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SECTION 14.1 (PAGE 759) R. A. ADAMS: CALCULUS

CHAPTER 14. MULTIPLE INTEGRATION The solid is split by the vertical plane through the z-
axis and the point (3, 2, 0) into two pyramids, each with
a trapezoidal base; one pyramid’s base is in the plane
y = 0 and the other’s is in the plane z = 0. [ is the sum

Section 14.1 Double Integrals (page 759) of the volumes of these pyramids:
L (5+2 1/5+3
f,y)=5-x—y 1=§(T(3)(2)>+§(T(2)(3)> = 15.
R=1x[fO, D+ 0.2+ 1,1+ 01,2
+ QD+ f2)] . // .
D

—44343424241=15
R=4x1x[5+5+5+5+4]=96
R=1x[f(L.D+ /1D + 72D +f2 8. R=4x1x[4+4+4+3+0]=60

31 +f(3,2>]

3o l4140=0 9. R=4x1x[5+5+4+4+2]=80

10. J = area of disk = 7 (5%) ~ 78.54
R=1 0,0 0,1 1,0 1,1
x [£O.0+ £O. D+ £(1,00+ £, 1) L R 1 x @2 ol g 2y 2y o524 o5
+ 2.0+ 2] ~32.63

—5+4+4+3+3+2=2l
12 f(x.y)=x*+y?

R=4x1x[fG.H+rGH+7GH+rd D

R=1x|f1,00+ f(I. D)+ f2,0)+ f(2. 1)
[ + G D+ rEDH+rEDH+rED

+/6.0+76.1)] +1G D+ 16D
D+ G D+rG D+ D+ G D]

R=1x[f D+ r&H+ 76 H+1G. D

+ & H+rd D]

=918

13. [, dA =area of R =4 x5 =20.

=44+34+34242+1=15 Al
-1 3
1 = // (5 —x —y)dA is the volume of the solid in the x
D
figure. R

=z

Fig. 14.1.13

14. // (x+3)dA=//di+3// dA
D D D

= 0+ 3(area of D)

722
=3 x — = 6m.

The integral of x over D is zero because D is symmetri-
cal about x = 0.
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x24y2=1

~ Y
C

D J x
) 2,
Fig. 14.1.14 Fig. 14.1.17
: : : _ 18. // Jat —x2—y2dA
15. T is symmetric about the line x + y = 0. Therefore, EIE Yy
/ / (x+y)dA=0. = volume of hemisphere shown in the figure
T
vt = l é—lna3 = %na3.
(2,2) 2\3 3

(-11)
[

J X 7= /az_xz_yz
1,-1

Fig. 14.1.15

(=2.-2)

X xz +y2:a2

Fig. 14.1.18

19. / / o (a=yx2+5?)da

1 = volume of cone shown in the figure
= -7 x4 x 5(1)(1) = —27. 1,
= -ma’.
(Each of the first two terms in the integrand is an odd 3 a4
function of one of the variables, and the square is sym-

metrical about each coordinate axis.)

A
y y=a—/324y2

16. // <x3 cos(yz) +3siny — rr) dA
[x|+]y|=1

=0+0 —n(area bounded by |x|+ |y| =1

x2py2=q?

Fig. 14.1.19

Fig. 14.1.16 20. By the symmetry of S with respect to x and y we have

x + )dA:Z//di
17. // 4x2y} — x +5)dA //s Y s
x24y2<1

=2 X (volume of wedge shown in the figure)
=0 — 0+ 5(area of disk) (by symmetry) s

1
= 57. =2><§(a2)a:a‘.
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z 1 pry
2. //(xy+y2)dxdy
o Jo
1 /.2 x=y
X7y 2
= —+x
[ (5 +)

dy
311, 3
= — d - —.
2/0 Y=g
(a,a,0)

x=0
T X
Fig. 14.1.20 3. / / cos
0 —Xx
e

21. //(l—x—y)dA =/ sinyv
T 0

y=-—x

ydydx
y=x

dx

T

= volume of the tetrahedron shown in the figure T
=2 sinxdx = —2cosx| =4.
— L Gmm)m = . 0 0
3\2 6
2 y
4 / dy / v dx
0 0
2 1 x=y
= / ydy|—e?
(0.1,0) 0 Yo b=
- 2 P22 A
' =/y<e>‘2—1)dy=e A
x 1(1,0,0) 0 2 0 2
Fig. 14.1.21
a b
5. //(x2+y2)dA:/ dx/(x2+y2)dy
22. // /b —y2dA R 0 0
R a 3\ [V=b
= volume of the quarter cylinder shown in the figure = / dx (x2 y+ %)
1 1 0 y=0
= —(wb*)a = -mab’. a 1
4 4 i :/ (bx2—|— —b3) dx
0 3
= l<bx3 +b3x) ’ = l(a3b + ab3)
3 o 3 '
y A
. b
Fig. 14.1.22 R
Section 14.2 Iteration of Double Integrals in PE— g
Cartesian Coordinates (page 766)
. . Fig. 14.2.5
1 / dx | (xy+y9)dy
0 0
1 2 3\ (V=¥
Xy y a b
:A dX(T—F?) o 6 //xzysz:/ xzdx/ yzdy
R 0 0
5 ! 313 313
:—/x3dx=_ za_b_:ab
6 Jo 4 33 9
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. 1 Jx
//(smx—}—cosy)dA 9. // xyZdA:/ xdx/ yzdy
S R 0 x2
/2 /2 1 —
= dx / (sinx +cosy)d 1
Iy Dy Y

7/2 y=m/2
= / dx (y sinx + sin y)
0

1
y=0 = - <x5/2 — x7) dx
3Jo
T2 8\ |1
:/0 (Esmx—kl) dx :l(zx7/2_x_>
) o 3\7 & /1o
:(——cosx—i—x) ==+ = —l g—l —i
2 0 22 T 3\7 8/ 56
y v
T
2
S
X T X‘
2
Fig. 14.2.7

Fig. 14.2.9

a b(1—(x/a)) 10. // xcosydA
//(x—3y)dA:/ dx/ (x —3y)dy D
T 0 0 1 1—x2
a 3 y=b(1—(x/a)) = / xdx / cosydy
:/ dx (xy - —y2> 0 0
0 2 1

y=0 y=1-x?
a 2 2 :/ xdx (siny)
:f [b(x—x—>—§b2(1—2—x+x—2>]dx 0 y=0
0 a 2 a a 1
2 bxP 3 5 3 02x2 1 23\ ¢ =/ x sin(1 —xz)dx Letu =1—x2
=lb——--——= b - - — 0
(2 a3 272 2a2>0 du = —2xdx
2 2 I 1 1 — cos(1
:Q_ﬂ' =——/ sinudu = —cosu _ﬂ.
6 2 2 2 1 2
y y 4
b
Lyy=1
T g
X a x‘
Fig. 14.2.8 Fig. 14.2.10
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11. For intersection: xy =1, 2x +2y = 5. 1

Thus 2x2 — 5x +2 = 0, or 2x — 1)(x —2) = 0. The

intersections are at x = 1/2 and x = 2. We have (a,a)

2 (5/2)—x T y=x
// lndi=/ lnxdx/ dy I T
D 172 1/x
2 a x
5 1
=/ lnx(——x——>dx
1/2 2 X
2 3 1 22
= Inx|{-—x dx——(lnx)
1/2 2 2

- Fig. 14.2.12

5 13 “oan= [ Cay [V ra
U=Inx dV=<——x>dx ) Rye B 0oy Y y re
U dx 2 1 1 V

= — 2 y
R =5 [a-vea
272 0
2 U=1—y dV =edy

2
_ _% ((ln2)2 ~(In %)2> + (%x - %) Inx

R =3[a—ww
[ G3) ?

dU = —dy V=e

1 1
+/ e’ dy
0 0

1 1 e
5 1\. 1 15 15 _ _
—G5-2m2—(2-Z)m=-242 =—5t5l-D=--1
©=2n (4 8)“2 + 16 2 2 2
33 !
:—ln2—£.
8 16
(LD
y
y=x
® S v=x*
X
Fig. 14.2.13
1 X
14. //%dA:/ %dx/ ydy
Fig. 14.2.11 rl4x o Ltx 0

1 frox3
S LS
2/0 Tyt
a a 1
12. //,/az—yszZ/ \/az—yzdy/ dx :%In(1+x4) _In2
T 0 y
a
= | (a—y)ja® —y*dy ’
/0 (1,1)
a a B
:a/o ,/az—yzdy—/o yya? —y2dy

Let u = a? — y?

0 8

y=x
du =-2ydy T
2 0
Ta 1 12
=a T + E /az u / du 1 X
3 a
_rma _1aplt (z _ 1>a3,
4 3 0 4 3 Fig. 14.2.14
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15.

S~

1 1 s
dy / - dx —/efx dx (R as shown)
R (1,1)

IRIR. 4
[

e dx Let u = x2
du = 2xdx

1 X
1 1 1
/ e tduy=——e™" =—(1——).
0 2 0 2 e

vt Fig. 14.2.17

N —

(1,1)

y=x 1 3
= 18. /0 dx/ V1 =y*dy

X

" g =//,/l—y4dA (R as shown)
R
1 1
= y\/l—y“dy—/ Yy1—ytdy

Fig. 14.2.15 /0 0

Let u = y? Let v=1—y*
du =2ydy dv = —4y3dy
1! 1[0
/2 i == \/l—uzdu—i-—/ v'2dv
16. / dy/ smx =// S dA (R as shown) 2 Jo 4 J;
0 R X | { 0 |
7/2 sinx * T2 =—<£X12)+—v3/2 zl__.
= dx dy = sinxdx = 1. 2\4 6 ., 8 6
0 X 0 0 ,
A y
y
1 (m/2,m/2) y=x!/ D
R
y=x y=x
R
»> x‘
/2 X

1 X
17. / / dy (A > 0) 19. V:/ dx/ (1 —x>dy
0 ¢ 0 0

¥ ! 5 11 1 .
= // ———>dA (R as shown) = (1 —-x")xdx = - — — = — cu. units.
x2 4 y2 0 2 4
/ / dx
0 x2+y?
x=y
1 X 1
f yhdy ~ (ta“ —) 20 v:/ dy | (1= xdx
Y7/ lx=0 0 0
Al 1 3
T el Y T y 1 1 5 .
= — d = —. = _— = - —- — = — . .
4/ Te Ty /0 (y 3 ) dy T 2 cu. units
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1
V= / / l—xz—yz)dy
0 0
1 y=1—x
[[(o-n-3)
0 y=0

dx
N3
(1—x%)(1 )—“ 3’“) >dx

I
S~
N N
[SSRN o)
|
[\)
+
v
QU
=
|
W
|
W
_l’_
W | =

22,

— y2and z = x? intersect on the cylinder

z =1
x2 4+ y2 = 1. The volume lying below z = 1 — y?

and above z = x2 is

:/f (1—y?>—x%)dA
x24y2<1
1 A/ 1-x2
:4/ dx/ (l—xz—yz)dy
0 0

y=+/1-x2

1 3N\ |
ol (0-0-3)

y=0

/ a- 2)3/2 dx Let x =sinu
dx = cosudu

/2 2 /2
= —/ cos*udu = —/ (1 +c0s2u)2du
3Jo 3Jo

2 (72 1 4
=—/ (1+20052u+w> du
0

3 2
_237r_n it
=3332=73 cu. units.

=[]

x+y

=/ <ln(x+y)
1

y=x
y—O)

2 2
(In2x —Inx)dx = ln2/ dx =In2 cu. units.
1 1

1/4

™ y
24, 'V :/ dy/ x2sin(y*) dx
0 0

1 1/

y3 sin(y4) dy Letu=y*
du = 4y3dy
1 /” . 1 .
= — sinu du = — cu. units.
12 Jy 6

534
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25. Vol://(l—x2—2y2)dA

NS
= /dx/ 1 —x*=2yYdy

21— x2)3/2

o (o35

4
‘/—/ (1=x»3%dx Let x = sin®
dx = cos6 do

442 (7 42 (7 (1 20\°
:i/ cos40d0:i/ 14020\ 4o
3 Jo 3 Jo 2

P /2
=§/ (1+200529+
0

=£[30

312

y A

1/V2

N

1
— +5sin260 + 3 sin49]

1 46

+ cos ) 20

2

/2 T .
= ——— cu. units.

