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SECTION 7.1 (PAGE 376)

CHAPTER 7. APPLICATIONS OF INTE-
GRATION

Section 7.1 Volumes of Solids of Revolution
(page 376)

By slicing:
! b4
4 .
V=rr/ x"dx = — cu. units.
0 5
By shells:

1
V=2ﬂ/0 y(I—/y)dy

2 5/2\ (!
yo 2y
:2 _

b4 it
= — cu. units.
0 5

Fig. 7.1.1
Slicing:
1
V=r[ (0-y)dy
0
1, b4 it
=n|ly— = = — cu. units.
YT 2
Shells: 1
V=2n / 3 dx
0
()] -5 e
=27 | — = — cu. units.
4/ o

Fig. 7.1.2
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3. By slicing:

xz X it
=a|——-— = — cu. units.
2 5 /1 10
By shells:
: 2
V=2n/) YT =D dy
(
2932 34 ! 3
=2 - = = — Cu. units.
5 4 /1 0

4. Slicing:

3T .
= — cu. units.
0

0 1

Shells:
1
V = 271/ )c(xl/2 —xz) dx
0

(2 sp_ 1 4)1 il :
=2m| =x""" — —-x = — cu. units.
5 4 o 10

(1,1

Fig. 7.14
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5. a) About the x-axis:
(L1

2
V=m / x2(2 - )c)2 dx y=x
0
2 y=x2
= rr/ (4x? — 4x> + x*y dx
0 X
a3, S\ 16w .
=7|——x + = = —— Cu. units.
3 5 /o 15 Fig. 7.1.6
b) About the y-axis:
7. a) About the x-axis:
2
V:2n/ x2(2—x)dy 3
0 V=27r/ Y@y —y* —y)dy
5 <2x3 x4> 2 b1 it 0 N
=21 | — — — = — cu. units. 27
3 4 /o 3 =2r (y3 - y_) il Cu. units.
4 /1 2
A y
(a) y=2x—x2 b) About the y-axis:
} 2,2 2
Vzn/ [(4y—y ) =y ]dy
0
2 3
: =n/ (15y% — 8y + vy dy
0
5\ 3
108
=z <5y3 —2y*+ y_) = " cu. units.
5 /o
A y
y A
(b) y=2x—x>
3.3)
2 =
X
=4y—y?
Fig. 7.1.5 T
X
6. Rotate about
a) the x-axis Fig. 7.1.7
1
V=n| =xHdx 8. Rotate about
0
1, 1 1 2 _ a) the x-axis
=a|=-x"——x = — cu. units.
3 5 o 15 .

V=mn| [(1+sinx)?—1]dx

0

b) the y-axis bs

= n/ (2sinx + sin® x) dx
0

1
_ _ 2 b4
V_zﬂ/() G :(—ZJTCOSX-F%X—%Sian)

1
1 1
=27 =x3 - -x*
3 4

0

T . 1
= — cu. units. =47 + ~7? cu. units.
o 6 2
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b) the y-axis

T
V = Zn/ xsinx dx 3x+3y=10

0
U=x dV =sinxdx
dU = dx V = —cosx

T

b
+/ cosxdx:| N
0 0

=272 cu. units. Fig. 7.1.10

=2 |:—x cos x

. 1
9. a) About the x-axis: 1. V=2« Zn/ @ — )1 — x)dx
0

1
1
V=rr/ (4—722>dx Let x =tanf 1 )
0 (1 +x2) dx = sec2 0 do =4rr/0 2—-3x+x%)dx
/4
=47r—rr/ s 0 o 2 S3\[' 10x .
0 sect 0 =47 (2x — — + — = —— cu. units.
/4 23 3
:471—71/ cos> 0 d y t
0
- /4
=47 — 5(0 ~+ sin 6 cos 6) . x+y=I o
2 2 >
1 >
=4n—n——£=ﬁ—n—cu.units. *
8 4 4 8
b) About the y-axis:
! 1
V:27‘r/x(2— 2)dx
0 I +x Fig. 7.1.11
1
1
=21 (x2 ) In(1 +x2)> |
. 0 12. V= 71/ [(1)? — (¢2)2]dx
=2 (l—zan)—%‘[—nan cu. units -1 1

-1
b4 it
= — cu. units.
y= 5
| y H_lxz y=1
\ 5
y=1—x
X 1 x' A|f dX°
x X
Fig. 7.1.9
10. By symmetry, rotation about the x-axis gives the same Fig. 7.1.12
volume as rotation about the y-axis, namely
3 10 1 13. The volume remaining is
V:2n/ x(——x——)dx
13 \3
5, 1, 3 —2><27'[/ xvV4 —x2dx Let u =4 — x?
=2r (gx -3 - x) 3 du = —2xdx
3
_ 2= cu. units. = 271/ Vidu = —u*?| =473 cu. units.
81 0
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. .4 5 327 .
Since the volume of the ball is §n2‘ = =5 cu. units.,

32
therefore the volume removed is TJT — 47+/3 cu. units.

The percentage removed is

32

T _4n3
3 X 100=100 1—ﬁ ~ 35.
n 8

3

About 35% of the volume is removed.
y 4

e

L e o,

A —

Fig. 7.1.13

14. The radius of the hole is ,/ R? — %Lz. Thus, by slicing,

the remaining volume is

L/2 L2
V=n/ [(Rz—x2>—(1e2——>]dx
—L/2 4

L2 1 \|*?
=27 =—x — =3
4 3

b4
= ELB cu. units (independent of R).

/y

0

Fig. 7.1.14
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15. The volume remaining is
b
v:zn/ wh(1-5) dx
a b

X2 X3 b
=2mh (= — =
2 3|,

2 3
—rh? —a®) — San (2 =L
3 b

1 243
= gnh (b2 —3a% + %) cu. units.

x=a > <dx§ b

X X

Fig. 7.1.15

16. Let a circular disk with radius a have centre at point
(a, 0). Then the disk is rotated about the y-axis which is
one of its tangent lines. The volume is:

2a
V=2x2m xva?—(x—a)3dx Letu=x—a
0

du = dx

a
=4 u+a)a?—u?du
o a
=4rr/ u\/az—uzdu+47m/ a? —u?du
—a

—a

1
=0+ 47m(§7m2> =272%a> cu. units.

(Note that the first integral is zero because the integrand
is odd and the interval is symmetric about zero; the sec-

ond integral is the area of a semicircle.)
y

(xfa)zw{vz:az

Fig. 7.1.16
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17. Volume of the smaller piece:

a
V:n/ (az—xz)dx
b

3 a
=n(a2x_)‘_>
3 b
313
:n(az(a—b)—a 3b>

%(a —D)[3a® — (@ + ab + b?)]

b4 ) )
g(a — b)“(2a + b) cu. units.

y

Fig. 7.1.17

18. Let the centre of the bowl be at (0, 30). Then the vol-
ume of the water in the bowl is

20
V= 71/ [302 — (- 30)2] dy
0

20
:n/ 6Oy—y2dy
0

1 20
= n[30y2 - §y3]

0
~ 29322 cm’.
y
30
20
X2 4+(y—30)2=302
X
Fig. 7.1.18
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19. The volume of the ellipsoid is

a )C2
V:2n/ b2<1——2> dx
0 a

2 x3 “ 4 2 .
=2mb° | x — Ev) = gnab cu. units.
a=/Jlo
y A >
y=i 1—2—2
b
dx .
X x'
Fig. 7.1.19

20. The cross-section at height y is an annulus (ring)
having inner radius b — /a? — y2 and outer radius
b + v/a? — y2. Thus the volume of the torus is

a
V= n/ [(b +y/a? = y)? — (b —Ja? - y2)2] dy
—a
a
= 271/ 4byJa? — y2dy
0
2
= 87'[19ﬁ = 2724>b cu. units..

We used the area of a quarter-circle of radius a to evalu-
ate the last integral.

21. a) Volume of revolution about the x-axis is

o0
V:n/ e ¥ dx
0

_ R
e 2x T )
= — CU. units.

= lim
R—oo —2

0

b) Volume of revolution about the y-axis is

o0
1% =27t/ xe Ydx
0

R
= 27 cu. units.
0

=27 lim (—xe ™" —e™)
R—o0
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y=e~*

JN

Fig. 7.1.21

The volume is

o0
V:n/
1

=7x lim ——
R—oo 1 — 2k

— R
xl 2k

—2k .
dx=m 1
FHdy = im |

R172k T

2k —1°

In order for the solid to have finite volume we need

1 —2k <0, thatis, k>%.

The volume is V = 27 [{° x!~* dx. This improper inte-
gral converges if 1 —k < —1, i.e., if k > 2. The solid has
finite volume only if k > 2.

y

Fig. 7.1.23

A solid consisting of points on parallel line segments
between parallel planes will certainly have congruent
cross-sections in planes parallel to and lying between the
two base planes, any solid satisfying the new definition
will certainly satisfy the old one. But not vice versa;
congruent cross-sections does not imply a family of par-
allel line segments giving all the points in a solid. For
a counterexample, see the next exercise. Thus the ear-
lier, incorrect definition defines a larger class of solids
than does the current definition. However, the formula
V = Ah for the volume of such a solid is still valid, as
all congruent cross-sections still have the same area, A,
as the base region.

SECTION 7.1 (PAGE 376)

25. Since all isosceles right-angled triangles having leg length
a cm are congruent, S does satisfy the condition for be-
ing a prism given in previous editions. It does not satisfy
the condition in this edition because one of the line seg-
ments joining vertices of the triangular cross-sections,
namely the x-axis, is not parallel to the line joining the
vertices of the other end of the hypotenuses of the two
bases.

The volume os S is still the constant cross-sectional
area a?/2 times the height b, that is, V = a?b/2 cm’.

26. Using heights f(x) estimated from the given graph, we
obtain

9 2
V= d
7T /1 (f (X)) x
~ %[32 1 4(3.8)2 +2(5)% + 4(6.7)% + 2(8)>

F48)2 +2(7)% +4(5.2° + 32] ~ 938 cu. units.

27. Using heights f(x) estimated from the given graph, we
obtain

9
V=2ﬂ/ xf(x)dx
1

~ 2?71 [10) +42)3.8) +2(3)(5) +4H 6.7 +2(5)®)

+4(6)(8) +2(1)(7) +4(®8)(5.2) + 9(3)] A 1537 cu. units.

28. Using heights f(x) estimated from the given graph, we
obtain

9
V:2n/ x+1Df(x)dx
1

~ Z[20) +40)38) + 206) + 467 +26/®)

+4(N(@8) +28)(7) +4(9)(5.2) + 10(3)] ~ 1832 cu. units.
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The region is symmetric about x = y so has the same
volume of revolution about the two coordinate axes. The
volume of revolution about the y-axis is

8
V= 2n/ x(@—x*332dx Letx =8sindu
0 dx = 24sin? ucosu du

/2
= 30727 / sin® u cos* u du
0

/2
=3072m / (1- cos? u)2 cos*usinudu Letv=cosu
0

dv=—sinudu

1
= 30727'[/ a1 —v)%*dv
0

1
=30727 | * =2v° +v¥)dv
0

12 1\ 8192«
—30727 (= —Z4=)=
i ( + ) 105

cu. units.
5 7 9

4
The volume of the ball is —7 R>. Expressing this volume
as the “sum” (i.e., integral) of volume elements that are
concentric spherical shells of radius r and thickness dr,
and therefore surface area kr? and volume kr2 dr, we
obtain

4 R k
—nR3=/ kr¥dr = = R°.
3 0 3

Thus k = 4.

Fig. 7.1.30

Let the ball have radius R, and suppose its centre is x
units above the top of the conical glass, as shown in the
figure. (Clearly the ball which maximizes wine overflow
from the glass must be tangent to the cone along some
circle below the top of the cone — larger balls will have
reduced displacement within the cone. Also, the ball will
not be completely submerged.)
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Note that

=sinw, so R = (x + h)sina.

x
Using the result of Exercise #17, the volume of wine
displaced by the ball is

V= %(R —0)22R +x).

We would like to consider V' as a function of x for
—2R < x < R since V = 0 at each end of this in-
terval, and V > O inside the interval. However, the
actual interval of values of x for which the above for-
mulation makes physical sense is smaller: x must satisfy
—R < x < htan®a. (The left inequality signifies non-
submersion of the ball; the right inequality signifies that
the ball is tangent to the glass somewhere below the rim.)
We look for a critical point of V, considered as a func-
tion of x. (As noted above, R is a function of x.) We
have
dv = dR
0= =3 [Z(R X) (dx 1) 2R +x)

()]
+(R—-x) 12— +1
dx

dR
d—(4R+2x+2R—2x) =4R +2x — (R — x).
X
Thus
. R
6Rsine =3(R+x)=3 <R+ —_ —h)
sSino

2Rsin2a = Rsine + R — hsina

hsina hsina
R: - - =
1 —2sin2a +sina

cos2a + sina

This value of R yields a positive value of V, and corre-

sponds to x = R(2sina — 1). Since sino > sin? @,

_ hsina(2sina — 1) h sin? o

—R <x = htan’a.

" 14sina —2sin2a ~ cosla
Therefore it gives the maximum volume of wine dis-
placed.
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32. Let P be the point (¢, % —1). The line through P perpen-

dicular to AB has equation y = x + % — 2t, and meets the
curve xy = 1 at point Q with x-coordinate s equal to the

positive root of 2+ (% — 2t)s = 1. Thus,

1 5 5 2
= |22 Z 2 4.
5 2[, o4 (2 z>+]

B(2,1)2)

Fig. 7.1.32

The volume element at P has radius

PO =2(t —s)
5 1 /(5 2

and thickness +/2dt. Hence, the volume of the solid is

v [ [5G )] Vi

2 2
25 5 5
=22 = - Z_2) +4
fn/l/z T (2 )+ +

17/(5 : s
Z 5—2[ +4 dt Letu=2t—§

du =2dt

32741 5 u?
=42 — —Vul 444+ —)d
\/—ﬂ/—3/2(16 1 uc + +4> u

3/2
41 1
= \/En(—u + —u3> —
16 12 _3p
5vV2m (32
vor u? +4du Letu =2tanv
4 Jap 2
du = 2sec” vdv

-5 sec” vdv

33/2n Son /tan‘ G
4 6

an—! (-3/4)

332 tan~! (3/4)
= \:—ﬂ — IOx/En/ sec® vdv
0

b

b

SECTION 7.2 (PAGE 380)

_ 33/2x

) —5V2% (secvtan v+

tan~! (3/4)
In|secv + tan v|

0

33 15
=\/§n[7—5<1—6+ln2—0—ln1>:|

57
=2 (1_6 —5In 2) Cu. units.

