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k=1 11X
P38 s Oy o G el Sl Sl 4 (X)) 6 piness b s sla WL O S
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23l L) P(X) slie ST358 o sl OLisss ol abardir | P(X) ) ahor e 0174 i s
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g ol s a3l % 1 [a,8] cx daih J = F(X) b L sks 6 o P(X) (o) alardir S| e Ol gmy

1 1 n v/
P(x) = f(x)+(x- Xo)ﬂl‘Xo)+5(X- %)’ ﬂl(Xo)"'---"';(X' x)" " (x,) (4.1)
Dlalph 534S 3 ek el M s O3 sl aher e Gl (S P(X) ST
PP = P06 , k=0()n (4.2)

(x- %)™ "), x, <z <x SERIvE

"= (n+1)!

sl y Ve 3l 3 g 0deels 038 adas (glas by o iladl |y ol o 4 S ol (2.1) akaly js &S

dex 5 (2.1) S AL Dl,u e>0 sl Sl Wl s aius J>= s Ay ol U&M(21)

1 nt+l ~
- f"(z) Ee ol 3 g akas 17
e @) spb gk 7y
n+l

- . Ee 43 L

(I]+1)! ‘ nt+l ( ) -

o . M, =max | " (x)
n;\jbwwﬁubnu\f@ (4.3)))0.&.203\38 &6‘;: a£X£b d&i)ﬁm

L0l S (4.3) daly kil st osls g3 @ 5N S oK 55 i 1y @ Olg e 558 el She
el Sk (XX0) S

o 1 PX) Gl et Xm0 s ks g Sl esliad L Ax) =€ =t sl 1-4 Jl
Lo ey

KT 02U 1S 1070 51 0055 X, 51 e o, sllast s A3L el ooty Il alam e 51 P(X) azilin £l

DS e 15 X
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..,\.:{LgL:ng;d(jyétsg;?wJ(M&ﬁﬁ)blo-lodbqo%ﬂ)Ls‘ﬂ) 0ExE] ¢lpi o

fx=¢*'b A2(x=(C-1¢"

|
20)=(-1" ,r=0,l.. '
XM, <24" 571077 Deasls (4.3) el 5 cpl pl
M, = max ‘ f(4)(X)‘ = max ‘e”“ =1
0£ x£1 0£ x£1
x'<1207107 L x<0.06 ol 13
1
3 . .o - -11 (e
nd 14 'ﬁ)"dﬁ’”‘f‘)«)"‘-(ﬂﬂ)!“ 10 wls (4.3) dal, 5lio J

S Ko p L s a2 Ll ol e kg w5 50 53 sk (gl aher i 3l el
LT 35 s« A3l Gilaie ome (g1 ahall 53 0l osls by 5 il S S 558 ks sla (gl e
Slisyd @) aherdir L Ll ol esls Loy OF J g 45 ol alall Olen (S350 03 ml s S 3550 0
o S ) s sl e Losasn diais oy o5l S Ik bl Lo 1 G T B ol

el 0L o8 ) ek lel A L s 3 Jle s S
.. ) » .. _1 .. " ; : .

R Lo X7l Je= s sl Gl dezas S cw (x) -1
X

L cpl ot el MO =CED R XS sk ) =(-1D)72x7, A =-x7, AX)=x" 0

_g M k=8 £ .
L=a — ~x-D=ah(x1 I LR E SRR S

=0 . £=0
T - . 1 >
45(,..;{4 3 ﬁ)j‘ S N ($33n0 p3lie gl & 5 Pal(3) 5l eslizad L 1, f(3):§ V.Jsbx Shde-

.ﬁ‘ﬁ))‘giﬂj J}b))‘)jbwwdwb‘.eiu|szs
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N 0 1 2 3 4 5 6 1
P.3)] 1 -1 3 5 11 21 43 -85

5590 Sledb| ¢Lq5 S Lzes S copl gl ks sl A_Lo-.)ua-:\sm.al.i 0> O Jodr 4 a5 L

Lok gle gl et 5l eslinad Sie cpl Loges o Ll olld S aze Xo abail 45 Jadh oy i 3 eslizd
Vgams Slasles dolin sl ol Xo 4 Sio5 blE 53 ple 8 & 5 LS a5 &S o (935050 4 25ms
C sl calees bl 5l Sledbl Jels 45 55 eslinal Lleds, 48 ol g
P(X) oL b a0l wdls | a£ X <X <..<x,, <x, £b jplae i (n]) 51 JS S
LAl e B 3 alisys dal s 45 o

() px)=fx) ,1=00)n (4.4)

() p(x)= f(x) (4.5)
p(")(xi) = f“‘)(xi),k: 0,1,..m , 1=0(1)n

Wb m=1 5 S 1 (4.5) Lod el 5 et 4t 1 518N Class ¢l der ki (44) Lo
2o Ol B (4.5) alaly s VL oo Slinte asslir ol e Sl () e
5 sk $ll dexdiz 3l e aS(Osculating Polynomial) ol s Olisys sle (gl dhamrads
ool el cawds ol 518N lel das s

S o H Y sl oliy,s 2-4

e i (H]) 6 S o 53 omen 5 22k s [AD] ol F0) wb oS e 55
Ll f(X) mb pslis oS o0 25 S o lais s [ab] esbos af X <x<x.<x,,<x£b
Pl ek lsds s el e glae 58

p,(N=a,+ax+ta,x +..+ax" (4.5)
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25050 P(X) ) iy Jlm led o Bdo P(X) = £(x)  7=0()8 plisys Byl b 53 oS s

DAl el b Gselily Olee iy STl

1 x, X x,"
oy x x"
WXy, X,...X,) =| . 10
1 x, an x,"
1 x x> . . . x LS o 2P b
1 % x x"
WXy, Xy X, 5 X) = . 10
Xn—l in—l Xﬂn 1
1 x x> x"

s Loln 55 ol Sl eslizl L

X 5, 1) = (X )(0 %).o(x7 X, ) A

DS sl X g alie bl Gl SO A 4S5k

1 x5 x° . . . x
Lox X X!
A=
1 X, in-l Xs__ll
n-1
WXy XKoeens X,) = WX, XX, ) P (X, - X)) ol Rl
=0
X5 Xy X,) = P (%5 )1 0 Deols @S eslinal 228550 o sy il
/=0
>
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ol ols 5oyl Blise 53 45 s LSS i) 6 ¢ ieos Lon Ua Xy oS 0 ol s il 3 ala
C 5,05 35 P(X) me 35l Sy 15 80,0080 015 e oo Ll 5l esliad U (4.5) alaly s om
52 G5 plate abi (NH]) Gl o5 08 o (25 ol 3 pamia P(X) &S 08 ol 2l L 0 I

Dl s 0 Sk Al s 50 QX) 5 P(X) i (sl e i

px)=£(x) , i=0(Dn
q(x) = fx) , 1=0(Hn (4.6

S e A sl et Ll 6 B
Ax) = px)- qlx) (4.7)

w3 ) dher dir 35 Q(X) KT il o Doy e Sbe sl gl etz q(X) 5 P(X) Osx
Cll e Bas (4.6) Ll s s s asl e ST

AX) = p(x)- q(x) , i=0n  (4.8)
Q(X) < (48) el 0 55 LU0, A2k a1 Sl 0 as 5 ol (o) o i o QUX) ool
5ol a5l Sl ) aer tir G Q(X) oS wils (o Lo bl ol XX, X ado; (DF]) (61l
23lae oS 0 S e a1 (LSS ol Ly Balises b i O g 4x) 3L 4, 1 ls ey
A®°0 LS S p Dy LSl s
C ol Cligss sle (gl ezt 035 3 i ez Sliaesr s 3L e P(X)FQ(X) cnl o 2L
b Lol sl oglite b 3 Sl S il oo oy sl Ga b 53 48 CLaus (o) aber s il iy
s oS b a8 by 518V (6 aher i CLians sla (o) dherdir ¢ IS8 Bl 1L s Sodes
Cel o W G lgrand 534St Wi ple el sl

FAY ok 04,5 3-4
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ol ool 5o e e (1) 5 (5 33 ot 5 A2l i [A] sl 3 %) 6 5 o 33

afx,<x<x,.<x,_,<x, E£b s ol wmm;\‘\swbﬂ; O g

Cel My gl ahexdir L osaons b WL e opslee BB ol o f(x) b sl

P(x)=a,+ax

P(x,) = f(x)=a, +a,x
P(x)= f(x)=a,+tax

px) 1 x

LS G 5l s oS nes P(M) =8, +a X+, X ot X

p(x)= f(x) , 1=0()n
CeS o s 1 01 e Il L ST sl
: Y"'i)b [X(),X]] WBJJ 5 Ll wb J.izl.ﬁ.a ao,ali db’ &\g NESY)

(4.9)
(4.10)
(4.11)

Ax) 1 % [50P (a0 by Iyl o J )

fix) 1 x

P(0(x -

lo<x>:;'_’i & L(»=

1

P(3) = L,(%) Ax) + L,(3) (x)

Lx)=1 & L(x)=00

L(x)=1 & L(x)=0},

) A5 D+ )0 - 9=0
—f< ) -f<x1
X -
Ll assle 518N bl S e
)
-
e 3 ool ghils 318N bl OSs
i1, 1=
(X)) ,:\0 it
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A & et ol 2,0 G BlE eled 51 oS in T s gl e din o 8L 303 058
o« dten et a s PX) 8l e i 5 () w5 S G B s 5 o (X)L 1

fx)=p(x;) , 1=0,L...,n
LS o e opl ) (S S B3N bl (ol dhex i e I e b

L(%) = C(x- %)(x~ X)X %)X~ X))o X- X,)

= q P (X_ Xj)
J=0
&7

1

= , 1=0,1,..,n
(X - %)(x% - X)) (X - X )(X - Xay)eo(X - X,)

7

(= %) ). (5 )X K)o (X0 %) (x- x;)
()X - ) (X ) - X)) (X X,) =0 (%= X))
7 (X - Xj) . W=
s L(x)) =j=P0 - x) =1 Dol gl 5LSY cwlal O
_3 _p (x-x)
PO=QLWAY) . L9=P 8

Vi
LOs S c)a.; s 4-4
DT il X=Xy L X=Xy 1S il

E(f,ix)=f(x)- p(x)=0

E(£,%)=0
:m;sgqﬁsﬁbg(t)@u&uxd\d\ﬁ‘ xt x, 5%y 5 xl [a,b] Sl
2= A0~ pl)- [ Ax)- pla) 5 H) 4.12)
(x- x)(x- x)
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o Gt b e Cond 5Us3(412) el Sl (X, 5% ,15X1) L3 8(DF0 o il 015 o Sl &
LS

g€0 = €0 - p&o- [ f(x)- p(X)]:’MU
F (- %) )

i 2 0]
H= r&H-[ Ax)- f——
8&0= RO~ LAY 9N sy

Ll gt (XoX1) L3 s s [XoXi] aol Lsog(t) S Js aad 5loeslad L
Sk Sl spmge (XooXp) ahol 3 Z) wSle abi & Bl g(0) = 8(x) = 2(x) =0 S5

84z)=0
2

0= f%z)- (f(x)- P(X))m

S e Je UYLy Il
3)- p(x)=;<x- %)(x- %) %2) & min(xy,x, )<z <max(x.x,)
oS ap S

M, =max‘f‘l(x)‘
x, £ xE x

:V'.’.JL:‘J"“‘.:’L.’

E(£,%)= ;<x- %)(x- x) rz)

1
(0] £ max|(xr- x)(x 5L,
x, £ x£ x

+ X .
C s Sl e SLe X=(X021) aad s ‘(X- X)) (x- Xl)‘ ol ol by
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1 jex- x, Geex, - X,
£— : 1M.
2% 2 ,;% 2 ?

]]2
E(£0|E=-M,

n

P (x- x)
E(f X :FO(T)' £"Y(Z), min {x, x,..., x,, X} <Z <max {x,, X,,..
n+1)!
|E,(£, % £max|P (x- x)|. M,
=0
x, £ x£ x,

M

n+l

:max‘f(””)(x) , Xl {x, X, X}

£|x,- x ,i=0()n

‘(n+1)

X< X

X, - %
‘EH( faX)‘ £ W 4l

(4.13)

Dl Aol oleze X S

o Xy X

. VJ")b dl;-

(4.14)

&G sin(0.2)=0.19867 5 sin(0.1)=0.09983 4ol 5l eslizul Ly 518N Jge 3 5l eslizal L1 3-4 Jlie

LS s | Ut 5 Aol sin(0.14) gl sl

76

WWW. pr ozhe. com

Ll J oy



A= L(x) fx) + (D) Ax)
P = )+ flx)
X" X X=X
_ x-02 x-0

= " (0.09983) + 1 0.19867)
0.1- 0.2 0.2- 0.1

p(0.14) =0.139366

E(£0]E(02- 0.0% 0], AT [3,,x]

£;(o.1)2' 1=0.0025

. r}} J.’ ab
|E(£,x)|E ;(x- 0.1)(x- 0.2)|.[sin®z)
£;0.14- 0.1/0.14- 0.2 1=
= ;(0.0024) =0.0012

Dol b Ol gl derdr s sls eals gl 1 4-4 Dl

(=)
f—
[\
()}

X
fx)[2[3]12]147
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P =8 1,00 M) = DT WX
=0 (% - x)(% - %)(% - X)

p ) )0 ) gy, (0 %) %) x)
(x - x)(x - %)(x - x) (X - %)(x - x)(x - x)
(x- x%)(x- x)(x- x,) fx)
(% - %)% - x)(x5- x)
A =2, (x- D(x- 2)(x-5) o0 (x- 0)(x- D(x-5) 1, (x- 0)(x- D(x- 5)
(0- 1)(0- 2)(0- 5) (1- 0)(1- 2)(1- 5) (2- 0)(2- 1)(2- 5)
47 (X7 O(x- D(x- 2)
(5- 0)(5- 1)(5- 2)
X=X +xX - x+2

f(x,)

(..f'ljj e N pslie a5l 4 codd Slig)s LAY Jgep Lo s sla esls 1 sin(x): 5-4 Jke

C ol (0.57107) 51 a8 03,5 s (sl &5 53 (ytakas

x, =1
x =09
=0.8
x,=1-(0.1" n)
(n+1)

E(fx)‘i‘ "( Xol)' ’

f(””)(z)‘ , min {x,, X ,..., X,, X} <Z <max {x,, X,,..., X,, X}

n+l

£ 1% %)
(n+1)!

| @) £05 107

IZ+

o ———(sin o) =|sin A el AL s 50 S

i
f(x) =sin(x) | 1
T
f

o (‘sin xb :‘cosxf : ﬁ)b Lk zosn K

1- (0.1 m)- |
(n+1)!

£05°10°pP n=7

n+l

£05°10"

E,(fi0|€

0.1" n)™
(n+1)!

i ot oL 0503 3l eslinad L s X=1D o Xe=1 f(x)=In (14x) o0 6-4 Je

Dol 1 las (oYU d s a5 £(1.04) Ccils
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Ax=In (1+x , A)=In 2=0.301030 , ALl.l)=In (2.1)=0.322219

X- X

B(x)= Ax) + 2 fix)
Xy

| X

= X1 g301030+ %!
1.0- 1.1 1.1-1

p,(1.04) =0.304506

©0.322219

(D= (x- x)(x- %) &) x, << x

CAAL e X E (X T x)/2 dad s (X0 )(x- X)) e S

BCER|ESmax (v x)(x- x)] max | 70

1£ x£1.1 1£ x£1.1
ﬂ(X)—'il

1+’

1 -1 1 1_001_ 1
E(f, % £—(x - x,)> max =—(0.)? — ==~
[B(£5) 8(‘ %) 1+ x)° 8( ) 4 32 3200

Y0, 1] alols 555 fn=>1+x"° 26 alie s sl gl a5 15 (h) o8 bis lais t 7-4 Jli
Pl (571077) Ll oLisos glat oYL U oS Aols i e

2
B(AES M

' M = max ‘ ﬂ(x)‘ = max ‘30(1+X)4‘ =480
0<x£l 0£ x£E1

2
El(f,x)E];’ 430£5° 10°°

604* £0.00005b A» 0.00091

3 P(3)727 5 p(4)=64 iS5k doly 1y S L 2 4 ol P(X) 5 s gl ahor Aix 1 8-4 e

Dol b (X=15) s s Slaie 558 5 51,5 s b5l eslizad . ast p(1)=1
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_ (x- 4)(x- 3)(1)+(X' D(x-4). 27 +w' 64=8x>-19x+12

A
(1- 4)1- 3) (3-D3- 4) (4- 1)(4- 3)

p(1.5=15
P38 ok s SNBSS 5-4

U e 5 sl oWl ol 5 il pleze dais (0+]) «Xo<K<Kp . K <K oS o B

S o Ny el e O ke D p oplp fo.f1,. ..t st psbne G b sl «  f(x)

LS o

f(x,)- f(x
x, x.,]= (X;l) i o) » 1=0()a-1 ol Eeiobe ol a8 e 0l s JolS
i+1 7

X.. X X —_ 1 T2 7% T+l
f[ 70 i+l I+2]

Xy = X

I'=0(1)I]' 2. r_gb 4.,(;)» ol v.:w.i: J«pw

]: f[Xz‘+1»Xz‘+23"'aXz‘+n]' f[Xz"X;‘+la"'aXz‘+n-1] i=0
b

X X

+n 7

f[Xi’ Xi+1 EARAS] Xi+11

el Mg e el & LSS
Fasle 3,105 (6 U e e Ll el 3 L Xj 2L el o oyl oS o5l 2l S (sl ST

f(x)- f f(x)- Ax
x,x]= W)= n) _ fix) (X)=1‘[X1,Xo]
X - X X - X

Pl o s e el LSS Ol gl e o) 4 J-

G o S 2B D)3 Jge  6-4

sl Bo, BB o X0, XX aboldll (g slazel bl (5131 4 f(X) mb sl oS o 58

LS Gl @\ﬁ,;éwf(x) S L;\ﬂPn(x)‘Hn 3 ) et b sds 3 b
F(x)= f(x;) 1=0()n (4.15)

