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CHAPTER 5. INTEGRATION

Section 5.1 Sums and Sigma Notation
(page 278)
4

Y= 423434+ 4

j —1+2+3+ +100
j+1 72 3 4 101

Y3 =343+3 4. 43

_1\yn—1
+( 1)

=1—- = 4+ - —...
= i+1 2 3 n
2”: (_z)j B 23 N 24 25 N N (—1)”2”
mU-22 222 3 (n—2)7?
21 4 9 2
,IF_M+$+3+'+7
J:

5+6+7+8+9=> i
i=5
200
+ 2 (200 terms) equals 22
i=1

242424

99

PC IS

i=2

2232447524 ... 997 =

100

1+2x +3x2+ 43 + .- +100x% = sz

T+x+x2 450+

n
+xn_§ :xi

i=0

2n
_ Z(_l)ixi

i=0

l—x4+x2—x3 4. x>

1 1 (l)nl (l)ll
1— - - —. =
4+9 n? Z
L 2 3, 4 iy
2 4 8 16 2n £ )i

100

Zsm} = Zsm(z -1

176
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m 1 m+6 1

ZeriT X et

k=-5

Z(i2+2i) _ nn+1)R2n+1) +2n(n +1) _ nn+1)Q2n+17)

“ 6 2
i=1

1,000

2(2/ +3) =

2(1, 000)(1 001)

Ywkopn="T"D_3,

T —1

Z(zf —iHy=2"""—2—Inn+ D2+ 1)

n
Zlnm:lnl—i—an—i—---—i—lnn=ln(n!)

m=1

e(nJrl)/n -1

n
i/n _

24+24---42 (200 terms) equals 400
l_xn+1 )
1+x+x2+--~+x"={ﬁ ifx #1
n+1 if x =1
1+x2n+1 )
1—x+x2—x3+---+x2’1={ﬁ if x # —1
2n +1 if x =—1
2 oo _ X — 1.
Let f(x) =1+x4+x"4+---+x" = if x # 1.
Then
Fl(x) =14 2x +3x2+ - +100x”
Cod XM =1 100x!00 — 101x1%0 4 1
dx x—1 x =12

22 32442 52 4 ... 4987 —99?
49

49
-~ Z[(Zk)2 — @k DY =Y 4k - 4k -4k - 1]

k=1

49 x 50
:—Z[4k+1]_— X7 49 — —4,949

1 2 3 n
Lets ==+ —+ - +---+ —. Then

27478 2
s_L,2.3 o on
2478716 2nHl

6

+ 3,000 = 1, 004, 000



29.

30.

31.

32,

33.

34.

www. nohandesyar .

INSTRUCTOR’S SOLUTIONS MANUAL

Subtracting these two sums, we get

s_1+1+1+ +1 n
272 48 on ntl
11— n

T2 1-(1/2) o+l

_ n+2

- _211+1'

Thus s =2+ (n +2)/2".

n

S (ri+n-ro) Z Fi+1) -~ Z £0)

i=m i=m

n+1
= > f(/)—Zf(z)
j=m+1 i=m

=fn+1— fim),
because each sum has only one term that is not cancelled
by a term in the other sum. It is called “telescoping”
because the sum “folds up” to a sum involving only part
of the first and last terms.

=10, 000

10
Z(n4 —(n—1D*=10* -0
n=1

m
Y@ -2y = —20=2"—1

Zl 1\ 1 1 m+1
—~\i i+l “m 2m+1 mQCm+1)

Emm > (G-

j=1

The number of small shaded squares is 1 +2 + --- + n.
Since each has area 1, the total area shaded is Z?:l i.
But this area consists of a large right-angled triangle of
area n2/2 (below the diagonal), and n small triangles
(above the diagonal) each of area 1/2. Equating these
areas, we get

i,_anr 1 n(n+1)
1—2 n2— 2 .

com
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Fig. 5.1.34

35. To show that

36.

Z _n(n+l)

we write n copies of the identity

k+ D2 =k =2k +1,

one for each k from 1 to n:

2 _12=2()+1
32-22=22)+1
42 -32=23)+1

n+D*—n*>=2n)+1.

Adding the left and right sides of these formulas we get

n+1*—1

n
2 =2Zi+n.
i=1

nn+1)

1
Hence, Z;lzlizi(n2+2n+l—l—n): 3

The formula Y 7_,i = n(n + 1)/2 holds for n = 1, since
it says 1 = 1 in this case. Now assume that it holds for

n = some number k > 1; that is, ZLI i = k(k+ 1)/2.

Then for n = k + 1, we have

k+1

Zz _ZH—(k—H)— )+(k+1):w.

Thus the formula also holds for n = k 4+ 1. By induction,
it holds for all positive integers n.

177
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37. The formula Y!_,i®> = n(n + 1)(2n + 1)/6 holds for
n = 1, since it says 1 = 1 in this case. Now assume that
it holds for n = some number k > 1; that is,
S i% = k(k + 1)(2k + 1)/6. Then for n = k + 1, we
have

k+1 k
doit=> it k+1)°
i=1 i=1

k(k +1)2k + 1)
- 6
1[2k2+k+6k+6]

+ (k+1)?
_k+

- ki(k + )2k +3)

_ (k +D(Gk+D+DQE+D+1)
= G .

Thus the formula also holds for n = k + 1. By induction,
it holds for all positive integers n.

38. The formula Y7, ri=! = (" — 1)/(r — 1) (for r # 1)
holds for n = 1, since it says 1 = 1 in this case. Now
assume that it holds for » = some number k£ > 1; that is,
Sk r=l = (k= 1)/ — 1). Then for n = k + 1, we
have

k+1 k rk _1 r

2 rtfl — 2 rtfl +rk — _|_rk —

. . r—1 r—1
i=1 i=1

Thus the formula also holds for n = k + 1. By induction,
it holds for all positive integers n.

39,
n
3
2
1 d
l 2 3 o n
Fig. 5.1.39

The L-shaped region with short side i is a square of side
i(i 4+ 1)/2 with a square of side (i — 1)i/2 cut out. Since

(i(i+1))2 ((i - 1)i>2
2 B 2

it 423 i - =28 +i%)
= =1,
4

178
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that L-shaped region has area i3. The sum of the areas
of the n L-shaped regions is the area of the large square
of side n(n +1)/2, so

n

S (n(n + 1))2
i=1 - 2 .

40. To show that

n
YoiP=r42P 434
j=1

v = ———,

we write n copies of the identity
(+D*—k* =4 +6k% + 4k + 1,
one for each k from 1 to n:

21t =40 +6(1)> +4(1) +1
324 =42 + 622 +42) +1
44 —3* =403 +6(3)* +403) + 1

m+ 1D —n* =4m)’ + 6()> +4(»n) + 1.

Adding the left and right sides of these formulas we get

n n n
m+D* =11 =4> "3 46) j*+4) j+n
j=1 j=1 j=1

n
6 +1)2n+1
—a)y A D

4 1
n(n2+ ) .

Hence,
n

4y P=m+D —1-nn+D@n+1) =20 +1) —n
j=1

=n?(mn+ 1?2

SOZ]

41. The formula 37, i% = n®(n + 1)>/4 holds for n = 1,
since it says 1 = 1 in this case. Now assume that it holds
for n = some number k > 1; that is,

S i3 = k*(k + 1)2/4. Then for n =k + 1, we have

n2(n + 1)2

k+1 k
B MR
i=1 i=1
2 2 2
_ @Hlﬁlf = @[kz%l(k“)]
2
= oy,



42,

(n+ 13 =1
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Thus the formula also holds for n = k 4+ 1. By induction,

it holds for all positive integers n.

To find °7_; j* = 1% +2* +3* + ... 4+ n*, we write n

copies of the identity
(k+1)° —k> = 5k* + 106> + 10k> + 5k + 1,
one for each k from 1 to n:

25— 13 =5(D)* +10(1)° + 101 +5(1) + 1
37 —25 =52)* +102)° +102)> +5(2) + 1
4 —35=53)*+103)° +103)> +53) + 1

n+1° —n’ =5m)* + 10(n)> + 10(n) + 5(n) + 1.

Adding the left and right sides of these formulas we get

Substituting the known formulas for all the sums except
;’:1 j*, and solving for this quantity, gives

n

4 nm+1DQn+1)Gn%+3n—1)
2= 30 '

j=1

Of course we got Maple to do the donkey work!

