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SECTION 10.1 (PAGE 542)

CHAPTER 10. VECTORS AND COORDI-
NATE GEOMETRY IN 3-SPACE

Section 10.1
Three Dimensions

Analytic Geometry in
(page 542)

The distance between (0, 0,0) and (2, —1, —2) is

V22 + (=1)2 + (=2)% = 3 units.

The distance between (—1, —1, —1) and (1,1, 1) is

VA+D2+ 1+ D2+ (1+ 12 =2+/3 units.

The distance between (1, 1,0) and (0, 2, —2) is

VO=12+2=1)2+ (—2—0)2 = /6 units.

The distance between (3,8, —1) and (-2, 3, —6) is

V(=2 =32+ (3 =8)2 + (=6 + 1)2 = 5+/3 units.

a) The shortest distance from (x, y, z) to the xy-plane
is |z] units.

b) The shortest distance from (x, y, z) to the x-axis is
Vv y?2 + z2 units.

If A=(1,2,3), B=(4,0,5), and C = (3, 6,4), then

[AB| = V32 + (=22 +22 =17
[AC| = /22 +42 +12 = V21

|IBC| =/ (=1)2 4+ 62 + (—1)% = V/38.

Since |[AB|? + |AC|> = 17 +21 = 38 = |BC|?, the
triangle ABC has a right angle at A.

IfA=@2,-1,-1), B=(0,1,-2),and C = (1, -3, 1),
then

c=|AB|=vO0-22+(1+1)2+(—2+1)2=3
b=|AC|=V(1 =22+ (=3+12+(1+1?2=3
a=|BCl=v(1 =002+ (=3—-12+(1+2)2 =26

By the Cosine Law,

a® = b% + c* —2bccos LA
26=9+9—18cos/A
26 — 18

~ 116.4°.

LA = cos™!
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IfA=(1,2,3), B=(1,3,4),and C = (0, 3, 3), then

[AB|=vV (1 —124+3-22+@-32=+2
[AC| =vV(O0—124+3-22+3-32=+2
IBCl=vO0-12+3B-32+(3-42="2.

All three sides being equal, the triangle is equilateral.

IfA=(1,1,0), B=(1,0,1), and C = (0, 1, 1), then
|AB| = |AC| = |BC| = V2.

Thus the triangle ABC is equilateral with sides +/2. Its
area is, therefore,

1 1 3
EXﬁX —Ez%—sq.units.

The distance from the origin to (1,1, 1,...,1) in R" is

\/12+12+12+...+1:ﬁunits.

The point on the xj-axis closest to (1,1,1,...,1) is
(1,0,0,...,0). The distance between these points is

\/02+12+12+...+12=«/n—1units.

z = 2 is a plane, perpendicular to the z-axis at (0, 0, 2).

Fig. 10.1.12

y > —1 is the half-space consisting of all points on the
plane y = —1 (which is perpendicular to the y-axis at

(0, —1,0)) and all points on the same side of that plane
as the origin.

X

Fig. 10.1.13

z = x is a plane containing the y-axis and making 45°
angles with the positive directions of the x- and z-axes.
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(1,0,1)

Fig. 10.1.14

15. x + y = 1 is a vertical plane (parallel to the z-axis)
passing through the points (1, 0, 0) and (0, 1, 0).
Z

==

x 1

Fig. 10.1.15

16. x2+ y? + z2 = 4 is a sphere centred at the origin and
having radius 2 (i.e., all points at distance 2 from the
origin).

17. (x =12+ (y +2)2 + (z — 3)2 = 4 is a sphere of radius 2
with centre at the point (1, —2, 3).

18. x2+ y? 4 z2 = 2z can be rewritten
Py +e-Dr=1

and so it represents a sphere with radius 1 and centre at
(0,0, 1). It is tangent to the xy-plane at the origin.

Z

x2 +y2+z2 =2z

X y

Fig. 10.1.18

19. y2+z% < 4 represents all points inside and on the circular
cylinder of radius 2 with central axis along the x-axis (a
solid cylinder).

20. x? +z% = 4 is a circular cylindrical surface of radius 2
with axis along the y-axis.

. com
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Fig. 10.1.20

21. z=y?is a “parabolic cylinder” — a surface all of whose
cross-sections in planes perpendicular to the x-axis are
parabolas.

/

W
\\\\\\
R
\\\\\\\\\\\w

Fig. 10.1.21

22. 7 > /x2+ y? represents every point whose distance
above the xy-plane is not less than its horizontal distance
from the z-axis. It therefore consists of all points inside
and on a circular cone with axis along the positive z-axis,
vertex at the origin, and semi-vertical angle 45°.

z

Fig. 10.1.22

23. x + 2y + 3z = 6 represents the plane that intersects the
coordinate axes at the three points (6, 0, 0), (0, 3, 0), and
(0,0,2). Only the part of the plane in the first octant is

shown in the figure.
Z

(0,0,2)

(0,3,0)

£ <6,0,0)

Fig. 10.1.23

24. ;C] i é represents the vertical straight line in which the

plane x = 1 intersects the plane y = 2.

387
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0
(1,2,0)

Fig. 10.1.24

25. {f} i ; is the straight line in which the plane z =

intersects the plane y = z. It passes through the points

(1,0,0) and (1,1, 1).

(1,1,1)

—

7=y

x 7 N
(1,0,0)

Fig. 10.1.25

26. x2+y2+12=4
z=1

plane z = 1 intersects the sphere of radius 2 centred at

the origin. The circle has centre (0,0, 1) and radius

Ji—1=13.

(0,0,1)

X2py2q2=4

Fig. 10.1.26

388

2. {x2+y2+22:4

is the circle in which the horizontal
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JERRC I S is the circle in which the sphere of
radius 2 centred at the origin intersects the sphere of ra-
dius 2 centred at (0, 0, 2). (The second equation can be
rewritten x2 + y2 + (z — 2)2 = 4 for easier recogni-
tion.) Subtracting the equations of the two spheres we
get z = 1, so the circle must lie in the plane z = 1 as
well. Thus it is the same circle as in the previous exer-
cise.

{xz +y2+2=4
24+2=1
which the cylinder x2 4+ z> — 1 intersects the sphere

x2 + y? + z2 = 4. Subtracting the two equations, we
get y2 = 3. Thus, one circle lies in the plane y = +/3
and has centre (0, \/§, 0) and the other lies in the plane
y = —4/3 and has centre (0, —+/3, 0). Both circles have
radius 1.

represents the two circles in

Fig. 10.1.28

2 2 _
{x T =15 the ellipse in which the slanted plane
Z=x

z = x intersects the vertical cylinder x> + y = 1.

Z
4

N

Fig. 10.1.29

=
2=y
on or on the same side of the planes y = x and z = y as
does the point (0, 1, 0).

is the quarter-space consisting of all points lying
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2.2
31. {x >+ y =1 represents all points which are inside or
=z
on the vertical cylinder x> 4+ y? = 1, and are also above

or on the plane z = y.

O

Fig. 10.1.31

32. {xz +y2+22 <1 represents all points which are inside
VX2 4y <z

or on the sphere of radius 1 centred at the origin and

which are also inside or on the upper half of the circular

cone with axis along the z-axis, vertex at the origin, and

semi-vertical angle 45°.

2ylp2=]

Fig. 10.1.32

33, S={(x,y): 0<xZ+yr<1}
The boundary of S consists of the origin and all points
on the circle x2 + y2 = 1. The interior of S is S, which
is therefore open. S is bounded; all points in it are at
distance less than 1 from the origin.

4. S={(x,y) : x>0, y<0}
The boundary of S consists of points (x, 0) where x > 0,
and points (0, y) where y < 0.
The interior of S consists of all points of S that are not
on the y-axis, that is, all points (x, y) satisfying x > 0
and y < 0.
S is neither open nor closed; it contains some, but not
all, of its boundary points.
S is not bounded; (x, —1) belongs to S for 0 < x < oo.

3s.
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S={x,y):x+y=1)

The boundary of S is S. The interior of S is the empty
set. S is closed, but not bounded. There are points on

the line x + y = 1 arbitrarily far away from the origin.

S={(.y) : x|+ 1yl =1}

The boundary of S consists of all points on the edges of
the square with vertices (£1,0) and (0, £1).

The interior of S consists of all points inside that square.
S is closed since it contains all its boundary points. It is
bounded since all points in it are at distance not greater
than 1 from the origin.

S={(x.y.2) : 1=x?+y*+72 <4

Boundary: the spheres of radii 1 and 2 centred at the
origin.

Interior: the region between these spheres. S is closed.
S={(x,y,2) : x>0, y>1, z<2}

Boundary: the quarter planes x = 0, (y > 1, z < 2),
y=1, x20, z<2),andz=2, (x>0, y > 1).
Interior: the set of points (x, y, z) such that x > 0,
y>1,z<2.

S is neither open nor closed.

S={(x,y.2): x—2)*+(—-2*=0}
The boundary of S is S, that is, the line x = y = z. The
interior of S is empty. S is closed.

S={(x,y,2) : x2+y2 <1, y+2z>2}

Boundary: the part of the cylinder x> + y2 = 1 that lies
on or above the plane y 4 z = 2 together with the part of
that plane that lies inside the cylinder.

Interior: all points that are inside the cylinder x24+y% = 1
and above the plane y +z = 2. § is open.

