www. nohandesyar . com

INSTRUCTOR’S SOLUTIONS MANUAL SECTION 17.2 (PAGE 913)
CHAPTER 17. ORDINARY DIFFEREN- 6. dx _ o sint
TIAL EQUATIONS dt
/efxdx =/sintdt
NOTE: SECTIONS 17.2 AND 17.5 AND THE .
REVIEW EXERCISES FOR CHAPTER 17 IN —e " =—cost - C
CALCULUS OF SEVERAL VARIABLES HAVE MORE = x = —In(cost + C).
EXERCISES THAN THE CORRESPONDING dy dy
VERSIONS IN CALCULUS: A COMPLETE COURSE 7. i 1—y? = Ta= dx
AND SINGLE-VARIABLE CALCULUS. ONLY THE lx | | -y
SOLUTIONS FOR THOSE UNITS ARE GIVEN HERE; Z (_ + _> dy = dx
FOR THE OTHERS SEE CHAPTER 17. 2\I+y I-y
1 1+y
—In|——|=x+C;
2 1—y
Section 17.2 Solving First-Order Equations I+y Co _Ce -1
— = C_e¢e or y=———
(page 913) 1—y Ce? +1
d
8. Yy +y?
dx
@ _ Y / dy J
dx ~ 2x T2 :/ x
dy dx ! +ly
2==— tan” y=x+C
y x c
2iny=lnx+C = > =Cx = y=tank+0).
d d
9. 2 _» + e = Y - =dt
dy 3y—1 dt , 246
y [asti=]
dx X —_— = dt
dy dx 2e Y 4+ 1
[ o
3y—1 X —Eln(Ze"—i-l):t—i—Cl
1 1
—In3y—1|=Injx|+=-InC 1
zinBy =1l i3 2 + 1= Che™ or y=—In (ce*” - —)
-1 _ . 2
x3 10. We have
= y=30+Cx). ﬁZYZ(I—Y)
d
) / 27‘)) = / dx =X + K.
dy _x* N 27y = 2 dx ye(l =y
dx — y? yar= Expand the left side in partial fractions:
3 3
L= 4q, or x’—y'=C 2 1 :é+£2+ .
33 y =y y ¥y 1-y
A —y)+ B —y) + Cy?
ay _ 2y V21— y)
dx —A+C=0;
d — . P— — —
/%=/x2dx =1{A-B=0; =A=B=C=1.
y B=1.
1 1 1
__=x3+_C Hence,
y 3 3 / dy / (1 N 1 N 1 J
3 S = -+ S+ y
=" y-(—=y) y y- l-y
- YT T8EC 1
=lInly|— 3 —In[l —yl.
d—Y =tY = d—Y =tdt Therefore,
dt Y y 1
2 ) In ——-—=x+K.
InY = — +Cy, or Y =Ce/? L=yl v
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d
_y=x+y Let y =vx 14.
dx x-—y
dv  x(1+v)
v+ x—
dx x(1—-v)
dv  1+v  1+2
dx 1—-v  1-v
/l—v dx
——dv= | —
1402 X
1
tan~'v — 5 In(1 +v?) =In|x| + C;
1 2+ 2
tan_l(y/x)——lnx Zy =In|x|+ C;
2 X
2tan~ ! (y/x) — In(x? 4 y?) = C.
d
oA Let y =vx
dx  x242y2
n v vx?
vV X— = ————
dx (1 42v?)x2
dv v 203
XA— = —V=——
dx 1+202 14202 15.
1 4202 d
/ +3v dv=-2[=
v X
—m+21n|v|=—21n|x|+cl
2
—2—y2+2ln|y|:C1
x? —4y’In|y| = Cy?.
d 2 2
a _ X rxy+y” Let y = vx 16.
dx x2
dv  x*(1+v+v?)
VA X— = ——=

dx x2

/ dv _ d_x
1+ ) x

tan~'v =1In x|+ C

Y_ tan(lnlxl + c)
X

y= xtan(ln x| + c).
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dx  3x%y+y3 y=u
dv  x3(1+430%)
V4 X— = 57—
dx  x3Gv+v3)
dv 1430 1—v*
X— = — =
dx 3v+ 3 v(3 4+ v2)
3+ vHvd d
G+vjvdv _ [dx Let u = v2
1 —vt X
du = 2vdv
1 3+4u
5/1—u2d”:ln|x|+cl

3
—In
4

31In

u—+1

y2 4 x2
y2— 2

4

1 2
In|l —u”| =In|x|+ C;

x4 — gt
4

In =4In|x|+ C;

1

(2
n
2

In

(2 +y?)?
2 —y2)*

3
yz)
y2

:C2

XA

=C2

2 4+y? =t -y,

dy
dx

2dU
XV +x"— =vx +xcCcos°v
dx

v
X— = COS™ v

dx

sec2vdv =

2

dx

xX— :y+x0052 (%) (let y = vx)

2

tanv = In|x| 4+ In|C]|

Y

tan (—) =1In|Cx]|
X

y = xtan"!(In |Cx]).

d_y =2 —e Y% (let y=vX)
dx x
N dv .
VHx—=v—e
dx
d
e”dv:——x
X
e’ =—In|x| +1n|C|
el —m|<
X
y=uxlInln —‘.
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d 2
2y (linean) 22.
dx x
2
I = exp /——dx ==
X x
1 dy 2 _1
x2dx  x3°
d
dx x2
%:x—i—C, SO y—x3—l—C)c2
X
2
Wehave—y + 2 —- Let
X X

2
n= / Zdx =2Inx = Inx?, then ¢* = x2, and
X

- =222 12
dx @y =x dx Y

dy 2y 1 23.
= 2 _— —_ = 2 —_ =
= (Z ) =2 (5) =

= xzy:/dx:x—FC

d !
—y—|—2y:3 u:exp(/Zd}c):eZA
dx

d ! !
——(@y) =¥ (Y +2y) =3¢

dx 24.