5.4 1,
Zl_—n—}—n—}—ﬁn—ﬁn

Z clpey L Ly ]
1 n n n —-n —n
2" 6 4

7 7 1
7 SR 2
Z n+n+12n 2 +12

Zg n+n+

We would guess (correctly) that

1
110 _ 'l 4 10
E i —-n -+
2

Section 5.2 Areas as Limits of Sums
(page 284)

The area is the limit of the sum of the areas of the rect-
angles shown in the figure. It is

n n n n
=5) j'H10)_ jF+10) 245 j+n
j=1 j=1 j=1 j=1

SECTION 5.2 (PAGE 284)

A= lim —

n—oo n

1|:3 3x2 3x3 3n]
n n n n

3
lim S (1+2+3++n)
n—oon

. 3 n(n+l)
= lim — - = —sq. units.
n—>00 n 2 2
y A
7(13)
y=3x
123 4 n=l 1 *

n n n n n
Fig. 5.2.1

This is similar to #1; the rectangles now have width
3/n and the ith has height 2(3i /n)+1, the value of 2x+1
at x = 3i/n. The area is

18 1
— lim _M +3 =943 =12sq. units.

n—o00 n2 2

This is similar to #1; the rectangles have width
(3—1)/n =2/n and the ith has height the value of 2x—1
at x = 1+ (2i/n). The area is

A_nlggoz <2+2——1>

= lim —2 E i+—n
n—>00 p< 4 N n
=

8 1
= lim —@ + 2 =4 4 2 = 6sq. units.

n—oo p2

179
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This is similar to #1; the rectangles have width — (Z)B nn+D@n + 1) + f(n)
(2 — (—=1))/n = 3/n and the ith has height the value of n 6 n
3x +4 at x = —1 + (3i/n). The area is _f(n+l)(2n+l)+a
6 n2 '
°\3 3i PE
A = lim Z — (—3 +3— +4) Area = lim S, = — 4+ asq. units.
n—>00 4 1 n n n—-oo 3
=
Y .3 va
= fim e 2 i
1=
gy YnetD 27 33 y=i+1 %
_nggoﬁT—i_ _7—1- _7sq.unls.
The area is the limit of the sum of the areas of the rect- —
angles shown in the figure. It is
2 2\? 4\? 2n\? o o
A= lim — |14+ - 14— 1+ —
nggon|:(+n> +(+n>+ +(+n>:| Fig. 5.2.6
— lim z 1+ ﬂ + i +1+ § + E 7. The required area is (see the figure)
n—-oon n n2 n I’l2
4n 4n? .3 3\? 3
+ootld—+— A= lm —|{-1+—-) +2(-1+—-]+3
n n n—oo n n n
. 8 n(n+1 8 nn+1)2n+1) 6\ 2 6
=1 24 = ——= _ _ = _ -
n;H;O(Jrnz >t 3 +( 1+n> +2( 1+n)+3
8 26 2
= — = i 3n 3n
2—|—4—|—3 3sq.un1ts. +...+(_1+7> +2(_1+7>+3]
4 6 32
Y = lim —[(1——+—2—2+—+3>
_ n—-oon n

12 62 12
Fl1l-=+5-2+—=+3
n n n
6n  9n? 6n
+---+(1——+—2—2+—+3>]
n n n
27 (2 1
— lim (6+_3.M>
n—00 n 6

=6+ 9 = 15sq. units.

2 2n x
lHljig. 525 o e
Divide [0, a] into n equal subintervals of length Ax = %
by points x; = i;a, (0 <i <n). Then
_|
" /a ia\?
S, = ; (%) [(7> + 1] —

a\3en ., 4w _ x
= (;) § :l + N § :(1) —143 143
i=1 i=1

n =
(Use Theorem 1(a) and 1(c).) Fig. 5.2.7

180
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\oi

10.
Fig. 5.2.8
The region in question lies between x = —1 and x = 1
and is symmetric about the y-axis. We can therefore dou-
ble the area between x = 0 and x = 1. If we divide this
interval into n equal subintervals of width 1/n and use
the distance 0 — (x2 — 1) = 1 — x2 between y = 0 and
y = x% — 1 for the heights of rectangles, we find that the
required area is
| i?
-2 (- 5)
=
. 1 i
=2Jim 2 (; - ;)
=
D2 1 4 4
=2 lim ﬁ—w =2 — — = — sq. units.
n—oo \ n 6n3 6 3
11.

Fig. 5.2.9

The height of the region at position x is

0—(1—x) = x—1. The “base” is an interval of length 2,
so we approximate using n rectangles of width 2/n. The
shaded area is

"2 2i
A:nli?c}o;E(2+7_l>
1=
n
, 2 4i
nlﬂf;o;(;*ﬁ)

<2_n +4n(n +1

i
n n 2n?

n—0o0o

):2+2:4 sq. units.

com

SECTION 5.2 (PAGE 284)

2 x
A
y=x2—2x
Fig. 5.2.10

The height of the region at position x is

0 — (x2 — 2x) = 2x — x2. The “base” is an interval of
length 2, so we approximate using n rectangles of width
2/n. The shaded area is

n . .

2 (.2 4i?

A= li E:— 2= -
nggoi_ln( n n2>

n . %)
. 8i 8i
_ IET;OZ} (; s )
=

. 8 n(n+1) 8§ nn+1)2n+1)
= lim | —= - —
n— 00 n2 2 I’l3 6
8 4
=4 - 353 sq. units.
y 4
y=4x —x2+1
A
/ 4\ x
Fig. 5.2.11
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The height of the region at position x is Now we can use 1’Hopital’s rule to evaluate
4x — x>+ 1 — 1 = 4x — x2. The “base” is an interval of 5
length 4, so we approximate using n rectangles of width lim %" — 1) = lim 2/m -1 9
4/n. The shaded area is n—00 n—00 l 0
n
4i 16i 22/” In2 __2
A= hmZ (4———) n2
n—o00 = lim ——M~
n—o0 _1
, 64i  64i2 w2
- nlif?-‘oz (7 s ) = lim 2®/"*11n2 = 21n2.
i=l1 n— 00
B (64 nn+1) 64 nn+1)2n+ 1))
= lim { — - —
n—co \ n? 2 n3 6 Thus the area is square units.
2In2
64 32 .
=32 — — = — sq. units. v 4
3 3

b
12. Divide [0, b] into n equal subintervals of length Ax = —
n

ib
by points x; = —, (0 <i <n). Then
n

/
n b ' b n ;
Sy = Z Z (e(tb/n)> _2 Z(e(b/n))
— n n & .
lb_l - i—ll_l - S . —1+2,7":);
= —¢®/m Z(e(”/ ’”) (Use Thm. 6.1.2(d).)
" Fig. 5.2.13

_? (h/)e(/)"_1

= — b /p\°  [2p\° h\>
n et/m —1 14. Area= lim - |:(—) + (—) + -+ (n_)
b_ 1 n—oo n n n n

n) _
noooe ! = lim (134243 . 40
Let r = é noeen
n' lim bt n’(n+ 1> b "
0 = lim — . ———— = —-5q. units.
Area = lim S, = (¢” — 1) lim " lim 12 nmeon 4 4
n—00 -0+ r—0+e" —1 0 y 4

=’ — D) lim i = ¢? — 1sq. units
- r—0+ e’ - 4 ’

13. The required area is y=x
: 2 —14(2/n) —14-(4/n) —14(2n/n)
A_ngn;o;[z +2 o2 ]
2/n 2 -1 g
— lim > [1 +(2) (22) e (22) ] b2 3 =bb wb_,
n—-oo n n n n n n
22/n 22//1 n_ 1
= lim L Fig. 5.2.14
n—oo n 22/n _
1 1/n
T 2 b
- ,,15202 M"x3x n(22/m 1) 15. Letr= (;) and let
o n(2%/n —1) x0o=a, x1 =at, x =at, ..., x, =at" = b.

182



16.

www. nohandesyar . com

INSTRUCTOR’S SOLUTIONS MANUAL

The i th subinterval [x;_1, x;] has length Ax; =

. 1
at’=l(t —1). Since f(xi_1) = —,
at171

n
: 1
_ —1
Sp = ;all -1 (a[l—_l>

b 1/n
:n(z—l):n[(—) —1].
a

1 b .
Let r = — and ¢ = —. The area under the curve is
n a

we form the sum

. . c"—1 0
A= lim S, = lim —
r=>0+ r 0

n—00

= lim

r—0+ 1

c¢"Inc b .
=Inc=In{— ) square units.
a

This is not surprising because it follows from the defini-
tion of In.

YA
1
y==
X
\
%
a X X2 b
Fig. 5.2.15
Vs
12
y=2(1—-x)
1 x
Fig. 5.2.16

n

’ .

Sp = Z — (1 - l—) represents a sum of areas of n
= n

rectangles each of width 1/n and having heights equal to

the height to the graph y = 2(1 — x) at the points

x = i/n. Thus lim,_~ S, is the area A of the triangle

in the figure above, and therefore has the value 1.

17.

18.

19.

SECTION 5.2 (PAGE 284)

Fig. 5.2.17

n

Sp = Zg (1 — ﬁ) represents a sum of areas of n
= n
rectangles each of width 2/n and having heights equal
to the height to the graph y = 1 — x at the points

x = 2i/n. Half of these rectangles have negative height,
and lim,_ S, is the difference A — Ay of the areas of
the two triangles in the figure above. It has the value O

since the two triangles have the same area.

43 1 3i
Sy = ; a2 = ; ;. (2 + n) represents a sum
of areas of n rectangles each of width 1/n and having
heights equal to the height to the graph y = 2 4 3x at
the points x = i/n. Thus lim,—~ S, is the area of the
trapezoid in the figure above, and has the value
12+5)/2="1/2.

n N2
1 J
Sy = — 1= =
=2 )
j=1
= sum of areas of rectangles in the figure.

Thus the limit of S, is the area of a quarter circle of unit
radius:

lim §, =~
n—00 4

183
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y 4
y=a/1-x2
>
2 n—l 1
n n n n
Fig. 5.2.19

Section 5.3 The Definite Integral
(page 290)

f@x)=xon[0,2], n=8.
113537
Pg=10,—-, -, -1, -, -, -, 1
42474724
L=l a3 22 T
8T 4727% 47274 1
78 P R U S BV U S |
e 8§ 47273 47271 %

f(x)=x%on[0,4], n=4.

L(f. Py) = (?) [0+ 1+ @ + )] = 14.

