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INSTRUCTOR’S SOLUTIONS MANUAL

CHAPTER 17. ORDINARY DIFFEREN-
TIAL EQUATIONS

Section 17.1
Equations

Classifying Differential
(page 902)

d
d_y = 5y: 1st order, linear, homogeneous.
X

dZ
ﬁ 4+ x = y: 2nd order, linear, nonhomogeneous.
X

d
y—y = x: 1st order, nonlinear.

dx
y"” 4+ xy’ = xsinx: 3rd order, linear, nonhomogeneous.
y" 4+ xsinx y’ = y: 2nd order, linear, homogeneous.
y"” 4+ 4y — 3y = 2y% 2nd order, nonlinear.
d? d
Ly =

dr’ dt.
3rd order, linear, nonhomogeneous.

dx . .
CcOoS X I +xsint = 0: 1st order, nonlinear, homogeneous.

y® 4 ¥y’ = x3y/: 4th order, linear, homogeneous.
1

x2y” + e*y’ = —: 2nd order, nonlinear.
y

If y =cosx, then y” +y = —cosx +cosx = 0.
If y = sinx, then y” + y = —sinx + sinx = 0. Thus

y =cosx and y = sinx are both solutions of y” +y = 0.

This DE is linear and homogeneous, so any function of
the form
y = Acosx + Bsinx,

where A and B are constants, is a solution also. There-

fore sinx — cosx is a solution (A = —1, B = 1), and
sin(x + 3) = sin3 cosx 4+ cos 3 sinx

is a solution, but sin2x is not since it cannot be repre-

sented in the form A cosx + Bsinx.

If y=e" theny —y=¢"—e"* =0;if y =e™*, then
y'—y =e* —e* = 0. Thus ¢* and e~* are both
solutions of y” —y = 0. Since y” — y = 0 is linear and
homogeneous, any function of the form

y = Ae* + Be™*

is also a solution. Thus coshx = %(ex + e™) is a solu-
tion, but neither cos x nor x¢ is a solution.

Given that y; = cos(kx) is a solution of y” + k%>y = 0,
we suspect that y, = sin(kx) is also a solution. This is
easily verified since

¥y + k2 yy = —k? sin(kx) + k* sin(kx) = 0.

14.

15.
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Since the DE is linear and homogeneous,
y = Ay1 + By, = Acos(kx) + B sin(kx)
is a solution for any constants A and B. It will satisfy

3=y(r/k) = Acos(r) + Bsin(r) = —A
3 =y'(n/k) = —Aksin(r) + Bkcos(w) = —Bk,

provided A = —3 and B = —3/k. The required solution
is

y = —3cos(kx) — %sin(kx).

kx s a solution of y” — k%y = 0, we
—kx s also a solution. This is easily

Given that y; = ¢
suspect that y» = e
verified since

Yy —kyy = ke — i = 0,
Since the DE is linear and homogeneous,
y = Ay| + By, = Aek* + Be X
is a solution for any constants A and B. It will satisfy

0=y = Ack 4+ Be7*
2 =1y/(1) = Ake* — Bke™*,

provided A = e */k and B = —eX/k. The required
solution is

1 1
_eka=D _ L -

k k

y= k(x=1)_

By Exercise 11, y = Acosx + Bsinx is a solution of
y" 4+ y = 0 for any choice of the constants A and B.
This solution will satisfy

0=y(/2) - 2y(0) = B - 24,
3= v/ = 2=+
= T = — —_—,
’ NG
provided A = V2 and B = 2+/2. The required solution is

y= V2cosx +2+v/2sinx.
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y = €'* is a solution of the equation y” —y’ — 2y =0 if
r2e™ — pe’™ — 2" = 0, that is, if r2 —r — 2 = 0.
This quadratic has two roots, r = 2, and r = —1.
Since the DE is linear and homogeneous, the function

y = Ae** + Be™ is a solution for any constants A and
B. This solution satisfies

1=y(0)=A+B, 2=y'(0)=2A-B,

provided A = 1 and B = 0. Thus, the required solution
is y = e2*.

If y = y1(x) = x, then yj = 1 and y{ = 0. Thus

y{ +y1 = 04+ x = x. By Exercise 11 we know that
y2 = Acosx + Bsinx satisfies the homogeneous DE
y” +y = 0. Therefore, by Theorem 2,

y = y1(x) + ya(x) = x + Acosx + Bsinx
is a solution of y” + y = x. This solution satisfies
l=y@ =n-4, 0=y@)=1-8B,

providled A = 7 — 1 and B = 1. Thus the required
solution is y = x + (7 — 1) cos x + sin x.

If y = yi1(x) = —e, then y; = 0 and y{ = 0. Thus
y{ —y1 = 04 ¢ = e. By Exercise 12 we know
that y = Ae* + Be™ satisfies the homogeneous DE
y” —y = 0. Therefore, by Theorem 2,

y=y1(x) + y2(x) = —e + Ae* + Be™"
is a solution of y” — y = e. This solution satisfies
B ) B
O=y(l)=Ae+——¢, 1=y (1)=A4e— —,
e e

provided A = (e + 1)/(2¢) and B = e(e — 1)/2. Thus the
required solution is y = —e—i—%(e—i— De¥ 1+ %(e— Del==,

Section 17.2 Solving First-Order Equations
(page 907)

d_y=x+y Let y =vx
dx x-—y

dv _ x(1+v)
U+xa_x(1—v)
dv 14w _l—l—v2
xa_l—v_ T 1-v

1_
/—”dv= dx
142 x

1
tan~' v — 5 I+ v?) =In|x| + C,

x2+y2

2
x
2tan” ' (y/x) — In(x? + y2) =C.

1
tan~' (y/x) — 5 =In|x| + C;

628

dv v

X— = ————17V =
dx 14 202

3

1 + 202
/+vdv=— —

202
2

22
x2 —4y%In|y| = Cy>.

dy )cz—i-)cy-i-y2
dx — x2

+2In|y| =C;

R. A. ADAMS: CALCULUS

Let y = vx

v
dx (1 +2v2)x2

203
1 4 202
dx

X

+2Injv| = —21In x| + C

Let y = vx

dv 21 +v+v?

vV+x— =
dx x2

/ dv _ d_x
1+v2 ) «x

tan 'v=In|x|+C

Y tan(lnlxl n c)
X

y =xtan(ln|x| + c).

dy x3 4+ 3xy?
dx ~ 3x2y+y3

v+ x

dv 1 + 302

Let y = vx

dv  x3(1+3v%)
dx ~ x3G@v+v?)

1—v

4

X— = —
dx  3v+03
3B+ vHvdv
1 — v

2 1 —u?
u+1
u—1
y2+x2
y2— 2

3
—In
4

31In al

3
In

4

X

x4

(2 +y2)?

in (x2 — y»)*

:C2

x2+y2:C(x2—y2) .

2

xz—i-y2 1
x2—y2) xt— 4

—y*

T v+ 1?)
dx

Let u = v2

du =2vdv

1 (3
—/ﬁdu=m|x|+cl

1
—Zlnll—uzlzlnlxl—{—Cl

‘:4ln|x|+C2

C
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d
x—y=y+xcosz<z> (let y = vx)
dx X

2dv 2
XV+x"— =vx +xcos"v
dx

v
X— =COSZU

dx
dx
sec?vdy = —
X
tanv = In|x| + In|C]|

tan (2) —In|Cx|
X

y = xtan"!(In |Cx]|).

2l =Y (let y=vx)
dx x

v —v
V+XxX—=v—e

dx
d
eVdy= -2
x

¢’ = —In|x|+1n|C]|
c

x
C
<l

. dy 2x
We require — = ——.
dx 1+y2

/(1+y2)dy=/2xdx

1
y+§y3:x2+C.

e’ =1In

y=xlInln

Thus

Since (2, 3) lies on the curve, 12 =4 + C. Thus C = 8

1
andy+§y3—x2=8,or3y+y3—3x2=24.

/ dv  [dx

1+v x
In[l4+v|=In|x|]+ C
l—l—X:Cx = x+y=Cx2.