Section 10.2 Vectors (page 551)

A=(-1,2), B=(2,0), C=(,-3), D=(0,4).
(@ AB=3i—2j (b) BA=-3i+2j

(©) AC=2i—5j (d) BD = —2i+4j

() DA=—-i—-2j ({HAB—BC=4i+j
(2) AC — 2AB +3CD = —7i + 20j

(h) l(ﬁJrﬁwx_D’)ZZi—éj'
3 3

u=i—j

v=j+2k

a) u+v=i+2k
u—-v=i-2j—-2k
2u —3v=2i—-5j—6k

389
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b) u=vI+1=+2

v =v1+4=1/5
0 ﬁ=%§<i—j)
if:\%(ﬁrzk)

duev=0-14+0=-1

e) The angle between u and v is

-1 _— o
cosT —— ~ 108.4°.
V10
f) The scalar projection of u in the direction of v is
uev —I
vl V5
g) The vector projection of v along u is
(veu)u _ l(i i
w2~ 20

u = 3i+4j — 5k
v=13i—4j— sk
a) u+v=06i— 10k
u—v=_,j
2u — 3v = —3i+ 20j + 5k
b) [ul =9+ 16425 =5v2
IVl = v9+ 16 +25 = 5v2
1
5V2
1
5V2
d uev=9—-164+25=18

©) Gi= (i + 4j — 5k)

v

(3i — 4j — 5k)

e) The angle between u and v is
18
cos™! — ~ 68.9°.
50

f) The scalar projection of u in the direction of v is
uev 18

vl 5v2
g) The vector projection of v along u is
(veuwu 9 . .
———— = —Bi+4j—5k).
e 25( +4j )
Ifa = (-1,1), B = (2,5) and C = (10, —1), then
AB = 3i+4j and BC = 8i — 6j. Since AB e BC = 0,
therefore, ﬁ 1 ﬁ . Hence, AABC has a right angle at
B.

Let the triangle be ABC. If M anﬂ)v are the midpoints
of AB and AC respectively, then AM = %ﬁ, and

AN = %Zﬁ Thus

AC-AB BC
m:m_m:fZT

390
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Thus M N is parallel to and half as long as BC.
c

Fig. 10.2.5

We have
@:ﬁ‘FB_Q):%ﬁ—F%B—C):%ﬁ;
Sk— 5D+ Dk = 14D + 1D¢ = 1AC.

Therefore, @ = ﬁ Similarly,

OR=0C+CR=1BD;
PS=PA+AS = LBD.

Therefore, Q7§ = PS. Hence, PQRS is a parallelogram.

Fig. 10.2.6

Let the parallelogram be ABC O. Take the origin at O.
The position vector of the midpoint of OB is

0B OB+CB _0C+ 04
2 2 - 2 ’

The position vector of the midpoint of CA is

— —
CA 0A —0C
03+7=06+f

_0C+04

Thus the midpoints of the two diagonals coincide, and
the diagonals bisect each other.
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Fig. 10.2.7

Let X be the point of intersection of the medians AQ
and BP as shown. We must show that CX meets AB
in the midpoint of AB. Note that PX = aPB and

ﬁ = /SQ_A) for certain real numbers o and 8. Then

ﬁ:%?ﬁ+ﬂ@i:%@+ﬂ(%@+§?})
=#@+ﬁB_}x;

1 1 1
CX = ;Th +aPh = Ec—ma(fmzﬁ)

1
- ;"‘c—mazﬁ.
Thus,
1+8

1
CB+BBA = —;aa—l—aﬁ

(B+a)BA =

2

(8+a)(CA—CB) = .
(ﬁ—i—a——l;a)a: (ﬂ-i—a——l—;ﬂ)@.

Since CTZ\ is not parallel to ?,

B+a— =B+a——L =0

1
:>a:ﬂ:§

Since o = B, x divides AQ and BP in the same ratio.
By symmetry, the third median CM must also divide the
other two in this ratio, and so must pass through X and

MX = MC.

10.

SECTION 10.2 (PAGE 551)

Let i point east and j point north. Let the wind velocity
be
Vwind = ai + bj.

NOW Vywind = Vwind rel car + Vcar-
When ve,r = 50j, the wind appears to come from the
west, SO Vwind rel car = Al. Thus

ai + bj = M + 50j,

so a = A and b = 50.
When vg,r = 100j, the wind appears to come from the
northwest, SO Vwind rel car = ,u(i'j)' Thus

ai+ bj = p@—j) + 100j,

soa=p and b = 100 — pu.
Hence 50 = 100 — u, so u = 50. Thus a = b = 50. The
wind is from the southwest at 50+/2 km/h.

Let the x-axis point east and the y-axis north. The veloc-
ity of the water is
Vwater = 3i.

If you row through the water with speed 5 in the direc-
tion making angle 8 west of north, then your velocity
relative to the water will be

Vboat rel water = —2 Sin0i + 5 cos 0.
Therefore, your velocity relative to the land will be

Vboat rel land = Vboat rel water T Vwater

= (3 — 5sinh)i + 5cos bj.

To make progress in the direction j, choose 6 so that
3 = 5sinf. Thus 6 = sin*1(3/5) ~ 36.87°. In this case,
your actual speed relative to the land will be
4
S5cosf = 3 x 5 =4 km/h.

To row from A to B, head in the direction 36.87° west
of north. The 1/2 km crossing will take (1/2)/4 = 1/8
of an hour, or about 7% minutes.

Vboat rel water

Vwater
i

Fig. 10.2.10

391
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We use the notations of the solution to Exercise 4. You If this velocity is true easterly, then
now want to make progress in the direction ki + > j, that 100
is, in the direction making angle 750sin = —,

V2

1
¢ =tan™! % so 6 &~ 5.41°. The speed relative to the ground is
with vector i. Head at angle 0 upstream of this direction. 750 cos 6§ — @ ~ 675.9 km/h
Since your rowing speed is 2, the triangle with angles 6
and ¢ has sides 2 and 3 as shown in the figure. By the
. 3 2 1500
Sine Law, —— = ——, s0 The time for the 1500 km trip is ~ 2.22 hours.
sin 6 sin ¢ 675.9
y 4
ino 3. # 3 1 3
sinf = = sing = = = .
2 22\/k2+% 2V4k2 + 1
This i 1 ible if > <1, that is, if
is is only possible if ————= <1, that is, i
23/4k2 + 1
NG 750
k> —.
N .
6 .
Head in the direction § = sin”! ——— upstream of —>
the direction of AC, as shown in the figure. The trip is 100
not possible if k < +/5/4.
B ' C
* R Fig. 10.2.12

13. The two vectors are perpendicular if their dot product is
zZero:

Qti+4j— (10+DK) o (i+1j+k) =0

1
z 20 +4r—10—7r=0 = =2
b The vectors are perpendicular if ¢ = 2.
¢ 14. The cube with edges i, j, and k has diagonal i + j + k.
A The angle between i and the diagonal is
Fig. 102.11 cos~ ! Lo AHIHR) L sae
V3 V3

Let i point east and j point north. If the aircraft heads in
a direction 6 north of east, then its velocity relative to the
air is

750 cos 0i + 750 sin 6j.
The velocity of the air relative to the ground is "
100i . 100j '
V2 V2

L
Thus the velocity of the aircraft relative to the ground is " y
X

1001 , . 100 ,
750cos — — )i+ | 750sin6 — — |} j. .
V2 V2 Fig. 10.2.14

Z
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The cube of Exercise 10 has six faces, each with 2 diag-
onals. The angle between i+ j + k and the face diagonal
i+jis

qi+jei+j+k) -1 2 o
=cos  — ~ 35.26°.
V23 V6

Six of the face diagonals make this angle with i+ j + k.
The face diagonal i — j (and five others) make angle

i Delititk
cos™! (zpelrith =cos™1 0 =90°
V23
with the cube diagonal i + j + k.
. . uei ui
If w=wu1i+ uzj+ usk, then cosca — = —.
[ul  Ju

u u
Similarly, cos 8 = 22 and cosy = -
u [u]

Thus, the unit vector in the direction of u is

N u . .
u = — = cosai+ cos Bj + cos yk,

[ul

and so cos? & +cos? B +cos?y = [G]> = 1.

If G makes equal angles @ = B = y with the coordinate
axes, then 3cos?a = 1, and cosa = 1/\/§. Thus

i+jt+k
— 5

ﬁ:

If A=(1,0,0), B=1(0,2,0), and C = (0,0, 3), then

BAeBC 4

LABC = cos~! 2007 cos™ —— & 60.26°
|BA||BC| V/34/13

=

/BCA = cos™! @ =cos”! L ~ 37.87°
ICB||CA| V10/13

LCAB = cos™! M =cos™! ! ~ 81.87°.
|AC||AB| V10435

Sincer—r; =Ari+ (1 —-AMrp—r; = (1 — A)(r; —r),
therefore r — r; is parallel to r; — rp, that is, parallel to
the line P; P;. Since P; is on that line, so must P be on
it.

1 1
If A = > then r = E(rl + 1), so P is midway between
P and P».

2 2 1 . .
If A= 3 then r = —r| + —rp, so P is two-thirds of the
way from P, towards P; along the line.
IfA=—1,ther=—-r;+2rp =r,+ (rp —ry), so P is
such that P> bisects the segment P P.
If A=2,thenr =2r; —r, =r; 4+ (r; —r2), so P is such
that P; bisects the segment P, P.

20.

21.

22,

23.

24,

25.
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If a # 0, then a e r = 0 implies that the position vector
r is perpenducular to a. Thus the equation is satisfied by
all points on the plane through the origin that is normal

(perpendicular) to a.

If r e a = b, then the vector projection of r along a is the
constant vector
rea a b

— = —a=rp, say.
la| la| |a?

Thus r e a = b is satisfied by all points on the plane
through rp that is normal to a.

In Exercises 2224, u = 2i + j — 2k, v = i + 2j — 2k,
and w = 2i — 2j + k.

