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INSTRUCTOR’S SOLUTIONS MANUAL

CHAPTER 13. APPLICATIONS OF
PARTIAL DERIVATIVES

Section 13.1 Extreme Values (page 714)

fay) =x>+2y" —dx +4y
filx,y)=2x—-4=0 ifx=2
o, y) =4y +4=0 ify=—1.
Critical point is (2, —1). Since f(x,y) — o0 as
x2 4+ y2 — o0, f has a local (and absolute) minimum
value at that critical point.
f.y)y=xy—x+y, fi=y—-1L fo=x+1
A=fu=0, B=fn=1 C=fnr=0.
Critical point (—1, 1) is a saddle point since
B2 — AC > 0.

fle,y)=x3+y3 —3xy

AE ) =367 -y, ) =307 -x.

For critical points: x* =y and y2 = x. Thus x* —x =0,
that is, x(x — D(x2+x+1)=0. Thus x =0 or x = 1.
The critical points are (0, 0) and (1, 1). We have

A= fi1(x,y) = 6x,
C = fa(x,y) = 6y.

B = flz(xy)’) = _3;

At (0,0): A=C =0, B=—3. Thus AC < B?, and
(0, 0) is a saddle point of f.

At (1,1): A=C =6, B= —3,50 AC > B2 Thus f
has a local minimum value at (1, 1).

fo,y) =xtyt—dxy,  fi=403-y), fr=403-x)

A=fii=12x2, B=fio=—4, C= fn=12y%
For critical points: x> = y and y? = x. Thus x = x, or
)c(x8 —1)=0,and x =0, 1, or —1. The critical points
are (0,0), (1,1) and (-1, —1).

At (0,0), B2 — AC =16 — 0 > 0, so (0, 0) is a saddle
point.

At (1, 1) and (=1, —1), BP—AC=16—144 <0, A > 0,
so f has local minima at these points.

8

f(x,y)=£+——y
y X

18 _ 2

fie ) =——— =0 if8y=x
y X

Al == —1=0 ifx=—y
y

For critical points: 8y = x> = y*, soy =0or y = 2.
f(x,y) is not defined when y = 0, so the only critical
point is (—4, 2). At (—4,2) we have

A—f—16— 1 B= fir= 1_ 1
=hm=3=" =Ji2= 2w
2x
C=f22=—3=—1-
y
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1 1
Thus B2 — AC = 6" 2 < 0, and (—4,2) is a local
maximum.

flx,y)=cos(x+y), [fi=-—sinlx+y)=/.

All points on the lines x + y = nz (n is an integer) are
critical points. If n is even, f = 1 at such points; if n is
odd, f = —1 there. Since —1 < f(x,y) <1 at all points
in Rz, f must have local and absolute maximum values
at points x + y = nm with n even, and local and absolute
minimum values at such points with n odd.

f(x,y) =xsiny. For critical points we have

fi =siny =0, fo=xcosy=0.

Since siny and cos y cannot vanish at the same point, the
only critical points correspond to x = 0 and siny = O.
They are (0, nr), for all integers n. All are saddle
points.

f(x,y)=cosx+cosy, f1=—sinx, fr=—siny
A= fi1=—cosx, B=fip=0, C=fn=—cosy.
The critical points are points (mm, nm), where m and n
are integers.
Here B2— AC = — cos(mm) cos(nm) = (—1)" 1"+ which
is negative if m 4 n is even, and positive if m + n is odd.
If m + n is odd then f has a saddle point at (mm, nw).
If m + n is even and m is odd then f has a local (and
absolute) minimum value, —2, at (mm, nx). If m + n
is even and m is even then f has a local (and absolute)
maximum value, 2, at (mm, n).
flry) = xlye @00

file.y) = 2xy(1 = xD)e” 050

fle,y) =221 = 2y%)e” @D
A= fir(x,y) =2y(1 = 522 + 20t
B = fio(x.y) = 2x(1 —x})(1 — 2yHe

C = folx,y) =2x2y(2y* - 3)ef(x2+y2).

For critical points:

xy(1—x%) =0
x2(1=2y») =0.

The critical points are (0, y) for all y, (1, 1 /\/E), and
(£1, —1//2).

Evidently, f(0,y) = 0. Also f(x,y) > 0if y > 0 and
x #0,and f(x,y) <0if y <0 and x # 0. Thus f has
a local minimum at (0, y) if y > 0, and a local maximum
if y < 0. The origin is a saddle point.

At (£1,1/4/2): A =C = —24/2¢732, B = 0, and so
AC > BZ?. Thus f has local maximum values at these
two points.
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At (£1,—1//2): A =C = 24/2¢732, B = 0, and so
AC > B?. Thus f has local minimum values at these
two points.

Since f(x,y) — 0as x> + y> — o0, the value
f(E1,1/4/2) = e73/2//2 is the absolute maximum
value for f, and the value f(£1, —1/v/2) = —e=3/2//2
is the absolute minimum value.

_ xy
fx,y)= PR

Q+x*+yhHy —xydxd  y2 4yt —3xh
N 2+ x* + yH? T +xtHyh2

X2+ x* = 3yh
L=y
For critical points, y(2 4+ y* — 3x*) = 0 and
x2+x*=3yH =0
One critical point is (0, 0). Since f(0,0) = 0 but
f(x,y) > 0 in the first quadrant and f(x,y) < 0 in
the second quadrant, (0, 0) must be a saddle point of f.
Any other critical points must satisfy 2 4+ y* — 3x* = 0
and 2 4+ x* — 3y* = 0, that is, y* = x*, or y = +x. Thus
2 —2x* =0 and x = +1. Therefore there are four other
critical points: (1, 1), (=1, —1), (1, —1) and (-1, 1). f
is positive at the first two of these, and negative at the
other two. Since f(x,y) — 0as x> + y> — oo, f
must have maximum values at (1, 1) and (—1, —1), and
minimum values at (1, —1) and (—1, 1).

Si

Fx,y) = xe ¥+’
file,y) = (1 =3xHe v+’
frlx, y) =3xyle

A= fii(x,y) = 3x2(3x° —4)e*)‘3+y3
B = fia(x,y) = —3y*(3x> — l)e_x3+)'3

C=¢ . 3 —34y?
= f2(x, ) =3xyGy” + 2)e

For critical points: 3x3 = 1 and 3xy? = 0. The only crit-
ical point is (371/3,0). At that point we have B=C =0
so the second derivative test is inconclugive. ,
However, note that f(x,y) = f(x,0)e’, and ¢ has an
inflection point at y = 0. Therefore f(x, y) has neither
a maximum nor a minimum value at (371/3,0), so has a
saddle point there.

2

X
flx,y) = m
Al y) = (x2 4+ yH2x — 243 _ 2xy?
LN 2 +y2)2 2+ y2)2
2x2y
X,y)=— —F5—>.
fa(x,y) I+ D2

Both partial derivatives are zero at all points of the coor-
dinate axes. Also f(x,0) =1 for x 0, and f(0,y) =0
for y #0.

Evidently 0 < f(x,y) <1 for all (x, y) # (0, 0).

Thus, f has absolute maximum value 1 at all points
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(x,0) for x # 0, and absolute minimum value O at all
points (0, y) for all y # 0.

Xy

(2 4+ yHy — 2x%y

_y0r=xY

@

x(x? —y?)

fa(x,y) = Wiy (by symmetry).
Both partial derivatives are zero at all points of the
lines y = +x for x # 0. Also f(x,x) = %, and
flx,—x) = —4 for x #0.
Since x2 £+ 2xy + y2 = (x £ y)2 > 0, we have
lxy| < 3(x* 4 y?) for all (x, y) # (0,0), so | f(x,y)| < 3
on its domain.
Thus, f has absolute maximum value % at all points

fx,y) =

filx,y) =

(x, x) for x # 0, and absolute minimum value —% at
all points (x, —x) for all x # 0.

1

l—x+y+x2+y?
1

12+ +12+1'
1 ot
2 YT3) T3

fx,y) =

1 1
Evidently f has absolute maximum value 2 at (5, -5
Since
1 —2x
xX,y) =
"N =Ty v+
142y
falx,y)=—

(I —x+y+x2+y9)2°

1 1
(— _E) is the only critical point of f.

X
1 /1 1

f(x,y)=<1+—>(1+—>(—+—>
x y)\x oy

_ G+ DO+ D +y)

x2y2
(y+ D(xy +x +2y)
Ao,y = -2 22T I T
x3y
(x+ Dxy+y+2x)
fZ(Xa)’)=_ 2.3
Xy
2y + D(xy+x+3
A= fiile,y) = =2 )(4yz Y
Xy
2(xy +x +
B:flz(xyy)z%
X7y
2(x + D(xy +y +3x)
C = fo@x,y) = x2yy4 T
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For critical points:
y=-1 or xy+x+2y=0,

and x=—-1 or xy+y+2x=0.

Ify=—-1,thenx=—-1lorx—1=0.
fx=-1,theny=—lory—1=0.

If x# —1and y # —1, then x —y =0, so x2 +3x = 0.
Thus x = 0 or x = —3. However, the definition of f
excludes x = 0. Thus, the only critical points are

a,-1, (1,1, (=1,-1), and

At (1, -1), (—=1,1), and (—1, —1) we have AC = 0 and
B # 0. Therefore these three points are saddle points of
7.
At (=3,-3), A=C =4/243 and B = 2/243, so

AC > B?. Therefore f has a local minimum value at
(-3, -3).

(=3, -3).

F(x,v,2) = xyz — x2 — y2 — z2. For critical points we
have
0= f1 =yz—2x,

0= fr=xz—2y, 0= fz=xy-2z.

Thus xyz = 2x2 = 2y% = 272,50 x2 = y2 = 72
Hence x3 = :|:2x2, and x = 42 or 0. Similarly for
y and z. The only critical points are (0, 0, 0), (2, 2, 2),

(=2,-2,2), (=2,2,-2), and (2, =2, —2). 18,

Let u = ui 4+ vj + wk, where u? +v2 +w? = 1. Then

Duf(x,y,2) = (yz —2x)u + (xz —2y)v + (xy — 22)w
Du(Duf(x, v, z)) = (—2u+zv+ yw)u
+ (zu — 2v + xw)v + (Yu + xv — 2w)w.

At (0,0,0), Du(Duf(O, 0, 0)) — 22— 22 —2u? <0
for u # 0, so f has a local maximum value at (0, 0, 0).

At (2,2,2), we have

Du(Duf(2, 2, 2)) — (=20 + 20 + 2w)u + Qu — 2v + 2w)v
+ Qu +2v —2w)w
= —2(142 +02+ w2) + 4(mv 4+ vw + wu)
=2[(u—v— w)2 — 4vw]
<0 ifv=w=0,u#0
>0 fv=w#0,u—v—w=0.
Thus (2, 2,2) is a saddle point.
At (2, =2, —2), we have
Du(Duf) = —2(142 + 0% + w? + 2uv + 2uw — 2uw)

= —2[(u + v+ w)? — dvw]
<0 fv=w=0,u#0
>0 fv=w#0,u+v+w=0.

17.
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Thus (2, —2, —2) is a saddle point. By symmetry, so are
the remaining two critical points.

f(x7yvz)=xy+x21_x2_y—zz
fix,y, ) =y+2x(z—1)
fx,y,0)=x—-1

flx,y,2) =x* =2z

The only critical point is (1, 1, %) We have

D=f(+h1+ki+m)—f(1.1,3)

1 +2h + h2
:1+h+k+hk+%+(1+2h+h2)m
1 3
—1=2h—h—1—k—~—m-—m?>—[-=
4 4

_ B2@m — 1) + 2h(k + 2m) — 2m?
= > ,

h2(1 +2h)

If m =h and k =0, then D = >

|72].
If h =k =0, then D =—m? < 0 for m # 0.
Thus f has a saddle point at (1, 1, %)

> 0 for small

fx,y,z) =4dxyz —x* =yt =24

D=f(+h1+k1+m)— f(1,1,1)
=414+ h) (1 + kA +m)— A +h)* =1 +k?
—(1+m* -1
=41 +h+k+m+ hk 4+ hm+ km + hkm)
— (1 4 4h + 6h% + 4> + 1)
— (1 4 4k + 6k* + 4k> + k*)
— (14 4m + 6m* 4+ 4m> + m*) — 1
= 4(hk + hm + km) — 6(h> + k> +m>) + - -,
where - - - stands for terms of degree 3 and 4 in the vari-

ables &, k, and m. Completing some squares among the
quadratic terms we obtain

D= —2[(h—k)2+(k—m)2+(h—m)2+h2+k2+m2]+- .

which is negative if |h|, |k| and |m| are small and not
all 0. (This is because the terms of degree 3 and 4 are
smaller in size than the quadratic terms for small values
of the variables.)

Hence f has a local maximum value at (1, 1, 1).

fx,y) =xye Y
Filx,y) = y(d — 252~ HH

(2
Frx, y) = x(1 — 4yHe=CHD
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For critical points y(1 — 2x?) = 0 and x(1 — 4y*) = 0.
The critical points are

1 1 1 1
0o (+5%) (5-7)
We have
£(0,00=0
f(i L) - f(_i _L> - 16—3/4 =0
V2'V2) V2i V22

1
——e <0

1 1 1 1
(tan)-(Gn) -
Since f(x,y) — 0 as x>+ y> — oo, the maximum and

1
minimum values of f are 5673/4 and —§e73/4 respec-

tively.
x
S =gy
1+ y2 —x2
filx,y) = ey
—2x
falx,y) = .

(1+x2+yH?

For critical points, x2 — y2 =1, and xy = 0. The critical
points are (£1,0). f(£1,0) = :I:%.

Since f(x,y) — 0 as x> + y> — oo, the maximum and
minimum values of f are 1/2 and —1/2 respectively.

2,202
fx,y,2) = xyze_(x +y +z7)

fi(x, v, 2) = yz(1 — 2x2)e= @ HyP+eh)
fo(x, v, 2) = xz(1 — 2yHe~ @Y+
f30x, v, 2) = xy(1 — 222y~ O+,

Any critical point must satisfy

1
z(1—2x2):O ie, y=0orz=0o0rx =+—
y y \/E
1
xz(1—=2y)=0 ie,x=0o0orz=0o0ry=+—
y y \/5
1
x(1—212):0 ie, x=0ory=0o0rz=+—.
y y \/§

Since f(x, y,z) is positive at some points, negative at
others, and approaches 0 as (x, y, z) recedes to infinity,

f must have maximum and minimum values at critical
points. Since f(x,y,z) =0ifx=0o0ory=0o0rz =0,
the maximum and minimum values must occur among
the eight critical points where x = 1/4/2, y = £1/+/2,
and z = £1/+/2. At four of these points, f has the value
e/ 2, the maximum value. At the other four f has

22

the value ———e /2

, the minimum value.
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1

f(X,y)=x+8y+E, x>0 y>0

1
f1(x,y)=1—T:O = xzyzl

xX°y

1
fZ(Xﬁy):S——ZZO = 8xy2:1.

Xy

The critical points must satisfy

2
S
y Xy
that is, x = 8y. Also, x2y = 1, so 64y = 1.
Thus y = 1/4, and x = 2; the critical point is (2, %)
Since f(x,y) — ooifx — 0+,y — 0+,
or x2 + y2 — oo, the critical point must give
a minimum value for f. The minimum value is
f(2.5)=2+2+2=6.

Let the length, width, and height of the box be x, y, and
z, respectively. Then V = xyz. The total surface area of
the bottom and sides is

\%4
S=xy+2xz+2yz=xy+2(x +y)§

where x > 0 and y > 0. Since S — oo as x — 0+ or
y — 0+ or x2 +y2 — 00, S must have a minimum value
at a critical point in the first quadrant. For CP:

Cas v
x0T 2
0S 2V
0= 2L
dy 2

Thus x2y = 2V = xy2, sothat x = y = (2V)!/3 and
2=V/@QV)¥3 =223y,

Let the length, width, and height of the box be x, y, and
z, respectively. Then V = xyz. If the top and side walls
cost $k per unit area, then the total cost of materials for
the box is

C = 2kxy + kxy + 2kxz + 2kyz

Vv 2V 2V
=k|3xy+2(x+y)— | =k|3xy+ — + —|,
Xy X y

where x > 0 and y > 0. Since C — oo as x — 0+
ory —» 0+ or x4+ y2 — 00, C must have a minimum
value at a critical point in the first quadrant. For CP:

aC 2V
O0=—=k(3y— —
dx (y x2)

3C 2V
0=""—rk(3x- 2% ).
dy y?
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Thus 3x2y = 2V = 3xy?, so that x = y = 2V/3)!/3 and
2=V/QV/3)¥3 = 9V /413,

Let (x, y, z) be the coordinates of the corner of the box
that is in the first octant of space. Thus x, y, z > 0, and

2 2 2
X y v
;-FE—FC—Z—I.