P(D=a,+(x- x)a,+(x- %)X~ x)a, +ot (X %)X X,))a, (4.16)
if x=x b P(9=a,= flx)

P (x- f(x)=(x- x)a +(x- x)(x- x)a, +..+(x- x)..(x- x,,)a, (4.17)
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sl ﬁ\ﬁ&MX‘XOJ{bB bl u:bl’ff‘ Ji-

LA AR 2y (e may ot (0 5) (x5, ),
X- X
i x=x b P2,(%) - f(Xo):al: fx)- fx) _ %] (4.18)
X - X% X - X
LSl 2003 oS o S eea 4 S
a, = 1(x)
2= flx,x]= fx)- f(x)
X - X
a, = fx,x,x]= 2%l %] < + i + Ig
X" X% (- x)(%- %) (x-0)X- %) (%-x5)(x%-x)
a,= f[XO’Xl’XZ“"Xn]:é"H[& (419)
=0 P_ (Xz- X_])

23 Copa s edd e JlE Olisss sl ahertir (416) L3 (4.19) el Sl eslial b cnl sl

Pl ol

P (%)= f(x)+(x- x) f1x,x]+(x- x)(x- x) 1x,x,5]+..
+(x- x)(x- x).(x- x,)) 1%, %, %,..., X,] (4.20)

P(D= A) A sk K16 ) %)= 1) 1L

=1

EGIUOH IS W+ oJ))TaJ\...in osly bly LS‘J" aMMQwLﬁﬂ) J)J\e-)é

X f(X) d)‘@’fo,\.&:mﬁyw r))iﬁf{)& (}Mr(’)@
Xo | T £- £ X, x]- , X
g 2 f[X()a‘Xl]: . 0 f[&)aXl’XZ]z f[ : 2] {[)% 1]
xi| fi X = % %= %
- f

f[X,X]:#

X, | 1§ T x-x %, %, %, %]
81

WWW. pr ozhe. com



x3| £

11x,%,x]

_x,x]- f1x,x]

KX

A0) =1, AD=3, f3)=55 1 Sosh dulo b nE2 w5 SLis)s ol daz iz 1 9-4 Jls

.Ja;SoJLm‘JﬁJoMM” ““‘_}«Au:ui)))'\

SR N O T S PR

X f(X) d)\(&() r)).r.&.()
0 1 |3-1_, 26-2 _,
1] 3 1- 0 3-0
355 | 55-3_,,

3-1

()= £0]+(x- 0) 0,1]+(x- 0)(x- 1) £]0,1,3]

2 (H)=1+2x+8x(x- 1) =8x - 6x+1

Slel dhamtir 1 by il b oo a2 ot s Ll 08 o 518V 55, L1 G5 Jls S

(x- D(x-3) _
(0-1)0-3)
(x- 0)(x-3) _
1-0)1-3)
(x- 0)(x-1) _
(7-0)3-1)

L(x)=

L0 =

L(x) =

1

53 (x Dix-3)

: ;(x)(x- 3)
1

eI

.M@W}QL&L@JTJ&ZQ}M&JA& cligys

AL b

p(x=E D3 g X(Xz' 3) (3)+éx(x- 1)(55)=8x - 6x+1

3
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RNVLWS { § Do) IR BRI SR odd s oS gy Sl eslial b 5 St sl esls ¢l 110-4 Jle

X 1 1.3 1.6 1.9 2.2
0.7651977 | 0.6200860 | 0.4554022 | 0.2818186 | 0.1103623
mﬁ)&ﬁbo&l@&kﬁd)&‘&‘ J.’
Xi f(xi) f[Xi-laXi] r‘gJ ¢C)C) (j.wrd)d) r)Lg.z-rC)C)
Xo| 1 ]0.7651977 | -0.4837057 | -0.1087339 | 0.0658784
x, | 1.3 | 0.6200860 | ]
X, | 1.6 | 0.4554023 0.5489460 | -0.0494433 0.0018251
x3]1.9]0.2818186 | -0.5786120 | 0.0118183 | 0.0680685

P,(%) =0.7651977 - 0.4837057(x- 1)- 0.1087339(x- I)(x- 1.3)+0.0658784(x- 1)(x- 1.3)(x- 1.6)
+0.0018251(x- 1)(x- 1.3)(x- 1.6)(x- 1.9)
£(1.5)» p,(1.5)=0.5118200

Jo(X) im o apm bs Jol g3 o 0B sl o oals 338 Jsr 03 0T lie 8 il Sl mes 5
J,(1.5)=0.5118277 Tl ol 15 s Ol Bl e &S o

|p,(1.5)- (1.5 »7.7710°° Ll el ol o lae glast 1
T sl Slos 5 abie OB Il 350 aloldl golze slediny & ols s 51 LS ey i 3
S o

N VI W 7-4

P (jlm bl U'i‘ st\ “ f(X) ﬁ)lﬁ.aj Loledr U"’JJ‘“ h rlf L’ X0s X1y« s Xn ol é}w ﬂJL&A

el e (Bl Res)lasles i s 4 5 L3 Jlm il
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X; = x,+ jh J=0)n
The Forward Difference Operator i fols Khas(l

DAx,) = Ax,+h)- Ax)= £~ £, , j=0l.,n0-1

J

The Backward Difference Operator s s Jols Kles(2

NAix,)= fix;)- f(x,- =1~

s JEnn- 1]

The Central Difference Operator ;5 ,» Jols Khos (3

d Aix)= fx,+h/2)- fix,- hi2)=F
J

1
+—
2

- f
-

1
2

The Avraging Operator s 8 obe Khes(4

mA(x,) = L fx,+h/2)+ f(x,- hI2)]= ;[ f

+ 7
2 J

L
2

| ]
2
The Shift Operator Jux! Kles(5

Ef(x))= f(x,+h)
E'(f(x)= f(x,;- h) oo sSe JUas! Khas(6
o L G s R oy alaly ) Wl il el 1 5L Cole OGS G g6 sla Khes 1,5 L
L3S e Ol e Sl SV e O e 5 oS

DS bl g s b Shes o alaly 11144 Jle

(b) D° E-1
(0) No1- £!
(d) do EI/Z_ E-I/Z

(e) mo ;(EI/Z +El/2)
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D £, =DAix)= fix,+h)- f(x,)= £y - £
N £ =NAx, +h) = A, + B)- f(x) fu- 1

df' =d fix,+h/2)= f(x;+h)- f(x,)= 1, - [ (a) J~
D o, °d £,
DI‘; Od 4172 45(’1’.;@49‘:':""0
Dfix)) = f(x,+h)- f(x,)=Ef(x,)- f(x) (b)
=(E-1) flx))
\ D° E-1
Nf(Xj) = f(x))- f(x;- h)= f(x,)- E' f(x)) (o)

=(1- £ flx,)
wNe 1- EY
d flx;)= f(x;+h/2)- f(x,- h/2)=E" f(x)- E'"* f(x;) (d)
:(EI/Z _ EI/Z) f(Xj)
--do (El/z _ El/z)

L 1 VL Sl OB Ol 5 0 Bgb Ll Sl eslial b5 S ol Ol e (d) dasly e 55 (e) alaly

eI ad e g oS

DO E- 1P D' =(E-1)" = E°(1- E”ga( D k)' k%zé"_(- 1)"%71%5”-"
U[(Xj‘):go(- 1) WEH f(X)
=4y 2

— £,
R [C: 5] R
Sl Olea ¢ IS 3 5ed Oy f;a f;+1a"-a f}+k ub' S5 S o Olg o B D]f(Xj) o]

DAl e slae sl L ol ales o
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:f|n4.;fj,.~.;‘_}abw

V0 E A >WE
o g nl
N f(X,-)—gO(-l) Xn- k),E flx;) = a( D ﬁlik

350 Ol Loy £ £y ot S 5 S s Ol o 1 N7 £ a8 s o 0l
LM S e JS
1 1 n

d” =(E*- E?)"=E(1- E')" = g:él"( ¥
0

0" fx) =1 & ) x)
T &=0 9 f\;

=81 a“_f f(x))
k=0

_3 1 kaezg
ka=0( ) gkﬂ ok

+ 5500 Olo fA”,...,f;»,.., A J|dla>vﬁf&u|jwu\yda|)d f S das e 0l
= 2

a
2 2

Srim S Jga(1

x | f(x) bf Drf Df| Dr

Xo | fo

xi| fi | £- £,=Df

Xy| f | - §=Df | Df- D, =D £

X;| § | £- £,=Df D f 0

X¢| Ty | f- £=DF D7 D#| D4
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S ‘_}..0‘.05 J;Je

X | f(x) N7# N* £ N*F| N*F
Xo | o

xi| fi - £=Nf

x| f | £- £=NE | Ng-Rp=N*4

x3| f3 | £- £=Nf N* £ N* £

Xi| fs | fi- £=N7 g | N g4 Ry

oS a5 dsdr 53 Ol (o 1) Sl sla Kes o abasl

E D N d
E E D+1 (1- Ny 1+d?/2+d,/(1+d?/4)
D E-1 D (1-Ny"'-1 d2/2+d+/(1+d>/4)
N 1-E" 1- (1+D)" N -d?/2+d\J(1+d?/4)
d E"-E"? D(1+D) "2 N@- Ry "2 d
n ;(Em L BV +D)a+p)” | (- Ba- Ry J+d?/4)

3305 Ol 215 70 4 S 0 s S SNBE e (P 0l el SNBSS Ol o (e o2
Ll @ S a1 5 s 5 Jo Lo 2 (5500 0l s J2W5 J o 51 Jaslsy 5l eslinad L
ol ol g stz bl Syl 53

_fx)- flxy) _ fx)- fx) _1

x]= DA
x,x] N x P 7 (%)
'oaw- oA
_ fx,%]- A%,%]_ 4 b _ 1
e 2h = 0 1)
1
f[XO,Xl,XZ,...,XH]:H'bH D' f(x,) (4.21)
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_ flx)- flx) _NAx)

5 = : o os | - R
x,x] X x P S O (52 e B
1Nf(x)-iNf
A, x, x5 = ] M. X] a0 p
9 19 2 AXZ— &) 2[1
1 - 1 .
:ﬁ(Nf(Xz)‘ Nf()ﬁ)):ﬁsz(Xz)
xS 3y] = AT Xl Mo B X - Lo (422)

X, - X, nh"
Ll s g w68 e oW L el e COSWE ( Lals; 015 e e oo

fx.x]= fix)- fx)_d fix,+4/2) _d £,

X - X h h

fx,%,%]= Ax,%]- fx,x]_d Ax+h/2)-d Ax+h/2)
s A5 A

X, - X, 2h
_dPAx+h) _d>f
AR AR

1 2m

CCm) B m

1
Xy s X yeves Xy s ] :de £t (4.23)

f[‘XO’ ‘Xl 200 XZm]

Zﬁ)jlﬁ J3 s AL o ey alae OB 1 eslinl L aS Oligys gla (gl dadir Ol 0 >
ol B W- 1T g e el sl 4.1.&.1,.? 8-4
. (Gregory-Newton) s, 5% 3= (545 5, J2W& olis,s

Dol (4.20) (5 g5 ok s Jlis Jsa 053 (4.21) ) 50y oA oS0l L
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9= £+ Fpy L (x x)(x- Xl)DzngrmjL(X- X)(x- x)..(x- x, I)DFf (4.24)

PR 211 ah
X- . P . . Z = .. . . .
aayl b&) SU sl 3 (4.24) ;5 31 555 o ol (6555 S s e Sl Jse b (4.24) ksl
Px +uy= £+t + D oy el D Deu- 2t g oy nl 1 s
2! yal ) )
a0
:égl:mg (4.25)
=0 7]
E £z Dl ) o i (4.26)

(a+1)!

AL o 5 e (4.24) daly €l sl Ko L A

)= Az + 520 )= flx +ub) = B f(x)

=(1+D)" f(x,)
_ 16+qu0+”012; 1)D216+...+U(u_ D(........ (u- H+1)D”f+...

L (4.24) daly Sl G aberdr Olea OF 5VG Sles (0F]) 450 5,0y Jols 38 sasb
Cols (..:M)}

SRS g8 9y S g0

Mmoo 5 el (0 0 el Jols Cligys & Cul pds s Aol Jodr 4 x5 L
R) Lo odd e JBlE Cligns Gl derdinr ol by ABL Xy dbad s pm ol sl 5 ol
Lol (..:M)}

P()= £+(x- x,) 1%, 1% (X %,)(x- %) 1%, %, 1, %, ] ...
F (X ) X, )X ) (X0 %, e 3] (4.27)
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Dogad Ol 3 3 s Ol e 1 (4.22) L, 1

Nz,
h

1x,,x,,1=
Loy
2'h
1 N -
A"

f[Xn’Xn I’Xn 2]

x,%, ... %]= (4.28)

Dels (427) 55 (4.28) oSl

)0 G ) gy (8 )00 X ) x) g

N” £ 4.29
20 nh" (429)

Po= £+ MRy
n n b n

Ll b"”:uﬁgﬂgw
p,(x, +ub) = £, +uNFf + ”(”2 D e £+.. +"(U+1)(U+2')“‘("+”' D r
n
=8 (-g "N (430)
=0 (%]

s> 151 (4.30) 5 55 5 ey L5 ) aber dim (8L 55U AT Olgen s by S OL5 o o o

v.:)‘.}\.l.‘

A(x)= flx, + = 2B = Az, +ub) = B 1,

u(u+l) (utn-1)

yil

N £ +..

X- X

LU A shy

Ll e
P ey P ) e 28 a5 o O VL ey N7 L oSoli 51 (3 g alaly 53 S|l

:C,..ibm.ab;‘-\)

u(u+l) (u+n-1)

nl

N> £ +..+

N” £

O

a ui-~ .
- _11 &1[
a( )gj AN,

=0
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L3l iole OF slast 53 58m 0al (65550 S50 5 e Sl (sl aher izl (4.30) e

E(f,x)= U(U:;)li()lf”) m ) (4.31)

d»”wé.éu»b\j S o.,\.AT(431)‘5 (426)‘24\‘5) )JASUJJM: ‘5}&?3.‘5 9 g..JL;\;j)J Lg\.gjjﬂjﬁ Qzﬁdaﬁéw
Dk il

S go ploa kb [a,b] L g plere LS X,Xpy..0Xn 5 3L £ C'[a,8] S 4S5 50 2-4 il

£
A%, X505 X, ] =H'(Z) Pash 303 sy (A0) J3Z e gsae
20 = Ax)- p(» (4.32) LS o s s !

02 plae o (nt+l) <lls g @U S ("J:f At Sl f(x;)=Pu(x;) 5 1=0(1)n 2l O
Sooshy 303 3925 (@0) 532 O e S AS o Sl Jyy w8l e aas 3L e [a,D]
Lol 2 2 2 8(X) ¢l s e Grie cnl ply £7(2) =0

27(x=1"x- py(N|
0=r"@2)- p” ) (4.33)

n

:("ﬁ)b BV .,\.J:L:g;o f[XO,Xl,...X] OTXng_.,.ij\éjC,wu‘ r\l’l =y L;\d.lvv\qggipn()() 39

n

P = flx,, X,..., X, .10 (4.34)

n n

Dels (4.33),5 (4.34) oS- L

"7(z)= %y, X,,..., X, |1

_ ")

1x,,%,....X,]= L1

yil

b‘;,:ﬁ;jﬂjjf:ﬁgtﬁ;w;@wx%. .\ﬁlﬁbdat:»cnuusﬂ;L;j,xzéuu\;élﬁ:12—4 Jle

. .)\.:.AS LS’L:..:‘})J b f(X) 3 X:0.35 9 X:O.25 DL .L:_vL:.a
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x | 0.1 02 03 04 05
flx)|140 156 1.76 2.00 2.28

:(..:A,L,«J?&':bewdj,\zi&

0.1 | 1.40 0.16 0.04

0.2 | 1.56

0.3 | 1.76 0.20 0.04 0 0
0.4 | 2.00 0.24 0

0.5 | 2.28 0.28 0.04

Ll il gl Clisss e

0.16 , (x- 0.1)(x- 0.2) 0.04

) =2x +x+1.28
0.1 2 0.01

P(x)=1.4+(x- 0.1

Dl 3 o P G s S0 G dher A

028 , (x- 0.5)(x- 0.4) 0.04

) =2x +x+1.28
0.1 2 0.01

P(x)=2.28+(x- 0.5)

:Y'wb (..?;L:; I, 1(0.25) m.a\ﬂ ailor ol sl A i 5 OLSS () b Lm 93,8

£(0.25) = p(0.25) =1.655
£(0.35) = p(0.35) =1.875

SVL OLS SS e ars Sl Iy sl X =k, JEOM2 el axils axlis 113 -4 Jt

E(fge O X %) g
6 : J“"

By(£,0)£ émax (x- x)(x- %)(x- x)| max]| A8 )
:ﬁ\)M:maX‘mx)‘ S o p ST

x, £ x£ x,

max (- )0 %) )P ) M 1)} =0
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el TR = Ll
X- X _X-X-h_
= =(¢- 1
P P (- 1)
X- X _ Xx- X°_2]]:(t— 2)
h h
¥ max‘t(z‘- 1)(¢- 2)\ = max ‘(X- x)(x- x)(x- Xz)‘ : ﬁ)b 1
\ :;;{t(t— )(t- 2)}=0b (¢- 1)(t- 2)+ K- 2)+K(t- 1)=0
2 1
£-2t+==0b t=1%t——
3 3
2
mwwrnwamig=§§
By( £ £ 2% 1 max A= K max| i)
633 2743 ol ol

x, £ x£ x,

Lol o esls £(0.2) =0.19867, (1) =0.09983. ol 55,4 f(X)=sinx adsles 114-4 Jl

cdoly 5 1(0.16) 55 Uax 5 acslos 1, 1(0.16) Jax U555l eslizl

X x(X) X- X

(%= fx) + 2 fx)
0.1]0.09983 %o A A%

P _0.16- 0.2+0.16- 0.1,
0.2 | 0.19867 =01 02 T 02- 0.