U(f. Py) = (?) [(D? + @ + 3 + @71 = 30.

f(x)=¢" on [-2,2], n=4.

4
1
L P)=1(24e '+l tely= 2L " ~am
eZ(e —1)
4_
U(f, Py =1+ el 463 =2 ~ 11.48.
e(e—1)

f(&x)=Inxon[1,2], n=>5.

L(f, P5) = (E> [lnl+ln§+lnz+ln§+ln2]
5 5 5 5 5
~ 0.3153168.
U(f, Ps) = (E> |:1n§+lnz+ln§+ln2+ln2]
5 5 5 5 5
~ (0.4539462.
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5. f(x)=sinx on [0, 7], n=6.
P T 7w w 2w Sm
= s Ty R A T o T
6 6’3236
= 1 V3 V3 o1 ]
L(f,P)=—|0+-+—+—+=-40
(f, Pe) 5 +2+2+2+2+
- %(1 ++/3) ~ 143,
n_l V3 V3 1_
P)=— |+ — 1414~ 4~
U(f6)62-|-2-|--|--|-2-|-2
- %(3 +/3) ~2.48.
6. f(x) =cosx on [0,27], n=4.
2w b4 3
L(f,Ps)=|—)|cos—=+cosm +cosm +cos— | =—m.
4 2 2
2 b4 3r
U(f, Py) = 7 cos0+cos5+cos7+cos2n =.
YA
y=cos x
/2 b4 >
3m/2 2m x
Fig. 5.3.6
7. f(x) = x on [0, 1]. P,,:{O,%,%,...,%,%}.We
have
1 1 2 n—1
L(f,P))=—-|{0+—4+—4+---+
n n o n n
I m=Dn n-1
T n? 2 oo
11 2 3 n
Uuf,h)y=—|-+-+-—-+--4+-
n\n n n n
_1 n(n+l)n_n+l
T n? 2 oo

Thus limy, 00 L(f, Py) = limy—00 U(f, Py) = 1/2.
If P is any partition of [0, 1], then

n+1

L(f,P) =U(f, Pn) = o

for every n, so L(f, P) < lim, o U(f, P,) = 1/2.
Similarly, U(f, P) > 1/2. If there exists any number [/
such that L(f, P) < I < U(f, P) for all P, then I can-
not be less than 1/2 (or there would exist a P, such that
L(f, P,) > I), and, similarly, / cannot be greater than
1/2 (or there would exist a P, such that U(f, P,) < I).
Thus 7 = 1/2 and [ xdx = 1/2.
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8. f(x)=1l-xon[0,2]. P, ={0,2 2 . 22 2}

We have

L(f,m:%((1—%>+<1_%>+...+<1_2§>>

2 4 2

=-n—-— 1
EEF))
1=

4 nn+1) 2
=2~ =———>0asn— oo,
n? 2 n

2 0 2
U(f,Pn):;((1—;)4—(1—;)4_...4_(1_ .
n—1
2 4
=

4 (n—1)n 2
— —> 0asn— oo.

2n —2

n? 2
2

Thus / (1—-x)dx =0.
0

9. fx)=x>on[0,1]. P, = {0, L 2 n=linl we

s ot
have (using the result of Exercise 51 (or 52) of Section

6.1)

L Py =1 ((gf ! (%>3+"'+ (5 1>3>

135 1 =12

n4 T ont 4

1 /n+1\? 1
== — — asn — oo.
4 4

1 5 1
Thus x“dx = —.
0 4

10. f(x) =e*on[0,3]. B, ={0,3,8, .. 33 31 we

have (using the result of Exercise 51 (or 52) of Section
6.1)

L(f, Py) = 3 (eO/n R T T +e3(n71)/n)
n
3eMn—1 3P -1

Tnem—1 a1y

3
U(f, P,) = ; (63/n +e6/n +e9/n 4. +63n/n) —

11.

12.

13.

14.

15.

16.

17.

SML(f, Py).

SECTION 5.3 (PAGE 290)

By I’Hopital’s Rule,

3 m—1
lim n(*" — 1) = lim
n—00 n—oo  1/n
e3/n(_3/n2) ] 363/n
= lim ——— = lim =
n— 00 —l/n2 n— 00

Thus

3
lim L(f, P,) = lim U(f, P,l):e3—1:/ e dx.
n—oQ n—o0

0
- 1\/7 !
li — /== d
2 | vEas
1 [i =1
nlgl;oz n 0 \/_dx

. T . wi T
lim E —sin— = sinx dx
n—>00 4 : n n
1=

0
n . 2
2 2
lim Z—ln(l—!——l) :/ In(1 + x) dx
n . 1
1 2i — 1
lim E —tan”( ! ):/ tan~!x dx
naooi:1 n 2n 0

-1, L i—1 i
is the midpoint of , = -
n o n

2i
Note that

n 1
1 1 d
= lim Z_ RV =/ - 2
n—oo = n 14 (i/n) o 1+x

a
and x; =a+iAx where 1 <i <n—1.

li n

m E

n—00 4 ; n2+i2
1=

b—
Let Ax =

n
Since f is continuous and nondecreasing,

L(f, Pu) = f(a)Ax + f(x1)Ax+
F)AX + -+ f(xn—1)Ax
n—1
i[fw) +Zf(x,->],
i=1
U(f, Pn) = f(x1)A)C + f(X2)A)C 4.4

fOn—D)Ax + f(b)Ax

b—al=!
= T[Zf(xiH-f(b)]-

i=1
Thus,

U(f1 PI‘L)_L(f» PV!)

b n—1 n—1
= [Z )+ f) - fl@) - Zf(xi)]
i=1

i=1
_-a(f0) — f@)

n

185
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Since 3. ffz(x +2)dx = %(4)(4) =38

lim [U(f, P) — L(f, P —n)] =0,
=00 v4 @4

therefore f must be integrable on [a, b].

P={xo<x1 < <xn},
P={xp<xi<--<xj_1<x <xj <. <xp} vex+2 A
Let m; and M; be, respectively, the minimum and max-
imum values of f(x) on the interval [x;_1, x;], for

1 <i <n. Then R

" .
L(f,P)= E mi(x; — Xi—1), Fig. 5.4.3
i=1

n
U P =3 Mt —xi0). 4. [Z(G3x+ 1)dx = shaded area = L(1 +7)(2) = 8
i=1 Y A
If m; and M J’ are the minimum and maximum values y=3x+l
of f(x) on [xj_1,x], and if m}’ and M]’f are the corre-
sponding values for [x', x;], then
! " ! 1"
m; = mj, m;=mj, MJ»SM]', Mj < M;.
Therefore we have R
/ I " / 2 x'
mj(xj —xj—1) <mi(x" —xj—1) +m;(x; —x),
R e g Fig. 5.4.4
Mj(xj — xj—1) = M;(x" — xj—1) + M; (x; — x).
Hence L(f, P) < L(f,P)and U(f, P) > U(f, P). Y »r 2
If P” is any refinement of P we can add the new points S f o ¥dx = 2 2
in P” to those in P one at a time, and thus obtain v4
L(f, P) < L(f, P"), U(f, P") <U(, P). y=x
Section 5.4 Properties of the
Definite Integral (page 296) a b x
b B a Fig. 54.5
/ f(x)dx+/ f(x)dx+/ £(x) dx
a b c
c c 2
2/ f(x)dx—/ f(x)dx:O 6. f71(1—2x)dx=A1 —A2=0
a a J
2 3 3
/ 3f(x)dx+/ 3f(x)dx—/ 2f(x)dx
0 , 1 0 2
—/ 3f(x)dx X
1 <N
1 2 y =1l —2x
:/ (3—2)f(x)dx+/ B+3-2-3)f(x)dx
0 1
3 .
Fig. 5.4.6
+/ (B —2)f(x)dx 8
2
3
= [ rwas 1. VIR = (D =n
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1
15. / V4 — x2dx = area A; in figure below
0

1 .
= —area of circle — area Ap

(see #14 below)

= -2 — o £
4 3 2

0
1
8. / V2 — x2dx = quarter disk = ~7(v/2)? = r
,ﬁ 4 2

T
9. / sin(x3) dx = 0. (The integrand is an odd function

T
and the interval of integration is symmetric about x = 0.)

10. [ (a — |s|])ds = shaded area = 2(3a?) = a®

y

/o AN
Fig. 5.4.10 X
1. [ -3 +mydu=n[' du=27 Fig. 5.4.15
y 4
2
16. / V4 —x2dx = area A3 in figure above
1
1 = area sector POQ — area triangle POR
1 1
= (2% — =(HV/3
(12 = S()V3
—1 1 u= — 2_77 — \/_g
, 3 2
Fig. 5.4.11
2 5 2 ) 33
17. 6x“dx =6 dx =6— =16
12 Lety=+vV2x—x2=y>+@x—-1>=1. /(; v /(;x * 3
2
1 b4
/Yy 42 — . 2 _ =2 3 3 2
/0 ¥ —x7dx = shaded area = 77 (1)7 = 7. 18. / (x2—4)dx=/ xzdx—/ xdx — 43 - 2)
y 2 0 0
33 23 7
= — — — — 4 = —
3 3 3
2 2
* 19. / (4—t2)dt:2/ @ — 1) dt
-2 0
23 32
Fig. 5.4.12 =224 -3 ) =%
4 _ . . 2 22 22 2
13. / (e* —e ™) dx =0 (odd function, symmetric interval) 20. W —vdv="-2=12
—4 0 3 2 3

4

3 3 3
14. / (2+t)\/9—t2dt=2/ \/9—t2dt+/ V9 —12dt 9. /1(x2+ /l—xz)dx:l—3+l(n12)
-3 -3 -3 0 3

1
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23.

