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(1) ÍÜµ¿õ ¢�Àä�

�õÀÖõ .1 x

ø ©¤�Þª �� �Î��¤ ¤¢ ¢Àä ô�úÔõ �î ÝþÀþ¢ .Ýþ¢Âî ´±½¬ üÖ�Ö� ¢�Àä� ö�õ�Â�� �µªÁð �bÆÜ� ø¢ ¤¢

ßØ�ó .¢�� ¢øÀ½õ Ý�õ�÷üõ ´±·õ ý�þ�ð ¢�Àä� ¥øÂõ� �»÷� �� ´Æ¿÷ ø Àõ� ÀþÀ� �û´�Þî ýÂ�ðù¥�À÷�

�� Ã�÷ üÔ�õ ¢�Àä� ø �þ�ð ¢�Àä� �î üÞÆì �� ¢Âî ��¹þ� �¤ ¢Àä ô�úÔõ �b ã¨�� üÞÜä �b �Â¹� �¤øÂ®

.¢�ªüõ ùÀ÷��¡ ,R ,üÖ�Ö� ¢�Àä� �bä�Þ¹õ ¥øÂõ� ,Ý�û�Ôõ ßþ� �bä�Þ¹õ ø À÷Àª �µ¡��ª \¢Àä" ö���ä

ô�Üãõ ´Èðüõ �¨ ��¤¢ ��¢�ãõ Û� ñøÁ±õ ý¢��õ Ýû¢Ã÷�ª öÂì ¤¢ �î üþ�ûÇª�î üÏ ¤¢

.¢¥�¨üõ ÛÌãõ ¤��¢ �¤ �ûÇª�î ßþ� �î ´¨� üþ�ûüµ¨�î ©�¿µ¨¢ ¥��û üÖ�Ö� ¢Àä ô�úÔõ �î Àª

� � x°Æ�Â� 3 ��¤¢ �b ó¢�ãõ Âû .Ý��îüõ ü¨¤Â� ö��î� �¤ á�®�õ ßþ� ,¾þ¤�� ý¥�¨¥�� üîÀ÷� � �

:´ª�÷ Âþ¥ �¤�¬ �� x3 �b ÜÞ� °þÂ® Â� ö¢Âî Ý�ÆÖ� ¥� Å� ö���üõ �¤ üÖ�Ö� °þ�Â®

x3 + ax2 + bx+ c = 0 (1)

�� (1) �ó¢�ãõ ,x = t� a
3
Ý�û¢ ¤�Âì Âð� .¢Âî éÁ� �¤ ôø¢ �b �¤¢ �b ÜÞ� ö���üõ ù¢�¨ ü�þÃÚþ�� ×þ ��

ÛØª

t3 + pt+ q = 0 (2)

�b ó¢�ãõ Ý��îüõ Çª�î ñ�� .À�µÆû c ø b ,a °þ�Â® °Æ�Â� üþ�û�¤�±ä p; q ö� ¤¢ �î Àþ�üõ ¤¢

1



Ýþ¤�¢ ,t = u+ v Ý�Æþ��� Âð� .Ý��î Û� �¤ (2)

(u+ v)3 + p(u+ v) + q = 0

u3 + v3 + (3uv + p)(u+ v) + q = 0

(3)

ý�Â� .Àþ�üõ ´¨¢�� (2) ý�Â� t = u+ v ���� ×þ ,À�î ëÀ¬ �ó¢�ãõ ßþ� ¤¢ �î u; v �ø¥ Âû ý�Â�

¤�Ñµ÷� �î ´¨� ñ�ú¹õ ø¢ �� �ó¢�ãõ ×þ (3) �î Ý��îüõ ùÀû�Èõ ´Æ¿÷ ü�ø¥ ß��� ö¢¤ø� ´¨¢��

.Àª�� �µª�¢ ���� ´þ�ú÷ü� �f �Þãõ Ýþ¤�¢

:Ý�û¢üõ ¤�Âì .Ý�¨Â� üÊ¿Èõ ���� �� Ý��îüõ üã¨ ,u; v ö��õ ÂÚþ¢ �bÎ��¤ ×þ ö¢øÃê� ��

uv = � p

3
�þ 3uv + p = 0 (4)

:À�þ�üõ ¤¢ Âþ¥ ù�Úµ¨¢ �¤�¬ �� (4) ø (3) �¤�¬ ßþ� ¤¢ �î8><
>:

u3 + v3 = �q

u3v3 = � p3

27

(5)

�î Ý�Æþ��� ôø¢ ��¤¢ �ó¢�ãõ ×þ Ý�÷���üõ v3 ø u3 ´�Þî ø¢ �Â®Û¬�� ø á�Þ¹õ ßµª�¢ �� ñ��

:À�ª�� v3 ø u3 Çþ�û�Èþ¤

z2 + qz � p3

27
= 0 (6)

Å�

z =
�q �

q
q2 + 4

27
q3

2

(2) ���� ,t = u + v ¥� ù¢�Ôµ¨� �� ø �ú÷� °ãî ßµêÂð �� Å� ,À�µÆû v3 ø u3 Âþ¢�Öõ z ���� ø¢

:Àþ�üõ ´¨¢��

t =
3

vuut�q +
q
q2 + 4

27
p3

2
+

3

vuut�q �
q
q2 + 4

27
p3

2
(7)

üóø ,´¨� 3 ��¤¢ ��¢�ãõ Û� Ûõ�î ¤�µ¨¢ �fÂû�Ò ´¨� éøÂãõ 1�÷�¢¤�î ñ�õÂê �� �î ñ�õÂê ßþ�

:¢¥�¨üõ �õÂ� �¤ ÛØÈõ ø¢ ö� ¥� üÜÞä ùb¢�Ôµ¨� ø ë�ê �¤�±ä ¢¤�õ ¤¢ ´ì¢ üÞî
©ø¤ ø ñ�õÂê ßþ� ¢�ªüõ �µÔð �î üþ��ó�µþ� À�ÞÈ÷�¢ (1501-1576) Girolamo Cardano �÷�¢¤�î �õ� øÂ��1
üÔ¿õ �� ÝÆì �� (1499-1557) Niccol�o Tartaglia ��ó��¤�� �ó�Ø�÷ ýÂÚþ¢ üþ��ó�µþ� ö�À�®�þ¤ ¥� âì�ø ¤¢ �¤ ë�ê Û�

.´¨� ù¢Âî ´ê�þ ¤¢ ö� ßµª�Àû�Ú÷

2



.Àª�� �µª�¢ ���� ø¢ �þ ×þ ,º�û ´¨� ßØÞõ ,ax2 + bx + c = 0 ,ôø¢ ��¤¢ �b ó¢�ãõ ×þ (1

��¢�ãõ .´¨� ���� ø¢ ¢��ø ö�Øõ� ÂÚ÷��� x= �b�
p

b2�4ac

2
ü�ãþ ,���� ñ�õÂê ¤¢ � ¢��ø

�¤ ���� ×þ ÍÖê �fÂû�Ò (7) ñ�õÂê üóø À�ª�� �µª�¢ üÖ�Ö� ���� �¨ �� ´¨� ßØÞõ 3 ��¤¢

¤¢ (2) ý�Â� t = � ���� ×þ �f ·õ Âð� �î �Âþ¥ ´Æ�÷ üÜØÈõ ßþ� ÛÞä ¤¢ .Àû¢üõ ´¨¢��

:Ý�Æþ��� Ý�÷���üõ ,Àª�� ´¨¢

t3 + pt+ q = (t � �)(t2 +At +B)

ÂÑ÷ �� ñ�� ßþ� �� .Àª À�û��¡ �À�� ÂÚþ¢ üó�Þµ�� ý�û���� t2 +At + B = 0 ü¨¤Â� �� ø

Âþ¥ ñ�·õ .´Æ�÷ ¤�¢¤�¡Â� ôø¢ ��¤¢ ��¢�ãõ Û� ñ�õÂê ���Èõ üµ�õ�Þä ¥� (7) ñ�õÂê À¨¤üõ

:ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤

t3 � 3t+ 2 = 0

��� �b ó¢�ãõ ý�û���� Å� ,´ª�÷ (t� 1)2(t+ 2) �¤�¬ �� ö���üõ �¤ t3 �3t+ 2 �¤�±ä

:Ýþ¤�¢ q = 2 ø p = �3 �� ���� �� ,ÝþÂ�ð ¤�î�� �¤ �÷�¢¤�î ñ�õÂê Âð� ñ�� .1;1;�2 ¥� À��¤�±ä

t =
3
p
�1+

3
p
�1 = �2

.¢�ªüõ Û¬�� �û���� ¥� üØþ ÍÖê ø

ö���ä ��
p�1 ÛØª �� üþ��ª� ßµêÂþÁ� ø ¢Àä ô�úÔõ �b ã¨�� �� Â¹�õ �î �¤ ýÂ�ýÀ� ÛØÈõ (2

:ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ Âþ¥ �b ó¢�ãõ .Ý��îüõ ¼þÂÈ� ñ�·õ ×þ Âî£ �� Àª \¢Àä"

t3 � 6t+ 4 = 0 (8)

ýÂ�ð¤�µî�ê �¤ (t� 2) �ÜÞ� ö���üõ Å� ,À�îüõ ëÀ¬ �ó¢�ãõ ßþ� ¤¢ t = 2 �î À��î ùÀû�Èõ

:Ýþ¤�¢ ø ¢Âî

t3 � 6t + 4 = (t� 2)(t2 + 2t� 2)

3



:À�þ�üõ ´¨¢�� (8) �ó¢�ãõ ý�û���� �b �Üî t2 + 2t � 2 = 0 ö¢�¢ ¤�Âì ��

t = 2 ; �1�
p
3

:Ýþ¤�¢ (7) ñ�õÂê ¥� ÂÚþ¢ üêÂÏ ¥�

t =
3

s
�4+

p
�16

2
+

3

s
�4�

p
�16

2

:´ª�¢ Ý�û��¡ Ý��î �¬�¡ 4
p
�1 ��

p�16 Âð�

t =
3

q
�2+ 2

p
�1+

3

q
�2� 2

p
�1 (9)

í�ØÈõ ü�ãõ ÂÑ÷ ¥� ùø�ä �� ø ´Æ�÷ ùÀª Âî£ ���� �¨ ¥� ×þ º�û Âû�Ò ¤¢ �¤�±ä ßþ�

��� µ õ Ýû¢Ã ÷�ª öÂì ö�÷�À �®� þ¤ .Ý þ�ùÀÈ÷ Ûþ� ì üþ� �ãõ
p�1 ý�Â � ö� � î� � � î �Â þ¥ ´¨�

Ûì�À� �þ ¢¤�¢ ü�ãõ
p�1 À��î Âê .Àª Û¨�µõ Âþ¥ ý¤�¬ �b ±¨�½õ �� ö���üõ �î À÷Àª

¢�½�� Â���� �î À��î ���� �¤�¬ ßþ� ¤¢ .¢�¢ ô�¹÷� �¤ ýÂ±� ý¢�ä ��±¨�½õ ö� �� ö���üõ

:(a+ b)3 = a3 + 3a2b+ 3ab2 + b3

(1+
p
�1)3 = 1+ 3

p
�1� 3�

p
�1

= �2+ 2
p�1

:¢�ªüõ ù¢�¨ Âþ¥ �¤�¬ �� (9) Å� ,(1�
p
�1)3 = �2�

p
�1 Ýþ¤�¢ �fú��Èõ ø

t = 1+
p
�1+ 1�

p
�1 = 2

���ÜÞä ¢Àä ×þ �¤�¬ �� ö� �� Âð� ,Ý�µÆ�÷ Ûþ�ì üþ��ãõ
p�1 ý�Â� �î ßþ� ÝèÂ�Üä ü�ãþ

À�÷�õ ýÂþ¢�Öõ ¢�¡ ��µî ¤¢ �÷�¢¤�î !¢¤ø� Ý�û��¡ ´¨¢�� �¤ �ó¢�ãõ ���� ,Ý�û¢ ô�¹÷� ýÂ±�

���Èõ ýÂ±� ¤�µê¤ ßØ�ó ø À�µÆ�÷ ¢Àä ¢�¡ À�� Âû �î ¢Âîüõ ¢�ÀÞÜì \ý¥�¹õ ¢�Àä�" �¤
p�1

¢�Àä� ßµêÂþÁ� �î ö��»Þû ,À�¨¤ ¢�Àä� ¢¤�õ ¤¢ üÖþ�Ö� �� ö���üõ �ú÷� ×Þî �� ø À÷¤�¢ ¢�Àä�

.À�îüõ Â�¤��Þû ´±·õ Âþ¢�Öõ ü¨¤Â� ý�Â� �¤ ù�¤ Â±� ¤¢ üÔ�õ

4



üþ��ãõ Â�±ã� ø ´ê�þ ���®�þ¤ ¤¢ �¤ ¢�¡ ý�� �f¹þ¤À� ö� ñ�·õ� ø
p�1 ô�úÔõ öÂì �¨ �� ø¢ üÏ

¤�³¨�î ý¦øÂ÷ ��Æõ À÷¢�¢ ���¤�
p�1 ý�Â� ü¨À�û ýÂ�±ã� �î ý¢�Âê� ß�óø� .Àª ���¤� ö� ý�Â� üÖ�ì¢

«��¡ ø ¢Àä �÷�ð ßþ� Õ�ì¢ ø âõ�� ü¨¤Â� üóø À÷¢�� 3ö�ð¤� Â�ø¤ ö�¦ üÆ�þ�¨ ¤�À��Æ� ø 2Û¨ø

¢�Àä�" �� ¢¤�¡Â� ý¥øÂõ� ©ø¤ .5À�¨¤ ñ�Þî �� 4§øb�ð ü÷�Þó� ï¤Ã� ö�À�®�þ¤ ¤��� ¤¢ �ú÷� ýÂ±�

��¤¢ ��¢�ãõ Û� ,ùÀ�þ� ý�ûÇ¿� ¤¢ ÍÜµ¿õ ¢�Àä� ü¨¤Â� ¥� Å� .´¨� §øb�ð ©ø¤ \ÍÜµ¿õ

¤¢ Âð� Ýþ¢Âî ���¤� 3 ��¤¢ ��¢�ãõ Û� ý�Â� �î üªø¤ ¢�¢ Ý�û��¡ ö�È÷ ù¢Âî ü¨¤Â� �f¢À¹õ �¤ 3

.¢�ªüõ Â¹�õ �ó¢�ãõ ý�û���� ��Üî ßµê�þ �� ø ´¨� Ûõ�î üªø¤ ,¢Â�ð ô�¹÷� ÍÜµ¿õ ¢�Àä� ���¤��

ÍÜµ¿õ ¢�Àä� üêÂãõ .2 x

xy ü��Êµ¿õ �b½Ô¬ ñ�� .Ýþ�ù¢�¢ ¤�Âì ´¨�¤ Í¡ ×þ ¯�Ö÷ �� ×þ �� ×þ ÂÒ��� ¤¢ �¤ üÖ�Ö� ¢�Àä�

üÖ�Ö� ¢Àä ü�ãþ ,Ý��îüõ ´�±·� üÖ�Ö� ¢�Àä� ù�Úþ�� ö���ä �� �¤ ö� ¤¢ x ¤�½õ ø ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤

¢Àä ô�úÔõ ¥� üÞ�Þã� �� �½Ô¬ ô�Þ� �� Í¡ ßþ� ¥� ¤Áð �� .Ý�û¢üõ Çþ�Þ÷ (x;0) �b ÎÖ÷ �� �¤ x

¥� z0 = (x0; y0) ø z = (x; y) �b ÎÖ÷ ø¢ ý�Â� .´¨� üÖ�Ö� ¢�Àä� ùÀ÷Â�ðÂ� ¤¢ �î À�¨¤ Ý�û��¡ üÖ�Ö�

ü�ãþ ,\üÖ�Ö� ¢�Àä�" �� Âð� �î ¢Âî Ý�û��¡ ÓþÂã� ý¤�Ï �¤ �Â®Û¬�� ø á�Þ¹õ ô�úÔõ �½Ô¬

(x+ x0;0)ü�ãþ ,üó�Þãõ �Â®Û¬�� ø á�Þ¹õ ô�úÔõ ö�Þû ,¢�ª ¢øÀ½õ (x0 ;0) ø (x;0)ý�û�ø¥

.Àû¢ ´¨¢�� �¤ (xx0 ;0) ø

:Ý��îüõ ÓþÂã� z0 = (x0; y0) ø z = (x; y)ý�Â� âÞ� (1-2)

z + z0 = (x+ x0; y + y0)

Caspar Wessel2

Jean Robert Argand3

Carl Friedrich Gauss4

:À��î �ã��Âõ Âþ¥ ��µî 3 ÛÊê �� ÍÜµ¿õ ¢Àä ô�úÔõ ñ�½� ü¿þ¤�� Â�¨ �ãó�Îõ ý�Â�5
Ebbinghaus, H. D., et al Numbers, Springer 1991.
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ø À�û¢üõ Û�ØÈ� �¤ á�®�� ý¥��µõ ×þ §�b¤ ¤�ú� z+ z0 ø z0 ,z ,0 = (0;0) ¯�Ö÷ °��Â� ßþÀ�

.(1 ÛØª) ´¨� ��Êµ¿õ �bÀ±õ ¥� âÏ�¨ ý�û¤�¢Â� ý�Â� ý¤�¢Â� âÞ� ö�Þû ¯�Ö÷ âÞ� ÛÞä

x

y

O

z

z0

z + z0

âÞ�«��¡ (1-1-2)

.z + z0 = z0 + z (üþ�¹���) ýÂþÁ� Ëþ�ã� (1-1-2)

.z + (z0 + z00) = (z + z0) + z00 ýÂþÁ�´îÂª (2-1-2)

�î ´¨� üðÄþø ßþ� ý�¤�¢ (�ÎÖ÷ ßþ� ÍÖê ø) 0 = (0;0) �ÎÖ÷ Â��ü� ÂÊ�ä (3-1-2)

z + 0 = 0+ z = z

�¤�¬ �� z üÔ�õ �þ ��þÂì ,z = (x; y)ý�Â� ��þÂì ÂÊ�ä (4-1-2)

�z = (�x;�y)

:�î ´¨� üðÄþø ßþ� ý�¤�¢ (�ÎÖ÷ �÷�Úþ) ø ¢�ªüõ ÓþÂã�

z + (�z) = (�z) + z = 0

¢Àä �î ,�Ôó�b õ Âû ý�Â� ÂÒ��µõ üðÄþø �î À÷�ªüõ �¹�µ÷ ßþ� ¥� üð¢�¨ �� �Þû ÂîÁó�ë�ê «��¡

.´¨� ¤�ÂìÂ� ,´¨� üÖ�Ö�

ÂÑ ÷ � � ßû£ ¥� ¤ø¢ ¥� è� ¤¢ z0 = (x0; y0) ø z = (x; y) �Â®Û¬�� ÓþÂã � �Â® (1-2)

�î á�Þ¹õ é�¡ Â� �î À��î ���� ´Æ¿÷ .Àª Àû��¡ ßªø¤ ö� ´�ä�®�õ �f¹þ¤À� üóø À�¨¤ Àû��¡
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¤ø¢ �î Àª Àû��¡ ü¬��¡ ¥øÂ� ßÞÌµõ �Â®Û¬�� ý�Â� üÔþÂã� ß��� ,Àª ÓþÂã� �Ôó�b õ �� �Ôó�b õ

�î ¢�ªüõ �¹�µ÷ ,Ý��î ÓþÂã� (xx0 ; yy0) �¤�¬ �� �¤ z � z0 Âð� .´¨� üÖ�Ö� ¢�Àä� §�÷�bõ «��¡ ¥�

«��¡ é�¡ �î ,¢�ªüõ ÂÔ¬ ,ÂÔ¬ Â�è ÂÊ�ä ø¢ �Â®Û¬�� ü�ãþ ,(1;0) � (0;1) = (0;0)

¢�Àä� �Â®«��¡ �� Â���±ª ¢Âî Ý�û��¡ ÓþÂã� �î ü�Â®Û¬��«��¡ .´¨� üÖ�Ö� ¢�Àä� ýÂ±�

(x;0) � (x0;0)�Â®Û¬�� ü�ãþ ,¢�� Àû��¡ ¤�ð¥�¨ üÖ�Ö� ¢�Àä� �Â®Û¬�� �� ø ´¨� üÖ�Ö�

.¢�ªüõ (xx0 ;0) Â��Â�

�½Ô¬ ¤¢ ý��ÎÖ÷ zz0 .Ý��îüõ ÓþÂã� Âþ¥ �¤�¬ �� �¤ z � z0 ,z0 = (x0; y0) ø z = (x; y)ý�Â�

Âð� Å� .´¨� �bÀ±õ ¥� z0 ø z Û¬��ê �Â®Û¬�� Â��Â� ��Êµ¿õ �bÀ±õ ¥� ö� �b Ü¬�ê �î ¢�� Àû��¡

.´ª�¢ Àû��¡ ¤�Âì 0 ÃîÂõ �� rr0 á�ãª ùbÂþ�¢ ýø¤ z � z0 ,Àª�� r0 ø r °��Â� �� �bÀ±õ ¥� z0 ø z �b Ü¬�ê

zz0

z

z0

�
�0

� + �0

r

r0

rr0
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z

y

x

r

�

ø z 6= 0 Ý��îüõ Âê ñ�� .zz0 = 0 �fõøÃó �¹�µ÷ ¤¢ ø Àª Àû��¡ ÂÔ¬ r0 �þ r ,Àª�� ÂÔ¬ z0 �þ z Âð�

ø ÝþÂ�ðüõ z �� 0 Û¬�ø Í¡Ý�÷ �� x ¤�½õ ´±·õ Í¡Ý�÷ ¥� �b þø�¥ Â��Â� �¤ ��¤�¬ ßþ� ¤¢ .z0 6= 0

0 ñ�� rr0 á�ãª ùbÂþ�¢ ýø¤ �ÎÖ÷ ö� �¤ zz0 ö��î� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ z0 ý�Â� �¤ �0 °��Â� ß�Þû ��

.Àª�� � + �0 Â��Â� ö� Ûõ�� á�ãª �� x ¤�½õ ´±·õ �Þ�÷ ¥� �b þø�¥ �î ÝþÂ�ðüõ

�Â®«��¡ (1-2-2)

.z � z0 = z0 � z (üþ�¹���) ýÂþÁ�Ëþ�ã� (1-1-2-2)

.z � (z0 � z00) = (z � z0) � z00 ýÂþÁ�´îÂª (2-1-2-2)

�î ´¨� üðÄþø ßþ� ý�¤�¢ (�ÎÖ÷ ßþ� ÍÖê ø) (1;0) �bÎÖ÷ Â��ü� ÂÊ�ä (3-1-2-2)

z � (1;0) = (1;0) � z = z

�î ¢¤�¢ ¢��ø z0 (¢Âê �� ÂÊ½�õ) ýÂÊ�ä z 6= 0 Âû ý�Â� §�Øãõ ÂÊ�ä (4-1-2-2)

z � z0 = z0 � z = (1;0)

ø r = 1 Ýþ¤�¢ (1;0) ¢¤�õ ¤¢ ,(3-1-2-2) ý�Â� .´¨� ´¨�¤Â¨ �f õ�î ñø� ´�¬�¡ ø¢ ��±��

,r ü�ãþ ,0 ¥� z �Ü¬�ê ,z 6= 0 Âð� ,ü�Â® §�Øãõ ÂÊ�ä ý�Â� ùÂ¡��� .¢�ªüõ �¹�µ÷ ÝØ� ø � = 0

À�îüõ ëÀ¬ Íþ�Âª ¤¢ �î ´¨� ý��ÎÖ÷ �÷�Úþ (��) �b þø�¥ ø r�1 �Ü¬�ê �� z0 ù�Ú÷� ,´¨� ÂÔ¬�÷
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(3 ÛØª)

1

z

z�1

�

��

r

1

r

ùÀ÷��¡ z �b ÎÖ÷ ü±Îì ��Êµ¿õ ((Óó�) 2 ÛØª) Àª ù¢�¢ ´±Æ÷ z = (x; y) �b ÎÖ÷ �� �î (r; �) �ø¥

ö¢øÃê� �� ,´Æ�÷ �÷�Úþ � üóø ¢�ªüõ ß��ã� ¢Âê �� ÂÊ½�õ ¤�Ï �� ,�bÀ±õ ¥� �Ü¬�ê ,r �Ôó�b õ .À÷�ªüõ

(z ÕÜÎõ ¤Àì) jzj �� �¤ r .Àþ�üõ ´¨¢�� ÂÚþ¢ ñ�±ì Û��ì ¤�ÀÖõ ×þ ,� �� (2�) ¼�½¬ �ÂÌõ Âû

¥� âÏ�¨ Í¡Ý�÷ ×þ ýø¤ ¯�Ö÷ �b Þû ý�Â� �î À��î ���� .À�û¢üõ Çþ�Þ÷ arg(z) �� üû�ð �¤ � ø

,x < 0 ,(x;0) ¯�Ö÷ arg(z) = � ;y > 0 ,(0; y) ¯�Ö÷ arg(z) = �
2
�f ·õ .´¨� Â ��Â � arg(z) ,0

.À�û¢üõ Çþ�Þ÷ �¤ y < 0 �� (0; y) ¯�Ö÷ arg(z) = 3�
2

,ýÂ±� «��¡ Û�ÞØ� ý�Â� .Àª �¬�¡ �Â® ø âÞ� «��¡ (1-2-2) ø (1-1-2) ¤¢

:Àþ�üõ Âþ¥ ¤¢ �î ´¨� �ÂÎõ Ã�÷ � ø + �bÎ��¤

:Ýþ¤�¢ z; z0; z00 ý�Â� üÈ¿� ö�÷�ì (3-2)

z � (z0 + z00) = (z � z00) + (z � z00)

(z + z0) � z00 = (z � z00) + (z � z00)

.Ý��îüõ ü¨¤Â� �¤ �Ñ½ó ßþ� �� ùÀõ� ´¨¢�� ¸þ�µ÷ üÌã� ,üÈ¿� ö�÷�ì ��±�� ¥� Û±ì

,ù¢�¢ Çþ�Þ ÷ C �� �¤ ë�ê �Â® ø âÞ� ÛÞä � � �½Ô¬ ¯�Ö÷ �ä�Þ¹õ ý¤�Áð¢�Þ÷ (4-2)

���� .¢�ªüõ ùÀ÷��¡ ÍÜµ¿õ ¢Àä ×þ (x; y) �ø¥ Âû °��Â� ßþ� �� .Ý�õ�÷üõ ÍÜµ¿õ ¢�Àä� �ä�Þ¹õ

Çþ�Þ÷ (x;0) �� �¤ R Â¬��ä Âð� ü�ãþ ,´¨� C ù�Úµ¨¢Âþ¥ ×þ ö� ñ�Þãõ �Â® ø âÞ� �� R�î À��î

¤¢ .´¨� üØþ ÍÜµ¿õ ¢Àä �þ üÖ�Ö� ¢Àä ö���ä �� ,üÖ�Ö� ¢Àä ø¢ �Â®Û¬�� ø á�Þ¹õ ,Ý�û¢
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Ýþ¤�¢ ,À�ª� � ´õ�ä Ýû x0 ø x Âð� �î À� �î ���� ,z0 = (x0;0) ø z = (x;0)�Â®Û¬�� ¢¤�õ

ö�� ø arg(z � z0) = 0 ´ó�� ø¢ Âû ¤¢ Å� ,arg(z) = arg(z0) = � � þ arg(z) = arg(z0) = 0

,À�ª�� ´õ�ãó� ÓÜµ¿õ x0 ø x �î üµó�� ¤¢ .(x;0) � (x0;0) = (xx0;0) Å� ,xx0 = jzz0j ,xx0 > 0

jzjjz0j = �xx0 Â��Â� 0 ¥� ö� �b Ü¬�ê �î ´¨� arg = � �� �ÎÖ÷ �÷�Úþ xx0 ø xx0 < 0 ,arg(zz0) = �

.(x;0) � (x0;0) = (xx0;0) �f¢À¹õ Å� ,Àª��üõ

ö�� .´¨� (�1) ý�Â� ¤Á� ¢��ø �½Ô¬ ¯�Ö÷ ý�Â� �Â® ø âÞ� ÓþÂã� ý¤�ê �¹�µ÷ ßþÂ�¥¤��

üêÂÏ ¥� .Àª�� 1 Àþ�� �bÀ±õ ¥� ö� üó�Þµ�� ¤Á� Âû �Ü¬�ê ,´¨� À��ø Â��Â� �bÀ±õ ¥� (�1;0) �Ü¬�ê

:À÷¤�¢ �¤ ÂÑ÷ ¢¤�õ üðÄþø (0;�1) ø (0;1) �bÎÖ÷ ø¢ �fÖ�ì¢ ø ,arg(�1;0) = � ÂÚþ¢

(0;1) � (0;1) = (�1;0)

(0;�1) � (0;�1) = (�1;0)

.À�µÆû ((�1;0) �þ) (�1)ý�û¤Á� �i ø (0;�1) = �i Å� ,À�û¢üõ Çþ�Þ÷ i �� �¤ (0;1) �bÎÖ÷

.�i ø �1 ü�ãþ ,´¨� ô¤�ú� �bÈþ¤ ¤�ú� ý�¤�¢ ((1;0) �þ) 1 ¢Àä �î ßþ� �¹�µ÷

¤�Ï �� �î Âþ¥ �b ÎÖ÷ n �î ¢�ªüõ �¹�µ÷ �Â® ÓþÂã� ¥� .´¨� ô� n �bÈþ¤ ný�¤�¢ 1 üÜî ¤�Ï ��

:À�ª��üõ 1 ô� n ý�û�Èþ¤ À÷�ùÀª âþ¥�� À��ø ùbÂþ�¢ ýø¤ �Ü¬�Ôó� ýø�Æµõ

(1;0); (cos
2�

n
; sin

2�

n
); (cos

4�

n
; sin

4�

n
); : : : ; (cos

(n� 1)2�

n
; sin

(n� 1)2�

n
)

.À÷�ùÀª ù¢�¢ Çþ�Þ÷ 1 ÝµÈû ý�û�Èþ¤ (�) 4 ÛØª ¤¢ ø 1 ô�¨ ý�û�Èþ¤ (Óó�) 4 ÛØª ¤¢

�

4
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(1;0)

2�

3

:¥� À��¤�±ä 1 ô�¨ ý�û�Èþ¤ �î À��î ���� ýÀã� ý�ûá��¤� ´ú�

(1;0)

(�1
2
;

p
3

2
) = (cos

2�

3
; sin

2�

3
)

(�1
2
;�

p
3

2
) = (cos

4�

3
; sin

4�

3
)
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(2) ÍÜµ¿õ ¢�Àä�

(x; y) �bÎÖ÷ �b Ü¬�ê r ,Àª�� (x; y) �bÎÖ÷ ü±Îì ��Êµ¿õ (r; �) �ø¥ Âð� �î Àþ¤ø� ¢�þ �� Û±ì �bÆÜ� ¥�

ÂÑ÷ ¤¢ (x; y) �� 0 ¥� Û¬�ø Í¡Ý�÷ �� x ¤�½õ ´±·õ Í¡Ý�÷ ¥� �î ´¨� ý��þø�¥ � ø ´¨� �bÀ±õ ¥�

Ýþ¤�¢ .ÝþÂ�ðüõ üÔ�õ �¤ ´ä�¨ �b �ÂÖä ´ú� ø ´±·õ � ý�Â� �¤ ü��·Ü·õ ´ú� .¢�ªüõ �µêÂð

x = r cos � ; y = r sin � (1)

ý�Â � ü±Î ì ��Êµ¿õ �ø¥ ×þ À � î ëÀ¬ ë� ê Í ��ø¤ ¤¢ � î r � 0 � � (r; �) �ø¥ Â û â ì�ø ¤¢

Õ±Ï .Àª�� z0 = (x0; y0) ý�Â� ü±Îì ��Êµ¿õ (r0; �0) À��î Âê ñ�� .¢�ªüõ ¤�Ñ�õ z = (x; y)

:Ýþ¤�¢ ÍÜµ¿õ ¢�Àä� �Â® ÓþÂã�

z � z0 = (rr0 cos(� + �0); rr0 sin(� + �0))

= (rr0 cos � cos �0 � rr0 sin � sin �0; rr0 sin � cos �0 + rr0 cos � sin �0)

= (xx0 � yy0; xy0 + x0y)

Å�

(x; y) � (x0; y0) = (xx0 � yy0; xy0+ x0y) (2)

Ó þÂ ã � ö�� � ä � � ö� ¥� ö�� �ü õ ø ´¨� Í Ü µ ¿ õ ¢À ä ø¢ �Â®Û¬�� ýÂ ± � ö� � � ë� ê � Î ��¤

Âê .Ý��îüõ Õ�Ö½� �¤ üÈ¿� ö�÷�ì ´½¬ ö��î� ,(2) ¥� ù¢�Ôµ¨� �� .¢Âî ù¢�Ôµ¨� �Â®Û¬��

1
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:�¤�¬ ßþ� ¤¢ ,z00 = (x00; y00) À��î

z � (z0 + z00) = (x; y) � (x0 + x00; y0 + y00)

= (x(x0 + x00)� y(y0 + y00); x(y0 + y00) + (x0 + x00)y) (2) Õ±Ï

= ((xx0 � yy0) + (xx00 � yy00); (xy0 + x0y) + (xy00 + x00y))

= (xx0 � yy0; xy0 + x0y) + (xx00 � yy00; xy00+ x00y)

= zz0 + zz00

ýø¤ ¯�Ö÷ ¥� ÛØÈµõ C �b ä�Þ¹õÂþ¥ ö���ä �� �¤ ,R ,üÖ�Ö� ¢�Àä� �b ä�Þ¹õ �î Ý��îüõ ý¤ø�¢�þ

:Ýþ¤�¢ ßþ�Â���� ,À÷�ªüõÂê üØþ (x;0) ø x ü�ãþ ,ÝþÂ�ðüõ ÂÑ÷ ¤¢ x ¤�½õ

(x; y) = (x;0) + (0; y)

= (x;0) + (0;1)(y;0) ((2) Õ±Ï)

= x+ iy

(x; y) ¥� Â�ñ�Þãõ x+ iy ¢�Þ÷ ,Ý��îüõ üÖÜ� \ÍÜµ¿õ ¢Àä" ö���ä �� �¤ �½Ô¬ ¯�Ö÷ üµìø âì�ø ¤¢

¢�Àä� �� ö¢Âî ¤�î À�÷�õ x+ iy �� ö¢Âî¤�î ,üÈ¿� ø ýÂþÁ�´îÂª ,üþ�¹��� ß�÷��ì �� ���� �� .´¨�

�¤ (2) ¤�µ¨¢ �f ·õ .¢�ªüõ (�1) �� ÛþÀ±� i � i �� �Þû �î ´ª�¢ ���� Àþ�� ÍÖê .´¨� üó�Þãõ

:¢Âî Õ�Ö½� �f¢À¹õ Âþ¥ ÛØª �� ö���üõ

(x+ iy) � (x0 + iy0) = (x+ iy) � x0 + (x+ iy) � (iy0)

= xx0 + iyx0 + xiy0 + (iy)(iy0)

= xx0 + i(yx0 + xy0) + (i � i)(yy0)

= (xx0 � yy0) + i(xy0 + x0y)

�¤ x .À�õ�÷üõ ÍÜµ¿õ ¢Àä ×þ üê¤�ãµõ Çþ�Þ÷ �¤ z = x+ iy �¤�¬ �� ÍÜµ¿õ ¢Àä ×þ Çþ�Þ÷

¢�Àä� ,iy ü�ãþ ,y ¤�½õ ýø¤ ¢�Àä� üÜî ¤�Ï �� .À�õ�÷üõ z üõ�û�õ ´ÞÆì �¤ y ø z üÖ�Ö� ´ÞÆì

(Ýþ¢�¢üõ Çþ�Þ÷ r �� ü±Îì ��Êµ¿õ ¤¢ �î) 0 ¥� z = x+ iy �Ü¬�ê .À÷�ªüõ ùÀ÷��¡ üõ�û�õ

ßþ�Â���� .¢�ªüõ ù¢�¢ Çþ�Þ÷ jzj �� ø ¢�ªüõ ùÀ÷��¡ z ÕÜÎõ¤Àì

jzj =
q
x2 + y2 (3)

2
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:À÷¤�ÂìÂ� z0 ø z ÍÜµ¿õ ¢�Àä� ý�Â� Âþ¥ Í��ø¤

jz + z0j � jzj+ jz0j (¶Ü·õ ýø�Æõ�÷) (4)

jz � z0j = jzjjz0j (5)

âÞ� ý�Â� üÜî ý�ùÀä�ì (4) ø ´¨� ÍÜµ¿õ ¢�Àä� �Â®Û¬�� ü¨À�û ÓþÂã� �¹�µ÷ (5) �Î��¤

ü¨À�û ü�ãõ .(ßþÂÞ�) ¢�Þ÷ Õ�Ö½� (3) ø âÞ� ÓþÂã� ßµêÂð ¤�î�� �� �¹�þ� ö���üõ �î ´¨�û¤�¢Â�

.´¨� ô�¨ âÜ® ýø�Æõ �þ Âµð¤Ã� ¶Ü·õ âÜ® ø¢ á�Þ¹õ �î ´¨� ßþ� ö�

,x ¤�½õ �� ´±Æ÷ ö� �b �þÂì ,z = x+ iy ý�Â� .´¨� �ø¢Ãõ ¢�Þ÷ ýÂÚþ¢ À�Ôõ ø ñ�Þãõ ¢�Þ÷

�� ø ´¨� ´¨�¤Â¨ Âþ¥ Í��ø¤ ��±�� .¢�ªüõ ùÀ÷��¡ z �ø¢Ãõ ø ùÀª ù¢�¢ Çþ�Þ÷ z �� x� iy ü�ãþ

:¢�ªüõ ¤�Áð�ø ßþÂÞ� ö���ä

z + z0 = z + z0 (6)

z � z0 = z � z0 (7)

�î À��î ���� ß��»Þû

z � z = jzj2 (8)

°��Â� ßþÀ� .¢ø¤üõ ¤�î�� arg(z) ¢�Þ÷ üû�ð ,� ü±Îì �b þø�¥ ý�Â� ùÂ¡���

z = jzj(cos(arg(z)) + i sin(arg(z)) (9)

:Ýþ¤�¢ .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ jzj = 1 �� z ÍÜµ¿õ ¢�Àä� ñ��

z = cos � + i sin �

3
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×þ n Âð� �î ¢�ªüõ �¹�µ÷ �Â®Û¬�� ü¨À�û ÓþÂã� ¥� .Ý�û¢üõ Çþ�Þ÷ Ã�÷ cis(�) �� �¤ ¢Àä ßþ�

Ýþ¤�¢ Àª�� ´±·õ ¼�½¬ ¢Àä

(cos � + i sin �)n = cos(n�) + i sin(n�) (10)

ßþ� ¥� üÌã� ���¤� ¥� Û±ì .¢¤�¢ ü÷�ø�Âê ý�û¢Â�¤�î ø ´¨� éøÂãõ 1¤ø��õ¢e ñ�õÂê �� (10) ñ�õÂê

¤�ÂìÂ� ,ÂÔ¬ ø üÔ�õ ,´±·õ ¥� Ýä� ,n ¼�½¬ ¢�Àä� �b Þû ý�Â� (10) �î Ý��îüõ ö�È÷ ÂÏ�¡ ,�û¢Â�¤�î

.À�îüõ ¤�ÂìÂ� �¤ ��� �b Î��¤ �î Ý�û¢üõ ¤�Âì 1 Â��Â� ¢�¢¤�Âì Õ±Ï �¤ z0 ,z ÍÜµ¿õ ¢Àä Âû ý�Â� .´¨�

:Ýþ¤�¢ ü�Â® §�Øãõ ÓþÂã� �� ���� �� ,n = �1 ý�Â�

(cos � + i sin �)�1 = cos(��) + i sin(��)

:Å� ,´¨� zn ü�Â® §�Øãõ ,´±·õ ¼�½¬ ¢Àä :n ,z�n ¥� ¢�ÊÖõ ñ��

(cos � + i sin �)�n = (cos(n�) + i sin(n�))�1 = cos((�n)�) + i sin((�n)�)

.´¨� ¤�ÂìÂ� ö��»Þû ¤ø��õ¢ ñ�õÂê Å�

ü��·Ü·õ ý�û¢�½�� :1 ¢Â�¤�î

ü±¨��õ �¤�±ä Àþ�� �f �Þãõ .¢¤ø� ´¨¢�� ¤ø��õ¢ ñ�õÂê ×Þî �� ö���üõ �¤ ü��·Ü·õ ý�û¢�½�� üÌã�

ø cos3� Ý�û��¡üõ À��î Âê �÷�Þ÷ ö���ä �� .¢Âî ×�ØÔ� üõ�û�õ ø üÖ�Ö� ý�û´ÞÆì �� �¤

:Àû¢üõ n = 3 ý�Â� ¤ø��õ¢ ñ�õÂê .Ý�Æþ��� sin � ø cos � °Æ�Â� �¤ sin3�

cos3� + i sin3� = (cos � + i sin �)3

= cos3 � + 3i cos2 � sin � � 3 cos � sin2 � � i sin3 �

= (cos3 � � 3 cos � sin2 �) + i(3 cos2 � sin � � sin3 �)

de Moivre
1
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Å�8><
>:

cos3� = cos3 � � 3 cos � sin2 �

sin3� = 3 cos2 � sin � � sin3 �

ÍÜµ¿õ ¢�Àä� ô� ��n �bÈþ¤ :2 ¢Â�¤�î

.´¨� Ãþ�Þµõ ô� ��n �bÈþ¤ n ý�¤�¢ 1 �î ÝþÀþ¢ ø Ýþ¢Âî �±¨�½õ �¤ À��ø ô� ��ný�û�Èþ¤ Û±ì �bÆÜ� ¤¢

üÆþ�÷ ù¢�¨ ý�Â� ø Ý��îüõ ù¢�Ôµ¨� (9) ¥� .´¨� ´¨¤¢ z 6= 0 ÍÜµ¿õ ¢Àä Âû ý�Â� °ÜÎõ ßþ�

.Ý�û¢üõ Çþ�Þ÷ � �� �¤ arg(z)

z = jzj(cos� + i sin �)

:Å� ,Ý�Æþ�÷üõ jwj(cos �+ i sin�) �¤�¬ �� �¤ w .wn = z Ýþ¤�¢ ,Àª�� z ô� ��n �bÈþ¤ ×þ w Âð�

jwjn(cosn� + i sin�) = jzj(cos � + i sin �)

Â��Â� jwj ü�ãþ ,jzj = jwjn Ýþ¤�¢ ´¨� jwjn ²� éÂÏ ÕÜÎõ¤Àì ø jzj´¨�¤ éÂÏ ÕÜÎõ¤Àì ö��

ö¢�¢¤�Â ì ýø�Æ õ � � .Àª� �ü õ jzj´± · õ ¢Àä ´± · õ ô� � �n �È þ¤ n

pjzj ¥� ¢�ÊÖ õ � î ´¨� npjzj

Ýþ¤�¢ éÂÏ ø¢ üõ�û�õ ø üÖ�Ö� ý�û´ÞÆì
8<
:

cosn� = cos �

sin n� = sin �

Å�
n� = � + 2k� ; *�½¬ ¢Àä : k

� = �
n
+ k2�

n

:¢�Àä� ¥� À��¤�±ä z ô� ��n ý�û�Èþ¤ ßþ�Â����

n

q
jzj(cos( �

n
+ k

2�

n
) + i sin(

�

n
+ k

2�

n
)) *�½¬ ¢Àä : k
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ÀþÀ� ´¨�¤ éÂÏ ¤¢ Ãþ�Þµõ ¤�ÀÖõ n ÍÖê À�îüõ üÏ �¤ ¼�½¬ ¢�Àä� ��Üî k üµìø �î À��î ����

ù¢øÃê� �
n
+ k2�

n
�� 2� ¼�½¬ �ÂÌõ ×þ ,¢�ª ù¢øÃê� k �� n ¥� ¼�½¬ ü�ÂÌõ Âð� �î �Âþ¥ Àþ�üõ

´¨¢�� Âþ¥ �Âª �� jzjý�Â� ô� ��n �bÈþ¤ n âì�ø ¤¢ Å� ,¢¤�À÷ §���¨ ø §���Æî Â� ýÂ�� �î ¢�ªüõ

:Àþ�üõ
8<
:

n

pjzj(cos( �
n
+ k2�

n
) + i sin( �

n
+ k2�

n
))

k = 0;1; : : : ; n� 1
(11)

��¢�ãõ Û� ¢¤�õ ¤¢ ü¿þ¤�� ¶½� Ý�÷���üõ Ýþ��µª�¢ ÍÜµ¿õ ¢�Àä� ¥� �î üÔ�¬�� �� ö��î�

�¤�¬ �� �¤ t ,t3 + pt + q = 0 �b ó¢�ãõ Û� ý�Â� �î Ý��îüõ ý¤ø�¢�þ .Ý��î Û�ÞØ� �¤ ô�¨ ��¤¢

ý�û�Èþ¤ Àþ�� u; v �î ÝþÀ�¨¤ �¹�µ÷ ßþ� �� 3uv+ p = 0 �b Î��¤ ×þ ö¢øÃê� �� ø Ý�µª�÷ t = u+ v

:¤�ÀÖõ ø¢ ô�¨ ý�û�Èþ¤ ü�ãþ ,z2 + qz � p3

27
= 0 ôø¢ ��¤¢ �b ó¢�ãõ ý�û���� ô�¨

z =
�q �

q
q2 + 4

27
p3

2
(12)

ÀþÀ� ñ�Àµ¨� ¤¢ üÜÜ¡ º�û À�ª�� Ã�÷ ÍÜµ¿õ q ø p Âð� üóø Ý�µêÂð üÖ�Ö� �¤ q ø p ¥�è� ¤¢ �õ .À�ª��

�� ô�¨ ��¤¢ ��¢�ãõ ¢¤�õ ¤¢ ��Ñ��õ �b Þû �¹�þ� �� ø À�Þî�� ýÂ±� ß�÷��ì ö�Þû �î �Âþ¥ Àþ�üÞ÷

ö��î� üóø ¢�ª üÔ�õ ´¨� ßØÞõ ñ�Øþ¢�¤ Âþ¥ (12) ¤¢ �î À��î ���� .´¨� ë¢�¬ Ã�÷ ÍÜµ¿õ °þ�Â®

Âû ñ�� .À÷�ù¢Âî �À�� ü�ãõ Ã�÷ ÍÜµ¿õ ø üõ�û�õ ¢�Àä� �î �Âþ¥ ¢Âî Àû��¿÷ ¢�¹þ� üÜØÈõ °ÜÎõ ßþ�

ÂÔ¬ ø¢ Âû �þ ���� ×þ �î üµó�� ý��·µ¨� ��) ´¨� ô�¨ �bÈþ¤ �¨ ý�¤�¢ (12) ¤¢ z ¤�ÀÖõ ø¢ ¥� ×þ

�î Ý�û¢üõ ö�È÷ üóø ,Àõ� Àû��¡ ´¨¢�� (u; v) �ø¥ ý�Â� ��¿µ÷� 9 = 3� 3 á�Þ¹õ ¤¢ ø ,(À÷�ª

�þ ,3uv + p = 0 üØÞî �b Î��¤ �î À��î ���� .À�îüõ ëÀ¬ �ó�bÆõ ¤¢ �¹�þ� ¤¢ ��¿µ÷� �¨ Â·î�À�

Å� ,À�û¢ Çþ�Þ÷ (u1; v1) �� �¤ ßØÞõ ���� ×þ .Àª�� ¤�ÂìÂ� Àþ�� uv = � p

3

u1 =
3

vuut�q +
q
q2 + 4

27
p3

2
; v1 =

3

vuut�q �
q
q2 + 4

27
p3

2

��¿µ÷� Âû ñ�� .u1v1 = � p

3
�î ý¤�Ï �� ´¨� ô�¨ �b Èþ¤ ��¿µ÷� ×þ 3

p ¥� ¢�ÊÖõ �¹�þ� ¤¢ �î
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ÛØª �� Àþ�� (11) ý�û���� ý�Â� ô�¨ �bÈþ¤ ÂÚþ¢

u = !1u1 ; v = !2u2

Àþ�� À÷�Þ� ¤�ÂìÂ� ö��»Þû uv = � p

3
�î ßþ� ý�Â� .À�µÆû À��ø ô�¨ ý�û�Èþ¤ !2 ø !1 �î Àª��

:¥� À��¤�±ä À��ø �Èþ¤ �¨ üóø .!1!2 = 1 Ý�ª�� �µª�¢

1

! = cis(2�
3
) = �1

2
+ i

p
3

2

!2 = cis(4�
3
) = �1

2
� i

p
3

2

:¥� À��¤�±ä �î ¢¤�¢ ¢��ø !1!2 = 1 ý�Â� ö�Øõ� �¨ �ú�� ø

(!1 = !2 = 1) ; (!1 = !; !2 = !2) ; (!1 = !2; !2 = !)