3
ery=_62x+c =

3
J— C72X
2 y=gtce

2

d
We have d—y—|—y:ex. Let u = [ dx = x, then " = ¢*,
x

and

d X _ xdy X, _ X dy _ 2x
dx(e y)—edx—|—e y=e dx+y =e

1
= exy=/ezxdx=§ezx+C.

25.

1
Hence, y = Eex + Ce™.

d
_y+y:x ,u:exp(/ldx):ex
dx

d

— (e y) = e (y +y) = xe'

dx
exy=/xexdx=xex—ex+c

y=x—1+Ce™
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d
We have d_y +2e*y=¢€". Let u = fZex dx = 2e*, then
X

d X Xd X
E<626 y) =(32€ %_i_zexek y

X d X
=2 (_y —|—2e"y> =2 ¢,
dx

Therefore,
ey = /ezexex dx Letu=2e"

du =2e* dx
l X
= /e”du:—eze +C.
2
—2e*

Y

1
Hence, y = > + Ce

dy
dt

u:/IOdt: 10t

+10y=1, y(1)=

=

d d
L (e10ry) :elotd_)z’ 11010y — (100

dt

ey @) %e“’f +C

s =h = F-15+C > C= g5
y= % + 110 o

Z—i +3x%y = x2, y(0) =1

u=/3x2dx=x3

d sd ;
d—(e)‘}y) = d_y + 3xzex1y = x2e°
x x

1
e"3y = /)cze"3 dx = ge"3 +C

1 2
YO =1 = 1=3+C = C=1
I 2 _3
y—§+§e .
Xy +y=x% y() =3
1
y/+_2y:el/x
X

/ld 1

= — ax = ——

H x2 x

d (- iy ]

e ()=t (e o) =
eil/)‘y:/ldx:x—kc

y(I) =3¢ = 3=14C = C=2
y = (x +2)e'/*.
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—sinx
s

y' + (cosx)y = 2xe

M:/cosxdx:sinx

d sinx sinx ./

E(e y) =" (y + (cosx)y) = 2x
eSinxy:/Zxdx:xz—i—C

ym)=0 = 0=n>+C = C=—-n"

y = (x2 _ nZ)efsinx'
32.
rot
y(x):2+/ —dt = y0)=2
o y(@)
d
—yzi, ie. ydy =xdx
dx y
y=x*+C
2=0+C = C=4
y =4+ x2
T (y(0)?
=1 dt 0)=1
y(x) +/0 s = y©O 33
dy y? : 2 2
Frialpre ie. dy/y==dx/(1+x7)
1
——=tan'x+4+C
y
—-1=0+C = C=-1
y=1/1 —tan""x).
X
y(®)
=1 dt H=1
=1+ [ 2w —
d
—yzL, for x >0
dx x(x+1)
dy  dx  dx dx 34.
y  x(x+1D  x  x+1
X
Iny =1 InC
ny nx+l+n
Cx
=—, = 1=C/2
Y x+1 /
. x
YT

y(x)=3+/ eVdt = y0)=3
0

d
& e, ie. e¥dy =dx
dx

e=x+C = y=Ihx+C)
3=y0)=InC = C=¢
y:ln(x+e3).
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. dy 2x
We require T . Thus

x 1432

/(l+y2)dy=/2xdx

1
y+§y3:x2+C.
Since (2, 3) lies on the curve, 12 =4 + C. Thus C = 8
1
andy+§y3—x2:8, or 3y +y* —3x2 =24

d 2
dy_ Y
X

Let y = vx
dx Y

d
v+x—U:1—|—2v
dx
dv

=1
xdx +v

/ dv _ d_x
14+v X

In|l +v| =In|x| + C,

1+X=Cx = x+y=Cx2.
X
Since (1, 3) lies on the curve, 4 = C. Thus the curve has
equation x + y = 4x2.
Ifé&=x—x0,n=y— yo, and
dy ax+by+c
dx  ex+ fy+g’
then
dn _dy a4 x)+b(n+y)+c
d§ dx el +x0)+f(n+y)tg
__aé +bn+(axo+ byo +¢)
e& + fn+(exo+ fyo+g)
_a§+by
es+ fn
provided xo and yg are chosen such that
axg+byo+c¢ =0, exo+ fyo+g=0.

and

The system xo+2yp—4 = 0, 2x0—yo—3 = 0 has solution
x0=2,y0=1. Thus, if § =x —2 and n = y — 1, where
dy x+2y—4
dx 2x —y—3’

then
d_’I=$+2fl Let n = v&
s 28—
dv 14+ 2v
v+§%=2—v
dv  1+2v 1+ 02
e 2—v 2w

/(—2_U>dv= ﬁ
1+ v? &

1
2tan" v — 3 In(1 +v%) =In|¢| + C;
4tan™! g — ln(‘g‘2 + 172) =C.
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Hence the solution of the original equation is

—1
4tan”! )yc—2 - ln((x - 2)2 + (- 1)2) =C.

