viz., that for every € > 0 there exist A > 0 and § > 0 such
that [¢(z) —é(z — y)| < € whenever |z —y| <5 and z > A (or z < —A4).

4.6 Spectral Synthesis

The theory of closed ideals in L! (alias closed translation-invariant sub-
spaces, in view of Theorem (2.43)) has a dual formulation as a theory
of weak* closed translation-invariant subspaces of L. We recall that if
M is a subspace of a Banach space X, its annihilator

L={¢ex*:€=00n M}
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is a weak™* closed subspace of X™*; reciprocally, if N is a subspace of X*,
its annihilator

IN={zeX:&z)=0for e N}

is a norm-closed subspace of X. It is an easy consequence of the Hahn-
Banach theorem that +(M+) is the (norm) closure of M, while (tNV)+
is the weak* closure of . Hence the correspondences M — M* and
N — | N are mutually inverse bijections between norm-closed subspaces
of X and weak* closed subspaces of X™*.

Now, when X = L!(G), if M C L! is translation-invariant then so is
ML, and if N C L™ is translation-invariant then so is YA/, because

Jtne= [ 1@ iz = [ 1@otorde = [ £(L,-10)

Moreover, these integrals are equal to f x ¢(y) or f * ¢(y~!) where
f(z) = f(z™!). For this reason it will be convenient to modify the
correspondence M — M+ by composing it with the map f — f. Thus,
if Z and J are translation-invariant stibspaces of L! and L™ respectively,
we define ‘

I, ={pe L®: ¢TIt} ={p e L®: fx¢=0for f € T},
WJT={fel':feltg}y={fel':fxp=0forpeJ}
We then have | (Z;) =7 when 7 is norm-closed, and (1 J)1 = J when
J is weak* closed, so Z — I, and J — J are mutually inverse cor-
respondences between closed ideals in L' and weak* closed translation-
invariant subspaces of L°°. We shall call the latter spaces co-ideals for
short.

If M is any subspace of L, we define the spectrum of M to be the
set of characters in M:

(M) =MnG.
(4.73) Proposition. IfZ is a closed ideal in L', then o(Z,) = v(T).

Proof: Iffea,feu(ll) if and only if { x f = 0 for all f € 7. But
by Lemma (4.52), € x f = 0 if and only if f(§) = 0. |

On the other hand, if N is a closed subset of c?, let
7(N) = the_z weak* closed linear span of I in L>.

7(N) is a co-ideal since each translate of a character is a scalar multiple
of that eharacter, and we have:
(4.74) Proposition. If N is a closed set in G, then L(T(N)) = ¢«(N).

Proof: As in the preceding proof, we have f € 1(7(N)) precisely
when f(£) =0 for all £ € N. ) |
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A co-ideal J in L* is said to admit spectral synthesis if J =
7(0(J)). By Propositions (4.73) and (4.74), this happens if and only
if T = «(v(T)) where T = | J. Theorem (4.54) shows that not all co-
ideals admit spectral synthesis, but Theorem (4.66) immediately yields
the following positive results.

(4.75) Proposition. Let J be a co-ideal in L*.

a. If 8o(J) contains no nonempty perfect set, then J admits spectral
synthesis.

b. If 6(J) = {&1,...,&n}, then J is the linear span of £1,...,&x.
c. IfJ # {0} then o(J) # 0.

Proof: (a) is a reformulation of Corollary (4.67). (b) is a consequence
of (a), and (c) is a reformulation of Wiener’s theorem (4.63). |

The motivation for the study of spectral synthesis is the desire to
develop a theory of Fourier analysis for L* functions. When G = R",
this desire is largely satisfied by the theory of distributions, which allows
one to define the Fourier transform of an L* function as a tempered
distribution from which one can recover the function by a generalized
form of the Fourier inversion formula, but spectral synthesis offers a
somewhat different point of view that does not depend on a differentiable
structure. Its aim is to “synthesize” L functions as weak* limits of
linear combinations of characters. Specifically, if ¢ € L™, let J4 be
the co-ideal generated by ¢, that is, the weak* closed linear span of the
translates of ¢. Then J, admits spectral synthesis if and only if ¢ can
be synthesized from the characters in J,. We define the spectrum of
¢ to be the set of these characters:

o(¢) = o(Js) = Ty G.

o(¢) may be regarded as the “support of the Fourier transform of ¢”
even though the Fourier transform is not defined on all of L, as the
following propositions show.

(4.76) Proposition. If € L N L!, then o(¢) = supp é.

Proof: First we observe that f € | 7, if and only if f x ¢ = 0. By
Proposition (4.73), then, € 0(¢) if and only if f(.f) =0forall feL!
such that f x ¢ = 0. But (f * ¢)” = f¢, so by the Fourier uniqueness
theorem (4.33), f * ¢ = 0 precisely when f = 0 on supp¢. It is then
immediate that supp¢ C o(¢), and the reverse inclusion also holds in
view of Lemma (4.50). |

(4.77) Proposition. Suppose ¢ € B(G), so that ¢(z) = J{z, &)du(€)
for some yu € M(G). Then o(¢) = suppu, and Jy admits spectral’
synthesis.



Analysis on Locally Compact Abelian Groups 119

Proof: We have

-/ [ 1tz )ante) dy = J@ofe ae,

so by Proposition (4.17), f * ¢ = 0 precisely when f = 0 on supp u.
As in the preceding proof, £ € o(¢) if and only if f(§) = O for all f
such that f x ¢ = 0, and it follows that o(¢) = supp . This proves the
first assertion and shows that f € | 7 if and only if f = 0 on o(¢), so
LJp = t(o(¢)). But also ; 7(0(¢)) = ¢(o(¢)) by Proposition (4.74), so
Tp =7(0(¢)) =7(0(Tp))- I

4.7 The Bohr Compactification

In this section G will denote a noncompact locally compact Abelian
group. G is then nondiscrete by Proposition (4.35), and we denote by
Gd the group G equipped with the discrete topology. By Proposition
(4.4), the dual group of G4 is a compact group, called the Bohr com-
pactification of G and denoted by bG.

By Pontrjagin duality, G can be regarded as the set of group homo-
morphisms from G to T that are continuous in the usual topology on G,
while bG is the set of all group homomorphisms from G to T. Thus G
is naturally embedded as a subgroup of bG. As such, G is dense in bG,
for if G is the closure of G in bG, G C Gd is the set of characters on
G that are trivial on G, namely {1}; hence G = bG by Theorem (4.39)
and Pontrjagin duality.

The embedding of G into bG is continuous, for the topology on G is
the topology of compact convergence on G while the topology on bG
is the topology of pointwise convergence on G which is weaker. The
embedding is not a homeomorphism onto its range, however: if it were,
G would be closed in bG by Lemma (4.30) and hence compact. (Thus
bG is not a “compactification” of G in the usual sense of the word.)

The correspondence G — bG is a functor from the category of locally
compact Abelian groups to the category of compact Abelian groups, and
it has the following universality property.

(4.78) Proposition. If K is a compact group and p: G — K is a con-
tinuous homomorphism, then p extends to a continuous homomorphism
from bG to K.

Proof: The closure of p(G) in K is Abelian since p(G) is, so we may
assume that K = p(G) is Abelian. p induces a continuous homomor-
phism p* : K — G by p*(n) = no p. Since K is compact, K is discrete,
so p* is actually continuous from K to G4. Dualizing again gives a con-
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tinuous homomorphism 7 : G — K = K whose restriction to G is easily
seen to be p. |

The Bohr compactification is so named because of its connection with
the theory of almost periodic functions, which was developed by Harald
Bohr. A complete discussion of this matter is beyond our present scope,
but we shall explain the principal link.

A bounded continuous function f on G is called uniformly almost
periodic if the set of translates of f, {R.f : z € G}, is totally bounded
in the uniform metric. The justification for the name is as follows. The
almost periodicity of f means that for any € > 0 there exist z;,...,z, €
G with the following property: for each z € G there is an z; such that
IRz f — Rz, fllsup < €, and hence ||RIJ¢1:f — fllsup < €. If K is any
compact set in G we can choose z such that z;lz ¢ Kforl<j<n
hence there exist “arbitrarily large” elements z of G (namely 2z = z;lz
for suitable z and j) which are “almost periods” of f in the sense that

”RZf - f”Sup <e.

(4.79) Theorem. If f is a bounded continuous function on G, the
following are equivalent:

i. f is the restriction to G of a continuous function on bG.
ii. f is the uniform limit of linear combinations of characters on G.

iii. f is uniformly almost periodic.

Proof: (i) implies (ii) because the linear combinations of characters
on bG are unifomly dense in C(bG), by the Stone-Weierstrass theorem.
Conversely, every character on G extends continuously to bG by Propo-
sition (4.78), and it follows that (ii) implies (i).

To see that (i) implies (iii), suppose f = ¢|G where ¢ € C(bG). Since
z — R;¢ is continuous from bG to C(bG), the set {R.¢ : = € bG}
is compact in C(bG). Moreover, the restriction map ¢ — ¢|G is an
isometry in the uniform metric since G is dense in bG. It follows that
{(R;9)|G : z € bG} is a compact set containing {R. f : z € G}, so the
latter is totally bounded.

To complete the proof, we need a lemma.

(4.80) Lemma. Suppose K is a compact metric space. Then the group
Iso(K) of isometric bijections of K is compact in the uniform metric.

Proof: The uniform limit of isometries is clearly an isometry (in par-
ticular, an injection), and the uniform limit of surjections is a surjection
because its range must be both dense and compact. Hence Iso(K) is a
closed subset of the metric space C(K, K) of continuous maps of K to
itself. Moreover, Iso(K) is an equicontinuous family simply because its
members are isometries. That Iso(K) is compact therefore follows from
the Arzela-Ascoli theorem. (See Folland [39]; the statement and proof
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given there pertain to complex-valued functions, but they work equally
well for functions with values in a compact metric space.) 1

Returning to the proof of Theorem (4.79), suppose f is uniformly
almost periodic, and let K be the uniform closure of {R. f : £ € G}; thus
K is a compact metric space. We claim that f is uniformly continuous.
If not, there is a net {z,} in G converging to 1 such that R, _f does not
converge to f uniformly. Since K is compact, by passing to a subnet
we can assume that R;_ f — ¢ uniformly, where g # f. But this is
impossible since R, f — f pointwise.

Now, Iso(K) is a compact group by Lemma (4.80). The map z — R,
is clearly a group homomorphism from G to Iso(K), and the uniform
continuity of f easily implies that it is continuous. By Proposition (4.78),
it extends to a continuous homomorphism (still denoted £ — R,) from
bG to Iso(K). But then the continuous extension of f to bG is given by
¢(z) = R f(1), z € bG. |

L] 7

4.8 Notes and References

The theory of the Fourier transform on locally compact Abelian groups
is a generalization of classical Fourier analysis on R and T, which of
course has a very long history. The abstract theory was first worked out
by Weil [128]. §34.1-3 are largely based on the elegant development of
the theory by Cartan and Godement [21].

Bochner’s theorem was first proved for G = T by Herglotz [61], and
then for G = R by Bochner [13] in a paper that established the im-
portance of functions of positive type (or positive definite functions) in
harmonic analysis. The general case is due to Weil [128]. The Pontrjagin

" duality theorem was proved by Pontrjagin [99] in the case of compact
second countable groups and by van Kampen [120] in the general case.

More extensive treatments of analysis on general locally compact
Abelian groups can be found in Rudin [107], Reiter [103], and Hewitt
and Ross [62], [63]. We shall also give a few references for the deeper
and more detailed theory that is available on specific groups: Dym and
McKean [32], Folland [42], Korner [72], Stein and Weiss [115], and Zyg-
mund [134] for the classical theory on R™ and T"; Golubov, Efimov, and
Skvartsov [51] for Walsh functions; Taibleson [116] for Fourier analysis
on the p-adic numbers and other local fields.

One topic we have not covered is the structure theory of locally com-
pact Abelian groups, which may be found in Hewitt and Ross [62] and
Rudin [107]. We mention only the main result:

(4.81) Theorem. Every locally compact Abelian group has an open
subgroup of the form R™ x G where G is a compact group.



122 A Course in Abstract Harmonic Analysis

Another topic we have omitted is the Fourier analysis of the measure
algebra M(G). When G is discrete, of course, M(G) = L'(G). In other
cases, the full spectrum of M(G) is rather mysterious. In particular,
G is not dense in 0(M(G)), and the formula (u*)(§) = 7(€), which is
easily seen to be true for £ € G, is not valid on all of 0(M(G)). In other
words, M(G) is not a symmetric Banach algebra. See Rudin [107] for
this and other results concerning M(G).

Theorem (4.44) was proved independently by Naimark [95], Ambrose
[1], and Godement [49].

The correspondence between closed ideals in a commutative Banach
algebra A and closed subsets of g(.A) is an analogue of the correspon-
dence between ideals in a polynomial ring and affine algebraic varieties
that lies at the heart of algebraic geometry. Namely, each ideal in the
ring k[X1,...,X,] (k a field) determines the variety V C k™ on which
the elements of the ideal vanish, and each such variety determines the
ideal of polynomials that vanish on it. In this context, the fundamental
theorem that elucidates how these relations fit together is the Hilbert
Nullstellensatz.

Theorem (4.54) is due to Schwartz [109]. More generally, Malliavin
[89] has proved that for every noncompact locally compact Abelian group
G there is a closed ideal T C L!(G) such that «(v(T)) # Z. (The proof
can also be found in Rudin [107].)

Theorem (4.63) was proved by Wiener [130] for the case G = R. Its
generalization to arbitrary locally compact Abelian groups and to ideals
with nonempty hulls (Theorem (4.66)) is the result of the combined
efforts of several people; detailed references may be found in Reiter [103]
and Rudin [107]. These books, as well as Hewitt and Ross [63], contain
much additional information on spectral synthesis, ideals in convolution
algebras, and related topics.

When G = R, there is a rather amazing result that interpolates be-
tween Corollary (4.70) and Proposition (4.71), due to Beurling [10]:

(4.82) Theorem. Suppose f € L'(R) N L?(R). If v(f) has Hausdorff
dimension a, where 0 < a < 1, then the linear span of the translates of
f is dense in LP(R) for p > 2/(2 — ).

“Tauberian theorem” is a generic name for a theorem in which one
assumes conditions on certain averages of a function and deduces corre-
sponding conditions on other averages of the function or on the function
itself. In the Wiener-Pitt theorem, ¢ * f is a weighted average of trans-
lates of ¢, and one is concerned with the behavior of such averages at
infinity. (The original theorem of Tauber is a criterion for convergence
of a numerical series } 1" c;: if the averages a, =n~'(s; + - + sp) of
the partial sums sy = Z’f ¢; converge to s as n — oo and if jlc;| — 0 as
j — oo, then ) ¢; converges to s.) For more about Tauberian theorems
and their applications, see Wiener [130], [131], and Rudin [108].
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A nice treatment of the classical theory of almost periodic functions on
R can be found in Besicovitch [9]. The theory can be extended to non-
Abelian groups, and there is an analogue of the Bohr compactification
for an arbitrary locally compact groups G — namely, a compact group
bG with the universal mapping property of Proposition (4.78) — and
an analogue of Theorem (4.79). (However, in general the canonical map
G — bG is not an injection, and indeed bG may be trivial.) This theory
was initiated by von Neumann [125]; its elements are outlined in Weil

[128] and Loomis [75], and an exhaustive treatment can be found in
Maak [77]. '






5

Analysis on Compact Groups

In this chapter we present the basic theory of representations of compact
groups and Fourier analysis on such groups, and we present as concrete
examples the lowest-dimensional non-Abelian connected compact Lie
groups: SU(2), SO(3), and U(2).

Throughout this chapter, G will denote a compact group. Haar mea-
sure on G is both left and right invariant (Corollary (2.28)), and we
always normalize it so that |G| = 1.

5.1 Representations of Compact Groups

We begin by establishing some basic facts about unitary representations
of compact groups, the key to which is the following lemma. We re-
call from §3.1 that C(x, p) is the space of intertwining operators of the
representations 7 and p, and that C(7) = C(m, 7).

(5.1) Lemma. Suppose 7 is a unitary representation of the compact
group G. Fix a unit vector u € H,, and define the operator T on H, by

Tv = /(v,ﬂ'(z)u)ﬂ'(z)udz.

Then T is positive, nonzero, and compact, and T' € C(r).

(Observe that v — (v, m(z)u)n(z)u is the orthogonal projection of
v onto the line through n(z)u; T is the average over G of all these
projections.)

Proof: For any v € H, we have

(Tv,v)=/(v,7r())( uvdz—/lvﬂ' Yu)|2dz > 0,

so T is positive. Moreover, if we take v = u, |{u, 7(z)u)|? is strictly
positive on a neighborhood of 1, so {T'u,u) > 0 and hence T # 0.

125
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Since G is compact, £ — m{(z)u is uniformly continuous. Hence, given
e > 0, we can find a partition of G into disjoint sets Ey,...,E, and
points z; € E; such that ||w(z)u — 7(z;)ull < 3¢ for z € E;. Then

v, w(2)u)m(z)u — (v, 7(z;)u)m(z;)u]
< (o, [n(z) = w(zy)lwym(@)ull + v, 7(z5)u)[r(z) — m(z;)]ull
< el

for z € E;, so if we set

n

Tev = Z |E;[{v, m(z;)u)ym(z;)u = Z/E(v,w(zj)u)w(zj)u dz,

1

we have | Tv — T.v|| < €|v|| for all v. But the range of T, is the linear
span of {m(z;)u}T, so T, has finite rank. T is therefore compact, being
the norm limit of operators of finite rank.

Finally, T € C(7) because

m(y)Tv = /(v,ﬂ'(z)u)ﬂ'(yz)udz = /(v,ﬂ'(y‘lz)u)ﬂ'(z)udz
= /(w(y)v,w.(z)u)ﬂ'(z)udz = T'r(y)v.

(5.2) Theorem. IfG is compact, then every irreducible representation
of G is finite-dimensional, and every unitary representation of G is a
direct sum of irreducible representations.

Proof: Suppose = is irreducible, and let T be as in Lemma (5.1). By
Schur’s lemma, T = ¢l with ¢ # 0. So the identity operator on H, is
compact, and hence dim H, < oo.

Now let m be an arbitrary unitary representation of G, and again let
T be as in Lemma (5.1). Since T is compact, nonzero, and self-adjoint,
by Theorem (1.52) it has a nonzero eigenvalue A whose eigenspace M
is necessarily finite-dimensional. Since T' € C(rx), M is invariant un-
der m; hence 7 has a finite-dimensional subrepresentation. But an
easy inductive argument using Proposition (3.1) shows that every finite-
dimensional representation is a direct sum of irreducible representations,
so m has an irreducible subrepresentation.

By Zorn’s lemma there is a maximal family {M 4} of mutually orthog-
onal irreducible invariant subspaces for 7. If A/ is the orthogonal comple-
ment of @ Mg, then NV is invariant, and 7N has an irreducible subspace
by the above argument, contradicting maximality unless N’ = {0}. Thus
Hy = P Ma,. 1
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We denote by G the set of unitary equivalence classes of irreducible
unitary representations of G. We denote the equivalence class of = by
[7]. Thus, “[n] € G’ will be a convenient shorthand for the statement “
is an irreducible unitary representation of G.” This definition of Gisin
essential agreement with our earlier one in the case when G is Abelian,
since a character of an Abelian group is nothing but a representation of
the group on C.

The decomposition of a unitary representation p of G into irreducible
subrepresentations is in general not unique. (For example, let p be the
trivial representation of G on a Hilbert space H of dimension > 1. Then
any orthonormal basis of H gives a decomposition of H into irreducible
[one-dimensional] invariant subspaces.) However, the decomposition of p
into subspaces corresponding to different irreducible equivalence classes
is uniquely determined. Namely, for each [r] € G, let M, be the closed
linear span of all irreducible subspaces of H,, on which p is equivalent to
m. Then M, is invariant, and we have:

(5.3) Proposition. M, L My if [r] # [n']. If N is any irreducible
subspace of M, then pN is equivalent to .

Proof: Suppose L, and L, are irreducible subspaces on which p is
equivalent to m and 7’ respectively, and let P be the orthogonal pro-
jection onto L. Then P|L, € C(p*~',p**), so P|Ly = 0 by Schur’s
lemma (3.6). It follows that £, L £, and hence that M, L M.

If NV is an irreducible subspace of M, by definition of M, there
is an irreducible space £ C M; such that p® is equivalent to 7 and
P(N) # {0}, where P is the orthogonal projection onto £. Again,
PINecC (pA} , 50 oV and p© are equivalent by Schur’s lemma since
PN #0. HencepNN Lo, |

In view of Theorem (5.2), it follows that H, = @[ﬂ 2 5 Man. It also

follows that M can be decomposed as B, A Lo where p£e is equ1valent
to 7 for each . The latter decomposition is not unique if M, is not
irreducible, but the following proposition shows that the cardinality of
A is the same for all such decompositions (a result which is also an easy
consequence of the finite dimensionality of 7). This cardinality is called
the multiplicity of [r] in p and is denoted by mult(, p).

(5.4) Proposition. mult(r, p) = dimC(x, p).

(The proof will make clear what this means when the multiplicity is
infinite.)

Proof: ‘Let M, = @aeA L, as above. Foreach a let T, : Hx — Lo
be a unitary equivalence. Fix a unit vector u € H, and let v, = Tou.
Then {vq }ac 4 is an orthonormal set in M,; let V be the closed subspace
it spans. We shall prove the proposition by showing that the map T' —
Tu is a linear isomorphism from C(r, p) to V.
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Every nonzero T' € C(m,p) is an injection by Schur’s lemma, so the
map T — Tu is injective. Moreover, the range of T is a subspace
of H, on which p is equivalent to m, and hence is contained in Mj.
Thus we may write Tu = Y u, With uy € L,. If P, is the orthogonal
projection onto £, then P,T € C(m, p*=) and so P,T = c,T, by Schur’s
lemma. It follows that u, = P,Tu = cqVa, so that Tu € V. Finally,
ifv=">3 coUs €V, the sum T = }_ cqT, converges strongly in C(r, p)
since 3 |cq|? < 0o and the ranges of the T,’s are mutually orthogonal,
and we have v = Tu. 1

We remark that the definition of M, and Propositions (5.3) and (5.4)
do not depend on the compactness of G. However, if G is noncompact
it is usually false that H, = @ M.

It is worth noting that if p is a possibly nonunitary representation
of the compact group G on a finite-dimensional space V, that is, any
continuous homomorphism from G to the group of invertible operators
on V, then there is an inner product on V with respect to which p is
unitary. Namely, start with any inner product {, )o on V and define a
new inner product by

(wv) = [ @) plaoho o
Then (, ) is a p-invariant inner product, for
{(p(y)u, p(y)v) = / {p(xy)u, plxy)v)o dz = / {p(z)u, p(x)v)o dx = (u, v).

Hence the theory of unitary representations of G essentially includes the
theory of all finite-dimensional representations of G, unitary or not.

5.2 The Peter-Weyl Theorem

When G is Abelian, G is a set of continuous functions on G. The cor-
responding set of functions in the non-Abelian case is the set of matrix
elements of the irreducible representations of G. If 7 is any unitary
representation of G, the functions

dun(z) = (7(T)u,v) (u,v € Hy)

are called matrix elements of n. If u and v are members of an or-
thonormal basis {e;} for Hz, ¢u,.(z) is indeed one of the entries of the
matrix for 7(z) with respect to that basis, namely

(5.5) Tij(T) = Pejres(T) = ((2)e], €5).
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We denote the linear span of the matrix elements of = by &;. &, is a
subspace of C(G), and hence also of LP(G) for all p.

(5.6) Proposition. &, depends only on the unitary equivalence class
of w. It is invariant under left and right translations and is a two-sided
ideal in L'(G). If dimH, = n < co then dim &, < n?.

Proof: If T is a unitary equivalence of m and 7', so that n'(z) =
Tr(z)T-!, then (n(z)u,v) = (n'(z)Tu,Tv); this proves the first asser-
tion. We have

$un(y'7) = (n(y~ 2)u, v) = (T(2)u, T(Y)V) = bu,ny)o(2),

and likewise ¢y v(TY) = dr(y)u,v(z). That & is a two-sided ideal now
follows from Theorem (2.43); alternatively, it is easy to check directly
that f x ¢y = ¢u,7r(7)v and ¢y, * f = ¢7r(f)u,v where f(z) = f(z_l)'
Finally, if dimH, = n, &, is clearly spanned by the n? functions i
given by (5.5). |

(5.7) Proposition. If 7 =m @--- @, then & = 3 7 &,. (The sum
need not be direct.)

Proof: Clearly &;, C &, for all j (take u,v € Ha; C Hy). On
the other hand, if u = > u; and v = Y v; with u;,v; € H,,, then
(m(x)uj,vk) = 0 for j # k and hence ¢y = > du;v; € 2 En;- |

The matrix elements of irreducible representations can be used to
make an orthonormal basis for L?(G). The first main step in proving
this is the following. Here and in the sequel we shall set

dr = dimH,,
and we denote the trace of a matrix A by tr A.

(5.8) The Schur Orthogonality Relations. Let m and 7’ be irre-
ducible unitary representations of G, and consider £, and &,/ as sub-
spaces of L?(G).

a. If [m] # [n'] then & L Ep.

b. If {e;} is any orthonormal basis for H, and m;; is given by (5.5),
then {/d, 7 11,7 = 1,...,dx} is an orthonormal basis for &.

Proof: If A is any linear map from H, to H,/, let

A= /W,(Z_I)AW(IL‘) dz.
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so A € C(m,m'). Given v € Hy and v/ € H,, let us define A by
Au = (u,v)v’. Then for any v € H, and v’ € H,,

(A, u') = / (Ar(z)u, '(2)u) dz
_ / (m(z)u, o) (0", 7()) dz
- [ burleuw@
We now apply Schur’s lemma. If [r] # [r'] then A = 0, s0 & L &, and

(a) is proved. If 7’ = 7 then A = cl, so if we take u = e;, v’ = ey,
v =ej, and v’ = e;r we get

[ mis@mey @ de = clesex) = s

But
cdr = tr A = /tr[ﬂ'(z_l)Aﬂ'(z)] dr = tr A,

and since Au = (u,e;)e; we have tr A = 6;;» Hence

1
/ mij ()i jo(2) dT = —=biir b5,

so {v/dr 7;;} is an orthonormal set. Since dimé&,; < d,2r by Proposition
(5.6), it is a basis. |

We observed in Proposition (5.5) that & is invariant under the left
and right regular representations L and R. (We retain our usual notation
L, and R, for left and right translation by z.) The question then arises:
what are the irreducible subrepresentations of L and R in £,? The
answer is simple and elegant. We recall that 7 denotes the contragredient
of the representation m, whose matrix elements 7;; are the complex
conjugates of those of .

(5.9) Theorem. Suppose  is irreducible, and let 7;; be given by (5.5).
Fori=1,...,d, let R; be the linear span of m;1,...,m;q, (the ith row
of the matrix (m;;)) and let C; be the linear span of my;,...,mq,; (the
ith column). Then R; (resp. C;) is invariant under the right (resp. left)
regular representation, and R™: (resp. L) is equivalent to 7 (resp. 7).
The equivalence is given by

E cje; — E CjTij (resp. E cje; — E Cjﬂ'j,;).

Proof: In terms of the basis {e;} for Hy, 7 is given by

m(z) (Z cjej) = Z Tk (T)csek.
J kj
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Moreover, n(yz) = w(y)n(z), so m;(yz) = 3 i mik(y)mkj(z). In other
words, Rymi; = Y, mj(x)mik, s0

R, (Z Cjﬂ'ij) = Z ﬂ'jk(:z;)cjﬂ—ik.
J ik

Comparison of the two displayed lines proves the desired result for right
translations. In the same way, for left translations we see that

l
L, (Z Cjﬂ'ji) Zﬂ'ﬂc C]ﬂ'k-,,,
J

and since 7 is unitary, 7, (z~!) = Tx;(z); the result follows. |
Now let

£ = the linear span of U Ex-
[7\']65
That is, £ consists of finite linear combinations of matrix elements of
irreducible representations. By Proposition (5.7), £ is also the linear

span of the £, as 7 ranges over all finite-dimensional representations of
G. & can be considered as the space of “trigonometric polynomials” on

G.
(5.10) Proposition. € is an algebra.

Proof: If suffices to show that if [r],[r'] € G and m;;, 7}, are as
in (5.5) then m;;7, is a matrix element of some finite-dimensional rep-
resentation of G. The appropriate representation is the (inner) tensor
product of = and #’. Rather than refer to the general theory of tensor
products in §7.3, we present the construction ad hoc. Via the choice of
bases for H, and H,/ 1mp11c1t in the definition of m;; and 7}, we identify
Hr and H, with C™ and C" where n = dy, n' = dyr. We consider cw
as the space of n x n’ matrices over C, and we define the representation
r®n' on C*™ by

(r @) (z)T = n(z)T7 (7).

The matrices e, € C™ whose (j, k)th entry is 1 and whose other entries
are 0 are an orthonormal basis of C™ | and a simple calculation (using
the fact that 7}, (z~') = 7. (z)) gives

((r @) (x)ej, ew) = mij(z)mhy (). 1

We come now to the main technical lemma in the Peter-Weyl the-
ory of representations of compact groups. This lemma is an immediate
consequence of the preceding results together with the Gelfand-Raikov
and Stone-Weierstrass theorems. However, it antedates these theorems
by about fifteen years, and the original argument of Peter and Weyl
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is interesting and elegant. It also gives an independent proof of the
Gelfand-Raikov theorem for the case of compact groups. Accordingly,
we shall give both proofs.

(5.11) Theorem. £ is dense in C(G) in the uniform norm, and dense
in LP(G) in the LP norm for p < cc.

First proof: It is enough to show that £ is dense in C(G). But € is
an algebra (Proposition (5.10)) that separates points (by the Gelfand-
Raikov theorem), is closed under complex conjugation (because each
representation has a contragredient), and contains constants (because of
the trivial representation of G on C). The result therefore follows from
the Stone-Weierstrass theorem.

Second proof: Given a function ¢ € C(G) that is real and symmetric
(W(z™!) = P(x)), let Ty, f = ¥* f for f € L2. The conditions on 1 imply
that Ty, is self-adjoint on L%. Moreover, by Proposition (2.40), T maps
L? into C(G), I Tyfllsup < Ifll2ll4ll2, and

IL2(Ty f) = Ty fllsup = (Lot — ¥) * fllsup < I fll2llL2% — Y2

Thus, if B is a bounded set in L2, {T} f : f € B} is uniformly bounded
and equicontinuous, so it follows from the Arzela-Ascoli theorem that
Ty is compact as a map from L? to C(G) and a fortiori as an operator
on L?. Hence, by Theorem (1.52),

)G = @B Moy Mo={f:Tyf =af}.

a€o(Ty)

Each eigenspace M, is invariant under right translations since R (*
f) = ¥ * R;f. Moreover, if a # 0, dimM, < oo. Let fi,...,fn
be an orthonormal basis for M, and let pjk(z) = (Ryfk,f;). Then
feyz) = 5, piu(@) i), s0 fe(z) = T, f()psi(x). But this means
that M, C &, where p is the right reguia.r representation on M,. In
short, My C £ for each a # 0.

If f € L? then f = 3 fa with f, € M,, the series converging
in L2, Then Tyf = Yo 40, the series converging uniformly since
T is bounded from L? to C(G). By the result just proved, it follows
that £ N Range(TY,) is uniformly dense in Range(Ty). But the union of
the ranges of T, as % runs through an approximate identity is dense in
C(G), so the proof is complete. |

If we combine Theorem (5.11) with the Schur orthogonality relations,
we see that Qz(G) is the orthogonal direct sum of the spaces £, as []
ranges over G, and that we obtain an orthonormal basis for L?(G) by
fixing an element 7 of each irreducible equivalence class [7] and taking
the matrix elements corresponding to an orthonormal basis of H,. The
necessity of choosing a particular 7 € [7] is a minor annoyance; it serves
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mainly to avoid certain abuses of language in the results that follow. We
henceforth assume that such a choice has been made once and for all.
We can now summarize all our main results in a single theorem.

(5.12) The Peter-Weyl Theorem. Let G be a compact group. Then
& is uniformly dense in C(G), L*(G) = Ga[w]e@g’” and if m;; is given by

(5.5),
{Vlnmij 14,5 =1,...,dx, [1] € G}

is an orthonormal basis for L*(G). Each [r] € G occurs in the right and
left regular representations of G with multiplicity d,. More precisely, for
i=1,...,d, the subspace of £, (resp. &) spanned by the ith row (resp.
the ith column) of the matrix () (resp. (%;;)) is invariant under the
right (resp. left) regular representation, and the latter representation is
equivalent to m there.

As an application, we give a representation-theoretic characterization
of compact Lie groups. The proof naturally requires some Lie theory,
for which we refer to Helgason [60].

(5.13) Theorem. Let G be a compact group. Then G is a Lie group
if and only if G has a faithful finite-dimensional representation.

Proof: If m is a faithful representation of G on C™, then G is iso-
morphic to the compact subgroup 7(G) of the Lie group U(n). But any
closed subgroup of a Lie group is a Lie group.

On the other hand, if G is a Lie group, there is an open neighborhood
U of 1 in G that contains no subgroups except {1}. (Take U = exp(3V),
where V is any bounded open neighborhood of 0 in the Lie algebra on
which the exponential map is a diffeomorphism. If z # 1 € U then
z" € exp(V \ 1V) € G\ U for some positive integer n, so no subgroup
containing z is contained in U.) If [n] € G, let K, be the kernel of
m. Then ) leC K, = {1} by the Gelfand-Raikov theorem or Theorem
(5.11), so |’H ~(K;\U) = 0. By compactness of G \ U, there exist

[x]leG
T, .., Tn such that (T (Kx, \U) = 0, or \} K, C U. By the choice
of U, (] Kx, = {1}, which means that m, & - -- @ 7, is faithful. |
|

5.3 Fourier Analysis on Compact Groups

According to the Peter-Weyl theorem, if f € L?(G) we have

dx
(5.14) F= > fmj = dw/f(fv)mj(fv)dz-

[n]eG b=l
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The drawback to this decomposition of L? is that it depends on choosing
an orthonormal basis for each H,. However, it is possible to reformulate
(5.14) in a way that does not involve such choices. Namely, if f € L(G),
[r] € G, and 7 is the chosen representative of the class [n] (see the
remarks preceding Theorem (5.12)), we define the Fourier transform
of f at m to be the operator

flm) = / fl@)m(z~ ) dz = / F(@)m(z)* de

on H,. This agrees with our earlier definition in the Abelian case, where
H, = C for all [7] € G. If we choose an orthonormal basis for H, so

that 7(z) is represented by the matrix (m;;(z)), then f(r) is given by
the matrix

flm)i; = /f(:l:)ﬂ'ﬁ(x) dr = ic’.r.

dp 7*

where c7; is as in (5.14). But then

Zijm]’(x) =d, Zf(ﬂ')jimj(x) =dx tf[f(ﬂ')ﬂ’(x)]

(where tr denotes the trace of a matrix), so (5.14) becomes a Fourier
inversion formula,

(5.15) f@) =) dntr[f(m)m(z)]-

[W]Ea

(This must be taken with a grain of salt, as the series usually does not
converge pointwise; it converges in the L% norm if f € L?. We shall say
more about this below.) Moreover, the Parseval equation

dn
=3 Y d—fr|c;;|2

[r]eC HI=1

becomes

(5.16) 15 =D de tr[f(m) F(m)]-

[W]Ea

The Fourier transform as defined above is more cumbersome to use
than the Abelian Fourier transform because its values are operators on
a whole family of Hilbert spaces. Nonetheless, it has a number of prop-
erties analogous to those of the Abelian Fourier transform. We observe

o~

that f(m) = wm(f)*; it is then easy to verify the following variant of
Theorem (3.9):
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(af + bg)Y(m) = af(m) + bg(r),
(5.17) (f * g)(m) = G(m) f (),
(f*N(x) = f(m)*".

(5.18) (LofY\(m) = f(mm(z™"),  (Raf)(w) = m(a) f(m).

We can express (5.14) in yet another way. If 7 is a finite-dimensional
unitary representation of G, the character x, of 7 is the function

Xx(z) = trm(z).

Note that this depends only on the equivalence class of «, since similar
matrices have the same trace; hence we could (and perhaps should) write
X[~] instead of x». We have

tr[f(ﬂ') ]_/f Ytr[r(y~Ym(z)] dy

= /f(y)trw(y”la:) dy = f * Xx(2),
0 (5.15) becomes
(5.19) = duf*xn

[n]€G

In particular, d. f * xr is the orthogonal projection of f onto &;.

If we apply (5.19) and the remark following it to the case where f is
itself an irreducible character, we obtain the following useful convolution
formulas: if [n], [7'] € G, then

_ {datxe i [r'] = [n],
(5.20) Xm* Xn' = {O if [ﬂ,/] # [7r]

A function f on G is called a central function or class function
if f is constant on conjugacy classes, that is, if f(yry~!) = f(z) for all
z,y € G, or equivalently (by substituting zy for z) f(zy) = f(yz) for all
z,y € G. (In the case of L? functions, these relations are to hold almost
everywhere.) For example, the character of any finite-dimensional rep-
resentation is central, because tr[r(z)m(y)] = tr[r(y)m(z)]. We denote
the set of central functions in a function space by prefixing the letter Z
to the name of the space:

ZLP(G) = the set of central functions in LP(G),
ZC(G) = the set of central functions in C(G).