ø (!u1; !2u2) ¥� À��¤�±ä ýÂÚþ¢ ñ�±ì Û��ì ý�û�ø¥ ,Àª�� ñ�±ì Û��ì �ø¥ ×þ (u1; v1) Âð� Å�

���� �¨ Å� ,(!2u1; !u2)
t = u1 + v1

t = !u1 + !2u2

t = !2u1 + !u2

.Àþ�üõ ´¨¢�� t3 + pt + q = 0 �¨ ��¤¢ �b ó¢�ãõ ý�Â�

:Ý��îüõ ü¨¤Â� Ûõ�î ¤�Ï �� �¤ 3 �ÆÜ� ¥�è� ñ�·õ ø¢ ¤�Ã�� ßþ� ��

ô�¨ ý�û�Èþ¤ u; v ø q = 2 ,p = �3 Ýþ¤�¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ t3 � 3t+ 2 = 0 �b ó¢�ãõ .1 ñ�·õ

¤�ÀÖõ ø¢

z =
�2� p

4� 4
2

= �1

ô�¨ ý�û�Èþ¤ .¢�ª ��¿µ÷� (�1) ô�¨ �b Èþ¤ ×þ Àþ�� u; v ¥� ×þ Âû °��Â� ßþÀ� .Àª À�û��¡

:¥� À��¤�±ä (11) Õ±Ï (�1)

cos
�

3
=
1

2
+ i

p
3

2
; cos� = �1 ; cos

5�

3
=
1

2
� i

p
3

2
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°��Â� ßþÀ� u1 = v1 = �1 �f ·õ ,¢�ª � p

3
= 1 Â��Â� ö�È�Â®Û¬�� �î À÷�ª ��¿µ÷� üþ�û�ø¥ Àþ��

:¥� À��¤�±ä �ó¢�ãõ �bÈþ¤ �¨

�1� 1 = �2 ; �! � !2 =
1

2
+
1

2
= 1 ; �!2 � ! =

1

2
+
1

2
= 1

×þ Âû u; v ø q = 4 ,p = �6 ö� ý�Â� �î Ýþ Â�ðüõ ÂÑ÷ ¤¢ �¤ t3 � 6t+ 4 = 0 �b ó¢�ãõ .2 ñ�·õ

¤�ÀÖõ ø¢ ô�¨ ý�û�Èþ¤

z =
�4� p

16� 32
2

= �2� 2i

:¥� À��¤�±ä ô�¨ ý�û�Èþ¤ ßþ� .À�µÆû

:�2+ 2i ô�¨ ý�û�Èþ¤

p
2cis

�

4
= 1+ i ;

p
2cis(

�

4
+
2�

3
) ;

p
2cis(

�

4
+
4�

3
)

:�2� 2i ô�¨ ý�û�Èþ¤

p
2cis

5�

12
;

p
2cis(

5�

12
+
2�

3
) ;

p
2cis(

5�

12
+
4�

3
) =

p
2cis(��

4
) = 1� i

(1+i)+(1�i) = 2 ¥� ´¨� �¤�±ä ����×þÅ� ,(1+i)(1�i) = 2 = � p

3
�î Ý��îüõ �Ñ��õ

:À÷Âþ¥ �Âª �� �û���� �bÞû ø

(1+ i) + (1� i) = 2

!(1+ i) + !2(1� i) = (�1

2
+ i

p
3

2
)(1+ i) + (�1

2
� i

p
3

2
)(1� i) = �1�

p
3

!2(1+ i) + !(1� i) = (�1

2
� i

p
3

2
)(1+ i) + (�1

2
+ i

p
3

2
)(1� i) = �1+

p
3

üÖ�Ö� ¢�Àä� �� ü¹þ�µ÷ �� ö���üõ ÍÜµ¿õ ¢�Àä� ¥� ¤Áð �� �÷�Ú� �î Àû¢üõ ö�È÷ ü��¡ �� ñ�·õ ßþ�

.À�¨¤
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�½Ô¬ ��þÀ±� ø ÍÜµ¿õ ¢�Àä�

� û¢Â �¤�î ßþ� ¥� � ÷�Þ ÷ ×þ ���¤� � � �¹ � þ� ¤¢ .¢¤�¢ ¢��ø ÍÜµ¿õ ¢�Àä� ý�Â � üä�� µõ ý�û¢Â �¤�î

ý�ûÛþÀ±� ü¨¤Â� �� ÍÜµ¿õ ¢�Àä� ×Þî �� .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ C �f ¢�ãõ �þ R2 �b ½Ô¬ .Ýþ¥�¢Â�üõ

�b Þû �î ÝþÂ�ðüõ ô�úÔõ ßþ� �� �¤ ñ�Öµ÷� .´¡�¢Â� Ý�û��¡ �½Ô¬ ¥� \Å÷�¹�" ø \ö�¤ø¢" ,\ñ�Öµ÷�"

�ÎÖ÷ Âû ,B üµ��� ¤�¢Â� ý�Â� ,Â�Õ�ì¢ ¤�Ï �� .À��î ´îÂ� ¤�ÀÖõ ×þ �� ø ¢�Àµõ� ×þ ¤¢ �½Ô¬ ¯�Ö÷

ö���üõ ,Àª ÓþÂã� �û¤�¢Â� âÞ� �� ÂÒ��µõ ÍÜµ¿õ ¢�Àä� âÞ� �î �¹÷� ¥� .À�îüõ ´îÂ� B ùb¥�À÷� ��

ÛØª �� f : C �! C üã��� �¤ ñ�Öµ÷�

T (z) = z + B (1)

´��� ÍÜµ¿õ ¢Àä ø¢ B2 ø B1 Âð� °��Â� ßþÀ� .´¨� ´��� ÍÜµ¿õ ¢Àä ×þ B ö� ¤¢ �î ¢Âî üÖÜ�

z

w

z + B

w + B

B

:¥� ´¨� �¤�±ä B2 ø B1 �� üó��µõ ñ�Öµ÷� ø¢ Û¬�� À�ª��

z �! z +B1 �! (z1 +B1) + B2 = z + (B1 +B2)

1
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.B1 + B2 �Ü�¨ø �� ñ�Öµ÷� ü�ãþ

.Ý��îüõ ü¨¤Â� �¤ ,0 ü�ãþ ,��Êµ¿õ �bÀ±õ ñ�� ö�¤ø¢ ´Æ¿÷ ø ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ ö�¤ø¢ ñ��

z0 ý��ÎÖ÷ �� �¤ z �ÎÖ÷ Âû �î ´¨� üÜþÀ±� � �b þø�¥ �� 0 ñ�� ö�¤ø¢ ¥� ¢�ÊÖõ ,� �b þø�¥ Âû ý�Â�

Í¡ �� z �� 0 ¥� Û¬�ø Í¡ ¥� �þø�¥ üóø ´¨� �bÀ±õ ¥� z �Ü¬�ê Â��Â� �bÀ±õ ¥� ö� �b Ü¬�ê �î Àµ¨Âêüõ

¤¢ �´±·õ Âþ¢�Öõ ,¢�¢¤�Âì Õ±Ï ù¤��Þû �î À�ª�� �µª�¢ ���� .´¨� � ´��� ¤�ÀÖõ Â��Â� z0 �� 0 ¥� Û¬�ø

Âð� ,ÍÜµ¿õ ¢�Àä� �Â®Û¬�� ÓþÂã� �� ���� �� .¢�ªüõ ¤�Ñ�õ (´ä�¨ ��ÂÖä À®) ü��·Ü·õ ´ú�

z

z
0

O

�

:Ýþ¤�¢ ,Àª�� ��Êµ¿õ �bÀ±õ ñ�� ö�¤ø¢ ×þ R : C �! C

R(z) = cis(�) � z (2)

ÍÜµ¿õ ¢�Àä� �� �¤ z0 üû��¿ó¢ �bÎÖ÷ ñ�� � �þø�¥ ö�¤ø¢ Ý�û��¿� Âð� ñ�� .´¨� ´��� ý¤�ÀÖõ � �î

0 �� �¤ z0 �î Ý�û¢üõ ô�¹÷� (�z0) ùb¥�À÷� �� üó�Öµ÷� ´Æ¿÷ .Ý��îüõ ÛÞä Âþ¥ ÕþÂÏ �� Ý�û¢ Çþ�Þ÷

ñ�Öµ÷� �� ùÂ¡��� ø ,(cis(�) ¤¢ ö¢Âî �Â®) Ý�û¢üõ ô�¹÷� �¤ 0 ñ�� � �b þø�¥ ö�¤ø¢ Å³¨ ,À�î ÛÖµ�õ

�� z0 ñ�� � �þø�¥ ö�¤ø¢ °��Â� ßþÀ� .Ý�÷�¢Âðüõ ¥�� ©���óø� ö�Øõ �� �¤ z0 �b �óø� �ÎÖ÷ ,z0 �b Ü�¨ø ��

:¢�ªüõ Û¬�� Âþ¥ �¤�¬

z �! z � z0 �! cis(�) � (z � z0) �! cis(�) � (z � z0) + z0 (3)

:¢�ªüõ ù¢�¢ Ã�÷ Âþ¥ �¤�¬ �� z0 ñ�� � �b þø�¥ ö�¤ø¢ ñ�õÂê Å�

z �! cis(�) � (z � z0) + z0 = cis(�) � z + (1� cis(�)) � z0 (4)

�î ¢�ªüõ �¹�µ÷ �Ü¬�ê�� ,´¨� ´��� ÍÜµ¿õ ¢Àä ×þ (1� cis(�)) � z0 ö�� �î À��î ����

2
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ñ�Öµ÷� ×þ ø �þø�¥ ö�Þû �� 0 ñ�� ö�¤ø¢ °�îÂ� �¤�¬ �� ö���üõ �¤ �½Ô¬ ¤¢ ö�¤ø¢ Âû (1-5)

.´ª�÷

,¢Â �ð �¤�¬ ñ�Öµ ÷� ×þ Å³¨ ø 0 ñ�� ,� 6= 2k� ,� �b þø�¥ ö�¤ø¢ ×þ �f � ó�� µ õ Âð� ÅØãó� �

�¤�¬ � � ü± �îÂ � ß� �� .¢� � Àû��¡ z0 ý��ÎÖ÷ ñ�� � �b þø�¥ ö�¤ø¢ ×þ Û¬�� Ý�� îüõ �ä¢�

�¤�¬ �� �¤ z0 Âð� Å� cos(�) 6= 1 Ýþ¤�¢ ,� 6= 2k� Ýþ�ù¢Âî Âê ö�� .¢�� Àû��¡ cis(�) � z+B

ö�¤ø¢ (4) Õ±Ï �î cis(�) � z + B = cis(�) � z + (1 � cis(�)) � z0 Ýþ¤�¢ ,Ý��î ÓþÂã� B
1�cis(�)

.´¨� z0 ñ�� � �b þø�¥

�ÎÖ÷ ×þ z0 ø Àª�� ùÀª ù¢�¢ k üÔ�õ�÷ üÖ�Ö� ¢Àä Âð� .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ Å÷�¹� ÛþÀ±� ñ��

Í¡Ý�÷ ýø¤ z �ÎÖ÷ Âû �î ´¨� ßþ� k °þÂ® �� z0 ÃîÂõ �� Å÷�¹� ¥� ¢�ÊÖõ ,Àª�� �½Ô¬ ¤¢

.´¨� z0 ¥� z �Ü¬�ê Â��Â� k ,z0 ¥� ©��Ü¬�ê �î À�îüõ ´îÂ� z0 ý��ÎÖ÷ �� z �� z0 ¥� Û¬�ø

z

z
z

z

z
0

z
0

z
0

z
0

z
0

O

.À÷�õüõ üì�� ´��� Å÷�¹� Â�� ´½� Å÷�¹� ÃîÂõ ,k � 0 = 0 ø ´¨� ÂÔ¬ z0 ¥� z0 �Ü¬�ê ö��

�bÀ±õ Å÷�¹� ÃîÂõ �î ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ üµó�� ´Æ¿÷ ,Å÷�¹� ý�Â� üó�õÂê ö¢¤ø� ´¨¢�� ý�Â�

k ¢Àä �Â®) ¢�ªüõ ù¢�µ¨Âê kz �bÎÖ÷ �� z �ÎÖ÷ �î ´¨� ßªø¤ ´ó�� ßþ� ¤¢ .´¨� ,0 ,��Êµ¿õ

:¥� ´¨� �¤�±ä ,H : C �! C ,k °þÂ® �� 0 ÃîÂõ �� Å÷�¹� â��� °��Â� ßþÀ� .(z \¤�¢Â�" ¤¢

H(z) = kz (5)

�� ´Æ¿÷ ü�ãþ ,Ý��îüõ ÛÞä z0 ñ�� ö�¤ø¢ ���Èõ üªø¤ �� ,z0 ù��¿ó¢ ÃîÂõ �� ´±Æ÷ Å÷�¹� ý�Â�

ø Ý�û¢üõ ô�¹÷� �¤ ,H ,ë�ê Å÷�¹� Å³¨ ,Ý��îüõ ÛÖµ�õ 0 �� �¤ z0 �bÎÖ÷ ,�½Ô¬ ¤¢ (�z0) ñ�Öµ÷�

3
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:Ý�û¢üõ ñ�Öµ÷� z0 ùb¥�À÷� �� �¤ Û¬�� ùÂ¡���

z �! z � z0 �! k(z � z0) �! k(z � z0) + z0 (6)

:´ª�÷ Âþ¥ �¤�¬ �� ö���üõ �¤ k °þÂ® ø z0 ÃîÂõ �� Å÷�¹� â��� ü�ãþ

z �! k(z � z0) + z0 = kz + (1� k)z0 (7)

Ýþ¤�¢ ´¨� ´��� ý¢Àä (1� k)z0 �î �¹÷� ¥�

×þ ø °þÂ® ö�Þû �� 0 ñ�� Å÷�¹� °�îÂ� �¤�¬ �� ö���üõ �¤ �½Ô¬ ¤¢ Å÷�¹� Âû (2-5)

.´ª�÷ ñ�Öµ÷�

¢Â�ð ô�¹÷� k 6= 1 °þÂ® �� Å÷�¹� ´Æ¿÷ À��î Âê .´¨� ´¨¤¢ °ÜÎõ ÅØä Ã�÷ �¹�þ� ¤¢

ö�� .kz + B ¥� ´¨� �¤�±ä z �b ÎÖ÷ Â� Â�� Û¬�� �¤�¬ ßþ� ¤¢ .B ¤�¢Â� � � ñ�Öµ÷� ×þ Å³¨ ø

(7) Õ±Ï �î kz + B = kz + (1� k)z0 Ýþ¤�¢ Ý�õ��� z0 �¤ ö� Âð� ø ´¨� ùÀª ÓþÂã� B
1�k

,k 6= 1

Í¨�� �î ,Å÷�¹� ø ö�¤ø¢ ,ñ�Öµ÷� üÜî ý�ûñ�õÂê �� Âð� ñ�� .´¨� z0 ÃîÂõ �� k°þÂ® �� Å÷�¹�

z �� ´±Æ÷ ×þ ��¤¢ ý�ûâ��� ,�¨ Âû �î Ý��îüõ �Ñ��õ ,Ý��î ÂÑ÷ ,À÷�ùÀª ���¤� (7) ø (4) ,(1)

×þ ��¤¢ â��� Âû ü�ãþ ,´¨� ¼�½¬ Ã�÷ °ÜÎõ ßþ� ÅØä �î Ý�û¢üõ ö�È÷ ö��î� .À��îüõ ÓþÂã�

�¤�¬ �� f : C �! C â��� À��î Âê .´¨� ÛþÀ±� á�÷ �¨ ßþ� ¥� ü±�îÂ� âì�ø ¤¢ f : C �! C

f(z) = Az +B (8)

�b ÎÖ÷ �� �½Ô¬ ¯�Ö÷ �b Þû �î A = 0 Âð� .À�ª�� ´��� ÍÜµ¿õ ¢�Àä� A;B ö� ¤¢ �î ´¨� ùÀª ù¢�¢

.´¨� k = 0°þÂ® �� B ÃîÂõ �� Å÷�¹� ,ßþ� ø À÷�ªüõ ù¢�µ¨Âê B ´���

:´ª�÷ ö���üõ ,A 6= 0 À��î Âê

A = jAjcis(�) (9)

:´ª�÷ Âþ¥ °�îÂ� �¤�¬ �� ö���üõ �¤ f Å�

z
0 ñ�� ö�¤ø¢

�! cis(�) � z
0 ÃîÂõ �� Å÷�¹�

�! jAjcis(�) � z
ñ�Öµ÷�
�! jAjcis(�) � z + B (10)
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.´¨� ñ�Öµ ÷� ×þ ø ,0 ÃîÂõ � � Å÷�¹� ×þ ,0 ñ�� ö�¤ø¢ ×þ °�îÂ� ,×þ ��¤¢ â�� � Âû ü�ã þ

.¢Âî Ëþ�ã� �¤ Å÷�¹� ø ö�¤ø¢ °��Â� ö���üõ ,´¨� üþ�¹��� �Â® ÛÞä ö�� ß��»Þû

�� Å÷�¹� ×þ ø ö�¤ø¢ ×þ °�îÂ� �þ ø ´¨� ñ�Öµ÷� ×þ �þ (10) °�îÂ� �î Ý����üõ ö��î� âì�ø ¤¢

:íÂµÈõ ÃîÂõ

.´¨� ñ�Öµ÷� ×þ �î ¢�ªüõ �¬�¡ z �! z + B �� â��� �¤�¬ ßþ� ¤¢ A = 1 :ñø� ´ó��

� î ý¤� Ï � � ¢¤�¢ ¢� �ø z0 ý��Î Ö ÷ � î Ý � û¢ü õ ö� È ÷ �¤�¬ ß þ� ¤¢ A 6= 1 :ôø¢ ´ ó� �

�b Î��¤ ¤¢ Àþ�� z0 �b ÎÖ÷ ß��� ×þ .´¨� z0 ÃîÂõ �� Å÷�¹� ×þ ø ö�¤ø¢ ×þ °�îÂ� z �! Az + B

ø (1�A)z0 = B �f ¢�ãõ Å� ,À÷�õüõ ´��� Å÷�¹� ø ö�¤ø¢ ÃîÂõ ö�� À�î ëÀ¬ Az0 +B = z0

âì��ó�üê �ÎÖ÷ ßþ� �î Ý�û¢üõ ö�È÷ ñ�� .Àþ�üõ ´¨¢�� z0 = B
1�A

,´¨� ùÀª Âê A 6= 1 ö��

:Ýþ¤�¢ .´¨� z0 ñ�� Å÷�¹� ø ö�¤ø¢ °�îÂ� z �! Az +B ü�ãþ ,¢¤�¢ �¤ ÂÑ÷ ¢¤�õ üðÄþø

Az +B = A(z �
B

1�A
) + B +

AB

1�A
= A(z � z0) + z0

°þÂ® �� Å÷�¹� ø � �þø�¥ �� ö�¤ø¢ °�îÂ� â��� ßþ� �î Ý��îüõ �Ñ��õ A = jAjcis(�) ßµª�÷ ��

.´¨� z0 ñ�� jAj

:Ý�û¢üõ ¤�Âì ���� ¢¤�õ �¤ Âþ¥ ´ó�� ø¢É¡���

.´¨� z0 = B
1�A

ñ�� cis(arg(A)) �þø�¥ �� ö�¤ø¢ z �! Az + B â��� ,jAj = 1 ø A 6= 1 Âð�

.´¨� z0 = B
1�A

ñ�� A °þÂ® �� Å÷�¹� z �! Az + B â��� ,A � 0 ø A 6= 1 Âð�

� �b þø�¥ �� ö�¤ø¢ T2 : C �! C ø z1 ñ�� � �þø�¥ �� ö�¤ø¢ T1 : C �! C À��î Âê .1 ñ�·õ

?´¨� üÜþÀ±� �÷�Ú� T2 � T1 °�îÂ� �¤�¬ ßþ� ¤¢ .´¨� z2 ñ��

Å� .T2(z) = cis(�) � z + B2 ø T1(z) = cis(�) � z +B1 Ýþ¤�¢

T2 � T1(z) = T2(cis(�) � z +B1) + B2

= cis(�) � cis(�) � z + cis(�) �B1 + B2

= cis(�+ �) � z + (cis(�) �B1 +B2)

cos(�+ �) = 1 �þ ,�+ � = 2k� Âð� .´¨� ´��� ÍÜµ¿õ ¢Àä ×þ cis(�) �B1 + B2 �¹�þ� ¤¢ �î

5

www.mohandesyar.com



�� ö�¤ø¢ ×þ ë�ê ÛþÀ±� ,�+ � 6= 2k� Âð� .´¨� cis(�) �B1 + B2 ¤�ÀÖõ �� ñ�Öµ÷� ×þ ÛþÀ±� ßþ�

.Àª��üõ z0 =
cis(�)�B1+B2

1�cis(�+�)
ñ�� �+ � �þø�¥
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������� ��	
��� ������ ��	����

���� �� ��	 
�� �� � �	�� ��� ����  �� � ��� �� � ���  !�	� "� # � " �$��� % # &�'(

� "	�$�� )*���	 + ��� ��,� � -./.0 + 1./.0 !��)�2 3 � �� �, �"��)*���	 4� %

5�	+ �� ��6%� ����78 ����� 
"	 ����� ���, ����9 	�$�� !���:���� ��6�;��� + <�=�>�?