(xy2+y)dx+(x2y+x)dy=0

1
d <§x2y2 +xy> =0
x2y2+2xy=C.
(e*siny +2x)dx + (e*cosy +2y)dy =0
d(e*siny +x%+y*) =0
e“siny + x>+ y> = C.
eV (1 +xy)dx +x2¥ dy =0
d(xe)‘y):O = xe¥ =C.

x2+x+y—=

x
(x2—|—2y)dx—xdy:O
M:x2+2y, N=—x
1 /M ON 3('d £ )
— | — —— ) =—— (indep. o
N \ dy ax X P Y
d 3 1
—'u=——dx = K==
w x X
L2y dy =0
a2 YV dx— —dy=
Y 3 74y
d@nupn%)z

y
1 - ==C
n |x| ) 1

y = xIn x| + Cx>2.

2
(xex—i—xlny—{—y)dx—{—(x; —|—xlnx—|—xsiny) dy =0

2

M=xe*+xlny+y, N:x——|—xlnx—|—xsiny
y

oM X oN 2x .
— =41, — =— +1Inx+1+siny
ay dx oy

1 (9M 9N 1 x . 1
—|————)=—=|———-Inx—siny )| =——
N\ 9y ox N\ vy X
d 1 1
—Mz——dx = M= -

% X X

Y y X .
(e +1ny+—) dx+(—+lnx+s1ny> dy

X y

d(e*+xIny+ylnx —cosy) =0
e +xlny+ylnx —cosy=_C.

SECTION 17.2 (PAGE 913)

41. Sincea >b >0and k > 0,

ab(e®—ak _ 1)
A0 = I an
ab(0—1)
=—— =).
0—a
42. Since b >a >0and k > 0,
ab e(h—a)kt _ 1)

t1—1>IgOX(t) = tl~1>r§0 be(h_a)kt —a

ab(l — e(“*b)k’>
= M e

ab(1-0)
b—0

43. The solution given, namely

ab (eb=Ok 1)

X = be(b—a)kz —a ’

is indeterminate (0/0) if a = b.

If a = b the original differential equation becomes

d
d—: =k(a — x)z,

which is separable and yields the solution

1 dx
= =k | dt =kt +C.
a—x /(a—x)2 / *

1
Since x(0) = 0, we have C = —, so
a

Solving for x, we obtain

a’kt
x = .
1 + akt

This solution also results from evaluating the limit of
solution obtained for the case a # b as b approaches
(using I’Hopital’s Rule, say).

d
44. Given that md—;) = mg — kv, then

/ dvk =/dt

g— —v
m
m k
— —In|g——v|=t+C.
k m

1
=kt + —.
a

a
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k
Since v(0) = 0, therefore C = —% Ing. Also, g — —v
m

remains positive for all ¢+ > 0, so

m 8 _
g— —v
m
kU
§ m :efkt/m

g
= v=o() = %(1 _ e—’“/'").

Note that tlim v(t) = %. This limiting velocity can be
—00
obtained directly from the differential equation by setting
dv
o
45. We proceed by separation of variables:

dv

i — kv?
mdt mg v
dv k 2
dt_g m
d
v =dt
k 2
g——v
m
dv k kt
7@_1)2:;/6”:%4_6‘
k

Let a? = mg/k, where a > 0. Thus, we have

dv kt
_ev M
/az—v2 m+

1 a+v kt

— In =—+4+C

2a a—v m
+ 2akt [k

lna v Z—a +C = —gl+C1
a—v m m

atv — CzeZt«/kg/m.

a—v

Assuming v(0) =0, we get C; = 1. Thus

a+v=eVkeImg —v)
v (1 +62t4/kg/m> —u (eZta/kg/m _ 1)

_ /% (62t~/kg/m _ 1)
\/migeha/kg/m -1
V= |— ——
k eZzﬂ/kg/m_i_l
Clearly v — /% as t — oo. This also follows from

d
setting d—l: = 0 in the given differential equation.
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46. The balance in the account after ¢ years is y(z) and
y(0) = 1000. The balance must satisty

d 2
Doy —2
dt 1, 000, 000
dy 105y — y2

dt — 106

dy dt
/105y—y2:/1_06
1 1 1 i C
W/(TrloS—y)dy:W_W

t
Injy|—In10° —y|= — - C

10
105 —y — (C—/10)
y
10°
Y = Ze=a/o) :
e +1
Since y(0) = 1000, we have
5
1000 = y(0) = ——— C =1n99,
O i1 !
and
s
YT 99e -0 4 1
The balance after 1 year is
10
=———— =~ $1,104.01.
Y= Goem gy 8

As t — oo, the balance can grow to

. ) 10 10
lim y(¢z) = lim
—00 t

00 ¢(4.60-0.17) +1 = 0+ 1 = $100, 000.

For the account to grow to $50,000, r must satisfy

100, 000
99¢~1/10 4 1
= 997104 1=2
= t =101n99 ~ 46 years.

50,000 = y(t) =

47. The hyperbolas xy = C satisfy the differential equation

dy dy y
7 = 07 — = .
Y +xdx or dx X

Curves that intersect these hyperbolas at right angles

d
must therefore satisfy d_y = i, or xdx = ydy, a sep-
X Yy
arated equation with solutions x> — y2 = C, which is
also a family of rectangular hyperbolas. (Both families

are degenerate at the origin for C = 0.)
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Let x(¢) be the number of kg of salt in the

solution in the tank after ¢ minutes. Thus,

x(0) = 50. Salt is coming into the tank at a rate of

10 g/L x 12 L/min = 0.12 kg/min. Since the contents
flow out at a rate of 10 L/min, the volume of the solu-
tion is increasing at 2 L/min and thus, at any time 7, the
volume of the solution is 1000 4 2¢ L. Therefore the con-

centration of salt is L. Hence, salt is being

x
1000 + 2¢
removed at a rate

x(t) Sx(t)

_ M /L x 10 L/min =
1000 1 27 “&/L > 10 L/min = 5o

kg/min.