0 232

x242y2=1

1

N

—

Fig. 14.2.25

26. Volsz(z—f—z dA
T

a b(1— (X/a))
=)
0 0

oi e

X

-[ [(2—;)”(1‘;)—%”2( —2)2} dx

_b/“ 3 4)c_|_x2
2.0 a a?

_b 3 2x2_|_x3
2\, 3a?

dx

a

2 .
= —ab cu. units.

o 3
y 4
b
2=l
T
a x‘
Fig. 14.2.26
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27. Vol = 8 x part in the first octant

a A a?—x?

=8/ dx/ va? —x2dy

Oa 0
8/ (az—xz)dx

0
3 a
2
0 3

o),
=

16 ,
= —a~ cu. units.

x24y2=q?

Fig. 14.2.27

28. The part of the plane z = 8 — x lying inside the elliptic
cylinder x2 = 2y% = 8 lies above z = 0. The part of

the plane z = y — 4 inside the cylinder lies below z = 0.

Thus the required volume is

Vol = //Xz+2y2§8(8 _x—(y— 4)) dA

= / / 12dA (by symmetry)
x242y2<8

2 2
— 12 x area of ellipse % + yz —1

=12 x 71(2\/5)(2) = 48+/27 cu. units.

29. With g(x) and G(x) defined as in the statement of the
problem, we have

x x d
/ G(u)du:/ du/ fi(u,t)dt

a (ld Lx
:/ dt/ fi(u,t)du

d
= [ (ren = ran)di = g - c.

d
where C = / f(a,t)dt is independent of x. Applying

the Fundameri‘tal Theorem of Calculus we obtain

g = 4 /X Gu)du = G(x).
dx J,

SECTION 14.3 (PAGE 771)

30. Since F'(x) = f(x) and G'(x) = g(x) ona < x < b, we
have

b x
//Tf(x)g(x)dA=/ f(x)dx/ G'(y)dy
b
=/ f(x)(G(x)—G(a))dx
b
= / fx)G(x)dx — G(a)F(b) + G(a)F(a)
b b
//T f(x)g(x)dA=/ g(y)dy/ F'(x)dx
. y
= [ s(F )~ F)dy
b
=FD)G®b) — F(b)G(a) —/ F(y)g(y)dx.
Thus

b b
f FOGE) dx = FB)G (b)—F(a)G (a)— / s VF (M) dy.

yk

(b.b)

Fig. 14.2.30

Section 14.3 Improper Integrals and a
Mean-Value Theorem (page 771)

o0 o0
1. // efxfydAzf efxdx/ e Vdy
0 0 0

R

=| lim (—e™)
R—o0 0

’ // dA _/Oo dx /OO dy
DMl DA +yy o T2 Sy 142

2
. SR n?
= | lim (tan™"'x) = —
R—o0 0 4

(converges)

2
) = 1 (converges)
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/ / dA = / ydy / which diverges to infinity. Thus the given double integral
s 14+ x2 1+ x2 diverges to infinity by comparison.

R
= lim tan~'x) =T (converges)
2\ s> s 2
R—o0
=(xl+lyD — —(x+y)
// 1 / dx 2xdy 7. //}gze XLy dA—4/‘[(20€ X)dA
y=0
T x\/— X OO [ee}
_ :4/ efxdx/ e Vdy
_ / 2(V2 f ) A A
0 x R\ 2
1 1 —X
d =4\ lim — =4
=2(v2 - 1)/ o 42 - 1) (converges) <Ri>moo ¢ 0)
0 VX
y 4 (The integral converges.)
1,2)

8. On the strip S between the parallel lines x + y = 0 and
y=2x/T x4y =1 we have e P = ¢=@+Y) > /e, Since S has
T infinite area,

e P A = 00.
y=x s

T Since e~ ¥ > 0 for all (x, y) in R?, we have

//]Rz e P Hlga > // e gA,
s

+
// a +);2)(1y+ 5 44
Q 2 dyA and the given integral diverges to infinity.
b t vt
// Trai sy ¥ symme)

=1
_s © xZdx [ dy . © x2dx -
- 122 )y T+92° 7 )y T+a2
0 +x< Jo +y 0 +x

which diverges to infinity, since x%/(1 + x2) > 1/2 on
[1, 00).

[ A e
gl+x+y 0 o 1+x+y
y=1 +y=0
o0
:/ (ln(1+x+y) )dx Fig. 14.3.8
0 y=0
00 2 o 1
=/ ln(i>dx=/ ln(l+—>dx-
0 1+x 0 1+

In(1
Since liI(I)l M = 1, we have In(1 + ) > u/2 on 9, // e VX dA = / dx / e dy
0

u—0+ u
y=0>

some interval (0, ug). Therefore
/ dx —y/x
= — | —xe
ml(1e ) ! X3
n
1+x/) = 21 +x) _(; 1 /Oodx
N e 1 x2

on some interval (xg, 00), and

NG 1® 1
=(1—-) lim [—— =1—--
oo 1 00 1 e ) R->o X1 e
In(1 dx > —dx, .
/0 n( + 1+ x) t= /x[) 2(1 +x) o (The integral converges.)
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Fig. 1439

//x2+y /1 / x2+y
=/ dx(—tan_ly
1 X X
n/‘°°dx
= — — =
4 1 X

X
.V=0>

(The integral diverges to infinity.)

11. Since e > 0 on Q we have

// e VdA > // eV dA,
0 R

where R satisfies 1 <x <00, 0 <y < 1/x. Thus

oo 1/x 1 0 g
// e_xydA>/ dx/ e_xydy>—/ T _ .
0 1 0 e Jq X

The given integral diverges to infinity.

y 4

Fig. 14.3.11

1 1 1/x
//—sm—dA / —sin—dx/ dy
R X X 2/ X X 0

=/ — sin — dx Letu =1/x

x x

27 du = —1/x%dx

0 0

=—/ sinudu = cosu =1
/2

(The integral converges.)

SECTION 14.3 (PAGE 771)

13.

w

Ny s
o (e[

= lim [(x FDIn(x+1) —x lnx]

1

c

= hm 2In2-0—(c+ DIn(c+1)+clnc=2In2.

c—0
vt vt
(1,1 (1,1)
S
T
x‘ X‘
Fig. 14.3.13a Fig. 14.3.13b
b)I-2//—-211mc—>0+/ /
x+y
_211mc—>0—|—/ ln(x+y)
c y=0
1 1
=2 lim (ln2x—lnx)dx=21n2/ dx =21In2.
c—0+ J, 0

14. VolszdeA
s X2+ y?

—4 / / 2xy SdA (T as in #9(b)
+ 2

sz

—4/ xdx/ 5

0 X +)’
1 22 4y

=2/ xdx/ —
0 x2 u

1
—2ln2/ xdx =In2 cu. units.

A
// A / / dy —/ k=a gx, which con-
D X 0

vergeSIfk—a>—1 that is, if k > a — 1.

xkb+1)
16. // yPdA = /dx/ ydy—/ dx if
Dy 0 b+1

b > —1. This latter integral converges if k(b + 1) > —1.
Thus, the given integral converges if » > —1 and
k>—-1/(b+1).

Let u = x2 + y?
du=2ydy

15.

wn

k

o0 X o0
17. // x?dA =/ x“dx/ dy:/ x4 dx, which
Ry 1 0 1

converges if k +a < —1, that is, if k < —(a + 1).
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-k
dA 00 g oo L.k(1-Db)
//_b=/ x/ %:/ al dx if b < 1.
Re Y 1 0oy 1 1=b

This latter integral converges if k(1 —b) < —1. Thus, the
given integral converges if b < 1 and k < —1/(1 — b).

1 x* 1 xa+(b+1)k
// x*yPdA :/ x%dx / yPdy :/ ——dx,
Dy 0 0 o b+1

if b > —1. This latter integral converges if
a+ (b + 1)k > —1. Thus, the given integral converges if
b>—-land k> —(a+ 1)/ +1).

00 xk 00 ja+(b+Dk
// x“yhdA:/ x“dx/ yhdy:/ —dx,
Ry 1 0 1 b+1

if b > —1. This latter integral converges if
a+ (b + 1)k < —1. Thus, the given integral converges if
b>—-landk <—(a+1)/(b+1).

One iteration:

X —y
———dA / / dy Letu=x+y
//s (x +y)? 0 (x+y)3 Y du = dy
A+12 _
/dx/ X u
¥ u=x+1
= d _—_
o< uz>
! 1 1 1
=/ Lo I D
o \x+1 (+D? x «x
1

_/1 dx _ 1 _
o kDT x 41,

Other iteration:

X =y
———dA / / dx Letu=x+
//s o+ ot y>3 Y
du = dx

—2

[ [
1 u=y+1

[l
0 u u u=y

R
L \or0r yr1 Yy y)®

_ /1 dx 1 _
o OG+D2  y+1|
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These seemingly contradictory results are explained by
the fact that the given double integral is improper and
does not, in fact, exist, that is, it does not converge. To
see this, we calculate the integral over a certain sub-
set of the square S, namely the triangle 7 defined by
O<x<1,0<y<nx.

X =y

dA =
//T (x+y)3 / /0 (x+y)3

Letu=x+y
du =dy

/-1 /2): 2
= dx
0 X u
1
1
(-3
0 u u
1 ['dx
4 0o X

X —U

u=2x

u=x

which diverges to infinity.

The average value of x2 over the rectangle R is

. //xsz
b-—ad—-o Jx

N S L A
_(b—a>(d—c)/ax xfc Y

1 P -d  a’+ab+D?
b—a 3 3 '
y A
d
R
a b X
Fig. 14.3.22

The average value of x2 + y? over the triangle T is

—//(x +y%)dA

= dx/ (x> +y>) dy

aZ
2 N b
— dx (xzy + —)
112 0 3 y=0
2 a
= £Vl A [3x2(a —x)+ (a — x)3] dx
2 a 2
= — [a3—3a2x+6ax2—4x3] dx = a_.
3612 0 3
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Fig. 14.3.23

24. The area of region R is
! 1
/ (Wx —xY)dx = 3 54 units.
0
The average value of 1/x over R is

A 1 Jx
R X 0 X Jx2
1
9
— -1/2 _ =z
—3/0 (x x) dx >

Fig. 14.3.24

25. The distance from (x, y) to the line x + y = 0is
(x + y)/~/2. The average value of this distance over

the quarter-disk Q is
= dA
na2 //

// x+y
wa?

az_xz
= —2 xdx /
Ta 0

=— x\/az—x dx Letu=a%—x?

2
a du = —2xdx
_ V2, 4
wa? J 3

26.

27.

28.

29.

com

SECTION 14.3 (PAGE 771)

a x

x+y=0

Fig. 14.3.25

Let R be the region 0 < x < 00,0 <y <1/ +x2). If
f(x,y) =x, then

0 1/(1+x2) © ydx
f(x,y)dA:/ xdx/ dy:/ —
/R 0 0 o 1+x2

which diverges to infinity. Thus f has no average value
on R.

If f(x,y) = xy on the region R of the previous exercise,
then

1/(1+x2)
// fx,y)dA = / xdx/

d
—2/ ﬁ Letu—l-i-x
0 du =2xdx
_1/‘°°du_1
Ta)y w24

A /O" dx b1
rea = —_— = .
0 1+X2 2

2 1 1
Thus f(x, y) has average value — x — = — on R.
T 4 2m

The integral in Example 2 reduced to

o0 1
/ 1I1<1+—2> dx
1 X

1
U:ln(1+—2> dV =dx

x V-
2dx =4

x(x2+1)

1
= lim |:x1n<1+ 2)
R—o0 X

dU = —

R

1

R
dx
2
+ /1 1+x2:|

- _ 1n(1 + (1/R2))
=2(3 -~ ) 2 Jim ——
_ 3
=2 2+ lim /R
2 #2o (14 (/R (<1/R)
=2 _m2
2

By the Mean-Value Theorem (Theorem 3),

/R f&x.y)dA = f(xo0, yo)hk

539
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for some point (xp, yo) in Rpk. Since (xo, yo) — (a, b)
as (h, k) — (0,0), and since f is continuous at (a, b),
we have

x,y)dA
(h, k)—>(0 0) hk /le F.

0 f(x0, y0) = f(a, b).

