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CHAPTER 9. SEQUENCES, SERIES,
AND POWER SERIES

Section 9.1
(page 478)

Sequences and Convergence

2n? 2 8 9 .
——— ¢ =132— ————¢ =131, =, =, ...} is bounded,
n?+1 n?+1 55
positive, increasing, and converges to 2.

2n _ 4 3 8
n2+1f |55t
decreasing, and converges to O.

} is bounded, positive,

(=" 7 13 . »

4 — =15, =, —, ...t is bounded, positive, and
n 23

converges to 4.

1 1 1
sin—¢ = {sinl,sin| = ),sin|{ = },...¢ is bounded,
n 2 3

positive, decreasing, and converges to 0.

n?—1 1 3 815
={n—-{=102,2 =, ...
n n 23 4

below, positive, increasing, and diverges to infinity.

n 2 3
e_} = {E, (i) , (i) , } is bounded, positive,
" To\T b4

decreasing, and converges to 0, since e < 7.

} is bounded

el e n .
—n”/z} = i(ﬁ) } Since e//m > 1, the sequence

is bounded below, positive, increasing, and diverges to
infinity.

(—l)”n}_ -1 2 -3

e _{6’62’63"'
ing, and converges to 0.

} is bounded, alternat-

{2" /n™} is bounded, positive, decreasing, and converges
to 0.

aH? 1 2 3 n 1\"
(2n>!_n+1n+2n+3"'ﬂf<§>'
ntl (n+ 1)

a,  @n+2)2n+1)

a
Also,

1
< 7 Thus the sequence

N2

{ g ; ) } is positive, decreasing, bounded, and convergent
n)!

to 0.

{ncos(nm/2)} = {0, -2,0,4,0, —6, ...} is divergent.
sinn . sin2 sin3
[ ] = {sinl, —, —, .
n 2 3
verges to 0.

. } is bounded and con-

{1,1,-2,3,3,-4,5,5, -6, ...} is divergent.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

SECTION 9.1 (PAGE 478)
5
5-m o 5T 2
lim = lim =
3n—17 7 3
3~
n
4
n?—4 =
lim 5 = lim ’51 = 00.
n+ 142
1
2 —
lim — - =lim —- = 0.
n’ + 1_|__3
n
n
lim(—1)" 0.
im(—1) PR
2 1
. n? — 2ﬁ+ 1 nJn n2 1
lim =1 = —
1 —n—3n2 1 1 3
- == 3
n n
e — e 1— e—Zn
lim— =lim— =
e 4 e 1+ e—Zn
. ! . sinx COS X
limnsin— = lim —— = lim = 1.
n x—0+ X x—0+ 1
_3 n _3 n
lim (" ) — lim (1 n —) — ¢=3 by I'Hopital’s
n n

Rule.
. n . X
lim — = lim ———
Inn+1) x—ooln(x +1)

n+1—n

lim(v/n+1—+/n) =lim———— =0
i+ 14+ .n
n? — (n?® — 4n)
lim(n—\/n2—4n) =lim —— =
n++/n?—4n
I dn I 4 2
= lim = um = .
n++/n?—4n
1+,/1——
n
lim(vVn2+n—+vn2—-1)
! n24+n—mr-1
= lim
JEn 1
. n—+1
= lim
/ 1 1
n n
1
1+ - 1
= lim n =
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SECTION 9.1 (PAGE 478)

—1\"
26. If a, = (” ) . then
n+1

. . n—1\" n n
lima, = lim
n n—+1
1\" 1\"
zlim(l——) /lim(1—|——>
n n

-1
¢ -2

= ——— =

(by Theorem 6 of Section 3.4).

1-2-3---n)(1-2-3---n)
1-2:3---n-n+1)-n+2)---2n

_ oy _

27. ay = -
=2

1 2 3 n_o_ 1\"
T n+1 n+2 n+3 n+n —\2/)
Thus lima, = 0.

2
n
28. We have lim —— = 0 since 2" grows much faster than n?
n

4
and lim - = 0 by Theorem 3(b). Hence,
n!

29. a, = T2 = 0<a, < @@/4)". Since n/4 < 1,

therefore (7/4)" — 0 as n — oo. Thus lima, = 0.
30. Leta; =1 and ay41 = /1+2a, forn =1,2,3,....

Then we have a; = V3 > ar. If ax+1 > ay for some k,
then

ars2 = /1 + 2ak1 > 1+ 205 = a4

Thus, {a,} is increasing by induction. Observe that
a; <3 and a» < 3. If ar < 3 then

ak+1:\/1+2ak<\/1—|—2(3):ﬁ<\/§:3'

Therefore, a, < 3 for all n, by induction. Since {a,}
is increasing and bounded above, it converges. Let
lima, = a. Then

a=vV1i+2a=a*-2a—-1=0=a=1++2.

Since a = 1 — +/2 < 0, it is not appropriate. Hence, we
must have lima, = 1 + /2.

31. Leta; =3 and ayy) = /15+2a, forn =1,2,3,....
Then we have a = V21 > 3 = a;. If axy1 > ai for
some k, then

arsr = 154+ 24511 > 154 2a; = agy 1.
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Thus, {a,} is increasing by induction. Observe that
a; <5and ap < 5. If ap <5 then

ars1 =15+ 2ar < /15 +2(5) =25 =5.
Therefore, a, < 5 for all n, by induction. Since {a,}
is increasing and bounded above, it converges. Let
lima,, = a. Then

a=+V154+2a=d*-2a—15=0=a=-3, ora=>5.

Since a > aj, we must have lima, = 5.

1\" 1
Leta, =1+ — solna, =nin{ 1+ — ).
n n

1
a) If f(x) :xln(l + —) =xIn(x + 1) — x Inx, then
X

Fl)=In(x+ 1)+ x—fr - —Inx—1

(x+1> 1

=1In —

X x+1
gy 1

_/); T_x—|—1

1 x+1 1
> / dt —
x+1J; x+1

1 1
_ =0
x+1 x4+1

Since f’(x) > 0, f(x) must be an increasing func-
tion. Thus, {a,} = {e/ ")} is increasing.

b) Since Inx <x — 1,

1 1
lnak:kln<1+z>§k(l+z—l):1

which implies that a; < e for all k. Since {a,} is
increasing, e is an upper bound for {a,}.

Suppose {a,} is ultimately increasing, say a,+; > a, if
n>N.

Case I. If there exists a real number K such that a, < K
for all n, then lima, = a exists by completeness.

Case II. Otherwise, for every integer K, there exists

n > N such that @, > K, and hence a; > K for all

j = n. Thus lima, = oo.

If {a,} is ultimately decreasing, then either it is bounded
below, and therefore converges, or else it is unbounded
below, and therefore diverges to negative infinity.

If {|a,|} is bounded then it is bounded above, and there
exists a constant K such that |a,| < K for all n. There-
fore, —K < a, < K for all n, and so {a,} is bounded

above and below, and is therefore bounded.
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= 0. Given any ¢ > 0,
N (€) such that if
< €. In this case

Suppose lim,—, o |an|
there exists an integer N =
n > N, then ||a,| — 0]

lan — O = |an| = |lan| — 0| < €, s0 lim,— 00 ap = 0.

a) “If ima, = oo and limb, = L > 0, then
lima, b, = o00” is TRUE. Let R be an arbitrary,

large positive number. Since lima, = oo, and

L > 0, it must be true that a, > T for n suf-

ficiently large. Since limb,, = L, it must also be

L
that b, > ) for n sufficiently large. Therefore

2R L . .
anb, > — — = R for n sufficiently large. Since

R is arbitrary, lima,b,, = oo.

b) “If ima, = oo and limb, = —o0, then
lim(a, + b,) = 07 is FALSE. Leta, = 1 +n
and b, = —n; then limag, = oo and limb, = —0
but lim(a, + b,) = 1.

¢) “If ima, = oo and limb, = -—o0, then
lima, b, = —o0” is TRUE. Let R be an arbi-
trary, large positive number. Since lima, = oo
and limb, = —oo, we must have a, > VR
and b, < —\/E, for all sufficiently large n. Thus
ay,b, < —R, and lima, b, = —o0.
d) “If neither {a,} nor {b,} converges, then {a, b,} does

not converge” is FALSE. Let a, = b, = (—1)";
then lima, and lim b, both diverge. But

a, b, = (—1)2" = 1 and {a, b,} does converge
(to 1).

e) “If {|a,|} converges, then {a,} converges”
is FALSE. Leta, = (—1)". Then
lim,, 00 |an| = limy— o0 1 = 1, but lim,—, 5 a, does

not exist.
Section 9.2 Infinite Series (page 484)
Lely 1y —11+1+12+
39 27 3 3 3
1 11
3 1_1 2
3
33 3 > 1" 3 12
34— — =) 3(-—- = ==
176 et ,; ( 4) 1+175

10.

SECTION 9.2 (PAGE 484)

> 1
X arom

n=>5
_ 1
T R+m0 T 24+m2 T 24mH
- 1
e+ @+n)? 24wt
1 1 3 1
Q+mt 1 (2—|—7T)8[(2+71)2 - 1]
Q2+ m)?
i O sl (L 2 +
=100 B 1000 1000
5 5000
B 17 999"
1000
i (=5)"  (=5)? N (=5)} N (=5)* N
=~ g2n T g4 86 88
B85 5?
B 64 = 642
25 1 25 25
88 5 64x69 4416
64
1 1 1\? 1 e
Yoa=ltoH () =g = ;
— e e e 1— - e —
e
X Hk+3 ot k 3 4
2 2 8 8
Zk——3:8632(_> -3 .5
k=0 k=0 \°¢ -2 €~

Z}'il w2 cos(jm) = Z;iZ(—l)jnj/z diverges because

limj_wo(—l)jyrj/2 does not exist.

3420
h S diverges to 0o because

3 2]1 + 1 1
lim + = lim 2" ->0.
n—oo 2n+2 n—00 4
o0 o0 o0
342" 1 1\" 1 2\"
> S _§Z(§> +§Z(§>
n=0 n=0 n=0
1 1 n 11 n 1 5
3 19 T2 36
1—— 1— =
3 3
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SECTION 9.2 (PAGE 484)

1 1
(— — —), therefore
n n+2

Sp =

. 3
Thus lim s, = i and Z} m = e

Let

i 1 v
@n—-1DQRn+1) 1x3 3x5 5x7

n=1

Since

1 1/ 1 1
- = (—- , the
2n —1)@2n + 1) 2<2n—l 2n+1>

partial sum is
1 ! 1 +1 1 1 n
) 3)72\37 5
+1 1 1 +1 1 1
2\2n—-3 2n-—1 2\2n—1 2n+1
1 1
=—(1- .
2 2n+1

Hence,

ad 1
; 2n—1@2n+1)

. 1
=lims, = 3

1
Si — , there-
ince P 1) ere

1 1 1
R VT, S C P Ve PR

1 1 1
Gn—-2)Bn+1)  3\3n-2
fore

Sn

W] = =
— X [ =
—
sl —

| —

—

—

—_

1
Thus ¥°, — -
U = Gy =G 1) 3
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Since

1 11 2 N 1
nn+Dm+2) " 2ln n+l n42]

the partial sum is

1 2 1 1/1 2 1
S"=§<1‘z+§>+z(§‘§+z>+“'

1 1 2 1 1/1 2 1

5( n +1)+§<rm+n+z

n
11 1
“2\2 n+1 n+2)

Hence,
ad 1 _ 1
E — = lims, = -
= nn+1)(n+2) 4
Si L_11 therefore th tial
ince P— > il e erefore the partial sums

of the given series exceed half those of the divergent har-
monic series Y (1/2n). Hence the given series diverges
to infinity.
o0
Z —— diverges to infinity since lim —— =1 > 0.
o +2 n+42

1 1

12— >~ forn > 1, we have
n

n
Sl
k=1 k=1

—1/2

Since n~

-

as n — oo (harmonic series). Thus ) n diverges to

infinity.

i LI U U
o+l \2 03 4
since it is just twice the harmonic series with the first
term omitted.
0 if n is even

Thus lim s, does not exist, and > (—1)" diverges.
nn+1)

2
which converges to 2 by the result of

) diverges to infinity

Since 1l 4+24+3+4+---4+n= , the given series

is Zn 1 n I’l + 1)
Example 3 of this section.

The total distance is

24212 3—1—2 3 2+
X — X | —
4 4

242 3 1+3+ 3 2+
— % = z =z
2 4 4
3
:2—}——3:14 metres.
1=2
4
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Fig. 9.2.21
The balance at the end of 8 years is

Sy = 1000[(1.1)8 + (DT + (LD + (1.1)]

(1.H% =1

=1000(1.1)< -

) ~ $12,579.48.

n n
For n > N let s, = Zaj, and S, = Zaj.
j=1 j=N

Then s, = S, + C, where C = ;\/:711 aj. We have

lim s, = lim S, +C:
n— oo n—oo
o

either both sides exist or neither does. Hence Zn:l an
and ) °2  both converge or neither does.

If {a,} is ultimately positive, then the sequence {s,} of
partial sums of the series must be ultimately increasing.
By Theorem 2, if {s,} is ultimately increasing, then either
it is bounded above, and therefore convergent, or else

it is not bounded above and diverges to infinity. Since

> a, = limsy, > a, must either converge when {s,}
converges and lims, = s exists, or diverge to infinity
when {s,} diverges to infinity.

If {a,} is ultimately negative, then the series »_ a, must
either converge (if its partial sums are bounded below),
or diverge to —oo (if its partial sums are not bounded
below).

“If a, = O for every n, then )_ a, converge” is TRUE
because s, = ZZ:O 0 =0, for every n, and so
> a, =lims, =0.

“If > ay converges, then ) 1/a, diverges to infinity” is
FALSE. A counterexample is Y (—1)"/2".

28.

29.

30.

SECTION 9.3 (PAGE 494)

“If > a, and Y_ b, both diverge, then so does
1
> (an + by)” is FALSE. Leta, = — and
n
1
b, = ——,then ) a, = ooand ) b, = —oo but
n
Y (an +by) =) (0)=0.

“If ay > ¢ > 0 for all n, then )_ a, diverges to infinity”
is TRUE. We have

Sp =a1+ay+as+---+a,=c+c+c+---+c=nc,

and nc — oo as n — 0Q.
“If 3" a, diverges and {b,} is bounded, then >_ a, b,

1 1
diverges” is FALSE. Let a, = — and b, =

n n+1°
Then Y a, = ocoand 0 < b, < 1/2. But
1 .
> apb, = > ———— which converges by Example
nn+1)
3.