Vector x = xi + yj + zk is perpendicular to both u and v
if
uex=0 <

vex=0 <

2x+y—2z=0
x+2y—2z=0.
Subtracting these equations, we get x —y =0, so x = y.
The first equation now gives 3x = 2z. Now X is a unit
vector if x>+ y% + 2% = 1, that is, if x> +x% + Jx% = 1,
or x = +2/+/17. The two unit vectors are

2

X::t(\/il—7i+\/—l—7j+\/il—7k>'

Let x = xi+ yj + zk. Then

xeu=9 & 2x+y—2z=9
xev=4 <& x+42y—-2z=4
Xew=06 & 2x—-2y+z=6.

This system of linear equations has solution x = 2,
y = —3, z=—4. Thus x = 2i — 3j — 4k.

Since u, v, and w all have the same length (3), a vector

x = xi + yj + zk will make equal angles with all three if

it has equal dot products with all three, that is, if
2x+y—2z=x+2y—-2z <&
2x+y—27=2x—-2y+z <

x=y=0
3y —3z=0.

Thus x = y = z. Two unit vectors satisfying this condi-
tion are

x:i(%i+%j+%k).

Let i = u/|u| and v = v/|v|.
Then @ + Vv bisects the angle between u and v. A unit
vector which bisects this angle is

u A

N —+ —
V. Jul v
\ u v

[ul  |v|
[vlu+ |u|v

[¥Iu -+ [u]y]

393
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Fig. 10.2.25

26. If u and v are not parallel, then neither is the zero vec-
tor, and the origin and the two points with position
vectors U and v lie on a unique plane. The equation
r = Au + pv (A, u real) gives the position vector of
an arbitrary point on that plane.

27. a) ju+vP=@u+v)em+v)
=ueu+uev+4+veu-+vev
= [u® 4+ 2uev+|v>

b) If 6 is the angle between u and v, then cosf < 1, so

uev=|ullvcosf < |ul|v|.

o) lu+vP=uP+2uev+|v}?
< [u? +2Jul|v| + |v/?

= (lu| + [v)*.
Thus [a+ v| < |u| + |v|.

28. a) u, v, and u+v are the sides of a triangle. The trian-
gle inequality says that the length of one side cannot
exceed the sum of the lengths of the other two sides.

b) If u and v are parallel and point in the same direc-
tion, (or if at least one of them is the zero vector),
then |u+ v| = |a| + |v|.

29. u=Zi+iv=32i-Ijw=k

Q) ul=/x+Eg=L=/g+x=1w=1

_ 12 12 _ _ _
uov_g—g_o,uow_o,vow_o.

b) If r = xi + yj + zKk, then
(rew)u+ (rev)v+ (rew)w
3 4 3., 4,
- (5’“ " ?) (5‘ " §J>
4 3 4. 3,
+ <§x— §y> (gl— g_]) +zk

9x +16x, 16y +9y,
= k
5 1+ 75 J+z

=xi+yj+zk=r.

394
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Suppose |u| = |v| = |w| =1, and uev = uew = vew = 0,
and let r = au + bv 4+ ww. Then

rou=auou+bvou+cw.u=a|u|2+0+0=a.
Similarly, rev=»5 and rew = c.

wea Lo
Let u = ——--a, (the vector projection of w along a).
a

Let v=w —u. Then w = u+ v. Clearly u is parallel to
a, and

wea
Voa:w.a—waoazw.a—WanO,
a

so v is perpendicular to a.

Fig. 10.2.31

Let 1 be a unit vector that is perpendicular to u and lies
in the plane containing the origin and the points U, V,
and P. Then @ = u/|u| and & constitute a standard ba-
sis in that plane, so each of the vectors v and r can be
expressed in terms of them:

vV =sa+m
r=xt+ yn.

Since v is not parallel to u, we have ¢t # 0. Thus
n = (1/r)(v — sa) and

r:xﬁ+%(v—sﬁ):ku+,uv,

where A = (tx — ys)/(t|u]) and u = y/t.
Let |a2 — 4rst = K2, where K > 0. Now

|a|2 =aea= (rx+sy) e rx 4 sy)
= r2|x|2 + s2|y|2 +2rsxey
K? = |a|2 —4rsxey
= Irx — syl
(since X ey =1).

Therefore rx — sy = K, for some unit vector .
Since rx + sy = a, we have

2rx =a-+ Ku
2sy =a— Ku.

Thus

a+ K a— Ku
X = =

2r 2s

s
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where K = +/|a|? — 4rst, and 11 is any unit vector. (The
solution is not unique.)

The derivation of the equation of the hanging cable given
in the text needs to be modified by replacing W = —{§gsj
with W = —d8gxj. Thus T, = §gx, and the slope of the
cable satisfies

dy dgx
— = —=ax
dx H
where a = §g/H. Thus
L4 c
= —ax ;
)

the cable hangs in a parabola.

1
If y = — cosh(ax), then y’ = sinh(ax), so
a

X X
s = / V14 sinh?(au) du = / cosh(au) du
0 0

_ sinh(aw) |*

1
= —sinh(ax).
a

a 0

As shown in the text, the tension T at P has horizontal

3
and vertical components that satisfy 7, = H = %8 and
a

8
T, =4gs = %8 sinh(ax). Hence
a

)
IT| = 1/Th2 +T2= 8 cosh(ax) = 8gy.
a

1
The cable hangs along the curve y = — cosh(ax), and
a

its length from the lowest point at x = 0 to the support
tower at x =45 m is 50 m. Thus

45 1
50 = / \/I—I-Thz(ax)dx = —sinh(45a).
0 a

The equation sinh(45a) = 50a has approximate solution
a ~ 0.0178541. The vertical distance between the lowest
point on the cable and the support point is

l(cosh(45a) - 1) ~19.07 m.

a

1
The equation of the cable is of the form y = — cosh(ax).

At the point P where x = 10 m, the slope of the cable is
sinh(10a) = tan(55°). Thus

1
a= T0 sinh ™! (tan(55°) & 0.115423.

SECTION 10.3 (PAGE 559)

The length of the cable between x = 0 and x = 10 m is

10
L=/ /1 + sinh?(ax) dx
0

10 1 10
/ cosh(ax) dx = — sinh(ax)
0 a

0

1
—sinh(10a) ~ 12.371 m.
a

Section 10.3 The Cross Product in 3-Space
(page 559)

(i—2j+3k) x Bi+j—4k) =5i+ 13j+ 7k

(G+2k) x (mi—j+k) =3i-2j+k

If A= (1,2,0), B=(,0,2),and C = (0,3, 1), then
AB = —2j+2k, AC = —i+j+k, and the area of triangle
ABC is

AB x AC| | —4i—2j—2k
| >2< |=| ! 2'] |=\/gsq.units.

A vector perpendicular to the plane containing the three
given points is

(—ai+ bj) x (—ai+ ck) = bci + acj + abk.

A unit vector in this direction is

bci+ acj + abk
VDI ¥ acZ + a?b?’

1
The triangle has area E\/bzcz +a%c? + a?b2.
A vector perpendicular to i+ j and j+ 2Kk is
+(i+j) x +2k) =£Q2i—2j+k),

which has length 3. A unit vector in that direction is

L (2254 Lk
—i—=j+=k].
3773173

A vector perpendicular to u = 2i — j — 2k and to
v = 2i — 3j + k is the cross product

i j k
uxv=|2 -1 =-2|=-7i—6j—4K,
2 =3 1

which has length +/101. A unit vector with positive k
component that is perpenducular to u and v is

-1 1
——u x v=——=(7i + 6j + 4Kk).
/101 V101 !
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Since u makes zero angle with itself, [u x u| = 0 and
uxu=_0.
i j k
UXv=\|uy uy uj
vy v2 3
i j k
=—|vy vy v3|=-vXu
Uy Uy U3z
i j k
4+v)xw=|u+vi ur+v2 uz+v;
wi w2 w3
i j k i j k
=|uy uy uz|+|{vy v2 V3
w]p w2 w3 w]p w2 w3

=UXW+VXW.

i j k
(tu) X v=|tuy; tupy tus
U1 v2 U3
i j Kk
=t|uy uy uz|=t(@xv),
v vz v3
ux (tv) = —(v) xu
=—t(vxu) =t(uxyv).
ue (u XvV)
Ll N L L) N L
v2 3 V1 v vz

= UU2V3 — UV2U3 — UUV3
+ upviu3 + uzuvy — uzviuy =0,
ve(uxv)=—ve(vxu)=0.

Both u = cos i+ sinfjand v = cosai+ sinw j are
unit vectors. They make angles B and «, respectively,
with the positive x-axis, so the angle between them is
e — B] = o — B, since we are told that 0 < o — B < 7.
They span a parallelogram (actually a rhombus) having
area

[u x v| = |u]|v| sin(e — B) = sin(a — B).

But
i j k
uxv=|cosf sinB O|= (sinacospB — cosasinpB)k.
cosa sina 0

Because v is displaced counterclockwise from u, the
cross product above must be in the positive k direction.
Therefore its length is the k component. Therefore

sin(e — ) = sina cos B — cos « sin S.
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Suppose that u + v+ w = 0. Then
UXV+vXv+wxv=0xv=0.

Thusu x v+wx v=0.
Thusu x v=—wxv=vxWw.
By symmetry, we also have v x w = w x u.