(hk) (0
If R={(x,y):a<x<a+h, b<y<b+k} then

a+h b+k
f fia(x, y)dA = / dax [ fiacydy
R a b

a+h
=f [fl(x,b—i—k) —fl(x,b)]dx
— fla+h b4k — fla,b+k — fla+h,b)+ f(a,b)

b+k a+h
f/ f21<x,y>dA=/b dy/ e y) dx
R a

b+k
= [ [pta )= fia ] ay

=fla+hb+k)— fa+h,b)— f(a,b+k)+ f(a,b).

Thus

// flz(x,y)dAsz fr1(x, y)dA.
R R

Divide both sides of this identity by Ak and let
(h,k) — (0,0) to obtain, using the result of Exercise
31,

Siz(a, D) = fai(a, b).

Section 14.4 Double Integrals in
Polar Coordinates (page 780)

2 a
// (x2+y2)dA=/ d9/ r2rdr
D 0 0
4 4

=27 — = ——
Ty T

27 a 3
2
//,/x2+y2dA=/ dB/ rrdr = ”3“
0

//\/m /271 ﬂ:27‘ra

7T a
// |x|dA=4/ dO/ rcos@rdr
D 0 0

2
B3 4

=4sin6

o 3 3

4
Ta
x2dA = T; by symmetry the value of this inte-

D
gral is half of that in Exercise 1.
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6. // x2y?dA =4 / d@/ r* cos? 0 sin® 0r dr
D
/2
= — sin (20) deo
6 0
a8 72 ab
=T [ (1-cos0))do = "o
12 24
/2 a
7. // ydA:/ d@/ rsinfrdr
0 0 0
/2 3 3
= (—cosb) —_ = —
0 3
243 . .
8. x+y)dA = T; by symmetry, the value is twice
0
that obtained in the previous exercise.
9. // & dA:/ dO/ e rdr
0
n(e“ )
= — —e _—
2\2 0 4
2 /2 @ 2r2sin 6 cos O
10. // %dA:/ d9/ L ar
0 Xty 0 0 r
2 )2 2 20 /2 2
= a—/ sin(20)do = — 20| _ @
2 Jo 4 0 2
/3
11. / (x+y)dA:/ d@/ (rcosO + rsin@)rdr
s

/3
=/ (cos9+sine)d9/ r2dr
0 0

y

a .
?(smO —cosf)

A

/3

0

(512

y=+/3x
2 y2=a?
S
/3
a x‘
Fig. 14.4.11

3+ a?
6
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//di—2/ dO/ rcosfrdr
sec6

= —/ cos@(Z\/_—sec 0)d0

3Jo

42 /4 /4
= i sin 6 — —tané

3 0 0
42 2
T3 373
y
Fig. 14.4.12

/4 sec6
. [[weshaa=["ao [

/4
= —/ sec’ 6 do
4 Jo

1 /4
= —/ (1 + tan® 0)se020d9 Let u = tan6

4
0 du = sec? 0 do
1 1
= Z,/o (14 u*) du

1 u’ :
)

1
0 3

(1,1

x=1

y=x
. r=sect

/4

Fig. 14.4.13

14.

15.

16.

17.

18.

SECTION 14.4 (PAGE 780)

2 1
// ln(x2+y2)dA=/ dO/ (nr?)rdr
x24y2<1 0 0
1
=4rr/ rinrdr
0
U=Inr dV =rdr
dr rZ
dU = -

_4n[ O—Z]z—n

(Note that the integral is improper, but converges since
lim, 0+ r2lnr =0.)

The average distance from the origin to points in the disk
D: x> 4y? <a?is

2w
naz// ,/x2+y2dA——/ dO/ r dr——

The annular region R: 0 < a < /x2+y2 < b has

2 2
area 7w (b? — a?). The average value of e~ ") over the
region is

1 2,2
—(x"+y%)
n(b? —a?) //Re aA
1 2 b )
:ﬁ/ d@/ e " rdr Letu=r?
(b= —a*) 0 a

du = 2rdr
Lo )1/;,2 g
R e
W2 —ar) 2 ). ¢

1
= m(67a2 — eib2>.

If D is the disk x> 4 y2 < 1, then

dA 2 1 1
// R IVA :/ dO/ r_Zkrdr:Zn/ r1=%ar
p (x*+y7) 0 0 0

which converges if 1 — 2k > —1, that is, if £ < 1. In this
case the value of the integral is

— 1
r2 2k

2 -2k

// dA
R> (14 x2 4 y2)k

2
d
= [ [ G =t
0 du =2rdr

© -7
:n/ u*du = if k > 1.
1 1—k

b/

2w = .
o 11—k
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. b4
The integral converges to Z

/4
// xydA = / d@/ r cos Or sinfr dr
=—/ sm29d9/ rdr
2 Jo 0

_a4 cos 26 ﬂ/4_ 4
8 2 )y 16
y 4
x2+y =a?
y=x
D
/4
a x‘
Fig. 14.4.19

1+cosé@
// ydA = / d@/ rsinOr dr

_5/ sm9(1+cos€)3d9 Letu =1+ cosé
0

du = —sinf df
2 42
= l/ Wdu=—| = é—l
3 Jo 12|, 3
vt r=14cosf
c
2 .
X
Fig. 14.4.20

The paraboloids z = x2 + y? and 3z = 4 — x? — y?
intersect where 3(x2 4+ y2) = 4 — (x2 + y?), i.e., on the
cylinder x2+ y2 = 1. The volume they bound is given by

2 2
2// [u_(xuryz)] dA
X2+}2<1
2
/ do / |: i|rdr
()

= (r—r3)dr
3 Jo

8z (12 | :
= | — - = —— Cu. units.
3\2 4/, 3

542
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One quarter of the required volume lies in the first octant.
(See the figure.) In polar coordinates the cylinder

x2 4+ y2 = ax becomes r = acosf. Thus, the required
volume is

V=4// Jat —x2—yrdA
/2 acosf
/ do Va2 —r2rdr Letu =a?—r?
0 du = —2rdr
= / dO/ u'’? du
a2€1n29

zi/ a0 el
3Jo a?sin 6

4 /2
- _a3/ (1 —sin®6)do
0

3
4 /2
— §a3 (l —/ sinf(1 — cos29)d9>

2 0
Let v = cos @
dv = —sinfd6b
2 3 4, 3 1
_ et (l—vz)dv
3 3 Jo

2ra®  4d3 v
= = (==
3 3 3

2ra® 8a® 2
— 7'r3a _%:§a (3w —4) cu. units.

Z
4

Fig. 14.4.22

The volume inside the sphere x2 4+ y? + z2 = 24 and the

cylinder x% 4+ y% = a? is

—8/ d9/ V2a? —r2rdr Letu =2a%—r2

du = —2rdr
207 dra?
=27r/ u'?2du = (2\/—— ) cu. units.
aZ
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Fig. 14.4.23

2 2
24. Volume = / do (rcos@ +rsinf +4)rdr
0 0

2 2 2
= (cos 6 + sinf) d6 / rzdr+87'r/ rdr
0 0 0

=0+47(2%) = 167 cu. units.

25. One eighth of the required volume lies in the first oc-
tant. This eighth is divided into two equal parts by the
plane x = y. One of these parts lies above the circular
sector D in the xy-plane specified in polar coordinate by
0 <r <a,0 <6 < /4, and beneath the cylinder
7z = ~/a? — x2. Thus, the total volume lying inside all
three cylinders is

V=16// va?r—x2dA
D
/4 a
= 16/ dB/ va? —r2cos20rdr
0 0

Let u = a% —r2cos?0

du = —2r cos? 0 dr

/4 4o a?
= 8/ / u'’? du
o c0520 Jsin2e

164 [™/* 1 —sin’0
L
3 Jo cos* 6
16a® (™4 ,  1—cos’6 |
= / sec’0 — —————ssinb | dO
3 ) cos2 6
1643 1 /4
= a tand — —— — cosf
3 cos 6 0
1643 ( 1
= 1—0—\/§+1——+1>
3 V2

1
=161 - — ) a® cu. units.
( ﬁ)

SECTION 14.4 (PAGE 780)

24yi=a?

2

y2+t=a

Fig. 14.4.25

26. One quarter of the required volume V is shown in the
figure. We have

v=s[ raa

/2 2sin 0
:4/ do Vrsinfrdr
0 0

2sin 6
0 )

3242 (72 64+/2
= —\/_/ Sin3 do = \/—
5 L 15

/2

2
=4 Vsin@ do <§r5/2

0

Cu. units.

Fig. 14.4.26

27. By symmetry, we need only calculate the average dis-
tance from points in the sector S: 0 < 6 < m/4,

543
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0 <r <1 to the line x = 1. This average value is

8 /4
—//(l—x)dA / d@/ (1 —rcosO)rdr
T JJs

/4
—|:——/ cos&d&/ r dr]
718 Jo 0

8 .
=]— ——=1— —— units.

3\/57[ 37

yk

Fig. 14.4.27

28. The area of S is (4w — 3+/3)/3 sq. units. Thus

3
i=—— [[ xdaA
4n—3ﬁ//s

6 7/3 2
=— d@/ rcos@rdr
47 — 3\/?/(.) sec

2 /3 5
= cos B (8 —sec’ 0)do
4r —3/3 Jo
2 /3 633
4/3 — tan6 = L
T 4r 343 0 4 — 33
6+/3
The segment has centroid L, 0].
47 — 33
y4
—
2/ V3
/3 |1 S 2
Fig. 14.4.28

29. Let E be the region in the first quadrant of the xy-plane

bounded by the coordinate axes and the ellipse

x2 y2

—+ 5= 1. The volume of the ellipsoid is
a b2

/ 22
V:8c//E l—ﬁ—ﬁdxdy.

544
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Let x = au, y = bv. Then

a(x, y)
da(u, v)

dxdy:’ dudv =abdudv.

The region E corresponds to the quarter disk Q:
u?+v% <1, u, v>0in the uv-plane. Thus

1% :8abc// V1—u?2—v2dudv
0
1
= 8abc x (g x volume of ball of radius 1)

4 .
= gnabc cu. units.

30. We use the same regions and change of variables as in
the previous exercise. The required volume is

y2
V= () e
:ab/ (l—u —v)dudv.
(9]

Now transform to polar coordinates in the uv-plane:
u=rcosf, v=rsinb.

/2 1
V:ab/ dO/ (l—rz)rdr
0
__mab __ﬁ !
— 2 \2 4

0

wab .
= —— cu. units.

31. letx = M;v,y = M_v,sothatx—i—y = u and
x —y =v. We have
1 1 1
I3
dxdy=1|1 = —dudv.
3 2

Under the above transformation the square |x| + |y|
corresponds to the square S: —a <u <a, —a <v

Thus
X+ 1 u
eV dA =~ e dudv
Ix|+ly|<a 2 JUs
1 a a
= - e”du/ dv
2 ;/;a —a

=a(e’ —e %) =2asinha.

32. The parallelogram P bounded by x +y =1, x +y = 2,
3x +4y =5, and 3x + 4y = 6 corresponds to the square
S bounded by u = 1, u = 2,v = 5, and v = 6 under the
transformation

u=x+y, v=23x+4y,
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or, equivalently,

x =4u — v, y=v—3u.
v A v
v=6
lzl\z\u:Z
xty=1 v=5
3rrdy=5 g =0
x+y:5x
u
Fig. 14.4.32a Fig. 14.4.32b
We have

ax,y) |4 -1
dw,v) |3 1

so dxdy = dudv. Also

-

2y = (i — 0)? + (v —3u)? = 25u® — lduv + 20°.

Thus we have

// (2 +y¥)dxdy = / (25u* — 14uv + 2v*) du dv
P S

2 6
2 2 7
:/ du/ 25u” — 14uv + 2v°)dv = =
1 5 2

Let u = xy, v=y/x. Then

a(u,
wv) | vy , 2r o,
dx,y) |—y/x7 1/x x
a(x, 1 . .
so that (x. y) = —. The region D in the first quadrant
o(u, v) 2v

of the xy-plane bounded by xy =1, xy =4, y = x, and
y = 2x corresponds to the rectangle R in the uv-plane
bounded by u = 1, u =4, v = 1, and v = 2. Thus the
area of D is given by

//dxdy_/ —dudv
s

In2 sq. units.

y A
y=2x
y=x
D xy=4
xy=1
=
Fig. 14.4.33

34.