“If a, > 0 and )_ a, converges, then Zarzl converges” is
TRUE.
Since Y a, converges, therefore lima, = 0.
Thus there exists N such that 0 < a, < 1 forn > N.
ThusO<a3§an forn > N.
n n
If S, = Z a,% and s, = Z ay, then {S,} is increasing
k=N k=N
and bounded above:

M2

Sp <sp < ar < 00.

k=1

o0 o0
Thus Z a,% converges, and so Za,% converges.
k=N k=1

Section 9.3 Convergence Tests for Positive

Series (page 494)

Z ; converges by comparison with Z L since
2 Tl 1 ges by paris 2

0< 5—— < —.

= n?+1 = n?

o0 oo

Z n converges by comparison with Z L since

o nt—2 n3

n=1
n
nt—2

hmf =1,
n3

n+1 P . .
Z o1 diverges to infinity by comparison with

and 0<1 <oo.

n3

1. 41 1
Z—, since > —.

n nd+1 n

351
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4. ”2_; m converges by COmparison with nX_; m 12. nX_; m diverges to lnﬁl’llty since
since B B n2
Iim — =
. n24+n+1 ad 1
lim—— =1, and 0<1 <oo. 13. ——— diverges to infinity by the integral test,
L ;nlnn«/lnlnn s ¥y &
3/2 since

o0 o0 du
.é tlnt\/lnln Inln3 \/—

5. Since sinx < x for x > 0, we have 0 |
14. X_: W converges by the integral test:

sin — | = sin

- 1
n? ~ n?’

7
n /00 dt /°° du if Inl 0

e — <X 1 nina > L.
o thnr(ning)? — fne u?

1 — (=" 1
15. Z # converges by comparison with Z 7
n

0¥
n4

~ 1— (=1 2
—r =

. . 1
converges by comparison with Z =
n

1
sin —
n2

6. Z - converges by comparison with the geometric since 0 < Y =

"= oo n 16. The series

i Z ( ! ) since 0 < ! < !
series — —. n
T a4+ 5 n 1+ ( 1) _ 2 2
e =0+ =40+ —=+0+—+
" Z 2 Nz NG
1 oo o0

7. Since (Inn)® < n for large n, Z Iy diverges to _ 22 12k _ 22 Lk

1
infinity by comparison with —.
y oy P Z n diverges to infinity.

. 1 1 . 1
> 17. Since ————— < —, the series Z — con-
8. Z 0 (3 diverges to infinity by comparison with the 2M(n+ 1) 2" 2"(n+1)
n
= ~ verges by comparison with the geometric series Z Pt
1
harmonic series Z: n since nGn) > n for n > 1. o 4

n . .
18. E — converges by the ratio test since
n!

n=1

7" 1
9. Since lim,— oo pra—— lim ) = 1, the series n+D* \
= ] 1 1
" fim DY gy (2F —0.
1 ) . n4 n n+1
Z ——— converges by comparison with the geomet- —
" —n n!
1
ric series Z —. '
" n!
19. Py — diverges to infinity by the ratio test, since
o0
14+n . . . . o 14+n | 2.n 1 2
10. —— diverges to infinity since lim =1>0. — 1 (nt+ D! n%e” — Zlim 2 —
n§)Z+n 2+n P lm(n—}—l)ze'H'l n! e 1mn—|—1 oo
4/3 0 2n)'6"
11. Z ;In 73 diverges to infinity by comparison with the 20. Z ;l))! converges by the ratio test since
. . 1 . B
divergent p-series Z i3> since ; Qn+ 216" [ (2n)'6"
im
(B3n + 3)! 3n)!
.1+ )1 . n'34+nd3 _ n+2)2n + 1)6
lim ———— / —= =lim——— = 1. - _
n—>o002 4 n53 [ nl/3 2 +n3/3 Bn+3)3n+2)3n+1)
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i Vn
= 3% 1n

n . .
converges by the ratio test, since
n

vn+1 3" Inn
3*linn+1) n

1. n+1 . Inn 1
= —lim - lim ==-<
3 n Inn+1) 3

100 2n

p = lim

converges by the ratio test since

i (I’l + 1)100 2n+1 nlOO on
m
NICES)) V!

n—+1 100 1
=lim2 =0.
( n ) Vn+1

(2n)! . .

E )7 converges by the ratio test, since
n!

Qn+2)! ()

2n+2)2n+1)
((n+ D3 @) —

(n+1)3

p = lim

1 !
Z % diverges by comparison with the harmonic

1+n! n! 1
series Z since > = .
n+1 d+n)!  (A+n)! n+1

n=1

2/1 . .
Z ET— converges by the ratio test since
—n

) 2n+1 3n_n3
p=hm3n+l_(n+l)3' on
n3
R s T 2
=—hm73=—hm73=_<1
3 n n+1) 3 n+1)
3 G

n . .
Z —— converges by the ratio test since
m'n!

n=1

EECE S n" 1. 1\" e
lim =—lm(l4+-) =— < 1.
a@tDm+ 1)) 7a'n! 7w n Fid

f(x) = 1/x* is positive, continuous, and decreasing on
[1, 00). Let
B /00 dx _ o
= — = lim _ e p—
§ n X Reoo\ 3x3/|, 3nd

=0<1.

SECTION 9.3 (PAGE 494)

We use the approximation

s st =35 +1 ! + !
T T2 \3m+ )3 3m3)

The error satisfies

T
o =2 \363 3+ 1)3
L+ 1) =
T 6 ndn+1)3
13n2+3n+1 7
T6 Bt} et

We have used 3n2 +3n+1 < 7n? and n3(n + 1)3 >n® to
obtain the last inequality. We will have |s — 57| < 0.001
provided

< 0.001,
n4 =

that is, if n* > 7000/6. Since 6* = 1296 > 7000/6,
n = 6 will do. Thus

ilw B 1+1+1+1+1+1 1,1
_4_24344546467363

~ 1.082

. L. . . .
28. Since f(x) = —3 s positive, continuous and decreasing

on [1,00), for any n = 1,2, 3, ..., we have

sn+An+1 <s<s,+ A

n

® d 1
where s, = Z—andAn = / ax = — If
k:l n

1
sy =sp+ E(A"“ + Ap), then

Is _S|<M_l it
too = 2 41n2 (m+1)2
1 2n+1
EETETEST A

if n = 8. Thus, the error in the approximation s ~ s3 is
less than 0.001.

29. Since f(x) = =5
Fp
on [1,00), forany n =1,2,3, ...,

is positive, continuous and decreasing

we have

Sp+App1 <SS <sp+ Ay

353

with error less than 0.001 in absolute value.
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n
1 * dx 2 n = 22 will do. The approximation s A s}, has error less
where s, ]; o and A, / 02 = If than 0.001.
5 5t (A + A = ! L ) 31 |
sn—sn—i—i( n+1 + Ap) = sn + —n—|— o , then . Wehaves:ZWand
k=1
A, — A
R e i1 [ B B
Sn = k1 o 291 331 N
:l(i_ 2 ) k:12k' 2 2221 2°3) 2"n!
2\/n Un+1
 JnFi- N B 1 Then
Vnn+1 Vi/n+1(/n+/n+1) 0<s—s,
1 1 1
2n3/ 2n+1(n + 1! + 2”+2(n +2)! + 2”+3(n +3)! +
if n > 63. Thus, the error in the approximation s & sg; is _ 1 1 1 T 1 4.
less than 0.001. 20+ (n + 1)! 2 +2)  22(n+2)(n+3)
30. Again, we have s, + Ap41 < s < s, + A, where 1 1 1 2
1 = on+l i + o
sp=Y" and 20+ (n 4+ 1)! 2(n+2) 2(n+2)
=12 44 | |
*© dx L o\~ = 1 yn :2"+1(”+1)! . 1_#
m= [ ara=re (5)], =T () 202
n+2
| = ICES T < 0.001
If s = s, + =(Ant1 + Ap), then ’
2 1 1 1 1
|S_g*|<A”_A"+1 1fn=4.Thus,s%mzi—i-ﬁ-i-ﬁ-i-ﬁwuh
ol = 2 error less than 0.001.
If[= 1 _,/my © 1 _,(n+l > 1
JME L ()T 1
2[4 yan {35 2 +2 an ( ) )] 32. We haves_;(Zk_l)! and
1 1 (n+1 _1/h 1 B
= —|tan ——— ) —tan (—) = —(a —b),
4 2 2 4 - 1 111 1

_ . D B T TR TR I mr TS
— tan—1 =1 (1 k=1
where a = tan ( 2 )andb_tan (2) Now

Then

tan(a — b) = tana —tanb 1 1 1

0 e —
1 +tana tanb <85S (2,14_1)1+(2n+3)!+(2n—|—5)!+

(+)-6) I

I V) G Wy

- n+1 n
1 Z
+( 2 )(2) 1 +]
2 Cn+2)2n+3)2n+4)2n +5)
T 2in44 1 i 1
n“+n+4 - 1+ +
1 2 2n+ D! 2n+2)2n +3)
& a—b=tan —— ).
n2+n+4

1
2n+2)(2n +3 2+"']
We want error less than 0.001: [(2n +2)2n +3)]

1 o 2 | .
—(a —b) = —tan — ] < 0.001 =
4 4 n?+n+4 Qn+1)! ]
2 -
& ——— <tan0.004 ) 2n +2)2n + 3)
n+n-+4 . 1 4n” 4+ 10n + 6 0.001
o nl4n > 2¢c0t(0.004) — 4 =~ 496. S it DA+ 10n 5 < 0.
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1 1
if n =3. Thus, s ~s3 =1+ ol + 51 = 1.175 with error
less than 0.001. T

e’} 2k n—1 2k
33. We have s = Z 0! and s, = Z @ Thus
k=0 k=0
0<s—sp,
on 2/1+1 2n+2
o Ty Ty T
on T

=o' T s v+

22
N e EEI e ]

on 2 2 2
1

= o) + Q2n+ 1)2n +2) +((2n+1)(2n+2)) +

n 1
o 2

Q2n+1H(2n +2)

2" 4’ +6n+2
T @2n)!  4n? +6n

< 0.001

if n = 4. Thus, s =~ s4 with error less than 0.001.
1
34. We have s = Z T and
k=1

n

1 1 1 1 1
A Y- N SIS R

P K1 227 33 nn
Then
0 ! + ! + ! +
<§5—8$p =
T D (4 2)n 2 (n 4 3t
! 1+ ! + ! +
< “ ..
(n + 1ntl n+1l (m+1)2
3 1 1
= n+ l)n+l 1 — 1
n—+1
1
BECES I

1 1 1
if n =4. Thus, s ~ 54 = 1+?+3—3+4—4 = 1.291 with
error less than 0.001.

1
35. Let f(x) = ——. Then f is decreasing on [1, 00).
1+ x2
o0

Since Z f(n) is a right Riemann sum for

n=1

R

o0 T
/ f(x)dx = lim tan~lx| ==,
0 R—o00 0 2

36.

37.

38.

SECTION 9.3 (PAGE 494)

o0 o0
1
Z e Z f(n) converges by the integral test, and
n

n=1 . n=1
its sum is less than 7 /2.

dt
Let u =Inlnt, du = —— and Inlna > O; then
tint

/00 dt _/°° du
o tlnt(Inln¢)? B Inlng 4P

will converge if and only if p > 1. Thus,
o0

1
nZ; m will converge if and only if p > 1.
Similarly,

ad 1

o n(nn)(Inlnn)--- (Inj n)(n;j 41 n)?

converges if and only if p > 1, where N is large enough
that In; N > 1.

Let a, > O for all n. (Let’s forget the “ultimately” part.)
Let o = lim(a,)"/".

CASE 1. Suppose o < 1. Pick A such that 0 < X < 1.
Then there exists N such that (a,)!/" < A for all n > N.
Therefore

ay <AV, ani < ANHL ans2 < AN+
o
Thus Z a, converges by comparison with the geometric
n=N

o0 o0
series Z A", and Zan also converges.
n=N n=1
CASE 1I. Suppose o > 1. Then (a,)"/" > 1, and
a, > 1, for all sufficiently large values of n. There-
fore lima, # 0 and Z an, must diverge. Since a, > 0 it
diverges to infinity.

1 1
CASE III. Let @, = — and b, = =
n n
. . . Inn
Since limn!'/" = 1 (because lim — = 0), we have

lim(a,)"/" = 1 and lim(b,)/" = 11 That is, 0 = 1 for

both series. But Z an diverges to infinity, while an

converges. Thus the case 0 = 1 provides no information
on the convergence or divergence of a series.

Let a, =2"t!1/n". Then

2 21/n
lim 2/a, = lim —~_ —0
oo n—

n— o0 n

Since this limit is less than 1, fo;l ap converges by the
root test.
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n
39. Z ( n ) converges by the root test of Exercise 31

n+1
40. Leta, = —. Then
angl 2n+2 n
a, - (n+ 1)n+1 on+l1
2 2 1

- n \" n+l 1\"
(n+1)( +1) (1+;)

1
—->0x —=0asn— oo.
e

Thus Y o2 | a, converges by the ratio test.

(Remark: the question contained a typo. It was intended
to ask that #33 be repeated, using the ratio test. That is a
little harder.)

22n (ny)Z
41. Trying to apply the ratio test to o we obtain
n)!
2P+ DY em! L Am 1)’
p = lim . = lim

2n +2)! 221 (512 Qn+2)n+1)

Thus the ratio test provides no information. However,

221mn)?  [2n@n—2)---6-4-2]
@n)!  2n@n—-1)2n—2)---3-2-1
2n 2n —2 4 2
e — _>l
2n—l 2n—3 3 1

Since the terms exceed 1, the series diverges to infinity.

42. We have

2n)! I x2x3x4x---%x2n
anz =

2212 2 x4x6x8x---x2n)?
_ 1x3x5x.---x2n—-1)

T 2x4x6x---x(2n—2) x2n

3 5 7 2n — 1 1 1
=IX-X=-X=X--- X = >

27476 “m=2"m  m

)!