X
Since (1, 3) lies on the curve, 4 = C. Thus the curve has

equation x + y = 4x2.
Ifé&=x—x0,n=y—y0, and

dy ax+by+c
dx ~ ex+ fy+g’

10.

11.

12.

13.

14.
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then
a(§ +xo) +b(n+yo) +c

e +x0)+ f(n+y)+g
a& + bn + (axo + byo +¢)

e§ + fn+ (exo+ fyo+ g
a& + by

e+ fn

provided xo and yo are chosen such that

dr)_dy_
de ~ dx

axo+byo+c =0, and

exo+ fyo+g=0.

The system xo+2yp—4 = 0, 2x0 —yo—3 = 0 has solution
x0=2,y0=1. Thus, if § =x —2 and n = y — 1, where

dy x+2y—4
dx ~ 2x—y-=3’

then
d_ﬂ=§+27l Let n = v&
d§é 28—
dv 14+ 2v
v+§%=2—v
dv 1+ 147

iE- 2=y 'T2
/(2_U>dv= ﬁ
1422 £

1
2tan” v — Eln(l + vz) =Inlé| + C;

4tan”! g —In(E> + 172) =C.

Hence the solution of the original equation is

1
4tan”! )ycj - 1n((x —22 4 (y— 1)2) —c.

(xy? 4+ y)dx + >y +x)dy =0
1
d(ixzyz—}—xy) =0
x2y2+2xy=C.
(e*siny +2x)dx + (¢*cosy +2y)dy =0
de*siny+x24+y%) =0
e“siny +x2+y>=C.
V(1 +xy)dx +x2¥dy =0
d(xe”) =0 = xe¥=C.

2
(2x—|—1—y—2> dx+—ydy—0
X X
2
d(x2+x+y—>=0
X
2
x2+x+y—=C
X
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(x> 42y)dx —xdy =0
M=x2+2y, N = —x

1 /oM ON 3

L — — ) = —Z (indep. of y)
N \ 9y 0x X

du 1

3
L= Zix = u==
X X~

d(l ——):0
n|x| 2
y
Inx|—~=cC
|x] ) i

y = x21n |x] + Cx2.

2
(xe*+xIny+ y)dx + (x; —i—xlnx—i—xsiny) dy=0

2

M=xe*+xIny+y, N=x—+xlnx+xsiny
y

oM x oN  2x .
=T, — =—+1Inx+1+siny
y dx Yy

1 foM ON 1 b . 1
—|————)=—=|———-Inx—siny )| =——
N\ dy ox N\ vy x
d 1 1

—'u:——dx = n=-

% x X

(ex—|—lny+z> dx+(£—|—lnx+siny> dy
x y

d(e*+xlny+ylnx —cosy) =0
e +xlny+ylnx —cosy=_C.

If u(y)M(x,y)dx + u(y)N(x, y)dy is exact, then

2 ()M, 1) = = (1IN G 1))

ay ax
, oM AN
WM+ p——=pu—
dy ox

W1 (N oM
w  M\ax ay )’

Thus M and N must be such that
1 (ON oM
M \ ox dy

depends only on y.

630
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2y2(x + y2)dx + xy(x +6y>)dy =0
@xy? + 2yHu(y) dx + (x2y + 6xy> u(y)dy = 0

oM 3 2 N
By = (dxy + 8y )u(y) + Cxy~ +2y")u'(y)

oN 3
E = 2xy + 6y )u(y).
For exactness we require

Qxy* + 2y () = [@xy + 6y%) — (dxy + 8y 1u(y)
y2xy + 29> () = —Q2xy + 2y (y)

1
yu'(y) =—-uly) = u(y)=;

Qxy +2y*)dx + (x> + 6xy*) dy =0
d(x2y+2xy3) =0 = x2y+2xy3 =C.
Consider ydx — (2x 4+ y?e¥)dy = 0.
s M N
Here M =y, N = -2x —y’¢’, — =1, and — = —2.
ay X
Thus
w 3 1
—=- = u=—
123 y y
1 2x y
—dx — F—i—e dy=0

— - =C, or  x—y¥=Cyl

If n(xy) is an integrating factor for Mdx + Ndy = 0,
then

ad 0
—(uM) = —(uN), or
dy dax

, oM , AN
xp (xy)M + u«(xy)g =yu (xy)N + M(Xy)g'

Thus M and N will have to be such that the right-hand
side of the equation

wxy) 1 (E)N 3M>

w(xy)  xM —yN E_E

depends only on the product xy.

2 .
For (x cosx + y_) dx — (xsmx +y> dy we have
X Yy

2

y X sinx
M = xcosx + —, N =— -y
X y
oM 2y ON  sinx xcosx
ay  x’ ax y y
N  OM sinx ~ xcosx n 2y
dax dy y y X

)cM—yN=xzcosx—i—y2—i—xsinx—i—y2

1 (oN oM\ 1
xM—yN\ax 3y )  xy
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Thus, an integrating factor is given by

W _ 1 1
o 1 T o=

We multiply the original equation by 1/(xy) to make it

exact:

cos x y sinx 1
+—2 dx — —2+_ dy:O
y X y X

The solution is x sinx — y2 = Cxy.

Section 17.3 Existence, Uniqueness, and
Numerical Methods (page 915)

A computer spreadsheet was used in Exercises

1-12. The intermediate results appearing in the

spreadsheet are not shown in these solutions.

We start with xo = 1, yo = 0, and calculate

Xpt1 = Xn + h, Ynt1 = Yn +h(xy + yn).

a) For h = 0.2 we get x5 =2, y5 = 1.97664.
b) For h = 0.1 we get xj0 = 2, yj0 = 2.187485.
¢) For h = 0.05 we get x20 = 2, y20 = 2.306595.

We start with xo = 1, yp = 0, and calculate

Xn4+1 = Xn + h, Up+1 =_Yn+h(xn+_)7n)

h
Yn+1 = Yn + E(xn + Yn + Xnt1 + Unt1)-

a) For h = 0.2 we get x5 = 2, y5 = 2.405416.
b) For h = 0.1 we get xj0 = 2, y10 = 2.428162.
¢) For h = 0.05 we get x20 = 2, yp0 = 2.434382.

We start with xo = 1, yp = 0, and calculate

Xntl =Xp +h

Pn =Xn +Yn
h h
(/Zn=xn+5+_)7n+zpn
h h
rn=xn+5+Yn+EQn

qn =xn+h+Yn+hrn

h
Yn+1 = Yn + E(Pn + 2gn + 21y + sp).

SECTION 17.3 (PAGE 915)

a) For h = 0.2 we get x5 = 2, y5 = 2.436502.
b) For h = 0.1 we get xj0 = 2, yj0 = 2.436559.
¢) For h = 0.05 we get xz0 = 2, y20 = 2.436563.

4. We start with xg =0, yo = 0, and calculate

Xntl =Xp + 1, Ynt1 = hxpe™n.

a) For h = 0.2 we get xj9 = 2, y10 = 1.074160.
b) For h = 0.1 we get x0 = 2, yp0 = 1.086635.
5. We start with x9g =0, ygo = 0, and calculate

Xntl = Xp + h, Un+l = Yn + hxpe™"

h -y —Upal
Ynt1 =Yn + E(xne M4 Xppre L

a) For h = 0.2 we get xj9 = 2, yj0 = 1.097897.
b) For h = 0.1 we get x0 = 2, yy0 = 1.098401.

6. We start with xg = 0, yo = 0, and calculate

Xp+1 = Xn +h

pn — xn67Yn

o= (xn W ) o~ On+h/2p,
2

ro = (x4 ) o= On+ /24,
2
sn = (xn + h)ef(y,,Jrhr,,)

h
Yn+l = Yn + E(Pn +2Qn + 2ry + Sn).

a) For h = 0.2 we get x19 = 2, y10 = 1.098614.
b) For h = 0.1 we get x0 = 2, yp0 = 1.098612.