���, 4�%� ���:���� �"	�$�� @��	 �� !	�A��= �� 	� �$���%# 4	�8�


"	 �� �a � S + ��	 R B	 !	�C��D�"B S �, ��	 ��� ��	� f � S �� R5��8 ������ ��	�
�

E%��� ���	� an �� a �, S F�G� B	 �an� �b :���� �� !	�� �H	 �'�8 + �H	 ��	 ����%# a �� f I��>

�f�an� �� f�a�

��, �GJ8 ��	� K" �8L%�� �fD"��8 !��!�%H�B	��	 B	 !	�J6J� 4	�8� 	� a �� 	�$�� �:�� ��
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"	 !	��  +
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�jf�an�� f�a�j � e ��$�O Mn � N �H	 �, E%�, 
%%�8 !��T 	� N E%�	��� M��� ��	� e � � !	��
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f E%��� 4�9� Mf�an� �� f�a� E"�	� an �� a �, �an� �b :���� �� !	�� �%�, S�� Q��:��

4	�8��� � � � X%� ����� ����%# a �� f �H	 ����� ��� ��	� e � � �%�, S�� ���	 ����%# a ��

M� � � !	�� Yf 2 �jf�x�� f�a�j � e E%�� � � ��	� jx� aj � � � � � �	� �b AG� �� !	� � �, ���"

�� !	�� Z%8�8 
%�� �� �jf�x��� f�a�j � e + jx� � aj � � �, ��	� ��P+ ��	� �� x� !	�AG�

�jf�xn�� f�a�j � e + jxn � aj � �

n
�, ���� ���" ��	� �� xn !	�AG� Mn ��2 [% > ��C

��� ��	� � � � �H	 ���	�$�� a �� �xn� ���" M��	� F�G� B	 ��O ����� �b :���� �, �%�, �P�8 )�?

E"�	� Mn � N �H	 Q# M �
N
� � �, E"�%H� !��T 	� N ��C M����
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�

n
�
�

N
� �

��P+ N �"�� M*�� e � � !	�� Q# Mf�xn� �� f�a� E%��� ���	� �"�� S�� L�T �xn �� aQ#

!	�� jf�xn�� f�a�j � e E"�	� �, �:�? �� Mjf�xn�� f�a�j � e ��� �D%�� n � N �, ���� ���	�

� ��6%� ���� a �� f �$���%#�� S�� �, ���� 4�9� \���8 
"	 �n ��

�D%�� 	� ����%# !��5��8 ��6�;��� + <�=�>�? M]��D �$���%# 4	�8� *�� �b�	NH K�, ��

����H

+� �� + Ma � S M���6� S ^"��8 _��9 �b �	� !	�	� g + f !��5��8 �%�, S�� ������ ��	�
�

`I��> 
"	 �� ���	����%# a �bAG� �� 5��8

x � a �� ���� ^"�� 8 �f � g��x� � f�x� � g�x� I��> � � �, f � g � S �� R 5 �� 8 a^:	

���	 ����%#

����%# x � a �� ���� ^"��8 �f � g��x� � f�x�g�x� I��> �� �, f � g � S �� R5��8 a<

���	

f
g
� S� �� R5��8 I��> 
"	 �� �S� � fx � S j g�x� �� �g + g�a� �� � �f��c �%�, S�� a;

���	 ����%# x � a �� ���� ^"��8 �f
g
��x� � f�x�

g�x� I��> �� �,
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/./d ��	NH + Me.g �b�	NH M���:���� !	�� ���9 &��?	 B	 �H��� �� ��� &��?	 
"	 I��R	 �����

�, ��	 S� �� !	�:���� �xn� �%�, S�� �E%�,� �h	�	 	� a;i I��R	 M����� 4	��C �� ������ �D%��

+ f�xn� �� f�a� E"�	� a �bAG� �� g + f �$���%# ����� �f�xn�g�xn�
�� f�a�

g�a� E%�� 4�9� �"�� Mxn �� a

� �f�xn�
g�xn�

�� f�a�
g�a� �, ���� �D%�� ae.gi ��	NH L�T �g�a� �� � + g�xn� �� g�x�

!��5��8 E%��� 4�9� ���, �"����� 	� ����%# !��5��8 B	 �H�N� �b ��� 4	�8� *�� �b�	NH K�, ��

`��	 !	�J�P��U +� ��6� ��	�� �'�O �	�G �, �"��5��8 ���" M�"�H

f�x� �
a� � a�x� � � �� amx

m

b� � b�x� � � �� bnxn
a/i

���	����%# ����� �(> ;�� �, �AG� �� ��

jf�x�� f�a�j � � � e Me � � �� !	�� �, 	�"B ��	 [=	+ 
"	 ���	 ����%# ���R 5��8 �� ���� ��

�x B	 �G�6

+ a � R!	�� ���	 ����%# �P��� Mf�x� � x Mf � R�� R5��8 ���" M������ 5��8� ���� ��

�jf�x�� f�a�j � jx� aj � � � e ���� �D%�� jx � aj � � M� � e 
���H �� M��� ��	� e � �

�� !��5��8 �:	�� <�=�>�? �, 	�"B M��	 ����%# f�x� � cxk M!	�J�PK8 5��8 �� ���� ��

���	 x M � � � Mx Mc �	�G

]��D �, 	� "B ��	 ���� % # f�x� � c� � c�x� � � �� cpx
p !	�J�P��U 5�� 8 �� ����� ��

������ &�� &�H ����%# !��5��8

+� ��6�;��� a1./di ��	NH a;i ��6� L�T ������ �(> a/i ;�� �, �T�G� �� ����� ��

���	 ����%# &��'U &�H ]�� B	 5��8

��	� �b ���%# !��5��8 B	 !��P I�%J�C B	 ���(��	 �� 4	�8� 1./d �b�	NH �� V��8	 �� Z%8�8 
"��

Z%,�8 B	 ���(��	 M����%# !��5��8 �%:�8 !	�� !�$"� �b ��? ����� �"�P �b ���%# !��5��8 ���
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`��	 ����%# !��5��8

�� f�a� � b Ma � S M��	��� ��	� !��5��8 g � T �� R + f � S �� R�%�, S�� ������ ��	�
�

���	 ����%# a �� g � f 5��8 I��> 
"	 �� �����%# b �� g + ��	 ����%# a �� f M��	� �	�� T

`��	 S B	 �"B �bC��D�"B g � f ^"��8 �b �	� �, E%�, !�+O��" ��	 &B* I��R	 �h	�	 B	 ��� �����

S� � fx � S j f�x� � Tg

	� � � � M��� ��	� e � � !	� � ���	� ���  �g � f��a� � g�f�a�� + ��	 S� �� a Z%8� 8 
"��

�j�g � f��x� � �g � f��a�j � e ��$ �O Mjx� aj � � + x � S� � H	 � , !��T � � E % �,� �D�6P

��$�O Mjy � bj � �� + y � T �H	 �, ��	� ��P+ �� � � M��	 ����%# b � f�a� �bAG� �� g 4�U �6��

!�j��� � � � M*�� �� � � !	�� Mb � f�a� + ��	 ����%# a �� f 4�U )�? �jg�y�� g�b�j � e


%�� MS� � S 4�Uk�*�� �jf�x�� f�a�j � �� ��$�O jx� aj � � + x � S �H	 �, ��	� ��P+

E"�	� jx� aj � � �, x � S� !	�� 
"	����� ���	 �	���� N%� jx� aj � � �, S� B	 x �>��C !	�� E�?

�� x � a �� g � f �$���%# + jg�f�x��� g�f�a��j� e ��$�O M�� <����	 L�T + jf�x�� f�a�j � ��

� ����� I��R	

�B	��	� 4�%� !	�� �E%�,� ����� 	� �'�O �$���%# l	�� M�8�2J2 5�	�8 !�+O��" 
�= �D�"	 ��

I��> �� �"	+B �b �� ��"�%$� �W� �� 	� x� � y� � � �?	+ �b�"	� �E%�,� ��C �"B L"�T �� ��"+	B

������ ����H �W� �� !B�mO 5J= 4	��C �� x ��  ��2 n�E%� + I�7�� 	b�� �� @	b� �� ��A�

��"	� ]��� �� M��"	� !+� �"+	B �� ���G 4��, )�T ��6� ���" M��	 �4�"�	�� �� ��	��� �"+	B �bB	��	

��i Q�D�� �%�, +� ��6� I��> �� �B	��	 
"	 �, �D�O B	 �a��	 ��� S�� �?	+ �D�"	 �� �,i

�'P + ��2 �'P 	� �8�2J2 �'P ���	 �G%G? ���C�K" 4�"�	� �� �"+	B �bB	��	 M��	 a)�T +�

�, ���� ��W� �"+	B K" �G%G? ��C �� !	�� Z%8�8 
"�� �E%�,� �	��	�� �(� 	� �C�� �b ��GC

��� ��	� ��C �, 
"	 �� ��6� M�(� �" ��2 �'P ��i ��"	� n%  !+� ����6 4��, �T !��� ��

�bAG� M� �G%G? ��C �� !	�� Z%8�8 
"�� ���	 ��C 4O �bB	��	 �� 4�"�	� Z6?�� a���� �(� �" ��2
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	� �AG� 
"	 y �b 7�� + cos� 	� �AG� 
"	 x �b 7�� ��"O� ����� �?	+ �b�"	� !+� �7�9

^"��8 csc � �

sin + sec � �

cos Mcot � cos
sin Mtan � sin

cos I��> �� �$"� �8�2J2 5�	�8 �E%��� sin�

�, ��	 R B	 �T�G� �b C��D ��J� M�6%� R�b �� �G%G? 5��8 ��'U 
"	 ^"��8 �b �	� ���:	 �, �����

�"	+B �=�(8 + ]��D �8�2J2 5�	�8 F��� !���� 8	 ������ �(> ����,^"��8 I���C ;�� 4O ��

B	 ��� ME"�"� nJ�� �	�C	 ����� �� �, ��T 4��� cos�� � �� � cos � cos� � sin � sin � ����

������S�� ��6�	� �D�"	 �� + ����� �D%�� nJ�� �	�C	 <�=

���	����%# ��� ^"��8 �b �	� �� �8�2J2 5��8 �� �� ������ ��	�
�

����� +� 
"	 E%6G8 + <�= B	 5�	�8 �"�� 	�"B ��� ���R cos + sin �$���%# ��	 ���, �����
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"��
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�!�! �� % !�#�� H	 #

5�_� �� �#� Y��GN� �1�[ ���� �b A,� m�  '� )
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����� W&��� �N�:@ �b ��!� �� � �� �4� �4 ;�� 	 5�� 5�\� 	 ���� Q�� � �� g (�� 5��� 	 ]/

R

www.mohandesyar.com



)
�6!�� "�.� I� �� �� ��# W&��� �b4� B��C  6 �! )r� � � 
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r 4� � 4�  �1/�� �-C? �! �� Y����� ��=�[ g �b ���!  3��  6 �� � �� !��! !�@	 � � � �������
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(�A B �8 )� CA� "< 7 "�! � ��	� �	�8 /��G+ � 
	�)0��	� &	 (�	�K; "�� 2� � � � I��	

 *  ; �* �	����	 � ����	���� � �! ���)�	� 
 )M0< 
�8 �� B�� /* BG'�� $�	 ���"� "2 ��

"+�K� /* ��! ���� &	 �� ���	  *  � ��& �� ��+ � 	� �@ (&���	 B�# ��! ���� $�+�7 �'�

N)<5� �:� �� �! �� �O)� ���� ���� =�	��. /* /% 	� "� <& �� 
	;"� �H�&	��."� ����

F��K; /* �O)� /% �* P 0� /Q b�� "4�� ; �R� &	 ���% S�T� �P 0� /b Q ��� � �(	/R:Q ���U;

/* ���� � �� ��K� V�� (	/R:Q ���U; N)<5 $��K; �� ���� ��*� % (�)3 &	 -. "Q� �� ����

���! �@ /% $;�� /% ��	 COK; ( A �����7 ���� W�� '� H�1 ��� �� (	��))% $��K; �� 1

�� ���	X7 /� . V�� 	� W��G% W�� '� ��	����	 � ����	���� � �! �� =; KQ T� &	 -. � � ��V� .

(��7� %/* � ��	 ���'� �� ���	 ���� ���� &	 Principia Mathematica �@ W�� '� Y�V* � �%

�� �K*  <� � ����"� �R� /* V�� "K��9 /% (�?; ZG@�* �W�� '� �� �	����	 � ����	���� � �!

��� [�	� 
 0Q5 � /��	�+ �-��� 
 �	��2 �� 
 ��
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���� ��8� (�)*B�# �/Q b�� ]� $�	 &	 � ^� $��;�� � �� � ������� �		
� ��� ������

W� (�� /% �����* �R� �� 	� (	/TI� _�:�� W� �Q ! $��;�� � �� ���	 _�:�� W� �1��

�t �
 �& &	 "K* ; B�# /* t 
 �& �� _�:�� 
 '� ��)%"� �%�! ,��� � �	���A ��	� `@

�a\ �'�c ��	 ��� ��	� �s � f�t�

`@ (	�* �H�)% "���* �%�! $�	 (	�* 	� a
 '� ���U; N)<5 dc ��1��� ���� H�<	@"�

��A �� 
 '� ���U; ���	� Z�9 /* �%�! Gf ^� C�;�; $��* �H�	��� �� 8 ��A ��� ��	� ��	�

�������  � ��	
� ��� ���"� "I�; "�)� ��A �� 
 '� ���U; �e3 �0� /* �%�! � ��^�

`��� g8	� �� /% ��"� F��K; f�t���f�t��
t��t� ���� B�# /* �t� 
 �&  ; t� 
 �& &	 _�:�� ���

�� �@	)'� B�# /* �%�! �7	 ���	 
 �& �!	� �� a��A 
��% �R)�  *c ��� "9 �+ ��

]��� 
 �& /* /� ")K� ���	 "�* 6 �	�I� ��	0< f�t���f�t��
t��t� ���� ����7 B�# ��A �� &	 "'�

�� ���	� �<	4� "���* �(��7�&	��	 B�� �9 /* /� � �(��7�&	��	 
 � . 
 �& /* /� �(��7�&	��	

�b& * �9 �� a�@	)'�c �* 6 �1�� $�	 ��2�# ! ��� ��0�. �+ �� /% ��	 ��K2� $�	

��� * ��U�� �1�� ")K� ��� �� �@	)'� �%�! /% ��"� ���M�. "�8� ]2� ���	 �%�! "� �&

�b�� ��� �� (	�� ���	 �* 8 ]G9	 ��	 $'0� �t�� t�� "� �& �b& * �� `��� �1�� B�# $�	 ��

(	�* ��� * Y�V* ���� /* �t�� t�� �7	 >?@ /* �<�� ��'3% "� �& > @ �b& * W� �� �%�!

W��V� t� � t� "� �& �b& * �� ��	 ���* t 
 �& "Q	! �� �%�! �1�� ��� �� �;��8� ]G9	 C�%

t /* t� � t� /3 �< �H�)% � �� f�t���f�t��
t��t� `��� �1�� /* � t� � t � t� /% H����* �R� �� t /*

���	 t 
 �& "Q	! �%�! ����% &	 (�;��8� P 'K�	 ���5 ���/* `��� �1�� ��)� * ��'��V�

")K� �H����* ��# 	� "� �& �b& * �9 �7	 h�	� ���� "I�8� ")K� �t /R:Q �� �1��� /* 
	;"�  �5

$�	 � ���"� ��# �� �< f�t���f�t��
t��t� ��% ,�4� � B�# � f�t�� � f�t�� � ��5 �t� � t � t�

�! ")K� �H�)% "I�; �! W� g8	� �� 	� t /b R:Q �� �1�� /% ��	 $�	 V��7 �	� ���	�� ")K� B� �1

/* ��A� B�# �� ���& �! ����� 
 �* /* ��)%"� ��� ��# /* "� �& �b& * �9 "�8� `��� �1��
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j��"� ���K; t ���� �� ��
� ���

lim
h��

f�t� h�� f�t�

h
a\c

�b& * Z�9 W� �� �+ �� ���U; `I+ /% �� �?; ")K� ����� �R� /* 
� I�� ��% $�	 ��	 $'0�

Z�9 &	 H< � ��	� Z�9 &	 H< k /* h 
�� W��V� 
3 g8	� �� ���"� ��@� t /* ���� "� �&

�* 6 �;g9 8 �9 /* 	�  1�	 $�	 ��& $��0; ���"� � 01	 �@ /* �@ 
� I; ���"� �R)� e3

��)%"�

j�� *"� a\c �! �*	�* � ��	 �A� V�� ��& �! ��)% �* 6 ��� * /��	� �A� a\c �! �7	 ������

lim
R��

f�t � h�� f�t � h�

�h
aic

	f��O� �H�<� =� 0� f�t� /* 	� 
 �& /* ���� (���� ��U�� ��0% ��+ �� � 
 '� ���U; ( A /* �7	

��0% �� �7	 ��;"�% $�	 &	 ���% F��K; a\c B�# /* 	� t ���� �� f ������ ���� ���� 
	;"�

��& �! B�# /* x �� � !� y ���� ���� ��)� * J*�� H< /* y � f�x� "K* ; /b T*	�  * y � x

j��"� F��K;

lim
h��

f�x� h�� f�x�

h
alc

��� * /��	� �A� �! $�	 /% "9�� /*

g9 I�� � 
�* P 0� 
 �� V� 0; &	 $��� Gf � % � (��� (	���	  � /b 0< ����� ���b�� ������


 �� * ��1 �� ����"0� �R� / * 
 �5 V � 0 ; $�	 "2 �� ��8� 
 � * "Q� H��	� "):)� �� 
� *

��� 
	��� 
5 �� /% "� <"):)� ���:� �	�K; &	 W� �< (	�* 	� "):)� �* P 0� `@ 
 �	��2 ��

�� C �b��	� �* L `@ Gf ^� �����%"� F��K; "# @ ( <"7m�� W0% /* �* /�+�7 �	�8 ��01 "���*

�� E "n�* �* L `@ �9 $�0< ��� * �01 L`@ �* OT ] K� �7	 ��"� ��:� P 0� T /bTI�

�*	�* "n�* 
� % �� /* T &	 �#	� JT@ � L $�* ( </��	& �7	 ��"� ��:� P 0� T /b TI�
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	� �� ;& * /b ��	& d =* ; /b ��	& "'�V�+ 
� 8 � H�)% �?; �I�# oT� W� gTI� 	� "n�* �7	c �)� *

/* � �a��X7 �<	@ ���� 
� % &	 "n�*  * ��@�* &	 -. 
� % W� &	 g9 � �� /b K�	 H�)% � 01	

� =�	� &	 /�� @�* /0<  <F��K; $�	 ���"� F��K; V�� "QQX< � "0�� �* P 0� `@ C�;�; $�0<

W� �* ��	� `@ W� 
�* P 0� (	�* "�% F��K; W� � ���* > @ ( <"):)� ��8� �@ )�

/p	�	 
 '�	 "���:; /b ��)< /'�5 &	 -. ���	�� �A� �"):)� �� 
�* P 0�  � �q4�� � "):)�

P 0�� &	 �� ���	 �* 8 � "�% F��K; W� B���2 ��@ � $'0� 	� ])�� "):)� � 0�"* 
��%

/bTI� �� C "):)� W� �* P 0� `@ F��K; (	�* ��& �!�	� �����7 �;
 � 0� "��)< �� �� �� �
�*

��* ��� ��	��� Gf � % H<��< 
�8 �� "):)� &	 T

�;W��V� P /*  fO���; /% H���7"� �R� �� 	� P "%�:�� /b TI� �T /b TI� "'��V� �� "):)� (��

�R� �� 	� T � P &	 	�X7 ��	� `@ ���	 ������ T /* &)< "�8� �P /b TI� ��K2� �< �� ���"�

��	� =� 0� P /b TI� &	 � � � �P� �P� �P� 
7 �7 ( <��K2� (	�* `@ $�	 �i �'� �� �H���7"�

�i �'� �� t �)� � �"?4�� ��K2� /* ��	� `@ $�	 �7	 ��"� W��V� T /* P "�8� ���	 ���

$�	 /b Q� K� $��� (	�* �H�� �"� T /b TI� �� C �* P 0� `@ 	� �(�! ��K2�� $�	 ��� W��V�

��)% r�+ ���	 ��� ��	� �T ")K� �`@ /b TI� W� /% 	��& �� ��K� 
5 C�� ��	 "+ % `@


�	� =� 0� �* 8 y � f�x� "K* ; �	�0� B�# /* ��	� �	�8 P "'��V� �� /% C "):)� &	 (	/KT8

P _�:�� /bTI� B ?�4� �7	 � ! ��� *"� �x�� y�� � �x�� f�x��� B�# /* T B ?�4� � ��	

 * ��	 �*	�* T � P &	 	�X7 `@ C�� �H�<� =� 0� �x� y� � �x� f�x�� /* 	�

f�x�� f�x��

x� x�
asc

/* ��A� B�# �� �t+ B� �1 �! ��)% ��� T /* P "�8�

lim
x�x�

f�x�� f�x��

x� x�
auc

/* 
	;"� 	� D * �! �x � x� � h H���)* �7	 /% ��)% /A; ���"� ��	� =� 0�

lim
h��

f�x� � h�� f�x��

h
avc

s
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�avc � alc �a\c ( <B� �1 �< �� /* /A;  * ���	 �alc ")K� ����U; N)<5 ]� &	 /% �	� =� 0�

j���"� �R� /* "K��9 Gf � % ��& F��K; "���* � /p	�	

� � � ")K� �S "���� /b TI� W� a � ��	 g* ; W� f 	 S �� R ��)% r�+ ������ ������

�� H � � �"� a ��  "# $% 
&� 	� f B�# $�	 �� ���	� �	� 8 S ���a � �� a � �� �b& * / % ��	� �A�

j�� * /��	� �A� ��& �! /% ";�#

lim
h��

f�a� h�� f�a�

h
awc

	� f g* ; �H�� �"� a �b '( � �� f %
&� 	� 
5 ���	� =� 0 � f ��a� /* 	� D * �! ��A� B�# ��

��� * ��X.���� �@ /b )�	� J I� /b0< �� f /% ";�# �� H�� �"� "#$%
&�

W� a �7	 g8	� �� ���	 f F��K; �b& * "���� /b TI� W� a H���% r�+ D * �� � !�""�� ������

F��K; 
��% ���:� ��1 ���	� ")K� awc �! "���* ��� * /)�	� (�! /bTI� W� V�� � /)�	� n1

� ���"� ���:� �Q ! $�	 /*  � �R� ��� ( <��*� % ����* /% ��	 $�	 `I+ /)�	� "���� J I� /*

��� �� �H�)% S�T�  O)�	 �� ���	� "*�T� � ( <"7��M�.  fnK* /% (�;"�% ( <�Q ! ��	�� "��VQ

/b )�	� �� �a� a� �� /% �� * /��	� �A� � � � �7	 ��+�7 �)<	@ �	�8 �� ���	 ���  fnK* "� )^��	

limh��� �/+�9W� �!� B�# $�	 �� /% H�)% ���:� ��^� ��� I� /* 	� h H��	;"� ����7 �	�8 g* ;

�! ���	 ��� /�+�7 �R� �� h � � ��� I� `I+ /% ��	 ")K� $��*

lim
h���

f�a� h�� f�a�

h
axc

C � ;� ; $ � 0 < / * �H � <�" � = � 0 � f ���a� / * � H � � �" � a �b ' ( � �� � ��� �� f % 
 & � 	�

"��� S�T� ���"� ���	@ a �b '( � �� )* �� f %
&� /% V�� f ���a� � limh���
f�a�h��f�a�

h

���	

a /b TI� �� f g* ; ��)% r�+ �H�)%"� (����. 	� P 0� /Q b�� � H���7"� & * "�#	 F��K; /*

`@ (	�	� �a� f�a�� /b TI� �� /% ��	 "):)� W� a �! f �	�0� C�;�; $��* ���	 ��X.����

u
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"):)� �* P 0� �Q ! $�	 �� ���	 "I�I! ��1 W� f ��a� 
3 ��� *"� f ��a� C�� /* P 0�

&	 ��	 B� �1 P 0� `@ /b Q� K� ��� * /��	� Hp 8 �Q ! ��	;"0�

y � f�a� � f ��a� � �x� a� ayc

����� ��� 	
���

� ��	 ��X.���� ��* 6 B � A �f�x� � Ax � B �f 	 R�� Rg* ; H�<�"� 
 �� ���#����

jH��	� /)�	� &	 x� /bTI� �� �H�)%"� /�� :� 	� 
5 ����

limx�x�

f�x��f�x��
x�x� � limx�x�

�Ax�B���Ax��B�
x�x�

� limx�x�

A�x�x��
x�x�


	;"� -. ���"0� /�+�7 �R� �� x� x� �	�I� ���	 S�T� x� x� "�8� t+ B� �1 �! 
3

A C��  * "��	� `@ f �	�0� /��Q	 �f ��x�� � A H��	� � ��% ZX! ,�4� � B�# &	 	� x� x�

/% ��)% /A; q@D * ���"� `@ 
5 �@ �/TI� �< �� `@ $�	 �* P 0� `@ C�;�; $��* � ��	

���	 ��#  A/0< f�x� � B �* 6 g* ; ����

��1 W� c �
5 �� /% H���7"� �R� �� f�x� � cxn B�# /* 	� f 	 R�� Rg* ; ���#����

H��	� ��� *"� ��^� o�:# ��1 W� n � ��	 ��� ��	� "I�I!

limx�x�

f�x��f�x��
x�x� � limx�x�

cxn�cxn
�

x�x�

� limx�x�
�c
xn�xn

�

x�x� �

-. ����� S�T� x � x� � � ��! /b �� :� (	�* 	f��O�

xn � xn
�

x� x�
� xn�� � xn��x� � � � �� xxn��

�
� xn��

�
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x �� x� "�8� 
5 �! -. ��)%"� F��K; x /* ���� /���. "K* ; ��	� Z�9 (	/�0A�)3 � !

jH��	� � �nxn��
�

 * ��"� �*	�*

lim
x�x�

f�x�� f�x��

x� x�
� cnxn��

�

�H���)* �����
p
�

�
� /bTI� �� 	� x�

��
� y�

�
� � "n�* �* P 0� `@ /b Q� K� H�<	@"� ���#����

/* 	� �����
p
�

�
� /b TI� �� � "n�* &	 "�VA �� * ���	� �	�8 "n�* (�� /TI� $�	 /% ��)% ��I:;

`@ C��  ; H�)% /�� :� 	� g* ; ���� x � � (	&	/* � H���)* y � f�x� "K* ; �	�0� B�#

jH��	� ��� ��	� "n�* /b Q� K� &	 ���5 ���/* P 0�

y � ��
�

q
��� x�

/b TI � �
5 ")� � . /b @ � (���� � "n�* "�D * /b @ � "'� ���"� ,	�4��	 g * ; �� 
5 &	 /%

�H�)%"� �� ���	 f�x� � ��

�

p
��� x� g* ; &	 $�	�* )* ���	� �	�8 ")�� . /b @ � (�� �����

p
�

�
�

H��	� x� � � (	�*

limx�x�

f�x��f�x��
x�x� � limx��

��

�

p
���x���

p
�

�

x��

� limx�����

�
�
p
���x���

p
�

x��
&	 	� ��% H�)%"� "K� $�	�* )* ��))%"� ��� ��# /* �� �< ��% ,�4� � B�# x �� � "�8�

�� ,�4� � B�# 
��% ��2 Df 0K� /�7 $�	 ( <B� �1 �� �H�)% �� � _���� "Q 0�!	 ��	1

jH��	� ���"� g8	� �6b� �
p
��� x� � �

p
�  O)�	 �� �"Q '��	� B� �1 �,��V��

limx�x�

f�x��f�x��
x�x� � limx�����

�
� ����x�����
�x����

p
���x���

p
��

� limx����
�

�
� x��

�
p
���x���

p
��

�! /b �� :� (	�* � �)��< x /* ���� /���. ( <g* ; �� �< ,�4� � B�# /% ��)% /A; � !

j-. ���% $�V�� A 	� x � � �	�I� 
	;"� x �� � (	&	/*

lim
x�x�

f�x�� f�x��

x� x�
�

p
�

�

w

www.mohandesyar.com



�y � �

p
�

�
�

p
�

�
�x � �� &	 ��	 B� �1 P 0� `@ /b Q� K� /')�	 /O���

�� 	� 
5 (��X.���� � H���7"� �R� �� f�x� � jxj B�# /* 	� f 	 R�� Rg* ; ���#����

�	�0 � � * f�x� � jxj �	�0 � &	 "'3% /b KT 8 �x� � � � 7	 �H � ) %"� "��� * x� 
7 � 7 J I �

(	� *c x� W��V � ( < x (	� * g * ; � �� I � / * `I + ���� /%  O �5 &	 � ��	 ��T ) � g�x� � x

� R��	  * $�	 ���	 \ ")K� �x� /bTI� �� g ���� �*	�* x� /bTI� �� f ���� ���	� "���* a(��7����
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��4$�� �������	 b 1� g 
�� � a 1� f 
�� �F� #f�a� 	 b � �T �)�1� �b 9?) 2� b �+�� S �)�1�

� +�� �������	 a �b9?) 1� g � f '�Y)>

�g � f���a� 	 g��b�f ��a� B_D

�� +�� 31�"* g � f �b 4	�� �� ��4� �0� +E`) �����

S� 	 fx � S j f�x� � Tg

a � S� �� " R� #�$� � S � �)�1� �b 9? ) 2� ��� � a ���$ a�9	 a 1� g � f ��������	 � 4 �� ��� �

:�1�� X�) a 2��X) �/�� 'b���)� �� ��T x ���� :�T� ���) ���� �R� �+�� T ��* f�a� 	 b ��I

1��� T 1� �	�= �� �b� e� b� e� �� �1�� ��0� e � � �+�� T �)�1� �b 9?) 2� b ��I #f�x� � T

'�F�T �� �1�� ��0� � � � ������4� ��$���	 X�) ������ a 1� P� �+�� �������	 a 1� f 
�� #�1��

S �)�1� �b 9?) 2� a ��I #�1�� 1��� T 1� f�x� �4&� �jf�x�� bj � e '�Y)> �ja� xj � � � x � S

:�1�� jx � aj � � � � x �T ���� �� �1�O �� ��� �� I�� 5�XR 31�, 1� �1 c�/ � ����	 �+��

2� a �4&� ����F�	 1��� T 1� f�x� �a �� 2��X) �/�� 'b���)� �� ��T x���� � 4�� �(��) #x � S

#+�� S� �)�1� �b9?)

� y 	 f�x� :�E�� )�	 #:����� ��	 ���	 � "��L	 � a 1� g � f ��������	 3�" d� � � .�-

'�$ J��& � �	2I�� j
xj���� �� �1�� ��0� � �&�� �+�� �������	 a 1� f ��I #z 	 g�y�

:�1�� � �
x �� � ���� ��
x� �� � �+��


y � f ��a�
x 	 
x��
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'�$ J��& � �	 2I�� j
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:�1�� � �
y �� � ���� ��
y� �� � �+��


z � g��b�
y 	 
y��
y� BhD

��$�	 !,�- BiD 1� BhD �4�XY��0 ��


z � g��b��f ��a�
x� 
x��
x�� 	 �f ��a�
x�
x��
x����
y�

��


z � �g��b�f ��a��
x 	 
xfg��b���
x� � �f ��a� � ��
x�����
y�g

!�	 �7, �� � +�� '�$ J��& � �	2I�� j
xj���� f g �M�> !G�� 31�"* :�T� ���) �F�

��
y� :�T��	 ���) +�� �/�� f g !G�� 1� #��1�	 3�"d� �� : - �
x �� � ���� �4��	

���� +�&^� �
x �� � ���� �4��	 !�	 �7, �� � +�� '�$ J��& � �	 2I�� j
xj ����

�F� �+�� ������ a 1� f ��I #+�� '�$ J��& 2I�� j
yj���� ��
y� #+�� �$�1 3M=0

���� ��
y�P� ��$ �T��G 2I�� �j) �1�	 'b���)� �� X�) j
yj ��$�� 2I�� �/�� 'b���)� �� j
xj

: �1�� �
x �� � � F� �f �Y��� � � � �� 4 � �f��(	 �Y �� �/�O �� #+�� '�$ J��&  2I�� j
xj

� #��1�	 3�"d� �� : - � �
x �� � ���� ��
y� �� �P� �
y �� �

a�^� �� h 
��  �(4 �� 1� �� " R� #� �1�> +���� �1 h�x� 	 �x� � x � ���� 
��  ���	 �� ����

�01� ��D ���8=0�4I 2� ��$ ]�^ 1�� CK ��G 1� x� � x� � 31�"* �F� �� ���� +�� �������	

#h�x� 	 �g � f��x� :�1�� �g�x� 	 x�� � f�x� 	 x� � x � � :�E��4� �F� #��>�	 +���� BHK

:�1�� ��'��()� 'b�*�� �"O �g��x� 	 ��x� � f ��x� 	 �x� � ��I

h��x� 	 g��f�x�� � f ��x�

	 ���x� � x� �����x� ��

:�E��)�	 #��1�> +���� �1 �> ���	 � +�� �������	 h�x� 	 sin�cosx� 
�� ��T� ���) �� ����
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������4� #h�x� 	 �g � f��x� P� �g�x� 	 sin x � f�x� 	 cos x

h��x� 	 g��f�x�� � f ��x�

	 cos�cosx� � �� sinx�

h 	 f � f 
�� ���	 #f ���� 	 � � f��� 	 � �� +�� �Fk�� ��� ��1�� �������	 �&�� �� ����

:�1�� ��'��()� 'b�*�� �"O #��1�> +���� x 	 � 1� �1

h���� 	 f ��f���� � f ����

#h���� 	 � �� �h���� 	 f ����� �� ��$�	 �(��) �f��� 	 � ��I

������� �	
����� ������

�� �4I�T +�� �4	��� 1��E� �)V�O 3�"��L	 ���� �� ��� l���� ���=) ���	 ���� ���� P��)��V

� :�T� U��=) y 	 f�x� �� �1 f 
�� �F� #��$ �T��=F �0�	 +�� � =	 �> �� '��7��� 1� ������

� ��W�	 �Y���=) m�`	 1� x ��=) �(4�� 1� �� ��� U��=) dy
dx

�� P��)��V �1 f ��x� ��$�� �������	 f
dy
dx
ja � dydx�a� �� ��� ��� �� x 	 a �b9?) 1� ���	 1��?	 #+�� 
�� 1��?	 �Y���=) �31�, 1� y ��=)

2� �- ����	 �� �()> �� #��1�	 1���� ��=� 5�� U��=) �� �4I�T ��$�	 '��� U��=) dy�f�a��
dx�a� ��

��E� ! $ �T�F � +�� 1��1�G�� �)�F �E� ��T1��/1 ��&� �� 5�67	 ��� �+�� ��y
�x

�- �4&� ��E�

+E�) �4&	 ���� lim�x��
�y
�x

	 dy
dx

�� +$�� �0� ���� �R� #�4��	 �*�� �1 ���1� 5� -� dy
dx

��"& #�4�ET �7, �� �T 
y � 
x �- �	 ]�I1�I 1� �� ���� �
x �- dx � +�� 
y �- dy ��

��4� @�/ #+�� ��� 31�, �� ��� �;�1� �E� 2� ���4* �� dy
dx

�� ����	 ]�I1�I ��� 1� �� ���1�

�1 a �b9?) 1� f �9G ���? �f ��0 �� �F� #�1�� ��0� f ��a� �4&� �+�� �������	 a �b9?) 1� f 
��

���W�	 �� h �=) 1��?	 �T �� 
�� ��� �+�� f ��a� ��$ �� +��1 \G 2� �> 1���=) �� :���Y� �j) 1�

dy�f�a�� � �9G ���? 
�� ��W�	 �=) ���� �1 dx�a� #�4��	 ��j) �1 
�� 1��?	 1� f ��a�h �=) 1��?	

��� ���� #dy�f�a�� 	 f ��a� � dx�a� 31�, ��� 1� �� ���� �?8 �9G ���? 
�� 1��?	 �=) �1
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�1�	 1� #
�� ��G �) �+�� �9G ���? �� ����	 ���W�	 �� +�� �4&	 ���� dy � dx 1� �d� �)����

��� n�^� 1� C ! $ #:�4��	 '��7��� 
�� 1��?	 �=) � ��W�	 �=) ���4* �� 
y � 
x �� �
�� ��G

#+�� l�^�	

1� �F� #��>�	 1� �)�)�	��� �8 $ �� ��'��()� 'b�*�� �(��) �P��)��V �1��F��=) �� '��7��� ��

A�)�$�	 ���� ��� 31�, BeD � �z 	 �g � f��x� '�Y)> �z 	 g�y� � y 	 f�x� :�E��4� HoC[

dz�g�b��

dx�a�
	

dz�g�b��

dy�b�
�
dy�b�

dx�a�
BiD

��

dz

dx
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dz

dy
�b� �

dy

dx
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A��$�	 ��$�) 1�p�G� �� ��

dz

dx
	

dz

dy
�
dy

dx
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��$�	 ��&��� 3�"��L	 ���Y�� �+�� �)V�O 3�"��L	 � ���� �T���� ���& ���� �! $ ��� ��

1� �	�� � a 1� �R�� ��4�ET a�9	 J8�`	 ��?) 1� dz
dy

� dy
dx

�� +$�� �Tq 1� '1��=T ���� �R�

#+�� a�9	 a �b9?) 1� dz
dx

�� �R�- 1� �b 	 f�a�

�� dy�b� %�- �� ��'��()� 'b�*�� ��I �� ��> U�� .��b � ��� +�� � =	 BCKD ���L r�1 ��

a �b 9?) 1� g � f ��������	 � � 4�� .�� ��1�� .� $� �� 1�� ��� s��$�=) �(��) m�`	 � 31�,

31�, ��� 1� �� �$�� �7, dy�b�+�� � =	 � 4�� 5�� � ��1��) �4&	 dz�g�b��
dx�a� Mf ,� ����) +��d

#+E�) ��(	 m�`	 � 31�, �� �> %�-

�> <�b1 �� +�� ��/�F 1��� �1�O ��cm 'b�*�� l�&$ � ��cm l�71� �� ! $ J�� �/�Z �� ����

��`�1 %�Z ��� 1� �� cm�
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+*�� �� ]> �F� #�1�� 1��� :;�� �����1 1� J�� 1�L	 � +�� ����� 1�

#��4� ���� �$�� �cm ]> l�71� ���� �1 ]> l�71� U��X/� t4T> ���$
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V �� �1 t ��	� 1� ]> :(- � �h �� �1 t ��	� 1� ]> l�7 1� �t �� �1 �� )� d �E-�� ��	� � �W�	

n9� l�71� ���W t4T>D dh
dt
���������	 @�/ �� � �4�ET t 
�� �� �T V � h #:�T��	 U��=)

dh
dt
�R�bE	 .�6(	 � +�� '�$ '��� dV

dt
	 � 
��� 1� #�)1�� �4&	 B]> :(- ���W t4T>D dV

dt
� B]>

r �F� #+/�F �j) 1� h �� �f /�, �&�� ���4* �� �1 V ����	 �� ��4� �0� #h 	 � �� ���� +��

A:�1�� �Tu8v	 ���� �"� �� ��$�� t ��	� 1� ]> n9� l�&$

r
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�

�
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�
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�
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dh
�
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�
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�

�
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�
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��
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�
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#��4� ���� �1�� 1��� S ��
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A��'��()� 'b�*�� �"O ������4� #x 	 � cot 	 :�1�� �Y�� �/�O ��

dx

dt
	 �

�

sin� 	

d	

dt

:�1�� �$�� ��	 [ 1���� �� S �8,�/ ���� #+�� 1���� ��1 �)�1�) �b9?) +��- +*�� dx
dt
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�

�
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�

�
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���
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�
�

�
	 ��
��

x4� S �� �> �b 8,�/ ���� �)�1�) �b 9?) �+�� �j) �1�	 �+*�� �89	1�� �4&� �+��- ��4 ��I �

#�4��	 +��- ��)�d �� ��	 QyH[ ��4 �� +�� ��	

'��� 2� I ��4� @�/ #+�� B�"���D ��1�� 
�� ���	 ��/�� ��'��()� 'b�*�� ��T���1�� �� � �

������ X�) f�� �� :�)���	 #�R�X) B�f����D �� ���&, B�f����D �b ����� 
�� 2� f � I �� R � +��

��1� ����� 1� �74	 �� +"v	 ���	 �� �������	 �f/��	 f �� :���F�	 �j) 1� �1 ��R�- ��� 1� #+��

#+�� I 'b���

���	 � +�� �������	 I �)�1� ��?) 1� �� �&�� f � I �� R �+�� '��� 2� I ����� � 	�
�

��?) �b =T 1� X�) �f�� ��"��� ��1�� 
�� 31�, ��� 1� #+�� �74	 �0�=T �� +"v	 �0�=T �>

A:�1�� f�� �b 4	�� �� b 	 f�a� �)�1� �b9?) �T ������ � +�� �������	 ��G �b 4	�� �)�1�

�f�����b� 	
�

f�a�
BCHD

���� ��'��()� 'b�*�� ���F1���� �� �F��� �� V�� .�	�/ ���$ +��d f�� ��������	 �F� �����

�1 �(��) ��� ��G �	> �T��G ��� 1� �� ��������	 3�"d� �R� ���$�	 �(��) �f�� � f��x� 	 x

� �+�� �R�X) �� ���&, 
�� �� :�)���	 +�� �74	 �� +"v	 �0�=T ���	 ��I #�T��	 +����

��$�Y) f�� J��& 'b��� �)�1� ��?) �� f +L I 'b��� �)�1� ��?) �� :�)���	 �+�� ������ f ��I
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�)�1� �b 9?) 2� b 	 f�a� P� �+�� I �)�1� �b 9?) 2� a ��4� @�/ .�- #P &R�� � �)�$�	

�b 4	�� �)�1� �b 9?) 2� X�) b� k ��$�� 2I�� �/�� 'b���)� �� jkj �F� ������4� #�$���	 f�� �b 4	��

:�1�� P� �+�� f �b 4	�� 1� x �� +�� '�$ !� � f�x���?) �� f�� �b 4	�� �R� #+�� f�� J��&

A������4� #���4	 h ���� b� k 	 f�a� h�

limk��

f���b�k��f���b�
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	 limk��

f���f�a�h���f���f�a��
f�a�h��f�a�

	 limk��
h

f�a�h��f�a�

����� V�� �- ������4� �h �� � '�Y)> �k �� � ���� �� :���F�	 �(��) +�� ������ f�� �� �()> ��

A�� +��

lim
h��

h

f�a� h�� f�a�
	

�

f ��a�
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��� ���� ��� ������

n�L, ��* 2� n � � 4 � @� / � � �� � Y � + " v 	 �? � ?- ���*� �b *� =( 	 �1 R� ��	
	�
�

� +�� � �� �� �� 	 ��$�	 J�� &  f�x� 	 xn 31�, � � � � f � R� �� R 
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31�, �� �� f�� � R� �� R
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�

n
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1� #+�� 1����� �
n
! $ �� ���*� ���� :T � p n�L, ���*� ���� :T d�xp�

dx
	 pxp�� .�	�/ P�

�h � R� �� R �h�x� 	 x
m

n 
�� ���� +�� 1����� ���F ��� ���� .�	�/ �� ��$�	 �(��) ��4�� 
���
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�
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	 m�x
�
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n
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�
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�
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�� ��'��()� 'b�*�� �� '��7��� � � �F� #+�� �������	 �� ���� 1� sin�� P� �+�� +"v	 '1��=T
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sin��sin�� x� � �sin�����x� 	 �
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�
� �
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�

p
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�va� 	OwW �QH� ��� s�o CU� �i�m u��Q��v� �CU� � pk�OL u�m�O�Q Q� R �Hv��w CU�v Q�PBkDWt �

�s� Q�O �OwW XNWt �yv� QO f Q�Okt w �v�QL� ��kv xOW xO�O Q�Qk QiY Q��Q� dt
dx

dt

dx
�

�
�� �

����� x�

��
q
�� ��� x��

� �
q
�� ��� x�� � ���� x�

�� ��� x�� � ���� x��

��� x�� � �

�

�� x � � �p
�

R� CU� CQ��a ��wH �yvD � � x � � uwJ

x � �� �p
�
� �����

�x�kv u�� QO w

t �
�� �p

�

��
�

p
�� �

�

��

� ������ ����� � ����� �Ca�U�
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CUOx� x � �����km ��R�x� swt�v�t xm s�vm�t x�Lqt 	���yDv� Q�Okt wO �� Q�Okt u�� 
xU��kt QO

�O���t

xO�U 
xr�Ut u�� �s�vm �O�B ����� 
x�kvx� �Q y� � x� �vLvt 
x�kv u� QDm�ORv s�y�wN�t �� p�Ft


xU��kt �rw O�UQ s�y�wN ��wH l� x� pL x�Q xU Qy QO ��a�� w 	s�vm�t pL hrDNt x�QxU R� �Q

�CU� xOvRwt� �yWwQ

s x
�����

y


xvt�O �� wO �� wO Qy y � �x��� w y � x��� ���D wO ��yQ�Owtv �tDH� xOW xO�O �vLvt pw� x�Q

xN�W l� ��Q� �Q xr�Ut CU� �i�m ����� 
x�kv x� C�Uv xN�W wO uQ�kD Q��v� �CU� ������

�wQ y � x��� 	ki u��Q��v� �s�vm Qw�vt R�v �Q Qo�O 
xN�W QO xOt� CUO x� x�kv 
xv� Qk w s�vm pL

�� CU� Q��Q� �vLvt u�� �wQ �x� y� ��x�kv R� ����� 
x�kv 
xrY�i �s� Q�o�t Q�v QO �Q �����

u�ty QwPHt u�wD�t 	CU� KQ�t C�Ft C�tm l� uOQm swt�v�t xm �Hv� R� �
q
�x� ��� � y�

�QDCU�Q QU u� �� x�U�Lt w CU� p O�tv Ok�i xm CiQo Q�v QO �Q �x � ��� � y� �va� CQ��a

�OQw� CUOx� �Q Q� R ���D swt�v�t O��� TB 	y� � x� 	�vLvt ��kv ��Q� ��vt�

D�x� � �x� ��� � x�� � � x � ��

s� Q�o� Q�v QO O��� R�v �Q x �� �� �Dkw ���D Q�DiQ �D��� � �� s� Q�O x � � ���yDv� 
x�kv QO

Q�PBkDWt � � x � �� QO x ���D u�wvax� D ���D �x �� �� �Dkw D�x� �� �� xm

�
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�s�vm �O�B �Q �a�wt ��ytwt�v�t xO�O Q�Qk QiY Q��Q� �Q dD
dx

O��� TB 	CU�

dD

dx
� ��x � �� � �x�

u��Q��v� 	CU�v �t ���D 
xvt�O QO �� xm CU� �

�
��� ��yxW� Q ��Q�O �x� � �x� � � � xrO�at

��wH 	D��
�
� � D��� xmv�� x� xHwD �� �D��

�
� � ���

�	
s� Q�O �OQ�O �UQQ� x� R��v x � �

�
	ki

���
�
�� 


�
p
�
� R� OvDQ��a OvyO�t �Q xrY�i pk�OL xm �vLvt ��kv w O���t CUOx� �

�
��R�x� xr�Ut

	s�vm ZQi y R� �a��D �Q x 	s� Q�o� �vLvt �wQ x R� �a��D �Q y xmv�� ��H� s�v�wD�t �swO x�Q

�ULQ� �Q xrY�i QwPHt 	xOW xO�OV��tv x �ULQ� xm q��D ���D ��H x� CQwYv�� QO w x � y���

�s�vm�t �UQQ� y

E�y� � �y��� � ��� � y�� �� � y � ��

	y �� �� �Dkw �OW���t R s�tD u� 
xvt�O w CU� KQ�t ���D l� 	ki �Hv�� QO xm O�vm xHwD

x�kv u�� QO �Q ���D Q�Okt O��� u��Q��v�CU�v Q�PBkDWt y � � QO xOW xO�O ���D �E �� �� s� Q�O

uO�O Q�Qk �� w CU� Q�PBkDWt ���D ��kv Q��U QO �E��� � �� s� Q�O �OQm �UQQ� xv�o �OH Qw�x�

s� Q�O �s�vm�t �O�B �Q �v�QL� ��kv dE
dy

� �

dE

dy
�

�
�

�
y���

�y��� � �� � �y

�OwW�t xH�Dv ��OW �UQQ� �q�k y � � xm O�vm xHwD� �

�
y��� QO uOQm �Q
t dE

dy
� � uO�O Q�Qk ��

�y��� � �y��� � � � �

xm y��� � ����

�
OwW�t xH�Dv xrO�at u�� pL R� �CU� y��� �ULQ� � xHQO xrO�at l� xm

��OOHt �x � �

q
y� � �

�
xH�Dv QO w y � � 


�
p
�
�� 	y��� � �

�
TB 	CU�v pw�k p��k �ivt ��wH

�OwW�t xH�Dv pw� x�Q ��wH u�ty w E�� 


�
p
�
� � E���
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	CWwv �Qo�O R� xO�U �a��D CQwYx� �Q x �� y R� �m� u�wDv f�x� y� � � 
x���Q R� �Dkw �swU x�Q

u�wvax� t sUHD �� �s�U� wv� t �O�OH Q�eDt �ULQ� �Q y� x Q�eDt wO Qy s�vm VWwm CU� umtt

��Q� �CU� u�tR �ULQ� �x� y� ��x�kv CmQL Q�Ut xOW xO�O �vLvt xm OQm ZQi u�wD�t u�tR

�CWwv u�wD�t 	y� � x� �vLvt

x � t�� y � t�� �� � t � ��

�OwW�t x��Q� t R� �a��D CQwYx� ����� R� �x� y� xrY�i QwPHt CQwYv�� QO

F �t� � �t� � ��� � t�� �� � t � ��

u� jDWt 	CU� Q�PBkDWt �Hxty t R� �a��D u�wvax� Ft �� �� �Dkw F �t� �� �� s� Q�O

t��t���t��� � � �� 	�t���t����t � � OwW�t xH�Dv xm s�yO�t Q�Qk QiY Q��Q� �Q t x�C�Uv

w F ��� � �� s� Q�O �OyO�t �Q �pw�k p��k Q�e� t� � �� w t� � �

�
	t � � ��y��wH xm

�OvDUy ��
�
�� 


�
p
�
� ��kv u�ty xr�Ut ��wH w F �

q
�

�
� � ���

�	

l� xm CU� y� � x� �vLvt �wQ ����� 
x�kv C�a�w pL x�Q xU u�� QO xU��kt p��k xDmv

��yDv�l� CQwYx� x�kv u�� 	pw� pL x�Q R� �OW���t ����� x�kv R� xrY�i ��Q� �a�wt st�Um �t

QO w 	CU�v Q�PBkDWt ���D u� QO xm u�mD x�kv l� u�wva x� swO pL x�Q QO 	OwW�t Qy�� ���D 
xR��

xr�Ut xmv�� x� xDU� u��Q��v� �CU� QiY w OQ�O OwHw jDWt u� QO xm x�kv l� u�wvax� swU pL x�Q

�OwW xO�O uwo �vwo ��yDQwY x� CU� umtt x�kv l� C�y�t 	OwW �O�vDQwY xvwoJ

u�wD�t xm Ovm�t O�rwD ��q�m �O�rwD CmQW l� O�vm ZQi O�YDk� p��Ut QO OQ� Q�m ������

xv �rw 	sQowr�m �� u�D �ULQ� QmW O�rwD �qFt �OQm ZQi xDUw�B �D�tm �qta �Q q�m u� O�rwD u�R�t

O�rwD xv� Ry �OwW�t xO�HvU K�LY OOa �� O�rwD u�R�t Q�N� OQ�wt QO xm ���� QOQ� R �� �t�B�wy O�rwD

C�q� x� �Q q�m R� Q�Okt q O�rwD xv� Ry Qo � �CU� � pmW Ovv�t �vLvt l� ��awv O�rwD Q�Okt �ULQ�

� pmW Q�Owtv pmW 	�p�� Q �ULQ� �qFt� s�yO V��tv

�
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R�q�

R C

C�q�

qq

R�q�

q� q�

c�q�

� pmW � pmW � pmW

Q��v� 	CU� sRq x�rw� �Q�Pox��tQU �Q�Okt 	O�rwD �R�Ov�x�Q ��Q� �OwW�t x�HwD Q� R CQwYx�

�OwW�t Qy�� C��� � � CQwY x� xm CU� xOW xv� Ry �er�t p�L Qy x� � q � � �va�� R�e� QO

�va� 	O����t Vy�m O�rwD ��Uv 
xv� Ry CU�v sRq �O�OH x�rw� �Q�Pox��tQU uwJ 	O�rwD V��Ri� ��

w sr�i 
x�yD hQY xm ��xv� Ry 	��Dm l� A�J QO �qFt �Ow� Oy�wN CU�Q 	N l� R� QDu���B C�q�

C�q�
q

�va� 	��Uv 
xv� Ry OW�� QDW�� O�rwD xJQy w OwW�tv Q�QmD CUq�� C�Uv x� w OwW�t lv� R

xOW xO�OV��tv q R� ��x�Lqt p��k Q�Okt �D C�q� Q�Owtv QakD CQwYx�C�ak�w u�� �O����tVy�m

Q�m �wQ�v w Cq�u�W�t V��Ri� x� R��v CU� umtt Ovm Rw�HD �v�at OL R� O�rwD �Dkw �rw �CU�

V��tv pmW QO xm u�vJty 	OwW�t C�q� Q�akD CyH Q��eD �ULQ�V��Ri� u�� CQwYv�� QO xm OW��

Q�O �r�N �D OQ�ov CQwY CyH Q��eD u�� CU� umtt CqwYLt �
a� O�rwD ��Q� �CU� xOW xO�O

V��tv 	R�q� 	q�m Q�Okt q VwQi R� pY�L Ot� QO � pmW QO 	O�rwD 
xv� Ry p��kt QO �OOvw�B� wkwx�

R VwQi R�e� QO �OQ�Ov OwHw �Ot�QO VwQi R� p�k �va� 	R��� � � �Hv�� QO �CU� xOW xO�O

VwQi Ct�k QO q �Q
rY�L Q��Q� xm �Ot� QO 	OL�w q VwQi �U�vD x� �va� 	CU� ��N ��OwOL

	Q�R�� ��W� w R��v uOW xOQw�Q� ��U x� ��awv O�rwD V��Ri� �� �rw �OwW�t pY�L CU� OL�w l�

Ot�QO �U�vDt V��Ri� �Hwt O�rwD V��Ri� ��H� QOD 	Ct�k Ci�� w ��kQ ��yOL�w Qwy� ��U x� ��

�Ov�xOW xO�O Q�Qk sy �wQ �vLvt wO � pmW QO �OwW�t Qakt u���Bx� wQ R�q� Q�Owtv w OwW�tv

QO O�rwD Q�Okt O��� 	OW�� xO OwU O�rwD xmv�� ��Q� w CU� QDq�� xv� Ry R� Ot�QO u�R�t �q�� q�� 
xR�� �wQ

�Q p�q� � R�q� � C�q� �va� 	OwN OwU xm CU� p��t xOvvm O�rwD �k�w QO �Ov�t� �q�� q�� 
xR��
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P �q� u� ��Q� xm Ovm ��NDv� �q�� q�� 
xR�� QO �Q 	q 	O�rwD R� �v�R�t O��� �va� 	Ov�UQ� umtt QFm �OLx�

	C�q� ��ya��D s�vm�t ZQi 	s�vm xO�iDU� p�Uv�Qi�O ��UL Q�R�� R� s�v�wD� xmv�� ��Q� �OwW st�Um �t

q �v�R�t QO ��tDL OwU st�Um �t CQwYv�� QO �OvW�� R�v Q�PBkDWt 	uOw� xDUwB� Q� xwqa �qta R�q�

R� �O�YDk� �DW�OQ� O��� �r�t u�� �O�YDk� lQO ��Q� �dp
dq

� � u� QO xm OwW�t EO�L O�rwD R�

�s�vm x��Q� jDWt swyit

�s� Q�O 	O�rwD R� q� u�R�t ��Q� 	h� QaD j�� �OvQ�O ���vat xJ dR
dq

w dC
dq

dC

dq
�q�� � lim

q��q�

C�q�� C�q��

q � q�

�s� Q�O q� l�ORv q ��Q� �k�w QO TB

dC

dq
�q�� � C�q�� C�q��

q � q�

u�Dl� 	Q�eDt Q��eD R� �Q�O �vat pk�OL 	QmW O�rwD ��Q� �qFt 	CU�v xDUw�B ��ak�w O�rwD u�R�t pta QO

V��Ri� pk�OL u�wvax� �Q�O�vat OL�w u� QDmJwml� 	R�v Qo�O �q�m Qy O�rwD OQwt QO �� 	CU� QmW

�s� Q�O w OQm ZQi OL�w u�wD�t �Q q � q� C�Ft Q�Okt u� QDmJwm u��Q��v� �CU� KQ�t O�rwDVy�m ��
dC
dq

�q�� � C�q�����C�q��
�

� C�q� � ��� C�q�� ���

q� x� O�rwD �Dkw CUq�m R� �i��� OL�w l� O�rwD xv� Ry dC
dq

�q�� �O�YDk� Q��aD 	Qo�O u��� x�

�Q ���yv Cer R� xO�iDU� p�rO� Ovt�v�t ���yv xv� Ry �Q dC
dq

�q�� 	O�YDk� Kq�Y� QO �OW�� xO�UQ

�xm Cio u�wD�t pqODU� u�ty ��v�a �� ��O�O s�y�wN

dR

dq
�q�� � R�q� � ���R�q�� ���

�OW�� xO�UQ q� x� O�rwD �Dkw CUq�m R� �i��� OL�w l� VwQi R� pY�L Ot�QO dR
dq

�q�� �va�

�Ovt�v�t ���yv Ot� QO �Q dR
dq

�q��

st�Um �t �q�� q�� QO q� Q�Okt ��R�x� Qo � �s�OQo�t R�� OwU uOQm st�Um �t 
xr�Ut x� p�L

���� w ��� Q��v� TB 	dR
dq

�q��� dC
dq

�q�� � � s� Q�O 	OwW pY�L OwU

R�q� � �� �R�q�� � C�q� � �� � C�q�� ���
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xv� Ry Q��Q� q�m R� �i��� OL�w l� VwQi R� �W�v Ot�QO xm OwW�t pY�L st�Um �t ���HQO �va�

xmv�� ��Q� �OQm x�HwD R�v �OwyW Qw�x� u�wD�t �Q �r�t u�� �CUq�m R� �i��� OL�w l� O�rwD

OW�� �OwaY P � R� C ���D 	q� R� QDmJwm w q� l�ORv q ��Q� O��� OW�� st�Um �t 
x�kv l� q�

O�rwD 
xv� Ry R� V�� OL�w Qy VwQi Ot� QO Qo�O CQ��a x� �� 	Ovm O�H�� QDW�� OwU 	QDW�� O�rwD �va�

�va� 	OW�� �rwRv O��� P � R�Q ���D 	q� R� QDoQR� w q� l�ORv q ��Q� Tmar�� �OW�� OL�w u�ty

OL�w u�ty O�rwD 
xv� Ry R� QDtm QDW�� OL�w Qy VwQi Ot�QO �qO�at �� 	Ovm O�H�� QDtm OwU 	QDW�� O�rwD

R� �W�v Ot�QO �� �i��� OL�w l� O�rwD 
xv� Ry O��� 	P pwRvx� OwaY R� QPo
x�kv QO u��Q��v� �OW��

st�Um �t u� QO xm q� Q�Okt �OQ��B ���yv Cer R� xO�iDU� p�rOx� u�wD�t p�L �OwW Q��Q� u� VwQi

Oy�wNVy�m O�rwD OwU u� R�TB xm �Q� RCU� �wr�t O�rwD ���yv u�R�t �k�w QO 	OwW�t pY�L OwU

�Ci��

QO xm �Q ���yv 
xv� Ry x�U�Lt ��Q� �t�UQD �WwQ 	p�Ft u�wvax� 	s�y�it u�� QO �v� QtD u�wvax�

�s�vm�t x��Q� CU� pwtat O�YDk�

V��tv a�q� x� OW�� q q�m O�rwD Q�Okt xm �Dkw �Q q�m R� OL�w l� O�rwD 
xv� Ry O�vm ZQi p�Ft

�s� Q�O CQwYv�� QO �s�yO

C�q� � q�a�q� ���


xv� Ry 	��rwkat OL �D� OW�� QDW�� xJQy O�rwD �va� 	CU� � pmW Ovv�t C�kw� �Q��U� a�q� Q�Owtv


x�kv QO �OQm pta Q� R CQwYx� u�wD�t dC
dq

�q�� uDi�� ��Q� �OwW�t QDv�RQ� OL�w Qy O�rwD

	N S R� �Ovm ��k S 
x�kv QO �Q s��k QwLt �D s�vm�t sUQ �Q a�q� Q�Owtv T�tt �q�� a�q���

QO �Q q � q� s��k 	N �D s�vm�t sUQ jwi T�tt 	N x� w�R �� Q� Q��Q� wO 
x� w�R �� Q� �� �DU�Q

CU�Q QU 
x�U�Lt l� �r�t u�� x�HwD �CU� dC
dq

�q�� Q��Q� T s��k xYDNt �Ovm ��k T ��x�kv

�s� Q�O ��� 
x���Q R� �Q�okDWt �� �CU�

dC

dq
�q�� � a�q�� � q�

da

dq
�q�� ���
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�CUy �q�� a�q��� 
x�kv QO a�q� Q�Owtv Q� T�tt 	N 
xrO�at Qo�O �iQ� R�

y � a�q�� �
da

dq
�q����q � q��

	N xrO�at �S � ��� a�q��� da
dq
�q���q�� TB 	Ovm�t ��k q � � QO �Q 	y 	s��k QwLt 	N u��

�CUy �da
dq
�q�� ��W �� S R� �QPo CU�Q

y � a�q�� �
da

dq
�q���q� � �da

dq
�q���q

�CUy u� y Q�Okt u��Q��v� xm OwW�t pY�L q � q� uO�O Q�Qk �� q � q� �� CU�Q 	N u�� l �QDW�

y � a�q��� da
dq
�q���q� � �da

dq
�q���q�

� a�q�� �
da
dq
�q���q�

�OyO�t xH�Dv ��� �� xU��kt QO xm

y �
dC

dq
�q��

�Ow� xOW �aO� xm Qw�v�ty
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q�� �x�DQt ��y�� QkD w Qwr�D ��xrtH OvJ

�x�kv QO f ��N �� QkD �OW�� Q�PBkDWt OwN �xvt�O R� a �x�kv QO f ���D Qo � xm s�vm�t �Qw�O��

u� Q�Okt xm �A�x� � f�a� � f ��a���x� a� Q�Okt �� ���D �k�w QO �CU� l� �xHQO R� �a��D a

A�x� R� �Ov�m x� f�x� �OwW�t QwO a R� x �Dkw w CU� x�kv u� QO f ���D Q�Okt Q��Q� x � a ��R�x�

xm CU� u�� R� �W�v a l�ORv ��yx ��Q� �rY� ���D x� ��N ��DQD �m�ORv u�� 	OQ�o�t xrY�i

xmr� �A�a� � f�a� �yvDxv �va� CU� f ���D Q� T�tt l� xHQO ���D Q�Okt �k�w QO ��N �� QkD

��y�� QkD xr��vO l� x
�Q� VN� u�� QO �t hOy 	A��a� � f ��a� �OvQ��Q� x � a QO R�v f w A jDWt

��� QkD uOW QDk�kO p��kt QO 	CU� ���D �xvt�O R� a ��x�kv pwL ���D l� R� QDk�kO xOv��Ri Qw�x�

Q��Da� w VRQ� R� �� QkD VwQ l� xmv�� ��Q� �rm Qw�x� 	OwW�t QDQ�wWO ��H� QOD ���wD u�� x�U�Lt

CU� �QwQ� Q� R ���QW �OW�� Q�OQwNQ�

	OW�� �rY� ���D �x�U�Lt R� QDxO�U O��� �� QkD ORt�v �x�U�Lt ���

	OW�� �l�ORv� �xOW xO�O ���Dx� ��ak�w O��� �� QkD ORt�v ���

��ya��D R� TB 	CU� xO�U u� x�U�Lt xm CU� �a��D RQ�� �xvwtv ��N �� QkD ���� OQwt QO

u�� QO 	OvwW�t �wULt ���wD u� QDxO�U CU� CU�Q �N l� �yv� Q�Owtv xm ��N ��ya��D �C��F

�rm Qw�x� 	OvDUy uwo �vwo C�HQO R� ��y��xrtH OvJ s�vm�t KQ�t �� QkD u�wvax� xm ���ya��D VN�

	OvwW�t �wULt xO�U C�Uvx� ���wD Ov���t CUOx� �k�kL O�Oa� �Q� w �tH R� xm R�v �y��xrtHOvJ

xHQO ��y��xrtH OvJ 	CU� QDxO�U ��xrtH OvJ �x�U�Lt �OW�� QDmJwm ��xrtHOvJ �xHQO xJ Qy

	xQ�e w �OvwQ�t Q�m x� ��N �� QkD u�wvax� l� xHQO ��y��xrtH OvJ �OvDUy C��F ���wD �QiY

uOw� OvtOwU ��Q� �k�w QO �OQm ���� RQ� O��� xvwoJ �Q ���D x� �� QkD uOw� l�ORv ���� OQwt QO

p��k OL QO �� QkD u�� R� xO�iDU� ���N xm s�vm pY�L Q��N u�v�t�� s�v�wD� O��� ��� QkD VwQ l�

�� �Q x�Qty ��N u�tND VwQ l� O��� Qw	vt u�� x� 	CU� Q	v OQwt OQ� Q�m QO �Q�oQ�mx� ��Q� pw�k

QO 	OQm x
�Q� ��N jr�t QOk ��Q� ��q�� u�Qm l� u� ltm x� u�wD� xm OW�� CUO QO �� QkD VwQ
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Ovm�tv Rw�HD �

�
M��x� a�� R� ��N �OW�� Q�PBOkDWt Q�� wO f ���D Qo � xm s�O�O ��N �� QkD OQwt

�x�U�Lt �� u��Q��v� 	CU� x w a u�� �xR�� QO ���D swO jDWt ��Q� ��q�� u�Qm l� M �Hv�� QO xm

	CU�v �� CUy �rw�k p��k OL QO �r�tDL� ���N QFm �OL xm OQm x	Lqt u�wD�t �

�
M�x � a��

R�v ��N u�tND VwQ l� �OQm s�y�wN x�Qa xUrH u�� QO xm �QD�rm ��yWwQ ��Q� ���DQD u�tyx�

	Ovm�t x
�Q� umtt ���N QFm �OL ��Q� �v�Qm xm OQw� s�y�wN x�Qty x�

jDWt Qo � w OW�� f h� QaD �xvt�O QO ��x�kv a Qo � 	s�OQo�t R�� ���D l� swO jDWt h� QaD x�

CU� f � h� QaD �xR�� �vwQO �x�kv l� a x�ov� �OW�� xOW h� QaD a pwL R�� �xR�� l� QU�QU QO f

�� f ���a� x� �Q u� OwHw CQwY QO xm �CN�U KQ�t �Q a �x�kv QO f � ��Q� jDWt OwHw u�wD�t w

�OW�� xDW�O OwHw a pwL R�� �xR�� l� ��kv �xty QO f ���x� Qo � Qw�v�ty 	s�yO�t V��tv f ����a�

f ����a� �� f ����a� x� �Q u� OwHw CQwY QO xm �CN�U KQ�t �Q a �x�kv QO f �� �Q�PBkDWt u�wD�t

QU�QU QO f ���D s��n jDWt Qo � ��rm Qw�x� 	s�t�v�t a �x�kv QO f swU jDWt w s�yO�t V��tv

OQ�O Q�Qk �UQQ� OQwt a �x�kv QO �Q f �n� �Q�PBkDWt u�wD�t �OW�� xOW h� QaD a pwL R�� �xR�� l�

a �x�kv QO f s���n� �� ��x�DQt� jDWt w s�yO�t V��tv f �n����a� x� �Q u� OwHw CQwY QO xm