3s.

SECTION 14.4 (PAGE 780)
v A
v=2
u=1 R u=4
v=1
u'
Fig. 14.4.33

Under the transformation u = x2 — y2, v = xy, the

region R in the first quadrant of the xy-plane bounded by
y=0,y=x,xy=1,and x2 — y2 = 1 corresponds to
the square S in the uv-plane bounded by u = 0, u = 1,
v=20, and v = 1. Since

2x 2y
y X

a(u, v) _
Ix,y)

‘ =20+ %),
we therefore have
2 2 1
(x“+y9)dxdy = Edudv.

Hence,

1 1
//(x2+y2)dxdy://—dudv:—.
R s2 2

= // =0/ g4

7/2 1/(cos0+sin®) cosf—sind
a) I—/ d@/ esinf+cosd r dr

7/2  cos@—sinf do
/ e sinf+cos@ _—
0 (cos @ + sin0)?
cosf — sinf

sinf + cos 6
2d6

(sin@ + cos 6)2
/le"duze_e_l.
» 4

Ay AV

2
Let u =

du = —

(=1,1) 1 (1,1

T/

Fig. 14.4.35

545
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b) fu=y—x,v=y+x then where S is the square 0 < s < x,0 <t < x. By
symmetry,
d(u, v) -1 1
= = —2,
a(x,y) 11

2 8
(Erf(x)) = ;// e~ ) dsdt,
T

1
so th A= == . Also, T s . .
so that d dxdy > dudv SO corresponds where T is the triangle 0 <5 < x, 0 <1 <.

to the triangle 7" bounded by u = —v, u = v, and PN
v = 1. Thus
(x,x)
1= l// eV du dv
2 !
1 1 v ; s=t
== dv/ "V du
s '
1! v
= —/ dv (ve"’") " >
2 Jo —v
1 _ -1
- l(e—efl)/ vdv=2"°_ Fig. 14.4.37
2 0 4

Now transform to polar coordinates in the sz-plane. We
have
36. The region R whose area we must find is shown in part

(a) of the figure. The change of variables x = 3u, y = 2v Frf 2 8 ”/4d xsecd 4
maps the ellipse 4x2+9y? = 36 to the circle u>+v> =1, ( r (x)) T 0 0 0 e rar

and the line 2x + 3y = 1 to the line u + v = 1. Thus it 4 (/A L
maps R to the region S in part (b) of the figure. Since = —/ deo (—e” )
T Jo 0
/4
— 3.0 _ — i/ﬂ (1 _efxz/cosze) de
dxdy—|‘0 2’|dudv—6dudv, = Jo .
the area of R is Since cos2 6 < 1, we have e=*/¢5 0 < ¢=** o
— _ 2
A—//Rdxdy—6//S dudv. (Erf(x)) Zl_e—XZ
But the area of S is (7r/4) — (1/2), so A = (37/2) — 3 Erf(x) > /1 — e,
square units.
4 v 4
@) Y (b) 1
o0
38. a) I'x) = / leldr Lett=s?
1 0 dt = 2sds
= 2/00 s2=1o=5% g
0
° T
b) I'(3) = / e ds =20 =7
0
PE)=5r () =57
Fig. 14.4.36 2/ N T
1
2 X 2 X _ x—1 _ -1
37. Erf(x) = T/ 642 dt = T/ e,SZ ds. Thus ©) B(x.y) _/0 rd=n dt x>0 y>0
T Jo T Jo
let t = 00529, dt = —2sin6 cos db
2 4 /2 )
(Erf(x)) - / / @) ds dr, =2 / cos1 0 sin> =1 g 6.
b4 s 0
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d) If Q is the first quadrant of the s¢-plane,

Frey) = (2/ sl ds) (2/ (21,1 dt)
0 0

_ 4// (21251 ,—~2+) 4o gy
(0]

(change to polar coordinates)

/2 00 )
= 4/ do / P2 eos? 1 92y in® =1 9o~ 1 dr
0 0

/2
= (2 / cos?*~! esin””ede)
0
o0
X (2/ rz()“ry)*le*r2 dr)
0

= B0, ))I(x+y) by (@) and (c).

™y
Thus B(x,y) = 7F(x Ty
Section 14.5 Triple Integrals (page 787)

R is symmetric about the coordinate planes and has vol-
ume 8abc. Thus

// (1+2x —3y)dV = volume of R+ 0 — 0 = 8abc.
R

1 0 4
/// xyde:/ xdx/ ydy/ zdz
B 0 -2 1
L 4\ [l6—1\ 15
T2\ 2 2 27

The hemispherical dome x2 + y> +z> < 4,z > 0, is
symmetric about the planes x = 0 and y = 0. Therefore

//D(3—|—2xy)dV:3///de+szfl)xydv

2 .3
=3><§7r(2)+0=l67r.

2
:E (l—f) xdx Letu=1-(x/a)
0 a
du =—(1/a)dx

2 1 2

b b
=u/ u2(1_u)du=u.

2 ) 24

SECTION 14.5 (PAGE 787)

Fig. 14.5.4

R is the cube 0 < x, y,z < 1. By symmetry,

// (x2+y2)dV:2/// x2dV
R R

1 1 1 2
:2/ xzdx/ dy/ dz = -.
0 0 0 3
As in Exercise 5,

// (x2+y2+z2)dV:3/// W24V =2 =1,
R R 3

The set R: 0 < z < 1 — |x| — |y| is a pyramid, one
quarter of which lies in the first octant and is bounded by
the coordinate planes and the plane x +y +z = 1. (See
the figure.) By symmetry, the integral of xy over R is 0.
Therefore,

// (xy+z2)dV:/// 22dv
R R
1 1-z 1—z—y
:4/ zzdz/ dy/ dx
0 0 0
1 1—z
_4 zzdz/ (12— y)dy
0 0
1 1
4/ 22 [(1 -2? -z —z)z] dz
0 2

1
1
:2/ (Z* =223 +2hHdz = —.
0 15

547
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8. R s the cube 0 < x,y,z < 1. We have
/// y2e ™2 dv »(0’1’1)
R
1 1 =1
= zdz / dy (—e %)
0 0
1 1
2/ ZdZ/ (1 —e)dy
0 0
1 1 y=1
= / z (1 + —e ) dz
0 < y=0

1 1
=—+ | (¢*=1dz
2 Jo

X
X

=0 | x+y+z=2

Fig. 14.5.10

1
z

.

2

Q| -

11. Risbounded by z=1,z=2,y=0,y=2z x=0, and
x = y+z. These bounds provide an iteration of the triple
integral without our having to draw a diagram.

. 3 L 3 y y /// dv
9. ///Rsm(ny )dV:/O sin(wy )dy/o dz/o dx Ri(x—{—y—{—zﬁ
1

/Zd /zd /erz dx
= Z y _—
1 0 0o +y+2)3

x=y+z

N =

0

cos(rry3) !

= / y2sin(ry?) dy =
0 37‘[

0 2 z
» -1
2 - J o [ o ()
3T’ 1 0 2x+y+72)

x=0
z 3 (2 o dy
= — dZ 72
8 Ji o b+2)
©,1,1) 3/2( -1 >}_Zd
== b4
=y 8J1 \yv+z/l,=
(1,11 3 [%d 3
== [ Z£=m
16 ), z 16
R
/ — 12. We have
L,
y
x x=y /< /// cosxcosycoszdV
R
(1,1,0) T T—x T—x—Yy
Fig. 14.5.9 =/ cosxd)c/0 cosydy/o coszdz
b4 T—x 7= —Xx—y
=/ cosxdx/ cosydy (sinz)
0 z=0
b

0
0
0

T —X
/ cosx dx / cos ysin(x + y)dy
0

1 1 2—y—z
10. ///de:/ ydy/ dz/ dx
R 0 1—y 0

1 1
_ v 1
- /0 ydy /17\;(2 y-2)dz recall that sina cosb = E(sin(a + b) + sin(a — b))
1 V 27\ =1 k4 T=x |
:/ ydy ((2—y)z— Z—) =/ cosx dx / —[sin(x+2y)+sinx] dy
0 2 Jlmimy 0 0 2
1 1 1/” |: cos(x + 2y) ) ]y—”—x
= 2 ——(1=a1=v3))da == cosxdx | ———————+ ysinx
/0 y (( y)y 2( (I'=y) )) y 2 ) 2 o
1] 5 1 [T/ cosxcos(2mr —x) cos*x
=] = (292=y¥)dy==. = _/ (_
/0 2( Y y) Y 2 ) 2

548
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+ (m — x)cosx Sinx) dx

1 (T7m—x .
== sin 2x dx
2 Jo 2

U=m—x dV =sin2xdx
dU = —dx Vo cos 2x

- 2
1 — o
L xcost ——/ cos2x dx
4 2 o 2Jo
1[ sin 2x
= —| T —
8

2
_z
2 0:|_8'
oo

13. By Example 4 of Section 5.4, / e du = Jm. If

—00

k >0, let u = vkt, so that du = ~/k dt. Thus

o0
/ e_k’2 dt = z
o V k

x s o2 ®© 42
=/exdx/eydy/e‘zdz
—00 —00 -0
T [x 2
“VI2NI T G

Thus

14. Let E be the elliptic disk bounded by x2 + 4y% = 4.

Then E has area m(2)(1) = 2w square units. The volume

of the region of 3-space lying above E and beneath the
plane z =2 + x is

VZ//(2+x)dA:2// dA = 47 cu. units,
E E

since [[, xdA =0 by symmetry.

1 1 1
15. ///de:/ xdx/ dy/ dz
T 0 1—x 2—x—y

1

1
= xdx/ x+y—1dy
0 1—x

U T =172 1
/0x|: 2 +x—§]dx

1
1
/ x—dx:—.
0o 2 8

w
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(1.0,1)

gl,l,())
Fig. 145.15

A B (R )

x+y=1 L

Fig. 14.5.16

1 1—x y?
/// f(Ly,Z)dV:/ dx/ dy/ f(x,y,2)dz
R 0 0 0
1 1-y »?
:/ dy/ dx/ fx,y,2)dz
0 0 0

1 ),2 -y
dy/ dZ/ fx,y,2)dx
0 0

1 1 1-y
dz/ dy/ fx,y,2)dx
Jz 0

Il Il
S— 55—

0 vz
1 -z 1
dz/ dx/ S, y,2)dy.
N

S— S

1 (1-x)? 1—x
dx/ dz fle,y,2)dy
Z
—X
Z

(=)

1 1—z 1
/ dz/ dy/ fx,y,z)dx
0 0 0

=// f(x,y,2)dV (R is the prism in the figure)
R

1 1 -y
=/ dx/ dy F@.y. 2 dz.
0 0 0

549
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1 1-y2 1
20. / dy/ dz/ £x,y,2)dx
0 0 y

2472

:// f(x,y,2)dV (R is the paraboloid in the figure)
R

1 Vx x—y?
:/ dx/ dy/ fx,y,2)dz.
0 0 0

Fig. 14.5.17

1 1 y
18. / dz/ dy/ S, y,2)dx
0 z 0

= // fx,y,2)dV (R is the pyramid in the figure)
R

1 1 y
:/ dx/ dy/ fx,y,2)dz.
0 X 0
z

N Fig. 14.5.20

1 1—z 1
.11 21. 1:/ dz/ dy/ Fr,y,2)dx.
0 0 0

The given iteration corresponds to

0<z=<1l, 0=<y=<l-z O0=x=<L
=0
R ! Thus 0<x<1,0<y<1-0=1,0<z<1-y,and
—
— 1 1 1-y
_1) I:f dx/ dy fx,y,2)dz.
X y=x y= 0 0 0
(1,1,0)
Fig. 14.5.1 P A
ig- 14.5.18 22. 1:/ dz/ dy/ flx.y.2)dx.
0 , 0
The given itération corresponds to
1 1 xX—z
19 /dZ/dx/ f@x, y,2)dy O=z=l z=y=l O=x=y
0 z 0

Thus 0 <x<1,x<y<1,0<z<y,and
= // f(x,y,2)dV (R is the tetrahedron in the figure)
R

1 1 y
1 x Xy 1:/ dx/ d / (x,y,2)dz.
=/ dx/ dy/ fx,y,2)dz. 0 x Y 0 Fey
0 0 0
Z

. 1 1 xX—z
(1,0,1) 23. I:/o dZ/Z dx/o f(x,y,2)dy.