0.19867 =0.159134

_ 2
E(f,X)=(X‘2X'Jmaxﬂl(z‘) ; X EtE X

E(£,0=

_ 2
(0-220-1) *0.19867 = 0.00099335
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(Hermite Interpolation) —us 2 olis, 9-4
Lled G 25 Il il S 1 e Ol Gl dexdr bl s Ll 0 S s bLE

LS o

p(x) = f(x)
px) = 1Ex) 1=0()n (4.35)
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Sl gl e dr SO p)IY les Buo b5 2042 5 sl P(x) () der iz (4.35) alaly 0 a5 L

DSl 5 e el 5 se gl dhezrdir opl ol WSl e (20t a o

P=8 A fix)+& B ) (436)

Pl B sl kel s s g e 2] a s Sl s B(X), A(X) S sk

0, il

(H Alx)= | .
, 1=

(1) A&x)=0 for alli& j

(1) B(x;)=0 foralli& j

m m= (437)
5 1= .I

. &_Mij.’ Q‘j.':' = ]1(X) }:\ny L;wLA‘ \.J}'\-Q} )‘ ol L:
A =9,(07(»)
B()=d,(97(% (4.38)
oo sl et o) dexdir 2wl d(20,0,(8). cnl 20 a5 G dax L S Pi(X) S (P
g](X) = aiX+ bl . .
d.(x=cx+d (4.39) Rl

LS b oo oS eslinad (4.37) Ll s 51 S

a;=-2/(x)

b=1+2x/%x)

c, =1

d =-x (4.40)

w2l 5 S |y (4.36) el (4.38) 51 eslinud Ly (4.39) Laly, o3 (440) sl adal, 51 eslinal L

POY=A[1- 200 )BIPA) Ax)+ & (x- x)PA(H) FEx) (441) s
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D38l s s 08 By ol Gl el e e Ol Gl e L 1 el

w (%)

E. £f,x) =
211+1( ’X) (21]"'2)'

f(2H+l)(Z) , &)<Z <XH

W) =P (x- x)

LS sk

S e L sleslaad L1, £(0.5), £(-0.5) pslas ('-i)‘-’ L sl esls £U(x), fx) <!y 15-4 Jl

x [ f(x)| (%
A1 5
o] 1 [ 1
1 3] 7
PO=8 A fx)+ 8 B(¥) 1Ex)
A =[1- 2(x- %)f0x)1 o(x)
A =[1- 2(x- x)I®x)171(x)
A =[1- 2(x- %) 0x)]1 (%)
By(0)=(x- %)l (%)
B(¥)=(x- x)I"(®)
B, (%) =(x- %)l (x)
- (x-0x-D) _xx-D e o3
b=y 2 Ao n=-5
_(eHD(x- D _ _
K= oy = (D 1#0)=0
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(x+1)(x- 0) _ x(x+1) ) = 3
’ 2

hH(H= (1+1)(1- 0) 2

4(x):[1+3(x+1)]X2(X b’ —(3X5 2% - 5x +4x)
A =[1- 2(x- 0)(0)](¥* - D)* = x" - 2 +1
A =[1- 3(x- )]Xz(’; D (3;(S 2% +5% +42°)
(D)X (x- D _ (f PRI

4
B(=xx-1"=x- 2,&3 +x

u'mimwn Lt 2 )

B(x =

B (x) =
P(x)=2x"- X +x+1 V‘)b ol e

Dels X205, 7205 oKl b

£(0.5) € p(0.5)=3/8
£(0.5) @p(0.5)=11/8

. ("i)"’ J«p‘ DL

() :i(3x5 224 - 56 HA)(D) +(xF - 248 +1)(D)
+;(-3;€ -2xM+5x% +4X)(3)
+i(x5 -X - X +X)(-5)+ (X -2x +x)(1)

+hf+f'f-fxn
=2x'- X +x+1
e el (ol 50 10-4

mﬁo;@\ SV s lel desdisr S cd (S e Sl Bl s 5 58 @L"Ja\.go.x”w) sle
oy alol b o Wl o Sl lsls Sldas s 15 6 Y s s (gl aorir 31 aslizl,

w Odey S s ol Ay Ol sle) demdiz am s 2l &8 gl il radas 058 sl slalles
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ol o3l 5L 5130 L s g e eslixal (Piecewise) (gl andad ankad Loy 51 o & Jlaw)s a5y 0e &3
o3 200 Ol e Gl demrdi sy w6 o 85 =10 Gl [XiXi] sls o3k —5 « [a)b]
ol g8 orF esle s a5ed S sl Vs lal i Slagi e Sl ol I CBs Ols e

le sl o3l LG 51 (gl ae samme Jlail 51 aS ol Jas andad andad slig,s ¢ oLig)s

{(x, £).(x, £)os(x,, )}

s S K s b gt Sl (gl and

S Al o Glate ol sss aat (nh]) 5o f(X) &6 Slde Ly ool o [XinXi] o3l 5 250 olisso
Ll Ui sl gl & (sliad s (finite elements) ssus slgladl | Jols bl Lola o3l 5 G50
) ankad asla 3 o ol e 1 Olisys gl dedir L el e (knots) oLisys sla o ST, olisss

st asdad asdad oLsos o3b ol 4 Blate X s [XinXi] o3 s 518N e Jse b 3l eslinad Lidsl

(=" Ax )+ fqx) L i=1(D)n (4.43) Lol
! X1~ X X = X
S ewdsbe Sl Gl dear
AR=a py( (4.44)

=0
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3L 53 Ol o cplpbs ol ot o3l e 5y LAl e ke X 5 1F0(1)n bLE s () GUJMEAL{«S

D= N(» fix) (4.45) s [xioxi]
=0
NECEPPVS
i0 , XE x_,
!
[(x- x. ) (x- x,) , x,Ex£x
N=p oo RO

i (K- /(x4 - %) , xExEx, (4.46)
}0 , X3 Xy

C el el esls LS 5 IS s 5 Al e “shape function” | Ni(x) b

ZC,M\JZ.)'(]@L;E}MM&L:J)):LSW
1
- pu (0 =5 (- %)%= %) 1&z;) , x,<Z,<x (4.47)
s/ andald axkad J‘&" dg\é;ﬁ 11-4

(Piecewise Cubic Interpolation)

w25 B B0 aw e ol dhezrdr S a1 (X)) &6 Li=1DN Gl [X %] 05k 5250
Lol oo 15 o3 3 p200 psm amss Slgl o it dal o (gl ankad andad xS Slisso 1) olisss 1

L osed edd ) sl 05 esland

Pis(x.) = 1, ) Pis(x) =1
pE(x.) = 1% , ph(x)= 18 (4.48)
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S 1 deol gl aber i 1 1S o eslinad e pn Laul b s el 5 51 (4.48) dda 5 aS bl )
(4.41) adal, 5l eslizl L. sl s (Piecewice Cubic Hemite interpolation) (gl asks axkd Cos a0 aSe

Z@jsﬂjajﬂljé\a@xqg\jsy

P,(0=A ,(n1,+AX) L+ B, ,(x (x,)+ B(x) (x) (4.49)
(x- X) 2(x;, - X)u
M= g i+ X0t X G S

(%, - X) XH - X

(x- x.)(x- x,)°
S
B(¥) = (x- x)(x- )2-1)2 (4.50)

(X, - x;)
P(D=8 P (451) 5 s s 8l i

=1

o ol ot 0 [X ] i 0 s Al e G x,7=0(D1 bl s (), f(X) L oS

D D e el e rlle Sl p s

p(x= a N;(x) f(X)+a H,(x) 1&x) (4.52)
=0
sk
i0 , xE x|
i ) )
] 2 é
Pl e1 (- X)H , X <xEx,
- xDE xi-xa
N;(x) =i . (4.53)
: (e X”) 21 (x- X')E , x £ xE x,,
(X+1'X) X~ X0
TO ;X% Xy
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i0 , XE x|

- 1) (x x) e
:f (X X 1) o !
H.(x) i (4.54)
i (x- X)2(x- x) SExEx
.:. (X - X)) ’
f0 X3 Xy

Piis(x) = ps(x)= L, i=1)n
Pl (x) = p(x)= 1%, i=1(On

ooy p o 4,3 G damr o gl Al o pdy le 5 ate gy [A,D] 5L 5 Pa(X) S s sde amen 1A
L) sl (ol andad anked Cooya

f(x)- pis(9= *(X ) (x- %) £'@2) , x,<2,<x (4.55)
.v.:;SdaJ:-Lg\4:.1@3ub}C_,.:.oj.asglaijjsw&é\d«q-,\;%-)\mu;ﬂll{b15-4 Jie : 16-4 Jle
x,=-1,x=0, x, =1 bl 530 Jo

)‘WJJL&WﬁJ&&_)LJJ)Jé‘MJ&}W‘ X—‘OSI [ 11, 1] 45[};")\

s () =[1+2(x+ 1] (1) +[1- 2(x- 0)](x+1)*(1)
+(x+1) X (-5)+ x(x+1)° (1)
=-(4X +35X- x- 1)

s
1(-0.5) » p,(- 0,5)@3I Rl

el 5k T p xS Clig)s ) et x= 05T [x, X ] S bl b nes 4
Py () =[1+2(x- 0)](x- D’ (D) +[1- 2(x- DIXB)+ x(x- D’ (D) +(x- DX (7)=4x - 3x + x+1

£0.5)» p,(0.5) :j ol 1

(Spline interpolation) oM.l oliy,s 12-4
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1=00)n Gl p fUx) ol nd g 31 Sledbl xils 4 (3L (gl andad anked Coe a6l e L s
slizad £= A(x), 7200 5 walysn b Sl K0 Sloglas o 2l las Blae o ol
old ol (gl dher dim 7= 01 sl m = £(x) ASle galasl cpme Szl L LU 05 oK =S
[a,b] 4z o3L L5 P3(X) ~ o LS o 23 X0X1see0Xn 3 | f(X) GU P3(X) | ankd axkad aS
AL At s olosns BB ol (S Ll sjls 5525 P3(X) ps e Gl AL e s GRle s 4ty
5 i seslss dlols (o) anksd andad S (gl ahom i b L L |y My,e.mymg 4 3505 Ol Ll
(Cubic Spline Interpelation) oS o oSl oLisyn |y oo gl dlamdr o 0 35 5 50 Grio
--’f‘*"“—iij*:ﬁicfi“%‘)t‘n a5 Ol Ol o IS I s bl el e
ol 5 Slaseda L S(X) 1 o S Xp,.n XX S o S Ll L ol 4z el W S 2-4 i x5
ol M a3 (6 aher b SSS(X) ¢ LEFE B, [x: 1, 6] o3L 25 255 =(1)
25 el 0 dais Lo 3 s Lol imes axe gy [3,6] 030 L3 (0-1) 45 e B O wlizi s 5 S(x)-(2)
Ll
235 S o GREe X 4 o L3 (452) el 5l Lo 38 e g0 XTXG 53 S(X) p2 45 e Grie Sl 8l
Lels 1£7£n,6>0, x, €

sl(x; +e) = N{x; +e) f(x) + HYx +e) 1(x)

+ NE(x, +e) fx,) + H& (x; +e) 1&x,,)
_6(f- £) 4£8 218 4.56)
I by by
skx. - €)= N#(x; - e) f(x. )+ HE(x; - e) 1Ex; )
+ N&x; - e) f(x,) + H&x, - e) 1&x;)
_6(f, - £) 215 4fP
B h b

1 1

(4.57)

. VJ“)‘J (457)‘5 (456) b\j) C_‘,\.M:b k_ejb OJ‘J )\J.; Jle L’ . hi:Xi-Xi_] &J}b
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ifl‘_q:l_i_&z +7_f‘q;i_ f;g:l 3( I- 2- f) 3( 1+; ), I':l(l)ﬂ'l
h; b by [1 h i I in

1+1

o35 i 51 A A ST £, £U AL e s (n+]) Y sgmes sl Ll oty adaly (0-1) adaly ol 5o
fols o5 4100 Gl 4 (4.57) 5 (4.56) Lty 5 Al el

2 3(£- £)

2 g Lo U ) Ly (4.59)
PG A2

Lf;q;l.pi @:LZI)+EQ¢ (460)
n ™ 7,2

Lily, 5148 Cypand C3L Oy o 1y AI=0(D)n Slizia (4.60) 5(4.59) 5 (4.58) sls aaly = L
sl Lty (58) w3105 o s MY B X 53505 S O3 o 13 £ (4.60) 5 (4.59)
(4.60)G (4.58) Lals, sy cplys =10 ) h=xioXin oony Sl dboldll (g 5lee olisss LS amilr

JuMoJLAﬁ)g_AJJSM

M40 (=200, £, =001 (4.61)
3 h

2190 =26 )2 18 (4.62)

4203220 £+ 18 (4.63)

K3 Go b 3l e el J g p S
Sl anlsd anlsd 5 aSe (sl o dir G S(X) S Ll 55 S sl (6,505 08w ) xS Ol Ol5 e
G PR Je RGP P N Xl [x.,x] o3, s4x) 14 ol

=N sﬂtx,l)+ “ %) ) (4.64)

1 1 7 -1

ol J&J\;ﬂlxuw@m) a5 0ss 5 oS 25 SU(x ) = M, sU(x) = M, el

_ 3 _ ‘ 3
S(X) - (‘XI X) M'_l + (X ‘X;-l)
6h 6h

7 7

M. +C x+C, (4.65)
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S(x.) = A(x),8(x) = Ax) s ksl i 3l eslanal b 5 doen 5,8 JIS slenls ea,0y

) Q)MCQ,C] QYWLJJ.G.?MJJ ‘d.}t&ﬂj) OL&J&%‘GJJJT w,\a)\wk\.‘ &j&ﬁ'm‘ﬁy

b
£- f
R LD
bi
G, :()"111]'1111) : — (M, - x;.\M))h; (4.66)
(v-i)‘-’ Cepd ool (4.65) ;5 1, (4.66)
. \ 5
S0 =(x,- x)%u/w (- x né ”) Ly
e i 4]
1 1
+;1'(Xi_ x) 1, +E(X' X)) I (4.67)

h=x-x,,1=11)n sl
maj Ls‘j" |..«U J\.“}J J:?."S L;IM.‘:Ls M1 QYJPM )‘}«A LA‘ C,\.w‘ [Xi_],Xi] o)L’ BL) Lf& w}&?w‘ éj.é 4.24‘)
e el 5 Jloms oS o eslizd s Xi iliss BlE 53 Ul 4o e S g b 51l My Y s

IV e® 0 K3y Sx,- €)=5(x,+€) sm Libawy €® 0 S5 x=x 1€ 5 S(x) Jsl 45 0

:(".’.)b
LUV S VAL N  E0 VAE. S VL S
6 6 3 6 I
PRV S W NG WS LY
h h + A h. 1 1
Bipg 2w gy By = L Ly (F- £, i=1)n-1 (468
6 -1 3 7 6 I+ [1 (11 1) [1( i 1-1) () ( )

i+l 7

5L s Wsles gs a0 MM,

n-1%°*

My, My N sgms 5 ol ot (n-1)(0-1) oKimns S G 5o alad

:&@obw‘ﬁ) L‘i‘ﬁ)‘é)‘ ‘Jjﬁkﬁ‘)@&}@}:ﬁbjbrwu)‘}@ﬂ‘}burajb
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el el eslanal Ll s pl sl e el h=h,, §=15,, L=154,M=M,,M=M, -2
. dsl . (Periodic Spline) — stue
S(a)= fY(a)= £}
(a)= A(a) = £ it el 3
S¢p) = ¢b) = (0 d =
:ﬁ)‘b ('.'SLN odlaiul
2M0+M_£$fl‘- f(;' 0g
bl bl %]
e - 0
RYAREY VAR o i A (4.69)
7 S

Sy ) Mo M, My SN sgme 05 0 G5p bodoaw 31 SO L (4.68) oKaws 058 ol en L
o3l Ol e 1y (4.67) daly xS il olSST oL 3 i aeis

s LBl Aol gslere Gl b S oy w8 ki 1 el I 81 J
G 4 (4.69)5 (4.68)5 (4.67) oKaws =l =h Cso pl o3 X3L X, =x,+ih, 1=0()n
Pl e s s

(%) :61[1(&- D(x- 0 - 1M, +61b(x- X [(x- %)) - FIM,

+;[(x,.- WL+ x) £] L =1 (4.70)
M.1+4M+M.+I:b6z<al-zﬁ+zil), isha-1 @70 ,
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(1) M,=M,=0
un  M,=M, M =M, =1, =1,
12M0+M=2§f1_blg' f(}r’g
(it : . I‘f ) (4.72)
"M, oM, =28 o e
1 he h g
J‘"’L"’J-.{)J,ﬁ‘l}Q)M°M°J‘JCUL§‘JJN@&‘J>&:*”|‘—’&]E17_4‘)&”
Xo | X1 | X2 | X3
x |0[1]2]3
fx)| 1]2]33]44
Dol (471) a5l el b=l (b oL aloldl (gslute Jodr sla o3ls S T 50 o
M. +aM;+ M, =6( 1 -2+ 1)), =12

| M, +4M, + M, =6( £, - 2 £+ 1) .
LM, +4M, + M, =6(£- 2 £+ £) o

:w‘;vﬁab}'ﬂjujygdjé oKies 10 Mp=M;3=0 V’i)b Sl gaede el O g

14M, + M, =180
{ M, +4M, =1080

CM=24 5 My=276 o&emes 1l o L

i:1,2,3 6‘J.' (470) 4.12") DL \) M3 G M() L5.‘".’.' VJ")‘J J'i) C)J}.ﬂ.“ C)}Lﬂ.:ﬁ la o)'L.v DL Lf& w}&ﬁwu‘ L)':‘J"L"