7. We start with xg =0, yo = 0, and calculate

Xp+l = Xn + h, Ynt+1 = Yn +hcosyy,.

a) For h = 0.2 we get x5 = 1, y5 = 0.89441.
b) For h = 0.1 we get x;0 = 1, yj0 = 0.87996.
¢) For h = 0.05 we get x0 = 1, yp0 = 0.872831.
8. We start with xg =0, yp = 0, and calculate
Xnt1 = Xn + I, Up+1 = Yn +hcosy,

h
Y+l = Yn + E(cos YVn + COSUpt1).

a) For h = 0.2 we get x5 = 1, ys = 0.862812.
b) For h = 0.1 we get x;0 = 1, y10 = 0.865065.
¢) For h = 0.05 we get x0 = 1, yp0 = 0.865598.
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9. We start with xg = 0, yg = 0, and calculate

Xn+l =Xn +h
Pn = COS Yy
Gn = cos(Yu + (/2) pn)
rn = cos(yn + (h/2)qn)
gqn = cos(yp + hry)

h
Yn+1 = Yn + E(Pn + 2gn + 21y + sp).

a) For h = 0.2 we get x5 = 1, y5 = 0.865766.
b) For h = 0.1 we get x;0 = 1, yj0 = 0.865769.

¢) For h = 0.05 we get x0 = 1, y20 = 0.865769.

10. We start with xo = 0, yp = 0, and calculate

Xnkl =Xn+h, Yas1 = yu + hcos(xy).

a) For h = 0.2 we get x5 = 1, y5 = 0.944884.
b) For h = 0.1 we get x;0 = 1, yj0 = 0.926107.

¢) For h = 0.05 we get x0 = 1, y20 = 0.915666.

11. We start with xo = 0, yo = 0, and calculate

Xnpl = Xn + R, Uil = yu + hcos(x2)

h
yatt = Yn + 5 (€080) + €08, ).

a) For h = 0.2 we get x5 = 1, y5 = 0.898914.
b) For h = 0.1 we get x;0 = 1, yj0 = 0.903122.

¢) For h = 0.05 we get x0 = 1, y20 = 0.904174.

12. We start with xo = 0, yp = 0, and calculate

Xntl =Xp +h
Pn = cos(x2)
an = cos((x + (h/2))?)
rn = cos((xy + (h/2))%)
gn = cos((xy + h)?)

h
Yn+1 = Yn + E(Pn + 2gn + 21y + sp).

a) For h = 0.2 we get x5 = 1, y5 = 0.904524.
b) For h = 0.1 we get x;0 = 1, yj0 = 0.904524.

¢) For h = 0.05 we get x0 = 1, yp0 = 0.904524.
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y) =2+ /1 (y(z))zdt

dy 2
E—((x)), y()=2+0=2
dy 1
— =dx = ———=x+C
»? y(x)

1 3
——=1+C C=-=

2 + = 2

1 2

y:

Tx—-(3/2) 3-2x

u(x) =1 +3/x 2u(t) di
2

du 32()
— =3x“u(x),
dx

d
_u:3x2dx = lhu=x"+C
u

u2)=14+0=1

0O=Inl=Iu®)=2+C = C=-8

3_
u=e" 8,

For the problem y' = f(x), y(a) = 0, the 1-step Runge-
Kutta method with 7 = b — a gives:

X0 =a, yo =0, xX1=xo+h=5>b

h b
p():f(a)a qO:f(a‘}—E):f(a—; ):ro
so = fla+h)= f(b)

h
yi=yo+ E(Po + 2qo + 2ro + s0)

b—a a+b
=25 (r@ v () + ).

which is the Simpson’s Rule approximation to

b
/ f(x)dx based on 2 subintervals of length 4 /2.
a

If $(0) = A >0 and ¢'(x) > k¢(x) on an interval [0, X],
where £k > 0 and X > 0, then

d (¢(x)> _ M) — ko)

>
dx e2kx = 0.

ekx

Thus qﬁ(x)/ek" is increasing on [0, X]. Since its value at
x = 01is ¢(0) = A > 0, therefore ¢(x)/e* > A on
[0, X1, and ¢(x) > Ae** there.

a) Suppose u’ = u?, y = x + y% and v/ = 1+ v? on
[0, X1, where u(0) = y(0) = v(0) = 1,and X > 0
is such that v(x) is defined on [0, X]. (In part (b)
below, we will show that X < 1, and we assume this
fact now.) Since all three functions are increasing on
[0, X], we have u(x) > 1, y(x) > 1, and v(x) > 1
on [0, X].
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b)

)

If ¢(x) = y(x) — u(x), then ¢(0) =0 and
) =x+y" —ut =y —u?
=+l —u) =2¢
on [0, X]. By Exercise 16, ¢(x) > 0 on [0, X], and

SO
u(x) < y(x) there.

Similarly, since X < 1, if ¢(x) = v(x) — y(x), then
¢(0) =0 and

Px) =140 —x—y? =02 —y?
ZW+y)v—y) =29
on [0, X], so y(x) < v(x) there.
The IVP ' = u2, u(0) = 1 has solution

u(x) = 1 , obtained by separation of variables.
X

This solutign is valid for x < 1.

The IVP v = 1 + v2, v(0) = 1 has solution

v(x) = tan (x + J), also obtained by separation of
variables. It is valid only for —37/4 < x < w/4.
Observe that /4 < 1, proving the assertion made
about v in part (a). By the result of part (a), the
solution of the IVP y' = x + y2, y(0) = 1, increases
on an interval [0, X] and — oo as x — X from
the left, where X is some number in the interval
[/4,1].

Here are some approximations to y(x) for values of
x near 0.9 obtained by the Runge-Kutta method with
xo=0and ygp = 1:

For h = 0.05
n=17 x, = 0.85 yp = 12.37139
n=18 x, = 0.90 yp = 31.777317
n=19 x, = 0.95 yn = 4071.117315.
For h = 0.02

n=43 x, = 0.86 yn = 14.149657
n =44 x, = 0.88 Yo = 19.756061
n=45 x, = 0.90 Yo = 32.651029
n =46 x, =0.92 yn = 90.770048
n =47 x, = 0.94 Yn = 34266.466629.

For h = 0.01
n =286 xp = 0.86 v, = 14.150706
n =387 xp = 0.87 v, = 16.493286
n =88 x, = 0.88 yp = 19.761277
n =289 xp = 0.89 yn = 24.638758
n =90 xp = 0.90 yn = 32.703853
n =91 xp = 0.91 yn = 48.591332
n=92 xp = 0.92 yn = 94.087476
n =93 xp = 0.93 yn = 636.786465

n=94 x,=094  y,=2.8399 x 10'!.

SECTION 17.4 (PAGE 919)

The values are still in reasonable agreement at
x = 0.9, but they start to diverge quickly thereafter.
This suggests that X is slightly greater than 0.9.

Section 17.4 Differential Equations of
Second Order (page 919)

If yp =e*, then y{ =3y] +2y1 =e*(1-3+2) =0, s0 y;
is a solution of the DE y” — 3y’ +2y = 0. Let y = e*v.
Then

y// — eX(v// +2v/ + U)
e+ 20 +v—3v —3v+2v)

='W —v).

Y=t + ),
y// _ 3y/ _"_ 2y

y satisfies y” — 3y’ 4+ 2y = 0 provided w = v’ satisfies
w’ — w = 0. This equation has solution v = w = Cje”,
so v = Cre* + C,. Thus the given DE has solution
y=ev= C1e?* + Cae®.

If yy = e 2", then y] — y| —6y1 = e (4 +2—6) =0,
s0 yi is a solution of the DE y” — y’ — 6y = 0. Let
y = e *y. Then

y/ — 672x (v/ —2v), y// — 672x (v// — 4 + 4v)
V' =y —6y=e X — 40 +4v— v +2v—6v)
=" = 5V).

y satisfies y” — y’ — 6y = 0 provided w = v’ satisfies
w’ — 5w = 0. This equation has solution

v =w = (C1/5)e>*, so v = Cie> + Cp. Thus the given
DE has solution y = e Xy = Cre¥ + Cre 2,

If y; = x on (0, 00), then
2.1 i _ _
x“y, +2xy] —2y1 =04+2x —2x =0,

so yi is a solution of the DE x2y” + 2xy’ — 2y = 0. Let
y = xv(x). Then

y/ =xv 4, y// = xv” + 20
X2y 4 2xy" =2y = 30" 4+ 2620 + 2x%0 + 2xv — 2xv
=x2(xv" 4 4).

y satisfies x2y” +2xy’ —2y = 0 provided w = v’ satisfies
xw’ +4w = 0.

