
(4) üÎ¡ ý�û´ª�Ú÷

ý�µÆõ ý�û�ÌêÂþ¥ ýø¤ üÎ¡ ý�ûâ��� ¢ÂØÜÞä ¥� üãõ�� ´±Æ÷ �� Âþ�Ê� ÝþÀþ¢ Û±ì �ÆÜ� ¤¢ �»÷�

üóø À ÷Àªüõ ¯� �Â õ üÎ¡ ý�û�ÌêÂ þ¥ � � Ý � Ö µÆõ ¤�Ï �� �fÂ ·î� ùÀª Âî£ ý�ûù¤�Ã ð .Àû¢üõ

:ù¤�Ãð ßþÂ¡� �f ·õ .´Æ�÷ ¤��ª¢ ý�µÆõ ý�û�ÌêÂþ¥ ¢¤�õ ¤¢ ´¨¤¢ ýÂ�ð�¹�µ÷

dim(E) = dim(f(E)) + dim(E \ ker f) (1)

ü�ãþ ,Àª�� E ý¥��õ ø Àã±Þû ý�µÆõ ý�ÌêÂþ¥ ×þ E0 Âð� .´¨� ¤�ÂìÂ� E üÎ¡ ý�û�ÌêÂþ¥ ý�Â�

Â þ�Ê�) dimf(E0) = dim f(E) �î Ý� ÷�¢üõ �ØÜ � ,´Æ�÷ �ÂÎõ E 0 \ ker f ÂÚþ¢ ,E0 = p + E

Å� ,(´¨� Àã±Þû ø ý¥��õ ,Àã±Þû ý¥��õ ý�µÆõ ý�û�ÌêÂþ¥

dim(E0) = dim f(E0) + dim(E \ ker f) (2)

.´¨� f ¢ÂØÜÞä Â�� ¤¢ E0 Àã� ´ê� ùÀ��îß��ã� ,�µÆû �� 0 �� E0 �b µê�þñ�Öµ÷� í�Âµª� Àã� �¹�þ� ¤¢ ü�ãþ

.Ýþ¢Âðüõ ¥�� Û±ì �bÆÜ� ñ�·õ �� ,ÂîÁ� ßþ� �� ���� ��

ßþ� �b µÆû .Ý��îüõ ü¨¤Â� �¤

2
64
�1 1 0

2 1 �1
�5 1 �2

3
75ÅþÂ��õ �� �¤ f : R3 �! R

3 üÎ¡ â��� .ñ�·õ

×þ �� �µÆû Ûõ�ª ýÀã�ø¢ üÎ¡ ý�û�ÌêÂþ¥ �î ÝþÀþ¢ .´¨� x1
1

= x2
1

= x3
3
´¨�¤ Í¡ â���

�½Ô¬ üõ�Þ � � � À ÷¤�¢ í�Âµª� �µÆû � � 0 ¤¢ ÍÖê �î ýÀã�ø¢ üÎ¡ ý�û�ÌêÂ þ¥ ø ´¨�¤ Í¡

ý�µÆõ ý�ÌêÂþ¥) Àª�� R3 ¤¢ ù��¿ó¢ �b½Ô¬×þ F Âð� ñ�� .À÷�ªüõ �µª�Ú÷ x1 � 2x2 + x3 = 0
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F0 Âð� .ÝþÂ�Ú� ÂÑ÷ ¤¢ �¤ ,F0 ,�bÀ±õ �� ö� �b µê�þ ñ�Öµ÷� Àþ�� ö� Âþ�Ê� Àã� ß��ã� ý�Â� ,(ýÀã�ø¢

,�¤�¬ ßþ� Â�è ¤¢ .¢�ªüõ ´¨�¤ Í¡ ×þ F Âþ�Ê� ,Àª�� �µÆû ý¥��õ F ü�ãþ ,Àª�� �µÆû Ûõ�ª

¯�Î¡ Âþ�Ê� ´�ã®ø ö��î� .¢�ªüõ ýÀã�ø¢ ö� Âþ�Ê� ø ´¨� íÂµÈõ 0 ¤¢ ÍÖê �µÆû �� F0

L0 ´¨�¤ Í¡ �� ¢�ª ÛÖµ�õ �bÀ±õ � � L´¨�¤ Í¡ Âð� .Ý� �îüõ ü¨¤Â � f Â �� ´½� �¤ R3 ´¨�¤