Section 7.2 Other Volumes by Slicing
(page 380)

2
=6m
0

A horizontal slice of thickness dz at height a has volume
dV = z(h — z) dz. Thus the volume of the solid is

2 3
V= / 3xdx = =x2 3
0 2

h 2 3 3
hz z .3
A (z(h —z)dz ( : 3 )’0 g units

A horizontal slice of thickness dz at height a has volume
dV = mz+/1 —z2dz. Thus the volume of the solid is

1
Vz/zx/l—zzdz let u —1— 72
0
1

1
T T 2
= — d:——3/2
2/0ﬁu 5 34

= — unmts".
3

0

3

3 3
V:/ xzdx:x—
1

26 .
= — cu. units
3 3

1

6 6
V=/ (2+z)(8—z)dz=/ (16 + 62 — 22) dz
0 0

3\ |0
= (16z +372 - %)

0

=132

The area of an equilateral triangle of edge /x is
A(x) = %ﬁ(éﬁ) = ‘/Tgx sq. units. The volume of
the solid is

—xdx = cu. units.

4

y /4¢§ V3N 15v3
= —X
1 8 i

)

The area of cross-section at height y is

2= (/) o

A(y) = 5 a®) = na® (l - %) $q. units.
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The volume of the solid is

h 2 y wah .
V= Ta (1 - —) dy = cu. units.
o h 2
8. Since V =4, we have
2 4 2
4=/kx3dx=k— = 4k.
0 4o

Thus k = 1.

9. The volume between height 0 and height z is z3. Thus

Z
2= / A(t)dt,
0

where A(t) is the cross-sectional area at height 7. Dif-
ferentiating the above equation with respect to z, we
get 3z22 = A(z). The cross-sectional area at height z is
372 sq. units.

z

10. This is similar to Exercise 7. We have 4z = / A(t) dt,
0

so A(z) = 4. Thus the square cross-section at height z

has side 2 units.

11. v = 2/;(2,”2 - y2>2dy

r y3
=8/ (rz—yz)dy=8<r2y——>
A 3

/

S (T i
— — Cu. units.

0

Fig. 7.2.11

12. The area of an equilateral triangle of base 2y is
%(Zy)(ﬁy) = \/§y2. Hence, the solid has volume

-

V=2/ \/g(rz—xz)dx
0

-

= 2«/§(r2x - %x3>

4 5 .
= —r’ cu. units.
3

0

272

com

R. A. ADAMS: CALCULUS

Fig. 7.2.12

13. The cross-section at distance y from the vertex of the
partial cone is a semicircle of radius y/2 cm, and hence
area wy%/8 cm®. The volume of the solid is

12 3
12
V:/ %yzdy:n =727 cm’.
0

24
Z
12
B y
(12, 12,0)
Fig. 7.2.13

14. The volume of a solid of given height & and given cross-
sectional area A(z) at height z above the base is given
by

h
V= / A(z)dz.
0
If two solids have the same height # and the same area

function A(z), then they must necessarily have the same
volume.

15. Let the x-axis be along the diameter shown in the fig-
ure, with the origin at the centre of the base. The cross-
section perpendicular to the x-axis at x is a rectangle

b —-b
having base 2+/r2 — x2 and height & = at 7%

2
Thus the volume of the truncated cylinder is

r b —b
V:/ 2vVr? —x2) (%—i—a x) dx

2r
r 2
b
= | (@a+bVr2—x2dx = w cu. units.
—r
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.......
-——

T
y =72
Fig. 7.2.15

16. The plane z = k meets the ellipsoid in the ellipse

that is, + =1

which has area

wo-safi- (3]

The volume of the ellipsoid is found by summing volume

elements of thickness dk:

o= ol (¢ o

= wabl|k 1k3 '
=T 3¢2

—C

4 .
= gnabc cu. units.

Z
c

2 2 2

X Yy Z
a2 Tt o=l
(one-eighth of the
solid is shown)

Fig. 7.2.16

17.

18.

19.

20.

SECTION 7.2 (PAGE 380)

Cross-sections of the wedge removed perpendicular to the
x-axis are isosceles, right triangles. The volume of the
wedge removed from the log is

20
1
V= 2/ E(‘/4OO —x2)2dx
0

20

3 16, 000
= (400x - x—) =22 ol
3 /o 3
s
X y
y=+/400—x2
X
Fig. 7.2.17

The solution is similar to that of Exercise 15 except that
the legs of the right-triangular cross-sections are y — 10
instead of y, and x goes from —10/3 to 10+/3 instead
of —20 to 20. The volume of the notch is

104/3 1
1% :2/ E(\/400—x2— 10)2 dx
0
103
- / (500 — x2 —20/400 — xz) dx
0

4,000
= 3,0007/3 — Tﬂ ~ 1,007 cm?.

The hole has the shape of two copies of the trun-
cated cylinder of Exercise 13, placed base to base,
witha + b = 32 inand r = 2 in. Thus the
volume of wood removed (the volume of the hole) is
V =222 (34/2/2) = 124/27 in.

One eighth of the region lying inside both cylinders is
shown in the figure. If the region is sliced by a horizon-
tal plane at height z, then the intersection is a rectangle

with area
A(z) = Vb? — 72/a? — 2.

The volume of the whole region is

b
V=8/ Vb? —z2Va? — 2 dz.
0

273
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Fig. 7.2.20

21. By the result given in Exercise 18 with ¢ = 4 cm and
b = 2 cm, the volume of wood removed is

2
1% =8/ V4 —72216 —z2dz ~ 97.28 cm’.
0

(We used the numerical integration routine in Maple to
evaluate the integral.)

Section 7.3 Arc Length and Surface Area
(page 387)

ds =+v1+4+22dx
3

L =/ V5dx = 2+/5 units.
1

1. y=2x—-1, y =2,

2. y=ax+b, A<x < B,y =a. The length is

B
L=/ 1+a2dx =+v1+a%(B — A) units.
A

3. y:%x3/2, Y =x, ds=+1+xdx
8 8
2
L:/ «/1—|—xdx:§(1+x)3/2
0 0

52 .
= — units.
3

w

4. Y =@x-1> y=@x-1>% y——«/m

/,/1—|——(x—1)dx— /v9x— dx

21323
27

= E(Qx —5)3/2 units.
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5. y=x¥3, y Exfm
’ 3
4 VIx2/3 + 4
ds =[14+ —x"3dx = Vo e dx
9 3x|1/3
1 273
Ox2/3 44
L=2/ ;71/:—6& Let u = 9x2/3 + 4
0 o du =6x"13dx
1 2(13*/2) —-16 .
= — t .
5 ), J_ > units

6. 2x+1)°=301y-1> y=1+\/§(x+1)3/2

¥ =3+,

3 3 3 5
X + dx — X + d

1+
0

1 [0 V2

=— | Bx+5dx=-"-"03x+5>
V2 /4 9 ( )
V24

_ /2 _»3/2 :

=35 (5 2 ) units.

-1

I
10. 1fy=x2— =% then y/ = 2x — — and
8 8x

1 2
1+(y’)2:(2x+§> :
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Thus the arc length is given by

s—f,/1+ 2x——
=/1(2x+8>
:<x2+%lnx>

2 1
=3+ 3 In 2 units.

1

s_/ V1 +sinh? x dx_/ cosh x dx
0
a —da

e e .
= smhx = sinha = — units.

0

12. :/ V1 +tan? x dx

/4 /4
=/ secxdx = In|secx + tan x|
/6 /6
1
1n(f+1)—1n( )
f f
V2+1 "
=In units.
NE]

13. y=x2, 0<x<2, y =2x.

2
length = / 1+ 4x2dx Let 2x = tan#é
0 2dx = sec? 6 df

1 x=2
= 5/ sec® 6
1 = x=2
= —(sec@tan@ + In|sec6 +tan0|)
4 x=0
1
_4_1< xv 1+ 4x2 +In(2x ++/1 +4x ))
1
:Z@v FIn@+ V1 ﬁ
=1 1n(4 + +/17) units.

SECTION 7.3 (PAGE 387)

et —1

4. y=In——: 2<x<4
e’ + 1
, €Y+ 1 (6" + Der — (e — 1)e*
YT e @+ 1)?
2e*
T

The length of the curve is

= ——__d

V@
4 2x
1
:/ + dx
2 e —1

4 _
=/ de:ln|ex—e_"|
2

ex —_ e*X

1 1
— 4 2
—ln(e —e—4>—1n(€ —e—2>

I eS—1 &2 I et +1 it
=1In —— ) =1In units.
et et —1 e2

4

2

15. x4 y2/ 3= 423, By symmetry, the curve has congruent
arcs in the four quadrants. For the first quadrant arc we
have

y= <a2/3 —x2/3)3/2

3 12 2
r_ 2 (253 23 L 173
y = 7 (a X ) ( 3x )

Thus the length of the whole curve is

a a2/3_x2/3
L=4/(; 1+de

a
= 4a1/3/ x 13 ax
0

3 a
=4q'/3 §x2/3 = 6a units.

0

16. The required length is

1 1
=/ \/l+(4x3)2dx=/ V1+16x0dx.
0 0

Using a calculator we calculate some Simpson’s Rule
approximations as described in Section 7.2:

Sy &~ 1.59921 S4 ~ 1.60110
Sg ~ 1.60025 S16 ~ 1.60023.

To four decimal places the length is 1.6002 units.
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17. y=x!3, 1<x <2, y/=lx72/3.

3
Length = f12 f(x)dx, where f(x) = ,/1+ 9)%/3. We
have
T4 = 1.03406 M4 = 1.03363
Tg = 1.03385 Mg = 1.03374
Ti6 = 1.03378 Mis = 1.00376.

Thus the length is approximately 1.0338 units.

18. For the ellipse 3x2 + y2 = 3, we have 6x + 2yy’ = 0, so
y' = —3x/y. Thus

J - 9x2 d 3+6x2d
s = X = X.
3 —3x2 3 —3x2

The circumference of the ellipse is

1 2
346
4 / 2O 4k ~8.73775 units
0 3— 3)62

(with a little help from Maple’s numerical integration
routine.)

19. For the ellipse x% + 2y% = 2, we have 2x + 4yy’ = 0, so
y' = —x/(2y). Thus

2 2
X 4—x
s \/+4—2x2 o \/4—2x2 o

The length of the short arc from (0, 1) to (1,1 /ﬁ) is

1 2
4 —
/ 27X 4x ~ 1.05810 units
0 4—2x2

(with a little help from Maple’s numerical integration
routine).

20. —27‘[/ lx|vV14+4x2dx Letu =1+ 4x?

du = Sxdx

T 2 B2
4/1 Viudu = <3 )
%(17\/ﬁ— 1) sq. units.

1

21. y=x30<x<1. ds=+1+9x%dx.
The area of the surface of rotation about the x-axis is

S=27 | ¥*V1+9x*dx Letu=1+9x*

du = 36x3 dx
T

— fdu— 7(103/2—

T 1) sq. units.
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22, y=x320<x<l1. ds=,/1+ %xdx.
The area of the surface of rotation about the x-axis is

—271/ 3/2,/14— dx Let 9x = 4u?

9dx = 8udu

1287 [3/2
= il 4\/l+u du Let u =tanv
243 0
du = sec?vdv
-1
3 1287 tan™ " (3/2) . 3
= — tan™ v sec’ vdv

243 Jo
-1
128 tan™ " (3/2)
= 7; A (sec v —2sec v + sec’ v)dv.

At this stage it is convenient to use the reduction formula

1 -2
/sec”vdv: —lsec’“zvtanv—i— " l/sec’“zvdv
n—

n—

(see Exercise 36 of Section 7.1) to reduce the powers of
secant down to 3, and then use

4 1
/ sec’ vdv = E(secatana +In|seca + tanal.
0
We have

a
1=/ (sec7v—25605v+sec3v)dv
0

5 a a a
t 5
:M +<——2>/ secjvdv—i—/ sec® v dv
sec>atana 7 sec3vtanva+3/“ 3 0d
= - = - sec’ vdv
6 6 4 o 4Jo
a
+/ sec® vdv
0
secatana 7sec’atana l/“
= — + = sec” vdv
6 24 0
_ secatana 7sec’atana
N 6 24

secatana + In|seca + tana|
16 '

Substituting a = arctan(3/2) now gives the following
value for the surface area:

G_28YBr sr (34313 .
— _— . units.
81 243 2 5q. units
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23. If y = x32,0 < x < 1, is rotated about the y-axis, the
surface area generated is

26.
1
/ 9 9
S:271/x 1+—xdx Letu:1—|——x
0 4 4
9
du = 1 dx
32 13/4
=T  — D)udu
81 J;
13/4
32 2
_ 32 (2 52 50
81 \5 3 1
64w ((13/4°2 -1 (13432 -1 )
= — — $q. units.
81 5 3
27.
24. We have
1
S=27r/ e*V1+e2rdx Let ¥ =tané
0 e* dx = sec? 0.do
x=1 x=1
:27‘[/ V1 + tan2 9 sec? z9d0:271/ sec> 6 do
=0 =0
X —l X
= n[sec@ tan6 + In | sec O +tan0|]
x=0
Since
) 28.
x=1=tanf = e, secld =1+ e,
x=0=tanf =1, sec@:\/z,
therefore
S=rr|:e\/1+ez+ln|\/l+ez+e| —ﬁ—ln|ﬁ+1|]
29.

/1 2
= n[e\/ 1+e2—+2+In ﬁ] $q. units.
V2+1

25. If y =sinx, 0 < x < m, is rotated about the x-axis, the
surface area generated is

s
S = 271/ sinxv/'1 + cos? dx Let u = cosx
0

du = —sinx dx

1
=27r/ v1+u?du Let u = tan @
! du = sec? 0 do
/4 /4
=2 / sec® 0 do = 4x / sec’ 6 do
—m/4 0
/4
=2r (sec@ tanf + In | sec + tan0|)
0

=2r (ﬁ + In(1 + ﬁ)) Sq. units.
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Tn Q. units.

3

Fory=)1€—2+;,1§x§4,wehave

2
X 1
ds = (Z—i—x—z) dx.

The surface generated by rotating the curve about the
y-axis has area

4 x2 1
S=2 — 4+ —=)d
n/;x<4+x2> X
4 4
X
=2 | — +1
7'[(16—}—n|)c|>1

255
=2 (1_6 + ln4> $q. units.