This equation has solution v/ = w = —3C1x_4 (obtained
by separation of variables), so v = Clx*3 + C,. Thus the
given DE has solution y = xv = Cix 2 4 Cyx.
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If y; = x2 on (0, c0), then
xzy{’ —3xy] +4y = 2x% —6x% 4+ 4x? =0,

s0 yi1 is a solution of the DE x2y” — 3xy’ +4y = 0. Let
y= x2v(x). Then

y = 20 + 2xv, y = x20" 4 4xv' 4 2v
—3xy + 4y = x* + 453 + 2x%
=33 — 6x%v + 4x%v

=3V + ).

x2yu

y satisfies x2y” —3xy’ +4y = 0 provided w = v’ satisfies
xw’ 4+ w = 0. This equation has solution v/ = w = C;/x
(obtained by separation of variables), so v = CjInx + C.
Thus the given DE has solution

y = x2v = C1x2 Inx + C2x2.

If y=x, then yY =1 and y” = 0. Thus

22y —x(x +2)y" + (x +2)y =0,
Now let y = xv(x). Then

y =v+xv, y' =2v +xv".

Substituting these expressions into the differential equa-
tion we get

2520 + 320" — x%v —2xv —x

— 2% +x*v +2xv =0
3

" —x =0, or v —v =0,

3w

which has solution v = C; + Cze*. Hence the general
solution of the given differential equation is

y = Cix + Coxe*.

Ify= x~ 12 cos x, then
/ 1 —3/2 —1/2
y =—§x COSX — X sin x
3
vy =Zx"cosx +x 3 sinx —x" 2 cosx.
Thus
2.7 / 2 1
X7y +xy + —1)Y
3 —1/2 1/2 o 3/2
:Zx cosx +x/“sinx —x”/“cosx
1 1
— Exfl/z cosx —x'?sinx —}—x3/2 cosSx — fol/z COS x
=0.
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Therefore y = x~1/2cosx is a solution of the Bessel

equation
1
X2y + xy + (x2 - 4_1) y =0. (%)
Now let y = x12(cos x)v(x). Then

!/

1
y = —Ex_3/2(cosx)v —x712

(sinx)v 4+ x /% (cos x)v’
3

y' = Zx_j/z(cosx)v +x 732 (sinx)v — x 3% (cos x)v
— x 2 (cosx)v — 2x 2 (sinx)v" + x "2 (cos x)v”.

If we substitute these expressions into the equation (x),
many terms cancel out and we are left with the equation

(cos x)v” — 2(sinx)v' = 0.
Substituting u = v/, we rewrite this equation in the form

(cos x) d_u = 2(sinx)u
dx

d
a :2/tanxdx = Inju| =2In|secx| + Cp.
u

Thus v/ = u = C; sec? x, from which we obtain
v = Cjtanx + C,.

Thus the general solution of the Bessel equation (x) is

2 2

—172 sinx + szfl/ COS X.

y=x (cosx)v = Clel/

If y; =y and y, = y’ where y satisfies
Y+ a1 (x)y +aox)y = f(x),

then y{ = y2 and y} = —aoy1 —a1y2 + f. Thus

2= 26 +(0)

If y satisfies
y(n) +a,1,1(x)y(n—1) @i ()Y Fagx)y = f(x),
then let
yi=y., w=y. y=y. ... y=y""

Therefore

Yi=y2 Y =3 Yp—2 = Yn—1, and
y;l = —apy1 —a1y2 —a@2y3 — -+ — ap_1Yn + [,
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and we have

o 0 1
0o 0 1 0 I
d | »2 ) y2
P : :
: 0 0 0 1 :
Yn —ay —a; —a —ay Yn 1
0
0
+1
0 2.
S
If y = Cie**v, then
y = Cire™v = Cre’ AV = Ay 3.
provided A and v satisfy AV = Av.
2-x 1 | )
‘ ) 3_k‘_6—5k+k -2
=22 —50+4 4.

=A—-DARr—-4=0
if A=1o0rA=4.

2 1
Let A = (2 3>.

5.
If A=1 and AV =V, then
(2 1 vi) _ (v _
a3 ()= (2) o wenn
1
Thus we may take v =v; = 1) 6.
If A =4 and AV = 4v, then
_ 2 1 V1 o V1 _ o
= (2 1) (2)=4(2) @ 2u-n=o
1
Thus we may take v = vy = 5 )
By the result of Exercise 9,y = ¢*v] and y = eMv, are
solutions of the homogeneous linear system y = eAy. 7.

Therefore the general solution of the system is
y = Cie'vy + C264XV2,

that is

8.
M = Cie* ! + Cre™ ! , or
y2 -1 2

yi= Cie*+ Cre™
y2 = —Cie* + 2C2€4x.

SECTION 17.5 (PAGE 923)

Section 17.5 Linear Differential Equations
with Constant Coefficients (page 923)

y/// _ 4y// + 3y/ — 0

Auxiliary: 7° —4r2 +3r =0
rr—1)r—-3)=0 = r=0,1,3

General solution: y = C; + Coe! + Cze’,

Y@ =2y’ 4y =0
Auxiliary: r* —2r24+1=0

r*=1)>=0 = r=—-1,—-1,1,1
General solution: y = Cie™! + Cate™ + Csze’ + Cate'.

Yy +2y"+y=0

Aucxiliary: 2P 41=0
F2+12=0 = r=—i

General solution:

y = Cicost + Cysint 4+ C3tcost + Cyt sint.

—i,1,i

YD +4y® +6y" +4y +y=0
Aucxiliary: A e +4r+1=0

r+D*=0 = r=-1,-1,-1,-1
General solution: y = ¢~ (Cy 4 Cat 4 C3t> + Cqt).
If y=e?, then y” —2y —4y =¥ (8 —4—4) = 0.
The auxiliary equation for the DE is 3 — 2r — 4 = 0,
for which we already know that r = 2 is a root. Dividing
the left side by r — 2, we obtain the quotient 2 + 2r + 2.
Hence the other two auxiliary roots are —1 £ i.
General solution: y = Cie? + Cye ' cost + Cze ™" sint.

Aux. eqn: (r2 —r — 2)2(r2 — 4)2 =0
r+ 1D =2 -2 +2°=0

r=2,2,2,2,-1,-1,-2,-2.
The general solution is

y = 2 (C1 + Cat + C3t* 4 C4t®) + ¢ (Cs + Cet)
+ e 2(C7 + Cgr).

X2y —xy +y=0

aux: r(r—1)—-r+1=0
P2—2r+1=0
r—1%=0, r=1,1

Thus y = Ax + BxInux.

x2y" —xy' =3y =0
rr—1)—r-3=0=r>-2r-3=0

=>r—-3)r+1)=0=>r=—-landr, =3
Thus, y:A)c_1 + Bx.
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x2y// +xy/ —y= 0

aux: rr—1D+r—1=0 = r==l1
B
y=Ax + —.
X

Consider x2y” —xy' +5y =0. Since a =1, b = —1, and
¢ = 5, therefore (b—a)? < 4ac. Then k = (a—=b)/2a =1
and ®? = 4. Thus, the general solution is

y = Axcos(2Ilnx) + Bxsin(2Inx).

X2y +xy' =0

aux: r(r—1)+r=0 = r=0, 0.

Thus y=A+ Blnx.
Given that x2y" +xy'+y=0. Sincea=1,b=1,c =1
therefore (b — a)?® < 4ac. Then k = (a — b)/2a = 0 and
w? = 1. Thus, the general solution is

y = Acos(Inx) 4+ Bsin(Inx).

x3y/// +xy/ —y= 0.
Trying y = x” leads to the auxiliary equation

rr—1DFr—-2)+r—1=0
P =3+3r-1=0
r—1°=0= r=1,1,1.

Thus y = x is a solution. To find the general solution,
try y = xv(x). Then

y=xv+v, ¥y =xv"+20, y'=xv"+3".