24.

25.

26.

27.

28.

29.

30.

31.
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6 6 6
./ sz—%ﬁnx)dle/ 2x2dx+:/ x2sinx dx
—6 —6 —6

6
2 4 3
0

21
/ —dx =In2
1 X

41 41 21
/_dt:/ _dt_/ Lar
2t 1t 1t

=In4 —1In2=1In(4/2) =1n2

3 1 31 1/41
/ —ds:/ —ds—/ —ds
1/4 S 1S 1S
1
=ln3—an=1n3+ln4=1n12
1 4
A = — 2)d
verage 4_0/0 (x +2)dx
1) p
=113 =
1 b
Average = —/ (x+2)dx
b—al,
- e r20-0
T bh—al2 a a
1 44+a+b
= — 2:7
2(b+a)+ 2
1 T
Average :7/ (1 +sint)dt
T —(—m) J_,
l T T
=—|:/ ldt—l—/ sintdt:|
2 — -
1
Zn[n+ ]
3, 133
Average = —— x“dx=-—=3
3—0Jp 33
1 2
Average value = —/ 4 - xz)l/2 dx
2—-0Jy

1
= E(shaded area)

_1 1 AN
_E(Z”(2)>_2

188
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=V

Fig. 5.4.31

1 21
32. Average value = ——— / —ds
2—(/2) ips

2 1 4
=—(In2—In=- ) ==1In2
3( 2) 3

33. f_21 sgnxdx=2—-1=1

y 4
| 6 y=sgnx
—1 »
2 X
Lo
Fig. 5.4.33
34, Let
_J14x ifx<0
f“)_{z if x > 0.
Then

2
/ f(x)dx = area(l) 4 area(2) — area(3)
-3

=2 x2+ 3D - ;@) =25.

Y4 y=2
47
-3 2
@) /-1 2 x
y=x+1
(=3,-2)
Fig. 5.4.34
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3 2 3
36. / |2—x|dx=/ (2—x)dx+/ (x —2)dx
0 0 2
2

3
=(2 x2 + X2 P
= X 2 ) > x

9 5
=4-2—-04+=--6—-24+4=—
+2 + 3

2

2
37. I =/ V4 —x2sgn(x — 1)dx
0

= area A} — area Aj.
Area A] = én22 - %(1)(\/5) = %7{ — %ﬁ
Area A, = %]TZZ— area A| = %n + %ﬁ
Therefore I = (7/3) — /3.

y 4

Fig. 5.4.37

38. f03‘5[xldx = shaded area =142+ 1.5 = 4.5.
YA

y=lx]

=y

39.

y=u+ﬁr—u—1%Hx+2>/

Average =

\A%

Fig. 5.4.39

SECTION 5.4 (PAGE 296)

4
/(M+H—M—H+u+mmx
-3

=area A1 — area Ap

15 5+8 1+2 1+2 11
=53 - 1) — H)—==(1)=
530+ 5@ — () = =) = 5 3(D)

Ay i ' 3 x
Fig. 5.4.40
3x2—x
/ dx
o lx—1
—area A; — area Ay
143 1 7
:—2 ——1 1 = —
5@ =5 = 3

2
/ |[x 4+ 1|sgnx dx
2

2 0
( (x+1)dx—/ |x+1|dx>
0 2

1+3 1
L><2—2><—><1><1
2 2

I
A= A= K=

N
AW

v 2,3)

y=x+1

1 A

-2
A2 A 1\43 2 x

“(=2,-1)
Fig. 5.4.41
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2 2
/ 2 +3)2dx =2 (*+6x*+9)dx
-2 0

3
22 +2x3 +9x
5 0

32 404
=2 —+16+18) = —
(5+ * ) 5

2

1 9

[ (g o= 2]

= [%(9)3/2 - zﬁ] - [%(4)3/2 - 2«/71] = 33—2

190

b ~ b b —2/6 —n/6
2. [ (ro-F)ar= [ fwar- [ fax 0. [ ecosxdr = sins
“ “ " —n/4 —m/4
=(b—a>.f—f/ dx __ 1,1 _2-v2
_ @ 2 2 24/2
=0b-a)f-b-af=0 V2 V2
7/3 /3 pu
/b( )2 10. / sec? 6 df = tan 0 = tan 3= V3
fx)—k) dx 0 0
a
b 2 b b /3 . /3 «/5—1
=/ (f(x)) dx—2k/ f(x)dx+k2/ dx 11. //4 sinf do = — cos 6 /4: 3
a a a T T
b 2 I o 2
:/a (F@) dx = 2% — @) f +R0 - a . / (1 sima) i = (a — cosm)| = 2
) b 5 ) 0 0
—b-ak- 77+ [ (f0) dr-6-af x .
. . a 13. / efdx=¢e"| =e" —e "
This is minimum if k = f. r r
2
X —Xx _ . ..
Section 5.5 The Fundamental Theorem 14. /;2(6 — e ") dx =0 (odd function, symmetric interval)
of Calculus (page 301) .
¢ . a* a®—1
15. a*dx = =
/2 o 2_16—0_4 0 Ina|, Ina
o T T T T 1 x| 2 1 3
16. / 2Ydx = =— - —— =
. 4 6 —1 In2|_; In2 2In2 2In2
Vxdx = =x3? — 1 1
/0 o 3 17. / _dx =tan"lx| = T
| —1 1+X2 1 2
1
1 —
/ —dx = =—1-(-2)=1 12 gy 1z
12 X X 12 18. / =sin~x =—
] 0 vl—xz 0 6
Lo I | 1
R === d
/_2 <x2 x3>dx ( x 2x2> ) 19. / T _—sin' 2
_ — x2 2
Lo (1 7 PV L .
- +§_ 278) "8 :91n1§—sin71(—§>
2 2 _T_(LE\_Z
/ (Bx? —4x +2)dx = (x> —2x2 +2x)| =9 G ( 6) 3
—1 —1
0 gx 1 0
2 20. =—tan'Z| =0——tan"!(—1) =
2/ 9 x3d— 1 i o /24+x2 5 tan 2|, an~ (—1)
e )=l T iy
1
21. Area R = fol xtdx = % =35 units.

0

y

(1,1

Fig. 5.5.21
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2 2

e
1
22, Area:/ —dx =Inx
e X

e

e
=lne’—lne=2-1=1 $q. units.

Y

nohandesyar. com

SECTION 5.5 (PAGE 301)

25. For intersection of y = x2 —3x +3 and y =1, we have

x2—3x+3=1
x2=3x+2=0
x—=2)x—1)=0.

Thus x = 1 or x = 2. The indicated region has area

2
AreaR:l—/ (x? = 3x +3)dx
1

Fig. 5.5.22 1
8 646 b3 +3 ! it
—1-(2_ — ==z = —sq. units.
4 3 32 60
23. Area R=— ()c2 —4x)dx
0 y
3 4
(2
3 0 y=x2—3x+3
64 32
=—|—=— —32) = —sq. units. y=1
3 3 R
/
4 x‘ 1 2 x
R
Fig. 5.5.25
26. Since y = \/x and y = % intersect where /x = %, that
is, at x = 0 and x = 4, thus,
y:x2—4x
4 4
Fig. 5.5.23 Area:/ ﬁdx—/ Zdx
0 0 2
2 4 x2
24. Since y = 5—2x —3x? = (543x)(1 —x), therefore y = 0 = gx3/2 -
atx:—% and 1,andy>0if—%<x<1. Thus, the 0 0
: 3 16 16 .
area is = — — — = — sq. units.
3 4 3
1 1
/ (5—2x—3x2)dx:2/ (5 —3x%) dx ya
-1 0
1
=2(5x —x?) V=JE @.2)
0 ) y=x/2
=2(5—1) = 8 sq. units. A
Y A ;
Fig. 5.5.26

27. Area R =2 x shaded area

o[ )

_,(l_1y_! "
=2{3~3)= 3% units.
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} A YV A
x=y? (L. ANy =¢e"
R :
y=x’ - *
-
Fig. 5.5.30
Fig. 5.5.27 .
31. AreaR= (1 —cosx)dx
0
2
28. The two graphs intersect at (£3, 3), thus = (x — sinx) "o 27rsq. units.
0
3 ) 3 Y1
Area:2/0 12 —x )dx—Z/O xdx y=1—cos x
3 3
1 1
= 2(12x - —x3> - 2(—x2>
3 0 2 0
=2(36 — 9) — 9 = 45 sq. units. R
271x‘

Fig. 5.5.31

27

27 3
32. Area:/ xVBax = =423
! 2 1

3 3
= 5(27)2/3 =5 =12 5q. units.