The base of the tetrahedron is a triangle spanned by v
and w, which has area

1
A= =|vxw.
2

The altitude & of the tetrahedron (measured perpendicular
to the plane of the base) is equal to the length of the pro-
jection of u onto the vector v x w (which is perpendicular
to the base). Thus

_ue (v xw)

[v x w|

The volume of the tetrahedron is

VzlAh=l|uo(v><W)|
3 6
1 ui uz U3
Zgl vi vz vz |l
w;p w2 w3
AUX YV

Fig. 10.3.14

The tetrahedron with vertices (1,0, 0), (1,2, 0), (2, 2, 2),
and (0, 3,2) is spanned by u = 2j, v =1+ 2j + 2k, and
w = —i + 3j + 2k. By Exercise 14, its volume is

VY - VR
= — = — Cu. units.
611 3 2f 3

Let the cube be as shown in the figure. The required
parallelepiped is spanned by ai+ aj, aj+ ak, and ai+ ak.
Its volume is

| = 243 cu. units.
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(0,a,a)
(a,0,a)
y
x
(a,a,0)
Fig. 10.3.16
The points A = (1,1,-1), B = (0,3, -2),

C = (-2,1,0), and D = (k,0,2) are coplanar if

(ﬁxﬁ)omzo. Now
i j k
ABxAC=|-1 2 —1|=2i+4j+6k
-3 0 1

Thus the four points are coplanar if
2(k —1)+4(0-1)+6(2+1) =0,

that is, if k = —6.

ui uz U3
v v2 U3
wp w2 w3
v V2 U3
up uz u3
wp w2 w3
vy V2 3
wpr w2 w3
ui uz U3

ue (VX W) =

=ve(Wxu)
=we(uxvV) (by symmetry).

Ifue(vxw)#0, and x = Au+ uv + vw, then

X e (VX W)
=Aue(VXW) +uve(vxWw +vwe (VX Ww)
=Aue (VX W).
Thus
_ Xe(VXW)
T ue(vxw

Sinceue (vxw) =ve (W xu) =we (u X v), we have,
by symmetry,

_ Xxe(wxu) _ xe(uxv)

T ue(vxw)’ T ue(vxw

If vxw# 0, then (vx w)e(vxw)#0. By the previous
exercise, there exist constants A, w and v such that

u=AV+ uw+v(v X w).

21.

22,

23.
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But v x w is perpendicular to both v and w, so

ue (vxw) =0+0+v(vxWwe(VxWw).
If ue (vxw)=0, then v =0, and

u=AvV+ uw.

u=i+2j+3k
v=2i—3j
w=j—k

ux (vxw)=ux Bi+2j+2k) =-2i+7j—4k
uxv)yxw=9i+6j—7k) x w=1i+9j + 9k.

u x (v x w) lies in the plane of v and w;

(u x v) x w lies in the plane of u and v.

u e v X w makes sense in that it must mean u e (v X wW).

((w e v) x w makes no sense since it is the cross product
of a scalar and a vector.)

u X v x w makes no sense. It is ambiguous, since
(u x v) x wand u x (v X w) are not in general equal.

As suggested in the hint, let the x-axis lie in the direction
of v, and let the y-axis be such that w lies in the xy-
plane. Thus

v = i, w = wii + waj.

Thus v x w = vjw»i x j = viw;K, and

u x (vx w) = (uri+ uzj + uszk) x (viwzk)
=uviwai X kK4 upvjwrj x k
= —ujvywol — ujvywaj.

But
(uew)v — (uev)w
= (uiwy + upw2)vii — uyvy(wii + woj)
= upviwai — uviwyj.
Thus u x (vxX w) = (uew)v — (uevV)w.
If u, v, and w are mutually perpendicular, then v x w is
parallel to u, so u x (v x w) = 0. In this case,

ue (v x w) = £|u||v||w]|; the sign depends on whether u
and v X w are in the same or opposite directions.

Applying the result of Exercise 23 three times, we obtain

uUxX (VXW) 4+vx(wxu+wx@xyv)

—(uew)v— (uevV)W+ (Veu)w — (Ve w)u
+ (Weviu — (Weu)v

=0.
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If a=—i+2j+ 3k and x = xi + yj + zKk, then
i j k
-1 2 3
Xy z
=2z —=3y)i+ GBx +2)y — (y +2x)k
=i+ 5j -3k,

axx=

provided 2z — 3y = 1,3x +z =5, and —y — 2x = 3.
This system is satisfied by x =¢, y =3 —2¢, z =5 — 3¢,
for any real number ¢. Thus

x=t+GB-20)j+ G -3k
gives a solution of a x x = i + 5j — 3k for any 7. These
solutions constitute a line parallel to a.
Leta=—i+2j+3k and b=1i+5j. If X is a solution of
a x x = b, then

aeb=ae(axx)=0.

However, a e b # 0, so there can be no such solution X.

The equation a x x = b can be solved for x if and only
if aeb = 0. The “only if” part is demonstrated in the
previous solution. For the “if” part, observe that if
aeb =0 and xg = (b x a)/|a|?, then by Exercise 23,

(aea)b — (aeb)a _

1
axxg=—ax(bxa)= e =b.

lal?

The solution Xg is not unique; as suggested by the exam-
ple in Exercise 26, any multiple of a can be added to it
and the result will still be a solution. If x = xy + ta, then

axx=axxp+raxa=b+0=hb.

Section 10.4 Planes and Lines (page 567)

a) x24y2 472 = 72 represents a line in 3-space, namely
the z-axis.

b) x +y+z = x + y + z is satisfied by every point in
3-space.

¢) x2 4 y2 4 z2 = —1 is satisfied by no points in (real)
3-space.

The plane through (0, 2, —3) normal to 4i — j — 2Kk has
equation

4x -0 -0—-2)—-2(z+3)=0,

ordx —y—2z=4.
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R. A. ADAMS: CALCULUS

The plane through the origin having normal i— j + 2k has
equation x —y +2z = 0.

The plane passing through (1, 2, 3), parallel to the plane
3x +y —2z =15, has equation 3z +y —2z =3 +2 — 6,
or3x+y—2z=-—1.

The plane through (1,1, 0), (2,0, 2), and (0, 3, 3) has
normal

i—j+2k)x (i—2j—3k)=7i+5j—k.
It therefore has equation
Tx—1)+5y—-1)—(z—-0)=0,

or 7x + 5y —z =12.

The plane passing through (-2, 0, 0), (0, 3, 0), and
(0, 0, 4) has equation

X y z
224,
S t3tyg

or bx —4y — 3z = —12.

The normal n to a plane through (1, 1, 1) and (2, 0, 3)
must be perpendicular to the vector i — j + 2k joining
these points. If the plane is perpendicular to the plane

x + 2y — 3z = 0, then n must also be perpendicular to
i+ 2j — 3k, the normal to this latter plane. Hence we can
use

n=(@Gi-j+2k) x i+2j—3k)=—-i+5j+ 3k
The plane has equation
—(x-D+5(y-D+3c-1)=0,

orx —5y—3z=-7.

Since (—2,0, —1) does not lie on x — 4y + 2z = —5, the
required plane will have an equation of the form

2x+3y—z+A(x —4y+224+5)=0
for some L. Thus
—4+14+A(-2-2+5=0,

so A = 3. The required plane is 5x — 9y 4+ 5z = —15.

A plane through the line x +y = 2, y —z = 3 has
equation of the form

xX+y—-24+iy—-z-3)=0.
This plane will be perpendicular to 2x + 3y +4z =5 if

@M+ A +103) - 1)@ =0,
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that is, if A = 5. The equation of the required plane is

x+6y—5z=17.

Three distinct points will not determine a unique plane
through them if they all lie on a straight line. If the
points have position vectors ry, r, and r3, then they will
all lie on a straight line if

(r —r)) x (r3 —ry) =0.

If the four points have position vectors r;, (1 < i < 4),
then they are coplanar if, for example,

(rp—rp)e [(1‘3 —r1) X (14 — 1‘1)] =0

(or if they satisfy any similar such condition that asserts
that the tetrahedron whose vertices they are has zero vol-
ume).

x +y+z=A is the family of all (parallel) planes normal
to the vector i+ j + k.

X 4+ Ay 4+ Az = A is the family of all planes containing the
line of intersection of the planes x = O and y +z = 1,
except the plane y + z = 1 itself. All these planes pass
through the points (0, 1, 0) and (0, O, 1).

The distance from the planes

)»x—i—vl—)\zy:]

to the origin is 1/+/A%2 +1 — A2 = 1. Hence the equation
represents the family of all vertical planes at distance 1
from the origin. All such planes are tangent to the cylin-
der x2+y2=1.

The line through (1, 2, 3) parallel to 2i — 3j — 4k has
equations given in vector parametric form by

r=>14+20i+ Q2 —-31)j+ 3 — 4k,

or in scalar parametric form by

x=142t, y=2-3¢t, z=3-4t,
or in standard form by
x—1 y-2 z-3
2 T -3 —4

The line through (—1, 0, 1) perpendicular to the plane

2x —y + 7z = 12 is parallel to the normal vector

2i — j+ 7Kk to that plane. The equations of the line are, in
vector parametric form,

r=(=1+20i—tj+ 1+ 70k,

17.

18.

19.
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or in scalar parametric form,

x=—14+2, y=-—t, z=1+4T7t,
or in standard form

x+1 y  z-1
2 -1 7

A line parallel to the line with equations

x+2y—2z=2, 2x —y+4z=5

is parallel to the vector
i+2j—k) x 2i—j+4k) =7i — 6j — 5k.
Since the line passes through the origin, it has equations

r = 7ti — 6tj — 5tk (vector parametric)

x=Tt, y=—6t, z=-5¢ (scalar parametric)
A (standard form).
7 -6 -5

A line parallel tox + y = 0andtox —y +2z =0
is parallel to the cross product of the normal vectors to
these two planes, that is, to the vector

(+j) x (—j+2K) =2G—j—k).

Since the line passes through (2, —1, —1), its equations
are, in vector parametric form

r=Q2+0i—(1+0j— 1+ 0k,
or in scalar parametric form
x=2+4t,

y==0+0, z=-010+1),

or in standard form

x—2=—(y+1)=—@+1.