AL L3

S(x)=-4x +5x+1 el [0.17 65 s

S(x)=50% - 162X +167x- 53 el [0.1] 65 s
S(x)=-64x +414x - 985x+715 el [0.1] 65 s
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(’JLG—? Jad sl o3
£0) s (sl L A4)=484 | AB)=156 , Al)=4, A-1)=4, A2)=46 ol 550L-1
Cdols 5 1 Ol sl et 5 S eslinad SIS sz S
I8N s 3 3,08 e (4,59),(2,7),(12),(03) L3l 8 Py(x) Clisss sl dher iz 03 Sl 61 5 =2

Aol 1 P3(3) Slade il 51 5 S osliz
B f(;) sl Aol 5,08 s (0,0),(L1),(24) bl& 5l s fx) = X +sinpx gy ¢l desds -3
¢ e s Sl ol

C S b |y A(1.98), £(0.15) slie ¢ Lud s ie 3 sla onls-4

x |o] o5 | 1 | 15 | 2
f(x) | 1] 1.2840 | 2.7183 | 9.4877 | 54.5982

RSV IRBS ( (V) IS JRE-RIN VORISR W I WLt P - e ASE g S5 kb sl esls gl 7D

x| 01 | 03 | 04 | 07 | 09
f(x) | 1.10517 | 1.34989 | 1.49187 | 2.01390 | 2.45985

|, sin(47°%) 5 sin(5%). &, ks 1, x=0°(107)50" sl AN =sinx 4 by, Jois Jsi=-6

CAsS ol
S alee | € 5 €M KT 5 5o 1, x=0.1(0.05)0.4 gl 1, Ax) =€t Lol Jsan-T

wﬁj&.meb%,s:o\j;gg\jsJa|)¢y¢@>6lw&i‘as.\ﬁmomﬂ;éumbé\ﬁ%

x |o0o] 02 | 04 | 06 | 08 |1
fx) | 1] 1.096 | 1.048 | 0952 | 0904 | 1
L £12) 5 f(1.5) oKT asl My =M, =0 a5, 50,5 Ly wu,i | S el 5 gl esls (gl =9
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G e L oL@ LSl sl ol im1(1)4 <13l 4 Xi:é , =257, £=x7 =S - #-10
Cdolo |y (ol andad aadad oSl Coe a

ST sl 0E nE N ax s 51 6l dhax dir S Q(X) 5 il pleze sduss 4o (n+1) ¢ XpyeonnXp,Xo S -1

4 0x)L (9=

b- a

(=0(1)n) b ba xi 53 f(X) Clis,s g e L pa(x). AL x, =a+ i s f(x)=sinpx S-12

lim p,(x)= f(x)

DS ot xl [a,8]
n® ¥ = d [ ]6;5

.w|3¢2)>‘ﬂ)’6u o:\sgl.?}j).s&\«lvvugé.)@;ow—l:g

D aS aas Ol L F () = (x- x))....(x- x,) S-14

g f(x
f[Xo,)q,---,X,,Fa (X")
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o

Approximation s 5 =D
Sy 5 B Sl lges o B Ll s SILS sl o Sl a5 bl et S,
oA sl a0 il 5l iy Ol 8 Sl Ll et il S cpl o b XS e B ealind
apd 5l A5 e o8 [ab] abze o3l S o LX) sy mU S P(X) (gl oty S s S
.n)fdaM@JJSOQJQML;\@l)Jé«wlp\ﬁU )
peadee 13 e |y 5 ol (X)) U S o B 005 Iy

(x)» p(x,6,,€,.,¢,)=¢f (N+ef ((N+..+ef (X (5.1

b sl el b G diten ot s 45 L) ol bl iy Sy 4 des il 5 i=0(D)n sl (%)
f(0=x,i=0)n péJ.fYJWJ.U)JJMJﬁAU Coordinate &5 LT(0) . Lsd s sesl &S Loes
Sph S s gy B Sl Wil e Ol gl e b8

E(£,0 =] A0~ (Cf (9 +CF (D +...+Cf ()] (5.2)

3 e, sllast oSy b G ol 5 sl B Al s Sl ol iy 2 G ] sk
50 p 5 4l 3L Olg o |y iles (sl B il slaslpl 5 5l eslinad b 53 S xeSs oS O
oA Olim Sl o oS ) o sl (B sl P s o 5l) 4 b s pd Slnl
355 o odel (Best Approximation) . &

D3l le S e 15 eslinald 350 Ygane &S olgs S

. (Discrete Data) 4.5 cla oa0s
( S

=/
P

[=galxl"2 ", po (5.3) Lot g
=0
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cdies bl Uy g slael 51 gl dlos x={Xi} 45 sk

2

'R 'I'Q;\._

X; (5.4) Euclidian norm | _.J.J3 ¢S

a;z
=g

(%]
3pn 0303 OLES &) Ly s sie edall 33 e g5 o @2 P2 S el (5.3) 51 ol S S

M‘ = max ‘Xj‘ (5.5)
1£ jEn

(uniform norm) "3 eSS ¢

L P®¥ 6 ,(53) 5 el I S

. (Continuous Data) g sla oals
FolT il iy JISSI [a,b] o3k 53 | A(R)|” 5 Asl ax s [a,0] o3 55 fi(X) &b S

1

| 1] :g?éw(x) f(X)degp , p?1 (5.6)

V.:A‘):- C:JJA CJ"QLS"”J‘?B‘ fjp=2 LS‘;’J}‘:“:"’ aJ\.:.aLv d)j CU LW(X)>O 4&.’[)‘5@ Jj":"d“")‘ﬁ"’pr f}" b

: w\;

1

| A =80 £ () ds® 5.7)
eQ 4]

I L CHES e pEYE Gl

H fﬂ = max | £(x) (5.8)
atE xEb

S S p 5 S Gl s sl ge Sl e Bl o B L Lo oS e eslitad wdldSl e S5l aS S0
Sla e Bl Sheslinal b o @ 4 3 50 euls S5 (uniform) ot o5 o @ b Lo s enlana]
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C—*wa y‘b &}J -1-5
g_,oj&: LS‘J" U;j) LJ"‘ "J‘fgf’)‘); oslatal J)f)Lw».ﬁ‘\SW‘ &Jﬁ J)‘jﬂékl.a})‘ C)L&:JA JB‘& U;j)

O.:\).b. .LLLJ oS a.}‘.}w&ﬁa)t{&i)) c’.fp)jk" L:) .L..I:L: L}JJJ‘} LSLA osls 4.1\.:-\&‘9-’ C)m\ugMASf(X) CU

e e Dl Bl hgy oS 5L S e eslind (5.7) 5 (54) mtds) oSl eSS b i)

o3ls auls G g5,y WX)E? §yomn 53 S Lgs o e Gk 170N gl G sl o5 Sl o &

L eols 3L el enls X, XX alas NHIT o O pslie a5 b sl 558 S S Ol deu D sl

- 2
e 1 u .
§/(x)- acf () =min (5.9)

=0

N
[(q)’q"-',cn):é. W(X[()
R @ﬂj}kﬁ AL ate g [a,0] 5 oS Al (gl

k=0

n 2
& Cf (0 dx=min (5.10)
; u

=0

\b é
1(G,.G.....C,) = QM () -
e
f(n=x,i=00)n , P58 e Dbl 5 ek Y gene Coordinate sl (%)

DS ol 0T 03 8 ee (5.10) 5 (5.9) oST sl o3 Lo, (1) =1

7y i=0(0)n (5.11)

b

fle,
Jle i SVslee o8 Ll oo 3wl 1) Gyt ,C1Co Jsgaes (NFD) 5 dslae (NH1) ot olKiis G b s oyl
S ka5 a5 4 (5.10) 5(5.9) Gl b SVsles Wi o kil

(5.12)

Qo

Wx)GM) - & CF (i () =0 . /=0

QHIGAN- & CF (9 ,(9ex=0 . j=00)n

P~
1

(5.13)

U‘j;@"‘s@"ugﬁ.;"gl*"ﬁ;@)&d‘Jg":u'ij:°Jb‘Jmﬁ“§Qu‘j‘L}s|’\"&JJu|’m‘jﬂJ)>

:,\;uwlwb&vg,ﬁkwéﬂ&g
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g =G +CGx
Iy =y~ &gx) =y - (G+Cx) , k=0ON

2

r1=a d=aln- G +Gx)

k=0 k=0
RIS oo [ &S ool skl CLCo L 55l Bl 2l A
Pl e
w“w & _ & &
=-2aln-(G+Gx)]=0 P (G +Cx)=a ¥
ﬂco k=0 k=0 k=0
“w & B & &
=28 x[r- (G+Cx)]=0 P § x(C+Cx)=a x¥
‘ITG k=0 k=0 k=0

Dol LS a5 el (Rl L OIS 2 e L Gs Ll
é4, A, ueCu_ezu
e u—e
&4, 4,060 &4
N

N

(o] (o]
A =N, A=ax ., 4=a X

k=0 k=0

& & &
A=ax Azz:a.sz s LA NI
k=0

£=0 k=0
: ("Ub G o olSws J=

C = A2 - A2 C = AZ, - AZ
’ 411422' 1412‘%1 , 1 411422 - 421421

oS e b G G5 adal, SGSL 5l 51 1S5 Je

kKlxe [y [x% | xo A =6
1]0.1]0.610.01]0.061 A= x=A =33
210.41]092]0.16 | 0.368 A, =8 Xr=221
310.5]0.99(0.25 | 0.495 Z =8 y =754
410.7]1.52]049 | 1.064 Z,=Q x,y, =4.844
510.7]1.47] 049 1.029 =
610.9]2.03]0.81 | 1.827

33[7.54 221 | 4.844
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&6 330CU_E.54 U
83 22106 8 &.8444
2217 7.54- 33" 4.844
* 67222-33733
67 4.844-33" 7.54
' 6 222-33733
2(x) =0.2862 +1.7646 x

=0.2862

=1.7646

Fle gl e s (sl ahar i SO L {GGYDETDMY oms s o3l 51 sl 48 pomn 3l o5 JS s

PH(X):é ajxj n<M

J=0

i o, 2
r=a 1’ =aly- p(x)
=1 =1
=a ¥ -2a r.(x)y+a (p,(x))’
=1 =1

=1 )é

y o, ¥y Yy
=ay -2a@ax)yta@ ax’)
/=1 =l j=0 =l j=0
_ & d 'Y j d d 'Y Jrk
=ay -2azaxytaaaa@x )
/=1 =0 =l =0 k=0 =1
ﬂ[ _ jOV[ J C;Z 6\4 Jtk .
=-2a x y;t2a 4 X J=0)n
ﬂﬁj = k=0 =l
d & i & '
JHk _ J .
aaax =aJX J=0)n o o b S dslae alog!
=0 =l =0 P s 4 b fE=loe
Cas s b
I S y o
ivdltaa x +..ta,ax =a v
'|' =0 =0 =0 =0
idgad X tadx t.tadx =adJyX
T =0 =0 i=0 =0
I é/[ n é/[ n+l é/[ 2n _ g[ n
Tad x; taax t.taadx =adJyx
| =0 =0 i=0 =0

Ly a,,.a,8, Ol e B oSaws = L

:J%.A.s)},cp:@).uélw.&g&djjJUALLE.S)'|J§\JL>:2—5 Jls
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x|y [ X5 X5 X' xyi | Xy

1(0.1]0.61|0.01|0.001]0.0001 | 0.061 | 0.0061
0.4]0.92|0.16 | 0.064 | 0.0256 | 0.368 | 0.1472
0.5(0.99]0.25|0.125 | 0.0625 | 0.495 | 0.2475
0.7]1.52{0.49 | 0.343 | 0.2401 | 1.064 | 0.7448
0.7 1.47]0.49 | 0.343 | 0.2401 | 1.029 | 0.7203
0.912.03]0.810.729 | 0.6561 | 1.827 | 1.6443
33 (7.54|221 | 1.605 | 1.2245 | 4.844 | 3.5102

AN L B~ W

o

M=6 a x =33 ax’ =221 a x’ =1.605 a x' =12245
a v, =7.54 A xy =484 § x'y =35102

2

emM ax ax Ugeu €25 U

?o o 2 o 3 ué Ou eo u

@y ax  ax YT éa xy; u

90 2 o 3 o Ua eo 2 u

@.X/ a x aX H@ZH ﬁXl_yl

6 33 221 bl &.54 0

83 221 1605 “ealﬂ e4.8443

@21 1605 122458s,f .5024

6 33 221 Ués,u €54 O la, =1T7312
0 0395 038959%13 ‘30697 “ b ta =00576
0 0 0.0264§ &2, § @.04573 1a,=0.5873

Y
S d«KA s pl s las 0555 8 gl 4 cod LAl dol- oKiws 3 0 OYslee > s
s b ol s s jls 4 b il S S sde SVslas o8ius L350 e le Ol 55 45 das

ol L3 ke |y Aol gls oSas o Sl 0l gens 3 S C3s sl I sl e
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Bl b5 S 5 b g S Dl S 2255
)ﬂw->‘>);¢9#>)y’Lu-?j")Wc‘ﬁj‘%%ﬁ&iwjyé‘w&&gsb@
03551 oy o g X il gl 5 31 A sle Lasete il 5 0155 4 35 Al ol S (o aler
s s et S5 S e b LB S Gl wlie o S Sl s ml s

Dol el sle
g =a, f{(+a f(x)+..+a,1(x) =én. a; £,(x) (5.14)
=0
gy Lb Ll ilie OLSl L oS dien nl b an B ag 5 ol alid iy £y B fo (5.14) odaly Lo
J= Gl S Gl el axlis cj.’ slhas ntl 5 ey PBlas 4 b 5550 LG ) g(x) C’L’ Gl el gdome

Ll cwdsle blE I G e 5l g(x) &b e Sl Ll oo e L) o0 S dles

- g(x)=y-aa, f(x) TEN (5.15)

2
§ u
1=8@)y=8%,-44 £(x)G (5.16)
=1 =1 e J=0 u
P T oS Blas (gl ases s
his =0 J=0,1,..,n (16)
fla;
Doyl ale LB 5 ddal ) slan Bag Sl s 1
g ég 3 )
a aad ﬁ(&)f(X)mk a v f(x) J=0,l,..,n (5.18)
k=0 €i=1 =1
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o le S8 AL e e B sl pde i, L aS Gl Jpgeme 1] 5 alsbea 1t sl B gb ol

D>
0

B2

~.
1)
—

D> >.D> D> D> D> D>

>
~
1)

O3

(x) 1,(x)

£(x) 1,(x)

(%) §(x)

=1

Qos 1 Qo
2

~.
1}

3

a

=1

o"h

(x) £(x) ..

(x) £(x;) ..

Ll Sl b e telie 03 e Jblsu (gl 45 (5.18) alal

Doz 3 Qyoy

%
PRy
o

~.
1N

(%) £(x;) .

,-\
>

~
oh
—

ah

=

~
=
>
oh
z
>
\-/

=

[(eYafalaYalaYaYaY ey ey e

(@) D D D D> D (1&))(‘D) D™ D D g~

>
~—
aoNooooooooooooooc

z

ég U
aa L (x)yq
gl U
&g U
aa (x)y
gl U
=& 0
e u
e u
€ u
e . u
(S5 u
(X)) Y,

H

L AS s O

g(x)=ax+a,Inx+a.e Ll

)‘ wu)l.& k.».“.> ‘)J JL«J.: UJLM
ém m m l‘J R ém l\J
QA L) H(x) A L)L) . A L) £x)Eé00 @ £(x)yyg
asl = = l]? l'J arsl G
ey & g ag€ U ey a
e f(x) (x) a f(x)L5(x) ... a £(x)L(x)8U=aa £(x)y
anml =1 =1 g€ U am G
&g & & u€ U ag a
& L(x) 4(x) a fi(x)5(x) ... a L(x)L(x)g8,H éa L(x)yq
er=l =1 =1 u el u

L(x=x £(x) =In(x), L(x)=¢e" . V"i)b Ot Jle Jod la esls 51 eslaal b

i f():Xi Yi fofo f0f1 fof2 f1 f1 fl fz fz fz foy f1 y fzy

1]0.1 0.61 | 0.01 | -0.2303 | 0.1105 | 0.053019 | -2.5448 | 1.2214 0.061 | -1.4046 | 0.6742

2104 0.92|0.16 | -0.3665 | 0.5967 | 0.8396 -1.3669 | 2.2255 | 0.368 | -0.8430 | 1.3725

310.5 0.96 | 0.25 | -0.3466 | 0.8244 | 0.4805 -1.1428 | 2.7183 | 0.495 | -0.6862 | 1.6322

410.7 1.5210.49 | -0.2497 | 1.4096 | 0.1272 -0.7182 |1 4.0552 | 1.064 | -0.5421 | 3.0609

510.7 1.47 1 0.49 | -0.2497 | 1.4096 | 0.1272 -0.7182 | 4.0552 1.209 | -0.5243 | 2.9602
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609 [2.03|0.81]-0.0948 | 2.2136 | 0.0111 -0.2591 | 6.0496 | 1.827 | -0.2134 | 4.9930
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= F(x)- FOg)- 6+ B+t B )+ V(B - 1) £

i(E”-D%)zg-b§<1+E+EZ+...+E"-1)zg+;(5”-1)4%
|

1

i( 'D/D
T

] é L b

SO A '

i )SA) o 2% (%)

|

i ( -1)8/ ) fx) 2 E° ¢
i D o %

el h ho e
V.Msgfau.pjﬁ‘.ﬂ J‘Mbtfah)‘fj)cbgl) e]’D 1-5545(’*-&3;}@%[4;){;-

19,
: *(E" - l)u]\;f(Xo)

o d el 6,8 JSEI S am h Sl s w6 ) s ) e g R(D)=R,(-H) oplnl
il o Sy sy et S e 5
DAk bl S pmly B,
Dels oS e sl aisss s bl JILS) S
b
1= f(x)dx=I,(h)+c i’ +c,h' + e, +... (6.32)

w3 oS e B2 pE L U1 I
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h )i i /N
[=1.(>)+¢c—+c,—+c,—+... 6.33
T(2) TR (6.33)

wuwgsg_@\,@fﬁ,\?m;\j

2 4 6
[:IT(£)+CI]1+CZ]1+ i

Co——+... 6.34
16 64 256 (6.34)