The area of the cone obtained by rotating the line
y = (h/r)x, 0 <x <r, about the y-axis is

r 2 h2 2
S:271/ x,/1+(h/r)2dx:2nix—
0 r 2 0

= wrv/r? 4+ h? sq. units.

r

For the circle (x — b)? + y2 = a? we have

d d —-b
2e—b+2y 2 =0 = -7
dx dx y
Thus
—Db)?
ds = 1+(x Z)dx:gdx: 4 x
y a? — (x — b)?
@if y > 0).

The surface area of the torus obtained by rotating the
circle about the line x =0 is

b+a a
S=2x2m X————dx Letu=x-—-b»b
b—a /a?— (x —b)? du = dx
¢ u+b
=4ma ——du
—a Va? —u?

¢ du
= 8mab / —_— by symmetry
0 va?—u?

a

.1 u .
= 8rabsin™! —=| = 4x’ab $g. units.

alo
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1
30. The top half of x> + 4y> = 4isy = 5\/4—x2, SO
d _
—yzix,and
dx 24 — x2
2 /4 —
S_2><271 x
0 V4 —x2

/\/16 3x2dx Letx—,/?sme

16
dx = Y cos O db

/3 4
= (4cosf)——=cosO db
|, e

16z [7/3
V3

8 (@ 1 sin@ 0)
= — Sin COS
V3
_ 27(4m +3V3)

3J3

cos? 6do

/3

0

$q. units.

31. For the ellipse x> 4+ 4y? = 4 we have

dx dx y
xdy Y dy by

The arc length element on the ellipse is given by

ds 1+(dx> dy
_ |
1+—yd ,/4+12y2dy

If the ellipse is rotated about the y-axis, the resulting
surface has area

|
S:2><277/ x —y/4+12y2dy

0 X

1
=8n/ J1+3y2dy

0

Let /3y = tan 6
V3dy = sec? 6 do

8 /3

= 77; sec> 0 do
0

8 /3
= — sec@tan0+ln|sec9+tan9|)

2\/5( 0

8
_ %(Zﬁ—kln@—kﬁ))

In(2 ++/3) .
=87 |14+ —— ] sq. units.
( 23 ) !
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As in Example 4, the arc length element for the ellipse is

To get the area of the ellipsoid, we must rotate both the
upper and lower semi-ellipses (see the figure for Exercise
20 of Section 8.1):

1
= Snc[z of the circumference of the ellipse]

= 8mcaE(e)

— 52
and E(g)

as defined in Example 4.

= foﬂ/zvl —e2sint dt

where ¢ =

From Example 3, the length is

/2
§=— l+—cos tdt
T Jo
/2
= ———s1n 2t dt

= \/4+7r2/ s1n tdt
= 4+712E< )
a V4 + 2

Let the equation of the sphere be x%+ y2 = R2. Then the
surface area between planes x =a and x = b
(—R<a<b<R)is

b 2
d
S:27‘r/ \/Rz—xz‘/1+ _y dx

_zyf/ﬁ —

b
= 27rR/ dx =2n R(b — a) sq. units.
a
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Thus, the surface area depends only on the radius R of
the sphere, and the distance (b — a) between the parellel

planes.
y

K2y y2=R2

Fig. 7.3.34

35. If the curve y = xk, 0 < x < 1, is rotated about the
y-axis, it generates a surface of area

1
S = 271/ XV 1+ k2x2G=D gy
0
1
= 27r/ Vx2 4+ k2x2k dx.
0

1

If Kk < —1, we have S > an/ xk dx, which is infinite.
0

If k > 0, the surface area S is finite, since x¥ is bounded

on (0, 1] in that case.
Hence we need only consider the case —1 < k < 0. In
this case 2 <2 — 2k < 4, and

1
S = 271/ xvV 14 k2x2k=D gx
0
1
= 271/ Vax2=2% 4 k2 xk gx
0
1
< 271\/1+k2/ x*dx < oo.
0

Thus the area is finite if and only if & > —1.

1
1
36. S:27‘r/ [x[y/1+ — dx
0 X

1
=27r/ Vx2+1dx Letx =tan#
0

dx = sec? 6.do
/4
= 27'[/ sec’ 6do
0

/4
= n(sec@ tan6 + In | sec O +tan9|)

0
=n[vV2+ ln(\/i + 1)] sq. units.

d
37. ) Volume V =rx [° —)26 = 7T cu. units.
X
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b) The surface area is

1 1
S =2 — 1+—4dx
1 X X
© dx
> 21 — = o0.
1 X

c) Covering a surface with paint requires applying a
layer of paint of constant thickness to the surface.
Far to the right, the horn is thinner than any pre-
scribed constant, so it can contain less paint than
would be required to cover its surface.

Section 7.4 Mass, Moments, and
Centre of Mass (page 394)

The mass of the wire is

L L
m :/ 8(s)ds :/ sinﬂds
0 0 L

oo
o T

L TS
= —— C —

L

Since §(s) is symmetric about s = L/2 (that is,
8((L/2) —s) =6((L/2) +s)), the centre of mass is at the
midpoint of the wire: 5§ = L/2.

A slice of the wire of width dx at x has volume
dV = m(a + bx)*dx. Therefore the mass of the whole
wire is

L
m= / dom(a + b)c)2 dx
0
L
= Som / (a® + 2abx + b*x?) dx
0
1
= 8o <a2L +abL? + g1a2L3>.
Its moment about x = 0 is
L
My—o = / x8om(a + b)c)2 dx
0
L
= 507'[/ (azx + 2abx? + b2x3) dx
0
1 2 1
=8| =a’L? + ZabL® + -b*L* ).
0”(2“ tReblity
Thus, the centre of mass is

1 2 1
som | =a®L? + ZabL? + -b2L*
0”(2“ tRabki g

X =

1
Som (aZL +abL? + g192L3>

1,2 15,
L(za® + ZabL + - 1L
B (2“+3a i

1
a? + abL + §b2L2

279
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780a?

The mass of the plate is m = §y x area = 1

The moment about x = 0 is

a
My—o = / x80va? — x2dx Let u = a* — x?
0

du = —2x dx
2
8 a
—_ Judu
2 Jo
(12 3
_ %02 sp| _ Soa”
23 0
_ M.y Soa® 4 da
Thus x = = — = —. By symmetry,
m 3 wépa? 3w ¥ 5y Y
y = Xx. Thus the centre of mass of the plate is

Fig. 7.4.3

A vertical strip has area dA = va? — x? dx. Therefore,

the mass of the quarter-circular plate is

a
m:/ ox)Va? —x2dx Letu = a® — x2
0

du = —2xdx
2 a?
1 a 1 /2 1
= =4 du= =8|z’ )| = =80a’.
20()ﬁ” 2°<3” . 37

The moment about x = 0 is

a
M.—o = / Sox>va2 —x2dx Letx =asin®
0

dx = acosbdo
/2
= §pa* / sin 6 cos 6 d
0
Soa® [7/?
= 04 sin? 20 d6
4 Jo
S 4 /2 S 4
= 4 (1 — cos46)do = 2%
8 Jo 16

The moment about y = 0 is

2

1 a*xr Xt
= =8 -
2 2 4

1 a
My—o = —50/ x@® — x%) dx
0
a

4
= —a"dp.
o 8

280

3 3
is located at (—ma, —a).
16
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3 3
Thus, x = Ena and y = ga. Hence, the centre of mass

8

The mass of the plate is

4
m:Z/ ky/4 —ydy Letu=4-—y
0 du = —dy

4
=2 | @4—wu?du
0

4
—ok (S 2
3 5

256k
o 157

By symmetry, My—p =0, so x = 0.

4
My=0:2/ kyzw/4—ydy Letu=4-—y
0

du = —dy

4
=2k | (16u'? —8u? +u*) du
0

4
% (%3/2 By %W)

4096k

3 o 105 °

4096k 15 16

Thus y = 105 256k = = The centre of mass of the
plate is (0, 16/7).
y A
x=4/4—y
X
density Ay
-2 2
Fig. 74.5

A vertical strip at h has area dA = (2 — %h) dh. Thus,
the mass of the plate is

3 2 3 hZ
m:/ (5h)(2——h>dh:10/ (h——)dh
0 3 0 3

3
=15 kg.

The moment about x = 0 is

3 h3
M. = 10/ (h2 - —> dh
o 3

moont 45
=10 — — — = — kg-m.
312

0 2
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The moment about y = 0 is

31 2 1,
Myo=10 | =(2=Z2h)(h—=h?)dn
: 0 2 3 3
3
2 1
=10/ (h——h2+—h3>dh
0 3 9

ofr s .
= — - — 4+ = = — kg-m.
29 "3)|, 2 ¢
(45) (15)
2 3 2 1
Thus, ¥ = —% = — y = —~ = —. Th
us, X 5 5 and y 15 2 e centre
of mass is located at (%, %).
y
2
y:27%x
dh
h 3 x
Fig. 7.4.6
The mass of the plate is
a k 3
m= / kxadx = L.
0 2
By symmetry, y = a/2.
a k 4
M,—o :/ kx2adx = i.
0 3
k 4
Thus x = A —a. The centre of mass of the
3 kad 3

late i 2a a
ate is | —, = ).
P 372

y

a

density kx

Fig. 7.4.7

a
A vertical strip has area dA =2 — —r
. P ( V2
mass is

m = 2/()a/ﬁkr[2(% —r)] dr

a2y k
=4k/ (—r—r2>dr=—a3 .
o \V2 I

)dr. Thus, the

SECTION 7.4 (PAGE 394)

Since the mass is symmetric about the y-axis, and the
plate is symmetric about both the x- and y-axis, therefore

the centre of mass must be located at the centre of the
square.

a
V2
=4
=7
a
~|l-dr V2
r X
Fig. 7.4.8

b
m = / 50 (g() = () dx
b
Moo= [ 550 - F0) dx
1a b
Moo= [ w0 ((et0)? = (02
Centre of mass: (M M) .

)
m m
y 4

y=g(x)

Fig. 7.4.9

10. The slice of the brick shown in the figure has volume

dV = 50dx. Thus, the mass of the brick is

20 20
m =/ kx50 dx = 25kx2‘0 — 10000k g.
0

The moment about x = 0, i.e., the yz-plane, is

20 50 20
Moo = SOk/ xdx = —kx3’
0 3 0

= 53—0 (8000)k g-cm.

281
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50
3 8000k 49

ook = 3 Since the density is inde-

pendent of y and z, y = 3 and 7 = 5. Hence, the centre

of mass is located on the 20 cm long central axis of the
brick, two-thirds of the way from the least dense 10 x 5
face to the most dense such face.

y

Thus, x =

5

10

Fig. 7.4.10

11. Choose axes through the centre of the ball as shown in
the following figure. The mass of the ball is

R
m= / (y + 2R)w(R> — y*) dy
-R

2 y? " 4
=4nR| Ry — — = - R"” kg.
3/)lp 3

By symmetry, the centre of mass lies along the y-axis;
we need only calculate y.

R
My = / YO+ 2R (R — yP)dy
—R

R
=27 /0 YA(R? —y?)dy

R
=27 R2y—3—y—5 =irrR5
3 5/ 15 ’
_ 47nR 3 R .
Thus y = ——— - ———; = . The centre of mass is

on the line through tljlre centre of the ball perpendicular to
the plane mentioned in the problem, at a distance R/10
from the centre of the ball on the side opposite to the
plane.

282
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y+2R

—2R

Fig. 7.4.11

12. A slice at height z has volume dV = wy?dz and density
kz g/ecm>. Thus, the mass of the cone is

b
m:/ kzmy?dz
0

—nka2/b 1-= Zd
= OZ b Z

_ae(Zo2 2

B 2 3b  4p?)|,
1

:Eﬂkatzb2 g.

The moment about z = 0 is

b 2
1
M=o = 7Tka2/0 22(1 - i) dz = %nka2b3 g-cm.

2b
Thus, z = —. Hence, the centre of mass is on the axis
of the cone at height 2b/5 cm above the base.

Z

e
Y

=e(1-5)

Fig. 7.4.12

13. By symmetry, y = 0.
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z _ 280a° 8 16a
A SO X = e = .
15 mdpa* 15

16 8
The centre of mass is (—a, 0 a) .

157715
14. Assume the cone has its base in the xy-plane and its
vertex at height b on the z-axis. By symmetry, the cen-
tre of mass lies on the z-axis. A cylindrical shell of
thickness dx and radius x about the z-axis has height
z = b(1 — (x/a)). Since it’s density is constant kx, its
mass is

dm = 27 bkx> (1 - ;—C) dx.

Also its centre of mass is at half its height,

Fig. 7.4.13 b

- X
Vshell = = (1 - —)-
A horizontal slice of the solid at height z with thickness 2 a

dz is a half-disk of radius v/a? — z2 with centre of mass Thus its moment about z = 0 is
_ AVa? -2 . .
at X = ————, by Exercise 3 above. Its mass is 5 x\2
3 dM,—0 = Yshen1 dm = wbkx (1 - —) dx.
a
b4
dm = §pz dz E(Ul2 ~ 2%, Hence
3
and its moment about x = 0 is m = /a 27 bkx? (1 _ f) dx = wkba
0 a 6
_ 7w 4 a? — 72 a 2 kb243
AMy—g = dm % = 220 (g2 — H L ZE Moo = / mbk? (1= 1) ax = T
2 3n 0 a 30
=20 22y _
-3 < < ) and 7 = M,—o/m = b/5. The centre of mass is on the

axis of the cone at height 5/5 cm above the base.
Thus the mass of the solid is

15.
1) a y 4
m = % (azz — 13) dz x24y2=d?
0
_ 7l a’z2 A\ _ 7 8oat ds
=5z 7)), f :
a0
Also, = S g
780 /a 20 4
M, —g=— a’z”—z7")dz
0= ) ¢ ) Fig. 7.4.15
2.3 5\ |4 5
- 7r_80 ez = 7 8oa , Consider the area element which is the thin half-ring
2 3 RN 15 shown in the figure. We have
780a’ 8 8a dm = ks s ds = kr 5% ds.
and 7 =—— ——7 =—.
15  7#dpa* 15 km 4
Finally, Thus, m = Y a’.
Y Regard this area element as itself composed of smaller el-
J 7 — @ / Z(a2 _ Z2)3/2 dz Let u = g2 — 72 ements at positions given by the angle 6 as shown. Then
B 3
( du = —2zdz b4
8o a? dMy—o = (/ (ssinf)s d@) ks ds
= —/ w3 du 0
3 Jo = 2ks? ds,
4

2
“ 280a°
0 15

a
k
My—o = Zk/ $ds = —.
0 2

283
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_ ka* 3 3a _
Therefore, y = S = 2 By symmetry, x = 0.
Ta T

3
Thus, the centre of mass of the plate is (0, 2_a>
T

16.