The given iteration corresponds to
0<z=<l1l, z=<x=<1, 0<y<x-—z

Thus 0 <x<1,0<y=<x,0<z=<x-—y,and

1 X x—y
) I = dx/ d / (x,y,2)dz.
(1,1,0) /0 0 Y 0 Jey

Fig. 14.5.19

550



24,

25.

26.

www. nohandesyar . com

INSTRUCTOR’S SOLUTIONS MANUAL

I—/ dy/ / fx,y,z2)dx.
y2+z2

The given iteration corresponds to

0<y<l, 0<z<1-y2 y+2<x<l.

Thus 0 <x <1,0<y <. 0<z<+x—y2 and

1 Jx Vx=y?
I:/ dx/ dy/ f(x,y,2)dz.
0 0 0
1 1 z
I =/ dy/ dz/ fx,y,2)dx.
0 y 0

The given iteration corresponds to

O0<y<l, y<z<l, O0<x<z

Thus 0 <x<1,x<z<1,0<y<gz and

1 1 z
I:/ dx/ dz/ fx,y,2)dy.
0 x 0

Z
0,1, 1)
1,1,D
x 0,1,0)
\
y
Fig. 14.5.26

1 1 y
I:/ dx/ dy/ f(x,y,z)dzz// fx,y,2)dV,
0 x x P

where P is the triangular pyramid (see the figure) with
vertices at (0,0, 0), (0,1,0), (0,1,1), and (1, 1,1). If
we we reiterate / to correspond to the horizontal slice

shown then
1 1 z
/ dz/ dy/ fx,y,2)dx.
0 z 0

SECTION 14.5

1 1 x
27. / dz / dx / e*
0 z 0

= / / / > qv (R is the pyramid in the figure)

=/e dx/dy/dz
X2 dx = e—l'

:/0 .

(1,0,1)

2

z=0 (1,1,0)

Fig. 14.5.27

sm(nz)
z(2 - z)

1 1—x
28. / dx / /
y
/// sin(z) Jv
rR22—72)
sin(7rz) /Z /l—y
= d d d
[ [ [
_ 1sin(:'rz)
_/0 722 —-72) /(l—y)dy
1 .
:/ sin(mz) ( _z_) dz
0o 22—2) 2
1
'

1 1
=—/ sin(rz)dz =
2 Jo

Z

(0,0,1)

.\

z=1

X (1,0,0) y=l-x

Fig. 14.5.28

29. The average value of f(x, y,z) over R is

; 1
f:m///lef(x,y,z)dv.

(PAGE 787)

(R is the pyramid in the figure)
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If f(x,y,2) =x>+y?>+2z? and R is the cube
0 < x,y,z < 1, then, by Exercise 6,

f_=l///(x2+y2+z2)dV:1.
1 R

If the function f(x, y,z) is continuous on a closed,
bounded, connected set D in 3-space, then there exists
a point (xp, Y0, z0) in D such that

// fx,y,2)dV = f(xo, ¥0, z0) X (volume of D).
D

Apply this with D = Bc(a, b, ¢), which has volume

’;
—me”, to get
3 g

4
/// fx,y,20dV = f(xo, yo, 20) s 7€
e (a,b,c) 3

for some (xg, yo, zo) in Be(a, b, ¢). Thus

3
lim — ,y,2)dV
20 473 ///G(a,b,c)f(x 3

= Glg% f(x0, y0,20) = f(a,b,c)

since f is continuous at (a, b, c).

Section 14.6 Change of Variables in Triple
Integrals (page 795)

Spherical: [4, /3,27 /3];
Cartesian: (—+/3, 3, —2); Cylindrical: [2v/3, 27/3, 2].

Cartesian: (2, —2, 1);
Cylindrical: [2+/2, —7/4,1];
Spherical: [3, cos™'(1/3), —m/4].

Cylindrical: [2, 7/6, —2];
Cartesian: (v/3, 1, —2]; Spherical: [2v/2, 37/4, /6].

Spherical: [1, ¢, 6]; Cylindrical: [r, w/4,r].

x =sin¢cosd =rcosm/4 = r/x/i
y=sin¢sind =rsing/4 = r/x/E
z=cos¢p =r.
Thus x = y, 0 = 7/4, and r = sin¢ = cos¢. Hence
¢ = w/4, sor = 1/4/2. Finally: x = y = 1/2,
2= 1/V2.
Cartesian: (1/2,1/2, 1/4/2).

0 = /2 represents the half-plane x =0, y > 0.

552
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6. ¢ = 2m/3 represents the lower half of the right-circular
cone with vertex at the origin, axis along the z-axis,
and semi-vertical angle /3. Its Cartesian equation is

z=—/(x2+y?)/3.
7. ¢ = /2 represents the xy-plane.

8. p = 4 represents the sphere of radius 4 centred at the
origin.

9. r = 4 represents the circular cylinder of radius 4 with
axis along the z-axis.

10. p = z represents the positive half of the z-axis.
11. p = r represents the xy-plane.

12. p = 2x represents the half-cone with vertex at the origin,
axis along the positive x-axis, and semi-vertical angle

/3. Its Cartesian equation is x = /(y2 + z2)/3.
13. If p = 2cos¢, then p? =2pcos ¢, so

x2+y2+z2=2z
2yt —2z41=1
4y 4+iE-Dr=1

Thus p = 2cos ¢ represents the sphere of radius 1 cen-
tred at (0,0, 1).

14. r = 2cos® = x2 +y2 = 2 = 2rcosf = 2x, or
(x — 124 y2 = 1. Thus the given equation represents the
circular cylinder of radius 1 with axis along the vertical
linex =1, y=0.

2w /4 a
15. v:/ d@/ sin¢d¢/ R2dR
0 0 0
2ra’

a (1 1 ) it
= — —- — Cu. units.
3 V2

Z
A

R=a
T/

Fig. 14.6.15
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16. The surface z = /7 intersects the sphere r? + 72 = 2
where r2 4+ r — 2 = 0. This equation has positive root
r = 1. The required volume is

2 1 N 2—r2
V = / do / rdr / dz
0 0 Jr

2 1
2/ d@/ (\/2—r2—\/7>rdr
0 0
1
:27‘[(/ r\/2—r2dr—§> Let u =2 —r2
0

du = —2rdr
2
:n/ u’? du — 4—7T
1 5

2 4 44/2 22
- _”(2\/5_ 1) - T Vo ~ 2 cu. units.
3 5 3 15

r2 +z2:2

Fig. 14.6.16

17. The paraboloids z = 10 — r2 and z = 2(r2 — 1) intersect
where r2 = 4, that is, where » = 2. The volume lying
between these surfaces is

2 2
v:/ d@/ [10 — r? —2(% — Drdr
0 0

2
= 27[/ (12r — 3r3)dr = 247 cu. units.
0

Fig. 14.6.17

SECTION 14.6 (PAGE 795)

18. The paraboloid z = r2 intersects the sphere 1% + z2 = 12
where r* 4+ r2 — 12 = 0, that is, where r = /3. The
required volume is

2 \/5
v:/ d@/ (Viz=r2=)rar
0 0
V3 9
:27‘[/ r\/12—r2dr—7n Let u = 12 — 2
0 du = —2rdr
12
9
Zn/ ul/zdu——n
9

9 457
_ 2" (1932 _ _ 2 _ ;
=3 (12 27) > 16337 > cu. units.

yi?=12
Fig. 14.6.18

19. One half of the required volume V lies in the first octant,
inside the cylinder with polar equation r = 2a sinf. Thus

/2 2asin6
V=2/ do / 2a —r)rdr
0 0

/2 2 /2
= Za/ 4a*sin? 0 do — 3 / 8a3 sin® 6 do
0 0

5 /2 16613 /2 5
=4da / (1—00529)d9—T sin” 6 dO
0 0

;324

cu. units.

Fig. 14.6.19
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The required volume V lies above z = 0, below
z =1—r2 and between 0 = —x/4 and 6 = 7/3.

Thus
/3 1
v:/ d@/ A —=rdrdr
—m/4 0

T (1 1 T .
= — | - ——-) = — cu. units.
12\2 4 48

Let R be the region in the first octant, inside the ellipsoid
X2y 2
) + ﬁ + > = l,

and between the planes y = 0 and y = x. Under the
transformation

X =au, y = bv, Z=cw,

R corresponds to the region § in the first octant of uvw-
space, inside the sphere

u2+v2—|—w2:1,

and between the planes v = 0 and bv = au. Therefore,
the volume of R is

V=/// dxdydz:abc///dudvdw.
R S

Using spherical coordinates in uvw-space, S corresponds
to

0<R<1, 0<¢p<Z,  oO0<b<tan!'Z
2 b
Thus
Ya/b) /2
V=abc/ d@/ sm¢d¢/ R2dR
0 0
= —abctan”! % Cu. units.

One eighth of the required volume V lies in the first oc-
tant. Call this region R. Under the transformation

R corresponds to the region § in the first octant of uvw-
space bounded by w =0, w = 1, and W+ —w?=1.
Thus

V = 8abc x (volume of S).

The volume of S can be determined by using horizontal
slices:

1
8
V= 8abc/ %(1 +wd)dw = Sabe cu. uns.
0
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5

=
[N}

2 2
Y .z
+b_2+c_2:1

Ql%
™

Fig. 14.6.22

Let x = au, y = bv, z = w. The indicated region R cor-
responds to the region S above the uv-plane and below
the surface w = 1 — u? — v2. We use polar coordinates in
the uv-plane to calculate the volume V of R:

o ff v

2 1
b
= ab/ do / (1— rz)r dr = rav cu. units.
0 0 2

// (x2+y2+z2)dv
R
2 a h
=/ d@/ rdr | *+2%)dz
0 0 0
a 1
= 27'[/ (r3h + —rh3> dr
0 3
) a*h " a*h? wa*h " wah?
= LTT _— = .
4 6 2 3
/ / 2+ yHav
B
2 b4 a
=/ d@/ sin¢d¢/ R%sin® ¢ R2dR
0 0 0

e a
= 2:1/ sinnpdep | R*dR
0

0

4\ o 8rad
=2z |—= .
35 15
/f X+ y2+2Hav
B
2 T a 4 5
=/ d@/ sin¢d¢/ RYdR = 2L
0 0 0
/f 2 +y24+2Hav
27 n~!(1/¢)
/ d@/ sm¢d¢/ R*dR
0
2
= ra 1 —cos|tan™ " — = ik 1-— ¢ .
5 ¢ 5 c2+1
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// 2 +yHdv
R

2 tan~'(1/c) a
=/ d9/ sin3¢d¢/ R*dR
0 0 0

owas ' (1/0)
== / sing(1 — cos>d)d¢ Let u = cosé
0 du = —singd¢
2 5 1
= / 1 - uz) du
5 c/A/c2+1

1

c/a/c2+1

2nad u’
= u— —
5 3

_ 2na’ (2 c n P

S5 \3 JaZy1 3+ D)
7z =r2 and 7 = ~/2 — r2 intersect where r* +r%2 —2 =0,
that is, on the cylinder » = 1. Thus

2 1 N2—r2
///de:/ d@/ rdr/ zdz
R 0 0 r2

1
7
:n/ (2—r2—r4)rdr:—n.
0

12

By symmetry, both integrals have the same value:

///Rde:///I;de
=/Oﬂ/2d9 /(;ﬂ/zcosqbsinqﬁzhp /OaR3dR

i 1 a4_7m4
T 2\2) 47 16"

/2 a h(1—(r/a))
///de:/ d@/ rdr/ rcosfdz
R 0 0 0
/2 a r ha3
:h/ cos@d@/ r2<1——) dr = —,
0 0 a 12
/2 a h(1=(r/a))
///zdv / d@/ rdr/ zdz
R 0 0 0

mh? (=LY rar

4 0 a
Th? (r? 273 Y mwa?h?
=T<T§+m>o=T
If
X =au, y = bv, Z=cw,

then the volume of a region R in xyz-space is abc times
the volume of the corresponding region S in uvw-space.

If R is the region inside the ellipsoid

33.

34.