Therefore,
dx 5x

dr 7T 500+
dx 5

— + ——x =0.12.
dt 500 + ¢

5
Let u = [ ———df = 51n|500 + ¢| = In(500 + 1)° fe
et /SOOH 01500 + 1] = In(500 + 1)° for

t > 0. Then e = (500 + )3, and
%[(soo + t)5x] = (500 + 1)° % +5(500 + 1)*x
dx S5x
= (500 +1)° (5 + m)
= 0.12(500 + 1)°.
Hence,
(500 4 1)>x = 0.12 / (500 4 1) dr = 0.02(500 + 1) + C
= x = 0.02(500 + 1) + C(500 + 1) 7.
Since x(0) = 50, we have C = 1.25 x 10" and
x = 0.02(500 + 1) + (1.25 x 10'%)(500 4 1) ~>.
After 40 min, there will be
x = 0.02(540) + (1.25 x 10'%)(540) 7> = 38.023 kg
of salt in the tank.

If u(y)M(x,y)dx + u(y)N(x, y)dy is exact, then

(oM@ ) = 2 (w0IN G )

ay ox
, oM N
wWOIM+p—=pu—
dy ox

w 1 (3N M
w  M\ax ay )’

50.

51.

52,
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Thus M and N must be such that
1 (ON OM
M \ ox ay
depends only on y.

2y2(x + yz) dx +xy(x + 6y2) dy=0
Qxy? + 2y dx + 2%y + 6xy* ) u(y)dy = 0

oM 3 2 N
By (Axy + 8y )u(y) + 2xy~ +2y")u'(y)

oN

o5 = @ +6y)R).
For exactness we require

@xy? +2H () = [@xy +6y%) = (xy +8y)In(y)

yQ2xy +2yH 1 (v) = —Qxy + 2y )u(y)
1
) =—-uly) = upy) = 5

Qxy +2y3)dx + (x> + 6xy}) dy =0
d(xzy +2xy3) =0 = x2y + 2)cy3 =C.

Consider ydx — 2x + y3e¥)dy = 0.

oM aN
Here M =y, N = —2x—y3ey, — =1,and — = -2.
ay ox
Thus
! 3 1
W, L
w y y
1 2
—zdx—(—: +e~v) dy=0
y y-
X
d(ﬁ—ey) =0

X

5 —e’ =C, or x —y%e¥ = Cy?.

<

If n(xy) is an integrating factor for Mdx + Ndy = 0,
then

3 9
—(uM) = — (uN),
By (uM) o (uN) or
, oM , IN
xu (xy)M + u(xy)g =y (xy)N +u(xy)a-

Thus M and N will have to be such that the right-hand
side of the equation

w (xy) _ 1 ON oM
ox dy

u(xy) ~ xM—yN \ox ay

depends only on the product xy.
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2 .
sin
53. For (x cosx + y_) dx — (x a —|—y) dy we have
X y

2

y X sinx
M = xcosx + —, N=— —
X Yy
oM 2y ON  sinx xcosx
ay  x’ ax y y
aN  OM sinx  xcosx n 2y
ox ay y y by

xM —yN =x2<:05)c—i—y2—i—xsinx—i—y2
1 IN oM\ 1
xM—yN \dx dy)  xy

Thus, an integrating factor is given by

W 1
wo 1

(t—1
1 )—?

We multiply the original equation by 1/(xy) to make it

exact:
COS X sin x 1
( +12>dx—< 2—|——>dy:0
y X y X

d(sinx 3 X) _
y x

sinx y _c

y oox
The solution is x sinx — y? = Cxy.

Section 17.5 Linear Differential Equations
with Constant Coefficients (page 934)

y'+7y +10y =0

auxiliary eqn PP+ 7r+10=0
rFr+50r+2)=0 = r=-5-2
y=Ae > + Be ¥
y' =2y —-3y=0

auxiliary eqn ?—2r—3=0 = r=-1,r=3
y = Ae”' + B!
y' +2y'=0

auxiliary eqn PP42r=0 = r=0, =2
y=A+ Be

4y" —4y' -3y =0

42 —4r —3=0= Q2r+1H2r—-3)=0

Thus, r1 = —%, = %, and y = Ae~ /2" 4 g/t
y' +8y +16y=0

auxiliary eqn P48 +16=0 = r=-4, —4
y= Ae™¥ 4 Bre™¥
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Y'=2y'+y=0
P—2r+1=0=(@r—-1>2%=0
Thus, r =1, 1, and y = Ae’ + Bte'.

y' —6y +10y =0
auxiliary eqn PP—6r+10=0 = r=3+i
y = Ae* cost + Be sint

9y//+6y/+y=0
92 +6r+1=0= Gr+1)>%=0

Thus, r = —%, —%, and y = Ae= /3" 4 Bre=1/3)1,

Y'+2y'+5y=0
auxiliary eqn PP4+2r+5=0 = r=—1+2i
y = Ae™" cos2t + Be ' sin2t

For y” — 4y’ + 5y = 0 the auxiliary equation is
r? —4r +5 = 0, which has roots r = 2 = i. Thus, the
general solution of the DE is y = Ae* cost + Be? sint.