Loy 4 oS Cudls poal 1 o3 oo A Js L Co e 5 oS B G 6 Laily, 511, Cr S Al

4m[(Tm1)(%)_ I(T]nl)(]])

17 (B = o m=12,.. 10 =71 (6.35)
DO e bl S paly s
el S e AT I BB s s e L b1 I Sal il
Pl S e A sopls 2 S 2 Qg P55 L D
b
I=0f(0dx= 1" +ch' +c,h" + e + ... (6.36)
b
. 4 6 8
I=§fdx= 1)+ e B v, By e BL o+ (6.37)
A A 7 £ 7
I=fndx= 1B+ e B/ +e, A6+c3 ASJ’"' (6.38)

U'i'j) O‘ﬁ&v—:ﬁf&t’d‘ﬂwﬁﬁCZ ij.:.sk_e.b’}lb LJ.U))J \)Cl \.X.’Z_v‘)i\ dl}- J,>T Lﬁj‘j
NGRS

4™ 1 )= 1

S ,m=12,... (6.39)

1) =
- . ) e e _ 4 dx ol .
..L:.'.SL}>bjs4.:)@)4.\.4[.3dw)%)})wj))‘bb@‘l{b ]—Qm J‘Jgn.“.3_6 JLA

Cale 3 G Sy iy 3l eslizal U dols slel s
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b-ay, 11:1'0—; b [ab] dob sl il axdls o ww oSl sl 0 g

Uwolé 3 h= =
B SRS E ] n B

%20,x = 1006 =1 ol oy oS 5130 g5l

1
Lol Ar i e X3 sl )=

el S 4B SRl B UL S0 V80 1

1,(})) :g[ f(x) +2 fx) + f(x)]= %[%0 +16¢, +%l]: 0.09710999

D eols oS e O S2as 4 1 LSS S

1.} :;][f(Xo)+4 fx)+ f(x)] =%[%0+3%1 +%l]=0.09766180

WL =14 ol 6,8 LSS il oS o o 655 68 LSS 6,55 a4 Y 1) Gsb alis

Lw|j‘fw.;du6‘oj§hw)>f(x> CUJ‘JEA‘JJffs)|f‘wbwbﬁ)4b[0’l] Wbﬁ

)= 10)= 1 . )= 7)) =%,

)= (V=% . fx)= Ap=0%, . fx)= =),
LYp=mlh+2tn+ 6+ £+ f4]=%[%0+2(6%41+%1+64667)+%l]:o.o9750400
1=l +acr+ fyra e gl= o[ ra®h, +69 164 4 1 | 00976353

Dl asske 68 JSSl gla o S 5 h=1/8 S o el i s SO L aliee ST UL

&):0 , XI:% , Xzzy , X3:% , X4:% , XS:% ,
X6:% , X7:% , X =1

=0(1)8 s Ax)= | 155ke 358 blE sl b uli

1
(i/8)° +10 °

1= (14)=0.09760126
I = (%) =0.09763368

:VJ")b ‘.,\3

Dol iled 03lixnl(6-35) sy 51 oS sslind a3 sd bl p S el g 51 ST I
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h O(h?) O(h") O(h®)
y 0.09710999
2 0.09763534
% 0.09750400 0.09763357
0.09763368
%‘ 0.09760126
Dols oS 03l O g elasl p S aly 5 5 o (6-39) el 5y, 51 S
h | O O(h®) O(h®)
y 0.09766180
2 0.09763357
% 0.09763533 0.09763357
0.09763357
%‘ 0.09763368

5

0. X
Y :1 G- g 5 e e . G - . - &

flx,)=lim——=1
Sin x

x® 0

n=1, h=Y,, =0, x=1 b I,(1))=0510729
n=2, h=V, , % =0, x=V ,x =1 b 1,(1,)=0507988
n=4 b:y , X:/ , i=0(1)4 P 1,(%):0.507298

n=8 , b:%6 , &.:%6 , i=0()8P 1,(%6):0.507126

:Y"i)b Gl adizss Sy sl eslaal b

:v.i)‘bgfﬂﬂbu:))j\osulw‘\.g

h O(h%) O(h") 0(h°) O(h%
y 0.0510729

2 0.507074
% 0.507988 0.507067

0.507068 0.507069

% "~ 10.507298 0.507069
y . 0.507069

16 | 0.507126

2355 Jo 55 Do bl Sy s L OIS (o b Jlie (ms
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Lol S e e, 676
: g

w1y slesssx b oS 1= ) A=A 1, flx) oS LS Gy 53 S i el 5o
a k=0

S sl 335 20D am s gl ezl Gl 1 s el oS e el k=0,1,....n l3l

Al o3b oS Ll S dl o slS (68 JILSEN sl ol dial s il pl oS e,

il s LT o3k 25 ot 5l eslised b il a1, [a,b]

b- at+ b+a

2 2
‘ g
I=0Mx f(ndx=g | , f(x,) (6.40)
-1 k=0
NN [ R L P TP
‘ d
I=fAndx=4 1, fix) (6.41)
-1 k=0
k}ldw‘wbjwdwulkqukqbd‘)ﬁ
Dol el ¢,@|)(6-41) Soay Axbn=2 31 e ol g
1
]=0f(X)dX:|0f(&))+|lf(X1)+|2f(X2) (6.42)
-1

6 sl o dim Sl il G Al gl el el il o el Jparme b (6-42) i, L

D oeols FOORX IR0(1)5 sl oms A3L 335 0oy 4
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[+, +1,=2
loxy +1,x +1,x, =0

Lo 16+, =2/3
Loxg +1x +1,5 =0

4 4 4 _
lox; +1,x' +1,x; =2/5

Lox +1,x +1,x =0

on'\/% x =0
=%

1

N 2 6
C= gp'dx- (13 +1 ) +1 5 ) = -
-1

8

25 175

Fels O e J L

Deols 3 s 5al6-42) sy cnlnl
(6.43)

Demle 3 Sosa oSS e S opl sl 1
(6.44)

Ll cadsle bt ol o o C 4K ke

Do LBl e 5l (gl aler i gls ) X S JISEI e 6 S S ils el 2l

1 d[]+l
27 (a+1)! dx™

P (%)=

l2-n™] . a=oy..

(6.45)

Deols s s (6-41) i 6l nEl(DS sl 5l sl aar dir sl ey 25 s 2 J-

n Xk | ‘
+0.5773502692 1
0.00000000 0.8888888889
2| £0.7745966692 | £0.5555555556
+0.3399810436 0.6521451549
3| £0.8611363116 0.3478548481
0.0000000000 0.5688888889
4 £0.5384693101 0.4786286705
+0.9061798459 0.2369268851
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51 +£0.2386191861 | 0.4679139346
+0.6612093865 | 0.3607615730
+0.93246995142 | 0.1713244924

DS el | 3 LSS 1 — sl sy 5l eslizad L 5-6 Jls

oS o L LI & L [0.1] a3 gl Jo

b-a b+a
t+

2 2
X:yt+yb dX:%df

dx dt
I= cr
+Xx
:V.i)b (1=2) (gl aboiti aww 150 58 oy sl eslanal L
€}1"881 881-'.1131
:/ggge +3° +5¢ A=22020.675774
$E0+3'g 3 /
& 83+ sy & /d‘il

10.675774 31 i sle B33 JI S5l _wly ol g 4555 505
5 A3l 33 VU am s sl damdtiz gl O o= oS aols ik I eba ) Sy, sl 6-6 Jke
Caele ) Sy sle
h
g)f(x) dx= h{af(0) + bf(% )+ cf(h)}

ﬁ)‘bﬁﬁ@)ﬁjﬁr))%).}é‘w&?u‘)f(x):J’

fixy=1 ; h=ha+b+to or atb+c=1 )
Vs bh 1 1

f(x) = ; ——]1—+17 —bt+c=— 2

(0 =x 2 ( ) or Jore=3 (2)
n blz2 1 1

AN=xX; —=h—+ch’) or —b+tc== 3

(% 3 = A 9 ) 9 3 3)

:&@&‘JYL{JWMJJJWMOQJ
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Zﬁ)bgsﬁcﬁlﬂ&&z‘yu@'ww&\ﬁ

:5 f®h , 0<z<h

ébl’ u_- 4
c=Qxdx- hg—+c clf j=
0‘} &27 g 36
216
Pt e o S
el N \cosxln(sinx) loen o gl
T 3 sin® x+1 ' '
o isl (3,56 @aT+5mX9dX s o shlae=2

ol el S 5 IS g 5 P X T 00S X powie 40 g ol b Clis A-3
A=4(ycos x- Xz)% dx
0
il COS X=X slae e aiy,y @ K sk
30 0.05 5l a8 acles Gllas last a0 gl LS alows LA Sl s sleslad L o
.J}i&ﬁmﬂ)‘.&ﬁ»&\bﬂ)’d}»}QJJSda..éLgUa}dSv\ﬁLﬁg;liJh{bC,b,aﬂﬁuﬂ—4
h
OAdx= HafUh)+ bAO) + af( B+ B £E- h))- FEh)
-h

DA e |y S 5 se b 55D

2h- /
0 XA x)dx=(2h)2[ A F0)+ A f(h)+ A f(2h)]+ R
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o (§ x5 G b =T

St sl el s by e LX) &S Sles 5505 55 5 (X)) w0 Grie 8L 6l adats Sleds,
3 o sl 4 b Jaad pl g @S e eslanal Gile 8L 6l (g3de Sl S AL sl g e
Sl esbinal BV 51 (S5 aS s S e lal s Juad 5o A5 e i 1 () iU £(%),r>1 Guis o
53 Mgy 5 el i s (5l 68 el al s ool 1 (s s saie B Sl 6 sl i
Slinle . ol SUo5 ss5m mU 4 ol s Olgee 4 o3l aai a3 45 350 sy ) e c i 3L S
She ity B Gladis, i 534S e ol gl plple dul o coty Sl @ Ll dher
o5 o 3 Gt i 5] U g el 3 Sl 55 ey s 45 o) dhar ki

Dl cwdsle xg 4t s f(X) de”“‘

f(x +h)- f(x)
h

f§x) =lim
h® 0

5 fx,+h)- f(x)) (7.1)
; .

h o Gl Sltie a3l a1y AR 35 Jlde m . ol B33 fX)=axth Lo ol 5 (7.1) akl,

25 Dopar &S Sl Hakd s g pd abl L S ) p |y s b ol Gl Leas o3l dad e
[12

fx+h) = f(X)+]1ﬂtX)+5ﬂl(z) (7.2) Casl e

3X O i o3k s WL FU AL Saee (7.2) daly S0 gl cnd xR 5 X os gl a7 L ol s

s S s Ol o (7.2) aaly 51 3L andls s gy Bl 5L o3k (g5) Lb U Al a sy xHh

9= [ fxe )= 9] ) (73)
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alasl; 3 o aber ol B3l UG b il 51 So3 o35 Sy 2 s Sl 5 ie(7.1) 51(7.3) e
555 o el ot s h ahem ol £ N0 a5 e 5l i Jelis h 3l Sl cnl ed 53 sl (7.3)
ol Sawh Olg 4 gl Ses sl s 035 1K o 4 Dols plad AS e e i 4 h S By
(7.3) adasl, s -;lﬂl(z) oz el Ll LB LT (gl Uast 5,50 5 a8 ol a5 03, Sl £33 Cead
o 53 g g h 05 L SUT 4 3ae (655 Grte g b ooy 23 UL 558 o sdal oy slas

R e
<3 gls (7-2) oy cplply . adl o G35 ol S8 sde S h e e a3l V0 h Olg ax e

Pl 5 D dsl A e e Sl Ol e L 5 G e S Ll il O(h)

f(x+h) = 1”(X)+111"‘7<‘/‘f)+];2 f“(X)+]; ®%z,) (7.4)
fx- b= A(%)- bﬂtx)+’§ &) - ]; 1z ,) (7.5)

Leols 0 03,5 e 5 (T-4) 51(7-5) adaly 03,5 oS
ﬁ(x)=21b[f(x+]1)- f(x- h)- fz[ﬂ!(zl)+ 1z )| (7.6)

pl Sl (25 Ll h? el Uas alar |5 ool (6 A ol Al il sy AU 4S50

oK.aT.L.LLs AJ'L.' Q_:\).D f« ﬂJLE.A U’»"J':“SJU'»"J:"':M»"’mﬁM 4&.3“ u.pj.‘) Lg} .L.I:L.' Al g [X—h,X'f’h]J..: fu
Z - = 1

¢ Sl o g fu« dj’..' J"’ﬂsgfa)bj [m,M] °).L.’ JJL;.LA).?' ng[ml+fm(z2)], 1‘7‘(22), fﬁ(zl)

:‘5) wb‘. Jusda)l.c:}‘ [X-h,X+h] )JZ Lile 6‘%)3 ‘)C)‘.&\.ﬁﬁ

riz)=_[r%z,)+ iz,

fols ¢ aens 13 (7-6) Walas 3 1y sle ol S
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]12

< 1¥z) (7.7)

=[xt by~ Ax- B)-
2h

:C,J\:mA\}}QTQJJngJfl{}JJdaw.\{QY:w

]12
£ (7.8)

ﬂ(X):blz[f(X+b)— 2 AN+ Ax- h)]- B

c il g3 a5 e ey Vsl (3de > (6l e Jga p S 2T (- BxH ) Ul e

a0 s 15 Gl aw & Ol oy 530 (S Grie sledns S sk

L Kied olis)s g e S algdy, -1

LA alie NS gl Klas p oo &5 olgdy, -2

et el S el e 45 g lgds; -3

Sa00 2 e sledsy 157

ol esls LG -l 55 f(X) @L: polie g il [a,b] o3 s plae e n+1, {X, X,,..., X, &S V"‘S P oP
Sl sl dlardior 03,50 Gy < ety onl 53 asas iy b asl AT CT[a, 8] =S o P Al
(%) Sl o=l b P S o ke gl dhexr L S (TED) 450 T s Sl Pu(X)
Sl o8 LS 5 LS uslie sl F00) 5 (1) 4Kl o de s 430 o x4l 53 ) Gite ol i

Ll X3 Jsl 4 e e 1= S8 a3l e BB BUE pl s Olinde &gl ol S Lol Ll e
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S L A el Sl 3l i Grde ad e SRl Bl L sl S ol Shs sl o S 8 bl s S

E7(=£7(9- p)(®) (7.9)

c 3 gs 0 dusl X kel a5 Glie 4l e el Ty o gl |
:ML&J‘dJWUL;‘o;bw
;.)L:.'sj).) LS‘ 4.L.o.>—.l.\>: ‘_)\‘93 @}‘J;Y U‘LJ) )\ AJLL'.'.‘.»\L’A&T JH...I:L’ ol LSJLW.IAL {XO,XI,,XH} bl J§‘

: p-r;'L’ sy 53

PN=8 LW (7.10)

k=0

X- X
/ L3 ale oS o 518V olul sl aber s £,(0)

L(x) = F:)o (x.- x)

L(x) = W)
(x- x)wkx,)
fi=fx) , WH=P (x- x)

Ll il X dhs s o8 gl

— — W(X) n+l
EH(X)—f(X)-pH(X)—mld ‘@) . %<z,<x (7.11)

Dels X 4 o (7-11) 5 (7-10) alasl, 51 6 S oe b

PAD=8 B £ (7.12)
WD) e e WD d (o
EW(x) (11+1)!f( (zx)+(n+1)!dX(f‘ @) (7.13)

b EY(R) e lagiies (315 o L ol eslaali Z (1) a6 (7-13) oy couly G b alos s o il )

BIE W el M(x,) =0, x, aki ;> J> ¢ (S Al
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W(x,)

Ex) = (n+1)!