Therefore Z 22”( ’)2

diverges to infinity by comparison

o0

. . . 1

with the harmonic series I
n

n=1
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43. a) If n is a positive integer and k > 0, then
1
A+k" >14+nk > nk, son < E(l + k"

N n
n 1 I+k
b) Let SN:ZZ—n<EZ(T)

Il
- | =
L=
o
<
3
|
x| =
—_
=11
|| =
<

=~

where r = )/n. Thus

1+ k\NH!
)
1 2
’ 1
k - + k
2

2 < (1+k)N+1> 2
= 1— < —_—
k(1 —k) 2 T k(1 -k

oo

2
Therefore, s = Z i < —.
prd 28 T k(1 —k)
Since the maximum value of k(1 — k) is 1/4 (at
k = 1/2), the best upper bound we get for s by this
method is s < 8.

o0 o0 i
B j 1 1+kY’
O s=s= ) 3 <f (T)
Jj=n+1 Jj=n+1
L1+ 1
T\ 2 W

2
_(+R" Gk
T k(1 —k2r T o2m
(1 _|_k)n+l
k(1 — k)
for a critical point:
k(1 —k)(n+ DA+ k" — 1+ "1 —2k)
K2(1 — k)2
k—kHn+D—1+k1 =2k =0
KRn4+1)—k(n+1)+1—k—2k*>=0

where G (k) = . For minimum G (k), look

n—DE—n+2k+1=0
C m+)EVm+2?2—4n— 1)
- 2(n —1)
_n+2=+ n? 48
2(n — 1) '
For given n, the upper bound is minimal if
24 2
k= At " (for n=>2).
2( )

1
4. Ifs = ch Z m then we have

Sp+App1 <S5 <sp+ Ay
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n
1
where s, = Z m and
k=1

A /oo dx /OO —1+1+ 1 d
= —_— —_— J— [ x
" L xX2(x +1) n X x2 x+1

oo

1
=—Inx — —+In(x+1)
X

1 1
—(1+1) -1
X x

n
o0

n

1
If sy =sn+ E(A”H + A,), then

A, — A
s”_sn*|§nfn+l
_ ! 1 1-}—1 ! +1In| 1+ !
“2ln " n n+1 " n+1
If 1 n?+2n
=-|——+In| 57—
2{n(n+1) n24+2n+1
1r 1 n?+2n
<z + -1
2 n(n+1) n24+2n+1
1
=—— < 0.001
2+ 12
if n = 8. Thus,

— 1 1
Z;:l—i—sg:l—!—Sg—FE(Ag—i—Ag)
n=1

11 1 1
=1+ + + ot -

223 2@ 8
(DN
21L\9 9 8 8

= 1.6450

with error less than 0.001.
45. s = fo’zl /2" +1).
(a) We have

[e.¢]

1 1 1 1
0<S_Sn:ZZi—H:W+W+W+"'

_ L
= a7t +5+2_2+...

Since 2190 = 1,024, s10 will approximate s to within
0.001.

SECTION 9.4 (PAGE 501)

. Since

1
(b) Let S, = Y7, bi, where b, = I

2M 41 -=2" 1
0<bn:72n(2n+1) <4—n,

we have

oo
0< D bi—Sy=buti +bur2+bups+ -
i=1

1 1 1
<4—n+1 1+Z+47+"'
1 1

4
— 14n+1 I
frac *373%x4 < T1.000

provided 4" > 1,000/3. Thus n = 5 will do (but
n = 4 is insufficient). Ss approximates Y .-, b, to
within 0.001.

(¢) Since Y o2, 1/2" =1, we have

1 oo

o0 1 o0
22n+1 :Zz_n_zb”

n=1 n=1 n=1

()96
() G

~ (0.765 with error less than 0.001.

Section 9.4 Absolute and Conditional
Convergence (page 501)

1" ) ) )
Z ( NG converges by the alternating series test (since
n

the terms alternate in sign, decrease in size, and approach
0). However, the convergence is only conditional, since

1
—— diverges to infinity.

o (=D :
Z 2 converges absolutely since
n=1

(_l)”
n?+1Inn

1 = 1
< — and E — converges.
n “n
n—=

Z cos(ni) Z (="

= converges
+ Dln + 1) + D + 1) 8
by the alternating series test, but only conditionally since
Z m diverges to infinity (by the integral

test).
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D" 1 . ,
Z = Z o isa positive, convergent geometric
n=1 n=1
series so must converge absolutely.

D' —1

Z ()2(7}1) diverges since its terms do not ap-
n-+1

proach zero.

00 (=2 n
Z converges absolutely by the ratio test since
n=1
(_2)n+l n!
lim|———— - =2lim—— =0.
n+ D! (=2)" n+1

converges absolutely, since, for n > 1,

="
Z nm’”

1

=

(_l)l‘l

nnl‘t

)

1. . .
and E — 1S a convergent geometric series.
T

oo
-n . .
Z pea diverges to —oo since all terms are negative
n

o0
n
d ——— diverges to infinity by comparison with
;0 g divers y by comp
>!
e

n=0
_ n;"l
Z( b n3 +n2+33

ries test (the terms are ultimately decreasing in size, and
approach zero) but the convergence is only conditional

20n2 —n—1
since an+n2+3

son with Z .

i 100cos(nm) i 100(—1)"
e =
nating series test but only conditionally since

converges by the alternating se-

diverges to infinity by compari-

converges by the alter-

100
T 2n+3

100(—1)"
2n +3

100
d — di to infinit
an Z 3 iverges to infinity.

n=1

! !
Z e diverges since lim "o 00
(—100)" 100"
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converges by the alter-

i sin(n + %)JT . i (="
Inlnn a = Inlnn

n=10
o
1
nating series test but only conditionally since Z
= Inlnn
1
diverges to infinity by comparison with Z —.
n=10 n
(Inlnn < n for n > 10.)
- k = k
Ifs =Y (—DF! cand s, = » (=DF'——
’ ;( e ;( Y e
then
n+1
ls —sp| < ————— < 0.001
n+12+1

if n = 999, because the series satisfies the conditions of
the alternating series test.

~ (-1 n

"=0"(2n)!
nating in sign and decreasing in size, the size of the error
in the approximation s =~ s, does not exceed that of the
first omitted term:

are alter-

Since the terms of the series s =

ls — < 0.001

1
< -
Sl = 2k

1 1
if n = 3. Hence s ~ l——‘—i——‘ ——’;fourterms
will approximate s with error less than 0.001 in absolute

value.

If s = Z( l)k 12k’ and s, = Z( l)k 12k, then

k=1

1
< 0.001

|S_Sn| <W

if n = 13, because the series satisfies the conditions of
the alternating series test from the second term on.

Since the terms of the series s = 0( 1)”

are alternating in sign and ultimately decreasmg in
size (they decrease after the third term), the size of
the error in the approximation s =& s, does not ex-

ceed that of the first omitted term (provided n > 3):
n+1
|s —su| < ———— < 0.001 if n = 12. Thus twelve terms
n+ 1!
will suffice to approximate s with error less than 0.001 in

absolute value.

le
Applying the ratio test to Z ———, we obtain
vn+1

= lim Xt .—VHH = |x|lim E_H
p= Jn+2 xn - n+2

Hence the series converges absolutely if |x| < 1, that is,
if —1 < x < 1. The series converges conditionally for
x = —1, but diverges for all other values of x.
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(x =2 .
Let a, = iy Apply the ratio test
n
p =lim (=2 X n?2" = ¥ — 2| <1
(n+ 1)222+2 7 (x —2)n 4

if and only if |[x — 2| < 4, thatis -2 < x < 6. If

o0 o0 (—1)"
x = —2, then Zan = )
n=1

n=1
00

, which converges

o0

1
absolutely. If x = 6, then = —, which also
converges absolutely. Thus, the series converges abso-
lutely if —2 < x < 6 and diverges elsewhere.

Apply the ratio test to Z(—l)"u'
PPy m+3
] ()C _ l)nJrl 2n+3
p = lim . =|x —1].
2n+5 x ="

The series converges absolutely if [x — 1| < 1, that is,
if 0 < x < 2, and converges conditionally if x = 2. It
diverges for all other values of x.

1 3x +2
Letay = ——
2n -1 =5

1 3x+2\" 2n—1/3x+2\"
—_— X
m+1\ =5 1 -5

3x+2

n
) . Apply the ratio test

p =lim

<1

5 7
if and only if < —, that is 3 <x < L. If

3

oo

1
Z2n—l

o (=D)"

= E ———, which converges
2n —1

n=1 n=1

conditionally. Thus, the series converges absolutely if

L2
P
3

7 o0
—3 then Zla,, =
n—=

o0
If x = 1, then Za,,

x = , which diverges.

7
—— < x < 1, converges conditionally if x = 1 and

diverges elsewhere.

n

Apply the ratio test to Z ] :
nn

Xl 2"Inn

2t ln(n + 1) 1"

= m -——— =
2 In(n + 1)

p = lim

(The last limit can be evaluated by 1’Hopital’s Rule.) The
given series converges absolutely if |x| < 2, that is, if
—2 < x < 2. By the alternating series test, it converges
conditionally if x = —2. It diverges for all other values
of x.

[x] .. Inn |x|

7

22,

23.

24.

25.

26.

SECTION 9.4 (PAGE 501)

4x +1)" .
Let a, = ()673) Apply the ratio test
4 1 n+l1 3
o= lim |GV n — x4+ 1] <1
(n+1)3 (4x + 1)
. L1 1
if and only if —3 < x < 0. Ifx = —3 then

o0 o0 (—1)"

Zan = Z 3 , which converges absolutely. If
n=1 n=1

o0 o0

x = 0, then Zan = el which also converges

n=1 n=1
absolutely. Thus, the series converges absolutely if

1
) < x < 0 and diverges elsewhere.

. 2x +3)"
Apply the ratio test to Z —
| @x 3! nl/34n 2x 43|  |x+3]

p = lim . = = .

(n 4+ D1B4n+1 (2x 4 3)n 4 2

. . 3 L
The series converges absolutely if |[x + 3 < 2, that is, if
7 1
) <x < 7 By the alternating series test it converges
7

conditionally at x = —3 It diverges elsewhere.

1 1 n
Let a, = - (1 + ;) . Apply the ratio test

1 1 n+1 n 1\ " 1
p=lim|——(1+ — X =14+ - =|1+—-| <1
n+1 X 1 X X
if and only if |[x + 1| < |x|, that is,
1 1
-2 < - <0=x < —.Ifx = ——, then
b 2 2
o0 o.¢] (—1)"
Zan = Z , which converges conditionally.
n
n=1 n=1
1
Thus, the series converges absolutely if x < 7 con-
1
verges conditionally if x = —3 and diverges elsewhere.

It is undefined at x = 0.

1 1 1
=140—>+0+-4+0—-+0+--
2 0= +0+ < +0- - +0+

The alternating series test does not apply directly, but
does apply to the modified series with the zero terms
deleted. Since this latter series converges conditionally,
the given series also converges conditionally.

i sin(nm/2)
n

If
10 . .
—, if n is even;
ap = n?
n= —1
——, if nis odd;
1013

359
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10 >
then |a,| < — for every n > 1. Hence, Zan converges
n
n=1

10

o0
absolutely by comparison with Z —.
n

n=1
217. a) “Y_a, converges implies > (—1)"a, converges” is
— n

FALSE. a, = (

is a counterexample.

b) “> " a, converges and ) (—1)"a, converges implies
> ay converges absolutely” is FALSE. The series of
Exercise 25 is a counterexample.

c) “Y_a, converges absolutely implies ) (—1)"a, con-
verges absolutely” is TRUE, because
[(=D"an| = lan|.

28. a) We have

Inn) =Inl1+WIn2+mIn3+---+Inn

= sum of area of the shaded rectangles
n

n
>/ Intdt = (tlnt — 1)
1 1
=nlnn —n+1.

y=Inx

n—1n x

/1234

Fig. 9.4.28

11

b) Let a, = % Apply the ratio test
n

|+ D! n"
p=lim|l———— x ——
(n + 1ntl n!x"
Clim— Py

1”
()
n

if and only if —e < x < e. If x = e, then, by (a),

[P

In =1In(n!) +1Ine" — Inn"

nn
>mlnn—n+1)+n—nlnn=1.

nle"

> e.

n

360
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o0
Hence, E a, converges absolutely if —e < x < e

n=1
and diverges elsewhere.

(2n)!1x"

Applying the ratio test to E P anx", we
obtain
. Cn+2)2n+1)
o =lim x| ————— = |x]|.
4+ 1)2

Thus > a,x" converges absolutely if —1 < x < 1, and
diverges if x > 1 or x < —1. In Exercise 36 of Sec-

. . 1 . .
tion 9.3 it was shown that a,, > o’ so the given series
n

definitely diverges at x = 1 and may at most converge

conditionally at x = —1. To see whether it does converge
at —1, we write, as in Exercise 36 of Section 9.3,
2n)! I x2x3x4x---x2n

an

T2 T 2 x4x6x8x---x2n)?
1x3x5x.---x2n—-1)

T 2x4x6x---x(2n—2) x2n
1 3 2n—3 2n —1
— X

2n—2 2n

X oo X

X_
2 4

L

It is evident that a,, decreases as n increases. To see
whether lima, = 0, take logarithms and use the inequal-
ity In(1 + x) < x:

1 1 1
lnan:ln<1—§>+ln(1—z>+---+ln(l—ﬂ>

Thus lima, = 0, and the given series converges condi-
tionally at x = —1 by the alternating series test.

1
Let p, = and g, = —5 Then ) p, diverges
n

1
2n — 1
to oo and ) g, diverges to —oo. Also, the alternating
harmonic series is the sum of all the p,s and ¢,s in a

specific order:

a) Rearrange the terms as follows: first add terms of
> pn until the sum exceeds 2. Then add g;. Then
add more terms of Y p, until the sum exceeds 3.
Then add ¢g;. Continue in this way; at the nth stage,
add new terms from )_ p, until the sum exceeds
n + 1, and then add g,. All partial sums after the
nth stage exceed n, so the rearranged series diverges
to infinity.
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b) Rearrange the terms of the original alternating har-
monic series as follows: first add terms of ) g,
until the sum is less than —2. Then add p;. The
sum will now be greater than —2. (Why?) Then re-
sume adding new terms from ) g, until the sum is
less than —2 again, and add p», which will raise the
sum above —2 again. Continue in this way. After
the nth stage, all succeeding partial sums will differ
from —2 by less than 1/n, so the rearranged series
will converge to —2.