A line making equal angles with the positive directions
of the coordinate axes is parallel to the vector i + j + k.
If the line passes through the point (1, 2, —1), then it has
equations

r=04+0i+Q+0j+(-1+0k
x=1+t, y=2+1¢,
x—1=y-2=z+1

(vector parametric)
z = —1+41t (scalar parametric)
(standard form).
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The line r = (1 —2t)i+ (4 + 3¢)j 4+ (9 — 4t)k has standard

form
x—1 y—4 z-9

-2 3 -4
x =4 —5¢
The line | y = 3¢ has standard form
z=7
x—4 vy
= —, = 7
5 3 °
. x—2y+3z=0 .
The line { x4 3y —dz =4 is parallel to the vector

(i —2j+ 3k) x (2i +3j — 4k) = —i + 10j + 7k.
We need a point on this line. Putting z = 0, we get

x—2y=0, 2x + 3y =4.
The solution of this system is y = 4/7, x = 8/7. A
possible standard form for the given line is

8 4
T Y77z
—1 10 7

)

though, of course, this answer is not unique as the coor-
dinates of any point on the line could have been used.

The equations

x =x1+t(x2 —x1)
y=yr+t(y2—y1)
z=2z1+1(z2—z21)

certainly represent a straight line. Since

x,y,2) = (x1,y,zp)ift = 0, and

(x,y,2) = (x2,y2,22) if t = 1, the line must pass
through P; and P,.

The point on the line corresponding to t = —1 is the
point Pz such that P; is midway between Pz and P».
The point on the line corresponding to t+ = 1/2 is the
midpoint between P} and P;.

The point on the line corresponding to t = 2 is the point
P4 such that P> is the midpoint between P; and Py.

Let r; be the position vector of P, (1 < i < 4). The
line P; P> intersects the line P3 P4 in a unique point if
the four points are coplanar, and P; P, is not parallel to
P3 P4. 1t is therefore sufficient that

(ry —rp) x (rs —r3) #0, and

(15 =) o[ @2 —10) x (ra —13)| =0,

400

26.

27.

28.

R. A. ADAMS: CALCULUS

(Other similar answers are possible.)
The distance from (0,0,0) to x +2y +3z =4 is

4 4
V12422432 V14

units.

The distance from (1,2,0) to 3x —4y —5z=2is
[3—8—-0-2] it
—————— = —— units.
V3 L+ 457 52

A vector parallel to the line x+y+z=0,2x—y—5z=1
is

a=(@{+j+k) x 2i—j—5k) =—4i+7j—3k.
We need a point on this line: if z =0thenx +y = 0
and 2x —y =1,s0 x =1/3 and y = —1/3. The position

vector of this point is

1. 1,
ri = -i— =j.
1 3 3.l

The distance from the origin to the line is

s = rixal _ [ititk —,/i units
|a| V74 74 '

x+2y=3

V+22=3 contains the points (1, 1, 1) and

The line {

1

(3,0,3/2), so is parallel to the vector 2i — j + Ek’ or to
4i —2j+ k.

The line [x+y+z=6

x—27=-5

and (—1, 5, 2), and so is parallel to the vector 4i—6j+2k,
or to 2i — 3j + k.

Using the values

contains the points (-5, 11, 0)

rr=i+j+k
r; = —i+5j+ 2k

a; =4i—2j+k
a = 2i — 3j +k,

we calculate the distance between the two lines by the
formula in Section 10.4 as

_ lr =) e (a1 x @)

la] x ap|
Qi —4j — k) e (i — 2j — 8K)|
o li —2j — 8k

18
V69

units.



30.

31.

32.

33.

www. nohandesyar . com

INSTRUCTOR’S SOLUTIONS MANUAL

y+3

-1
The line x —2 = —— = ZT passes through the point

2, -3,1), and is parzallel to a =i+ 2j+4k.

The plane 2y — z = 1 has normal n = 2j — k.

Since a e n = 0, the line is parallel to the plane.

The distance from the line to the plane is equal to the
distance from (2, —3, 1) to the plane 2y —z =1, so is

|-6—-1-1] .
= ————— = —— units.

VAFT 5

(1 —X)(x —x0) = A(y — yo) represents any line in the
xy-plane passing through (xp, yo). Therefore, in 3-space
the pair of equations

(I =2)(x —x0) = A(y — y0), Z2=720

represents all straight lines in the plane z = zo which
pass through the point (xo, yo, 20)-

X—X0 _ Yy—)o
V1 =22 A
(0, y0, zo) parallel to the vectors

a=+v1—-A%i+Aj+k

All such lines are generators of the circular cone

= z — 2o represents all lines through

(z—20)% = (x —x0)* + (v — y0)%,

so the given equations specify all straight lines lying on
that cone.

The equation
(A1x+ Biy + Ciz+ D)(A2x + By + Coz+ D2) =0

is satisfied if either Ajx + Byy + Ciz+ D1 =0 or
Axx + Byy + Coz + Dy = 0, that is, if (a, y, z) lies on
either of these planes. It is not necessary that the point
lie on both planes, so the given equation represents all
the points on each of the planes, not just those on the
line of intersection of the planes.

Section 10.5 Quadric Surfaces (page 570)

x2 —|—4y2 +972 =36

This is an ellipsoid with centre at the origin and semi-
axes 6, 3, and 2.

x2+ y2 +472 =4 represents an oblate spheroid, that is,
an ellipsoid with its two longer semi-axes equal. In this
case the longer semi-axes have length 2, and the shorter
one (in the z direction) has length 1. Cross-sections in
planes perpendicular to the z-axis between z = —1 and
z =1 are circles.

SECTION 10.5 (PAGE 570)

202 +2y +272 —4x +8y —122427=0
202 = 2x + 1)+ 200>+ 4y +4) +2(z> —62+9)
=—274+2+8+18

(x—1)2+(y+2)2+(z—3)2:%

This is a sphere with radius 1/ /2 and centre (1, =2, 3).

24+ 4y? 4972 4 4x -8y =8
(x+2)2+4(y—1)>+92=8+8=16

c+2? o-D? 2

42 22 /3?2~
This is an ellipsoid with centre (—2, 1, 0) and semi-axes
4, 2, and 4/3.

z = x2 + 2y? represents an elliptic paraboloid with vertex
at the origin and axis along the positive z-axis. Cross-
sections in planes z = k > 0 are ellipses with semi-axes

Vk and k/2.

Fig. 10.5.5

O\ /
S/
O

() 2

x2 — y2 — 22 = 4 represents a hyperboloid of two sheets

with vertices at (%2, 0, 0) and circular cross-sections in
planes x = k, where |k| > 2.
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Fig. 10.5.7
8. —x2+ y?+ 7% = 4 represents a hyperboloid of one sheet, 11.
with circular cross-sections in all planes perpendicular to

the x-axis.

—x2 4yl 472=4

ih
]

W)
AN W\
‘I‘ “}‘“I H l
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e
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NS
cc<aguseyiiiscsnngy
“|‘ g8 ,l,l/,,n'"i~~~! y
‘ :2 ) ’/ ."‘:%'"

T
““ ’/, e.'.'.g.\z
\t‘\\z )

U

I

Q':"/
$F

Fig. 10.5.8
12.

9. 7z = xy represents a hyperbolic paraboloid containing the
x- and y-axes.

Z

Fig. 10.5.9

10. x2 + 472 = 4 represents an elliptic cylinder with axis 13.

along the y-axis.
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Fig. 10.5.10

x2 — 472 = 4 represents a hyperbolic cylinder with axis
along the y-axis.

Fig. 10.5.11

y = z2 represents a parabolic cylinder with vertex line
along the x-axis.

Fig. 10.5.12

2

1
74+ — ~7 represents a parabolic cylinder

2
with vertex line along the line z = —1/2, x = —1/4.

x =724z =
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Fig. 10.5.13
14. x? = y? 4+ 2z? represents an elliptic cone with vertex at
the origin and axis along the x-axis.

Z
A

Fig. 10.5.14
15. (z— 12 = (x —2)%2 4+ (y — 3)2 represents a circular

cone with axis along the line x = 2, y = 3, and vertex at
2,3, 1)

(z—1)2=(x=2)2+(y—3)?

Fig. 10.5.15

16. (z—1)? = (x —2)2 +(y —3)% +4 represents a hyperboloid
of two sheets with centre at (2, 3, 1), axis along the line
x =2, y =3, and vertices at (2,3, —1) and (2, 3, 3).

SECTION 10.5 (PAGE 570)

(z=1)2=(x=2)2+(y—3)>+4

Fig. 10.5.16

2 24,2 _
17. Ny =4 represents the circle of intersection of
x+y+z=1
a sphere and a plane. The circle lies in the plane
x +y+z =1, and has centre (1/3, 1/3, 1/3) and radius

JE=(3/9) = JTI/3.

Fig. 10.5.17

2 2 _
18. {x + y+ =1 is the ellipse of intersection of the plane
z=x+y

z = x + y and the circular cylinder x2 + y2 = 1. The
centre of the ellipse is at the origin, and the ends of the

major axis are i(l/ﬁ, 1/«/5, V2).

Z

Fig. 10.5.18
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2 _,2 2
{ =XV s the parabola in which the plane
z=1+x

z = 1 + x intersects the circular cone z2 = x% + y2. (It
is a parabola because the plane is parallel to a generator
of the cone, namely the line z = x, y = 0.) The vertex
of the parabola is (—1/2,0, 1/2), and its axis is along the

line y=0,z=1+x.

Fig. 10.5.19

2 2 2 _
{x +12y +327=6 is an ellipse in the plane
y =
y = 1. Its projection onto the xz-plane is the ellipse
x2 4+ 3z% = 4. One quarter of the ellipse is shown in the

figure.