Fig. 7.4.16

. .. . L
The radius of the semicircle is —. Let s measure the

b4
distance along the wire from the point where it leaves
the positive x-axis. Thus, the density at position s is

88(s) = sin (%) g/cm. The mass of the wire is

/L. s L ws|t 2L
m= sin—ds =——cos—| =— g.
0 L b4 L |, b4

Since an arc element ds at position s is at height

L . L . 7ws .
y = —sinf = — sin —, the moment of the wire about
b4 b4 L

y=0is

L
L :
Myo= | Zsin2 Z2ds Leto=ns/L
y
0o L

d0 =nds/L
2

(LY [T
=|(— sin“ 0 d6

T 0

L2 b L2
= —(6 —sinf cos&) = — g-cm.

272 o 27

Since the wire and the density function are both symmet-
ric about the y-axis, we have M,—o = 0.

L
Hence, the centre of mass is located at (0, Z)
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o0 2
17. m =/ Ce ™ 4nr?) dr
0 o i
:471C/ r2e ™  dr Letu=+kr
0

du = Vkdr
4aC [°
= / wle " du
0

= 132
U=u dV =ue du
dU =du V:—%e‘”2
4nC [ —ue R+ 1 /R "y
=——> lim | —— - e u
k3/2 R—o0 2 0 2 0

47 C 1 [ _p
:—k3/2 (0—|—5/0 e du)

_4nC Jmm\32 _551C
T2 4 (E) N

1 oo

rCe ™" (4mr?) dr

o0
3 —kr? 2
= rle dr Letu =kr

Cr3/2k=3/2 /0
du = 2kr dr

4k32 1 [
= / ue " du
0

T ST 2k
U=u dV =e"du
dU =du V=—t
2 kR
=—— lim | —ue™ +/ e “du
Ttk R—o0 0 0

_ 2 . 0 —R\ _ 2
_ﬁ<o+Rhféo(e —¢ )‘m'
Section 7.5 Centroids (page 399)

1. A

4
-

Mx:0=/ xvVr? —x2dx Let u = r?2 — x2
0

du = —2xdx
2 r2
_ l/r u1/2 iy — M3/2 _ ﬁ
2 Jo 3 0o 3

o 4 4r S b ‘
i=— —=—= symmetry.
3 72 3p YW Y

4r 4
The centroid is —r, il .
37 37w
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<

dx

Fig. 7.5.1

By symmetry, x = 0. A horizontal strip at y has mass
dm = 2/9 — ydy and moment dMy—o = 2y+/9 — ydy
about y = 0. Thus,

9

9
2
m=2/ «/9—ydy=—2(§)(9—y)3/2 =36
0 0
and
9
My=0:2/ yv/9—ydy Letu>’=9—y
0 2udu = —dy
} 2 4 3_1 648
=4/ Ou* —utydu =4Gu’ — tu)| = —.
0 0 5
- 648 18 L
Thus, y = = —. Hence, the centroid is at
5 %36 5
18
0, — ).
(5)
y
9
y:9—x2
&
/-3 3\ x
Fig. 7.5.2

The area and moments of the region are

A /l dx Let x = tan
= E—— €l X = tan
2
0 V1i+x dx = sec26 d6
/4
:/ secH db
0
/4

=In|secfd +tanf|| = In(l ++/2)

0

1 1
d
Mx=o=/ —E _Vi+a2| =21
0 V1422 0
1/1 dx R L
My_o= - — = —tan x| = —.

SECTION 7.5 (PAGE 399)

) V2-1 i} T
Thus ¥ = ——— andy = —— . The
In(1 + +/2) 8In(1 ++/2)
troid i V2-1 il
centroid 1S , .
In(1 4+ +/2)" 81n(1 4+ +/2)
Y 1
ﬁ
ox
Fig. 7.5.3

4. The area of the sector is A = énrz. Its moment about

x=0is

r/ﬁ r
My—o = / x2dx —i—/ xvVr? —x2dx
0 r

/N2
,
zi_l(rz_xzf/z _i_
6v2 3 rvE 32
_ P 8 8r
Thus, x = — x — = . By symmetry, the

32w 3y2x
centroid must lie on the line y = x(tan %) = x(ﬁ —1).
_8r(/2-1
a 32w

Y

Thus, y

y=x

Fig. 7.54
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By symmetry, x = 0. We have

VA
A=2/ (\/4—x2—l)dx Let x = 2sinf

0 dx = 2cos6 db

/3
=2 (4/ cos?0.do — «/5)
0

/3

—2V3
0

7 3 4
=4<_+T>_2‘/§=T_ 3

= 4(0 4+ sinf cosH)

3
V3 2
Mv=0:2><l/ (\/4—x2—1) dx
' 2 Jo
V3
:/ (5—x2—2\/4—x2>dx
0
ﬁ
:5f—f—2/ V4 — x2dx
0
:4¢§_4<Z+§>:3f_4§.

3 4
93 -4 3 I9v3—4
Thus y = V3 T = V3 T[.The
3 4 —3v3  4m —33
93 —4
centroid is { O, u .
4w —3/3
y
1 y=~/4—x2—1
-3 V3¥
Fig. 7.5.5

By symmetry, x = 0. The areais A = %nab. The
moment about y = 0 is

1 r@ ) X 2 ) a x2
My:()zi b1 — E dx =b b l—a—zdx
—a

x3 “
= bz X — — = —ab .
( 3612) 0 3

_ 2ab? 2 4b
ThuS,yZTXﬂzg.
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Fig. 7.5.6

The quadrilateral consists of two triangles, 77 and 7>,
as shown in the figure. The area and centroid of 7 are
given by

4x1
1= :27
2
- 0+3+4 7 _ 0+1+0 1
xlziz—’ ylziz—,
3 3 3 3

The area and centroid of 7> are given by

_4><2

Ay = 2 =4,
_ 0+2+4 )3 0-240 2
X = — =2, = | J——
2 3 2 3 3
It follows that
7 14
M1'x=0=§><2=? Myy—0=2x4=28
1 2 My — 2 a8
Ml,)':()=§X2=§ 2,y=0 = 3X - 3

Since areas and moments are additive, we have for the
whole quadrilateral

A=2+4=06,
14 38 2 8
M _g=—+8=—, My_og==-—==-2
0= Ee=3 =073 3
_ 38 19 . =2 1 .
Thus x = —— = —, and y = — = ——. The centroid
3x6 9 6 3
. (19 1
of the quadrilateral is 57 3)

y 4
(€NY)

N

X

2,-2)

Fig. 7.5.7
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The region is the union of a half-disk and a triangle. The

4
centroid of the half-disk is known to be at (l, 3—) and
g

2 2
that of the triangle is at (g, _§> The area of the semi-

. . T . .
circle is ) and the triangle is 2. Hence,

T 2 37T+8_
MX:o=(5) 1)+ Q@) <§>= —

- () (&) (2)-3

Since the area of the whole region is % + 2, then
37 +8 _ 4

——andy=———.

3(m +4) 3(r +4)

y=4/1-(x=1)?

)

1 2 x

X =

y

y=x—-2

Fig. 7.5.8

A circular strip of the surface between heights y and
vy + dy has area

d
dS =2mx Y
cos 6

=2mx :—C dy =2nrdy.
The total surface area is

S = 27'rr/0r dy = 2r2.
The moment about y = 0 is

-
My—o= an/ ydy = nr(yz) =7r.
0

-
0
wr3

Tr?
hemispherical surface is on the axis of symmetry of the
hemisphere. It is halfway between the centre of the base
circle and the vertex.

Thus y = = K. By symmetry, the centroid of the

y 4

Fig. 759

10.

11.

SECTION 7.5 (PAGE 399)

By symmetry, x = y = 0. The volume is V = %m’3. A
thin slice of the solid at height z will have volume

dVv = ny2 dz = 7(r? — z%) dz. Thus, the moment about
z=01is

(rZZZ Z4> r 7”,4
=TT _— = — = —
2 4/ 1o 4
_ aré 3 3r L
Thus, 7z = — x —— = —. Hence, the centroid is

3
Tr?
on the axis of the hemisphere at distance 3r/8 from the
base.

I8l

Fig. 7.5.10

The cone has volume V = %nrzh. (See the following
figure.) The disk-shaped slice with vertical width dz has

radius y =r (1 — %), and therefore has volume

2 2
dv = nr? (1 - %) dz :n:l—z(h —z)zdz.

We have

]'[r2 h
F/ 2th—2%dz  Letu=h—z
0 du = —dz

ar? h(h 2
e A —u)u”du

_7'[r2 o\ |
 h2 \ 3 4/, 12

M=o =

7r2h?

ar2h? 3 h i

. = = - The centroid of the
. . 12 mwréh 4 .
solid cone is on the axis of the cone, at a distance above

the base equal to one quarter of the height of the cone.

Therefore z =

287
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o~

Thus y = %, and the centroid is (%, %)

y A

/2 T X

-
— Fig. 7.5.13

Fig. 7.5.11 14. The area of the region is
12. A band at hzight z with vertical width dz has radius o -
y= r(l — ﬁ)’ and has actual (slant) width A= /0 cosxdx =sinx =1
0

The moment about x = 0 is

/2
M,—o =/ xcosxdx
0

dy 2 2
ds = ./1 — dz =,/1 — dz.
e () dem 1 G
It i
s area is U=x dV =cosxdx

. 2 dU = dx V =sinx
dAzznr(l——),/H—dz. T2 w2
h h? = xsinx —/ sinxdx:%—l.
0

0

Thus the area of the conical surface is
b4
Thus, x = 7 1. The moment about y = 0 is

2 h
A=2mr 1+r—/ (1-7) dz=mrdr2 42
h? 0 h 1 [7/2
/ cos® xdx

My:O = E
The moment about z = 0 is 72

1 1
:—(x—{——sian)
2 rh z 4 2
M,—o =27r 1+ﬁ/0 z(l—z>dz
2,2 h

Thus, y = % The centroid is (% -1, z).

0

3
r-(z z 1 8
=2 I+—==-=— = —nmrhvr? + h2
™y +h2(2 3h>0 3TV v
Thae = _ TV AR 1 hoy : ymeos
us, 7 = X = —. By
3 ara/r2 + h? 3

symmetry, x = y = 0. Hence, the centroid is on the axis dx
of the conical surface, at distance 4 /3 from the base.

v x T x

13. By symmetry, ¥ = 5 The area and y-moment of the 2

region are given by

Fig. 7.5.14
T
A= / sinxdx =2 Tr _ _
0 15. The arc has length L = > By symmetry, x = y. An
My—g = 1 / i sin? x dx element of the arc between x and x + dx has length
0
T om dx rdx rdx

1
= —(x —sinx cosx = —. ds = S
3 )0 4 T sing Ty o

288
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Thus
r r
xrdx
My—o = — = —rVr? —x% = r2.
0 Vr2—x2 0

o2 2 _ 7 dis (2 &
Hence x =r = —, and the centroid is , .
Tr b4 T T

y A

r

X x+dx T ox

Fig. 7.5.15

The solid S in question consists of a solid cone € with
vertex at the origin, height 1, and top a circular disk of
radius 2, and a solid cylinder D of radius 2 and height
1 sitting on top of the cone. These solids have volumes
Ve =4n/3, Vp =4n, and Vs = V¢ + Vp = 167/3.

By symmetry, the centroid of the solid lies on its verti-
cal axis of symmetry; let us continue to call this the y-
axis. We need only determine ys. Since D lies between
y = 1 and y = 2, its centroid satisfies yp = 3/2. Also,
by Exercise 11, the centroid of the solid cone satisfies
yc = 3/4. Thus C and D have moments about y = 0:

4 3 3
Me.y=0 = (%) (Z) =7, Mpy=o = (471) (E) = 6m.

Thus Msy—0 = 7w + 6m = 7m, and

zs = T /(16w /3) = 21/16. The centroid of the solid S
is on its vertical axis of symmetry at height 21/16 above
the vertex of the conical part.

The region in figure (a) is the union of a rectangle of
area 2 and centroid (1, 3/2) and a triangle of area 1 and
centroid (2/3,2/3). Therefore its area is 3 and its cen-
troid is (x, ¥), where

i 2\ 8
3x:2(1)+1(§> -

3-—z(§)+1(3> n
Y=2\2 3 3

Therefore, the centroid is (8/9, 11/9).

W

The region in figure (b) is the union of a square of area
(+v/2)? = 2 and centroid (0, 0) and a triangle of area 1/2
and centroid (2/3, 2/3). Therefore its area is 5/2 and its
centroid is (x, y), where

5 1/2\ 1
2i=200+-(2)=-.
2" (O)+2(3) 3

19.

20.

21.

22,

SECTION 7.5 (PAGE 399)

Therefore, x = y =
(2/15,2/15).

2/15, and the centroid is

The region in figure (c) is the union of a half-disk of
area /2 and centroid (0,4/(37)) (by Example 1) and a
triangle of area 1 and centroid (0, —1/3). Therefore its
area is (w/2) + 1 and its centroid is (x, y), where x = 0

T2 w4, (1) _1
2 P72\ 3)73

Therefore, the centroid is (0, 2/[3(wr + 2)]).

The region in figure (d) is the union of three half-disks,
one with area 7 /2 and centroid (0, 4/(37)), and two
with areas 7/8 and centroids (—1/2, —2/(37)) and
(1/2,—2/(3m)). Therefore its area is 3w /4 and its cen-
troid is (X, y), where

3 _ b4 T (-1 (1
T<x>=5(°)+§(7>+§(5>:

3 _ (4 T [-2 T (-2 1
T(”:5(§>+§(§>+§(§):3

Therefore, the centroid is (0,2/(37)).

By symmetry the centroid is (1, —2).

. (1D
y=2x—x2

Fig. 7.5.21

The line segment from (1, 0) to (0, 1) has centroid (%, %)
and length /2. By Pappus’s Theorem, the surface area
of revolution about x = 2 is

1
A =2 (2 - E)\/E =372 sq. units.

289
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The triangle 7 has centroid (5, ) and area . By Pap-
pus’s Theorem the volume of revolution about x = 2
is

1 1
V=—x2n(2——>=5?ﬂcu. units.