Section 9.5 Power Series (page 511)

o0 2n
v/ 2
For E al we have R = lim nt = 1. The
=0 vn+1 Vn+1

radius of convergence is 1; the centre of convergence
is O; the interval of convergence is (—1, 1). (The series
does not converge at x = —1 or x = 1.)

o0
We have Z 3n(x + 1)". The centre of convergence is
n=0

x = —1. The radius of convergence is
. 3n
R=Ilim— =
3n+1)

The series converges absolutely on (—2, 0) and diverges
on (—oo, —2) and (0, 00). At x = —2, the series is
o.¢]

Z3n(—l)”, which diverges. At x = 0, the series is
n=0

Z 3n, which diverges to infinity. Hence, the interval of

n=0
convergence is (—2, 0).

2 2+l 1
For Z (x+ ) we have R zlimﬁ =2.

21n
The radlus of convergence is 2; the centre of convergence
is —2. For x = —4 the series is an alternating harmonic

series, so converges. For x = 0, the series is a divergent
harmonic series. Therefore the interval of convergence is
[—4,0).

1 n
We have Z ( 42;’1 x". The centre of convergence is

x =0. The radlus of convergence is

(—1)" (I’l + 1)4 22n+2
ndo2n (—1)ntt

1 4
:lim‘(rH_ ) -4‘:4.
n

R =1lim

SECTION 9.5 (PAGE 511)

o (—1)"

At x = 4, the series is 7
n

, which converges.
n=1

o0
At x = —4, the series is Z , which also converges.

n= 1
Hence, the interval of convergence is [—4, 4].

Zn (2x —3)" ZZ”n3 (x— %)n Here

n=0

21p3

1

R = lim ———— = —. The radius of convergence
on+l (n + 1)3 2

is 1/2; the centre of convergence is 3/2; the interval of

convergence is (1, 2).

X n
e .
We have E — @4 - x)". The centre of convergence is
n

n=1
x = 4. The radius of convergence is

e m+1DP 1

_)n

Atx =4 + —, the series is Z , which converges.

n=1
[}

1 L. 1 .
At x =4 — —, the series is Z —, which also converges.
e n3

n=1

1 1
Hence, the interval of convergence is |:4 ——, 4+ —].
e e

145"

For 2, —— x" we have
n!
1+ 5" 1!
R = lim + . M = 00. The radius of con-
n! 1+ 57+l

vergence is infinite; the centre of convergence is 0; the
interval of convergence is the whole real line (—oo, 00).

4 n 1 n
(—) (x - —) . The cen-
\n 4

. The radius of convergence

Ma

o0
4x — 1)
We have E #
n

n=1

4=|~=
Il

tre of convergence is x =
is
qn (n + l)n+l

R:llmn—n 4Vl+1

1 1 n
:—lim(n+ ) (n+1) =00
4 n

Hence, the interval of convergence is (—o0, 00).

361
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oo

. 1
9. By Example 5(a), Thusizzm—}—l)x”,for —l<x<l.
1 (1—x)2 n=0
1+ 2x + 3x2 4+ 43 + =
(l—lx)2 12 1 _ 1 1 _ li(x)n
x 1 + x 4+ x2 + X 4 = 2—x 2 x) 24\2
1—x 1_E n=0
1+ 2x + 3x2 4+ 4% + 1 x K2 5
x 4+ 222 + 3 o+ :54‘2_2"'?4‘2—44"“ (2 <x<2).
2 3
X + 2x + | | |
o3+ 13. ==
2—x 2 1_{
2
l+3x+6x2+10x3+~~-=¥ 1 x  x* %P
(1—x)3 =§+2—2+§+2—4"'
Thus for —2 < x < 2. Now differentiate to get
1 > 1 2
- 3:Z(n+ )2(n+ )x”, 1 1 3x2
e ettt
for —1 1. Dx"
or <x< _Z(n—i- )X ’ (L2 <x <2).
n+2
10. We have
o0
l+x+x2+x3+... = =Zx” 14. —Z( 2x)"
n=0 n=0
=1-2+222 -2+ (~i<x<h.
and
5 3 1S. /Zzn-H
l—x+x2—x 4 _——Z( 1)"x
n=0 t"+1 X
—In@2-1| = TR a—
. Il( )0 2211+1(n+1)0
holds for —1 < x < 1. Since a, = 1 and b, = (—1)" for n=0
n=0,1,2,... we have > Xl
) —ln(2—X)+ln2:nZ(:)m
n—i 0, if n is odd; - 00
=2 D=0 e all
; » if n is even. 1n(2—x)=ln2—22”n (—2<x<2).
n=
Then the Cauchy product is 16. Lety=x—1. Thenx=1+y and
00 1
1 1 1 —=—_ =" (-l<y<]l
It = n _ . _ Z y y
Tt Zx 1—x 1+4+x 1—x2 * n=0
n=0 00
n
for -1 <x < 1. - Z[—(x B 1)]
n=0
11. By long division: =l-G-D+a-D'—@x-D>+@-D'—-.
(for 0 < x < 2).
1 4+ 2x + 3x% + 4x3 +
1 — 2x +x2|1 17. Letx+2=t,s0x =t —2. Then
1 — 2x + x2 o
2x — x?2 1 1 _Z(n+1)t”
2x — 4x% 4+ 2x3 + X2 (2—1)2 — n+2
3x2 — 2x° 4 | 2y
3x2 — 6x3 + _Z("+)(x+), (—4 < x < 0).
4x3+ 2Vl+2
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1— 2
18. *_ —1
14+x 14+x

=2(l—x+x>—x*+..)—1

o0
=142) (—x)"  (-l<x<]).
n=1
19. We have
)C3 ad
_ .3 2
[Tty (Z@x >">
n=0
o0
1 1
=) onynt3 (—— <x< —) .
2 77

20. Let y=x—4. Then x =4+ y and

1 1

;=4—|—y=%< 1y> Z%i(_%)

1_(x—4)+(x—4)2_(x—4)3+m

4 42 43 44

for 0 < x < 8. Therefore,

/x dt /4 dt X dt
Inx = — = — + —
1! 1t 4 1

B T1 (=4 @¢—dH* @¢—-4)7°
_ln4+A [Z_ yEaais - + -

] dr

43 44
x—4 (x-42 -4 -4
=In4 - -
ntt PVERE Y 4.4
(for 0 < x < 8).
21, I =dx+16x% — 643 + - -
=1+ (—4x) + (—4x)? — (=4x)° + - -
1 1 | |
T " Tra (15F<a)
22. We differentiate the series
> 1
Zx”=1+x+x2+x3+---=
1—x
n=0
and multiply by x to get
ad X
an"=x—l—2xz—l—3x3—l—---=72
n=0 (l_x)

24.

25.

SECTION 9.5 (PAGE 511)

for —1 < x < 1. Therefore,

o0 o o
Z(n +3)x" = an” +3 Zx"
n=0 n=0 n=0
_ X " 3
T (1=-x)2  1—x
3—2x -1 0
= -l <x < .
(1—x)?
1+x+x2+x3+
3 4 5 6
_1 x3+x4+x5+
x\3 45
1 +x2+x3+x4++ x2
= |x+—=+—=+— —-x - =
x3 2 3 4 2
1 2
:F[—ln(l—x)—x—%]
11(1 ) ! ! (-1= 1, x #0)
=——1n X —- — = - X <1, x .
3 x2  2x -
We start with
1
l—x+x2—x+xt - =
1+x
and differentiate to get
1
B i 2 S N D R —
+ 2x X~ +4x e
Now we multiply by —x:
3 4 5 6 x?
X7 —=2x" +3x° —4x +=m
Differentiating again we get
3 3 2
3x2—2><4x3+3><5x4—4><6x5+---=u.
(1+x)3
Finally, we remove the factor x2:
3
32 hx 43 x5 X b =
(1+x)3
All steps are valid for —1 < x < 1.
: 2 4 6 1
Since 1+ x“ 4+ x4+ x +---=ﬁ,f0r—1<x<l,
we obtain by differentiation
2x 4+ 4xd 605 48T 4=
X + 4x X X = a0
or, on division by x,
2+4x2+6x4+8x6+---=#
(1 —x22’

for -1 <x < 1.

363



26.

27.

28.

29.

30.
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2 3 4

Sincex—%—}—%—%—k---:ln(l—l—x)for—l<x§1,
therefore
4 6 8
, X X X 2
- 4+ _Z 4...=In(1
b > + 3 7 + n(l + x°)
for —1 < x < 1, and, dividing by x2,
2 4 .6 In(1 2
A A n(;zx) if -1<x<1,x#0
X
2 3 4 1 if x =0.
From Example 5(a),
o0
an”_l—é (-1l<x<1
= 3
— (1 —x)
Putting x = 1/3, we get
i no 1 9
N
i (1-%)° 4
1 9 3
Thi — ==,
‘“Z 3474

oo o] k—1
+1 1 1
I ) I Tt
n=0 k=1 (1-3)
o0
1
From Example 7, ; n?x"l = a j_;)g for
—1 < x < 1. Putting x = 1/, we get
Z(n+1)2 i K2 1+% EESCGESY
1\3 — N3
= -3) @T-1
From Example 5(a),
> 1
n—1 __ _
;nx —7(1_)02, (-l <x<1).

Differentiate with respect to x and then replace n by
n+1:

n—-2 __
nX::n(n — Dx = 7(1 5

Z(n + Dnx"' = %,
(I —x)

(-l<x<1

(-l <x<1).

364
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Now let x = —1/2:

n(n + 1) 16
—1! :
Finally, multiply by —1/2:
i(_l)"w = _E
on 27"

n=1

= In(l +x) for -1 < x <1,

1 3
1 =In—-.

In the series for In(1 + x) in Example 5(c), put x = —1/2

to get
Df [ 1)< 1
_Z( > (.1 =In(1-=)=—-In2.
k+1 2 2

o0 xn
Since Z(—l)”’l—
n

n=1
therefore

Oo(l)nl
>

n=

Z( 1>n2n

Therefore

Section 9.6 Taylor and Maclaurin Series
(page 520)

o n
3kl 3x Z(3x)
e =e-e —6( n‘ )

n=0
>, e3"x"
= ‘ (for all x).
= !
342 3y4 316
3, (2x7) (2x7) (2x7)
cos(2x’) =1-— o + YRS +-
_ 92,6 94,12 96,18
S TR A TR TR
o
—1)"4"
=X ( (2))’ b1 (for all x).
n=0 n
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. /g . T .
3. SIN|{x —— ) =S8InxCoS — — COS x SIn —
4 4 4

2n+1 1 o x2n
_ —1)"
nzo( (2n+1)’ zngo( )(2n)!
2n x2n+l
_ I — for all x).
flz( b [ @) (2n+1)!] (for all x)
4. cos(2x — ) = — cos(2x)
_ 1 22x2  24xt 2646
TP TE T
= (=D 2n
; T
0 —1 n+1
=Z((231)‘ 4"(x)>*  (for all x).
n=0
5 X o (_l)nx2n+3
5 X Slng ZZm (for all X).
n=0

6. cos? (£> = %(l + cos x)

2
_l 141 x2+x4 x6+
2 20 41 6!

1 oo n
E Z Zn;' (for all x).
. 1.
7. sinxcosx = 5 sin(2x)
Z 22n 2n+1
= -n" (for all x).
= (2n + !
PN o M & R
8. tan™ (5x°) = (5x°) 3 5 7 +
— i (_1) (5X2)2n+1
= 2n+1)
_ i ( 1)/152n+1 g2
2n+1)

Il
=]

oo )

1+x3

m=(1+x3)<l—x2+x4—x6+~')

=1 -2+ +xt = —x T —

=1 _x2 + i(_l)n <x2n71 +x2n)

n=2

(Jx] < 1).

SECTION 9.6 (PAGE 520)

x2
10. InQ2+x?) = ln2(1 + 7)

11.

13.

14.

15.

2
:1n2+ln(1—|—%)

2+ x2 1 (x2 +l x2
—In A e (=) —...
2 2\ 2 3\ 2

1+x

In =In(1 + x) — In(1 — x)
- X

1)

1
=

252 253
%<1+2 +(2x) + &) +---—1>
X

2! 3!
22X2 23 4 24 6

B T TR TR

= Z T mxz’“ (for all x # 0).

o
o
w
=
=
|
(e}
o
w
=
|
LM
| —
—
|
~~
|
N
=
—_
SR
N
N

x2 x6 xl()
=2+ 4+ =+

sinhx — sinx = i[l - (—1)"]h

6! 10!
o x4n+3
D ER—— (for all x).

g (4n 4 3)!
Lett=x+1,s0x=t—1. We have
fx) = o2 — p20=1)

o0

) (—2)"1‘”
ey
n*()

Z w (for all x).
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16. Lety=x — %; then x =y + % Hence,

b4
sinx = sin(y + E) =Ccosy

(for all y)

_11 n21 a\*
=\t talitz) o

e e} n 2n
= Z ((;i;‘ (x — %) (for all x).

17. Lett=x—m,s0x =t +m. Then

fx) =cosx =cos(t +m) = —cost = _g(_l)n (;n)!

2n

1)n+1

2(: @m)!

— ) (for all x).

18. Let y =x — 3; then x = y + 3. Hence,

Inx = In(y + 3) :1n3+ln(1 + %)

O [

x=3) =3 «-3° -3

=In3+ - + - 4+

3 2.32 3.33 4.34
o (=D!
— n
_1n3+z; i (x=3)
n=

0O <x<6).

19. 1n(2+x):1n[4+(x_2)]:ln[4(1+x;2>]
x—2

=1n4+Z(—1)"—lﬂ

T (=2 <x <6).
n=1
20. Lett=x-+1. Thenx =¢t—1, and
QI3 2L,
o0
zlltl‘l
=e (for all 1)
n=0
o0
n 1H"
-y et DT o an .
n!
n=0
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21. Lett=x—(w/4),s0 x =t + (w/4). Then
f(x) =sinx —cosx

= si (z+n) (z+n)
= S1n 4 COS 4

1
= — [(sinz + cost) — (cost — sin t)]

V2
—«/_smt—«/_Z( D' ——

n=0
(=1)" 7\ 2n+1
_fz(znﬂ)v (x_Z)

22. Lety:x—g;thenx:y—{—%. Thus,

T
cos® x = cos? (y + §>

i)

t2n+1
2n + D!