(5.21) Proposition. The spaces LP(G) and C(G) are Banach algebras
under convolution, and ZLP(G) and ZC(G) are their respective centers.
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Proof:  We have |f * gl, < [|fl1llglls < Ifllollgll, by Proposition
(2.39a) and the fact that |G| = 1, and likewise with the LP norm replaced
by the uniform norm. This shows that LP(G) and C(G) are Banach
algebras. Next, suppose f € LP. Then f* g = g* f if and only if

[ Havaay = [tz = [ fuool ) dy

for almost every z. This holds for every g € LP precisely when f(zy) =
f(yz) for almost every = and y. Similarly for f € C(G). 1

Central functions play a crucial role in analysis on compact groups
Here are a few of the basic results concerning them.

(5.22) Lemma. If f € ZLY(G) and [r] € G, then dof * xr =
(f f?w)X‘n'

Proof: We have

/f yxdy—/fxylﬂ)dy
- [ 2ty dy = [ ey dy = n(e) fim.

Hence, by Schur’s lemma, (m) = cxI. Taking the trace, we obtain

o = tefim) = [ Fwnty »dy= [ fwx

so by the calculation leading to (5.19),
Ao f * Xa = dy tr[f(m)7] = dpep trm = [/ fY,r] X 1

(5.23) Proposition. {x, : [r] € G} is an orthonormal basis for
ZLA(G).

Proof: We have already observed that the x.’s are central. They are
also orthonormal by the Schur orthogonality relations, since ., = Y m;.
They are a basis because if f € ZL%(G), by (5.19) and Lemma (5.22)

we have f = Y (f, Xx)Xnr- |

If f € L%(G), the “Fourier series” (5.15) or (5.19) for f converges
to f in the L? norm. As we know from the classical theory of Fourier
series (the case G = T, see Zygmund [134]), it usually does not converge
uniformly when f is continuous, or in the L! norm when f € L!, or
unconditionally in the L? norm when f € L? and p # 2. However, as in
the classical case, there are “summability methods” that enable one to
recover f from its Fourier series in these topologies. We now describe
one such, for which we need a lemma.
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(5.24) Lemma. The neighborhoods of 1 in G that are invariant under
conjugations constitute a neighborhood base at 1.

Proof: Let U be any neighborhood of 1, and let V be a symmetric
neighborhood of 1 such that VVV C U. Choose 1,,...,2, € G such
that G = |J] Vz;j, and let W = (] z; 'Vz;. If € G then z € Vg; for
some j,s0 gsWz~! C Va;Wz;'V CVVV CU. Hence ¢ sWa™! is
a neighborhood of 1 that is invariant under conjugations and contained
inU. 1

If fe L' and g € L?, then 5 dy(f * g) * xr converges in L2 to f*g
(Proposition (2.39a)), and ) drg * X« converges in L? to g. Now, if ®
is any finite subset of G, we have

> de(f29) % xa| * [ 3 drg * Xr |

[rle® [rle®

= Z d‘rrd‘rr'(f*g*g)*(X‘rr*X‘rr')
[7].[r']e®

= Z d‘rr(f*g*g)*X‘rra

[r]e®

where we have used the fact that characters are central, Proposition
(5.21), and (5.20). By Proposition (2.40), it follows that the series
> dr(f xg* g) * xr converges uniformly to f* g=*g.

This is the key to the summability method. For each neighborhood
U of 1 in G, let us take g = |V|~!xv where V is a central neighborhood
of 1 such that VV € U — such a V exists by Lemma (5.24) — and let
Yu = g*g. Then {y} is an approximate identity consisting of central
functions. Also, by Lemma (5.22), ¥y * x» = cy(m)x, for some scalar
cy(m). Therefore

Fryu =Y cu(m)dnf * Xr,

(€@

where the series on the right converges uniformly by the result of the
preceding paragraph, and f is the limit of f * ¥y as U — {1} in the L?
or uniform norm whenever f € L?(G) (p < o) or f € C(G).

We have Z[w]ealcU(”)lz = ||[vvl||2 < oo, and cy(r) = 1 as U — {1}
since ¥y * Xr — Xx- The constants cy(w) can thus be regarded as
“summability factors” whose introduction into the Fourier series of f
causes the series to converge uniformly; f is then obtained as the limit
in the appropriate norm as these factors tend to 1 in a suitable way.
As an immediate application of this construction, we have the following
result.

(5.25) Proposition. The linear span of {xr : [7] € G} is dense in
ZC(G) and also in ZLP(G) for 1 <p < oo.



138 A Course in Abstract Harmonic Analysis

Proof: 1f f is central, the partial sums of the series 3 cy(7)dy f * xr
are linear combinations of characters by Lemma (5.22). They converge
uniformly and hence in L? (p < o0) to f * ¥y, and f * ¥y — f in the
appropriate norm as U — {1}. |

The spaces ZLP(G) and ZC(G) are commutative Banach algebras
under convolution, so one naturally wishes to know their spectra. In
fact, we have the following analogue of Theorem (4.2).

(5.26) Theorem. Let A be any of the convolution algebras ZLP(G)
(1<p<oo)orZC(G). For f € Aand [n] € G, let hp(f) = dx [ fX,-
Then the map [r] — hr is a bijection from G to o(A) which is a home-
omorphism if G is given the discrete topology.

Proof: Each h, is clearly a bounded linear functional on A. More-
over, by (5.20), Proposition (5.21), and Lemma (5.22),

ha(f % g)Xn = d2f % g% Xr = d3f % g% X % X
= d13rf *Xr ¥ G * Xx = d‘rrh‘rr(f)h‘lr(g)X‘rr * X
= hx(f)hx(g) X,

s0 hy is multiplicative, i.e., hy € o(A). Next, if h € 0(A), (5.20) shows
that

Belee) = { g Pxe) = I

1t follows that h(xr) must be either d;! or 0, and that there can only be
one [r], say [mo], for which h(xr) # 0. But then h agrees with h,, on the
linear span of the characters, so h = hr, by Proposition (5.25). Finally,
the topology on o(A) is discrete because {hr} = {h € o(A) : h(xx) # 0}
is open for every . |

We conclude this section with an amusing application of our general
theory to the theory of finite groups.

(5.27) Proposition. Let G be a finite group. Then the cardinality of
G is the number of conjugacy classes in G, and Z[ﬂ & d? is the order
of G.

Proof: In view of Proposition (5.23), {xr : [7] € G} and the set of
characteristic functions of the conjugacy classes in G are both bases for
the space of central functions on G; this proves the first assertion. The
second one is true since Z[”] & d2 is the dimension of L%(G) by the
Peter-Weyl theorem. ]
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5.4 Examples

In this section we describe the irreducible representations and the de-
composition of L? for the group SU(2), then use the results to obtain
the irreducible representations of the closely related groups SO(3) and
U(2).

1. SU(2). We recall that U(n) is the group of unitary transfor-
mations of C", alias the group of n x n complex matrices T such that
T*T = I, and that SU(n) is the subgroup of U(n) consisting of the
matrices whose determinant is 1. The jth column of a matrix 7" is the
image under T of the jth standard basis vector for C*, so T' € U(n) if
and only if the columns of 7" are an orthonormal set.

When n = 2, we therefore have

T= ((Z Z) €U(2) <= laf+[bl* = |el*+]d|* = 1 and az+bd = 0.

Thus (a, b) must be a unit vector and (c,d) = ¢ (—b, @) for some 6 € R.
But then detT = e®(|a|? + |b|?) = €%, so T € SU(2) precisely when
e = 1. In short, if we set

a —b
(528) Ua,b = (b a) ’

we have
SU2) = {Uap : a,b€ C, |a]*> + b = 1}.
We observe that
Uy = Usy = Usy s,
and that the action of U, 5 on C? is given by

a —b z az —bw T _
(b 6) (w) = (bz-l-&w)’ or U,p(z,w) = (az — bw, bz +aw).
The correspondence U, p < (a,b) = Uy p(1,0) identifies SU(2) as a set
with the unit sphere S C C? in such a way that the identity element is
identified with the “north pole” (1,0).

We single out the following three one-parameter subgroups of SU(2)
for special attention:

0
e 0
F(o) = 0 e—-i0 )

G(¢) = (cos¢ ~sin¢> . H(Y) = (coszp isinzp) ‘

sin¢g cos¢ isiny cosy

(5.29)

Geometrically, these are three mutually orthogonal great circles in the
sphere that intersect at + ((1) (1))
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(5.30) Proposition. Each T € SU(2) is conjugate to precisely one
matrix F(0) as in (5.29) with0 < 0 < 7.

Proof: Every unitary matrix 7" is normal, so by the spectral theorem

there exists V € U(2) such that VTV~! = (‘(’)‘ g) where @ and 3 are

the eigenvalues of T. If T € SU(2) then 8 = @, so VIV~! = F(9) for
some 6§ € [—m,n|. By replacing V with (detV)~'/2V we can assume
that V € SU(2), and since F(—6) = H(4w)F(§)H(—4m) we can obtain
6 € [0, n]. Finally, if 6,60, € [0, 7] then F(8,) and F(6) have different
eigenvalues, and hence are not conjugate, unless 8, = 5. ]

(5.31) Corollary. If g is a continuous function on SU(2), let ¢°() =
g(F(6)). Then g — ¢° is an isomorphism from the algebra of continuous
central functions on SU(2) (with pointwise multiplication) to C([0, 7]).

Proposition (5.30) has the following geometrical interpretation. The
angle between the vectors (a, b) and (1,0) in C? is arccos(Rea). It is an
easy exercise, which we leave to the reader, to show that if U, U, U, o dl =
Uq,p then Rea = Rea. Thus the set {F(#) : 0 < 6 < 7} is a meridian
joining the north and south poles, and the conjugacy classes are the
surfaces of constant latitude.

Next, we describe a family of unitary representations of SU(2). Let
P be the space of all polynomials P(z,w) = 3" cjxz/w* in two complex
variables, and let P,, C P be the space of homogeneous polynomials of
degree m:

k
P = {P : P(z,w) = ;cjzjwk“j, Cly- - Cm € C}.

We define an inner product on P by regarding it as a subset of L?(o),
where o is surface measure on the unit sphere S3 normalized so that
o(S3) =1:

(P,Q) = /S Qo

(P is not complete with respect to this inner product, but each Pp, is,
being finite-dimensional.)

We shall show that the monomials z/w* form an orthogonal set in P.
In the following calculations, we employ the polar coordinate notation

(z,w)=Z =rZ', wherer = |Z| = [|2]* + |1.u|2]1/2 and Z' € §3.

We also denote Lebesgue measure on C? by d*Z and Lebesgue measure
on C by d?z or d?*w. Thus,

d*Z = d*zd*w = cr dr do(Z').

Here c is the Euclidean surface measure of $3; as the following argument
shows, it equals 272.
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(5.32) Lemma. If f : C? — C satisfies f(aZ) = a™f(Z) for a > 0,
then

1

S — Z)e-17 ¢4z,
T (3m +2) sz( Je

f(Z")do(Z") =
S:l
Proof: We integrate in polar coordinates:

f(Z)e 2 4z = ¢ / ” frz)e " 3 do(Z) dr
c? 0 S3
= c/°° rmt3e= gp f(Z"da(Z")
0 S3
- gl‘(%m +2) /S f(2)do(2").

If we take f = 1, we sée that

c 2 % 2 4
- =/ e 12" gtz = [/ et dtJ =72,
2 c? oo

which completes the proof. ]

(5.33) Lemma. Ifp,q,r,s are nonnegative integers,

S 0 ifg#£pors#r
P59, - )
/zzww da(z’w)_{p!r!/(p-l—r-l—l)! ifg=pands=r.

Proof: By Lemma (5.32),
/z”EquEs do(z,w)

1 2 2
= 2Pzle 12l dzz/wrw“e"l"’I d*w.
m20(3(p+g+r+5) +2) /

We do the latter integrals in polar coordinates too:

2 00 2r 2
/z”qu"'zl d?z =/ / e P=0)0ppratle=r" g 4o
o Jo

_Jo ifp#gq,
= 271..%1‘(1)4—1):71’})! ifq:p,

and similarly for the integral in w. The result follows. ]

(5.34) Proposition. The spaces P,, are mutually orthogonal in L*(0),

and
P .
{ _(_Tn_‘li)'_‘z]wm—] OS]Sm}

J{(m ~ j)!
is an orthonormal basis for P,,.

Proof: This is an immediate consequence of Lemma (5.33). |
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SU(2) acts on P via its natural action on C?, yielding a representation
e

(5.35)  [7(Usp)P|(z,w) = P(U;g (z,w)) = P(@z + bw, ~bz + aw).

Clearly P,, is invariant under 7; we denote the subrepresentation of
7 on Py, by 7. Then m, is a unitary representation of SU(2) on Py,
with respect to the inner product in L?(o), since o is rotation-invariant.
(In the physics literature, my, is normally labeled by —%m instead of m,
because of its connection with particles of spin %m) We shall show that
Tm is irreducible.

(5.36) Lemma. Suppose M is a w-invariant subspace of Pp,,. If P € M
then z(0P/6w) and w(OP/dz) are in M.

Proof: If G(¢) is as in (5.29), then ¢~ [7(G(¢))P — P] lies in M for
all ¢ #0. As ¢ — 0, its coefficients approach those of
(d/d)m(G(#))Ply=0;

hence the latter polynomial also belongs to M because P,, has finite
dimension and so M is closed in it. But

d

d . .
d_¢7r(G(¢))P|¢=O = %P(zcosqﬁ +wsing, ~zsin¢ +wcos¢)|¢=0
_ o _ 0P
0z Tow’

Similarly, with H(%) as in (5.29),
wa—P + zg = liﬂ’
0z dw  idy
Adding and subtracting these, we obtain the desired result. 1

(HW))P[,_, € M.

(5-37) Theorem. 7, is irreducible for each m > 0.

Proof: Suppose M is an invariant subspace of P, and P # 0 € M.
Let P(z,w) = Y o' c;z?w™7 and let J be the largest index such that
¢y # 0. Then

8 J
(w—) Pz, w) = cyjJw™.

0z
By Lemma (5.36) we see that w™ € M, and then applying 2(8/0w)
successively we obtain zw™ ! € M, 22w™? € M, ..., 2™ € M.
Hence M = P,,. 1

Let Xm be the character of mm, and let x9,(6) = xm(F(6)) as in
Corollary (5.31). Since the orthogonal basis vectors z/w™~7 for P, are
eigenvectors for ., (F(9)),

T (F(0))(Fw™ ) = HH-m0ziqym=3,
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we have

o mo im)d eilm+2)6 _ ,—im8
Xm(8) = Dm0 = ——
0

etm+1)6 _ e—-i(m+l)0 3 sin(m + 1)9

et — -0 - sin @

From this we can show that the r,,’s form a complete list of irreducible
representations of SU(2).

(5.39) Theorem. [SU(2)[ = {[mm]: m > 0}.

Proof: First, the m,,’s are all inequivalent because they have different
dimensions (and different characters). Next, we observe that by (5.38),

Xg(O) =1, X?(O) = 2cosd,
sin(m + 1)@ — sin(m — 1)
sin @

x2.0) —x°,_2(0) = = 2cosm#@ for m > 2.

Hence the linear span of {x2,}$° is the linear span of {cosm#}$°, which
is uniformly dense in C([0,n]). By Corollary (5.31), the linear span of
{xm}§® is uniformly dense in the space of continuous central functions
on SU(2); in particular, the only such function that is orthogonal to all
Xm is the zero function. By Proposition (5.23), then, the x,,’s exhaust
all the irreducible characters. I

We remark that by (5.38) and Corollary (5.31), the characters xn, are
all real-valued. It follows that 7, is equivalent to its contragredient 7,
for every m, and in view of Theorem (5.2), the same is true of every
unitary representation of SU(2).

Let us compute the matrix elements of m,, with respect to the basis
given in Proposition (5.32), namely

m—j

(m+ 1! i

&5 W) =\ S5im = g

For notational convenience we set
Tm(@,0) = T (Uap), 7t (a,b) = (mm(a,b)ex, e5),
where U, 3 is given by (5.28). We then have

(m+1)!
k!l(m — k)!

1!
Z (a,b)ej(z,w) = Z m+ 7r1k(a b)Zdw™ 4,

j

(@z + bw)*(=bz + aw)™ % = [1m(a, b)ex](z, w)
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Thus,
kl . ) -
(5.40) Z 7r1k(a, b)ZZw™ ™7 = (@z + bw)F(—bz + aw)™ k.

To solve this for 77%(a,b) one can simply multiply out the right side and
equate the coefficients of z7w™~7 on the two sides. Another method is to
set z = 2™ and w = 1; then the sum on the left is a Fourier series, and
one can compute m7%(a,b) by the usual formula for Fourier coefficients:

7T]k a b ’ / — 21r1t be21rit +a)m—ke—21rijt dt.

When k = 0 we have

m! j0 i, m—j m
Z mwfn(a,b)sz I = (~bz + aw)

- E LML s qm=i ime3,
— 3
SO

30 b) = (—1)n | pigmi = Lo
i (a,b) = (1) j!(m—j)!bja = me]( b,a).

Thus the functions {77 : 0 < j < m} span P,,, the space that gave us
Tm originally. (The Peter-Weyl theorem predicts that we should get 7,
instead of m,,, but we have observed above that these representations are
equivalent. The factor /m + 1 is the factor y/d., needed to normal-
ize the matrix elements according to the Schur orthogonality relations.)
Similarly, the functions 7i™, 0 < j < m, span the complex conjugate
space Py,.

We can also say something interesting about the linear span of {mi¥ :
0 < j < m} for general k. First, if we use (5.40) to define 7i*(a,b) for
all a,b € C?, it is clear that 7/*(a,b) is a polynomial in the variables
a,b,@,b that is homogeneous of degree m — k in (a,b) and homogenous
of degree k in (@, b); we say that it has bidegree (m — k, k). Second,
as 2 function on C?, mJ* is harmonic: it satisfies Laplace’s equation
Z (823 [6z2) = 0, where a = 1) +1z9 and b = z3 + iz4. Indeed, it
sufﬁces to observe that the right side of (5.40) is harmonic as a function
of (a, b) for all (z,w), since then the coefficient of each z/w™ 7 must also
be harmonic. This easy to check as it stands, and it becomes even more
so if one writes the Laplacian in complex coordinates:

82 2 e
ot = ——— +4——,
022 TV a2 = Yaza t “ovan
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In short, when we identify SU(2) with the unit sphere in C3, the
Peter-Weyl decomposition L? = @y° &,,, is the usual decomposition of
functions on the sphere into spherical harmonics (see, e.g., Stein and
Weiss [115]), and the further decomposition

En. @ Hpqs Hp 4 = linear span of {7rp+q 0<j<p+ygq}
pt+gq=m

yields a refinement in which the spherical harmonics are grouped ac-
cording to their bidegree.

2. SO(3). SU(2) is almost identical to the group SO(3) of rotations
of R3. To see this, consider the infinitesimal generators of the one-
parameter subgroups of (5.29):

F’(O)=(é _2) G’(O)=((1) *01), H’(O)=(? 8)

(Up to a factor of 4, these are the “Pauli spin matrices” of quantum
physics.) The real linear span of F'(0), G’(0), and H'(0) is the space
su(2) of all 2 x 2 skew-Hermitian matrices whose trace is zero, the Lie
algebra of SU(2). We identify su(2) with R? as follows:

() H.X(t’u’”)=tF'(0)+UG'(0)+vH'(O)=( A _UHU)-

u + iU —it
SU (2) acts on itself by conjugation, and this induces a representation
of SU(2) on su(2) called the adjoint representation:

AdX =UXUL

Indeed, a tedious but simple calculation shows that Ad(Us p) X (¢, u,v) =
X(t',u',v"), where
t' = (|af?> - |b|*)t + 2(Im ab)u — 2(Reab)v,

W + ' = 2iabt — (@2 +b?)u + i(@® ~b*)v.
This looks complicated, but we can see two things. First, if Ad(Ugp) =
I, by examining the formula for v’ + iv' we see that @* + b2 = 1 and
@® — b = 1, which forces b = 0 and a® = 1. Hence the kernel of the
adjoint representation is +I. Second, the action of the one-parameter
subgroups of (5.29) is very nice:
(t,u,v) = X (¢, ucos26 + vsin 20, —usin 26 + v cos 29),
G(9) X (t,u,v) = X(tcos2¢ — vsin2¢, u, tsin2¢ + v cos 2¢),
Ad(H%))X (t,u,v) = X(tcos2y + usin 2y, —tsin 2y + ucos2%y, v).
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In other words, when we identify su(2) with R3, Ad(F(6)), Ad(G(¢)),
and Ad(H (¢)) are rotations through angles 28, 2¢, and 24 about the ¢,
u, and v axes respectively.

(5.41) Theorem. Ad[SU(2)] = SO(3), and hence SO(3) = SU(2)/
(£I).

Proof: In view of the preceding remarks, it suffices to show that
SO(3) is generated by rotations about the coordinate axes. In fact, it
is generated by rotations about any two coordinate axes, say the u and
v axes. To see this, observe first that if T € SO(3) then the eigenvalues
of T have absolute value 1, the nonreal ones occur in conjugate pairs,
and their product is 1. A moment’s reflection shows that 1 must be an
eigenvalue, so T has a fixed vector x and is therefore a rotation through
some angle § about the x axis. Now use the following algorithm to
construct 7" from rotations about the u and v axes:

1. If x is in the tv plane, go to step 2; else perform a rotation about
the v axis to move x into the tv plane.

2. If x is on the v axis, go to step 3; else perform a rotation about
the u axis to move x onto the v axis.

3. Perform a rotation through the angle 8 about the v axis.

4. Undo steps 2 and 1 to restore x to its original position. ]

From this we immediately see that the representations of SO(3) are
just the representations of SU(2) that are trivial on /. In particular,
Tm(—1) = (~1)™1, and hence:

(5.42) Corollary. [SO3)]” = {[px] : £ = 0,1,2,...}, where
pr(Ad(V)) = mox (V).

In §6.2 we shall identify the irreducible decompositions of the natural
representations of SO(3) on functions and differential forms on the unit
sphere $% c R3.

3. U(2). The center Z of U(2) consists of the scalar multiples of
the identity,

Z ={e’I:0 R},

since U(2) acts irreducibly on C2. U(2) is almost the product of the
subgroups Z and SU(2), via the map

(€1, U) — e“U.

This map is onto, for if V € U(2) we choose 6 so that detV = e%® and
take T = e~ V. Its kernel is (I, I) since Z N SU(2) = {+I}. Hence,

U(2) = [Z x SU@2)|/(£]) 2 [T x SU@)]/ ().
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From this we can easily determine the irreducible representations of
U(2). Suppose p is such a representation. On Z, p must act as scalar
multiples of I by Schur’s lemma, and hence (since T = Z) p(e®®I) =
e[ for some n € Z. By the same token, if M is a subspace of H, that
is invariant under p|SU(2), it is invariant under all of p. Hence p|SU(2)
is an irreducible representation of SU(2), so it is equivalent to m,, for
some m > 0. In short, if T € SU(2),

(5.43) p(e®T) = ™ m,, (T).

Moreover, since —I can be expressed either as "I or as e®(—I), we
must have (—1)*I = m,(~I) = (~1)™1, so m and n must have the same
parity. Conversely, if this is the case, (5.43) gives a well-defined repre-
sentation of U(2). Different m or n give inequivalent representations,
since their restrictions to Z or SU(2) are inequivalent. In summary:

(5.44) Theorem. [U(2)]" = {[omn]:m >0, n € Z, m =n (mod 2)},
where

Pmn(€9T) = ®1n(T) (@€ R, T € SU(2)).
Another description of pp, 5, is as follows. If we define

p2x (9T = pak,0(e¥T) = mak(T),
p2k+1(€°T) = por1,1(€®T) = €¥map11(T),

then

p2k2i(V) = (det VY por(V),  paksr,24+1(V) = (det V) pory1 (V).

We conclude by giving the decomposition of the natural representa-
tion A of U(2) on L? of the unit sphere in C?, namely [A(V)f](z,w) =
f(V-1(z,w)). In fact, this is nothing but the decomposition L?(S3) =
@:?qzo Hp,q that we obtained at the end of §5.4. We simply observe
that if P is any homogeneous polynomial of bidegree (p, ¢) then

[Ae®D)P)(z,w) = P(e"®z,e”%w) = e9PY P(2,w).

It then follows that H, , is U(2)-invariant and that A\*r. is equivalent
. . o o)

t0 Pgip,g-p- Thus A is equivalent to @, _o Pg+p,q~p» €ach summand

occurring with multiplicity one.

5.5 Notes and References

The theory in §5.2 was first developed in the classic i)aper of Peter and
Weyl [98]. That paper deals with compact Lie groups, but everything
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in it applies without change to general compact groups once one has the
existence of Haar measure. An extensive treatment of various topics in
Fourier analysis on general compact groups can be found in Hewitt and
Ross [63].

There is an analogue of the Pontrjagin duality theorem for non-
Abelian compact groups, which we now describe. Suppose G is a com-
pact group. Let V be the smallest set of Hilbert spaces containing C™ for
all positive integers n and closed under formation of finite direct sums,
tensor products (see §7.3), and duals, and let R be the set of all unitary
representations of G on spaces in V. (We do not identify isomorphic
spaces in V, nor do we identify equivalent representations in R. R is, in
essence, the set of all finite-dimensional representations of G; the pur-
pose of V is to make this a genuine set.) Let I" be the set of all maps
that assign to each 7 € R a unitary operator v(m) on Hy, such that the
following properties hold for all w, m;, 73 € R:

i. If U : Hy, —» Hy, is a unitary equivalence of 7, and mp, then
A(mz) = Un(m)U.
i y(m @ m2) = y(m) & ¥(m2).
ili. y(m ® m2) = y(m) ® v(w2), where m; ® m, is the inner tensor
product of m; and my (see §7.3).

iv. () is the inverse transpose of (), acting on H}.

Each z € G defines a v, € I" by v, (7) = m(z). Define a multiplication
on I" by (v172)(7) = yi(7)y2(r), and impose on I" the weakest topology
that makes the maps v — (y(m)u,v) (r € R, u,v € Hy) continuous.
Then: :

(5.45) The Tannaka Duality Theorem. I' is a compact group, and
the map z — <y, is an isomorphism from G to I'.

For the proof, as well as another formulation of the theorem due to
Krein, we refer the reader to Hewitt and Ross [63].

There is much more one can say about the representation theory and
Fourier analysis of compact connected Lie groups, because these groups
and their irreducible representations are known quite explicitly. To begin
with, the simply connected compact Lie groups are the finite products
of groups from the following list:

i. the double covers of the rotation groups SO(n) (n > 3), usually
called Spin(n);
ii. the special unitary groups SU(n) (n > 2);
iii. the quaternionic unitary groups Sp(n) (n > 1);
iv. the five exceptional compact groups Fg, E7, Eg, Fy, and G».
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The most general connected compact Lie group is then isomorphic to
(G x T™)/Z, where G is simply connected, n > 0 (in particular, the
factor T™ may be missing), and Z is a finite subgroup of the center
of G x T™. Since the centers of all the groups in the above list are
all known explicitly (and are all of order < 4 except for SU(n)), one
has a rather complete picture of the connected compact Lie groups.
See Helgason [60]. Moreover, the theory of highest weights provides a
concrete description of G when G is a compact connected Lie group. See
Brocker and tom Dieck [17] and Knapp [70]. See also Boerner [14] and
Weyl [129] for more information about the representations of the classical
matrix groups, including their connections with Young diagrams and the
representations of permutation groups.

The theory of Fourier series on compact connected Lie groups has
many connections with classical Fourier analysis and special functions.
See Stanton and Tomas [114] and the references given there for studies
of convergence and summability of Fourier series on compact Lie groups,
and Coifman and Weiss [22] for an extensive discussion of analysis on

SU(2).
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Induced Representations

The inducing construction is a way of manufacturing a unitary repre-
sentation of a locally compact group G out of a unitary representation
of a closed subgroup H. Geometrically speaking, these induced repre-
sentations are the unitary representations of G arising from the action
of G on functions or sections of homogeneous vector bundles on the
homogeneous space G/H.

Unless G/H is a finite set, the representations of G induced from H
are always infinite-dimensional. In particular, when G is compact or
Abelian, they are highly reducible. On the other hand, induced rep-
resentations are the single most important source of irreducible repre-
sentations of noncompact, non-Abelian groups. Indeed, for many such
groups, thetnducing construction (with certain generalizations and mod-
ifications) suffices to provide a list of irreducible representations that is
complete up to unitary equivalence. One way in which this happens is
via the “Mackey machine,” a body of techniques for analyzing represen-
tations of a group G in terms of the representations of a normal subgroup
N and the representations of various subgroups of G/N. However, in-
duced representations are also important for groups that have few if any
normal subgroups, like the semisimple Lie groups.

In §6.1 we explain the construction of induced representations. §6.2 is
devoted to the Frobenius reciprocity theorem for compact groups, which
provides a powerful tool for finding the irreducible decomposition of an
induced representation of a compact group. In §§6.3-5 we develop the
notion of pseudomeasures of positive type (a generalization of functions
of positive type) and use it to prove the theorem on induction in stages
and the imprimitivity theorem, which is the deepest result of the chap-
ter and forms the basis for the Mackey machine. In §6.6 we work out
the simplest case of the Mackey machine, that of regular semi-direct
products, and in §6.7 we present some concrete examples.

151
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6.1 The Inducing Construction

Let G be a locally compact group, H a closed subgroup, ¢: G — G/H
the canonical quotient map, and o a unitary representation of H on H,.
We denote the norm and inner product on H, by ||u|l, and (u,v),, and
we denote by C(G,H,) the space of continuous functions from G to H,.
If f € C(G,H,), we shall frequently wish to apply the operators o(€)
to the values f(z), and to avoid clutter we shall usually write o(¢)f(x)
instead of the more precise o(£)[f(z)].

The main ingredient in the inducing construction is the following
space of vector-valued functions:

Fo={f€C(G,Hy): q(supp f) is compact and
f(@&) =a(¢ ) f(z) forz € G, ¢ € H}.
Here is how to produce functions in Fy:

(6.1) Proposition. Ifa: G — H, is continuous with compact support,
then the function

falz) = /H o(nalen) dn

belongs to Fy and is uniformly continuous on G. Moreover, every ele-
ment of Fy is of the form f, for some a € C.(G,H,).

Proof: Clearly ¢(supp fa) C ¢(supp a), and

falx) = /H o (n)od(x€n) dn = /H (€™ m)a(zn) dn = o(€77) fa(2).

Hence, to prove the first assertion it remains to show that f, is uniformly
continuous. Fix a compact neighborhood N of 1 in G, let K be a compact
subset of G such that ¢(K) = ¢(supp a) (Lemma (2.46)), and let J =
K~!'N(suppa)NH, a compact subset of H. Given € > 0, let N, C N be
a neighborhood of 1 such that ||a(z) — a(y)||s < € whenever zy~! € N..
Then for z € K and zy~! € N,

1fal@) ~ Fa@)lo = \\ [ swtaten) - atymldn

< €J|.
o

Thus f, is uniformly continuous on K and hence uniformly continuous
on KH because fu(z€) = o(€71) f(z) for € € H. Since f, = 0 outside
KH, f, is uniformly continuous on G.

On the other hand, if f € Fo, by Lemma (2.47) there exists ¥ € C.(G)
such that fH Y(zn)dn =1 for z € supp f. Let a = ¢ f; then
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falz) = /H (en)o(m) f(zm) dn = /H blan) f() dn = f(z),
so f = fa. ]

G acts on Fy by left translation, f — L. f, so we obtain a unitary
representation of G if we can impose an inner product on Fy with re-
spect to which these translations are isometries. When G/H admits an
invariant measure y (necessarily unique up to scalar multiples, by Theo-
rem (2.49)), this is easy. If f, g € Fo, (f(z),9(z)), depends only on the
coset g(z) of = since o is unitary, so it defines a function in C.(G/H)
which can be integrated with respect to u, and we set

(frg) = /G @)oo duta).

This is an inner product on Fy (it is positive definite by Proposition
(2.58)), and it is preserved by left translations since y is invariant.
Hence, if we denote by F the Hilbert space completion of Fy, the trans-
lation operators L, extend to unitary operators on F. It follows easily
from Proposition (6.1) that + — L, f is continuous from G to F for each
f € Fo; and then since the operators L, are uniformly bounded, they
are strongly continuous on all of 7. Hence they define a unitary repre-
sentation of G, called the representation induced by o and denoted
by ind$ (o).

For example, let o be the trivial representation of H on C. Then Fy
consists of functions on G that are constant on cosets of H, so Fy can
be naturally identified with C.(G/H). The same identification makes
F into L%(G/H), and ind$ (o) is then just the natural representation
of G on L?(G/H) by left translations. In the general case, a similar
interpretation of the elements of F as objects living on G/H rather
than G is available; we shall explain it at the end of this section.

When G/H has no G-invariant measure, there are two ways one can
modify the preceding construction to obtain a unitary representation of
G: one can replace the invariant measure u above by a quasi-invariant
measure in defining the Hilbert space F and modify the action of G to
make it unitary, or one can modify the construction of F by adding a
“twist” to Fo. We shall present both of these ways, as they each have
advantages. The first is a little more straightforward, but the second
has the pleasant feature of not relying on the choice of a quasi-invariant
measure, and it is the one we shall use in the rest of the chapter.

Here is the first construction. Let p be a strongly quasi-invariant
measure on G/H. For f,g € Fy, we define

(6.2) f, 9 = /G @ 9@ dute)

As above, this is an inner product on Fyp, so by completing Fp with
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respect to it we obtain a Hilbert space F,. Let p be the rho-function
associated to u, and let

plzy) _ dus
Az, yH) = - H z,y€G
(y)p(y) g vH) (@yed)
(cf. Theorems (2.56) and (2.59)). We define operators II,(z) on Fy for

z € G by
[M.(2)f](y) = VAz~1,yH) f(z"'y).

Then

@), (@b = [ My 0D, 0™ ) disu)

- / (), 9(0))o du(yH) = (£, G

so I1,(z) extends to an isometry of F,, which is actually unitary since
II,(Fo) = Fo. It follows from Proposition (6.1), as in the case of an
invariant measure, that II,(z) is strongly continuous in £ on Fp and
hence on ¥, so II, is a unitary representation of G.

I1,, depends on the choice of y, but its unitary equivalence class does
not. If u' is another strongly quasi-invariant measure, and p and p
are the rho-functions associated to u and p', then du' = ¢ dyp where
¢(zH) = p'(z)/p(z), by Theorem (2.59) and its proof. The map f —

0'/p f is a bijection of Fy (here we are using the fact that p’ and p are
continuous!); it extends to a unitary isomorphism from F, to F, since
Jé|f1?du = [|f|?dv, and we have

M=) (V775 F)l(y) = ,/%;;” @ 'y) = W p M (2) 1 (9).

Hence f — \/p'/p f is a unitary equivalence of I1,- and I1,. Any of the
representations II, may be called the representation of G induced by
the representation o of H and denoted by ind$ (o).

Remark 1. Our construction of F,, as the completion of a space of
continuous functions finesses most technical problems associated with
the study of measurable vector-valued functions, but it is occasionally
important to note that ¥, can be identified with a space of H,-valued
functions on G, in which two functions are identified if they are equal
locally a.e. Namely, if f € F,, pick a sequence {f,}§° in Fo such
that ||f, — f|| < C27" for some C,e > 0. Then > 1°||fa — fr-1ll <
205 7727 < o0, hence 317 || fn(z) — fro1(@)]ls < oo for every z
except those in a set of the form ¢~!(E) where u(E) = 0. But then the
series fo(z) + Y1 [fn(z) — fn-1(z)] converges in H, to an element f(z)
for all z ¢ ¢~'(E). (If it converges for some zo, it does so for all z in
the coset o H.) Moreover, f(z) is independent of the choice of sequence
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{fr}, since any two such sequences can be combined to yield a third one;
and ¢~1(E) is locally null by Theorem (2.64). Hence we can identify f
with the locally a.e.-defined function z — f(z), and the formula (6.2)
for the inner product continues to hold for such functions. Moreover, if
¢ C(G ) the integral [ ¢(z)f(z)dz makes sense: it can be defined as
lim [ ¢(z) fn(z) dx with f, as above

Remark 2 Suppose there is a Borel cross-section for G/H in G, i.e.,
a Borel set M C G that meets each coset of H in exactly one point.
(This is always the case if G is second countable; see §2.7.) Then each
z € G can be written uniquely as z = zpyzy with zpr € M and 24 €
H; each f € Fy is completely determined by its restriction f = f|M;
and a quasi-invariant measure x on G/H yields a measure i on M by
L(E) = p(g(E)). The map f — f gives a unitary identification of F,
with the space of H,-valued functions on M that are square-integrable
with respect to g, and under this identification the representation II,,
turns into

[, (2)1f (W) = VAL yH) o((z™ y)u) " F((z7 y) ).

This gives another realization of induced representations that is often
useful.

We now give the second, “intrinsic” construction of the induced repre-
sentation, which starts with a modification of the space Fy. Namely, let
F0 be the space of continuous functions f : G — H, such that g(supp f)
is compact and

(6.3) f(=€) = o€ )f(z) (z€G, e H),

where Ag and Ay are the modular functions of G and H.

(6.4) Proposition. Ifa: G — H, is continuous with compact support,
then the function

(65) i) = [ 1/ 5B otmaten)dy

belongs to Fy and is uniformly continuous on G. Moreover, every ele-
ment of Fy is of the form f, for some a € C.(G, H,).