2 3

x=2 ‘
Fig. 7.5.23
. : 53 L
The altitude & of the triangle is - Its centroid is at

h
height - = ——
eig 3

Theorem, the volume of revolution is

s s \/gs s’ .
V=2r|—— — X —— | = — cu. units.
243/ \2 2 4

h s+/3
The centroid of one side is — = i above the base.

above the base side. Thus, by Pappus’s

Thus, the surface area of revolution is

3
S=2x2nm <9) (s) = s27/3 sqg. units.

Fig. 7.5.24

For the purpose of evaluating the integrals in this prob-
lem and the next, the definite integral routine in the TI-85
calculator was used. For the region bounded by y = 0
and y = /x cosx between x = 0 and x = /2, we have

/2
A= / Vx cosx dx ~ 0.704038

=1
I

0
1 /2
Z/ 3% cosx dx ~ 0.71377
0
1

/2

— x cos? x dx ~ 0.26053.
24 J,

y
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26. The region bounded by y = 0 and y = In(sin x) between
x =0 and x = /2 lies below the x-axis, so

/2
A= —/ In(sinx) dx ~ 1.088793
0

=1
I

-1 /2
= / x In(sin x) dx =~ 0.30239
0

-1 /2

2
a (ln(smx)) dx ~ —0.93986.

y

27. The area and moments of the region are

R

* dx . -1 1
A= - = lm — ==
o (1 +x)3 R—o0 2(1 —|—x)2 0 2
M /Oo x dx Let 1
=0 = —_— etu =x
1 3
o (I+x) du — dx
Cu-—1
= —d
/1 o
; 1,1 R L1
= l1mm —_— — = —_—_ = =
R—00 u  2u? 1 2 2
1 [® dx _ -1 f
My—og == ¢ = lim ———| = —.
2Jo (I14x) R—o0 10(1 4+ x)° |, 10

The centroid is (1, %)

y

Fig. 7.5.27

28. The surface area is given by
o0
S =2 / e_xz\/ 1 4 4x2¢=2¥* dx. Since
—00

. 0,2 . .
hrf 1 +4x2e 2" - 1, this expression must be bounded
X—> 00

for all x, thatis, 1 <1+ 4xze_2"2 < K?2 for some con-

o0
stant K. Thus, S < 271K/ e dx = 2Kmw+/m. The
—0Q

integral converges and the surface area is finite. Since the
whole curve y = e*"2 lies above the x-axis, its centroid
would have to satisfy y > 0. However, Pappus’s Theorem
would then imply that the surface of revolution would
have infinite area: § = 2wy x (length of curve) = oo.
The curve cannot, therefore, have any centroid.
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29. By analogy with the formulas for the region a < x < b,

f(x) <y <g@),theregionc <y <d, f() <x <g)
will have centroid (My=o/A, My—=o/A), where

A= /Cd(g(y) - f(y)) dy

Moo= 1 [[(s0) = (r) s

My—o = /Cd y(g(y) - f(y)) dy.

30. Let us take L to be the y-axis and suppose that a plane
curve C lies between x = a and x = b where 0 < a < b.
Thus, 7 = x, the x-coordinate of the centroid of C. Let
ds denote an arc length element of C at position x. This
arc length element generates, on rotation about L, a cir-
cular band of surface area dS = 2w x ds, so the surface
area of the surface of revolution is

x=b
S = 271/ xds =2nMy—g = 27Fs.
X

=a

31.

Fig. 7.5.31

We need to find the x-coordinate x; pnp of the centre of
buoyancy, that is, of the centroid of quadrilateral LM N P.
From various triangles in the figure we can determine the
x-coordinates of the four points:

X, = —sect, Xp = sect,
xy = —sect + (1 +tant)sint
xy =sect + (1 —tant)sint

SECTION 7.6 (PAGE 406)

Triangle LM N has area 1 4 tant, and the x-coordinate of
its centroid is

XLMN
_ —sect —sect + (I +tant)sint + sect + (1 —tant) sint
3

2sint — sect
- 3

Triangle LN P has area 1 — tant#, and the x-coordinate of
its centroid is

—sect +sect +sect + (1 —tant)sint
3
sect + (1 —tant)sint
3 .

XLNP =

Therefore,

1
XLMNP = 6[(2 sint —sect)(1 +tant)
+ (sect +sint — sinttanz)(1 — tan t)]

1 . .
= 8[3smt —ZSecttant—i—smttanZt]

int 2 sin? ¢
__sin [3_ sin ]

T 6 cos2t  cos?t

int
= %[30052l+5in21 —2]
cos
sin ¢ 2 sint
= 2 cos t—l]:—[oos ZI]
600521[ 6cos? ¢t @)

which is positive provided 0 < ¢t < m/4. Thus the beam
will rotate counterclockwise until an edge is on top.

Section 7.6 Other Physical Applications
(page 406)

a) The pressure at the bottom is p = 9, 800 x 6 N/m?2.
The force on the bottom is 4 x p = 235,200 N.

b) The pressure at depth & metres is 9, 800k N/m?.
The force on a strip between depths & and & +dh on
one wall of the tank is

dF =9,800h x2dh =19,600h dh N.

Thus, the total force on one wall is

6
F =19, 600/ hdh =19, 600 x 18 =352, 800 N.
0
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h
dh 6
: } "
T
2 m
2 m
Fig. 7.6.1

A vertical slice of water at position y with thickness dy
is in contact with the botttom over an area

8secHdy = i\/liﬁldy m?2, which is at depth

X = % v + 1 m. The force exerted on this area is then

dF = ,og(lloy + 1)%«/ 101 dy. Hence, the total force
exerted on the bottom is

4 200
F:—lelpg/ —y+1]|dy
5 b \10

20

_ 4 /101 (1000 98)(y2+ )
=3 ( ) (9. 20 y

~3.1516 x 10° N.

0

Fig. 7.6.2

A strip along the slant wall of the dam between depths &
and h + dh has area

_200dh
" cosf

dA

=200 x 20 dh.
24
The force on this strip is
dF =9,800hdA ~2.12 x 10°hdh N.

Thus the total force on the dam is

24
F=212x 106/ hdh ~6.12 x 10° N.
0
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HAN

h+dh

N

24
Fig. 7.6.3

The height of each triangular face is 24/3 m and the
height of the pyramid is 24/2 m. Let the angle between

2
the triangular face and the base be 0, then sinf = \/;

1
and cosf = —

7

—{le—dy front view of
10—2+2 one face

dy sec6=+/3dy

0 /‘\X=~/5y+10—2~/§

2
. side view of one face 4

Fig. 7.64

A vertical slice of water with thickness dy at a distance
y from the vertex of the pyramid exerts a force on the
shaded strip shown in the front view, which has area
2/3ydy m? and which is at depth /2y + 10 — 2/2
m. Hence, the force exerted on the triangular face is

2
F = pg/ (V2y + 10 — 2+/2)24/3y dy
0
= 2«/5(98()0)[?)73 +G- ﬁ)yz]

~ 6.1495 x 10° N.

2

0
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The unbalanced force is
20
F:9,800><5/ hdh

6
hZ

=9,800 x5 <7> A~ 8.92 x 10° N.

6

<

20 m

20

Fig. 7.6.5

The spring force is F(x) = kx, where x is the amount
of compression. The work done to compress the spring 3
cm is

20
Hence, k = — N/cm. The work necessary to compress

the spring a further 1 cm is
4
200\ 1
W =/ kxdx = =— ) =x2
3 9 /2

A layer of water in the tank between depths & and h+dh
has weight dFF = pgdV = 4pgdh. The work done

to raise the water in this layer to the top of the tank is
dW = hdF = 4pghdh. Thus the total work done to
pump all the water out over the top of the tank is

4
= — N-cm.

3

6
W:4pg/ hdh =4 x9,800 x 18 ~ 7.056 x 10° N-m.
0

The horizontal cross-sectional area of the pool at depth &
is

160, if0<h<1;
Alh) = {240—80h, if 1l <h<3.

SECTION 7.6 (PAGE 406)

The work done to empty the pool is
3
W= ,og/ hA(h)dh
0
1 3
= pg|:/ 160k dh +/ 240h — 80h> dh]
0 1

1 3
+ (120h2 - @;ﬁ) ]
0 3 1

=3.3973 x 10° N-m.

= 9800[8%2

20

le =\

A(h)

Fig. 7.6.8

A layer of water between depths y and y + dy
has volume dV = m(a® — y2)dy and weight
dF =9, 8007 (a® — y2)dy N. The work done to raise
this water to height 7 m above the top of the bowl is

dW = (h + y)dF =9,8007(h + y)(a® — y*)dy N-m.

Thus the total work done to pump all the water in the
bowl to that height is

a
W =9, 8007 / (ha® +a*y — hy?* — y3) dy
0

2,2 3 4

avy hy y

=9,8007 | ha’y + —— — — — =
n|:ay+ ) 3 4]

a

0

+ —

3 4
—9,8007 [2" h Z]

33a + 8h

8
=9, 8007a = 2450ma’ (a + —) N-m.

Fig. 7.6.9
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Let the time required to raise the bucket to height # m
be + minutes. Given that the velocity is 2 m/min, then

h
t= 5 The weight of the bucket at time 7 is

h
16 kg — (1 kg/min)(# min) = 16 — 0 kg. Therefore,

the work done required to move the bucket to a height of

10 m is
10 h
W:g/ (l6——>dh
0 2

h2 10
=9.8|16h — —
(10-%)

Section 7.7 Applications in Business,
Finance, and Ecology (page 409)

1,000 2 6 2
Cost = $4, 000 + / (6 Al i) dx
0

= 1323 N'm.

0

T 103 108
= $11, 000.

The number of chips sold in the first year was
52
1,000 / te™"/1% dr =100, 000 — 620, 000e 26/
0

that is, about 96,580.

The monthly charge is
[ i
——=dat

o 1+ \/?

N Vx 1
:8/ du:S/ (1— )du
o l4u 0 1+u

=$8(ﬁ —In(l + ﬁ)).

let r = u?

The price per kg at time ¢ (years) is $10 + 5¢. Thus the
revenue per year at time ¢ is 400(10 4 5¢)/(1 + 0.1¢)
$/year. The total revenue over the year is
1'400(10 + 5¢
/ 20049450 4, ~ $4,750.37.
0 1+4+0.1¢

The present value of continuous payments of $1,000 per
year for 10 years at a discount rate of 2% is

10

10 1,000
V= / 1,000 =002 gp = ——— 0021 _ 9 063.46.
0

—0.02 o
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The present value of continuous payments of $1,000 per
year for 10 years at a discount rate of 5% is

1,000 _g0s"

= $7,869.39.
—0.05 0

10
V= / 1,000 905 g¢ =
0

The present value of continuous payments of $1,000 per
year for 10 years beginning 2 years from now at a dis-
count rate of 8% is

12

w(oﬂs: = $5,865.64.

12
V= / 1,000e~9-08 g7 =
) —0.08 5

The present value of continuous payments of $1,000 per
year for 25 years beginning 10 years from now at a dis-
count rate of 5% is

35

35 1,000
V= / 1,000e 7005 gp = 22— =005t]  _ ¢8 655.13.
1

0 —0.05 10

The present value of continuous payments of $1,000 per
year for all future time at a discount rate of 2% is

V= / 1000002 g — 1000

= $50, 000.
0 00

The present value of continuous payments of $1,000 per
year beginning 10 years from now and continuing for all
future time at a discount rate of 5% is

o0 1,000
V= / 1,000e 905 gt = ——— =05 — §12,130.61.
1

e
0 —0.05

After ¢ years, money is flowing at $(1,000 + 100¢) per
year. The present value of 10 years of payments dis-
counted at 5% is

10
V=100 (10+1)e %% gt
0

U=10+1¢
dU = dt v
~0.05
10 . 100 10
o 005 J
10

dV = e 00" gy
—0.05¢

—0.05¢

e
= 10010 4+ t) ——
10+ )—0.05

100 0051
—(0.05)2

e—()AOSl‘ dt

= —4261.23 + = $11,477.54.

0
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After ¢ years, money is flowing at $1,000(1.1)" per year.
The present value of 10 years of payments discounted at
5% is

10
V= 1,000/ o/ (11 =005t 4,
0

10

1,000 t(In(1.1)-0.05
= D=0051 - — §12, 650.23.
In(1.1) — 0.05° , =3
The amount after 10 years is
10 5,000 10
A =5,000 / 005 g = Z—— 0051 = $64,872.13.
0 0.05 0

Let T be the time required for the account balance to
reach $1,000,000. The $5,000(1.1)" dt deposited in the
time interval [z, ¢ + dt] grows for T — ¢ years, so the
balance after 7' years is

T
/ 5,000(1.1)' (1.06)T =" dt = 1, 000, 000
0

T/1.1\ 1, 000, 000
1.06)T / ) dt= 21—
o \1.06 5,000

T T
_(1.06y [(i> - 1} =200
In(1.1/1.06) | \ 1.06

1.1
1.7 — 1.06)T =2001In —.
(1. = 1.06) "To6

=200

This equation can be solved by Newton’s method or
using a calculator “solve” routine. The solution is
T ~ 26.05 years.

Let P(t) be the value at time T < t that will grow to
$P = P(¢) at time ¢. If the discount rate at time T is
§(t), then

iP(f) = 3(t)P(7),
dt

or, equivalently,

dP(7)
P(7)

=4§(r)dr.
Integrating this from O to 7, we get
t
In P(t) —In P(0) = / S8(t)dt = A1),
0

and, taking exponentials of both sides and solving for
P(0), we get

P(0) = P(t)e ™ = pe—®,

SECTION 7.7 (PAGE 409)

The present value of a stream of payments due at a rate
P(t) at time ¢t from t =0totr =T is

t

T
/ P()e D dr,  where A@t) = / 8(t) dr.

0 0

16. The analysis carried out in the text for the logistic growth
model showed that the total present value of future har-
vests could be maximized by holding the population size
x at a value that maximizes the quadratic expression

0(x) = kx (1 - %) —sx.

If the logistic model dx/dt = kx(1 — (x/L)) is replaced
with a more general growth model dx/dt = F(x), ex-
actly the same analysis leads us to maximize

Q) = F(x) — dx.

For realistic growth functions, the maximum will occur
where Q’(x) = 0, that is, where F'(x) = 4.

17. We are given L = 80,000, k = 0.12, and § = 0.05.
According to the analysis in the text, the present value of
future harvests will be maximized if the population level
is maintained at

L 0.07
x = (k—8)— = — (80, 000) = 23, 333.33
2k 0.24

The annual revenue from harvesting to keep the popula-
tion at this level (given a price of $6 per fish) is

23,333.33

6(0.12)(23,333.33) ( 1
©.12) )( 80, 000

) = $11, 900.