SECTION 14.6 (PAGE 795)

and above the plane y 4+ z = b, then the corresponding
region S lies inside the sphere
w0t +uwt=1
and above the plane bv + cw = b. The distance from the
origin to this plane is
D b ( ing b > 0)
= — assuming b >
Vb2 + 2
by Example 7 of Section 1.4. By symmetry, the volume
of § is equal to the volume lying inside the sphere

u? + v2 + w? = 1 and above the plane w = D. We
calculate this latter volume by slicing; it is

1 3
n/(l—wz)dw:n(w—w—>
D 3 )Ib

2 D—i—D3
=u|= - — .
3 3

Hence, the volume of R is

) 2 b N b3
maocy|y — —
3 VbZ+ ez 3B+

1

) Cu. units.

By Example 10 of Section 3.5, we know that

u 9w 9w 1ou 1 0%
ax2  ay2 T ar2  ror  r2ae?
. . 3%u .
The required result follows if we add 92 to both sides.
z

Cylindrical and spherical coordinates are related by

7= pcos¢, r=psing.

(The 6 coordinates are identical in the two systems.) Ob-
serve that z, r, p, and ¢ play, respectively, the same
roles that x, y, r, and 0 play in the transformation from
Cartesian to polar coordinates in the plane. We can ex-
ploit this correspondence to avoid repeating the calcu-
lations of partial derivatives of a function u, since the
results correspond to calculations made (for a function

z) in Example 10 of Section 3.5. Comparing with the
calculations in that Example, we have

ou u . ou

7 —cosqba—Z —|—s1n¢a—r

ou . ou u

% = —p51n¢a—z + pCOS¢a—r

0%u 5 0%u . 0%u ) 92u
W = cos ¢8—Z2 + 2cos ¢ smd)azw + sin q’)m
0%u u of o 0%u

s =0+ (0

—2c0s<;’>sind)82—u—l—cos2 Bz_u)
dz0r arz
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Substituting these expressions into the expression for Au
given in the statement of this exercise in terms of spher-
ical coordinates, we obtain the expression in terms of
cylindrical coordinates established in the previous exer-
cise:

2u  209u cotgpdu 1 d%u 1 9%
37 poe " o7 ap ' p20g? | prsin g a0
C%u 19w | 19% 9%

T or2 ror | r2902 ' 972

0%u 8%u

ZQ—FW:AM

by Exercise 33.

Consider the transformation

x=x@,v,w), y=y@wv,w), z=z@v,w),
and let P be the point in xyz-space corresponding to
u=a,v=>b,w=c Fixingv=>b w= c, results
in a parametric curve (with parameter u) through P. The
vector

3 EEAY
ox ay 0z

PS=—i+ Zj+ g
ow' T’ s

span a parallelepiped in xyz-space corresponding to a
rectangular box with volume du dvdw in uvw-space.
The parallelepiped has volume

A(x,y,
(PO x PR) e PS| = 5,2 dudvdw.
a(u, v, w)
Thus
Ax,y,
AV = dxdydz = | 252D g dw.
d(u, v, w)

Section 14.7 Applications of

Multiple Integrals (page 803)
0z 0z
G= 2y, dx dy

dS=+v1+22+22dA=3dA

S = // 3dA = 371(12) = 37 sq. units.
x2+y?<1
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_ G 4y)/5 dz 3 9z 4
EERETRIR 5T 5y T
32442
52

S = / / V2dA = V2n(@2)(1) = 2v/27 sq. units.
(x/2)24y2<1

dS =1+ dA=+2dA

2= Ja? —x2 — 2

0z X 0z y

ax a2 —x2 2 ay 2 —x2 2
2, .2

ds= |1+ g4

a
= dA
a2_x2_y2 /az_xz_yz
‘- // adA
2+y2<a? \Ja? — x2 — y2

2 a
rdr
=a d@/ —— Letu=a%>-1r2
/() 0 ~a?—r?
du = —2rdr

(use polars)

2
a
= na/ u= V2 du = 2nd® $g. units.
0

7=2y/1—x2—y2

0z 2x 9z 2y

4% +y%)
1 —x2—y2

s= ([, . as
x24y2<1
2 1 2
143
=/ d9/ T
0 oV 1-r2

1
=27r/ Va4 —3u?du
0

1432+ y?)
- T2
1—x2—y2

Letu? =1—r2
udu = —rdr

Let /3u = 2sinv
V3du =2cosvdv

/3 2d
=2 / (2 cos? v) 24y
0 V3

4z [7/3
= — (1 +cos2v)dv
V3 Jo
47 ( . sin2v> /3 472 . it
=—(v+— = —— + 77 sq. units.
V] 2 ) a0
0z 0z X a9z y
3.2 — 2 20 6 gy, L XY
‘ vty Zax o ox 3z dy 3z
2 2 2 2
x4y 9z + 3z 2
dS=,/1+ ———dA=,|——dA=—dA
/ o2 \/ 922 N
S // 2 ga= Zaan=2 it
= — =—7 = —— sq. units.
24y2<12 /3 V3 V3
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Z=l—x2—y2 %_ %_
T dx ay

dS = /1 +4x2+4y2dA
S:// V1I+4E2+y2)dA
2+vz<1 x>0, y>0

/2
2/ dO/ V14+4r2rdr Letu =1+ 4r2
du = 8rdr
l/ u'’? du
16

2 3p\[ _76V5- D)
16 \3" - 24

Sq. units.

The triangle is defined by 0 <y <1,0<x < y.

9

=2 £=2y, ds = J1+4y2dA
1 y

:/ dy/ ,/1+4y2dx

=/ yy/1+4y2dy Let u =1+ 4y?

du =8ydy

5 5
:l/ 2an = L (2en\[ 2351
8 Ji 8\3
9z 1

X 12
=.x = dS—,/1+1dA
LEVS ax  2Jx’ o 4x

Lo 1 U fax 41
S:/dx/ ,/1+—dy=/ x+ Jxdx

/v4x+ dx Letu=4x+1

du = 4dx
5
1 1(2 5V5—1
=_/ w?du = - [ Zu’? =7\/_ $q. units.
8 /i 8\ 3 1 12
0z 9z X
2 2
=4—x°, 27— =-2x, —=——
Z X Za X I Z
x2 2 2
ds = l+—2dA=—dA=7dA
z b4 4 —x2

(since z > 0 on the part of the surface
whose area we want to find)

2 x 2
S=/ dx/ ———dy
0 0 V4—x2
2
2
:/ 7xdx Let u =4 —x2
0 4 —x2

du = —2xdx
4 4
:/ w2 du =2u
0

= 4 sq. units.

0

$g. units.

10.

11.

12.

SECTION 14.7 (PAGE 803)

The area elements on z = 2xy and z = x2 + y?
tively, are

, respec-

dSi =1+ @yP + @02 dA = |1 + 422 + 4y2 dx dy,

ds; = \/1 + (2x)2 + (2y)2dA = \/l +4x2 +4y2dxdy.

Since these elements are equal, the area of the parts of
both surfaces defined over any region of the xy-plane
will be equal.

If z = J(x® + y?), then dS = /T + 22 + y2dA. One-
eighth of the part of the surface above —1 < x <1,

—1 <y <1, lies above the triangle 7': given by
0<x<1,0<y<ux, or, in polar coordinates, by
0<0<m/4,0<r <1/cosf =secH. Thus

S:S//,/1+x2+y2dA
/4 sec

= / do V1i4+r2rdr Letu=1+r2
(

) 0 du =2rdr
/4 1+§ec 0
_4/ d@/
0 0

/4
_8 32 _
- 3/0 [(1+§ec 0) ]d@

8 2

/4
= —/ (1 +sec?0)2 a0 — Z
3 J)o

Using a TI-85 numerical integration routine, we obtain
the numerical value § & 5.123 sq. units.

As the figure suggests, the area of the canopy is the
area of a hemisphere of radius /2 minus four times
the area of half of a spherical cap cut off from the
sphere x2 4+ y2 + z2 = 2 by a plane at distance 1
from the origin, say the plane z = 1. Such a spher-

ical cap, z = /2 —x2 — y2, lies above the disk

0 B
xX24y?<2-1=1. Since—Z:_x/Z and—Z:—y/Z
ax ay

on it, the area of the spherical cap is

Jewatt

Ly dr
_2«/_7'[/ Let u =2 — r2
0 V2—12
du = —2rdr

2
= ﬁn/ u 2 du =2V2(V2 - 1) =4 — 22
1

Thus the area of the canopy is

S= 2n(«/§)2—4x%><(4—2«/§) = 4(71—{—«/5)—8 $g. units.
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'/
,
i

)
%
() ‘:/
)

)

O
o
"0
%)
%

4
2

Fig. 14.7.12

2 T a 2
Apd,
13. Mass = / 6 / sin dop / P
0 0 o B+p

a B
:47'[A/ (1—2—>dp
0 p~+ B

=47 A (a — /Btan™!

units.

7)

14. A slice of the ball at height z, having thickness dz, is a
circular disk of radius /a2 — z2 and areal density 8 dz.
As calculated in the text, this disk attracts mass m at
(0, 0, b) with vertical force

dF =2mkmddz <1 -

b—z
Va2 =22+ b-2?%)

Thus the ball attracts m with vertical force

a b—z
F=2nkm8/ (1——>dz
—a va2+b2—2bz
let v=a?®+b*—2bz, dv=-2bdz

thenb—z—p ATV _Poa’v
2b 2
b+a)? 1.2 2
=2nkm3[2a—i/(+) mdv}
4% Jp—ay NG
2_ 2
=27rkm8|:2a—T<b+a—(b—a))

- #((b +a) - (- a)3)]

_4mkméa®  kmM

32 2

where M = (4/3)7m38 is the mass of the ball. Thus the
ball attracts the external mass m as though the ball were
a point mass M located at its centre.
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A
9(0,0,b)

Fig. 14.7.14

15. The force is

h _
F:2rrkm8/ 1—[97Z dz

0 Va2 + b —2)?

Let u = a? + (b — z)?

du ==2(0b—2)dz

2 2
1 a“+b d
= 2mkms (h — = / au
2 Jars—ny Vu

= 2nkm8(h VP2 + b — h)2).

®(0,0,b)

Fig. 14.7.15

16. The force is

b b—z
F = 27'rkm8/ 1-— dz
0 Va2(b —2)? + (b —2)?
b 1
=2wkmé l— ——)dz
0 ( JVa? + l)
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Fig. 14.7.16

17. The force is

a b—z
F =27tkm5/ (l — —) dz
0 Na? +b? —2bz

use the same substitution as in Exercise 2)

2 2
1 a“+b b2 2
— 27kmé a——Z/ ToaEY
4b (b—a)? ﬁ
2_ 2

" - 0-o)
- #((a2 + b2 (b — a)3)>

_ 2km? (2b3 +a® — (@b - az)m) '

3b2

= 2mwkmé (a —

Fig. 14.7.17

a a a
18. m= / dx / dy / 2 +y*+Hdz
0 0 0
a a a
=3/ xzdx/ dy/ dz=a
0 0 0
a a a
szozf xdx/ dy/ o+ yr+ 2D dz
0 0 0
a a (13
= / xdx / (a(x2 +y3) + —) dy
0 0 3

a 2a4 2.2 7a6
= _ d = —.
/0 ( 3 +a“x )x X B

19.

21.

nohandesyar. com
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Thus = M Ta
us = — = —.
X x=0/m 0
B try, th tre of is (1@ Ta Ta
mmetry, ntr mass is | —, —, — ).
y symmetry, the centre of mass is 5 13 T

11
Since the base triangle has centroid (5, 5’ 0), the cen-

111

troid of the prism is | —, =, = ).
3'3°2
z

N

x 1
Fig. 14.7.19

2 00 )
Volume of region = / d@/ e "rdr = . By
0 0

symmetry, the moments about x = 0 and y = 0 are both
zero. We have

2 o) e“’z
Mzz():/ dO/ rdr/ zdz
0 0 0

)

52 b1
=7t/ re 2 dr = =.
0 4

The centroid is (0, 0, 1/4).