Proof: Essentially identical to the proof of Proposition (6.1). |
* We recall the canonical map P : C,(G) — Co(G/H) defined in §2.6:

p(zH) = /H $(2€) dt

If f € F°, then z — |f(2)||? satisfies all the requirements for a rho-
function on G except that it may not be strictly positive. Positivity
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is not needed, however, in the proof of Lemma (2.55), so that lemma
together with Proposition (2.48) implies that

Pé — /G s@f@)2dz (¢ €Ca(G))

is a well-defined positive linear functional on C.(G/H). Hence there is
a Radon measure p; on G/H such that [ Podus = [¢||f||% forall ¢ €
C.(G). Since [¢|fl|2 = 0 if supp ¢ Nsupp f = B, supp p; is contained
in g(supp f) and hence is compact. In particular, p;(G/H) < oo.

It now follows by polarization (see Appendix 1) that if f,g € F°,
there is a complex Radon measure ps, on G/H such that

/ Pédusy = / K@) (f(@), 6(@)edz (¢ € C(G)),
G/H

namely psg = 5(lfrg — Big + ilifrig — ilf—ig). We define
{f,9) = 1s,4(G/H).

It is an easy exercise to verify that (f,g) — (f,g) is an inner product
on FY; we denote by F the Hilbert space completion of F°. For future
reference we note that the norm of f € F° may be computed as follows:
by Lemma (2.47) there exists ¢ € C.(G) such that P¢ = 1 on ¢(supp f);
then

(6. 117 = [ s@Is@ .
For z € G we define the operator II(z) on F° by

[N(2)f)(y) = flz""y).

Then II(z) is bijective on F°, and since the map P commutes with left
translations,

/ Pi(p) dpziar; (p) / 1f @ W)I2() dy
G/H
- /G 1F @)L o1 6(y) dy
=/P(LI—1¢)d;Lf=/P¢(5'3P)dl‘f(l7)-
G G

Thus pri(z)s is the translate of ¢ by x, so
() £I1? = praays(G/H) = (= (G/H)) = ps(G/H) = | £

In short, II(x) is an isometry, so it extends to a unitary operator on
F. The resulting unitary representation of G on F is the intrinsic
version of the induced representation ind% (o). (Note that if G/H
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has an invariant measure p, then by Theorem (2.49), F° = F, and
dug(zH) = ||f(2)||2 du(zH), so the present definitions of F and the
induced representation coincide with the ones given earlier.)

To complete the picture, we show that II is unitarily equivalent to the
representation II, defined in terms of a strongly quasi-invariant measure
i Let p be the rho-function associated to p. Then f — ,/p f maps Fy
onto F?; we claim that this map extends to a unitary map from F, to
F that intertwines II,, and II.

Suppose f € Fy. By Lemma (2.47), we can choose ¥ € C.(G) such
that PU = 1 on a neighborhood of g(supp f), and we can then choose
¢ € C.(G/H) such that ¢ = 1 on ¢(supp f) and P¥ =1 on supp ¢. Let

$(g(2))¥(x)
P¥(q(z))

Then & € Ce(G), P® = ¢, and P[8]I()]12] = | f(-]12 (the quantity on
the right being regarded as a function on G/H). Hence,

O(z) =

1%, = /G @I duta)
- / (@) |1f(@)|2p(z) da
G
- / du s =1V fIZ,
G/H

since ¢ = 1 on suppu, /5 5. Hence f — /p f extends to a unitary map
from F, to F. Finally,

[[(z)(ve = Vp(z~'y) fz™'y)

_\/_1/ z7ly
=\/E[Hu:’:

so f — /p f intertwines II,, and II.

In view of the remark following the construction of II,, the space F
(defined as the completion of F°) can be identified with a space of H,-
valued functions on G, in which two functions are identified if they are
equal loca.lly a.e. — namely, F = {\/pf : f € F,} — and the integral
J ¢(z) f(z) dz is well defined for ¢ € C.(G) and f € F.

For later use, we now derive some facts about a useful subset of F,
namely the set of functions f, obtained by taking a to be of the form
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a(z) = ¢(z)v (¢ € Cc(G), v € Hy) in (6.5). That is, if ¢ € C.(G) and
v € H,, we define

(67) foule) = [ /32D anotnvan

(6.8) Proposition. Let D be a dense subspace of H,.

a. {fov(x0) : ¢ € Cc(G), v € D} is dense in H,, for all zo € G.
b. The linear span of {fs : ¢ € Cc(G), v € D} is dense in F.

Proof: By the Tietze extension theorem, there is a family {¢y} in
C.(G) such that {yy|H} is an approximate identity on H. If we set
¢u(z) = Yu(zy'z), then, it is easily verified that fg, ,(zo) — v as
U — {1}. This proves (a).

To deal with (b), we first observe that for any compact K C G there
is a constant C'x > 0 such that sup, ¢ || fa(2)lle < Ck sup e ||a(z)|ls
for all a € C.(G,H,) supported in K, where f, is given by (6.5). In-
deed, if x € K the integral over H.in (6.5) can be replaced by the
integral over the compact set H N (K~'K), which yields ||fo(z)|l, <
Ck supyeg lla(y)llo for € K. But then the same estimate holds for
z € KH since fo(z€) = 0(€71)fa(z), and fo(z) =0 for z ¢ KH.

Now, to prove (b) it suffices to show that any f € F° can be approxi-
mated by linear combinations of f, ,’s, and by Proposition (6.4) and the
above remarks it is enough to show that any a € C.(G, H,) can be uni-
formly approximated by functions of the form 8(z) = 37 ¢;(x)v; where
v; € D and ¢; € Cc(G) is supported in a fixed compact neighborhood N
of supp « for each j. But this is easy: given ¢ > 0, a standard partition
of unity argument shows that there exist continuous ¢y, ..., ¢, € C.(G)
supported in N such that 0 < Y 7¢; <1, >T¢; =1 on suppa, and
la(z) — a(y)llo < %€ for z,y € supp ;. For each j, pick z; € supp ¢;
and pick v; € D such that |a(z;) — vills < 3e. If B(z) = 37 ¢;(2)v;,
then

sup [la(z) = Bl = sup | 3 ¢ @la@) ~ vil| | <sup Y- 5@ =,

so we are done. 1

For future reference we record the following simple but important
observations, whose proof we leave as an exercise for the reader.

(6.9) Proposition. If o and o' are equivalent representations of H,
then ind§ (o) and ind$(o') are equivalent representations of G. If {o;}
is any family of representations of H, then ind$ (€D 0;) is equivalent to

@ 1ndg (0'1') .
We conclude this section by giving a more geometric interpretation of
the space Fy. This interpretation will not play much of a role here, but
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it is of great importance in applications because it is the way in which
many induced representations arise naturally in practice.
Define an equivalence relation on G x H, by

(z,u) ~ (2€,0(6~")u) for all € € H,

and let V be the set of equivalence classes. The projection (z,u) — z of
G x 'H, onto G induces a projection p: V — G/H. For each T € G/H,
let V& = p~!1({Z}) be the fiber over Z. Each V& has a natural structure
as a Hilbert space isomorphic to H,. Namely, if we fix z € ¢7(Z), the
map taking u € H, to the equivalence class of (z,u) is a bijection from
H, to V&, by means of which we can transfer the Hilbert space structure
of H, to V&. If we choose a different z, say ' = €, we get the same
Hilbert space structure on V& since o(£) is unitary. Moreover, if f € Fy
we have (z, f(z)) ~ (z€, f(z€)) for all £ € H, so f can be regarded
as a map from G/H to V whose value at any T € G/H, namely the
equivalence class of (z, f(z)) for z € ¢7!(Z), lies in the fiber over Z.

Therefore, V' is a vector bundle over G/H and Fy can be regarded
as the space of compactly supported continuous sections of V. (We are
glossing over one technicality, the question of local triviality, because it
plays no role here; but see §6.8.) Conversely, suppose V is a homoge-
neous Hermitian vector bundle over G/H: this means that the fibers
are Hilbert spaces and that the action of G on G/H lifts to an action
of G as bundle automorphisms of V' that are unitary on the fibers. The
latter action, restricted to H, preserves the fiber Vj over the identity
coset and defines a unitary representation o of H on V5. The preced-
ing calculations, done in reverse, shows that the continuous sections of
V can be identified with continuous mappings f : G — V; such that
f(z€) = (¢ 1)f(z), and hence that the set of compactly supported
ones can be identified with the space Fy. Finally, if u is a strongly
quasi-invariant measure on G/H, F,, can be identified with the space of
sections of V' that are square-integrable with respect to u.

Replacing Fy by F° amounts to taking the tensor product of V
with the bundle of “half-densities” on G/H, that is, the line bundle
associated to the one-dimensional (non-unitary) representation p(£) =

Ac(€)/Ay(E) of H. When G/H admits an invariant measure, this
is the trivial line bundle; otherwise, it precisely compensates for the
absence of an invariant measure.

In short: representations of G induced from H are the representations
of G on sections of homogeneous Hermitian vector bundles over G/H.
For example, if G is a Lie group and H is a compact subgroup, then H
acts linearly on the tangent space Vp to the identity coset in G/H, and
since H is compact there is an inner product on V; that is H-invariant.
This inner product can be transported to all the other tangent spaces
by the action of G, thereby making the tangent bundle of G, or rather



160 A Course in Abstract Harmonic Analysis

its complexification, into a homogeneous Hermitian vector bundle. The
invariant inner product defines a unitary representation o of H on the
complexification of Vp, and ind§ (c) is the natural representation of G
on the complex vector fields on G/H.

6.2 The Frobenius Reciprocity Theorem

Suppose G is a locally compact group and H is a closed subgroup. Any
unitary representation of G' can be restricted to H, and any unitary
representation of H can be induced up to G. There is a remarkable
relationship between these procedures, which for compact groups is em-
bodied in the following theorem.

(6.10) The Frobenius Reciprocity Theorem. Let G be a compact
group, H a closed subgroup, n an irreducible unitary representation of
G, and o an irreducible unitary representation of H. Then

C(m,ind§ (o)) = C(n|H,0) and mult(r,ind$(s)) = mult(s, 7| H).

Proof: It suffices to prove the first assertion, as the second one then

follows from Proposition (5.4) and the fact that the map S — S* is an
" antilinear isomorphism from C(n|H, g) to C(o, n|H).

Let IT = ind$ (¢). Since G/H admits an invariant measure (because
Ag =Apg =1) and d, = dimH,, is finite (Theorem (5.2)), the simplest
construction of II will work. Namely, let L?(G,H,) be the space of
square-integrable H,-valued functions on G. The space F on which
II acts is the subspace of L%(G,H,) consisting of those f such that
f(z€) =a(€ 1) f(z) for € G and € € H, and II is a subrepresentation
of the left regular representation of G on L%(G,H,). Moreover, the latter
is just the direct sum of d, copies of the left regular representation of
G on L%(G). If T € C(m,II), then, the range of T lies in the direct sum
of d, copies of & by the Peter-Weyl theorem, and the elements of &
are all continuous. Hence, if f is in the range of T' it makes sense to
evaluate f pointwise.

Let E : C(G,H,) = H, be evaluation at 1: Ef = f(1). We claim
that the map T — ET is an isomorphism from C(r,II) to C(n|H,0).
First, if T € C(m,II),v € Hy,and £ € H,

a(€)ETv = o(§)[Tv(1)] = Tw(€™!) = [[I()Tw](1)
= T[n(§)v|(1) = ETn(£)v,
so ET € C(r|H, o). Next, if ET = 0, then for any z € G and v € H,,
0 = [Tx(z~"W](1) = [(z~")Tv])(1) = Tv(z),
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so T'=10. Thus T — ET is injective, and it remains to show that it is
surjective. If S € C(n|H,0), define T : H, — L%(G,H,) by Tw(z) =
S|m(z~!)v]. We claim that T € C(w,II) and S = ET. Indeed, if z € G
and £ € H,

Tv(z€) = S[n(¢™n(a™ ] = o€ 1) S[n(z™ )] = o(€~") Tv(z),
so Tv € F. Moreover,
[[(y)Tv)(z) = Tv(y~'2) = Sln(z™")n(y)v] = Tln(y)vl(z),
so T € C(n,II). Finally, ETv = Tv(1) = Sv,s0o S = ET. 1

The Frobenius Reciprocity Theorem, in connection with Proposition
(6.9), furnishes a powerful tool for determining the irreducible compo-
nents of an induced representation of a compact group. Here are a few
simple examples.

Example 1. If ¢ is the trivial representation of the trivial subgroup
H = {1}, then ind§ (o) is the ordinary left regular representation of
G. If [n] € G, mult(o, n|H) clearly equals dr, so Frobenius reciprocity
recaptures part of the Peter-Weyl theorem: each [r] € G occurs in the
regular representation with multiplicity equal to its dimension.

Example 2. Take G to be SO(3), H the subgroup that leaves the
point (1,0,0) fixed, and o the trivial representation of H on C. Then
G/H can be identified with the unit sphere $2 ¢ R3, and ind$ (o) is
the natural representation of SO(3) on L?(S?) by rotations. To analyze
this situation, let us replace SO(3) by its double cover SU(2). The cal-
culations preceding Theorem (5.41) show that the subgroup H of SU(2)
corresponding to H is the group {F() : § € R} given by (5.29). More-
over, with the notation of §5.4, m,,,(F())(z7w™=7) = e{m=2)0zdyym=7,
so the characters of H & T that occur in 7, | H are e{™m=21 0 < j < m.
Thus, the trivial representation occurs in m,,|H with multiplicity 1 if m
is even and does not occur if m is odd. Frobenius reciprocity therefore
tells us that the natural representation of SU(2) on L?(S?) is the di-
rect sum of subrepresentations equivalent to mo, £ = 0,1,2,..., each
occurring with multiplicity one. By Corollary (5.42), this means that
each irreducible representation px of SO(3) occurs in its representation
on L%(S5?) with multiplicity one. The subspaces Hy, of L%(S5?) on which
these representations occur are the spaces of spherical harmonics of de-
gree k on S2. (See, for example, Stein and Weiss [115].)

Example 3. Let G and H be as in Example 2. H acts on the tangent
plane to S? at the point (1,0,0) (essentially the yz-plane in zyz-space)
by rotations,

(6.11) (y,2) — (ycosf — zsind, ysinf + 2cosb).

Let o be the unitary representation of H on C? defined by (6.11); then,
as explained at the end of §6.1, the induced representation indg(o') is
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the natural representation of SO(3) on the complex vector fields on
S%. o is reducible: the invariant subspaces of (6.11) are the spans of
(1, 41), with eigenvalues e¥*. Hence, by Proposition (6.9), ind% (o) is
the direct sum of the representations induced by the characters et of
H. Since passing from H to its double cover H in SU(2) amounts to
replacing 6 by 20, the same considerations as in Example 2 show that
each irreducible representation pi of SO(3) as in Corollary (5.42) occurs
with multiplicity 2 in ind$ () — once for the character € of H, and
once for e~% — except for the trivial representation pg, which does not
occur at all.

We can identify the irreducible subspaces as follows. First, the Eu-
clidean metric allows us to identify vector fields on $? with differential
1-forms. The exterior derivative d maps functions to 1-forms and com-
mutes with the action of SO(3), so by Schur’s lemma it is either zero or
an isomorphism on each irreducible subspace. The only functions f such
that df = O are the constants, corresponding to the trivial representa-
tion po. Hence, for k > 0, the image d(H) of the spherical harmonics of
degree k under d is a space of 1-forms on which SO(3) acts by px. More-
over, if w is the 2-form on S? giving the Euclidean element of area, the
map f — fw is a bijection from functions to 2-forms that commutes with
the action of SO(2), so the space of 2-forms decomposes as @g° Hrw.
The co-differential d* maps 2-forms to 1-forms and commutes with the
action of SO(3), and its kernel is How, so for each k > 0, d*(Hyw) is
another space of 1-forms on which SO(3) acts by px. The spaces d(Hy)
and d*(Hyw) are mutually orthogonal since d? = 0, so the irreducible
decomposition of the space of 1-forms is @7 [d(Hi) @ d*(Hiw)].

Similar considerations, together with a knowledge of the representa-
tions of SO(n), enable one to write down the decomposition of the spaces
of differential forms on the unit sphere in R™ under the natural action
of SO(n), for any n; see Folland [41].

——
6.3 Pseudomeasures and Induction in Stages

In §3.3 we explored the relationship between functions of positive type
on a group G and unitary representations of G. We now present a
generalization of these ideas which is useful for the theory of induced
representations. '
Let X be a locally compact Hausdorff space. If K is a compact subset
of X, let Cx(X) be the space of continuous functions on X supported
in K; this is a Banach space under the uniform norm. The space C,(X),
being the union of these Banach spaces, inherits a natural inductive limit
topology. The definition and properties of this topology can be found
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in Bourbaki [16, §I1.4.4]. (See also Rudin [108], where the similar space
CX(R™) is discussed.) All we need to know about it are the following
facts concerning continuity of maps, in which X and Y denote locally
compact Hausdorff spaces and the topology on the spaces Ck (X) is that
of the uniform norm.

i. A linear functional on C.(X) is continuous if and only if its restric-
tion to Ck (X) is continuous for each compact K C X.

il. A linear map T : C.(X) — C.(Y') is continuous if for every com-
pact F' C X there is a compact K C Y such that T maps Cp(X)
boundedly into Ck (Y').

ili. A bilinear map B : C.(X) x C.(X) — C.(Y) is continuous if for
every compact F, F' C X there is a compact K C Y such that B
maps Cp(X) x Cp/(X) boundedly into Ck (V).

iv. Amap ¢: X — C,(Y) is continuous if for every compact F C X
there is a compact K C Y such that ¢ maps F' continuously into

Cx(Y).

We shall call a continuous linear functional on C.(X) a pseudomea-
sure. (There seems to be no standard name for these functionals in the
literature except among the disciples of Bourbaki, who call them simply
“measures.”) For example, every positive Radon measure g on X de-
fines a pseudomeasure by u(f) = [ fdu, and the Riesz representation
theorem says that every positive pseudomeasure arises in this fashion.
More generally, if A is a positive Radon measure and ¢ is a locally -
integrable complex function, u(f) = [ féd is a pseudomeasure. A
similar but slightly more complicated description is also available for
general pseudomeasures, as follows.

Suppose that for each compact K C X we are given a complex Radon
measure px on K such that if K’ C K, ug is the restriction of ug to
the Borel subsets of K’. Such a collection {ux} defines a pseudomea-
sure p by p(f) = [fduk for all f € Cx(X). Conversely, if p is a
pseudomeasure and K is a compact set in X, choose a compact neigh-
borhood V' of K. The restriction of u to Cy(X) can be extended via the
Hahn-Banach theorem to a continuous linear functional on C(V'), which
is given by a complex Radon measure on V. Let px be the restriction
of this measure to the Borel subsets of K. It is easily verified that pg
is independent of the choice of V and the Hahn-Banach extension, and
it is then immediate that uy is the restriction of pux to subsets of K’
when K’ C K and that u(f) = [ fduk for all f € Cx(X).

In short, pseudomeasures can be handled much like measures, and
such results as Fubini’s theorem can be applied, as long as one only
integrates functions of compact support. We shall use the notations
p(f) and [ fdp indifferently for the action of a pseudomeasure 4 on a
function f € C.(X).
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Now let G be a locally compact group. By (ii) and (iii) is easily
checked that the involution f — f* (where f*(z) = A(z7!)f(z71))
and convolution (f,g) — f * g are continuous operations on C.(G), so
they make C.(G) into a topological x-algebra. A pseudomeasure y is
said to be of positive type if it is positive with respect to this algebra
structure, that is, if

u(f* = f) > 0 for all f € C(G).

For example, if ¢ € L>™°(G) is a function of positive type and A is left
Haar measure, then u(f) = [ f¢d\ is a pseudomeasure of positive type.
(These are the pseudomeasures of positive type that extend continu-
ously to L}(G).) Another example is provided by the point mass at the
identity of G.

The construction that led from functions of positive type to unitary
representations in §3.3 works equally well for pseudomeasures. Namely,
suppose p is a pseudomeasure of positive type. Then

(£,9)u = u(g" * f)

is a positive semi-definite Hermitian form on C.(G). Upon factoring out
the nullspace {f € C.(G) : u(f*  f) = 0} one obtains an inner product
space that can be completed to form a Hilbert space H,,. Since

(Lo f)" * (Lo f)(w) = / A Y@ ) f(@ ) d
(6.12) - / F@ 1) f(z zy) dz = / ) f (2v) dz

- / PO ) dz = £ 5 f(y),

the map f — L. f induces a unitary operator m,(z) on H,. One clearly
has m,(z)7,(y) = mu(zy), and  — m,(z) is strongly continuous because
z — L, f is continuous from G to Cc(G) and p is continuous on C.(G).
Hence 7, is a unitary representation of G on H,,.

When pu comes from a function of positive type as described above,
this construction coincides with the one in §3.3. (The reader may verify
that L!(G) could be replaced by C.(G) there without changing anything
essential.) However, functions of positive type yield only cyclic represen-
tations, as Proposition (3.20) shows, whereas pseudomeasures can yield
more general representations. For example, let ;1 be the point mass at
the identity; then

u(f*  f) = / A YFT D) dy = / T/ () dv,

so H,, = L*(G) and m, is just the left regular representation of G. By
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Proposition (4.71), this representation is not cyclic when G is Abelian
and G is not o-compact.

The reason for the suitability of pseudomeasures in the theory of in-
duced representations is that one can easily relate pseudomeasures on a
closed subgroup to pseudomeasures on the whole group. Namely, if H
is a closed subgroup of G, any pseudomeasure g on H defines a pseu-
domeasure z on G by i(f) = p(f|H). We shall call i the injection of
4 into G. With this in mind, we come to the main result of this section.

(6.13) Theorem. Suppose G is a locally compact group and H is a
closed subgroup, with modular functions Ag and Ay. Let 1 be a pseu-
domeasure of positive type on H, let o,, be the associated unitary rep-
resentation of H, and let v be the injection of \/Ag /Ay 1 into G, i.e.,
the pseudomeasure on G defined by

_ Ag(€)
n=[ zZ51e
Then v is of positive type, and the associated unitary representation .,

of G is unitarily equivalent to the induced representation II = indg(o'#).

Proof: If f € C.(G), define a continuous map Uf : G — C.(H) by

IO = | 558 /@0
and (by Lemma (2.47)) choose h € C.(G) such that [, h(yn)dn = 1 for

y € (supp f)H. We then have

eone ([ Ac(§)
ur =0 = [[Twise | 552 duduce
= [[[ munTais e 3 dndyaute)

Substituting yn~! for y and then ~! for 5, we obtain

rx = [[[ mTmsne, 355

Aol ;dn dydu(e)

/ / @) [(UF@)* * UF)](€) dydu()
= / W)U )" *UF()] dy



166 A Course in Abstract Harmonic Analysis

This shows immediately that the positivity of x implies the positivity
of v. Moreover, if we regard Uf(y) € C.(H) as an element of the
Hilbert space H,, for the representation o, then: (i) its norm is given
by [UFW)IIZ = u[(Uf(w))**U f(y)]; (i) Uf is an element of the Hilbert
space F for the intrinsic version of the induced representation IT; (iii) in
view of (6.6) and the fact that (suppU f)H = (supp f)H, we have

V(f*x ) = / hy)u[(UF@))* * U S ()] dy = U )12

In other words, U defines an isometry from the Hilbert space H,, for =,
into the Hilbert space F. Also, we clearly have

Ul (2)f)(y) = ﬁ—jf(x-lyc)) - M@V A),

so U intertwines 7, and II

It therefore remains to show that U is surjective, and it is enough to
show that the range of U is dense. Given ¢ € Cc(G) and v € C.(H),
define f € C.(G) by

_ Ac(n) -1
0= [ 3B sanutn

U F(@)](€) \/ / \[ Z (wen)o(n~") dn
R

But this is [fs,,(2)](£) in the notation of (6.7), with o = 0,,, so the range
of U is dense by Proposition (6.8). 1

Then

As an immediate corollary of Theorem (6.13), we obtain the theorem
on “induction in stages,” one of the fundamental results of the subject.

(6.14) Theorem. Suppose H is a closed subgroup of G, K is a closed
subgroup of H, and o is a unitary representation of K. Then the repre-
sentations ind% (o) and ind$ (ind% (0)) are unitarily equivalent.

Proof: First suppose that ¢ arises from a pseudomeasure y of pos-
itive type on K. Let v be the injection of /Ay /Ak p into H. The
desired result follows immediately from Theorem (6.13) and the obvi-
ous fact that the injections of \/Ag/Ak 1 and \/Ag/Apg v into G are
equal.

Now, any representation of K is a direct sum of cyclic representations
by Proposition (3.3), and every cyclic representation is equivalent to
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one that arises from a pseudomeasure (in fact, a function) of positive
type by Corollary (3.24). An application of Proposition (6.9) therefore
completes the proof. ]

6.4 Systems of Imprimitivity

Let G be a locally compact group. A system of imprimitivity on G
is an ordered triple ¥ = (m, S, P) consisting of:

I1. a unitary representation 7 of G on a Hilbert space H,
I2. a G-space S, and

I3. a regular H,-projection-valued measure P on S such that

(6.15)  w(z)P(E)n(z)"! = P(zE)forallz € Gand EC S.

(Recall that we have defined a G-space to be a locally compact Haus-
dorff space equipped with a continuous left G-action. One can increase
the generality here a bit by taking S to be a measurable space on which
G acts measurably. However, we shall have no reason to consider exten-
sions of this sort.)

The definition we have just given is standard, but there is another
equivalent one that is often technically easier to work with. The projec-
tion-valued measure P determines a nondegenerate x-representation M
of the C* algebra Co(S) on Hn, namely M(¢) = [$dP. Since (6.15)
can be re-expressed as

(6.16) n(z) dP(s) n(z) ! = dP(xs),
we clearly have
(6.17) n(x)M(¢)n(z~"') = M(L,¢), where L, ¢(s) = ¢(z~'s).

Conversely, suppose M is a nondegenerate x-representation of Cyp(S) on
Hr satisfying (6.17). By Corollary (1.55), M determines a regular H-
projection-valued measure P on S such that M(¢) = [ ¢ dP for all ¢ €
Co(S). This P satisfies (6.15). Indeed, if z € G, E — n(z)P(E)n(z)"!
is the projection-valued measure associated to the x-representation ¢ —
n(z)M(¢)m(z)~!, whereas E — P(zE) is the projection-valued measure
associated to the *-representation ¢ — M(L,¢). Since these represen-
tations are equal, (6.15) follows from the uniqueness of the projection-
valued measure in Corollary (1.55).

In short, a system of imprimitivity can be thought of as an ordered
triple (m, S, M) where 7 and S are as in (I1) and (I2), and
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I3’. M is a nondegenerate x-representation of Co(S) on H, satisfying
(6.17).

We shall employ whichever of these definitions seems more convenient,
and we shall simply use the notational distinction between the letters
P and M to indicate which one we are using. (This practice, while
potentially hazardous, will cause no confusion for us.)

A representation r is called imprimitive if it belongs to a nontrivial
system of imprimitivity, that is, one in which S is not a single point;
otherwise 7 is primitive.

Every reducible representation is imprimitive. Indeed, let A be a
commutative C* subalgebra of C(m) (e.g., the algebra generated by a
self-adjoint element of C(7)), and let S be the spectrum of A. If M :
Co(S) — A is the inverse of the Gelfand transform on A4, we have
M(¢) € C(m) for all ¢ € Co(S), i.e., m(z)M(¢)n(z)~! = M(¢) for all
z € G. (w,5, M) is therefore a system of imprimitivity if we endow S
with the trivial G-action (zs = s for all z and s).

More interestingly, every induced representation is imprimitive. Let
H be a closed subgroup of G and let ¢ : G — G/H be the quotient map.
If o is a representation of H, the Hilbert space F for ® = ind$ (o) is
the completion of the space F° of continuous H,-valued functions on G
satisfying (6.3) and such that g(supp f) is compact. If ¢ € Co(G/H)
and f € F°, it is obvious that (¢ o q)f € FO and that ||(¢ o ¢)f|lx <
|llsupl fll=. Hence, if we set

M(¢)f = (¢09)f,

M is a x-representation of Co(G/H) on F that is clearly nondegenerate,
and

7r(95)1\’[(@5)#(35)_1f(y) M(¢)n(z)~ flz™'y)
o(a(z™'y)) f(v)
= M(Lx¢)f(y)

Thus (®,G/H, M) is a system of imprimitivity, called the canonical
system of imprimitivity associated to ®.

It is clear what the associated projection-valued measure for this sys-
tem of imprimitivity is: it is given by P(E)f = (xg o ¢)f. From our
definition of F as the completion of F°, however, it is not immediately
obvious that multiplication by xg o ¢ preserves F. (It certainly doesn’t
preserve F0 in general!) Our use of the representation M rather than
the projection-valued measure P neatly finesses this technical problem.

Various notions associated to unitary representations have analogues
for systems of imprimitivity. For example, two systems of imprimitivity
(r,S,M) and (n’, S, M’) (with the same S) are (unitarily) equiva-
lent if there is a unitary U : Hy — M such that Un(z) = n'(z)U
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for all € G and UM (¢) = M'(¢)U for all ¢ € Co(S). (This con-
dition on M, M’ is equivalent to the following condition on the asso-
ciated projection-valued measures: UP(E) = P/(E)U for all E C S.)
If ¥ = (m,S,M) (or (m,5,P)) is a system of imprimitivity, a closed
subspace M of H is called invariant under T if it is invariant under
all the operators m(z) and M(¢) (or, equivalently, under all the oper-
ators m(z) and P(FE)). Also, if {(m;, S, M;)}icr is a family of systems
of imprimitivity, all with the same S, their direct sum is the system
(m, S, M) where n(z) = @m;(z) and M(¢) = @ M;(¢), acting on the
Hilbert space @ H,,. Reciprocally, if (7, S, M) is a system of imprimi-
tivity and H, is the orthogonal sum of invariant closed subspaces M;,
we can regard (w,S, M) as the direct sum of the systems (n;,S, M;),
where m;(z) = n(z)|M; and M;(¢) = M(¢)|M,.

Just as unitary representations of G give rise to representations of the
group algebra L!(G), systems of imprimitivity (=, S, P) on G give rise
to representations of an algebra L(S x G) which we now describe. Let S
be any G-space. As a vector space, L(S x G) is simply C.(S x G). The
product is a type of convolution,

fxg(s,z)= /Gf(s,y)g(y“s,y”‘x) dy,
and the involution is given by
f*(s,2) = fa~1s,z71)A(z™),

where A is the modular function of G. When L(S x G) is equipped
with the usual inductive limit topology of C.(S x G), the operations
(f,9) — fxgand f — f* are easily seen to be continuous and to satisfy
all the usual algebraic properties, so that L(S x G) is a topological *-
algebra. (The interested reader may also verify that the completion of
L(S x G) with respect to the norm

= d
Tl /G sup|f(s,)] da

is a Banach x-algebra. We shall have no need to consider this larger
algebra, although it provides a more exact analogue of the group algebra
LYG).)

Suppose now that ¥ = (n, S, M) is a system of imprimitivity on G. If
f € L(SxG), M[f(-,z)] is a bounded operator on H, which is compactly
supported and continuous in the norm topology as a function of z. If
v € Mg, then, M[f(-,z)]n(z)v is a continuous, compactly supported
‘H .-valued function of z, and we can integrate it to dgtain a vector

To(fp = [ MISC. D@
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If the projection of supp f C S x G onto G is contained in a compact
set K, we have

[T=()vll < | K] sup IMIFC el < 1K fllsup ]l

Hence T, is a continuous linear map from L(S x G) into L(H).

In terms of the projection-valued measure P associated to M, we have
M(f(-,z)] = [ f(s,z)dP(s), and hence

(6.18) Tg(f)=/GM[f(-,:I:)]w(m)d:t:/G/Sf(s,a:)dP(s)w(:v)d:v.

In view of (6.16), however, we also have

M(f(-,z)] =/f(:1:s,:1:)dP(:1:s) =7r(:1:)/f(:1:s,:1:) dP(s)m(x)™"
and hence
(6.19) Tg(f)'u:/C:w(x)[gf(xs,x)dP(s)dm.

(The use of the projection-valued measure P rather than M in (6.18)
and (6.19) is mainly a convenience for keeping track of the variables.)

(6.20) Theorem. T is a nondegenerate *-representation of L(S x G)
on H,.

Proof: First, by (6.19), we have
N= | n(x s, z-DNA(z7! s)dz
7o) = [ 7o) [ FoaAG) aP()d
= n(z™?! S, T s)dx
- [#e [ Foaapts)d

- /Gw(m)*M[f(-,m)l* dz = Tx(f)".

Next, to show that Tx(f*g) = Tx(f)Tx(g) we will need to apply Fubini’s
theorem to the operator-valued integral defining Ts(f * g). To justify
this, one can reduce to the scalar case by considering the scalar integral
defining (Tx(f * g)u,v) for u,v € H,; we leave the details to the reader.
We have

To(f+g) = /G /S /G F(s,w)9y™"s,y™'z) dy dP(s) n(z) de.

Moving the y-integral to the outside and then substituting yx for  and
ys for s, we obtain

To(f # g) = /G /G /S F(vs,v)g(s, 7) dP(ys) n(yz) dz dy.
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Now an application of (6.16) yields

Te(fxg) = / //fysy (s,x) dP(s) n(z) dz dy,

so by the multiplicativity of the spectral functional calculus and (6.19),

Te(f*9) =Lﬂ(y)L[/Sf(ys,y)dP(8)]

[/S g(s,z) dP(s)] n(z) dz dy

= [/Gﬂ(y)/sf(ys,y) dP(s) dy]Tz(g)
= Tz(f)TE(g)'

Finally, if v # 0 € H,, we can choose g € C.(G) such that n(g)v # 0,
and we can then choose h € C.(S) such that M(h)m(g)v # 0. Let
f(s,z) = g(x)h(s); then Tx(f)v = M(h)m(g)v # 0, so Ty is nondegen-
erate. 1

If S is a G-space, a pseudomeasure i on Sx G is said to be of positive
type if it is positive as a linear functional on the algebra L(S x G), that
is, if u(f** f) >0forall f e L(S xG).

For example, suppose X is a system of imprimitivity and 7% is the
associated representation of L{S x G) defined by (6.18). Then for any
v € H, the pseudomeasure p defined by

(6.21) u(f) = (Te(fHv,v)

is of positive type, for

(Te(f* * fv,v) = (Te(H) Te(fv,v) = [ Te(F)vl* > 0.

Conversely, any pseudomeasure p of positive type on S x G gives rise
to a system of imprimitivity in much the same way that a pseudomeasure
of positive type on G gives rise to a unitary representation. First, the
sesquilinear form

(f:9)u = u(g"* f)

on L(S x G) is positive semidefinite, so by factoring out its nullspace
and completing the resulting inner product space, we obtain a Hilbert
space H,,. Next, for € G we define the operator n(x) on L(S x G) by

(6.22) m(x)f(s,y) = f(z7's,z7'y).

A calculation entirely similar to (6.12) shows that

[r(z) 1" * [r(z)f] = f* % ],
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so m(z) induces an isometry m,(z) on H,. We clearly have m,(z7!) =
m,.(z)~!, and the obvious continuity of the map z — =(z)f from G to
L(S x G) easily implies the strong continuity of 7, (z) in z. In short, m,
is a unitary representation of G on H,,.

Next, if ¢ € Co(S), we define an operator M(¢) on L(S x G) by

(6.23) M(9)f(s,y) = ¢(s)f(s,y)-

(6.24) Proposition. For ¢ € Co(S), the operator M(¢) on L(S x G)
induces a bounded operator M,(¢) on H, satisfying (6.17). M, is a
nondegenerate x-representation of Cy(S) on H,,.

Proof:  We obviously have M(¢yp) = M(¢)M (). Also,
g > M@)(s,2) = [T T5 DAL ews)

(6.25) fy™ts,y7 ') dy
= [M(8)g]* * f(s,z)

and

n(@)M(@)n(z™1)f(s,y) = M(@)n(z~") f(z™'s,27"y)
= ¢(z7's)f(s,9).
From these relations it will follow that M,(¢v) = M,(¢)M.(¥) and

M,(¢)* = M,(¢) and that (6.17) holds, and nondegeneracy is obvious,
so it remains to prove the boundedness. If f € L(S x G), by (6.25) we
have

IM(@)Fllu = (M) £, AN < 1M F12I A1,
so by induction,

IM($) £l < 1M1 )FIZ IR
But

1M (61112 = / / Fs lws)?™ f(ys, vz) dy dus, )

27l+1

< o /S y /G 1 (ys, ) f(ys, y2)| dy dlul(s, )

2n+1

= Cf”¢“sup ’

SO

IM(@)fllu < CF Nl dllsupll FIL2T,
and letting n — oo we obtain [|[M(#)fllx < [|¢llsupll fllz- 1
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In short, starting with a pseudomeasure p of positive type on S x G,
we have constructed a system of imprimitivity (7., S, M,), which we
shall call the system derived from u.

To complete the circle, we have the following theorem, an analogue of
Corollary (3.24). A system of imprimitivity ¥ = (, S, M) will be called
cyclic if there is a vector v € H, such that {Tx(f)v: f € L(S x G)}
is dense in ‘H,, where T is defined by (6.18), in which case v is called
a cyclic vector for . (This is in a slightly different spirit than our
definition of cyclicity for unitary representations of G; it corresponds to
cyclicity of the associated representation of L!(G). However, it is an
easy exercise to show that the latter two notions are equivalent.)

