
(2) üÎ¡ ý�û´ª�Ú÷

ø ¢�� ¤�¢¤�¡Â� ý��Ñ��õ Û��ì á��� ¥� Ýþ¢Âî ���¤� �µªÁð �b ÆÜ� ¤¢ üÎ¡ ý�ûâ��� ¥� �î üþ�ûñ�·õ

.´Æ�÷ ¢���õ üÎ¡ ý�ûâ��� ö��õ ü÷�À�� ���È� ��ø �î Àª�� ù¢Âî ¢�¹þ� �¤ §�Æ�� ßþ� ´¨� ßØÞõ

ý�ù¢�ãó�ë�ê ý�û´û�±ª ù��ø üÌã� ¥� üÎ¡ ý�ûâ��� �î Àþ¢ Ý�û��¡ ,ÅØäÂ� ,ùÀ�þ� �bÆÜ� À�� ¤¢

�û¢¤ø�µ¨¢ ßþ� ¥� üØþ .´ª�¢ Àû��¡ �õ ý�Â� üÞúõ ý�û¢¤ø�´¨¢ «��¡ ßþ� ü¨¤Â� .À÷¤�¢ Ýû ��

´¨� ñø� ��¤¢ üó�ú¹õ n �b ó¢�ãõ m ù�Úµ¨¢ ×þ ý�û���� ô�Ñ÷ ø ¢��ø ¢¤�õ ¤¢ Ûõ�î ¶½� ö�Øõ�

ùbÀ÷�Þ�ì�� ¤¢ üÎ¡Â�è â���� ü¨¤Â� ý�Â� ý¥�¨���õ¥ ÂÚþ¢ ý¢¤ø�µ¨¢ .´¡�¢Â� Ý�û��¡ ö� �� �î

Ýúõ ý¢�Þ�û¤ Àþ¢ Ý�û��¡ üÎ¡ ý�ûâ��� ¢¤�õ ¤¢ ùÀ�þ� �bÆÜ� À�� ¤¢ �»÷� ,�¹÷� ¤¢ �î ´¨� §¤¢

ü���¥�� �õ ùbÀÞä ¤�î .Ý��îüõ Ýû�Âê üÎ¡ ý�ûâ��� �ãó�Îõ ý�Â� �¤ ���õ¥ �ÆÜ� ßþ� ¤¢ .¢�� Àû��¡

Û��ì ü�¤�¬ �� �¤ �ú÷� ö��î� ø À÷�ùÀª �ÂÎõ Û±ì ��ÆÜ� ¤¢ �î ¢�� Àû��¡ üÞ�û�Ôõ ø Óþ¤�ã� üÌã�

.Ýþ¤ø�üõ ¤¢ ù¢�Ôµ¨�

:Àª�� Âþ¥ ¯Âª ø¢ À��ø �î ü�¤�¬ ¤¢ ´¨� üÎ¡ f : Rn �! R
m â��� .ù¤�Ãð (1-12)

.f(x+ x0) = f(x) + f(x0) ,Rn ¤¢ x0 ø x Âû ý�Â� (Óó�

.f(rx) = rf(x) ,r üÖ�Ö� ¢Àä Âû ø Rn ¤¢ x Âû ý�Â� (�
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f ¢ÂØÜÞä .ÝþÂ�ðüõ ÂÑ÷ ¤¢ �¤ ,A ,ö� �� ÂÒ��µõ ÅþÂ��õ ,Àª�� üÎ¡ f : Rn �! R
m Âð� .��±��

:�¤�¬ �� Rn ¥� x Â¬��ä ýø¤

jf(x)i = Ajxi (1)

:ßþ�Â���� .´¨�
jf(x+ x0)i = Ajx+ x0i

= Ajxi+ Ajx0i üÆþÂ��õ �Â® üÈ¿� ö�÷�ì

= jf 0(x)i+ jf(x0)i

:¤�Ï ß�Þû .´¨� ¤�ÂìÂ� (Óó�) Å�
jf(rx)i = Ajrxi

= r(Ajxi)

.À÷¤�ÂìÂ� f : Rn �! R
m â��� ý�Â� (�) ø (Óó�) ý�û¯Âª À��î Âê ÅØãó�� .´¨� ¤�ÂìÂ� (�) ø