(for all x).

%[ os(2y) — % sm(2y)]
_L _[ 2y)? (2y)4____]
2 22 2! 4
5 (2y>3 L @
1 1 [, (2y)2 2y)?
27 2AL T T T 3!
eyt ey’ ]
4! 5!
_Lot, 2( rr) 22( n)z
2 om0 U TE) Tty

2 5| r\*

23 7\ 24 \* 23 7\°
D)) 5y ]
1 1 1 & 22n—1 a\¥!

=
2 22 2[22 2n —1)! 8

22n - 2n
+ ! (x — §> :| (for all x).

23. lett=x+2,s0x =t—2. We have
1 1 1
f(x)=—2: =
X _

=- no— (-2<t<?2)
4/1:1 2
1 n(x +2)+~1
T4 -1

(=4 <x <0).
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24. Let y=x —1; then x = y + 1. Thus,

x I+y 1 27.
l+x 2+y Y
2(1+2)
_ 1 AN AAS
—1‘5[1‘5+(5) -(3)
1 y ¥yt
11 1 , 1 3
=5+2—2(x—1)—2—3(x—1)+2—4(x—1) —
_ L et )" for 0 2
_EJFZW(X_ ) (for 0 < x < 2).
n=1
25. Letu=x—1. Then x =1+ u, and
xInx =1 4+ u)In(1 + u)
o0 lun
=(1 D" — -1 <1
(+u);( Ul (cl<usD
i 1Mn i 1MnJrl 28.
=3 DT Y ey e
n=1 n n=1 n
Replace n by n — 1 in the last sum.
- pu” - y u"
1 — _1yn—12 _1\n—2_7
xlnx =Y (1) n+2( D'
n=1 n=2
> 1 1
— _ln—l - n
M+Z( ) (n n—l)u
n=2
( 1)+i C oy 0=x=2)
=(x— —(x — X .
nn—1) -
n=2
26. Letu =x+2. Then x =u — 2, and
xe* = (u —2)e" 2 29.

X n
— -2
= —2)e Z 0 (for all u)
n=0
i e—Zun+l 26_2Mn
- o 1
n=0 n n—

In the first sum replace n by n — 1.

oo -2 n oo

—2..n
X eut 2e " “u
e _HZ—; n—1)! 2=

n=0

2 &1

1 2\,
__e_2+;e_2<(n—1)!_ﬁ>”

2 1 1
__e_2+2e_2((n—1)!

n=1

(for all x).

SECTION 9.6 (PAGE 520)

cos 1 x? + 2
X = R P
2 24
2 5x4
1 + — + —
2 24
R 1
24
| X2 . X4
2 24
x2 x?
- - — +
2 24
x2 x4 n
2 4
5x%
24
Th 14+ x2 n 5x4 n
us secx = J— - -
* Y
If we divide the first four terms of the series
cos 1 x? + x! x¢ +
R T E
2 24 720
into 1 we obtain
sec 1+ x2 n 5x4 n 61x° n
x = — —_— cee
2 24 720
Now we can differentiate and obtain
) N 5x3 N 61x> N
sec anx = R -
S S T

(Note: the same result can be obtained by multiplying

the first three nonzero terms of the series for sec x (from

Exercise 25) and tanx (from Example 6(b)).)

XZ )C3
X
—1= g
e x+2+6+
x_13
tan_l(e"—l)z(e"—l)—%
(e" —1)°
5
x2 )C3
:x+7+€+
1 x2 X3 3
1 x2 %3 5
= erZer3 1(3+ )+
AT T T3¢
+x2 )C3+
= X _—— — .
2 6
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32.

33.

34.

35.

36.

37.
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We have
3 5 7
tan—! x X X X
1= - 4L =1
exp|:x 3—1—5 7+ ]

1+ x3+x5 +1 x3+

_ — 4 == 4.
3 5 2! 3

1 3 !

-‘ri(X— )+

x3 xZ 3

=x— ?—i—?—i—?—i—higher degree terms
x2 X3
Let V1+x=1+4ax+bx2+---
Then 14 x = 1 +2ax + (@>+2b)x>+---, so 2a = 1, and
a*>+2b=0. Thus ¢ = 1/2 and b = —1/8.
Therefore /1 +x =14 (x/2) — (x2/8) + .-
cscx does not have a Maclaurin series because
lim,_, ¢ csc x does not exist.

T T
Lety:x—E. Thenx:y—}—Eandsinx:cosy.
Therefore, using the result of Exercise 25,

2
cscx_secy_l—i———i—si—i—
2 24
—1+1( ”)2+5( n)4+
U Tg) Tty
4 6
1+x2 +x——|—%—|— =" (for all x).
3 ¥ . ME $2! . %27
X3 = _ _
31x4  5!'x16 7T!x64 9! x256
_2x3 1x33+1 x35
T2 3\ 2 51\ 2
(X3
= 2sin (7> (for all x).
| x2 x* X6
+§+§+?+
1 X _ ,—X
= —sinhx = ¢
) X . C2x
if x #0. The sum is 1 if x = 0.
I N A
2x2! 4x3! 8x4!
oL, 12+1 13+
T2 2t \2 31\2
=2(e1/2—1).
P(x)=1+x+x%

368
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39.

40.

41.

42,
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a) The Maclaurin series for P(x) is 1 4+ x + x2
(for all x).

b) Lett =x—1,s0 x =t+ 1. Then
Px)=P+1) =1+1+14+@+1)*=3+3r+7%

The Taylor series for P(x) about 1 is
343 — 1D+ @x—1D2

If a #0 and |x — a| < |a|, then

1 1 1 1
x_a+(x—a)_a1+x_a
a
1 X —a x —a)? x—a)}
=_[1_ LA 3>+...],
a a a a

The radius of convergence of this series is |a|, and the
series converges to 1/x throughout its interval of conver-
gence. Hence, 1/x is analytic at a.

Ifa>0and t =x —a, then x =¢+a and

t
Inx =In(a+1¢) =Ina +1n (1 + —)
a
e 1[”
_ n—
=Ina +n§(—1) -

—Ina + Z(—l)"—l(xgina)n

n=1

(—a <t <a)

0 < x < 2a).

Since the series converges to Inx on an interval of posi-
tive radius (a), centred at a, In is analytic at a.

If .
_Je /¥, ifx £0;

f(x)_{o, if x = 0;
then the Maclaurin series for f(x) is the identically zero
series 0 + Ox 4 0x2 + - -- since f®(0) = 0 for every k.
The series converges for every x, but converges to f(x)
only at x = 0, since f(x) # 0 if x # 0. Hence, f cannot
be analytic at 0.

o0 xn o0 ym
XLy — _ z
ee = Z n! Z m!
n=0 m=0
k 00 k |
iy (x+y) 1 L
¢ Z Zk!gj!(k—j)!x Y

k=0

Ry ey k—j
=Z_Z Y — (et k— j =m)
o k=D
=2 T g =ete

Jj=0 m=0

We want to prove that f(x) = P,(x) + E,(x), where P,
is the nth-order Taylor polynomial for f about ¢ and

Eq(x) = %f(x — 0" fOV @) ar.
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(a) The Fundamental Theorem of Calculus written
in the form

fx) = f() +/ (@) dt = Py(x) + Eo(x)

is the case n = 0 of the above formula. We
now apply integration by parts to the integral,
setting

U=f@,
dU = f"(t) dt,

dV =dt,
V==x-1).

(We have broken our usual rule about not in-
cluding a constant of integration with V. In this
case we have included the constant —x in V in
order to have V vanish when t = x.) We have

1=x .
FO) =@ - FOG&—0| + / (x — 107 (0) di
t=c c

=f©)+ O -0 +/ (x —0) f"(t)dt
= P(x)+ E1(x).

We have now proved the case n = 1 of the
formula.
(b) We complete the proof for general n by math-

ematical induction. Suppose the formula holds
for some n = k:

fx) = Pre(x) + Ex(x)
1 X
= Pe(x) + F/ (x —F fED @) dr.
M C
Again we integrate by parts. Let
dV = (x — n)kdr,

-1
k+1

U= f(k+1)(t),
dU = %2 1) dr,

t)k+1 .

V= (x —

We have

1=x

f(k“)(z)(x _ z)k+1
B k+1

X (y _ k1 ph42)
N / (x — )FH pFD (1) dt)
; k+1

f(k+1)(c)
(k+ 1)!

1 C kL (D)
+7(k+l)!/c x—=0"""f () dt

= Pit1(x) + Epp1 (x).

1
fx) =P+ F(

t=c

= Pe(x) + (x — oft!

43.

44.

com
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Thus the formula is valid for n = k4 1 if it

is valid for n = k. Having been shown to be

valid for n = 0 (and n = 1), it must therefore
be valid for every positive integer n for which
E,(x) exists.

If f(x) =1n(1+ x), then

’ _ 1 " _ B " _
F0 =1 0= 0= g
—3! (=Dt = 1)
4) — (n) _
rYw =G o EST
and

fO =0, f[O=1 f"0=-1 "0 =2,
AP0 =-31 ..., fP0) = D" -1

Therefore, the Taylor Formula is

-1, 2 !
fE@=x4 o+ =+ —xt

21 3! 4
—Dtm = 1)
%xu@m
where
Ea(r) = — / =0 fO V@) dr
n! 0
_ Lt e Dt
=), (x—1) A+ o
PN Yo =0"
=(=1) AT ‘.

IfO<t<x<I1,thenl+¢>1 and

x xn+l 1
|E(x)|</(x—t)”dz: -0
" —Jo n+1"n+1
as n — oQ.
If -1 <x <t <0, then
x—t t—x
= = Ixl,
141 141
—X . .
because p increases from 0 to —x = |x| as ¢ in-
creases from x to 0. Thus,
1 |x| n+l1
Eaol < —— [ pprar =20 g
14+ x 0 1+x
as n — oo since |x| < 1. Therefore,
2 3 4 00 n
X X X X
—y_ 4= —rt,
F@=x—Z 5 ==y DT

n=1
for -1 <x <1.

We follow the steps outlined in the problem:
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(a) Note that In(j — 1) < [/ Inxdx < Inj,
j=1,2,.... For j = 0 the integral is improper
but convergent. We have

n n+1
nlnn—n:/ lnxdx<ln(n!)</ Inxdx
0 1

=m+DInnrn+1)—n—-1<m+DInn+1) —n.

b) If ¢, =In(n!) — (n + %) Inn 4 n, then

n!
n—
(n+1)!
+(n+3)n@E+1 -1

Ccn—Cpt1 =1 —(n—|—%)lnn

:lnn_|_1 —(n—}—%)lnn
+(n+3)Inr+1D+In(+1)—1
n+1

— -

1
1+2n-‘,—1 -1

1
1 - 2n+1

1

:(n—|—%)ln
:(n—|—%)ln
1+t PP

t
(c) lnl——t =2 t—|—§+§—|—---) for

—1 <t < 1. Thus

1

0 — =2 1
<cn—Cpy1 = 2n+ )<2n+1+3(2n+1)3

1
— 4. )=
+5(2n+1)5+ )

1 1 1
<§((2n+1)2+(2n+1)4+'

(geometric)
B 1 1
T 3Q2n +1)2 1
C Qn+1)2
B 1
T 122 +n)

11 1

“12\n n+1)
These inequalities imply that {c,} is de-
creasing and {cn - ﬁ} is increasing. Thus
{cn} is bounded below by ¢; — 11—2 = U

2
and so lim, ¢, = c exists. Since
e = nln~H/Den e have

n! . .
im ————— = lim " = ¢
n—o0 n"+1/2e_” n—oo

exists. It remains to show that e = /2.
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(d) The Wallis Product,

I 22446 2n 2n e
9013355 m—12n+1 2

can be rewritten in the form

i 2"pn! b4
im = /=,
n—o00]1.3.5...2n— 1/2n+1 2

or, equivalently,

_ 221 (n!)? b

lim —————— = [—.

n—00 (2n)!y/2n + 1 2
Substituting n! = n"*1/2¢~ne and a similar

expression for (2n)!, we obtain

22nn2n+le—2n620,, €2C €€

lim =__=_,
n—00 22n+1/2,2n+1/2 p=2n g0 /2 2e€ 2

Thus ¢¢/2 = /72, and ¢¢ = /27, which
completes the proof of Stirling’s Formula.

Section 9.7 Applications of Taylor and

Maclaurin Series (page 524)
. PRI
If f(x) =sinx, then Ps(x) =x — < 4 20

METHOD 1. (using an alternating series bound)

0.2)7

7!

|£(0.2) — P5(0.2)] < <2.6x107°.

METHOD II. (using Taylor’s Theorem) Since
P5(x) = Ps(x) (Maclaurin polynomials for sin have only
odd degree terms) we are better off using the remainder
E¢.

1f 7 (s)l
1£02) — Ps(02)] = 1E602) = L 027,
for some s between 0 and 0.2. Now f(x) = —cosx,

SO

1
1£(0.2) = Ps02)] < — x 0.2)7 <2.6 x107°.

If f(x) = Inx, then f'(x) = 1/x, f’(x) = —1/x2,
F(x) =2/x3, f@x) = —6/x%, and O (x) = 24/x°.
If P4(x) is the Taylor polynomial for f about x = 2,
then for some s between 1.95 and 2 we have (using Tay-
lor’s Theorem)

24 (0.05)
|£(1.95) — P4(1.95)| = =5 - 0.05)
s 5!
24(0.05)°
Q097 5 2« 107°.

< 77
~ (1.95)°120
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(0.2)2 0.2)"
TR Y

3. f2x1402+

= Sn
Error estimate:
02 (0.2)n+1 (0.2)n+2
2_ g =
"T T+ D! (m+2)

n+1 2
_ 02 . 0.2 N 0.2) Lo
T (n+1)! n+2  (n+2)?2
_ (02" 10n+20
T (41! 10n+18
0.2)2 (0.2 (0.2)*
0.2) n 0.2) . 0.2)

O<e

<5x 1077 if n = 4.