A Y

1 1
29. AreaR:/ x1/3dx—/ 7% dx

3 2 3 2 1
—x*3 =X =2 2= —8q. units. ‘
|, 73 [, TaT 3T R
v 1 27 x
Fig. 5.5.32
37/2 /2 3w/2
33. / |cosx|dx=/ cosxdx—/ cosxdx
0 0 7/2
/2 37/2
=sinx —sinx
> 0 /2
X
=14+14+1=3
Fig. 5.5.29
34. /373gn(x_2)dx=_ zd—x+/3d_x
1 x? pox? 2 x?
0 Nt |
30. Area:/o e ¥dx =—e*| =e%—1 sq. units. = — 2| =—=
—a X X |2 3
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SECTION 5.5 (PAGE 301)

s 6
35. Average value 44. d [ 1 S dx
1 2 ) 5 do sin@ 1—x
=—/(l+x+x + x7)dx d cosf 1 sin@ 1
2 Jo =—U —zdx—/ 2dx]
1 )C2 )C3 4 2 do|J. 1—x a 1—x
=—(x+—+—+—> —siné cos 6
2 2 3 4 /1 = 29 in2
| 8 16 1 —cosc8 1 —sin“6
_ — -1 1
_§(2+2+§+4)—? = — — =—CSCG—SCC9
sinf  cosf
t
36. Average value = e 2)/ 3 dx 45. F(@) Z/O cos(x?) dx
Jx
_ L1 F(/x) = / cos(uz)du
4 3 i 0
cos x
1 _ —F = cos
= 6(66 —e9). (V) = cosx o 2f 2%
2
X
1/1n2 -
3. Ave = — /l/mzxczx —my| —e—i 6. H® =3xA e Viar
1/In2 Jy In2|, 5
X
38, Since H (x) = 3/ eVidt + 3x(2xe 1)
") = 0, ifo=<t<l, 44
W=V, if1<r<3, H'2) = 3/ eV dt +3(2)(@de?)
4
the average value of g(¢) over [0,3] is — 3(0) + 24e2 = %
e
1 1 3 1 3 x
—[/ (0)dt+/ 1dt]=—[0+t ] 47. f(x):n+7z/ f@)dt
3LJo 1 3 1 1
—iG-1=2 Fo=af@ = f&)=ce™
3 3 7=f()=C"& = C=me™
fx)=me™ ™D,
X M H X
39, 4 ["sint . sinx 48. fx)=1- / f@)dt
dx J, t X 0
4 s J . . ) ==fx) = fx)=Ce™
40. a4 sin x :d_[_/ smxdx:|:_g 1= f0)=C
tJ; X t 3 X f(x) —e ¥
a1 d 0 sinz df = — d " sint dt 49. The function 1/x? is not defined (and therefore not
todx t T odx Sy t continuous) at x = 0, so the Fundamental Theorem of
sin x2 sin x2 Calculus cannot be applied to it on the interval [—1, 1].
=2x—5—=-2 o Since 1/x%> > 0 wherever it is defined, we would ex-
1
d
d 2 . pect / —;C to be positive if it exists at all (which it
2 sinu 10X
42. Ex /) " u doesn’t).
2 2 X :
* sinu 2 d [V sinu 50. If F =/ SNt then F Y and
=2x/ . d XE/ . du ) 1+2 en F(x) = l+x2an
0 , 0 F(17)=0.
) /x sinu 2|:2xsinx2:| s |
= ux 2 51. F e —— ) ar.
o u x ) = o1+ e
-2 sinu d ) 1
=X 0 U+ 2x @m(x ) Note that 0 < <1 for all ¢, and hence
1+12
d ! cosy cost 1
43. — = 0 s(1) < <1
dt/;ﬂ1+y2 s <cos()_cos(1+12>_
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The integrand is continuous for all ¢, so F(x) is defined Y4

and differentiable for all x. Since
limy—s 400 (2x — x2) = —o0, therefore
limy_ 400 F(x) = —00. Now

V=T

, 1
F (.X) = (2—2X)COS (m) =0

only at x = 1. Therefore F must have a maximum value

at x = 1, and no minimum value. 1 2 1 x
n n
1 S 2\3 5 i
52. lim _|:(1+_> +(1_|__) +...+(1+E) ] Fig. 5.5.54
n—oon n n n
= area below y = x°, above y = 0, ) .
. . Section 5.6 The Method of Substitution
between x =1 and x =2
(page 308)
2 17 1 21
:/ xsdx:gx6 28(26—1):7
1 1 1. /ej_zxdx Letu =5—2x
du = —2dx
1 1 1
2 — __ u U —__ 5—2x
53. lim z(sinz—}—sin—n—k---—}—sinﬂ) 2/6 du ze +C 26 + C.
n—»oo n n n n
= nlgrgo sum of areas of rectangles shown in figure 2. /cos(ax +b)dx Letu=ax+b
T T du =adx
:/ sinxdx = —cosx| =2 1 1 .
0 0 =—/cosudu=—smu+c
. a a
Y 1
y=sin x = sin(ax + b) + C.
3. /«/3x+4dx Letu =3x+4
du =3dx
. L 2 3 2 32
. =—fudu=-u'"+C=-0CBx+4)""+C.
T 2n 3w wﬂ 3 9 9
n n n n
Fig. 5.5.53 4. /er sin(e*)dx Let u = **
du = 2e* dx
1/ . 1
=— | sinudu = —=cosu+C
54 y n n n n 21 2
S5 g e By s B S :_ECos(ezx)—FC.
i 1 n? n? n? n? cdx
pale S (e e s S ) 5. ———— Letu=4x>+1
(4x2+1)°
du = 8xdx
—1
1 1 1 1 - /u’Sduz——u"‘—i—C:i—i—C.
—nll)n;o; N + N2 + j 8 2 32(4x2 + 14
I+ <_> I+ (_> + (;) sin /x
n n / dx Letu=.x
1 Jx d
= area below y = —, above y = 0, du = X
14+x U= 2ﬁ

between x =0 and x = 1
1

1
1
:/ —zdx:tanflx T
0 1+.x 0 4
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/xex2 dx Letu=x?
du =2xdx

1 1 1
=§/e”du=§e”+C=§exz+C-

/)CZZ)‘SJrl dx Letu=x3+1

du = 3x%dx
—1/2”d _12” +C
=3 " 3m2
2x3+1
=32 "
COS X .
/%dx Let u = sinx
4 +sin? x

du = cosx dx
_/' du
Y

I _,u 1 (1.
:Etan — 4+ C = —tan Esmx + C.

2 2

/‘ sec x d Let ¢

——dx et u = tanx

/1T — tan2

I —tan"x du = sec? xdx
_ du

V1 —u?
=sinlu+C

= sinfl(tan x)+ C.

T+
/ e dx
e —1
x/2 —x/2
:/%dx Letu:eX/Z_e—x/z
e —e )
du=} (€ 4 )

du
=2/—=21n|u|+C
u

=2In

e*? —e_x/z‘ +C=In

Int
/—dt Let u = Int

! dt
du = —
t

/ du = 2+cC 1(1 N2 +C
= udu = —u = —Un .
2 2

ds
/ Letu =4 —5s
VA= g = “5ds
_ du
= N
2 2
=—§u1/2+C=—§«/4—5s+C.
1
/de Let u =x2+2x+3
Vx242x+3

du=2(x + 1)dx

/—du_f+c Vx24+2x+34+C

e"—l—e_X—Z‘—i—C.

15.

16.

17.

18.

19.

20.

21.

22,

SECTION 5.6 (PAGE 308)

dt  Letu =2
du =2t dt

t
/\/4—t4
E/\/4—u2
1 1 12
=Esin_1%—i—C=§sin_1 <E>+C'
2
/2_7_—6dx Let u = x3
X
du = 3x%dx

1/ du 1 . 71(u>+c
= — — — ——1an —
3 24+u? 32 V2

1 _1(x3>
= ——tan — |+ C.

372 V2

d —*d
/exi1:/f+€_)i Letu=14e"*
du = —e *dx

du x
— | —=—Inlu/|+C=—In(1+e ")+ C.
u
dx e dx .
ex—i—e*)‘: prra Letu =e¢
du = e* dx

/ W an g C
= ——— = lan u
u?+1

=tan"!e* + C.

/tanxlncosxdx Let u = Incosx
du = —tanx dx

1, 1 2
=— udu:—zu +C:—§(lncosx) + C.

x+1
V1 —x2

xdx
V1 =x2

in the first integral only
:——/——|—sm x=—u+sin"'x+C

1—x2+sin"'x+C.

dx dx
/ / Letu=x+3
x24+6x+13 (x+3)2+4

du—dx
/ 2

1 1x—l—3
- c.
st

/ Let u=1—x2
VI=22 L ovdx

dx

= Letu=1-—x
\/4+2x—x2 V5 —(1—x)?

du = —dx
—/7M——sin71 = +C
V5—u? NG

1—x x—1

-1 P

= —sin + C =sin (—)—i—C.
(ﬁ) NG
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/sin3xcos5xdx
= /sinx(cos5 x — cos’ x)dx Letu =cosx
du = —sinx dx

= /(u7 - uj)du

b ub cos®x  cos®x
=——-—+C= - C.

8 6 8 6
/sin4tc0s5tdz

= /Sin4l(1 — sin? t)2 costdt Letu =sint
du = costdt

5 7 9
4 6 3 u 2u u
= —2u® + du=——-—"—4+—+C
/(u u u®)du 5 7 9—|—

1 5 2 4 I
=—sin"t—=sin"t+ —sin"t + C.
5 7 9

/ sinax cos® ax dx Let u = cosax

1
= ——/uzdu
a

ud

=——+4+C=
3a+

in2 2
/sinzxcoszxdx:/(SIIlzx) dx

_l/l—cos4xd X sin4x+c
! 2 TTETT:

du = —asinax dx

1 3
=——cos’ax +C.
3a

1 —cos2x\?
/sin6xdx=/<$> dx

1
= §/(1 — 308 2x + 3 cos? 2x — cos> 2x) dx
x  3sin2x
T8 16
1
-3 /cost(l —sin®2x)dx Let u = sin2x
du = 2cos2xdx

% /(1 + cos4dx)dx

:5_x_3sin2x+3§1n4x /(l—u)du
16 16 64

_ S_x B 3sin2x n 3sin4dx B sm2x n sin? 2x Lc
16 16 64 16 48
5x  sin2x  3sindx  sind 2x

"6 4 e TTa TC
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28.