For y” + 2y’ + 3y = 0 the auxiliary equation is

P24 2r+3= 0, which has solutions r = —1 +4/2i. Thus
the general solution of the given equation is

y = Ae! cos(v/2t) + Be ™" sin(v/21).

Given that y” + y' 4+ y =0, hence r2 4+ r + 1 = 0. Since
a=1,b=1 and c = 1, the discriminant is

D = b* —4ac = -3 < Oand —(b/2a) = —% and

= +/3/2. Thus, the general solution is

3 3
y = Ae /21 cos(%t) + Be~ /21 sin(%—t).

2y" +5y' =3y =0

y(0) =1

y'(©0)=0
The DE has auxiliary equation 2r2 + 5y — 3 = 0, with
roots r = % and » = —3. Thus y = Ae'/2 + Be .
Now 1 =y(0) = A+ B, and 0 = y'(0) = g —3B.
Thus B =1/7 and A = 6/7. The solution is

6 1
y= 561/2 n 7673{

Given that y” 4+ 10y’ 4+ 25y = 0, hence

r2+10r +25=0= (r +5)> =0=r = —5. Thus,
y= Ae™" 4 Bre™
y' = —5¢"(A+ Bt) + Be ™.

Since

0=y(l) = Ae™ + Be™>

2=y'(1) = —5¢°(A+ B) + Be™,
we have A = —2¢° and B = 2¢°.

Thus, y = —2e%¢ ™" 4+ 2tede™ = 2(t — 1)e™>—D,
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y'+4y' +5y=0

y(0) =2

y'(©0)=0
The auxiliary equation for the DE is r2 + 4r + 5 = 0,
which has roots r = —2 . Thus

y = Ae % cost + Be ' sint
y' = (=2Ae7? + Be ) cost — (Ae™> +2Be ) sint.

Now 2 =y(0) =A = A =2, and
2=y(0)=-2A+B= B=6.
Therefore y = e~ (2cost + 6sint).

The auxiliary equation r2 — (24 e)r + (1 + €) factors
to(r—1—¢€)(r—1) = 0and so hasroots r = 1 + €
and r = 1. Thus the DE y" — 2+ €)y'+ (1 +€)y =0

has general solution y = Ae!t9)" 4 Be’. The function
e+ _ ot
Ye(t) = is of this form with A = —B = 1/e.

€
We have, substituting € = h/1,

. e gt
lim ye(¢) = lim ——
e—0 e—0

) elth _ ot
=t lim
h—0 h

d
=1 (Eet> =t

which is, along with ¢’, a solution of the CASE II DE
y//_2y/+y=0.

Given that a > 0, b > 0 and ¢ > O:
Case 1: If D = b? — 4ac > 0 then the two roots are

—b £ /b? —dac
ra=——.
2a
Since
b — dac < b?
+vb2 —4ac <b
—b+ Vb2 —4ac <0

therefore r; and r, are negative. The general solution is
y(t) = Ae™ + Be™'.

If t = oo, then €' — 0 and ¢! — 0.
Thus, tlim y(@)=0.
—00

Case 2: If D = b? — 4ac = 0 then the two equal roots
r1 =rp = —b/(2a) are negative. The general solution is

y(t) = Ae™" + Bte''.

18.
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If t — oo, then ¢''" — 0 and ¢"?’ — 0 at a faster rate
than Bt — oco. Thus, tlim y(@)=0.
—00

Case 3: If D = b? — 4ac < 0 then the general solution is

—(b/2a)t —(b/2a)t

y = Ae cos(wt) + Be sin(wt)

4ac — b2
where 0 = ———

a
both terms Ae~(/20t _ () and Be~ (/20 5 (. Thus,
lim y(r) = 0.

11— 00

. If t = oo, then the amplitude of

The auxiliary equation ar? + br 4+ ¢ = 0 has roots

—b—+D —-b++D
=— n=—-,

r
2a 2a

where D = b% — 4ac. Note that

ary —r1) = vD = —Qar; + b). If y = ¢"''u, then
y =e""(u' +riu), and y’ = e”t(u”—i—2r1u’+r12u). Sub-
stituting these expressions into the DE ay” + by’ +cy = 0,
and simplifying, we obtain

e (au” + 2aru’ +bu') =0,

or, more simply, u” — (r, — r1)u’ = 0. Putting v = v’
reduces this equation to first order:

v = (r2 —ri)v,

which has general solution v = Ce271_ Hence
u= / Ce2™ Mt g = Be2—m) 4 A,

and y = e"'u = Ae"'! + Be™'.
y/// _ 4y// _|_ 3y/ — O
Auxiliary: > —4r> +3r =0
re—1D)@r—-3)=0 = r=0,1,3
General solution: y = Cj + Cae’ 4+ Cze>'.
y®—2y"+y=0
Aucxiliary: =22 41=0
r*=1)%>=0 = r=—-1,—-1,1,1
General solution: y = Cie™! + Cate™ + Csze’ + Cate'.
y® +2y"+y=0
Auxiliary: r*4+2r2+1=0
P+ 1D*=0 = r=—i,
General solution:
y=Cicost+ Casint + C3tcost + Cat sint.
y® +4y® 16y +4y' +y=0
Auxiliary: r* +4r> +6r> +4r+1=0
GF+D*=0 = r=-1,-1,-1,-1
General solution: y = e '(Cy + Cat + C3t? + C4z3).