18. We are given that k = 0.02, L = 150, 000, p = $10, 000.
The growth rate at population level x is

dx X
— =0.02x{1— —— .
dt 150, 000

a) The maximum sustainable annual harvest is

dx

I = 0.02(75, 000)(0.5) = 750 whales.

x=L/2

b) The resulting annual revenue is
$750p = $7, 500, 000.

c) If the whole population of 75,000 is harvested and
the proceeds invested at 2%, the annual interest will
be

75, 000($10, 000)(0.02) = $15, 000, 000.
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d) At 5%, the interest would be 4. Since Pr(X = n) = n/21, we have
(5/2)($15, 000) = $37, 500, 000.
6
e) The total present value of all future harvesting rev- Ix1+2x24+---+6x6 13
enue if the population level is maintained at 75,000 H ;n r( ") 21 3
and § = 0.05 is " A X
124+2354...46
0 7,500, 000 of =) WP(X =) == ————— =
/ ¢~0057,500, 000 dt = ~ 505 = $150,000,000. n=1
0 . 169 20
=21——=—~=~222
9 9
/20
o =——~149.

If we assume that the cost of harvesting 1 unit of pop- 3
ulation is $C(x) when the population size is x, then the
effective income from 1 unit harvested is $(p — C(x)). )
Using this expression in place of the constant p in the S. The mean of X is
analysis given in the text, we are led to choose x to max- 9 |
imize M:l><%+(2+3+4+5)xg+6xll60%3.5833.

0(x) = (p - C(x)) [kx (1 - %) - 5x] .

The expectation of X2 is

A reasonable cost function C(x) will increase as x de- ) 5 9 I B
creases (the whales are harder to find), and will exceed E(X7)=1"x @4‘(2 +3°+47457) x 6+6 x 1160 ~ 15.7500.
p if x < xg, for some positive population level xy. The

value of x that maximizes Q(x) must exceed xp, so the Hence the standard deviation of X is

model no longer predicts extinction, even for large dis- 15.75 — 3.58332 ~ 1.7059.

count rates 8. However, the optimizing population x may 9 2 29

be so low that other factors not accounted for in the sim- Also Pr(X = 3) = 60 + 6 60 0.4833.

ple logistic growth model may still bring about extinction

whether it is economically indicated or not. 6. (a) Calculating as we did to construct the probability

function in Example 2, but using the different values for
the probabilities of “1” and “6”, we obtain

Section 7.8 Probability (page 421)
fQ2) = % X 2 ~ 0.0225

60
The expected winnings on a toss of the coin are fB) =2x 2 x 16 = 0.0500
60 i
$1 % 0.49 4 $2 x 0.49 4 $50 x 0.02 = $2.47. fd =2x % x 16 + % =0.0778
9 2
If you pay this much to play one game, in the long term f) =2x 50 x 16 + 36 0.1056
you can expect to break even. 9 3
6) =2x — x 16+ — =0.1333
) fO)=2x & x16+ -
(a) We need ) ,_, Kn = 1. Thus 21K = 1, and _ 2 i _
K =151, f(7)_2><60><116()+36—0.1661
= = . 11 3
(b) Pr(X <3)=(1/2)(1+2+3)=2/7 @) =2x L %164+ = =0.1444
' 60 36
From the second previous Exercise, the mean winings is f(9) =2x 1 x 16 + 2 =0.1167
1= $2.47. Now ?‘1) 316
f10) =2 x a0 16 + 6= 0.0889
0% =1x0.49 +4 x 049 + 2,500 x 0.02 — > 1
A 52.45 — 6.10 = 46.35. fA) =2x =5 x 16 =0.0611
11

The standard deviation is thus o ~ $6.81. fa2) = 60 x 1160 = 0.0336.
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(b) Multiplying each value f(n) by n and summing, we (b) The sample space for the three ball selection consists
get of all eight triples of the form (x, y, z), where each
12 of x,y,z is either R(ed) or B(lue). Let X be the
= Z nf(n) ~ 7.1665. number of red balls among the three balls pulled
n=2 out. Arguing in the same way as in (a), we calculate
Similarly,
8 7 6 14
Pr(X=0)=Pr(B,B,B) = — X — X — = —
12 20 19 18 285
E(X%) = an F(n) ~ 57.1783, ~ 0.0491
n=2 Pr(X =1) =Pr(R, B, B) + Pr(B, R, B) + Pr(B, B, R)
so the standard deviation of X is —3x 12 % 8 % 7 _ 28 ~ 0.2947
20 19 18 95
o =/ E(X?%) — u?~24124. Pr(X =2) =Pr(R, R, B) +Pr(R, B, R) +Pr(B, R, R)
12 11 8 44
The mean is somewhat larger than the value (7) ob- =3x 20 X 9 X 18 = 9% ~ 0.4632
tained for the unweighted dice, because the weight- 2 11 10 11
ing favours more 6s than 1s showing if the roll is Pr(X =3) =Pr(R, R, R) = 20 10 R "5
repeated many times. The standard deviation is just ~ 0.1930

a tiny bit smaller than that found for the unweighted
dice (2.4152); the distribution of probability is just

. Thus the expected value of X is
slightly more concentrated around the mean here.

7. (a) The sample space consists of the eight triples E(X) =0 x 14 +1x 28 +2x i +3x L
(H,H,H), (H,H,T), (H,T,H), (T, H, H), 285 95 95 57
(H,T,T), (T, H,T), (T, T, H), and (T, T, T). _2 s

(b) We have >
Pr(H, H, H) = (0.55)° = 0.166375 9. We have f(x) = Cx on [0,3].
Pr(H,H,T) =Pr(H, T, H) = Pr(T, H, H) = (0.55)*(0.45) a) C is given by
=0.136125 X ;
Pr(H,T,T) =Pr(T, H, T) = Pr(T, T, H) = (0.55)(0.45)* 1= / crax=S2 = 2¢
=0.111375 0 2 b 2

P(T,T,T) = (0.45)3 =0.091125.
Hence, C =

(c) The probability function f for X is given by b) The mean is

£(0) = (0.45)° = 0.911125 . P
(1) =3 x (0.55)(0.45)% = 0.334125 pw=EX)= 5/0 xrdx = 5x3 =2.
0
f(2) =3x (0.55)%(0.45) = 0.408375
3) = (0.55)° = 0.166375. 2 (3 2 9
7@ = 0.33) Since E(X?) = —/ xPdx = —x*| = Z, the
) ) 9 Jo 36 | 2
(d Pr(X > 1) =1~-Pr(X =0) = 0.908875. variance 1s
() E(X) =0xf(0)+1x f(D+2x f(2)+3x f(3) = 1.6500. o2 = E(X?) — u? = - 4= >
8. The number of red balls in the sack must be
0.6 x 20 = 12. Thus there are 8 blue balls. and the standard deviation is o — 1/\/5'
(a) The probability of pulling out one blue ball is 8/20. ¢) We have
If you got a blue ball, then there would be only 7
blue balls left among the 19 balls remaining in the 9 [hto
sack, so the probability of pulling out a second blue Prlu—0o <X<pu+o)= 5 / xdx
ball is 7/19. Thus the probability of pulling out two ) ) u—o
8 7 14 —(u — 4
blue balls is —= x — = —. _ro) — ool 3O 6ogs,
20 19 95 9 9
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c) We have
10. We have f(x) = Cx on [1,2]. Pri—o <X <pto)= 3/’”" 2 dx
n—o

a) To find C, we have 3 5
=wu+0)y —(n-o)

2 c L, 3 3 ANNE 7\
1:/ Cxdx = —x%| ==cC. =(>+,/=]) - (>—-.,/=] =~0.668.
| 27,72 47V 4 V30

Hence, € = - 12. We have f(x) = Csinx on [0, 7].
b) The mean is a) To find C, we calculate
2 2 b4 T
/L=E(X)=z/ xzdx=%x3 =E%1.556. 1:/ Csinxdx = —Ccosx| =2C.
3/ 9 | 9 0 0
2 2 3 1, 2 5 Hence, C = l
Since E(X?) = —/ xPdx = —x*| = =, the 2
3 6 | 2

variance is b) The mean is

| L
(72=E(X2)—M2=§—E=1_3 MZE(X)ZE/ xsinx dx
2 81 162 0

U=x dV =sinxdx

and the standard deviation is dU = dx V = —cosx
T

1 T
13 = —[—xcosx +/ cosxdx]
0 =,/— ~0.283. 2 o Jo
ez Z 157
c) We have .
Since
2 [Hto 1 [
Pr(u—GSXSMJrG):g/ xdx E(x2)=—/ x2sinx dx
n—o 2 0
2 2 .
—( — 4 = x2 =
_ (nw+o0) (w—o0) _ duo ~ 0.5875. U=x dV =sinxdx
3 3 dU =2xdx V =—cosx
1 " ﬂ
= —[—xzcosx +2/ xcosxdx:|
2 0 0
11. We have f(x) = Cx2 on [0, 1]. U=x dV =cosxdx
a) C is given by 1dU =dx V =ﬂsinx i
=—[ 2—i—2(xsin)c —/ sinxdx)]
1 L c 2 0 0
1—/ Cx?dx = —x% = <. 1,
0 0o 3 = E(n —4).
Hence, C = 3. Hence, the variance is
b) The mean, variance, and standard deviation are 5 5 2
2 2_2_”_4_”__”_8~
c"=EX)—p° = = ~ 0.467
1 3 2 4 4
M:E(X):?a/ xdx ==
0 4 and the standard deviation is
1
9 3 9 3
02=E(X2)_/-L2=3/X4dx—E=§—E=% 5 8
) _
‘ o= " ~0.684.

o = /3/80.
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¢) Then

o

1
Pr(,u—aSXfu—i—a):E/ sinx dx
"

= —%[cos(u +0) —cos(i — 0)]

=sinusino = sinog ~ 0.632.

We have f(x) =C(x — xz) on [0, 1].
a) C is given by

1 2 3
1:/ C(x—xz)dx=C(x——x—>
b 2 3

Hence, C = 6.

e
.

0

b) The mean, variance, and standard deviation are

! 2 3 1
,u:E(X):6/(x —x7)dx = =
0 2

1
1
02=E(X2)—u2=6/ 3 —xhdx — =
0 4
3 1

B 1
10 4720

o = /1/20.

¢) We have

(1/2)+0

Pr(u—0§X§u+a)=6/ (x—xz)dx

1/2)—o
/240 [ 1\2
= 6/ - — (x — —) dx
2-c |4 2
Letu=x— %
du = dx

711 2 o ol
=12 ——uldu=12|— — —
o L4 4 3

2701 e
T V204 60 T

It was shown in Section 6.1 (p. 349) that
/x”efx dx = —x"e™* —l—n/x"*le*)‘ dx.
o0
If I, = / x"e™* dx, then
0

I,= lim —R"e R +4nl,_| =nl,_; if n > 1.

R— o0

SECTION 7.8 (PAGE 421)

[e.¢]

Since Iy = e *dx =1, therefore I, = n! for n > 1.

0
Let u = kx; then

oon—kx 1 oon—u 1 n!
/Oxe dx:kn+1/0 u'e du:WI”:W'

Now let f(x) = Cxe™** on [0, c0).

a) To find C, observe that
[o.¢]
Cc
l:C/ xe " dx ==,
0

Hence, C = k2.

b) The mean is

M=E(X)=k2/ooxze’kxdx:k2 2)-2
0 i3 k

o 6 6
e dx = k? (—) = —,

Since E(X?) = k? / o e

0
then the variance is

6 4 2
2 _ 2 2 _ _
U—E(X)—pd——kz—kz—k2

|5

and the standard deviation is o =

c) Finally,

Prlu—o <X <pu+o)
o
= kz/ xe ¥ dx Letu = kx
re du = kdx

k(n+o)
= / ue “du
k

(n—o)
k(u+o)
+ / e “du
k(n—o) k(n—o)

= —Q2+V2)e PV 4 (2 — 2)e" VD
— e @HVD) 4 ,—-VD)

k(n+o)

= —ue™"

~ 0.738.
a) We have
o0 C [*® C
1=C/ efxzdxz—/ e*)‘zdxz—ﬁ,
0 2 J s 2
Thus C =2//7.
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b) The mean, variance, and standard deviation are 18. Since f(x) = # > 0 on [0, o0) and
, 71+ x2)
2 o0 2 e | 1
’ ﬁfo e * VTl VT —/ —x2= lim —tan '(R) = (z)zl,
| ) oo 7Jo 1+x R—o00 T \2
ol=—— 4 — x2e™ dx . - . .
V7T Jo therefore f(x) is a probability density function on
U=x dV =xe*dx [0, 00). The expectation of X is
dU=dx V=-Lev 2 [ xdx
- pn=EX) == [ ==
12 X e L[> _» TJo 1+x
=—4+—|—=e + = e dx 1
T e\ 2 o 2o = lim —In(l+ R?) = .
1 2 (L LAyl e
I + N + 22 ) T2 & No matter what the cost per game, you should be will-
1 ing to play (if you have an adequate bankroll). Your ex-
o=,/ 2 = ~ 0.426. pected winnings per game in the long term is infinite.
bid
19.  a) The density function for the uniform distribution on
¢) We have [a, b] is given by f(x) =1/(b —a), fora < x < b.
N By Example 5, the mean and standard deviation are
2 n+o .
PI‘(/,L—GSXS[,L-FU):—/ eﬂ‘zdx given by
VT Ju—s
b+a b—a
Letx:z/\/i n= 5 0=2\/§-
dx =dz/2
b b—
/ /I(M—a) -2/ 24z Since u + 20 = —;—a + ﬁa > b, and similarly,
V2(u=0) n —20 < a, therefore Pr(|X — u| > 20) = 0.
But v2(1 — 0) ~ 0.195 and v2(u + o) ~ 1.40. b) For f(x) = ke on [0, c0), we know that
Thus, if Z is a standard normal random variable, we 1
’ ’ =0 =-(E le 6). Th -2 0 and
obtain by interpolation in the table on page 386 in p=9 3k (Example 6) s o=
the text, n+20 = T We have
Prlu —o <X <u+o0)=2Pr(0.195 < Z < 1.400) 3
~ 2(0.919 — 0.577) ~ 0.68. Pr(|X —p| = 20) =Pr (X > %>
. . o0 . . — k/ e—kx d.x
16. No. The identity Cdx = 1 is not satisfied for any 3k
—00
constant C. 1 — _ekx > — ¢3 2 0.050.
17. X) = — ¢~ (-W?/20? 3k
Suo (X) e
00 _ 1
mean = xe~ T2 gy Letz =2 ¢) For fuo(x) = —— /29 hich has mean jz
oN2m J-o o o~2m
1 and standard deviation o, we have
dz = —dx
L oo . o Pr(1X — pu| > 20) = 2Pr(X < pu — 20)
= —/ (u+02)e "% dz n=20 25,2
Vo ) —2 / 2% gy
I /Oo -2 —0 021
= — e = /,L _
V21 J—co Let z = u
o
variance = E((x — u)z) 1
dz = —dx
1 /OO 2 (i) /252 o
= (x — p)2eTH207 gy -2
UV = % / e dz
_ 0272 P12 gy = _ T J—00
o /— dz=oVar(Z) = o =2Pr(Z < —2) ~ 2 x 0.023 = 0.046
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from the table in this section.