(6.26) Theorem. Suppose & = (r, S, M) is a cyclic system of imprim-
itivity, with cyclic vector v. Let Ts. be the associated representation of
L(S x G) defined by (6.18), let i be the pseudomeasure of positive type
on S x G defined by u(f) = (Te(f)v,v), and let &, = (nu, S, M,,) be the
system of imprimitivity derived from p.. Then ¥ and X, are equivalent.

Proof: If f € L(S x G) we have
1115 = w(f* * £) = (Te(f* * fHv,v) = [Te()vll?,

so the map f — Tx(f)v induces an isometry from H,, into H,. Since v
is a cyclic vector, the range of U is dense in H,, so U is actually unitary.
By (6.19), we have

Ty (mu()f) = /G (y) /S F(z~ys, 2~ y)dP(s) dy

= [ na) [ 1ws,9)aP(s) ay = x(@)Ts(1),
G S

from which it follows that U intertwines m, and 7. Moreover, if ¢ €

Co(S),
Te[M,(6)f] = /G M{$f(-,2)]n(z) de

- /G M(@MIf(, z)n(z) dz = M($)Tx(f),

and hence UM, (¢) = M(¢)U for ¢ € Co(S). 1

We therefore have a natural correspondence between cyclic systems
of imprimitivity (m, S, M) on G and pseudomeasures of positive type on
S x G. These results apply to arbitrary systems of imprimitivity via the
following result, an analogue of Proposition (3.3).

(6.27) Proposition. Every system of imprimitivity ¥ = (7, S, M) is a
direct sum of cyclic systems of imprimitivity.
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Proof: Since Tx(f)* = Tx(f*), the orthogonal complement of a sub-
space of H, that is invariant under all the operators Tx(f), f € L(Sx G)
is likewise invariant. A routine application of Zorn’s lemma then shows
that there is a maximal collection {v;} of unit vectors in H, such that
the closures M; of the spaces {T=(f)v; : f € L(S x G)} are mutually
orthogonal. We then have H, = @ M; by maximality, and it remains
to show that each of the spaces M; is invariant under all the operators
n(z) and M(4). But by (6.19),

w@ﬂaﬁ=lfuwéﬂwwmmﬂ@

= /Gﬂ(y)/sf(m“ys,m“y) dP(s)dy
=T2(f:c)a

where f,(s,y) = f(z7's,z7'y), so M; is invariant under n(z). More-
over, if ¢ € Cy(5),

M@Rm=LM@meme=Rwﬂ

(where (¢f)(s,z) = ¢(s)f(s,z)), so M; is invariant under every
M(9). [

6.5 The Imprimitivity Theorem

A system of imprimitivity (, S, M) on G is called transitive if S is a
homogeneous space of G, that is, if $ = G/H for some closed subgroup
H of G. For example, the canonical system of imprimitivity associated
with any induced representation is transitive. The principal object of
this section is to prove that every transitive system of imprimitivity is of
this form, and moreover to give a useful characterization of the operators
that commute with the operators in a transitive system of imprimitivity.
Since we shall need the latter result to prove uniqueness in the former
one, we present it first.

Let ¥ = (m,S,M) (or (n,S,P)) be a system of imprimitivity. The
commutant of T is the set C(X) of all T € L(H,) that commute with all
the operators n(z) and M(¢) (or equivalently, with all 7(z) and P(FE)).
Just as with unitary representations, a closed subspace A is invariant
under ¥ if and only if the orthogonal projection onto M belongs to C(X)
(see Proposition (3.4)).

Suppose H is a closed subgroup of G and ¢ is a unitary representation
of H. Let II = ind%(c) be the intrinsic version of the representation
induced from o, and let ¥ = (II, G/H, M) be the canonical system of
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imprimitivity associated to II. As usual, we denote the Hilbert space
on which II acts by F and the space of continuous H,-valued functions
of which it is the completion by F°, and we denote the quotient map
G — G/H by q. If T € C(0), define the operator T on F° by

[Tf)(2) = T|f(=)].

T maps F? into itself since T commutes with every o(¢), and~f extends
to a bounded operator on F such that |T|| < ||T| since |[Tf(z)|l, <
ITI f(z)||o for all z € G. Moreover, it is obvious that T' commutes
with left translations and with multiplication by functions in Co(S); in
other words, T' € C(X). Our first main result is the following.

(6.28) Theorem. With notation as above, the map T — T is an iso-
metric x-isomorphism from C{a) to C(X).

Proof: It is trivial to verify that (ST)™ = ST and that (T*)" = (T)*,
and we have already observed that ||T|| < [|T||. We next show that
IT|l > |IT|l, so that T — T is an isometry.

Given ¢ > 0, we can choose a unit vector v € H,, such that |Tv|, >
(1 — )|IT||. By Proposition (6.8a), there is an f € F° such that
If(1)]|l < 1 and ||f(1) —v|ls < e. Let U be an open neighborhood
of 1 in G such that || f(z)||, < 1 and || f(z) — f(1)||s < € for z € U. Pick
% # 0in C.(G/H) such that supp ¢ C ¢(U), and let g(z) = ¥(q(z)) f(z).

If x is such that g(z) # 0, there exist y € U and € € H with z = y¢.
We have || f(y) — v|lo < 2¢, so

ITfW)lle = ITvlle = ITIIf(¥) — vl
> (1=36)[IT|| > (1 = 3) Tl @)l
and hence ||Tg(y)|lo > (1 — 3¢)||T||llg(y)|ls- But then, by (6.3),

ITo@)le = 1/ 5 1700
An(§)
A =30l

= (1= 39)lITlllg(z)ll,-

It follows that ||Tg(z)||s > (1 - 3€)[|T||[lg(z)ls for all z € G and hence
that | Tg||= > (1-3¢)||IT||lgll=- Since € is arbitrary, we have 17N = IT-

Now comes the hard part: proving that every operator in C(X) is of
the form T. For this we shall need two lemmas, in which — for the
first and only time — we need the fact that elements f of F can be
realized as measurable functions such that the integral [ ¢(z)f(z)dzx is
well-defined for ¢ € C.(G). (See the paragraphs preceding (6.3) and
(6.7) in §6.1.)



176 A Course in Abstract Harmonic Analysis

(6.29) Lemma. IfN is a closed subspace of F that is invariant under

L, FONN is dense in N.

Proof: Let {yy} be an approximate identity in C «(G), and for f €
N, consider ¢y * f. If we write Yy f(z) = [Yu(zy) f(y~') dy, we easily
see that ¥y = f is continuous. On the other hand, smce O(y) f(z) =
f(y~'z), we can write Yy x f = [ ¢y (y)II(y)f dy, interpreted as a F-
valued integral (see Appendix 3), whence ¥y x f € N since II(y)f € N
for all y. Moreover, the usual arguments show that ¢y x f — f as
U — {1}. Thusif f € N and € > 0 there is a continuous g € N
such that ||g — f|]| < e. But also there exists ¢ € C.(G/H) such that
|M(é)g — gl < € (take ¢ = 1 on a sufficiently large compact set), and
M(¢)g € FO. 1

(6.30) Lemma. If M is a closed subspace of H,, let
M = closure in F of {f € F°: f(z) € M for all z € G}.

Then the correspondence M — Mis a bijection between the set of
o-invariant closed subspaces of H, and the set of Y-invariant closed
subspaces of F.

Proof: It is clear that M is invariant under translations and multi-
plication by functions in Co(G/H), i.e., invariant under X. In fact, when
M is o-invariant, M is just the Hilbert space for the induced representa-
tion indg (e™). If M, and M are distinct closed o-invariant subspaces
of H,, there is a vector v in one but not the other, say v € M|\ Ma.
By Proposition (6.8a) (with o replaced by oM1), there is a continuous
f € My with | f(1) — v||, arbitrarily small, and hence f(z) ¢ M, for z
in some neighborhood of 1. Then f € M;\Mag, so the map M — M is
an injection.

On the other hand, suppose A is a Z-invariant closed subspace of F.
If fe N and ¢ € Cc(G), let

'Uf¢—/¢ _1 )dz,

and let M be the closed linear span of {vsy : f € N, ¢ € C:(G)} in
H,. For any £ € H we have

€vs.6 = / oz Vo (©)f (@) da

—l AH(&) —1pg=1
- [ et e e

- /¢(m_1£) 2gggf(a:‘l)dm = vy g
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where ¢'(z) = \/An(€ /AG ) o(z€), so M is o-invariant.
We clalm that A = M. On the one hand, if f € F°NN and w € M2,

we have
0 = (vy,4w) = / (=) (™), w) da

for all ¢ € Cc(G). This implies that (f(z),w) = 0 for all z € G and
we ML, so f € M. By Lemma (6.29), then, N C M. On the other
hand, if f € N and ¢, 9 € Cc(G), we can form an element gy 4 4 of M
by the prescription (6.7):

A
91,6.0(T / \/Az Y(x€)o(E)vy,e dE.

By Proposition (6.8b) (with o replaced by o™), such functions are dense
in M, so to prove that M C N it suffices to show that gs 4,4 € N. But

_ Ac(e) e e
ora9@) = [ [ || 320w dydg

- / / W(z&)d(y™ )y~ e~") dy de
HJG

- /H / W(e€)d(y™"2E) f(y~z) dy d.

In other words, if we set h(q = [ W(z€)¢(y~'z€) d¢, we have

9r00(@) = /G h(a(@),v)f (v~ 'z) dy = [Tx(h) fl(2),

where Ty is defined by (6.18). Since f € A and N is Z-invariant,
Tsf € N, and we are done. 1

Now we can complete the proof of Theorem (6.28). If M is a closed
o-invariant subspace of H, and P is the orthogonal projection onto M,
clearly P is the orthogonal projection onto M in the notation of Lemma
(6.30). That lemma therefore shows that every orthogonal projection in
C(X) is of the form P for some projection P € C(c). Moreover, every
self-adjoint element of C(X) is the norm limit of linear combinations of
such projections, by the spectral theorem, and C(¢)™ is norm-closed since
T — T is an isometry, so every self-adjoint element of C(X) belongs to
C(o)". Finally, every T € C(X) is a linear combination of self-adjoint
elements (T = A + iB where A = 2(T + T*) and B = (T — T*)), so
C(X) C (o)~ 1

Now we come to the second major result of this section, and indeed
the centerpiece of this whole chapter:
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(6.31) The Imprimitivity Theorem. Suppose G is a locally compact
group, H is a closed subgroup, and S = G/H. Let & = (n,5, M)
be a transitive system of imprimitivity on G. Then there is a unitary
representation o of H such that ¥ is equivalent to the canonical system
of imprimitivity associated to ind% (o). (In particular, 7 is equivalent to
indg(a).) Moreover, o is uniquely determined up to equivalence by X.

Proof: Let us first establish the uniqueness of ¢. Let o, and o3 be
unitary representations of H, let II; = ind$(c;), let £; = (I1;, S, M;)
be the associated canonical system of imprimitivity on the Hilbert space
F;, and suppose U : F; — F3 is a unitary equivalence of 3; and 3s.
Consider the direct sum ¥ = (IT, ®1II, S, M, & M), the system induced
from 0, @ 0. Define an operator V on Fy, & F, by V(f1, f2) = (0,U f1).
Then V*(f1, f2) = (U* f»,0), sosince U is unitary, V*V is the orthogonal
projection onto F; while VV* is the orthogonal projection onto F3. On
the other hand, it is trivial to check that V € C(X), so by Theorem (6.28)
there is an operator T' € C(0) @ 02) such that V =T. Since T — T is a
x-isomorphism, T*T and TT* are the orthogonal projections onto H,,
and H,, respectively. But this implies that Ty = T|H,, is a unitary
isomorphism from H,, to H,,, and the fact that T € C(0 Do) implies
that Ty intertwines o; and o2. Thus o3 and o5 are equivalent.

Before proceeding to the general proof of existence, we remark that
a simple argument is available'when S = G/H is discrete. In this case,
the compact sets in G/H “are finite, so the (inner) regularity of the
projection-valued measure P of T implies that P({s}) # 0 for some, and
hence every, singleton set {s} C S. Let ¢ denote the coset of the identity
on G/H. Then n(€)P({t})m (&)t = P({€}) = P({¢}) for € € H, so the
range M of P({t}) is invariant under 7|H, and ¢ = (n|H)M is a unitary
representation of H. Given v € H, define a function f, : G - M by

foz) = P({h)n(z) " v = n(2) " P({ze})v.
Then, for £ € H,

fo(x€) = m(x€) 1 P({ztL})v
= (&) 'n(x) " P({z})v
= 0(6) " fu(2),
and
Yo @I = Y 1Pzl = ol
2€G/H 2 €G/H

since H, is the direct sum of the ranges of the projections P({zt}).
It is now easy to see that v — f, is a unitary map from H, to the
Hilbert space F for ind§ (o) that defines an equivalence between ¥ and
the canonical system of imprimitivity for ind% (s). (Obviously, counting
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measure is an invariant measure on G/H, so there is no need to worry
about modular functions.) Equivalently, if one wishes to think of the
elements of F as sections of a vector bundle over G/H, the bundle in
question is the one whose fiber over each s € G/H is the range of P({s}).

When G/H is not discrete, P({t}) will normally be zero, so we must
work harder to construct the representation o. Here is the strategy:
In the first place, since every system of imprimitivity is a direct sum
of cyclic ones (Proposition (6.27)), and inducing commutes with direct
sums (Proposition (6.9)), it suffices to assume that T is cyclic. But then,
by Theorem (6.26), we may assume that % is the system of imprimitivity
derived from a pseudomeasure u of positive type on S x G (where S =
G/H). We then proceed as follows.

(i) We shall define a positive semidefinite Hermitian form (-,-) on
C.(G) and thence obtain a Hilbert space H) by factoring out the
nullspace and completing the resulting inner product space. We
shall also define an action of H on C.(G) that will turn into a
unitary representation o of H on Hj.

(ii) The Hilbert space for ind$ () is fashioned out of continuous func-
tions on G with values in Hy, and thus ultimately out of contin-
uous functions on G with values in C.(G). On the other hand,
the Hilbert space for the system of imprimitivity derived from y is
fashioned out of the space L(S x G). We shall therefore construct
a unitary equivalence between the two out of a linear map U from
L(S x G) to C(G,C.(G)).

It turns out that we need the map U in (ii) to prove the positivity of
the Hermitian form in (i), so the argument is a bit convoluted. But let
us begin.

Suppose then that u is a pseudomeasure of positive type on S x G,
where § = G/H. If F € C.(G x G), define F € L(S x G) by

Flg(y),z) = /H Fa= 'y, ¥6)Ac(ye) " de.

It is easily verified that the map F — F is continuous from C.(G x G)
to L(S x G) = C(S x G) (see the remarks at the beginning of §6.3), so
we can use it to pull the pseudomeasure u back to G x G. We denote
the resulting pseudomeasure on G x G by A:

We now define a sesquilinear form on C.(G) by
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(fr9)r = Mf®7) = (2)9(y) dA(z,)

GxG
/ /fm 'y€)g(y€) A (y€) ™" d€ du(q(y), ).
SxG

This is the form described in (i); now we need the map U : L(S x G) —
C(G, C.(@)) of (ii). It is given by

[Uf(@)l(y) = fla(z),zy™").
Again, it is easy to check that U f is indeed continuous from G to C.(G).

(6.32) Lemma. Suppose f € L(S x G) and ¢ is a nonnegative function
in C(G). Define ¢’ € C.(S) by ¢'(q(z)) = [y #(x)d€, and define
g € L(S x G) by g(s,z) = ¢'(s)/?f(s,z). Then

| ¢S,V dz = uio” +9)
Proof: By definition of (-, -},
U @), U@
- [[wr@ie e T Actwe) ™ d dutatw). 2

//f ), 26y 2)F(a(@), 28Ty 1)
x Ag(y€)~td€du(q(y), 2).

Therefore,

/ H@)NUf (@), Uf(2) dz

///¢ z),2€~'y " 2)f(a(z), €Ty~ T)

x Dg(y€)~" dz d€ du(q(y), 2)
- [[[ s rtata),ov o e
x Dg(y)~" dzd€ du(q(y), 2)
- [[ ¢ a@nsat) oo e e
x Dg(y)~! dzdu(q(y), 2)
Since g*(q(y), yz~*) = g(q(z), 7y~ 1) Ag(zy "), this equals

J[ stat@), 27 29" ), 537 A0(a™) daditate )
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= [[ (s w5, 0 dwd(s, 2

= (9" * 9),
by the substitution w = yzr~?. |
(6.33) Corollary. The form (-,-)» Is positive semidefinite on C.(G).

Proof: Since p is of positive type, the lemma shows that
[ #@s@, Uiz 20
G

for all nonnegative ¢ € C.(G). Since (Uf(z),U f(z))x is continuous in
z, this implies that (Uf(z),Uf(z))x > 0 for all f € L(S x G) and all
r € G. But it is an easy exercise to see that, for any z, f — Uf(z)
maps L(S x G) onto C.(G), and the result follows. 1

In view of Corollary (6.33), we obtain a Hilbert space H, from C.(G)
by passing to a quotient and completing it with respect to (-,-), as
promised. Next, for £ € H we define a map o(€) : C.(G) — C.(G) by

O = 3

f(=€).

We have

(0(6)f,0(E)a) = / / —22—((8f =~ yne) g e

Ac(yn) ™' dndu(q(y), z)
= / / f@™ yn)gym) Ac(yn) ™! dndu(e(y), )
= (fa g))\,

so o(£) is an isometry with respect to {-,-}x. Moreover, it is clear that
o(&n) = o(&)o(n), o(z™!) = o(z)~!, and £ — o(z)f is continuous from
G to C.(G) for each f € C.(G). It follows easily that the operators o (£)
yield a unitary representation (still denoted by o) of H on H,.

Now we can complete the proof of the imprimitivity theorem. We
observe that if f € L(S x G),

[UF(=E)](y)
= f(a(=€),x€y™") )™
= [Uf(z) [ DU f(@)](v),

so if we think of U f(z) as being an element of Hy, we see that Uf
is an element of the Hllbert space F for the induced representation
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IT = ind§(0). Moreover, if f € L(S x G), let V be a compact set in
S such that suppf C V x G, and choose ¢ > 0 in C.(G) such that
[y d(x€)dé = 1 for z € ¢~'(V) (Lemma (2.47)). Then suppUf C
¢~ }(V), and g = f in the notation of Lemma (6.32). Hence, by that
lemma and (6.6),

UFI% = / H&)Uf(2),Uf(@)sdz = u(f* * f),

so U defines an isometry from the Hilbert space H,, (on which the system
of imprimitivity (m,, S, M,,) derived from p lives) to F. It satisfies

[Ulru(2) Al)l(2) = [mu(2)fl(a(y), y27")
= flg(z™'y),z 7 yz™)
= [Uf(z"'y)](2) = [[(2)V fl(v)](2)
and for ¢ € Cy(9),

[UIMu(8)Fl)(2) = da(w)) fla(y), yz~") = [[M(B)UFlW)](2),

where M is the representation of Cy(S) in the canonical system of im-
primitivity associated to II. In other words, U intertwines the two sys-
tems of imprimitivity.

It remains only to show that U maps H,, onto F, and it is enough to
show that its range is dense. Given ¢,vy € C.(G), define g € L(S x G)
by '

o(q(@),y) = /H (€)W (y™'2E) de.
Then

Ug(@)](y) = / B(zE)P(ye) d

/,/A" 2)[o(€)¥](y) de

But this says that Ug = f, in the notation of (6.7), so the desired
result follows from Proposition (6.8b). 1

6.6 Introduction to the Mackey Machine

The imprimitivity theorem is the foundation of a method, due to Mackey,
for analyzing the representations of a group G in terms of the represen-
tations of a closed normal subgroup N and various subgroups of G/N.
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An exposition of this general theory is beyond the scope of this book,
and we shall restrict ourselves to some special cases where things work
out rather simply. Namely, we shall assume that N is Abelian and sat-
isfies a regularity condition to be explained below, and we shall obtain
definitive results only in the case where G is the semi-direct product of
N and another closed subgroup H. We shall sketch the more general
picture in §6.8.

Suppose then that G is a locally compact group and N is a nontrivial
closed Abelian normal subgroup of G. G acts on N by conjugation, and
this induces an action of G on the dual group N, (z,v) — zv, defined
by

(6.34) (n,zv) = (x7'nz, v) (zeG, ve N, ne N).
For each v € N , we denote by G, the stabilizer of v,
G, ={zeG:zv=r}
which is a closed subgroup of G, and we denote by O, the orbit of v:
O, ={zv:ze€G}.

The action of G on N is never transitive (for one thing, O; = {1}), and
the structure of the orbits can be very complicated. We shall say that
G acts regularly on N if the following two conditions are satisfied.

R1. The orbit space is countably separated, that is, there is a count-
able family { E;} of G-invariant Borel sets in V such that each orbit
in N is the intersection of all the E;’s that contain it.

R2. For each v € ]V, the natural map G, — zv from G/G, to O, is
a homeomorphism.

When G is o-compact, (R2) is equivalent to

R2. Each orbit in N is relatively open in its closure.

Indeed, it is an easy exercise to see that (R2’) holds if and only if each
orbit is locally compact in the relative topology, and this is equivalent
to (R2) by Proposition (2.44).

Remark. When G is second countable, (R1) and (R2) are actually
equivalent, and they are both implied by

R3. There is a Borel set in NV that intersects each orbit in exactly one
point.

The former assertion was proved by Glimm [48] and the latter one by
Mackey [82, Theorem 5.2]. We shall not prove them here, for in most
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cases it is easy to see directly whether (R1) and (R2) (or (R2’)) hold. In
§6.7 we shall work out several examples, including one where (R1) and
(R2) fail.

Now suppose  is a unitary representation of G. By Theorem (4.44),
there is a unique regular projection-valued measure P on N such that

n(n) = /(n, v)dP(v) forn e N.

(6.35) Proposition. (m, N , P) is a system of imprimitivity. If m is
irreducible, then P is ergodic in the sense that if E C N is a G-invariant
Borel set then P(E) is either 0 or I.

Proof: If z € G, E — n(z)P(E)rn(z)~! is the projection-valued
measure associated with the representation n — n(z)r(n)n(z~!) of N,
whereas by (6.34), E — P(zE) is the projection-valued measure asso-
ciated to the representation n — m(znz~!). These representations are
equal; hence so are the measures, by the uniqueness in Theorem (4.44).

If 7 is irreducible and E C N is G-invariant, then n(z) P(E)n(z)~! =
P(E) for all z € G, so P(E) € C(r). By Schur’s lemma, P(E) =
or I.

- o |

(6.36) Proposition. If 7 is irreducible and G acts regularly on N,
there is an orbit O C N such that P(O) = I.

Proof: Let {E;}{° be a countable separating family for the orbit
space, as in condition (R1). If O is an orbit, we have O = [\, E; for
some J C Z%, so P(O) is the projection onto the intersection of the
ranges of the P(E;), j € J. Each P(E;) is either 0 or I by Proposition
(6.35); hence either P(E;) = I for all j € J, in which case P(O) = I,
or P(E;) = 0 for some j € J, in which case P(O) = 0. Therefore,
if P(O) = 0 for every orbit O, for each O there is a j(O) such that
O C Ej(oy and P(Ej0y) = 0. But then N = Uo Ej0), so P(N N) =0,
an absurdity. Hence P(O) I for some O. 1

Suppose the conditions of Proposition (6.36) hold. The orbit O such
that P(O) = I is of course unique, since P(N\ Q) = 0. Fix an element v
of O. By the regularity condition (R2), O can be identified with the ho-
mogeneous space G/G,. The projection-valued measure P can therefore
be regarded as living on G/G,, rather than on N, and (n,G/G,,P) is
then a transitive system of imprimitivity. Consequently, by the imprim-
itivity theorem, there is a representation o of G,,, necessarily irreducible
since 7 is, such that (v, G/G,, P) is unitarily equivalent to the canonical
system of imprimitivity associated to indgy (o).

(6.37) Proposition. o(n) = (n,v)] for alln € N.

Proof: We can assume that (n,G / G,, P) actually equals the canon-
ical system of imprimitivity for de (o), acting on the usual space F.
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When we transfer P from N to G/G,, the formula 7(n) = [(n,-)dP
for n € N becomes m(n) = [(n,zv)dP(q(z)), where ¢ : G —» G/G,
is the quotient map. Now, from the definition of the canonical system
of imprimitivity, for ¢ € Co(G/G,) and f € F° we have ([ ¢dP)f =
M(¢)f = (40q)f. The formula (f ¢dP)f = (¢ o q)f continues to hold
for any bounded continuous function ¢ on G/G,, as one sees by unrav-
eling the definitions in the spectral functional calculus, and in particular

it holds for ¢(q(z)) = (n,zv). Hence, for f € F°,
[r(n)f)(z) = (n,zv) f(z) = (z™'nz, v)f(2).

On the other hand, we observe that since N is normal in G and in G,
the spaces G/N and G, /N both possess G-invariant measures, namely,
their respective Haar measures. Hence, by Theorem (2.49), Ag|N =
Ag,IN = Ay (= 1, since N is Abelian). Taking this into account, if
n € N and f € F° we have

[r(n)fl(z) = f(n"'2) = f(z(z™'n""2))
= o(z”'nz) f(2).

Comparing the last two displayed equations, we see that o (z~!nz) f(z)

(z7'nz,v) f(z). In particular, o(n)f(1) = (n,v)f(1). But {f(1): f €
F%} is dense in H, by Proposition (6.8a), so the result follows. |

We summarize our results so far in a theorem.

(6.38) Theorem. Suppose G acts regularly on N. Ifn is an irreducible
unitary representation of G, there exist v € N and an irreducible repre-
sentation o of G, with o(n) = (n,v)I for n € N such that « is unitarily
equivalent to indgv(a).

In Theorem (6.38), the orbit O, is uniquely determined by m, but
the choice of v in this orbit is arbitrary. If v/ is another element of this
orbit, say v/ = zv, the groups G, and G, are isomorphic — in fact,
G, = zG,z~!. Moreover, the correspondence ¢ « o', where o/(y) =
o(z~'yz), is a bijection between the representations of G, and those
of G+, and the map U f(y 2 f(z™'yz) defines a unitary equivalence
between lndG ) and ind¢, (¢'). Hence the non-uniqueness of v is of
no essential s1gmﬁcance

Now we prove the converse of Theorem (6.38):

(6.39) Theorem. Suppose G acts regularly on N. Ifve Nandois
an irreducible representation of G, such that o(n) = (n,v)] forn € N,
then m = 1ndG (¢) is irreducible. If o’ is another such representation
of G, such that ind$ ,(0) and indgy(a’ ) are unitarily equivalent, then o
and o' are umtanly equ1va1em;.

Proof: Let ¥ = (n,G/G,, P) be the canonical system of imprimi-
tivity associated with m. We identify G/G, with O, and regard P as
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a projection-valued measure on N by setting P(E) = P(ENO,) for
E C N. (It is an easy exercise to check that this transferred P is still
regular.) For n € N and f € F° we have

n(n)f(z) = f(n"'z) = f(zz™'n"'z) = o(z™ 'nz) f(2)
= (.’L‘—ln.’l,‘, V)f(:l,‘) = (n,:z:u)f(:z:),

from which it follows as in the proof of Proposition (6.37) that w(n) =
f ﬁ(n, -ydP. Thus P is the projection-valued measure associated to w|N
by Theorem (4.44).

This implies both assertions of the theorem. First, if T € C(n), T
commutes with every P(E) by Theorem (6.44), and hence T' € C(T).
But by Theorem (6.28) and Schur’s lemma, C(X) = C(o) = CI. Thus
C(m) = CI and = is irreducible. Second, any unitary equivalence be-
tween 7 and 7’ = indgv (0') is actually a unitary equivalence between
their canonical systems of imprimitivity, so if such an equivalence ex-
ists then o and ¢’ are equivalent by the uniqueness in the imprimitivity
theorem. |

These results are not yet satisfactory, because G, may be rather large
and its representations not much easier to analyze than those of G itself.
In fact, it can happen that G, = G, in which case the preceding results
are vacuous except for the fact that #|N = vI. In particular, this
happens when v = 1; but in that case we actually can reduce the analysis
to a smaller group, namely G/N. Indeed, if the orbit associated to «
in Proposition (6.36) is {1}, it simply means that = is trivial on N and
so factors through G/N. In many cases something similar happens even
when v # 1.

(6.40) Proposition. Suppose that v € N can be extended to a rep-
resentation of G,, i.e., that there exists a continuous homomorphism
v: G, — T such that U|N = v. If p is any irreducible representation of
G, /N, the formula o(y) = U(y)p(yN) defines an irreducible representa-
tion of G, on H, such that o(n) = (n,v)I forn € N. Moreover, every
such representation of G, arises in this way.

Proof: 'The first assertion is obvious. If ¢ is any irreducible represen-
tation of G, such that o(n) = (n,v)I forn € N, let o’'(y) = U(y) " lo(y).
Then ¢’ is an irreducible representation of G, that is trivial on N, so
o'(y) = p(yN) where p is an irreducible representation of G, /N, and

o(y) = v(y)p(yN). 1

The most important case where the phenomenon in Proposition (6.40)
is guaranteed to occur is that in which & is the semi-direct product of N
and another closed subgroup H. We recall that, in general, a topological
group G is the semi-direct product of two closed subgroups N and
H if N is normal in G and the map (n,h) — nh from N x H to G



Induced Representations 187

is a homeomorphism; in this case we write G = N x H. Thus, when
G = Nx H every element of G can be written uniquely as nh with
n € N and h € H, and when this is done the group law takes the form

‘(6.41) (n1h1)(nzhy) = (ny[Ringh] ') (h1h2).

Returning to our situation in which N is Abelian, for v € N we define
the little group H, associated to v to be

H,=G,NnH.

Since G, D N, we then have G, = Nx H, and H, = G,/N. The
character v always extends to a homomorphism v : G, — T by the
formula 7(nh) = v(n) = (n,v). Indeed, by (6.41),

B((nahy)(n2ha)) = (s (hanahih), v) = (1, v) (amahi?, ),
and since h, € H,,,
v((n1h1)(ngh2)) = (n1,v)(ng, v) = v(n1h1)v(n2he).

The prescription of Proposition (6.40) then takes the following form.
If v € N and p is an irreducible representation of H,, we obtain an
irreducible representation of G,, which we denote by vp, by setting

(vp)(nh) = (n,v)p(h),

and every irreducible representation o of G, such that o(n) = (n,v)]
for n € N is of this form. Moreover, since (vp)|H, = p, vp is equivalent
to vp' if and only if p is equivalent to p’.

Therefore, if we combine Theorems (6.38) and (6.39), Proposition
(6.40), and the remarks following Theorem (6.38), we see that we have
completely classified the irreducible representations of G = Nx H in
terms of the irreducible representations of N (i.e., the characters v € N)
and the irreducible representations of their little groups H,:

(6.42) Theorem. Suppose G = N x H, where N is Abelian and G
acts regularly on N. If v € N and p is an irreducible representation of
H,, then indgy (vp) is an irreducible representation of G, and every irre-
ducible representation of G is equivalent to one of this form. Moreover,
indgy (vp) and indgy, (V'0') are equivalent if and only if v and v’ belong
to the same orbit, say v/ = zv, and h — p(h) and h — p/(z7'hz) are
equivalent representations of H,,.
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6.7 Examples

In this section we present several examples, or classes of examples, to
illustrate the general theory of the preceding sections.

1. The ax+ b group. Let G be the az + b group, whose underlying
manifold is (0,00) x R and whose group law is

(a,b)(a’,¥') = (ad',b + ab’).

Wehave G = N H where N = {(1,b) : b€ R} and H = {(a,0) : a > 0}.
We identify N with R via the correspondence (1,b) «— &, and then
identify N with R via the pairing (b, 3) = €?*#®. Simple calculations
show that

(a,5)71(1,0')(a,b) = (1,'/a),
and hence that the action of G on N is given by

(av b)ﬂ = ﬂ/a

There are only three orbits: (0,00), (—00,0), and {0}, so it is trivial to
verify that G acts regularly on N.
The irreducible representations of G are therefore described by The-

orem (6.42). The ones associated to the orbit {0} are the characters of
G/N = H lifted to G: ‘

m5(a,b) =a®* (A eR).

To analyze the orbit (0, c0), we fix the base point 1 € (0, 00). The little
group H, is trivial, so up to equivalence there is only one irreducible
representation n+ associated to (0,00), the one obtained by inducing
the character (b,1) = €?™® from N up to G. Likewise, there is one
representation m~ associated to the orbit (—o0,0), the one obtained by
inducing the character (b, —1) = e~2"® from N up to G.

Let us take a closer look at #*. The homogeneous space G/G; =
G/N = H admits a G-invariant measure, namely the Haar measure
da/a on H. The Hilbert space F for m* therefore consists of functions

f: G — C such that
(6.43) Fla,b+ab') = f((a,b)(1,b)) = e 2™ f(a,b),
with norm

12 = [ 1 br

If we take b = 0 in (6.43) and then write b/a in place of b', we see that
f(a,b) = e~27%/4 f(g,0). Functions in F are thus completely determined
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by their values on H, and if we set

fO(t) = f(t,O),

the correspondence f — fp is a unitary map from F to L2((0, 00), dt/t)
whose inverse is given by f(a,b) = e~27%/4 fy(a). Now, the representa-
tion w* is given on F by

[7*(a,b)fl(c,d) = f((a,b) " (c,d)) = f(a "¢, a™(d - b)),
and we have
[x* (a,)f](c,d) = e *"¥/°[x*(a,b) flo(c)
fla™le, a7} (d ~ b)) = O Defy (g7 1),

Hence, if we conjugate m* by the map f — fy, we obtain an equivalent
representation 7+ on L2((0, 00), dt/t), namely

*(a,b) fo(t) = €™/ fo(a™t).

We now make one final change of variables:

s=t7h g(s) =572 fu(s ™)

The map fo — g transforms L2((0,00),dt/t) into L%((0,00),ds) and
7t (a,b) into

[7+(a,b)g](s) = a'/%e*™*g(as) (g € L*((0,0),ds)).

A similar analysis shows that n~ is equivalent to the representation
m_ of G given by the same formula as 7., but acting on L%((~00, 0), ds):

[ (a,b)gl(s) = a/%*g(as) (g € L*((~00,0),ds)).

The interest of these representations is that their direct sum 7 = 7. @m_
is given by [7(a, b)g](s) = a'/2e*"%g(as) on L?(R,ds), and conjugation
by the Fourier transform F on R yields the representation n(a,b) =
F7(a,b)F ! that is given by

m(a,b) f(z) = a'/*f(a™ " (z - b)).

This is just the representation of G on L?(R) associated to the natural
action of G on R. (z — a~!(z — b) is of course the inverse of the
transformation z — ax + b.)

As an exercise, the reader may perform a similar analysis for the
extended az + b group G in which a is allowed to be either positive
or negative. The result is that there are twice as many one-dimensional
representations of G, (a,b) — |a|** and (a,b) — (sgna)|a|**, but that the
two infinite-dimensional representations 7t of G coalesce into a single
irreducible representation of G which may be realized as the natural
action of G on L?(R).
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2. The Euclidean groups. Let E(n) be the group of rigid motions
of R", that is, the group generated by translations and rotations. E(n)
is the semi-direct product of the group of translations and the group of
rotations, E(n) = R"x SO(n), with group law given by

(b, T)(¥',T') = (b+ TV, TT').

Here N = R™ and, as usual, we identify N with R® by the pairing
(b,8) = €*™F Tt is then an easy exercise to see that the action of G
on N is given by (b, )5 = T3, so the orbits are the spheres centered at
the origin,

O, ={B:18=r} (r>0).

It follows easily that G acts regularly on N , 50 Theorem (6.42) applies.
(For the countable separation property, one can take the G-invariant
sets to be the annuli {# : s < |3 < t} with s and ¢ rational.) As
a base point on the orbit O, we can take the point r1 = (,0,...,0);
then the little group H _y is SO(n — 1) (considered as the subgroup of
SO(n) that leaves the first coordinate fixed), except when r = 0, in
which case it is SO(n). Hence the irreducible representations of E(n)
are (i) the irreducible representations of SO(n) lifted to E(n), and (ii)
the representations induced from products of nontrivial characters of R™
and irreducible representations of SO(n —1). In short, one can describe
all the irreducible representations of the Euclidean groups in terms of
the irreducible representations of the rotation groups SO(k). We have
determined the latter for k = 1 (SO(1) = {1}), k = 2 (SO(2) = T),
and k = 3 (see §5.5), and of course they are also well-known for higher
values of k (see, e.g., Boerner [14]).

3. The Poincaré Group. Let us denote coordinates on R* by
(zo,z1,z2,x3). The set of linear transformations of R? that leave in-
variant the Lorentz (pseudo-)inner product

L(IB, Y) = ToYo — T1¥1 — T2Y2 — T3Ys,

or equivalently the set of 4 x 4 real matrices T such that T*LT = L
where L is the diagonal matrix with diagonal entries (1,-1,-1,-1),
is denoted by O(3,1) and called the (4-dimensional) Lorentz group.
0(3,1) admits two nontrivial homomorphisms into the 2-element group
{1}, namely T' — det T and T — sgn Tpp (where Typ is the (0,0) entry
of the matrix T'). The intersection of the kernels of these homomor-
phisms, which is also the connected component of the identity in O(3,1),
is called the restricted Lorentz group and is denoted by SO,(3,1).
The (4-dimensional, restricted) Poincaré group P is the group
formed from translations and restricted Lorentz transformations in the
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same way as the Euclidean group Ej is formed from translations and
rotations:

P=R'x S0,(3,1);  (b,T),T") = (b+ TV, TT.

As in the case of the Euclidean group, the normal subgroup N is R¢,
but this time it is convenient to identify N with R* by using the Lorentz
inner product rather than the Euclidean one: (b,8) = ™LA, With
this convention, the action of G on N is given by (b, T)3 = T'3 as before.