—i, i,
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If y=e?, then y” —2y —4y = e (8 —4 —4) = 0.

The auxiliary equation for the DE is 73 — 2r — 4 = 0,
for which we already know that » = 2 is a root. Dividing
the left side by » — 2, we obtain the quotient % + 2r + 2.
Hence the other two auxiliary roots are —1 £ i.

General solution: y = Cie? + Cae™" cost + C3e " sint.

Aux. eqn: (r2—r —2)20*—4>=0
r+ D=2 -2 +27=0

r=2,2,22-1,-1,-2,-2.
The general solution is

y = e (C1 + Cat + C31> 4+ C4t®) + ' (Cs + Cet)
+ e (C7 + Cst).

X3y —xy +y=0
aux: r(r—1)—r+1=0

PP=2r+1=0

r—1*=0, r=1,1.

Thus y = Ax + BxlInx.

X2y’ —xy =3y =0
rr—1)—r-3=0=r"-2r-3=0
= —-3)r+D)=0=>r=-landrp, =3

Thus, y=Ax_1 +Bx3.

x2y// +xy/ —y= 0

aux: rr—1D+r—1=0 = r==l1

B
y=Ax + —.
X

Consider x2y” —xy' +5y =0. Since a =1, b = —1, and
¢ =5, therefore (b—a)? < 4ac. Then k = (a—=b)/2a =1
and w? = 4. Thus, the general solution is

y = Axcos(2Inx) + Bx sin(2Inx).

x2y//+xy/=0
aux: r(r—1)4+r=0 = r=0, 0.
Thus y= A+ Blnx.

Given that x2y” +xy' +y=0. Sincea=1,b=1,c=1
therefore (b — a)*> < 4ac. Then k = (a — b)/2a = 0 and
w? = 1. Thus, the general solution is

y = Acos(lnx) 4+ B sin(Inx).

x3y/// +xy/ —y= 0.

Trying y = x” leads to the auxiliary equation
rc—Dr—-2)+r—1=0
P =3+3r-1=0
r—-1°=0= r=11,1
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Thus y = x is a solution. To find the general solution,
try y = xv(x). Then
y/// — xv/// + 3U”.

y/ = xv + v, y// = xv" +2U/’

Now x3y" +xy —y = x*"” 4+ 3x30" + x%0" + xv — xv
— XZ(XZU/// +3xv// + v/)’

and y is a solution of the given equation if v = w is

a solution of x’w” + 3xw’ + w = 0. This equation

has auxiliary equation r(r — 1) 4+ 3r + 1 = 0, that is

(r + )2 =0, so its solutions are

2C31Inx
X X
v=C1+ Cylnx + C3(Inx)2.

C
U/zw:—2+

The general solution of the given equation is, therefore,

y = Cix + CoxInx + C3x(Inx)>.

Because y” + 4y = 0, therefore y = A cos2t + Bsin2z.
Now
y0)=2= A =2,

5
Y(O0) =-5=B=-3.

Thus, y = 2cos 2t — % sin 2t.

circular frequency = w =

1
2 =~ ~0318
2 mw

period = o T~ 3.14
1)

amplitude = ,/(2)2 + (—3)2 ~ 3.20

2, frequency =

y”"+ 100y =0

y(0)=0

y'(©0)=3
y = Acos(10t) + B sin(10¢)
A=y0)=0, 10B=y'(0)=3

3
y= To sin(10¢)
For y” +y =0, we have y = Asint + Bcost. Since,

y(2) =3 = Asin2 + Bcos?2
y'(2) = —4 = Acos2 — Bsin2,

therefore
A =3sin2 —4cos2

B =45sin2 + 3 cos2.
Thus,

vy = (3sin2 —4cos2)sint + (4sin2 + 3 cos2) cost
= 3cos(t —2) — 4sin(t — 2).
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V' +a?y=0
y@) =A
y'(a)=B

y = Acos(w(t - a)) + g sin(w(t - a))

y= eA,cos(w(t - c)) + .Bsin(a)(t - c))
(easy to calculate y” + w?y = 0)
y= A(cos(a)t) cos(wc) + sin(wt) sin(wc))
+ B(sin(wt) cos(wc) — cos(wr) sin(wc))
= (A cos(wc) — B sin(wc)) cos wt

+ (eA sin(wc) + .Bcos(a)c)) sin wt

= Acoswt + B sinwt
where A = A cos(wc) — B sin(wc) and
B = A sin(wc) + B cos(wc)

If y = Acoswt + Bsinwt then

V' + o’y = —Aw?® cos wt — Bw® sin ot
+ a)z(A coswt + Bsinwt) =0

for all 7. So y is a solution of (f).

If £(¢) is any solution of () then f”(t) = —w? f(¢) for

all t. Thus,

d 2 2
gl (ro) +(ro)]

=207 f() f'(t) + 2" (1) f" (1)
=207 F(1) f'(t) — 207 F () f'(£) = O

2 2
for all £. Thus, w? (f(t)) + (f/(z)) is constant. (This
can be interpreted as a conservation of energy statement.)

If g(¢) satisfies () and also g(0) = g’(0) = 0, then by
Exercise 20,

o (s0) +(g0)
= wz(gw))2 + (g’<0))2 =0,

Since a sum of squares cannot vanish unless each term
vanishes, g(t) = 0 for all ¢.