The volume of the box is

2 2
V=202 = Snym

for x >0, y > 0, and (x?/a®)+(y?/b%) < 1. For analysis
it is easier to deal with V2 than with V:

4.2 2.4
2 _ 2({.2.2 XY X7y
V< =64c (xy— 2 —7>

Since V=0if x =0 or y =0 or (x*/a®) + (y?/b*) =1,
the maximum value of V2, and hence of V, will occur at
a critical point of V2 where x > 0 and y > 0. For CP:

av?
0=—— =64c’ <2xy2 —~
0x

4x3y2  2xyt
a2 B

2x2 y2
_ 2.2
3y2 2 92
0=2"" — 12822y (1-2 — 22,
dy a? b2
Hence we must have
2)C2 y2 - )C2 2y2
Zrtp=iTatye

so that x2/a% = y2/b% = 1/3, and x = a/v/3, y = b//3.
The largest box has volume

8ab 8ab
= ave 1 = oabe cubic units.

1 1
3 3 3 33

14

Given that a > 0,5 > 0, ¢ > 0, and a + b + ¢ = 30, we
want to maximize

P = ab*c® = 30 — b — c)b?c? = 3007 — b3 — b2t

Since P =0ifb =0o0orc =0o0rb+c = 30 (.e.,

a = 0), the maximum value of P will occur at a critical
point (b, ¢) satisfying b > 0, ¢ > 0, and b + ¢ < 30. For
CP:

P
0= =5 = 60bc> — 3b%c3 — 2bc* = b3 (60 — 3b — 20)
AP
0= 50 = 90b%c2 — 3b3c? — 4b%c? = b%c2(90 — 3b — 4c).
Cc

27.

28.
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Hence 96 + 6¢ = 180 = 6b + 8¢, from which we obtain
3b = 2¢ = 30. The three numbers are b = 10, ¢ = 15,
and a =30—-10—-15=5.

Differentiate the given equation

_ 2 12
eZZx X _3621y+} -2

with respect to x and y, regarding z as a function of x
and y:

0
0x

9 ad
esz—xz 2X_Z _ 382zy+y2 2y—Z +2z4+2y)=0 ()
ay dy

2 <2x§—z +2z — 2x> _ 32y’ (2y%>
x

.. . 0z 0z .
For a critical point we have P = 0 and 3 =0, and it
X
follows from the equations above that z = x and 7z = —y.
Substituting these into the given equation, we get

eZ2 - 36712 =2
()2 =27 —3=0

@ =3 +1)=0.

Thus e=* = 3 or ¢ = —1. Since ¢ = —1 is not possi-
ble, we have ez2 =3,50z= +4/In 3.

The critical points are (\/F s —\/E), and

(—v/In3, v/In3).

We will use the second derivative test to classify the two
critical points calculated in Exercise 25. To calculate the
second partials

a2 32 32
z B 07z ’ C— z ’
axay 9y?
we differentiate the expressions (x), and (%) obtained in

Exercise 25.
Differentiating (x) with respect to x, we obtain

d
2 |:<2)c—Z + 2z — 2x>
0x

9z 3%z
4% 10 T2
T T e ]
2

2
27y+ 2 90z 0z _

2
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. .0z
At a critical point, Pl 0,z = x,z = —y,and
x
22 =In3, so
9%z 3(, 3%z
3(2x— —-2)—=12 =0,
( dx2 ) 3 ( yax2)
_ 927 _ 6
T ax2 T 6x—2y°

Differentiating (x*) with respect to y gives

2
esz x2 2x % +2x a_
dy dy?
2 2

iy 0z 0z 07z
- 3e2Z>+>2[(2y5 +22 +2y> g 255 +2] 0,

and evaluation at a critical point gives

3(2022) 23 (5,22 15) o
X = — =0,
a2 ) 3\ 752

_821 2

_W=6x—2y'

Finally, differentiating (x) with respect to y gives

d d
2= | (o 25 + 2z —2x i
ax ay

92z 0z
2 2
+ xa8 + ay}

, d
— 3%y |:<2y— +2z + 2y> (Zy—z>
ax
12220, 2]
ox axdy |

and, evaluating at a critical point,

82
(6x — 2y)—— =0,
dxdy

so that
T oxdy
At the critical point (\/F , —+/In3) we have

2

A= = —,
8In3

, B =0,
8In3 0

so B2 — AC < 0, and f has a local minimum at that
critical point.
At the critical point (—+/In 3, /In3) we have

6 2
A=———, B=0, C=-—0,
81n3 81n3

490
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so B2 — AC < 0, and f has a local maximum at that
critical point.

FOy) = =Dy —3x%) = y? —4x?y 4 3x*
fi(x, y) = —8xy 4+ 12x = 4x(3x2 — 2y)
falx, y) =2y — 4x2.

Since f1(0,0) = f2(0, 0) = 0, therefore (0, 0) is a critical
point of f.

Let g(x) = f(x, kx) = k*>x% — 4kx3 4+ 3x*. Then
g (x) = 2k%x — 12kx? + 1243

g"(x) = 2k* — 24kx + 36x°.

Since g’'(0) = 0 and g”(0) = 2k* > 0 for k # 0, g has a
local minimum value at x = 0. Thus f(x, kx) has a local
minimum at x = 0 if k # 0. Since f(x,0) = 3x* and
f@O,y) = y2 both have local minimum values at (0, 0),
f has a local minimum at (0, 0) when restricted to any
straight line through the origin.

However, on the curve y = 2x% we have

[, 2x%) = x3(—x?) = —x*,

which has a local maximum value at the origin. There-
fore f does not have an (unrestricted) local minimum
value at (0, 0).

Note that A = £11(0,0) = (—8y + 36x?) =0
(0,0)

=0.
0,0
Thus AC = B2, and the second derivative test is indeter-
minate at the origin.

B = f12(0,0) = -

We have
Q(u,v):Auz—i—ZBuv—FCv2
2B B? , B?\ ,
=Alu? +7uv+pv + C_I v
L 2+AC—32 5
= u _— —_— V.
A A
If 2 g = AC — B? > 0, both terms above have

the same sign, positive if A > 0 and negative if A < 0,
ensuring that Q is positive definite or negative definite
respectively, since the two terms cannot both vanish if
(u,v) # (0,0). If AC — B? < 0, O(u, v) is a difference
of squares, and must be indefinite.

Let

Ou,v,w) = Au® 4+ Bv? + Cw? + 2Duv + 2Euw + 2 Fvw
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and let
_ _|A D|_,p_ 2
K| =A, Kz_‘D B‘_AB D
A D E
Ki=|D B F|=ABC+2DEF — BE?>—CD? — AFZ.
E F C

Suppose that K; # 0, K» # 0, and K3 # 0. We have

Qu,v, w)
2
Dv+E Dv+E
:A|:u2+2u vt w—|—( vt w>:|
A
AB—-D?> , AC—-E?> , 2(AF - DE)
v w vw
A A A
Dv+ Ew 2
:A _—
<u+ A )
AB—D? [ , 2(AF — DE) AF —DE\* ,
e —— w
A AB — D? AB — D?
AC —E* (AF -DE)?] ,
A A(AB — D?)
4 (s DU E 2+AB—D2  AF—DE 2
= u v — =W
A A AB — D?
+A(ABC—BE2—AF2—CD2+2DEF) 5
w
A(AB — D?)
ki (ug DVFEW 2+K2 , AF - DE 2
= u _— — |V —_— =W
! A K AB — D?
K3 ,
+ =Zw?
sz

If K1 >0, K2 > 0, and K3 > 0, then all three squares
the last expression above have positive coefficients, and
so Q is positive definite. If K; < 0, K» > 0, and

K3 < 0, then all three squares the last expression above
have negative coefficients, and so Q is negative definite.
In all other cases where none of the K; = 0, the co-
efficients of the squares are not all of the same sign so
choices of (u, v, w) can be made which make the expres-
sion either positive or negative, and Q is indefinite.

If f has continuous partial derivatives of order two
and (a, b, ¢) is a critical point of f(x, y,z), let

A= fu(a,b, o), D = fia(a, b, ),
B = fn(a,b,c), E = fr(a, b, c),
C = f33(a, b, c), F = fx3(a, b, c).

Then f has a local minimum value at (a, b, ¢) if K1 > 0,
K> > 0, and K3 > 0, a local maximum value at (a, b, ¢)
if K1 <0, K > 0, and K3 < 0, and a saddle point at
(a, b, c) if K1, K2, K3 are all nonzero but satisfy neither
of the above conditions.

SECTION 13.2 (PAGE 720)

Section 13.2 Extreme Values of Functions
Defined on Restricted Domains (page 720)

[ y)=x—x*+y*on
R={(x,y»):0=x<2 0=<y<I1}L
For critical points:

0=filx,y) =1-2x, 0= falx,y) =2y.
The only CP is (1/2,0), which lies on the boundary of
R.

The boundary consists of four segments; we investigate
each.

Onx = 0 wehave f(x,y) = f(0,y) = y2 for

0 < y < 1, which has minimum value 0 and maximum
value 1.

Ony =0 we have f(x,y) = f(x,0) = x — x2 = g(x)
for 0 < x <2. Since g'(x) =1—-2x =0atx = 1/2,
g(1/2) = 1/4, g(0) = 0, and g(2) = —2, the maxi-
mum and minimum values of f on the boundary segment
y =0 are 1/4 and —2 respectively.

On x = 2 we have f(x,y) = f(2,y) = =2 + y? for
0 <y < 1, which has minimum value —2 and maximum
value —1.

Ony=1, f(x,y) = fx,D) =x—x>+1=gx) +1
for 0 < x < 2. Thus the maximum and minimum values
of f on the boundary segment y = 1 are 5/4 and —1
respectively.

Overall, f has maximum value 5/4 and minimum value
—2 on the rectangle R.

f(x,y)=xy—2x on

R={(x,y):=1=<x=<1, 0=<y=<1}

For critical points:
0=rfix,»)=y—-2, 0=rfalx,y) =x.

The only CP is (0, 2), which lies outside R. Therefore

the maximum and minimum values of f on R lie on one

of the four boundary segments of R.

Onx = —1 we have f(—1,y) =2—yfor0 <y <1,

which has maximum value 2 and minimum value 1.

On x =1 we have f(1,y) =y —2 for 0 < y < 1, which

has maximum value —1 and minimum value —2.

On y = 0 we have f(x,0) = —2x for -1 < x < 1,

which has maximum value 2 and minimum value —2.

On y =1 we have f(x,1) = —x for —1 < x < 1, which

has maximum value 1 and minimum value —1.

Thus the maximum and minimum values of f on the

rectangle R are 2 and —2 respectively.

fay)=xy—y*on D={(x,y):x>+y> < 1}.
For critical points:

0= fi(x,y) =1y, 0= folx,y)=x—2y.
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The only CP is (0, 0), which lies inside D. We have
f(0,0) =0.

The boundary of D is the circle x = cost, y = sint,
—m <t <. On this circle we have

g() = f(cost,sint) =costsint — sin® ¢
1
:E[sin2z+cos2t—1], (-7 <t <m).

g0)=gQ2r)=0
g (t) =cos2t —sin2t.

The critical points of g satisfy cos2¢ = sin2t, that is,

5 5
tan2t = 1, so 2t = :I:% or :l:TjT, and t = :l:% or :I:—n.

8
We have

(571)_111_1
E\"8)T2a 2 a2

Thus the maximum and minimum values of f on the

1 1 1
disk D are — — - and —— — 3 respectively.

V2 o2 V2
f(x,y) = x + 2y on the closed disk xZ + y2 < 1. Since
f1 = land f> = 2, f has no critical points, and the
maximum and minimum values of f, which must exist
because f is continuous on a closed, bounded set in the
plane, must occur at boundary points of the domain, that
is, points of the circle x> + y> = 1. This circle can be
parametrized x = cost, y = sint, so that

f(x,y) = f(cost,sint) = cost + 2sint = g(t), say.

For critical points of g: 0 = g/(t) = —sinr + 2cost.
Thus tans = 2, and x = +1/+/5, y = +2/+/5. The
critical points are (—1 /«/_ , —2/\/5), where f has value
—\/5, and (1/«/5, 2/«/5), where f has value /5. Thus
the maximum and minimum values of f(x, y) on the
disk are +/5 and —/3 respectively.

fx,y) = xy —x>y? on the square S: 0 < x < 1,
0<y<l.

fi=y =322y = y(1 =3x%y),

fr=x—2x3y = x(1 — 2x%y).

(0, 0) is a critical point. Any other critical points must
satisfy 3x2y = 1 and 2x?y = 1, that is, x>y = 0.
Therefore (0, 0) is the only critical point, and it is on the
boundary of S. We need therefore only consider the val-
ues of f on the boundary of S.

On the sides x =0 and y =0 of S, f(x,y)=0.
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On the side x = 1 we have f(1,y) =y — y> = g(y),
(0 <y < 1). g has maximum value 1/4 at its critical
point y = 1/2.
On the side y =1 we have f(x,1) =x — X3 =hx),
(0 < x < 1). h has critical point given by 1 — 3x% = 0;
only x = 1/+/3 is on the side of S.
h (L) 2 1

V3) 334
On the square S, f(x,y) has minimum value O (on the
sides x = 0 and y = 0 and at the corner (1, 1) of
the square), and maximum value 2/(3+/3) at the point
1y /3, 1). There is a smaller local maximum value at

(1,1/2).

fx,y) = xy(1 — x — y) on the triangle 7 shown in
the figure. Evidently f(x,y) = 0 on all three bound-
ary segements of 7, and f(x,y) > O inside 7. Thus
the minimum value of f on 7T is 0, and the maximum
value must occur at an interior critical point. For critical
points:

0= filx,y) = y(1-2x—y), 0= falx,y) = x(1-x—2y).

The only critical points are (0, 0), (1, 0) and (0, 1),
which are on the boundary of T, and (1/3, 1/3),
which is inside 7. The maximum value of f over T
is f(1/3,1/3) =1/27.

A
71

x+y=1

Fig. 13.2.6

Since —1 < f(x,y) = sinxcosy < 1 everywhere, and
since f(w/2,0) =1, f(37/2,0) = —1, and both (1 /2, 0)
and (37/2, 0) belong to the triangle bounded by x = 0,
y = 0and x + y = 2, therefore the maximum and
minimum values of f over that triangle must be 1 and
—1 respectively.

f(x,y) = sinxsin y sin(x + y) on the triangle T shown
in the figure. Evidently f(x,y) = 0 on the boundary
of T, and f(x,y) > O at all points inside 7. Thus the
minimum value of f on T is zero, and the maximum
value must occur at an interior critical point. For critical
points inside 7 we must have

0= f1(x,y) = cosxsinysin(x + y) + sinx sin y cos(x + y)
0= fa(x,y) =sinx cosysin(x + y) + sinx sin y cos(x + y).
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Therefore cos x siny = cos y sinx, which implies x =y
for points inside 7', and
cos x sin x sin 2x + sin® x cos 2x = 0
2sin? x cos x + 2sin” x cos? x —sin®x = 0
dcos®x = 1.

Thus cosx = £1/2, and x = +m/3. The interior critical
point is (r/3, w/3), where f has the value 34/3/8. This
is the maximum value of f on T.

y A

Fig. 13.2.8

T=(x+ y)e*’czfvz on D ={(x,y): 2 +y2<1).
For critical points:

_ oT _ —x2oy2
0= P (1—2x(x—|—y))e

oT 22

0_5_(1—2y(x+y))e .

The critical points are given by
2x(x +y) =1 = 2y(x + y), which forces x = y and
1

1 1
(-3-3)
both of which lie inside D. T takes the values e~ !/2 at
these points.

4x2:1,s0x:y::|:—.

11
The two critical points are (E’ E) and

On the boundary of D, x = cost, y =sint, 0 <t < 2m,
so that

T = (cost +sint)e™! = g(), O <t <2m).

We have g(0) = g(2r) = e~!. For critical points of g:
0=g'(t) = (cost —sint)e ",

sotant = 1 and t = /4 or t = 5w /4. Observe that
g(/4) = +/2e7 !, and g(57/4) = —v/2¢7L.

Since e~ 1/2 > /2¢~! (because e > 2), the maximum and
minimum values of T on the disk are e~/ 2, the values
at the interior critical points.

flr oy = —>2
X, y) = ——F"-"—

T
For critical points:

on the half-plane y > 0.

1—x%+y242xy
(1 +x2 + y2)?

—1 —x2+y2—2xy
(I +x2+y2?