We sketch the analysis of the orbits in N, leaving the verifications to
the reader. The level sets

My={6:L(B,B) =2} (AeR)

of the Lorentz form are G-invariant, but they are not all orbits. Instead,
the situation is as follows. For A < 0, M) is a hyperboloid of one sheet,
and it is an orbit. For A > 0, M) is a hyperboloid of two sheets, each of
which is an orbit. For A = 0, My is a cone; the origin {0} and the two
connected half-cones in My \ {0} are each orbits. In short, the orbits are

Ox=My (A<0), Of={BeMy:+5 >0} (A>0), {0}

From this it is an easy exercise to see that G acts regularly on N.

As a representative point in the orbit Oy with A < 0 we may take
(0,0,0,]A|*/?), and the corresponding little group is SO,(2,1), the 3-
dimensional restricted Lorentz group acting on (zp,z;,z2)-space. As
a representative point in OF with A > 0 we may take (+A!/2,0,0,0),
and the corresponding little group is SO(3), acting on (z, 22, 3)-space.
And, of course, the little group for the orbit {0} is SO,(3,1).

The situation for the orbits OF is a little less transparent. Let us take
B = (1,1,0,0) as a representative point in OF and use it as an element
of the following basis for R%:

a=(1,-1,0,0), B=(1,1,0,0), ~=(0,0,1,0), é=(0,0,0,1).
Let Hg be the little group of 3, the subgroup of SO,(3,1) that fixes 5.

(6.44) Lemma. The only element of Hg that fixes v and 6 is the
identity. There is no element of Hg that fixes v and sends 6 to —0.

Proof: If T € Hg fixes v and §, let Ta = ac + b3 + ¢y + db. Then
c=-L(Ta,v) = ~-L(To,Ty) = —L{e,y) =0,
and likewise d = 0. But then

4ab = (a + b)? — (a —b)? = L(Te,Ta) = L(a,a) = 0,
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soa = 0or b=0. We cannot have a = 0 because 7! fixes 3. Hence
b =0, and then

2a = L(To, B) = L(Te, TB) = L(a, B) = 2,

so a = 1. The same reasoning shows that if Ty = v and 76 = —§
then Ta = o, and of course T3 = (; but then detT = —1, which is
impossible. I

(6.45) Proposition. Hpg is isomorphic to the Euclidean group E(2).

Proof: Clearly the group K of rotations of the (z2, z3)-plane (leaving
the (zo, z1)-plane fixed) is contained in Hg. Also, the reader may verify
that for s,t € R the transformations Ty; defined by

Tga =a— (32 + t2)ﬂ — 28y —2t6, Taf
=0, Tavy=7+88, Tab=06+1p

belong to Hz and that the map (s,t) — T is a homomorphism from
the Abelian group R? into Hg. Thus N = {T; : s,t € R} is a subgroup-
of Hg.

Now, if T € Hg then T preserves the Lorentz-orthogonal complement
of 3, namely the linear span M of 3, v, and 8, so we must have

T~ = sf+ avy+ bb, Té=t8+cy+déb

for some a,b,c,d,s,t € R. By composing T' on the right with T{_ )¢
we obtain a T' € Hg such that

T'y = ay + b6, T'6 = ¢y + db.

T’ must preserve the Euclidean inner product on the (2, z3)-plane (the
span of v and §), so its restriction to this plane belongs to O(2). In
fact, it belongs to SO(2), for otherwise we could compose T” on the
left by an element of K to obtain T” € Hpg such that 7"y = v and
T"”§ = —6, and this is impossible by Lemma (6.44). Hence T” agrees
on M with an element 7" of K; but then 7"”T'~! = I by Lemma
(6.44), so T" € K. In short, every T' € Hg can be written uniquely as
T = T'T,; with T" € K and s,t € R. It is now easy to verify that
Hp = Nx K 2 R?*x S0(2) = E(2). I

In view of Theorem (6.42), the irreducible representations of the Poin-
caré group can be described in terms of the irreducible representations
of SO(3), E(2), SO,(2,1), and SO,(3,1). We have catalogued the irre-
ducible representations of SO(3) in §5.4, and the irreducible represen-
tations of E(2) are obtained by another application of Theorem (6.42)
as described above: they are the representations induced from nontriv-
ial characters of the subgroup R?, together with the characters of the
quotient group E(2)/R? = SO(2) lifted to E(2).
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The groups SO,(2,1) and SO,(3,1) have no nontrivial closed nor-
mal subgroups, so the Mackey machine cannot be applied to them, but
the classification of their irreducible representations is well understood
because of their intimate relation with SL(2,R) and SL(2,C). To be
precise, consider the linear isomorphism M from R* to the space H of
2 x 2 Hermitian matrices given by

M(z) = To+ T, T —1T3
To+ix3 To—I1 )

(This is closely connected with the identification of R® with skew-
Hermitian matrices that we used in §5.4.) If A € SL(2,C) and H € H
then AHA* € H, so the map p(A)z = M~[AM(z)A*] defines a linear
action of SL(2,C) on R4. It is not hard to verify that the kernel of p is
+7I and that the image of SL(2, C) under p is precisely SO,(3,1). (Use
the fact that L(z,z) = det M(z).) Moreover, if we identify SO,(2,1)
with the subgroup of SO,(3,1) leaving the point (0,0,0,1) fixed, the
inverse image of SO,(2,1) under p is precisely SL(2,R). (Use the fact
that i J = (% 1) then J = iM(0,0,0,1) and AJAT = J for all
A€ SL(2,C).) Hence

S0,(3,1) = SL(2,C)/(+£I),  S0,(2,1) = SL(2,R)/(+]),

and the representations of SO,(3,1) and SO,(2,1) are essentially the
representations of SL(2,C) and SL(2,R) that are trivial on —1. We
shall describe the irreducible representations of SL(2,R) in §7.6, and
the corresponding description for SL(2, C) can be found in Knapp [70].

The Poincaré group is the group of transformations of space-time that
arises in special relativity, and its representations are of importance in
relativistic quantum mechanics. In particular, the representation derived
from the orbit Oj\' and the representation py of the little group SO(3)
(cf. Corollary (5.42)) is connected with the description of particles of
mass m = v/A and spin k. (For particles of half-integer spin one must
pass to the double cover of the Poincaré group, isomorphic to R* x
SL(2,C) as indicated above, where the corresponding little group is
SU(2).) Likewise, the representation derived from the orbit Of and the
character (b,Ty) — €% of the little group E(2) (where T is rotation
through the angle 8) has to do with particles of mass zero and spin k.
For more details, see Simms [113] or Varadarajan [121].

4. The Heisenberg Groups. For n > 1, the Heisenberg group
H,_ is the group whose underlying space is R™ x R™ x R and whose

group law is

(6.46) (z,6,8)(a,€,t) = @+, E+€, t+t +h(a-€ —€-2).
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With the notation X = (z,€,t), it is easily verified that the sets
NM={X:z=0}, N={X:£=0},
Ki={X:£=0,t=0}, Ky;={X:2=0,t=0}
are Abelian subgroups of H,, such that
H, =N x K; = N;x Ks.

Theorem (6.42) can therefore be applied to determine the irreducible rep-
resentations of H,. We leave this as an exercise for the reader; instead,
we shall give a different argument based directly on the imprimitivity
theorem that yields a stronger result.

For each nonzero real number h there is a representation p;, of H,, on

L*(R"™) defined by
[on (@, €, ) f1(y) = eXmiheFmirtme=2mibly £y 1),

(These differ from the representations called pj in Folland [40] but are
equivalent to them via the map U f(y) = |h|/?f(—hy). They are equiv-
alent to representations of H,, induced from one-dimensional representa-
tions of the subgroup N, as the reader may verify; cf. the second remark
preceding (6.3).) Let

pr(@) = pn(2,0,0),  p(€) = pr(0,¢,0).

Then g/, and p} are representations of R™ on L?(R"), and since
h h

(6.47)  (2,0,0)(0,£,0) = (z,£, 32 - €) = (0,0, - £)(0,€,0)(,0,0),

we have

(6.48) Ph(2)Ph(E) = €2l (€) ph ().

These are the integrated form of the canonical commutation relations
of quantum mechanics, in which A is Planck’s constant; hence the name
“Heisenberg group.” (See Folland [40] or Mackey [87] for more details.)
The crucial point is that the relations (6.48) essentially determine the
representation pp uniquely.

(6.49) The Stone-von Neumann Theorem.

a. Suppose n' and ©" are unitary representations of R™ on a Hilbert
space H that satisfy

(650)  7(@)"() = S (E)r'()  (z,6 € RY)

for some h # 0. Then there is a unitary isomorphism from H to a
direct sum of copies of L*(R™) such that Un'(z)U ! = pj,(z) and
Un"(€)U~! = p}l(€) on each copy.



Induced Representations 195

b. If 7 is a unitary representation of H,, such that m(0,0,t) = e2™tht]
where h # 0, then 7 is unitarily equivalent to a direct sum of copies
of Ph-

Proof: We first observe that assertions (a) and (b) are equivalent.
Indeed, if 7 is a representation of H,, such that 7(0,0,t) = 2™, then
the representations 7’(z) = «(z,0,0) and 7”(£) = (0, £, 0) of R™ satisfy
(6.50), because of (6.47). Conversely, if 7’ and =" are representations of
R™ satisfying (6.50), it is easy to check that

71’(.’13,{,1‘,) — e21riht—1riha:~f7rl(z)7rll(£) — e21riht+1riha:-f7rll(£)7rl(z)

is a representation of H,, and it satisfies 7(0,0,t) = e?™*ht].

Moreover, it suffices to consider A = 1. In (a) one simply replaces
the representation 7" by the representation £ — =”(£/h), and in (b)
one replaces m by 7 o @, where the automorphism a of H,, is given by
a(:z:, 1) = (.’L‘, f/hv t/h)'

Suppose then that 7' and =" satisfy (6.50) with h = 1. By Theorem
(4.44), there is a unique regular projection-valued measure on R™ such
that 7”/(¢) = [e 2™€VdP(y) for ¢ € R™ Then, for each z € R",
the projection-valued measures associated to the representations £ —
7' (z)n"(€)7'(z) ! and € — e?" = En”(¢) are E — n'(x)P(E)n’'(z)~! and
E — P(z + E) (since [e?™¢ (@Y dP(y) = [e 74 ¥dP(z + y)). But
these two representations are equal, so n'(z) P(E)r'(z)~! = P(z+E). In
other words, (7/,R", P) is a transitive system of imprimitivity on R™.
By the imprimitivity theorem, it is equivalent to the system induced
by a representation of the trivial subgroup {0} on some Hilbert space,
necessarily a direct sum of copies of the (unique) representation 7 of
{0} on C. But ind%; (7) is just the left regular representation of R™,
namely p}, and the associated projection-valued measure is P.(E) =
multiplication by xg, so that

/e‘z’”f'y dP,(y) = multiplication by e~2"%'¥ = pY(¢).

This proves (a) for the case h = 1 and hence establishes the theorem. 1

Remark. This argument also shows that the representations p; are
irreducible. Indeed, it is easy to check that C(p,) = C(p})NC(pY). In the
notation established above, we have C(p}) N C(pY) = C(p},R™, P;), and
by Theorem (6.28) this is isomorphic to C(r) = CI. So p is irreducible,
and hence so is every pp. This irreducibility can also be established by
more elementary means, as can the Stone-von Neumann theorem itself;
cf. Folland [40, Proposition (1.43) and Theorem (1.50)].

(6.51) Corollary. Every irreducible representation of Hy, is equivalent
to one and only one of the following:
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a. pn (h#0),

b. the representation m, g (b, € R™) on C defined by m g(z,&,t) =
o2mi(b-z+0-6)

Proof: We observe that the center of H,, is Z = {(0,0,t) : t € R}. If
7 is irreducible, by Schur’s lemma 7| Z must act as scalar multiples of I,
so 1(0,0,t) = e?™"] for some h € R. If h # 0 then 7 is equivalent to py,
by Theorem (6.49). If h = 0 then « factors through H,/Z = R™ x R"
and so is of the form 7 3. Of course the representations pj and m, 5 are
all inequivalent (the former are already inequivalent on 7). |

5. The Mautner Group. The Mautner group M is the simplest
example of a connected Lie group with a pathological representation
theory. Its underlying set is C? x R, and its group law is given by

(z,w,t)(z' W', t') = (z+e2, w+ ™' t+t') (2,we C, teR).

From this it is easily checked that M is a semidirect product of C? (the
normal factor) and R.
We identify (C?)" with C? via the pairing

((Za ’U)), (C, (4))) = 327”: Re(ZZ'FwU)'

(This is the usual identification of (R*)™ with R*, written in complex
coordinates.) A simple calculation then shows that the action of M on
(C?)"is given by

(z,w,t)(¢,w) = (¢, e w).

The origin {(0,0)} and the circles {(0,w) : |w| = r}-and {(¢,0) : [¢| =}
(r > 0) are orbits. The tori

Trg = {(va) : |<| = |(4)| = S} (T,S > 0)

are invariant under M, but they are not orbits: the orbits in T,., are
curves that wind around 7., without ever closing up, each of which is
dense in T,,. (If we identify T, with R?/Z? in the obvious way, the
inverse image of the orbit through (re?"*, se?*®) in R? is the union of
the lines with slope 27 and y-intercept of the form b —a+ j + 2wk where
j, k € Z; this set is dense in the plane.)

From this it is clear that the regularity condition (R2) or (R2’) fails.
We can also see that (R1) fails, as follows. For simplicity we consider
the torus T4;, which is just the standard 2-torus T2, and we denote
normalized Haar measure on T}, by u.

(6.52) Lemma. If f € L%(u) is invariant under the action of M, then
f is constant p-a.e.
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Proof: We expand f in a Fourier series:
f¢,w) = ZcmnC"‘w", where ¢y, = /f((,w)(mw" du (¢, w).

The invariance means that e®(™+2™)c = ¢ for all ¢, and hence
Cmn = 0 unless m =n = 0. ]

If F is an M-invariant Borel set in T},, by applying Lemma (6.52) to
XE we see that p(F) is either 0 or 1. If there were a countable separating
family for the orbits (in C? and a fortiori in Ti1), the argument that
proves Proposition (6.36) would show that there is an orbit O C Tj; such
that pu(O) = 1. But O intersects each circle ( = const. in a countable
set, so Fubini’s theorem implies that ©(0) = 0. Hence condition (R1)
fails.

Finally, it is easy to produce an irreducible representation = of M
such that the projection-valued measure associated to 7|C? is not con-
centrated on an orbit. Indeed, let x be Haar measure on T, as above,
and define the representation m on L%(u) by

7z, w,8)f(¢,w) = 2TREEIID) f(gitg, ¢ =2nily),

We leave it to the reader to check that = is indeed a representation and
that the projection-valued measure associated to 7|C? is just P(E) =
multiplication by x gnr,,, so that P has the same nullsets as x and hence
is not concentrated on an orbit. To see that = is irreducible, suppose
T € C(n). Since T commutes with 7(z,w, 0) for all z and w, it commutes
with multiplication by any g € C(1},). But then Tg =T(g-1)=¢-T1
for g € C(T11), and it follows that T is multiplication by f = T'l. But
then, since T' commutes with 7(0,0,t) for t € R, Lemma (6.52) implies
that f is constant p-a.e., and so T = cl.

6.8 Notes and References

Induced representations of finite groups were first studied by Frobenius
[43]. For general locally compact groups, the notion of nduced repre-
sentation was formalized by Mackey [78], [80]; the “intrinsic version” we
use in this chapter is due to Blattner [11]. o

The Hilbert space F or F,, on which ind$ (o) acts can be precisely
identified as the space of all H,-valued functions on G that are (in-a
suitable sense) measurable and square-integrable and that satisfy the
appropriate covariance equation with respect to H. We have omitted
this point since we have no need for the result, but see Blattner [11] or
Gaal [44].
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With regard to the realization of induced representations on sections
of vector bundles: the usual definition of a vector bundle requires that
the bundle be locally trivial, that is, that it be locally isomorphic to the
product of the base space and the vector space on which the fibers are
modelled. It is easy to see that this will happen for the homogeneous
vector bundles over G/H on which induced representations live if the
fibration of G itself over G/H is locally trivial, i.e., if the quotient map
g : G — G/H admits a local continuous right inverse near some (and
hence any) point of G/H. When G is a Lie group, the cosets of H form a
foliation of G, and one easily obtains a smooth local inverse to ¢ near g(z)
by considering a submanifold of G passing through z that is transverse
to the cosets. However, the following example shows that local triviality
of G over G/H is false in general, even for separable compact groups.
Let G = T“ be the product of a countable number of circles, and let
H = {£1}“ be the subgroup consisting of points whose coordinates are
all £1. Since T/{+1} is isomorphic to T, G/H is isomorphic to G, and
a continuous local inverse to the quotient map on an open set U C G
is just a map from U to G that is a continuous branch of the square
root function in each coordinate. But this is impossible, for any open
set contains a set of the form []{° U; where each U; is open in T and all
but finitely many are equal to T, and there is no continuous square root
function on all of T. (Nonetheless, see Appendix C of Fell and Doran
[37], where it is proved that Banach bundles over locally compact spaces
always have lots of continuous sections.)

The Frobenius reciprocity theorem for compact groups is due to Weil
[128, §23]. Mautner [92] and Mackey [81] have proved versions of the
Frobenius Reciprocity Theorem for noncompact groups, but they are
much more technical both to state and to prove since representations
must generally be decomposed as direct integrals rather than direct
sums of irreducible components. A condition on groups G and closed
subgroups H known as “weak Frobenius reciprocity” was introduced by
Fell [36] and subsequently studied by several authors; see Fell and Doran
[38] and the references given there.

The theorem on induction in stages and the imprimitivity theorem
were first proved by Mackey [78], [83], [86] for second countable groups.
Loomis [76] extended the imprimitivity theorem to arbitrary locally
compact groups by a proof involving functions of positive type. The
arguments we have presented here, and in particular the ideas of using
pseudomeasures of positive type and the algebra L(S x G), are due to
Blattner [12]. Our exposition also owes much to some unpublished notes
of J. M. G. Fell; in particular, these are the source for our proof of The-
orem (6.28). Another proof of the imprimitivity theorem has been given
by Orsted [97].

Rieffel [105] proved a version of the imprimitivity theorem for repre-
sentations of C* algebras that implies the original theorem for groups as
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a special case, and Fell and Doran [38] have generalized the imprimitivity
theorem to representations of Banach *-algebraic bundles.

The results of §6.6 appeared in Mackey [78], [86], and they were gener-
alized by Mackey [83] to groups G with a closed normal subgroup N that
need not be Abelian or a factor in a semi-direct product. We shall now
briefly sketch how the general theory works. (A further generalization
can be found in Fell and Doran [38].)

First, one can replace the hypothesis that NV is Abelian by the much
weaker hypothesis that N is type I (see §7.2). N is taken to be the
set of equivalence classes of irreducible representations of N, suitably
topologized (see §7.2). G acts on N just as in the Abelian case — the
action of £ € G on a representation v of N yields the representation
(zv)(n) = v(z~'nz) — and one must assume that this action is regu-
lar just as in §6.6. There is an analogue of Theorem (4.44) that gives
a decomposition of any representation of NV as a direct integral of ir-
reducibles (see §7.4), so as in Proposition (6.35) one can associate to
each representation m of G a system of imprimitivity (7, N,P). If =
is irreducible, the analogue of Proposition (6.36) holds, so as in Theo-
rems (6.38) and (6.39) one obtains a correspondence between irreducible
representations 7 of G and irreducible representations o of the stability
groups G, (v € N) such that o|N is a direct sum of copies of v.

One now wishes to analyze these representations of G, in terms of
representations of G, /N, and here is where the really new feature ap-
pears: one must consider not just ordinary representations of G, /N but
projective representations (also called ray representations or multi-
plier representations), that is, continuous homomorphisms from G, /N
into the unitary group on a Hilbert space modulo the scalar multiples
of the identity. This complicates the picture considerably. The compen-
sating virtue is that the whole theory of induced representations can be
developed for projective representations, and it is then self-contained:
one can analyze the projective representations of G in terms of those of
N and those of subgroups of G/N.

If G does not act regularly on N, Proposition (6.36) breaks down,
and so does all of the subsequent analysis. One can salvage some of the
results by means of the theory of “virtual groups” and their representa-
tions, which allows one to describe an irreducible representation of G as
the representation induced from a representation of a suitable “virtual
subgroup” of G rather than the honest subgroup G,. The notion of vir-
tual groups was introduced by Mackey (see his expository article [85]),
and the resulting extension of the Mackey machine to the case where G
does not act regularly on N was accomplished by Ramsay [101]. How-
ever, since the study of virtual groups and their representations tends
to be intractably difficult, the non-regular situation remains poorly un-
derstood in general.
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The irreducible representations of the az + b group were first deter-
mined by Gelfand and Naimark [45], and those of the Poincaré group by
Wigner [132]. The first proof of the Stone-von Neumann theorem ap-
peared in von Neumann [124]; it is reproduced in Folland [40]. For more
about representations of the Mautner group, see Baggett [3], Kirillov
[68], and Cowling [24].
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Further Topics in Representation Theory

This chapter is a survey of some general results about unitary representa-
tions of noncompact; non-Abelian groups, together with some discussion
of concrete cases. The proofs of many of the theorems in this subject
are lengthy and technical and involve ideas beyond the scope of this
book. Hence, to a large extent we shall content ourselves with providing
definitions and statements of the theorems, together with references to
sources where a detailed treatment can be found. (In particular, the
“notes and references” for this material are scattered throughout the
chapter instead of being collected in a separate section at the end.)

Our principal object of concern is the set of equivalence classes of
irreducible unitary representations of a locally compact group G. This
set is called the (unitary) dual space of G. As in Chapters 4 and 5,
we denote it by G, and we denote the equivalence class of an irreducible
representation 7 by [r].

In this chapter most of the main results are subject to the hypoth-
esis that G is second countable. This has, in particular, the following
consequences. First, there is a countable base for the topology of G con-
sisting of sets with compact closure. The linear combinations of their
characteristic functions are dense in LP(G) for p < oo, and hence LP(G)
is separable. Second, G itself is separable, and it follows that if 7 is a
cyclic representation of G, the Hilbert space H, is separable. (In partic-
ular, H, is separable whenever 7 is irreducible.) In view of Proposition
(3.3), to understand the representations of G it is enough to consider
those acting on separable Hilbert spaces.

7.1 The Group C* Algebra

Let G be a locally compact group. In order to describe the structure of
G, we need to digress to construct a modification of the group algebra
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LY(G). If f € L'(G), we define
I£lle = sup_[[=(HIl

[r)eG
Clearly || - ||+ is a seminorm on L'(G) that satisfies || f|l. < |I£]l1.

(7.1) Proposition. Letr(G) be the set of equivalence classes of unitary
representations of G (irreducible or not); let Py be the set of normalized
functions of positive type on G as in §3.3, and let £(P;) be the set of
extreme points in Py. Then for any f € L'(G),

1f12= sup [n(A)I? = sup /(f‘*f)¢>= sup /(f**fw.

[r]er(G) oEP, PEE(Pr)

Proof: Denote the four numbers whose equality is asserted, in the or-
der given above, by A;,..., As. Trivially, A; < A,. If 7 is a unitary rep-
resentation of G and u is a unit vector in H,, let ¢(z) = (m(z)u,u). Then
¢ € Py and ||[7(f)ull®> = f(f* * f)¢ (Proposition (3.15)), so Ay < As.
That A3 < A4 follows from Theorem (3.27), for if ¢ € Py, [(f* * f)¢
is a limit of convex combinations of numbers of the form [(f* * f)y
with ¢ € £(P1). Finally, if ¢ € £(P1) then ¢(z) = (n(z)u,u) for some
irreducible representation m and some unit vector u € H, by Propo-
sition (3.20) and Theorem (3.25), whence [(f* * f)¢ = |n(f)ul|?, so
Ay <A, 1

(7.2) Corollary. f — ||f||+ is a norm on L'(G).

Proof: |- ||+ is obviously a seminorm on L}(G). If ||f|. = O then
m(f) = 0 for every unitary representation of G by Proposition (7.1). But
if we take 7 to be the left regular representation, then 7(f)g = f * g,
and f*g approximates f when ¢ is an approximate identity; so f = 0. 1

We obviously have

1£ * glle = sup e 5 ()] < N ligle,
1£*lle = sup e 17" = £ s
1£* * fll. = sup, 5 I () T(Hl = supy 15 Im(HIP = IF12.

Hence the algebra operations and the involution on L!(G) extend con-
tinuously to the completion of L!(G) with respect to the norm || - ||, and
make that completion into a C* algebra, called the group C* algebra
of G and denoted by C*(G). We shall denote the elements of C*(G) by
letters such as f even though they are not, in general, functions on G.

Example. Suppose G is Abelian. Then ||f[lx = ||f||sup, so C*(G) is
isometrically *-isomorphic to Cp(G).
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Any *-representation of L!(G) extends uniquely to a *-representation
of C*(G), so by Theorems (3.9) and (3.11) there is a one-to-one cor-
respondence between unitary representations of G and nondegenerate
*-representations of C*(G). If 7 is such a representation, its kernel

ker(r) = {f € C*(G) : =(f) = 0}

is a closed two-sided ideal of C*(G). Ideals of the form ker(w) where w
is irreducible are called primitive ideals of C*(G), as they are more
or less the analogues of prime ideals in a commutative ring. The space
of all primitive ideals of C*(G) is denoted by Prim(G):

Prim(G) = {ker(r) : [r] € G}.

If U is a nonempty subset of Prim(G), we define U C Prim(G) by

U:{IePrim(G):za N .7}.

JeU
We also set @ = . .
(7.3) Proposition. For any U,V C Prim(G),
UoU, U=U, TOV=UUV.

Proof: It is obvious that U D U and that Nsev T = Nyev I

so that U = U. Also, since U C UUV and V C U UV we have
UCUUVandV cUUV,; hence UUV c UUV. To prove the reverse
inclusion, suppose ker(7) ¢ U UV. Then there exist f € () 7ev J and
9 € (17ey J such that 7(f) # 0 and 7(g) # 0. Pick a vector u € Hn
such that w(f)u # 0. Since 7(g) # 0 and = is irreducible, there exists
h € C*(G) such that 7(g)m(h)7(f)u# 0. But fxh*g €\ cyuy J, S0
ker()  N7eyuyv J and hence ker(n) ¢ UU V. |

It now follows from a theorem of Kuratowski (Kuratowski [74, §§4-5],
Folland [39, Exercise 4.12]) that there is a unique topology on Prim(G)
with respect to which U is the closure of U, for any U C Prim(G).
This topology is called the hull-kernel topology or the Jacobson
topology. We observe that if 7 and J are distinct elements of Prim(G)
then either T ¢ J or J ¢ T, and hence either T ¢ {J} or J ¢ {Z}. In
other words, the hull-kernel topology is always T. However, it may not
satisfy any stronger separation properties, as we shall see below.

Many of the results described below about representations of G' can
be rephrased as results about nondegenerate *-representations of C*(G),
and as such can be generalized to nondegenerate *-representations of
arbitrary C* algebras. Indeed, this is the natural way of attacking many
problems in representation theory; see Dixmier [29)].
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L
7.2 The Structure of the Dual Space

Let G be a locally compact group. If r is an irreducible representation of
G, the kernel ker(m) € Prim(G) clearly depends only on the equivalence
class of m, and the map [r] — ker(r) is a surjection from G onto Prim(G).
We can therefore pull back the hull-kernel topology on Prim(G) to G.
That is, we make G into a topological space by declaring the open sets to
be those of the form {[r] : ker(r) € U} where U is open in Prim(G). This
topology is commonly called the Fell topology on G; it was introduced
in Fell [34]. To understand it more clearly, let us see what it means in
some familiar cases.

(7.4) Proposition. When G is Abelian, the Fell topology on G is the
usual topology on G as defined in Chapter 4. When G is compact, the
Fell topology on G is the discrete topology.

Proof: Suppose G is Abelian. As we observed in §7.1, C*(G) is
essentially Co(G); the primitive ideals of CO(G) are the maximal ideals
{f: f(é) =0} for & € G; and the hull-kernel closure of a set U C G is
just v(:(U)) in the notation of §4.5. It therefore follows from Theorem
(4.48) that the ordinary closed sets in G are the hull-kernel closed sets.

Now suppose G is compact. If [r] € G, let xx(z) = trm(z) be the
character of 7. It follows easily from the Schur orthogonality relations
(5.8) that m(xx) is (dimH,)~! times the identity operator on M., and
that n'(x.) = 0 if [r’] # [r]. Hence, x» belongs to ﬂ[,r,]#[,r] ker(n’) but
not to ker(r). This means that [7] is not in the closure of G\ {[r]}, and
hence that {[r]} is open. |

When G is neither Abelian nor compact, G is usually non-Hausdorft.
‘We shall see some examples below, but for the moment we give a heuris-
tic reason why this phenomenon is to be expected. It often happens
that one can construct a family of representations m; of G that depend
continuously (in some suitable sense) on a real parameter ¢, such that m;
is irreducible for all ¢ # 0 but 7y is reducible. In such a situation, all the
irreducible components of mp (or rather their equivalence classes) will
be limits of [r;] as t — 0; to put it another way, every neighborhood of
any of those components will contain [m] for ¢ sufficiently small. In any
event, the components of my will correspond to non-Hausdorff points of
G. ‘

Another description of the Fell topology on G is available. Namely, let
E(P)) be the set of extreme points of the set of normalized functions of
positive type on G. E£(P;) is a subset of L>°(G) and as such is endowed
with the weak* topology. On the other hand, for each ¢ € £(P;) one
has the representation g given by (3.19), and the map ¢ — [7g] is a
surjection from £(P) to G by Corollary (3.24) and Theorem (3.25). It
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can then be shown that the Fell topology on G is the one generated by
the map ¢ — [my]; that is, U C G is open if and only if its inverse image
in £(P,) is open. See Dixmier [29, §3.4].

Further information about the Fell topology can be found in Dixmier
[29] and Fell and Doran [37].

Another aspect of the structure of G that is often more directly rele-
vant than its topology is its structure as a measurable space. Of course
one can always consider the o-algebra of Borel sets defined by the Fell
topology, but for second countable groups there is another natural o-
algebra on G that is sometimes more suitable. To define it, we need
some terminology.

For each positive integer n let H,, be a fixed Hilbert space of dimension
n, and let Ho be a fixed separable infinite-dimensional Hilbert space.
(For example: take H, = C" for n < oo and H*® = (%(Z).) Forn =
1,2,...,00 let Irr,(G) be the set of irreducible representations of G on
H, (where we do not identify equivalent but distinct representations),
and let Irr(G) be the union of all the Irr,,(G). For each n we define the
o-algebra B,, on Irr,(G) to be the smallest o-algebra with respect to
which all the functions

(7.5) T — {(m(z)u,v) (z € G, u,veH,)

are measurable, and we define the o-algebra B on Irr(G) by requiring
that E € B if and only if ENIrr,(G) € B, for all n.

__Now suppose G is second countable. The map 7 — [r] from Irr(G) to
G is then a surjection, and we can use it to define a quotient o-algebra
on G. Namely, the Mackey Borel structure on G (mtroduced in
Mackey [82], [86] is the o-algebra M on G consisting of all E C G such
that {7 € Irr(G) : [r] € E} € B.

One could use the same procedure to define a topology on G. Namely,
one imposes on Irr,, (G) the weakest topology that makes all the functions
(7.5) continuous, on Irr(G) the topology for which U C Irr(G) is open
precisely when U N Irr,,(G) is open for all n, and on G the quotient
topology induced by the map m — [r]. This topology is less natural than
the Fell topology because it makes all the sets G,, = {[n] : 7 € I1,,(G)}
closed, whereas (as we suggested above) one may wish to regard certain
lower-dimensional representations as limits of higher-dimensional ones.
However, it can be shown (Dixmier [29, §3.5]) that these two topologies
induce the same relative topology on @n for every n. It follows easily
that the Mackey Borel structure includes the family of Borel sets for
the Fell topology, but in general it is strictly larger. In particular, the
Mackey Borel structure distinguishes points — every singleton set in
G belongs to M (Mackey [82], or Dixmier [29, §3.8]) — but the Fell
Borel sets do so only when the map [r] — ker(r) from G to Prim(G) is
injective.
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It is of interest to know how well-behaved G is as a topological space
or as a measurable space. On the topological side, the main questions
are whether G satisfies one of the separation axioms 7y or 7. On the
measure-theoretic side, the principal conditions to be considered are the
following.

Let (X, M) be a measurable space, i.e.,, a set equipped with a o-
algebra. M is countably separated if there is a countable family
{E;}1° in M such that each z € X satisfies {z} = (..} Ej- (X, M)
(or just M) is standard if (X, M) is measurably isomorphic to a Borel
subset of a complete separable metric space. (Two measurable spaces
(X, M) and (Y,N) are measurably isomorphic if there is a bijection
f: X — Y such that E € N if and only if f~!(E) € M.) Standardness
easily implies countable separation, and it is an even stronger condition
than might at first appear. By a remarkable theorem of Kuratowski [74,
§37.11], if (X, M) is standard there are only two possibilities: either X
is countable and M is the o-algebra of all subsets of X, or X has the
cardinality of the continuum and (X, M) is measurably isomorphic to
the unit interval [0, 1] with its o-algebra of Borel sets.

It turns out also that the topological or measure-theoretic structure
of G is closely related to certain types of behavior of the representations
of G. Before coming to the main theorems, we therefore need some more
terminology.

A unitary representation m of G is primary if the center of C(7) is
trivial, i.e., consists of scalar multiples of I. (Primary representations
are also known as factor representations.) By Schur’s lemma, every
irreducible representation is primary. More generally, if 7 is a direct
sum of irreducible representations, m is primary if and only if all its
irreducible subrepresentations are unitarily equivalent. (We shall prove
this in the next section as Theorem (7.23).) The group G is said to be
type I if every primary representation of G is a direct sum of copies of
some irreducible representation.

(The terminology here comes from the theory of von Neumann alge-
bras. If 7 is a representation of G, let A, be the weak closure of the
algebra generated by the operators n(z), £ € G. The condition that
7 is primary means precisely that A, is a factor in the sense of von
Neumann. Factors are classified as type I, type II, or type III, and the
condition that m be a direct sum of copies of an irreducible represen-
tation is equivalent to A, being a factor of type I. See Dixmier [29,

§5.4].)

Example 1. Every compact group is type I. This follows immediately
from Theorem (5.2) and Theorem (7.23) below.

Example 2. Every Abelian group is type I. Indeed, if 7 is a represen-
tation of an Abelian group G, then m(z) belongs to the center of C(r)
for every € G. Hence, if 7 is primary we must have n(z) = (x, {)I for
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some & € é, and a choice of orthonormal basis for H, then exhibits 7
as a direct sum of copies of the one-dimensional representation £.

- Example 3. The Heisenberg groups H,, discussed in §6.7 are type L.
Indeed, the center Z of Hy is the set of elements of the form (0,0,1),
so if m is a primary representation of H,,, the operators m(0,0,t) must
be scalar multiples of the identity, so that 7(0,0,t) = e*™] for some
h € R. If h # 0, the Stone-von Neumann theorem says that = is a
multiple of the irreducible representation pj. If h = 0, 7 factors through
H,/Z =~ R®™ and hence (as in Example 2 above) must be a multiple of
one of the representations 7, g of Corollary (6.51).

One more set of definitions. A C* algebra A is said to be CCR if
whenever 7 is an irreducible *-representation of A, 7 (f) is a compact op-
erator for every f € A. (“CCR” stands for “completely continuous rep-
resentations,” “completely continuous operator” being a once-common
synonym for “compact operator.” CCR algebras are also sometimes
called liminaire or liminal, the former being a French synonym for
“CCR” invented by Dixmier.) A C* algebra A is said to be GCR (or
postliminaire or postliminal) if every nonzero quotient C* algebra of
A possesses a nonzero two-sided ideal that is CCR. (These notions are
due to Kaplansky [65]; we refer to this paper or Dixmier [29] for a fuller
explanation of the significance of the GCR condition.)

The group G is called CCR (resp. GCR) if C*(G) is CCR
(resp. GCR). Since L!(G) is dense in C*(G), G is CCR if and only
if m(f) is compact whenever 7 is irreducible and f € L}(G). It is obvi-
ous that Abelian groups and compact groups are CCR, simply because
their irreducible representations are all finite-dimensional.

Finally we are ready to state the main theorems that give the equiva-
lence of various “nice” conditions on the structure of G and the behavior
of the representations of G.

(7.6) Theorem. If G is a second countable locally compact group, the
following are equivalent.

i. Gis type L
ii. The Fell topology on G is To.
iii. The map [r] — ker(r) from G to Prim(G) is injective.
iv. The Mackey Borel structure on G is countably separated.
v. The Mackey Borel structure on G is standard.

vi. The Mackey Borel structure on G coincides with the o-algebra of
Borel sets for the Fell topology.

vii. If [r] € G, 7[C*(G)] contains all compact operators on H..
viii. G is GCR.
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(7.7) Theorem. A locally compact group G is CCR if and only if the
Fell topology on G is T|. In particular, every CCR group is type L

Theorems (7.6) and (7.7) are proved in a remarkable paper of Glimm
[47]; some parts of them were proved independently by Dixmier and
Kaplansky. The equivalence of (ii) and (iii) is obvious since Prim(G) is
always Tp, and the implication (v) => (iv) is easy; the other implications
are all more or less difficult. The proofs can also be found in Dixmier
[29].