21402+

21 31 a
~ 1.221400
4. We have
RPN NS S
e ¢ T T T T3 T

which satisfies the conditions for the alternating series
test, and the error incurred in using a partial sum to ap-
proximate e~! is less than the first omitted term in abso-

lute value. Now <5x 107 ifn = 7, so

1
(n+1)!
1 1 1 1 1

1
~ - — — — —— & 0.367
e 2 6 24 120+720 5040 036786

with error less than 5 x 107> in absolute value.
5. ¢!'2 = ¢¢%2. From Exercise 1: %2 =~ 1.221400,
0.2)° 60
( 5!) g~ 0.000003. Since
e =2.718281828 - - -, it follows that ¢!-2 ~ 3.3201094 - - -,
1
ith less than 3 x 0.000003 = 0.000009 )
w1 error 1ess an X < 20’ 0()()
Thus e!2 &~ 3.32011 with error less than 1/20,000.

6. We have

with error less than

3 5 7
0.1 (0.1 (0. .

sin(0.1) = 0.1 — 5 < -
0.1)°
Since O _ 8.33 x 1078 < 5 x 1072, therefore
. (0.1)°
$in(0.1) = 0.1 — TR 0.09983

with error less than 5 x 107 in absolute value.

o Sm b4
7. ¢c085° =cos — = cos —
180 36

3G ) GG

|E | 1 ( T >2n+2
Imr| < —m— | —
n+2)! \36

1 .
< o <0.00005 ifn=1.

1 /m\2
cos5° A ] — — (—) ~ 0.996192
21 \36

with error less than 0.00005.

SECTION 9.7 (PAGE 524)

1 112+113114+
5 2\5 3\5 4\5 '

1 /1\"
Since — (g) <5x107%ifn= 6, therefore
n
(8 1112+113114+
nl = —__ (= Bl e R (e
5 5 21\5 3\5 4\5
0.

18233
with error less than 5 x 107> in absolute value.

%

()

%

In(0.9) = In(1 —0.1)

~ 01 ©.H)% (.13 0.1)"
’ 2 3 n
Error| < ©.nHt1 (0.1 t2
n+1 n+2
(0.1)n+1 )
<= [1+0.1+(o.1) +]
©.nt 10 .
= . — < 0.00005 ifn=3.
n+1 9

0.1)2 B 0.1)3

In(0.9) ~ —0.1 —
with error less than 0.00005.

~ —0.10533

‘We have

sin 80° = cos 10° = cos (%)

G )

. 1 ,m\4 _s
Since — (—) < 5 x 1077, therefore
41 \18

. 1 /m\2
sin80° &~ 1 — — (—) ~ 0.98477
2 \18

with error less than 5 x 10~ in absolute value.

o T 5w
cos65° = cos (? + TS())

1 S V3 . 5w
= —C0S — — — sin —
cos 5 S 180
From Exercise 5, cos(57/180) &~ 0.996192 with error less
than 0.000003. Also

. Sm S5t 1 (/57
Sin — = — —
180 180 3!

3
22 ) ~0.0871557
180)
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5.5
with error less than L < 0.00000005. Thus
51180°

0.996192  /3(0.0871557)
2 2

~ (0.42262

c0s 65° ~

with error less than 0.00005.

12. We have
i 0.2°  (0.2° (0.2)
t 0.2) =0.2— —
an” (0.2) 3 + 5 7 +
2)7
Since ©.2) <5x107? , therefore

~ 0.19740

0.2 (0.2)°
tan~ 0.2) ~ 02— 27 02
3 5

with error less than 5 x 10~ in absolute value.

with error less than

13 hl~1+ ! + ! +--+
. coshl~ — 4+ — 4
21 4! 2n)!

1 1 1
@2n+2)! [1+ 132 T a3y +]

1 1
- : 0.00005 if n = 3.
@+l [ _ 1 = n
n +3)2
T B

Thus coshl ~ 1 + — + — + — =~ 1.54306 with error
2 24 720
less than 0.00005.

14. We have
m(2)=m(142
1’12 = In 3
_1112+113114+
2 2\2 3\2) 4\2

1/1\" 1
Since — [ = < —— if n = 11, therefore

n\2 20000
11 12+1 1’ 11"
T2 2\2 3\2 10 \2
0

with error less than 5 x 107> in absolute value.

* sint

15. 1(x)=/ —dt
o I

x t2 14 t6
[ -4+ |ar
/0 [ ntsTat }

%3 x°
=X - — _—
3x3! 5x5!
o0 x2n+1
= Z(—l)”— for all x.
o 2n+1)@2n+1)!
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>
nl-n’

n=1

1+x1t
17. K(x):/ Yo letu=r—1
1 t—1
* In(1
:/ n( +u)du
0 u
x u u2 M3
= -+ —— d
/(;|: 2—&—3 4—|— ] u
)C2 X3 X4
STt moeE T

S \ xn+1
=n§0(—1> aTE ClExsD

18. L(x)= /x cos(t?) dt
0

=Yy
@2n)!-(4n+1)

n=0

X —1,,2
19. M(x):/ tant#dz
0

TS50 Tx3
x4n+1

:g(—l) Qn+ D@n+1) (-l<x<1

x —
3x5

20. We have
0.50° (0.5° (0.51
L(0.5)=O.5—( ) ©.5 —( )

21-5 4!.9 6!-13

(0.5)4n+1

Since m <5x 1074 ifn= 2, therefore
n). - n
(0.5)°
L(0.5)~ 0.5 — TG ~ 0.497

rounded to 3 decimal places.
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21. From Exercise 13: 26. We have
Lo — x3 x> im sin(sinx) — x
(x)—x—m—}—%—--- x—0 x[cos(sinx) — 1]
I ~1 ! + ! + (=D" ! (sinx—lsian—i—lsinjx— —Xx
T 335 Qi+ DI+ D _ g 3! 5!
1 —0 |
[Error| < — < 0.0005 ifn=2. ! [1—5SIHZX+ZSIH4X—---—1]
2n 4+ 3)!(2n + 3) :
x3 1 x3 301 5
X— )= (v = 2+ +(x=) = =x
1 1 . ( ! ) !( ! ) !( )
Thus I(1) ~# 1 — — 4+ — = 0.946 correct to three = lim 3 3 3 3 >
313 515 x—0 1 X 2 1 4
decimal places. x[_i(x_ﬁ‘f‘ ) +ﬂ x—~~~) _"]
2 5 2
X6 10 —yx + higher degree terms 5 )
sine?) ot - = lim —— =T =3
22. lim - = li - - I i s _
XE)I}) Sinhx AE}I}) P 2!x + higher degree terms 7
X+ ? + ; +
XS Xg
o _?4_5_..._0 27 1msmhx—smx
T x50 2 it - x—0cosh x — cos x
totot x3 x3
31 5 x4+ =4 )= (x-=+
3! 3!
= lim
x4 58 x—0 x2 | x2
1 — cos(x?) , 1_1+5_$+ SECTIR Bl TR
23. —————— = lim : :
x>0 (1 —cosx)?2  x—0 R 2 3 5
l—1+= -2 4. — 4+ 0x°)
2t 4 =lim3— =0
x—0 x2 4+ 0(x%)
T 0%
= lim =2
=0y 0(x?) Section 9.8 The Binomial Theorem and
Binomial Series (page 528)
24. We have
, s 1. Vitx=01+x'2
x X 2 2 3
A T T 1 1 1 1 3
(e* —1—x)? . (2l+3!+ + ) =1+£+— —= x_+_ = l—-z x—-i----
im = lim - - - 2 2 2) 2! 2 2 2) 3!
x—0x2 —In(1 +x2) x50 x% O 8 00
- _— X 7135(271—3)
2 3 4 =1+_+Z(_1)" 1 - x"
x* (1 x  x2 2 1 2 n=2 2!
T3+ +) (3)
=lim A== A Gk LA Y
=0 e (5) 2 -T2 22710 — 1)ln! '
2 3 4 2 n=2
2. xJ/1—x=x(1—-x)/?
95 i 2503x —3sin2e :x_ﬁ+1(_l> (—1>‘2x3
x>0 5x —tan~!5x 2 2\ 2 2!
33x3 23y3 1/ 1 3\ (—=1)*x*
) ESE
= nm
x>0 533 2 &1-3-5---2n—23)
— - — 0y _ n+l
> (Sx 3 T ) ) 2; 2! *
n=
— lim 944+ 0x?) _ 5x3 3 2o @n —2)!
T >0 125 - = T — =1 e — 8 .
10 T+O(x2) 125 25 x =3 Z;( 1) e (-l<x<1)
n—=.
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Vitx=2 1+%
l(_l)
2
=2 1+%'%+2 2!2 (%)
0
PR ()

o0
x L 1:3:5...2n—3)
=2+ +222(_1)n i v
n=

o
_ X _1 2n —1)!
=2+ 1 +2 22(—1)”

n—=.

n
2Tl — D1

(-4 <x<4).

S =3[+ G)]

)OO
7(2)(3) () 6+

1 1, 3 4 3x5
R R TR TR
" Ix2x3x---x2n—1) ,
= E + Z(_l)n 23n+1y,1 x
n=1
(-2 <x<?2).
(1-07
-2)(-3 =2)(=3)(—4
:1—2(—x)+L()(—x)Z+M(—x)3+---
2! 3!
[o.¢]
:1—|—2)c—|—3x2—|—4x3—|—---:2:11)6”_l (—l<x<1).
n=1

EHED o EIEDES) s

(1+X)73=1—3x—|— o X 3 4.
=1_3x+%x2_mx3+...
2 2
- Z(-l)“wf’mx” (—1<x<1).

n=0

. n n! n n!
()= ()=t
0 0ln! n n!0!
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ii) If 0 <k < n, then

n ny n! n!
(k—l) +<k> T k—=Dln—k+1)! +k!(n—k)!

n!
:k!(n—k+1)!<k+(n_k+1)>

D! (n+d
_k!(n—l—l—k)!_( k )

The formula (a + b)" =Y }_, (Z) a"*pk

holds for n = 1; it says a + b = a + b in this case.
Suppose the formula holds for n = m, where m is some
positive integer. Then

(@+by" = (a+b) i ('Z) "k ph
k=0

_ i <m> gk pk i (m) Mk k]
k=0 k k=0 k
(replace k by k — 1 in the latter sum)
m m+1

_ (’Z)alm-&-l—kbk + Z (kT 1>am+l—kbk
k=1

k=0

_m+l1 = m m m+1—k 1.k m-+1
=a +I;|:(k>+(k—l>]a b" +b
(by #13(i))

m
1
— am+l + Z (m]‘: )am+17kbk + berl (by #13(11))
k=1

m+1

1
-y (’": )amH’kbk (by #13(i) again).
k=0

Thus the formula holds for n = m + 1. By induction it
holds for all positive integers n.

Consider the Leibniz Rule:

n

(™ =" () £ Ps®.

k=0
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This holds for n = 1; it says (fg) = f'g + fg in this
case. Suppose the formula holds for n = m, where m is
some positive integer. Then

d
(f9) " = (f)™
X

d I\ /m -~
z_z(k)f(m k) k)

k=

m
('I’:) f(m+17k)g(k) + Z ('Z) f(m—k)g(kJrl)]
k=0

(replace k by k — 1 in the latter sum)

m m m+1 m
(m+1-k) (k) (m+1-k) (k)
Z(k)f 8 +;(k—1)'f &

k=0

m =z m m
=/ +1>g<o>+]§[(k)+(k_l>]

x f(m+1—k)g(k) + _f(())g(m+l)
(by Exercise 7(1))

(=)

[
= £

~
Il
o

m

m+1 -~

— f(m+1)g(0) 4 2 ( X ) f(m+1 k)g(k) + f(O)g(ln+1)
k=1

(by Exercise 7(ii))

m+1
-y (m + 1) Fn1=0 g6

(by 7(i) again).

Thus the Rule holds for n = m+1. By induction, it holds
for all positive integers n.

Section 9.9 Fourier Series (page 534)

f () = sin(3¢) has fundamental period 27 /3 since sint
has fundamental period 27:

f e+ %) =sin(3 (1 + F)) = sin(3r + 27)
=sin(31) = f(2).

g(t) = cos(3 + mt) has fundamental period 2 since cos ¢
has fundamental period 27:

gt +2)= cos(3 +m(t+ 2)) =cos(3 + mt + 2m)
=cos(3+mt) = g(¢).
h(r) = cos?t = %(1 + cos2t) has fundamental period 7:

1 +cos(2r +2r) 1+ cos2i)
2 B 2

ht+m) = = h(?).

7. f(r)z{o

SECTION 9.9 (PAGE 534)

Since sin 2t has periods 7, 27, 37, ..., and cos 3¢
has periods ZT”, 47”, %’T = 2m, ST”, ..., the sum
k(t) = sin(2t) + cos(3t) has periods 27, 4, .... Its

fundamental period is 2.

Since f(¢) =t is odd on (—m, w) and has period 27, its
cosine coefficients are 0 and its sine coefficients are given
by

2 (T 2 [
b, = —/ t sin(nt)dt = —/ tsin(nt) dt.
x 7 Jo

2

This integral can be evaluated by a single integration by
parts. Instead we used Maple to do the integral:

2 2
b, = —= cos(nm) = (—=1)"1 2.
n n

[o.¢]
2
The Fourier series of f is 2:(—1)"'*'1 — sin(nt).
n

n=1

0 if0<tr<l1
f(t)_{1 if1<r<2
The Fourier coefficients of f are as follows:

a 1 [? 1 2 1

2 2
a, =/ f()cos(nmt)dt =/ cos(nmt) dt
0 1

f has period 2.

2
=0, (n=1)

I
— sin(nmt)
nw 1
2

2
1
b, = / sin(nwt)dt = —— cos(nmt)
1 nmw

1

2
_ =D :{—— if n is odd
nw
nw 0 if n is even
The Fourier series of f is

o]

% — Z ﬁ sin((Zn — l)JTt).

n=1

if —1<t<0
t if0<r<l1
The Fourier coefficients of f are as follows:

, f has period 2.

a -1 [! I 1
—=— f®di==| tdr=-
2 1 J 2 Jo 4

1 1
a, :/ f(t)cos(nmt)dt :/ t cos(nmt)dt
-1 0

_ D=1 { —2/(nm)? if n is odd

n?m? 0 if n is even

1
b, =/ t sin(nmt) dt
0
(="

ni

375
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SECTION 9.9 (PAGE 534)

The Fourier series of f is

1 2%
4 nzn_l(2

oo

n=1

t if0<r<l1
f(t):{l if 1 <7 <2, f has period 3.
3—¢ if2<t<3

f is even, so its Fourier sine coefficients are all zero. Its
cosine coefficients are

ag

2 3 2
—/ f(t)dt=—(2)=—

/ f@® cos
[/ 2nmt
= - t cos
31Jo 3
3 2n
+/ (3 —1t)cos
2

3 |: 2nm
—— | cos —

[\ l\)|>—‘

ap = =

dt

2
2nit
dt—i—/ cos nr
3
Tt
dt]

dnm
— 1 —cos(2nm) + cos = |

- 21272 3

The latter expression was obtained using Maple to eval-
uate the integrals. If n = 3k, where k is an integer, then
a, = 0. For other integers n we have a, = —9/(2n2n?).
Thus the Fourier series of f is

os(2n7'rt).