¶½� ¥� .jf(x)i = Ajxi Ýþ¤�¢ ,x 2 Rn Âû ý�Â� �î ¢¤�¢ ¢��ø ,A ,m � n üÆþÂ��õ Ý�û¢ ö�È÷ Àþ��

�� f(e1)ý�û�Ôó�b õ ¥� °��Â� �� üÎ¡ â��� ×þ ÅþÂ��õ ý�ûö�µ¨ �î Ýþ¤ø�üõ ¢�þ �� Û±ì �bÆÜ� ö�þ��

¢¤�õ ¤¢ Àþ�� �î ¢¤�¢ ¢��ø A ÂÑ÷ ¢¤�õ ÅþÂ��õ ý�Â� ü½®�ø ¢Ãõ�÷ ßþ�Â���� ,À÷�ªüõ Û�ØÈ� f(en)

,ö� ô� ��j ö�µ¨ �î ÝþÂ�ðüõ ÂÑ÷ ¤¢ �÷�ð ßþ� �¤ A ÅþÂ��õ .¢Âî ´��� �¤ jf(x)i = Ajxi ý�ä¢� ö�

:Ýþ¤�¢ x = (x1; : : : ; xn) = x1e1 + � � �+ xnen ý�Â� .Àª�� jf(ej)i Â��Â� ,j = 1; : : : ; ný�Â�

jf(x)i = jf(x1e1 + � � �+ xnen)i

= jx1f(e1) + � � �+ xnf(en)i (�) ø (Óó�) Õ±Ï

= jx1f(e1)i+ � � �+ jxnf(en)i

= x1jf(e1)i+ � � �+ xnjf(en)i

= x1(Aje1i) + � � �+ xn(Ajeni)

= Ajx1e1i+ � � �+Ajxneni

= Ajx1e1 + � � �+ xneni üÆþÂ��õ �Â® üÈ¿� ö�÷�ì

= Ajxi
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2 .À¨¤üõ ��±�� �� ÝØ� ø

(�) ø (Óó�) ´�¬�¡ ø¢ ýÂ�ð¤�î�� â��� ×þ ö¢�� üÎ¡ ¥� ù¢�Ôµ¨� ý�Â� Å� ßþ� ¥� °��Â� ßþÀ�

.´Æ�÷ ¯��Âõ ÅþÂ��õ ¼þÂ¬ ßµª�÷ �� ý¥��÷ ø ´¨� üê�î ���

ùbÃ�Ú÷� Àì�ê ø ßû£ ¥� ¤ø¢ ñø� ÂÑ÷ ¤¢ ÓþÂã� ßþ� .Ýþ¢Âî ÓþÂã� �¤ üÆþÂ��õ �Â® Û±ì �bÆÜ� ¤¢

ÂÚ÷�� � âì�ø ¤¢ ÅþÂ��õ ø¢ �Â®Û¬�� �î Àû¢üõ ö�È÷ Âþ¥ ù¤�Ãð üóø ,À¨¤üõ ÂÑ÷ �� É¿Èõ

.´¨� ÂÒ��µõ üÎ¡ ý�ûâ��� °�îÂ�

ù¢�¢ B ÅþÂ��õ �� g : Rm �! R
p ø AÅþÂ��õ �� f : Rn �! R

m üÎ¡ ý�ûâ��� .ù¤�Ãð (2-12)

.´¨� BA Â��Â� g � f : Rn �! R
pÅþÂ��õ �¤�¬ ßþ� ¤¢ .À÷�ùÀª

¥� ù¢�Ôµ¨� �� ö���üõ �¤ °ÜÎõ ßþ� �î ´¨� üÎ¡ â��� ×þ âì�ø ¤¢ g � f �î À��î ���� �fµõÀÖõ .��±��

:¢Âî �Ñ��õ 1-12 ù¤�Ãð

(g � f)(x+ x0) = g(f(x+ x0))

= g(f(x) + f(x0)) ´¨� üÎ¡ f ö��

= g(f(x)) + g(f(x0)) ´¨� üÎ¡ g ö��

= (g � f)(x) + (g � f)(x0)