Measurable spaces that are not countably separated are pathological,
and the equivalence of (i) and (iv) is strong evidence that the irreducible
representations of non-type-I groups are essentially impossible to classify
in any reasonable way. The situation is even worse than that: even if one
knows the irreducible representations of a group G, only when G is type
I is there a way to classify arbitrary representations (up to equivalence)
in terms of irreducible ones. We shall explore this point further in §7.4.

It remains to address the question of which groups are type I or CCR.
The following general results are known; see also Theorem (7.10) below
for the case of solvable Lie groups.

(7.8) Theorem.

a. Every connected semisimple Lie group is CCR.
b. Every connected nilpotent Lie group is CCR.
¢. Every connected real algebraic group is type L
d

. A discrete group is type I if and only if it possesses an Abelian
normal subgroup of finite index.

(a) is due to Harish-Chandra [57]; see also Harish-Chandra [56] for a
direct proof that such groups are type I. (b) is due to Dixmier [26] and
Kirillov [67]; see also Corwin and Greenleaf [23]. (c) is due to Dixmier
[25], and (d) is due to Thoma [119].

In view of (d), it is easy to display examples of discrete groups that are
not type I; we shall examine one of them in §7.6. The simplest example
of a connected Lie group that is not type I is the Mautner group M
discussed in §6.7, which is a five-dimensional solvable Lie group. See
Baggett [3], Cowling [24], and Kirillov [68, §19].

The determination of G for various specific types of groups G is an
ongoing endeavor that has occupied the attention of many mathemati-
cians over the past forty years. We briefly describe the situation for
connected noncompact, non-Abelian Lie groups. (For compact ones, see
§5.5. The only connected Abelian Lie groups are products of R™ and
T™, n,m >0.)

For simply connected nilpotent Lie groups there is a beautiful and
simple description of the dual space that we now give. First, a little
background; see Helgason [60] for fuller explanations. Suppose G is a
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Lie group with Lie algebra g. First, there is a natural linear action of
G on g called the adjoint action: Ad(z)Y is the tangent vector to
the curve t — z[exptY]z~! at t = 0. This yields a linear action of G
on the (real) dual space g* of g called the coadjoint action, given by
Ad*(z) = [Ad(z~!)]*. Second, if A € g* and b is a subalgebra of g such
that A = 0 on [h, B], then Alh is an algebra homomorphism from b to
R. If H is a Lie subgroup of G with Lie algebra b, we shall call a one-
dimensional representation o of H such that o(exp X) = e2mA(X) for
X € halifting of A to H. If G is simply connected and nilpotent, there
is a unique connected H whose Lie algebra is b, and every A € g* such
that A([h,h]) = O has a unique lifting o to this H: namely, H = exph
and oy (exp X) = e2mMX),

(7.9) Theorem. Let G be a simply connected nilpotent Lie group.
Given A € g*, let b be a maximal subalgebra of g such that A = 0 on
[h,b], and let H and o be as above. Then indg(o,\) is irreducible, and
its equivalence class depends only on the orbit of A under the coadjoint
action. The map Oy — [ind§ (02)] is a bijection from the set of coad-
joint orbits to G which is a homeomorphism with respect to the natural
quotient topology on the set of orbits and the Fell topology on G.

This theorem is due to Kirillov [67] except for the fact that the map
[ind§(ox)] — Oy is continuous, which was proved by Brown [18]. See
also Moore [94] and Corwin and Greenleaf [23] for expositions of the
Kirillov theory.

The analysis underlying Theorem (7.9) also applies, with certain mod-
ifications, to solvable Lie groups. Indeed, for a solvable group G such
that the exponential map exp : g — G is a diffeomorphism (such groups
are called exponential solvable groups), the construction in Theorem
(7.9) carries over with almost no change — except that one must be a lit-
tle more careful in the choice of the subalgebra h — to give a one-to-one
correspondence between G and the space of coadjoint orbits in g*. For
more general solvable groups G the situation is considerably more com-
plicated, but suitable extensions of the Kirillov construction, involving
an extensive use of the Mackey machine, yield necessary and sufficient
conditions for G to be type I and a complete parametrization of its dual
space when it is. In particular, we have the following complement to
Theorem (7.8).

(7.10) Theorem. A simply connected solvable Lie group G is type I
if and only if the space of coadjoint orbits is countably separated and
every A € g* has a lifting to the group Gy = {z € G : Ad*(z)A = A}.
Every exponential solvable group is type L

This theorem, as well as the description of G alluded to above, is due
to Takenouchi [117] and Bernat [8] in the exponential solvable case, and
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to Auslander and Kostant [2] in the general case. See Moore [94] for a
very readable survey of these results.

The study of representations of connected semisimple Lie groups is an
enormous undertaking that involves techniques far outside the scope of
this book; we refer to Knapp [70] for a good exposition of (many parts
of) the theory. The first major result was the determination of the dual
space of SL(2,R) by Bargmann [7] in 1947; we shall describe his result
in §7.6. The next three decades saw the discovery of large families of
irreducible representations for general semisimple Lie groups (enough to
decompose the regular representation; see §7.5), but the full dual space
remained unknown except in a few cases. Only more recently has the
dual space been determined for large classes of groups. It is now known
for groups of real rank one (SO(n,1), SU(n,1), Sp(n,1), and Fy _2),
the complex classical groups (SL(n,C), SO(n,C), and Sp(n,C)), and
SL(n, F) where F is R, C, or the quaternions. (A few other special cases
are also known.) These results are proved in Baldoni Silva and Barbasch
[5], Barbasch [6], and Vogan [122]. (Vogan [122] considers GL(n, F)
instead of SL(n, F), but this is a minor matter since these groups differ
only in their centers. Cf. the comparison of the representations of SU (2)
and U(2) in §5.4.)

Finally, we mention that the correspondence between irreducible rep-
resentations and orbits of the coadjoint action, which works so beau-
tifully in the nilpotent case and to a large extent in the solvable case,
has also been a very useful principle in the study of representations of
other Lie groups. This principle was first elaborated by Kostant [73]
in his theory of “geometric quantization,” and it has reappeared with
various modifications in much subsequent work. See Kirillov [68] for an
exposition of this philosophy, and Vogan [123] for a nice account of its
role in the representation theory of reductive groups.

7.3 Tensor Products

In this section we discuss tensor products of representations. The main
results are a characterization of the type I primary representations of
a group and a recipe for constructing the irreducible representations of
a product group out of representations of the factors. Since the theory
of tensor products of Hilbert spaces is not as readily accessible in the
literature as it should be, we begin with a review of it.

In the category of vector spaces over a fixed field, the tensor product of
two vector spaces V and V; is usually defined abstractly as a vector space
V1 ® V; such that any bilinear map from V) x V, to another vector space
factors uniquely through V) ® V5. There are several ways of constructing
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concrete models of V] ® V,; one is as the space of linear maps of finite
rank from V3 into V). We wish to modify this construction to obtain a
tensor product in the category of Hilbert spaces.

Let H, and H. be Hilbert spaces, and consider bounded linear maps
from H3 into H,, or equivalently, bounded antilinear maps from H> into
H,. The terminology and basic theory of bounded linear maps applies
also to antilinear maps, with obvious modifications. For example, the
composition of two antilinear maps is linear, and the composition with
a linear map with an antilinear one is antilinear. The operator norm of
an antilinear map A is defined as in the linear case,

Al = sup |Az||.

flzll=1

The adjoint of a bounded antilinear map is another such map, defined
not by (A*u,v) = (u, Av) — which cannot be right since the left side is
antilinear in both u and v whereas the right side is linear — but rather
by

(A*u,v) = (Av,u).
Note that the map A — A* is linear rather than antilinear.

Suppose A is an antilinear map from ‘Hs to H,, and {u,} and {vg}
are orthonormal bases for H; and H respectively. Then by the Parseval

identity,
D llAvsll® = 3" [(Avg, ug)?
B B«

(7.11) =2 > (Aua )P = 3 A ual®
a g [+3

This shows that } | Avg||? is independent of the choice of basis {vg},
for if {wg} is another orthonormal basis for H, we also have
>sllAwgl®> = 3, || A*uq|>. We define the tensor product of H,
and H2 to be the set H, ® H, of all antilinear A : Hy — M, such that
>l Avg||?> < oo for some, and hence every, orthonormal basis {vs} for
Ho, and we set

IAN* = llAvs|l*.
8

(7.12) Theorem. H, ® H, is a Hilbert space with the norm ||| - ||| and
associated inner product

(Av B> = Z(A’Ug, BUﬁ)v
B

where {vg} is any orthonormal basis of Ha.
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Proof: We first observe that if A,B € H, ® Ho,

> l{Avs, Bug)| < Y lAwsll | Bugll < [IAIlNIBIIl < oo

by two applications of the Schwarz inequality. Thus the series
Y (Avg, Bug) is absolutely convergent, and an application of the Parse-
val identity as in (7.11) then shows that > (Avg,Buvg) =
Y (A*uq, B*uq) for any orthonormal bases {u,} and {vg} of H; and
Hz. Thus ) (Avg, Bug) is independent of the choice of basis {vg} and
defines an inner product on M, ® H, whose associated norm is ||| - |||
It remains to prove completeness. If A € H;, ® H2 and € > 0, choose
{vs} to be an orthonormal basis for H; of which one element v satisfies
|Ave|| > || Al| —e. It follows that |||A[|| > ||A||—¢, and hence ||| A]|| > || 4]-
Therefore, if {A,} is Cauchy in H; ® Ho, it is Cauchy in the operator
norm topology, and one only needs to show that its limit A in the latter
topology is also its limit in the topology of H; ® H,. This we leave as
an exercise for the reader. 1

If u € H, and v € Hy, the map w — (v,w)u (w € Hz) belongs to
H1 ® Ha; we denote it by u ® v:

(u®v)(w) = (v,w)u.
By picking an orthonormal basis for H, of which v/||v|| is a member, we

see that

[(u @ v)v]| _ (v, v)lul
llu @l = = = [l l]l-
[lvll [l

Similarly, for any u,u’ € H; and v,v' € Hoz,

(7.13) (u®v, u' ®v') = (u,u){v,v)

Next, if A is a bounded antilinear map of finite rank from M, to
M2, let uy,.,.u, be an orthonormal basis for the range of A. Then
Aw = Y T{Aw, u;)u;. For each j, w — (Aw,u;) is a bounded antilinear
functional on Ha, so there exists v; € Ha such that (Aw,u;) = (v;,w).
But this says that A = 3| u;®v;. In other words, the space of antilinear
maps of finite rank from H; to H> is contained in H, ® H2 and consists
of the linear span of the elements u ® v for u € H, and v € Ho.

(7.14) Proposition. If {u,}, {vs} are orthonormal bases for H,, Ho.
Then {uq ® vg} is an orthonormal basis for H; ® Ha.

It follows from (7.13) that {u, ®vg} is an orthonormal set in H, ® H>.
If A € H) ® H, we have
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(A, ua ®vp) = Y (Avg, (ue @ vp)vg) = (Avg, ta),

ﬁl
so
>4, ue ®up)l® =D [(Avg,ua)® = D | Avgl® = [ AlI*.
a,B a,B 8
Thus the Parseval identity holds, so {u, ® vg} is a basis. |

We point out a couple of simple and useful isomorphisms. First, by
(7.11), the map A — A* is a unitary isomorphism from H; ® H> to
Ho ® Hy, and (u ® v)* = v ® u. Second, tensor products distribute
across direct sums in the obvious way:

H, 2 H dHY = Hr ® He & (Hy ® Ha) & (H] ® Ha).

We leave it as an exercise for the reader to make this precise.

Another interpretation of the tensor product is available when the
Hilbert spaces in question are L? spaces. Suppose (X, 1) and (Y,v) are
o-finite measure spaces. If f € L?(u) and g, h € L%(v), we have

(Foa® = (o1 = [ 1OsR i),
so f ® g is the antilinear integral operator whose kernel is the function

(7.15) (f®9)(z,y) = f(x)g(¥)

on X x Y. Similaily, the operator )| fj ® g; has the kernel
3.7 fi(%)gi(y). We are therefore led to the following result.

(7.16) Theorem. Suppose (X,u) and (Y,v) are o-finite measure
spaces. The identification of f ® g € L?(n) ® L%(v) with the function
(7.15) extends uniquely to an isometric isomorphism of L?(u) ® L?(v)
with L?(u x v), whose inverse identifies F € L?(u x v) with the operator
h— [ F(,y)h(y) dv(y). ’

Proof: By (7.13),

WZE@’%W IRAITY

- / / 3 550,00 ) o)

Hence the stated identification extends by linearity and continuity to an
isometric embedding of L%(u) ® L?(v) into L?(u x v). To complete the
proof, by Proposition (7.14) it is enough to show that if {f,} and {gg}
are orthonormal bases for L(i1) and L?(v) then {f, ® gg} is a basis for
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L2(u x v). If F € L?(u x v), there is aset N C Y with v(N) = 0 and
[ 1F(z,y)|> dp(z) < oo for all y ¢ N. For every a the function

balt) = (F(9), fa) = / F(z,9)7a(@ du(z)

is well-defined for y ¢ N, and

/ () dv(y) < / 1P 0B dv(y) = IFIZ < oo,

0 ¢ € L?(v). Moreover,

(b0r90) = [ [ F@,)Tal@0a0) du(o) dly) = (F, fa @ g5).

Now, F(-,y) = Y. a(y)fa (where the series converges in L2(y)) for all
y ¢ N S0 by the Parseval identities on L?(x) and L2(v),

171 = [ 1FC0)Idv) = / S a0 )
=Y 1 dar 98)2 = Y _(F, o ® gg)|*
a,B a,B

Thus the Parseval identity holds for the orthonormal set { f,®g3}, which
is therefore a basis. 1

A similar but easier argument yields the following result, whose proof
we leave to the reader:

(7.17) Proposition. Let H be a Hilbert space and A a set. For each
a € A let H, be a copy of H, and define 6o(8) = 1 for § = o and

8,(B) = 0 for f € A\{a}. Then the map (fo)aca — Y, fa ® by isa
unitary isomorphism from @ c 4 Ha to H® 12(A).

We now consider tensor products of operators. If S € L(H,), T €
L(H2), and A € H; ® Hz, define the antilinear operator (S ® 7')A from
H, to H, by

(S®T)A = SAT™.
We shall see shortly that (S®T")A belongs to H; ® Hz, so that S®T is
a linear operator on H; ® Hs, called the tensor product of S and T'.
(Note that S ® T' depends linearly on T despite the occurrence of T in

the definition, for SA(cT)* = SA(EI™) = ¢SAT™* by the antilinearity of
A)

(7.18) Theorem. Suppose S,S’ € L(H,) and T,T' € L(H;). Then:

a. S®T € L(H1®Mp), and ST = ||SII|T]-
b. (S®T)(u®v)=Su®Tv for all u € Hy, v € Ha.
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c. (S®T)S'QT") =(S9")®(TT").
d (STY*=S*e1*.
e. If S and T are unitary, sois S®T.

Proof: To prove (a), first consider the case when T' = I. If {vg} is
an orthonormal basis for H, we have 3 ||SAvg||? < ||S]|2 Y || Avgl|?, so
ISA|l < |ISINIAll. Now, for T # I, by (7.11) and what we have just
proved we have

NSAT*|I| = NIT(SA*I < ITNNSA) I = 1T NS Al < ISIITI AN
Thus (S®T) € L(H, ® Hz) and ||SQ T < ||S|| |T]|. Next, if w € Ho,
SN (uev)(w) = Su®v)T™*w = (v,T"w)Su

= (Tv, w)Su = (Su @ Tv)w,

which proves (b). If we choose u and v to be unit vectors such that
|Sul| > ||S|| — € and || Tv|| > ||T|| — e, it follows that

IS@ Tl > [I(S @ T)(u@v)ll = [[Sull ITv]| > (IIS|| - (I TN - €),

so that ||S® T|| > ||S|||7'||, which completes the proof of (a).

(c) is obvious. To prove (d) we use once again the fact that A — A*
is a unitary map from H; ® Hy to Hy ® H;: if {us} and {vg} are
orthonormal bases for H; and Ho,

(S®T)*A,B) = (A,(S®T)B) = (A, SBT*)
=) (Avp, SBT"vg) = Y (S*Avg, BT vg)
= (S*A,BT*) = (A*S, TB*)
=) (A"Suq,TB*uy) = Y (T"A*Sta, B*ug)
= (T*A*S,B*) = (S*AT,B) = ((S* ® T*)A, B).

Hence (S®@T)* = S*@T™.
Finally, (e) follows from (c) and (d): if S and T are unitary,

(S®TYS®T) =8* TT* =I®I = I,
and likewise (S@ T)*(S®T) = I. 1

The following theorem will be the basis for our representation-
theoretic results.

(7.19) Theorem. Suppose H; and H are Hilbert spaces, and S is
a subset of L(H,) such that the only bounded operators on H, that
commute with every S € § are scalar multiples of I. Then the bounded
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operators on Hy ® Ha that commute with S ® I for every S € S are
precisely those of the form I ® T where T' € L(Hz).

Proof: Clearly (S®I)(IQT)=SQT = (IQT)(S®I) for any
S and T. On the other hand, suppose L € L(H; ® Hz) commutes
with every S® I, S € S. Let {vg} be an orthonormal basis for H.
Then H; ® H2 = Dz(H1 ® vg) by Proposition (7.14), so if u € H,
we have L(u ® va) = ) 5Uap ® vg for some uas € M. Moreover,
g lluapll® = [IL(u ® va)l* < [ILI[lull?, so the map u — uap is &
bounded linear operator on H,. Denote this operator by Log; then if
Ses,

Y LapSu®vp=L(Su®va) = (S®NL(u®vs) = ¥ _ SLapu @ vp.
B B

It follows that L,s commutes with every S € S, so Lag = tosI for some
tep € C. We now have

L(u ®'Ua) = Ztaﬁﬂ@'ug =u® Ztaﬁvﬁy
B B
and more generally,
.L(u ® Z cava) =u® Z CatapVs.
a a,
Taking u to be a unit vector, we see that

1> catapvsll < ILITY . cavell,
a,fB a

80 the matrix (t,3) defines a bounded linear operator 7" on Hs such that
L=1IQT. |

We return now to representation theory. Now suppose G and G5 are
locally compact groups, and m; and w2 are representations of G; and
G2 on H, and H,, respectively. By Theorem (7.18¢), we can define a
unitary representation m ® w2 of G; x G2 on H; ® H2 by

(m ® ma)(z,y) = m(z) ® m2(y).

m @y is called the Kronecker product or outer tensor product of
m, and m2. When G, and G5 are the same group G, the inner tensor
product of m; and m is the representation of G obtained by restricting
m ® mo to the diagonal subgroup of G x G:

z — (m ® m)(z,z) = m(x) @ mo().

This representation is also commonly denoted by 7, ® m2. We have
encountered inner tensor products at a couple of points in Chapter 5,
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but they will play no further role in this book, so we shall not trouble
to invent a separate notation for them.

(7.20) Theorem. m ® m is irreducible if and only if m, and m are
both irreducible.

Proof: If M C H, is an invariant subspace for o, one easily sees
that H; ® M is an invariant subspace for 7, ® w2; similarly for ;. Hence
m @ my is reducible if either factor is. On the other hand, suppose m;
and my are irreducible and L € C(m ® m2). Restricting attention to
the group G; x {1}, we see that L commutes with m;(z) ® I for every
z € G1. By Schur’s lemma and Theorem (7.19), therefore, L = I Q@ T
for some T € £(H;). But the same reasoning applied to {1} x G2 shows
that L = S ® I for some S € L(H,). These conditions can only hold
simultaneously if S and T', and hence L, are multiples of the identity.
Hence 7, ® w2 is irreducible by Schur’s lemma. |

If H, and H, are Hilbert spaces and = is a representation of G on H,,
we denote by m ® I the representation of G on H; ® Hz given by

(r@N(z)=n(r)®I.

(The Hilbert space H2 on which the second factor I acts is understood
from the context. This construction. is really a special case of the tensor
product of two representations, in which Gy = G and G; is the trivial
group.) .

(7.21) Proposition. Let H; and Hs be Hilbert spaces, and suppose 7
and ' are irreducible representations of G on H;.

a. If M C 'H, ®Hs is an irreducible subspace for t®I, then (1 ® )™
is equivalent to .

b. If t ® I and n' ® I are equivalent, so are m and '.

Proof: For (a), choose Ag € M and vy € Hs such that Aguy # O,
and define V : H; ® Ho — H, by VA = Avg. (Recall that A is an
antilinear operator from Hy to H;.) Then

V(rn(z) @ I)A = [(r(z) ® I)A](vo) = m(z)A(vo) = (x)V 4,

so V intertwines 7 ® I and 7. In particular, V|M intertwines (7 ® I)
and m, and it is nonzero since VAg # 0. Hence V| M is an equivalence
by Schur’s lemma.

(b) is an easy consequence of (a). Pick a nonzero vy € H, and let
M = H; ® vg. Clearly M is invariant under 7 ® I and (7 ® I)M is
equivalent to . If U is an equivalence of 7 ® I and ' ® I, U|M is an
equivalence of (71 ® I)* and (7' ® VM), The former is equivalent to
7 and the latter, by part (a), is equivalent to 7'. |
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(7.22) Corollary. Suppose m1, 7} and w2, 75 are irreducible representa-
tions of Gy and Ga, respectively. Then m, ® mo is unitarily equivalent to
7y @y if and only if my and 7 are equivalent to | and 7}, respectively.

Proof: The “if” implication is obvious, and the “only if” implication
follows easily from Proposition (7.21b) by considering 7, ® I and I @ 7
as the restrictions of m; ® m2 to G; x {1} and {1} x Ga. 1

A choice of an orthonormal basis {v,}eca for Hz gives an isomor-
phism of H, with [2(A). In view of Proposition (7.17), it is then easy
to see that m ® I is equivalent to a direct sum of copies of =, one for
each a € A. Hence, the condition that the group G be type I may be
rephrased as saying that every primary representation of G is equivalent
to a representation of the form m ® I where 7 is irreducible. In this con-
nection, we can now give the promised characterization of completely
decomposable primary representations.

(7.23) Theorem. Suppose {7 : a € A} is a collection of irreducible
representations of G. Then €D ¢ 4 Ta Is primary if and only if the 74 ’s
are all equivalent.

Proof: If each 7, is equivalent to some representation 7 then P,
is equivalent to m ® I acting on H, ® I2(A4). By Schur’s lemma and
Theorem (7.19), the map T'— I ® T is an isomorphism from L(I?(A))
to C(r ® I), and L(I1?(.A)) has trivial center, so 7 ® I is primary.

On the other hand, if the 7,'s are not all equivalent, let ¥ denote
the set of their equivalence classes. If H, is the space on which m,
acts, we then have P c 4 Ho = D,eg Mo where M, = D, , Ha.
Let P, be the orthogonal projection onto M,. Clearly P, € C(P 7a).
Moreover, if T' € C(@P m,) and 74 € 0, P,T|Hy =0forall 7 #0 € &
by Proposition (7.21a) and Schur’s lemma. It follows that 7" maps each
subspace M, into itself and hence that TP, = P,T for all 0. But this
says that each P, is in the center of C(€D 7, ), so €D 74 is not primary. I

It follows from Theorem (7.20) and Corollary (7.22) that the map
(7.24) ([m], [r2]) — [m @ 72

is a well-defined injection from G‘l X @2 into (G x G3)". If either G, or
G, is type I, it is a bijection:

(7.25) Theorem. If either G, or G; is type I, then every irreducible
representation m of Gy x G2 is equivalent to a representation of the

form m; @ wy, and hence the map (7.24) is a bijection from G 1 X G2 to
(Gl X Gg) .

Proof: Suppose G, is type I (the argument is the same with G; and
G switched). Let n'(z) = n(z,1) and n%(y) = 7(1,y). 7' and 72 are
representations of G) and G2 on H,, and since (z,1)(1,y) = (z,y) =
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(1,y)(z,1), 7%(y) € C(n') for every y € Go. Thus if T is in the center
of C(r') then T' € C(n?) and hence T' € C(n). But then T = cI by
Schur’s lemma, so 7! is primary. Therefore, after performing a unitary
transformation we may assume that H, = H, ® Hy and m* = 7, @ I for
some irreducible representation m;, of G,. Then, by Schur’s lemma and
Theorem (7.19), 72(y) = I ® mo(y) for some m2(y) € L(Hz). It is easily
checked that 77 is a unitary representation of G, (necessarily irreducible
by Theorem (7.20)) and that 7 = m; ® ma. 1

When G, and G are not type I, the conclusion of Theorem (7.25)
may fail; see Mackey [86]. We shall present a concrete example of this
phenomenon in §7.6.

The Kronecker product and the inducing construction both give ways
of manufacturing representations of a group G from representations of
its subgroups. As ways of producing irreducible representations of G
they apply in quite different situations; nonetheless, they are related.
In fact, we have the following proposition, whose proof we leave as an
instructive exercise for the reader.

(7.26) Proposition. Let G = G| x G2, and identify G| with the sub-
group G, x {1} of G. If 7 is a representation of Gy, indgl(ﬂ') is canon-
ically equivalent to m ® A, where A is the left regular representation of
Gs.

7.4 Direct Integral Decompositions

In this section we sketch the theory of direct integrals, to which we have
alluded in a number of places. This theory is originally due to von Neu-
mann [127], and another version of it was developed by Godement [50].
Our treatment more or less follows Dixmier [28], to which we refer for a
fuller discussion. The theory works well only under certain countability
assumptions; accordingly, in this section (except for Theorem (7.36)) we
consider only representations of second countable groups on separable
Hilbert spaces.

First we must define the direct integral of a family {Hq }aca of Hilbert
spaces with respect to a measure u on the parameter space A. Roughly
speaking, this space should consist of functions f on A such that f(a) €
Hq for each a and [ ||f(a)l|3,, dp(a) < co. If the Hy's are all copies of
a fixed Hilbert space H, there is no difficulty in this. From an abstract
point of view there is no real harm in the assumption that H, = H for all
a (cf. Proposition (7.29) below), but it is unnatural and inconvenient for
concrete applications. On the other hand, if the H,'s are all different, it
is not clear what one should mean by measurability of such functions f,



220 A Course in Abstract Harmonic Analysis

and there are certain pitfalls to be avoided. To come up with a workable
definition will require a certain amount of toil, which we now undertake.

Throughout this section, (A4, M) will denote a measurable space, i.e.,
a set equipped with a o-algebra. A family {H, }.ec4 of nonzero separable
Hilbert spaces indexed by A will be called a field of Hilbert spaces over
A, and an element of HaEA H, — that is, a map f on A such that
f(a) € H, for each a — will be called a vector field on A. We denote
the inner product and norm on H, by (-,-)o and || - |- A measurable
field of Hilbert spaces over A is a field of Hilbert spaces {H, } together
with a countable set {e;}{° of vector fields with the following properties:

(i) the functions a — (ej(a),ex(a)), are measurable for all j, k,

(ii) the linear span of {e;(a)}$° is dense in H,, for each a.

Before proceeding further, let us examine some examples.

Example 1. Let H be a separable Hilbert space with orthonormal
basis {e;}. If we set H, = H and e;(a) = e; for all a, we obtain a
measurable field of Hilbert spaces over A, called a constant field.

Example 2. Suppose A is discrete (i.e., M consists of all subsets of
A) and {H,} is an arbitrary field of Hilbert spaces over A. For each «
let d(a) = dimH, and let {ej(a)}'f(a) be an orthonormal basis for H,.
If we set e;(a) = 0 when j > d(a), the vector fields e; make {H,} into
a measurable field.

Example 3. Let A be a second countable manifold and V = {H,} a
vector bundle over A whose fibers H,, are Hilbert spaces. By the local
triviality of V, a partition of unity argument gives the existence of a
countable family {e;} of continuous sections of V whose linear span is
dense in the fiber over every point. V then becomes a measurable field
of Hilbert spaces with respect to the Borel o-algebra on A.

Example 4. Let G be a second countable locally compact group,
and let A = P, \ {0} be the set of functions ¢ of positive type on G
with 0 < ||¢|lec < 1. Py is a compact Hausdorff space with the weak*
topology, so A is a locally compact Hausdorff space. For each ¢ € A let
M, be the Hilbert space obtained by completing L!(G) with respect to
the semi-inner product (f,g)y = [(g9” * f)¢ as in §3.3. If f € LY(G),

let f(#) be the image of f in Hy; then (f(¢),5(#))s = [(f* *xg)d is a
continuous function of ¢ for every f,g € L1(~G). If {f;} is any countable

dense subset of L'(G), the vector fields {f;} then make {H4} into a
measurable field of Hilbert spaces over A with respect to the Borel o-
algebra on A.

The following proposition provides the crucial information about the
structure of measurable fields of Hilbert spaces.

(7.27) Proposition. Let {H.}, {e;} be a measurable field of Hilbert
spaces over A, with dimH, = d(a) € [1,00]. Then {a € A : d(a) = m}
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is measurable for m = 1,2,...,00. Moreover, there is a sequence {uy }{°
of vector fields with the following properties:

i. for each a, {uk(a)}f(a) is an orthonormal basis for H,, and
ug(a) =0 for k > d(a) (if d(a) < o0);
ii. for each k there is a measurable partition of A, A = |J;2, AF, such
" that on each A}, ui(a) is a finite linear combination of the e;(a)’s
with coeflicients depending measurably on a.

Proof: First, define a sequence {f;} of vector fields inductively as
follows: f(a) is the first of the vectors e;(a), ez(a), . .. that is nonzero;,
for j > 1, f;(a) is the first of the vectors e;(a),e2(a), ... that is not in
the linear span of f)(a), ..., fj-1(a) if such a vector exists, and otherwise
fi(a) = 0. Clearly {f;(a)} and {e;(a)} have the same linear span for
each a.

Claim: Suppose k is a positive integer. There is a measurable partition
{AF}52, of A such that for all j < k and all I, either f;(a) = 0 for all
a € Af or fi(a) = em(;)(a) # 0for all & € AF where m(j) is independent
of a.

We establish the claim by induction on k. For k = 1, let N} =
{a : e(a) # 0} and A} = N; \ Ull_lN,-. Clearly fi(a) = e/a) for
a € A}. Since the ej(a)’s span H, for each a we have |J, A] = A.
Also, e;(a) = 0 if and only if (ej(a), ej(a))s = 0, and since these inner
products are measurable in a, it follows that A} is measurable for all /.
Hence the claim is proved for k = 1.

Now suppose that k£ > 1 and that the sets A{ have been constructed
for j < k. It suffices to prove the claim with A replaced by B = Af'l
for an arbitrary integer I, as one then obtains the required partition of A
by combining the resulting partitions of the Af'l’s. Now, on B, either
fk-1 = 0, in which case fx = 0 and we can take the trivial partition
of B, or f; = e for j < k and fy,..., fy-1 are pointwise linearly
independent. In the latter case, for each m the set B, = {a € B :
fi(@) = em(a)} s given by

B, = {a : Dlenay(@),. .., emk-1y(a),e(a)] = 0 for I < m,
D[em(l)(a), . ,em(k_l)(a),em(a)] ;é 0}7
where

Dvy,...v] = det((vi,vj))f,jﬂ.
(We are using the fact that vy, ..., v; are linearly dependent if and only
if D[vy,...,vg] =0.) It follows that the B,,’s are measurable, and they
together with By = {a € B : fi(a) = 0} make up the required partition
of B. The claim is established.
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It follows immediately from the claim that {a : fi(a) # 0} is measur-
able for each k. Since

{a:d(a) =m} = {a: fm(a) # 0} \ {a: fmi1(a) #0},

the first assertion of the proposition is proved. To prove the second one,
simply apply the Gram-Schmidt process pointwise to the sequence {fx}
to obtain the sequence {ux}. Then {ug} has property (i) by construction.

Moreover, on each Af, uk is a linear combination of ep(1),---,€m(k)
with coeflicients that are continuous functions of the inner products
(ém(i), €m(;)) and hence are measurable, so (ii) holds too. 1

Given a measurable field of Hilbert spaces {H,}, {e;} on A, a vector
field f on A will be called measurable if (f(a), ej(a))q is a measurable
function on A for each j.

(7.28) Proposition. Let {ux} be as in Proposition (7.27). A vector
field f on A is measurable if and only if (f(a),ux(a))e is a measur-
able function on A for each k. If f and g are measurable vector fields,
(f(a),g(a))q is a measurable function.

Proof: If f is measurable, it follows from property (ii) of {ux} that
(f,ux) is measurable for each k. On the other hand, by property (i) of
{ux} we have

(f(a), e5(@)a = D (f(@), ur(@)alui(@), e(@))a.

k

(uk, e;) is measurable by (ii) again, so if (f, ux) is measurable for all k, so
is (f, e;). Likewise, if f and g are measurable, (f, g) = > (f, uk){uk, 9)
is measurable. |

Finally we are ready to define direct integrals. Suppose {Ha }, {e;} is
a measurable field of Hilbert spaces over A, and suppose pu is a measure
on A. The direct integral of the spaces H,, with respect to u, denoted

by
@
/ Ha du(a),

is the space of measurable vector fields f on A such that

12 = | £ (@) ds(ar) < oo,

(The integrand is measurable by Proposition (7.28).) An easy modifica-
tion of the usual proof that L%(y) is complete shows that [ ® He du(a)
isa Hilbert space with inner product

(.9 = [(5(@), 9(e)a dito).
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Let us see how this works for the first three examples of measurable
fields of Hilbert spaces discussed above.

(1) In the case of a constant field, H, = H for all ¢, jGB Ho du(a) is
just the space of measurable functions from A to H that are square-
integrable with respect to u. We denote this space by L?(A, u, H).

(2) If A is discrete and y is counting measure on 4, then [ Ho du(a)
is nothing but @ ¢ 4 Ha-

(3) If the H,'s are the fibers of a vector bundle V, fe3 Hq dp(a) is the
space of sections of V that are square-integrable with respect to u.

We now make a few simple remarks about direct integrals. First,
f He dp(a) really depends only on the equivalence class of u. More
precisely, if 4/ is another measure on A such that u and u’ are mutually
absolutely continuous, it is easily verified that the map f— f/dp/dy
defines a unitary isomorphism from f He di(a) to f He dp'(a).

Second, if { A }$° is a measurable partition of A, there is an obvious
isomorphism

/Hdu @/ He dp(c

Third, suppose dimM, = d is independent of a. Let {u;} be as
in Proposition (7.27); these vector fields furnish an orthonormal basis
for H, for each o and hence an identification of H, and C? (where
C>™ = [?). Once this identification is made, the field {H,} becomes
a constant field, and by Proposition (7.28), the vector fields that are
measurable with respect to the original measurable field become the
vector fields that are measurable with respect to this constant field. In
short, the choice of {u;} yields an isomorphism between [ ® M, du(a)
and L?(A, u, C%).

If we combine the last two remarks and Proposition (7.27), we obtain
the following result.

(7.29) Proposition. Let {H,}, {e;} be a measurable field of Hilbert
spaces over A, and let 1 be a measure on A. For m = 1,2,...,00, let
A, ={a € A:dimH, = m}. Then a choice of vector fields {u;} as in
Proposition (7.27) defines a unitary isomorphism

@D
[ Hadue) = (e, @ﬁ Ao, C™).

At this point we can answer a question that must have been in the
reader’s mind, namely, the extent to which f Hq du(a) depends on the
choice of {e;} in the definition of measurable field of Hilbert spaces. Ev-
idently there is some dependence, for {e;} is used to specify the measur-
able vector fields out of which [ ® N, du(a) is made up. Indeed, suppose
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{ex} is another sequence of vector fields that define a measurable field
structure on {H,}.

On the one hand, if the inner products (e;(a), ex(a))q are all mea-
surable functions of a, the sets of {e;}-measurable vector fields and
{ex }-measurable vector fields coincide, and hence so do the direct inte- ’
grals fashioned out of them. To see this, let {u;} be as in Proposition
(7.27). If f is {e;}-measurable, the inner products (f(a),u;(a))a and
(ex(a),u;(a)), are measurable in a; hence so is

(f(@), ex(@))a = D _{f(a),uj(@))alus(a) e(@))a,

J

so f is {ex}-measurable.

On the other hand, the inner products (e;{a),ex(a)), need not be
measurable, and in this case the sets of {e;}-measurable vector fields
and {e}-measurable vector fields will be quite different. For exam-
ple, let £ be a nonmeasurable set in A, let ¢ = xg — xa\g, and let
¢j(a) = ¢(a)ej(a). Then the pointwise inner products of the ¢;'s are
the same as those of the e;'s since |¢| = 1, so {¢;} defines a structure
of measurable field on {H,} just as {e;} does — but not the same one.
More generally, one can obtain a new structure of measurable field by
replacing e;(a) by U(a)e;(a) where U(a) is a unitary operator on H,
depending completely arbitrarily on a.

However, Proposition (7.29) shows that up to an isomorphism that
respects the direct integral structure (although not the identity of the
individual vectors in the spaces Hq), | ®H, du(a) does not depend on
the choice of {e;}: the spaces L?(Am, u, C™) and L% (A, p1,1?) are quite
canonical. Hence, we shall sometimes omit mentioning {e;} in referring
to direct integrals of Hilbert spaces.

We now consider direct integrals of operators. Let {H,}, {e;} be a
measurable field of Hilbert spaces over A. A field of operators over A
is an element T of [],. 4 L(Ha); T is measurable if a — T'(a)f(a) is
a measurable vector field whenever f is a measurable vector field.

(7.30) Proposition. Let T be a field of operators over A. Then T is
measurable if and only if (T'(a)ej(a),ex(a))q is a measurable function
on A for all j, k.