0=fikx,y) =

0= falx,y) =

11.
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Any critical points must satisfy 1 — x% + y> +2xy = 0
and —1 — x2 + y2 — 2xy = 0, and hence x? = y? and
2xy = —1. Therefore y = —x = =+1/+/2. The only
critical point in the region y > 0 is (—1/+/2, 1/4/2),
where f has the value —1/+/2.

On the boundary y = 0 we have

X

f(x,0) = T = gx), (—00 < x < 00).
Evidently, g(x) — 0 as x — Fo0.
_ .2
Since g'(x) = ﬁ, the critical points of g are

1
x = =£1. We have g(£1) = :I:E.

The maximum and minimum values of f on the upper
half-plane y > 0 are 1/2 and —1/+/2 respectively.

Let f(x,y,z) = xy2+yz? on the ball B: x2+4+y2+z2 < 1.
First look for interior critical points:

0=fi=y> 0=fr=2xy+z%, 0=f3=2yz.

All points on the x-axis are CPs, and f = 0 at all such
points.

Now consider the boundary sphere z2 = 1 — xZ — y2. On
it

G, y,2) = xp2+y(l—x*—y?) = xy>+y—xty—y° = g(x, y),

where g is defined for x*+y? < 1. Look for interior CPs
of g:
0=g1=y"—2xy=y(y -2
0=g2=2xy+1—x2—3y2.

Case . y=0. Then g =0 and f = 0.

Case II: y = 2x. Then 4x> + 1 — x2 — 12x2 = 0, so
9x2 = 1 and x = +1/3. This case produces critical
points

1 2
—,=,%£=), where f=—, and
3 3
1 2,2 here
33 E3). where f=-—o.

Now we must consider the boundary x% 4+ y2 = 1 of the
domain of g. Here

g, ) =xyt =x(1 —x}) =x —x* = h(x)
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for —1 < x < 1. At the endpoints x = +1, 1 = 0, so
g=0and f =0. For CPs of h:

0="n(x)=1-3x%

so x = £1/+/3 and y = +./2/3. The value of & at such
points is +2/(3+/3). However 2/(3v/3) < 4/9, so the
maximum value of f is 4/9, and the minimum value is
—4/9.

Let f(x,y,z) = xz 4+ yz on the ball xZ + y2 +72<1.
First look for interior critical points:

O0=fi=z, 0=f=z, 0=fi=x+y.
All points on the line z = 0, x + y = 0 are CPs, and
f =0 at all such points.

Now consider the boundary sphere x2 + yZ +z2 = 1. On
it

fy,0)=@+y)z=20+y) /1 —x2—y2=gx,y),

where g has domain x? + y? < 1. On the boundary of its
domain, g is identically 0, although g takes both positive
and negative values at some points inside its domain.
Therefore, we need consider only critical points of g in
x2 4 y% < 1. For such CPs:

(x +»(=2x)
O0=gi =1 —-x2—y2+ = ——
2y/1—x2—y2

1—x2—y>—x>—xy

/1_x2_y2
1—x?—y?—xy—y?
Z_yZ

1—x

Therefore 2x>+ y2+xy = 1 = x242y% +xy, from which
x2=y2

Case I: x = —y. Then g =0,s0 f =0.

Case II: x = y. Then 2x>+x24+x2=1, so x> = 1/4 and
x = £1/2. g (which is really two functions depending
on our choice of the “+” or “—" sign) has four CPs, two
corresponding to x =y =1/2 and two to x =y = —1/2.
The values of g at these four points are 1/+/2.

Since we have considered all points where f can have
extreme values, we conclude that the maximum value
of f on the ball is 1/+/2 (which occurs at the boundary
points :l:(%, %, \%2)) and minimum value —1 /\/5 (which

occurs at the boundary points :I:(%, %, —%)).
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fx,y)=xye on Q0 ={(x,y):x =0, y=0}.

Since f(x,kx) = kx2e ™ > 0as x — oo if k > 0, and
f(x,0) = f(0,y) =0, we have f(x,y) — 0 as (x,y)
recedes to infinity along any straight line from the origin
lying in the first quadrant Q.

1
However, f (x, —) = 1and f(x,0) =0 for all x > 0,
x

1
even though the points (x, —) and (x, 0) become ar-
x

bitrarily close together as x increases. Thus f does not
have a limit as x2 + yZ — oco.

Observe that f(x,y) = re”” = g(r) on the hyperbola
xy =r > 0. Since g(r) — 0 as r approaches 0 or oo,
and

gr)=10-re " =0 = r=1,

f(x,y) is everywhere on Q less than g(1) = 1/e. Thus
f does have a maximum value on Q.
fx,y)=xy?e™ on Q ={(x,y): x>0, y >0}

As in Exercise 13, f(x,0) = f(0,y) = 0 and
limy_ o f(x, kx) = KRx3e=" = 0.

1
Also, £(0,y) = O while f (—,y) =2 5 ooas
y e

y — 00, so that f has no limit as 2 +y2 > ooin Q,
and f has no maximum value on Q.

If brewery A produces x litres per month and brewery B
produces y litres per month, then the monthly profits of
the two breweries are given by

4y2 +x2

_ P 4y? 4y? 422
2 x 100 °

pP=2 ,
o 106

0=2y-

STRATEGY I. Each brewery selects its production level
to maximize its own profit, and assumes its competitor
does the same.

Then A chooses x to satisfy

9P

= =2" 1% = x=5x10°.
X

0

B chooses y to satisfy

_20_ 8y

0= =2- = =5x 10°.
dy 2 x 10° Y=o

The total profit of the two breweries under this strategy is

Pio—10° 3><25><1010+106 5% 25 x 1010
B 100 2 x 109

= $625, 000.

STRATEGY II. The two breweries cooperate to maximize
the total profit

5x2 + 6y?

T=P+Q=2x42y— 22 %
TO =202y = ST
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by choosing x and y to satisfy

O_aT_ 10x
T oax 2 x 106’
aT 12y
0=—=2— }

ay 2 x 109

5 1 6
Thus x =4 x 10 andy=§><10.
In this case the total monthly profit is

2
80 x 1010 + 3 X 1012

2 x 106

2
P+Q=8><105+§><106—

~ $733, 333.

Observe that the total profit is larger if the two breweries
cooperate and fix prices to maximize it.

16. Let the dimensions be as shown in the figure. Then
2x +y = 100, the length of the fence. For maximum area
A of the enclosure we will have x > 0 and 0 < 0 < 7 /2.
Since h = x cos @, the area A is

1
A =xycosf +2x E(X sin6)(x cos 6)
= x(100 — 2x) cos 6 + x2sin6 cos o

1
= (100x — 2x%) cos 6 + Exz sin 20.

We look for a critical point of A satisfying x > 0 and

0<6 <m/2.
wall
i
x & -
0 0
y
Fig. 13.2.16
dA .
0= x = (100 — 4x) cos O + x sin 20
X
= cos6 (100 —4x + 2xsinf) =0
. 50
=4x —2xsinf =100 > x = ———
2 —siné
0A 2 2
0= 0 = —(100x — 2x“) sin 6 + x“ cos 20

= x(1 —2sin®6) + 2x sin® — 100sin 6 = 0.

17.

18.
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Substituting the first equation into the second we obtain

50 5 _ )
7_(1 —2sin%6 +251n9> — 100sin6 =0
2 —sin6
50(1 — 2sin® 0 + 2sin6) = 100(2 sin§ — sin” O)
50 = 100sin 6.
Thus sin6 = 1/2, and 6 = 7 /6.
50 100
Therefore x = m = T, and

100

The maximum area for the enclosure is
4 (100 2J§+ 100\* 13 2500
3 2 3 )22 /3
square units. All three segments of the fence will be the
same length, and the bend angles will be 120°.
To maximize Q(x, y) = 2x + 3y subject to

y=>0, y<5 x+2y=<12, 4x+y<=<I2.
The constraint region is shown in the figure.

y 4

4x+y=12

Fig. 13.2.17

Observe that any point satisfying y <5 and 4x +y < 12
automatically satisfies x + 2y < 12. Since y = 5 and

7
4x + y = 12 intersect at (Z’ 5), the maximum value of

Q(x, y) subject to the given constraints is

0 75 _7+15_37
4’7 ) 72 T2

Minimize F(x,y,z) = 2x + 3y 4+ 4z subject to

x>0,

x+y=>2,

z>0,
X+z>2.

y =0,
y+z>2,
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Here the constraint region has vertices (1, 1, 1),

(2,2,0), (2,0,2), and (0,2, 2). Since F(1,1,1) =9,
F(2,2,0) =10, F(2,0,2) =12, and F(0, 2,2) = 14, the
minimum value of F subject to the constraints is 9.

Fig. 13.2.18

Suppose that x kg of deluxe fabric and y kg of standard
fabric are produced. Then the total revenue is

R =3x +2y.

The constraints imposed by raw material availability are

20 10 2 000, & 2¢ 4y < 20,000
100" T 100 = @ XY=
0 20 6,000, © Sy +4dy < 60,000
100" T 100”0 = rTE =
30 50
2 e+ 2y <6.000, < 3x 4S5y < 60.000.
100" T 1007 = @ vy

The lines 2x + y = 20,000 and 5x + 4y = 60, 000

20, 000 20, 000 . .
intersect at the point 3 ), which satisfies

3x + 5y < 60, 000, so lies in the constraint region. We
have

20, 000 20, 000
’ ,— ~ 33, 333.
3 3
The lines 2x + y = 20,000 and 3x + 5y = 60, 000 in-
. 40, 000 60, 000
tersect at the point T o
satisfy 5x + 4y < 60, 000 and so does not lie in the con-
straint region.
The lines 5x + 4y = 60, 000 and 3x 4+ 5y = 60, 000 in-
60, 000 120, 000 hich satisfi
G 5 , which satisfies
2x +y < 20,000 and so lies in the constraint region. We
have

, which does not

tersect at the point

(60, 000 120, 000

, ~ 32,307.
13 13 ) 32.30
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To produce the maximum revenue, the manufacturer
should produce 20, 000/3 ~ 6,667 kg of each grade
of fabric.

If the developer builds x houses, y duplex units, and z
apartments, his profit will be

P =40, 000x + 20, 000y + 16, 000z.

The legal constraints imposed require that

x y z
Z42 42 <0,
6+8+12_

and also

that is 4x + 3y 4 2z < 240,

z2=Zzx+y.

Evidently we must also have x >0, y > 0, and z > 0.
The planes 4x + 3y 4+ 2z = 240 and z = x + y intersect
where 6x + 5y = 240. Thus the constraint region has
vertices (0, 0, 0), (40, 0, 40), (0, 48, 48), and (0, 0, 120),
which yield revenues of $0, $2,240,000, $1,728,000, and
$1,920,000 respectively.

For maximum profit, the developer should build 40
houses, no duplex units, and 40 apartments.

Section 13.3 Lagrange Multipliers
(page 728)

First we observe that f(x, y) = x>y must have a max-
imum value on the line x + y = 8 because if x - —o0
then y — oo and if x — oo then y — —oo. In either
case f(x,y) > —oo.

Let L = x3y> + A(x +y — 8). For CPs of L:

JdL

0=— =3x2y + 1
ox
aL

0=— =53y"+1
dy

O—aL— + 8

The first two equations give 3x2y> = 5x3y*, so that ei-
ther x =0or y=0o0r 3y =5x. If x =0 or y =0 then
f(x,y) =0. If 3y = 5x, thenx—|—%x = 8,50 8x =24
and x = 3. Then y = 5, and f(x,y) = 335° = 84, 375.
This is the maximum value of f on the line.

a) Let D be the distance from (3, 0) to the point (x, y)
on the curve y = x2. Then
DP=@x—-32+y=@x—-3)2+x*

2
For a minimum, 0 = - = 2(x — 3) + 4x>. Thus
X

2x3 4+ x —3 = 0. Clearly x = 1 is a root of this
cubic equation. Since

23 +x -3

=2x% 4 2x +3,
x—1
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and 2x2 + 2x + 3 has negative discriminant, x =1 is
the only critical point. Thus the minimum distance

from 3,0) to y = x2is D = /(=22 + 14 = /5

units.
b) We want to minimize D?* = (x — 3)% 4+ 2
subject to the constraint y = x2. Let
L = (x —3)? +y2 4+ A(x2 — y). For critical points of
L we want
oL
0=— =2(x —3) +2Ax
ox
= (I+M)x—-3=0 (A)
aL
0=—=2y—2A (B)
dy
aL 2
0= — =x"—y. C
o =X T ©)

Eliminating A from (A) and (B), we get
x+2xy—-3=0.

Substituting (C) then leads to 263 +x—-3=0, or
(x — 1)(2x%2 4+ 2x 4+ 3) = 0. The only real solution
is x = 1, so the point on y = x2 closest to (3, 0) is
1, 1).

Thus the minimum distance from (3,0) to y = x

D=1 —=3)2+12=4/5 units.

2 s

3. Let (X, Y, Z) be the point on the plane x + 2y +2z =3

closest to (0, 0, 0).

a) The vector V(x + 2y + 2z) =i+ 2j + 2Kk is perpen-
dicular to the plane, so must be parallel to the vector
Xi+ Yj+ Zk from the origin to (X, Y, Z). Thus

Xi+ Yj+ Zk = t(i + 2j + 2K),

for some scalar t. Thus X =1¢, Y = 2¢, Z = 2¢, and,
since (X, Y, Z) lies on the plane,

3=X+2Y+2Z =1t+4t+4t =9t.

Thust:%,andwehaveX:%andY:Z:%.
The minimum distance from the origin to the plane
is therefore %«/l +4+4+4 =1 unit.

b) (X, Y, Z) must minimize the square of the distance
from the origin to (x, y, z) on the plane. Thus it is a
critical point of § = x% + y? + z2. Since
x+2y+2z7=3, we have x =3 — 2(y + z), and

2
S=S(y,z) = (3—2(y+z)) 42422

The critical points of this function are given by

3S

0=22 =—4(3—2(y+z))+2y=—12+10y+8z
dy
3

0=22 :—4(3—2(y+z))+2z=—12+8y+10z.
a9z
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Therefore ¥ = Z = % and X = %, and the distance
is 1 unit as in part (a).

¢) The point (X, Y, Z) must be a critical point of the
Lagrangian function

L=x>4+y>+22 4+ A(x +2y+2z-3).
To find these critical points we have

aL

O0=—=2x+2A
ox
aL
0=—=2y+2A
dy
oL
0=—=2z+4+2x
0z
0= oL _ +2y+2z-3
=y =Xty A2 .
The first three equations yield y = z = —A,
x = —A/2. Substituting these into the fourth equa-
tion we get A = —%, so that the critical point is once

again (%, %, %), whose distance from the origin is 1
unit.

4. Let f(x,y,2) =x+y — z, and define the Lagrangian

L=x+y—z+r2+y2+22-1D.

Solutions to the constrained problem will be found
among the critical points of L. To find these we have

JL
0= — =1+42\x,
0x
oL
0=—=1+2xry,
dy
oL
0= — =—1+42xz,
0z
L 5 5 2
) xX“+y +z

Therefore 2Ax = 2Ay = —2Xz. Either A =0 or
x =y = —z. A = 0 is not possible. (It implies 0 = 1
from the first equation.) From x = y = —z we obtain

1
1=x2+ y2 +72 = 3x2, SO X = :|:—3. L has critical

1 1 1 1
points at (ﬁ, 7 «/§> and (—ﬁ’ Neh «/§>
At the first f = +/3, which is the maximum value of
f on the sphere; at the second f = —+/3, which is the
minimum value.

The distance D from (2, 1, —2) to (x, y, z) is given by

D’=(x—-22+0G-1D>+z+2>%

497
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We can extremize D by extremizing D2. If (x,y,z) lies
on the sphere x2+y2+z% = 1, we should look for critical
points of the Lagrangian

L=x-224+0-D*+ @+ +2a>+y*+22 - 1).

Thus

0 oL 2( 2) +2x & 2
= — =2(x — X X=—
0x 1+A

o—aL—z( D42y & y= !
Ty 7V Y Y

0= Coin 42z o =2
T 9z ¢ ¢ Z_1+A
oL

0:3—:x2+y2+z2—1.

Substituting the solutions of the first three equations into
the fourth, we obtain

L G+l+4=1
a +A)2( )
1+10%=9
14+ A=4£3.

Thus we must consider the two points P = (%, %, —%),

and Q = (—%, —%, %) for giving extreme values for D.

At P, D =2. At Q, D = 4. Thus the greatest and least
distances from (2, 1, —2) to the sphere x2 + y2 +z2 =1
are 4 units and 2 units respectively.

Let L = x? 4 y% 4+ 7% 4+ A(xyz% — 2). For critical points:

oL
O:a—:2x+ky22 & —Axy12=2x2
x
_oL _ 2 _ 2_5.2
0_8 =2y+ixz" & Axyz® =12y
y
oL
O:a—z:2z+2Axyz & —Axyzzzz2
oL
0= =xyz* —2.
oy = 2

From the first three equations, x> = y? and z> = 2x2.