©ø¤ ß�Þû ��

(g � f)(rx) = g(f(rx))

= g(rf(x)) ´¨� üÎ¡ f ö��

= rg(f(x)) ´¨� üÎ¡ g ö��

= r(g � f)(x)
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:Ýþ¤�¢ .Ý�û¢üõ Çþ�Þ÷ C �� �¤ g � f ÅþÂ��õ .Ýþ¥�¢Â�üõ ù¤�Ãð ý�ä¢� ��±�� �� ñ��

Cjxi = j(g � f)(x)i

= jg(f(x))i

= Bjf(x)i

= Bj(Ajxi)i

= BAjxi üÆþÂ��õ �Â® ýÂþÁ�´îÂª üðÄþø Â����
ÅþÂ��õ ø¢ ,Àª�� Â��Â� üþ�� n ö�µ¨ Âû ¤¢ p� n ÅþÂ��õ ø¢ �Â®Û¬�� Âð� .Cjxi= BAjxi Å�

2 .À�þ�üõ ´¨¢�� �ûÅþÂ��õ ý�ûö�µ¨ �b �Üî ,j = 1; : : : ; n ,x = ej ßµêÂð �� �î �Âþ¥ À÷Â��Â�

×þ Rn ¥� E �b ä�Þ¹õÂ þ¥ ×þ � þ� �î °ÜÎõ ßþ� ö¢Âî Õ�Ö½� ý�Â � ý�ù¢�¨ �b Î��® ùÂ¡�� �

.Ý��îüõ ���¤� ´¨� üÎ¡ ý�ÌêÂþ¥

¯Âª ø¢ Âð� �ú�� ø Âð� ´¨� Rn üÎ¡ ý�ÌêÂþ¥ ×þ Rn ¥� E üú��÷ �b ä�Þ¹õÂþ¥ .ù¤�Ãð (3-12)

:À�ª�� ¤�ÂìÂ� Âþ¥

.´¨� E ¤¢ Ã�÷ x + x0 ù�Ú÷� ,À�ª�� E ¤¢ x0 ø x ù�ðÂû (Óó�

.´¨� E ¤¢ Ã�÷ rx ù�Ú÷� ,r 2 R ø Àª�� E ¤¢ x ù�ðÂû (�

.´¨� ¤�¢¤�¡Â � ë� ê üðÄ þø ø¢ ¥� Rn ¥� E üÎ¡ ý�ÌêÂ þ¥ Â û Ý � û¢üõ ö�È ÷ ´Æ¿÷ .�� ± ��

,fA1; : : : ; Akg üÎ¡ ý�û°�îÂ � �b ä�Þ¹õ ü�ã þ ,hA1; : : : ; Aki ÛØª � � �¤ E üÎ¡ ý�ÌêÂ þ¥

Û Ø ª � � x0 ø x Å � .Ý þÂ � ðü õ Â Ñ ÷ ¤¢ ,´ ¨� E Â ¬� � ä ü Î ¡ Û Ö µ Æ õ �b ä� Þ ¹ õ × þ � î

:Ýþ¤�¢ ßþ�Â���� .À�µÆû x0 = t0
1
A1 + � � �+ t0kAk ø x = t1A1 + � � �+ tkAk

x+ x0 = (t1 + t0
1
)A1 + � � �+ (tk + t0k)Ak

:¤�Ï ß�Þû .x; x0 2 E ø

r(t1A1 + � � �+ tkAk) = (rt1)A1 + � � �+ (rtk)Ak
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.rx 2 E ø

ö�È ÷ ,Àª� � (�) ø (Óó�) ý�û¯Âª À��ø Rn ¥� E üú�� ÷ �b ä�Þ¹õÂ þ¥ À� � î Âê ÅØãó� �

ÛÖµÆõ �b ä�Þ¹õ ×þ üÎ¡ ý�û°�îÂ� �b ä�Þ¹õ Â��Â� ü�ãþ ,´¨� üÎ¡ ý�ÌêÂþ¥ ×þ E Ý�û¢üõ

Õ±Ï Å� ,´Æû E ¤¢ x ýÂÊ�ä ü�ãþ ´¨� üú��÷ E �î �Âþ¥ 0 2 E Ýþ¤�¢ �fãÎì .Àª��üõ üÎ¡

.¢¤�¢ ¤�Âì E ¤¢ 0 = 0 � x (�)