The even extension of 4(t) = 1 on [0, 1] to [—1, 1] has

the value 1 everywhere. Therefore all the coefficients aj,

and b, are zero except ag, which is 2. The Fourier series
isap/2=1.

The Fourier sine series of g(t) = m — ¢ on [0, ] has
coefficients

2 T

b, = — (r —t)sinntdt = —
b4

0
The required Fourier sine series is
oo

Z % sinnt.

n=1

The Fourier sine series of f(¢) = ¢ on [0, 1] has coeffi-
cients

b "
b, =2 t sin(nmwt)dt = —2 .
0 nm

376
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The required Fourier sine series is

— 2(—1)"
2

n=1

sin(nrwt).

12. The Fourier cosine series of f(¢#) =t on [0, 1] has coeffi-

cients
1
ao
©_ ['rar=1
2 0

1
a,,=2/ t cos(nmt)dt
0
1y 0
_ 2" 2={ 4

if n is even

72 — if nis odd.
n<mw }12]'[2

The required Fourier cosine series is

1 4 cos<(2n — 1)7tl‘>
2 n? (2n —1)?2

n=1

13. From Example 3,
o0
L
2

n=1

((Zn - 1)m) _—

T@n— 12

for —m <t < m. Putting t+ = 7, we obtain

14. If f is even and has period T, then

T2

2 2nmt
b, = — f(t)sin

dt
T J -1

T
27 (0 _ 2nmt r2 _ 2nmt
== f () sin dt + f () sin
T )12 0

In the first integral in the line above replace ¢ with —1.
Since f(—t) = f(¢) and sine is odd, we get

0
3[/ £0) (— sin 2””’) (—dp)
T Jrp

T/2 2 t
+ £(t) sin 22 dt]
b T

al.

by

T/2 2 ¢ T/2 2 ¢
[— Fo)ysin 22 gr 4 £(t) sin ”T” dz]
0 0

2
T
0
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Similarly,
2 2nmt T2 2nmt
an:_[/ £ cos 2 gr + £ty cos 22 dt]
T T/2 0
2 2nmwt /2 2nrt
=—[ Fycos T (—dn+ [ F(1) cos T dz]
T Urp 0
T/2 2nmt
=7 f(t)cos " ar.

The corresponding result for an odd function f
states that a, = 0 and

T/2

wt
dt,
T Jo

2n
f(t)sin

and is proved similarly.

Review Exercises 9 (page 534)

. (=D"e”

lim = 0. The sequence converges.
n—00 n!

o plo0 4 onp _ 12100

lim ——— = lm (7 4+ — ) =m.
n— 00 mn n—00 omn

The sequence converges.

Inn . Inn
lim > lim — =
n—ootan~'n ~ n—>oo /2

The sequence diverges to infinity.
(- l)n 2 (- l)n

n—oon(n — ) nggo 1—(zx/n)
The sequence diverges (oscillates).

does not exist.

1
Leta1>\/§andan+1=a—"+—.
2 ap
1 1
If f(x) = —+—thenf’(x) ——>01fx>\/—.
Since f(\/_) \/_ we have f(x)>\/§1fx>\/—

Therefore, if a, > \/—, then a,+1 = f(an) > V2.
Thus a, > +/2 for all n > 1, by induction.
a, >«/§:>2<a5:>a,%+2<2a,%
a’+2
dn
Thus {a,} is decreasing and a, > V2 for all n.

< dp = apy1 < ay.

Being decreasing and bounded below by +/2, {a,}
must converge by the completeness axiom. Let
limy— o0 @y = a. Then a > +/2, and

o = i (54
lim ay41 = lim | — + —
n—00 n—oo \ 2 an

a n 1

T2 a4

10.

11.

12.

REVIEW EXERCISES 9 (PAGE 534)

Thus a/2 = 1/a, so a* =2, and lim, 0 @y = a = /2.
By I’Hopital’s Rule,

In(x + 1) 1/(x+1) . by
m ————— = m ———— = llm =1
x—oo Inx x—00 1/x x—oo x + 1
Thus
. . In(n + 1)
lim (ln ln(n—|—1)—1nlnn) = lim In =Inl1=0
n—o00o n—oo Inn

S 1 1
2—(n=5)/2 _ 22 (1 44— +)
Z J2 2

n=1

B 4 42
-2 V21
>, 4! 1 & 4 "
,§<n—l>zﬁ;§(m—nz>
1 1 . (@-1)?
_Z'l_ 4 T Am—-1)2-16
(r —1)?

since (7 — 1)2 > 4.

ad 1 1
=,;<—n_l——

q ) (telescoping)
2 ntg

S| 11 1
an_ =Z§ <n—% — n—|—%) (telescoping)
1 1 1 1 1
=4 — — —
—-1/2 52 1/2 7/2

L L, L
32 9/2 572 11)2

1 21 2
=-|—2+2+2|=2.
3[ * +3] 9

o0
. n—1 1
Since 0 < —— < — forn > 1 and E — converges,
n3 n2 n2
n=1
—1

n3

must also converge.

gk

n=1

n+2"
+ 3’1

2

converges by comparison with the convergent

n=1

00 n
. . 2
geometric series E ( 5 ) because

n=1

n+2"
. 143 (n/2") +1
lim = lim —— =
n0o (2/3y7  nroo (1/37) + 1

377
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converges by comparison with the

s n
; (14 n)(1 + nyn)

convergent p-Series Z m because
n=1
n
1

i At +ndm _1
n—0oo 1 n—oo 1 1 1

n3/2 P n32 +1

}’12

converges by comparison with

HM8

< (1+2m)(1 + f)

. n .
the convergent series Z 2—{ (which converges by the
n=1
ratio test) because

n2
n
lim (1 4+2M(1 + ny/n) — lim 1
n—00 Jn n—oo [ 1 1 1
o » )\
00 32n+1

converges by the ratio test, because

32(n+1)+1 n!

=0<1.

Jm n+ 1! 32+ = m T

oo
Z converges by comparison with the con-
— (n + 2)‘ +1

o0
vergent p-series E —, because
n

n=1

0 < n! n! 1 1
= < —.
T 42! +1 m+2)(n+1) n?

< =
(n+2)!

00 1 n—1

(=1
2 T

n=1

converges absolutely by comparison with

o0
the convergent p-series E Pl because

n=1

1

=3

( l)nl
1+n3
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1 n
Z D converges absolutely by comparison with the

o
convergent geometric series E o because
n=1
(="
n
. —n .
lim lim =1.
n—oo n—oo 1 _
2” 2/1

Sl (_l)n—l
Z converges by the alternating series test, but
nn
oo
1
the convergence is only conditional since Z

Inlnn
diverges to infinity by comparison with the dlvergent
o0

harmonic series Z —. (Note that Inlnn < n for all

n=1
n>1.)

n“cos(nim) . .
2 PO converges by the alternating series test
P
n=1

(note that cos(n) = (—1)"), but the convergence is only
conditional because

n? 1

nzcos(nn)
= > —
14+n3 = 2n

1+n3

o
for n > 1, and E on is a divergent harmonic series.
n

n=1

( 2)n+1
lim ENES = fim lx — 2 _ =2
n—00 (x 2)" —o00 3 n+1 3
3nn

o
—2)" -2
Z u converges absolutely if X 3 l < 1, that is,

n=1 3n\/ﬁ
if —1 <x <5, and diverges if x < —1 or x > 5.
—1yn
Jn

If x = —1 the series is Z ( , which converges
conditionally.

1
If x = 5 the series is Z T, which diverges (to 00).
n

(5_2x)n+l
. n+1 _ _ no_ s
nli>nc]>o (5—2){)" _nll>nolo|5 2x|n-|—] o |5 2x|.
n

o
5—2x)"
E Q converges absolutely if |5 — 2x| < 1, that
n

n=1
is, if 2 < x < 3, and diverges if x <2 or x > 3.
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Lo 1 o
If x = 2 the series is Z —, which diverges.
— )n

If x = 3 the series is Z , which converges condi-

tionally.

oo n

1 1
Lets:X:k—3 and s, :Zk3 Then
k=1 k=1

® dt ° dt
= <8§—s < =
n+lt n 1

<s§s<$;+

1
METEE e

. N 1 - 1 n? + (n+ 1)2
S,== st sttt |= —_— .
T2 T 2+ D2 T 2 " an2(n + 1)2

Then s ~ s with error satisfying

2n +1
4n2(n + 1)2°

ssr < L 1
s—s<=|—— =
T2 2n2 2+ 1)2
This error is less than 0.001 if » > 8. Hence

I U T R L L |
+—=+=+

Tt I TRt Ts e T E e
64 4 81
—— = 1.202
4(64)(81)

with error less than 0.001.

oo n

Lets:Zﬁ

1
and s, = E ———. Then
2 n 2
k k=14+k

— <S5 =5 < —_—
w1 4412 "o 42

+7'[ 1t _n+1 +7r 1t _in
S — — —tan —_— <5 < — — —tlan —.
"4 2 2 "4 2 2

Let
N n T 1 tan—! n+1 +tan! n
= — ——|tan~'—— +tan" " — |.
TS Ty 2 2
Then s ~ s with error satisfying
1 1
ls —si| < = [tan_li — tan~! E] .
4 2
This error is less than 0.001 if n > 22. Hence

~ ! T 1 23 » N
“;4+k2+2‘1[m 5 +tan (11)]~O.66()5

with error less than 0.001.

25.

26.

27.

28.

29.

30.

31.

REVIEW EXERCISES 9 (PAGE 534)
I 1
3—x X
3(1-3)
1 /x 2 x"
5 <§> Z3n+l (-3 <x<3)
n=0 n=0
Replace x with x2 in Exercise 25 and multiply by x to
get
X x2n+1
3—x2: EYEm (—\/§<x<x/§).

n=

)C2
In(e +x2) =Ine+1In (1 + —)
e
2n

o0
—lne+ Y (-1
n

e n

(—Ve <x < Ve).

n=1

1—e ™ 1 (—2x)"
—7——;<‘“§}nz)
Z )n 1

2nn1

(for all x # 0).

xcos?x = —(1 + cos(2x))
, (2)6)2"
(1 + Z( 1) @)l )

2n 1 2n+1
Vl
x+nzl( 1 —G

N =

N | =

(for all x).

. b1 . T .
sin x—i—g =smxcosg+cosxsm§

) 2n+1 \/g 00 . xZn
nXg(_) @n+ 1! 72(_1) 2n)!
x2n+1

_ Z (—1)" \/gx2n N
o — 2 @2n)!  Q2n+ D)

®+x)"13 = % (1 N %)—1/3

) (for all x).

SIEE

- 1-4-7---3n=2)
=E+Zl(—1)” x"
n—=

T RETI TP (-8 <x <38).

(Remark: Examining the In of the absolute value of the
nth term at x = 8 shows that this term — 0 as n — oo.
Therefore the series also converges at x = 8.)
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(5)(3)
32. (1+x)1/3=1+%x+¥ 2 38.

(é> (—%) (—%)

3!
12 n—4

ny
n=2 3

+

(-l<x<1.
(Remark: the series also converges at x = 1.)

1 1 1 1
x m+G&-—-m 7w r—-7

1+
(55
n=0

= Z(— )” O < x <2m).

34. Letu=x— (7/4), so x =u+ (w/4). Then

33.

n+1

39.

. . T T
sinx 4 cosx = sin (u + Z) + cos (u + Z)

1
= — ((Sin u + cosu) + (cosu — sin u))

V2
=+2cosu =
|
= (2)
o0
(=" T\ 2n
_ﬁgm(x—z) (for all x).
40.
35. ex2+2x :exzer
4x2  8x3
e 2 e —_ [E—
=0+x"+ )(1+2x+ 2 + 3 + - )
4
:1+2x+2x2—|—§x3—|—x2+2x3+---
2 10 3
P3(x) =14+ 2x+3x +?x.
41.

36. sin(1 + x) = sin(1) cos x + cos(1) sinx

. x2 3
=Sln(1)(—§+ )—i—cos(l)(x—?-k )

- 1
P3(x) = sin(1) + cos(1)x — sz( )x2 - &6())9'
()
Y4
o 3! (-t
37. cos(sinx) =1— o1 41
LY (TR W
=T\ T3 24
1
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(3)

1
: 1. (E)
«/1+smx=l+§smx+7

: 2
T (sinx)
(2)(2)(3)
2 2 2) 4
+ 3 (sinx)
(2)(2)(2)(5)
2 2 2 2)
+ m (sinx)” + --
1 3 1 X3 2
:1 — _— —_ = _—
+2(x 6+ ) 8<x 6+ )
1 5 5 4
-‘rE( ) —@(X— )+
PN S SR ST SN S
B 2 12 8 24 16 128
P() 1+x x2 x3+x4
X) = _—_—— = — JR—
4 28 48 334
(_)nn

is the Maclaurin series for cos x

The series Z

with x2 replaced by x. For x > 0 the series therefore

o n
represents cos ./x. For x < 0, the series is E al ,
; 2n)!
n=l

which is the Maclaurin series for cosh+/|x|. Thus the
given series is the Maclaurin series for

| cos/x if x>0
fx) = {coshdlxl if x <0.
Since
S 2n S (k)
X [0
T+) =)
n=1 k=0

for x near 0, we have, forn =1, 2, 3, ...