The fourth equation then gives x2y24z* = 4, or x® = 1.
Thus x> = y?> =1 and 7> = 2.
The shortest distance from the origin to the surface

xyz? =2 s
V1 + 142 =2 units.

4mabc

We want to minimize V = subject to the con-

. 1
straint ) +

— 4+ — = 1. Note that abc cannot be zero.
a b2 2
Let
L_47mbc+)\ l+4+l |
T3 a? b2 2 ’
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For critical points of L:

0— oL dwbe 2\ N 2mwabce A
" 9a 3 a3 3 a2
0= oL dmwac 8\ N 2mwabce _ 4x
T3 b3 3 b2
0= JdL _ dmwab 2\ N 2mwabc _ A
T 9c 3 c3 3 T2
0— aL 1 N 4 N 1 ]
AL a2 b2 2 ’

abc # 0 implies A # 0, and so we must have

1 4 1 1

a2 23
s0 a = ++/3, b = £2/3, and ¢ = ++/3.
Let L = x% 4 y? + A(3x2 + 2xy + 3y? — 16). We have

oL

O:a—:2x+6kx+2ky (A)
x
aL

O=a—=2y+6ky+2kx. (B)
y

Multiplying (A) by y and (B) by x and subtracting we
get
20(y? —x%) =0.

Thus, either A =0, or y = x, or y = —x.

X = 0 is not possible, since it implies x = 0 and y = 0,
and the point (0, 0) does not lie on the given ellipse.

If y =x, then 8x2 =16, so x = y = ++/2.

If y = —x, then 4x2 =16, s0 x = —y = +2.

The points on the ellipse nearest the origin are (v/2, v/2)
and (—+/2, —+/2). The points farthest from the origin are
(2, —2) and (—2,2). The major axis of the ellipse lies
along y = —x and has length 4+/2. The minor axis lies
along y = x and has length 4.

Let L = xyz + A(x> + y> 4 z2 — 12). For CPs of L:

aL

0= — =yz+2\x (4)
ax
oL

0= — =xz+2Ay (B)
dy
aL

0=—=xy+2rz (&)
0z
aL

0:3—/\:x2+y2+z2—12. (D)

Multiplying equations (A), (B), and (C) by x, y, and z,
respectively, and subtracting in pairs, we conclude that
ax? = ay? = Az2, so that either A = 0 or x? = y? = 72,
If A = 0, then (A) implies that yz = 0, so xyz = 0. If
x2 = y2 = 22, then (D) gives 3x% = 12, so x> = 4.
We obtain eight points (x, y, z) where each coordinate is
either 2 or —2. At four of these points xyz =8, which is
the maximum value of xyz on the sphere. At the other
four xyz = —8, which is the minimum value.
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10. Let L = x +2y — 3z +A(x2 +4y2 +9z2 — 108). For CPs

11.

of L:

oL

0= — =1+42\x (A4)
0x
oL
dy
oL

0= — = -3+ 18z (&)
a9z
oL

0:5x2x2+gﬂ+9f—1%. (D)

From (A), (B), and (C),

1 2 3

T2 8y 187

so x =2y = —3z. From (D):

2 2
2 X X
4(Z ) o
X~ + (4>+9<9> 08,

so x2 = 36, and x = £6. There are two CPs: (6, 3, —2)
and (—6, —3,2). At the first, x + 2y — 3z = 18, the
maximum value, and at the second, x + 2y — 3z = —18,
the minimum value.

Let L=x+A(x+y—z) 4+ pn@x?+2y*+27> —8). For
critical points of L:

oL

O0=—=14+2+2ux (A)
0x
oL

0= ——=A+4ny (B)
dy
oL

0= —=—-A+4uz )
a9z
oL

0= — = - D
a xX+y—z (D)
oL

0=— =x?42y?+2° -8, (E)
ou

From (B) and (C) we have u(y +z) = 0. Thus © =0 or
y+z=0.

CASE L. u = 0. Then A = 0 by (B), and 1 = 0 by (A),
so this case is not possible.

CASE II. y +z =0. Then z = —y and, by (D),

x = —2y. Therefore, by (E), 4y2+2y2+2y% =8, and so
y = £1. From this case we obtain two points: (2, —1, 1)
and (—2,1, —1).

The function f(x,y,z) = x has maximum value 2

and minimum value —2 when restricted to the curve
x4+y=2z x2+2y2+2:2=38.

12.

13.

14.
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Let L=x24y2+ 22+ 224+ y2 =25 + pn(x — 2z —3).
For critical points of L:

L

0=—=2x(1+M+nu (A)
0x
oL

0=— =2y(1+1) (B)
dy
oL

0=—=2z(1—-1) —2u )
0z
L 5 52 5

0= — = — D
ah X4y -z (D)
oL

0=— =x—27—3. (E)
o

From (B), either y =0 or A = —1.
CASE L. y = 0. Then (D) implies x = *£z.

If x = z then (E) implies z = —3, so we get the point
(=3,0,-3).
If x = —z then (E) implies z = —1, so we get the point

(1,0, =1).

CASE II. A = —1. Then (A) implies ¢ = 0 and (C)
implies z = 0. By (D), x = y = 0, and this contradicts
(E), so this case is not possible.

If f(x,y,2z) = x>+ y>+z%, then f(=3,0,-3) = 18
is the maximum value of f on the ellipse x2 + y2 = z2,
x —2z=3,and f(1,0, —1) = 2 is the minimum value.

Let L=4—z+A(x2+y2—8) +u(x+y+z—1). For
critical points of L:

dL

0=—=2x+pu (A)
0x
L

0=—=2y+p (B)
ay
dL

0=—=—-14u (©)
0z
dL 5 o

0=— = -8 D
ax x“+y (D)
L

0=—=x+y+z—1 (E)
ou

From (C), u = 1. From (A) and (B), A(x —y) = 0, so
either A =0 or x = y.

CASE I. A = 0. Then p = 0 by (A), and this contradicts
(C), so this case is not possible.

CASE II. x = y. Then x = y = £2 by (D).

If x =y =2, then z = -3 by (E).

If x =y = -2, then z =15 by (E).

Thus we have two points, (2,2, —3) and (-2, -2, 5),
where f(x,y,z) =4 — z takes the values 7 (maximum),
and —1 (minimum) respectively.

The max and min values of f(x,y,z) = x + y?z subject
to the constraints y> + z> = 2 and z = x will be found
among the critical points of

L=x+y2z+20%+22=2) + p(z — x).
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Thus
0= oL _ 1 =0
T oax H="5
0= oL _ 2 20y =0
—ay—)’Z—i— y =0, 16.
oL 2
0=—=y"4+2xz+u=0,
0z
oL
0= =y2+72 2,
o Yy +z
oL
0= a =Z—X
From the first equation © = 1. From the second, either
y=0orz=—-AX
If y = 0 then 2 = 2, z = x, so critical points are
(+v2,0,+/2) and (—/2,0, —+/2). f has the values £+/2
at these points. If z = —A then y2 — 2z2 + 1 = 0. Thus
272—1=2-z% or z2 =1, z = +1. This leads to critical
points (1, £1,1) and (—1, £1, —1) where f has values
+2. The maximum value of f subject to the constraints
is 2; the minimum value is —2.
Let
L=(x—al+G-b>+@E—0*+rx—y)+py—2)
+o(a+b)+ t(c—2).
For critical points of L, we have
oL
0=—=2(x—a)+ X (A)
0x
oL
0=—=2(y—b)—A+nu (B)
dy
oL
0=""=2c-0)—u < 17
a9z
oL
0=—=—"2x—-a)+o (D)
da
O—BL— 20 —b)+ (E)
T Y 7
oL
0=—=-2@z-0)+7 (F)
dc
0= L G)
T Y
oL
0=—=y—-z (H)
o
oL
0=—=a+b )
do
oL
0= — =¢c—2. )
it

Subtracting (D) and (E) we get x — y = a — b. From (G),
x =y, and therefore a = b. From (I), a = b = 0, and
from (J), ¢ = 2.

Adding (A), (B) and (C), we get x+y+z =a+b+c =2.
From (G) and (H), x =y =z =2/3.

The minimum distance between the two lines is

(EERERCSIER
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Let L=xi+x2+ - +x, + A7 +x3+ - +x2— D).
For critical points of L we have

oL JL
0=—=1+42Ax;, ... 0= =14 2ix,

X1 Xn

L _ 5 o 2
0=a=x1+x2+---+xn—1.

The first n equations give
X=Xy ==Xy =—5,

and the final equation gives

1+1+ +1
42 42 -

so that 422 = n, and A = +./n/2.

The maximum and minimum values of x; +x +--- 4+ x,
n

subject to x12 + 4 x2 =1 are iﬁ’ that is, «/n and

—4/n respectively.

Let L = x1 +2x2 + - +nx, + A&7 +x3 +---+x2 — D).
For critical points of L we have

0= 110 o !
= — = X X1 = ——
x1 ! ! 2
0= _5i0n o 2
N 2 2T 7o)
L 3
0=2 =342 =
s +2Ax3 <& X3 N
0=t iy e "
= =n R
9%, n S
oL 2, 2 2
Oza—)L:xl—l—xz—!— +xn—1
Thus
L4 2 e
42 42 42 42

H(2 1
4)\2:1+4+9+...+n2:w

L [Me DD
2 6
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Thus the maximum and minimum values of
X1 + 2x2 + --- + nx, over the hypersphere
x12+x§—|—---+x,%: 1 are

6 2,202, 2
Vamrna o T A
4 /n(n+l)6(2n+l).

Let the width, depth, and height of the box be x, y and z
respectively. We want to minimize the surface area

S=xy+2xz+2yz

subject to the constraint that xyz = V, where V is a
given positive volume. Let

L=xy+2xz+2yz+ Axyz—V).

For critical points of L,

oL

0=a=y+2z+)\yz < —Axyz=xy+2xz
oL

():E:x—{—Zz—l—}»xz & —Axyz=xy+2yz
oL

0:8—=2x+2y+kxy & —Axyz=2xz+2yz
z

O—aL— %

_a)\_xyz .

From the first three equations, xy = 2xz = 2yz. Since
X, y, and z are all necessarily positive, we must therefore
have x = y = 2z. Thus the most economical box with no
top has width and depth equal to twice the height.

We want to maximize V = xyz subject to 4x+2y+z = 2.
Let
L=xyz+ 4x+2y+2z7-2).

For critical points of L,

oL
0=8—=yz+4A & xyz+4rx =0
X
oL
Oza—zxz—{—ZX & xyz+2xy =0
Yy
oL
0=8—Z=xy+)» & xyz+iz=0
O—BL—4 +2y + 2=0
=gy =4 t2y+e =0.

The first three equations imply that z = 2y = 4x (since
we cannot have A = 0 if V is positive). The fourth equa-
tion then implies that 12x = 2. Hence x = 1/6, y = 1/3,
and z = 2/3.
The largest box has volume

1

1 1
V = — X = x = = — cubic units.
6 3 3 27

20.

21.
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We want to maximize xyz subject to xy+2yz+3xz = 18.
Let
L =xyz+ Axy +2yz+3xz — 18).

For critical points of L,

oL

0= i =yz+A(y+32) & —xyz=A(xy+3x2)
oL

0= E =xz4+A(x+2z) & —xyz=>Xi(xy+2yz)
oL

0= o =xy+r2y+3x) & —xyz=AQyz+3x2)

0= oL = +2yz+3 18

= =xy+2yz+3xz .

From the first three equations xy = 2yz = 3xz. From the
fourth equation, the sum of these expressions is 18. Thus

xy =2yz=3xz=6.

Thus the maximum volume of the box is

V =xyz = /(xy)(yz)(xz) = v/6 x 3 x 2 = 6 cubic units.

Let the width, depth, and height of the box be x, y, and
z as shown in the figure. Let the cost per unit area of the
back and sides be $k. Then the cost per unit area of the
front and bottom is $5k. We want to minimize

C =5k(xz +xy) + kQyz + x2)
subject to the constraint xyz = V (constant). Let

L =k(Sxy +6xz+2yz) + A(xyz — V).

For critical points of L,

L
0= ——=5ky+6kz+iyz & —hxyz=Skxy+6kxz
X
L
0= —= =5k +2kz +hxz & —hryz=Skxy + 2kyz
y
L
0= Pl 6kx +2ky +Axy <&  —Axyz = 6kxz 4+ 2kyz
4
0 0L _ v
Tox T

From the first three of these equations we obtain

5
Sxy = 6xz = 2yz. Thus y = 3x and z = 7x From the

fourth equation, V = xyz = —x".
v\ 2v\ 173
The largest box has width (E) , depth 3 (—) ,

15
5 (2v\'/?
height = [ — .
and elgtz(ls)

501
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Fig. 13.3.21

fe,y.2)=xy+z>on B={(x,y,2): x> +y*+z2 < 1}.
For critical points of f,

0= filx,y,2) =y, 0= falx,y,2) =x,
0= f3x,y,2) =2z

Thus the only critical point is the interior point (0, 0, 0),
where f has the value 0, evidently neither a maximum
nor a minimum. The maximum and minimum must
therefore occur on the boundary of B, that is, on the
sphere

x2+y2+22=1. Let

L=xy+z22+rx>+y>+22-1).

For critical points of L,

L

0=— =y+2ix (A)
0x
aL

0=—=x+21y (B)
dy
L

0=— =2z(1+2) ()
0z
L

0:8—:x2+y2+z2—1. (D)

From (C) either z =0 or A = —1.

CASE L. z = 0. (A) and (B) imply that y?> = x? and (D)
then implies that x> = y> = 1/2. At the four points

() (s

1 1
f takes the values 5 and —3

CASE II. A = —1. (A) and (B) imply that x = y = 0,
and so by (D), z = £1. f has the value 1 at the points
0,0, £1).

Thus the maximum and minimum values of f on B are
1 and —1/2 respectively.

502
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In this problem we do the boundary analysis for Exercise
22 using the suggested parametrization of the sphere
x24+y2 4+ 722 =1. We have

f()c,y,z):)cy+z2
:sin2¢sin0 cos9+cos2¢>
— L2 2
= 2sm ¢ sin 260 + cos” ¢
=g(%,9)

for 0 < ¢ <m and 0 <6 <2x. For critical points of g,

0= g1(¢,0) = sin¢ cos ¢ sin20 — 2 sin ¢ cos ¢
sin ¢ cos ¢ (sin 20 — 2)
sin2¢60520.

0=g2(¢.6)

The first of these equations implies that either sin¢ = 0
or cos¢ = 0.

If sing = 0, then both equations are satisfied. Since
cos¢ = %1 in this case, we have g(¢,0) = 1.

If cos¢ = 0, then sin¢ = =*1, and the second equation

3
requires cos 20 = 0. Thus 6 = :I:% or :l:Tn. In this case

1
g(9,0) = ii'
Again we find that f(x,y,z) = xy + z? has maximum
value 1 and minimum value —— when restricted to the

surface of the ball B. These are the maximum and mini-
mum values for the whole ball as noted in Exercise 22.

LetL:sin% sin% sin%—i—)\(x—i—y—i—z—rr). Then

oL 1
ozazicosgsin%sin%—}—k (4)
oL 1 . x y .z
0= — =—sin=cos=sin~ + A (B)
gy 2 Mgty
oL 1
0= 52 =7sinTsinTeos 42, (©)

For any triangle we must have 0 < x <n,0 <y <=
and 0 <z <m. Also

X Yy 2
P =sinZ sin= sin~
sin 2 sSin 2 Sin 2

is 0 if any of x, y or z is 0 or . Subtracting equations
(A) and (B) gives

=0.

. . X—Yy
— sin — sin
2 2 2

It follows that we must have x = y; all other possibilities
lead to a zero value for P. Similarly, y = z. Thus the
triangle for which P is maximum must be equilateral:

x =y =z =m/3. Since sin(/3) = 1/2, the maximum
value of P is 1/8.
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We are given that gz(a, b) # 0, and therefore that the
equation g(x,y) = C has a solution of the form y = h(x)

valid near (a, b). Since g(x, h(x)) — C holds identically

for x near a, we must have

0= (%g(x,h(x)))

If f(x,y), subject to the constraint g(x, y) = C, has an

= gi(a, b) + ga2(a, b)h'(a).

X=a

extreme value at (a, b), then F(x) = f(x, h(x)) has an

extreme value at x = a, S0
0= F'(a) = fi(a,b) + fa(a, b)h'(a).

Together these equations imply that
g1(a, b) fo(a, b) = g2(a, b) fi(a, b), and therefore that

fita,b) _ fola,b) _
gi(a,b)  ga(a,b)

—A  (say).