V2
y=1
V3
y
X
NG 2422 +322=6
Fig. 10.5.20
2 2 2
X
St
a b c
xZ Z2 . yZ
a2 2 b
X Z\/X Z y y
3G 0-3)
(a c)(a c) ( b b
f+£:x@+%)
Family 1: a ¢
M(E-E)=1-2,
a c b
X Z
. ato=n(-3)
Family 2: X z 3o
PC
a c¢ b
=Xy
. . Z=AX
Family 1: A=y
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Family 2: [ ¢ __My

n=X.
The cylinder 2x2 + y? = 1 intersects horizontal planes
in ellipses with semi-axes 1 in the y direction and 1/+/2
in the x direction. Tilting the plane in the x direction
will cause the shorter semi-axis to increase in length.
The plane z = cx intersects the cylinder in an ellipse
with principal axes through the points (0, £1, 0) and
(£1/+4/2,0, £c/~+/2). The semi-axes will be equal (and
the ellipse will be a circle) if (1/2) + (c2/2) = 1, that is,
if ¢ = £1. Thus cross-sections of the cylinder perpendic-
ular to the vectors a =i+ k are circular.

The plane z = cx + k intersects the elliptic cone
72 = 2x? 4 y? on the cylinder

x4 2ckx + k> =222 + y2

2 - cz)x2 —2ckx + y2 = k?

) 2, A 2%2
2 — - =k =—
( c)(x 2—c2> +y +2—cz 2—¢?
r—x0)? ¥
2 TR
ck 2k* , 2%
wherexozz_—cz,a :m,andb :2—(,‘2.

As in the previous exercise, z = cx + k intersects the
cylinder (and hence the cone) in an ellipse with principal
axes joining the points

(xo —a,0,c(xo —a) +k)
and (xg, —b, cxg + k)

to  (xo+a,0,clxo+a)+k),
to (xo, b, cxo + k).

The centre of this ellipse is (xop, 0, cxg 4+ k). The ellipse
is a circle if its two semi-axes have equal lengths, that is,
if

a2 + 2a® =1,

that is, , )
2%k 2k

1+c2 = ,

It —ap=1-a

or 1 +¢*=2—c% Thus ¢ = £1/4/2. A vector normal
to the plane z = +(x/v/2) + k is a =i+ v/2k.

Section 10.6 A Little Linear Algebra
(page 579)

30 -2 2 1 6 7
< 1 1 2 )<3 0 ): <5 —3)
-1 1 -1 0 -2 1 1

1 1 1 1 11 1 2 3
2. <O 1 1><0 1 1):(0 1 2>
0 0 1 0 0 1 0 0 1

3 a b w x\_[aw+by ax-+bz
: c d y z) \cw+dy cx+dz
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w x\(fa b\ _ (aw+cx bw+dx
y z c d) \ay+cz by+dz

1 1 1 1\ /1000
r o1 1 1)1 100
AA =100 1 1|1 11 0
000 1/\1 111
43 21
(33 21
12221
1111
111 1\ /1 1 11
> o1 1 1)fo 1 11
A=loo 1 1)|loo 11
000 1/\o o o1
12 3 4
o123
“lo o1 2
0001

x a q
Z q c

x x> xy xz
xx| = <y> *x,y,2) = <xy y? yZ)
z xz yz z*

X
xI'x=(x,y,2) (y) =x24+y2+2?)
z

a p q X
xT.A,X:(x,y,z)<p b r)(y)
q r c Z

ax + py +qz
:(x,y,z)(px+by+rz)

gx +ry+cz
:axz—|—by2+CZ2+2pxy—|—2qxz+2ryZ

D BN N

2 3 -1 0 PP
4 0 2 1
=3[ 1 -1 1
10 -1 1 5o
2 0 0 1
11 4 1
DR ER

=6(3) +3(6) =36

SECTION 10.6 (PAGE 579)

S T B
12 3 4
-2 0 2 4
3 -3 2 =2
111 IR U |
=-2|2 3 4|+2[1 2 4
-3 2 -2 3 -3 =2
111
—4/1 2 3
3 -3 2
111 111
=-2/0 1 2{+2/0 1 3
05 1 0 —6 -5
111
—410 1 2
0 —6 -1
12 13 12
=2l Al Al

=-2(-9)+2(13) —4(11) =0

a d4ai2 a3 -+ din
0 ax a3 --- am
0 0 ax - am,
0 0 0 - am

ap a3 - axy
0 a3 -+ am
=a )
0 0 Ann
asy -+ asp
=aiaxn
0 .. ann

= a11a22433 - - - Anpn

(or use induction on n)

1 1
. y’—y—x. If
1 1 1
fx,y,0=|x y z]|,
x2 )72 ZZ

then f is a polynomial of degree 2 in z.

Since f(x,y,x) =0 and f(x,y,y) =0, we must have
f(x,y,z2) = A(z — x)(z — y) for some A independent of
z. But

1 1 1
Axy = f(x,y,00=|x y O0|=xy(y—x),
x2 y2 0

so A=y —x and

fx,y,2) =@ —x)(z—x)(z—Yy).
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11. Let ok = (“
C

12.

13.

VWW\.
SECTION 10.6 (PAGE 579)
Generalization:
1 1 1 1
X1 ) X3 Xn
2 2 2 2
xl x2 X3 e x” — 1_[ (X] _ xi)-
. . I<i<j<n
xi’t 1 ngl xgt 1 xrrzl_l

b>,$=(£ m)’@:(w x)' Then
d n p y z

_(al+bn am+bp w X
(’A‘B)@_(cﬁ—i-dn cm—i—dp)(y Z)

_ (alw +bnw + amy + bpy alx + bnx + amz + bpz
“ \clw+dnw+ cmy +dpy clx +dnx +cmz +dpz

ABC) = (© b\ (tw+my {£x+mz
“\ec d)\nw+py nx+pz

[ alw +amy +bnw +bpy alx +amz+ bnx + bpz
“ \clw +cmy +dnw +dpy clx + cmz+dnx +dpz

Thus (AB)C = A(BC).

_f(a b r_f(a c
IfeA,_<C d),theneA _<b d),and

det(eA) = ad — be = det(AT).

We generalize this by induction.
Suppose det(B7)=det(B) for any (n — 1) x (n — 1) matrix,
where n > 3. Let

airl a2 dln

ay  ax azn
A = . . .

anl dn2 Adnn

be an n x n matrix. If det(s4) is expanded in minors
about the first row, and det(e4) is expanded in minors
about the first column, the corresponding terms in these
expansions are equal by the induction hypothesis. (The
(n — 1) x (n — 1) matrices whose determinants appear
in one expansion are the transposes of those in the other
expansion.) Therefore det(cAT )=det(A) for any square

matrix 4.
b) and.fB:(w x). Then
d y zZ

_(aw+by ax+bz
ejA"B_(cw—}—dy cx—{—dz)'

Let%:(“
Cc
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Therefore,

det(eA)det(B) = (ad — be)(wz — xy)
=adwz — adxy — bcwz + bexy
det(AB) = (aw + by)(cx + dz) — (ax + bz)(cw + dy)
= awcx + awdz + bycx + bydz
—axwc —axdy — bzcw — bzdy
=adwz — adxy — bcwz + bcxy

= det(eh)det(B).
cosf  sinf
If ok = (—sin@ cos@)’ then
A — cos(—6@) sin(—6)\ (cosfd —sin6
0= —sin(—6@) cos(—0) ) \sinf cosf |’
and

1 0
gA_g = (0 1) =1.

Thus A_g = (chg) L.

1 1 1 a b c¢
LeteA:<O 1 1>,.A>1:<d e f). Since

0 0 1 g h i
AA ™! =1 we must have
at+d+g=1 b+e+h=0 c+f+i=0
d+g=0 e+h=1 f+i=0

Thusa=1,d=g¢g=0,h=0,e=1,b=—-1,i =1,
f=—-1,¢c=0, and so

1 0 -1 a b c
Let,A,:<—1 1 0),Alz<d e f). Since

2 1 3 g h i
AA~! =1 we must have
a—g=1 b—h=0 c—i=0
—a+d=0 —b+e=1 —c+f=0

2a+d+3g=0 2b+e+3h=0 2c+ f+3i=1.

Solving these three systems of equations, we get

1 1
1 % 5?
A= 32 § 3
111

2 6 6

The given system of equations is

+(2)-(2)
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Thus

()= (2)-0)

sox=1,y=2,and z = 3.

18. If «A is the matrix of Exercises 16 and 17 then
det(eA) = 6. By Cramer’s Rule,

=20 -1
x==|1 1 0|=2=1
613 1 3] ©

T PR
y=—=1- = — =
6l2 13 3 6
1|10 =21 g
t==|—1 1 1 |===3.
6l 1 13| ©
1111
11 1 -1
19. A(l Lo
1 -1 -1 —1
00 0 2
00 2 0
A= 5 5 o
1 -1 —1 —1
0 0 2
=20 2 o0 :—4‘? _21‘:8
1 -1 -1
0o 1 1 1
Y O R .
M=3%l6 1 -1 -1
2 -1 -1 -1
01 1 1
1400 2
=g8l6 2 0 0
200 0
111
2 4
20 0
10 1 1
L4 1
=311 6 -1 —1
12 -1 —1
200 1
1o 4 2 -
=300 6 0 -1
020 —1
4 2 —1
2 416 —1
=—60—1=—‘ ‘2
8l 0 —1| 812 -1

20. Let F(x1,x) = ?’(i;), where F =

21.

22,

23.

SECTION 10.6 (PAGE 579)

1
—1
-1
-1

1
-1
—1
-1

| —

X3

DO OO = ===
[\]
MNP OO RO

2 0 1
0 4 -1
0 6 -1
X4 = —(x1 +x2 +x3) = 2.

a b
c d)
LetG(yl,yz)zg(”),Whereg,i:(p 4
y2 r

If yy = ax1 + bxy and y; = cx1 + dx3, then
G o F(xi,x2) = G(y1, y2)
p q axy + bx;
K cx) +dxp
paxy + pbxy + gcxy + gdxa
raxy + rbxy + scxy + sdxp

pa+qc pb+qd
ra+sc rb+sd
=gF

¢ )(ii>
( )

Thus, § o F is represented by the matrix §F.