. 1 4 3 7703
The volume is 3 gna‘ = By symmetry, the

moments about all three coordinate planes are equal. We
have

/2 /2 a
Mz:():/o d@/o sin¢d¢/0 pcos¢p2dp

na4 /2 ] ¢ ¢ d¢ 7'(614
=3 ), sin ¢ cos =16
Thus 7 = M;—o/volume = 3a/8.
L 3a 3a 3a
The centroid is | —, —, —
8 8 8

Fig. 14.7.21

559
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22. The cube has centroid (1/2, 1/2,1/2). The tetrahedron
lying above the plane x + y + x = 2 has centroid
(3/4,3/4,3/4) and volume 1/6. Therefore the part of
the cube lying below the plane has centroid (c, ¢, ¢) and

volume 5/6, where

9
Thus ¢ = 9/20; the centroid is (—

Fig. 14.7.22

23. The model still involves angular acceleration to spin the
ball — it doesn’t just fall. Part of the gravitational poten-
tial energy goes to producing this spin as the ball falls,
even in the limiting case where the fall is vertical.

2
24. 1—8/ dO/rdr/dz

Sha
=27 oh (“ ) Tona
4 2

m = w8a’h, D= I/m:i

7

2 a h
1=5/ dO/ rdr/ 2+ 2% dz
0 0 0

2w a 3
2.2 h
=4 do hr=cos” 0 + — | rdr
0 3
4

5 / ha 0+ e\ 4o
—_— CO§ —_—
b \ 4 6

wha*  mhia® 5 (d? h2
=4 w8a“h
(75 757) = ( )

m = mw8a’h, D=I/m=

2 a h(1—(r/a))
1=5/ d9/r3dr/ dz
0

a 84h
:2718}1/ P=S)ar =22
a

_ mda*h b= JTm = /3
- 3 s = m = loa.

560
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a

Fig. 14.7.26

2 a h(1=(r/a))
:5/ d@/ rdr/ (2 + 2% dz
0 0 0
2 a r
=5 d@/ [h(l——)rzcosze
0 0 a
h3 r\3
+ = (1 - —) ]r dr
3 a
afs oot 2m8h® [ r\3
wh | (P =) ar + r(l——) dr
0 a 3 Jo h

in the second integral put u = 1 — (r/a)

sa*h  2mwsath’ !
Tod + T[;l /(l—u)u3du
0

20
néa*h  2mw8a’h®  wda’h . , )
- = 3 2h?),
20 T 60 o 4 T2
n8a2h 3a% + 2h?
m= , I/m - =

20

1_5// % +yHdv

Fig. 14.7.28

The distance s from (x, y,z) to the linex = y,z = 0
satisfies s2 = u? + z2, where u is the distance from
(x,y,0) to the line x = y in the xy-plane. By Example
7 of Section 1.4 u = |x — y|/+/2, so

)
Szz(x y)

2
+z7.
> Z
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The moment of inertia of the cube about this line is

a a a _ )2
1=5/ dx/ dy/ (u+z2>dz
0
= /dx/( )c—y)2 3)dy Letu=x—y

du = —dy
5a5+8a/“d /x
= —+ — X
0

Ea 3
——+— (3ax —3ax+a)dx
3 0
sa® +8a 4 3at )\ S8
= — _— a — — a = -,
3 6 2 12
m=éa>, =I/m= —a

30. The line L through the origin parallel to the vector
v = i+ j + k is a diagonal of the cube Q. By Exam-
ple 8 of Section 1.4, the distance from the point with
position vector r = xi + yj+ zKk to L is s = |v x r|/|v].
Thus, the square of the distance from (x, y, z) to L is

20—+ -2
S 3

2
=§(x2+y2+zz—xy—xz—yz).

We have

Therefore, the moment of inertia of Q about L is

26 a’ a’ sa’
I=—|3x ——-3x —]|=—.
3 3 4

The mass of Q is m = 8a>, so the radius of gyration is

D= I/m:i

7

a b c
31. 1:5/ dx/ dy | &*+yHdz
—a —b —c

a 2b3
= 25c/ (2bx2 + —) dx
— 3

85ab
= 2099€ 2 4 Y,

_ 612+b2
m = 8dabc, D=.I/m= .

SECTION 14.7 (PAGE 803)

2 ¢ L n8c(b* — a%)
1= do dz r’dr = ——,
0 0 a 2

m = 715c(b2 — az), D=

Fig. 14.7.32

2 a N a?—r?
m:28/ d@/ rdr/ dz
0

_4718/ rva2—r2dr Letu=a%—r?

du = —2rdr
a2_b?

=278 JVudu = —( z_py32,

2 az—r2
1 —25/ / r dr/
0

:4718/ Va2 —r2dr Letu =ad?—r?

du = —2rdr

2_p2

a
= 2718/ (@* —w)udu
0
2 5. 5 243/2 2 5 215/2
=278 [ Za2(@® — b*)*? — Z(a® — b?)
3 5
1 1
= dn8(a® — b2)3/ZE(2a2 +3b%) = gm(za2 +3b%).

Z
y

S —

S

Fig. 14.7.33
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By Exercise 26, the cylinder has moment of inertia

w8a*h  ma?
I — J—

227
where m 1is its mass. Following the method of Example
4(b), the kinetic energy of the cylinder rolling down the
inclined plane with speed v is

1 1
KE = Emv2 + E1522
1 v 3
_ 2 2 _ 2
= Emv + Zma a_2 = va .

The potential energy of the cylinder when it is at height
h is mgh, so, by conservation of energy,

3
vaz + mgh = constant.

Differentiating this equation with respect to time ¢, we
obtain

0= Emv ﬂ +mg ﬁ
2 dt dt
3 dv .
= Emv Z +mguvsino.
Thus the cylinder rolls down the plane with acceleration
dv 2 |
—; = 38sina

By Exercise 35, the ball with hole has moment of inertia
I = %(2612 +3b%)
about the axis of the hole. The kinetic energy of the

rolling ball is

L o, m 5 2 v?
KE = —mv°+ —Q2a” 4+ 3b")—
10 a?

2
5 1+2a2+3b2
=m — —_— =
v'\2 1042

By conservation of energy,

, 7a* +3b?
10a2

5 7a® +3b?

mv 10a?

+ mgh = constant.

Differentiating with respect to time, we obtain

7a? + 3b% v v n sin 0
———— mv— +mgvsina = 0.
5a? dt

Thus the ball rolls down the plane (with its hole remain-
ing horizontal) with acceleration

dv 5a2 .
EPTEE PP TR
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The kinetic energy of the oscillating pendulum is

1 [do\>
KE=-1(Z) .
2" \dr

The potential energy is mgh, where h is the distance of
C above A. In this case, h = —acosf. By conservation
of energy,

—1 e — mga Ccos ) = constant.

Differentiating with respect to time ¢, we obtain
I ') 40 + sinf do 0
— )| — +mga — ] =0,
dt ) dt? & dt

d%o n mga . 0 -0
— 4+ ——ssinf = 0.
dr? I

or

For small oscillations we have sinf ~ 6, and the above
equation is approximated by

e
ﬁ—i-a)Q:O,

2

where w” = mga/I. The period of oscillation is

Fig. 14.7.36

If the centre of mass of B is at the origin, then

szoz/// x8dV =0.
B
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If line Ly is the z-axis, and Ly is the line x =k, y = 0,
then the moment of inertia I; of B about Ly is

I = — k) +y?)sdv
= [ (=)
:///(x2+y2+k2—2kx)8dv
B

= Io 4 kK*m — 2kM,—o = Iy + k*m,

where m is the mass of B and [j is the moment about
Lo.

Lo
Ly
x ‘/k
y
Fig. 14.7.37

The moment of inertia of the ball about the point where
it contacts the plane is, by Example 4(b) and Exercise 39,

8 4
—78a° + ( =n8a® ) a®
15 3

2 7
<§ + l) ma® = gmaz.

The kinetic energy of the ball, regarded as rotating about
the point of contact with the plane, is therefore

~
Il

1 7 27
KE = —IQ> = —ma* 2
2 10

By Example 7 of Section 1.4, the distance from the point
with position vector r = xi+ yj+zk to the straight line L
through the origin parallel to the vector a = Ai+ Bj+ Ck

is
la x r|

la]

The moment of inertia of the body occupying region R
about L is, therefore,

1 2
[=— laxr|“6dV
|a] R

1 . 2
T A2+ B +C? ///R[(BZ —Cy)* +(Cx — A7)
+ (Ay —Bx)z]zde

1 2 2 2 2
= e B P+ W OB,

+ (A2 + BY)P., — 2ABPy, — 2ACP,, — ZBCPyZ].

1.
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Review Exercises 14 (page 804)

By symmetry,

1 Vx
//(x+y)dA:2//di:2/ xdx/ dy
R R 0 x2

1
= 2/ (3 = x¥)dx
0

(2
5 4

1,1

Fig. R-14.1

1 24y
// (x2+yHdA =/ dy/ (2 +y»dx
P 0 y
[
= — +xy
o \3 x=y

1 2 3 3
:/0 (( +) +y2(2+y)—y?—y3> dy

dy

3
1
8 8 4
= S 44y +4y?)dy=-+24+-=6
/0(3+ v+ y) y=3+2+3
yA
| @y 3, 1)
y=x
P x=24y
2
Fig. R-14.2

y /4 2
3. // —dA=/ d9/ tan 6 rdr
DX 0 0

2
=2Inv2 =2

/4 2

= Insec6

0 0

563
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Fig. R-14.3

4\2
a)]-/ dy/ eV dx
_/f = g

where R is as shown in the figure.
Yy

Fig. R-14.4

1 V3x 22
b)I:/dx/ eV dy
0 0
2 A 4—x2 2
+/ dx/ eV dy
0
c) I —/ d9/

b1 e "
s

The cone z = ky/x2 + y? has semi-vertical angle

do = tan’l(l/ k). Thus the volume inside the cone and

inside the sphere x? + y% 4+ 72 =42 is

2 $o
/ d@/ sm¢d¢/ P dp

2ra’ ra’ k
== (1 —cos¢p) = (1 )

2 op(l—e

0_ 6

3

To have

564
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we need to ensure that

2(1—L>=1
k241

Thus k% 4+ 1 = (2k)?, and so 3k* = 1, and k = 1/+/3.

Fig. R-14.5

2 y 6 A O6—y
6. 1:/ dy/ f(x,y)dx+/ dy/ S, y)dx
0 0 2 0

=f S, y)dA,
R

where R is as shown in the figure. Thus

2 6—x2
1 =/ dx/ f(x,y)dy.
0 x

y A
6
y=06—x2
R \@2
y=x
' ¢x~
Fig. R-14.6

1 z y
J=/ dz/ dy/ fx,y,2)dx
0 0 0

corresponds to the region
0<z<l1l O0=<y=<z, 0=x=y,
which can also be expressed in the form

O0<x<1, x=<y , y<z<=<l1.

<y<=<l
Thusj_/ dx/ dy/ f(x,y,2)dz.