If f(¢) is any solution of (}), let

g() = f(t) — Acoswt — Bsinwt where A = f(0)
and Bw = f’(0). Then g is also solution of (). Also
g(0) = f(0)— A =0and ¢g0) = f(0) — Bw = 0.
Thus, g(r) = O for all # by Exercise 24, and therefore
f(x) = Acoswt 4+ Bsinwt. Thus, it is proved that every
solution of () is of this form.

41.

42,
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b dac — b?
We are given that k = —— and w? = ez which is
2a 4q?

positive for Case III. If y = ey, then
y = (u’ + ku)
Y =M (u” + 2ku’ + k2u>.
Substituting into ay” + by’ 4+ ¢y = 0 leads to
0=el (au” + 2ka + byu' + (ak® + bk + c)u)
— M (au” 0+ ((b%/(4a) — (b?/(2a) + c)u)
=ae (u” + a)zu).
Thus u satisfies u” 4+ @?u = 0, which has general solution
u = Acos(wt) + B sin(wt)

by the previous problem. Therefore ay” + by’ +cy =0
has general solution

y = Ae" cos(wt) + Be! sin(wt).

From Example 9, the spring constant is
k =9 x 10* gm/sec?. For a frequency of 10 Hz (i.e., a
circular frequency w = 20m rad/sec.), a mass m satisfy-
ing +/k/m = 207 should be used. So,

k 9 x 10* -
m=-—-——-=——-= . m.
40072 40072 &

The motion is determined by

y" + 40072y = 0
y(0) = —1
y'(0) =2

therefore, y = A cos20xt + Bsin20xt and

YO0 =—-1=A=—1

'"0)=2= B = > _ |
Y= T 207 107
L . .
Thus, y = —cos20xt + Tom sin 20 ¢, with y in cm
T

and ¢ in second, gives the displacement at time ¢. The

1
amplitude is |/ (—1)2 + (m)2 ~ 1.0005 cm.
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k
Frequency = 22, w? = — (k = spring const, m = mass)
b4 m

Since the spring does not change, w?m = k (constant)
For m =400 gm, w = 27 (24) (frequency = 24 Hz)
4772 (24)%(400)

If m =900 gm, then o? =
m gm, then w 900

27r><24><2_

SO w = = 32m.

32
Thus frequency = 2—7[ =16 Hz
b4

472(24)%4
Form:lOOgm,w:M
100

w
so w = 967 and frequency = oy = 48 Hz.

b4
Using the addition identities for cosine and sine,

y=eM[Acosw(t — to)Bsinw(t — to)]
= ¢"[A cos wt cos wty + A sin wt sin wiy
+ B sin wt cos wty — B cos wt sin wig]

= M[A] coswt + By sinwt],

where Ay = Acoswty — Bsinwty and

B, = Asinwty + Bcoswty. Under the conditions of
this problem we know that ¥ cos wr and e’ sin wr are
independent solutions of ay” + by’ + cy = 0, so our func-
tion y must also be a solution, and, since it involves two
arbitrary constants, it is a general solution.

Expanding the hyperbolic functions in terms of exponen-
tials,

y = X [Acoshw(t — tp) B sinhw(t — 19)]

— ekz [éew(z—to) + ée—w(z—to)

2 2

B B

Z olt=ty) _ = ,—ow(t—to)
+ ) e ) e }

= Ae®tor o g ko

where A| = (A/2)e ®" + (B/2)e ®" and

B = (A/2)e®® — (B/2)e®". Under the conditions of
this problem we know that Rr = k £+ w are the two real
roots of the auxiliary equation ar?+br+c =0, so e*+®)
are independent solutions of ay” + by’ + cy = 0, and our
function y must also be a solution. Since it involves two
arbitrary constants, it is a general solution.

y//+2y/+5y:0

y3) =2

Y3 =0
The DE has auxiliary equation 2 4+ 2r + 5 = 0 with
roots r = —1 &£ 2i. By the second previous prob-

lem, a general solution can be expressed in the form
y =e '[Acos2(t — 3) + Bsin2(t — 3)] for which

y = —e '[Acos2(t — 3) + Bsin2(t — 3)]
+ e '[-2Asin2(t — 3) + 2B cos2(t — 3)].
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The initial conditions give

2=y(3)=e¢A
0=y(3)=—e>(A+2B)

Thus A = 2¢% and B = —A/2 = —e3. The IVP has
solution

y =e32cos2(t — 3) —sin2(t — 3)].

Y +4y' +3y =0
@) =1
y'(3) =0

The DE has auxiliary equation %+ 4r 4+ 3 = 0 with roots
r=-2+4+1=—-landr =-2-1=-3(Ge ko,
where k = —2 and w = 1). By the second previous
problem, a general solution can be expressed in the form
y = e 2'[A cosh(r — 3) + B sinh(t — 3)] for which

y' = —2¢~2[Acosh(t — 3) + Bsinh(r — 3)]
+ e 2[Asinh(t — 3) + Bcosh(t — 3)].

The initial conditions give

1=y3)=e%A
0=y@3)=—e%-24+B)

Thus A = ¢° and B = 2A = 2¢°. The IVP has solution

y = % H[cosh(t — 3) + 2sinh(z — 3)].