A = (_11 ! ) Use Theorem 8. D; = —1 < 0,

-2
-1 1
DZZ‘ 1 -2

1 20
A:(Z 1 O).UseTheoremS.

0 0 1
1 2
D =1>0, D2-’2 l‘——3<0,
1 2 0
Di=|2 1 0|=-3<0
0 0 1
Thus A is indefinite.
2 1 1
A:(l 2 1>.UseTheorem8.
1 1 2
2 1
Dy =2 >0, Dz—‘l 2‘—3>0,

‘ =1 > 0. Thus <A is negative definite.
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2 1 1
D;=|1 2 1|=4>0.
11 2
Thus & is positive definite.
1 10 11
24. A =1 1 0]. Since D, = = 0, we cannot
0 0 1 b

use Theorem 8. The corresponding quadratic form is
0, y,2) =x+y +2xy+ 22 = (x + y)> + 2%

which is positive semidefinite. (Q(1, —1,0) = 0.). Thus
A is positive semidefinite.

1 0 1
25. eAa:<0 1 —1). Use Theorem 8.

1 -1 1
1 0
D =1>0, Dz—’o 1’—1>0,
1 0 1
D=0 1 —-1|=-1<0.
1 -1 1
Thus A is indefinite.
2 0 1
26. A:(O 4 11). Use Theorem 8.
1 -1 1
2 0
D =2 >0, Dz—‘o 4‘—8>0,
2 0 1
D;=|0 4 11|=2>0.
1 -1 1

Thus A is positive definite.

Section 10.7 Using Maple for Vector and
Matrix Calculations (page 588)

It is assumed that the Maple package LinearAlgebra
has been loaded for all the calculations in this section.

1. We use the result of Example 9 of Section 10.4.

rl := <3|0|2>: v1 <2,1,-2>:
r2 := <1|2|4>: v2 := <1,3,4>:
vixv2 := vl &X Vv2:

dist 1=

abs ((r2-rl) .vixv2) /Norm(vlixv2,2) ;
dist :=2

V V.V YV

The distance between the two lines is 2 units.

2. The plane P through the origin containing the vectors
vi = i—2j— 3k and v2 = 2i + 3j 4+ 4k has normal
n=yvy X vj.
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> n := <1|-2|-3> &x <2|3]|4>;
n:=[1,-10,7]

The angle between v =1i— j + 2k and n (in degrees) is

> angle
:= evalf ((180/Pi) *VectorAngle (n, <1, -
1,25));

angvn = 33.55730975

Since this angle is acute, the angle between v and the
plane P is its complement.

> angle := 90 - angvn;
angle := 56.44269025

These calculations verify the identity:

> U := Vector[row] (3,symbol=u): V :=
Vector [row] (3, symbol=v) :

> W := Vector [row] (3, symbol=w) :

> a := DotProduct (U, (V &x
W) ,conjugate=false) :

> b := DotProduct(V, (W &x
U) ,conjugate=false) :

> ¢ := DotProduct (W, (U &x
V) ,conjugate=false) :
> simplify(a-b); simplify(a-c);

0
0

These calculations verify the identity:

> U := Vector[row] (3,symbol=u): V :=
Vector [row] (3, symbol=v) :

> W := Vector [row] (3, symbol=w) :

> LHS := (U &x V) &x (U &x W) :
> RHS := (DotProduct (U, (V &x
W) ,conjugate=false)) *U:

> simplify (LHS-RHS) ;
[0, 0, 0]

sp := (U, V) -> DotProd-
uct (U,Normalize (V,2),conjugate=false)
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vp := (U, V) -> DotProd-
uct (U,Normalize(V,2), conju-
gate=false) *Normalize (V, 2)

ang 1= (u,v) ->
evalf ((180/Pi) *VectorAngle (U,V))
unitn := (U,V)->Normalize((U &x V), 2)

VolT =
(U,V,W)->(1/6) *abs (DotProduct (U, (V

&x W), conjugate=false)) 15.

dist:=(A,B) ->Norm(A-B,2)

> dist(<1,1,1,1>,<3,-1,2,5>);
5

We use LinearSolve. 16.

> A := Matrix([[1,2,3,4,5],

> [6,-1,6,2,-31,[2,8,-8,-2,11,

> [1,1,1,1,1]1,[10,-3,3,-2,211):

> X :=
LinearSolve (A, <20,0,6,5,5>, free=t) ;

The solutionisu =1, v=0,x=—-1, y =3, z=2.

We use LinearSolve.

(1
1,0
0,1

7

B := Matrix(
[1,0,0,1,1],
[1,1,1,0,1]7,
X r=
LinearSolve (B, <10,10,8,11,1>, free=t) ;
11 —2t5

2
—2415
—141

Is
There is a one-parameter family of solutions: u = 11—21,
v=2,x=-2+t,y=—1+41t, z=t, for arbitrary z.

7 7

1,1,1,01,
(1,0,1,1,01],
[0,1,0,1,-111):

7

V V.V V

X =

> A := Matrix([[1,2,3,4,5], 1L

> [61_1/6/21_3]/ [2181_81_2/1]1
> [111/1/1/1]/ [101_3/31_2/2]]):

> Determinant (A) ; 2.
—935

> B := Matrix([[1,1,1,1,01, 3.

> [110101111]1[110111110]1

> [1,1,1,0,11,[0,1,0,1,-111): 4.

> Digits := 5: evalf (Eigenvalues(B)) ;

com
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0

3.3133 — 0.00000534181
0.8693 + 0.00000735207

—1.2728 — 0.00000251431
—1.9098 +5.041 10771

The tiny imaginary parts are due to roundoff error in
the calculations. They should all be 0. Since B is a
real, symmetric matrix, its eigenvalues are all real. The
eigenvalues, rounded to 5 decimal places are 0, 3.3133,
0.8693, —1.2728, and —1.9098.

> A := Matrix([[1,1/2,1/3],

> Ainv := MatrixInverse (A);
—36 30

Ainv = |:—36 192 —180:|
30 —180 180

> A := Matrix([[1,1/2,1/31,
> [1/2,1/3,1/4]1,[1/3,1/4,1/511):
> Ainv := MatrixInverse (A) :

> Digits 1= 10:
evalf (Eigenvalues (A)) ;

0.00268734034 — 5.673502694 10~107
0.1223270659 + 5.873502694 10~101

> evalf (Eigenvalues (Ainv)) ;

[ 1.408318927 — 4 10~/ }

0.710066409 — 5.096152424 10-81
8.174805711 + 5.296152424 10731

The small imaginary parts are due to round-off errors in
the solution process. The eigenvalues are real since the
matrix and its inverse are real and symmetric.

{ 372.1151279 — 2 10791 }

Although they appear in different orders, each eigenvalue
of A~! is the reciprocal of an eigenvalue of A. This is to
be expected since

AT'x=xx = (1/M)x=Ax.

Review Exercises 10 (page 589)

x + 3z = 3 represents a plane parallel to the y-axis and
passing through the points (3, 0,0) and (0, O, 1).

y —z > 1 represents all points on or below the plane par-
allel to the x-axis that passes through the points (0, 1, 0)
and (0,0, —1).

x +y 4+ z > 0 represents all points on or above the plane
through the origin having normal vector i+ j + k.

x — 2y — 4z = 8 represents all points on the plane
passing through the three points (8, 0, 0), (0, —4, 0), and
0,0, —2).
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y = 1+x2+72 represents the circular paraboloid obtained
by rotating about the y-axis the parabola in the xy-plane
having equation y = 1 4 x2.

y = z2 represents the parabolic cylinder parallel to the
x-axis containing the curve y = z” in the yz-plane.

x = y? — 72 represents the hyperbolic paraboloid whose
intersections with the xy- and xz-planes are the parabolas
x = y% and x = —z2, respectively.

z = xy is the hyperbolic paraboloid containing the x- and
y-axes that results from rotating the hyperbolic paraboloid
z = (x2 — y2)/2 through 45° about the z-axis.

x2 + y? 4 4z% < 4 represents the interior of the circu-
lar ellipsoid (oblate spheroid) centred at the origin with
semi-axes 2, 2, and 1 in the x, y, and z directions, re-
spectively.

x2 + y2 — 472 = 4 represents a hyperboloid of one sheet
with circular cross-sections in planes perpendicular to the
z-axis, and asymptotic to the cone obtained by rotating
the line x = 2z about the z-axis.

x2 — y2 — 472 = 0 represents an elliptic cone with axis
along the x-axis whose cross-sections in planes x = k

are ellipses with semi-axes |k| and |k|/2 in the y and z
directions, respectively.

x2 — y2 — 472 = 4 represents a hyperboloid of two sheets
asymptotic to the cone of the previous exercise.

(x —2)%> + y> = 1 represents an elliptic cylinder with
oblique axis along the line z = x in the xz-plane, having
circular cross-sections of radius 1 in horizontal planes
z=k.

(x —2)% 4 y? = 72 represents an elliptic cone with oblique
axis along the line z = x in the xz-plane, having circular
cross-sections of radius |k| in horizontal planes z = k.
The z-axis lies on the cone.

x + 2y = 0, z = 3 together represent the horizontal
straight line through the point (0, 0, 3) parallel to the
vector 2i — j.

x+y+2z=1,x4+y+z = 0 together represent the
straight line through the points (—1,0, 1) and (0, —1, 1).

x2+y2 472 =4, x +y+z = 3 together represent
the circle in which the sphere of radius 2 centred at the
origin intersects the plane through (1, 1, 1) with normal
i +j+ k. Since this plane lies at distance +/3 from the
origin, the circle has radius +/4 —3 = 1.

x2 4272 < 1, x —y > 0 together represent all points
that lie inside or on the circular cylinder of radius 1 and
axis along the y-axis and also either on the vertical plane
x —y = 0 or on the side of that plane containing the
positive x-axis.
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The given line is parallel to the vector a = 2i — j + 3k.
The plane through the origin perpendicular to a has equa-
tion 2x —y + 3z =0.