@), n<z,<x, (7.14)

(7-10) el 51 x <his oy (ErED T a5l &0 Sles 3k 5 5o (ﬂ”*”(z D) Sul by ke
Cols (..:M)}

O P =& 10 1, (7.15)

Pl Ol o akaly Sleslaad b8 glast alas

1

! 11+ + .
(11+1)'a'f( @) 1))_7 ! 1)(hj) , J=12,. (7.16)

(n+ /+1)
min (X, X,,..., X,, X) <h ; <max (x,, x,,..., X,, X) WSS sl
Sl mn 2 O £ B glp 8 el gl s (0F1) e b S (T-10) (5,8 G e 3

:V'Ub 5 g o;@l}\ﬁydb'—d}pjé

L= =R
1 1
= pe TR p (7.17)
Xo X XX
f- 4
plﬂ(x) (7.18)
Xl' Xy

L5l cebe aaly cpl slas ol ol ol pen X1 [x5, X1 ll 4 (7-18)

Elx)=""" riez) (7.19)

BRx)=" k) | 5 <z<x (7.20)

Dol ¢3S eslinad Ol oo 515V g ax s Jse b 51 G i i o
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(%)= (x- x)(x- %) 1500 = 2x- x - x

(% - x)(x%- x) (% - x)(x- x)
(9= (x- x)(x- x) 169 = 2x- X - %

(x - x)(x- x) (x- x)(x- x)
L9 = (- x)(x- %) 1903 = 2X- % - X

(Xz - &))(Xz - Xl) (Xz - Xo)(Xz - Xl)
P(0)=5(X) 6+ (X £ +4L(x%) 4 (7.21)
PHX) =If(x) £+ &) £+ 10X 1, (7.22)

Ceol B bl sl eslaal b
_ 2x%-%-x X - X XX

» = L+ £+ £, 7.23
%%)> p%) (% - x)(x%- x) (x- x)(x- x) (% - %)(x%- x) 7.2
%)= (%= M- %) ¥2) . %<2 <x (7.24)

il el Py (X)) dherdiz e 4 e Gl

s A f 1 ¥
x,) @px,) =25 ! L . (7.25)

.\ y
- )(%- 1) (- %)xK- %) (5- %)% )4

Ry Sy s G‘j(_{“‘)xo 4)4:13)) QT LSUQ} Sl C,.:L? [X(),Xz] o)'Lg )ijﬁuA@vé‘ﬂmdjj 4)4:\)

Lol

Egm:;(zxo- X - x2>fwtz>+214<x0- (% - %) [FO0)+ FOh,)]
z,h, h, T (x,x) (7.26)

. Q.%L: QbSLsz,Xl Md‘fl'b"'w‘j:'b
oWl Sl 6|e,§klﬁ
oo pl 5 L h P L ol gslaze {2, X, X} sl

X, =x,tkh, k=0(1)n
£ = f(x)

V.:)‘JUL::})J#J}AJB)‘OJW‘L
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£Ex,) » p¥x) = ﬁbzg (7.27)

£- £

h
Bx) = flx)- ———=-- f8z2), %<2 <x sl L
Caib e 0SS (7-19) alaly 5o Uaxt U Uast aha oy
:ﬁjbspmmlps:\},);dgw;Jy,é)'\T;.quv_;l;%-
-3f+414- 1
&x) = plg) =—— = (7.28)
-3f6+418- 1
E(x) = £&x)- ————— (7.29)
2h
:ﬁ)‘JXOJYJ%LSﬂMJ‘OJuLA‘Lg
]12
Efx)=-— 1%2). % <2 <x (7.30)
:C,..i\;m.abﬁ-ﬂ)'o)fe_gbxoA.IQ.EJJpr;A.?JJAL;;LAJb
I-24+ 1
& x,) @pfx,) = % (7.31)
L-285+ 1
EﬂXo):mXo)'$:hm2)+0(bz),Xo<Z <X, sl L

=S SS Gria 3 Sledsy S35 4,0 Vg 0 &S et xd 50 53 b=
PolSn sl o ol P as o 3s sils ) (68 rde i, ST 1-T iy
| r(0- p" (0| £ Ch”
Jsb a5 o 235 Uls (7-31) 5 (7-27) sledins G55 i a5 b ol B 51 s oo G € oS shay
LAl e ps3 4l e 233 syl (7-28) b, Lol s
S bl 3l aS sde sleds, 5 @8 SO SV ax s sl ol der i Slisos Sleslial L Ols o

L Al Sl K s 3,8 Do il Sk il el bl ol S e ealic
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&L:;))J )‘ salaza! L: ﬂ(2), f«(Z) 6‘;} 6‘3‘]35 . C,.w‘ ol o3l J") BL) f(X):ln X cu J.:.s\ia 1_7 JL’:A

€ sl e 1y 038 b (gllast (sl VU 018 o ol g 5

Xk 2 2.2 2.6
f(xx) | 0.69315 | 0.78846 | 0.95551

. L- 1 . . . .
.ﬁ)‘.} fq)q)): 1 Od‘jﬂjﬁ)‘osw“d&
X - X
£42.0)= 078846 069315 _ oo
22-2
Dels (T-23) i, sl eslimal L
£42.0)=— 2226 60315y4 2720 788460+ 2722 (95551
(2- 2.2)(2- 2.6) (2.2- 2)(2.2- 2.6) (2.6- 2)(2.6- 2.2)
=0.49619
; Vw\;(?—ZS) s S eslial b1y f o a8 e Gt -
pa20y=oS 09315 L 078846 095551 U_ oo,

CTE2-22)2-26) (22-2)(22-26) (2.6-2)(2.6- 22)8

£2.0)=-0.25 Gite 335 ks oS il L
Pl ASke Gsb sl 4 by e sla
- X
EI‘KXOF%J‘“(Z) s X <Z <X

EQKXO)=;(XO- x)(x%-x) %) , x,<z<x

Bx) =5 @x- x- x) 2)+— 0y )05 - ) £00) + 0] x <zh b, <
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f(x) =In(x)

M, = max\ f((X)‘ = max

j=0.5

X <x<x 2<x£22

M, = max\ f‘l(X)‘ = max =0.25

X0<X<X1 2<x£22

M, = max‘ N(X)‘ = maxi =0.25

x, <x<x, 2<x£2.6

=0.375

M, = max‘ f(4)(X)‘ = max

x <x<x, 2<x£26
Ll aslke b YL Ol Sl e

2-22
|E%2.0) £

= =710.25)=0.025
|E9(2.0) £ g\(2 - 2.2)(2- 2.6)|(0.25) = 0.005

| E862.0)| 5;(4- 2.2- 2.6)(0.25)+214(2- 2.2)(2.2- 2.6)|(0.75)
=0.06917

Pl SASE p (e (6,5 e slgds, 277

Dt Sl 3 I 5l

EAX) = f(x+h) = f(X)+]1fQX)+]§' FlEx)+...
=(1+ D+ hZZDZ

+..) (%)

= o f(%) (7.32)
o . _d
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hD=In E

i
iln(1+D)=D- lp+lp. .
i 2 3

D=1~ In(1- N)=N+;N2+;N3+... (7.33)
'r
| L. 2
¥251nh'1€£19:d- ! d’+

e2g 223

hf(x,) = hDf(x,) s 05 e ol il

i 1 |
\Df - ~D £+-D £
P 3
BEg) = R+ N £ 2R L (734)
|
b U gips
P g2y
d’ ]
Los ol e =4 S bl
m=—"_ (26nn' 9y
| 1+d2} 2
4
2 212 =
o U P2 g 0
”@d 31 51 5
12 1222
bl“(Xk)=nd§—§mj31;+ 5 m’ £ - ... (7.35) ol 1

3 g0d o3lial O a5 2l 513 Ol on 1 e SV L3l oS ol el Il

i 1 u, 13r+5) o
D- =DM+t
: 2 24
:::N’+;1N’+1 1'(3;:'5)Nr+2 +

h'D =i 5 (7.36) L
g 73 g 4 20 FI20*135 e Ak pr S
i 24 5760
':'m:i’— Ld’+2+r(5r+2z)d’+4... Ll ijrjﬂ
) 24 5760
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25 Do XXk ahE 53 122 g3 4 s 1=1 sl ad e G5 Gt Sleds, Ol o 85 dlaly 5l Jas o

i 1 1
D 5D D L
h%x) = Nf, +;N2 £ +;N3 £ (7.37)
|
i 1 1
it - —md® £ +—nd £,
% k 6 k 30 k
‘| 11
'|'D2f1;'Wf1;+7D4f1;'
! 12
7 mxk)z_}_szk+N3fk+gN44+... (7.38)
|
far e LarreLaor.
b 2 e
Denls s sl il sl (7.37) Ul e 51 s ailir
P f- £
i b 1Rz (7.39- a)
!
[ f- £, 1
flx) =[St b flz,) (7.39- b)
|
I f;(+1' f;(-l bz
(e ler o 7 pggy 7.39-
=5, 6 %z ,) ( 0)

C Sl 3 s e 233 lols (7739 €) Lt 5 Il e 35 sls (7-39-6)5(7-39- a)sles,

Dodls el 1 3 ledtas o S & Ol 1 ol O g (7-38) alasl, 51 ST s

V£ -2 f* £
S ) (7.40- a)
-.-
P

=} o2t e ) (7.40- b)
-.-
! G- 26+ £, r Fasd
i - — z 7.40- ¢
et ) (7.40- 0

Ll 53 4 e 23S Sl (7-40- ¢) oy s dsl as e s glls (7-40- 5)5(7-40- a) sless,

152

WWW. pr ozhe. com



el Sl e sty - 3T
ob}d.lf ‘-;‘5& LLL )‘ @W&)Jf(){) cb ﬁbl.ﬁﬂ )‘&g_,\:s‘}:&u)}\@ f(r)(X) U:—ﬁ) u.:‘ BE
L;)»LLLL;L.,\,U Mbh(@bd&Lﬂ\d‘jmu}jJ}LLﬁLﬁv«S&f}AJﬁ&d\ﬁ.’o)\.&ub&\

el Dole ) a0l I e

B A= B a L, (7.41)
I=p
r r) — &7
K F(x)= 8 a £, (7.42)
| =xv

DA g ) e o A B e 035 shad (gllas

E9(x,) =1,§f - B £y (7.43)
h 1= p @

)= B ) Ba £ 2 (7.4
[1 | =tv [}

Sy Bb L i o e sy e S35 @ 5 bl (T-42) 5 (T-41) ey, o s 2y il o
S Slinte Cilises Colye b 5 b o o X J g kS (5 Sl o3l 1 (7-42) 5(7-41) Ly,
23 o s ez Gl el o ) Il et g 5L 35 SNl sl ade 13 a8 b

LA s |y 5 glax (7-44) 5 (7-43)

eols By sl p=2 122 (T-41) alal, 5 i o 5ok
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B &x)=a,f,+a, fi +a i +a b, +a, £,
=(a,*a, +ta,+a +a,)f(x)+h(-2a,- a, +a +2a)kx)

2 3

+]12(43-2 ta, +a +432)ﬂ(Xk)+]é(' 8a.,- a,+a +8a,) 1&x,)

4 5
+]]—(16a_2 +a  +a +16a,) rV(x,)+ h (-32a,- a,+a +32a,) f° f(x,)
24 120
6
+ 50 (64a.,+a +a +64a,)2Z)+.. (7.45)

Ll ok s (x),71=0()4 Sl aslia b

a,+ta ta,ta+a,=0
-2a,-a,+ta+2a,=0
4a ,+a ta +4a,=2

-8a,-a,+ta +8a,=0

16a,+a  +a +16a,=0

:ﬁ)béﬂrﬁ“ .:,‘.J‘-}>l_.’

a a =1 =a 16 a =2
) 2 12 s 1 1 12 > 0 12
:wbm@\y‘-ﬂjo)ym. oo ol b
1
M) =l fa +16 £, - 30 6416 £, - ] (7.46)
]]4
E:_%IM)(Z) s Xy SZ < X

C el ool a5 e 235 lls (T-46) 2ss ol ol

Dy p8 b Sl 4-7

g’g Job o8 a aily e ch” o) py o2 last Lo slast ¢ (68 Grie (3de sl b3 S sk
bols 5 e |, £17(x) el Tad e Gie oS g, Ll S e jho 4 B gler 4® 0

Jujb 6[.2.?— La‘ .l.sl.:dw“n.ﬁlsfzj.s ébg}}ﬁ}é}é(\hha@ﬁ) C/\-\-ﬂ" C)JL& wa)shr‘d,w-
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)'\mglﬂa:\k}ﬁw.Jﬂfh;agb)jﬁp&}g)w)\dﬁﬂ@”ﬁ\ﬂj‘ﬁ&é‘w%&uﬁbﬂo-’;
Q)Mcuﬁsuu@j. Lol ke ol slelser a5 S ade Ol 05 Sl sl h Sl o s
lax bols ol ool didl odds aenloes 335 ol (S slie opl 3550 sl ol ls Jsd> bl
Sl Cola 6305 Ul o & Sl fic, f(X) a1y Jlaie A(X), AX) = 6,46, . L3l o 03 S,

S o B s s s LS Grie (oode ledisy 5o 03 S U, gl 8L e

fix)- flx) 4

&x)= ; 5

®%z) , x,<z <x (7.47)
P 4 (7—47) aaly sl (.NS ol €8 s f(X0),f(X1) awnlomays 05 Syl sl o@ﬁ
145(..3]_5

fl‘+el)_ (f(;+eo)_ ﬁ
h 2

fex) =" b8
h
£ 4

h

_ - h
f%z) = P 2“(2)

+RE+TE

f&x)=

ef) wS 2p Sl ks Lins 03SNs, glat i o4 TE | RE aS, gk

s €= max@e0

b

M, = max‘ ﬂl(x)‘

2e ]] Z.7
£— £—M Z Iy o1 sl
‘Rﬂ h ’ ‘m 27 2 i x, £ x£ x,

J.iLu O ) b‘j) )‘ CUSJA)J QKJA Ll @(Optlmal) L (@ \)h vlf

(a) |RE|HTE|
(b) | RE|+| TE |= min imum (7.48)
Dl oS eslind (7-48) e, 51 L S

2e _hy
h 2

e
h, =2 |—
opt 1\42

| RE|=| TE| = \eM,
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Dol oS o3l (7- 48+ 5) e, 51 ST L

2—e+éM2 = min imum
h 2

-2e 1

7 +§M2 =0

_ e
bopt —2 ﬁz

Sl Lo sy s o1 e My » 0(1) 5 43l 1075 8 (538 0,8 digly llas 4 je ST b Ol yomy

2eM,)” 3 ke a8 e

sl o3 68 Grie B lp b ag o8 ok 1 2-TJ

- 3Ax)H4Ax)- Alx) K
24 3

&x) = %z) |, x,<z<x

f)=In(x) sl p5 Jodr sla esls 51 1U2.0) )y o & o1 5 32 oslizul [REF|TE| Cowls Sl o5

C 3L 571070 Sl 035 Wsy glast 4SS sem s Aols

X 2.0 2.01 2.02 2.06 2.12
f(x) | 0.69315 | 0.69813 | 0.70310 | 0.72271 | 0.75142

Lol XL 1,1, &b eole anale (Gl O3S UL, skl e,e,e, S J=

D e 2
_3hrAE- b ppy TR
2h
. oo M,=max /®&»| oy
1L ) x £ xEx, s aib e=max(|e, |,|e |,|e,]) =S ool e
REES |775|£’§A43
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ge _ K
2h 3
]]3:127e
M,
1
, @2ed’
" Em g
4—e+jw3bz—min
A3
-4e  2M.h
+ =
e 3
)}
_ e 6
bopt_ L
M; g
£f(x)=In x
M, = max| )=,
2£ x£2.12
C e ®
, oel2 s 1008
opt =
¢ 1 -
e 4 [}

sl 5203 S e3lie [REHTE] alasl; 51 3

ae” M)

| RE|= TE|= - ol

(12)5

Dol o0 oS o3l [REFHTE[=min Cpols 5131 Ll

ﬁ)\zhywéﬂfé:&al.g

6%e%M3% Filewasle S sl Bl

ﬁ)‘.):dwr‘,éwf&'

Do) @257 107 5l eslizal Ly [RE[[TE] 5l eslizal |

Dol e esls Jsur h=0.06 o=zl L
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- 3(0.69315) +4(0.69813) - 0.70310

2.0) = =0.49975
782.0) 0.12

w23 h=0.01 xS Sl g o8 Ik 51 2aS L h o8 Jsb ST UL
42.0)=" 3(0.69715) +4(0.69813) - 0.70310 _ o<

0.02
Sl sy b S S e e ol 5 AQR0) =05 ol x-2.0 el ﬂtX):i il o b
oph a5 ol el Al e s S K ee] oy 28 A< A,
(Extrapolation Methods) oL 055 slgds, - O-7
o3l wiled ealial Lo asls Ui 51 (ol i 5168 s 5L WL s sbls slediss & b s sl
Sgd oo s 03,8 Kgly sl sl sl OlGl amt j3 ¢35 5 s @b ale il Eslals BBl
O35 oo 0 cpl Gln ols 2525 el 1 65 B82Sl OGl Jl e 23 5 (o S 5 b ool i
g 12U i lp o8 gh) S o 25 Sl e ) el cpl osline GleelS L e sy S
S h 0P e s Sl el ol h 8 b Ll p A e s lils sy SO Sl eslizad Ly il
Dol 1 Sl et Lol gh f8 b Ly plp 4 e B Sl eslinal L aS ail g o gl o & g(gh)

g(h) = g+ch” +o(h™")
g(gh) = g+cq”h” + o(h™"")

_ 978~ 2(gh) | oy

g -1

g(l)(]]) - qu(bz- ‘f(q[l) - g+0(]1p+1) (7.49)
g’ -
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b ome i S Loy o ailons slie sl 200 b as Oolee ol el (PHD) 35 ghils o) 0!
ool sl on P b oS o oo SV I Sy S Gl s st Jol sline o8 sk o

o3 gt odasl O gl s Slos s
s n B gl LSS LT AL D5l Sl (6 ey ¢ s ST e b b e oS

b SIS slgelS Jsb S s sis Ol Sles sy cnl 3,050 ol s ol s @33 45 0 b olgds, Ol

1 z -
d)j,q.'}: c.,a‘j 6‘J_'. V.:.Sdg_)l}:b‘ q:E LA},Q.D )ls L}"L"d‘ 6‘J_'. MJM b L;».NM 4.“...3.5&{ PR e

DS B3 5 s m S e sl s Jle B i)

f- £

& x) =

- 7.50

Y (7.50)

S 23 s O oo b kie hp b b gl o £ = (X h), £ =(x ) S sk
ESx)=ch’ +c,h' +c, i’ +... (7.51)

hpl8 Jsb 5l Jas dzes 20 polie 5 6,0,
A e @) S e 5 sl s el 45 Bl MR 8(0 = F(R) (S e 55
ol W 7,,1«:0,1,2,... el Uob Uy ol ot sl (7-50) 55, 51 eslinal Ly AL g(x)

g =g+l + b + e +...
ol N c, it N c, i’
4 16 64
ol ch*  chf

+ + +
16 256 4096

g(g) = g(x)+ ;. (7.52)

g(;b = g(x)+

(Fi)‘-’d_}ﬁ LJ‘)))‘C] A_BJ\>L’
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4g(§)- (h)

Dh =
g (h 3

1 5
=o(x)- —c,h' - —c k- ..
2(x) 127 166

4g(2’§>- g(f)
3

! c,h - >
64 1024

h
m AN _
g (2)