29.

30.

31.

32,

33.

R. A. ADAMS: CALCULUS

2
/cos4xdx :/7[1—’_(:(;8(2){)] d

= é—ll/[l + 2cos(2x) + cos2(2x)] dx

x  sin(2x) L1 /l—i— 4x)d
= - cos
4 4 8 v
in(2. sin(4
_ X sin(2x) x sin(4x) LC
4 4 8 32
3 in(2. sin(4
_ 3 sin(2x)  sin(4x) L
8 4 32

/secsxtanxdx Let u = secx
du = secx tanx dx

5 5
4 u sec” x
/u u 5 5

/ sec® x tan® x dx

= /seczxtanzx(l —i—tan2x)2 dx Letu =tanx
du = sec? x dx

1 2 1
=/(u2+2u4+u6)du=§u3+§u5+;u7+c

1t3+2t5+1t7+C
= —tan" x —tan™ x = tan" x .
3 5 7

/ Jtanx sec* x dx

/«/tanx(l + tan® x)sec xdx Letu =tanx

du = sec? x dx
=/<u1/2+u5/2> du

23 2
= C
3 7 f

2 2
- g(tanx)”2 + 7(tamx)m +C.

/sin_z/3 xcos’xdx Letu =sinx

du = cosx dx
1— 2
:/—NL; du =3u'l? —
u
3

=3sin!?x — Esin7
7

37/%
—u'’”+C
7u +
Bx+cC.

/cosx sin4(sin x)dx Letu =sinx
du = cosxdx

1 —cos2u\?
:/sin‘%du:/(%) du

1 1 s4
:Z/(1—2cos2u+¥) du

3u sin2u  sin4u

8 4+32

+C

3 1 1
= 3 sinx — 1 sin(2sinx) + ) sin(4sinx) 4+ C.



34.

35.

36.

37.

38.
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Let u = sin(In x)
cos(In x)
—dx

/ sin(Inx) cos?(In x) J
X

X
1, 1
:/u3(1 —u?)du = Jut - 8u6+c

| — 1 . 4
= 1 sin"(Inx) — 3 sin”(Inx) + C.

sin? x
1 dx
cos* x
= /tanzx sec?xdx Letu =tanx

du = sec? x dx

3
2 u 13
Z/M du=?+C=§tanx+C.

]
sin’ x

/ 1 dx:/tan3xsecxdx
cos

/(sec x —1)secxtanxdx Let u =secx
du = secxtanx dx

:/(uz—l)du:%lf—u—kc

= %sec3x—secx+C.

/ csc® x cot x dx

= /cscx cotx csc4x(csczx — l)2 dx

Let u = cscx

du = —cscxcotxdx
—/(u8 —2u6+u4)du
_ W W ‘c
9 7 5

7

Do a2 IS
= ——CSC" x —CS8C X — - CSC™ x .
9 7 5

4
cos™ x

/ —3 dx:/cot4xcsc4xdx
sin® x

= /cot4x(l +cot2x)csczxdx Let u = cotx
du = —csc? x dx

5 7
4 2 u u
— 1 du=————+20C
/u(—|—u)u 5 7—|—
1

1
5 7
=——cot’x — =cot’ x + C.
5CO X 7CO X

39.

40.

41.

42,

43.

44.

SECTION 5.6 (PAGE 308)

0 du =2xdx
17
=3/ (u—Du"?du
17
12 4
— (2,32 _ o2
2(3” ! )1
174/17 — 1 1417 2
=——WIl7T=-1 = + —.
3 3 3
Ve sin(r 1
/ Md Letu =mlnx
X T
! du = —dx
X
1 /2 1 /2
=—/ sinudu = —— cosu
T Jo T 0
1 1
=—0-1)=—.
b4 b4

m/2 T2 1 — cos2x\ 2
/ sin® x dx :/ (7>
0 0 2

1 (72 1 4
:—/ (1—200s2x+w> dx
4 Jo 2

/2 7/2

3 sin2x [ sinax 7?31

8 o 4 o 32 o 16
b

/ sin® x dx

/4
T

= / (1 —cos’x)?sinxdx Letu =cosx
/4 du = —sinx dx

-1 2 1/v2
Z—/ (A —2u? +uydu =u — Zu® + —u’
V2 303

-1

o L, (1+21)_413+
V2 32 20V2 3 5) 60v2 15

< dr
—— Letu =Int
. tint dt

du = —
t

2
d 2
:/ —u:lnu’ =In2—
1 u 1

/ 72/9 zsmfcos\/—

Inl =In2.

dx Letu =sin/x

*/16 dy— cosf
2J—
s / PR g = 220
V2 In2 1y, 12
(2f/2 21/«/5).
1n2

4
/x3(x2+1)71/2dx Letu=x2+1, x2=u-—1

8
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/2
45. «/l—i—cosxdx_/ IZCoszzdx

—\/—/ cos—dx—%/—smi =2.
2o
/2
V1 —sinxdx
/ ‘/l—cos dx Letu_——
du = —dx
:—/ V1 —=cosudu
/2

/2

s
/2
=/ 2sin? = du =\/§(—2003 E)
, Vv 2 2

=-2+2V2=2(2-1).

0

2
46. Area:/ ﬁdx Let u = x2+16
x
0 du =2xdx

1 g 1. |°
=_/ du _ 1y
2 16 u 2 16

1 1 5
= E(ln 20—1n16) = 3 In (Z) Sq. units.

2
d
47. AreaR:/ _rax Let u = x2

4416
0 X du =2xdx
4

1/4 du Lt & w "
= — —— =— —tan — = —Sq. units.
2)o w2116 8 4], ~ 2™

y A

Fig. 5.6.47

48. The area bounded by the ellipse (x2/a2) + (y2/b%) =1 is

/b 1——2dx Let x = au
V a

dx = adu

:4ab/ V1 —u2du.
0

The integral is the area of a quarter circle of radius 1.

Hence

7(1)?

Area = 4ab ( ) = mwab sq. units.
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We start with the addition formulas

cos(x +y) =cosxcosy — sinx siny
cos(x —y) =cosxcosy + sinxsiny

and take half their sum and half their difference to obtain

1
COSX COSy = 5 (cos(x + y) + cos(x — y))

1
sinxsiny = E(cos(x —y) —cos(x + y)).
Similarly, taking half the sum of the formulas

sin(x + y) = sinx cos y + cos x sin y
sin(x — y) =sinxcosy — cosx siny,

we obtain

1
sinxcosy = 3 (sin(x +y) +sin(x — y)).

We have

cosax cosbx dx
1
= 3 /[cos(ax — bx) 4 cos(ax + bx)]dx

= % /cos[(a —b)x]dx + % / cos[(a + b)x]dx

Let u = (a — b)x, du = (a — b) dx in the first integral;
let v=(a+ b)x, dv = (a + b)dx in the second integral.

= éfcosudu—kéfcosvdv
2(a — b) 2(a + b)

1 |:sin[(a —b)x] sin[(a + b)x]] .

T2 (a —b) (a+b)

/ sinax sinbx dx

= % /[cos(ax — bx) — cos(ax + bx)]dx

_ 1 [sin[(@a —b)x] sin[(a + b)x] c
_5[ (a—b)  (a+b) ]

/ sinax cos bx dx

= % /[sin(ax + bx) + sin(ax — bx)] dx

= %[/ sin[(a + b)x]dx + / sin[(a — b)x] dx]

1 ]cos[(a+D)x]  cos[(a—b)x]
“5[ @b @b }+C'
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51. If m and n are integers, and m # n, then For m = 0 we have
T T s
/ COsmx cosnx dx / f(x)cosmxdx = / fx)dx
_z | sinmx sinnx - -
1 [7 _— " dx
=5 /fTr (cos(m —n)x xcos(m + n)x) dx 2 /.
. . T k
— l sin(m — n)x + sin(m + n)x + Z (a, cos(nx) + by, sin(nx)) dx
2 m—n m+n . —
:B:l:():(). =a2—0(271)+0+02a071,
/ sinmx cosnx dx
— so the formula for a, holds for m = 0 also.