Proof: “Only if” is obvious. If
(T(e)ej(@), ex(@))a = (€j(@), T(a) ex(a))a

1§ ‘measurable for all j, k then T™(a)ex(a) is measurable for all k; but
then if f is a measurable vector field,
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(T(a)f(a), ex(@))a = (f(a), T(a) ex(a))e

is measurable for all k by Proposition (7.28), so T'(a)f(a) is
measurable. 1

Suppose p is a measure on A and 7' is a measurable field of operators
such that

(7.31) ITlo = ess sup ||T(a)|| < oo.
a€A

Then ||T'(a) f(@)|la < |T]looll f(@)||o @-€., 50 T defines a bounded opera-

tor on [© M, du(a) which we denote by [® T'(a) du(a), or by [® T for

short:
[ (/ "0 d“(a)) f } (@) = [(/*D)S](e) = T(2)f(a).

J ® T is called the direct integral of the field T". It has the obvious
elementary algebraic properties:

o1+ [®s =% +9),
[ferres = fers, (f°1)" = Jer.
(Note. If u is not semi-finite — a case that could perfectly well be

excluded from the beginning — the usual modification of the essential
supremum is called for in (7.31): “|T||cc < A” means that | T'(a)| < A

for all & except in a locally null set. We shall neglect this point in what
follows; the reader may repair the resulting solecisms.)

(7.33) Proposition. IfT is an essentially bounded measurable field of
operators, then || [T = | T oo

Proof: Obviously || f®T|| < |Tlleo. If f € [®Hodu(a) and ¢ €
L (),
/ 16(a) PIT (@) F(@)|12 dps(a) = (| [2T(8F)I?

<IS2TIlf11? = ||f®T||2/ |8(a) 1?1 f (@) 12 dp(a),
from which it follows that

(7.34) IT(@)f(@)lle < 1/ETNIf ()]l a-e-

In fact, (7.34) holds for any measurable vector field f, as one sees by
applying (7.34) with f(a) replaced by | f(a)|;!f(a)xe(a) where E is
an arbitrary subset of A of finite measure. Now, by taking linear combi-
nations of the e;’s with coefficients in a countable dense subset of C we
can make a sequence {f;} of measurable vector fields such that { fJ(a)}
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is dense in H, for each a. On applying (7.34) to the f;’s, we see that
IT(a)|| < || f® T for almost every a, ie., |[Tlleo < || fE T 1

(7.35) Corollary. If [®T(a)du(a) = [® S(a)du(a) then T(a) =
S(a) a.e.

Proof: If [®(T ~8) =0 then ||T — S||oo = 0. 1

A simple but important special case of direct integrals of operators
arises when the operators T'(a) are all scalar multiples of the identity,
T(a) = ¢(a)I with ¢ € L>(u), in which case f®T is just the operator
f — ¢f. We call such operators on [ *H, du(a) diagonal operators.

Now suppose that G is a locally compact group and that w, is a
unitary representation of G on H, for each a € A, such that a — m,(x)
is a measurable field of operators for each z € G; we shall call {7 }aca
a measurable field of representations of G. Since |7, (z)|| =1, we
can form the direct integral

&
n(z) = / 7a(2) dis(cr).

7 is a unitary representation of G on [ ®H, du(a). Indeed, that m(z)
is unitary for each z and that w(xy) = w(z)m(y) follows from (7.32),
and the strong continuity of 7 follows from the strong continuity of the
Te'S together with the dominated convergence theorem. 7 is called the
direct integral of the representations .

Example. Let A = Py\ {0} and {H4}4ca be as in the fourth example
at the beginning of this section. For each ¢ € A let 7, be the canonical
representation of G on Hg. Then

(re(@F(),58Ne = [0+ Lo

is a continuous function of ¢ for all f,g € L'(G), so {4} is a measurable
field of representations, and we can form [ ® 7 du(d) for any Radon
measure u on A.

We now consider the problem of expressing an arbitrary unitary repre-
sentation of a group G as a direct integral of irreducible representations.
When G is compact, the problem is solved by Theorem (5.2), and when
G is Abelian it is essentially solved by Theorem (4.44). Indeed, we have:

(7.36) Theorem. Let G be a locally compact Abelian group, and let 7
be a unitary representation of G on H. Then « is equivalent to a direct
integral of irreducible representations.

~ Proof: By combining Theorem (4.44) and the Spectral Theorem
(1.47) (or the arguments leading to them), one sees that there is a mea-
sure space (2, u), where Q is a disjoint union of copies of G, and a
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unitary map U : H — L?(u) such that Un(z)U~! is multiplication by
the function § — (x,£) on each copy of G. In other words, each w € Q
determines a character £, € G such that Ur(z)U~!f(w) = (z,&,) f(w)
for f € L%(u), and the map w — &, (the identity map on each copy of
G) is obviously measurable. But this says that Un(-)U~! is the direct
integral [® ¢, du(w) acting on [® Cdu = L(u). 1

We now return to the general (noncompact, non-Abelian) case and
present the main theorems on direct integral decompositions. We mo-
tivate the fundamental existence theorem with the following considera-
" tions. If 7 = f® Tq duu(r), the diagonal operators f — ¢f (¢ € L™(u))
all belong to C(m). In particular, the operators f — xgf, where E is
a measurable subset of A, are projections whose ranges are invariant
subspaces for m. The following theorem effectively asserts the converse,
that for any projection-valued measure P with values in C(7) there is
a direct integral decomposition of 7w with respect to which the P(E)’s
are precisely the projections that are diagonal. However, if one has a
commuting family of projections in C(r), the weakly closed subalgebra
of operators they generate will be a commutative subalgebra of C(x),
and the theorem is phrased in terms of such subalgebras.

(7.37) Theorem. Suppose G is a second countable locally compact
group, ™ is a unitary representation of G on a separable Hilbert space
H, and B is a weakly closed commutative C* subalgebra of C(w). Then
there is a standard measure space (A, M, i), a measurable field {H,}
of Hilbert spaces on A, a measurable field {m,} of representations of G,
and a unitary map U : H — fe9 H, du(a), such that:

i Un(z)U™! = fe9 o (z) du(a) for z € G;
ii. Un(f)U= = [®n.(f)du(a) for f € LY(G);
iii. UBU-! is the algebra of diagonal operators on [ ®H, du(a).

Theorem (7.37) is essentially due to von Neumann [127]; other proofs
have been given by Godement [50], Segal [112], and Mackey [86]. The
proofs of von Neumann and Mackey are highly measure-theoretic, while
those of Godement and Segal are more functional-analytic. The com-
plete proof of Theorem (7.37) is too long to give here, but it is impossible
to resist the opportunity to sketch the ideas of the Godement-Segal ar-
gument, as they involve a beautiful interplay of techniques developed
earlier in this book. Here, then, is an outline of the proof d’aprés Gode-
ment [50].

First, since H is separable, m is the direct sum of countably many
cyclic representations, and it suffices to prove the theorem for each of
these; hence we shall assume that 7 is cyclic. We may also assume that
B contains I. Let z be a unit cyclic vector for m; let A be the spectrum
of B; let py ., be the measure on A associated to u,v € H as in the
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spectral theorem ((T'u,v) = ffduu,v for T € B); and let po = p, ;.
Suppose S € L(H) commutes with every operator in B. If T is any
positive operator in B we have

[T = (T52,2) = (STV2,72%) < 8] I/

~ |Is| / T dpo.

It follows that ug, , is absolutely continuous with respect to p with
Radon-Nikodym derivative g € L (ug) satisfying ||6s||co < ||S||. More-
over, since ds«s dpg = dus;, s, is a positive measure, we have 6g«s > 0
for all S.

By taking S = w(z)*n(y) with z,y € G and using the cyclicity of z,
one easily sees that all the spectral measures p,, , are absolutely contin-
uous with respect to p and that supp(u) = A. Hence, for every S as
above, the spectral functional calculus yields an operator T's such that
(Tsu,v) = [8sdpy for u,v € H. (The point is that &g is only defined
to-a.e., but it is then defined p, 4-a.e. for all u,v.} Ts commutes with
every operator that commutes with B; since B is weakly closed, the von
Neumann density theorem (1.57) implies that T’ is actually in B. But
this means that after modification on a uo-null set, §g equals the con-
tinuous function Ts. In short, to each S € L(H) that commutes with
B we have associated a unique continuous function g on A such that
”(SS”sup < ”S” and 65"5 >0.

Now take S = 7(f) for f € L'(G). For each h € A, the map f —
x(s)(h) is a linear functional on L'(G) such that |65 (k)| < ||fl, and
Or(sex)(R) > 0,50t is given by integration against a function of positive
type ¢n € Py. The map h — ¢p, (call if ®) is continuous from A to the
closed unit ball of L*®(G) with the weak™ topology, and the latter is
second countable since L!(G) is separable. Let A = ®(A) \ {0}, and let
u be the push-forward of ug to A, u(E) = po(®~!(E)) for E a Borel
subset of A. Then (A, ) is a standard measure space since ®(A) is
compact and metrizable.

For ¢ € A, let Hy and 74 be the Hilbert space and representation of
G canonically associated to ¢ as in §3.3. The correspondence

n(f)z — f(¢) = image of fin Hy  (f € L(G))

sets up a unitary map from H to [ ® Hy du(¢) that intertwines 7 and
fe9 7 du(¢). Finally, if T' € B, let vr be the push-forward of the measure
T dug to A. One checks that lvr| < | T)|w, so that dvp = yr du for some
41 € L°(u); then UTU ! is the diagonal operator g — ~yrg. |

Particular choices of the algebra B in Theorem (7.37) will lead to
particularly interesting decompositions of the representation m. The
following theorem gives the two most important cases. (The reader may
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find it an instructive exercise to prove this theorem for the special case
where 7 is a direct sum of irreducible representations; Theorem (7.23)
and its proof may be useful.)

(7.38) Theorem. Let G, m, B, A, u, and 7, be as in Theorem (7.37).

a. If B is the center of C(r), o is primary for u-almost every a.

b. w4 is irreducible for p-almost every « if and only if B is a maximal
commutative *-subalgebra of C(r).

Part (a) is due (in essence) to von Neumann [127] and part (b) to
Mautner [90]. Other proofs of part (b) have been given by Godement
[50] and Segal [112]. Both parts of the theorem are proved in Mackey
[86] and Dixmier [29].

Theorems (7.37) and (7.38b) yield the existence of an irreducible de-
composition of an arbitrary unitary representation of a second countable
group.

Remark. There is a temptation to try to give a simple proof of this
result as follows. Let 7 be a representation of G; by Proposition (3.3) we
may assume that 7 has a unit cyclic vector u. Let ¥(z) = (r(z)u,u) be
the associated function of positive type. By Choquet’s theorem there is a
measure p on £(P,) such that ¥ = [ ¢ du(¢). We form the direct integral
f ® 7 du(p) as in the example preceding Theorem (7.36); each my is
irreducible by Theorem (3.25). Moreover, the correspondence m(flu —
f is easily seen to define an isometry V from H, into f Hy dul(d)
that intertwines 7 and f 7 du(¢). The trouble is that the measure
u is not unlque and unless it is chosen carefully, the Hilbert space

f Hys du(d) will be too big, so that V is not surjective. (It
can happen, for example, that dimH, < co but dimH, = co.)

The next question is the extent to which direct integral decomposi-
tions are unique. The answer requires a little thought. We have already
observed that the measure u can be replaced by an equivalent measure
without changing anything, and in the preceding theorems there is no
uniqueness in the measure space A, much less in the measure on it.
Indeed, consider a simple example: let m be the trivial representation
of G on an infinite-dimensional Hilbert space H (w(z) = I for all z).
We can think of H as [? = fea Cdu where p is counting measure on Z
or as L%([0,1]) J Cd) where X is Lebesgue measure on [0, 1]; thus
T = f modp = [~ mod\ where 7 is the trivial representation of G on
C, and u and A bear no resemblance to one another!

To see what form a uniqueness theorem should take, let us consider the
case where 7 is a direct sum of irreducibles, 7 = ) ;. Here the answer
is clear: the equivalence classes of the m;’s and the multiplicity with
which each class occurs are uniquely determined by w. This suggests
that we should consider direct integral decompositions whose parameter
space is G. As one might suspect, this works well precisely when G is
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measure-theoretically “decent,” that is, in view of Theorem (7.6), when
G is type L.

Let us consider G as a measurable space with the Mackey Borel struc-
ture. Forn =1,2,...,00, let G C G be the set of equivalence classes
of n-dimensional 1rreduc1ble representations of G. If one fixes an n-
dimensional Hilbert space Hy, for each n, there is a canonical measurable
field of Hilbert spaces {'H,,} ~ over G such that Hp = Hy forp € G‘n,

obtained by forming the approprlate constant field over each Gn and
putting them together.

(7.39) Lemma. Let A be a subset of G on which the Mackey Borel
structure is standard. There is a measurable field of representations
{mp} over G, acting on the canonical field of Hilbert spaces over G, such
that m, € p for each p € A.

This result is due to Mackey [82, Theorem 10.2]; another proof for
the case where G is type I can be found in Dixmier [29, §4.6]. (The only
point is the measurable selection of 7, € p for p € A; for p ¢ A one can
take m, to be the trivial representation on H,.)

A measure p on G will be called standard if there is a set A C G on
which the Mackey Borel structure is standard such that u(G \A)=0. In
this case, we may form the direct integral f 7p du(p) where mp is as in
Lemma (7 39). This representation depends, up to unitary equivalence,
only on the equivalence class of u and not on the particular field {mp}.
If G is type I, by Theorem (7.6) we may take A = G in Lemma (7.39),
and every measure on G is standard.

(7.40) Theorem. Suppose G is second countable and type I, and =
is a unitary representation of G on a separable Hilbert space. Let
{mp} 0eG be as in Lemma (7.39) with A = G. There exist finite mea-

SUTES [L], f12, e+, oo ON G uniquely determined to within equivalence,
such that

i py L oy for j#k,
ii. 7 is equivalent to py @ 2p2 ® - - - B 00peo, Where p, = f@ Tp dpin (P)
and np, denotes the direct sum of n copies of py,.

For the proof, see Dixmier [29, §8.6], or Mackey [86, Theorems 1.21
and 2.15].

When G is Abelian, Theorem (7.40) follows from Theorem (4.44) and
the spectral multiplicity theory for commutative C* algebras (for which,
see Halmos [54] or Nelson [96]), and it is valid (when properly rephrased)
without any countability assumptions on G or H.

It remains to ask what happens when G is not type I. The answer is:
terrible things. The uniqueness theorem (7.40) breaks down completely;
more specifically, if o is a primary representation of G that is not of the
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form n7 (in the notation of Theorem (7.40)) where 7 is irreducible, there
is generally no uniqueness in its direct integral decomposition. Such a
representation can have two decompositions,

/&9 Todp(a) ¥ o /6a pp dv(B),

such that the m,’s and the pg’s are all irreducible and no 7, is equivalent
to any pg. In fact, one has the following theorem.

(7.41) Theorem. IfG is not type I, there exist mutually singular stan-
dard measures p and v on G such that f® mp dp(p) and fea p dv(p) (de-
fined as in the remarks following Lemma (7.39)) are equivalent primary
representations.

This result is due to Dixmier [27]. We shall present a concrete example
of this phenomenon in §7.6; others can be found in Mackey [79], [86,
§3.5], and Kirillov [68, §19].

When G is not type I, one can do a little better by considering primary
decompositions instead of irreducible decompositions. Indeed, Theorem
(7.38a) shows that there is a natural decomposition of any representation
as a direct integral of primary representations. The only non-canonical
thing here is the measure space (4, ) on which the integral is based
(the various proofs of Theorem (7.37) give quite different A’s), and this
defect can be remedied.

Some terminology: two representations 7 and p of G are called quasi-
equivalent if there is no subrepresentation 7’ of = such that C(n’, p) =
{0}, and no subrepresentation p’ of p such that C(r, p’) = {0}. Unitary
equivalence obviously implies quasi-equivalence, and the two notions co-
incide for irreducible representations. More generally, if m and p are
direct sums of irreducible representations, m and p are quasi-equivalent
if and only if exactly the same irreducible equivalence classes occur in
these direct sums, perhaps with different multiplicities.

Let G be the set of quasi-equivalence classes of primary representa-
tions of G; G is called the quasi-dual of G. There is a natural map
from G to G taking each equivalence class of irreducible representations
to its quasi-equivalence class. When G is type I, every primary repre-
sentation is quasi-equivalent to the irreducible representation of which
it is a multiple, so this map is a bijection. However, when G is not type
I, G is larger than G.

G is endowed with a o-algebra just like the Mackey Borel structure on
G (see Ernest [33] or Dixmier [29]), and one defines standard measures
on G just as on G. The refined form of Theorems (7.37) and (7.38a) is
then the following.

(7.42) Theorem. Suppose G is second countable and w is a representa-
tion of G on a separable Hilbert space. There is a standard measure p on
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G, a measurable field of Hilbert spaces {H,} over G, and a measurable
field of representations {m,} on {H,} such that m, € p for y-almost ev-
ery p € G; there is a unitary equivalence U between m and f 7p dp(p);

and UC(m ) ~! is the algebra of diagonal operators on f Hp du( ). If
i and {rm } also have these properties, then i is equivalent to ' and m,
is equxvalent to m, for u-almost every p.

This result is due to Ernest [33]; the proof can also be found in Dixmier
[29, §8.4]. The decomposition 7 = f 7p dj(p) in this theorem is called
the central decomposition of «.

7.5 The Plancherel Theorem

The subject of this section is, roughly speaking, the explicit decom-
position of the regular representation of a locally compact group G as
a direct integral of irreducible representations. More precisely, let G
be a unimodular locally compact group. (We shall consider the non-
unimodular case at the end of this section.) We have the right and left
regular representations of G on L%(G),

p(x)f(y) = Raf(y) = f(yz),  Mx)f(y) = Lf(y) = f(z™'y).

Since RyLy = LyR, for all z,y € G (this is just the associative law),

the representations p and A can be combined to give a representation T
of G x G on L?(G):

7(2,y) = ReLy = LyRy; m(z,y)f(2) = f(y~'2z).

7 is called the two-sided regular representation of G (although it
is actually a representation of G x G). Assuming that G is second
countable, we shall be interested in obtaining the decomposition of T
into irreducible representations ¢ and the corresponding decomposition
of L?(G) as a direct integral fea H, di(o). When G is type I, this will
yield the decomposition of R and L into primary representations that are
explicitly of the form = ® I with 7 irreducible, and the isomorphism be-
tween L2(G) and [® M, du(o) will take the form of a “Fourier inversion
theorem” and a “Parseval formula.” This is the Plancherel theorem.

To begin with, let us see how this works when G is Abelian or compact.
In both these cases, we have already proved the essential results, and it
is just a matter of interpreting them properly.

When G is Abelian, the Fourier transform F is a unitary map from
L%*(G) to L2( fA C d¢ (where d€ denotes Haar measure on G) such

that Fp(z)F~'g(€) = (z,€)g(€) and FA@)F () = (z,€)9(¢). In

other words, when we regard elements £ of G as representations of G,
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we have FpF~! = f®§d§ and FAF~! = feBEdE, and hence FrF~! =
f @ £®E d¢. This gives the decomposition of p, A, and T into irreducibles.

When G is compact, we have the Peter-Weyl decomposition L%(G) =
@[”] ¢ &, and Theorem (5.9) says precisely that the restriction of the
two-sided regular representation to &£, is equivalent to * ® T, so T
®[w]e§ﬂ ® 7. We can be more explicit: if f € L%(G) and [7] € G, the

-~

Fourier transform f(r) as defined in §5.3 is a linear operator on the finite-
dimensional space H. It can therefore be regarded as an antilinear map
from the dual H} = Hz of H, into H,, that is, an element of H, ® Hx.
When this identification is made, (5.18) says that

[r(, 9) () = 1(@) Fn)F()* = [n(2) © 7(y)] Flr).

In other words, the map f — f(ﬂ') intertwines T with 7 ® 7. The Fourier
transform on G can therefore be regarded as the explicit realization of
the unitary map U : L%(G) — €@ H, ® Hz that turns 7 into P 7 Q 7.
(The normalization factors d, are incorporated into the norm on the
space @ M, ® Hz, which should be regarded as [® H, ® Hzdu([n])
where p is d, times counting measure on @) The inverse of U is given
by the inversion formula (5.15), and the unitarity of U is expressed by
the Parseval formula (5.16).

With this in mind, it is easy to conjecture the correct generalization
to non-compact groups. Indeed, suppose G is second countable, uni-
modular, and type I. By Theorem (7.6) and Lemma (7.39), there is a
measurable field of irreducible representations over G such that the rep-
resentation at the point p € G belongs to the equivalence class p. We
shall assume that such a field has been fixed once and for all and identify
the points of G with the representations in this field. If f € L!(G), then,
we define the Fourier transform of f (as in the compact case) to be
the measurable field of operators over G given by

(7.43) Fm) = / f@)n(z~") dz.

The basic properties (5.17) and (5.18) of the Fourier transform remain
valid in this general situation. We wish to think of f(ﬂ) as an element
of Hr ® Hz. However, when = is infinite-dimensional, H, ® Hs can be
identified not with the full space of bounded operators on H, but with
the space of Hilbert-Schmidt operators (see Appendix 2). One of the
things that must be proved, therefore, is that f(w) is Hilbert-Schmidt
for a suitably large class of f's and #'s. However, this turns out to be
the case, and here is the resulting theorem.

Let

J' = LYG)NL*G), J? =linearspanof {f*g:f,ge J'}.
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The elements of J? are finite linear combinations of convolutions of
elements of J!. They are continuous functions since L? * L? ¢ Cy. J?
will play the role here that the space B!(G) played in §4.3, and indeed
J? C B'(G) when G is Abelian.

(7.44) The Plancherel Theorem. Suppose G is a second countable,
unimodular, type I group. There is a measure p on G, uniquely deter-
mined once the Haar measure on G is fixed, with the following properties.
The Fourier transform f — f maps J! into f Hx ® Hzdu(r), and it
extends to a unitary map from L%(G) onto f H, @ Hrdu(r) that in-
tertwines the two-sided regular representation T with [ ®r @ wdu(r).
For f,g € J! one has the Parseval formula

(7.45) [ @s@ds = [ alfwan)] dutm),

and for h € J? one has the Fourier inversion formula
(7.46) h(z) = / tr[F(z)h(m)] du(r)  (z € G).

This theorem is due (in a slightly different form) to Segal [111], [112]
and Mautner [91]; the proof may be found in Dixmier [29, §18.8]. Let
us amplify the statement a bit.

First, the fact that the Fourier transform maps J lAinto f ® Hye ®
Hzdu(m) means, in particular, that when f € J*', f(n) is Hilbert-
Schmidt for p-almost every m and its Hilbert-Schmidt norm is square-
integrable on G. This being the case, if f,g € J' then (f x g)(7) =
amf ( ) is trace-class for u-almost every 7 and its trace is integrable on
G. (See Appendix 2.) It follows that the integral in (7.46) is well-defined
for all h € J2.

Second, (7.45) (which is just a restatement of the fact that the Fourier
transform is unitary) is formally equivalent to (7.46). Indeed, (7.45)
follows from (7.46) by taking h = g* * f and z = 1. On the other hand,
(7.46) for x = 1 follows at least formally from (7.45) by taking f = h
and g = an approximate identity, and (7.46) for general z follows from
(7.46) for x = 1 by replacing h with Rzh.

Third, if we restrict the two-sided regular representation 7 to the
groups G x {1} and {1} x G, we obtain the decompositions of the right
and left regular representations into type I primary representations,

@ @
pE‘/ 7@ Idu(rm), /\E‘/ I®7du(m),

where the equivalences are given by the Fourier transform. (These are
actually the central decompositions of p and A, as follows from Theorem
(7.47) below.) In conjunction with Proposition (7.29), they immediately
yield the canonical decompositions of p and A into irreducibles as in
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Theorem (7.40). Indeed, let G, = {7 € G : dimH, = n}. Then the
measures fi, of Theorem (7.40) are given by pu,(E) = u(EN G,) in the
case of p and un,(E) = u(ENG,,) in the case of \, where E = {7 : 7 € E}.

The measure y in the Plancherel theorem is called the Plancherel
measure on G. When G is Abelian, Plancherel measure is Haar mea-
sure, and when G is compact, it is given by u(E) = 3 g dr. In both
these cases, the support of the Plancherel measure is all of G; that is,
there is no nonempty open U C G such that u(U) = 0. It may come as
something of a surprise that this is not the case in general. Indeed, the
condition that supp u = G is equivalent to the amenability of the group
G, a condition which has many other characterizations; see Dixmier [29]
and Greenleaf [52]. For connected Lie groups, amenability is equiva-
lent to having a solvable normal subgroup with compact quotient; in
particular, noncompact semisimple groups are not amenable.

The determination of the Plancherel measure for non-compact, non-
Abelian groups is a difficult problem. The Plancherel measure has been
explicitly determined for all connected semisimple Lie groups by Harish-
Chandra [58], [59]; see also Knapp [70]. (This has been done in spite
of the fact that the full dual space has not yet been determined for
many semisimple groups! The “unknown” representations form a set of
Plancherel measure zero.) For connected nilpotent Lie groups, one has
a fair amount of information about the Plancherel measure in terms of
the Kirillov theory, and it has been explicitly determined in some special
cases; see Corwin and Greenleaf [23]. Kleppner and Lipsman [69] have
shown how to study Plancherel measure in terms of the Mackey machine;
in many cases they are able to compute the Plancherel measure of G
in terms of the Plancherel measures of a normal subgroup N and the
various little groups in G/N.

Some further insight into the Plancherel theorem is afforded by the
following theorem of Segal [110].

(7.47) Theorem. Let G be a unimodular locally compact group with
regular representations p and A, and let R and L be the weakly closed
algebras in L(L?(G)) generated by {p(z) : z € G} and {\(z) : z € G},
respectively.

a. R=C(A) and £ = C(p).

b. An operator T € L(L*(G)) commutes with every element of C(p)

if and only if T' € C()), and vice versa.
c. C(p) NC(N) is the common center of C(p) and C(A).

Sketch of proof: (b) follows from (a) and the von Neumann density
theorem (1.57), and (c) is an immediate corollary of (b). Hence, since
the situation is symmetric in p and A, it suffices to show that £ = C(p).

On the one hand, since left translations commute with right transla-
tions it is clear that A(z) € C(p) for all x € G and hence that £ C C(p).
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To prove the reverse inclusion, suppose T € C(p). If f,g € L' N L? we
have

= /f(y)[/\(y)g] dy=fxg= /[p(y)f]g(y")dy = p(9)f,

where g(z) = g(z~!). The operator p(§) belongs to R by Theorem
(3.12), so it commutes with 7. Hence,

TA(f)g = T(f * 9) = To@)f = pG)Tf =Tf »g.

Suppose T'f € L': we then have TA(f) = A(T'f), and hence TA(f) € £
by Theorem (3.12) again. An additional approximation argument, for
which we refer the reader to Segal [110], shows that the same conclusion
holds without assuming T'f € L!. But A(f) — I strongly as f runs
through an approximate identity, so T € L. 1

The Plancherel theorem admits various partial generalizations to
groups that fail to be second countable, unimodular, or type I. We now
discuss the most important of these.

Suppose G is unimodular and second countable but not type I. There
is little hope of obtaining a canonical irreducible decomposition for the
left or right regular representation, but — a pleasant surprise — there is
such a decomposmon for the two-sided regular representation. Indeed,
let 7 = f To dp(a) be the central decomposition of 7 as in Theorem
(7.42). Since C(1) = C(p) NC(A) is Abelian by Theorem (7.47), this
is actually a decomposition into irreducible representations by Theo-
rem (7.38b). It follows easily that the representations pq(z) = 7o(z, 1)
and Ao(z) = 74(1,z) of G are primary, and we have p = f® Pa dp(a),
A=/ ® X\e du(@). These are the central decompositions of p and A, by
Theorem (7.47). The difference between this and the type I case is that
Tq is usually not of the form 7= ® T for an irreducible representation 7
of G, and p, and A\, are usually not multiples of irreducible representa-
tions.

There is an analogue of the Parseval formula (7. 45) here. Namely, one
defines the operators f ( «) and f(pa) as in (7.43), and then

[ 1@a@de = [t [Fipa)apa)] di(e)
/ 0. [F0a)300a)"] dis(a),

where tr,, and try, arethe generalized traces associated to the von Neu-
mann algebras generated by the representations p, and A,. This result
is due to Segal [111] and Mautner [91]; we refer the reader to Dixmier
[28], [29] for a proof and an explanation of the generalized traces. (An
important part of the theorem is that the only von Neumann algebras
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that arise in this situation are ones for which the appropriate traces ex-
ist; i.e., factors of type III do not occur.) The Plancherel formula for
the Mautner group is worked out in a concrete fashion in Cowling [24].

One word of caution: for some groups the preceding results are essen-
tially vacuous because p and X are primary to begin with, and hence (by
Theorem (7.47)) 7 is irreducible. Examples include the rational axz + b
group, (defined like the usual ax + b group but with a and b rational and
with the discrete topology) and free groups on more than one generator.
We shall discuss the latter example in §7.6; see Mackey [86, §3.5] for the
former.

We now turn to the case of nonunimodular groups. Suppose G is
second countable and type I but not unimodular, and let A be the
modular function of G. The definitions of p and T must be modified to
make them unitary, as follows:

p(z) = A@)Y?R,,  (z,y) = Az)/?R,L,.

With this change, 7 is still unitarily equivalent to [ ®r ® Tdu(r) for a
suitable measure x on G, but the equivalence is not given by the Fourier
transform (7.43). This can easily be seen by observing the effect on the
Parseval formula (7.45) when f and g are replaced by R, f and R,g.
The left side changes by a factor of A(z)~!; but since the trace is a
unitary invariant and

(Refy ) = [ fwynty™) ey
- / F)r(ey™")A@) " dy
= Az)~'n(z)f(n),

the right side changes by a factor of A(z)~2. Hence (7.45) cannot be
valid, i.e., the Fourier transform (7.43) cannot be unitary.

The solution to this problem is to modify the Fourier transform. First,
as a matter of convenience and adherence to convention, we shall replace
n(z~!) by m(z) in (7.43), ie., we consider the operators m(f). This
change has no effect on the difficulty just mentioned. (It could also
be made in the unimodular case, where it would merely result in the
relabeling of various things in the Plancherel theorem.) But suppose we
can find, for each 7 € G, a (probably unbounded) self-adjoint operator
D, on H, with the property that

Dxm(z) = A(z)/?n(z) Dy (z €G).
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If we then redefine the Fourier transform to be
(7.48) flm) = / F)7(y) Dy dy,
we see that

m = [ 1@nla)D,aE) dy

- / F)r () Dam(z~)A) "2 dy
= A(z)~ V2 f(m)m(z) !

Hence, if we use thisfin (7.45), substitution of R, f for f changes both
sides by A(z)~!, so there is some hope that the formula is correct.

How can one construct such operators D,? When 7 is induced from
a subgroup H on which the modular function is trivial, this is easy. The
Hilbert space H, is then a space of vector-valued functions on G, and
one can set

(7.49) (D f)(2) = A)™ /2 f(z).

(Since A(§) =1 for £ € H, D, does not affect the condition (6.3) in the
definition of H;.) The domain of Dy is the set of all f € H, such that
Dnf € Hy.

We now have the ingredients for a non-unimodular Plancherel theorem
that works for all groups satisfying a couple of technical conditions.

(7.50) Theorem. Suppose G is second countable. Let H = ker(A),
and suppose that H is type I and that G acts regularly on H (in the sense
described in §6.6). There is a unique measure p on G with the following
properties. First, u-almost every m € G is induced from a representatxon
of H. Second, if for all such m one defines D, by (7.49), the map f— f
defined by (7.48) gives a unitary isomorphism from L%(G) to f Hr ®
Hedu(r) that intertwines T and [ ® r@7du(r). In particular, although
G need not be type I, u-almost all of the primary representations in the
central decomposition of the regular representations are type I.

This theorem is due to Tatsuuma [118] (whose notation is a little
different since he uses right Haar measure instead of left Haar measure).
Tatsuuma also obtains a more general form of the theorem that applies
when H is not type I. Another extension of the theorem, including a
clarification of the role of its hypotheses, has been obtained by Duflo
and Moore [30]. For more about the Plancherel theorem for solvable Lie
groups, see Pukanszky [100] and Moore [94].
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7.6 Examples

In this section we present four examples to illustrate the ideas of this
chapter.

1. The Heisenberg groups. The Heisenberg groups H,, defined in
§6.7 are simply connected nilpotent Lie groups, so the Kirillov theory
(Theorem (7.9)) applies to them. We can identify both H,, and its Lie
algebra with R™ x R™ x R, with group multiplication given by (6.46)
and Lie bracket given by

[(z’é‘vt)v (.’l:/,é‘/,t/)] = (010’1‘ : §/ - § ' 1,/)'

The exponential map is then merely the identity. A simple calculation
shows that the adjoint action is given by

[Ad(z,&, )] (y,ms) = (y, m, s+z-n—E-y)

and hence that the coadjoint action is given by

[Ad*(z,&,8)](b, B,7) = (b+rz, B—1E, 7).

From this it is clear that the coadjoint orbits are the hyperplanes r = h,
where h is a nonzero real constant, and the singleton sets {(b,3,0)}.
Theorem (7.9) together with Corollary (6.51) therefore yields the fol-
lowing results. (See also Fell [35].)

H can be identified with the quotient of R™ x R™ xR by the coadjoint
action. The hyperplane r = h corresponds to the representation pp
of Corollary (6.51), while the singleton {(b,3,0)} corresponds to the
representation 7, 3. Hy, is T since the orbits are all closed, but it is not
Hausdorff because the singleton orbits have no disjoint neighborhoods.
See Figure 7.1.

We now compute the Fourier transform on the Heisenberg group. The
Euclidean Fourier transform enters into this calculation in a decisive way,
and we shall denote the Euclidean Fourier transform of a function f on
R"™ x R™ x R with respect to its first, second, and third arguments by
F1f, Fof, and F3f respectively:

Fif(b¢,t) = /e_Z"ib'zf(I,E,t)dz, ete.

We shall also use the easily verified fact that Lebesgue measure is a left
and right Haar measure on H,.

Suppose f € L'(H,) N L%*(H,). For the one-dimensional representa-
tions m; g, we have

Flmsg) = / / / F(2€, ) 2T T8 4z de dt = Fy FoFa (b, 5,0).
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FIGURE 7.1
The dual space of H,.
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For the representation ps, on L2(R™), f(pn) is the operator on L2(R™)
given by

Fondlw) = [[[ 1@ 0lon(-s,-¢,~0)9] @) do deat
- // f(z, &, t)e” 2mhlt=Cv—(€2/Dl g(y 4 1) dz d dt
N // / fl@ -y, & tye  2mihlt=C+0)/2 g (3) dx dg d.

That is, f(ph) is the integral operator on LZ(R™) whose kernel is
K,{(y,:z:) = // flz —y,¢, t)e‘z’"'h[i—&-(ﬁy)/?] de dt

(7.51) = FaFsf(z —y, —3h(z +y), h).

By a slight modification of Theorem (7.16) (see Appendix 2), the
square of the Hilbert-Schmidt norm of this operator is

IFComII? = / K (4, 2)[2 dy da.

The substitution u = 2—y, v = —3h(z +y) together with the Euclidean
Parseval formula gives

Il Flen)ll? = / / | FaFsf(u,v, h)|2|A| " du dv

= |h|_"/ | Faf(u,w, h)|? dudw.
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Therefore, by another application of Parseval,

Sz an = [[[ 17w w P dudwan
:// | f(u,w,t)|? du dw dt.

But this is the Parseval formula for the Heisenberg group! In other
words, Plancherel measure p on H™ is given by

du(pr) = |h["dh,  du(m,p) =0,

and the Fourier transform on H, is a unitary isomorphism from L%(H,)
to

@D @D
/Hp,,®H5,_|h|"dh:/ L*(R™) ® L3(R™)*|h|" dh.

If we identify L?2(R"™) ® L?(R"™)* with LZ(R"™ x R") (see Appendix 2),
this space becomes

o ‘
/ L*(R" x R")|h|"dh = L}(R™ x R™ x R, |h|" dy dx dh),

and the Fourier transform, regarded as a map from L?(H,,) to the latter
space, is just the map

f— fy.z.h)=FRFsf(z—y, ~ihz +y), h)

of (7.51).

These considerations also give a direct proof that H, is CCR. Indeed,
the preceding arguments show that f(pn) = pn(f)* is Hilbert-Schmidt
for every h when f belongs (say) to the Schwartz class of rapidly decaying
smooth functions; since these functions are dense in L' and the norm
limit of compact operators is compact, p;(f) is compact for all f € L!.
(Of course, mp g(f) is compact for trivial reasons.)

2. The ax + b group. The Lie algebra of the az + b group G is R?
with Lie bracket [(s, 1), (s',t")] = (0, st’ — s't), and the exponential map
is exp(s,t) = (e°, s 'et). (The easy way to see this is to think of G as

the group of 2 x 2 matrices of the form ( g ‘1’) and its Lie algebra as the

algebra of 2 x 2 matrices of the form (3 5 .) A simple calculation shows
that the adjoint action is given by

[Ad(a,b)](s,t) = (s, at — bs),
and hence the coadjoint action is given by

[Ad*(a,b)](e,T) = (¢ + o™ 'br, 07! 7).
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Thus the orbits of the coadjoint action are the half-plane 7 > 0, the half
plane T < 0, and the singleton sets {(c,0)}.