�� L0 �þ ø ´¨� �µÆû ý¥��õ ´¨�¤ Í¡ ×þ L�¤�¬ ßþ� ¤¢ �î ,´¨� �µÆû Â��Â� �þ L0 ,Àþ� ´¨¢��

ö� Âþ�Ê� ôø¢ ´ó�� ¤¢ ø ¢�ªüõ �ÎÖ÷ ×þ L Âþ�Ê� ñø� ´ó�� ¤¢ .´¨� íÂµÈõ 0 ¤¢ ÍÖê �µÆû

.´¨� ´¨�¤ Í¡ ×þ

üÎ¡ â��� Å� .Ýþ¥�¢Â�üõ �µªÁð �bÆÜ� ¶½� ¢¤�õ ¤¢ üÜ�ÞØ� �µØ÷ À�� Âî£ �� ö��î�

f : Rn �! R
m

.´¨� ÂÑ÷ ¢¤�õ

´ó�� ßþ� ¤¢ .ker(f) = f0g �î ´¨� ßþ� f ö¢�� ×þ �� ×þ ý�Â� üê�î ø ô¥� üÏÂª (1-14)

.n � m �fõøÃó

Âê ñ�� .´Æ�÷ ×þ �� ×þ f ,f(x) = f(0) = 0 ö�� ,Àª�� �µÆû ¤¢ x 6= 0ýÂÊ�ä Âð� .��±��

ü�ãþ ,f(x1� x2) = 0 �î ÝþÂ�ðüõ �¹�µ÷ ´¨� üÎ¡ f ö�� .f(x1) = f(x2) ø ker f = f0g À��î

´ó�� ßþ� ¤¢ .À¨¤üõ ��±�� �� ö¢�� ×þ �� ×þ ø x1 = x2 Âê Õ±Ï Å� ,x1 � x2 2 ker(f)

2 .n � m �î ÝþÂ�ðüõ �¹�µ÷ ,f(Rn) � Rm ö�� ø ,dim(f(Rn)) = n

:Ýþ¤�¢ E = Rn üµìø ,(1) ñ�õÂê ¤¢

n = dim(f(Rn)) + dim(ker(f))

:ßþ�Â���� .n = m+ dim(ker(f)) ü�ãþ ,f(Rn) = Rm �î ´¨� ßþ� ñ¢�ãõ f ö¢�� �ª��
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´ó�� ßþ� ¤¢ .dim(ker(f)) = n�m �î ´¨� ßþ� f ö¢�� �ª�� ý�Â� üê�î ø ô¥� üÏÂª (2-14)

2 .n � m �fõøÃó

¢�ªüõ �¹�µ÷ (2-14) ø (1-14) ¥� ,m = n ´ó�� ¤¢ ü�ãþ ,f : Rn �! R
n ý�ûâ��� ý�Â�

:�î

2 .Àª�� �ª�� Âð� �ú�� ø Âð� ´¨� ×þ �� ×þ f : Rn �! R
n üÎ¡ â��� (3-14)

â��� ö¢�� �ª�� ø ×þ �� ×þ (öø¤�ø) §�Øãõ â��� ¢��ø ý�Â� üê�î ø ô¥� üÏÂª �î Ý�÷�¢üõ

f�1 : Rn �! R
n üã��� ,Àª�� (�ª�� �f ¢�ãõ) ×þ �� ×þ f : Rn �! R

n üµìø °��Â� ßþÀ� .´¨�

�î ¢¤�¢ ¢��ø

f�1(f(x)) = x ; f(f�1(x)) = x

¢��ø x2 ø x1 ,´¨� �ª�� f ö�� .y1; y2 2 Rn À��î Âê .´¨� üÎ¡ Ã�÷ f�1 �î Ý��îüõ �ä¢�

ßþ�Â���� .y2 = f(x2) ø y1 = f(x1) �î À÷¤�¢

f�1(y1 + y2) = f�1(f(x1) + f(x2))

= f�1(f(x1 + x2)) ´¨� üÎ¡ f ö��

= x1 + x2

= f�1(y1) + f�1(y2)

,Àª�� üÖ�Ö� ¢Àä ×þ r ø y = f(x) Âð� °��Â� ß�Þû ��

f�1(ry) = f�1(rf(x))

= f�1(f(rx)) ´¨� üÎ¡ f ö��

= rx

= rf�1(y)

,Àª�� f üÎ¡ â��� ÅþÂ��õ A Âð� .¢�ªüõ ��Æ�õ ,B ,n� n üÆþÂ��õ ö� �� ,´¨� üÎ¡ f�1 ö��

ü÷�Þû â��� 1Rn ö� ¤¢ �î f�1 � f = 1Rn ø f � f�1 = 1Rn Ýþ¤�¢ .Ý��îüõ ü¨¤Â� A �� �¤ B �bÎ��¤
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�Â®Û¬�� �� ÂÒ��µõ üÎ¡ ý�ûâ��� °�îÂ� ø ´¨� In Â��Â� 1Rn ÅþÂ��õ �î �¹÷� ¥� .´¨� Rn

:Ýþ¤�¢ ,´¨� ¯��Âõ ý�ûÅþÂ��õ

BA = In ; AB = In

Çþ�Þ ÷ A�1 �� �¤ ö� �f �Þã õ ø ¢�ªüõ ùÀ÷��¡ AÅþÂ �� õ §�Øãõ � þ öø¤�ø B ÅþÂ �� õ ß���

.Ý�û¢üõ

×þ ý�û���� ¢¤�õ ¤¢ ¶½� �� �¤ ü¨À�û Û��Æõ üÌã� ö���üõ �÷�Ú� Àû¢üõ ö�È÷ Âþ¥ ñ�·õ

.´Æ� ý¤�þ �ó�bÆõ Û� ¤¢ ë�ê °ó�Îõ ¥� Å³¨ ø ¢Âî ÛþÀ±� ×þ ��¤¢ �b ó¢�ãõ ù�Úµ¨¢

:Ý�û¢üõ ö�È÷ .À�µÆû R4 ¤¢ (ýÀã�ø¢ ý�µÆõ ý�ÌêÂþ¥) �½Ô¬ ø¢ E2 ø E1 À��î Âê .ñ�·õ

E2 ý¥��õ �b ½Ô¬ ×þ E0

2
ø E1 ý¥��õ �b ½Ô¬ ×þ E0

1
ø Àª�� �ÎÖ÷ ×� ×þ E1 \E2 Âð� (Óó�)

.´¨� �ÎÖ÷ ×� ×þ Ã�÷ E0

1
\ E0

2
ù�Ú÷� ,Àª��

¢��ø ,E2 ý¥��õ E 0

2
ý��½Ô¬ ø E1 ý¥��õ E0

1
ý��½Ô¬ ,Àª�� ´¨�¤ Í¡ ×þ E1 \E2 Âð� (�)

.´¨� üú� E0

1
\ E0

2
�î À÷¤�¢

�½Ô¬ E2 ø ,üÎ¡ ÛÖµÆõ fA1; A2g ,Àª�� A2 ø A1 ��¥��õ �� p ¥� �¤Áð �b½Ô¬ E1 À��î Âê

íÂµÈõ �bÎÖ÷ ×þ �fÖ�ì¢ E2 ø E1 �î ßþ� .üÎ¡ ÛÖµÆõ fB1;B2g ø ,B2 ø B1 ��¥��õ �� q ¥� �¤Áð

üÖ�Ö� ¢�Àä� ¥� (s1; s2; t1; t2)ý¢Âê �� ÂÊ½�õ üþ��¤�ú� �î ´¨� ö��� Û��ì �¤�¬ ßþÀ� À÷¤�¢

:�î ¢¤�¢ ¢��ø

p+ s1A1 + s2A2 = q + t1B1 + t2B2 (3)

Ý � Æ þ� ÷ü õ .À � µ Æ û ü þ� �¤� ú � ü � ã þ ,R4 Â ¬� � ä � Þ û p; q;A1;A2;B1;B2 ñ� �

,A2 = (a12; a22; a32; a42) ,A1 = (a11; a21; a31; a41) ,q = (q1; : : : ; q4) ,p = (p1; : : : ; p4)

éÂÏ ø¢ ô¤�ú� �� ñø� ý�û�Ôó�b õ Âð� Å� ,B2 = (b12; b22; b32; b42) ,B1 = (b11; b21; b31; b41)
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:¢�ªüõ Û¬�� Ý�û¢ ¤�Âì Â��Â� �¤ (3)
8>>>>>>>><
>>>>>>>>:

p1 + s1a11 + s2a12 = q1 + t1b11 + t2b12

p2 + s1a21 + s2a22 = q2 + t1b21 + t2b22

p3 + s1a31 + s2a32 = q3 + t1b31 + t2b32

p4 + s1a41 + s2a42 = q4 + t1b41 + t2b42

(4)

Û¬�� Âþ¥ ù�Úµ¨¢ ,´¨�¤ ´Þ¨ �� ��Þ� Âþ�¨ ø ²� ´Þ¨ �� s1; s2; t1; t2 ý�¤�¢ ��Þ� ñ�Öµ÷� ��

:¢�ªüõ
2
6664

a11 a12 �b11 �b12
a21 a22 �b21 �b22
a31 a32 �b31 �b32
a41 a42 �b41 �b42

3
7775

2
6664

s1
s2
t1
t2

3
7775 =

2
6664

q1 � p1
q2 � p2
q3 � p3
q4 � p4

3
7775 (5)

×þ ÍÖê E2 ø E1 �Ø�þ� .À�îüõ ÓþÂã� f : R4 �! R
4 üÎ¡ â��� ×þ ²� ´Þ¨ 4�4ÅþÂ��õ

(q � p) �bÎÖ÷ �� R4 �bÎÖ÷ ×þ �ú�� ø ×þ �î ´¨� ö��� Û��ì �¤�¬ ßþÀ� À�ª�� �µª�¢ í�Âµª� �b ÎÖ÷

¥�Â� ý�û�ä�Þ¹õ �b Þû �î Ý�÷�¢üõ .´¨� ý�Ìä ×� f�1(q � p) ,¥�Â� �b ä�Þ¹õ ,¢�ªüõ �µª�Ú÷

´¨� f0g Â��Â� �µÆû ´ó�� ßþ� ¤¢ Å� .À�µÆû ý¥��õ Ýû �� ø À�þ�üõ ´¨¢�� �µÆû ñ�Öµ÷� ¥� üú��÷

ßþÃÚþ�� ý¥��õ ý�ÌêÂþ¥ ø¢ ,E2 ø E1 ý�� �� Âð� ñ�� .´¨� �ª�� ø ×þ �� ×þ f �¹�µ÷ ¤¢ ø

���� �f¢À¹õ ,´¨� �ª�� ø ×þ �� ×þ f �î �¹÷� ¥� üóø ,¢�ªüõ �ä (5) ´¨�¤ éÂÏ ÍÖê ,Ý��î

Ã�÷ ý¥��õ ý�ÌêÂþ¥ ø¢ í�Âµª� ü�ãþ ,Àþ�üõ ´¨¢�� ù�Úµ¨¢ ý�Â� (s1; s2; t1; t2)ý¢Âê �� ÂÊ½�õ

.´¨� �ÎÖ÷ ×� ×þ

°ÜÎõ ßþ� ,üÎ¡ ý�ûâ��� ö��¥ �� .´¨� ´¨�¤ Í¡ ×þ E1 \ E2 ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ üµó�� ö��î�

�î ¢�ªüõ �¹�µ÷ .´¨� ýÀã� ×þ f�1(q� p) ¥�Â� �ä�Þ¹õ �î ¢Âî ö��� �¤�¬ ßþ� �� ö���üõ �¤

(3-14) Õ±Ï ø ´Æ�÷ ×þ �� ×þ f ßþ�Â���� .´¨� ýÀã� ×þ f : R4 �! R
4 üÎ¡ â��� �b µÆû

üú� ö� �� ��Æ�õ ¥�Â� �bä�Þ¹õ �î ¢Âî ¤��µ¡� ý¤�Ï ö���üõ �¤ (5) ´¨�¤ éÂÏ ßþ�Â���� .´Æ�÷ �ª��

�� �î ßþ� �¹�µ÷ .À�¨¤ ý��ÎÖ÷ ß��� �� ö���üõ ,q°¨��õ Â��ç� ø pßµª�Àû�Ú÷ ´��� �� �f ·õ .Àª��
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.À�¨¤ âÏ�Öµõ Â�è �b½Ô¬ ø¢ �� ö���üõ E2 ø E1 °¨��õ ý¥��õ ñ�Öµ÷�

�¤ üÎ¡ ��¢�ãõ ý�ûù�Úµ¨¢ �� ¯��Âõ ý�ûñ��b ¨ ý¤��Æ� �î Àû¢üõ ö�È÷ ü��¡ �� ��� ñ�·õ

m üÜî ù�Úµ¨¢ .¢�¢ ���� Ýþ�ù¢Âî °Æî üÎ¡ ý�ûâ��� ¢¤�õ ¤¢ �î ü��ä�Ï� ×Þî �� ö���üõ ö��î�

:ÝþÂ�ðüõ ÂÑ÷ ¤¢ Âþ¥ �¤�¬ �� �¤ ×þ ��¤¢ üó�ú¹õ n �b ó¢�ãõ
8>>>><
>>>>:

a11x1 + � � �+ a1nxn = b1

: : :

am1x1 + � � �+ amnxn = bm

(6)