A horizontal slice of the object at height z above the
base, and having thickness dz, is a disk of radius
r= %(10 —z) m. Its volume is

10 — 2)2
dV:n%dz m3.
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The density of the slice is § = kz> kg/m>. Since
8 = 3,000 when z = 10, we have k = 30.

a) The mass of the object is

10 T
m= / 3022 = (10 — 7)% dz
0 4

15 10
- T’T (10022 — 2023 + 24 dz
0
157 /100,000
- Tﬂ ( —— — 50,000 + 20, ooo) ~ 78, 540 ke.

b) The moment of inertia (about its central axis) of the
disk-shaped slice at height z is

2 (10—2)/2
dI = 3072 d; / do / rdr.
0 0

Thus the moment of inertia about the whole solid
cone is

10 2 (10—z)/2
1 :/ 3Oz2dz/ dO/ A dr.
0 0 0

10. If f(x,y) = |x + y], then f =0, 1, or 2, in parts of the
quarter disk Q, as shown in the figure.
y A

=y

Fig. R-14.10

REVIEW EXERCISES 14 (PAGE 804)

Thus
dA =0 ! 1 3 2 2)=2 >
//Qf(xvﬂ = <E>+ (E>+ (r=2)= 7T—§,
- 1 5 5

11. The sphere x2 + y2 + z? = 64> and the paraboloid

z = (x2+y?)/a intersect where z2+az —6a® = 0, that is,
where (z 4+ 3a)(z —2a) = 0. Only z = 2a is possible; the
plane z = —3a does not intersect the sphere. If z = 2a,
then x2 + y2 = r2 = 642 — 4a® = 242, so the intersection
is on the vertical cylinder of radius ~/2a with axis on the
z-axis. We have,

// 2+ yhHdv
D

2 «/Ea \/6a2—r2
:/ dO/ 3 dr/ dz
0 0 r

2/(1
«/ia 5
= 27r/ |:r3\/ 6a? —r? — r_:| dr
0 a

Let u = 6a2 — r2

du = —2rdr
6a2 T
= n/ (64> — u)/u du — —(v/2a)®
44q2 30
6a?
=7 <4a2u3/2 — zu5/2> - §7m5
5 4[12 3

= ?—2(18«/5 —4Dd’

12. The solid S lies above the region in the xy-plane
bounded by the circle x2 4+ y2 = 2ay, which has polar
equation r = 2asinf, (0 < 0 < m). It lies below the
cone
7 =+/x2+ y2 =r. The moment of inertia of S about the
z-axis is

T 2a sinf r
1:// (x2+y2)dV:/ d@/ r3dr/ dz
N 0 0 0

T 2a sin6 5 T
32
:/ dO/ r4dr:—a/ sin® 6 d6
0 0 5 Jo

32615 T 2 2 .
= 5 (I —cos“0)“sinfdf Let u =cosf
0 du = —sin6 do
32 5 1
= Sa / (1—2u®+ u*)y du
-1

64a’ 2 1 512a°
= 1 —— + -] = .
5 35 75

13. A horizontal slice of D at height z is a right triangle
with legs (2 — z)/2 and 2 — z. Thus the volume of D is

v—1/1(2 Yz =
T4 YT

565
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Its moment about z = 0 is

1 1
M.y = —/ z(2 —2)?%dz
0

4
1! 11
=— | @4z—-42+7)dz=—.
40(z 2= +z27)dz T
The z-coordinate of the centroid of D is
.1 7 11
TR/ 1T w
z
15.
y+z=2
0,1
2x+z=2
(1,0,0) 0,2,0)
\\[ T
2x+y+z=2 Yy

Fig. R-14.13

1 -y 2—y-2z
14. V=///dV=/dy/ dz/ dx
N 0 0 0
1 -y
=/dy/ 2—-y—-27)dz
0 0

1
= fo (2 -y —y)—1—y)7?ldy

! 1
:/0 (I—Y)dyZE

1 -y 2—y—2z
Mx:()=///de=/ dy/ dz/ xdx 16
N 0 0 0 .

1 1 1-y
=—/ dy/ [2—y)? =42 - y)z +47%1dz
2 Jo 0

1

1
= 5/ [(2—y>2<1—y)—z(z—y>(1—y)2
0

4 3
+§(l—y) dy Letu=1-—y

du = —dy 17.

1! 4
= —/ u+ D%u =2+ Du® + =u? | du
2 Jo 3

171 4 7

7 /1 7

“Tu/2Tn
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x " (2,00

x=2-y-2¢

Fig. R-14.14

1 1+z I+z—y
///ZdV:/zdz/ dy/ dx
s 0 0 0
1 I+z
=/ zdz/ 14+z—y)dy
0 0
1

2
:/ Z[(1+Z)2_u] dz
0 2

1! 17
= — 22 3d = =
2/0(Z+Z+Z) Z 7

0,2, 1)

(2,0, 1) 4
y=1+z

x+y—z=1

Fig. R-14.15

The plane z = 2x intersects the paraboloid z = x? 4 y?
on the circular cylinder x2 + y% = 2x, (that is,

(x — )2 + y2 = 1), which has radius 1. Since

dS = V1+22dA = /5dA on the plane, the area of
the part of the plane inside the paraboloid (and therefore
inside the cylinder) is +/5 times the area of a circle of
radius 1, that is, NG square units.

As noted in the previous exercise, the part of the
paraboloid z = x2 + y? that lies below the plane z = 2x
is inside the vertical cylinder X2+ y2 = 2x, which has
polar equation r = 2cosf (—7/2 < 6 < m/2). On the
paraboloid:

dS=\/1+@2x)2+ 2y)2dA =1+ 4rtrdrdo.
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The area of that part of the paraboloid is
/2 2cos6
S:/ d@/ V1+4r2rdr Letu=1+4r?
/2 0

du = 8rdr
1 /2 14+16cos? 0
= —/ dO/ u'? du
8J a2 1
1

/2 2
= —/ 211 +16c0s20)>? — 1]1do
4)y 3

1 /2
- 6/0 [(1 + 16cos®6)3? — 1]d6

~ 7.904 sq. units.

(using a TI-85 numerical integration function).

X2 32 2
The region R inside the ellipsoid 6 + r} +— =1
and above the plane x + y +z = 1 is transformed by the

change of variables

to the region S inside the sphere u? + v> + w? = 1 and
above the plane 6u + 3v + 2w = 1. The distance from the
origin to this plane is

1 1
VRS

s0, by symmetry, the volume of § is equal to the volume
inside the sphere and above the plane w = 1/7, that is,

1 3
/ n(l—wz)dwzrr(w—w—)
1/7 3

Since |0(x, y,2)/9(u, v, w)| =6-3-2 = 18, the volume of
R is 18 x (1807 /343) = 32407 /343 ~ 29.68 cu. units.

1

7 33

Challenging Problems 14 (page 805)

This problem is similar to Review Exercise 18 above.
2 2
The region R inside the ellipsoid x_z + Y 4+ — =1and
a? b2 2
X
above the plane — + % + Lo is transformed by the
a c

change of variables

CHALLENGING PROBLEMS 14 (PAGE 805)

to the region S inside the sphere u? + v> 4+ w? = 1 and
above the plane # + v + w = 1. The distance from the

1
origin to this plane is ﬁ, so, by symmetry, the volume

of § is equal to the volume inside the sphere and above
the plane w = 1/+/3, that is,

1 w3
/ n(l—wz)dwzn(w——>
1/v/3 3

219 —43)
B 27

1

1V/3

cu. units.

Since |9(x, y,z)/d(u, v, w)| = abc, the volume of R is
27(9 — 4+/3)
27

The plane (x/a) + (y/b) + (z/c) = 1 intersects the
ellipsoid

(x/a)? + (y/b)* + (z/c)* = 1 above the region R in the
xy-plane bounded by the ellipse

abc cu. units.

2 2 2
X y X oy
——|——+<1————> =1,
a? b2 a
or, equivalently,

x2y2 xy xy

?_Fﬁ ab a b

Thus the area of the part of the plane lying inside the
ellipsoid is

2 2
Cc C
S=/];e‘ll+a7+ﬁdxdy

_ Va?b? + a%c? + b2c?
B ab

(area of R).

Under the transformation x = a(u 4+ v), y = b(u — v), R
corresponds to the ellipse in the uv-plane bounded by

U2+ U=+ @ - —w+v)—u—v)=0
3u2+v2—2u:0

2 1 1
3(u2_- 2 2 2 _ 2
(u 3u+9)+v 3
—1/3)?  2?
@137 v _
1/9 1/3

)

an ellipse with area 7'[(1/3)(1/«/5) = 7'[/(3\/5) $g. units.
Since

dxdy = | |dudv = 2ab dudv,

a a
b —b

we have

2
S = ——+/a%b? + a%c? + b2c? sq. units.

3V3
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1
1—xy

/1/1 dxdy
o Jo I—xy

> ey

n=1

1 1
/ xnfl dx/ ynfl dy
0 0

=14+xy+@y)?+--=

gk

n=1

M
:N|,_.

n

Remark: The series for 1/(1 — xy) converges for
[xy] < 1. Therefore the outer integral is improper (i.e.,
lime_ - f(; dx). We cannot do a detailed analysis of the

convergence here, but the convergence of ) 1/ n? shows
that the iterated double integral must converge.

b) Similarly,

1
14+xy

/ / dxdy
o Jo 1+xy
S 1 1
ZZ( l)n—l/ xn—ldx/ yn—ldy
0 0

( l)nfl

/ dxdy
1—xyz
1
/ n— ldx/ n—1 dy/ anl dz
0

=1—xy+ Gy’ -

S e
n=1

Under the transformation u = aer, v =ber, w =cer,
where r = xi + yj + zKk, the parallelepiped P corresponds
to the rectangle R specified by 0 < u <dj, 0 < v < dp,

0 <w <d3. If a=aji+azj+azk and similar expressions
hold for b and ¢, then

a a a3
dwvw |3k xo
a(x,y,2) c1 ¢ 3

568

Under the transformation x = u3, y = v

R. A. ADAMS: CALCULUS

Therefore

dudvdw
|ao (b xc)|’

a(x,y,2)

—— | dudvdw
d(u, v, w)

dxdydzz‘

and we have

// (aer)(ber)(cer)dxdydz

///R |a-<b o) fudvdy

dy da d3
_ udu/ vdv/ wdw
|ao(b><c)| 0 0 0
__ didd3
" 8lae(bxc)|

The volume Vj removed from the ball is eight times the
part in the first octant, which is itself split into two equal
parts by the plane x = y:

1 x
V()=l6/ dx/ V4 —x2—yrdy
/4 sec6
16/ do Va—r2rdr Letu=4—r2

du = —2rdr
/4
= / do / u'? du
0 4—sec? O
/4
=2 [8 — (4 — sec 9)*/2] o
3 Jo
_3m 16 T/4 (4cos? O — 1)3/2 "
3 3 Jo cos3 6 ’

Now the volume of the whole ball is (47/3)2° = 327/3,
so the volume remaining after the hole is cut is

V3271V
3 0

16 [7™/* (3 — 4sin%0)3/2 )
2? mcos@d@ Let v = sin@
0 dv = cos6 db
1/3/2 3 - 4v2)3/2
3 Jo (1 —v2)2

We submitted this last integral to Mathematica to obtain
4 2
V=3 (32sin_1\/g — 232 { 1ltan~ 1 (3 — 2%/%)

— 1ltan~!(3 + 23/2)> ~ 18.9349.

3

s

z = , the region R bounded by the surface
2/3 + yz/% + zz/% = a2/3 gets mapped to the ball B

bounded by u? + v? + w? = a?/3. Assume that a > 0.
Since

a(x, y,2)

= 27u2v2w2,
d(u, v, w)
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the volume of R is

\% =27/// u*v?w? du dv dw.
B

Now switch to polar coordinates [p, ¢, 0] in uvw-space.
Since

uvw = (p sing cosB)(p sin ¢ sin6)(p cos ¢),

we have

2 T al/3
vV =27 / cos® 0 sin® 0 do / sin® ¢ cos® ¢ d¢ / p¥dp
0 0 0

/Zﬂ sin®(26)
0 4
Let t =cos¢, dt = —sin¢p d¢

2 1

1 — cos(46

=3a3/ %d@/ (1 — 222 dr
0 —1

T
=3d° do a- cos’ 4))2 coszd)sian)dq’)
0

3
cu. units.

3 3 1 4
= %(271)2/ % — 2% 4 Oy dr = 22
0

One-eighth of the required volume lies in the first octant.
Under the transformation x = u6, y = v6, 7= w6, the
region first-octant R bounded by the surface

X173 4 y173 4 7153 = 4173 and the coordinate planes gets
mapped to the first octant part B of the ball bounded by
u? +v2 + w? < a'/3. Assume that a > 0. Since

ax, y,
&, y.2) = 635 WS,
a(u, v, w)
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the required volume is

1% =8(63)/// wWvw dudvdw.
B

Now switch to polar coordinates [p, ¢, 0] in uvw-space.
Since

uvw = (p sin¢g cosf)(p sin ¢ sind)(p cos ¢),

we have

g

/2 /2
V=1,728 / (cos 6 sin@)° do / (sin® ¢ cos ¢)° sin ¢ d
0 0

1/6

a
x/ o1 dp
0

/2 ind 20 /2
= 964> / Sm3(2 ) dB/ sin'! ¢ (1 — sin® ¢)% cos ¢ dp
0 0

Let s = sin¢g, ds = cos¢p d¢

/2 1
:3a3/ a —cos2(29))2sin(29)d9/ s = sH?2ds
0 0
Let t = cos(260), dt = —2sin(20) d6

3a3 ! 1
:7/ (1—212—|—t4)dt/ (s =253 45y ds
-1 0

30 (1 2+1 1 1+1 a’ ,
_ 242 (= -2+ — ) = — cu. units.
“ 375)\12 777 16) T 210
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