G is an exponential solvable group, so the Kirillov picture applies to
it: G can be identified with the quotient of R2 by the coadjoint action.
(See Fell [35] for a proof that this identification is a homeomorphism.)
" The half-planes 7 > 0 and 7 < 0 correspond to the representations w,
and 7_ constructed in §6.7, and the singleton orbit {(7,0)} corresponds
to the one-dimensional representation 70 (a, b) = a**. G is Ty but not T3,
for the orbits 7 > 0 and 7 < 0 are open but not closed. See Figure 7.2.

000000t o00000000e ¥
a

FIGURE 7.2
The dual space of the az + b group.

We now consider the Plancherel theorem for G. We recall from §2.2
that left Haar measure on G is dadb/a® and right Haar measure is
dadb/a, so we must use the nonunimodular version of the Plancherel
theorem, Theorem (7.50). As in the case of the Heisenberg group, it
turns out that the one-dimensional representations have Plancherel mea-
sure zero, so we concern ourselves only with the representatlons w4+ and
m—, which (we recall) are the subrepresentations of

m(a,b)g(s) = a'/?e*"*g(as) (g9 € L¥(R))

on H4 = L?(0,00) and H_ = L?(—o0,0) respectively.
According to the discussion preceding Theorem (7.50), we should look
for operators D; and D_ on H4 and H_ such that

Dimi(a,b) = a™?ny(a,b)Dy.

(Here a~1/2 is the square root of the modular function on G.) In view of
(7.49), one easily sees that the operators Dy é(s) = |s|*/2¢(s) will work.
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We therefore define the modified Fourier transform according to (7.48):

Explicitly, for ¢ € H.,
[A(“+)¢] (s) = /°° /°° f(a,b)e¥™ 301/ 2(at) /2 ¢(at) d_(;;i_b
—o00 JO

% oo . dt db
— -1 b 2nibs 1/2
/_m/0 fls e pyemiegtrz L8,

S0 f(m,) is the integral operator on Hy with kernel
s1/2 s1/2

K+(s,t)——t— f( ~1t,b)e?™ % dh = ——]-'2f( ~1t, —s).

— 00

(Here, as above, F2f is the Euclidean Fourier transform of f in its second
argument.) Likewise, f(n_) is the integral operator on H_ with kernel

|s|1/2

The Hilbert-Schmidt norms of f(ﬂ'i) (see Appendix 2) are therefore

WOl = [ [ G1Far(s™e -s)ards

- / / |Fof(a, —5)[2 2222
o Jo a

712 / / I Fafts1t, ~s) deds

/ / Faf(a |2dads
o dads

Il +Fw = [ [ 17 o) S,

K_(s,t)= Faf(s't, —s).

and

Therefore,

which, by the Euclidean Parseval formula, equals

dadb
/ / P L = g,

In short, the map f — (f(m,),f(ﬂ'_)) is an isometry from L?(G) into

(He ®HY) ® (H-®HL),
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and an examination of these calculations shows without difficulty that
it is actually unitary. Thus, Plancherel measure on G is just counting
measure on the two-element set {r,,7_}.

It is to be noted that the operators my (f) are, in general, not Hilbert-
Schmidt until they have been composed with the unbounded operators
Dy . This accords with the fact that G is not CCR. The latter assertion
is true on general grounds (Theorem (7.7)) since G is not 7}, and it
can also be seen in a more concrete fashion. Indeed, if f € L'(G), the
operators 7 (f) are compact if and only if [*°_ f(a,b)db = 0 for almost
every a. This is proved in Khalil [66], which also contains some other
interesting results concerning the harmonic analysis of G.

3. SL(2,R). SL(2,R) is the group of 2 x 2 real matrices of deter-
minant one, Its representation theory has been well understood for a
long time, but it would require far too much space to give a complete
exposition of it here. We shall content ourselves with stating the re-
sults and giving some references. To begin with, we list some families of
representations of SL(2,R).

(i) The trivial representation ¢, acting on C.

(ii) The discrete series {6% : n > 2}. For n > 2, let H; be the space of
holomorphic functions f on the upper half plane U = {z = z+iy : y > 0}
such that

a5 Wiy~ [[ 1+ Pyt dady < oo

The representation &} of SL(2,R) on H;} is defined by

(7.53) & (i Z) f(2) = (—bz+d)‘"f( az-c )

—bz+d

Similarly, H,, is the space of antiholomorphic functions on the upper half
plane satisfying (7.52), and the representation 6, of SL(2,R) on H,, is
given by (7.53). The representations 6% are unitary and irreducible,
and they have another important property: their matrix coefficients
(6X(x)f,g) are square-integrable functions of z € SL(2,R). It follows,
as in the proof of Theorem (5.9), that the representations §% occur as
discrete summands in the decomposition of the regular representation
into irreducibles; hence the name “discrete series.”

(iii) The mock discrete series {6;,67 }. Let H{ be the space of holo-
morphic functions on the upper half plane such that

00

FES S‘;{;/ |f(z + iy)|?dz < oo,
Yy

—00

and let H] be the corresponding space of antiholomorphic functions.
The representations 6% of SL(2,R) on Hi are given by (7.53). The
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matrix coefficients of 6it are not square-integrable, but these representa-
tions bear a number of family relationships to the discrete series; hence
the name “mock discrete series.”

According to a well-known theorem of Paley and Wiener (see Dym
and McKean [32, §3.4]) the Hilbert spaces HE can be naturally identified
with certain subspaces of L?(R), namely

Hi = {f € L*(R) : (£) =0 for £ <0},
HT = {f € L*(R) : f(€) =0 for £ > 0}.

The unitary map from 'Hf to ﬁf simply takes a holomorphic or anti-
holomorphic function on the upper half plane to its boundary values on
R, and the inverse map is given by the Fourier inversion formula: if f
is in M or HJ, the corresponding F' € Hf or H; is given by

FG) = [ @ fod o P = [ de

When these identifications are made, the representations 6ih are still
given by (7.53), but with z € R replacing z € U.

(iv) The principal series {ﬂff :t € R}. These are the representations
of SL(2,R) induced from the one-dimensional representations of the
upper triangular subgroup

P={Ma,b=(‘é aﬁl) :a € R\ {0}, beR}.

Any one-dimensional representation of P must annihilate its commu-
tator subgroup, namely {M,; : @ = 1}, so it is easily seen that these
representations are precisely

(7.54) F(Map) = lal¥, €;(M,yp) =la|*sgna  (t € R).
The principal series are then defined by

. SL(2,R — . SL(2,R) .-
(7.55) 7} = indp @R (e, 7, = indp ( V(&)

ﬂ:; and 7}, are known as the spherical principal series and non-spherical
principal series respectively. _

The Hilbert spaces for these representations consist of complex-valued
functions on SL(2,R) satisfying certain covariance conditions on the
cosets of P, and such functions are determined by their values on

{2 2)wen).

since N intersects each coset in exactly one point. Since N =R,itis
not hard to show that the map f — f|N sets up a unitary isomorphism
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from these Hilbert spaces to L2(R), and that the resulting realization
of the representations 7 on L?(R) is given by

b s 0z —
e (z d)f("”)=mi(—bz+d)|—bz+d| ‘ tf(—::wcd),

where

mi(y) =1,  m_(y) =sgny.

The principal series representations are all irreducible except for 7y,
which is the direct sum of the mock discrete series 61 and §; (when all
of these are realized on subspaces of L%(R)). Moreover, 7, and 7~
are equivalent respectively to 77, and 7, and otherwise these represen-
tations are all inequivalent.

(v) The complementary series {x; : 0 < s < 1}. The Hilbert space
for K, is the set of all complex-valued functions f on R such that

(156) Iy =5 [[ F@T@e -yl dody < o0,

and the action of SL(2, R) is like that of the spherical principal series:

Ks (i Z)f(z)=|—bz+d|_l—sf(%),

(The significance of the factor s/2 in (7.56) will be explained below.)

This completes our list of representations of SL(2,R). These repre-
sentations are all irreducible and inequivalent except that 7%, = 72 and
Ty = 67 @67 as mentioned in (iii), and every irreducible representation
of SL(2,R) is equivalent to one of them. Hence, we may parametrize
the dual space [SL(2, R)[” by identifying it with the following set of
representations:

(7.57) {LJu{E :n > 1}u{n} :t > 0}u{m; : t > 0}U{rs: 0 < s < 1}.

These results are due to Bargmann [7], and an exposition of them can
be found in a number of places, including Knapp [70] and Howe and Tan
[64].

It remains to describe the Fell topology on [SL(2,R)]". This is more
or less what one would expect from the preceding discussion, although
there is a bit of a surprise at the end of the complementary series. The
situation can be most easily understood by drawing a picture: see Fig-
ure 7.3.

The meaning of Figure 7.3 is as follows. We identify [SL(2, R)]” with
the set (7.57). Ifthe five points 6%, 6%, and ¢ are omitted from (7.57), the
resulting set can be embedded in the plane as a union of line segments
and isolated points as indicated in Figure 7.3. The five exceptional
points are non-Hausdorff points for the Fell topology. If p is 6} or 67,
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FIGURE 7.3

The dual space of SL(2,R).

the sets {p} U {m; : 0 <t < to} (to > 0) are a neighborhood base at p,
and if p is 85, 85, or ¢, the sets {p} U {x,s : 50 < s <1} (0 < 59 < 1) are
a neighborhood base at p.

These facts seem to have first appeared explicitly in Mili¢ié [93]. They
follow from two pieces of information: first, an explicit knowledge of the
characters of the representations in (7.57), which can be found in Knapp
[70, §X.2], and two results of Fell ([34, Lemma 3.4 and Corollary 2 of
Theorem 3.2]) which allow the topology to be read off from the behavior
of the characters.

A few remarks are in order about the way the different series are
joined together. First, the fact that 7, converges to both 6f and 67 as
t — 0 is to be expected since m; = 8 @ 7. Second, the norm (7.56)
on the space for x, converges to the norm of L?(R) as s — 0, so that
Ky — ﬂ'a'. This can easily be shown by using the Fourier transform (e.g.,
see Folland [42, Exercise 4 of §10.2]) and is the reason for the factor of
s/2 in (7.56).

Third, one can replace it in (7.54) and (7.55) by an arbitrary complex
number s + it to obtain a family of (generally nonunitary) representa-
tions 71'3:_'_u of SL(2,R), the so-called nonunitary principal series. The
complementary series , is obtained from 7} (0 < s < 1) by renorming
the space on which it acts. On the other hand, 7} contains subrepre-
sentations equivalent (infinitesimally but not unitarily) to 61 and &5,
and its quotient by their direct sum is the trivial representation ¢. This
accounts for the fact that &, converges to 65 and ¢ as s — 1. (The
other members of the discrete series, as well as the other irreducible
[nonunitary] finite-dimensional representations of SL(2, R), can also be
obtained as subrepresentations and quotients of certain members of the
nonunitary principal series; see Knapp [70].)
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It should be emphasized that although the points 6; and ¢ have no
disjoint neighborhoods, they are attached to each other only through the
complementary series: in the subset of [SL(2, R)[” obtained by omitting
the complementary series, these points are isolated. A similar statement
holds for &% .

Finally, we describe the Plancherel measure p on [SL(2,R)]", where
[SL(2,R)] " is parametrized by (7.57). The Plancherel measure of the
complementary and mock discrete series and the trivial representation
is zero, and on the principal and discrete series it is given by

t mt t mt
= — —_ Ty = — -
du(my;) 2tamh 5 dt, du(ry) 2 coth 5 dt,

p{6fh) = ({6 =n-1

(Of course this is determined only up to a constant factor, depending
on the normalization of Haar measure on SL(2,R).) For the proof, see
Knapp [70].

Two significant features appear here that have not occurred in our
other examples. First, the Plancherel measure has both a discrete and
a continuous part. Second, the support of the Plancherel measure (the
smallest closed set whose complement has measure zero) is not all of
[SL(2,R)[™: it is the union of the principal, discrete, and mock discrete
series.

4. The free group on two generators. Let G be the free group on
two generators a and b (with the discrete topology, and with counting
measure as Haar measure), and let A be its left regular representation.
We shall illustrate the bad phenomena that occur in non-type-I groups
by showing that A is primary and that it admits two completely different
decompositions into irreducible representations.

(7.58) Proposition. X is primary.

Proof: Suppose T' belongs to the center of C(A); thus 7' commutes
with all left translations (since T € C())) and all right translations
(since the latter belong to C(\)). Let § € L%(G) be the function such
that §(1) = 1 and §(z) =0 for z # 1, and let ¢ = T6. If f € L' N L%, we
have Tf = T(f x8) = f * ¢ (since T commutes with left translations)
and T'f = T(6* f) = ¢ x f (since T' commutes with right translations).
Thus f x ¢ = ¢ * f for all f, and this easily implies that ¢ is constant
on conjugacy classes (cf. the proof of Proposition (5.21)). But every
conjugacy class in G except {1} is infinite, so since ¢ € L? we must have
¢ =cbd. But then T =cI. 1

Next, to investigate the decomposition of A into irreducible represen-
tations, let us consider the cyclic subgroup A of G generated by a. A is
isomorphic to Z, so each €*® € T defines a character of A, whose value at
a™ is €Y. Let my be the representation of G induced by this character.
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Thus, the Hilbert space Hy for o consists of complex-valued functions
f on G such that f(za™) = e~*™? f(z), and its norm may be described
as follows. Let

Q={zb:zeGIU{1}.

Then €2 meets each coset of A in precisely one point, so the norm on Hy
is given by

1712 = 15 @)

T€EQ -
For each z € €, define

e;(za™) = e~ ", e,(z) = 0 for z ¢ zA;
then {e, : z € Q} is an orthonormal basis for Hy.

(7.59) Lemma. The operators mg(a™) (n € Z) have a unique eigenvec-
tor up to scalar multiples, namely e,, and the operators mg(b") have no
eigenvectors. '

Proof: Evidently [mg(a™)e1](z) = e1(a™™z) = €%, (). The action
of A on G by left translations, x — a™z, permutes the elements of
Q\ {1}, and this action of 4 on Q \ {1} is faithful on every orbit of
A. Hence the operators mg(a™) act on {e;}1 by permuting the basis
vectors e, and mg(a™) is unitarily equivalent to a direct sum of copies
(one for each orbit of A) of the shift operator {ax} — {ak—n} on 1%(Z).
But the latter operator has no eigenvectors. (By Fourier analysis, it is
unitarily equivalent to multiplication by €*® on L?(T).) For the same
reason, the operators 7y (b™) have no eigenvectors, as they act on Hy by
permutation of the basis vectors e,, z € Q. 1

(7.60) Lemma. The representations ng are irreducible and inequiva-
lent.

Proof: Suppose T € C(mg). By Lemma (7.59), e; is an eigenvector for
T,say Te; = ce,. But thenif z € Q,Te, = Tmp(z!)er = mp(z~1)Te, =
ce,. Thus T = cl, so my is irreducible by Schur’s lemma. If 8 # ¢’ (mod
27), then mg and g are inequivalent because mg(a™) and 7g/(a™) have
different eigenvalues on their unique eigenvectors. 1

_If f € C(G) (ie., f is a function of finite support on G), define
fo: G — Cby

@)=Y fleam)ene.
Then
ﬁ(.’lﬁak) _ Zf(zak+n)ein0 — Zf(zan)ei(n—k)e - e'ikeﬁ(z),
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and the projection of the support of fg in G/A is finite, so fg € Hy.
Moreover, by the Parseval formula for ordinary Fourier series,

£y = D 1F@I1P =Y I f(za™)?

z€G 2€Q —o0
~ de ~ do
_ § 2 — 2
(7'61) - ZEQ/I‘lfe(z)l om /I‘”fe“Hﬂ 277'

From this we can easily see that the map f — fextends to a unitary
isomorphism from L?(G) to f ® Hp du(8), where p is normalized Haar
measure on T. In more detail: for z € §2 let 6* be the function on G
whose value at z is 1 and whose value elsewhere is 0. Then (6%)g is the
basis element e, of Hg, so the vector fields 6% determine the structure
of a measurable family of Hilbert spaces on {Hp}, and we can form its
direct_integral f N,y du(@). The formula (7.61) shows that the map
f — f is an isometry from L?(G) into this space; it is unitary since its
inverse is given by g — §, where g(z) = [ g(6,z) du(9).

Moreover, since the action of G in the representations A and g is
given in all cases by left translation, the map f — f intertwines A with
f ® 7t du(6). Thus we have obtained a direct integral decomposition of
A into irreducible representations.

Now comes the crux of the matter: we can play the same game with
a and b interchanged. That is, let B be the cyclic subgroup generated
by b. By inducing the characters of B up to GG, we obtain another
family {pg} of irreducible, inequivalent representations of G such that
ref ® po du(@). But no py is equivalent to any me/. Indeed, by Lemma
(7.59), the restriction of mg- to A has a one-dimensional invariant sub-
space, whereas by the analog of Lemma (7.59) with a and b switched,
the restriction of py to A does not. In short, we have proved:

(7.62) Theorem. There exist irreducible representations mg and pg
(6 € T) of G, no two of which are equivalent, such that

/\g/eﬂedﬂ(e)g/jmdﬂ(@),

where u is normalized Haar measure on T.

Theorem (7.62) and the arguments leading to it are due to Yoshizawa
[133]. See also Mautner [90] for more about representations of discrete
groups.

Finally, we remark that these results also give a counterexample to
Theorem (7.25) when the groups are not type L. Indeed, let 7 be the two-
sided regular representation of G (actually a representation of G x G).
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By Theorem (7.47) and Proposition (7.58), C(7) = C(A\) N C(p) = CI,
so 7 is irreducible. If 7 were of the form 7, ® o, the restriction of 7 to
{1} x G would be I ® w2. But actually this restriction is A, which is not
a multiple of an irreducible representation.






Appendices

Appendix 1. A Hilbert Space Miscellany

Sesquilinear Forms

Let V and X be complex vector spaces. A map T : V — X is antilinear
(or conjugate linear) if T(au + bv) = GTu + bT for all a,b € C and
v, v € V. Amap B:V xV — & is sesquilinear if T(-,v) is linear for
each v € V and T(u,-) is antilinear for each u € V. A sesquilinear map
from V x V to C is called a sesquilinear form on V. Sesquilinear maps
are completely determined by their values on the diagonal, as follows.

(A1.1) The Polarization Identity. Suppose B : VXV — X is
sesquilinear, and let Q(v) = B(v,v). Then for all u,v € V,

1
B(u,v) = 1 [Q(u +v) - Qu — v) +iQ(u + iv) — iQ(u — iv)].
Proof:  Simply expand the expression on the right (Q(u+v) = Q(u)+
Q(v) + B(u,v) + B(v,u), etc.) and collect terms. 1

A sesquilinear form B on V is called Hermitian if B(v,u) = B(u,v)
for all u,v € V and positive if B(u,u) > 0forall u € V.

(A1.2) Corollary. A sesquilinear form B is Hermitian if and only if
B(u,u) € R for all u. Every positive sesquilinear form is Hermitian.

Proof: The first assertion follows easily from the polarization iden-
tity and the fact that Q(au) = |a|?Q(u) for a € C, so that (for example)
Q(u — ) = Q(i(u — w)) = Qv + iu). The second assertion follows
immediately from the first one. 1

(A1.3) The Schwarz and Minkowski Inequalities. Let B be a
positive sesquilinear form on V, and let Q(u) = B(u,u). Then

1B(w,9)|* < Q)Q(), Qu+v)"? < Qu)*+ Q)"

253
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Proof: The usual proofs of these inequalities for inner products do
not depend on definiteness, so they apply to all positive forms. 1

Direct Sums

Let {Hq}aca be a family of Hilbert spaces. The direct sum @, 4, Ha
is the set of all v = (va)aca in the Cartesian product [] ., Ha such
that 3 ||vall? < 0o. (This condition implies, in particular, that v, = 0
for all but countably many a.) @, 4 Ha is a Hilbert space with inner
product

(u,v) = Z (Uas Va),

a€A

and the summands H,, are embedded in it as mutually orthogonal closed
subspaces.

If H is a Hilbert space and {Mg}aca is a family of mutually orthog-
onal closed subspaces of H whose linear span is dense in H, H can be
identified with @, 4 Ma. When we speak of direct sums of subspaces
of a Hilbert space, we always assume that the subspaces are mutually
orthdgonal unless the contrary is explicitly stated.

Isometries and Unitary Maps

Let H, and H> be Hilbert spaces and T : H; — H2 a bounded linear
map. The adjoint of T is the map T* : Hy — H; defined by (T*v,u) =
(v, Tu) for all u € H, and v € Ha. T is an isometry if | Tu| = ||u|| for
all uw € H,. Since ||Tu||? = (Tu,Tu) = (T*Tu,u) and ||u|? = (u,u), the
polarization identity implies that T is an isometry if and only if T*T is
the identity operator on H,. Isometries are injective but not necessarily
surjective; a bijective isometry is called a unitary map. If T is unitary
then so is T~!, so T is unitary precisely T*T and TT* are the identity
operators on ‘H, and H; respectively, i.e., when T* = T~!.

T is called a partial isometry if ||Tu| = |Ju|| whenever u L N(T).
(Here and in what follows, N and R denote nullspace and range.) T is
a partial isometry precisely when (T*Tu,u) = (u,u) for u L N(T) and
(T*Tu,u) = 0 for u € N(T); by polarization, this means that T*T is
the orthogonal projection onto A(T)*. Since R(T)* = N(T*), it is an
easy exercise to see that T™ is also a partial isometry and that TT* is
the orthogonal projection onto R(T').
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Decompositions of Operators

Suppose H is a Hilbert space and T € L(H). T is called positive if
(Tu,u) > 0 for all u € H. By the corollary of the polarization identity,
every positive operator is self-adjoint, and it follows easily from the
spectral theorem that a self-adjoint operator T is positive if and only
if its spectrum o(T') lies in [0,00). In this case, one can apply the
spectral functional calculus to the function f(s) = /s on o(T) to obtain
a positive operator whose square is T'; we denote it by VvT.

Now suppose T is an arbitrary bounded operator on H. T*T is always
a positive operator, so we can define

(A1.4) IT| = VT*T.

Since |||T|u||® = (|T|>u,u) = (T*Tu,u) = |Tu||? the correspondence
|T|u — Tu extends uniquely to an isometry V from the closure R(|T|) of
the range of |T| to the closure of the range of T. But R(|T|) = N(|T|)*
since |T| is self-adjoint, and N(|T|) = N(T*T) = N(T). Hence, if we
extend V linearly to all of H by setting V = 0 on N(T), V is a partial
isometry such that T = V|T|. The factorization T = V|T| is called the
polar decomposition of T.

Since V*V is the orthogonal projection onto N(T)L = R(|T|), it
follows easily that V*T = V*V|T| = |T|. Thus:

(A15) T=V[T|, |T|=V'T

(A1.6) Proposition. Every bounded operator on a Hilbert space is a
linear combination of two self-adjoint operators and a linear combination
of four unitary operators.

Proof: If T € L(H), then A = (T +T*)/2 and B = (T - T*)/2i
are self-adjoint and T = A + iB. This proves the first assertion; for
the second, it is then enough to prove that every self-adjoint operator of
norm < 1 is the sum of two unitary operators. Butif S = S* and ||S]| < 1
then o(S) C [-1,1], so I-S5? is positive, and we have S = f1(S)+ f-(S)
where fi(s) = 3(s+iv1 — s2). The operators f1(S) are unitary by the
spectral functional calculus since the functions f4(s) have absolute value
1forse[~1,1]: |

Topologies on L(H)

If H is a Hilbert space, the set L(H) of bounded linear operators on H
carries three useful topologies:

1. The norm topology is the topology induced by the operator norm
17| = SUP|jy)|=1 T
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2. The strong operator topology is the topology induced by the
seminorms T — ||Tul|, v € H. A net {T,} in L(H) converges to T
strongly if and only if ||T,u — Tu|| — 0 for every u € H.

3. The weak operator topology is the topology induced by the
seminorms T — [(Tu,v)|, u,v € H. A net {T,} converges to T
weakly if and only if (T,u,v) — (Tu,v) for every u,v € H.

Thus, the norm topology is the topology of uniform convergence on
bounded subsets of H, the strong operator topology is the topology
of pointwise convergence on H, and the weak operator topology is the
topology of weak pointwise convergence on H.

Examples. Suppose {e;}$° is an orthonormal basis for H. Define
operators T,, and S, on H for n > 1 by

T, [Z akek:I = Z akeg, Sn [Z akek:I = Z QkChkin-
1 n 1 1

The sequences {T,,} and {S,} are not convergent in norm, and {S,}
is not even strongly convergent; indeed, if n < m, |[(T, — Tm)exn|| =
lenll = 1 and ||(Sn — Sm)eill = |len — em|| = V2. However, {T,}
converges strongly to 0, for if u = 3 akex, [[Thul? = Yo |ak|? — 0;
and {S,} converges weakly to 0, for if u = }_ arey and v = ) biex,

s o] 1/2
(S, 0)] = S aonbi] < 1] [zw} o
n

Appendix 2. Trace-Class and Hilbert-Schmidt Operators

Let H be a Hilbert space, which for convenience we assume to be separa-
ble. Suppose T is a positive operator on H. We say that T is trace-class
if T has an orthonormal eigenbasis {e,} with eigenvalues {A,} (where
An > 0), and 3 A, < 0co. In this case we set tr(T) = >  A,. Note that
every trace-class positive operator is compact for T is the norm limit of
the finite-rank operators Tnyu = El n (U en)en.

(A2.1) Proposition. If T is positive and trace-class and {z,} is any
orthonormal basis for H, then Y (Tzy,z,) = tr(T).

Proof: Let {e;} be an orthonormal eigenbasis for T with eigenvalues
{A;}. Since z, =Y (zn,ej)e; and 3, |(zn, €;)|? = |lej[|?> = 1, we have

ZTz:n,z:n ZZ Zn,e;5)(Te;,Tn) =ZZ/\j|(z:n,ej)|2=Z/\j.
n n j J

Interchanging the sums is permissible since all terms are positive. 1
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(A2.2) Proposition. Suppose T is positive and trace-class, S € L(H),
and {z,} is an orthonormal basis for H. Then the sum }_ (STzn,z,) is
absolutely convergent, and its value depends only on S and T, not on

{zn}.
Proof: Let {e;} be an orthonormal eigenbasis for T with eigenvalues
{*j}. Then
(STzp,z,) = Z(xn,ej)(STej,xn) = Zx\j(xn,ej)(Sej,xn).
J J
Now,

n O Ajl(Zn, €;)(Se;, 2n)]

J
1/2 1/2
Ry [Zl(xn,ejn?} [Z|(Sej,xn)|2}
J n n
> sllesll 1Ses1l < 15157 A5 < 0.
J F]

IA

This implies that > (STz,,z,) is absolutely convergent and that

Z STz, zy) = ZZ ((zn,e;)STe;, Tp)
n
= ZZ(STej, (€5, Tn)Tn)
i n
= Z(STej,ej).
J

1
An operator T € L(H) is called trace-class if the positive operator
|T|, defined by (A1.4), is trace-class.

(A2.3) Proposition. Suppose T is trace-class. Then T is compact,
and if {z,} is any orthonormal basis for H, the sum Y (Ttzy,zy) is
absolutely convergent and independent of {z,}.

Proof: Consider the polar decomposition T = V|T| as in Appendix
1. T is compact since |T| is compact and V is bounded, and the other
assertion follows from Proposition (A2.2), with T and S replaced by |T|
and V. |

If T is trace-class, we set

tr(T) = Z(T:cn, Zn),

where {z,} is any orthonormal basis for H. This is well-defined by
Proposition (A2.3).
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(A2.4) Proposition. The set of trace-class operators is a two-sided *-
ideal in L(H). Moreover, if T is trace-class and S € L(H) then tr(ST) =
tr(T'S).

Proof: Clearly if T is trace-class, so is aT foranya € C. If S and T
are trace-class, let S = V|S|, T = W|T|, and S+ T = X|S+T| be polar
decompositions as in Appendix 1. Then |[S+T| = X*(S+T) by (ALS5).
In particular, |S + T'| is compact, so it has an orthonormal eigenbasis
{en} by Theorem (1.52), and we have

Z(|S+T|en:en) = Z(X*(S'FT)emen)
= (X*V|Slen, n) + Y _(X*W|Tlen, en).

The sums on the right are absolutely convergent by Proposition (A2.2),
so S + T is trace-class. Next, suppose T is trace-class and U is unitary.
Then (UT)*(UT) = T*U*UT = T*T, so |UT| = |T'| and hence UT is
trace-class. Also (TU)*TU = U*T*TU = U~Y(T*T)U, whence |TU| =
U= T|U. Thus |TU| has the same eigenvalues as |T|, so TU is trace-
class. Moreover, if {z,} is an orthonormal basis,

tr((TU) = > (TUzp,zn) = Y _(UTUzp,Uzn) = tr(UT)

since U is unitary and {Uz,} is again an orthonormal basis. Since
every S € L(H) is a linear combination of four unitary operators by
Proposition (A1.6), it follows that ST and T'S are trace-class and that
tr(ST) = tr(T'S). Finally, if T is trace-class and T = V/|T| is its polar
decomposition, then T* = |T|V* is trace-class since |T| is. 1

An operator T € L(H) is called Hilbert-Schmidt if T*T is trace-
class. Since T*T is positive and (T*Tu,u) = ||Tul?, it follows from
Proposition (A2.1) that T is Hilbert-Schmidt if and only if }_ | Tz, || <
oo for some, and hence any, orthonormal basis {z,}. In other words,
the set of Hilbert-Schmidt operators on H is H ® H* as defined in §7.3.

Every Hilbert-Schmidt operator is compact. This follows from the
discussion of tensor products in §7.3, in particular Proposition (7.14),
and can also be seen as follows. Observe that if {e, } is an eigenbasis for
T*T with eigenvalues )\,,, it is also an eigenbasis for |T'| with eigenvalues
V2n. |T| is therefore the norm limit of operators of finite rank; hence
|T| is compact, and so is T = V|T).

(A2.5) Proposition. IfT is Hilbert-Schmidt, so isT*. If S and T are
Hilbert-Schmidt, then ST is trace-class.

Proof: If {z,} is an orthonormal basis for H, we have

S ITzal? = 3 (T2, 22
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= ZZ|(T*$m,$n)|2
m n
= Z “T*.'L'mllz.

This proves the first assertion. For the second, let ST = V|ST| be the
polar decomposition of ST. (ST)*(ST) is compact and so has an or-
thonormal eigenbasis {e,,} by Theorem (1.52). {e,} is also an eigenbasis
for |ST|, and by (A1.5) we have

Z(|ST|en,en) = Z(V*STen,en) = Z(Ten, S*Ven)
< [SiTent]” [Slisveur] "

But each e,, belongs either to the nullspace of V or its orthogonal comple-
ment, so the nonzero Ve, ’s are an orthonormal set. Since S* and T are
Hilbert-Schmidt, it follows that 3~ ||SVe,||? < 0o and Y ||Tex||? < oo,
so | ST is trace-class. 1

We now see that the inner product and norm on ‘H ® H* given in
Theorem (7.12) can be expressed as

(T, S) =tr(S*T), T = /te(T*T).

ITI|| is called the Hilbert-Schmidt norm of T.

If H = L?(u), the map f — f can be identified with the canoni-
cal antilinear isomorphism from H to H*. Assuming p is o-finite, the
arguments leading to Theorem (7.16) then give a unitary isomorphism
from H ® H* to L?(u x p) in which f ® 5 € H ® H* corresponds to the
function (z,y) — f(x)g(y) in L%(ux ), and the function F € L2(pu x )
corresponds to the Hilbert-Schmidt operator h — [ F(-, y)h(y) du(y).

Appendix 3. Vector-Valued Integrals

There are several ways to develop a theory of integrals for functions
with values in a topological vector space. We shall adopt the “weak”
approach, in which one reduces everything to scalar functions by apply-
ing linear functionals.

Let V be a locally convex topological vector space, and let V* be
the space of continuous linear functionals on V. Also, let (X, p) be a
measure space. A function F : X — V is called weakly integrable if
¢oF € L'(u) for every ¢ € V*. In this case, if there is a vector v € V
such that

¢(v)=/¢oquforall¢€V*
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(such a v is necessarily unique since the continuous linear functionals
separate points on V), v is called the integral of F', and we write v =
JFdp. '

Integrals commute with continuous linear maps, in the following sense.
Suppose F : X — V is weakly integrable, [ Fdu exists, and T is a
continuous linear map from V to another locally convex space W. Since
¢ o T belongs to V* for every ¢ € W*, it is clear that T o F' is weakly
integrable and that

¢0T[/qu} =/¢0T0qu (¢ € WT),

which means that [T o F du exists and

T/Fa’u=/Tode.

The following existence theorem is proved in Rudin [108, Theorems
3.27 and 3.29] (although stated there in a slightly different form):

(A3.1) Theorem. Suppose V is a Fréchet space and p is a Radon
measure on the locally compact Hausdorff space X. If FF : X — V is
continuous and compactly supported, then [ F du exists and belongs to
the closed linear span of the range of F. Moreover, if V is a Banach
space,

(A3.2) H/qu

< / | F(@)]l duz).

Theorem (A3.1) is almost sufficient for our purposes, but the condition
that F be in C.(X,V) needs to be relaxed a bit.

(A3.3) Theorem. Suppose V is a Banach space and p is a Radon
measure on the locally compact Hausdorff space X. If g is a (scalar-
valued) function in L'(u) and H : X — V is bounded and continuous,
then [ gH dp exists and belongs to the closed linear span of the range
of H, and

(A3.4) H [ ot < sup 15N [ 19(0)] duta.

Proof: gH is weakly integrable, since ¢ o H is bounded and contin-
uous and hence ¢ o (gH) = g(¢po H) € L' () for any ¢ € V*. Moreover,
since p is Radon, there is a sequence {g,} in C.(X) that converges to g
in the L! norm. Then

/Ilgn(-’v)H(fB) — gm(z)H(z)| dp(z) < C/Ign(w) — gm(z)| du(z) — 0
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as m,n — 0o, so by (A3.2), the sequence {[ g,H du} is Cauchy in V.
Denote its limit by v; then for any ¢ € V*,

B(v) = lim ¢ [ / ganu] — lim / b0 (guH) dp = / b0 (9H) dy,
since
/|¢0(gnH) —¢o(gH)|dp < C/Ign ~gldu— 0.

In other words, [ gH du exists and equals v. Moreover, since [ g,H du
belongs to the closed linear span of the range of H for each n, so does
J gH dp. Finally, since (A3.2) holds with F = g,H, (A3.4) holds with
g replaced by g, and it then holds for g by letting n — oc. 1

When vector-valued integrals arise in the text, X will generally be
a locally compact group G and u will be Haar measure on G. The
following situations are the most important ones.

1. Convolutions. Let V = LP(G), where 1 < p < oo, and let L,
and R, be the left and right translation operators defined by (2.5). If
f € LP(G), the function y — Ly f is bounded (||L,f|l, = ||fllp) and
continuous on G, by Proposition (2.41). Hence, for any g € L'(G) we
can form the integral [g(y)L,fdy € LP(G). By its definition, this
integral satisfies

[ [ [ swar ] @m dx—// ) dedy

for every h € L%(G), where g is the conjugate exponent to p. A simple
application of Holder’s inequality and the Fubini-Tonelli theorem shows
that the order of integration can be reversed, and since h € L(G) is
arbitrary, it follows that

[ st dy] @ = [0 Dy = g+ 7o)

In other words, we have

g*xf= _/g(y)Lyfdy,

where the integral can be interpreted either as an LP-valued integral or
pointwise (a.e.) as a scalar-valued integral:

g% f(z) = / o)Ly f(z) dy.

Moreover, if A denotes the modular function of G, by (2.25) and
(2.32) the function y — A(y)R,f is bounded and continuous from G
to LP(G) and the function y — A(y~!)g(y~?!) is in L'(G). Hence we
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can form the integral [ g(y~!)R, f dy, and the same arguments as above
show that

frg= /g(y“)Ryfdy,

where the integral can be interpreted either as an LP(G)-valued integral
or pointwise (a.e.) as a scalar-valued integral.

2. Unitary Representations. Let m be a unitary representation of G.
We wish to form the associated representation of L'(G),

7(f) = / f@r(@ds  (f € LV(G))

(see §3.2). Since 7 is only assumed continuous with respect to the strong
operator topology, and £L(H,) is not a Banach space (or even a Fréchet
space) with respect to this topology unless dimH, < oo, Theorems
1 and 2 cannot be applied directly to define n(f). However, Theo-
rem 2 can be used to define 7(f) pointwise: that is, for each v € H,,
z — w(z)v is a bounded continuous function from G to H,, so the in-
tegral [ f(z)m(z)udz exists for f € L'(G): it is the vector n(f)u € H,
determined by the relations

(m(fu,v) = /f(:c)(ﬂ(z:)u,v) dz (veHnr).
The map u — «(f)u is easily seen to be linear, and by (A3.4),
(full < /If(fv)lllﬂ(fv)ull dz = ||ull / |f(z)| dz,

so w(f) € L(Hy) and ||7(F)|| < || fll:-
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type I group, 206

U
U(2), 139, 146
uniform continuity, 33
uniformly almost periodic
function, 120
unimodular group, 47
unital Banach algebra, 1
unitary
dual space, 201
equivalence, 69
map, 254
representation, 67

A%
vector field, 220
measurable, 222
von Neumann
algebra, 29
density theorem, 29

W

Walsh function, 91

weak operator topology, 256

weakly integrable function, 259

Wiener-Pitt Tauberian theorem,
116

Wiener’s theorem, 113

Zp, 36
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