:�¬�¡ ¤�Ï �� �þ

Ajxi = jbi (7)

,Àª�� ùÀª Û�ØÈ� ÂÔ¬ ¥� ´¨�¤ éÂÏ ø ��� À�÷�õ ö� ²� éÂÏ �î üû�Úµ¨¢ .A = [aij ] ö� ¤¢ �î

:À�õ�÷üõ (7) �þ (6) �� �µÆ��ø (Å÷�¹µõ �þ) ßÚÞû ù�Úµ¨¢

Ajxi = j0i (8)

:À�îüõ �¬�¡ �¤ üÎ¡ ý�ûâ��� �b¨À�û ø ��� ��¢�ãõ ý�ûù�Úµ¨¢ Û� Â±� ß�� �bÎ��¤ Âþ¥ ñøÀ�

�¨À�û Â±�
b ��Æ�õ ¥�Â� �bä�Þ¹õ ßµê�þ ùÀª ù¢�¢ b ý�Â� (6) Û�

b �� ��Æ�õ ¥�Â� �bä�Þ¹õ ö¢�� üú��÷ ùÀª ù¢�¢ b ý�¥��� ���� ¢��ø
f üÎ¡ â��� ö¢�� �ª�� b Âû ý�¥��� ���� ¢��ø

f0g = �µÆû ¢��ø �¤�¬ ¤¢ ���� üÚ÷�Úþ
�µÆû ßµê�þ ßÚÞû ù�Úµ¨¢ Û�

Âþ¥ ¤¢ ¢�¢ ���� üÎ¡ ý�ûâ��� �b ¨À�û �� Û¨�� �� ö���üõ ö��î� �î �¤ ýÂ±� ô�Ø�� ¥� �÷�Þ÷ À��

.À÷�ùÀõ� �ûßþÂÞ� ¤¢ ýÂÚþ¢ ý�ûñ�·õ .Ýþ¤ø�üõ

ù�Úµ¨¢ �î ¢Âî ¤��µ¡� ý¤�Ï �¤ b ö���üõ ,Àª�� �ûñ�ú¹õ ¢�Àã� ¥� Ç�� ��¢�ãõ ¢�Àã� Âð� (4-14)

.Àª�� �µª�À÷ ����
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¢��ø b 2 Rm ü�ãþ ,´Æ�÷ �ª�� ¯��Âõ üÎ¡ â��� 2-14 Õ±Ï �î ´¨� m> n ´ó�� ßþ� .��±��

2 .´¨� üú� f�1(b) �î ¢¤�¢

¤¢ �î x+ x ¥� À��¤�±ä (6) ý�û���� �b Þû ,Àª�� (6) ���� ×þ (x1 ; : : : ; xn) = x Âð� (5-14)

.´¨� ÂÒ��µõ ßÚÞû ù�Úµ¨¢ ���� ×þ x ö�

Å� ,´¨� f �b µÆû ¤¢ x ü�ã þ ,Àª� � ßÚÞû ù�Úµ¨¢ ���� ×þ x Â ð� .f(x) = b Ý þ¤�¢ .�� ± ��

ù�Ú÷� ,Àª�� (6) ¥� ýÂÚþ¢ ���� x À��î Âê ÅØãó�� .f(x+ x) = f(x) + f(x)

f(x� x) = f(x)� f(x) = b� b = 0

2 .x = (x� x) + x´ª�÷ ö���üõ ø ´¨� �µÆû ¤¢ x � x Å�

´ó�� ßþ� ¤¢ �î ÝþÀþ¢ .ÀþÂ�Ú� ÂÑ÷ ¤¢ �¤ (�ó¢�ãõ ¢�Àã� = ñ�ú¹õ ¢�Àã�) m = n Ýúõ ´ó��

,´ó�� ßþ� ¤¢ .f0g = f �µÆû ,Â þÁ �öø¤�ø f ,�ª� � f ,×þ �� ×þ f :À� µÆû ñ¢�ãõ Â þ¥ Íþ�Âª

���� ,²� ´Þ¨ ¥� A�1 ¤¢ (7) éÂÏ ø¢ ö¢Âî �Â® �� ø ´¨� ÂþÁ�öø¤�ø Ã�÷ ,A ,¯��Âõ ÅþÂ��õ

:Àþ�üõ ´¨¢�� ù�Úµ¨¢ (¢Âê �� ÂÊ½�õ)

jxi = A�1jbi (9)
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