R� jDWt ��Q�O xvt�O ��kv �xty QO f Qo � s�t�v�t Q�PBkDWt Q�� k �Q f � S �� R ���D 	s�t�v�t

x�DQt Qy R� jDWt ��Q�O OwN �xvt�O R� T �xawtHt Q� R QO �� a x�kv l� QO f Qo � 	OW�� s��k �x�DQt

	s�t�v�t T �xawtHt QO �� a �x�kv QO Q�PBkDWt Q�� C��yv�� �Q f �OW��

O� Q�o� Q	v QO ��xrtH OvJ ���D l� �p�Ft

p�x� � c� � c�x� � � � � cnx
n

Q�PBkDWt x Qy ��Q� R�v p jDWt ��QDu���B �m� �xHQO R�� CU� ��xrtH OvJ l� R�v p jDWt xm �Hv� R�

O�vm xHwD xwqax� 	CU� Q�PBkDWt Q�� C��yv�� R QU�QU QO p xm s�v���t �Q�okDWt �xt�O� �� w CU�

	p�k��x� � � s� Q�O k � n ��Q� ��Q�okDWt QO xHQO p�rkD ��Ux� xm
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u��Q��v� �sin�� � � sin w sin� � cos s� Q�O 	O� Q�o� Q	v QO �Q sin � R �� R ���D �� p�Ft

�OwW�t Qy�� ��OOHt Twv�U ���D �Q�okDWt Q�� Q�yJ R� TB w O�O xt�O� xQ�wty �Q �Q�okDWt u�wD�t

h� QaD �xvt�O QO R�v Qo�O �D�FrFt ���D Q�yJ 	OQ�O �y��Wt C�a�w Twv�Um ���D 	sin��� � sin

	OvQ�PBkDWt Q�� C��yv�� OwN

s�vm�t h� QaD Q� R CQwYx� �Q f � R�� R ���D �� p�Ft

f�x� �

����
���

xn x � �

�xn x � �

�x�kv Qy QO xm f�x� � jxj s� Q�O �n � � ��Q� 	CU� xOW xO�O C�Ft K�LY OOa l� n �Hv�� QO

Qo � 	s� Q�o�t Q	v QO �Q n � � p�L 	CU�v Q�PBkDWt x � � QO �rw CU� Q�PBkDWt x �� �

�CU� ��xrtH OvJ l� xm OQ�O �Q �xn �� xn Q�Okt u�ty f ���D �a pwL R�� �xR�� l� QO �a �� �

s� Q�O n � � ��Q� 	k � n ��Q� fk�a� � � w �CU� Q�PBkDWt Q�� C��yv��

f ��x� �

����
���

nxn�� x � �

�nxn�� x � �

s�vm�t xO�iDU� h� QaD R� a � � QO

f�� � h�� f���
h

�
�hn � �

h
� �hn��

�� x � � x� u�wD�t �Q ��� pwtQi w f ���� � � TB �CU� QiY q�� CQ��a OL �n � � x� xHwD ��

s��xOQm C��F k � n ��Q� xm O�vm ZQi �QkDU�x� �rm Qw�x� 	O�O s�taD x � �

f �k��x� �

����
���

n�n� �� � � � �n� �k � ���xn�k x � �

�n�n� �� � � � �n� �k � ���xn�k x � �

s�yO�t p�mWD �Q Q� R QUm a QO �k � �� �x�DQt jDWt ��Q� x�ov�

f �k��� � h�� f �k����
h

� �n�n� �� � � � �n� �k � ���hn�k��

�
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k � n� � �� �k � � � n ��Q� �rw CU� QiY u�vJty q�� CQ��a OL �k � � � n xm �v�tR �D

s� Q�O
f �n����h�� f �n������

h
� �n�

xmv�� xYqN 	OQ�Ov OwHw f �n���� u��Q��v� �h � � �� h � � xm OQ�O u�� x� �oDU� � Ctqa xm

Q�� �n � �� �ki � QO �rw CU� Q�PBkDWt Q�� C��yv�� x � � ��vFDU� x� R ��kv �xty QO f ���D

	OW���t QiY ��ykDWt �� Q�PBkDWt

k �xHQO Qwr�D ��xrtH OvJ ������

�x�kv l� a �CU� xR�� l� I s�vm ZQi 	s�vm �iQat �Q ���D l� k �xHQO �� QkD xm s��xO�t� uwvm �

a �x�kv QO Q�PBkDWt Q�� k w I QU�QU QO Q�PBkDWt Q�� �k � �� �a��D f � I �� R �xR�� �vwQO

xm OQ�O OwHw k �xHQO R� p�x� ��xrtH OvJ �l� �yvD w� l� s�yO�t u�Wv �CU�

p�a� � f�a�� p��a� � f ��a�� � � � � p�k��a� � f �k��a� ���

a �x�kv QO k �x�DQt �D u� Q��vDt C�kDWt w f ���D �� k �x�DQt �D u� C�kDWt w ��xrtH OvJ u�� �va�

p�x� � c� � c�x � � � � � ckx
k pmW x� p�x� Q	v OQwt k �xHQO ��xrtH OvJ 	OvQ�O j���D

s�vm �DQt Q� R CQwYx� �Q p�x� s�v�wD�t �uOv�UQ u�wDx� w x � �x� a� � a uDWwv �� 	CU�

p�x� � a� � a��x� a� � � � � � ak�x� a�k ���

Ov���t QO Q� R CQwYx� s��k �x�DQt �D p�x� C�kDWt
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���
����������������
���������������

p��x� � a� � �a��x� a� � � � � � kak�x� a�k��

���

p�i��x� � i�ai � � � � � k�k � �� � � � �k � �i� ��ak�x� a�k�i

���

p�k��x� � k�ak

s� Q�O ��� �QW �� ��� w ��� �xU��kt QO u��Q��v�

a� � f�a�� a� � f ��a�� a� �
�
��
f ���a�� � � � � ak �

�
k�
f �k��a�

s� Q�O w OvwW�t u�aD OQix� QYLvt Qw�x� ��� �QW R� ��� ��xrtH OvJ ���Q� TB

p�x� � f�a� �
f ��a�

��
�x� a� � � � � �

f �k�

k�
�x� a�k� ���

C�kDWt w f �� k �x�DQt �D u� C�kDWt w OwN xm CU� k xHQO ��xrtH OvJ xv�o� ��xrtH OvJ u��

�� QkD �� a �x�kv QO f ���D k xHQO Qwr�D ��xrtH OvJ lv�� �Q p�x� OvQ��Q� a �x�kv QO k �x�DQt �D u�

pY�L a �x�kv QO f ��N �� QkD �k � � ��Q� xm O�vm xHwD 	Ovt�v�t a �x�kv QO f ���D k �xHQO

OW Oy�wN �Hwt �k �x�DQt �D �a �x�kv QO p C�kDWt �� f C�kDWt �Q��Q� xm CU� u�� xDmv 	OwW�t

	OvW�� l�ORv sy Q��U� a �x�kv �m�ORv QO p�x� w f�x� Ot� Oy�wN Q� R QO xm ���vat x� xm

s� Q�O OW�� a �x�kv QO f ���D k �xHQO Qwr�D ��xrtH OvJ p�x� Qo � x��k ������

lim
x��a

f�x�� p�x�

�x� a�k
� � ���

QDoQR� k xJQy 	CU� ��N �� QkD �� T�tt �N h� QaD u�ty u�� �k � � ��Q� xm O�vm xHwD

�r�N ���Dx� O��� k �xHQO �� QkD u��Q��v� �x �� a �Dkw OwW�t lJwm QDa� QU �x � a�k OW��

	Ovm p�t QiYx� f�x��p�x�
�x�a�k C�Uv xm OW�� l�ORv
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�k � � ��Q� �OW xQ�W� xm Qw�v�ty 	s�vm�t C��F k �wQ ��QkDU� �� �Q smL ������ u�yQ�

xOW C��F �k � �� �x�DQt �D smL O�vm ZQi 	OwW�t pY�L T�tt �N �� �Q�PBkDWt h� QaD

Qwr�D ��xrtH OvJ q�x� w OW�� Q�PBkDWt Q�� �k � �� �a �x�kv QO g �a��D Qo � xm swyit u�O� �CU�

s� Q�O OW�� a �x�kv QO u� �k � �� xHQO

lim
x��a

g�x�� q�x�

�x� a�k��
� �

xm OQ�O OwHw � � � �OW�� xOW xO�O e � � x�oQy �Qo�O u��� x�

jx� aj � � �� jg�x�� q�x�j � e�jx� ajk�� ���

s� Q�O ���x� � f�x�� p�x� �s�yO V��tv ��x� x� �Q ��� QUm CQwY Qo �

��x� � f�x�� �f�a� �
f ��a�

�� �a��x� a� � � � � �
fk�a�

k�
�x� a�k	 ���

s� Q�O w CU� Q�PBkDWt R�v � �OvQ�PBkDWt p�x� ��xrtH OvJ w f uwJ

���x� � f ��x�� �f ��a� � � � � �
f �k��a�

�k � ���
�x� a�k��	 ���

xwqax� 	OwW�t Q�PBkDWt Q�� �k � �� �a �x�kv QO f � �CU� Q�PBkDWt Q�� k �a �x�kv QO f uwJ

���QkDU� ZQi j�� TB �CU� a QO f � ���D �k � �� �xHQO Qwr�D ��xrtH OvJ xWwQm pN�O CQ��a

��� j�� xm OQ�O OwHw � � � �e � � ��Q�

� � jx�aj � � �� j���x�j � jf ��x���f ��a��� � ��
f �k��a�

�k � ����x�a�
k��	j � ejx�ajk��

s� Q�O � Q�PBkDWt ���D ��Q� u�ov��t Q�Okt �x�
k j�� Qo�O hQ� R�

��x�� ��a� � ���c���x� a�

���a� � � ���� j�� �rw

� � jx� aj � � �� j��x�j � ejc� ajk��jx� aj
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xH�Dv QO w jc� aj � jx� aj �CU� x w a u�� c uwJ w

� � jx� aj � � �� j��x�j � ejx� ajk

� 	OUQ�t C��F� x� smL w OQm lJwm x�wNrOx� j��x�j
jx�ajk

u�wD�t jx� aj uDiQo lJwm �� u��Q��v�

��yx ��Q� f ���D ��Q� ��� QkD u�wvax� k xHQO Qwr�D ��xrtH OvJ uOw� pwkat �	�� �x�
k

	s�vm�t xHwD p�Ft OvJ x� EL� �xt�O� R� p�k 	Ovm�t x�HwD �Q a l�ORv

��Q� 	s�U� wv�t a � � QO �Q �Uwv�Um w �Uwv�U ���wD k �xHQO Qwr�D ��y��xrtH OvJ � p�Ft

s� Q�O Twv�U

sin��� � �� sin���� � cos��� � �� sin����� � w sin������ � � cos��� � ��

� sin��� � �

�OvwW�t Q�QmD�� w � �� �� ��ykDWt TB u�� R� �OwW�t Twv�U u�ty Twv�U sQ�yJ jDWt uwJ w

s� Q�O �OW�� a � � QO Twv�U k �xHQO Qwr�D ��xrtH OvJ
kX

j��

ajx
j Qo � u��Q��v�

aj �

����
���

� GwR j

�� OQi j

xHQO Qwr�D ��xrtH OvJ �p�x� � x R� OvDQ��a Twv�U � xHQO w � xHQO Qwr�D ��xrtH OvJ �qFt

Q��Q� Twv�U � �xHQO w � xHQO Qwr�D ��xrtH OvJ w �p�x� � x� �

��x
� Q��Q� Twv�U � xHQO w �

CUOx� a � � QO Q� R Qwr�D ��xrtH OvJ Twv�Um ��Q� ��DQD u�tyx� 	OvwW�t x� �

�
x� � �

��
x�

Ov���t
� xHQO Qwr�D ��xrtHOvJ �

� w � xHQO Qwr�D ��xrtH OvJ �� �

��x
�

� w � xHQO Qwr�D ��xrtH OvJ �� �

��x
� � �

��x
�

	xQ�e w

�
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��xrtH OvJ u�� 	O�U� wv� a � � QO �Q f�x� � �

x
���D k xHQO Qwr�D ��xrtH OvJ �� p�Ft

TB �f�x� � x�� s� Q�O �ykDWt x�U�Lt ��Q� 	Ow� Oy�wN
kX

j��

f �j����
j�

�x � ��j pmWx�

�f �j��x� � ����jj�x�j�� xm s�v���t ���QkDU� Qw�x� w �f ���x� � �x�� �f ��x� � �x��

	OwW�t a � � QO ���D k xHQO Qwr�D ��xrtH OvJ w �f
�j����
j�

� ����j TB

�� �x� �� � �x� ��� � � � � � ����k�x� ��k

CU� Q�Dat a � � �r�wL �

x
x� q�� ��xrtH OvJ �m�ORv xm OwW xO�O QmPD O��� xDmv u�� �Hv�� QO

l�ORv �k � �� x� q�� ��xrtH OvJ xm �r�L QO OwW�t u�Qm�� �

x
�Ovm p�t � x� x �Dkw �qFt �rw

k xmv�� x� xDU� q�� ��xrtH OvJ �rw Ovm�t p�t �

�
x� �

x
�Ovm p�t � x� x �Dkw Qw�v�ty 	OwW�t

	� CU� �

�
�yv� u�ov��t xm� Ovm�t p�t � �� � x� OW�� GwR �� OQi

	O�U� wv� a � �� QO �Q hrDNt C�HQO R� f�x� � �� x� x� ���D wr�D ��xrtH OvJ � p�Ft

Q�Qk x ��Hx� Qo � 	s�vm xO�iDU� �Q�okDWt R� CU�v sRq OW�� ��xrtH OvJ l� xOW xO�O ���D �Dkw

OvJ �s�vm �DQt xHQO ��DQD x� xO�O �U� xOW xO�O ��yv�wDx� �Q CqtH w x � �x� a� � a s�yO

Qwr�D ��xrtH OvJ ���Q� uDi�� VwQ xm O�vm xHwD 	OvwW�t Qy�� hrDNt C�HQO Qwr�D �y��xrtH

s�Di�� QO �r�wDt �Q�okDWt �� w s�OQm �DQt �x� a� ��yv�wD �ULQ� �Q Qwr�D ��xrtH OvJ xm Ow� u��

p�Ft u�� QO u��Q��v� 	CU� f �j��a�
j�

u�ty �x� a�j xrtH �� Q� xm

f�x� � �� ��x� ��� �� � ��x� ��� ���

f�x� � �� ��x� �� � ��x� ��� � ��x� ��� � �x� ��� �!�

�� � ��x � �� ��DQDx� R� OvDQ��a a � �� QO ���D � w � �� xHQO Qwr�D ��y��xrtH OvJ ��Q��v�

��y��xrtH OvJ 	�� ��x� �� � ��x� ��� � ��x� ��� w ��� ��x� �� � ��x� ���

	OvwW�t ���D OwN Q��Q� ��k�kO xm OvDUy �!� CQ��a CU�Q hQ� u�ty ����D �q�� x� � xHQO Qwr�D

�
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�s�OQm pta ��N �� QkD X�N Cr�L QO xm Qw�v�ty �k �xHQO �� QkD R� xO�iDU� ��Q� xQNq��

	CU� ��N �� QkD C�a� w s�taD Q� R �x�
k 	s�vm x
�Q� ��N u�tND ��Q� �QwDUO O���

Qo � 	a � I w CU� Q�PBkDWt Q�� �k� �� �I R�� �xR�� QU�QU QO f ���D O�vm ZQi x��k ������

s� Q�O I QO x Qy ��Q� �OW�� a �x�kv QO f ���D k �xHQO Qwr�D ��xrtH OvJ p�x�

f�x�� p�x� �
�

�k � ���
f �k�����x� a�k�� ����

	CU� x w a u�� ��x�kv c �Hv�� QO xm

hQ� CQ��a 	O���t CUOx� ��N �� QkD ���N u�tND ��k�kO �k � � ��R�x� xm O�vm xHwD

	Ovt�v�t Qwr�D �QU Sv�Qo q �xOv�t�k�� �y�o �Q ���� CU�Q

s�vm�t u��� �Q p�Q �x�
k R� Q� R s�taD CUNv 	CU� k � � Cr�L Ovv�t ��k�kO ���� C��F�

OwW�t Q�Po �w xOvv�wN x� u� C��F� xm

xDW�O w �OvW�� I �x�kv wO a � b �OW�� Q�PBkDWt Q�� �k � �� �I �xQ�� QO f ���D O�vm ZQi ������

s�W��

f�a� � f ��a� � � � � � f �k��a� � f�h� � �

� 	f �k����c� � � xm �a � c � b �OQ�O OwHw c ��x�kv CQwYv�� QO

Q	v QO �k � �� xHQO ��xrtH OvJ l� �s�OQm pta k � � Cr�L QO xm Qw�v�ty p�L

	s� Q�o�t

Q�x� � c� � c��x� a� � � � � � ck�x� a�k � ck���x� a�k��

�� Q w f xU��kt 	Q�b� � f�b� w Q�k��a� � f �k��a�� � � � � Q��a� � f ��a� �Q�a� � �a� xm

	ck�� � f�b��p�b�
�b�a�k�� w �ck � �

k�f
�k��a��� � � �c� � f ��a��c� � f�a� xm OyO�t xH�Dv �Q�okDWt

�qt�m C��
RH OwW�t xH�Dv ���� smL �f�x��Q�x� ���D OQwt QO ������ uDiQo Q�mx� �� p�L

	OwW�t Q�Po �w xOvv�wNx� w CU� k � � Cr�L QO C��F� x��Wt

!
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�s�vm xO�iDU� sinx 	 x� �

��
x� �� QkD R� �u��O�Qx� �

��
xD�r�� sin �

��
�� QkD ��Q� Qo � � p�Ft

	O� Qw� CUOx� ��N ��Q� ��q�� �v�Qm

	CU� a � � QO sin ���D � xHQO �� QkD sy w � xHQO �� QkD sy x� �

��
x� xm O�vm xHwD

QO xm �Q� R Ot� Oy�wN CUOx� �QDk�kO u�tND s�vm�t �wULt � �xHQO �� QkD �Q ��xrtHOvJ u�� Qo �

s� Q�O ���� j�� 	OwW�t xOv�UQ �QDq�� u�wDx� x� a � �

��
lJwm C�tm ����� CU�Q hQ�

��N �
�
��f

����c���
�

����

TB �CU� QDmJwm � R� 	�� �

��
� xR�� QO xm CU� Twv�Um Q��Q� Twv�U sHvB jDWt

��N �
�
�� ����� �

�
��� ����

�D �� QkD �Q�Wa� �U� � �
������ � �

�
���� xmv�� x� xHwD �� �s�vm xO�iDU� uOQm OvwQ O�O Q�Qk R� Qo �

	OQ�O j���D �ak�w Q�Okt �� Q�Wa� R� TB skQ �

�

x
��Q� � p�Ft QO xOt� CUOx� k xHQO Qwr�D ��xrtH OvJ R� s�y�wN�t O�vm ZQi �	 p�Ft

CQwY x� �Q �

����
	s�vm xO�iDU�

�� �
���

�
�

���
� � � � � ����k �

���k

	O�vR� u�tND �Q �� QkD u�� ���N 	s�vR�t �� QkD

s� Q�O ���� j�� �Sv�Qo q �xOv�t�k�� VwQ R� 	OQm s�y�wN �UQQ� j� Q� wO R� �Q p�Ft u��

��N � �

�k���� f
�k����c��� �

���
�k��

� �

�k�����k � �������k�� �

ck�� �
�

�����k��

TB �s� Q�o�t � Q��Q� CU� GQNt QO xm �Q c ���q�� u�Qm Ci�� ��Q� 	CU� ���� w � u�� c xm

��N � ����k��

��
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xm O�vm xHwD 	OQm x�U�Lt j�kO Qw�x� CU� �UOvy �QU l� xm �Q ��N u�wD�t X�N p�Ft u�� QO

�
���� �

�
� � �

���

�
�X
j��

����j �
���j

OwW�t ���N"� xOv�t�k�� w OvDUy j � k �D �QU u�� CqtH xOW x
�Q� �� QkD u��Q��v�

�X
j�k��

����j������j � ����k��������k��
�X
j��

����j������j

� ����k��������k�� �

�� �

���

� ����k�� �����
�k

���

	CU� Sv�Qo q �xOv�t�k�� R� xOt� CUOx� ��q�� u�Qm R� QDk�kO �tm xm j��Nj � ������k��

����
��

�v�QL� ��kv �UQQ� QO OQ� Q�m ������

QiY�v �v�QL� �x�kv QO ���D swO jDWt xm O�O�t xH�Dv �Dkw �v�QL� ��kv �UQQ� ��Q� swO jDWt uwtR�

QO xm �Dq�L �Q��U� xm s�yO�t s�taD �Qw� �Q swO jDWt uwtR� ���� R� xO�iDU� �� �Hv�� QO 	OW��

�vwtR� �OwyW ��v�t �i��� �QW �mOv� �� CUNv 	OQ�o�t Q� QO OwW�t QiY R�v swO jDWt u�

Q�PBkDWt Q�� �k � �� �I �xR�� QO f � I �� R ���D O�vm ZQi 	s�vm�t x
�Q� OQm s�y�wN x
�Q� xm �Q

QO f �k��a� �� � w OvDUy QiY xty �k � �� �x�DQt �D I �xR�� R� a �vwQO �x�kv QO f C�kDWt �CU�

	OW���t f�a� � f �k��a�
k� �x� a�k pmWx� a �x�kv QO f ���D k �xHQO Qwr�D ��xrtH OvJ CQwYv��

s� Q�O ���� j�� s�yO�t V��tv � x� �Q f �k��a�
k� OOa

f�x� � f�a� � ��x � a�k �
f �k����c�

�k � ���
�x� a�k��

u�vJ �OW�� xDUw�B f �k����x� Qo �� CU� M �v�Qm ��Q�O a �x�kv �m�ORv QO jf �k����c�j O�vm ZQi

Q�	Dv� 	CU� lJwm jx� aj u� ��Q� xm al�ORv x Q�O�kt ��Q� CQwYv�� QO 	�CU� OwHwt �v�Qm

u��Q��v� 	OW�� �x�a�k jr�t QOk R� QDmJwm ��x	Lqt p��k Qw�x� jr�t QOk QO �x�a�k�� s� Q�O

pmW QO 	OW�� f�a� � ��x� a�k x��Wt x � a �m�ORv QO f Q�Owtv ��� QkD pmW s� Q�O Q�	Dv�

��
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�� � � �� � � � xm u�� x� xDU� �umtt Cr�L Q�yJ QO �Q f�a� � ��x� a�k Q�Owtv C�a�w �

st�Um �t a �x�kv QO ���D�OW�� GwR k Qo � xm O�vm xHwD 	s��xO�O V��tv OQi �� GwR k

OQi k �� � � OQi k �� � � GwR k �� � � GwR k �� � �

�O� �G� ��� �hr��

xv a �x�kv �OW�� OQi k �Dkw 	� � � �� � � � xmv�� x� xDU� OQ�O �a�wt swt�v�t ��

	OyO�t Ctqa Q��eD x � a QO �x � a�k xm �Q� R �a�wt swt�v�t xv w CU� �a�wt st�Um �t

xH�Dv �� �� R� ��t�kDUt s��k � �� jDWt OwHw �i��� �QW uwO� u�wD�t �Q �r�t u�� �k�w QO