A plane through (2, —1,1) and (1, 0, —1) is parallel to
b=Q-Di+(-1-0j+1-(—1)k=i—j+2k If
it is also parallel to the vector a in the previous solution,
then it is normal to

i j Kk
axb=[2 -1 3|=i—j—k
1 -1 2

The plane has equation (x —1) —(y —0)—(z+1) =0, or
xX—y—z=2.
A plane perpendicular to x—y+z =0 and 2x+y—3z =2

has normal given by the cross product of the normals of
these two planes, that is, by

i j kK
1 —1 1 |=2i+5j+3k
2 1 -3

If the plane also passes through (2, —1, 1), then its equa-
tion is

2x =) +5(y+ 1) +3z—1)=0,

or 2x + 5y + 3z =2.

The plane through A = (—1,1,0), B = (0,4, —1) and
C = (2,0, 0) has normal

i j kK
3 -1 0
1 3 -1

AC x AB =

=i+ 3j+ 10k

Its equation is (x —2)+3y+10z =0, or x+3y+10z = 2.

A plane containing the line of intersection of the planes
x+y+z=0and 2x + y — 3z = 2 has equation

2x+y—3z-24+Ax+y+z—-0)=0.

This plane passes through (2,0,1) if —1 + 31 = 0. In
this case, the equation is 7x +4y — 8z = 6.

A plane containing the line of intersection of the planes
x+y+z=0and 2x + y — 3z = 2 has equation

2x+y—3z-24+Ax+y+2z—-0)=0.

This plane is perpendicular to x — 2y — 5z = 17 if their
normals are perpendicular, that is, if

12+2)—=2(1+A)—5(=3+1) =0,

or9x +7y —z =4.
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The line through (2,1, —1) and (—1,0, 1) is parallel to
the vector 3i + j — 2k, and has vector parametric equation

r=0Q4+3ni+1+nj—1+2nk

A vector parallel to the planes x — y = 3 and
x4+2y+z=1lisi—-j)x(i+2j+k=—-i—-j+3k A
line through (1,0, —1) parallel to this vector is

741

-1 -1 3

The line through the origin perpendicular to the plane
3x —2y 4+ 4z =5 has equations x = 3¢, y = —2¢, z = 4¢.

The vector

a:(l+t)i—tj—(2+2t)k—(25i+(s—2)j—(l+3s)k)

=0+t -29)i—(t+s—2)j— (142t —3s5)k

joins points on the two lines and is perpendicular to both
lines if ae (i—j—2k) = 0 and a e (2i +j — 3k) = 0, that
is, if

1+t —2s4+t+s5s—24+244—65s=0
24+2t—4s—t—s+2+3+6t—95 =0,

or, on simplification,

6t —7s = —1
7t — 14s = —T7.

This system has solution + = 1, s = 1. We would expect
to use a as a vector perpendicular to both lines, but, as it
happens, a = 0 if 1 = s = 1, because the two given lines
intersect at (2, —1, —4). A nonzero vector perpendicular
to both lines is

i j k
1 -1 —2|=5i—j+3k
2 1 -3

Thus the required line is parallel to this vector and passes
through (2, —1, —4), so its equation is

r=Q+5)i—1+0j+ (—4+3nk.

The points with position vectors rj, rp, and r3 are
collinear if the triangle having these points as vertices
has zero area, that is, if

(r —r)) x (r3 —ry) =0.

30.

31.

32.

33.

[SURSTEEN N

REVIEW EXERCISES 10 (PAGE 589)

(Any permutation of the subscripts 1, 2, and 3 in the
above equation will do as well.)

The points with position vectors rj, r, r3, and ry are
coplanar if the tetrahedron having these points as vertices
has zero volume, that is, if

(2= 1) x s = v e (rs =) = 0.

(Any permutation of the subscripts 1, 2, 3, and 4 in the
above equation will do as well.)

The triangle with vertices A = (1,2,1), B = (4, -1, 1),
and C = (3,4, —2) has area

1 L k
5|Z§xﬁf|=§|3 -3 0|
2 2 =3
1 334
= §|9i—|—9j—|—12k| = $g. units.

The tetrahedron with vertices A = (1, 2, 1),
B=4-1,1),C = 3,4,-2),and D = (2,2,2) has
volume

éwﬁ x AC) @ AD| = é|(9i+9j+ 12k) o (i + K)|

. 9+ 12 7 it
=% =3 cu. units.
The inverse of A satisfies
1 0 0O a b ¢ d 1 0 0 O
21 00 e f g h] _|JO 1 0O
3210 i j kK I]710 o010
4 3 2 1 m n o p 0 0 0 1

Expanding the product on the left we get four systems of
equations:

=1, 2a+e=0, 3a+2+i=0, 4a+3e+2i+m=0.
=0, 2b+f=1, 3b+2f+j=0, 4b+3f+2j+n=0.
=0, 2c¢+g=0, 3c+2g+k=1, 4c+3g+2k+0=0.
=0, 2d+h=0, 3d+2h+1=0, 4d+3h+2l+p=1.

These systems have solutions

a=1 e=-2, i=1, m=0,
b=0, f=1, j=-2, n=1,
c=0, g=0, k=1, 0= -2,
d=0, h=0, [ =0, p=1
Thus
1 0 0 o0
-1 -2 1 0 0
A= 1 -2 1 0
0 1 -2 1

411
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1 1 1 X1 by
LleteA=(2 1 0 |, x=|x2)],andb = |5y ].
(1 0 —l) <X3> <b3>
Then
AX=b <« X1+ x2 +x3 =by
2x1 + x2 =by
X1 — x3 = bs.

The sum of the first and third equations is
2x1+x2 = by + b3, which is incompatible with the second
equation unless by, = by + b3, that is, unless

be(i—j+k) =0.

If b satisfies this condition then there will be a line of
solutions; if x; = ¢, then x; = by — 2t, and x3 =t — b3,

SO
t
X:(bz—zt)
t— b3

is a solution for any .

3 -1 1
A:(—l 1 —1>.WeuseTheorem8.

1 -1 2
3 -1
Dy =3>0, Dz_‘_l 3‘_2>0,
3 -1 1
Di=|—-1 1 —-1|=2>0.
1 -1 2

Thus & is positive definite.

Challenging Problems 10 (page 589)

If d is the distance from P to the line AB, then d is the
altitude of the triangle AP B measured perpendicular to
the base AB. Thus the area of the triangle is

(1/2)d|BA| = (1/2)dIrs — ],
On the other hand, the area is also given by
(1/2)|PA x PB| = (1/2)|(ra — rp) X (rg —rp)|.

Equating these two expressions for the area of the trian-
gle and solving for d we get

[(ra —rp) X (rp —rp)|
[rp —rp|

d =

412

4.

R. A. ADAMS: CALCULUS

By the formula for the vector triple product given in Ex-
ercise 23 of Section 1.3,

Uxv) X (wxx)=[(uxV)ex]w—[(uxV)ew]x
(U XxXvVv)X(WxXx)=—(WXX) X (uxv)
= —[(W X X) evV]u—+ [(W X X) eu]v.

In particular, if w = u, then, since (u x v) eu = 0, we
have

(uxv) X (uxx)=[(uxvV)ex]u,

or, replacing x with w,

(xv)x (uxw) =[(uxvVv)ewlu

The triangle with vertices (x1, y1, 0), (x2, ¥2, 0), and

(x3, ¥3,0), has two sides corresponding to the vectors

(x2 —xDi+ (y2 — y1)j and (x3 — x1)i+ (y3 — y1)j. Thus
the triangle has area given by

i j Kk
A=z||xa—x1 y2—y1 Ofl
x3—x1 y3—yn O

N = N~

[[(x2 —x1)(¥3 — y1) — (x3 — x1)(y2 — y1)IK]

1
= —|x2y3 —x2y1 — X1y3 — x3y2 + x3y1 + x1)2|

2
1 X1 1
= — 11].
2| X2 |
x3 y3 1

a) Let Q1 and Q> be the points on lines L; and L,
respectively, that are closest together. As observed in
Example 9 of Section 1.4, m is perpendicular to
both lines.

Therefore, the plane P; through Q; having normal
m contains the line L;. Similarly, the plane P>
through Q> having normal m contains the line
L>. These planes are parallel since they have the
same normal. They are different planes because
Q1 # Q> (because the lines are skew).
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b) Line L; through (1, 1,0) and (2, 0, 1) is parallel to

CHALLENGING PROBLEMS 10 (PAGE 589)

Subtracting these equations gives s + ¢t = 0, so

i —j + Kk, and has parametric equation
ri=>0+0i+ {1 —1)j+tk.

Line L, through (0, 1, 1) and (1, 2, 2) is parallel to
i+ j + Kk, and has parametric equation

rp=si+{0+s)j+d+95k

Nowr,—ri=@6—t—Di+G+0)j+A+s—0k

To find the points Q1 on L and Q> on Ly for

which Q103> is perpendicular to both lines, we solve
s—t—1)—@G+t)+(0+s—1)=0
s—t—D+G+t)+(1+s—1)=0.

t = —s. Then substituting into either equation
gives2s —1+1+2s = 0,s05s = —t = 0.
Thﬂ)Ql = (1,1,0) and Q> = (0,1,1), and
0102 = —i+ k. The required planes are x —z = 1
(containing L) and x — z = —1 (containing L>).

This problem is similar to Exercise 28 of Section 1.3.
The equation a xx = b has no solution x unless aeb = 0.
If this condition is satisfied, then x = xo + ta is a solution
for any scalar ¢, where xo = (b x a)/|a|2.
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