Now x3y" +xy —y =x*" 433" + x%0 + xv — xv

=x2(xzv/// +3xv// + v/)’
and y is a solution of the given equation if v = w is
a solution of x?w” 4 3xw’ + w = 0. This equation
has auxiliary equation r(r — 1) + 3r + 1 = 0, that is
(r + D% =0, so its solutions are
, _ (&) n 2C31Inx

vV =w

X X
v=_Cj + Clnx + C3(lnx)2.

The general solution of the given equation is, therefore,

y = C1x + CoxInx + C3x(Inx)?.

Section 17.6 Nonhomogeneous Linear
Equations (page 929)

y'+y —2y=1.
The auxiliary equation for y” +y" —2y =0 is
r2 +r —2 =0, which has roots r = —2 and r = 1. Thus

the complementary function is

Yo = Cle_zx + Cae*.
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For a particular solution y, of the given equation try
y = A. This satisfies the given equation if A = —1/2.
Thus the general solution of the given equation is

1
y= 3 + C1e_2x + Cre”.

y'+y —2y=x.

The complementary function is y, = C 1672 + Cre*, as
shown in Exercise 1. For a particular solution try

y = Ax + B. Then y = A and y” = 0, so y satisfies the
given equation if

x=A—-2(Ax+B)=A—-2B —2Ax.

We require A —2B =0 and —2A =1, so A = —1/2 and

B = —1/4. The general solution of the given equation is
2x +1 ’
y=- 1 +C16_2A+C26x.

y// + y/ —2y = e *.
The complementary function is y, = C 1672 + Cre*, as
shown in Exercise 1. For a particular solution try

y = Ae ™. Then y) = —Ae ™ and y” = Ae ™, s0y
satisfies the given equation if

e =e"(A—A—-24A) = 247",

We require A = —1/2. The general solution of the given
equation is

1 ’
y = —Ee_x + Cre™ + Cye*.

y//+y/ _ 2y — e*.
The complementary function is y, = C 1672 + Cre*, as
shown in Exercise 1. For a particular solution try
y = Axe®. Then

y = Ae* (1 +x), y'=Ae* 2+ x),
so y satisfies the given equation if

e =Ae"2+x+1+x—2x) =3Ae".

We require A = 1/3. The general solution of the given
equation is

1
y= gxe" + Cre™ + C3e®.
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y' 42y +5y = x2.

The homogeneous equation has auxiliary equation

r?2 +2r +5 = 0 with roots » = —1 + 2i. Thus the
complementary function is

yn = Cre " cos(2x) + Cre™" sin(2x).

For a particular solution, try y = Ax2 + Bx + C. Then
y' =2Ax + B and y” = 2A. We have

)C2 :y//+2y/+5y
=2A+4Ax + 2B + 5Ax> + 5Bx + 5C.

Thus we require SA =1,4A+4+5B =0, and
2A+2B+5C = 0. This gives A = 1/5, B = —4/25, and
C = —2/125. The given equation has general solution

X2  4x 2

y= 5 "% 15 + e *(Cy cos(2x) + C, sin(2x)).

y” + 4y = x2. The complementary function is
y = Cicos(2x) + C2sin(2x). For the given equation,
try y = Ax? + Bx + C. Then

x2=y"+4y =2A+4Ax*> + 4Bx + 4C

Thus 2A +4C = 0,4A = 1, 4B = 0, and we have
1 1
A= 7 B =0,and C = -3 The given equation has

general solution

1 1
y = sz 3 + C1 cos(2x) + C3 sin(2x).

y// _ y/ _ 6y — e—Zx.

The homogeneous equation has auxiliary equation

r?> —r —6 = 0 with roots » = —2 and r = 3. Thus the
complementary function is

Yh = C1€72X + C263x.

For a particular solution, try y = Axe™>*. Then
y' = e (A —2Ax) and y" = e 2 (—4A + 4Ax). We
have
672): — y// _ y/ _ 6y
= e P (—4A +4Ax — A+ 2Ax — 6Ax) = —5A¢ .

Thus we require A = —1/5. The given equation has
general solution

1 ’ ’
y= —gxe_ZA + Cre ™ 4 e,

10.
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y// +4y/ +4y — 672x.

The homogeneous equation has auxiliary equation

r2 +4r +4 = 0 with roots r = —2, —2. Thus the
complementary function is

yi = Cre 2 + Coxe *.

For a particular solution, try y = Ax%¢~2*. Then
y = e 2 (2Ax—2Ax%) and y" = e 2 (2A—8Ax+4Ax?).
We have

e—2x — y// +4y/ +4y
= e 2(2A — 8Ax + 4Ax? + 8Ax — 8Ax? + 4Ax?)
= 24e" %",

Thus we require A = 1/2. The given equation has gen-
eral solution

2
y=e (% + Cy +C2x>.

Y+ 2y +2y = e sinx.

The homogeneous equation has auxiliary equation

r2 4 2r +2 = 0 with roots r = —1 £ i. Thus the
complementary function is

yin = Cre " cosx + Cre " sinx.

For a particular solution, try y = Ae* cosx + Be*sinx.
Then

y = (A + B)e* cosx + (B — A)e* sinx
y” =2Be* cosx — 2Ae” sin x.

This satisfies the nonhomogeneous DE if

e*sinx =y" +2y +2y
=e*cosx(2B +2(A + B) +2A)
+e*sinx(—2A+2(B — A) +2B)
=e " cosx(4A +4B) + e’ sinx(4B — 4A).

Thus we require A + B = 0 and 4(B — A) = 1, that is,
B = —A = 1/8. The given equation has general solution

X
y= %(sinx —cosx) + e *(Cycosx + Cysinx).

y' 42y 4+ 2y = e *sinx.
The complementary function is the same as in Exercise 9,
but for a particular solution we try

Axe ¥ cosx + Bxe “sinx

y =e *cosx(A — Ax 4+ Bx) + e *sinx(B — Bx — Ax)
y" =e *cosx(2B — 2Bx —2A)

+ e *sinx(2Ax —2A —2B).
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This satisfies the nonhomogeneous DE if

e Vsinx =y" +2y' 4+ 2y
=2Be “cosx —2Ae " sinx.

Thus we require B = 0 and A = —1/2. The given
equation has general solution

1
y = _Exe_x cosx + e *(Cycosx + Cysinx).

Yi+y =442x+e .

The homogeneous equation has auxiliary equation

r2 +r = 0 with roots r = 0 and r = —1. Thus the
complementary function is y, = C| 4+ Cae*. For a
particular solution, try y = Ax + Bx% + Cxe*. Then

y =A+2Bx+e *(C —Cx)
y" =2B+ e *(=2C + Cx).

This satisfies the nonhomogeneous DE if

442x+e*=y"+y
=A+2B+2Bx —Ce ™.

Thus we require A + 2B = 4, 2B = 2, and —C = 1,
that is, A =2, B =1, C = —1. The given equation has
general solution

y=2x+x2—xe ¥ +C| + Cre™™.

Yy +2y +y=xe*.

The homogeneous equation has auxiliary equation
r2+2r +1 =0 with roots » = —1 and r = —1. Thus the
complementary function is y, = Cje™* + Coxe™*. For a
particular solution, try y = e *(Ax% + Bx3). Then

y' = e *(2Ax + 3B — A)x*> — BxY)
y" = e (2A + (6B — 4A)x — (6B — A)x> + Bx>).

This satisfies the nonhomogeneous DE if

xe—X :y//+2y/+y
=e¢ *(2A + 6Bx).

Thus we require A =0 and B = 1/6. The given equation
has general solution

1
y= 6x3efx + Cre ™ + Coxe™™.
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y// + y/ _ 2y — X,
The complementary function is y, = C1e~2* 4+ Cpe*. For
a particular solution use

Yp =€ Fui(x) + “un(x),
where the coefficients u; and u, satisfy

—26_2’%/1 +etuy ="

e U + e*ub = 0.

Thus | |
up=—=e* uy = 56_2*
1 1
up=—=e" uy = —6672)(
| T 1 _,
Thus y, = —ze™" — ge = —Ee . The general

solution of the given equation is

1 :
y= —Ee_x + Cie X + Cye®.

y//+y/ _ 2y — e*.
The complementary function is y, = Cie~2* + Cpe*. For
a particular solution use

Yp = P ui(x) + e un(x),

where the coefficients u; and u; satisfy

—2672)51/!/1 +e‘uy =e*

e_zxu/l +e*u)y = 0.