=g(x) - c,h’ - .. (7.53)
Lo ki O(BY) &35 L 800 Gln oS Xpte Jool (7-53) alas; 51 a5 &l g“)(f),g“)(/z) el

Dol m.:ab;— (7-52) Lls, 5 Co i

h
47 g (*2)- ()
+—c b’ +... (7.54)

@ (py =
£ 421 64

Jso 3 50015 o 1y VL Cole 35 (slls gl W sl o (A7) 35 L g(%) sl o & (T-54) alal,
L3 ged S )

47 gV (B))- g (h)
4m -1

2" ()=

£ (h) = g(h)

, m=123,... (7.55)

Oy om Sogline pslie gl g (A) e polie . dul o 5,8 Grie gl oo oWsp 1y Ls, opl

38 dcle 55 Joder il

h £3° ()Le% (""‘”’ vm_.a
h | g(h)
4 4y | gV (h)
?] g(i) g(l)(é) g(z) (h) g(3)([1)
2
57 | 853) .| g (é)
2"(3) 2
£ g(i) 2?
2’ 2°
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QTJ&E‘_Qquo:\:)'\J:«ﬁﬁuﬁiwow&éj&ﬂzuﬂéﬁgdo)zéj,édj.)gg«z}?\.g

A Ak Sy (e B O S Ot 4 Cad Ot St Gl s 3 i ea L e

:m;t{m\s‘«s»,fj;ép@u;,u),wlcﬁww}&,u@;gw);@u

2 () <e

)\ ealeul ng .1:.5 oalil fQXI) =

fix) 1 1 16

fx)- f(x) _

o = 1&x )+

Mbdwkd.))lﬁ&ae

PRV T s e e s e sla s 3T
Aol 1 Y3) O gl 2bis 2 s

3 4 5 7
81 256 625 2401

ﬁ)‘b}j@éﬂh)‘oﬁw‘b

IA”(XI)+ ld”(Xl)

Dol el s p s 5l eslinad L1y 5 dsd 1

(3)
h om?) [om® [ om®
4 300
2 156 | 108 108
1 120 108

Sl besls &5 LT3l gV (4)=20(2) = 2P (@) 150 sl 33 > 2wl AB)=108 o5 el g

ke oht O(2) L;LL}pw@u@;mp&g;g\ﬁﬂpwopwm f(x)=x'
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Jab sl n e

fxy +30), R, +20), Az, B, Fxy +h), ) 316 O(H) aije 511y 8l ek sy o 0 -1
sl Gy £UK) B (Sl S e el

S ey Lo w S Liys |y AAX, - B)+ BA(x, + )+ Cf(x, +2h) + DAx, +3h) &ole ! slaial)
(des bl cliza Sy shay 1, DLCBLA 5wz 1 5503 5 e

fx+h- f(x

€ x)=lim P

h® 0
S S L) Gty LX) Slom B 5 03,8 DDy ol bl L 5 5nlSs X e £ (g Ll o0
s 28 S e edalin | il sl conin=1,2,...,20 sh3l a4 ol 3

Ax+10")- AX)
10°"

i) =
abis J g o f mli 5ok 5 s ol o o UD? a0 51 ol o b 1) )8 8l 5,73
sl Sy Xy Ay X, 228 53 OF acula X
LS s 1 s mb-d

e I

A=+ M

Sl b i S ie sl b b slaD
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(2)
(0)
()
(d)

fex +7) @

fx, +h)- 1(x)
h

1 1
% @bT(Dzﬁ('Ewﬂ)

ne

f]‘<+1_ f]:+2_3f1;

2h

Ll aMoJ‘Jﬂjéﬂf&}iﬁd)ﬁ}'G

(x)=a,f+a, f+a,, (x, =x +kh)

f(x)

Cdolo s by e e b s £ p, 6lp sy S b ik a,.3,,3,
L0(h?) o U £4(6.3) 5 0(h) lax L £Y6.0) 5 S sl o5 I sla esls 517

6.0 6.1 6.2 6.3 6.4
0.1750 -0.1998 -0.2223 -0.2422 -0.2596

5] d‘j"") S "\""l‘.’." J‘LJJ@ ‘)d,b,g,a _8

S0 8= a) + by(t) + a) + Q&)

el |6 a® 0 4o o s | gl adea L 58 S A UYL a5 lel das a6l
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Spons Joil s SVslaa 36 - - 8
bolee S Lgdn e Jpams Jrihins SVsbes & ¢ 2,08 Slsly Flas Sl b T aadis 1-8
olae G b op IS OT i pazay OF Slinte 5 ab SO o Sl o) alaily ¢ Jpeme Jondl i

PO S U o b Jsene Jedl

f(x 8., ") =0 8.1)

Jodl s aslae G n ol X Cnd Y G 4550 0 5VL S0l 5 e X ) 5 O Slintagy
Ao e a5 e VG a5l el sl dalas a5 OF GRie 4 e o VL S e
Sop delae o iliie 5 S L5 e LY(X) wls U oy ol o8 a5 dalas 5Ll S5
Cel o b b gl pE s et | el s dales LSO
:w;ﬂjdﬁgg\jsybkgn a0 el as dslas S
81,037 (9 =r(y) 82)
pa
D il 5 S 15 (8-1) el dales il dimes s e ls W5 T ()

P = F(x p 8. 90) (8.3)

c 35 o ool (8-1) alaly Lol i 4slas (Cononical) 58 jiles 1) dales oyl
D adyl lade aliuw—2-8
Gdo sl 3 S elppds Colin X 5y o ol aal)(8-1) i Ledlas dolbee & oy as g

CASL 5 s Dy s 4 Sl Sas Al Ol Ll

WX, ¥, ¢,C,...c,) =0 8.4)
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L 23 o X Sl e mB S s
y=wxc,c,....C,) (8.5)
Pes byan 8 b sb Oly e lyen Uer slent
M=y, v=0,12,..,n-1 (8.6)

adsh Jaul ol e (B=1) Jomdl s dslan. 350 crmand A3l (o p s go adsl Ll b 40 oS X0 abal S o
Ay S e pl Al e ) e ie 1 (8-6)
L8 ke alins—3-8
Rl oS eslinal abadl G 31 e 3 boan ) dslae asee Ol 53 ey Sulin s sl el
Al o (S5 M adlies |y (5550 dal 15 el e (8-1) sl s lslany 555 s 0disl (550 Lol 5 Il
D sl ad e O¥alee olKius 4 YU LIl SYslee s -4-8
e e 1 e olSs S 015 o 15 (8-6) wdsl Jaul 2 el gy (B-3) ol n s s s slae
Dpls b Lls S 5 sl 4 e adl

u=y, B=u,,. " =u

S sk

ul=u, , u(x)=h,
ug=u, , u,(x)=h
u$=u, , u(x)=h,

llﬂ::g(/\’,ul,llz,...,u”) 5 un(XO):hn-l

.;\:Qwﬂjwjusubgljd\)éﬂo&m
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w= fixu)  u(x)=h 8.7)

éu, ) é, U
e u u
f(X,ll)=§u3 @,h=g]1 “
& G’ & a
e u u
ag(x u,uy,...,u,) g]n—la
d . )
Y= fxy, Ax)=x (88 asl e e o sledin, cnl ol

dx
3y G (8-7) aslas oKins J= sl cl (K
Lol S s Sl 2y 58
B Dl el s a Sl b 03 3B i a5 Ol 3 Bl Sl el dolas Ol Coale
Sl oKT il Slsen 5 o3l 4 £ 81 Lbal ol by e £ b, 5 conle 4 OF s i
slas gl p slite Gla 35 L o8 Ol ols o b I Cdls dal s dslae (63,4 aee
Jsb S o sl oy 53 Lo oS 55ls sy (O Llsem Ol lp sl gl ol J s 0 il

IS 5 Jls—s ¢ psoy (Libschitz Continuity) o & Sy

i Ol sl 6l L o | ol, e3> (Smooth and uniformly monotone decreasing) Js5— =
D3l ot s il b el Cins b d S oS 5 g a8 S a5 4l s

ST JUN P P

CeUQ“fﬁMUJIULeﬁM&TJ@}:; g LR 5 4R 31U g oS o 0
el anals x0T T s sl e oS sy il il 35 k

8(x)- g(x)|£ Kx - x| (8.8)

P37 155 s e U g LWLR 65 W R Gl g oS o 040 JaF 15K 5 Hlgen i s

.J%quéwﬁ)'@bﬁxﬁsunmé\)\@&f&&ﬁjupﬁ%&iﬁga@ﬁﬁuy
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- ME g(x)£-m<0 8.9
ke ol ool Cute slgnll Mogm B gb adaily s
S o A s adsl Sl s 55 B8 il OS5 sl
ﬁ;yjb)Jbﬂ)@)\)UlﬂMjbl-8 dli.o

A=dy-e*, ®0)=1 (8.10)
y¢:—(1+xz)y+sinx, H0)=1 (8.11)
("i)"’ (8_10) «l.i.wﬂ )J 39

f(x,y)=4y-¢e”
fxy)- f(xp)=@y-€")-@Gy-e)=4y- »)

1

| fx3)- fx3) E45% - 3 Dols nl b

Wb o k= L nlns a0l i ) (Saesn Y a Cas £ ol Sl s S S e 4 )
C oYX sles e sl fy(x,y)=4>0 sl 55 Cs J)}i‘j&ﬁ f@U J e

L3l cmisbe £ b (8-11) ales o)L s

f(x,y)=-(x*+1)y+sinx

% 3)- f(xy)=-(-(X +1)y +sinx)- (- (X +1)y, +sin x)
=-(X+D)(%- »)

Dewls Xl [01] sl ol pb

| A%, 3) - 1% 3,)|E(X +D)|y; - 1|£2]3- »

0£ XxET 3l 4 nl p Bliae Codl k=2 Culi b et o (Ko SIS 2l S 10, o anl

:V-"‘)b

f(x)=-(X+) b -2£ £(x,»E-1<0
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el ey a5 S Sl s £ al oS Aas e 0L el oyl

el adsl Sl i Ol USG5 Sl sy LA 4 &S et i ge 0 J-

Shl e f wb oS8 R={(x a8 xEbe<y<dl asb b 5L el SR (oS o (550 4
ST Al anils k Sl b et G (S ¥ 4 Cad i o LG s ()T R plie e
A= 1%, Ax) = a5l Jlie alzes

s o 2(x) oS a0 Syl Blian 35 dal st 550 pmmin s 611 (3, 20)T R jpslis oo 151 &
‘y(X)— Z(X)‘ £ ek("'”")‘yo - ZO‘ L olSST il Z(x0)=20 a5l oyl 5 L 55 adsl I

cela ) aedd gl BB U ) n 1 e Bl el il

oo ops b ats ()T R CR s 5L ab o Glaze sl mar ) f b oS a1 el
slie e il A= AR 9), M%) = 5 adsl ltie alees olTL A3l Jo3l oSS 5 Jlsmn y & o
C el 35 3 i Ol Sl (3, )T R

L olST sl Z(X0)=20 sl sl 15 U 5150 &l Slide s Ol g 2(X) oS a0 oSyl Bilias

(Hx)- AX)|Ee™ %)y, - z

C el (8.9) alaly 53 ol 5 VL OLS i m byl s
o0d by LAl DU C 3k Jpene Jodlpas O¥slas 4 Bl S 53 OS5 0 058 i 5o DL
Dy L1 6 S o 553 S o A0 S 15 sl adyl Sl Bl a4 ool 51IAL AL e L
..ul.gday,x@Wmﬁw;Qu;;JLglJlsf(x,y)@UAS@;S@&;MV_AJM%&%W

: (Text Equations) {5 &Vsles 6-8
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e p B8 B Lols el (R)) B ahi s (Slan 53 (8-8) alsl e divs Sl S,
35 s o A= Ax) Josl s slae

Jsh Sz 5l day OF (2 s (R5) ahai d OF 5ok (5 o Sl a3l L 015 0 1, fRY) o 1 o
S il G el e aslan st 3 1 s pa Jast

A=l y+te

17
| =(—).
(ﬂy)x

- - r 1 _ D
c= X%y~ M)+ () (x- %) LSS50
v Ix
35 03l 53 &) gm (8-12) sles W:y+|£ ol b
W=l w (8.13)
LiL egnse lilbe | sae S Bsd dslas Ols o ol sdd sl OLAS 5 K8 55 WX) Ol

w=e" el Ks

= x5
Ax)=h, , y&x)=h, (8.14)

S s et SAIG S L, L aline Olg
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W= bt cw (8.15)
1w _ 1

b=- ,C=- L e

e Ty .

Dl 3 olais Jslas (8-15) el jios Jslas
ul= Au (8.16)
€0 1u

u=[u1,u2]T,A=é a PSRRI
&c by

u=w , unL=wm

sl el g A o 5l aasiiie dolee gl 4o 2,2, 4 (8-16) L (8-15) Wsles il s> coals
z2+bz +c=0  (8.17)

LS o Al i el See 8 3 l an

DyasT Wslae €=0 (5l den Jo5 5 aled el s dalas slelsr 3l 6>24c 5 €2 0 (b>0 Si1

gl 5 &) s (8-15)

wW+bw=0 , b>0 (8.18)
Wslas €0 (5l Aited ($33m0 5 mled ¢ howdliss diles slelr « L [B>24e 5 €30 5,b<0 S1-2
Do sl 5 ) ea O e
W+ b =0 , b<0 (8.19)
C ke Sl el dsles sled g 3L [BIE 2V e 50 S1-3
2@ ¥ a5 8 o 01 O Olag anls 5 ol | Slog w6 G Ol o1 3L <0 S
3 a5 O s (8-15) sesl sles iL =0 S1-

w+cew=0 , ¢>0 (8.20)
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-l 2Vfc ol Lo b sl dales ol Ol

LAt e g e illae 5l 2,2, oS il 05 0=0 5b=0 gl

(8-13) 0 pa3l doles 3l osbizad b ol - SKas YU 510 S¥lea Ly SVales olKius slel s Cunle opl plo
23S el Dl | Ly apase Ll U i Tillas | oS el 61

C ol s (LVP) el e divs (308 o s &0 Lo a5

Ladsl sl il Jo (sl p 308 slgds, -8

ﬁé@%)")ﬁ)@ﬁ‘)ui‘w
H=fxy , aExEb , Ha)=a (8.21)

20 0l %) oS o 31 sles alols p3m w1 [a,b] Alols lnl a2 sl @,b,a dal; cpl)

et 25 B 3 (8-21) g 8L s o3 el oy (235 55 5l abosldll (g slanals gl Aol
a=x,<x<x,<..<x,=b

Lp a5 s oa 5 S pa Ol o ) Gab blE il o sl a5 L sl 0 S Bl 15 B bl

X, =x+jh, j=0(0n

h= S sk
Wl e Xj abet o y(X) oS Ol Gl e B Sl S é‘)ﬁ Sy sk b oo gle—ds, 5
S shael aesb e (8-21) wdsl Jlde divs (g3ue Sla > YOV 1oV sim 1Y) 48 semme 1L b o0
St ol A Sl . oS o elons 30 akosl LSS S¥slas o (5 S ¥slas a2 parme
5503 el S a3 4y Jlaml sk 0155 o 1y Ledigs ol o5l s s B8 el eals Lol s dslee |~

S slessml
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JKJ*TLSL@J))‘Z
I3l 38 s s 53 40 Ul o 55 1 o8 SO Gldnn milon (0 A8 ST sledss 0 haid b bl o
Sk e oSS Gledns S 0 el 8 ST ledss e s e 8 ST sl

Vo =y, A (o yu ), j=0n- 1 (8.22)
S s, Truncate L 5 glas, w|w|j4&,iLLLjh(@jf@Ugj.mud@;@@Ubf o]
v'isg;‘“—iiy*:ﬂJQJMJSdL>)>‘)@g

T = AXp) - MX))- B (x,+ (X)), (823)

S CECCC PPRCERCR PR R IS
Cdal e ol ST iy s ad e 1 el e S L3 adaly o aSTp Ll 3 0 S

BT £ 0"

A s, 8-8
. ﬁ;&#).}x:xj' .bu..s).b b (8_21) PICW)

81y 0

= = f(x;, (X)) (8.24)
engFX/

12 o5 B sl 4 s Sl bl S e g SO L sl 4 e e STakady il 0o

Dy(be) + e = f(x,, Mx,)) J=0()n

y(%l)by(xf) + L = Alx, J(x,)

Y- ¥, =hf(x,y,) , j=0()n- 1 ool st ahos 5 S sl
Y=Yy, thf(x,,y,) , j=0)n-1 (8.25) L
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O)}i«f-.g‘)ﬁ\guij))?}uij) U‘" Sl &K&("jﬂu@) U"J: oJLﬂs\SCMA‘Jl.iﬂ J}aje(8—25) u;ﬁ)
AJLJLSJJ& LSLG"‘}"UJ}‘:".‘:‘ wﬁ)&axj jj=0(1)n—1 LS‘ °J§ LL;.")J b U'i')) Lﬁ‘ Jj..i}.:.a aJ.:.aU J‘j‘ A.JJ.A
(..\:Lu dewles | ol o3ls 4l Slade

Y=y thf(x, ¥%)
Y, = )t hf(x, 3)

—yH :.YH—I +]1[(Xn-l’-VH—l)

SLllaa wbw ‘_}Jl}ynljyz L;’L""T"‘-’W) J/,SML:-;A ‘)yl g_)\jSLfao.LZ 03l 4.:.5}‘ Lﬂ‘f:jhf@ ubﬁ.’.’\b
(Local truncation error) a4 b &5 slas>

oslizal Uy (8-25) i, 5l oS yint ol 5 X=Xt alais 55 alies Mo Ol oo ol oS o5 gllax
:(..i)\;\ﬂ.sﬁgo%ﬁbdjbwdw@ﬂyg&ﬂéwb JJdan.gd:ésgL,w

7;‘+1 =.y(Xj+1)' .yj'+1 > f=0(1)11- 1

T = A X)) - AX;) - hA(x, (X))

Deols (B-24) w5 Xj Jpm L sks (5 dan 5l eslinal L

bZ
T, =7 v82) . x,<z<x,

1

Max|y&z)| = M, , MaxT,,|=T

[a, b] [a,b]

D B 5 abo S I

=S 2h S
- . . Z . . bz . Z
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sl U ey 3de Dlaloms 53 Lils 0l o 1y ksl o 53 B3 Sl 5 335 Sl L)
D s S r e e dloes as s ) 1 T B b 1 T el ey Shes 035
Vi =¥, +hf(x,5)- R, , j=00)n-1 (827)

5(8-25) Lyl rss led ai G (B-25) Ll (35, 03 F) oS eyl Ris 05,5 g,y gl Lo

el oo o b T ol o o DS A=y 0sa5T dslee 55 15 (8-27)
X)) = Vi = X)) - ¥, VH(Ax)- y)+ T, + Ry,
Dol o Do b et dslas G el 5o 0T 03l i35 €, = Mx) - T, oo L
e =(1+I be, + T, +R,, (8.28)
E,=AE+B (8.29) 5 ol by oy S s

7. +R.