ÂÔ¬ üÎ¡ ý�ÌêÂþ¥ �÷�Úþ E ¢�¢¤�Âì Õ±Ï �î E = f0g ü�ãþ ,Àª�� �µª�À÷ ýÂÚþ¢ �Ìä E Âð�

,�û rA1 ü�ãþ ,A1 �¤�Ìõ �Þû ,(�) Õ±Ï ,Àª�� E ¤¢ A1 6= 0 ýÂÚþ¢ �Ìä Âð� .´¨� Rn ýÀã�

üÎ¡ ý�ÌêÂþ¥ ×þ E ,E = hA1i ü�ãþ ,Àª�±÷ E ¤¢ ýÂÚþ¢ �Ìä Âð� ñ�� .À�µÆû E ¤¢ ,r 2 R

�¹�µ÷ ¤¢ ø ,´Æ�÷ A1 �ÂÌõ �î ¢¤�¢ ¢��ø E ¤¢ A2 ýÂÊ�ä �¤�¬ ßþ� Â�è ¤¢ .´¨� ýÀã� ×þ

,À÷¤�¢ ¤�Âì E ¤¢ A2 ø A1 üÎ¡ ý�û°�îÂ� �Þû ,(�) ø (Óó�) Õ±Ï .´¨� üÎ¡ ÛÖµÆõ fA1;A2g

.hA1; A2i � E ü�ãþ

�î ¢¤�¢ ¢��ø E ¤¢ A3 ýÂÊ�ä ,�÷Âð ø ,´¨� ùÀª ´��� ÝØ� �î Àª�� E �b Þû hA1; A2i Âð�

üÎ¡ ý�û°�îÂ� �b Þû .ÝþÂ�ðüõ ¤�î�� �f¢À¹õ �¤ ��� ñ�Àµ¨� .´¨� üÎ¡ ÛÖµÆõ fA1;A2;A3g

,Àª� ± ÷ E �Þû hA1; A2; A3i �î ü�¤�¬ ¤¢ .À �ª� � E ¤¢ À þ� � ,(�) ø (Óó�) Õ±Ï ,A1;A2;A3

R
n ¤¢ �Âþ¥ À¨¤ �¹�µ÷ �� ô�ð n Â·î�À� ¤¢ Àþ�� ñ�Àµ¨� ßþ� .ùÂ�è ø Ý��îüõ ��¿µ÷� A4 ýÂÊ�ä

Û�ØÈ� 0 ¥� ÍÖê E Âð� ßþ�Â���� .Àª�� �µª�¢ �Ìä n ¥� Ç�� À÷���üÞ÷ üÎ¡ ÛÖµÆõ �b ä�Þ¹õ ×þ

��±�� �� ÝØ� ø hA1; : : : ; Aki = E �î Ý�¨¤üõ �¹�µ÷ ßþ� �� ,1 � k � n ,k üõ�ð ¤¢ ,Àª�� ùÀÈ÷

2 .À¨¤üõ

üÎ¡ ý�û�ÌêÂþ¥ \ö¢�� ¼ÎÆõ"ý¢�úª ùbÀþ� ö¢�� ¤�ÂìÂ� À�þ�� üä�÷ ù¤�Ãð ßþ� �î À��î ����

E ¤¢ x0 ø x Âð� ø ,´¨� âì�ø E ¤¢ üõ�Þ � � � x ø 0 ¥� �¤Áð Í¡ Àª� � E ¤¢ x ý��ÎÖ÷ Âð� .´¨�

E ý�Â� ¯Âª ø¢ ßþ� Âð� ,ù¤�Ãð ôø¢ ´ÞÆì Õ±Ï .´¨� âì�ø E ¤¢ x0 ø x ,0 ¥� �¤Áð �½Ô¬ ,À�ª��

.´¨� Rn �Ìä k üÎ¡ ý�û°�îÂ� �b Þû ¥� ÛØÈµõ E �î ¢Âî ÝØ� ö���üõ À�ª�� ¤�ÂìÂ�
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