The density function for 7 is f(¢) = ke on [0, 00),

1 1
where k = — = — (see Example 6). Then
w20

L[ o 1
Pr(T>12)=— | e "/dt=1-—
20 J1» 20
12

=142

0

The probability that the system will last at least 12 hours

is about 0.549.

If X is distributed normally, with mean u = 5, 000, and

standard deviation o = 200, then

Pr(X > 5500)

) .
~ 200V27 /5500
Let z =
_ dx
200
! - P2y Z

NG 5/2

x — 5000
200

dz

=Pr(Z > 5/2) = Pr(Z < —5/2) ~ 0.006

from the table in this section.

If X is the random variable giving the spinner’s value,
then Pr(X = 1/4) = 1/2 and the density function for the
other values of X is f(x) = 1/2. Thus the mean of X is

1 1
p=EX)= Pr (X = Z)

Also,

4

19 9 11

2 2 2
—EXH-—plt=—=-_=—.

7 R R TR TY)

1 1 1 1
2 2
E(X% = —16Pr (X = —) +/0 X2 f(x)dx =

Thus 0 = /11/192.

Section 7.9 First-Order
Differential Equations (page 429)

y _ ¥
dx 2x
, 4y _dx
y X
2Iny =Inx + C = y>=Cx

= ¢ 1220 ~ 0.549.

" 2 2
o~ (x=30002/(2x200) ;.

+/1 fx)d —1—|—1
Ox x)dx = g+

SECTION 7.9

dy 3y-1
dx ~  x

/ dy  [dx
3y—1 X

1 1
7By — 1 =Inlx|+3InC

d 2
ﬁ=% = yzdy—xzdx
3 3
%Z%—FCL or x3—y3—C
d
ﬁzxzyz
d
/%:/xzdx
y
L_la 1,
—— = —x" —
y 3 3
3
= -—.
Y x34+cC
dy_[Y = dy_ldt
dr — Y
12 22
1nY=7+C1, or Y =Ce/
d ’
d—f:e*sint
/e_xdx:/sinzdt
—e ' =—cost —C

= x = —In(cost + C).

dy 2 dy
= =1- — _=d
dx Y = 1—y2 o
! ! + ! dy=d
L T — dx
AV Y A
1 1+y
—In|—2| = C
2n‘1_y x+C
1 ! Ce¥ —1
ty_ Ce?* or y=—_2 .
1—y Ce? +1
dy 2
— =14+
dx Y

d
[75=] o
14 y2

tan_ly =x+C
= y=tan(x 4+ C).

(PAGE 429)
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dy dy
9., — =2 Y
ar T = Tt

o
/f_iLZ/d,
2e7Y 4+ 1

1
— Eln(267y+l) =t+C

=dt

1
2eY +1=Cre %, or y=—In (ce”f - 5)

10. We have
dy
dx

[
v —y)

Expand the left side in partial fractions:
1 A B c
i-n Ty Ty
A —yH+ B -y +Cy?
B y2(1 =)
[ —A+C=0;

=y -y

A—-B=0; =A=B=C=1.

B=1.

[
y:(1—y)

Hence,

[t i)
= |-+5+—)dy
y y2 1-y

1
=1n|y|—;—ln|1—y|. 15.

Therefore,

1
- —-—=x+K.
y

In

y
I—y

1. ———y=x

d 2 1
12. We have 4 + 2 —. Let
dx 2

2
u:/—dx =2Inx = Inx2, then e* = x2, and
X

d d
a@%:ﬁg+ny

(Do)
dx  x x2
= x2y / dx=x+C

1 C
= y=;+x2.
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d
d—y+2y_3 u,:exp(/2dx):ezx

E(ezxy) =¥ (y +2y) = 3™

2x —2x

3 5 3
e y:ie +C = y=5+Ce

d
We have = +y=e¢".
dx

and

Let u = [ dx = x, then e/ = ¢*,

d d d
E(e y)=¢* y—l—e y=e (ﬁ—ky):ez"

1
= exy:/ezxdx:iezx—}—C.

1
Hence, y = Eex + Ce™™.

d
_y+y=x M:exp(/ldx):ex
dx

d
ZEN =0 +y) =xe'
e"y:/xe"dx:xe"—ex—l—c

y=x—1+Ce™

d
We have d_y +2¢*y =¢*. Let u = [2¢*dx = 2e*, then
X

d X X d X
E<62e y)zeZe %_i_zexehy
X d X
= ¢ (_y —|—2exy> =2 ¢~.
dx
Therefore,

2 ¥ dx  Let u = 2¢*
du = 2ex dx
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dy
dt

M:/lOdt:lOt

+ 10y =1, y(%):%

d d
E(ewty) _ elOzd_i 410610y = 10
1

el()ly(t) — _el()t +C

10
2e e e
1 2
y(l()) 10 = 10 10 + = 10
_ 1 1 1—-10¢
Y=t

dy
dx
,u:/3x2dx:x3

2d 2

d 3 ;
E(ex%y) =e* % + 3xze"gy — 2"

; ; 1
e)‘%y = /xze)‘% dx = gexz +C

+3x%y=x2, yO) =1

1 2
YO =15 1=3+C = C=3
1 2 3
y—§+§€ .
2y ty=ater y(1) =3e
1
y/+_2y=el/x
X

/ld 1

= — ax = ——

” x2 x

d (- (g ]
E(e Xy):e * y—|—x—2y =1

e‘”"y:/ldx:x+C

yl)=3¢ = 3=14C = C=2
y = (x +2)e'/*.

y' + (cosx)y = 2xe” Sin¥, y(@@) =0

w= /cosxdx =sinx

d i
E(esmxy) — esmxo,’ + (cosx)y) = 2x

eSi”y:/Zxdx:xz—i—C
ya@)=0 = 0=7’+C = C=—x>

—sinx

y= (x2 - nz)e

21.

22,

23.

24.

25.

26.

SECTION 7.9 (PAGE 429)

y(x):Z—i—/ L — yo=2
o y(@)

d
d_yzf, ie. ydy =xdx
x oy
y2=x>4+C
2?=0"+C = C=4
y:\/4+x2.
¥ (y(1))?

=1 dt 0)=1
y(x) +/0 s = y(0)
d 2 .
ﬁ - lj)-xz’ Le. dy/y*=dx/(1+x?)

1 -1
——=tan x+C
y

-1=0+C = C=-1
y= 1/(1—tan71x).

y(x)=1+/ YOy yay=1
1

tt+1)
d
—yzL, for x >0
dx x(x+1)
dy  dx _dx dx
y_x(x—i—l)_x x+1
X
Iny =1In +InC
J x+1
Cx
Y x+1 /
_ 2x
y_x—i—l'

X
y(x):3+/ eVdt = y0)=3
0
&,
dx
e’=x+C = y=Ix+C)
3=y0)=InhC = C=¢
y=1n(x+e3).

, ie. e¥dy =dx

Since a > b >0 and k > 0,

ab(e(h_“)k’ - l)
lim x(¢) = lim
—00

t— 00 bg(b*a)kt —a

b0 —1
_abo-b _
0—a

Since b > a > 0 and k > 0,

ab(e(b*“)k’ — l)
lim x(¢) = lim
—00

t— 00 bg(b*a)kt —a

ab(l _ e(afb)kt>
= A e

ab(1-0)
b—0
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27. The solution given, namely

ab (e(”_“)k’ —1)
r=—-"
bel—aki _ 4

)

is indeterminate (0/0) if a = b.
If a = b the original differential equation becomes

d
d—): =k(a — x)z,

which is separable and yields the solution

1
=/ dx =k/dt=kt+C.
a—x (a —x)?
1

=kt + —.
a

1
Since x(0) = 0, we have C = —, so
a

Solving for x, we obtain

a2kt
x = .
1 + akt

This solution also results from evaluating the limit of
solution obtained for the case a # b as b approaches a
(using 1’Hopital’s Rule, say).

d
28. Given that md—z; = mg — kv, then

f e

g——v
m
m k
— —Injg— —v|=t+C.
k m

k
Since v(0) = 0, therefore C = —% Ing. Also, g — —v
m

remains positive for all 7 > 0, so

m g N
zlnik =t
g——v

m
k
- —v
§ m :e—kl/m
8

= v=0v0)= %(1 - eik’/'").

m
Note that tlim v(t) = _g This limiting velocity can be
—00

obtained directly from the differential equation by setting
dv

i
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29. We proceed by separation of variables:

dv 2
7 —k
mdt mg v
dv k 5
)
dt § m
d
71):‘1[
k 2
g——v
m
dv _k dt—kt—|—C
%_vz_m T m '
k

Let a% = mg/k, where a > 0. Thus, we have

/ dv —kz—|—C
a2—v2  m

1 a+v kt
—1In =—+C
2a a—v m
2akt k
lna—i-v _ 2a +C1=2/—gt—|—C1
a—v m m

atv — C262z4/kg/m.

a—v

Assuming v(0) =0, we get C» = 1. Thus
a+v=eXvkeimg —y)
v (1 +62t4/kg/m) —u (62t~/kg/m _ 1)

_ /% (eZI\/kg/m _ 1)
\/m7g eZt«/kg/m -1
V= | — ———
k eZt«/kg/m_i_l
Clearly v — /% as t — oo. This also follows from

dv
setting 7l 0 in the given differential equation.

30. The balance in the account after ¢ years is y(z) and
y(0) = 1000. The balance must satisfy

4y _ y?

=0ly— ——
dt 1, 000, 000
dy 100y — y2

dr 106

/ dy _/dt
105y —y2 ) 100
1 / L gy ! c
105 )\ T105-y) P T 108 " 105
t
Inly|—In[10° —y|= — — C

5
10° -y — (C—(/10)
y
10°
Y=o L
eC—(/10) 11
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Since y(0) = 1000, we have

S

1000 = y(0) = —— C =1In99,
YO L1 B
and
10°
Y= 90.—1/10 L 1
99¢~1/10 4 1

The balance after 1 year is

10°
y T $1, 104.01.

~ 99¢—1/10 4

As t — o0, the balance can grow to

= $100, 000.

i ok 10° _1r
JQim y(r) = lim @001 11 041

For the account to grow to $50,000, ¢ must satisfy

100, 000
= 997104 1=2
= t = 10In99 ~ 46 years.

50,000 = y(t) =

The hyperbolas xy = C satisty the differential equation

dy dy y
— = 0’ — = .
yx dx or dx X

Curves that intersect these hyperbolas at right angles
d
must therefore satisfy d_y = i, or xdx = ydy, a sep-
X Yy

arated equation with solutions x> — y> = C, which is
also a family of rectangular hyperbolas. (Both families
are degenerate at the origin for C = 0.)

Let x(¢) be the number of kg of salt in the

solution in the tank after # minutes. Thus,

x(0) = 50. Salt is coming into the tank at a rate of

10 g/L x 12 L/min = 0.12 kg/min. Since the contents
flow out at a rate of 10 L/min, the volume of the solu-
tion is increasing at 2 L/min and thus, at any time ¢, the
volume of the solution is 1000 + 2¢ L. Therefore the con-

centration of salt is m L. Hence, salt is being
removed at a rate
x(1) . 5x(t) .
—— kg/Lx 10 L = k .
1000 + 27 \&/k > 10 L/min= 25577 ke/min

Therefore,

Z_012—
di 500 + 7
dx S o

ar Ts005"

dx 12 S5x

REVIEW EXERCISES 7 (PAGE 430)

5
Let u = | ————dt =51n500 + ¢| = In(500 + 1) f

et 1 /SOOH 11500 + 1] = In(500 + 1)® for
t > 0. Then e* = (500 + ¢)°, and

%[(soo + t)5x] = (500 +1)° Z—; +5(500 + 1)*x
dx 5x
= (500 + 1)° (5 + m)
= 0.12(500 + ).
Hence,
(500 4 1)°x = 0.12 / (500 4 1)> dr = 0.02(500 + 1) + C
= x = 0.02(500 + 1) + C (500 +1)°.
Since x(0) = 50, we have C = 1.25 x 105 and
x = 0.02(500 + 1) + (1.25 x 10'%)(500 4+ 1)~>.
After 40 min, there will be
x = 0.02(540) + (1.25 x 10'%)(540) ™ = 38.023 kg

of salt in the tank.

Review Exercises 7 (page 430)

[«3 cm —|
| | B ‘4—3 cm{i
‘[ 1 ¢m
SIm 3cm| = f«1 cm S cm

—| J«—1cm

Fig. R-7.1

The volume of thread that can be wound on the left spool
is 7(32 = 12)(5) = 407 cm?®.

The height of the winding region of the right spool at
distance r from the central axis of the spool is of the
form h = A+ Br. Since h =3 ifr =1,and h = 5 if
r=3 wehave A=2and B=1,s0h =2+ r. The
volume of thread that can be wound on the right spool is

3 SN
271/ r2Q+r)ydr =27 (r2—|——>
1 3/ 3

100
= T emd.

100
The right spool will hold m(l, 000) = 833.33 m of
thread.
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Let A(y) be the cross-sectional area of the bowl at height
y above the bottom. When the depth of water in the
bowl is Y, then the volume of water in the bowl is

Y
V(Y)Z/0 A(y)dy.

The water evaporates at a rate proportional to exposed
surface area. Thus

dv

=L —kAY

R (Y)
dv dy
T = kA®Y)
dY dt

A(Y)dY =kA(Y)
dr '
Hence dY/dt = k; the depth decreases at a constant
rate.

The barrel is generated by revolving x = a — by?,

(=2 < y < 2), about the y-axis. Since the top and
bottom disks have radius 1 ft, we have a — 4b = 1. The
volume of the barrel is

2
V= 2/ (@ —by»H)%dy
0

2aby’ b2y’
=27 [a?y — —
b (a y 3 + 5 .

16 32
==27 (24> — —ab+ =b*).
n(a 3a+5 )

Since V =16 and a = 1 + 4b, we have

2

16 32
o (2(1 +4b)? — (1 +4b) + ?b2> _ 16

60
128b% + 80b + 15 — — = 0.
T

Solving this quadratic gives two solutions, b ~ 0.0476
and b ~ —0.6426. Since the second of these leads to an
unacceptable negative value for @, we must have

b ~ 0.0476, and so a = 1 +4b ~ 1.1904.