2n
o) =1 2) . SO =0
n=0 1-x
o0 o0 1
n—1 __ n—1
ngonx —rgnx T
> X
nx"
HXZ(:) (1 —x)2
1
i n+1 T 1
e I
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o0
42. HX(:)"X" = (l_xix)z as in Exercise 23 47.
Z 2 n—1 __ d X _ 14+ x
Tdx(1—-x)2 (1—x)3
inzxn _ x40
n=0 a —X)3
1 - 1
i ﬁ _T r) 7w+l
3 — 1\3°
=0 " (1 - l) (r—1)
b4
o0 xn
43. Z—Z—ln(l—x)
n=1 n
Z nz_ln I—-- =1_1n(€—1)
— ne e
o0
(_1)n71x2n71 )
44. e
; 2n— 1) sin x
e n..2n—1 48.
—D'nm .
Z ——————— =—sin7x =0
n=1 (2n — D!
i (—1)"7‘[2n_4 B 1 (—1)7‘[ B 1
= @n—-D! s T
X
45. S(X) :/ Sin(tz) dt
0
X ) 6
z/(; (t _§+ ) dt
_x3 x7 N
T3 7.3
7
33, %
O G S T S §
x—0 7 x—0 x7 14°
46 (x —tan~'x)(e* — 1)
Tx50 2x2 — 1+ cos(2x)
3 5 2
X X 4x
- 4. - 49.
(x x+3 5+ )(2x+2’+ )
= lim
=0 22 141 4x%  16x*
B TR

REVIEW EXERCISES 9 (PAGE 534)

/1/2 Sl (— x4)nd
X

1/2

12
/ e dx =

- Z @n + Dn! |,

Z

The series satisfies the conditions of the alternating series
test, so if we truncate after the term for n = k — 1, then
the error will satisfy

(_l)nx4n+l

(="
« 24+ (4n + D!’

|
lerror| < T Gk DR

This is less than 0.000005 if 2***1(4k + Dk! > 200, 000,
which happens if k > 3. Thus, rounded to five decimal
places,

/1/2 g ] Lo
, ¢ YT T 25

~ 0.4 .
5793 0.49386

If f(x) = In(sinx), then calculation of successive deriva-
tives leads to

f(s) (x) =24 csc? x cot x — 8csc? cot x.
Observe that 1.5 < /2 ~ 1.5708, that cscx > 1 and

cotx > 0, and that both functions are decreasing on that
interval. Thus

1 FO ()] < 24csc*(1.5) cot(1.5) < 2
for 1.5 < x < m /2. Therefore, the error in the approxi-

mation

In(sin 1.5) & P4(x),

where Py is the 4th degree Taylor polynomial for f(x)
about x = m/2, satisfies
2 5 _8
lerror| < 3 ’1.5— E‘ <3x107°.

The Fourier sine series of f(t) = 7 — ¢ on [0, 7] has
coefficients

:g/ (r —t)sin(nt) dt = —
T Jo

o 2
The series is Z — sin(nt).
n

n=1
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50. f() = 1 %f —m<t=0, period 2. Tts Fourier In the second sum on the right replace k with k + 1:
t if0<t<m
coefficients are n n n—1
- Z Uk = Zuksk - Z Uk+1S5k
ap 1
== f(0)dt k=1 k=1 k=0
2 27 - n
1 0 i 1 = ) (uk — Ug+1)Sk — U150 + Up41S
:_[/ dt—|—/ zdz]:—+z ; o
27 [ J_x 0 2 4 )
1[0 ” —
ap = — [/ cos(nt) dt —|—/ t cos(nt) dt:| = Unt15n + Z("”‘ — Wkt 1Sk
7T LJ-n 0 k=1
1 g
= — 141t t)dt
b4 /0 (I+1) cos(n) b) If {u,} is positive and decreasing, and
_Ent-1 { —2/(zn?) if n is odd limy o0 ttn = 0, then
a2 o if n is even n
17 ﬂ - —u — - -
by, = — [/ sin(nt) dt +/ t sin(nt) dt] ;(”k Uk+1) = Uy — U2+ U2 — U3 + -+ Uy = Uny
T lJ-m 0 =

1 T = —_ .
= —/ (t — 1) sin(nt) dt T e T A T 0O
7 Jo
__1+(—l)”(n—l) _ {(n—Z/(nn) if n is odd

N n =/ if n is even.

n

Thus Z(uk — ur+1) 1s a convergent, positive, tele-
scoping series.

The required Fourier series is, therefore, If the partial sums s, of {v,} are bounded, say |s| < K

247 for all n, then
4 [(n — upr1)snl < K(up — upy1),
o0 2cos((2n - l)t) Q- ) sin<(2n - 1):) sin(2nt)
- |: Z2n — 1) + x@n—1) + n :| SO Zzozl(un — Up+1)Sp 18 absolutel}{ convergent (and
1 therefore convergent) by the comparison test. Therefore,
by part (a),
. o0 n
Challenging Problems 9 (page 535) Zukvk = lim <un+1sn + Z(“k _ Hk+1)Sk>
k=1 k=1
1. Ifa, >0 and Gnt1 for all n, then %
o ntl = (ux — wr)s
ax 1 aj k=1
ap =5 T @5 converges.
“ % = a3> 2ﬂ @ 3. If x = mmx for some integer m, then all the terms of the
az 3 3 3 series Zzozl(l /n)sin(nx) are 0, so the series converges
to 0.
an n— 1. a If x # mm for any integer m, then sin(x/2) # 0. Using
a1 > » =  an > P the addition formulas we obtain
e
. . 1
(This can be verified by induction.) sin(nx) sin(x/2) = 3 [cos((n — %)x) — cos((n + %)x)] .

Therefore Y °2 | a, diverges by comparison with the har-
Therefore, using the telescoping property of these terms,

2. a)Ifs, =)} v forn>1,and so =0, then N N [COS<(H - %)x) - COS((” + %)x)]
vk = sx — sk—1 for k > 1, and Zsm(nx) = Z 25sin(x/2)
n=1

n=1

monic series Y oo —.
n

n

n n _ l
Zukvk = Zuksk - Z“ksk—l- _ cos(x/2) cos((N + z)x).
k=1 k=1 k=1 2sin(x/2)
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Therefore, the partial sums of Z;’f’zl sin(nx) are bounded.
Since the sequence {1/n} is positive, decreasing, and has
limit 0, part (b) of Problem 2 shows that Z _, sin(nx)/n
converges in this case too. Therefore the series converges
for all x.

Let a, be the nth integer that has no zeros in its decimal
representation. The number of such integers that have m
digits is 9. (There are nine possible choices for each of
the m digits.) Also, each such m-digit number is greater
than 10"~ (the smallest m-digit number). Therefore the
sum of all the terms 1/a, for which a, has m digits is
less than 9" /(10™~1). Therefore,

00 1 00 9 m—1

— <9 — = 90.
o< Z(w)
n=1 m=

k1/2 f(©
/ fx)dx — fk) = , for some c¢ in the
k—1/2 24

interval [k — %, k+ %].

a) By the Mean-Value Theorem,
St 3) =11kt 2) =G =2) S ="w
for some u in [k + 1,k + 3]. Similarly,
Fle=3)=fk=3)= (343 =f"®

for some v in [k — %, k — %]. Since f” is decreasing
and v < ¢ < u, we have f"(u) < f"(c) < f"(v),
and so

Frle+3)=f (k+3) s f/@©=f(k=5) = f k-

b) If f” is decreasing, [°° +1 f(x)dx converges, and

f'(x) > 0as x - oo, then

S - f fdx

n=N+1
S n+%
=y f(n)—/ | fdx
n=N+1 -
l o0
z_ﬁ Z f//(cn),

n=N+1

¢) Let f(x) = 1/x%

CHALLENGING PROBLEMS 9 (PAGE 535)

for some numbers ¢, in [n — %, n+ %]. Using the

result of part (a), we see that

oo

Yo [fa+dH-fm+h]= Z 1" (en)

n=N+1 n=N+1
00

< Y [fa-H-fu-3]

n=N+1

—fWN+H < Y e =—f(IN=

7)
n=N+1
4 3
LA S f(n)—/ rear< 0D
n=N+1 2

x — 0o, f”(x) = 6/x* is decreasing, and

/Oo Fod /OO dr _ 1
x)dx = —- =
N+2 N+l X2 N4

1
2 2
converges. From part (b) we obtain
i 1 1 1
w2 1| = 3
wona ™ N+a| 12(N-1))

Then f'(x) = —2/x> — 0 as

The right side is less than 0.001 if N = 5. Therefore

T
Zﬁ :Zn—2+§ ~ 1.6454
n=1 n=1
correct to within 0.001.

oo

1
a) Since e = Z - we have
J!

j=0

n o0 1
0<e—j§(:)j ZJ—

j=n+1

1 1 1
= 1
(n—|—1)!( +n—|—2+(n+2)(n+3)

1 1 1
< 1
_(n—|—1)!(+n—|—2+(n+2)2+ )

1 1 n+2 1
= . = < —.
(n+ 1! 1— 1 m+Dn+1) nln
n—+2
2 1
The last inequality follows from Lz < —, that
(n+1) n

is, n?+2n <n?+2n+1.

+ )

b) Suppose e is rational, say ¢ = M /N where M and

N are positive integers. Then Nle is an integer and
N! Zj»vzo(l/j!) is an integer (since each j! is a fac-

tor of N!). Therefore the number

is a difference of two integers and so is an integer.
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1
¢) By part (a), 0 < O < v < 1. By part (b), Q is Also
an integer. This is not possible; there are no integers d
between 0 and 1. Therefore e cannot be rational. - (g’ (x) sinx — g(x) cos x)
% 2% *
Let £(1) = 3 ax?*1, where oy = % = ¢/(x) sinx + g'(x) cos ¥ — g/(x) cos x + g(x) sin x
k=0 . = (g”(x) + g(x)) sinx = f(x)sinx.
a) Since
i gy x2K+3 Thus
kggo agx2k+1
222 (k+ 1! 2k + D! /” . , a
2 9 = (g =
= 1 . . (x)sinxdx = ( (x)sinx — g(x) cosx) =g(m) + g(0).
el” lim =5z K (k+3)! o ! § 8 o ¢ §
— 4k + 4
x -

k%oo 2k +3)(2k + 2)

) b) Suppose that m = m/n, where m and n are positive
for.all x, the series for. f_(x) converges for all x. Its integers. Since limy_ o0 x%/k! = 0 for any x, there
radius of convergence is infinite. exists an integer k such that (wm)f/k! < 1/2. Let

0 22kk % 22kk 2k
b) ffx)=Y ——Qk+Dx* =1+

f Z(2k + 1! Z (Zk)' xk(m = nx)k 1 & [k ki P itk

fAy)=——=— ) mt T (=) xR
oo 22k+1ky 20t k! k! s ]
1+2 =1 =
T2 = +Z Qk+ 1!
(replace k with k — 1) The sum is just the binomial expansion.

For 0 < x < m = m/n we have
N 22K e — 1)t /

=1+ X
; 2k — 1! Tk 1
O0< fx) < — < <.
00 22kk! k! 2
=l G =
k=1 ’
1 T
Thus d i = i =1
0 di (efxzf(x)> _ e’)‘z (f/(x) B 2xf(x)) _ e”‘z. us 0 < fo f(x)sinxdx < 2/0 sinx dx , and
X 00 < g(m)+¢g0) < 1.
d) Since f(0) =0, we have
k
i 1 k . .
*d 2 ) ® = _ k=j(—n)J
22 i i o [P Z()m (=n)
— f0) = — t dt !
F) = £(0) /0 = (e 1) ar /0 e EPAV o
f@) =e” / e dr. X +RG k=1 (k=i 4 DT
0 k .
1 (k> mk=J (—n)J U+t xJ k=t
. APy G+k—0)!
Let f be a polynomial and let J=
o0 o d) Evidently f®(0) =0if i <k orifi >2k.
glx) = Z(_l)]f(zf)(x). If k <i < 2k, the only term in the sum for £ (0)

j=0 that is not zero is the term for which j =i —k. This

T, . C . term is the constant
This “series” is really just a polynomial since sufficiently

high derivatives of f are all identically zero.

1 k e 7!
a) By replacing j with j — 1, observe that T (i _ k) m* (=n)! o
g (x) = Z(—l)jf @712 (x) This constant is an integer because the binomial co-
j=0 k
]OO efficient ( k) is an integer and i!/k! is an in-
. ) i—
= Z(—I)J -1 f 2j )(x) = —(g(x) - f (x)). teger. (The other factors are also integers.) Hence
j=1 £@(0) is an integer, and so g(0) is an integer.
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e) Observe that f(wr — x) = f((m/n) —x) = f(x) for has error E given by
all x. Therefore £ () is an integer (for each i),
and so g(m) is an integer. Thus g() + g(0) is an
integer, which contradicts the conclusion of part (b).
(There is no integer between 0 and 1.) Therefore, 7
cannot be rational.

0.1
E= (—1)65!/ e~V dy.
0

Let x > 0, and let
AP Since e 1" < ¢710 for 0 < ¢ < 0.1, we have
Ik:/ e~V ar
0
1
U = %2 dv = z—ze“/’dt

k+1
dU = (k +2)t*1 dt V=l

X x
—(k +2)/ k=1t gy
0

0.1
|E| < 120e*10/ dr ~ 2.4 x 107410,
0

— k21t

0 which is about 3% of the size of I.
I = X2V — (k+ 2) [y
Therefore,

/X eVt gr = Ip = 2o~ /x _ 21 For N = 10, the error estimate is

0

= xZe V¥ — 2(x3e_1/" — 312)

0.1
— e A2 — 23 4 3!(x4e—1/x _ 413) |E| < 10!e*1°/0 PP dr~3.6x 107710,

— e A2 — 203 4316t — 4!(x5e*1/x - 514)

which is about 0.4% of the size of I.
For N = 20, the error estimate is

N
=e Y (=D = D"

n=2 0.1
+(—1)N+1N!/X gy |E| 520!e_10/0 Mdr ~ 1.2 x107371°,
0
The Maclaurin series for ¢!/ does not exist. The func-
tion is not defined at t = 0. which is about 15% of the size of I.
For x = 0.1 and N =5, the approximation Observe, therefore, that the sum for N = 10 does a
0.1 5 better job of approximating / than those for N = 5 or
I= / e dt ~ e 0N (1) (n — 1)10.1)" N = 20.
0 =2

- e’lo((O.l)z —2(0.1)° +6(0.1)* — 24(0.1)5)
~ 0.00836¢ 10
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