Let u(x) = ¢ — k%y(x). Then u(0) = ¢ — k%a.
Also u'(x) = —k2y'(x), so u’(0) = —k2b. We have

u'(x) = —k*y"(x) = —kz(c - kzy(x)> = —ku(x)

This IVP for the equation of simple harmonic motion has
solution

ux) =(c — kza) cos(kx) — kb sin(kx)

so that

1
Yo =5 (c - u(x))
= k% (c — (¢ — k?a) cos(kx) + kb Sin(kx))

b
= k%(l — cos(kx) +acos(kr) + 7 sin(kr).
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Since x’(0) = 0 and x(0) = 1 > 1/5, the motion will be
governed by x” = —x + (1/5) until such time ¢ > 0 when
x'(t) = 0 again.

Letu =x — (1/5). Then u” =x" = —(x — 1/5) = —u,
u(0) = 4/5,and /(0) = x'(0) = 0. This sim-

ple harmonic motion initial-value problem has solution
u(t) = (4/5)cost. Thus x(¢) = (4/5)cost + (1/4) and
x'(t) = u'(t) = —(4/5)sint. These formulas remain
valid until 7 = 7 when x’(¢) becomes 0 again. Note that
x(m) =—4/5) + (1/5) = =(@3/5).

Since x(w) < —(1/5), the motion for t > 7 will be

governed by x” = —x — (1/5) until such time t > =
when x'(¢) = 0 again.

Let v = x + (1/5). Then v/ = x"”" = —(x + 1/5) = —v,
v(m) = —@3/5 + (/5 = —(2/5), and

v/(w) = x’(x) = 0. Thius initial-value problem has
solution v(¢) = —(2/5) cos(t — ) = (2/5) cost, so that
x(t) = (2/5) cost — (1/5) and x'(t) = —(2/5) sint. These
formulas remain valid for ¢+ > m until t+ = 27 when x’
becomes 0 again. We have x(27) = (2/5) — (1/5) = 1/5
and x'(27) = 0.

The conditions for stopping the motion are met at
t = 27r; the mass remains at rest thereafter. Thus

%cost—}—% if0<t<nm
%cost—% ifm <t <2m

! if t > 27

x(t) =

Review Exercises 17 (page 945)

SOLUTIONS FOR EXERCISES 1-26 ARE IN

CHAPTER 17

dy 3y

dx  x—1 y
= Inly|=In|x — 1 +1n|C|
=y=Cx—1)>.

Since y =4 when x =2, we have 4 = C(2 — 1)3 =C, so

the equation of the curve is y = 4(x — 3.

d_y=3 dx

x—1

The ellipses 3x2 + 4y2 = C all satisfy the differential
equation
d d 3
6x+8y 2 —0, or ZX-_%
dx dx 4y
A family of curves that intersect these ellipses at right
d 4
angles must therefore have slopes given by d_y = 3_y
X

Thus
dy dx
3 —=4| —
y X

3In|y| =4In|x|+ In|C|.
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The family is given by y3 = Cx*.

[(x + A)e* siny 4 cos y]dx + x[e* cosy + Bsiny]dy =0
is Mdx + Ndy. We have

= (x+ A)e*cosy —siny

dy
N X : X
I =e cosy+ Bsiny 4 xe” cosy.
These expressions are equal (and the DE is exact) if
A = 1and B = —1. If so, the left side of the DE is
d¢(x,y), where

¢(x,y) =xe*siny+ xcosy.
The general solution is xe*siny +xcosy = C.
(x2 +3y%) dx + xydy = 0. Multiply by x":
"2+ 3y dx +x"ydy =0

is exact provided 6x"y = (n + 1)x"y, that is, provided
n = 5. In this case the left side is d¢, where

1 1
P(x,y) = 5x6y2 + gxg.

The general solution of the given DE is

4x6y2 +x8=c.

x2y" —x(2 4 xcotx)y + (24 xcotx)y =0

If y = x, then yY = 1 and y” = 0, so the DE is clearly
satisfied by y. To find a second, independent solution, try
y = xv(x). Then y' = v+ xv/, and y” =2v" + xv”. Sub-
stituting these expressions into the given DE, we obtain

22020 + 330" — (xv + x20)(2 + x cotx)
+xv(2+4+xcotx) =0

3 3

x v —x7v cotx =0,
or, putting w = v/, w’ = (cotx)w, that is,

dw cosxdx

w sin x
Inw =Insinx + In Cy

VV=w=Cysinx = v=C; —Crcosx.
A second solution of the DE is x cos x, and the general

solution is
y = C1x 4+ Cax cos x.
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x2y" —x(2 4 xcotx)y + (24 xcotx)y = x> sinx
Look for a particular solution of the form
y = xup(x) + x cos xus(x), where

xuy + xcosxuhy =0

uj + (cosx — x sinx)uy = x sinx.

Divide the first equation by x and subtract from the sec-
ond equation to get

—x sinxu) = xsinx.
Thus ”/2 = —1 and up = —x. The first equation now
gives u’l = cos x, so that u; = sinx. The general solution

of the DE is

y =xsinx — x%cosx + Cix + Caxcosx.
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Suppose y' = f(x,y) and y(xg) = yo, where f(x,y) is
continuous on the whole xy-plane and satisfies

|f(x,y)| < K there. By the Fundamental Theorem of
Calculus, we have

y(x) = yo = y(x) — y(x0)

= /X y'(t)dt = /xf(t,y(z)) dt.

0 0

Therefore,
[y(x) = yol < K|x — xo.

Thus y(x) is bounded above and below by the lines
y = yo = K(x — x0), and cannot have a vertical asymptote
anywhere.

Remark: we don’t seem to have needed the continuity of
df/dy, only the continuity of f (to enable the use of the
Fundamental Theorem).