Thus / - / |
up=—ze =3
U = —ée3x uy = %x.
Thus y, = —éex + %xe* . The general solution of the

given equation is

1 1
y = —§ex + gxex + Cre ™ + Cae*

1
= gxex + Cre™ + Cze”.

X2y 4+ xy —y = x>

If y = Ax2, then y' = 2Ax and y” = 2A. Thus
x2 — x2y// +xy/ —y

=2Ax% +2Ax% — Ax? = 3Ax2,
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so A = 1/3. A particular solution of the given equation
is y = x2/3. The auxiliary equation for the homogeneous
equation x2y” +xy —y=0is 4r(r — 1) +r —1=0, or
1= 0, which has solutions r = £1. Thus the general
solution of the given equation is

1 C
y=—x2+C1x+—2.
3 X

x2y” 4+ xy’ —y = x" has a solution of the form y = Ax"
provided r # £1. If this is the case, then

x" = Ax’(r(r —D+r— 1) = Ax’(rZ_ D).

Thus A = 1/(r> — 1) and a particular solution of the DE

is |
= ——x".
Y r2—1

x2y// +xy/ —y=nx.
Try y = AxInx. Then y) = A(lnx + 1) and y”" = A/x.
We have

A
x=x*= +xA(nx + 1) — AxInx = 2Ax.
X

Thus A = 1/2. The complementary function was ob-
tained in Exercise 15. The given equation has general
solution

1 Cy
y==-xlhx+Cix+ —.
2 X

X2y +xy —y =x.

1
Try y = xu1(x) + —u2(x), where u) and u, satisfy
X

/ /
u u 1
xup +2=0, uj--2=—.
x

’ X ’ 1
Un = ——, Uy = —.
2 2 I o
1 x2 . ..
Thus u; = 3 Inx and upy = -7 A particular solution is

In al
=—xlnx — —.
) 4

The term —x/4 can be absorbed into the term Cjx in the
complementary function, so the general solution is

1 C
y=—xlnx+C1x+—2.
2 X

19.

20.
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22y — Qx +xH)y + 2+ x)y = .

Since x and xe* are independent solutions of the corre-
sponding homogeneous equation, we can write a solution
of the given equation in the form

y =xu1(x) + xe*ur(x),
where u; and uy are chosen to satisfy

xuj +xefub =0, uj+ 1 +x)e‘u, =x.

Solving these equations for u} and u}, we get u} = —1
and u), = e *. Thus uy = —x and up = —e™*. The
particular solution is y = —x?>—x. Since —x is a solution

of the homogeneous equation, we can absorb that term
into the complementary function and write the general
solution of the given DE as

y = —x% 4 Cix + Coxe®.

1
xzy// _,’_xy/ + <x2 _ Z) y= x3/2.

A particular solution can be obtained in the form

—1/2

y= xil/z(cos Xup(x) +x (sinx)up(x),

where u; and u satisfy

x Y2 (cos x)uy + x V2 (sinx)uy = 0

1
<—§x73/2 cosx —x /2 sinx) u}

1
— (Ex_3/2 sinx — x~1/2 cosx) uy = x~ 12,

We can simplify these equations by dividing the first by
x~1/2 and adding the first to 2x times the second, then
dividing the result by 2x'/2. The resulting equations are

(cos x)u + (sinx)ub =0
—(sinx)u} + (cosx)uh = 1,

which have solutions ] = —sinx, u), = cosx, so that
u) = cosx and up = sinx. Thus a particular solution of
the given equation is

y= x 2 cos?x +x 71 sin? x = x7 12,

The general solution is

y = x_l/z(l + Crcosx + Cy sinx).
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Section 17.7 Series Solutions of Differential
Equations (page 933)

"= (x —1)2y. Try
o0
y= Zan(x - l)n'
n=0
o0
Y=Y nn— Day(x — 1"
n=2

=Y (1 +2)(n + Dapga(x = 1"

n=0
0=y"—(@x-1%

=D 0+ + Danga(x = D" =3 an(x = )"+

n=0 n=0

o0 o0

=Y 1+ + Dagpax = D" =) ap2(x — 1)
n=0 n=2

=2ay + 6az3(x — 1)

+ Y[+ D0+ Dansz — a2 fr = 1",

n=2

an—2

Thus ap = a3 =0, and @42 = ———— for n > 2.

n+1n+2)
Given ag and a; we have

agp
aq =
‘T34
_oas aop
B =78 3x4x7x38
an, = ao
M I AXTx8x - x (4n — 1)(dn)
T4l x3xTx---x(@dn—1)
ai
as =
5 4x5
as ag
ag = =
T 8x9 4x5x8x9
aj
a. =
M 5 x8x9x - x dn)dn + 1)
ai
T4l x5X 9% x (4n+1)
Q443 = Aapyy = - =az = ap = 0.

The solution is

00 1)4/1
y=a X_: n‘><3><7>< X (4n—1)

( l)4n+l
1 .
tarx +Z4”n‘x5x9x X @n+1)

n=1
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o
y' =xy. Try Zanx”. Then
n=0

o0

na,x" ! = E napx"~

n=1

'\<\
I
e

3
Il
=]

"

[o.¢]
y' = nn — Dayx" "% = Z(n +2)(n + Day4ox".

2 n=0

M

n

Thus we have

0=y"—xy
o0 o0
=) (2@ + Daggax" — ) ap"*!
n=0 n=0
o0 o0
=Y (42 + Dapax" =Y ap_1x"
n=0 n=1

o0
=2a; + Z[(ﬂ +2)(n + Dayy2 — anfljlx”
n=1

an—1
Th =0 and =———f > 1.
us az and an42 CESTESY orn >

Given aq and a;, we have

— a0
a3—2><3
a3 ao 1 x4 xag
ag = = =
®T5%x6 2x3x5x6 6!
as 1 x4x7xag
ag =
8x9 9!
1x4x---x@Bn—2ag
a3n =
(3n)!
ai 2><a1
(,14: =
3x4 4!
as 2><5><a1
ar =
6x7 7!
_2><5><---><(3n—1)a1
Aant1 = Gn+ 1!
O=ay=as=ag =" = a+2.

Thus the general solution of the given equation is

1 x4 2
y—“0<1+2 : X(3n;(3n )xh)

2x5x--x@Bn—1) 3,4
+a12 Gn 1 )l X .
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y//+xy/+2y:0

y(0) =1
y'(0) =2
Let
) 00
yzzanxn y’:Znanx”*l
n=0 n=1
00 00

Y= "nn = Dapx" = "(n+2)(n + Dapyax".

n=2 n=0

Substituting these expressions into the differential equa-
tion, we get

[e.¢]

o0
Z(n +2)(n + Dap42x" + Z na,x"

n=0 n=1

o0
+2 Zanx" =0, SO
n=0

2ap +2 + Z[(n +2)(n + Dap42 + (0 + 2)a,1x" = 0.

n=1

It follows that

an
a = —1, a =— , n=1,2,3,....
2 n+2 P

Since ap = y(0) = 1, and a; = y’(0) = 2, we have

ap=1 a; =2
a = —1 2
1 BT
ay = = 2
3 =
1 BT x4
“TTIs o2
7 =
1 2x4x6
aQ = ——
ST 3 5x7 a0 — 2
9 = -
2x4x6x8
The patterns here are obvious:
B (—1y (=™
= S % x@n—1) T T
(="'
- (@2n)!
znn!x2n x2n+l
J— oo _ n
Thus y =Y, 2o(—1) |: ) + 2”*1n!i|'
[o.¢]
If y = Zanx”, then y' = 3 2% na,x"~! and
n=0
o0 o
Y=Y nn—Dapx"? =Y (1 +2)(n + Dagax".
n=2 n=0

SECTION 17.7 (PAGE 933)

Thus,
0=y +xy +y

o0 o0 o0
= Z(n +2)(n + Dap42x" + x inanx"_1 + Zanx”

n=0 n=1 n=0

o0
=2ap +apg+ Z[(n +2)(n + Dapso + (n + l)an]x”.