(Since g2(a, b) # O, therefore, if gi(a, b) = 0, then
fi(a, b) =0 also.) It follows that

0= fi(a,b)+ rg1(a,b), 0= fa(a, b) + rg2(a, b),

so (a, b) is a critical point of L = f(x, y) + Ag(x, y).

As can be seen in the figure, the minimum distance
from (0, —1) to points of the semicircle y = +/1 — x?2
is +/2, the closest points to (0, —1) on the semicircle
being (1, 0). These points will not be found by the
method of Lagrange multipliers because the level curve
f(x,y) = 2 of the function f giving the square of the
distance from (x, y) to (0, —1) is not tangent to the semi-
circle at (£1,0). This could only have happened because
(1, 0) are endpoints of the semicircle.

y

y=+/1-x2

(-1,0)

0,—1)

Fig. 13.3.26

If f(x,y) has an extreme value on g(x, y) = 0 at a point
(x0, yo) where Vg # 0, and if V f exists at that point,
then V f(xo, yo) must be parallel to Vg(xo, y0);

V f (x0, yo) + AVg(x0, y0) =0

b

SECTION 13.4 (PAGE 734)

as shown in the text. The argument given there holds
whether or not V f(xg, yo) is 0. However, if

V f(x0,y0) =0

then we will have A = 0.

Section 13.4 The Method of Least Squares
(page 734)

If the power plant is located at (x, y), then x and y
should minimize (and hence be a critical point of)

5= i[(x — )+ -]

i=1

Thus we must have
NI SR
=— = x—xj)=2|nx— X
9x ' i : i
i=1 i=1
8S n n
0=5=22(y—yi)=2 ny—Zyi .
i=1 i=1

1 n l n
Thus x = — i =Xx,and y = — L=y
X n;x, X y . ;y, y

1
Place the power plant at the position whose coordinates
are the averages of the coordinates of the machines.

We want to minimize S = Y7, (ax? — y;)?>. Thus

ds
O:—:

n
Z 2(axi2 - y,-))ci2
da P

n
=2 (ax! — x}y),
i=1
nd 0 = (i ) [ (S 5.
We minimize S = Y7, (ae* — y;)*. Thus
ds “ i
O = — = 2 Xi —_— ; X N
m ;(ae vide

and o = (1 ne) [ (S )

We choose a, b, and ¢ to minimize

n

2
S=Z<axi+byi+c_zi) .

i=1
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Thus
0= g :2é(ax,- + by + ¢ —zi)xi
0= g :2§(axi +byi + ¢ —zi)yi
0= % :2i(ax,-+byi+c—2i)~

i=1

Let A = inz, B=>xy,C=>x,D= Zyiz,
E=3% i, F=3%xz,G=) yizi,and H =3} 7. In
terms of these quantities the above equations become

Aa + Bb + Cc = F
Ba + Db + Ec = G
Ca + Eb 4+ nc H.

By Cramer’s Rule (Theorem 5 of Section 1.6) the solu-
tion is

1 F B C 1 A F C
a=—|G D E|, b=—|B G E|,
Alg E Alc H &

1 A B F A B C

c=—|B D G|, where A=|B D E
Alc E H C E n
fx=(01,....%),y= O1s--es¥n), 2= (21, -+, 2n)s
w=(l,...,1), and p = ax+by—+cw, we want to choose

a, b, and ¢ so that p is the vector projection of z onto
the subspace of R? spanned by x, y and w. Thus p —z
must be perpendicular to each of x, y, and w:

P—2ex=0, (p—z)ey=0, (p—2z)ew=0.

When written in terms of the components of the vectors
involved, these three equations are the same as the equa-
tions for a, b, and ¢ encountered in Exercise 4, and so
they have the same solution as given for that exercise.

The relationship y = p + ¢x? is linear in p and g, so we
choose p and g to minimize

n
S= (p+axi —y)*

i=I

Thus
EN -
0=-"=2) (p+qx =)
31) i=1
EN -
0=3, = 23 (p+gx? — yial.
i=1
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that is,

np + (XCx})q > Vi

D) + (e = TP

(i) (Z ) = (Cafwi) (2 7)

n () = (2)’

_ (X)) = (Zy) (X))
n () = (D7)’

This is the result obtained by direct linear regression.
(No transformation of variables was necessary.)

SO

q

We transform y = pe?* into the form Iny = In p + gx,
which is linear in In p and g. We let n; = Iny; and use
the regression line n = a + bx obtained from the data
(xi, ni), with b = ¢q and a = In p.

Using the formulas for @ and b obtained in the text, we
have

n (X xilny) — (X x) (X Iny)

Inp=a= >
n(Xx7) = (Xxi)
_ () () - () (CxiInyi)
n(?) - (Cx)
p=cé.

These values of p and ¢ are not the same values that
minimize the expression

n
S= (i — pet ).
i=1

We transform y = In(p + ¢x) into the form ¢’ = p + gx,
which is linear in p and g. We let n; = ¢” and use the
regression line n = ax + b obtained from the data (x;, 1;),
with a = ¢ and b = p.

Using the formulas for @ and b obtained in the text, we
have

_n(Txer) = (L) (T e”)
n(Xaf) - (T x)
() (Ee) = (C ) (i)
n (X x7) - (Zx)?

These values of p and ¢ are not the same values that
minimize the expression

q=a

p:b:

n

5= (np+gx) - )

i=I

The relationship y = px + gx? is linear in p and ¢, so
we choose p and g to minimize

n
S=>"(pxi +qx7 — y)*.
i=1
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Thus
as -
0=-— =2 (pxi +gx? — yox;
5 ;p gx? —y
EN -
0=—=2) (px; + xiz— i)xiz,
> ;p gx? —y
that is,
(X)) + (Xx)a = Xy
XE)p + (Ex)e = Xt
Y (Can) () - () (25
(X42) () - (2)
_ () (i) = (Xxivi) (ZX?).
(242 (L) = (X))’

This is the result obtained by direct linear regression.
(No transformation of variables was necessary.)

We transform y = /(px + ¢) into the form y> = px + ¢,
which is linear in p and g. We let ; = in and use the
regression line n = ax + b obtained from the data (x;, n;),
with a = p and b = gq.

Using the formulas for a and b obtained in the text, we
have

n(xiv?) = (L) (7)
n(24F) = (Sx)’
Xa?) (£57) = () (S )
n () = (L)’

These values of p and g are not the same values that
minimize the expression

p:a:

q=b=(

5=y (VrnFa-x).

i=1

X

The relationship y = pe* + ge™
we choose p and ¢ to minimize

n
2
§= Z(Pé’x" +qe " — yi) :

i=1

is linear in p and ¢, so

Thus

n

0S ) - )
0= 5 = 22(176’“ +qge " — y,-)ex’

i=1
EN ~ , . .
0= % :22<pex’ +qge™ —yi>e i

i=1

SECTION 13.4 (PAGE 734)
that is,
(Z ezx") p + nq ety
np + (Z 672Xi) q = 267Xi Vi,
SO

(Se) (S evy) =n (S ey)
(Z ele') (Z 672)(,‘) _ nz
(X e?i) (e iyi) —n (X eiyi)
T e ™) -n
This is the result obtained by direct linear regression.
(No transformation of variables was necessary.)

q:

12. We use the result of Exercise 6. We have n = 6 and

> oxt =115, > xi=40s1,

> i =55.18, > xtyi = 1984.50.
Therefore

(X ) () = (Cxwi) (D)
n(Sxf) - (Z)
_55.18 x 4051 — 1984.50 x 115
- 6 x 4051 — 1152
_n(XaRn) — (29) (243)
n(Sx) — ()’
_ 6x1984.50 — 55.18 x 115 _ 0.50.
6 x 4051 — 1152

~ —0.42

q

We have (approximately) y = —0.42 + 0.50x2. The pre-
dicted value of y at x =5 is —0.42 4 0.50 x 25 =~ 12.1.

13. Choose a, b, and ¢ to minimize

n

2
S:Z(axiz—l—bx,-—!—c—y,-) .

i=1

Thus
0= ﬁ :Zi(ax»z—kbx,' +C—)’i)x'2
da = ! l
0= ﬁ :Zi(ax»z—kbx,' +c—yixi
db i=1 l
n
0= % ZZZ(axiz—i-bxi-i-C—yi)-

i=1

Let A = Zx?, B = Zx?, C = inz, D = > xi,
H = inzy,-, I => xiyi,and J = > y;. In terms of
these quantities the above equations become

Aa + Bb + Cc = H
Ba + Cb 4+ Dc = 1
Ca + Db + nc = J.
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By Cramer’s Rule (Theorem 5 of Section 1.6) the solu-
tion is

L|H B C 1A H C
a=—|1 C DI, b=—|B I DI,
Aly D n Alc 7 »
L|A B H A B C
c=—|B C [I|, where A=|B C D
Alc p g C D n

—X

Since y = pe* + g +re™" is equivalent to

ey = p(e*)* +qe +r,

we let & = e% and n; = e¥iy; fori =1,2, ..., n. We
then have p =a, g = b, and r = ¢, where a, b, and ¢ are
the values calculated by the formulas in Exercise 13, but
for the data (&, n;) instead of (x;, y;).

1

To minimize I = (a)c2 — x3)2 dx, we choose a so that
0

dl !
0= Ta :/ 2(ax2 —x3)x2 dx
a 0
) x> 2x° ! 2a 1
= aqa— — —— = — — —.
5 6 /o 5 3

Thus a = 5/6, and the minimum value of [ is

/1 25xt 5%
——+x ) dx
o \ 36 3
5 5 11

36 18 7 252

T 2
To maximize I = / (ax(n —Xx)— sinx) dx, we choose
0

a so that
dl T
0= Ta = /0 2<ax(7'r —Xx) — sinx)x(n —x)dx

s T

=2a/ x2(r —x)zdx—2/ x(m — x)sinxdx
0 0

_ nsa

15

(We have omited the details of evaluation of these inte-
grals.) Hence a = 120/7°. The minimum value of I
is

T (120 2
/ (—5x(7t —Xx) — sinx) dx =
0 T

480

— = 0.00227.
T

o]
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1
To minimize I = / (ax2 +b —)c3)2 dx, we choose a and
0

b so that
I by 3o 2a 2b 1
0:—: 2 b— d = — - — =
Py /0 (ax* + x7)x“dx 5+3 3
0—31—/12( 2 4 p— = 2 o
_8b_ ) ax X X = 3 2

Solving these two equations, we get a = 15/16 and
b = —1/16. The minimum value of [ is

1 2 2
15 1 1
/ T3 A= ——.
0 16 16 448

()c3 —ax®—bx — c)2 dx, choose a, b and
0

To minimize
¢ so that

1
0=2 (x3 —ax? —bx — c)(—xz) dx
0

1
0:2/ (3 —ax? — bx — o)(=x) dx
0
1
022/ (x3—ax2—bx—c)(—1)dx,
0

that is,

a " b n c 1
5 4 376
a " b N c 1
4 3 2 5
a " b " 1
z Z c = -
3 2 4
. L 3 3 1
for which the solutionisa =—-, b= ——, and c = —.
2 20

b2

To minimize (sinx — ax? — bx)2 dx we choose a and

0
b so that

T
0= 2/ (sinx — ax? — bx)(—xz) dx
Oﬂ
0= 2/ (sinx — ax* — bx)(—x)dx.
0

We omit the details of the evaluation of the integrals.
The result of the evaluation is that @ and b satisfy

73

4
?401 + %b = n%—-4
%a + ?b = 7,

for which the solution is
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1
20. J = / (x —asinmx — bsin2mx — csin3wx)? dx.
—1

21.

To minimize J, choose a, b, and c to satisfy

aJ

0=1°""

da

1
= —2/ (x —asinmx — bsin2wx — csin3mwx)sinTx dx

1

2
=Z(ra—2)
b

aJ
b

= —2/ (x —asinmx — bsin2mwx — c¢sin3mx) sin 2w x dx

2
=—@b+1)
bs

oJ
dc

= —2/ (x —asinmx — bsin2wx — csin3mx) sin 37 x dx
-1

—2(3 2
=3 wc—2).

We have omitted the details of evaluation of these inte-
grals, but note that

1
/ sinmmxsinnTtxdx =0
-1

if m and n are different integers.

The equations above imply that ¢ = 2/n, b = —1 /7, and
¢ =2/(Bm). These are the values that minimize J.

To minimize

" 2
I:/0 (f(x)—a—zo—Zakcoskx) dx

k=1
we require
0= 2L Z/Hfu”(’i e)(-3) @
= xX)— — — aycoskx | | —= | dx,
dao 0 2 & k 2
and

0=y / (- LY arcoskr) ) d
= = X)— — — ai COS KX —CcoSnx X
dan o \ 2 k

k=1

forn =1, 2, .... Thus

2 e
ap = —/ fx)dx,
T Jo

22,

23.

24,

SECTION 13.4 (PAGE 734)
and, since
. 0 ifk#n
/0 coskx cosnxdx = % ifk=n=1,2 ...

we also have

2 e
an:—/ f(x) cosnxdx n=1,2,...).
T Jo

The Fourier sine series coefficients for f(x) = x on
(0, ) are

A n—12
b, = — xsin(nx)dx = (—1)"""—
T Jo n

for n =1, 2, .... Thus the series is

o0

2
Z(—l)”’1 —sinnx.
n=0 n

Since x and the functions sinnx are all odd functions,
we would also expect the series to converge to x on
(—m, 0).

The Fourier cosine series coefficients for f(x) = x on
(0, ) are

2 g
a()=—/ xdx =m
T Jo

2(1 - (—1)")

n?m

2 e

a, = —/ xcos(nx)dx = —
T Jo

{0 if n > 2 is even

5 if n > 1 is odd.
nemw

Thus the Fourier cosine series is

Z cos((2n + 1)x)
o C@n+1)?

Since the terms of this series are all even functions, and
the series converges to x if 0 < x < m, it will converge
to —x = |x|if -7 <x <O.

Remark: since |x| is continuous at x = 0, the series also
converges at x = 0 to 0. It follows that
11 > 1 n?

14+ — 4+ — 4 ... = -
TRte T ;(2n+1)2 4

We are given that x; <x3 <x3 <...<Xx,.
To motivate the method, look at a special case, n = 5
say.
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o
T
s If x =1 we get / e dt = %
—00
x| x x3 X4 x5 Differentiate () with respect to x again:
Fig. 13.4.24 / R il
oo 2x4

If x = x3, then
Divide by —2 and let x = 1:

5
>l —xil
i=1 /00 tre dr = ﬁ
= (x3 —x1) + (x3 —x2) + 0+ (x4 — x3) + (x5 — x3) —o0 4
= (x5 — x1) + (x4 — x2).

If x moves away from x3 in either direction, then 00 p—xi? _ ,—yi?
s 3. Letl(x,y) = o dt, where x > 0 and
Dl —xil = (xs = x1) + (x4 — x2) + |x — x3. y > 0. Then
i=1
. . . al ©
Thus the minimum sum occurs if x = x3. — = e dt Let /xt =
In general, if # is odd, then Z;’zl |x — x;] is minimum ax -0 Jxdt =ds
if x = x(;41)/2, the middle point of the set of points 00
. . . . 1 g2 JT
{x1, x2, ..., xp}. The value of x is unique in this case. = ——/ e S ds = - —.
If n is even and x satisfies x,/2 < x < X(u/2)+1, then NI~ Vx
n n/2 o ol \/E
Z |x —xi| = Z [Xn+1-i — xil, Similarly, Noh Now
i=1 i=1
and the sum will increase if x is outside that interval. In dx
this case the value of x which minimizes the sum is not I(x,y) = _‘/7?/ ﬁ = —2Vrx + Ci(y)
unique unless it happens that x,,2 = x(:/2)+1. JT ol 9C
Section 13.5 Parametric Problems
(page 743) I(x,y) = Zﬁ(ﬁ - ﬁ) + Ca.
1
1 = =
L Flx) = / A di = (x> —1) But /(x, x) = 0. Therefore C, = 0, and
0 x+1
1 1 00 e—xrz _ e—ylz
F’ =/ t*Intdt = ———— I(x, :/ ——dt=2 n( - x).
(X) b ()C T 1)2 ( y) - 12 \/— \/— \/_
! 2
F'(x) = / *(n1)dt = —
0 (X + l) 1 Xy
4. LetI(x,y):/ 7 dt, where x > —1 and y > —1.
. 0 n
. (1)1 Then 1
F<">(x)=/ Fn0)di = ——— ﬂzf Kdi =
0 (x + Dt dx 0 x+1
) © al 1
. /;ooe du =7 Let u = xt - v+l
du = x dt 0
/oo e dr = ﬁ, Ths
.700 . . x x
Differentiate with respect to x: I(x,y) = i1 =In(x+1)+ Ci(y)
X
o _ -1 ol aC
—2xt%e ’szdrz—ﬁ T o) =—1 H+C
/_OO 2 STl dy - ay 1(y) ny+ 1)+
o0
2 22 ﬁ x+1
t dt = —. I(x,y)=In|{ —— Cs.
/_OO e 23 (%) (x.y) n(y+1 +C
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X

= = *oodt 1 t
But /(x,x) =0, so C = 0. Thus 8. / U I R A
0o X241 x Xlg 4x
e —py x+1 Differentiate with respect to x:
I(x,y)= dt =In
0 Int y+ 1
1 /" —2xdt  w
forx > —1and y > —1. ) b (24202 4x?
o0 l X
e Msintdt = —— if x > 0. /Lz_i A
0 . I+x= . . 0 (24122 2x 4x2  2x2
Multiply by —1 and differentiate with respect to x twice: T 1
" 5 BT
—xt X
te sintdt = ﬁ
0 (1 +x7 Differentiate with respect to x again:
. 2(3x% — 1)
e sintdt = ———.
0 (1 +x%) 1 Y _4xdi 3z 1
i / ry T dlgTa
. 4x 0o (% +12) x*[8 4
F(x)=/ooe*’”&dz /XLZ_L 73
0 ! 0 (x2+12)3 4x | 8x*  4xt x4
o0
1
F'(x) =/ —e™sintdt = ———— (x> 0). _ 3
0 I+x 3245 4xS
dx _1
Therefore F(x) = — =—tan x + C.
1+ x2
Now, make the change of variable x¢ = s in the integral .
defining F(x), and obtain 9, fx)=1 +/ x—0"f()dt = f@)=1
a
o sin(s/x) ds X 7S s X
F(x):/ e’ (s/ )—=/ sin — ds. f’(x):n/ x =" F@)dt
s/x  x o S x a
X
£ ) =n(n — 1>/ @ —0"2f@0)dt
a

Since |sin(s/x)| < s/x if s > 0, x > 0, we have

© 1
Sds=— —>0 asx— oo.