= % / (sin(m + n)x + sin(m — n)x) dx

-7

Section 5.7 Areas of Plane Regions

1 fcos(m +n)x N cos(m —n)x \ [ (page 313)
) m-+n m-—n . 1
= 0 (by periodicity). 1. Areaof R = / (x — x?)dx
0
If m=n # 0 then 2o\ 11
=(———> = — — — = — sq. units.
P 2 3 )l 2 3 6
/ sinmx cos mx dx v
_,,1 )
= —/ sin2mx dx
2J (1,1)
T
= ——cos2mx = 0 (by periodicity). y=x
4m —_r y:x2
R
52. If 1 <m <k, we have P
Mg a() g
f(x)cosmxdx = — cosmx dx
- 2 Jox Fig. 5.7.1
k - 1
+_an / cosnx cosmax dx 2. Areaof R= [ (Vx—xP)dx
n=1 - 0
k n 2 L 2 1
+ an /;,, sinnx cosmx dx. = (§x3/2 - §x3> . =373=3% units.
n=1 va
By the previous exercise, all the integrals on the right
side are zero except the one in the first sum having
n = m. Thus the whole right side reduces to
— /% (1,1)
o, [T 1+ cos(2mx) =
an, cos“(mx)dx = ap, — —dx
- - 2 K y=x?
= 2" 0n +0) = way. >
2 x
Thus | )
ay, = —/ f(x)cosmxdx. Fig. 5.7.2
wJ g 2
A similar argument shows that 3. Areaof R=2 /0 (8 —2x%) dx
2
(" . 4 4 .
by = —/ f(x)sinmxdx. =|16x — =x’ = — sq. units.
T ), 35 )l 3
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2y+3x=6

Fig. 5.7.3 Fig. 5.7.5

6. For intersections:
T+y=2y2—y+3=2y2-2y—4=0
20 —2)(y+1)=0= ie, y=—1or?2.

For intersections:

—2x=6x—x>=2x2—8x=0

ie., x =0 or 4.

4 2
Area of R = / [6x = x? = 7 = 20) | Area of R = / [(7+y) — 2y =y +3)]dy
—1
4 ‘ 2 )
:/(8x—2x2)dx 22/1(2+)’—)’)d)’
o _
4 2
2 64 1 1 .
= (4)c2 — §x3) . =3 Sq. units. = 2(2y + Eyz — §y3> y =9 sq. units.
L yA
4,8)
R
y:x2—2x
Fig. 5.74 Fig. 5.7.6
) ) 1
For intersections: 7. Areaof R=2 / (x — x3) dx
0
4x — x2 =6 —3x 2 4N (1
— Ay _ 12 x X .
22y:_z;x_x6} N 2 Tx+6=0 =2<7_I> = = sq. units.
yor= (x—1x—6)=0 O
Thus intersections of the curves occur at x = 1 and a1
x = 6. We have y=x
6 2 y=x’
3 .
AreaofR:/ (Zx—x——3—|——x>dx R x
1 2 2
7x2 X3 3 6
=——-—=-3x
4 6 1 (-1,-1)
245 36 1 15— 125 .
= 0T T s Fig. 5.7.7
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1
8. 4Shaded area = / (x? —x¥dx
0

1

= — s(. units.
o 12

Fig. 5.7.10
e
. . 1 5—2x
11. For intersections: — =y = >
X
. Thus 2x2 — 5x +2 = 0, i.e., 2x — 1)(x —2) = 0. The
Fig. 5.7.8 graphs intersect at x = 1/2 and x = 2. Thus
2
5-2 1
AreaofR:/ ( x——)dx
1/2 2 X
1
9. Areaof R :/ (Vx —x¥dx
0
2 4!
= <§x3/2 - %) . =10 . units.
y 4
x=y? (L)
y=+x
R y=x
> x
X
Fig. 5.7.11
Fig. 579

1
12.  Area of shaded region = 2/ [ —x%) — (x> =1)"]dx
0

1
1 1
= 2/ (x2 —x4)dx = 2(—x3 — —xS)
0 3 5

Y A

1

= — s(¢. units.
o 15

10. For intersections: y=(x2—1)?
=2y —y-2=y"—y-2=0
6-2)y+1)=0= ie,y=—1lor2.

2
Area of R = / [y? = @2y? =y —2)dy
~1

2 1, 13\
=f 24y —ydy = (25 + 5y = 2
» 2’ T3 )L

= — sq. units.
) q

Fig. 5.7.12
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R. A. ADAMS: CALCULUS

2
13. The curves y = Y and y= intersect at x = 1.
2 14 x2
Thus
1 1 )C2
AreaofR:Z/ — — — | dx
o \1+x2 2
1 x3 ! T 1 . / 5
=2|tan” x — — = — — — sq. units. : ;
6/ 2 3 i i
J
7 | Fig. 5.7.15
Y=
T
y:§ 16. Area A = (siny — 0> = 72) dy
-7
¥ ( 2 y3> " 473 .
i i =|—cosy+mny— — = —— $q. units.
L 3. 3
-1 1 x
Fig. 5.7.13
14. For intersections:
4
1o —4x43=0
3+ x
ie, x =1or 3.
4 Fig. 5.7.16
Shaded area =/ —— —1|dx 1g. 2.7
1 L3+ x?
’ 5m/4
=[2In3 +x?) — x]| =2In3 —2 sq. units. 17, Area of R — / n/ (sinx — cos ) dx
Y A : 7[/4
) Sm/4
y= 31);2 = —(cosx + sinx)
y=1 /4
TEVNEN)) = V2 + /2 =22 sq. units.
y A
. y=sinx
i ]
X H
R 5m/4
Fig. 5.7.14 y=cos x
2. Fig. 5.7.17
15. The curves y = = and y =5 — x“ intersect where
X
x*—5x24+4=0, ie, where (x2 —4)(x2 — 1) = 0. Thus )
the intersections are at x = £1 and x = +2. We have 18. Area — / (1 — sin? x) dx
—/2
2 2
4 T/2 1 s(2
AreaofR:Z/ (S—xz——2>dx =2/ L cos0) 4
1 X 0 2
PPN , sin2n\[7* 7 ,
=25 ——+ - = — sq. units. =(x+ = — sq. units.
3 x /| 2 0
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7 N
A
y=sin® x

Fig. 5.7.18

/2
19. Area A =/ (sinx — sin® x) dx
0

sinx cosx — x
=|—cosx + —

/2

0

y 4

y=sinx
y=sin® x
7
2
Fig. 5.7.19

/4
20. Area A = 2/ (cos2 X — sinzx) dx
0

/4

/4
= 2/ cos(2x) dx = sin(2x) =1 sq. units.
0 0

Y 4

X

x
4

Fig. 5.7.20

. . 4x b4
21. For intersections: — =tanx = x =0 or 7
T

/4 (Ax
Area :/ (— —tanx) dx
0 T

2 /4 b4
= (—x2 - ln|secx|>
b4

0 8

1
= — — —In2 sq. units.
712 sq. units

SECTION 5.7 (PAGE 313)

=V

Fig. 5.7.21

22. For intersections: x'/3 = tan(wx/4). Thus x = £1.

1
Area A = 2/ (x1/3 — tan 7r4_x) dx
0

3 4
=2(2x*3 - —ln‘secn—x‘
4 T 4

3 8
= ——hV2=
2

1
0

In2 sq. units.

o] W
E NN

y=ftan(rrx/4)

1 X

Fig. 5.7.22

23. For intersections: secx = 2. Thus x = /3.

/3

Area A = 2/ (2 —secx)dx
0

/3

= (4x — 2In|secx + tanx|)
0

4
= ?T[ —2In(2 + ﬁ) sg. units.

y=

y=secx

=y

Wl
Wl

Fig. 5.7.23
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24. For intersections: |x| = ~/2cos(rx/4). Thus x = +1.
1
Area A = 2/ («/Ecosjl—x —x) dx
0

1

1
27. AreaofR=4/ Vx2 —x4dx
0
1
:4/ xv'1—x2dx Letu=1—x2
0

du = —2xdx
1

1
4 4
’ = 2/ u'? du = §u3/2 =35 units.
= — — 1 sq. units. 0 0
b4 N
_ I~
—+/2 cos =X
y cos R - ‘
+ X
A
y=lal Y
1 X -
Fig. 5.7.24 Fig. 5.7.27

25. For intersections: x = sin(wx/2). Thus x = £1.
1
Area A =2/ (sinE —x) dx
0 2
4
= (—— cos 2% x2>
b4 2

— — 1 sq. units.
b4

0
28. Loop area = 2/ x2V2+xdx Letu?=2+x
-2 2udu = dx

V2 V2
- 2/ W? = 2)%uQu) du = 4/ w® — 4u®* + 44> du
0 0

= 4(1147 — A—tus + A—tu3> . = 256v/2 Sq. units
=g TS I )|, T Tres TR
YV a
X
26. For intersections: ¢* = x + 2. There are two roots, both
of which must be found numerically. We used a TI-85
solve routine to get x; &~ —1.841406 and x; ~ 1.146193. V2= (24x)
Thus .
x Fig. 5.7.28
Area A =/ (x+2—¢") dx
X1

X2

2
= (x_ +2x —ex>
2 X

~ 1.949091 sq. units.