n=1

Since coefficients of all powers of x must vanish, there-
fore 2a; + ap = 0 and, for n > 1,

(n+2)(n + Dant2 + (n + Da, =0,

: —dpn
that is, = .
at is, ap42 .
If y(0) = 1, th 1 ! 1
=1, thenag=1,ap = —, as = .
y l 0 l2 > 4 PR
- _ Fn
a6 = 53 37098 T 55 g If y/(0) = 0, then
ay =a3 =as5 =...=0. Hence,
lpyla 1 o ()"
=1 —x24 x*— —x0...= 2
y 2x +8x 48x + ”ZOZ”-n!x

¥+ (sinx)y =0, y(0) =1, y'(0) =0. Try
y =a0+a1x+a2x2+03x3 +a4x4+a5x5 + -
Then ag = 1 and a; = 0. We have
y” = 2ap + 6azx + 12a4x2 + 20a5x3 + .-

3 5
(sinx)y = x—x——i—x——---
6 120

x (1 +ax® 4+ azx® +asx* +asx® +--)
1
=x+<az—g>x3+a3x4
. Lo 1) sy
“Te T 0)" :

Hence we must have 2a; = 0, 6az + 1 = 0, 12a4 = 0,

1
20as + ax — 3 =0,.... Thatis,ap = 0, a4 = O,
1
a3 = ——, as = ——. The solution is
6 120

s, 1 5
=1——x3+—
y 6x +120x +
(1—=x%y" —xy'+9y =0, y(0) =0, y'(0) = 1. Try

oo

y= Zanx”.

n=0

641
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Then ap = 0 and a; = 1. We have

00

y/ — Zna”xnfl
n=1
00

y' = Zn(n — Dapx"2
n=2

0=(1—x%y"—xy +9y

o0 o0
=Y (n+2)(n + Dapgax" =Y n(n — ax"
n=0 n=2

o0 o0
- E na,x" +9 E anx"

n=1 n=0

= 2ay + 9ap + (6az + 8ay)x

+ > [0+ 20+ Danz — 02 = 9ay |x".
n=2

Thus 2ay + 9ayp = 0, 6az + 8a; = 0, and

(n? = 9ay,

R PR,

Therefore we have

aa=——, a=0=a7=ay=---.

3

The initial-value problem has solution

4'3
y_x—gx.

3xy” +2y +y=0.
Since x = 0 is a regular singular point of this equation,
try

o0
v=>aux"* (@ =1)
n=0

o0

Y=Y 4 wa !
n=0
oo

y' = Z(n + w4+ p — Dagx" T2,
n=0

Then we have

0=3xy"+2y +y

o0 o0
= Z[3(n +w)? -+ u)]anx'””‘_l + Zan_lx”+“_1

n=0 n=1

= 3u? — w!

+ i[(%’ 0 = () )an + apy [

n=1
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an—1

3+ — ()
n > 1. There are two cases: © =0 and u =1/3.

Thus 3u2 — =0 and a, = for

CASE L. u = 0. Then a, = —61"7_1. Since ap = 1
n(3n—1)
we have
1 1
ay) = — . ay = —————
1 x2 I x2x2x5
1
az = —
I x2x2x5%x3x%x8
(-1
a, =

nx2x5x---x@Bn-1)

One series solution is

(—1yen
=1 .
Y +2;n!><2><5><---><(3n—1)

n=

1
CASE 1. u = 3 Then

—dp—1 —ap—1
a” = =

34y =y O

Since ap = 1 we have

1 1
ap = — s a=—— ——
1 x4 1 x4x2x7
1
az = —
1 x4x2x7x3x10
(="
a, =

nx1x4x7x---x@Bn+1)

A second series solution is

y=x1/3 l+i (—1)"xn
ol x I x4xTx - xGn+1) ’

xy"+y +xy=0.
Since x = 0 is a regular singular point of this equation,
try

00

y=2 ax" (ap=1)
n=0
)

y/ = Z(” + /’L)anxn_HL_l
n=0

oo
V'= Y i Dagx"
n=0
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d 2 2
Then we have 4. LTI ey = vo@))
dx 2x
0=xy"+y +xy dv 1407
V+HX— =
e e d 2v
=Y [+ w0+ =1+ @+ ) |ae dv 1402 -2
n=0 o YixT T2 'T T
2vdv dx
+u+l -
+D_an" ol
n=0 1 C
e 0 ln(vz—l)zln—+lnC:ln—
— Z(n + M)Zananerl + Zaanxn+M71 , X X
_ _ C
11_20 1 ) n=2 y_z_lz_ = y2_x2:cx
= x* 7+ A+ p)ax® X
o dy x+y
+ Z[(” + //L)Zan + an—Z:IJCn_HL_1 . 5. E = y—x
n=2 (x+y)dx+ (x —y)dy =0 (exact)
2 2
Thusu:O,m:O,andan:—a"—jfornz2. d(%—i—xy—y?):O
n
It follows that 0 = a; = a3 =as = -- -, and, since ap = 1, 24 2y — y2 _c
1 1 dy y+e*
a = ——, as = —5—, ... 6. L = —
22 2242 dx x+er
(=" (=" ot e Ny =
ar, = — y+e)dx+ (x+e’)dy =0 (exact)

- 2242-~~(2n)2 - 22/1(,,”)2' d(xy—l—ex +ey) _0

. . x Y —
One series solution is xy+e +e’=C

(—=D"x 2n 7 dzy (dy>2 (let dy/dt)
e T =\ et p=ay
2
y=1 +Z 221 (n1)2 * di di
n=1 dP dp
p2 = — =dt
dt p?
1
—=C;—t
. . p
Review Exercises 17 (page 934) dy 1
ar  PT e~y
dy dt
_:zx = ——— =—In|t—-C +C
e y y T | i1+
y 2
— =2xdx = In|y|=x"+C d?y dy
8. 2—=+5—+2y=0
) ar ar T
:Cex 2
y Aux: 2r°+5r+2=0 = r=-1/2, =2
d_y —e¢ Vsinx Y :C1e_l/2—|—C2€_2t
d.x - " /
i ] i 9. 4y"—4 5y=0
e’dy=sinxdx = ¢’ =—cosx+C Y y+2y
¥ = In(C — cosx) Aux: 4r° —4r+5=0
1
. J (2r—1)2+4=0:>r=§:i:i
—y=x+2y:> —y—2y=x x/2 x/2 o
dx dx y=Cire"’'“cosx + Cre’’'“ sinx
d _ _ dy _
E(e Ty =e (E_2y> =xe ™ 10. 2x%y"+y=0
) ) X, 1, Aux: 2rr—1)4+1=0
67Xy:/xefxdxz——efx——efx-i-c 1
1 2 4 2r2—2r+1:O:>r:§(1:|:i)
__x 2x .
y——E—Z—FCe y=C1|x|1/2COS(%1n|X|)+C2|X|I/ZSIH(%IH|X|)
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2d?y dy
e —
dr? dt
Aux: rr—1)—r+5=0
r—12+4=0 = r=1+2i
y = Citcos(2In|t]) 4+ Cat sin(21n |¢])

+5y=0

d3y d?y
— +8— +16— =0
dr dr? di
Aux: 73 +8r2 +16r =0
rr4+42=0 = r=0,-4,-4
y=Ci+ Cre™ + Cste™
d?y dy ’
7 5_ 6 — X 3x
P dx +6y=¢ +e
Aux: r2=5r+6=0 = r=2.3.
Complementary function: y = Cie> + Cpe3*.
Particular solution: y = Ae* + Bxe™*
y' = Ae* + B(1 + 3x)e>*

y" = Ae* + B(6 + 9x)e*

e+ = Ae*(1 —5+6)

4 Be¥¥ (6 4+ 9x — 5 — 15x + 6x) 17.

=2Ae* + Be™*.

Thus A =1/2 and B = 1. The general solution is

1
y= Eex +xe? + Cre® + Cre.