Fol< ~ [ e :
il Jo N )
£ @) = n! / Faydr

Hence _r +C=0,and C = z. Therefore
2 O =nlf) = f" @) =nlf@) =nl

o _ . sint b4 1
F(X)Z/ e Tdtza—tan X. N
0 10. f(x):Cx—i—D—i—/ x—-0f)dt = fO) =D

0

Fa=C+ / Fdt = fO)=C
0

int
In particular, fooo —SH; dt = lin}) F(x) = %
X—
=  f(x) = Acoshx + Bsinhx

© g 1 >
7. / 2t2=—tan*1£ =7 forx >0. ') = fx)
0 X+t X X 1o X D:f(O)ZA, C:f/(o):B
= f(x) = Dcoshx 4 Csinhx.

Differentiate with respect to x:

*° =2xdt 0z
/0 (2 +12)2 22 .
© dt oz 1. f() :x+/ x-20f)dt = f(0)=0
[ i o
o | r@=t-xtw+ [ foa - fo=1
Differentiate with respect to x again: 0
" ! !
/oo —dxdi 3w frx)=—-fx) J;J; x)+ f(x)=—xf (?C)-x2
0 (223 4yt Ifu=f'(x), then7=—xdx, SO 1nu=—7 +InCj.
° dt _ 37 Therefore
/0 (24123 16x5° ffx)=u= C1e_x2/2.
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We have 1 = £/(0) = C1, so f'(x) = e~*/2 and

X
f(x):/ e a1+ C.
0

But 0 = f(0) = C2, and so

fx) = /X 2 dr,
0

1
f(x):1+/ x+1)f@)dt
0

1
f’(x)=/ f(ydt=C, say,
0

since the integral giving f’(x) does not depend on x.
Thus f(x) = A+ Cx, where A = f(0). Substituting this
expression into the given equation, we obtain

1
A+Cx=l+/ (x +1)(A+ Cr)dt
0

A AL C
= TRy T Ty

Therefore

A c c
2 9-Z Z_a)=o.
2 3+x(2 )

This can hold for all x only if

— 1=

A C
— — =0 and
2 3

A 2A
Thus C = 2A and — — — =1, so that A = —6 and
C = —12. Therefore f(x) =—6 — 12x.
We eliminate ¢ from the pair of equations
f(x,y,c):Zcx—cz—yzo

a

—f(x,y,¢) =2x —2c=0.

ac
Thus ¢ = x and 2x2 — x2 — y = 0. The envelope is

)
y=x-°.
We eliminate ¢ from the pair of equations
f(x,y,c)=y—(x—c)cosc—sinc =0

a
a—f(x,y,c) =cosc+ (x —c)sinc —cosc = 0.
c

Thus ¢ =x and y — 0 —sinx = 0.
The envelope is y = sinx.
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We eliminate ¢ from the pair of equations

f(x,y,c)=xcosc+ysinc—1=0

a
a—f(x,y,c) = —xsinc+ ycosc =0.
c

Squaring and adding these equations yields x% + y% = 1,
which is the equation of the envelope.

We eliminate ¢ from the pair of equations

X
f(x,y,c)=—+—y —-1=0

cosc  sinc

xsinc  ycosc

0
—fy,0)="—F - —5—-=
acf( y:©) cos2c  sin?c

From the second equation, y = x tan® ¢. Thus

L(1 + tan? c)=1
cosc

3 3

which implies that x = cos” ¢, and hence y = sin” c.
The envelope is the astroid x%/3 + y2/3 = 1.

We eliminate ¢ from the pair of equations

f(x,y,c):c+(x—c)2—y:O
if()C,y,C)=1+2(c—x):O.
ac

1 1
Thus ¢ = x — > The envelope is the line y = x — 7

We eliminate ¢ from the pair of equations
fEy.o=@—c?+(G—-0*-1=0

if(X,y,C) =2(c—x)+2(c—y)=0.
dc

Thus ¢ = (x + y)/2, and

-y 2 y—x)\2
+ =1
( 2 ) ( 2 )
or x —y = £+/2. These two parallel lines constitute the

envelope of the given family which consists of circles of
radius 1 with centres along the line y = x.

Not every one-parameter family of curves in the plane
has an envelope. The family of parabolas y = x? + ¢ ev-
idently does not. (See the figure.) If we try to calculate
the envelope by eliminating ¢ from the equations

f(x,y,c):y—xz—c=0
0
—fx,y,0)=—-1=0,
dc

we fail because the second equation is contradictory.
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N7

y=x2+c

Fig. 13.5.19

The curve )62—}—(y—c)2 = kc? is a circle with centre 0, ¢)
and radius /kc, provided k > 0. Consider the system:

f(x7y7c):x2+(y—c)2—k6'2:0
9
a—f(x,y,C) = —2(y —¢) — 2kc = 0.

C

The second equation implies that y — ¢ = —kc, and the
first equation then says that x2 = k(1 — k)c2. This is only
possible if 0 <k < 1.

The cases k = 0 and k = 1 are degenerate. If k = 0
the “curves” are just points on the y-axis. If k = 1 the
curves are circles, all of which are tangent to the x-axis
at the origin. There is no reasonable envelope in either
case. If 0 < k < 1, the envelope is the pair of lines given
by x2 = lk—kyz, that is, the lines +/1 — kx = +£v/ky.
These lines make angle sin~! v/k with the y-axis.

circles

x2+(yfc)2:kcz

envelope
(1—k)x2=ky?

Fig. 13.5.20

We eliminate ¢ from the equations

fy, 0=y —(x+0c)’=0

if(x, y,¢) = =2(x +¢) =0.
dc

Thus x = —c, and we obtain the equation y = 0 for the
envelope. However, this is not really an envelope at all.
The curves y> = (x + ¢)? all have cusps along the x-axis;
none of them is tangent to the axis.

22,

SECTION 13.5

(PAGE 743)

X
Fx,y.00=y> = (x+c)*=0

Fig. 13.5.21

If the family of surfaces f(x,y,z, A, #) = 0 has an
envelope, that envelope will have parametric equations

x =x(x, p), y =y, ), z=2z(A, u),

giving the point on the envelope where the envelope is

tangent to the particular surface in the family having pa-
rameter values A and w. Thus

F (50 1, ¥ G ), 261, ), 3 1) =0,

Differentiating with respect to A, we obtain
dx ay 0z
— - — =0.
hgr thyy T hy th

However, since for fixed p, the parametric curve

x = x(t, u), y =y, ), z=2z(t, u

is tangent to the surface f(x,y,z,A,u) =0 at¢ = A, its
tangent vector there,

dax ay 0z
T= it 2jy 2k
an tad o

is perpendicular to the normal
N=Vf = fii+ 2] + f3k,
50 ad ad 0
X y Z
— — — =0.
figy T g T s
af
Hence we must also have T = falx,y,z,A, n) = 0.

- af
Similarly, ™ =0.
"

The parametric equations of the envelope must therefore
satisty the three equations

&y, z,h, 1) =0

9
—fx,y,z,A,u)=0
aAf(x ViZo Ao 1)

a
a_f(x’y7zt}‘7/\'l'):()'
M
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23.

The envelope can be found by eliminating A and p from
these three equations.

To find the envelope we eliminate A and u from the
equations

Thus
)
y=y(x,€) =y(x,0) + €ye(x,0) + Eyee(x, 0+---

2
=x —esin(rx) + %n sin(2rx) + - - -

xsinAcosp + ysinAsinu +zcosk =1 1)
Xcosicosp+ ycosAsinu —zsink =0 2)
—xsinAsinp + ysinicospu = 0. 3) 26

24.

25.

Multiplying (1) by cos A and (2) by sin A and subtracting
the two gives
Z =COSA.

Therefore (2) and (3) can be rewritten

XCOS [+ ysinpu = sinA
xsinpu —ycospu = 0.

Squaring and adding these equations gives

y2+ ce™ =14 x2

VZ

2yye + e

v2

— 2yee”

2ye(1 - ee’yz)ye —2ye™ ye +2y (Zyee*yzye)ye
+ 2y<l — Ge,y2>y€€ — 2ye*y2y6 =0.

At € =0 we have y(x,0) = +/1 4+ x2, and

21+ 2ye(x, 0) + e~ = ¢

2, 2 2 1 (1422
X~ 4y~ =sin" A. ye(x,0) = ————— ¢~ (+x
¢ 24/1 4 x2
Therefore 2y% — 4ye_y2y6 +2yYee =0
_ - _ 2
W24y 422 =sind A+ cos?h = 1 YYee = 2yyee Ve
Ve (x.0) = _( 1 N 1 )e—2(1+x2)
the envelope is the sphere of radius 1 centred at the ori- V12 401 +x2)32
gin.
Thus

)\‘2_|_ 2
S L

Differentiate with respect to A and u:
—2(x — 1) =2, =2(y — u) = p.
Thus A = 2x, u =2y, and

%2 +y2 +22 =222 —|—2y2.

2
€
y=y(x,€) =y(x,0) +€ye(x,0) + 5yee(x, 0+

=v1+x2-

2
ef(ler )

241 + x2

€2 1 1 a2
_ + e 2+
2 \J/1+x2 41 + x2)3/2

The envelope is the cone 72 = x? + y2. 27. 2y+ & 1
. 1+ y?
y+esin(ry)=x = y=y(ex) oy 4 2exyye
ad 0 y - =
& +sin(ry) + e cos(ny)—y =0 T4y (1422
oc oe ) ) 4xyye 9 ( 2xyye ) 0
9 3 3 Yee = s —e— (55 ) =0.
LR, cos(ny)—y — e sin(ry) & A+ y? de \ (1 + y?)?
de? de de

82y
+ — =0.
e cos(my) Py

If e =0 then y = x, so y(x,0) = x. Also, at ¢ =0,

1
At € =0 we have y(x,0) = 7 and

1 x 2x
Ye(x,0)=—§ i
Ye(x, 0)(1 +0) = —sin(wy(x, 0)) = — sin(7wx), 1+ 1
. . 1 2x
that is, ye(x,0) = —sin(wrx). Also, i I i
‘ _14x<2>( 5)_ 32x2
Yee (x, 0)(1 + 0) = —27 cos(rx) ye (x, 0) + 0 Yee =3 L] 2 T 125
= 27 cos(mx) sin(rwx) = 7 sin(2w x). + 4
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Thus 29. Let x(¢) and y(¢) be the solution of
2 _
- — € x + 2y 4+ e = 3
y—y(x,e)—y(x,0)+eye(x,0)+5yee(x,0)+--- X - y 4+ eV = 0
1 2ex  16€%x? N
2775 125 ' Thus
x4+ 2y + eF — e X =0
. 1 X' - Yy + eV — ey =0
L the sol f 5= _.Th Y Y
et y(x, €) be the solution of y 4 €y > en we X4 2y = 2ex 4 et — eeix’ =
have X" = y// _ 2e—yy/ + Eefy(y/)Z _ eeﬂ’y” —
)’e<1+5€y4>+)’5 =0 At € =0 we have
y55(1—|—56y4)+2Oey3y€2—|—10y4y5:0 x 4+ 2y = 3}:>x_y_1
ysss(l + 55)’4) + Yee (60€y3ys + 15y4) * -y =0
+ 6Oey€3y2 + 60y3y€2 =0.
/ / 1 1
At € = 0 we have X+ 2y = - ¥ = =
e
1 = e
1 — - =
Y0 = oo =) 0
1 ” no_ = )
ye(x70):__ X + 2y - 62 :>x”:y”:—.
32 " " — 362
X" =y = 0
x. 0) 10 1 5
X, = —— | —— = —
Yee 16\ 32) " 16
5 15\ 60/ 1)\? 105 Thus
Yeee X, 00 ===\~ |~ | —55) = 7oz
162 \ 16 8 32 4096 e &2 &2
=l — = 4., =1 — +..
1 o e 3e? + Y 3e2 +
For ¢ = — we have
100 1
| | | ) 5 | For € = T0o we have
== — X —+ —x ——
Y 2 32 100 256 © 2 x 1002 | |
105 1
e 4. =1- T+
T 4096 x 6 x 1003 + x 100e + 30, 000¢2 +
1
~ 0.49968847 = — 4.
Y 30,0008 T

with error less than 108 in magnitude.

Section 13.6 Newton’s Method (page 746)

For each of Exercises 1-6, and 9, we sketch the graphs of the two given equations, f(x, y) = 0 and g(x, y) = 0, and use
their intersections to make initial guesses x¢ and yq for the solutions. These guesses are then refined using the formulas

fe2—gf fig—g1f

Xn4+1l = Xp — s Yn+l = Yn — .
f182 = 8112l (4 1m) fi82 = 812130

NOTE: The numerical values in the tables below were obtained by programming a microcomputer to calculate the iterations
of the above formulas. In most cases the computer was using more significant digits than appear in the tables, and did not
truncate the values obtained at one step before using them to calculate the next step. If you use a calculator, and use the
numbers as quoted on one line of a table to calculate the numbers on the next line, your results may differ slightly (in the
last one or two decimal places).
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x=siny
/
Fig. 13.6.1
f,y)=y—¢€ filx,y) = —e* gix,y) =1
g(x,y)=x —siny S, y) =1 82(x,y) = —cosy
We start with xo = 0.9, yg = 2.0.
n Xn Yn S ns yn) 8(xn, yn)
0 0.9000000 2.0000000 —0.4596031 —0.0092974
1 0.8100766 2.2384273 —0.0096529 0.0247861
2 0.7972153 2.2191669 —0.0001851 0.0001464
3 0.7971049 2.2191071 0.0000000 0.0000000
4 0.7971049 2.2191071 0.0000000 0.0000000

Thus x = 0.7971049, y = 2.2191071.

Fig. 13.6.2
fen=x"+y" =1 fit,)=2x  gilx,y)=—e".
glx,y)=y—e" falx,y) =2y g2(x,y) =1
Evidently one solution is x = 0, y = 1. The second solution is near (—1, 0). We try xg = —0.9, yo = 0.2.
n Xn In S ny yu) &(xn, yn)
0 —0.9000000 0.2000000 —0.1500000 —0.2065697
1 —0.9411465 0.3898407 0.0377325 —0.0003395
2 —0.9170683 0.3995751 0.0006745 —0.0001140
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3 —0.9165628 0.3998911 0.0000004 —0.0000001
4 —0.9165626 0.3998913 0.0000000 0.0000000

The second solution is x = —0.9165626, y = 0.3998913.