CiQo

s��k jDWt uwtR	 �
����

��k � �� CU� s��k �x�DQt �D jDWt ��Q�O OwN h� QaD �xvt�O R� a �vwQO �x�kv QO f ���D O�vm ZQi

f �k��a� �� � w OvDUy QiY xty �k � �� �x�DQt �D a �x�kv QO u� C�kDWt

f ��a� � � � � � f �k����a� � �� f �k��a� �� �

CQwYv�� QO

f �k��a� � � xmv��x� xDU�CU��a�wt st�Um �t �� swt�v�tl� a �x�kv OW�� GwR k Qo � �hr��

	f �k��a� � � ��

	�a�wt swt�v�t xv w CU� �a�wt st�Um �t xv a �x�kv �OW�� OQi k Qo � ���

��
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j�� 	f�a� � f �k��a�
k�

�x � a�k CUy a �x�kv QO f ���D k �xHQO OQwr�D ��xrtH OvJ �u�yQ�

����

lim
x��a

f�x�� f�a�� f �k��a�
k�

�x� a�k

�x� a�k
� �

TB

lim
x��a

�
f�x�� f�a�

�x� a�k
�

�
k�
f �k��a�

�
� �

�a l�ORv �i�m xR�Ov�x� x ��Q� u��Q��v� 	CU� C��F �OOa w CU� �ivt �� C�Ft �

k�
f �k��a� �xrtH

f�x� � f�a� TB ��x � a�k � � �OW�� GwR k Qo � 	OW�� f �k��a� Ctqaty O��� f�x��f�a�
�x�a�k

w f�x� � f�a� s� Q�O �f �k��a� � � Qo � xH�Dv QO 	� al�ORv x ��Q�� CU� f �k��a� Ctqaty

l� a w f�x� � f�a� xm OwW�t xH�Dv �f �k��a� � � Qo � w �CU� �a�wt swt�v�t �x�kv l� a

TB �OyO�t Ctqa Q��eD x � a QO �x � a�k �OW�� OQi k Qo � 	CU� �a�wt st�Um �t �x�kv

f �k��a� Ctqa Ovv�ty f�x��f�a�
�x�a�k

Ctqa xm OyO Ctqa Q��eD x � a QO O��� R�v f�x�� f�a�

Ov�wD�tv a w f�x� � f�a� �Qo�O hQ� QO w �f�x� � f�a� �a hQ� l� QO u��Q��v� 	Ov�t� �k��

� 	OW�� �a�wt swt�v�t �� st�Um �t

h� QaD f�x� � x� cos x� x� sinx CQwYx� xm f ���D ��Q� x � � �x�kv C�a�w �
 p�Ft

	O�vm �UQQ� CU� xOW

cos x � R�v w �CU� x w � u�� ��x�kv c� xm sinx � x � x�

��
� x�

��
cos c� s�U� wv�t

s� Q�O 	CU� x�� u�� ��x�kv c� xm �j � x�

�� �
x�

�� cos c�

f�x� � x���� x�

�� �
x�

�� cos c��� x��x� x�

�� �
x�

�� sin c��

� ���

�
�x	 � x��� �

�� cos c� �
�

�� sin c��

�r�e ���

�
�x	 �xrtH �lJwm jxj ��Q� w CU�v QDW�� �

�� �
�

�� R� jr�t QOk QO RDv�QB pN�O CQ��a

w OvDUy QiY xty x � � QO � �x�DQt �D f C�kDWt xm s�v���t q�� �w�UD R� �k�w QO 	CU�

	OQ�O �a�wt st�Um �t l� QiY �x�kv QO f u��Q��v� 	f �	���� � ���

�
����� � �

��
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	O�vm �UQQ� �Q f�x� � �x� � �x���� ���D �v�QL� ��kv �� p�Ft

CUOx� x � ����� �v�QL� �x�kvxU TB �f ��x� � ����x� � �x�

��x � �� s� Q�O

x � ��� xm CU� K��w CQ��a u�� R� w f�x� � x����x������ CWwv u�wD�t �k�w QO 	Ov���t

	C�Ft ��kv Q��U QO w CU� QiY ��kv u�� QO ���D Q�Okt xm �Q� R OvDUy ���D ��Q� �a�wt swt�v�t

st�Um �t �x�kv u�� QO w OW�� xDW�O st�Um �t ����	 QO O��� �CU� xDUw�B xm ����D u�� �Qo�O �iQ� R�

QO �k�w st�Um �t �x�kv x � � ��twRr TB 	OwW QiY O��� f jDWt �CU� �vwQO �x�kv l� ��twRr xm

�rw 	CN�U uWwQ ���OD�� C�	Lqt R� u�wD�t �Q x�kv xU Qy C�a�w ��DQD u�� x� 	CU� ����	

CQwYx� �Q ���D x � � �x�kv QO 	s� Qw��t CUOx� ���� uwtR� x� xHwD �� uwvm � �Q G��Dv u�ty

	s�yO�t �U� x ��yv�wD

f�x� � x����x� ����� � x���

�
����X

j��

	
���
j



xj��������j

�
A

�
���X
j��

����j�������j
	

���
j



x����j

CQ��a u�� R� 	CU� QiY �x�kv QO f ���D ��� � xHQO Qwr�D ��xrtH OvJ ��twRr CU�Q hQ� CQ��a

TB �f �������� � ���������� � � w OvDUy QiY xty � QO !! �x�DQt �D f C�kDWt xm s�v���t

� �x�kv QO Qw�v�ty 	CU� �a�wt swt�v�t l� x � �

f�x� � ��x� �� � ������x� �����

�
���X
j��

	
���
j



�x� ��j�����j�x� �����

�
���X
j��

�����j

	
���
j



�x� ������j

w f �������� � ���������� w OvwW�t QiY x � � QO !! �x�DQt �D f C�kDWt �Hv�� QO ��OOHt
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x � � ��Q� xQNq�� 	CU� �a�wt swt�v�t l� x � �

f�x� � ��x� �� � �������x� ��� ����� � ��x� ��� � �����

�
���X
j��

	
���
j



����j�x� ���j

� �� ����x � ��� � � � �

	O���t CUOx� �a�wt st�Um �t l� w CU� �ivt x � � QO ���D swO jDWt �Hv�� QO
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� �� W�� W�� �.� ��$` �	 K� �4 0� �G�� a�.�. 
�24 0� ��	 ��� ]P^� ����� E�14

����� �

��
� ��

�
�� K� �4 ����� 0 ���;!� 0�>� ]P^� ��$` � ��;!� ����>	 H	=� K� ��

A�23� ��� �4 � E�4� 0�	�	 a�.�. 
�24 0� 	� �%�	�8 
�	 0 �	 
�	 �	 ,��G& �%8	 9�� ��	 ���

!2$ A�@� ����� �	�%& 0� 	� �4A�23� 
�	 �� �E�% 08�-	 	� ���C ���) 7�4]P^� 7�4�����

��� � ��� ]P^� �� 7�4����� A�23� WE���%� 	 	� ��� ]P^� ����� �N	 ���;!� L��M.

��	�� ]P^� ��$` 7�4����� A�23� �M� 0= P��� �� a�.�. 
�24 0� ��	 �
�
	 � �

�
	 � �

�
	 ��	��

� ��� � !4�%���� !&�23� 
�%` �� ���� 0�	�	 A�@I�	 '� �%�	�8 
�	 �N	 �� � �
��

� �

��
	 �� ��;!�

ZE���4

	 �
�

�
	 �

�

��
	 �

�

��
	 �

�

��
	 � � � � � 	���

�

�
�

�

��
�

�

��
� � � ��

��;!� L��M. �� J�. 0 !2$ A�@� ����� !%M� W�
�
	 �� �	 ��	�� !�%4 7� 
�	 A�23�

��;��!� �� �.� 0� B���� H	=� � 0 �	 ��� ��@��� ����� �

�

�� ���� �"1� ��	 !2$ !�%4 Q	�> ���� (�	� �� !%�G� b�� 0= G�5� 0 �	 
;��

A	��	 �� ��;!2� ��6. !��%�<	 �C �	 0 ��� Q�> ,�&'F	 
�	 0� �C !����	� 9�� 
�	 0= M�.

���� �� W���	� !P�P5. L��M. 0 c�	�. �	��2� �	 !&�2�<	 ,��/ 0� �4!%5%� ���� � !P�P5. 0= �%4

��������� �	�� �� �C 0=@�	� � �8�� ���". ���� �� �	�� ,��/ 0� �%8	 9�� 7�'�� Xd � Xe

0� ��65� 0= ���� K� 7	�� Yf�C L��M. c�	� �� �[ ����� 0G�5� !P �8��4� ��; L1 �g3���.

�	 ,��G& ǱT< �4 0 E�% 0�T3. !�	T<	 0� 	� 0���� 0 ��� �4	�> 
�	 Yi �"; �%���[ !%5%� K�

i

www.mohandesyar.com



��5� �� ��2& �	� B�@> � c��. �C 0= %�	� �=��� Wc��. K� �	��2� 0� ��65� 0����

� ���

�=��� K� � c��. �� 0= %�	� �	�%& 0� !I8	 ��5� 7�	�� �=��� K� i �"; �� ��;�� c��. L��M. 0= %�	�

�4	�> 
�	 �� :�4 !P ��F 0� ��	 ��; 0�8�N ��� �� #� c��. L��M. �=��� �	�%& 0� � ��5� 7�	��

�� � �
� �� �=��� W 	 �
� �� �� � �	��2� 0� ��65� 0 + �"; 0= ���� �%��� 7	0���� 0� E��	��� 0 ���

j��1. 0� �T���	 
�	 �� �E�4� �G�� ����� �	�%& 0� 	� 7��& ��	 � � � � � � 
 �	� J>

�E��	��)!� �	����	 ����

� ���

!4�%�� 7	0D�G�� ��O��	 �
� �� !��"� K� �	 ��6I� �E���N!� ��� �� �
� �� 7�	��	� � 0��� �=���

0 7��F 0� �	 �
� �� B�I� �	 � � ���� ��� � � � � ���


 � �� � �� � � � � � �� � �

k	��;	 !��$��	 B�I� �� JI8 0 �% !� 0�T3. !��4������� 0� 	� �
� �� �=��� W�	�8	 �4 a�.�. 
���

0�;	� ��<� � � � !I�I� �	�&	 !%M� W�;�� �	��	� c��. K�  	 �
� �� �� � ��% \�8 ����	�

Z0 �%;��

� � ��� � � � 	 �
� �� �4 7	��

!�b�� �	� 7	�	� ������ ��� 7��  ����I� WE�% ���5� ������ ��� 0� 	�  0= %�	� �N	 ,��/ 
�	 ��

������ ��� 7��  ����I� 0= &�23� W!I�I� �	�&	 ����2. �/	 �GF 
�	���%� ��%��4 
���) �	� �

Z������ ��� �� 	� ��� A�23� �� ��	 �� !%���) �	� 
���N�T� � �� !�b�� �	� 
���"`� 7	�	�

����� �
��

���

��� � ������� � ����� �
��

���

��� � �������

� #$��  ��%	 &	��� ���'� 	� ����� � � !��"� � #$��  ����	( &	��� ���'� 	� �����

�	��2� 0� ��65� b�� �	 7�4��@��� 7�4����� A�23� ����� W�;�� �G^�  !��� �E����!� �

+
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�	�.!� �Y* �";[ �	  �	��2� 0� ��65� 
���) �	 7�4��@��� 7�4����� A�23� ����� � 


�24 7	�� !�b�� a��I. K� 	� ����� � �	��2� ��� ����� 7	�� !%���) a��I. K� 	� �����

��� ��6. �����

� ���

ZE��	� �gMGF W�� ��� ��`

����� � ����� YX[

!.��/ �� �	 � )��*� K� � � E���N!� W�;�� �
� �� ���� �	�8	 K� � � � ���
�
� ��

�
� � � � � ���� �N	

�� 
 � � W�;�� �4 ��� �	 !"� �� �4 0 

ZE��	� �;�� � L���. K� � � �N	 ���	
� ����

����� � ���� �� � ���� �� � ����� Yi[

a�.�. 0� � � � W�%;�� !I�I� �	�&	 �	 �	��	� � !$.�� 0= &�23���� �� 	� � 	 ��% \�8 �����	

� !�b�� �	� 
���"`� a�.�. 0� �� � � � � W	 7	�� !%���) �	� 
���N�T� � !�b�� �	� 
���"`� 

Z0 ��;!� 03��� 	 � 	� �N	 ��� �	� 7	�� !%���) �	� 
���N�T�

�� � � �� �� � Y+[

�	� K� 	� 7	�� !%���) �	� �4 � �	 	 7	�� !�b�� �	� K� 	� 7	�� !�b�� �	� �4 0 	���

� � 0 � B� �� � � � �=�� �� �� � 4 0  �3 �C �	 W�;� � � L��� . K� � � � N	 
 �	� �� % � �	 7	� � ! % � �� )

� � ��"`� � � 7��  !�b�� �	� 
���"`� W�	 � � 0� B���� � �=�� ���� K� �	 7	0&�23����

7���� �� ��N�T� � � 7��  !%���) �	� 
���N�T� � �	 � 7��  !�b�� �	� 
���"`� 7����

� ���;!� 03��� 0�"� 
�	 �	 E"� ��	 � 7��  !%���) �	� 
���N�T�

*
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����C W�	��	� c��. K�  	 �
� �� �� � � �%;�� �
� �� �	�8	 �� � � � �N	 ���	
� ����

����� � ����� Y*[

a.�� A�2�<	 c�	� �� 0 E���N!� ��� �� 	� � � � !��"� �� +	,-� aP@� 
�	 �=�4�1� 7	�� �����	

W� � � l�5D	 W� � ���� ��� � � � � ��� � � � ���� ��� � � � � ��� �N	 !%M� W�	 � � � B�I� ��;

��;�� ��; E�%� 7��M/ a�.�. 0� 0 ��4 �� � �4 �� A�2�<	 W��;!� ��	� (��2� � � 0� 0 

Z YXmX[ �=�	TN �GF n) W�	 � L���. T�� � � L���. � � 0 �	 j-	�

����� � ���� �� � ���� �� � �����

� ���;!� 03��� E"� n) W���� �� � ���� �� WYX[ ���%� ���� !8�F �	

7�4�	�8	 0= 24 0� �G�� 	�  	 �
� �� �� � 7	�� !%���) ��2�� 7�4A�23� 0�P 0= &�23� ���

7�4A�23� 
�	 �	 K� �4 W�;�� �
� �� 7��  7	�� !�b�� �	� K� � �N	 ������� ��� �� 
"2�

�C 0 �	 !�b�� �	� 
���"`� 7	�	� !$.�� 0= &�23� 
�	 n) W�	 ��"`� ���� 
� �	 ��2��

�	� K� � �N	 a�.�. 
�24 0� �E����!� �
� �� 7��  ����	( ���� �� � E�4�!� (��2� � �� 0� 	�

��2�� 7�4A�23� 0= �P 0= &�23� 7	�� !%���) �	� K� ��� � 
� W�;�� �
� �� 7��  7	�� !%���)

0� 0 �	 !%���) �	� 
���N�T� 7	�	� !�b�� ��2�� 7�4A�23� 0= &�23� n) W�	  7	�� !�b��

��"`� 
���) ��2�� A�23� �4 YimX[ �GF ��` �E����!�  ��%	 ���� �� � E�4�!� (��2� � ��
Z0 ��;!� 03��� �	 !�b�� ��2�� A�23� �4 7���� ��
� �

�
 �

� �

�
 Yo[

� �	��2� ��� ����� 7	�� !�b�� a��I. 
���$� 	� � �� �	�.!� 7��GM. 0� �Y
��2. Zp	�` �gI���[

c��. W� �� �
� �
�  0 !.��/ �� ��� ��6.  �	��2� ��� ����� 7	�� !%���) a��I. 
���$� 	� � ��

(��2� � ��  0� 	� k��1� �	�I� � E����!� Y��2�� #�$�� 0�[ ��.(���� �� 	�  	 �
� �� �� � �	��	� 

�E�4�!�

o
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7�	�8	 W� � � �4 7	�	0� �N	 �$%. � �N	 �	 ��R)�	����	  	 �
� �� �� � �	��	� c��. ���	
� ����

Z0 �;�� 0�;	� ��<� �
� �� �	 �

����� � ����� � �

0 �3�C �	 ��;�� 0�;	� ��<� l�8 B�; �� � 7�	�8	 W� � � �4 7	�	0� ��% \�8 �����	

����� �

� �

�
 �

� �

�
 � �����

ZE��	� � � � �4 7	�� 0 E���N!� 03���
� �

�
�

� �

�
 � �

���;!� 03��� � ��  � � ��  7���. W�8�N K`� �	�OD� 0� �	�.!� 	� � � � ��`

�	� 
���"`� � ��  ��` �� ��  �
� �
� !%M� W�	 ��R)�	����	 �
� �� 7��  ��% \�8 n"MD��

0 ��	� ��<� � �	�8	 W� � � �4 7	�� W�	 !%���) ��2�� 7�4A�23� !�b��
� �

�
 � ����� �

�

�

Z0 ��;!� �8�� �
� �� �	 � 7�	�8	 a�.�. 
�24 0�

������

� �

�
 �

�

�

n) W� ��  �
� �
� !D�

������ ����� � �

E��	� XmX �=�	TN �GF n) W�	 � � � �	 !����. W� � � l�5D	 W� � ���

���� ��� ���� �� � �

� ���!� ,�GS	 0� E"� �

e
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ZE�% !� L��M. ,��/ 
�	 0� 	�  	 ����� �� � c��. �� ����

��� �

��
�
� � 	 ���N

� � 	 ���N��

���N�� �	�&	 E4 � ���N �	�&	 E4 ��/�� ��F 0� ������ ��� ������� �4 �� W�;�� ����� �	�8	 K� � �N	


�	���%� ��� � � � �� � � n) W���;!� �8��

����� � � � ����� � �

ZE��	� W���	���� � �	�8	 �4 7	�� J�	� � 
�	 ��`
� �

�
 � � �

� �

�
 � �

����� ��R)�	����	  a�.�. 
���

� 0� ��� �� E��I. �� 	� �� �	�8	 ������� ��� �� W� � � W��� �� �=��� 7�� 	� � � ��� !2$ �� ����

ZE���N!� ��� �� ��	�� 7�4��F �� ����

� 	 � � �� � �� �
�

�
� �� � �

�

�
� � � � � �� � �

�

�
� �

ZE��	� ������ ��� �=������ 7	�� W�	 7��M/ ��� �� 7��  ��`

�� � ��
�� �

�
��� � �� � ��

�

�
���

n)

����� �
��

���

�

�
��
�� �

�
��� �

��

��
�

��
���

��� ���

Za�.�. 
�24 0� �

������ �
��

���

�

�
��
�

�
��� �

��

��
�

��
���

��

Z
�	���%�

������� ������ �
���

�

d
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�=�	TN �GF n) W ��	
�

� � 0 �� 
�2q. �	�.!� � 
�8�N r�T� �� �;�� ��; ��	� � � � �N	 ���

������ � ������ 0 E�4�!� ��1� W� ��  0= G�5� 7	�� ��	 ��R)�	����	 ��� �� 7��  W+mX

��� �� 7��  �	����	 #�<b k��1� �� 
�	 n) W� � �� !��� �%% !� ��� �� K� 0� �� �4

ZE��	� �


���
�� � 
�
�����
���

�
����8 �	 �����	 �� ��	

������ � �����
��� ������� ��

���
� ������ � �����

���� ������ ��

���

7�	�I� ��24 
�	 ��	 � �
�
 �	�I� 0 �%% !� ��� �

�
��� 0� b�� ,��G& �� �4 W� � �� !���

��	�� ���� �� 7�� �	��2� ��� ����� ���I. ���%� 	��� ��C!� ��0� H��2;�	 0= G�5� �	 0 �	

]P^� ����� #� ��$` 0 ��;!� ����� �

�
��� � �

�
��� ��	�� B���� A�@� E3� n) W�	 �

�
���

��	 ��� ���� � ����� W���� ���� H�s� ��

t
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��� �����	 
� �����

����� ���� 	
� ��� ����� �� ��� �� � � ��� �� �� � ������� ������� ���� ���� !��"��� #$%�

�&'(�)� �*+ �� ,��-� ��� .���� / ��� !��"��� ������� )������ 0�1 ��2�� ��3� ���� 4�� ��

������� ���	�
� ��� �����

/ � 5� � ��  !�� " � �� 6��� �� �� � � � ��� � ���� � � 6� � ��� �� �� � � �� + � �� � � � �������

�� �� � � ���� ��

�7'�� &89 / ���� �� �� ��)� ����� � )('�� :�;�� <;7� �� / )�=�� :�;�� <;7� �� ���	
�

� ���)�

/ � 5� � ��  !�� " � �� > ' � � � � 6� ( �� � � ��  !�� " � �� �� � � ��� �� �� � � �� � /� � �� �������

�� �� �� � �� �
� �
� � �

� �
� �

:��� 4���8?� ��� ����� ��� �� @���� A� � � � � �� � �� � � � � � �� � � �'(� B�� ���	
�

� / � 6� � � )('�� :��� 4�����>� / 6� ��

� 6� �

� 6�� C'��� �� �� ������ ��� �/� � / � 6� � � )�=��

D&���� 6&'�� E��;� 	��

� / 	�

� 6	� �� C'��� �� ��

	�

� �	��

� � 	� ��� �� �

� �� ��

� FGH

G
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)�=�� :��� A� � �

� �� ��

� ���)� �7'�� 6������ ��� �� � ���� ���� � � ��

� / ���� � � �

� �� ���@

����� �I���9 ������ ��� �/� � � � )�=�� :��� 4���8?� 4�����(� 6�5� ������ ��� �/� � � � ����

D4�����(� ��5� ������ 	��

� / 	�

� 6	� ���� )$��J� !=��5� ��5� � �

� �� ��

�


����� � 
����� � 
�� � ���� � ��� � ���� � ������ � ������ FKH

/ � ���@���� C5�(� L�3��� �� 62�� 2��� �  � ���� :��)� 6���2�� B�� ��� !��"��� � / � :?

D��� 4'���� �� ��@ ����/����� �

������� 
����� �
�

�
FMH

������ � 
����� �
�

�
FNH

/ � ��� �� ��� O 6�(���)� ������ :�(P;� Q� �/����� /� � / � ,��R� �� � � � ���� !�9

D&'(� �;� �� �$�/����� �S�(�� ���T�U / 2��� 4�>"��� FNH / FMH �� �� � �� 6�

������ ��� � ����� ����� �
���� ��� 
���� ��� � �

�� ��)� �7'�� FKH @� 4�����(�

��� � ��� ���� 
�� � ��� ��� � �

4���8?� >'� / FKH �5�� T�U )�=�� :��� 4�����>� :? 2/VW �� ��5� ��� !��"��� � � � O 

!��"��� / )�=�� !��"��� �� ��)� �7'�� 6�(��� � �� � �
� �
� � ����� /� �� FKH X? T�U )�=�� :���

� ��5�)� Y�*+� �� &89 / �(��� � �� � �
� �
� � ����� /� �� � � � )('�� 
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