18.

d’y  _dy 2

—= —5—+6y =xe™*

dx?  Tdx +oy ) ) )

Same complementary function as in Exercise 13:
C1e* + C2e**. For a particular solution we try

y = (Ax? 4+ Bx)e?*. Substituting this into the given

DE leads to

xe? = 2A — B)e* — 2Axe™, 19.

so that we need A = —1/2 and B = 2A = —1. The
general solution is

1 ’
y=— (Ex2 —|—x> e + Cre* + Cre.
d?y _dy 2
LA St -
dx? + dx ty=x

Aux: r2+2r + 1 = 0 has solutions r = —1, —1.
Complementary function: y = Cie™ 4+ Coxe ™ .
Particular solution: try y = Ax?> + Bx + C. Then

12 =2A +2QAx + B) + Ax> + Bx + C.

644
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Thus A =1, B =—4, C = 6. The general solution is

y=x>—4x+6+ Cre " + Coxe ™.

2

dy
2 3
xXT—= —2y=x".
a2~
The corresponding homogeneous equation has auxiliary
equation r(r — 1) —2 = 0, with roots r =2 and r = —1,

so the complementary function is
y = C1x% + C/x. A particular solution of the non-
homogeneous equation can have the form y = Ax°.
Substituting this into the DE gives

6Ax> —2Ax3 = X3,

so that A = 1/4. The general solution is
1 C

y = —.)C3 + C1x2+ _2
4 X

2

dy
EZF’ y2) =1
yzdy:xzdx
y3=x3+C
1=8+4C = C=-7
Y=x-7= y=@ux*-7n'3
dy _y*
sz—z, y2) =1
dy dx 1 1
y2oox? y X
1 1
==-+C = C=-=
2+ 2
_(1,] o
y= x 2 T x 42
dy Xy
Ir = R y(0) =1. Let y = xv(x). Then
vVtXx— = 0
d 1+ v?
dv. v v3
dx ~ 1402 1+ v?
1402 _dx
-— e
ﬁ—lnlvlzlnle—lnC
v
2
1
% === In(Cvx)? = In(C2y?)

="y =1=c2=1

2 /2 2 2
= ory = /@),
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dy

- + (cosx)y = 2cos x,
X

d /. . d i

_(esmxy) —psinx (4, (cosx)y ) = 2cosxes"*

dx dx

esinxy — zesinx +C

y =2+ Ce 0¥

1=2+c = c=-1

—sinx

ym) =1

y=2-—e

Yy 4+3y +2y =0, y(0) =1, y(0) =2
Aux: r243r+2=0 = r=-1,-2.

1=A+B
2=—-A-2B.

y=Ae "+ Be T =
y =—Ae™™ —2Be > =

Thus B = 4. The solution is

y=4de ¥ —

-3,A =
3¢,

Y 42y + (1 +7d)y=0,y1)=0,y() ==
Aux: P2 +2r+14+72=0 = r=—1+mi.

y = Ae " cos(mx) + Be " sin(wx)
y =e ¥ cos(rx)(—A + Brr) + e *sin(mx)(—B — Am).

Thus —Ae™' =0 and (A — Br)e ! = x, so that A =0
and B = —e. The solution is y = —e! ™ sin(x).

Yy 410y +25y =0, y(1) = ¢, y/(1) =0
Aux: 2 +10r+25=0 = r=-5, -5.

y = Ae™>* 4 Bxe™>*
y' = —5Ae7>* 4+ B(1 — 5x)e ™.

We require e =(A+B)e™ and 0 = e >(—5A — 4B).
Thus A+ B =1 and —5A = 4B, so that B = 5 and
A = —4. The solution is y = —4e™>* 4 Sxe ™%,

x2y" —3xy' +4y =0, y(e) = €2, y'(e) =0
Aux: r(r —1) =3r+4 =0, 0or r —2)* = 0, so that
r=2, 2.

y= Ax% + Bx’Inx
y' =2Ax +2BxInx + Bx.

We require e = Ae? + Be? and 0 = 2Ae + 3Be. Thus
A+ B =1and 2A = —3B, sothat A =3 and B = 2.
The solution is y = 3x2 — 2x%1Inx, valid for x > 0.

dzy _ 2t _ / _

W+4y—8e ,y0)=1,y'(0)=-2

Complementary function: y = Cj cos(2t) + Cz sin(2t).
Particular solution: y = Ae?, provided 4A +4A = 8, that
is, A =1. Thus

y = e* + Cj cos(2t) + Ca sin(21)
y' = 2% — 2C; sin(21) 4 2C; cos(2t).

26.

27.

28.
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We require 1 = y(0) =14 C; and
—2=19'(0) =2+42C,. Thus C; =0 and C; = —2. The
solution is y = ¢* — 2sin(2¢).
2

4y +5d—y —3y=6+7¢%, y(0)=0, y©0) =1

dx? " dx
Aux: 2r24+5r—3=0 = r=1/2, -3.
Complementary function: y = Cje*/2 4+ Cpe3*.
Particular solution: y = A + Bxe*/?

r_ B x/2 (l f)
y e + 3
y" = Be*/? (1 + 1—6) .
We need

5
Bex/2(2+§+5+7x—3x>—3A=6+7e"/2-

This is satisfied if A = —2 and B = 1. The general
solution of the DE is

y=-2 +xe*? 4+ C1e*? + Cre 3.
Now the initial conditions imply that
0=y0)=-24+C1+C
1=y'(0) :1+% —3C»,

which give C; = 12/7, C; = 2/7. Thus the IVP has
solution

1
y=—2+xe? + ;(12&/2 +2¢73).

[(x + A)e* siny 4 cos y]dx + x[e* cosy + Bsiny]dy =0
is Mdx + Ndy. We have
— =(x+ A)e“cosy —siny
dy
oN X : X
a:e cosy 4+ Bsiny 4 xe” cosy.

These expressions are equal (and the DE is exact) if
A = 1and B = —1. If so, the left side of the DE is
d¢(x,y), where

¢ (x,y) =xe’siny+xcosy.

The general solution is xe*siny +xcosy = C.

(x2 +3y%) dx + xydy = 0. Multiply by x":
x"(x2 43y dx +x"ydy =0

is exact provided 6x"y = (n + 1)x"y, that is, provided
n = 5. In this case the left side is d¢, where

1 1
P(x,y) = Exﬁy2 + gxs.
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The general solution of the given DE is

4x6y2 +x¥=cC.

x2y" — x(2 4 xcotx)y + (24 x cotx)y =0

If y = x, then yy = 1 and y” = 0, so the DE is clearly
satisfied by y. To find a second, independent solution, try
y = xv(x). Then y' = v +xv’, and y” = 2v' + xv”. Sub-
stituting these expressions into the given DE, we obtain
2x20 + 130" — (xv + x20") (2 + x cot x)

+xv(2+xcotx) =0

230" — 13 cotx =0,

or, putting w = v/, w’ = (cotx)w, that is,

dw cosx dx

w sin x
Inw =Insinx +InC,

VV=w==Cysinx = v=C; —Cacosx.

A second solution of the DE is x cos x, and the general
solution is
y=Cix + Crxcosx.

x2y” — x(2 4 xcotx)y’ + (2 + x cotx)y = x7 sinx
Look for a particular solution of the form
y = xup(x) + x cos xus(x), where

xuy + xcosxuy =0
u] + (cosx — x sinx)uy) = x sinx.
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Divide the first equation by x and subtract from the sec-
ond equation to get

—xsinxuh = x sinx.

Thus u’2 = —1 and up = —x. The first equation now
gives u’1 = cosx, so that u; = sinx. The general solution
of the DE is

2

y=xsinx —x“cosx + Cix + Cox cos x.

Suppose ¥y’ = f(x,y) and y(xg) = yo, where f(x,y) is
continuous on the whole xy-plane and satisfies

|f(x,y)| < K there. By the Fundamental Theorem of
Calculus, we have

y(x) = yo = y(x) — y(x0)

= /X y () dt = /Xf(t,y(z)) dt.

0 0

Therefore,
[y(x) = yol < K|x — xo.

Thus y(x) is bounded above and below by the lines
y = yo = K(x — x0), and cannot have a vertical asymptote
anywhere.

Remark: we don’t seem to have needed the continuity of
af/dy, only the continuity of f (to enable the use of the
Fundamental Theorem).