Fig. 13.6.3

fay=xt+y1—16  fikky =4 g,y =y.
glx,y)=xy—1 fa(x,y) =2y &x,y)=x

There are four solutions as shown in the figure. We will find the two in the first quadrant; the other two are the negatives of
these by symmetry.
The first quadrant solutions appear to be near (1.9, 0.5) and (0.25, 3.9).

n Xn Yn fCen, yn) 8(xn, yn)
0 1.9000000 0.5000000 —2.7179000 —0.0500000
1 1.9990542 0.5002489 0.2200049 0.0000247
2 1.9921153 0.5019730 0.0011548 —0.0000120
3 1.9920783 0.5019883 0.0000000 0.0000000
4 1.9920783 0.5019883 0.0000000 0.0000000

n Xn Yn S Gens yn) g(Xn, yn)
0 0.2500000 3.9000000 —0.7860937 —0.0250000
1 0.2499499 4.0007817 0.0101569 —0.0000050
2 0.2500305 3.9995117 0.0000016 —0.0000001
3 0.2500305 3.9995115 0.0000000 0.0000000

The four solutions are x = £1.9920783, £y = 0.5019883, and x = £0.2500305, y = £3.9995115.
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y(14+x2)=2

/ x

Fig. 13.6.4

fen=x10+y)-1  fiky =1+  gilxy) =2xy

g(x,y):y(l+x2)—2 falx,y) = 2xy S(x,y) = 1+ x?

The solution appears to be near x = 0.2, y = 1.8.
n Xn Yn S Gens yn) &(Xn, yn)
0 0.2000000 1.8000000 —0.1520000 —0.1280000
1 0.2169408 1.9113487 0.0094806 0.0013031
2 0.2148268 1.9117785 —0.0000034 0.0000081
3 0.2148292 1.9117688 0.0000000 0.0000000

The solution is x = 0.2148292, y = 1.9117688.

y
y=sinx
Nyl I ,
¥ +(y+1)?=2
-1
Fig. 13.6.5
f(x,y) =y —sinx Ji(x,y) = —cosx g1(x,y) =2x
g, ) =x>4+(+1>=2 L, y) =1 g0x,y)=2(y+1)
Solutions appear to be near (0.5, 0.3) and (—1.5, —1).
n Xn Yn S xns yn) 8(xns yn)
0 0.5000000 0.3000000 —0.1794255 —0.0600000
1 0.3761299 0.3707193 0.0033956 0.0203450
2 0.3727877 0.3642151 0.0000020 0.0000535
3 0.3727731 0.3641995 0.0000000 0.0000000
4 0.3727731 0.3641995 0.0000000 0.0000000
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n Xn Yn f G,y yu) &(Xn, yn)
0 —1.5000000 —1.0000000 —0.0025050 0.2500000
1 —1.4166667 —0.9916002 —0.0034547 0.0070150
2 —1.4141680 —0.9877619 —0.0000031 0.0000210
3 —1.4141606 —0.9877577 0.0000000 0.0000000
4 —1.4141606 —0.9877577 0.0000000 0.0000000

The solutions are x = 0.3727731, y = 0.3641995, and x = —1.4141606, y = —0.9877577.

f(x,y)=sinx +siny — 1

yA

(/2,7m)

¢7/2

Yoy

sinx +siny =1

(w,7/2)

fi(x,y) =cosx
g, y) =y*—x falx, y) = cosy

/2

Fig. 13.6.6

gi(x,y) =—3x".
g(x,y) =2y

2

There are infinitely many solutions for the given pair of equations, since the level curve of f(x,y) = 0 is repeated
periodically throughout the plane. We will find the two solutions closest to the origin in the first quadrant. From the figure,
it appears that these solutions are near (0.6, 0.4) and (2, 3).

n Xn Yn S Cens yn) g(xn, yn)
0 0.6000000 0.4000000 —0.0459392 —0.0560000
1 0.5910405 0.4579047 —0.0007050 0.0032092
2 0.5931130 0.4567721 —0.0000015 —0.0000063
3 0.5931105 0.4567761 0.0000000 0.0000000
4 0.5931105 0.4567761 0.0000000 0.0000000

n Xn Yn S xns yn) 8(xns yn)
0 2.0000000 3.0000000 0.0504174 1.0000000
1 2.0899016 3.0131366 —0.0036336 —0.0490479
2 2.0854887 3.0116804 —0.0000086 —0.0001199
3 2.0854779 3.0116770 0.0000000 0.0000000
4 2.0854779 3.0116770 0.0000000 0.0000000

The solutions are x = 0.5931105, y = 0.4567761, and x = 2.0854779, y = 3.0116770.

By analogy with the two-dimensional case, the Newton’s Method iteration formulas are

f

8
h
fi

81
hy

1
Xn+1 = Xn — —=

A

1

in+l = Zn — Z

f2
82
ha
f2
82
hy

/3
83
h3
f

8
h

(%n>Yn»2n)

where A =

(Xn>Yns2n)

fi
Yn+1 = Yn — = | 81
A h
fi f2
81 82
hi hy

1

f B

8 &3
h  hj3

f3

83
h3

(Xn>Yn>2n)

(Xn>Yns2n)
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fe,y,0=y"+z"-3 g,y ) =x>+722-2 h(x,y,2) =x>—z

filx,y,2) =0 gi1(x,y,2) =2x hi(x,y,z) =2x

folx,y,2) =2y @, y,2)=0 ha(x,y,2) =0

f3(x,y,2) =2z g3(x,y,2) =2z h3(x,y,z) =—1

It is easily seen that the system

fx,y,2) =0, g(x,y,2) =0, h(x,y,z) =0

has first-quadrant solutionx =z =1,y = /2. Let us start at the “guess” xog = yo = z0 = 2.

n Xn Yn Zn S, Yns zn) 8(Xny Yn» 2n) h(Xn, Yn, zn)
2.0000000 2.0000000 2.0000000 5.0000000 6.0000000 2.0000000
1.3000000 1.5500000 1.2000000 0.8425000 1.1300000 0.4900000
1.0391403 1.4239564 1.0117647 0.0513195 0.1034803 0.0680478
1.0007592 1.4142630 1.0000458 0.0002313 0.0016104 0.0014731
1.0000003 1.4142136 1.0000000 0.0000000 0.0000006 0.0000006
1.0000000 1.4142136 1.0000000 0.0000000 0.0000000 0.0000000
2

DN~ WD =O

f,=y—x*  filx,y)=-2x  gi(x,y)=-3x
g, y)=y—x3 falx,y) =1 g2(x,y) =1

y

Fig. 13.6.9

n Xn Yn n Xn Yn
0 0.1000000 0.1000000 0 0.9000000 0.9000000
1 0.0470588 —0.0005882 1 1.0285714 1.0414286
2 0.0229337 —0.0000561 2 1.0015038 1.0022771
3 0.0113307 —0.0000062 3 1.0000045 1.0000068
4 0.0056327 —0.0000007 4 1.0000000 1.0000000
5 0.0028083 —0.0000001

15 0.0000027 0.0000000

16 0.0000014 0.0000000

17 0.0000007 0.0000000

18 0.0000003 0.0000000

Eighteen iterations were needed to obtain the solution x = y = 0 correct to six decimal places, starting from x =y = 0.1.
This slow convergence is due to the fact that the curves y = x 2 and y = x3 are tangent at (0, 0). Only four iterations were
needed to obtain the solution x = y = 1 starting from x = y = 0, because, although the angle between the curves is small
at (1, 1), itis not 0. The curves are not tangent there.
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Section 13.7 Calculations with Maple
(page 751)

The equation z = xy can be used to reduce the given
system of three equations in three variables to a sys-
tem of 2 equations in two variables:

2y =1
6x2y =1.

The first equation can only be satisfied by points
(x,y) satisfying [x] <1 and |y| < 1.

> Digits := 6:
> egns := {x"2+y72+(x*y) "2=1,
6*x"2%y=1}:

We use plots[implicitplot] to locate suitable
starting points for f£solve.

> plots[implicitplot] (egns,x=-1..1,
y=-1..1);

The resulting plot (omitted here) shows four roots;
two in the first quadrant near (.9, .2) and (.5, .8),
and two more that are reflections of these in the y-
axis. We use fsolve to find the two first-quadrant
roots and calculate the corresponding values for z by
substitution.

> vars := {x=0.9, y=0.2}:
> xy := fsolve(egns,vars) ;

> z=evalf (subs (xy,x*y)) ;

xy = {x = 0.968971, y = 0.177512}

z = 0.172004
> wvars := {x=0.5, y=0.8}:
> xy := fsolve(eqgns,vars) ;

> z=evalf (subs (xy,x*y)) ;

xy = {y = 0.812044, x = 0.453038}
z = 0.367887
The four solutions
are (x,y,z) = (£0.96897,0.17751, £0.17200) and
(x,y,2) = (£0.45304, 81204, +£0.36789), rounded to
five figures.

SECTION 13.7 (PAGE 751)

The equation y = sinz can be used to reduce the
given system of three equations in three variables to
a system of 2 equations in two variables:
xtsin®z 42 =1
2+ +7* =x +sinz.
The first equation can only be satisfied by points
(x, z) satisfying |x| <1 and |z| < 1.

> Digits := 6:
> eqgns := {x"4+(sin(z))"2+z"2=1,

> z+2z"3+z4=x+sin(z) }:

We use plots[implicitplot] to locate suitable
starting points for fsolve.

> plots[implicitplot] (eqns,x=-1..1,
z=-1..1);

The resulting plot shows two roots in the xz-plane,
one near (0.6, 0.7) and the other near (—0.2, —0.7).
We use £solve to find them more precisely, and
we then calculate the corresponding values for y by
substitution.

> vars := {x=0.6, z=0.7}:
> xz := fsolve(egns,vars) ;

> y=evalf (subs (xz,sin(z))) ;

xy = {z = 0.686259, x = 0.597601}

y = 0.633648
> vars := {x=-0.2, z=-0.7}:
> xy := fsolve(egns,vars);

> y=evalf (subs (xz,sin(z))) ;

xy 1= {z = —0.738742, x = —0.170713}
y = —0.673358

The two so-

lutions are (x, y, z) = (0.59760, 0.63365, 0.68626)
and (x,y,z) = (=0.17071, —0.67336, —0.73874),
each rounded to five figures.

First define the expression f:

> f := (x*y-x-2*%y)/(1+x"2+y"2) "2:
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Because the numerator grows much more slowly than
the denominator for large x2 + y2, global max and
min values will be near the origin. We plot contours
of f on, say, the square |x| <2, |y| < 2.

> contourplot (f(x,y), x=-2..2,
> y=-2..2, contours=16) ;

The resulting plot (which we omit here) indicates the
only likely critical points are near (—0.3, —0.6) and
(0.2,0.6). We determine them using £solve and
use substitution to evaluate f.

> Digits := 6:

> egns := {diff(f,x), diff(f,y)}:
> vars := {x=-0.3, y=-0.6}:

> cp := fsolve(egns,vars) ;

> val=evalf (subs (cp, f)) ;

cp = {x = —.338532, y = —.520621}
val = 0.810414

vars := {x=0.2, y=0.6}:

\Y

> cp := fsolve(eqgns,vars) ;

> val=evalf (subs(cp, f));

cp = {x =0.133192, y = 0.536823}
val = — .665721

There are only two critical points and the values of
f at them have opposite sign. Since f — 0 as
x2 + y2 — oo, f has absolute maximum value
0.81041 at (—0.33853, —0.52062) and absolute min-
imum value —0.66572 at (0.13319, 0.53682), all nu-
merical values rounded to five figures.

We begin with

> Digits := 6:

> f

1 - 10*x"4 - 8*y™4 - 7*z"4:

> g 1= Y*zZ - X*y*z - X - 2%y + Z:
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Since h = 1 at (0,0,0) and h — —o0 as x% + y2 472
increases, the maximum value of g will be near
(0,0, 0).

We can try various choices of starting points includ-
ing (0, 0, 0) itself. It turns out they all lead to the
same critical point:

> eqns 1=

{diff (h,x),diff(h,y),diff(h,z)}:

> wvars := x=0,y=0,2z=0:

> c¢p := fsolve(egns,vars); val =

evalf (subs (cp,h)) ;

cp = {x = —.28429, y = —.372953, z = 0.265109}
val = 1.91367

The absolute maximum value of £ is 1.91367 (to five
decimal places).

Because of the small coefficients on the xy and xz
terms and the fact that without them f would cer-
tainly have a minimum value near the origin, we can
use f£solve starting with various points near the
origin. It turns out they all lead to only one critical
point.

> Digits := 6:
> f :=x"2 +y 2 + 272

> +0.2*x*y-0.3*x*z+4*x-y:

> eqns 1=

{diff (f,x),diff(f,y) ,diff (£, z)}:
> wvars := x=0,y=0,2=0:

> cp := fsolve(egns,vars); val =

evalf (subs (cp, f));

cp = {x =—2.11886,y = 0.711886, z = —.317829}
val = — 4.59368

To confirm that this CP does give a lo-
cal minimum, you can calculate Vector-
Calculus [Hessian] (f, [x,y,2z]) and
then evalf the result of LinearAlge-
bra[Eigenvalues] (subs (cp, %)) and observe
that all three eigenvalues are positive.

The minimum value of f is —4.59368.

First define the function:

> f := (x+1.1y-0.92z+1)/ (1+x"2+y"2) ;
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Since f(x,y,z) — 0 as x24+y?+z2 — oo we expect
f to have maximum and minimum values in some
neighbourhood of the origin. If the numerator were
instead x +y —z, we would expect the extreme values
to occur along the line x = y = —z by symmetry.
Accordingly, we use starting points along this line.

> Digits := 6:

> f t=
(x+1.1%y-0.9%z+1) / (1+x"2+y"2+z"2) :

> eqgns 1=
{diff (f,x),diff (f,y) ,diff(f,z) }:
> vars := x=1,y=1,z=-1:

> cp := fsolve(egns,vars); val =

evalf (subs (cp, f));

This attempt fails; £solve cannot locate a solution.
We try a guess closer to the origin.

> wvars := x=0.5,y=0.5,2=-0.5:
> cp := fsolve(egns,vars); val =
evalf (subs (cp, f));

cp = {y =0.366057, z = —.299501, x = 0.332779}

val = 1.50250
> vars := Xx=-0.5,y=-0.5,z=+0.5:
> cp := fsolve(egns,vars); val =

evalf (subs (cp, f));

cp = {x = —.995031, z = 0.895528, y = —1.09453}
val = — .502494

The eigenvalues of the Hessian matrix of f at each

of these critical points confirms that the first is a

local maximum and gives f its absolute maximum

value 1.50250 and the second is a local minimum so

the absolute minimum value of f is —0.502494.

Review Exercises 13 (page 752)
flx,y) =xye Y

filx,y) =@ —xy)e ™ = y(1 —x)e ™+

L, y) =& +xy)e™ T =x(1+ y)e™

A= fi1=(2y+xye ™

B=fio=(1—-x+y—xye

C=fn=_Qx+xye .
For CP: either y = 0 or x = 1, and either x = 0 or
y = —1. The CPs are (0,0) and (1, —1).

REVIEW EXERCISES 13 (PAGE 752)

CP A B C AC—-B? class
(0,0) 0 1 0 -1 saddle
(1I,=1) e2 0 e2 e? loc. min

fx,y) =x%y —2xy* + 2xy
fite,y) =2xy —2y* +2y =2y(x —y + 1)
folx,y) = x2 = dxy+2x =x(x —4y+2)

A=fun1=2y
B=flo=2x—-4y+2
C = for = —4x.

For CP: either y = O or x — y + 1 = 0, and either
x =0orx —4y+2=0. The CPs are (0, 0), (0, 1),
(—2,0), and (—2/3, 1/3).

CP A B C AC - B? class
0,0) 0 2 0 —4 saddle
0, 1) 2 =2 0 —4 saddle

(-2,00 0 -2 8 —4 saddle
(—%, %) % —% % ‘3—‘ loc. min

1 4 9
fe,yy=-+-+-——
x y 4—-x-y
9
fl(xv.)’)—_x—z“rm
Pl y) = b
Ly =-+——
BRI Y
Ao 2,18
T T T )3
B f1r= 18
TP @y
8 18
C=fn=

RN ve—.h

For CP: y? = 4x? so that y = #+2x. If y = 2x, then
9x2 = (4 — 3x)2, from which x = 2/3, y = 4/3.
If y = —2x, then 9x2 = (4 + x)2, from which

x = —1 or x = 2. The CPs are (2/3,4/3), (—1,2),
and (2, —4).

CP A B C AC-B? class
-2 -3 % 3 -3 saddle
1 1 1 1
2,-4 3 175 - -3 saddle
E4H 9 7 & 1 loc. min
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fe,y) =x2y2—x—y) =22y —x’y —x%?
filx,y) = 4xy — 3x%y — 2xy® = xy(4 — 3x — 2y)
folw ) =207 =2 — 2%y = 22— x - 2y)
A= fi1 =4y — 6xy — 2)?