A vertical slice parallel to the top ridge of the solid at
distance x to the right of the centre is a rectangle of base
24/100 — x2 cm”and height V/3(10 — x) cm. Thus the
solid has volume

10

V=2 V3(10 — x)2v/100 — x2 dx

0
10 10
= 40«/5/ V100 — x2 dx —4\/5/ xv/ 100 — x2 dx
0 0

Let u = 100 — x2
du = —2xdx

100 100
— 4043 T” 23| Judu
0

4
= 1,000«/5 (n — g) cmd.
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Fig. R-7.4

1
The arc length of y = — cosh(ax) from x =0tox =1is

a
1 1
5= / v/ 1+ sinh?(ax) dx = / cosh(ax) dx
0 0
1

= —sinha.
0

1
= — sinh(ax)
a

1
We want — sinha = 2, that is, sinha = 2a. Solving this

a
by Newton’s Method or a calculator solve function, we
get a =~ 2.1773.

The area of revolution of y = 4/, (0 < x < 6), about the
x-axis is

6 2
d
S:27‘r/ ydl—!—(—y) dx
0 dx
6 1
:27‘[/\/; 1+ —dx
0 4x
6 1
=2r x + -dx
fve g

4n 1\*2°
=?(”Z>

4 |:125 l] 62 .

= — = —— sq. units.
0 3 3

The region is a quarter-elliptic disk with semi-axes a = 2

and b = 1. The area of the region is A = wab/4 = = /2.

The moments about the coordinate axes are

2 xZ )C2
M._og = 1——dx Letu=1-——
=0 /Ox 2 x Letu 2
x
du =

——dx

8 8
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Thus x = M,—/A = 8/(Bm) and
y = My—9/A = 4/@Gm). The centroid is

(8/(3;:),4/(3;:)).

Fig. R-7.8

Let the disk have centre (and therefore centroid) at (0, 0).

Its area is 9. Let the hole have centre (and therefore
centroid) at (1, 0). Its area is 7. The remaining part has
area 87 and centroid at (x, 0), where

Om)(0) = Bm)x + ()(1).

Thus x = —1/8. The centroid of the remaining part is
1/8 ft from the centre of the disk on the side opposite
the hole.

Let the area of cross-section of the cylinder be A. When
the piston is y cm above the base, the volume of gas in
the cylinder is V = Ay, and its pressure P(y) satisfies
P(y)V =k (constant). The force exerted by the piston is
kA k
FO)=PMA=——=—.
Yy

We are told that F = 1,000 N when y = 20 cm. Thus
k = 20,000 N-cm. The work done by the piston as it
descends to 5 cm is

20 20, 000 20
W= / dy = 20, 0001n 5~ 27,726 N.cm.
5 y

We are told that for any a > 0,

T /Oa[(f(x))z—(g(x)>2] dx =27 /Oax[f(x)—g(x)] dx.

Differentiating both sides of this equation with respect to
a, we get

(@) - (z@) =24 r@ - st@).

11.

12.

13.

1.

CHALLENGING PROBLEMS 7 (PAGE 430)

or, equivalently, f(a) 4+ g(a) = 2a. Thus f and g must
satisfy

f(x) + g(x) =2x for every x > 0.

d_y 3y d_y _3 dx
dx x-—1 y
=In|y|=In|x — 1> +In|C|

=y=Ckx-1)7>
Since y = 4 when x = 2, we have 4 = C(2 — 1)} =C, so
the equation of the curve is y = 4(x — 1)3.

x—1

The ellipses 3x2 + 4y? = C all satisfy the differential
equation

dy dy 3x
6x +8y — =0, - =——.
dx dx 4y
A family of curves that intersect these ellipses at right

. dy 4y
angles must therefore have slopes given by Ir = 3x

x  3x
Thus p J
sy [
y x

3In|y|=4In|x|+1In|C].
The family is given by y3 = Cx*.

The original $8,000 grows to $8, 00098 in two years.
Between ¢ and ¢ + dt, an amount $10, 000 sin(27¢) dt
comes in, and this grows to $10, 000 sin(2m1)ed 0420 g¢
by the end of two years. Thus the amount in the account
after 2 years is

2
8, 000¢*%8 +10, 000 / sin(27)e% % gr ~ $8,798.85.
0

(We omit the details of evaluation of the integral, which
is done by the method of Example 4 of Section 7.1.)

Challenging Problems 7 (page 430)

a) The nth bead extends from x = (n — 1) to x = nm,
and has volume

nmw
V, = n/ e~ 2k gin? x dx
(n—l)m
T

nmw
= _/ e 72 (1 = cos(2x)) dx
2 Ji—1)x

Letx=u+mn—rm
dx =du

s
_ % / e*Zk"e*Z"("*“"[l — cos(2u +2(n — l)n)] du
0
T _2k(n—m T oku
= Ee e (1 —cos(u)) du
0
— E_Zk(n_l)ﬂVL
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Thus Vil _ e~ knmy, — =27 which de- or, equivalently, a(100 — k2)2 = 4. The volume of the
v, e—2k(n=Dry, pool is
pends on k but not n.
. . 10

b) Vn+1/Vn = 1/2 if —2km = 11'1(1/2) = —1In 2, that 1S, VP — 27'[0/ r(lOO _ r2)(r2 _ k2) dr

if k =(n2)/Q2mx). k
. . . 250, 000 5 4 I ¢

c) Using the result of Example 4 in Section 7.1, we =2ma — 2,500k + 25k — —k° ).

calculate the volume of the first bead: 3 12

T (T o The volume of the hill is
Vi = E,/ e (1 —cos(2x)) dx
0

k
1
w2 (2sin(2x) — 2k cos(2x)) | Vi =2ma /0 r(r?=100)(r>=k*) dr = 27a (25k4 - ﬁk(’) :
—4k |, 2 4(1 + k2) 0
- i(l — e 2y T (k- ke 2km) These two volumes must be equal, so k> = 100/3 and
4k 41 + k%) k ~ 577 m. Thus a = 4/(100 — k*)> = 0.0009. The
= %(1 — e~ %kmy, volume of earth to be moved is Vg with these values of
4k(1 + k) a and k, namely
By part (a) and Theorem 1(d) of Section 6.1, the 100\ 2 1 7100\
sum of the volumes of the first n beads is 277(0.0009) |:25 (T) -5 (T) i| A~ 140 m3.
b4
S = 1 — —2km
"4k +k2)( «
2% 2k |2 2%\ ! 3
x[l+e_ ”—i—(e_ ”) +~~~+(e_ ”) ] : y y = ax + bx? + cx3
= —n (1 - e*ZkJT) 1 — ejzknn (h7 r) /
4k(1 + k2) 1 — e—2kn
b4
— 1 — —2knm . N
ware e K *
Thus the total volume of all the beads is \
. T .
V=IlmS§,= 7, Cu. units..
n—o0 4k(1 + k%) Fig. C-7.3

f(x) = ax + bx? + cx? must satisfy f(h) =r, f'(h) =0,
and f'(x) > 0 for 0 < x < h. The first two conditions
require that

ah +bh> +ch® =r

a+2bh +3ch? =0,

from which we obtain by solving for b and c,

_3r—2ah ah —2r
Rz T R

b

The volume of the nose cone is then

Fig. C-7.2

h ) h
Via) = n/ (f(x)) dx = %(mm + 7872 + 2a%h).
h(r) = a(r® — 100)(r2 — k%), where 0 < k < 10 0

W) = 2ar (2 — k%) + 2ar (> — 100) = 2ar (2r% — 100 — £2). Solving dV /da = 0 gives only one critical point,
The deepest point occurs where 2r2 = 100 + k2, i.e., 3. f: _1/3{/(4h)6 Thlsolshl)n}acceptablf, becapse thi cooni
r2 = 50 4+ (k*/2). Since this depth must be 1 m, we fl 1ton fx) >0 on (0, orees us to requite @ = ©. I
require ac
K k2 2(3r —2ah)  3(ah —2r)
a(;—SO) (50—7):—1, ffx)=a+ % X+ 3 x?
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is clearly positive for small x if a > 0. Its two roots are
x1 = h and xp = hza/(3ah — 6r). a must be restricted
so that x, is not in the interval (0, k). If a < 2r/h, then
xp < 0. If2r/h <a <3r/h, then xo > h. If a > 3r/h,
then 0 < xp < h. Hence the interval of acceptable values
of ais 0 <a <3r/h. We have

V) =73 n)” 14

137+2h (3r> 97 r2h
, V{— .
The largest volume corresponds to a = 3r/h, which is
the largest allowed value for a and so corresponds to the
bluntest possible nose. The corresponding cubic f(x) is

fx) = ;—3(3h2x — 3hx2 4 x3).

2
4. Q) If f(x) = {a—i—bx—i—cx for0<x <1 then

p+gx+rx? forl<x<3’

b+2cx forO0<x <1 .

/(x) —

fx)= {q+2rx for 1 <x <3 We require that
a=1 p+3¢g+9r =0
a+b+c=2 p+q+r=2
b+2c=m q+2r =m.

The solutions of these systems are a =1, b =2 —m,
c:m—l,p:%(l—m),q:Zm—Fl, and

r = —%(1 +m). f(x,m) is f(x) with these values
of the six constants.

b) The length of the spline is

1 3
L(m):/ \/1—|—(b—|—2cx)2dx+/ V14 (g +2rx)%dx
0 1

with the values of b, ¢, ¢, and r determined above.
A plot of the graph of L(m) reveals a minimum
value in the neighbourhood of m = —0.3. The
derivative of L(m) is a horrible expression, but
Mathematica determined its zero to be about

m = —0.281326, and the corresponding minimum
value of L is about 4.41748. The polygonal line
ABC has length 342 ~ 4.24264, which is only
slightly shorter.

Let b = ka so that the cross-sectional curve is given by
y=fx) =ax(l —x)(x +k).
The requirement that f(x) > 0 for 0 < x < 1 is satisfied

provided either a > O and k > O ora < 0 and k < —1.
The volume of the wall is

1
Via, k) = / 2r(15 +x)f(x)dx = %(78 + 155k).
0

CHALLENGING PROBLEMS 7 (PAGE 430)

To minimize this expression for a > 0 we should take

k = 0. This gives f(x) = ax?(1 — x). To minimize
V(a, k) for a < 0 we should take k = —1. This gives
fx) = —ax(1 — x)z. Since we want the maximum
value of f to be 2 in either case, we calculate the critical
points of these two possible functions. For a > 0 the CP
is x =2/3 and f(2/3) = 2 gives a = 27/2. The volume
in this case is V(27/2,0) = (277/60)(78 — 0). For a <0
the CP is x = 1/3 and f(1/3) = 2 gives a = —27/2.
The volume in this case is

V(=27/2,—1) = =277 /60)(78 — 155) = (277x/60)(77).
Thus the minimum volume occurs for

f(x)=@Q7/2)x(0 —x)?, ie. b=—a=27/2.

Starting with Vj(r) = 2r, and using repeatedly the for-

mula .
Va(r) = / Va1 (Vr? — x2)dx,

—r

Maple gave the following results:

Vi(r) = 2r Vo(r) = r?
4 1

Va(r) = grrr3 Va(r) = En2r4
8 1

Vs(r) = anrS Ve(r) = 6713}’6
16 1

Vi(r) = EﬂBIj Vs(r) = ﬂn4r8
32 1

Vo(r) = %n4r9 Vio(r) = mnsrlo

It appears that

n r2n

1
Vou(r) = —m , and
n!

27[
Vo — n—12n—1
e I B P A
_ 22n—1(n B 1)' n—1_2n—1
@n—1)! '

These formulas predict that

11 ! 1
Vi) == 7o't and  Vip(r) = an6r12,

both of which Maple is happy to confirm.

With y and 6 as defined in the statement of the problem,
we have
0<y<10 and 0<0 <m.

The needle crosses a line if y < 5sinf. The probability
of this happening is the ratio of the area under the curve
to the area of the rectangle in the figure, that is,

T

Pr=—
107 0

1
5sinfdf = —.
b4
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Y ‘ Note that the first term can be written in an alternate
y=10
way:
L—+L?—x?
y = Ssinx
9. a) S(a,a,c) is the area of the surface obtained by
rotating the ellipse (x%/a®) + (y%2/c?) = 1
(where a > ¢) about the y-axis. Since
y' = —cx/(ava? — x?), we have
T 0
Fig. C-7.7 S(a,a,c)=2x 2”/ 2@ -

x2

Letx =asinu
dx =acosudu
A [7/2

a Jo

asinuv/a* — (a2 — c2)a?sin2 u du

/2
= 47'ra/ sinuv/a? — (@2 — c2)(1 — cos u) du
0

Let v =cosu
dv = —sinudu

1
=47ra/ Ve + (@ = cHv2dv.
0

This integral can now be handled using tables or
computer algebra. It evaluates to

2rac? In (a +Va? — c2>

X Sa,a,c) = 2ra® +

a2 — 2 c

(L,0)

b) S(a,c,c) is the area of the surface obtained by ro-
Fig. C-7.8 tating the ellipse of part (a) about the y-axis. Since

y' = —cx/(ava? — x?), we have

If Q9 =(0,Y), then the slope of PQ is
/a CZ)CZ J
S(a,c,c) =2 x 2w 1+ ————dx
y=Y o dy e W @@ =)

=f)=—.
x—=0 dx 4716 3 fa* — (a2 — Cz)xz
/ a? — x2
Since |PQ| = L, we have (y — Y)2 = L? — x2. Since the 47rc
slope dy/dx is negative at P, dy/dx = —/ L2 — x2/x. / va*t —(@® —c?)x%dx
Thus
. a —c?
JIT—x2 L+VII— = e
—/7xdx=Lln b St [/ Jp ) 0
X —om? 4 2ma’c ¢
- 2 Cz a'
Since y = 0 when x = L, we have C = 0 and the
i ix i b— —b
equation of the tractrix is ¢ Since b — ( C) s (a ) c. we use
a—c a—c
L+ /L% —x2 b— —b
y=Lln <7x — VL2 - S(a,b,c)%( )S(a a, c)—l—( )S(a c.0).
a-—
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d) We cannot evaluate S(3,2, 1) even numerically at
this stage. The double integral necessary to calculate
it is not treated until a later chapter. (The value is
approximately 48.882 sq. units.) However, using the
formulas obtained above,
S3,3,H+ 53, 1,1)
2
_! (1871 L In(3 4+ v/8) + 27 + 18—71005*1(1/3)>
2 V8 V8
~ 49.595 sq. units.

$3,2, 1) =
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