29. The tangent linetoy =e¢* atx =1lisy—e=e(x — 1),
or y = ex. Thus

Area of R = [ (e —ex)dx

= — — 1 sq. units.
o 2 4
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y A
y=e*
3. xi=1+Qi/n), (i=0,1,2,....n), Ax; = 2/n.
(Le) : N 2
’ / f)ydx = lim Y (] —2x; +3)=
1 n— 00 P n
y=ex n . ) .
R . 2 4q 4i 4i
/ . :nlirrolo;Z[(l+;+?>_(2+;>+3:|
x i=1
L2 4 ,
Fig. 5.7.29 = 21: [2 o }
=
30. The tangent line to y = x3 at (1,1) is y—1 =3(x—1), or — lim (ﬂn 8 n(n+1H(2n + 1)>
y = 3x — 2. The intersections of y = x> and this tangent n—>00 \ n n3 6
line occur where x> — 3x +2 = 0. Of course x = 1 _24 8 20
is a (double) root of this cubic equation, which therefore =4+ 37 3

factors to (x — 1)2(x +2) = 0. The other intersection is

at x = —2. Thus 4. R,=Y",(1/n)y/T+ (i/n) is a Riemann sum for
1 f(x) =+/1+ x on the interval [0, 1]. Thus
Area of R :/ ()c3 —3x+2)dx
-2

1
4 2 1 lim Rn=/ V1 4+xdx
X 3x n—00 0
= (Z —2t ZX> U 43
) =z(1+x)3/2 _ 422
b 3-i-6+2—|—4—27s units 3 0 30
=74 72 =y b4 ums
T T
vt S. (2—sinx)dx=2(2n)—/ sinxdx =4m — 0 =4n
— -
1.1 NG
o 6. / V5 — x2dx = 1/4 of the area of a circle of radius V5
y=3x-2 0
1 S
S 52 = =
47r(x/—) 1
3 X
7. f; (1 — E) dx =area A; — area Ay =0
(=2,-8) y
T y:17%
Fig. 5.7.30 T 3,
1 \Q x
Review Exercises 5 (page 314)
Fig. R-5.7
1 1 21— 2 2j +1
1- -5 = — 4 = — =
2G0T 2G0T PG+ B Jo cosxdx=area Ay — area A2 =0
LS 1) R
SRGHD T H\P2 G+ A % a
_ 1 1 _ n? +2n J{ Z
T2 4+ (m+1)2
2. The number of balls is Fig. R-5.8
- 1 T . 1
40x304+39x29+---+12x2+11x 1 9. f= —/ 2 —sin(x*)) dx = —[2(27) — 0] =2
27 J_ o 27
3

30
=) i +10) = COCDOD 1 BOCD _ 1y 105, 10. 7 —
i=1
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12.

13.

14.

15.

16.

17.

18.
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t
f(0) = / sinx?)dx,  f'(t) = sin(r?) 19.
13

sinx

fx) = V1412de,  f'(x) =1 +sin? x(cosx)
—13

. '
g(s) = / ESMdu, g'(s) = —48in(4s)
4

S

20.

ecost

g0) = / Inxdx
esind
g (0) = (In(e**))e % (—sin ) — (In(""?))e* "% cos 6

= —sinf cos 0 (e + ¢*1n%)

2f () +1 :3/lf(t)dt .
20'(x) = —3(x)
2f(H)+1=0

S = =ceP
£ = —%e@mum'

—  f(x)=Ce ¥/

1
C=__¢?
- 2e

T
1=/ xf(sinx)dx Letx=m—u
0

22.
dx = —du

0
= —/ (r —u) f(sin(m —u))du (but sin(w — u) = sinu)
= n/ﬂ f(sinu) du —/ﬂ uf(sinu)du
0 0

:n/ﬂ f(sinx)dx — 1.
0

Now, solving for I, we get

/ﬂ xf(sinx)dx =1 = T /n f(sinx)dx.
0 2 Jo

y=2+x—x2and y =0 intersect where 2 +x —x2 =0,
that is, where (2 — x)(1 + x) = 0, namely at x = —1 and
x=2. Since 2+x —x%2>0on [—1,2], the required area
is

2 2 3
/ (2+x—x2)dx = (Zx + % - x_)
-1

2

= — s(. units..
3 2 M

-1

The area bounded by y = (x — 1)2, y =0, and x = 0 is

Ly 23.

1 ()C _ 1)3 )
= =3 % units..

(x — D¥dx

0 0
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x =y — y* and x = 0 intersect where y — y* = 0, that
is,at y=0and y = 1. Since y — y* > 0 on [0, 1], the
required area is

! 2o\
/ (y — y4 — O) dy = —_ = — = — 8q. unitS.
0 2 5

o 10

y =4x —x2 and y = 3 meet where x2 — 4x + 3 = 0, that
is, at x = 1 and x = 3. Since 4x — x2 > 3 on [1, 3], the
required area is

3 x3
/ (4x —x%—3)dx = <2x2— 5 —3x>
1

y = sinx and y = cos(2x) intersect at x = /6, but
nowhere else in the interval [0, 7 /6]. The area between
the curves in that interval is

3

= — s(. units.
3 a

7/6 /6
/ (cos(2x) — sinx) dx = (4 sin(2x) + cos x)
0

V3 V3 3V3

3
:T+7—1:T—lsq.units..

0

y=5—x2 and y = 4/x% meet where 5 — x% = 4/x2, that
is, where
=52 4+4=0
@ =DH* -4 =0.
There are four intersections: x = =£1 and x = +2. By

symmetry (see the figure) the total area bounded by the
curves is

2 , 4 x3 4
2 5—x"——=)dx=25x——+—
1 x2 3 X

2

= — sqg. units.
3 q

/

/x2 cos(2x3 +Ddx Letu=2x3+1
du = 6x%dx

1 i in(2x3 4 1
=—/cosudu=smu+ sin(2x” + 1)
6 6 6

Fig. R-5.22

C =

+C
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INSTRUCTOR’S SOLUTIONS MANUAL

¢Inx
—dx Letu=Inx
x
! du =dx/x
1 241
1
=/ udu:u— ==
0 20y 2

4
/\/9t2+t4dt
0
4
:/ tV9+12dr Letu =9+ 12
0

du =2t dt
25
1 /25 1 98
=_ Vudu = -u??| ==
2 Jo 3 9 3
/sin3(nx)dx
= /sin(nx)(l — cosz(nx)> dx Let u = cos(mx)

du = —msin(wx) dx
1 2
=—— |0 —-u”)du
b4
1 (u? 1, 1
=—(——-u)+C=—cos’(wmx) — —cos(rx)+ C
7 \ 3 3 T

In2 el
/ m du Letv=e¢e"
e
0 dv =e"du

Letu =mlnx

/% tan®(7r In x)
——dx
1

* du = (/x) dx
B 1 /4 ) B 1 /4 )
= — tan“udu = — (sec“u — 1)du
T Jo 7 Jo
1 S T
= —(tanu — u) = ——=
T 0 T 4
in /2 1
/%dkv Letu =+/2s+1
s

du =ds/2s + 1
:/sinudu =—cosu+C =—cos+/2s+1+C

1 2
/coszisinzidtz —/sinz—tdt
5 5 4 5
1 4t
=—/ 1 —cos— ) dt
8 5

|
| —
N
~
|
|
<8
=
w| &
N~
+
a

x2=2x 1
F(x) = dt
x) /0 1412

32.

33.

34.

35.

REVIEW EXERCISES 5 (PAGE 314)

Since 1/(1 + 2) > 0 for all ¢, F(x) will be minimum
when
x2—2x:(x—1)2—1

is minimum, that is, when x = 1. The minimum value is

-1 ar . ! b1
F(l) = =tan” 't = ——.
() l+t2 0 4

F has no maximum value; F(x) < m/2 for all x, but
F(x) — m/2 if x* —2x — oo, which happens as
x — Fo0.

flx) = 4x —x2 > 0if 0 < x < 4, and fix) <O
otherwise. If a < b, then fab f(x)dx will be maximum if
[a, b] = [0, 4]; extending the interval to the left of O or to
the right of 4 will introduce negative contributions to the
integral. The maximum value is

4

4 X3
(4x — xz) dx = (2x2 — —)
0 3

0 3’
The average value of v(t) = dx/dt over [to, 1] is

1 ndx 1
/ —dt = x(1)
t—to Jy, dt 1 —t

5 _x(t) —x(o)

av-

0 =1

If y(¢) is the distance the object falls in ¢ seconds from
its release time, then

y'®t)=g, y(©0)=0, andy'(0)=0.

Antidifferentiating twice and using the initial conditions
leads to

) = Lgr?
v = et

The average height during the time interval [0, T'] is
1/T12 g TP gT?* (T
— gtrdt = ——=—=y|—=).
T Jo 2 2T 3 6 J3
Let f(x) = ax3 + bx? + cx + d so that

! a b ¢
dx=—-+ -+ - +d.
/(;f(x)x 4+3—|—2—|—

We want this integral to be (f(xl) n f(xz)) /2 for all
choices of a, b, ¢, and d. Thus we require that

a(xi +x3) +b(x? + x3) 4 c(x1 +x%) +2d

! a 2b
=2/ fx)dx ==+ —+c+2d.
0 2 3
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REVIEW EXERCISES 5 (PAGE 314)

It follows that x; and x must satisfy

1
xi% +x§ = 3 (€))]
2
x12 +x§ = 3 2)
x +x = 1. 3)

At first glance this system may seem overdetermined,;
there are three equations in only two unknowns. How-
ever, they do admit a solution as we now show. Squar-
ing equation (3) and subtracting equation (2) we get
2x1x2 = 1/3. Subtracting this latter equation from
equation (2) then gives (xp — ) =1 /3, so that

x2 — x1 = 1/+/3 (the positive square root since we want
X1 < x2). Adding and subtracting this equation and equa-
tion (3) then produces the values x» = (v/3 + 1)/(2v/3)
and x; = (V3 — 1)/(2\/5). These values also satisfy
equation (1) since

2 1 1
xf—}—xg = (x2 +x2)(x12—x1x2 +x§) =1x (§ — 8) = 3

Challenging Problems 5 (page 315)

x; =2/" 0<i<n, f(x) =1/x on[l,2]. Since f is
decreasin