B = fip = 4x — 3x% — dxy

C = fn=—2x%
(0,y)isa CP for any y. If x £ 0 but y = 0, then
x = 2 from the second equation. Thus (2, 0) is a CP.

If neither x nor y is O, then x + 2y = 2 and
3x +2y = 4,sothat x = landy = 1/2. The
third CP is (1, 1/2).

CP A B C AC-—B? class
0,y) 4y—2y2 0 0 0 ?
2,0) 0 -4 -8 —-16 saddle
(1, -3 -1 =2 2 loc. max

The second derivative test is unable to classify the
line of critical points along the y-axis. However, di-
rect inspection of f(x, y) shows that these are local
minima if y(2 — y) > O (thatis,if 0 < y < 2)
and local maxima if y(2 —y) < O (thatis,if y < O
or y > 2). The points (0, 0) and (0, 2) are neither
maxima nor minima, so they are saddle points.

f(x,y,2) =g(s) =s+(1/s), where s = x2+y2+z2.

Since g(s) — ococass — ocoors — 0+, g must
have a minimum value at a critical point in (0, 00).
For CP: 0 = g'(s) = 1 — (1/s?), thatis, s = 1.
g(1) = 2. The minimum value of f is 2, and is

assumed at every point of the sphere x>+ y>4z% = 1.

x2+y2+z2—xy—xz—yz
1
= 5[(x2 —2xy+ ) + (x* = 2xz+ 7%
+ 0% =2yz+ 2]

1
= 5[()6 )2+ -2+ —Z)Z] > 0.
The minimum value, 0, is assumed at the origin and
at all points of the line x =y = z.

fx,y) = xye‘"z_“y2 satisfies lim  f(x,y) =0.

x2+yz—>oo
Since f(1,1) > 0and f(—1,1) < 0, f must have
maximum and minimum values and these must occur
at critical points. For CP:

0=fi=e ¥y —2x2y) = e 97 y(1 — 242

0= fr=e "7 (x — 8xy) = ¥ 75 (1 — 8y?).
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The CPs are (0,0) (where f = 0), :I:(%, 2—35)
(where f = 1/4e), and (5. —5'5) (where

f = —1/4e). Thus f has maximum value 1/4e and
minimum value —1/4e.

Fxy) = @x2 = yHe "t
Filey) = e 2@ — ax? 4 y?)

frlx,y) = e (<2y) (1 — 4x? 4 y2).
£ has CPs (0, 0), (£1,0). £(0,0) = 0.
F(£1,0) = 4/e.

a) Since £(0,y) = —y2¥” — —ocoas y — 00,
and since f(x,x) = 3x%" = 3x2 — oo as
x — =oo, f does not have a minimum or a
maximum value on the xy-plane.

b) Ony = 3x, f(x,3x) = —5x2¢%7 5 o0 as
x — o00. Thus f can have no minimum value
on the wedge 0 < y < 3x. However, as noted in
(@), f(x,x) -> oo as x — oo. Since (x, x) is in
the wedge for x > 0, f cannot have a maximum
value on the wedge either.

Let the three pieces of wire have lengths x, y, and
L — x — y cm, respectively. The sum of areas of the
squares is

1
S = R(xz—i-yz—i—(L—x—y)z),

for which we must find extreme values over the trian-
glex >0,y >0, x4y < L. For critical points:

a8 1
()_ﬁ_l( —(L —x — ))
oy 8V Y

from which we obtain x = y = L/3. This CP is
inside the triangle, and § = L?/48 at it.

On the boundary segment x = 0, we have

1
S= R(yzﬂL—y)Z), O<y<L).

Aty =0or y = L, we have S = L?/16. For critical

points
ds

1
0=5=§(y—<L—y>),
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soy = L/2and § = L?/32. By symmetry the
extreme values of S on the other two boundary seg-
ments are the same.

Thus the minimum value of S is L2 /48, and corre-
sponds to three equal squares. The maximum value
of S is L?/16, and corresponds to using the whole
wire for one square.

Let the length, width, and height of the box be x, y,
and z in, respectively. Then the girth is g = 2x + 2y.
We require g + z < 120 in. The volume V = xyz
of the box will be maximized under the constraint

2x + 2y + z = 120, so we look for CPs of

L =xyz+X(2x 42y +z — 120).

For CPs:

oL

O0=—=yz+2A (A)
dx
oL

0= — =xz+4+2A (B)
dy
oL

0=—=xy+2x ©
0z
oL

O=87=2x+2y+z—120. (D)

Comparing (A), (B), and (C), we see that

x = y = z/2. Then (D) implies that 3z = 120,
so z = 40 and x = y = 20 in. The largest box has
volume

V = (20)(20)(40) = 16, 000 in>,
or, about 9.26 cubic feet.
The ellipse (x /a)*+(y/b)* = 1 contains the rectangle
—1<x<1,-2<y=<2if(1/a®) + @/b>) = 1.

The area of the ellipse is A = wab. We minimize A
by looking for critical points of

1 4

For CPs:
0= oL — b 2A A)
“a " a3
oL 81
0= oL _ 1 n 4 ! ©)
T on a? b2 '

12.

13.
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Multiplying (A) by a and (B) by b, we obtain

21 /a? = 8i/b?, so that either A = 0 or b = 2a.
Now A = 0 implies b = 0, which is inconsistent with
(C). If b = 2a, then (C) implies that 2/a2 =1, s0
a = /2. The smallest area of the ellipse is V = 4
square units.

The ellipsoid (x/a)? + (y/b)* + (z/c)*> = 1 contains
the rectangle —1 <x <1, -2<y <2,-3<7<3
provided (1/a?) + (4/b%) + (9/c)> = 1. The volume
of the ellipsoid is V = 4mwabc/3. We minimize V by
looking for critical points of

L= e (L2402
= —abc — =-—1).
3 a? c?

b2
For CPs:
0— oL _ 4JTb 21 A)
T a3 TP
oL 4rm 8A
= — = — — — B
0= = 3% 5 (B)
0 JL 47 b 181 ©)
= — = —adb — —
ac 3 c3
oL 1 4 9
0= = — 4 —4+ = —1. (D)

a2 p2 2

Multiplying (A) by a, (B) by b, and (C) by ¢, we
obtain 24 /a® = 81/b> = 181 /c?, so that either 1 = 0
or b = 2a,c = 3a. Now A = 0 implies bc = 0,
which is inconsistent with (D). If » = 2a and ¢ = 3a,
then (D) implies that 3/a%> = 1,s0a = /3. The
smallest volume of the ellipsoid is

V= 4?”(@)(2\/5)(3«/5) = 24+/37 cubic units.

Thebox —1 <x <1,-2<y <2,0<z<2is
contained in the region

x2 y2

provided that (2/a) + (1/b2) + (4/c¢*) = 1. The vol-
ume of the region would normally be calculated via
a “double integral” which we have not yet encoun-
tered. (See Chapter 5.) It can also be done directly
by slicing. A horizontal plane at height z (where
0 < z < a) intersects the region in an elliptic disk
bounded by the ellipse

x2 y? z

AP
b2+c2 a

523
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The area of this disk is

A(z)=n<b\/1—§) <c\/1—§) =nbc<l—§).

Thus the region has volume

V:nbc/oa(l—§> dz=7mzbc.

Thus we look for critical points of
L_rrabc_{_)L 2+1+4 !
) a b2 2 '

For critical points:

gL _m, 2 "
T 2T 2
0 oL T 2\ ®B)
=—=Zqgc— =
ab 2 b3
oL 8A
0=22 T 22 C
gc  2° 3 ©
o= 2yl 4, (D)
T a b2 2 '

Multiplying (A) by a, (B) by b, and (C) by ¢, we
obtain 21 /a = 21/b% = 81 /c2, so that either . = 0
orb? = a,c? = 4a. Now L = 0 implies bc = 0,
which is inconsistent with (D). If 2 = ¢ and

c? = 4a, then (D) implies that 4/a = 1, s0 a = 4.
The smallest volume of the region is

V =7m(4)(2)(4)/2 = 167 cubic units.

X

Fig. R-13.14

The area of the window is
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or, since x + 2y +2z =1L,

/ 2

X
L—x-2 2
X Z+4/2 1

For maximum A, we look for critical points:

9A 1 x2
0=—==-|L-x-2 ,/2——
ox 7 X Z+4/2 2

X
A=Z
2

+x | X

2 ) 2

4,02 -

Ve T g

272 — x2
=——x—2z+ (A)

2 R 2

4 -

Ty

0A Xz

=—=—x+ (B)

Now (B) implies that either x = 0 or

7z =24/z% — (x2/4). But x = 0 gives zero area rather
than maximum area, so the second alternative must
hold, and it implies that z = x /\/5. Then (A) gives

£ = (1 + L) X + L,

2 NG 2V3
from which we obtain x = L/(2 + +/3). The maxi-
mum area of the window is, therefore,
1 L?

L L3 431 /3
T3 T3 +3

~ 0.0670L> sq. units.

A

If $1, 000x widgets per month are manufactured and
sold for $y per widget, then the monthly profit is
$1, 000P, where
2,3
X7y
P=xy— —— —x.
Xy 77 %

We are required to maximize P over the rectangular
region R satisfying 0 <x <3 and 0 <y < 2.
First look for critical points:

0 P 2xy3 . *)
Tox YT 27
JP x2y2
0= — =x— —. (B)
ay 9



16.

17.

www. nohandesyar . com

INSTRUCTOR’S SOLUTIONS MANUAL

(B) implies that x = 0, which yields zero profit, or
xy2 = 9, which, when substituted into (A), gives
y = 3 and x = 1. Unfortunately, the critical point
(1, 3) lies outside of R. Therefore the maximum P
must occur on the boundary of R.
We consider all four boundary segments of R.
On segment x = 0, we have P = 0.
On segment y = 0, we have P = —x < 0.
On segment x =3, 0 <y < 2, we have
P = 3y — (y3/3) — 3, which has values P = —3 at
y=0and P = 1/3 at y = 2. It also has a critical
point given by

dP ’

0=—=3-—y",
dy Y

soy=+/3and P =23 — 3~ 0.4641.
On segment y =2, 0 < x < 3, we have
P = x — (8x2/27), which has values P = 0 at x = 0
and P = 1/3 at x = 3. It also has a critical point
given by

dpP 16x

0=—=1——,

dx 27
so x =27/16 and P = 27/32 ~ 0.843775.
It appears that the greatest monthly profit corresponds
to manufacturing 27, 000/16 ~ 1, 688 widgets/month
and selling them for $2 each.

The envelope of y = (x — ¢)3 + 3¢ is found by
eliminating ¢ from that equation and

0= i[(x —¢) +3cl=-3(x—0)*+3
T dc o '

This later equation implies that (x — ¢)> = 1, so
x—c==l.

The envelope is y = (£D34+3@xF1), or y =3x+2.

Look for a solution of y 4+ exe” = —2x in the form
of a Maclaurin series

2
y=y(x,€) = y(x,0) +eyelx, 0)+ yee(x 0)+--

Putting € = 0 in the given equation, we get
y(x,0) = —2x. Now differentiate the given equation
with respect to € twice:

Ye +xe” + exe’ye =0
Yee + 2xe” ye + exeyyz +exe’yee =0.

The first of these equations gives

y(x,0) — —2x

Ye(x,0) = —xe xe

18. a) G(y):/
0

CHALLENGING PROBLEMS 13 (PAGE 753)

The second gives

Yee(x,0) = —2xe” 0y (x, 0) = 2x%e ™.

Thus y = —2x — 2exe 2 4+ €2x2e ™ 4 ...
* tan~!
@y

X

G (v) = | X _
) = T 2 2dx Let u = xy
0 Y du=ydx

1 [ du T
= - — =— fory>0.
v Jo 1+ u? 2y

b) /00 tan~!(7x) — tan"lx

X

dx

- G(n)—G(1)=f G'(y)dy = 5/ dy _mhnw
1 201y 2
Challenging Problems 13 (page 753)

To minimize

2
In=/ |:f( )———Z(akcoskx—i—bksmkx):| dx

we choose a; and by to satisfy

_dl
- dag

- _/_n |:f(x) - “2—0 - I;(ak coskx + by sinkx):| dx

= [nao — i fx) dx:|
al, "
day,

:—2/ |:f( )—? —Z(akcoskx+bk smkx)]
- k=1

cosmx dx

0=

T T
= 2a,, / cos’ mx dx — f(x)cosmx dx

-7 -7
0— al,
by,
= —2/_n |:f( ) — ? - I;(ak coskx + by, smkx)]

sinmx dx

b T
=2b,, / sin® mx dx — f(x)sinmx dx.

- -
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The simplifications in the integrals above resulted Because of the properties of trigonometric integrals
from the facts that for any integers k and m, listed in the solution to Problem 1,
B 2
™ T (ag .
/ cos kx cosmx dx = 0 unless k = m / (5 + Z(ak cos kx + by smkx)) dx
— —TT
i
sin kx sin dx = 0 unless k = m, and mad
[ inks s " ST S e
k=0
/ coskx sinmx dx = 0.
—TT
/ fx) ( + Z(ak coskx + by smkx))
Since nao
S+ Z(ak +b?).
T T k=0
/ cosmx dx = / sin? mx dx = T,
—TT —7T

I, is minimized when

1 T
am = — f(x)cosmx dx for 0 <m < n, and
o
by = — f(x)sinmxdx for 1 <m <n.
—TT
0 for—m7<x<0
2. It f(x) = {x forO<x <7 ° then Therefore
» 2
b ao .
1 [7 - I, =/ ) =5+ (acoskx + by sinkx) | | dx
aoz—/ xdx = — - 2 pa
T Jo 2 -
1 (7 d 2 wag ~ 2
akz—/ x coskx dx =/ (f(x)) dx =2 —+7TZ(ak+bk)
T Jo -7 2 k=0
U=x dV =coskxdx 2 n
1 ag 2, 42
dU = dx V = — sinkx +T+7T2(ak+bk)
k k=0
1 T T
= — inkx| — inkxd
Tk ()C sin kx 0 /0 SmKx x) ='/_ (f(x)) dx — (T +7TZ(ak +bk))
cos ki — 1 0 if k is even k=0
= ) = - if k is odd In fact, it can be shown that I, — 0 as n — oo.
LT ' 3 Letio= [ PAFD T
ka;/o x sinkx dx - Letlto = | = di. Then
U=x dV:sinlkxdx ) = In(1 + x2) / t
)= — "7 - -
dU = dx V= coskx 1+x2 0 (1+r2)(1+tx)
1 T k4 If we expand the latter integrand in partial fractions
- <x coskx| — / cos kx dx) with respect to ¢, we obtain
0 0
(_1)k+1 t _ X+t X
- ko A+22A+1x)  A+xDHA+12) A+xDHA+1x)
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Now we have
Y (x40dr 2xtan”'r 4 In(l +1?)
/0 (I+xHA+12) 2(1 4 x2)
_ 2xtan~'x + In(1 + x2)
h 2(1 + x2)

X

0

1d
=3 Etan_lx In(1 + x2)

x xdt X X dt
/0 (1+x2)(l+tx)_l+x2/0 1 +tx
Letu=1+1x
du = x dt
1 2 gy In(1 4 x2)
_1+x2/1 uw o 1+x2
Thus
_In(1+x?) 1d

I'(x) = + ——tan~lxIn(1 +x2) —

1+ x2 2 dx 1+ x2

1d
=3 Etan_lx In(1 + x2).

1
Therefore, I(x) = Etan_lxln(l + xz) + C. Since
1(0) =0, we have C = 0, and

Y In(l 41 1
/mdxz—tan_lxln(l—i—xz).
0 1+ 12 2

Fig. C-13.4

In(1 + x2)

CHALLENGING PROBLEMS 13 (PAGE 753)

If D; =|PP;| fori =1, 2, 3, then

D? = (x —x)* + (y — yi)?

oD;
2D; =2(x —Xx;)
0x
aD,- X — X
= = cos 6;
0x Di

where 6; is the angle between PP and i.
Similarly dD;/dy = sin6;. To minimize
S = D1 + Dy + D3 we look for critical points:

BN
0= 8_ = cos i + cosb + cos O3
X

N
0= > =sin@; + sin6, + sin 3.
y

Thus cos@; + cos6h = —cosbs3 and
sin#; + sinf, = — sin#3. Squaring and adding these
two equations we get

2+ 2(cosf cosbBr + sinf sinby) =1,

or cos(f; — 6b) = —1/2. Thus 67 — 6, = £2x/3.
Similarly 0; — 03 = 0, — 03 = +2x/3. Thus P
should be chosen so that #ﬁ, ﬁb,and ﬁé make
120° angles with each other. This is possible only if
all three angles of the triangle are less than 120°. If
the triangle has an angle of 120° or more (say at Pp),
then P should be that point on the side P, P3 such
that PPy L P, Ps.
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