J+l "+l

L @£ By oS 2 Sl cd e EE, & ol i EB , [I+1 HE A &5k

:V-"‘)b

E = AE,+ B
E, = AE,+ B= A'E, +(A+1)B

-1
-1

| 16
Ej:AJEo+§e4 B
A-1g
.w\)\ﬁﬁOJ‘MﬁjQ)L’&. .,\.J:L: Al l &‘JJL)J‘:‘”

(1+ A )7 <exp(l (x,- x)),1 >0

Lol By =le] Sl b

exp(l (x;- x,))- 1
A

;| <exp(x; - %) )g|+ (T+R) (8.30)
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=R

max‘ R,

[a,b]

S sk

LS e s 1 sl J
Cspien sl 5 oy (8.30) laly ¢ oS 5 3R=0,6,=0 S-1

<@l (x-x)-1) (63D
sl i S e e 35 Wl L [0 ® 0 a8 Je h® 0 4SSy el TEO(R) S LT S|
RGOV
S S o o (8.30) ey 5l L e=0 12

o< expl (Xfl" %1 T R (8.32)

h h
035 Lay gl &S by b bl b o el h oS by b o 2alS lax ol S T=O(f) « bl

25 K s et Gl ol mﬁ;&&\)h@\:g—.}q[ﬂ&&\)é\’}llg&\ﬁ.&g@é\%&)\..x;.(j:\.?.l.'o

ARSI IS AT ‘_)»:n-iLQ-’

[0,1] oJL’ BE h=0.05 9 h=0.1,h=0.2 (KL") S 4.:.‘)‘ )\.LEA MJL:)‘ U'i'j) )‘ aJLLI.w\LaZ—8 Jle
?J.;.,Lgkb;’-é\ﬂdl\;(o:;.\;j))Q:;;ﬁéwwjfo.x_pbl{.J.:.‘S‘_}>

.y¢:'2X.y2 ,_)/(0):1
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- h=0.2 r@l{)ﬁ)l:)&ﬂu@))\o:u@ll{i J’

Y = Y- 2Xj.byi , J=0(0)4

J=0,x% =0,y =1

H0.2)» y =y, - 2hx, 3 =1

J=1,x=02, 5 =1

H0.4)» y, =y - 2hx 37 =1- 2(0.2)(0.2)(1)* =0.92
J=2,x=04,y,=092

H0.6) =y, = y, - 2hx, ¥ =0.92- 2(0.2)(0.4)(0.92)* =0.78458

ke Ol Sos palas el res

0.8) » v, =0.63684
1) » y, =0.50706

D els U 5 dal s j=0(1)9 a3l h=0.1 08 1 Ul

NO.1)» 3 =1.0 N0.2)» y, =0.98
HN0.3)» y; =0.94158 10.4) » y, =0.88839
H0.5) » y, =0.82525 0.6) » y, =0.75715
NO0.7)» y, =0.68835 0.8) » 3 =0.62202
10.9)» y, =0.56011 1) » y3,=0.50364
H0.05)» y =1 H0.1)» y, =0.995

0.95)» 3, =0.52831  y(1) » y,, =0.50179
2
7= st2)

1=z ) £ 2 max|
[0,1]

X
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2
‘7-T£7max m
0£ x£1

I8 e 9y 9-8
e o X aat J 5 e L OIS s LY(X) oS e 20

D)= Hx,)+(x- xj)yf(x,»>+21,(x- X)) Jx) +...

+*(X x)" Y7 (x)+ (x- x)"" Y7 (x; +qh) (8.33)

(p +1)'

DS oS Sl G alaly 53 1 X=X amiler s Sl D13 0<q <1, xl [2,8] 6 o

HXju) = y(X)+11y"'€X)+*y“(X)+ +— 11”}/”)( ks T )bpﬂypﬂ(X +q/h)

LS xSy el

Hf (x,, M(x,),h) =]1yf(Xj)+]§!y‘(xj)+...+;!]1”y(”)(xj)
oobe UL A (0 Sole Uy e YX) B3 Sl Gl Y B Sl Kb L
SBINAPISTS RUIICS TN N R J AV 3550 s fF (x;, (X)), B)

Y =y, (x, 3,0, j=0()a-1 (8.34)

weals 1 sl (2, sl p=1 ¢ (8-34) alaly s Sl e pl poas e sskS e Eas L SR o)
Y =Y, vA =y, =hf(x;,y,)  j=0)n-1 Lol
S pled e b PP(X) 6 A, M) oS Sl 5L oS oslinad (8-34) 25 51 il oSl s
L X)X, poban nslie 1l 38 aeulme Ol o | O il 3150 Dlintie oSS 3l o slae H(x)), X,
A(x;) = f(x;, M(x,)) Dl ol by perdee 13 e el sl dlslas

Deols 1 e L y(x) VL oo Slinte b 1S e 2e (8-21) sl i dales 51 LG
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= f;+ ﬁ:/
8= £, 42,4 £ L+ L6+ )

Lol oo s JHX), (X)) polin 22l o Als yX & Cond o Slinie Sk, £,

Sl Ol5 oo 1 (8-38) s, ol KT asly pslan lads M%), %, 81 ol by 3,5 amlme x=(x) 5500

[Ip+l

Gr? (it

Slogs o ot olesl LB glast dev gy 55 a5 K (8-34) alasl,y 3 meol oS 1) e sl
o&f::ﬁdﬁ;ym(m dox 53 G s il e Ut o

A7 Y (x; +ah) [<(prDle

A

7 (x;+qh) [<(p+Dle ,(8.35) L
Sl Bl 1S Olsme A3 pokae i 51D ST 5 5,50 Sl 5P Ol o G5 adaly ST G 6
b [a,b] o 5l)s e Sbe i L (80-35) «a s ‘ldp)(Xj +q[1)‘ W e pslae X, + /O &S Ll
33,5
$ 3-8 Jlkwe
b Fo o5 e a5 il ol e ol s jn =R+, H0)=0 1 eyl Itk el
Sy 520U gl ez 53 51 a8 (%) S5 Glax oS dole 1) X ey oo S aslbe 1) HD) Sl 5 Aols
AL S 107 51T e

Yo=0 ), =0 Ll
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A=2x+2y00 8 =0
YB=2+2(p+ 38) |, s =2

o =30 =0 =0

P =2 + 687 +15 87 +10087) . ¥ =80

o =70 =70 =0

P =2 +10917 +4581 +120 y7 +210 4 Y

+126(V)*]
7o) =38400
1 1 2
R R R S )
A 37 63 2079

(1) » 0.3502

wiobe X)) kS e o

s ) o

ol o el 5D X e ol i 4 8IS ol desr 53 L S

2
2049

<0.5" 10"

V.ﬂ)‘b QT J.>L;

T VL 4 e mdge o sllast Lles O 5 s pwlis S5 glls A G W3 oS 0l5 sleds,

o5k e 3l sl LT e 5 sl Ll e Bl 31 (6l 53 fXGY) Sliie avlows 4 5L J s

s 08 Sl elial oS o Ol 1 UsS=S05 sledss bl sl lizlle 33,5 o ealisd s a,
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Y (X)) = Mx,)+ A(x; +qh)
= Ux;)+ hf((x; +ah), M(x; +qh))

H0) = 300+ B+ )

h h
y(XJ.+§) »yj+5 1‘;

h h
Vpn Sy A= Y+ L)

K = nf,
h 1
K, =il + 2.y, 4 K)

.yj+l:}/j+K2

0<g<l
. \.sq_l I3 a
Lo B sl 4
V""J‘J% flf;wl")l'ij‘u:"))

el D 5 Bl Rl

g 5w 3 Soge 4 Ol ol G il

(8.36)

el e 8 il b Ll s 1 s )

>J§L§w)ﬂﬁ;|)ﬁ)’V\SJJQ\;‘_;«JL_;.)\ULJJ}|°>L&,;~\L3JL>

s+ 20 ) + e, + )

>[5+ fx, by, 4 )

h
Y = 3,4 5[ F0 3+ R+ by, + b))

(8.37)

PO S A OlE e s
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K, =hf(x;,y,)
K, =hf(x;+h y; + K))

Vi :yj+;(1<1 +K), j=0()a-1 (8.38)
Al e Sl A S o b Gro
3505 oS i g Ol5 o 15 (8-38) 5 (8-36) sless,

Vin =¥t h(esls o b bus)  (8.39)

2 el e L BS S Sledns 03 ppe ssb 4 AL o BS-SSL) sl skl olad
YV, qy_wv;ud«%.,eh6@,;buwt,@_ﬁﬂz&\kwﬂjmg&,@wwﬂuj X, ki
L3S iy 3 IS e a Ol e 1 B8 — S sl ol S e WL
LS — K, sleds,

35 G i s Olgie sl oo VLS — K, 5y,

K, = hf(x,y))

K, =hf(x;+c,h, y, + a, k)

k= hf(x; + c,h, y; + a, k +ay k)

k, = hf(x;+c,h, y,+a,k +a k +a;k)

V=1
k,=hf(x;+c.h, y,+ @ a.k
=1

Yin SV Wkt wk ot wk,

& w=1 (8.40)
=1

2 S bl s slas 5 &, alays b asly oo et oS 5l i ile e 1 (8-40) Jse 5o

s ol pls 58 alows Sl @y Ols e (8-40) ol G b xilsl ol S5 X 5 X o
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L (8-40) s baw s bva e s gl ol Gl sl oo v e S & (8-40) b s — K,
e 25 B el s dolre Ol )l (6w o b oSk ads s b IS (6 Oy s 1) 3
Lopssadm oy sl law 5 lac 5 aa 0,551 s o5 13 53 I8 Slal (sl il Glee 23l
oS s s Sem Sl

£33 45 2 P90

et D13 e | 5wl o o3 S — S rss

k = hf(x;,y,)
k= hf(x, + ¢, h, y; +a, k)
Vi =Y+ vk + wk, (8.41)

Sl kS G e pl 2l "’"Jf AR5 )’(X/ﬂ) “ Vi b vfli T g;’:’J)"‘ Wo, Wi, 8y, Cy (S 2l )L

'V'Ub J’.'.) C)JM b y(XjH) J.:,.M."Jb“.} aJslee

xam=xawﬁﬂawgﬁa&ﬁf}m&ﬁm
:K%ﬁﬁﬂﬁdﬁm+§(ﬂ+@%
_F

—i[fxx”ﬁﬁy* 1+ £

y

£+ )], +.. (8.42)

X

V.;)‘JM('.A

k= bt
k, = hf(x; + c,h, y; + a, ht))
2

=SH L +h(c, f+a, 1), +]12(cz fyt2ca, 1,

2 2
taanf 1), +.]

.V.i)‘b (8—41) BE) kz) k1 g;.ijibb
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Yo = Y, (w + w)ht, + B (we, £+ way 1)

3
+b—(W2)(02f +2¢,a, fF,+a*n 7 £,)  +... (8.43)

("’)b peites (.Midowu.a(..nbbhg_.deél.@ly S0 (8.43),(8.42) Ly, o

iw+w =1
Few =12
}321W2 1/2
5 . 1 < —_ 1 —_ 1 —_ . - - oA Z.
‘)‘*"'L'.’Lfas‘)|f'°‘)tf;‘02 0 4.7\.1)}124 I/Vl—l‘ 20,%—;,321—02 )\ WJL:.Q O ol g_)\j}
2 2
Dl s I 3(8-43) wal; 55 1) Sl el
— r ]7302 2 2
Via SV AT B3+ = 2L A2E 4 L4 FL) 4 (844)

u
t

e 5 e o Ygeme €2 3BT bl ol o 4o 235 shls (B-41) pss o das e 0L daly

;61 ¢ |
T = 300) = Yy = = A2+ L)+ AL M) g (849)

Olsms L jio (8-41) 5 Ll w3l (SO oS oS o bl o ) €0 Dbyl 5 33 8 o Sl
.:.vjfdoWFO 5 g o] C'2=; ﬁ\ Jle

1 Z
Deols 1) SGudIST g5 5 5 ol CZ:E S (a)

h h .
Vi :yj+]11“(XJ.+5,_)/J.+5 {;) , Jj=0()n-1 (8.46)
D pols oS ol 33T bt ol g =1 S1(b)

h .
Vo =¥, +5[f(x,., v+ Ax, by, +hE)|, j=0()a- 1 (8.47)
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Ceen S o S S el Al 35S i Oles o
. : : . S - . R R
('fﬁb}.“:’”‘)‘fb J;))ﬁjijbu:;dadwjgw o o S ol cz—g Sle)

AL e g pad 450 BS=SOL B o]

W_1 W_é
1 4’ 2 4
1{1 :bf(Xja.yj)

2 2
K, =hfix+ S hy,+ S K)
1 .
Vi = yj+Z(Kl +3K,) , j=0)n-1 (8.48)

Lpam 450 S — K, sy,

K, = hf(x;,y,)

K, =hf(x;+ ¢, h, y, + a, K))

K, = hf(x;+ch, y; + ay K, +a;,K,)

Y =Y, * WK+ wmK, + w K, J=0()n-1

- 1
ST bk e 6 F 0 ailr o S el L w s lee s slaa U5 o 000 48 2 Aoy SR

A2l o B — Kl g a0 SeS rs) by 0 45 s oS

1 4
02:‘721:5’03:1’331:'1’332:2’”1:”/3:8’”/2:6
K, =hf(x,+ y))
1 1
Ky = hix + by, + LK)
K, =hf(x;+h y;- K +2K))
1 .
Vin = yf+€(Kl +4K,+K;) , j=0()n-1 (4.49)
LS — Ky polex 4 sl s
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K, = hf(x,, 7))

K, = hf(x,+c,h, y, +a, K))

K, =hf(x; +ch, y, + a5 K +a;,K)

K, =hf(x;+ch y, +a,K +a,K, +a,K;)

Vi =Y, ¥ wK + m K, + w K+ w K, J=0)n-1

35 dalos Ol o s Sy 1y SV e U2 5 sl5T 2el il bl L aisl o 13 &Y pgmms sl Lol

Dl el 1 B8 — S0 el a0 SIS 2y, 1

1
6 =a =G =ay E
a; =0
=1 a,=a,=0 a;=1
1 2 2 1
Wl—g Wz—g Ws—g sz—g
LS — S el a0 SIS )

K, = hA(x,.,)

1 1
KZZbﬁ(j-'-Eb’.yj-'-EKl

1 1
K3:]]f(Xj+E]1’yj+EK2)
K, = hf(x, + by, + K,)
yj+1:yj+é[1q+21<2+21<3+1<4] j=0(1)n- 1 (8.50)

§ oS Jo h=0.2 68 L b 55— K, eSS p3ler 450 G b 1o S sl ke i 4-8 L
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H=-2x/, (0)=1,0£ x£1

p=l7p 4= 1 s
n 0.2
x; =0+ jh J=0)5
X =0,x=02,x,=04,x=06,x, =08, x =1
For j=0 K =hf(x.)=-202)(0)1)* =0

K, = hf(x, +;b, Y +;Kl) =- 2(0.2)(0;)(1)2 =-0.04

K, = hf(x, +é’, )7 +;K2) =- 2(0.2)(0;)(0.98)2 =-0.038416

K, = hf(x, + b, y, + K,) =-2(0.2)(0.2)(0.961584)* =-0.0739715
N0.2)» y =1 +é[0 - 0.8- 0.076832 - 0.0739715] =0.9615328
For j=1

K, =-0.0739636
K, =-0.1025754
K, =-0.0994255
K, =-0.1189166

10.4) » y, =0.8620525
0.6) » y, =0.7352784
10.8) » y, =0.6097519
H1.0) » y; =0.5000073

b Ol pas
sy S Lh=02 (S LI, M=14xsiny . 0EXE2 ,H0)Z0. ol Lo ko a5l e alis =1
S J S G s
(S J U8 =Kl polex 5 oo 5 053 S5l ledin, Lh=05 d8 L1 5 adsl i ales =2

=2yt et 1EXE2 H1)=0
X
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s Lh=0.1 o8 L 1 atee cpl H=x+y, HO)=1, 41 [01] 1l (2550 5 adsl slkde alieee -3
CS amlie o3 ledns by by 6l 0 8 bLE 3 1 Ledig) ol o s | SUNG58 sleds,s
sleds, Lh=0.1 (5 L N=y- X +1 ,0ExE£2, 10)=0.5 | el 5500 55 4yl lhis adis —4
Culo sl o S blo a1y s slast a8 = 55k ool 5 050 49 50

o eolex 5 ps 4 e Sleda, LH05 GS L1, = xe™ - 2, 0£ XET, H(0)=0 a5l jltde i =5
S |

S8 > 1) 25 adsl e adaess h=0.1 68 Ly o35 a5 0 5ok o 5l eslizad L -6

HA=1+xsinxy,0E£ x£2, 0)=0
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